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YIIPABJIEHUE TUHAMUYECKUMU CUCTEMAMHA

VK 517.977
DOI: 10.17223/19988605/46/1

K.b. Mancumos, M.S1. Hagxadosa

KBA3UOCOBBIE YIIPABJIEHUA B 3AJAYE YIIPABJIEHUS
JAUCKPETHBIMHU CUCTEMAMM C HEJIOKAJIBHBIMHU KPAEBBIMH YCJIOBUAMMU

PaccmatpuBaercs 3aja4a ONTHMANIBHOTO YIPABICHHS JTUCKPETHBIMHU MPOIECCAMH, ONMMCHIBACMBIMU CHCTEMOW pas-
HOCTHBIX YPaBHEHHUI ¢ Hepa3IeleHHBIMU HEJIOKAJbHBIMH KPAeBBIMH YCIOBHUSAMH. [IpH MPENOI0KeHHH BBITYKIOCTH
00J1acTH yIpaBlIeHUsI J0Ka3aHO HEOOXO0IUMOE YCIOBHE ONTUMAIBHOCTH B (pOpMe THMHEapU30BaHHOTO YCIOBHS MaKCH-
MyMa. MccnenoBaHn ciiydail BEIPOXKICHUS JIMHEAPU30BAHHOTO YCIOBUS MakCUMyMa (KBa3HOCOObIH ciydait). Y cTaHOB-
JICHO HEOOXOAMMOE yCIIOBHE ONTHMATBHOCTH KBa3HMOCOOBIX YIIPABICHHH.

KiroueBble cjioBa: IUCKPETHAS yIpaBIisieMast CACTEMa; HEIOKaJIbHbIC KPaeBble YCIOBUSL, TMHEAPU30BAHHBIN IPHHIIAT
MaKCHMyMa; KBa3noco0oe yIpapieHHe; HEOOX0IMMOE yCIOBHE ONITHMAIbHOCTH.

JIMCKpeTHbIC AMHAMUYSCKHE MOJEIHN YIPABIISICMbIX CUCTEM SIBIISIFOTCS OY€Hb Ba)KHBIM B TEOpPETHUEC-
CKOM U MPAaKTUYECKOM OTHOLICHHH KJIACCOM MaTeMaTHYECKUX MOJIENEH, MO3BOJISIOIINM OXBATUTh IIHPOKHUIA
KPYT pealbHbIX 00BEKTOB M COOTBETCTBYIOLIMX UM 3aj1au yIpaBieHus. JJUCKpeTHbIC TUHAMHYECKUE MOJICITH
BO3HHKAIOT, HAIIPUMED, TIPH MOICIMPOBAHHH 33144 PACIIPE/ICNICHUSI pECypCOB, 00paboTKe u nepenaye nHHop-
Manuu nuppPOBBIMU AIIEKTPOHHBIMHU YCTPOICTBAMH, @ TAK)KE MPHU JTUCKPETU3AINN HENIPEPHIBHBIX THHAMHUYC-
CKHX Mozeneii (cm.: [1-6]).

K HacrositieMy BpeMeHH pa3paboTaHbl MHOTOYHCICHHbIC TOYHBIE U MPUOIMKEHHBIC METO/IbI PELICHHS
3a/1a4 ONTHMAJIBHOTO YIIPABICHUS AUCKPETHBIMHI CHCTEMaMH B MIPE/IITOI0KEHNH, YTO OHH OIHCBHIBAIOTCS pa3-
HOCTHBIMH YPaBHEHHSIMH C JIOKaJbHBIMU KPAeBBIMHU yCIOBUSIMH (cM.: [1-7]).

JlanHasi paboTa MOCBSIIIEHA MCCICIOBAHHIO OJHOM MUCKPETHOM 3a1ayd ONTHMAIbHOTO YIpPaBICHHS
C Hepa3/eICHHBIMU HEJIOKATbHBIMH KPaeBbIMH YCJIOBUSAMH. C MOMOIIBIO MOAM(DHIMPOBAHHOTO BapHaHTa
METO/1a MPUPAIICHHI YCTAaHOBJICHBI HEOOXOAUMBIC YCIOBHS ONTHMAIBHOCTH B MPEIIIONI0KEHUH BBITYKIOCTH
00J1aCTH yIIpaBIICHHUSL.

1. ITocTanoBKa 3aga4u

PaccMoTpuM IHCKPETHYIO CUCTEMY YIIPaBICHUS

x(t+1)=f(t,x(t),u(t)), teT, (1)

C Kpa€BbIMH YCIIOBUAMUA
D(x(ty).x(t,))=1. )
3nece T= {to,t0 +1,..,t —l} — KOHEYHOE MHOXKECTBO I10CJIE/JOBATENIbHBIX HATYPAIBHBIX YHCEN, IpudeM t; u
t, sanambl, ©(X,,X ) — 3ajaHHAs JBaX/bl HEIPEPHIBHO AM(depeHIpyeMast [0 COBOKYITHOCTH NEPEMEHHBIX
N-MepHas BekTop-yHKuus, | — 3a1aHHbINA I0CTOSHHBIA BekTop, X(t) — BexTop cocrosHus, U(t) — BexTop
YIPABISIONIMX BO3ACHCTBHH, f (t, X, u) — 3aj1aHHas N -MepHasi BeKTOp-(QyHKIHS, HETPEephIBHAS TI0 COBOKYTI-

HOCTH NIEPCMCHHBIX BMCCTC C HaCTHBIMU IIPONU3BOAHBIMHU 10 (X, U) J0 BTOPOT'O NOpAAKA BKIIFOUUTCIIBHO.



Ksasuocobwie ynpasnenust 6 3a0aye ynpagienus OUCKPEMHbIMU CUCTEMAMU

IMycts U — 3a1aHHOE HEMyCTOE, OFPaHMYEHHOE M BHIMYKIIOe MHOXKeCTBO u3 R’ . Kaxmyro ympasnsio-
yro GpyHKIH©o U (t) YIOBJIETBOPSIONIYIO yYCIOBHIO
u(t)eUcR', teT, (3)

HAa30BEM JIOIYCTUMBIM YIIpaBJICHUEM.
PaccmoTpum 3agauy o MuHEMyMe GyHKIIMOHAIA

S(u)=0(x(t).x(t)) (4)

npu orpannyenusx (1)—(3). 3aecr (p(X0 , Xl) — 3a/1aHHas JBaKAbl HENPEPhIBHO TuddepeHurpyemas o coBo-
KYIHOCTHU IIEPEMEHHBIX CKaJIIpHAs (QYHKIHSL.

JomyctuMoe ympaBieHHe u(t), JOCTaBJISIONIee MUHUMYM (GYHKIHOHATY (4) MpH OTpaHHYeHUSX

(1)—~(3), Ha3oBeM ONTUMAIBLHBIM YIPABIECHUEM, & COOTBETCTBYIOLINI MPOIIECC ( u(t), X(t)) — ONTHMAJILHBIM

MPOLIECCOM.

2. ®opmyJa 1Jis npupameHus: GyHKIHOHAIA KayecTBa

ITycTs (u(t),x( )) (pUKCUPOBaHHBIIA, a ( (t)=u(t)+Au(t),x(t)= x(t)+Ax(t)) — IIPOM3BOJIBHBII J10-
IyCTUMBIE Iporieccsl. Torna sicHo, YTo MpHpalleHue (t) COCTOSIHUS X( ) Oyzer perieHueM KpaeBoil 3a1aun

Ax(t+1)= £ (£ (1), (0) - F (£x(0).u(0). ©

D(X(ty)+Ax(ty), x(t) + Ax(t,)) - D(x(t, ). x(t,))=0. (6)

[IpenmonoxuM, 9To \|l(t) — TI0Ka M3BECTHAs N-MepHas BeKTop-pyHKims, a A € R" — Hen3BecTHBIH MO-

cTosiHHBIN BekTop. Torma u3 (5), (6) nonqu/IM 9TO

SO+ =S O f(LR(.0(0) - F (L x@),u(0)] )

t=t, t=t,

M @(x(ty)+ Ax(t), x(t) + Ax(t,)) - (x(t ). x(1,)) | =0, (8)
ITonoxum
M(X(t ) X(8).2) =2 (x(t,) (1),
H(t,x,u,w)=y'f(t,xu).
SIcHo, uto
5w (1-D80(0) =y (D) v (o -ax(t )+ S (D). ©

C yuetoMm cooTHouienut (7)—(9) npupaiienue QyHKIMOHAIA KauecTBa (4) 3alMChIBACTCS B BUJIE:
AS(u) =S () =S (u)=(X(t ). X (t,)) — @ (x(t). x(t,)) +
+ k’[d)(x(to)+ AX(ty).x(t) + Ax(t,)) - @ (x(t,), x(tl))] +y'(t —1)Ax(t) -y’ (t, —1)Ax(t,) - (10)
- STH(Ex(0).3(0) (1) - H (tx() (1) w(0)]

t=t,

Ucnonsiys popmyny Tetinopa, u3 (10) Oynem umetsb

3¢/ (x(t) x(4)) 09’ (x(t), x(1)) So(x(t) (1))

at) T A AX(”*%{AX’@)) ey )

82(P(X(to)’ X(tl))
ox(ty)ox(t,)

AS(u)=

+2AX (t,)

AX(t)+AX'(t,)
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OP(X(t) X)) v 1 Ak
oy e

'R -1

—\y’(to—1)Ax(t0)—tZHu’(t,x(t),u(t) t))Au ZH (tx(t),u(t),w(t))ax(t)-

=t =t

1 -1

—EZ[AX'(I)HXX(t'X(t)'U(t)'\V(t)) (6)+ 20" (1) Hue (6 X(1),u (1), w(t) ax (1) +

+AU'(t)H,, (t.x(t), +ol( A (t, )] + [ Ax(t,) )

- 3o o+ aue IIT)+ () I ey

X (t,)
azM( (t), (tl)’k) ' 6M( (t).x(t), 7‘) 2
T ax()ax(n) PRt )0 [l +fx(w)IT )

Ecnu npennonarate, 4To \y(t) U A YJIOBJIETBOPSIOT COOTHOLICHHUSIM

oH (t,x(t),u(t), w(t)) |

w(t-1)= =

__do(x(t)x(4)  a(x(t).x(t))
w(t-1)=- x0T e
8@(x(t0),x(tl))+8®(x(to),x
x(t) x(t)

toraa popmyna npupamenus (11) npumeT BuI:

AX(t)+

),

‘V(to _1):

O°H (t,x(t),u(t), w(t))

ou ox

1 "M (X(ty), X(t,).1)

+Au'(t) ’ Y : Au(t)}"'z{AX’(to) o (t,) AX(to) +

"M (x(t,), x(t,), 1) "D (x(ty),x(t,),2)
ox(ty)ox(t,) X (t,)

Ax(t)+

—Ei AX'(t) ’ a>;2 ’ Ax(t)+2Au'(t)

+2AX'(ty) AX(t)+AX'(t,) Ax(tl)}rnl(u:Au). (12)

31ech 1o OIpPEACICHUIO

(80 =o, (st (@] ) o [Jasol Jo o] ) s [Jaste sl T)

[To mpenmnosnoxenuto MHOKecTBO U BhImykioe. [ToaToMy crienuanbHOe TpUpAaIIeHHe JTOMyCTUMOTO

ynpasneHus U (t) MO>KHO OIPEJENUTh 10 (hopMyIie
t)=¢e[v(t)-u(t)]. (13)

3mech €€ [0,1] — MPOU3BOIBHOE YHCITO, & V(t) eU, teT — npousBoIbHOE IOMYCTUMOE YIIPABIEHHUE.,
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Ksasuocobwie ynpasnenust 6 3a0aye ynpagienus OUCKPEMHbIMU CUCTEMAMU

Yepes AX, (t) obosHauum crenuanbHOe MPUPAIIEHHE COCTOSHMS X(t), OTBEUAIOLIEe CIELHAIBHOMY
npupauienuio (13) ynpasnenus U (t) .

W3 (5)—(6) momaydaem, uto AX, (t) SIBJSICTCS pEIIICHUEM JIMHEAPU30BaHHOM 3a1a9n
A, (t+1)= T, (t,x(t),u(t)) Ax, (t)+ f, (t,x(t),u(t))Au, (t) + o, (ax, (t)] + |Au, (t)]). (14)

oD (x(t,).x(t,)) . +aq>(x(to),x(t1))
) T

Hcnonb3ys 3amauy (14)—(15), mokaspIiBaeTCst CIPaBeNTUBOCTE PA3IOKEHUS

Ax(t,)=0. (15)

Ax (t)=ey(t)+o(et), (16)
rae Y(t) ects pemenue kpaeBoii 3a1aun
y(t+1)=f, (t,x(t),u(t))y(t)+ f, (t.x(t),u(t))(v(z)-u(r)), (17)
oP(x(ty). x(t)) oD (x(t). x(1))

y(t)+ y(t,)=0. (18)

X(t) x(t,)

Pemenwne kpaeBoii 3agaun (17)—(18) momyckaer npeacrapnenHue [8]:
y(t):CD(t)le(tl,r) f, (’C,X(’C),U(T))(V(’C)—U(‘E))+EF(I,’C) f, (‘E,X(T),U(’E))(V(‘C)—U(T)), (29)
=ty =ty

rA€ 1o OINpeCacICHUIO

s

a F(t,1) - (n X n) MaTpuuHas QyHKIHsS, SBISIOMANCS pelleHHeM 3aauk
F (t,r—1)= f, (r, X(T),U(‘C)) . T<t,

F (t,t —1) =E,(E - (n>< n) eJAMHUYHAsI MAaTPHIIA).

[IycTs

3 1, t,<t<t-1,
o(7)= 0, t<t<t -1

Toraa npencrasnenune (19) 3anuceiBaeTcs B BUIE:
-1
y(t) = ZG(t, 1:) f, (’C, X(r),u (T))(V(T) —u (’E)), (20)
=
IJIe TI0 OTIPEICTICHHUIO
G(t,1)=0(t)F(t, 1)+ F(t,7)a(t).
C yuetom (13), (16) u3 (12) momy4aem, 9To BJI0JIb ONTUMAILHOTO MTpoIiecca (u (t) , X(t)) BBITTOJTHAETCS

HCEPAaBCHCTBO

(21)

+2y'(t;) ngztgt;;,(:t(lt;)) y(t)+y'(t) aZ(P(;)((ZO()t;; W)y~
_:: y'(t)azH (t X(ta));g(t) W(t)) y(t)+(v(t) u ), o°H (t'X(;l)J';X(t) W(t)) y(t)+
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+ (v()-u(t)) o*H (t,x(t;;(t),w(t))(v(t)—u(t))}{y'(to) o I

+2Y'(t,) aZMa(XX((t:O))a!;((t?)),X) y(t)+y'(t) aZM(xa(;z)(,tlx)(tl),k) y(tl)}} +o(z2)20.

W3 nepasencTra (21) cieyer aHaIOr JTMHEAPU30BAHHOTO YCIOBHS MakCUMyMa (CM., Hamp.: [1-7]).

Teopema 1. B1osib onTUMaNbHOTO IIpolecca (u (1), X(t)) s Beex V(t)e U, te T, Bpmonnsiercs He-
PaBEHCTBO
t-1
DUH](tx(t),u(t), w(t))(v(t)-u(t))<0. (22)
t=t,
HepapeHcTBo (22) ecTh HEOOXOAMMOE YCIOBHE ONTHMAIBHOCTH MEPBOTO TOPSAKA U HEPEIKO, BBI-

POXKIAsACh, BBIMOIHICTCS TPUBHAIBLHBIM 00pa3oM (cM., Hanp.: [4—7, 9]). U3yuum ciiydaii BBIpOKACHHS HEOO-
XOJIUMOT0 YCIIOBHSI ONTHMAIBHOCTH (22).

Omnpenenenne 1. Jlonyctumoe yrmpasienue U (t) Ha30BEM KBa3nocoObIM B 3amaue (1)—(4), ecnmm ans

BCEX V(t)eU, teT,
S H; (L x().(t) w(n)(v(D) (1) =0. e
t=ty

W3 nHepaBencTBa (21) ¢ yuetom (23) ciegyert, 9TO U1 ONTUMAITEHOCTH KBa310OCOO0TO yrpasieHus U (t)

HE00X0IMMO, YTOOBI HEPABEHCTBO

O*p(x(t). x(1))

2o(x(t),x(1)) O%p(x(t), x(1,))

y'(to) 5X2(t0) y(t0)+2y'(t0) 8X(t0)ax(t1) y(tl)+2y'(tl) 8x2(t1) y(tl)+
ey () Ty )y ) TR ) LAy
—tli[B/’(t)Hxx(t’><(t)7U(t),\v(t))y(t)+2(V(t)—U(t))lHux(t’><(t)yl1(t)’\t'(t))>/(t)+ o0
= 24

(VD)= 0(0)) (X000 (D) (u()-u() |20

BBIITOJIHSIJIOCH JUIST BCEX V(t) elU,teT.

HepasenctBo (24) ecth HessBHOE HEOOXOJMMOE YCIOBHE ONTHMANBHOCTH KBa3MOCOOBIX YIIpaBICHUH.
Onwupasick Ha HETo, yIaeTCs MOIYYHTh HEOOXOANMOE YCIOBHE ONTUMAIBHOCTH KBa3WOCOOBIX YIPaBICHHIH,
KOTOpOE HOCHUT SIBHBIN XapakTep. Mcnonb3ys npencrasienue (20), yoexxmaeMcs B CIIpaBeIIMBOCTH COOTHO-
IMEeHUHN

() ) S8 -] 1 (ex(0ha)-

*o(x(t) (%))

xG'(t,7) (1) G(ty,s) f (s, x(s),u(s))(v(s)-u(s)). 25

y'(to)ﬁzg)fztit;;(:t(lt)l)) (tl){:_;(v(r)_u@))' £ (v x(x).u (7)) x -
v/ (1) LX) vt s x(s)ou(s)) (u(s)-u(s)

ox(ty)ox(t,)
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v ()T ) S w(0)-0(0) (ex()u(0)
60,0 T o 1,511, 5x(5).0(9) (v(5)-0(5)
7 () LRI ) S (-0 (0) . (o)l )
I 91, s x(5)0t5)v(5)-(5)
i o)azM;XX(if){;j(tjl)) M, (tl)zzg(vm—u(r))' (0 x(2).u(2) 6t 1) x

S (o) -u(y OO O, )
-5 S () -u() TEEHOUOO G oy (oo v -u()

[To aHanoruu ¢ paboroii [S] moaokum

K(r,s>={G%tc,r)52$(2§§°<)t;§(t1))6<t0,s>+

N O*p(x(t) x(t)) $)+G'(t 1 O*p(x(t) x(t)) s) |-
2G’ (t (to) X( ) G(tl' ) G (tl’ ) axz( ) G(tl' )
) LUBLOT AR IR R
oM a< RO }ZG o ( y 0200,
C yaerom ob6o3naueHus (33) u Toxxaects (25)—(32) HepaBeHCTBO (24) MpUHUMAET BUI:

141

;;(v(r)—u(r))' /(0 x (). u(x)K (1.8) f, (5,X(5).u(8))(v(s) ~u(s)) +

(27)

(28)

(29)

(30)

(31)

(32)

(33)
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Lty roH (1, x(t),u(t), w(t))

#2355 (v(0)-u(n) TG 9 1, (v () (D) () -u(9) +

+ S5t (o) XD - <o @

t=t,

CdopmynupyeM nomydeHHBIH pe3yIbTarT.

Teopema 2. Eciu MmHOXecTBO U BBITyKIIOE, TO 7S ONITUMAIBHOCTH KBa3noco0oro ympasieHus U (t)
HE00X0IMMO, YTOOBI HEPABEHCTBO (34) BBIMTOIHSIIOCH JIJIS BCEX V(t) elU,teT.

Hepasencto (34) ecth 70BOJBHO 00111€€ HEOOXOAUMOE YCIOBUE ONITUMAIBFHOCTH KBa3UOCOOBIX YIIPaB-
nenuid. U3 Hero, onpenensis V(t) CHEIUATTLHBIM 00pa30M, MOKHO IMOJIYYUTh PsIJI OTHOCUTENBHO JIETKO TPOBE-

psieMbIX HEOOXOAMMBIX YCIOBUN ONTHMAIBHOCTH KBa3HOCOOBIX yIpasieHui. [IpuBeaem onHO U3 HUX.
Teopema 3. Ilpu BBHIONHEHUN YCIOBUI TEOPEMBI 2 IJIsl ONTUMAIFHOCTA KBa3HOCOOOTO YIIPABICHHS

u (t) HE00X0MMO YTOOBI HEPABEHCTBO

(w-u(0)) | £,(0.%(0).u(0))K (6.0) fu(e,x<e),u(e))+az'*(91X<2L)]'aux(e),w(e))

M (0.x(6).u(0). v(6))
ou®

G(6,0) x
(35)

x £,(0,x(0),u(6))+ (w-u(0))<0

BBINOJIHAIOCH 1 BeeX 0T, we U.

Hepasenctro (35) sBnsieTcs aHamorom yciaoBus ontuMansHocTy [ 'abacoBa—Kuprosoii [ 7] Ha cirydait
HEJIOKAIFHOTO KPaeBOTO YCIOBHSL.

3akiIouyeHue

PaccmaTprBaeTcs 3a7jaua ONTHMANBHOTO YNPABIEHUS C HEJIOKAJIBHBIMU KpaeBbIMU ycioBusMHU. [Ipu
MOMOIIY MOAU(UKAIIMY METO/Ia IPUPALICHUH YCTaHOBJICH aHAJIOT JIMHEAPU30BAHHOTO YCIOBUS MAaKCUMyMa.
OT1nenpHO U3yUeH cily4dail KBa3nOCOOBIX YIPaBICHHN.
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Consider a discrete control system
x(t+1)=f(t,x(t),u(t)),teT, 1)
with boundary conditions
D(x(ty). x(t,)) =1 )
Here T ={t,,t,+1...t, -1} isafinite set of consecutive natural numbers, at that t, and t, is given, ®(x,,%,) is the given twice

continuously differentiable with respect to the set of variables n-dimensional vector-valued function, | is the given constant vector,
x(t) is a state vector, u(t) is a control actions vector, f(t,x,u) is the given n-dimensional vector-valued function continuous with

respect to the set of variables together with the partial derivatives with respect to (x,u) up to the second order inclusive.
Let U be the given non-empty, bounded, and convex set in R" . Each control function u(t)satisfying the condition
u(t)eUcR", teT 3)

will be called admissible control.
We consider the problem of the minimum of the functional

S(u)=e(x(t).x(t))
under constraints (1)—(3).
Here ¢(X,,X,) is the twice continuously differentiable scalar function with respect to the set of variables.
A necessary condition for the optimality of quasi-singular controls is established.

Keywords: discrete control problem; nonlocal boundary conditions; linearization maximum principle; quasi-singular control.
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IO.U. I1apaes, T.U. I'pexona, K.O. IloayskroBa

ONTUMAJILHOE YIIPABJEHUE OJHOCEKTOPHOM YKOHOMMKOMN
IPU CTYYAMHOM U3MEHEHUHA OCHOBHOT' O KAIIUTAJIA
N TPYJOBBIX PECYPCOB

PaccmarpuBaercst 3a1a4a ONTUMAIBHOTO YIIPABJICHHS OTHOCEKTOPHON SKOHOMHKOH IPHU CITydalfHOM M3MEHEHHH (HOH-
JOBOOPY>KEHHOCTH TPYZa U TPYAOBBIX PeCypcoB. B KkadecTBe KpUTEepHs ONTHMAIBHOCTH BEIOMPACTCSI MAKCUMYM CPEeal-
HETO 3HAYeHHs] HETPOM3BOJCTBEHHOTO MOTPEOJICHUS] Ha 3aJaHHOM MEpHOJe IMPOU3BOACTBA. PelieHne mpoBoanuTCs
C ITIOMOIIBIO METOJIa AMHAMHYECKOTO IPOrPaMMHUPOBAHUSL.

KnrodeBble cji0Ba: OZHOCEKTOPHAs SKOHOMFKA; OCHOBHOM KaIlUTall; TPYAOBBIE Pecypchl; (JOHTOBOOPYKEHHOCTH
Tpylia; HEMPOU3BOICTBEHHOE OTPEOIICHNE; ONTUMAIBEHOE YIIPABJICHNE; TMHAMHYIECKOE TPOTrPaMMHUPOBAHUE.

[Ipobnema ynpaBieHus OHOCEKTOPHOIN 3KOHOMHUKOM BocxoauT K [1, 2]. Eif mocBsimeno 6oublioe Ko-
JUYECTBO paboT. B HUX paccMaTpUBArOTCS U PEIIAIOTCS pa3Hble BAPUAHTHI 3a/1a4, B TOM YMCIIE U 33/1a4H OIl-
TUMAJIBHOTO YIIPABJICHHS TAKOH SKOHOMHKOI (CM., Harp.: [3—7]). EcTecTBeHHBIM MPOA0IKEHHEM ITHUX HUCCIIe-
JOBaHWUU SIBISIETCS PEIICHHE 3a7ad C YIETOM KaKHX-THOO CIIy9alHBIX BO3SMYIICHHH, AEUCTBYIOIINUX B TIPO-
1ecce MpoU3BOACTBA.

CocTrosiHUEe OIHOCEKTOPHOI SKOHOMUKHM OIpENeNnsieTcsl IByMs BeIMYMHAMU: OCHOBHBIM KalMTaJIOM U
TPYZIOBBIMH pecypcamu. BooO1ie roBopsi, ©3MEeHeHre OCHOBHOT'O KanuTalla BO BpEMEHH ITPOUCXOJUT ClIydaii-
HBIM 00pa3oM M3-3a TaKuX (HaKTOPOB, KaK CIydaiHbIA HM3HOC OCHOBHBIX POM3BOACTBEHHBIX (POHAOB, IPHOO-
peTeHue HOBBIX (JOHAOB, IIEHA Ha KOTOPBIE 3aBUCHUT OT KypPCOB BaJIIOT, IPOM3BOJACTBEHHASI HEONIPEACIIEHHOCTb,
SKOHOMMYECKAask KOHBIOHKTYpa | T.II. TpyA0OBBIE PECYPCHI TAKXKE MOTYT U3MEHATHCS CIIydaiHbIM 00pa3oM 3a
CUET HIKOHOMUYECKHX (aKTOPOB, a TAKXKE MO JeMOrpapruiIeckuM MpUIHHAM, U3-3a MUTPALIIH HACEJICHHS U T.11.
B [8] Ha ocHOBaHMHM M3YYEHUS CTATUCTUYECKUX JAHHBIX IPUBOAMTCS ONpPEAeTIeHHOe 000CHOBaHUE TOTO, YTO
BIIMSIHUE HK30TE€HHBIX CIy4YalHBIX (PaKTOPOB HA SKOHOMUYECKYIO JMHAMHUKY MOXKHO MOJAEIMPOBAThH MpOLEc-
cOM OpPOYHOBCKOT'O JIBUKEHHUSI.

B nacrosmeit padote 3a1a4a ONTUMAIBEHOTO YIIPABICHUS 0JTHOCEKTOPHON 3KOHOMHUKOMN MPHU CITy4aitHOM
W3MEHEHUH OCHOBHOTO KanuTajia ¥ TPYAOBBIX PECYPCOB PELIeHa B IPOrpaMMHO# (hopMe, MOTyIeHbI HOpMYJIbI
JUISi MOMEHTOB TIEPEKIIIOYCHHUS YIPABJICHHUS U MOJTyYeHa OLIEHKAa MaKCHMAJIbHOI'O CPEAHEro 3HauYeHHs Henpo-
W3BOJICTBEHHOT'O MOTPEOICHHUS.

1. ITocTanoBKa 3agaun

CocTosiHEEe SKOHOMHUKH ompeessieTcs cienyrommmu Bennunnamu: K(t) — ocroBHo# kamutan, L(t) —
TpymoBeie pecypehl, C(t) — HePOU3BOACTBEHHOE MTOTPEOIIEHIE, a TAKKe PON3BOACTBeHHOM pyrkmuei Y(K, L).
3nauenue Y(K, L) ecTp BasoBBIN MPOIYKT, IPOU3BEIICHHBIN B euHuIly BpemenH, T.e. Y(K, L)At — BanoBsIit
MIPOAYKT, IPOU3BEJCHHBIN 3a BpeMsi At. YacTs aToro nponaykra IAt = UYAL uzeT Ha yBeIMUYeHHE OCHOBHOTO
Kanuraia, a 9actb SAt = (1 — u)YAt — Ha yBennueHue Herpou3BoacTBeHHOTo norpedienus C(t). Takum 00-
pa3oM, YIpaBIsIONIAM MApaMETPOM 3JIECh SBISETCS KOAPGUIMEHT U, ONpeIeIISIFONIUIA JI0JIF0 BaJIOBOTO TPO-
NyKTa, KOTOpasi UJIET Ha YBEJIMYCHUE OCHOBHOTO KanuTana. [Ipu atom

O<u<l 1)

B pesynbraTe B IeTEpMUHUPOBAHHOM CITydae M3MEHEHHE SKOHOMUKH BO BPEMEHU OMKCHIBACTCS YPaB-

HEHUSIMH [6]

12



OnmumanvHoe ynpaejleHue OaHOCEKmOPHOIZ IKOHOMUKOUL npu CﬂylladHOM U3BMEHEeHUU OCHOBHO20 Kanumaia

K =uY (K,L)-AK(t), K(0)=K, >0,
C=pC+(1-u)Y(K,L), C(0)=0, (2)
L=vL,L(0)=L,,
rae A (> 0) — koad dpurpent amoprusanuu, p (> 0) — HopMa AUCKOHTUPOBAHUS, V — TEMIT K3MEHEHHS TPYAOBBIX
pecypcoB.

Jlns manbHeitero uccinenoBanus BBoAsTcs nepemennbie: K(t) = K(t)/L(t) — donmoBoopy KeHHOCTH
Tpyaa, c(t) = C(t)/L(t) — HempousBoACTBEHHOE MOTPEOICHIE, MPUXOISAIINECS HA OJHOTO PAOOTHHKA, U HYHK-
must F(K) = Y/L — npousBoauTenbHOCTh Tpyaa. JJist 3TUX MEepEeMEHHBIX HAa OCHOBAHHH (2) MOKHO MOJYYHUTh
ypaBHEHUS

k =—pk +UuF k), k(0) =k,
¢=dc+(1-u)F(k), c(0)=0,

rae W=A+V, d=p-—Vv. llanee OyneM cuurath, uTo L =A +V>0 u 0 = p —V > 0. DTO 03HAYALT, YTO ECIIU

()

TPYAOBBIE pecypchl Bo3pacTatoT (V > 0), To TeMIT X pOCTa HE MOXKET MPEBBIIIATH HOPMY JUCKOHTHPOBAHHUS .
Ecnu tpynosele pecypcebl yosiBatoT (V < 0), TO TeMIT UX YObIBAaHHS HE MOXKET MTPEBHIIATH KOG PHUIUEHT aMop-
TH3alK A. MlHaue BOSHUKAIOT «IK30THUECKUE) BAPHUAHTHI.

Hemepmunuposannas 3a0aua: B TEUCHUE 3aJaAHHOTO KOHEYHOT'O IUTAHUPYEMOT0 IIEPHO/1a IIPOU3BOJICTBA
[0, T naiiTu Takoe ynpasienue U(t) ¢ yuerom (1) amst ypaBuenwuit (3), mpu koropoMm Benuuuna c(7) Makcu-
MaJbHa.

B cToxacTiueckoM ciydae 0JJHOCEKTOPHAs SKOHOMHKA OMUCHIBACTCS YPaBHEHUSIMH

K =uY (K,L) = AK (1) + o, K& (1), K(0)=K, >0,

C=pC+(1-u)Y(K,L), C(0)=0, 4)
L=vL+o L& (1),L(0)=L, >0.
3neck Ex(t) u &L (t) — cTangapTHBIE HE3aBUCHMBIE MEKTY COOO0¥ OesIble TayCCOBCKHUE IIyMBbI, Gk i GL— COOTBET-
CTByIOIIHE KOIPPHUIIHEHTHI BOJATHILHOCTH. Takoe BKIIOUEHHE B MOJICIb CIIyYalHBIX BO3JIEHCTBHIA J0CTa-
TOYHO TPAJUITHOHHO B 9KOHOMHMKO-MaTeMaTHIeCKuX 3aa4yax [8—11].

W3 (4) ¢ momoripio Gpopmysibl ITO MOKHO MOIYYNTh ypaBHEHHUS UTst hoHmoBoOpyx)eHHOCTH K = K/L 1
HETPOU3BOACTBEHHOTO roTpebenus ¢ = C/L:

K =—pk + UF (K)to k& (1) o KE (1), k(0) =Ko,
¢=38c+(1-u)F(k)—o,CE (1), c(0)=0.

3mech L= A +V + okoL —o1%, 8 = p—V + o1, ko = KolLo, F(k) = Y/L —11pou3BoauTensHOCTD Tpy/aa (BalTOBbIi

()

MPOAYKT HA OAHOro paboTHHKa). [lanee npeamonaraercs, uro u>0u 6 > 0.

Cmoxacmuueckas 3a0aua: B TeUEHHE 3aJaHHOr0 uHTepBasna BpeMenH [0, 7] HalWTH Takoe ynpaBieHUE
u(t) c yaerom (1) st ypaBHenwuii (5), mpu KOTOPOM cpeiHee 3HaYeHUe BeMUUHBI ¢(7) MaKCHMaIIBHO.

Jlanee GyneT MCTIONB30BaThCs POU3BOICTBeHHas QyHkuusa Ko66a—/lyrnaca Y(K, L) = AKL, rne 4 —
MacmTad Temra npousBoJcTBa (4 > 0), o — KO3 PUIMEHT 3TaCTHYHOCTH 110 OCHOBHBIM QoHam, f =1 — o —
K03((QUIMEHT IIAaCTUYHOCTH IO TPYAOBBIM pecypcam (a, B > 0, o+ f = 1). Torna F(k) = Y/L = AK®. IIpexnno-
naraercs, yro nepemenssie K, L, C u, cienoBarensHo, K U C ITOCTYMHBI M3MEPEHHIO B KaXIbIi MOMEHT
BpPEMEHH.

2. Pemienye cToxacTH4ecKoi 3a1auu

Jia pemreHus 3aadu MCTONB3YyEM METOJ| AMHAMHUYECKOTO MpoTrpaMMHUpoBaHMsI. BeenmeMm (GyHKIHIO
Bennmmana s(K, C; t, T) — cpeanee 3nauenvie BenuuuHbl ¢(7) MPH YCIOBUH, YTO TPOIIECC TPOJODKAETCS Ha WH-
tepBasie Bpemenu [t, 7 ¢ HayanpHbiMU ycnoBusiMu K(t) =K u ¢(t) = ¢, u Ha 3TOM HHTEepBasie MPUMEHSIETCS
ONITHMAJIbHOE yTipaBiicHue. J{s1 3Tol GyHKIMHA MOKHO 3amucaTh ypaBHeHUe bemmvana [12]:
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os(k,c;t,T) as(k,c;t,T) as(k,c:t,T)
———— = max [———>(uF(k) —pk) + ————=(8c + (1 —u)F (k)) + q(k,c)],
o OSU(t)ﬂ[ K (UF (k) — pk) o~ (6c+(1-u)F (k) +a(k,c)] ©)
3mech
os(k,c;t, T 2s(k,c:t,T 2(k ¢t T
)kzs(_“;’)Mka@S( GAT) L ozce (K GLT) -
ok okaoc 2 oc

910 YpaBHCHHME NETCPMHUHMPOBAHHOE, 4 C 1 k- MMPOCTO apryMCHThBI (bYHKLII/II/I. U3 ero PCHICHUA TTOTYYACTCA

1
q(k,c)= Z(GK +o|

pelieHue 3aa4n. YpaBHeHue (6) nepenuiieM B BUe:

os(k,c;t,T) s
- ———)uF(k k—+— dc+F(k))+q(k,c
ot 0<u(t)_1[(6k oc ) ()—n ok ( (k)) +a(k,c)l, ®)
MakcumyM mpaBoit 4acTu ATOro ypaBHEHUS 110 U ¢ yueToM (1) qocturaercs mpu
( 0s 05
1, ecmm —>—,

ok aoc

0s 05
u(t)=4qu,., ecan PR )

0s as

0, ecmu ==

L ok 6c

3mech Uoc — Tak Ha3zpiBaeMoe ocoboe yrpasienue [13,14], kotopoe OyneT onpeneneHo Huxe. BpemeHnHoi y4a-
CTOK, [I€ UCIIOJIb3YETCSl 0CO00€ yIpaBiIeHUE, HA3bIBACTCSI MATHCTPAJIbIO.

MOXHO IOIMyCTUTb, YTO €CIK KO3()(HUIHMEHTH! Gk M OL MaJbl, TO PELICHUE CTOXaCTUYECKOH 3anauu Oy-
JeT OJM3KO K peIIeHHIO IeTepMUHUPOBAaHHOM 3anaun. [locneanss 3aa4ya ¢ HOMOLIbIO MPUHIMIIA MAKCUMyMa
[onTtpsirnHa opo6HO peniena B [6]. [lomyuenHOe perieHre cocTouT B ToM, 4To nHTepBan [0, T] Toukamu 1y
uty (0 <t1<t,<T) pasbuBaercsa ua tpu unrepsaia: [0, t1], [t1, t2] u [t2, T]. Unrepsan [0, t1] cooTBeTCTBYET
BBIXO/Ty Ha MarucTpaiib, HHTEepBa [t1, 2] — MarucTpanu (eciv oHa CYIIECTBYET), HHTEPBAT [t2, 7] — 3aKimoun-
TeNIbHOMY 3TaIty (cxomy ¢ Maructpanu). Ha maructpanu K = Koc = const, npuuem

oA k
kica = ' uoc = M_ (10)
o+ F
IManee paccmaTpuBaetcsi ocHOBHOM BapuanT, koraa K(0) < Koc 1 Ha natepsaie [0, t1] u = 1. Ha 3axmo-
yuTeabHOM MHTEpBaE [tz, 7] U = 0. [Ipu 3TOM mpeamonaraercs, uTo nepuo npoussoactea [0, 7] 1ocTaToyHo

BenHK. TakuMm 00pa3oM, CTPYKTypa ONTUMAIBHOTO YIPaBICHHS HMEET BUJL
1 mpm O<t<t,
ut)=<uy, mpu t<t<t,, (12)
0 mpm t,<t<T.

@DaKTHYECKU MOTYyYaeTCs, YTO PELIeHHe JeTePMHUHUPOBAHHON 3aa4K CBOJMTCS K HAXOXKACHHUIO 3HAUCHHH {1
u t2. MOXHO NPEeIOIOKHUTE, YTO B CTOXaCTHYECKOM CIIy4ae NP JOCTaTOYHO MAJIBIX KOY(PPHUIUCHTAX OK U OL
peuienue OyaeT OJM3KO K PEIICHUIO JeTePMUHUPOBAHHOW 331a4H, T.€. CTPYKTYpa ONTHMAIEHOTO YIPABICHHS
nmeeT BuA (11). Takum oO6pazom, peleHne cToXacTHYECKOH 3aau TaK)Ke CBOJUTCA K HAXOXKISHHUIO 3HAYe-
Huii t1 u to.

Pemrenne ypasaerus (8) Haunem ¢ mpasoro konma. O6o3uaunm uepes Si(K, C;t, T), sa(k, ¢; 1, T), ss(k, ¢; t, T)
¢yukunu bemnmmana, ecian MoMeHT t oTHOCHTCs K maTepBanam [0, t1], [t t2], [tz, 7] coorBeTcTBeHHO. O6GO3HA-
gyum taroke Ki = K(ti) u ¢i = c(ti), i = 1, 2.
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3. Cxox ¢ MarucTpaau

Ha unrepsaie [t2, T] u = 0. [Tostomy ypaBHeHue (8) IpHHAMAET BUI:

0s;(k,c;t, T) 0s;(k,c;t,T) os3(k,c;t,T)
- =—pk + dc+ F (k) +qck,c),
P il * = ( (k) +a(k,c) (12)
s3(k,c;T,T)=c.
[Tonp3ysch METOIOM pa3AeiIeHUs NEPEMEHHBIX, €T0 PELICHUE 6yz[eM HCKaTh B BUJE.
s3(k,Cit, T) =ce®™ ™V + F(K)wy (t,T), (13)

rae Ws(t, T) — uckomast hynkims, npudem takas, 4ro Ws(7, T) = 0. IToacrasmsist (13) B (7) u (12) u cokparast
MOJ00HBIE ClTaraeMble, MOIy4acM

—F (K)Viy (t,T) = —pkF '(k)wy (1, T) + T VF (k) + %ckzF "(K)Wy(t,T),

rae 6= (0}2< + GE )/2. YuuteiBas, 4T0
F(k) = Ak, F'(k) = aAk*t = aF(k)/k, F"(K) = oo — 1)Ak* 2 = —aBF(K)/K?,
U3 MOCIIETHEr0 MOJIydaeM
—F(k)Vig (L, T) = —apF (KW (t, T) — afoF (Kwa (t,T) + F(k)e* ™.
Coxkparus 3nech Ha F(K), mpuxomum K ypaBHEHHUIO
Vg (t, T) =0 (1, T) +eT ™, wy(T,T) =0,
rae 0 = po + afo. [TapameTp 6 MOXXHO Ha3BaTh 000OIIEHHBIM KO3()PHUIIMEHTOM BOIATHILHOCTHU. Permenue mo-

CJICHEr0 YPaBHEHHS MPUMET BUJ:

S(T—t) _ —0(T—1)

e

wa(t.7)= 5+0

(14)

4. Maructpanb

Ha marucrpanu ypaBHenue (8) mpuHUMaeT BHUI
_osp(k,cit,T) _ —ukai
ot ok
CornacHo (4) Ha uHTepBase [t1, t2] HOKHO BBITOIHATHCS yCIOBUE
0s,(k,c;t,T) _ 0s,(k,c;t,T)
&k e
Pemrenue ypaBHenus (15) Oyaem uckarthb B BHIIE:
s,(k,Cit,T) =(c+H(k)eX ™ +B, (17)
rae H(K) — uckomas ¢yHkuus, B — kakas-To koHcTanta. [loacrapnss (17) B (7) u (15), cokpamas na €37 i
MPUBOJIS TOAOOHBIE YJICHBI, TTOJTyYaeM

—5H (K) = —ukH '(K) + F(K) + ok2H "(K). (18)

U3 (16) u (17) BugHO, 4TO [T BhINOJIHEHUS yciaoBus (16) Heodxoaumo, utodbl H'(K) = 1. Ecnu mocneanee

+aai§(5c+ F (k) +a(k,c). (15)

(16)

Bemodasiercs, To 1 H''(K) = 0. [Toatomy u3 (18) cnexyer
F —uk

H(k)= 5 (19)
K Beipaskenuro (19) eme pa3 npumenum yciaosue H' = 1. [loayqaem
a-1
H (k) = OAKT —p 1.

Otcrona cnenyet Boipaxkerue (10) anst K = Koe. TTockonbky Ha unTepBase [t1, t2] Koc = const, To u3 (3) npu
ok = oL = 0 cinenyert Boipaxkenue (10) s Uqc.
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KoncranTta B B (17) onpenensiercs u3 ycioBus S2(Kz, ¢2; tz, T) = S3(K2, ¢2; to, T). D10 ciemayer U3 mpuHIUIa
ontumanbHOCcTH bemmMana. [Toxcrasnss crona (13) u (17), monydaem
B=F(k)w(t,, T)-H (kp)e™ 2,
[Toxcrasmss aTo Beipaxenwe B (17), moaydaem OKOHYATENBHO ¢ ydeToM (14)
s (Kt T) =(c+H(K)e™ ™ +(Qlk) ~ H(kp))e ™ —Qkp)e ™, (20)
rie
F k)
k)=——=.
Qk) 0+0
3aMeTHM, uTO B 3TOM BeIpakeHHHN t < t2 1 Ko = Koc.
[TockonbKy MoCHeHEe BEIPAKCHHE 3aBUCUT OT Tapamerpa o, TO €CTeCTBEHHO BBIOPATH €ro TaK, YTOObI
JIOCTUTAJICS MAKCUMYM. BBIYMCITUM MEPBYIO MPOU3BOHYIO U IIPUPABHSIEM €€ K HYJIO:

?% =—3(Q(ky) — H(k,))e*" ™ —6Q(k,)e "7 =0.
2
Otcrona noiydyaem
e—(5+9)(T—t2) _ 6( H (kz) B Q(kZ )) (21)
6Q(k)
n
T-t,=r= 1 In( bQ(k;) ] (22)
5+6  (3(H(ky)—Q(ky))

Takum oOpazom, anrHa UHTEpBania [to, 7] paBHA 3HAYEHUIO Ii3. AHAIM3 BTOPOW MPOU3BOAHON (DYHKIIUU
Syo(K, c; t2, T) mokasbIBaeT, 4To MpH yciaoBuu (21) oHA Beeraa OTpUIATENbHA U, CIIEA0BATEIBHO, 3Ta (BYHKITUSI
nmeeT MakcumyM. [loxcrasmss (21) B (20), momydaeM OKOHYATETHHO

S, (Kt T) = (¢ + H (K))ed TV 1 ¢3T) ?(Q(kz) ~H(ky).

5. BpIxoa Ha MarucTpaJab

Ha unrepsase [0, t1] u = 1. TTosTomy cornacuo (2) HenpoussoacTBeHHoe oTpedienne C(t) = 0. Cie-
nosarenbHO, c(t) = 0 u si(K, ¢; t,t1) = 0. CorsacHoO NPHUHIKIY ONTHMATBHOCTH UMEEM
si(k,cit,T) =5y (k,c;t,44) + s, (kg 34, T) = 5,(ky), 134, T).
3nech ki = Koc 1 ¢1 = 0. Ha untepsaie [0, t1] ypaBHenue (6) iMeeT BHI:
_asl(k,c,t,T) _ os,(k,c;t,T) (F(K)— k) + 5¢ os,(k,c;t,T)
ot ok oc
s (k,c;T,T)=s,(k,c;T,T).

IMockonbky Si(k, ¢; t, t1) = const, To ciaaraembm (K, C) MokHO IpeHeOpedb. B pesynbrare momy4yaem ypaBHe-

+q(k,c),

HHUC B YaCTHBIX MMPOU3BOAHBIX IIEPBOT0 MOPAAKA, KOTOPOC MOXKHO peIIaThb MCTOAOM XAPAKTCPUCTUK [15] Co-
OTBETCTBYIOIIME XapaKTCPUCTUYCCKNUEC YPABHCHUS UMCIOT BUI

k =—pk + F k), k(0) = ko,
¢=0oc, ¢c(0)=0.

Orcropa caexnyer, uto ¢(t) = 0, a perieHne MepBOro ypaBHEHUS HMEET BH/I:
kP t) = é 1- e—ﬁu(t—to)) + kge—ﬁu(t—to) .
n
D10 pemieHne noyyaercs B pesynbrare nmoacranoBku: K(t) = exp{y(t) + z(t)}, rae y(t) u z(t) — npousBosbHBIC

(hyHKIUH.
Mowmenr t; onpenensiercs u3 ycaoBus K(t1) = Koo nim
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/—:(1— e Pty 4 kPe P = kP

OTcroma

A— kb
MB A_“koc

Ecmu 0603HaunTh depes ri, r2 u 3 gounHbl uaTepanoB [0, ti], [ti, t2] u [t, 7] coorBeTCTBEHHO

(23)

(ri+r2+r3=T), 1o Iy = t; ompenensercs us (23), rs onpenensercs u3 (22) urp = T — 11 — r3. OTcrona, B 9acT-
HOCTH, HEOOXOIUMO JIJIsl CYLIECTBOBAHUS PACCMATPHUBAEMOT0 PEIICHUs, YTOObI T > r1 + 3. [lonmyuenHoe pe-
IeHre OTHOCHUTCS K cirydaro, koraa K(0) < Koc. AHamorngso MokHO paccMoTpetsh BapuanT, koraa K(0) > Koc.
CoOTBETCTBYIOIIEE PEIICHUE IPUBOAUTH He OyaeM. OTMETHM TOJILKO, YTO B 3TOM Ciiydae Ha uHTepBae [0, 1]
u=0.

3akiIouyenue

B manHO#1 paboTe pemreHa 3aja4a ONTHMAaIBHOTO YIPaBISHHS OJHOCEKTOPHOW SKOHOMHKOW TIPH CITy-
YalilHOM HM3MEHEHHH OCHOBHOI'O KalMTaJla U TPYIOBbIX pecypcoB. IlodydeHo ympaBneHue B mporpaMMHOR

dbopme (4).

[IpoBeneH aHanu3 BAUSHUS CIy4aifHBIX COCTABIISIOIINX, U3 KOTOPOIO CIEAYET, YTO CIIy4aiHbIe COCTaB-
JISIIOIIKE BIMAIOT TOJIBKO Ha JUIMHY WHTEpBana [t, 7, onpenensemyto B (22). 13 naHHO# (hopMyIbl BUAHO, YTO
9Ta JUTHHA YOBIBAET A0 HYJS ¢ pocToM 0000IeHHOTO K03 (pHureHTa BOIATUIHHOCTH G.

MaxkcumanbHOe cpejiHee 3HaYeHHe HEeNPOU3BOACTBEHHOI0 NoTpebienus Ha untepsaie [0,7] cocraBiser

. +y0+90
5(k,0;0,T) =, (k;, 05y, T) = H (k; )& ) 4+ % tZ’T(Q(kz)—H(kz)),

rae K1 = K2 = Koc. [Tpu yBeMUeHUH TTapaMeTpa G 3TO 3HAYCHUE yObIBACT. ITO OOBICHICTCS TEM, YTO NPH yBe-
JMYEHUH G YMeHbLIaeTcsi uHTepBad [z, 7] 1 yBenuuuBaeTcsi uHTEpBad [t1, 12], rae npupocT HeNpoOU3BOACTBEH-
HOTO MOTpeOJICHUs MeHbIIIe, YeM Ha uHTepBaje [tz, 7] (Uoc <1). [Ipu 3TOM HIKHSS TpaHHIIA paBHA

lim s(ky,0;0,T) = H(k;)e ™™,
C—>0
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Paraev Ju.l., Grekova T.l., Poluektova K.O. (2019) OPTIMAL CONTROL OF ONE-SECTOR ECONOMY UNDER RANDOM
VARIATION OF FIXED CAPITAL AND LABOR RESOURCES. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie,
vychislitelnaja tehnika i informatika [Tomsk State University Jounal of Control and Computer Science]. 46. pp. 12-19
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The problem of optimal control of one-sector economy under random variation of fixed capital and labor resources is considered.
The state of the economy is characterized by such variables: the fixed capital K(t), the labor resources L(t), the non-productive con-
sumption C(t), and also the production function Y(K, L). In a stochastic case change of these sizes is described by the equations

K =uY (K,L) = AK () + o K& (1), K(0)=K, >0,
C=pC+(1-u)Y(K,L), C(0)=0, o
L=vL+o LE (1),L(0)=L, >0,
where A (= 0) is the depreciation rate, p (> 0) is the discount rate, Ex(t) and EL(t) denote the standard independent white Gaussian noises,
ok and oL are the coefficients of volatility correspondingly. Here u is the control parameter defining the share of the product produced,
which is used to increase in fixed capital. Then size 1 — u defines part of a product which goes on increase in non-productive consump-
tion. It is obvious that 0 <u < 1.
For research variables are entered: k(t) = K(t)/L(t) is the capital-labor ratio and c(t) = C(t)/L(t) — the non-productive consumption
falling on one worker. For these variables on the basis of Ito's formula from (1) the equations turn out
k = —pk + UF (K) + o k& (1) —o k&, (1), k(0) = ko,
¢ =3¢+ (1-u)F(k)—o,C&, (1), c(0)=0.
Here = A +V + okoL —ol?, 8 = p — Vv + o1?, ko = Ko/Lo, F(k) = Y(K, L)/L is the labor productivity (a gross product on one worker).
Further it is supposed that > 0 and & > 0. In this study the production function of Kobb—Douglas is considered, that is Y(K, L) = AK*L?,
where A denotes the scale of rate of production (A > 0), a. is the elasticity coefficient on fixed capital, f is the elasticity coefficient on
labor resources. From here F(k) = Ak It is supposed that the planned period of production [0,T] is given and rather great.

The task consists in finding on the time interval [0, T] for system (2) of such control u(t) satisfying the condition 0 <u <1 at which
the average value of ¢(T) is maximum. This problem is solved by making use of a method of dynamic programming. Bellman's function
s(k,c;t,T) is considered, which is an average value of ¢(T) provided that the process proceeds on the interval [t, T] with initial conditions
k(t) = k and ¢(t) = c. The solution of a task we obtain by solving Bellman's equation.

This solution consists in the fact that the interval [0, T] by the points t1 and t2 (0 < t1 < t2 < T) is divided into three intervals: [0, ti],
[t1, t2], and [t2, 7]. The interval [O, t1] corresponds to the output to the highway, the interval [t1, t2] — to the highway (if it exists),
the interval [t2, 7] — to the final stage (to a descent from the highway). The highway is the time site, where special control uoc is used.
On the highway k = kec = const, and

@

1 _ OA u = pKog
oc T ' Moc T :
d+p F(Koe)

If k(0) < koc, then u = 1 on the interval [0, t1] and u = 0 on the interval [t2, 7]. As a result, it turns out that the control structure is
determined by values of t1 and t2. The moment t: depends only on the initial condition k(0) and doesn't depend on a stochastic compo-
nent. The moment t2 doesn't depend on the initial condition, but depends on the volatility coefficients ok and oL. Thus with growth of
these coefficients the interval length [t2, T] and average value of non-productive consumption decrease.

Keywords: the one-sector economy; fixed capital; labor resources; non-productive consumption; optimal control; dynamic programming.
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A.I'. IMuTpeHko

MOJIEJIMPOBAHUE PACCESIHUSA JIEKTPOMATHUTHOM BOJIHBI
HA CTPYKTYPE U3 TPEXMEPHOI'O UJEAJIBHO ITPOBOJAIIEI'O TEJIA
N TOHKOT'O ITPOBO/THUKA

MeTo BCHOMOTaTeIbHBIX HCTOYHUKOB MCIIOIB30BaH I MOJICIIMPOBAHUS B PE30HAHCHOI YaCTOTHOW 007aCTH 3JeK-
TPOMAarHUTHOTO PAacCEsHUSI Ha CTPYKTYpPE U3 TPEXMEPHOT0 HJICANIbHO IIPOBOISLIETO Tela M TOHKOTO MpoBoaAHuKa. [Tpu-
BEZICHBI HEKOTOPBIE PE3yIbTaThl YUCICHHBIX PAaCYETOB, XapaKTEPHU3YIOLINE BIMSIHNE HICATbHO MPOBOAIIECTO TEJIa Ha
pactpeneneHue ToKa BIOJb IMPOBOJHHKA, & TAKKE BIMSHHAE TOHKOTO MPOBOAHMKA HA CEYCHUS PACCESHUS HICATBHO
MIPOBOJAIETO TeNa.

KuioueBble cj10Ba: 3JIEKTPOMarHUTHOE paccesiHue; METOJ, BCIIOMOTraTeNIbHBIX UCTOYHUKOB; MACAIHHO MPOBOASIICE
TEJI0; TOHKHI MPOBOIHUK; pacIipe/ie/ieHue TOKa; CeUeHHE PacCesHuUs.

3HAYUTENbHBIH MHTEPEC Ul MCCIeNOBaTeNeH MPenCTaBIsIeT N3YYeHUE PACCESHUS 3JIEKTPOMAarHuT-
HBIX BOJH CTPYKTYpamH, OOpa30BaHHBIMH COBOKYMHOCTBIO HJCalbHO TMPOBOJSIINX TeJ, HMMEIOLINX
pa3Mepbl, CpaBHUMBIE C IJIMHOM BOJIHBI. DTOT HHTEpeC 00yCIIOBIIEH HEOOXOUMOCTBIO PELIeHUs psaa Mpak-
THYECKH BaXXHBIX MPOOJIeM, HaIpUMEp TaKUX, Kak MpoOJIeMbl SJIEeKTPOMAarHUTHOW COBMECTUMOCTH Pajfo-
AJIEKTPOHHBIX CPEJICTB, PAJUOHABUTAIINH, Ae(PEKTOCKOHH, PAJAHOIOKAIIMOHHON 3aMETHOCTH U HIeHTH(DH-
Kauuu o0bekTOB. OCOOBIN MHTEpEC MPEICTaBIsIeT Cilydald, KOraa paccTOSTHUE MEXIy TelaMH CTPYKTYpPhI
MEHbIIIE JJIUHBI BOJIHBL. B 3TOM ciyyae moje, paccesHHOE KaXIbIM TeJIOM, HABOJHUT BTOPUYHbIE TOKH Ha
BCEX IpYrux Tenax. B pesynprare TOKM Ha BceX TejlaX CTPYKTYPBI OKa3bIBAIOTCS B3aUMOCBS3aHHBIMH,
U CTPYKTYpPY IMPUXOJIUTCS pacCMaTPUBATh KaK €IUHOE 1€JI0€, UTO CYIIIECTBEHHO YCI0KHSET PelIeHrne COOT-
BETCTBYIOLIEH 3a/1a4ll paccesHus.

YacTHBIM CclydaeM 3aJaui 3JIEKTPOMArHUTHOT'O PACCESIHUS COBOKYIHOCTRIO TEJI ABJISIETCS 3ajada pac-
CesTHUS Ha JABYX HUJEaIbHO MPOBOAAIIMX TeNlaX. AHAIN3 UMEIOIIeHcsS B paclopsHKeHUH aBTopa JIUTEepaTyphl
MOKa3bIBAET, YTO K HACTOALIEMY BPEMEHH YK€ PEeIEHBI 3a/1a41 3JIEKTPOMAarHUTHOTO PAcCEesiHUA Ha ABYX Ue-
abHO TpoBoAsIIKX chepax [1-3], Ha ABYX COOCHBIX KPYTOBBIX IMIIMHAPAaX KOHEUYHOH JUIMHBI [4—5], Ha OBYX
COOCHBIX BBITSHYTHIX cepouaax [6—7], Ha AByX cymnepamnuncongax [8]. PaccmarpuBaiock Takxke 3JIEKTpO-
MarHMTHOE paccesHhe Ha CTPYKTYpPax, COCTOSIIMX M3 WICATFHO MPOBOIAIIMX TEJ Pa3IHYHON T€OMETPHUH.
B gactHocTH, B padotax [5], [9] paccMOTpeHO paccesHre Ha CTPYKTYPE, COCTOSIIEH N3 KOHEUHOTO KPYTOBOTO
mwMHApa U cepsl, a B padote [8] — Ha cTpyKType, cocrosiei u3 cheponaa u bukonyca. OQHaKo B JUTEpa-
Type OTCYTCTBYIOT PaOOTBHI, KaCAIOIINECS IEKTPOMArHUTHOTO PACCESHHS HA CTPYKTYpe, COCTOSAIIEH U3 Tpex-
MEPHOT'0 U/IeabHO MPOBO/AIIETO TEJIa ¥ TOHKOTO MIPOBOJIHUKA.

JlanHas cTaThs 3aKphIBaeT 3TOT pobdes. OHa MOCBSIIeHa MOJEINPOBAHUIO PACCESTHHUS IEKTPOMArHHT-
HOM BOJIHBI Ha CTPYKTYPE M3 TPEXMEPHOTO WAEATHHO MPOBOSINErO TeJa ¥ TOHKOTO MPOBOAHMKA. B ocHOBe
MOJICTTMPOBAHUS JICKHT MPeAIoKeHHbIN panee B [10—11] meTo BcrioMoraTenbHbIX HCTOYHUKOB. [IpuBeeHb!
HEKOTOpPBIE PE3YIbTAThl YUCIEHHBIX PACYETOB, XapaKTEPU3IYIOIINE BIUIHNE UA€aTIHHO MTPOBOAAIIETO Tejla Ha
pacnpezieieHue Toka BIOJIb IPOBOAHMKA, a TAKXKE BIUSHHE TOHKOTO MPOBOJAHMKA HA CEYEHHS PACCESTHUS Ue-
QJIBHO IIPOBOJSILETO Tesla. DTHU PE3yJIbTaThl NIPEICTABIISIIOT UHTEPEC U1 MCCIe0BaTeNel, 3aHUMAatOIUXCs
npobjeMaMy aHTEHHOW TEXHUKH U PaJlOJIOKallMOHHON 3aMETHOCTH.
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Mooenuposanue paccesanus 21eKMPOMASHUMHOU BOJIHbL HA CMPYKIMYPeE U3 MPEXMEPHO20 UOedbHO NPOBOOAUe20 med

1. ®opmyaupoBKa 3ag1a4n

I'eomeTpus 3amaum mokasaHa Ha puc. 1. bynem paccMaTpuBaTh CTalMOHAPHYIO (3aBUCUMOCTB OT Bpe-
MeHH BbIOpaHa B Buje exp(—iot)) samauy mudpakuuu snexrpomarnutaoro noust {Eq, Hy} Ha ctpykrype,
COCTOsIIIEH M3 HENepeceKaloUMXCsl HACANBHO NPOBOASAMIETo Tena D, orpaHMYeHHOr0 TOBEPXHOCTBIO S, U

TOHKOTO MPOBOJHNKA, O'PAHUYCHHOTO MOBEPXHOCTHIO S . I10/1 TOHKUM MTPOBOJAHUKOM Oy/IeM OHUMATh HIe-
AIBHBIA TPOBOAHUK KPYIJIOrO CEUCHUS, AUAMETP KOTOPOI'0 KOHEUYEH, HO MaJ [10 CPABHEHUIO C ITTUHOUN BOJIHEI.
OTa CTpyKTypa pa3MeIleHa B OXHOPOAHON Oe3rpaHnuHoi cpene D, ¢ muanexTpudeckoil 1 MarHUTHOH Hpo-

HUOACMOCTAMHU €, U [l B IleKapTOBOﬁ CUCTCME KOOpAUHAT C LICHTPOM, BI)I6paHHI)IM BHYTpPHU TPEXMEPHOI'O

tena D. Tpebyercs naiitn paccesnnoe none {E,,H.} B obmactu D, .

7 A
Ee, He
9/—_\ 0 De
TS
Mn
—>
er']l yL
D {Eo Foy
M &)
\_'
X ¢
In
lo —
lia li I J

Puc. 1. leomerpus 3agaun
Fig. 1. Geometry of the problem

Tosne {Ee, I:Ie} JIOJKHO YIOBJIETBOPSITH ypaBHEHHsIM MakcBeua:
VxE, =iopH,, VxH,=-iweg,E, B Dg, (1)
T'paHUYHBIM YCIIOBUAM
ﬁerz—ﬁxEO Ha S u S 2
U YCIIOBHSAM H3JTyICHUSI
/e Eoifue H} x RIR+{/u. Hoi— /e, E.}=O(R™),R > 0. ©)
B Bripakennsx (1)~(3) fi — eMHAYHBIA BEKTOp HOPMAIH K IOBEPXHOCTSM S M S, OrpaHHYMBAOLIAM

1/2.

teno D u Tonkuit npoBonuk; R =(x* +y? +2°)"?; dxb — BexropHoe nponssenenye.

2. Mopenas paccestHHOTO MOJIst

Mopenb paccessHHOTO TOJISI CTPOUTCS CienyromuM obpazom. Beegem BHyTpu Tena D Bcomorarens-
HyI0 TOBepXHOCTh S, = K,S, M0700HYI0 NOBEPXHOCTH TeJla S B CMBICIE TOMOTETHH C LIEHTPOM B IIEHTpE

nekapToBoi cucremsl koopauHat O . Kosddunuent romoretnn (momobus) K, xapakrepusyer ynaneHue

BCIIOMOT'aTEJIbHOI MMOBEPXHOCTH S, OT MOBEPXHOCTH Telia S, ero 3HadeHwus jexar B uHrepaie 0< K, <1
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(HpI/I Ke =0 BcrmoMorareibHas MOBCPXHOCTL CTATHUBACTCA B TOUKY, IIPpU Ke =1 ona COBIIAAACT C MMOBECPXHO-

cthio S). BEiGepeM Ha BCTIOMOTATENBHOM MOBEPXHOCTH S, KOHEWHYIO COBOKYMHOCTH Touek {M, M\, n B

Ka)KI[Oﬁ Touke M n PasMECTHUM IIapy HC3aBUCUMBIX BCIIOMOTATCIbHBIX 3JICMCHTAPHBIX JJICKTPHYCCKUX JUIIO-

neit ¢ momentamu Pf, = py €7, Py, = P, €;, , OPHEHTHPOBAHHBIMH BJIONb eTMHUIHBIX HATIPABICHHH €7 , €7 ,

BBIOPAHHBIX B INIOCKOCTH, KacaTeNbHOH K S, B Touke M, 1 M3Iydaromux B OMHOPOAHYIO Cpely C IapameT-
paMu €, M [, .

BuyTpu TOHKOTO MPOBOIHKKA HA €0 OCU Pa3MECTUM HEIIPEPHIBHO PACTIPEICIICHHBIN BCTIOMOTaTEIbHBIIM
ToK J .

[IpeacraBuM HEM3BECTHOE PACCESHHOE MOJIE {Ee, H o} B D, B Buzie CyMMBbI 110JI€#i BBEICHHBIX BCIIOMO-

raTelbHbIX JUITOJICH B TOKa:

N N
Ee(M)=(i/0ge)] >V (VxIT)+ Vx(VxIT){, Ho(M)=> VxII, +VxII
n=1 n=1
ﬁn :\Pe(M'Mn)ﬁE’ I:[' :J.lPe(M!MI)de ’ LIJe(M’Mn):exp(ikeRMMn)/(4TCRMMn)l
|
\Pe(M'MI):eXp(ikeRMM, )/(4TCRMMI ) y ﬁ: = p:lérrl + p:zér:, M e De. (4)

3neck kg =y/gehe =2n/L — BonHOBOE uncno B cpeae D, Ryy — paccrosnue or Toukn M, Ha S 10

toukn M B D,; Ryy, — paccrosuue or touku M| Ha ocu mposoxHuka 10 Tod ke Toukn M B D

p?l , p?z (n=1,N) — Heu3BeCTHBIEC KOMIUICKCHBIC TOCTOSTHHBIC (IUTIONBHBIE MOMEHTBI); N — YHCIIO TOYEK pa3-

MEILIEHUS IUIIOJIEN Ha BCIIOMOTaTeIbHOM MOBEPXHOCTH Se ; J —HEeM3BECTHBIM OCEBOI BCIIOMOTaTEILHEBINA TOK;

HMHTETPUPOBAHUE MIPOBOIUTCS BJIOJIb OCH MPOBOIHKKA | .
Ione (4) ynornerBopsier ypaBHeHHsIM Makceeiia (1) u ycnoBusam usnydenust (3). st Toro 4ro0bl
YJIOBJICTBOPUTH TPAHUYHBIM YCIOBHUSM (2), HEOOXOIMMO COOTBETCTBYIONIMM 00pa3oM BBIOPATh THUIOJILHBIC

MOMEHTBI p?l , p?z (n=1,N) u pacnpeneneHue 0ceBOro Toka J .
BBezieM KycOYHO-ITOCTOSHHYIO ampOKCHMAIIMI0 0CEBOr0 TOKa. Pa3oObeM yimHMIO | OceBOro Toka Ha

N| MaJibIX YY4aCTKOB, B IIpE€ACIaX KaKA0T0 U3 KOTOPBIX TOK MOXHO CHUTATH NOCTOAHHBIM. Torna BBIPaXCHHUC

st [T B (4) mpubamkeHHO MOYKHO 3alHCcaTh B BHJIE:

N, Iy
=33 [We(M M)l (5)
i=1 I,
rae J; — BeNMYMHA TOKA Ha i-M yJacTKe NPOBOJHUKA; € — €IMHUYHBII BEKTOP, HAIIPaBJIEHHE KOTOPOTO COB-
MaJiaeT C HalpaBJICHUEM KacaTeJIbHON B CpPEIHEN TOYKE paccMaTpuBaeMoro ydactka. [Ipu Takom mojxoje
HaXO0X/ICHUE HEN3BECTHOT'O pacIpeieIeH st OCEBOTO TOKA CBOIUTCS K HAXOXK/ICHHIO 3HaueHU N| aeMeHTOB

TOKA.
Jiist onipeniesieHys BEIMYMH JUITOJIbHBIX MOMEHTOB M 3JIEMEHTOB TOKA UCIIOJIb3yEeM I'PAaHHUUHBIC YCIIOBHUS
(2), ynoByIeTBOPSISt KM B COOTBETCTBUH ¢ MeTO1oM Kosutokanuit. [Tycts M (j =1, 2, ..., L) — Touku kosutokanuu

Ha TOBEpXHOCTH S, a M i (J =1 2,..., L)— To4kH KOJUTOKaLMK HA MMOBEPXHOCTH S ; L — 4nCIIo TOYEK KOJIIO0-

Kaluu Ha S, a L — 9uciio Touek KoJutoKanuy Ha S . B cuity mpemnonokeHust 0 MaJlOCTH JJHaMeTpa IPOBOJI-

HHUKa 110 CPaBHCHHUIO C €TI0 HHI/IHOﬁ n JIHI/IHOﬁ BOJIHBI 1 BI)I6paHHOFO B COOTBETCTBUH C 3THUM IPEACTABICHUA
JJI IOJIA MTPOBOJHUKA 6y,Z[€M CUUTATh, YTO BKJIAJJOM B PACCCAHHOC I10JIC a3HMYTaHBHOﬁ COCTaBJ’IﬂIOH.[efI TOKa
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Ha MOBEPXHOCTH TIPOBOIHAKA MOKHO PeHeOpeun. Toraa s HaxoxkIeH!s HEU3BECTHBIX Piy, Pry (N=LN )

u J;(i=1N;) momy4nm cleayrolIyi0 CHCTEMY JIMHEHHBIX are0pandeckux ypaBHEHUI ¢ KOMILUIEKCHOMN Mat-

pureit pasmeproctr (2L + L) x (2N + N):

I Bl = _fl«EJ —
nlxEy =—N'xEy, j=1L,

__gi i
I __EO,l' J —1,|_ y (6)
rae fi’, Eej u EOJ — 3Ha4YeHHs] BEKTOPOB HOPMAJH U 3JIEKTPHYECKUX KOMIIOHEHT PacCcessHHOTO (4) 1 BO30yX-
JIAOILIETO T0JIei B TOUKe KOJUIOKAIMH | Ha nosepxHocTd S Tena D, a EJ| n EJ| — 3nauenns cocrapnsiommx

TEX K€ KOMIIOHCHT BJ0JIb OCH TOHKOI'O IIPOBOMTHHKA B TOYKAX KOJIJIOKAIIUH J Ha €ro IMOBEPXHOCTH. Pemenne

cucteMbl (6) HAXOJUM MTyTEM MUHUMHU3AIMH QYHKIIUU

Ly . .2
ZEeJ,I+E(JJ,I)‘ - (7)

i1
ITocne pelmieHuA 3aaa4u MHHHUMU3AlWUH, T.C. ONPCACIICHHUA HCU3BCCTHBIX OHUIIOJBHBIX MOMCHTOB

L . . 2
d):Z‘ﬁ’ x (EJ +E0‘)‘ +
=

pa, P (N=1LN ) uonementos toka J;(i=1 N,), HeoGX0aMMBbIE XapPAKTEPUCTHKH PACCETHHOTO MOJIS OTPE-

nensieM u3 (4). B wacTHOCTH, A1 KOMIIOHEHT PacCEesTHHOTO TIOJIA B JalbHEH 30HE UMeeM
Eeo(M) = (ke /2.)"H, o (M) = (exp(ik.R)/ k. R)Dy (6,9) + O(R ),

Eeo(M)=—(1,/£,)"*H (M) = (exp(ik,R) /k,R)D, (6,9) + O(R?) (8)
I7Ie KOMIIOHEHTBI uarpaMMsl paccessHus Dy (6,0) n D¢ (6,) omnpeneneHsl BEIpaKEHUAMU

N
D, (6,9) = ZGn (06, 0){(cosOcoscosay +cosOsingcosp; —sinBcosy; ) p;, + (cosOcospcosa; +
n=1

N, ) ) ) i
+cos0sin@cosP; —sinOcosy;) p; }+ ZJi (cosOcospcosa' +cosOsingcosp' —sin 9COSY')I G(6,9,1)dl,
i=1

Ii—l

N
D,(6,0)= an (0,0 (=sinpcosay +cosecosPy) p; +(=sinecosay +CcosecosPy) p; }+

n=1

N; ) . I
+> Ji(-singcosa’ + cos<pcos[3')j G(6,¢,Ddl,

i=1 Il—l
G, (6, ¢) =exp{-ik, (x,sinBcosp+ Yy, sinOsin ¢+ z, cosO)},
G(6,,1) =exp{—ik, (x, sinBcos @+ y, sinBsin ¢+ z, cos0)},
B KOTOPBIX COSoy', COSPY, COSy; u COSay, COSPB), COSY, — HANPABISIOLME KOCHHYCHI €JUHIYHBIX BEKTOPOB

E?Tnl 31 §T”2 ; COSOLi,COSBi,COS'yi — HaNpPaBJISOIINE KOCHHYCHI AMHUYHBIX BEKTOPOB €;; X, Y, Z, — JeKap-

TOBBI KOOPAUHATBI TOUKH M ;5 X, ¥}, Z, — nepemenHble uHTerpupoBanus 1o anementy (l;_4,l;) Tonkoro mpo-

BOJIHUKA; 6 M @ — OOLIETPUHSTHIC YIIIOBBIE cepuiecKrue KOOPANHATEI TOUKH HaOmoaeHust M .

KOHTpOJ’IB TOYHOCTHU PCUICHUA OCYIICCTBIIACM IMTYTEM BBIYHUCIICHHUA OTHOCUTCIIBHOI'O 3HAYCHUS (I)YHKL[I/II/I
(7) Ha CETKE TOYCK, IPOMCIKYTOUHBIX IO OTHOHICHUIO K TOUKAM KOJIJIOKAIlUH, BBI6I/IpaeMI>IX Ha MOBCPXHOCTAX

S uS:
1/2
A=(D'/D,)"2, 9)
rae @' — 3HadeHue GyHKIuM (7) Ha yKa3aHHOH BBIIIE COBOKYIHOCTH TO4eK; @®; — 3HaAUE€HHE COOTBETCTBYIO-

et HOpMBI A Ial0IIeTo IOJIS Ha ATOM YK€ COBOKYITHOCTH TOUEK, OTPEEISIEMOE BEIPAKCHHEM
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Ly L,

ﬁjxé()j‘2+ Z

i= i=t

Eg.

‘2

B KOTOPpOM Ll nu L]'_ — YHCJIO MPOMCKYTOUYHBIX TOUYCK COOTBETCTBCHHO Ha MOBCPXHOCTAX S usS.

3. Pe3yabTaThl MOJEIUPOBAHUS

W3moxeHHBIH BBIIE aNTOPUTM OBLT peaTn30BaH B Ka4eCTBE KOMIBIOTEPHOW MPOTPaMMBI IS pacdyeTa
KOMITOHEHT PacCEeSTHHOTO TOJISl ¥ KOHTPOJISI TOYHOCTH MOITydeHHOTo perienus. [IporpaMma rpexycMaTpuBaer,
9710 Tesio D MoxeT OBITh MO0 TPEXOCHBIM JIUIHIICOMIOM, THOO KOHEUYHBIM IWIHHIPOM C DIUTHIITHIECKUM
MIOTIEPEYHBIM CeYeHHEM (C TUIOCKUMH I CKPYTIIEHHBIMU TOPIIAMH), & TOHKHH TPOBOTHUK SBISETCS PSMO-
JTUHEHHBIM. BXOTHBIMI BEJTMYMHAME MPOTPAMMBEI SIBIISTIOTCSI KOOpAWHATA IIeHTpa 00beMHoro Tena O 1 Koop-
JTUHATHI Havasia ¥ KOHIIA OCEBOH JIMHUHM TOHKOTO IMPOBOAHHKA, OTIPEACIISIONIIE B3aNMHOE PACIIONIOKEHHE TE
B CTPYKTYpE, a TaKK€ BEIMYMHBI XapaKTEPUCTHK TE€OMETPUUIECKIX MMapaMeTpPOB paccemBareseil (B JITUHAX

BOJIH), BO30Y KIaroIIIee 1moJie {EO, H 0} , mapametp nogobus Ke, uricna Todek pazmemnieHus aumoneid N i Touex
koyutokanuu L s oo6semuoro tena D, a Takxke yncia yuacTkoB pa3ouenust oceBoit muHuu N| u Touek koi-

JIOKaluun L AJi1 TOHKOI'O IMpOBOAHUKA. BI)IXOZ[HLIMI/I BCJIMUMHAMU MTPOrpaMMBbl ABJIAIOTCA KOMIIOHCHTBI AUA-

rpammbl paccesunst Dy (0,0) u D, (0,¢) , buctatuueckue ceuenus paccesnus

- |2
5(0,0) = Ai[)nm4nR2[|Ee’e|2+ E,of V[Eo| - (10)

pacrpe/esieHie 0OCEBOTO TOKa J, a TaKyKe OTHOCHTENIbHAst HOpMa HEBSI3KM TPAHUYHBIX yciioBuH (9). MuHUMH-
3anus GyHKIUH (7) OCyIIECTBISETCS METOZOM CONPSKEHHBIX TPauEeHTOB; HTEPAIIMOHHBIN MPOLIECC OCTAHAB-
JUBAETCS TIPU YCIOBHH, €CIM OTHOCHUTENIFHOE M3MEHEHNE (DYHKIIMK Ha KaXXJIOW U3 JECATH MOCIeIHUX UTepa-
uuit He npesbimaeT 0,001. [Ipy momorm 1aHHON MPOrpamMMBbl BBITIOTHEHA CEPHs BEIUNCIUTEIBHBIX dKCIIEPH-
MEHTOB, HallpaBJICHHBIX Ha MCCJIEI0BaHUE BIMSIHHASA O0BEMHOI0 HAEAIHHO MPOBOJIIETO Tejla Ha pacrpese-
JIeHUE TOKa BJIOJIb TPOBOJIHMKA, a TAKXKE HA MCCIIEZ0BAHUE BIMSHUSA TOHKOTO MPOBOJHNMKA HAa CEUEHUS pacce-
SIHUSL OOBbEMHOI0 TeJa.

9‘/__\9
Ker

Al

JA)

I ke \
E Ho
Puc. 2. Ctpykrypa, cocTosimas u3 cepsl ¥ TOHKOTO MPOBOJIHUKA
Fig. 2. Structure consisting of a sphere and a thin conductor

A
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HccnenoBanue BausHEsE 00bEMHOTO TEJa HA pacrpeeieHre TOKa BI0JIb MPOBOJIHMKA BBIOJIHEHO ISt
CTPYKTYpBI, HOKa3aHHOM Ha puc. 2. CTpykTypa cocTout u3 ceps paanyca ke (K, =2m/A , . — aia1uHa BOJIHBI)

U PacIoIOKEHHOrO Tepel Hel (CO CTOPOHBI MaACHHs BOJHBI) MPSIMOJIMHEHHOTO MPOBOAHUKA IITHHON Kel 1
pamiycom Kero. LleHTp MPOBOAHMKA COBIAIAET C IIEHTPOM JIEKAPTOBOW CHCTEMbI KOOPAMHAT; OCh IIPOBOJHUKA
HaIpaBlieHa BIOJb OCH X; IIEHTP cephl pacroiokeH Ha ocu Z. CTpyKTypa BO30yXKIaeTcs IIOCKOM BOITHOM,

najatomuieil B1osb ocH Z, BekTop E( HampapieH B0k 0CH IPOBOJHUKA.

BT paccMOTpEHBI 1Ba BapHAHTa OMUCAHHOW BBIIIE CTPYKTYPHI, OTIHYAIONIHECS PATUYCOM CQEpHI:
1T TiepBoro BapuanTa Kel = 2, mi1st BToporo Ker = 4; st o6oux BapuanToB Kel = 10, kero = 0,1.

ITapameTpsl MeTO/1a OBLTH BHIOPAHBI CACTYIONIMMU: HA TOHKOM POBOJHUKE YHCIIO SJIEMEHTOB pa3ou-
enust oceBoro Toka N; cocrasisuio 90; ai1st cdepsl YMCIIO TOYEK pa3MEIICHHUs BCIOMOTaTelIbHbIX AUMOJCH Ha

BCIoMoTaTesHOM moBepXxHocTd N BeIOpaHO paBHBIM 256, a 9HCIO TOYeK KoJutokamuu L — paBHBEIM 512.
B nokanpHOM cucTeMe KOOPAMHAT C IEHTPOM B IIEHTpe cepbl TOUKH pa3MEIICHHUS JUTIONCH W TOUYKH KOJIJIO-
KaIlu¥ Pacrpe/ieeHbI CISIYIONMM 00pa3oM. B Kaxk0M U3 IIeCTHAIIATH OTYCeUeHHUH @ = CONSt, OTCTOSIIMX
OJTHO OT JIPYTOro Ha YIJI0BOe paccTosiHue Ag = 22,5°, paBHOMEPHO 110 yri1y 6 BeiOpaHo 16 Touek pa3MerieHus
nurosiei. st Touek KOJUTOKAIMU aliTOPUTM UX PACIONIOKEHUS 1Mo yri1y 6 BBIOpaH TakuM ke, Kak JUIsi TOUeK
pa3MeleHns JUIOJIeH, HO BBIOMPAIOTCS OHM KaK B MOIYCEUEHHSIX (@ = CONSt, ompeesieHHbIX Ui TOYEeK pa3-
MEIEeHHsI TUTIONeH, Tak U mocepeaune Mexxay Humn. Koadduiment nogoous BcrioMoraTeabHOM TOBEPXHOCTH
st cepsl 3a1aH paBHbM 0,6. [Ipy maHHBIX TapameTpax MeToAa 3HaueHue HeBs3KkH (9) He mpeBbimaet 10%.
HexoTtopsle U3 MOTy4eHHBIX PE3yNIbTaTOB MIpeCcTaBiIeHbl Ha puc. 3, 4. PucyHoK 3 0THOCHTCS K Cly4aro,
Korma paauyc cdepsl Ker = 2, a puc. 4 — x ciydaro, koraa paauyc chepsr Ker = 4. Metoanka ncciie0BaHui
3aKII0Yajach B CPaBHEHUH PACTpE/CICHUs] TOKa BAOJIb MPOBOAHMKA, TIOIYYEHHOTO MPH HATHYUH PSIOM C
MPOBOJHHUKOM c(epbl, ¢ pacnpesieieHueM TOKa BIOJIb OJUHOYHOTO MPoBOJHKUKA. CpaBHEHHE TIPOBOAMIOCH
JUISL pa3IMYHBIX PACCTOSIHUN MEXIy paccenBatensiMu. Ha puc. 3, 4 mo ocu abcuuce 0TI0XKEHO PACCTOSHHE OT
cepeIMHBI IPOBOHUKA, 110 OCH OPJMHAT — 3HAUCHHE BEIMYUHBI (MOJIYJIS) TOKA B YCJIOBHBIX equHMIaX. Kpu-
Bble 1 OTHOCATCS K ClTy4aro, KOraa HanMeHbliee paccrosaue Al mexy chepoit u mpoBogaukom pasao 0,014,
KpuBble 2 — K ciydaro, koraa Al = 0,5A u kpussie 3 — k ciyuaro, koraa Al = 1,2A. 3neck e Ui cpaBHEHHs
MPUBEICHO PACIPE/IC/ICHNE TOKA BJIOJIb OJJMHOYHOTO TIPOBOIHUKA, T.€. IPU OTCYTCTBUH c(epbl (KpUBbIE 4).
Kak moka3pIBatoT pe3yabTaThl, PEICTABICHHbBIC HAa puUC. 3, 4, BIUsHAE 00BEMHBIX TEll Ha pacrpesese-
HHUE TOKA B TOHKHX MPOBOJHUKAX CYIIIECTBEHHO 3aBUCHT OT XapaKTEPHBIX Pa3MEPOB Tela, ONpeAesieMbIX Be-
mnanHoi K. =2K.r. Tlpu d < 0,64 (cMm. puc. 3) 9TUM BIMSIHHEM MOXHO npeHeOpeus; mpu d > A juis

KOPPEKTHOTO OTPENCICHHUs] paclpeie/icH|ss TOKa BJOJb MPOBOJHHKA HEOOXOMUMO YUYHMTHIBATH HAIHUYHC
BOIM3M HETO OOBEMHBIX TEI.

Z(1)],yen.en

040 |

Puc. 3. Pactipesenienre Toka BIOJIb OCH IIPOBOTHHUKA [TPU HATMYHMHU PSIJIOM C TIPOBOIHUKOM Cepbl paguycom Ker = 2, pacmoo-
YKEHHOM Ha pasnuHbIX paccrosausx Al ot mpoBoauuka (1 — Al = 0,014, 2 — Al = 0,54, 3 — Al = 1,21, 4 — 0AMHOYHBII TPOBOHKK)
Fig. 3. Current distribution along the axis of a conductor in the presence of a sphere with radius ker = 2
located at various distances Al from the conductor (1 — Al = 0,01, 2 — Al = 0,51, 3 — Al = 1,2}, 4 — sphere is absent)
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UGN
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Puc. 4. PacnipeernieHre TOKa BIOJb OCH IIPOBOIHKUKA [IPH HAIMYHUH PSIOM C IPOBOIAHUKOM cepsl panuycoM Ker = 4, pacrosio-
JKEHHOW Ha pasnuuHbIX paccrosHusx Al ot npoognuka (1 — Al = 0,01, 2 — Al = 0,51, 3 — Al = 1,2}, 4 — o qMHOYHBII TIPOBOIHHK)
Fig. 4. Current distribution along the axis of a conductor in the presence of a sphere with radius ker=4
located at various distances Al from the conductor (1 — Al = 0,012, 2 — Al = 0,5X, 3 — Al = 1,2), 4 — sphere is absent)

HccnenoBanus BAMAHUS TOHKOTO MPOBOJHUKA Ha OMCTaTHUECKUE CEYEHUSI OOBEMHOIO TeJla IPOBOAM-
JIUCh A7l CTPYKTYPHI, IPEICTABICHHON Ha pHC. 2, B KOTOPOil cdepa Obula 3aMEHEHa Ha JUTUIICOU] C MOY-
ocsimu Ked = 2, keb = 1,5, ke€C = 1, oOprieHTHPOBaHHBIMH BJIOJIb OCEH X, Y U Z COOTBETCTBEHHO. BBIIIO paccMOTpeHO
ZIBa BapUaHTa 3TOW CTPYKTYPbI, KOTOPbIE OTJIMYAIHUCH TOJBKO AJTMHAMH [IPOBOJHHUKOB: I IIEPBOIO BapHAHTA
JiHa poBoHuKa Kel BeIOMpaacek paBHoii 12, 11 Broporo BapuaHrta — paBHoit 6. Paguyc npoBoanuka Kero
B 00omx ciy4asx Beioupancs pasHbM 0,1. [lapameTpsr MeToma ObLTH BEIOpaHBI TAKUMU K€, KaK MPH UCCIIS0-
BaHUH BIMAHUS 0OBEMHOTO TEJla Ha PacHpeeIeHue ToKa BAOIb MPOBOJHUKA.

MeToaurka ncciieIoBaHuH| 3aKII04aiach B CPAaBHEHUH OMCTaTHUECKOTO CEYEHUS! PACCESIHUS OIUHOYHOTO
00BEMHOI'0 TeJla C OUCTATUYECKUM CEUEHHUEM PACCESIHUSI CTPYKTYPHBI, COCTOSAIIEH U3 00BEMHOIO TeJla U TOH-
KOTo npoBoHNKa. CpaBHEHHE ITPOBOIMIIOCH IPU PA3IMYHBIX PACCTOSHHUAX MEXKIY PacCeMBaTEIsIMHU, COCTAB-
JISIIOIIMMU CTPYKTYPY.

Ha puc. 5, 6 npuBeaeHsl OMCTaTHUECKUE CEUCHUS PACCESIHUS [T IEPBOIO BapHaHTa CTPYKTYphI, a Ha
puc. 7, 8 — a1 BTOpOro BapuaHTa CTPYKTYphl. PHCYHKM M5 1 7 OTHOCATCS K CiIydaro, KOrJa HauMeHbIIee
paccrosiare Al Mexay MOBEPXHOCTSMH SJUTMIICOMAA U TOHKOTO mpoBojgHuKa paBHo 0,1, a puc. 6 u 8 —
K ciry4aro, korga Al = 1A,

o/2Anb

_30 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 30 60 90 120 150 0, rpan

Puc. 5. Bucrarndeckue cedeHus paccesHus B E-mockoctn: 1 — 171 CTpyKTYpBI, COCTOSIIEH U3 dUTHIICOMA C MOJIYOCME Ked = 2,
keb = 1,5, keC = 1 u npoBoaHuKa aauHOM kel = 12, pacnonoskensoro Ha pacctosiaun Al = 0,1\; 2 — 1714 0AMHOYHOTO HJIUTUIICOMIA
Fig. 5. E-plane bistatic scattering cross sections: 1 — for a structure consisting of an ellipsoid with half-axes kea = 2,
keb = 1,5, kec = 1 and a conductor of length kel = 12 located at the distance Al = 0,1A; 2 — for a single ellipsoid
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Pesynbratel oTHOCATCA K E-mmockocTr (II0CKOCTL BEKTOPOB K, 1 Ej ). B oT0l mumockocTn 6ucrarude-

CKHE CEUYEHUSI pacCesHUsI CHMMETPUYHBI OTHOCUTENIBHO OCHU Z, IO3TOMY PE3YJIbTaThl IPEACTABICHBI TOJIBKO B
nonycedennn ¢ =0. [1o ocu abcuuncc oTnoxen yron 0, mo ocu opauHart — cedenus paccesuus (10), Hopmu-
pOBaHHbBIC HAa KBaApaT AJIMHBI BOJIHBI U BhIpakeHHbIE B fenmnbenax. Kpusbie 1 Ha Bcex puCyHKax — OMCTaTH-
YEeCKHE CCUCHHS PACCESIHUS CTPYKTYPHI «AIUTUIICOUI-TIPOBOTHHUKY, KPUBBIE 2 — OUCTATHUECKUE CEUECHUS pac-
CesIHUSI OJMHOYHOTO 3JUTUTICON 1A (IUIMIICOUA TIPU OTCYTCTBUH MIPOBOTHHUKA).

o/\%,1b

0 30 60 90 120 150 0, rpan

Puc. 6. bucratnueckue ceueHus paccestaus B E-mmockoctu: 1 — it CTPYKTYPBL, COCTOSIIEH U3 DIUTHTICON A
¢ nonyocsimu kea = 2, keb = 1,5, keC = 1 1 mpoBoguuKa uuHO# kel = 12, pacnionoxkennoro Ha paccrosiauu Al = 11;
2 — U1 OIMHOYHOTIO JJUIMIICOH/IA
Fig. 6. E-plane bistatic scattering cross sections: 1 — for a structure consisting of an ellipsoid with half-axes kea = 2,
keb = 1,5, kec = 1 and a conductor of length kel = 12 located at the distance Al = 1A; 2 — for a single ellipsoid

c/A2.nb

0 30 60 920 120 150 0, rpag

Puc. 7. bucrarnyeckue ceyeHHs paccesaHus B E-mmmockocta: 1 — AT CTPYKTYPBHI, COCTOﬂHIefI U3 DJIIUIICONIa
¢ mosyocsiMu Ked = 2, keb = 1,5, keC = 1 1 mpoBoamuKka ummHOi Kel = 6, pactionoxennoro na paccrosiauu Al = 0,14;
2 — U1 OIMHOYHOTIO JUIMIICOUAA
Fig. 7. E-plane bistatic scattering cross sections: 1 — for a structure consisting of an ellipsoid with half-axes kea = 2,
keb = 1,5, kec = 1 and a conductor of length kel = 6 located at the distance Al = 0,14; 2 — for a single ellipsoid
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Puc. 8. buctarnueckue cedenus paccessaus B E-mmockoctu: 1 — i CTPYKTYpBL, COCTOSIICH U3 SIUTUIICONIA
¢ momyocsimu ked = 2, keb = 1,5, keC = 1 n mpoBonnuka mmmHoH kel = 6, pacnionoxennoro Ha paccrosaun Al = 14;
2 — 11 OIMHOYHOTO AJUIUIICOUIA
Fig. 8. E-plane bistatic scattering cross sections: 1 — for a structure consisting of an ellipsoid with half-axes kea = 2,
keb = 1,5, kec = 1 and a conductor of length kel = 6 located at the distance Al = 1; 2 — for a single ellipsoid

[TonyueHHbIE pe3ynbTaThl O3BOJIAIOT CAEIATh CIEIYIOIINE BbIBObI. bucTatinueckoe ceueHue pacces-
HUS CTPYKTYPBI, COCTABICHHON W3 OOBEMHOTO Tela U TOHKOTO MPOBOJHUKA, UMEET 3HAUUTEILHBIC OTIHYHSI
0T OMCTAaTHYECKOTO CEYCHHUS] OIMHOYHOTO 00BEMHOI0 TeNa. DTH OTINYHUS TeM OOJIbIIe, YeM JJTUHHEE TPOBO/I-
HUK. B ciiydyae pacmonioxeHus MpoBOJIHMKA OUeHb 0JM3K0 K 00beMHOMY Teny (Al = 0,1A) oTiaudus OucraTu-
YEeCKHUX CEUEHHI paccestHusl OOBSCHSAIOTCS B3aUMHBIM BIMSIHAEM MTPOBOJHUKA U 00beMHOTO Tena. [Ipu pacmo-
JI0)KEHHHU TPOBOJIHUKA Ha PacCTOSIHUSX Al > A 3TH oTimMuns 00BsICHAIOTCS MHTepdepeHInei moeit, paccesiH-
HBIX OOBEMHBIM TEJIOM U POBOJHHUKOM. Pe3ynbTaThl pecTaBIeHHbIE HA PHC. 5, CBUICTEIBCTBYIOT O TOM,
YTO MPUCYTCTBHE TOHKOTO MPOBOHHUKA BOJIHM3U IIOBEPXHOCTH OOBEMHOTO PaCCEHBATENS MOXKET ITPUBOANTH K
CYILIECTBEHHOMY YMEHBIICHUIO CEUCHHI paccestHus B OONBIIMHCTBE HampasieHnit 6okoBoro (30° < 6 < 160°)
paccestaust. [1naTol 3a 3To SABISETCS yBEIWYCHHE CEYCHHI pacCesTHUS B HAIIPABJICHUSX TIPSIMOTO  00OPaTHOTO
paccesiHusL.

3akiIo4yenne

Takxum o6pa3oM, B JaHHOH paboTe HA OCHOBE METO/Ia BCIIOMOTATEIbHBIX HICTOYHHKOB MTOCTPOCHA MO-
JIeJTb TIOJISI, PACCESTHHOTO CTPYKTYPOM, COCTOSIIEN U3 TPEXMEPHOTO HeabHO MPOBOISIIETO Tela M TOHKOTO
njeanbHOro MpoBoaHMKa. Ha ocHOBe 3TO# Mozaenyu pa3pab0TaH YHMCICHHBIN alTOPUTM PEIISHU 3a/1a4H HJIeK-
TPOMAarHUTHOTO PACCESHUS pacCMATPUBAEMON CTPYKTYpPOW. ANTOPUTM peann30BaH B BHJIE KOMIBIOTEPHOMH
MIPOTPaMMBI JIJIsl pacueTa KOMIIOHEHT paccessHHOro moud. [IpuBeieHbl HEKOTOpbIe Pe3yIbTaThl MOJEIUPOBA-
HUS, KacaroIMecsl BIMSHUS HJIEANbHO TMPOBOJSINETO Teja Ha paclpeleleHne TOKa BAOIb IMPOBOJHHUKA,
a TaxKe BIMSHHS TOHKOTO IPOBOIHMKA HA CEYEHHSI PaCCESIHUS UA€aTHHO MPOBOISIIETO TENa.
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Using the method of auxiliary sources, we solve the problem of electromagnetic-wave scattering by a structure consisting of a
perfectly conducting body and a thin wire. The gist of the method to be used is the following. We introduce an auxiliary surface
S, = K.S inside perfectly conducting body D. Let S, be homothetic to the surface S of the body D. The homothety (similarity)
coefficient K, characterizes the spacing of the auxiliary surface to the surface S. We specify a finite set of points {M,}\_; on auxiliary

surface S, . At each point M, we locate a pair of independent auxiliary elementary electric dipoles with moments equal to

pgl = pgl érnll ﬁgz = pgz g . The dipoles are aligned with the unit vectors ér’l €

2

, T”Z , respectively, in a plane tangential to S, at the point

M, and radiate in homogeneous medium with parameters €, and p, .

We also introduce a continuously distributed auxiliary current J on the axis of thin wire.
Now we represent the unknown scattered field {E,, H,} in outer medium D, as a sum of the fields from the introduced auxiliary
dipoles and current:

. N . o . N _ .
EE(M):(i/mee){ZVx(VXHn)-t-Vx(VXH)}, H.(M)= Y VxII +VxII ,
n=1 n=1
I, =P ,(M,M)p?, T =[P(M,M)Jdl, ¥o(M,M,)=exp(ikRyy )/ (47Ryy ),

|

= snl B2 5 "

[y, =¥.(M,M,,) e I, =¥e(M, M, 5) P, p; = p:erq + p:zernz* MeD,.
Here k, :m,/sepe is the wave number in the outer medium D, ; Ryy is the distance from the point M, on S, to the point M in
D¢; Ry, is the distance from the point M, on the wire axis to the same point M in D,; p;‘l, pﬂz (n=1,N) are unknown dipole

moments and J is an unknown axis current. The integration is performed along the axis of the wire .
The chosen representations of the field satisfy Maxwell’s equations and radiation conditions. To satisfy boundary conditions on

the surfaces of the body and wire, we should properly select the dipole moments and the axial-current J . Before making that, we
introduce the piecewise-constant approximation for the axial current. We divide the line I in N, small intervals in which the current

can be considered constant. Then the formula for I1" can be represented in the following approximate form:

N, ]
=3¢ [ (MM,
i=1 lig
where J; is the current in the i-th interval of the wire and €; is the unit vector directed along the tangent to the central point of the

considered interval. Within the framework of such an approach, the problem of determination of the unknown axial-current distribution
is reduced to the problem of finding N, current elements.
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To find the dipole moments and the current elements, we use perfectly conducting boundary conditions which are satisfied accord-
ing to the collocation method. Let M;, wherej=1,2, ..., L, and Mj. ,Where j =1,2, ..., L, be the collocation points on the surfaces

body and wire, respectively. Then the unknown dipole moments and the current elements can be found from the following system of
linear algebraic equations:

Al xEJ =—nlxEJ, j=1L,
Eej,I:_Eg,I' j‘=l|-',

where 7’ is the normal vector and E/} and on are the vectors of electric-field components of scattered field and exciting field at the

collocation point M;; Ee{‘l and E({l are the electric-field longitudinal components of scattered field and exciting field at the collocation

point M jon the wire surface. Note that we neglected the azimuthal component of the wire surface current in comparison with longi-

tudinal component. After solving the linear algebraic equations we determine the required parameters of the scattered field.

Based on the method described above, we developed a computer code for calculating the scattered-field components. Using this
code, we carried out a series of computational calculations aimed at estimation of influence of nearby perfectly conducting body on
current distribution along thin wire. We investigated the influence of thin wire on scattering cross-sections of perfectly conducting
body as well. We present some results in the paper.

Keywords: electromagnetic scattering; auxiliary sources method; perfectly conducting body; thin wire; current distribution; scattering
cross-section.
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IIpexcraBieHa TpeXMepHas KJICTOYHO-aBTOMATHASI MOJIEIb IEKTPOXMMHUYECKOr0 OKHCICHHUs yriaepoaa. Monenupy-
etcs yrirepoaubiid Hocurens Ketjen Black EC-600JD, cocrosiuii u3 rpaHyi1, 06pa30BaHHBIX aTOMaMH yriepoaa. Me-
XaHU3M PEaKIUH OKHUCICHNUs BKIIOYAeT B ce0sl HECKOIBKO CTaIHil, Ha OCHOBE KOTOPBIX pa3paboTaHa KICTOYHO-aBTO-
MartHasi MOJIeJIb 3TOTO Iporiecca. [IpoBe/ieH CpaBHUTEIBHBIN aHAIN3 PE3YJIbTATOB MOCIUPOBAHHS C JAHHBIMH HATYyp-
HBIX 9KCIICPUMEHTOB.

KiroueBble ¢j10Ba: KICTOYHBIH aBTOMAT; KOMIIBIOTEPHOE MOJICIHPOBAHKE; HIEKTPOXUMHIIECKOE OKUCIICHIE; KOPPO-
3Usl yraepoa.

Knerouno-aBromatasiii (KA) moaxon sBnsieTcst 3 peKTHBHBIM METOAOM MOJIEIUPOBAHUS MPOCTPaH-
CTBEHHO HEOJHOPOIHBIX HEIMHEHHBIX (QU3NKO-XUMHUUEcKuX mporieccos [1]. KieTounblii aBToMaT — 3TO AMC-
KpETHasl IMHAMHUYECKas CUCTEMa, COCTOALIAs UX MHOXECTBA KJIETOK, COCTOSIHUS KOTOPBIX U3MEHSIOTCS B CO-
OTBETCTBUHU C JIOKAJIbHBIMH PaBUJIAMH IIEPEX0a Yepe3 AUCKPETHBIE TPOMEXYTKH BpeMeHH [2]. JIokanbHOCTh
TIpaBHJI MO3BOJISIET MOJETUPOBATH HENUHEHHBIE TPOCTPAHCTBEHHO-PACIIPE IEIIeHHBIE CHCTEMBI, CTPYKTYpa KO-
TOPBIX MEHSETCA C TeUeHHEeM BpeMeHH. [IpumepoM Takoi 3agauu sBJISIETCS AeTpajaliisl YIiepoIHOrO HOCH-
TEJIsI P €T0 ANEKTPOXUMHUECKOM OKHUCICHUU B TOIUIMBHBIX DJIEMEHTAaX.

B HacTosimiee BpeMsl TOIUIMBHBIE 3IEMEHTHI HAXOAAT HIMPOKOE IPUMEHEHHE B KaUeCTBE albTEPHATHB-
HBIX UICTOYHUKOB SHEPTHH, B YACTHOCTH B DIIEKTPOJIBUTATENsIX aBToMoOmItei [3]. Hanbonee nepceKTHBHBIMU
C TOYKH 3pEHHS YHEPTOEMKOCTH U IKOJOTHUECKOW OE30MacHOCTH SBISIOTCS HU3KOTEMIIEPaTypHbIE TOTUIMB-
HBIE 3JIEMEHTBI C IPOTOH MPOBOSIICH MeMOPaHOH, OZHUM M3 OCHOBHBIX KOMIIOHEHTOB KOTOPBIX SIBJISIETCS
rtatuHOBBIN (Pt) KatanuzaTop, HaHECEHHBIN Ha yriaepogHblil HocuTenb [4]. Cpok ciry>KObI TOIUIMBHOTO dJie-
MEHTa OIPeeNIeTCSI B OCHOBHOM KOPPO3HOHHOW CTAaOMIIBHOCTBIO YIJIEPOIHOTO HOCUTENS, KOTOpast 3aBUCUT
ot Mop(oJioruu, 00beMa Top, TUIOIIAIU H COCTaBa IOBEPXHOCTH YIJIEPOIHOTO MaTepuaa [S].

B [6-8] anekTpoxumuueckasi CTaOMIBHOCTD YIIIEPOAHOTO HOCUTENS M HAHECEHHOTo Ha Hero Pt karanm-
3aTopa uccienyeTcs 3KcrepuMenTanbHo. B [9-12] koppo3us o0pasuos yriaepoaa u Pt kaTanu3aTopoB Ha HX
OCHOBE MOJIEITUPYETCS] ¢ TIOMOIIbI0 OOBIKHOBEHHBIX JU((EpEeHIIHANBHBIX YPaBHEHUH W ypaBHEHUH ¢ 4acT-
HBIMH IIPOM3BOJHBIMU 11 OJHOMEPHOro ciiydas. B ocHOBE 3THX MaTeMaTHYECKUX MOJENEN JiexKaT MHOTO-
CTaJIMIfHbIE MEXaHU3MBI, KOTOPBIE CJI0KHO BEpUPHIIMPOBATH KCIIeprUMeHTanbHO. B [13, 14] npeanoxen me-
XaHW3M KOPPO3HUHM YIJIEpOoa, OCHOBAHHBIM Ha MPEATION0KEHNH, YTO CKOPOCTh €r0 OKUCIIEHHS ONPEEIIIeTCs
KOJIMYECTBOM KOBAJCHTHBIX CBS3EH ¢ KHCIOpoaoM. B [6] mpoaHann3upoBaHbl AIEKTPOXUMHUYECKas CTaONIIb-
HOCTb U eMKOCTh yriepoanoro Hocureis Ketjen Black EC-600JD mnpu ero 4acTHYHOM 3JI€KTPOOKHCICHHUH,
a TaKKe U3MEPEHbI YAeIbHask MOBEPXHOCTh M MOBEPXHOCTHBIIM cocTaB 00pa3uoB yriaepona. Ha ocHose mpen-
JIOXKEHHOTO MEXaHN3Ma U TeKCTYPHBIX CBOHCTB yriepoaHoro Hocutens Ketjen Black B [15] pazpaboTana nBy-
MepHast KA Moens 3/eKTpOXUMHUYECKOTr0 OKUCIIEHUS yriepoaa. B HacTosmel craTbe NpencTaBiIeHa TPeX-
MEpHasi BEpCHsI 3TOM MOJEIH U BHINIOJIHEH CPABHUTEIBHBIN aHATIN3 PE3yIbTaTOB KOMITBIOTEPHOT'O MOJIEITHPO-
BaHUs C 3KCIIEPUMEHTAIbHBIMU JTAHHBIMH.
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1. KiteTouHO-aBTOMATHASI MO/IeJIb KOPPO3UM Yriiepojaa

Onucanye HaTYpHBIX IKCIEPUMEHTOB MO U3YUYEHUIO KOPPO3HH YIVIEPOJHOIO HOCUTENS B TOIUIMBHBIX
3JIEMEHTaX C MPOTOH MPOBOJAIIEH MEMOpPaHOH, HCIONB3yEMBIX B AKCIEPUMEHTaX MaTepPHalIoOB U METOAOB
WCCIEIOBaHNA TIPUBEAEHO B [6, 16]. DneKTpoXuMHYECKHE U3MEPEHUS MPOBOJMINCH B TPEXIIEKTPOIHOU
CTCKJISTHHOM stueiike ¢ )uakum anekrpoiutoM 0,1 M HClO4. B kadecTBe pabodero 31aeKTpoa UCTIONb30BaJIC
CTEKJIOYTJICPO/IHBIN CTEP)KEHb C HAHECEHHBIM Ha €ro TOBEPXHOCTh TOHKUM CJIOEM yriiepoaHoi caxu Ketjen
Black EC-600JD, xoTOopblii TOrpysKajcsi B pacTBOp AJeKTposiuTa (puc. 1).

CTeKnoyriepoIHbi CTep:KeHb — HETMOPUCTBIN MaTepuall, KOppo3Uueil KOTOPOro MOKHO MpeHeOpeys.
ONEeKTPOOKHUCIECHUE YTIEPO/Ia ONUCHIBAETCS YPAaBHEHUEM PEAKIIMHU:

C +2H0 = CO; + 4H" + 4e.

Puc. 1. Cxema skcrniepumenTa: 1 — CTeKIOYIIepOIHbIN CTepiKeHb, 2 — TOHKHH cioit yrinepona Ketjen Black, 3 — anexkrpomut
Fig. 1. Scheme of experiment: 1 — glass-carbon rod, 2 — a thin layer of carbon Ketjen Black, 3 — electrolyte

JletanbHbI MEXaHU3M KOPPO3HUH YIIIEPOJHOIO HOCUTENSI OCHOBAH Ha MPEAIOI0KEHUH, YTO CKOPOCTh
€ro OKHUCIIEHUS OIPeNesIieTCs KOIMIECTBOM KOBAJICHTHBIX CBsA3eH ¢ KuciaoponoM [13]. MexaHn3M BKITFOUaET
B ce0sl Cleyromue CTalul OKUCICHNS YIIIepoaa;

C +H,0 —%— COH +H',
COH + H,0 —%— COOH + 2H", (1)

COOH + H,0 —<— COa(raz) + 2H".

3necs C — HEOKHCIICHHBIH TIOBEPXHOCTHBIH aTtoM yriiepoaa, COH — OKHCIIEHHBI MOBEPXHOCTHBIA aToM
yrieposia ¢ OJHOW KOBaJEHTHOM CBS3BI0 C KHCIOPOJAOM (HAmpuMep, THIPOXMHOHHBIE TPYIIIBI, CIUPTHI),
COOH - okuciieHHBI TOBEPXHOCTHBIN aTOM yIJIepo/ia ¢ ABYMS WK OoJiee CBS3IMH C KUCIOPOAOM (XHHOH,
KapOOKCHJIbHBIE TPYIIbI). B pe3ynbraTe MmOJHOrO OKUCICHHUs yrieponaa odpasyercs yriaekucibiii raz COa.
Koaddumuentsr Ki, Kz, k3 3amaroT ckopocTi mpoTeKaHust KaKAO0H CTaJWd peakiuu. B peakiuio OKMCIeHUs
BCTYIAIOT TOJIBKO aTOMBI, HAXOJsIIMecS Ha MOBEPXHOCTH 00pa3la, Tak KaK 3TH aTOMbI HEINOCPEACTBEHHO
B3aMMOJEHCTBYIOT C 3IEKTPOJIUTOM.

Ha ocHOBe naHHBIX, MOJy4YEHHBIX METOJOM HPOCBEUHMBAIOLIECH 3JIEKTPOHHOW MHKPOCKOIHH, CIACIAHO
MPEaNoNoKeHNe, yTo yriaepoauslii Hocuress Ketjen Black cocTouT m3 monbix HaHOrpaHys1, 00pa30BaHHBIX
atomamu yraepona [17]. B [16] ompenenensr TexctypHble cBoiictBa Ketjen Black: mmomanp ynempHOI
nosepxuoct Sger = 1 420 M%/r, 06beM 110p Vpores = 3 eM?/r, cpennuii quametp rpanyibt d = 30 HM, HPOLEHT
MOBEPXHOCTHBIX aTOMOB, BKJIIOUasi aTOMBI BHYTpH rpanyd, Psut = 36%, mpoueHT nop Bo BceM o0beMe o0pasia
Ppor = 84%.

Ha ocHoBe mexanu3sma (1) pazpadorana KA mozmens M = <L, A, R, 1> 31eKTpOXUMHYECKOTO OKUCIICHUS
yriepoaa. MojenupyeMoe TpOCTPAHCTBO SIBISIETCS JAUCKPETHBIM M COCTOMT M3 MHOXECTBA KIIETOK,
obOpasyromux Tpéxmepnyto pemetky L ={v=(X,y,2):x=0, ..., L, y=0, .., Ly, 2=0, ..., L;}. Kaxxnas xierka
XapaKTepu3yeTcs mapoii (a, V), rjie & — COCTOSTHUE KIIETKH, V = (X, Y, Z) — ee MPOCTpaHCTBEHHAsI KOOPIMHATA.
CocTOSIHUSI KJIETOK ONPENENAIOTCS 3JEMEHTaMH MOJACIMPYEMON CHCTEMbl W 3aJaloTcsl  ajugaBHUTOM
A ={Cy, C, COH, COOH, &}, rne Co 0603Ha4YaeT aTOM yriepoja, HaXoAsAIIMNCs BHYTpU o0bemMa 00pasia,
C — noBepxHoctablii arom yraepoga, COH 1 COOH — noBepXHOCTHBIE aTOMBI OKHCJIEHHOT'O yIiiepoja ¢
OJIHOM U ABYMS KOBAJICHTHBIMH CBSI3IMH, & — CBOOOIHOE MECTO O€3 aTOMOB.

CocTOsiHHS KJIETOK U3MEHSIIOTCS COTJIaCHO IpaBuiiaM nepexoaa R(V), sIBASIOMMMCS B TaHHOW MOJIEITH
MOCJIeIOBATEIFHON KOMITO3HMIHEH ABYX 0rmepaTopoB: Roxid B Reufi R(V) = Reurf(Roxid(V)). TTocmenoBarenbHas
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KOMITO3UIIMsI 0003HAYACT TOCIIEI0BaTeIbHOE MPUMEHEHUE K KIIETKE 0nepaTopoB Roxid U Rsurf [18]. Omeparop
Roxid MOZIETUPYET CTauK MEXaHU3Ma ICKTPOOKUCIICHUs yriiepoa (1) :

01(v) : {(C, v)} —2— {(COH, v)},
05(v) : {(COH, v)} —— {(COOH, v)}, (2)
03(v) : {(COOH, v)} —2=— {(@, v)}.

ATOMBI BOJIBI HE MOJICITUPYIOTCS, TAK KaK B MOJICTH MPEIIOIaraeTcs, 4YTO0 UX KOJUYECTBO HE OTPaHHYCHO
W OHHW Bcerma jgoctymHbl. [Ipumenenne omeparopa Roxid K KieTke (8, V) COCTOMT B BBIOOpE omeparopa
0i(v), i =1, 2, 3, meBas 4acTh KOTOPOTO COBIIAJAET C COCTOSHHUEM KIETKHM @, M 3aMEHE DTOr0 COCTOSHHMS Ha
COCTOSIHHE TpaBoii yacTu omneparopa 0i(V) ¢ BeposTHOCTBIO Pi. Hamprmep, npu mpuMeHeHnH orepatopa Roxid
K kieTke ¢ coctosiHeM COH BviOepetcst oneparop 02, 1 COCTOSIHHE KIIETKH € BEPOSITHOCTHIO P2 N3MEHHUTCS Ha
COOH. 3naueHust BEpOSTHOCTEH i IPOMOPLIHOHATIBLHBI 3HAYSHHSIM Ki CKOpocTeii mpoTekanwus ctauii peakuus (1).
[MTocne npumeneHus oneparopa Roxid K KiieTke (a, V) B ciiydae peanu3anuu npasmia 03(V) K 3ToH ke
KJIETKEe MpUMEHsIETCsl omneparop Rsut. DTOT omepaTop oOHapy>KMBacT M MOMEYAET HOBBIC NMOBEPXHOCTHBIE
aTOMBI yIiiepoja, 00pa3oBaBIINecs B pe3yibTaTe AeTpaJallii aToMa, HaXOASIerocs B KIIETKE ¢ KOOPAWHATOM
v. Jlnist 3TOTO OTepaTop NpoBepseT, €CTh JIM Y KICTKH (@, V) coceHUe KIIETKU ¢ cocTosinueM Co (aToM BHYTpH
oOpasina). Eciiu Takue KIeTKU €CTh, MX COCTosiHUE 3aMeHseTcs Ha C (IIOBEpXHOCTHBIN aTOM YIJIepoJa):

Rsurt(v) : {(D, V), (Co, 9i(V))} — {(D, V), (C, ¢i(V))}, rae i(v) € T(v), i = [T(V)], ©)
TV) =Ty, ) ={(x- Ly 2, x+1y,2,(xy—-1,2,(xy+172),(xy 2=,y z+ 1)}
Oyuxrmn ¢i(v), i = 1, ..., 6, B COOTBETCTBUH ¢ M1absoHOM T(V) ONMpeaenaioT KOOPAUHATHI COCETHUX

KJICTOK JJIs KJIETKH ¢ kKoopaunaToii V. [lladnon T(V) umeeT hopMmy «KpecT» ¢ ICHTPOM B TOYKE V.

[Tpumenenune mpaBmi nepexona R(V) ko Bcem kieTkam perieTkd L HasbiBaeTcs utepauueid. Pesxum
npumeHenust R(V) k kimetkam L siBisieTcss CHHXpOHHBIM: | = ¢. CHHXPOHHBIH PEXUM MPEANoNiaraer, 4ro
apryMeHTHl (DYHKIHI Iepexo/ia — 3TO COCTOSHUS KJIETOK Ha Tekymed ureparmu t. Ha xaxxaoi urepamum c
MTOMOILBIO MPaBHJI MEPEX0a BEIYUCIISIOTCS HOBbIE COCTOSHHS B 3aBUCHMOCTH OT npeasiaymux. OOHOBIEHNE
COCTOSIHMH BCEX KIJIETOK PEIIETKH TPOUCXOANUT OJHOBPEMEHHO [1].

HavansHoe cocrosiame pemeTtku L mvutupyer HeokucieHHbd oopazer; Ketjen Black. B KA moxenn
KOppo3uu yriaepona HaHorpanyiisl Ketjen Black moxenupytotcs chepamu, COCTOSINUME U3 KIETOK C COCTOS-
HUSIMH, COOTBETCTBYIOIIMMH aToMaM yriepoaa: A’ = {Co, C, COH, COOH}. B HayanbHbIil MOMEHT BpeMEHI
ceprl COCTOST TOJIBKO U3 KJIeTOK ¢ cocTossHUSIMU Co 1 C (HEOKHUCIIeHHBIE aTOMBI yriiepoaa). Kaxkaas rpanyna
(dbopmupyeTcs KIEeTKaMH, MPUHAAICKAIUMHA 00J1acTH MEXIY ABYMS BIOKEHHBIMH cepamMu ¢ paguycamu
Rout ¥ Rin. B coorBeTcTBHM ¢ auameTpoMm HaHorpanysbl Ketjen Black d = 30 um paauyc BHemHei chepsi
Rout BeIOpaH paBHbIM 15 kiaetkam. Paguyc BayTpenneii cdepst (Rin = 11,3 kietkn) mogo0pan Takum o0pasom,
YTOOBI OTHOLIEHUE KOJIMYECTBA KIJIETOK ¢ cocTossHuEM C K KOIMYECTBY KJIETOK ¢ cocTostHueM Co ObLIO paBHBIM
Psurt = 36%. Cdepsl ¢ BEIOpaHHBIMU painycaMy CIIy4aiHO M PAaBHOMEPHO paclpesenstorcs B pemeTke L Tak,
4TOOBI OHHU MEepeceKaNnch He Oojee ueM Ha 5%. o kietok ¢ cocrosHusiMu Co u C, hopmupyromumu odpa-
3en Ketjen Black, coctaBmsier 1 — Ppor = 16% 0T 00111€r0 KOJMyecTBa KIETOK B PELIETKE.
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Puc.2. HayanpHble COCTOSIHUS KIIETOK PELISTKH BIOJIb cpe3a 1o ocu Z s obpasua Ketjen Black, cocrosimero n3 10 x 10 X 5 rpanyn
Fig. 2. The initial state of the cells of the lattice along the slice Z axis for sample Ketjen Black, consisting of 10 x 10 x 5 granules
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Ha puc. 2 npencraBieHo HauabHOE COCTOSIHUE PelieTKu L Boib cpesa mo ocu Z. JlaHHOe HadainbHOE
COCTOSIHHE CTEHEPHUPOBAHO i KomdecTBa rpanyn Gy = 10 Bgons ocu X, Gy = 10 Bnosk ocu Y u G, = 5 Bons
ocu Z.

Kak mokasano Ha puc. 1, yriiepoJHbIii HOCUTEIh HAHECCH Ha CTEKJIOYTJICPOIHBIA CTEPIKEHb, T.C. Tpa-
nynel Ketjen Black npukpermens! cBepxy k crepxkHio. Takum o0pazom, B KA Monenu koppo3uu yriepona
ATOMBI CUMTAIOTCS IPUHAJUICIKAIIUMHU 00pa3Ily, TOJIBKO €CIIM OHU COCUHEHBI, HEIIOCPEICTBCHHO MM Yepe3
JIPyTHE aTOMBI, C aTOMaMH, PACIOJIOKCHHBIMU B KJIETKaX BepXHEro psjaa pemerku. ClenoBaTeNbHO, MPH
HaYaJIbHOM pachpeielicHuH cep B pelieTke, a TakKe Ha KaKI0W UTEPAIUU MOCTIe IPUMEHEHUSI TIPAaBUIT T1e-
pexoja R(V) He0OX0TUMO BBIMOIHATH TOMCK ATOMOB, HE CBSI3AHHBIX C ATOMAMH BEPXHETO PsJa, U YAAIATh UX.
KreTku, comepixaliye CBSI3aHHBIC C BEPXHHUM PSJOM aTOMBI, TIOMEYAOTCS ¢ TIOMOIIBIO aIrOpUTMa MOUCKA
KOMITOHEHT CBSI3HOCTH «one scan connected component labeling technique» [19]. CocTosiHUsS HETOMEYEHHBIX
KJIETOK U3MEHSIOTCS Ha .

2. PesyabTaThl KA MogeMpoBaHusi KOppPo3uM yriiepojaa

B kadectBe xapakrepuctuk KA Momenu KOppo3uu yriepoja BbIOpaHbl KOHLCHTPAIIMU OKUCICHHBIX
Ncon(t), Ncoon(t) u meoxucmennnix Nco(t), Nc(t) aromor yriepoma, moist moBepXHOCTHBIX aToMOB Ns(t) u
3JIEKTPOEMKOCTH yritepoaHoro Hocutems Q(t).

Konnentpatms Nawom(t) aromoB Buga atom € 4’ = {Co, C, COH, COOH} BbIUHCIIsICTCS KAK OTHOIICHUE
KOJIMYECTBA KIIETOK C COCTOSIHUEM a = atom B pemretke L Ha ureparmu t k 00meMy KOJHYECTBY KIETOK B
peleTKe:

Naom @ =| D_ (a,v) |/|L], atom e {Co, C, COH, COOH}, v e L.

a=atom
o1 noOBEpXHOCTHBIX aTOMOB — 3TO OTHOILLIEHHE KOIr4ecTBa KieToK ¢ coctostHusiMu C, COH u COOH
B pemietke L Ha urepanun t Kk 00mmeMy KOJIMYECTBY KIETOK B PEILIETKE:

Ns(t) = Z(a,v) + Z (a,v) + z (a,v) |/| L] =Nc(t) + Ncon(t) + Ncoorn(t).

a=COH a=COOH

[Ipu aHanmm3e 371EKTPOXMMHUYECKONW CTaOMILHOCTH yriepoaHoro Hocutens Ketjen Black B HaTypHBIX

JKCIIEPUMEHTaX [6] yelbHast eMKOCTh 00Pa3Ii0B BRIUMCIISIIACK 110 (hopMyJIe

Q=Po Qo+ Pc-Qc, @)
riae Pou Pc — moist aTOMOB KHCIIOpOJia M yIiiepo/ia Ha IOBEPXHOCTH 00pasia, Qo u Qc — eMKOCTH e IMHUYHBIX
MOBEPXHOCTHBIX ATOMOB KHCJIOPO/Ia U yriiepoaa. 3nauenns Qo = 0,799 ®/m? u Qc = 0,012 d/m? onpeenenb
TaKxe B [6].

B cootBerctBum ¢ [6] B KA Mozenu koppo3un yriepoaa yAeiabHas eMKOCTh MOJEIUpyeMoro odpasma
BeIuMcsiercsa no ¢opmyie (3), rae B KauecTBe 3HaueHUH Po n Pc ucmonb3yrores 3HaYeHNsT KOHLEHTPaLUui
okuciieHHbIX Po = Ncor(t) + Neoon(t) 1 Heokucaenunix Pc = Ne(t) moBepXHOCTHBIX aTOMOB yIiIepoa, Mmojy-
YEHHBIX B PE3YJIbTaTe KOMIIBIOTEPHOI'O MOAETUPOBAHUS.

BrruucnuTenbHble SKCIEPUMEHTHI BHIIONTHSIIMCEH C TOMOIIBIO NAapaJlIeIbHONH BEPCHH POTPAaMMBI, pea-
nusyromend KA Mozenb 3JIeKTpOXUMHUYECKOro OKUCIeHus yrieposa, Ha kinactepe HKC-111 Ilentpa xonnex-
TUBHOTO Tob30Banus «Cubupckuit cynepkommeiotepHbii neatp CO PAH» (LIKIT CCKL] CO PAH) [20].
Hnst pacnapamnenuBanusi KA mMonenu koppo3uu yriepoja UCHoIb3yeTcs METOA IEKOMITO3ULIMU MOAEIHpPYe-
MO 00JIaCTH U pacrpenencHus BerauciaeHni mexay MPI npoueccamu [15].

[Tapamerpamu KA Monenu koppo3uu yriieposa SBJSIIOTCS KOJIWYECTBO rpaHyd, popMupyromux odpa-
3en Ketjen Black, u 3HaueHus: BepoATHOCTEH Pi, UMUTHUPYIOLINX CKOPOCTH PEAKLUH CTaninuii OKUCICHHS yTiie-
pona (1). Ins monenupoBanus BeIOpaH odpasen pasmepoMm Gy = 10, Gy = 10, G; = 5 rpanyn Baonb oceit X, Y
u Z v 3Ha4enus BepostHocTel P1 = 0,1, p2 = 0,01, ps = 0,005. Mccnenyemslii mporiecc KOPpO3HUHU YTIEPOIHOTO
HOCHUTES SIBJISIETCS CIIy4aiHbIM, TaK KaK B HA4aJbHBIH MOMEHT BPEMEHH IPaHYJIbl PAaCIpPENeNIIOTCs ClyJan-
HBIM 00pa3om, 1 B KA Moaenu npuMeHsI0TCsT BEpOSITHOCTHBIE TpaBuiia nepexooB. CienoBaTesbHO, 3HaUe-
Hus xapakteprucTHK Ncow(t), Ncoon(t), Neo(t), Nec(t), Ns(t) u Q(t) sBasitorcst ciydaliHBIMHM BETHYMHAMH H
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BBIUUCIAIOTCA MMYTEM OCPEAHCHUA PE3YJIbTATOB HCCKOJIBKUX BBIYHMCIIUTCIIBHBIX 3KCIICPUMCHTOB, B KOTOPBIX

HCMOJIb3YIOTCA PA3JIMYHBIC ITOCICA0OBATCIIBHOCTH CHy‘laﬁHBIX YHUCCII.
Ha puc. 3 MMpEACTABJICHBI 3BHAYCHUS XapaKTCPUCTUK KA MOZACIIN SJICKTPOXUMHNYECKOTO OKHCIICHUS YT~
Jiepoaa, paCCUNTaHHbIC C TIOMOIIBIO KOMIIBIOTCPHOI'0 MOACIIUPOBAHUA.
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Puc. 3. 3nauennus xapakrepuctuk KA Moaenn Koppo3uu yriaeposa, BEIMHUCICHHBIE C TOMOIIBIO KOMIBIOTEPHOTO MOASITHPOBAHUS

st Gx = 10, Gy = 10, G; = 5 rpanyn u 3Hauennii p1 = 0,1, p2 = 0,01, p3 =

0,005

Fig. 3. Values of characteristics of SC of carbon corrosion model calculated by computer simulation
for Gx = 10, Gy = 10, G; =5 granules and values p1 = 0,1, p2 = 0,01, ps = 0,005

CootBercTByromue rpaduKy Ha puc. 3 TByMepHBIE Cpe3bl BI0Ib OcH Z o0pasiia yriepo/a, MmorydeH-
HOTO Ha Pa3jIM4YHbIX UTEPALUAX, IOKa3aHbl Ha pUcC. 4. «HucTsie» aToMsl yriiepoaa C Ha HOBEPXHOCTH 00pa3La
MIPaKTHYECKN cpa3y mpeodpa3yroTcs B okucieHHble atoMbl COH, koTopsie 3atem okucistoress 1o COOH
(cm. puc. 4, t = 50). Konmenrparust Ns(t) MTOBEpXHOCTHBIX aTOMOB 00pasiia ONMpeAesieTcss B OCHOBHOM KOH-
nenTpanueit okuciaeHapx atomoB COH u COOH. B pesynbrare KOppo3uu U HCYE3HOBEHHUST TOBEPXHOCTHBIX
aTOMOB CTaHOBSITCSI IOCTYIIHBI IS peakMy BHyTpeHHUE aToMbl o0pasua. I'panyist Ketjen Black moctenenno
paspyIaroTcs, Ho popma 0bpasiia CoXpaHseTcst MPAKTUYECKH Hen3MeHHO# 10 300 ureparmu (M. puc. 4, t = 300).
Korna nons Buytpentnx atomoB Nco(t) cranoButest Menbiie 1% (cm. puc. 3, t > 440 urepauuii), Koppo3ust
MPUBOUT K OBICTPOI Jerpajialiuy yriepoaHoro Hocutesst (M. puc. 4, t = 600, t = 700).
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Puc. 4. CocrostHns kietok pemetky L Bons cpesa mo ocu Z s obpasia Ketjen Black,
HOJTY4€HHOTO ¢ nomoinbio KA MoaenupoBaHus KOppO3UH yIiiepoia Ha pa3IUYHbIX UTepalUaX
Fig. 4. State of cells of a lattice L, along the slice Z axis for sample Ketjen Black
obtained using the KA modeling of corrosion of carbon at different iterations
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Jia mpoBepKu KOppeKTHOCTH TocTpoeHHOH KA Mozenn Koppo3un yriiepoja BBHIIIOTHEHO CpaBHEHHE
Pe3yIbTaTOB MOJIENUPOBAHMUS C IKCIIEPUMEHTATFHBIMA TAHHBIMU. B KauecTBe KpUTEpHs CPaBHEHUS BHIOPAHBI
3HAYEHUs DIIEKTpoXuMHUecKoii eMkoctr Q(t). B [6] skclieprMeHTAIBHO H3MEPEHA DIEKTPOXUMHUYECKAS €M-
kocTh o0pasuoB Ketjen Black mist pasnuuHOl HauanbHOHM CTENIEHH OKHUCIEHUS YTIIEPOAHOTO HOCUTENS: IS
HeokucineHHoro obpasua (KB), ams oOpa3noB, akKTHBUPOBAHHBIX KHCIOPOAOM BO3/AyXa MPH TEeMIIEpaType
600°C B Teuenue 10 mun (KB-10), 20 mun (KB-20) u 30 mun (KB-30) (puc. 5).
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1 —d— KB-20
< 1407 —v— KB-30
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4 ]
2 100-
"4
Z ]
5] 30_
3 ]
3 60 -
= 40!
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Puc. 5. I'padmk 3aBHCUMOCTH 3IIEKTPOXUMHUYICCKON eMKOCTH 00pasioB Ketjen Black
C Pa3JIMYHOM HAYAIILHOI CTENCHBIO OKHCIICHUS OT HoMepa nukia [6]: KB — HeokucieHHbIH 00paserl,
KB-n — o6pa3sern, akTHBUpOBaHHBII BO3AyXoM B TeueHue N muH, N = 10, 20, 30
Fig. 5. The graph of dependence of the electrochemical capacity of Ketjen Black samples
with different initial oxidation state on the cycle number [6]: KB — non-oxidized sample,
KV — n-sample activated by air for n minutes, n = 10, 20, 30

DnexTpoxuMuueckas eMkocTh Q(t), moydenHas ¢ nomorso KA MonennpoBanus KOPpO3uH yrieposa
(cM. puc. 3), KadeCTBEHHO MMOX0Ka HAa KPUBYIO eMKOCTH HeOKHCIeHHOTo obpasia Ketjen Black, nsmepenmyro
IKCIIEPUMEHTAIBHO (PHC. 5), UTO CBUIETENBCTBYET O KOPPEKTHOCTH pa3zpaboranHoit KA Mozxenu anexTpoxu-
MHYECKOTO OKHUCIICHHUS YTIIepo/a.

3akiIouyeHue

B cratee mpencrasiena tpexmepHas KA mognens kopposun yrieponHoro Hocurens Ketjen Black
EC-600JD, pa3paboTaHHasi HA OCHOBE MEXaHH3Ma JIEKTPOXUMHYECKOTO OKHCIeHH yriiepoa [ 13] u Tekcryp-
HbIX Xapaktepuctuk Ketjen Black [16]. [lapannensnas Bepcust nporpammel, peanusytoneid KA monens kop-
po3uH yriepoja, O3BoJIsIeT U3yvarth Jerpananuio oopasnos Ketjen Black pasmiunoro pasmepa u mpu pas-
JIUYHBIX CKOPOCTAX peakuuii ctaanii okucieHnsa. C IOMOIIbI0 KOMIBIOTEPHOTO MOZAEIUPOBAHUS MBI MOXEM
M3y4aTh MPOCTPAHCTBEHHOE PACIPEEIEHNE OKUCIEHHBIX W HEOKHCIEHHBIX aTOMOB YyTJIEpOJia C TeYCHHEM
BpEMEHH, HAOIF0IaTh 32 U3MEHEHHEM ()OPMBI YTIICPOJHOTO HOCHUTEIISI.

ITyrem KA MozaennpoBaHusi KOPPO3UM yriepoa BEIYMCICHA BPEMEHHAs 3aBUCUMOCTh 3HAUYEHUN KOH-
HEHTpAIUi OKUCICHHBIX 1 HEOKHCIICHHBIX aTOMOB YTIIEPOJia M 3JICKTPOXUMUYecKoi EMKocTH oOpasna Ketjen
Black pazmepom Gy = 10, Gy = 10, G; = 5 rpanyi. DIeKTpoXUMHYECKask eMKOCTb, MTOIYYeHHAs C TTIOMOIIBIO
KOMITBIOTEPHOTO MOJIETIMPOBAHNS, KAUECTBEHHO MOX0Aa Ha KPUBYIO IIEKTPOXUMHUYECKON EMKOCTH, H3MEPEH-
HYIO 3KCTIEpUMEHTAIBHO AJ1sl HeokucieHHoro oopasua Ketjen Black. KauectBenHOe coBnazieHue pe3ysibTaToB
YHCJICHHBIX PACUYETOB C SKCIEPUMEHTAIBHBIMH IaHHBIMUA CBUAETEIBCTBYET O KOPPEKTHOCTU pa3paboTaHHON
KA Mopenu 371eKTpoXUMHUYECKOT0 OKHCIEHUS YTIIepoaa.
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In this paper, we consider the problem of constructing the cellular automaton model of the electrochemical oxidation of carbon.
The carbon supported platinum catalyst is usually used for anode and cathode in the proton exchange membrane fuel cells which are
now widely studied as alternative clean power sources with high energy efficiency. One of the main problems in the fuel cells com-
mercialization is the low corrosion stability of carbon support which leads to detachment of large pieces of the support materials on
which Pt is loaded.
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The mechanism of carbon corrosion, describing gradual carbon surface degradation through successive electrooxidation stages,
was suggested by E.N. Gribov research group. Based on this mechanism, we construct the three-dimensional cellular automaton model
of electrochemical oxidation of the carbon. According to the cellular automata approach, a space is represented as a three-dimensional
Cartesian lattice L ={v=(x,y,2): x=0, ..., Lx, y =0, ..., Ly, =0, ..., L} consisting of cells. Each cell has a coordinate v e L and a state
a € 4. The admissible in the model states are A4={Co, C, COH, COOH, &}, where Co denotes a carbon atom inside the sample volume,
C is a surface carbon atom, COH and COOH are surface carbon atoms with different oxidation degree, symbol & corresponds to
a place without any atom. The states of cells are changed according to the transition rules which are defined by the mechanism of
carbon corrosion. In this model the transition rule is a sequential composition of two operators Poxia and Psurt. The operator Poxig Simu-
lates the oxidation stages:

01(v) : {(C, v)} —2— {(COH, )},
02(v) : {(COH, v)} —— {(COOH, v)},

03(v) : {(COOH, v)} —2— {(T, v)}.

The operator Psur finds new surface carbon atoms, i.e. the inner carbon atoms Co that after application of Poxia have become the
outer atoms C.

Conductive carbon black Ketjenblack™ is currently widely used as a support for platinum catalyst in the proton exchange mem-
brane fuel cells. So, this material is chosen for investigation in the current paper. The “Ketjenblack™ consists of hollow nanospheres-
granules of carbon atoms. The average diameter of carbon grains is ~ 30 nm. In the cellular automaton model, the granules are repre-
sented by spheres consisting of cells with states Co and C. Each granule is formed by cells lying between two nested spheres with radii
Rout = 15 cells and Rin = 11.3 cells. The radii are selected based on the characteristics of the “Ketjenblack”.

In the chemical experiments, the carbon sample is deposited on polished glass carbon rod and immersed in the electrolyte. So, in
the cellular automaton model the carbon sample is supposed to be fixed from above. The carbon pieces unconnected with the upper
atoms are considered as detached and disappear. To find the detached carbon atoms, all cells containing the atoms connected with
upper atoms are marked by the “one scan connected component labeling technique”. The atoms not marked as connected are removed,
i.e., states of these cells are replaced by &.

During the simulation the following characteristics are calculated: the number of pure carbon atoms, the number of oxidized carbon
atoms, the total number of surface atoms and the electrochemical capacity of the carbon sample. The results of computer simulation
are compared with the experimental data. The shape of the electrochemical capacity curve obtained using the cellular automaton model
is qualitatively similar to that experimentally measured. This result confirms the correctness of the cellular automaton model of carbon
electrochemical oxidation.

Keywords: cellular automaton; computer simulation; electrochemical oxidation; carbon corrosion.
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The problem of parameter estimation and change point detection of process AR(p)/ARCH(q) is considered. Sequential
estimators with bounded standard deviation are proposed and their asymptotic properties are studied. The obtained
estimators are used in a sequential change-point detection algorithm; due to usage of the estimators the false alarm and
delay probabilities are bounded from above. The results of simulation are presented.

Keywords: AR/ARCH; guaranteed parameter estimation; change-point detection.

The problem of change point detection arises often in different applications connected with time series
analysis, financial mathematics, image processing etc. Two types of algorithms are used to detect the change
point: a posteriori methods, when the estimation of the change point is conducted in a sample of a fixed size,
and sequential methods, when the decision on change point can be taken after obtaining a next observation.
Sequential methods include a special stopping rule that determines a stopping time. At this instant a decision
on change point can be made. There are two types of errors typical for sequential change point detection pro-
cedures: false alarm, when one makes a decision that change is occurred before a change point (type 1 error),
and delay, when one makes a decision that change is not occurred after a change point (type 2 error). The
properties of the sequential procedures are connected with these errors and include probabilities of the errors,
mean delay time and mean time between false alarms.

Last decades, autoregressive type processes and autoregressive conditional heteroscedasticity processes
are widely used in various applications, such as forecasting of financial indexes, geographic information sys-
tems, medical data analysis, etc. For example in paper [1], autoregressive models are used for description of
financial data. In the references therein, one can find examples of applications in other fields, including busi-
ness, economics, finance and quality control. Processes with non-constant parameters also can be used for such
purposes. In [2] a piecewise constant model is set off against usual GARCH model for volatility modelling.
A two-sample test for a change in variability is proposed, which works well even in case of skewed distribu-
tions. Paper [3] describes a usage of mixtures of structured autoregressive models for the analysis of electro-
encephalogram. On-line posterior estimation of the model parameters and related quantities is achieved using
a sequential Monte Carlo algorithm.

One of recent papers [4] is devoted to change point detection in casual time series such as AR(0),
ARCH(»), etc. The procedure is based on a discrepancy between the historical parameter estimator and the
updated parameter estimator, where both these estimators are quasi-likelihood estimators. To construct these
estimators historical observations supposed to be available. It is proven that if the change occurs then it is
asymptotically detected with the probability one. Asymptotic behavior of the test statistic can be described
using the standard Brownian motion. The power of the test is estimated by simulation. In paper [5], change-
point detection is applied to analysis of financial data. A fractionally integrated process is considered and
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changes in the fractional integration parameter supposed to be detected. The authors use AR(p) model, for
some large enough p, to approximate the process under consideration. The application of the tests to World
inflation rates detected the presence of changes in persistence for most countries. In [6], Some historic data set
which is stationary and does not contain a change is used to construct an estimator for the initial set of param-
eters. Then new incoming observations are monitored for a change. It is shown that the algorithm can be
applied to mean change model and to non-linear first-order autoregressive time series.

Theoretical properties of the described procedures are studied asymptotically when the number of ob-
servations before a change point tends to infinity. For small samples, usually simulation study is conducted. In
this paper, we develop an alternative approach in the frame of guaranteed sequential methods. Due to a special
stopping rule, we construct statistics with variances bounded from above by a known constant. Consequently,
we can estimate the probabilities of false alarm and delay non-asymptotically, but we also investigate asymp-
totic properties of the statistics.

1. Model AR/ARCH

We consider scalar autoregressive process AR(p)/ARCH(q) specified by the equation

X =AX g+t A X+ \/oco O Xe g+ A X 1)
Here {&, }.., — is a sequence of independent identically distributed random variables with zero mean and unit
variance. The density distribution function f, (x) of {¢,},., is strictly positive for any value of x. Parameters
A =[Aa,..., Ap] and A = [a,..., ag] are supposed to be unknown.

2. Sequential parameter estimator for AR(p)/ARCH(q)

For parameter estimation of the process (1) we use the approach proposed in [7] for classification of
autoregressive processes with unknown noise variance bounded from above. At the first stage, we construct a
special factor to compensate the influence of the noise variance. Then, we estimate autoregressive parameters
by using this factor.

Since the noise variance of the observed process is unbounded from above, we transform the model by
introducing the following notation

m_, = max{],|xk_l|,. . .,|xk_s|},
where s = max{p,q}. Dividing equation (1) by m, ,, we obtain

Yk =Z A+ XA, 2)

2
X X Xy 1 X X
yk:—k, Zk:{ﬂ,...,—p} Xk:{ k3 ... q]-

where

2 2 2
Mg My My
It is obvious, that the noise variance of the process (3) is bounded from above by the unknown value

ap + ... + ag. We can construct the compensating factor by first n observations in the following form
-1

r,=B, 3 X B, —E| Y& ®
n— nk— . { 2 2 ' n— —~ k
=s+1Mminy1, xk_l,...,xk_q} k=1

where n observations are taken at the interval where all the values |xy| are sufficiently large. In [8], we use a
similar approach to compensate the noise variance of AR(p) process with unknown noise variance; it was
proven that the compensating factor satisfies condition analogous to

1 1

Er_nS(OLO+OL1+...+OLq) (4)

This proof can be generalized for our case with minimum changes so we omit it.
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We construct the estimator of the parameter vector A in the form

T

A(H>=c-1(r>( Szl }c<t>= S w7, ®

k=n+s+1 k=n+s+1
where t is the random stopping time defined as follows

t=t(H)=minft>n+s-1: v, ([t)>H}, (6)
Vmin(t) is the minimum eigenvalue of the matrix C(t), H is a certain positive parameter. Then we define
the weights vk. Let m be the minimum value of t for which the matrix C(n+t) is not degenerate. The weights

on the interval [n+s+1n+m] are defined as

N . _ _ .
y = (FnZka ) , if Z, is linearly independent with {Z, ¢.1,...Z_1}; @)
0, elsewhere.
The weights on the interval [n+m,t—1] are defined from the equations
(t !
ey vz ®)
n k=n+s-1
The last weight v, is found from condition
Vpin (T .
L() e z VEZkZI’ Viin (1) =H. 9)
rn k=n+s+1

Theorem 1. The stopping time t(H) is finite with probability one and the mean-square accuracy of the
estimator A(H) is bounded from above
H+p-1
H?
Proof. According to [9], the stopping time t(H) is finite with probability one if

E[A(H)-A[ < (10)

> VZ,Z{ = as.

k=n+s+1

The equation for v, (14) can be rewritten in the form
1 . T Vimin (K _1) 25 T

— min | X,(C(k-1)+Vv.Z, Z, |X|=———L+V Z, Z, .

r, x:uxn=1( (Gt +ulz)x) r, e
It implies that for any vector x:|x||=1

(%.C(k=1)X)+v, (x,z{zkx) =(x,C(k-1)x)+v, (ZX)? < Vinin (K =1) + V2T, Z, 27 ;
hence,
~VET,Z Zg +Vi (Zx)” +((%.C (K =1)%) =V (k1)) <O.
For a certain vector b, :||b | =1 the inequality turns into the equality and the weight V, is a root of the quad-
ratic equation. As (by,C(k—1)by )= vy, (k—1)=0, then the equation has two roots: non-positive and non-
negative. It gives us the equation for the weight
2 4
. (Z4by) +\/(Zkbk) +41,Z, Zy ((B-C (k1) ) = vinin (K 1))
-1 2T 2 Zn '

Consequently, vi tends to zero if and only if Zby tends to zero and at the same time by tends to the eigenvector
corresponding to the minimum eigenvalue of the matrix C(k-1) as k tends to infinity. As the first component

of the vector Z depends on & (1) which can take any value then vk does not tend to zero with non-zero proba-
bility and the instant t is finite with the probability one.

Vi
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For the mean-square accuracy of A(H) (5), by using (2), Cauchy—Schwarz—Bunyakovskii inequality,

inequality || C(t) [[= vy, (t) and (4), we obtain

2 2

. 2 o2l & o +...ta T
E[a*(H) -] =E|c @) H > vXePeZi| < E| Y U ZiE
k=n+s-1 H k=n+s-1
For the second multiplier,
s T i c 25 5T¢2 \ 2 T
E z Vi&ali | =E Z Vi Zy Eiya +2E z z VIVkZ1 Zy &y 416kia- (11)
k=n+s+1 k=n+s+1 k=n+s+11=n+s+2

Consider a truncated stopping instant t(N) =min{t,N}. Consider the sum differing from the first summand
only in the upper limit. Let £, =o(&;,....&,) be the c-algebra generated by {¢,,....&,}, then t defined by (6)
is a Markovian instant with respect to{F, }. Hence,

©(N) - ©(N)

N N
E Z szkzgiﬁﬂ =E Z E[VI?ZKZIIng&EH Fk}: E Z VIEZkZIIXKSTE[E.:E+1 F|=E Z VIEZkZII-
k=n+s+1 k=n+s+1 k=n+s+1 - k=n+s+1
As t(N)—1 while N—co, and taking into account (7)—(9) we obtain
R P 25 ST 25 ST 25 ST H+p-1
E > VZZy&a—E > ViZ,Zy =E Y. ViZ Zy +E > ViZ, Zy <E| ————|.
k=n+s+1 k=n+s+1 k=n+s+1 k=n+s+1 I_‘n

Similarly, we can show that the second summand in (11) is equal to zero. The obtained results together
with (4) imply (10).

3. Asymptotic properties of the estimator

We establish properties of estimator (5) for sufficiently large values of H. In paper [10], we have proven
a martingale central limit theorem for the vector case, using the stochastic exponent method.

Theorem 2. Let {Fk”}k>0 be a non-decreasing sequence of c-algebras, Fy' ={@,Q}, R’ c R, forall

Th
O<k<n. LetY" =Znﬂ , where 7, <n is a Markovian instant with respect to {Fk”}. Suppose for all n>1

k=1
2
the sequence n" =(nE,Fk”) is a martingale-difference sequence, E|ng|| <o, and
n|2 P < n(.n\"|eN P
(A) max ng["——0, (B) 3 E (k)[R |-,
- k=0

where T is a symmetric positive definite matrix with EX < co. Then Y" —9% 5Y where Y is a random vector
with the characteristic function
Eexp{iﬂv} - Eexp{—%kTZX} :

The theorem allows establishing asymptotic properties of estimator (7). Lemma 1 proven in [11] allows
us to obtain more precise results than in [8] and [10].

Lemma 1. Let &, ..., & be independent identically distributed standard Gaussian variables. Then, for
any Ai, ..., An, Ai 20, A1+ ... + Xy = 1 and for sufficiently large C

P{xlej bt A B2 >C} < P{gf >c}.

Theorem 3. If for noise variables &, in (1), E&; <o, and process (1) is ergodic, then the mean-squared
deviation of estimator (7) is bounded from above
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P{HZ\(H )-Al > x}s 2[1—@{%;1]} (12)

where ®(-) is the standard Gauss distribution function.

Proof. For estimator (7).

2
O(.0+...+(x T V,
q kK T
< v > Zy &

-1
- feef | 3 P

(13)

Vk Xk E.ak+1zk
=N+

Introduce a truncated stopping instant ty, =min{t, N} and the following notation:

N

Nk = ﬁ ZI-(I—ékﬂngr .

2
then an H Hkak Erit k< sﬁp§§+1. Using the Chebyshev and Cauchy—Schwarz—Bunyakovskii

inequalities and (8) one obtains

bt ool £ W52 £ W ner.
o %:S+1Xk<r I:HVK kik+l H H2>a I:k:| aH Ek nzHHHVkZKH \/Egkﬂ\/ {E:E+1>VEF|Z_:("2}
< Eék;z e 3 el < 3,§°Hkﬁzr max |z,

As ||Zk||2 < p, condition (A) of Theorem 2 holds true for H—oo. To check condition (B), consider matrix

N T ™ ZZTZ 1 ™
Ly = Z E|:nll<\‘+1(nkN+l) FkN}= z W%E[Ejﬂ FkN}zﬁ Z VEZEZk.

k=n+s+1 k=n+s+1 k=n+s+1

Taking into account (7)—(9), one obtains that the trace of the matrix is bounded from above
1 H+p-1
rEy == >z s (14)
H k=n+s+1

Then, % (i, j) is a Cauchy sequence with respect to the convergence in probability. For any t > m

ZVE |Zk bt H ZVE ”Zk” Ak<t:

n k=m n k=m
Inequality (14) imply the convergence in probability of the last sum as t, m — oo. This and (13) provide
condition (B). Letting N go to infinity, one obtains the vector Y from Theorem 2

|2|J |

T

Y=limyN= Y Jzle
According to (13),

N—0 k=n+s+1
P{“K(H)—A“2>x}s P{ %} {||Y|| }

Using the result of Theorem 2 and Fubini’s theorem to change the order of integration one obtains

= exp{irTy
P{||Y||2 >%}= [ p{ }Eexp{—%xsz}dde =E+ [ exp{—%YTZ‘lY}dY.
YT >xH/B 0 J(27)° 2] v ke

T V, 2
Z —= Zk E_»k+l

k=n+s+1
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The matrix X is symmetric and positive definite; hence, an orthogonal transformation T, resulting in the matrix
T to diagonal form X', exists. Using the change of variables S =Y = ""TT one obtains

p
P{||Y||2 >%}:%E I exp{—%STS}dS = EP{ZViSiZ > xH/B},
p

(27[) > vis?>xH/B =

i=1
where v; are the eigenvalues of the matrix X', and s; are the independent components of the Gaussian vector
S. As the sum of v;is equal to %, (14) and Lemma 1 imply (12).

4. Change-point detection

Describe now the change point detection problem for process (1). Suppose that after a certain instant 6,
parameter vectors (A, A) change their values from (Ao, Ao) to (A1, A1), and [|Ao— A4l[>*> A. We construct a

series of sequential estimation plans (‘ci ,f\i ) , where {zi} is the increasing sequence of the stopping instances

(to=-1), and f\i is the guaranteed parameter estimator (5) on the interval [ti-; + 1, ti]. Then we choose an
integer | > 1 and associate the statistic J; with the i-th interval for all i > |

A A T /A ~
Ji :(Ai _Ai—l) (Ai — A ) (15)
This statistic is the squared deviation of the estimators with numbers i and i — . Due to using estimators (5)
with properties (10) and (12) the proposed statistics change their expectation after a change point.
Theorem 4. The expectation of statistic Ji (15) satisfies the following inequality:

H+p-1) A(H+p-1)
- HT H

4
E[Ji|7 <0]< (  E[Ji|tiy <0<t ]2A-4 v (16)

Proof is based on property (10); it is very similar to one described in [7].
Hence, the Theorem allows us to construct the following change-point detection algorithm. The Jivalues
are compared with a certain threshold 6, where

_ JAH+p-1
—4(H|:2p D c5on_gdAH*P-Y Jp ).

The change point is considered to be detected when the value of the statistic exceeds 6.

The probabilities of false alarm and delay in the change-point detection in any observation cycle are
important characteristics of any change point detection procedure. Due to the application of the guaranteed
parameter estimators in the statistics, we can obtain the upper bounds for these probabilities.

Theorem 5. The probability of false alarm Py and the probability of delay P in any observation cycle
[ti-1 + 1, 1i] are bounded from above

2

Ry <4(H + p-1)/sH?, B <a(H+p-1)/(VA-5) HZ. -

Proof is based on property (15), Cauchy—Schwarz—Bunyakovskii inequality and the following equalities
PO=P{Ji>8|Ti<e}, Pl=P{Ji<5|TH<9S’ci71}_

Asymptotic properties of the estimators let us establish the following asymptotic upper bounds of the
error probabilities.
Theorem 6. For ergodic process (1) in the conditions of Theorem 3, for sufficiently large H

Ry <4(1-@(VBH/2[H+p-1))), R <4(1-o((VA-JB)H /2[H+p-1))). (18)

where ®(X) is the standard normal distribution function.
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5. Simulation results and their discussion

We conducted numerical simulation of the proposed estimation and change point detection algorithms
for AR(p)/ARCH(q) process. For every set of the parameters, 100 replications of the experiment were
performed. First, we considered the parameter estimation problem for the AR(2)/ARCH(2) process rewritten
in a special form (2). The noise variation of the process is bounded from above by the value
oo+ ou + a2 =0,6 +0,1+0,3=1. The number n was chosen as the integral part of H¥2, Table 1 presents the

results. Here H is the parameter of the procedure, 711 and A , are the estimators of the parameters A1 = 0,5 and

X2 = 0,1, T is the mean interval of the estimation, I' is the compensating factor (3), o2 is the sample standard
deviation, D is the upper bound for the standard deviation of the estimator given by inequality (10).

Table 1

Parameter estimation for the AR(2)/ARCH(2) process
H A Ay T o2 T D
50 0,4996 | 0,0976 | 748 | 0,0067 | 1,99 | 0,0204
75 0,4996 | 0,1008 | 1073 | 0,0044 1,89 0,0135
100 | 0,4989 | 0,0986 | 1355 | 0,0036 | 1,79 | 0,0101

125 | 0,4994 | 0,1016 | 1661 | 0,003 1,74 | 0,0081
150 | 0,5011 | 0,0996 | 1961 | 0,0026 | 1,71 | 0,0067

One can see that the mean number of the observations increases linearly by H. This property is important
for sequential estimators [12]. The sample mean square error of the estimation is about three times less than
the theoretical one. It is connected with rather complicated structure of the AR/ARCH process. It has un-
bounded noise variation so we rewrite the equation in a special form by dividing the equation by the value not
less than 1. As a result, the minimum eigenvalue of matrix C in (5) grows rather slowly and that implies the
increase of the estimation interval.

Further we conducted simulations of the proposed change-point detection algorithm. Simulations were
conducted for the AR(2)/ARCH(2) process specified by the equation in the special form (2) with parameters
given in Table 2.

Table 2
Parameters the AR(2)/ARCH(2) process

H A A2 00 oL o2
Before the change point 0,5 01 | 06 | 01 0,3
After the change point 0,1 0,3 0,6 0,3 0,1

In this process the noise variance is bounded from above by 1 both before and after the change point.

The change point 8 = 10 000 and A = 0,2. Table 3 presents the results of the simulation. Here H and &
are the parameters of the procedure, T: is the mean delay in the change-point detection, p, and p, are the
sample probabilities of the false alarm and of the delay, respectively, Po and P are the asymptotic upper bounds
for the probabilities expressed by formulas (18). False alarms were registered only in one case.

Table 3

Change-point detection for the AR(2)/ARCH(2) process

H b T1 Po ] Po P1
150 0,03 1595 0,0 0,0 0,581 | 0,189
175 0,03 2093 0,0 0,0 0,506 0,141
200 0,03 3290 0,0 0,0 0,439 | 0,107
150 0,05 1819 0,0 0,0 0,345 | 0,345
175 0,05 2 366 0,0 0,0 0,281 0,281
200 0,05 4048 0,0 0,0 0,229 | 0,229
150 0,07 1891 0,0 0,0 0,213 0,53
175 0,07 2413 0,0 0,054 0,162 0,457
200 0,03 4 347 0,0 0,0 0,121 | 0,395
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In the example above, the difference between the parameters before and after change point is not
significant (A = 0,2) so we considered the second example of process with parameters given in Table 4.

Table 4
Parameters the AR(2)/ARCH(2) process

H M A2 o0 o1 o2
Before the change point 0,5 0,1 0,6 0,1 0,3
After the change point -0,1| 08 0,6 0,3 0,1

Here A = 0,85, so it is possible to choose the parameter H less than in the first case. The results of the
simulation are presented in Table 5.

Table 5
Change-point detection for the AR(2)/ARCH(2) process

H ) T1 po f)l Po P1

50 0,1 601 0,002 0,118 0,537 | 0,0679
100 0,1 1237 0,0 0,11 0,231 | 0,0052
150 0,1 1663 0,0 0,102 0,107 | 0,0004
50 0,2125 804 0,0 0,135 0,213 0,213
100 0,2125 | 1320 0,0 0,07 0,044 0,044
150 0,2125 | 1841 0,0 0,0 0,001 0,001
50 0,3 897 0,0 0,11 0,11 0,38

100 0,3 1400 0,0 0,0 0,013 0,125
150 0,3 2035 0,0 0,07 0,002 0,045

One can see that when the difference between the parameters is sufficiently large then the sample error
probabilities are many fewer than their theoretical upper bounds. Moreover, generally no false alarms and
skipping the change point were registered.

Conclusion

The change point detection algorithm for the AR(p)/ARCH(q) process with unknown parameters before
and after the change point has been constructed. The algorithm is based on the weighted least square method.
The guaranteed sequential estimators of unknown parameters are used. The choice of weights and stopping
rule guarantees the prescribed accuracy of the estimation and hence the prescribed error probabilities in every
observation interval. The results of numerical simulation prove the possibility to use the suggested algorithm
used for change point detection of recurrent processes with unknown noise variance. However, the algorithms
should be improved through more accurate compensation of the noise variance.
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NONPARAMETRIC ESTIMATION OF ACTUARIAL PRESENT VALUE
OF DEFERRED LIFE ANNUITY

The paper deals with the estimation problem of the actuarial present value of the deferred life annuity. The nonpara-
metric estimator of the deferred life annuity was constructed. We found the principal term of the asymptotic mean
squared error (MSE) of the proposed estimator and proved its asymptotic normality. The simulations show that the
empirical MSE of the annuity estimator decreases when the sample size increases.

Keywords: nonparametric estimation; deferred life annuity; mean squared error; asymptotic normality.

Let X be the age of an individual and at the moment t = 0 payments start. The idea of the r-year deferred
life annuity in accordance with [1. P. 174] is this: from the moment t + r = r, an individual starts receiving
money once a year, which we take as a monetary unit, and payments are made only during the lifetime of an
individual. It is known that the deferred life annuity is associated with the appropriate type of insurance. Thus,
the average total cost of the present continuous r-year deferred life annuity is given by the following formula
(see [1. P. 184]):

1- A
— _ r|
r‘ax (6) - 6 )

where r‘R =.|'e‘5t f, (t)dt is the net premium (the expectation of the present value of an insured unit sum for

f(x+t)

the deferred life insurance at age x), & is a force of interest, f, (t) = is a probability density of future

lifetime of an individual T, = X —x [1. P. 62], f(X) is a probability density of lifetime of an individual X,
S(x)=P(X >x) is asurvival function. Introduce the random variable

—oT,

z(x)=l_eTx,TX>r. 1)
Then, by averaging z(x) (1), we get the formula of the deferred life annuity (see [2-4]):
_ 1 d(X,8,r)
a®)=E(z)==|1-———=|, 2
NG ()6[ S(X)] 2

where E is the symbol of the mathematical expectation,

d(x,8,r) =™ T e dF(t),

X+r
F(x)=P(X <x)=1-S(x) is a distribution function.
Note that the whole life annuity a,(8) [2] is the special case of the deferred life annuity (2) at r = 0.

1. Construction of the Deferred Annuity Estimator

Assume that we have a random sample X, ...., X, of N individuals’ lifetimes. Using the empirical sur-
vival function
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Sy (¥) :%%I(xi > X),

where 1(A) is the indicator of an event A, obtain the following estimator of (2):

—N _E < N _ :l _(DN(X,S,I')
13 (8)_8(1 SN iZﬂ:exp( SX)I(X, > X+ r)j 8(1 500 j (3)

X

X N

@, (x,5,1) =eWZexp(—8Xi)I(Xi >X+T).

2. Bias and Mean Squared Error of the Estimator a, (5)

Here we will obtain the principal term of the asymptotic MSE and the bias convergence rate of the
estimator (3). Introduce the notation according to [5]: ty = (t;,toy,--tey)" IS @n s-dimensional vector with
the components tin =tjn (x):tjN (X5 X,y X j=1,_s, xeR%, R" is the a-dimensional Euclidean space;
H(t):R* — R is a function, where t=t(x) = (t,(x),...,t;(x))" is an s-dimensional bounded vector function;
N, (u,0) isthe s-dimensional normally distributed random variable with a mean vector and covariance matrix
oH (2)

oz,

Folz=t
bution; || x|| is the Euclidean norm of a vector x; R is the set of natural numbers.

o=06(X); VH(t)=(H,(t),....H (1)), H; )= . j=1s; = is the symbol of convergence in distri-

Definition 1. The function H(t):R* — R and the sequence {H(tN)} are said to belong to the class
N, (t;y), provided that:

1) there exists an e-neighborhood

c={z:| Z, -t |<8,i=1,_s},

in which the function H(z) and all its partial derivatives up to order v are continuous and bounded,

2) for any values of variables X,...., X, the sequence {H(t,)} is dominated by a numerical sequence
C,d, suchthat d, T oo, as N — o0, and 0<y <oo,

Theorem 1 [5]. Let the conditions

1) H(@) ., {Ht)} e N, (6,

2) Ety —t =0(dy ")
hold for all i € R. Then, for every ke R,

‘E[H(tN)— HO] -E[VH®) -, -]

:O(de(ku)/z). (4)

If in formula (4) k = 1, we obtain the principal term of the bias for H(t,), and at k = 2, we have the

principal term of the MSE.
Theorem 2. If S(x) >0 and S(t) is continuous at a point x, then

1) for the bias of (3), the following relation holds:
Io(, & 60| =|E( @ @) - @, @) =0(N);
2) the MSE of (3) is given by the formula
2
cD(x,28,r)—g) 2(x,8,r)/S(x)+O(N_3,2).
N6-S<(x)

U2(, @ (8)) = E(,3 (0) - @,(5)) =

50



Nonparametric estimation of actuarial present value of deferred life annuity

Proof. For the estimator r‘é)i“ (8) (3) in the notation of Theorem 1, we have: s =2;
ty =ty ton )" = (@ (%,8,1),Sy 00" dy =N; t=(t,t,)" =(D(x,8,1),S(X)";

_l _t_1 :1 _CD(X,S,I’) _ 7 . :1 _q)N(X!S’r) _ = N .
H(t)_s(l tzj 8[1 S(X) j 1P H) 6[1 Sy (X) ) B ()

1 o Ti
8S(X)" 852%(x)

VH(®) = (Hy (), H,0)" =[
The sequence {H(t,)} satisfies the condition 1) of Theorem 1 with C, = %(1+ e®), y=0. Indeed,

N
e™ 3 exp(—8X )I(X; > X+ 1)
=

lH(tN>|=11—Mg1(1+Mjgz 1 N )
i=1
N
eéxe—ﬁ(x+r).Z I(Xi > ¥4 I’)
<-— 1+ N i=1 Sg(l_i_e—ér).
ZI(Xl > X)
i=1

Further, the function H(t) satisfies the condition 1) in view of t, =S(x) > 0. Also, this function satisfies the
condition 2) due to Lemma 3.1 [6], as for all ie®R such inequalities hold: E{I'(X >x)}=S(x)<1,
E{e ™ T (X >x+n)}<e®e™S(x+r)=S(x+r) <1

It is well known that Sy (x) is the unbiased and consistent estimator of S(x) . Show that @ (x,5,r) is

the unbiased estimator of d(x,d,r) and calculate the variance of @ (x,3,r):

X
ED, (X,6,r)= eW E{% exp(—0X;)I(X; > X+ r)}: D(X,9,r),
i=1

25x

DD, (X,8,F) = =

NE iNlD{I(Xi >x+ e} = %(@(x,zﬁ, r-®(x,3,1)).

Considering that E(ty —t) =0 and all the conditions of Theorem 1 are fulfilled, in accordance with (4)

we get the order of the bias of f ay(s):
E(a (6) - 3&(®)—~ E[VH Oty ~0]| =[E(;a 0)- 36| =0(N )

. . . 0,,0 -
Find the components of the covariance matrix c(rax(a))z{ H 12} for the statistics @y, (x,8,r)and
62102

Sy (x):
o1 = ND{® (X,8,r)} =D(X,23,r) —D*(X,5,1); Oy = ND{Sy (X)} =S(X)(1—=S(X)); 015 =0 =
= N cov(Sy (), @y (x,8,1) = N (E {Sy ()@ (x,8,1)} —E{Sy ()} E{@y (x,8,)}) = (1= S(X)D(X,3,r).
Using the previous results on the bias and covariance matrix, we obtain
U?(, @ ()= E[VH®)(ty ~0)]" +O(N™?) = HZ(0)0y, + H3 (D)o, + 2H; (DH, (M), + O(N 2 ) =
M2
:(D(X,ZS,I’) (ZD 2(X365r)/s(x)+o(N—3/2). (5)
N&2S2(x)
The proof of Theorem 2 is completed.
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3. Asymptotic Normality of the Estimator f EXN ()
We need the following two Theorems.
Theorem 3 [7, Appendix 5]. If &,¢&,,...,&y.... IS a sequence of independent and identically distributed
N
s-dimensional vectors, E{¢,}=0, o(X)=E{&} ty :% > &, then,as N -0, /Nty = N (0,5(X)).
k=1

Theorem 4 [8]. Let x/ﬁ'tN = N {i,0(x)} , H(z) be differentiable at the point u, VH (i) #0. Then

S S S

VN (H(ty) - H(M)):Nl{z H,(wu;, XX H,-(u)cijp(u)]-
j=1 p=lj=1

Theorem 5. Under the conditions of Theorem 2

=N = D(X,28,r)—-d2(x,5,r)/S
IN(,a (8)—rax(6)):Nl[o, (120 07 (x5 <X)].

Proof. In the notation of Theorem 3, we have s =2, o(x)=0o( 8 (8)) . Thus,

TN {(@ 4 (%,8,1), Sy (0) = (@(x,5,1), S(0)} = N, ((0,0),0(,&,(5))).

The function H(z) is differentiable at the point t =((D(X,8),S(X)) and VH(t) = 0. Consequently, all the

conditions of Theorem 4 hold, and using (5), we obtain the desired result.
The proof of Theorem 5 is completed.

4. Simulations

. 1 if xe(ab] , . . .
Introduce the denotation Ix(a,b] = ] . Consider de Moivre’s model, for which the in-
0, if xeg(a,b]
dividual’s lifetime X is uniformly distributed in the interval (0, ), where ® is a limiting age. For this model
the probability density and survival function are defined by the following formulas:

X1, (0,0)

fo0=2C 50021 (,0) ©)
()] ()]
Now, using (6), we obtain
f )= f(x+t) _ It(O,m—x),
S(x) ®—X
a(&)—l(l—ofef"f(t)dt]—i(l— ! wfxe&dtj—i e et 0
TS T 5 o-xr S S(w-x) |

The present value of the 5-years deferred annuity for a person at the age x = 45 years when ® =100
years, 6 = 0,09531 (9,531%), and monthly payments in the size of 1000 rubles, is equal to

12000- 5 a,;(0,09531) =12000-9,581854 =114982 rubles.

Note that for such & the effective annual interest rate i =e® —1=0,1 (10%).
The simulations were carried out for de Moivre’s model under the above presented conditions. The
annuities and their estimators are presented in Fig. 1 for random samples X,..., X, of the sizes

N = 50, 100, 500, uniformly distributed in the interval (0, 100).
We will characterize the quality of estimators presented in Fig. 1 using the empirical MSE

> (,3,() - 3" ()
G(N,r,8) = X2 n .
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Fig. 1. Dependence on the age x of the 5-years deferred annuity (5 =0,09531)
and its estimators for the sample sizes N: a — 50; b — 100, ¢ — 500
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is

fo

The calculation results are given in Table I.

Table 1
Simulation results for the different sample sizes
N 25 50 100 250 500
G(N; 5; 0,09531) 1,632 0,815 0,413 0,117 0,052

So, according to Table 1, the quality of the deferred annuity estimators by the criterion G(N; 5; 0,09531)
improving when the sample size N is increasing.

Conclusion

In the paper, we found the principal term of the asymptotic MSE of the estimator f a, (). Also, the

llowing asymptotic properties of the estimator are proved: unbiasedness, consistency, and normality. Statis-

tical modeling within the framework of de Moivre’s model shows that the quality of estimation according

to

the empirical criterion G(N,r,d) improves with the growth of the sample size. Note that the improved

estimators of life annuities (3) can be obtained by substituting of empirical survival functions by the smooth
empirical survival functions (cf. [9-24]) and using auxiliary information of the different type [25-33], for
example, connected with random variables X, T, =X —x, T, —r.

10.

11.
12.

13.

14.

15.

16.

17.

18.

19.
20.
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ONTUMUBALIAA MAPAMETPOB CTOXACTUYECKOM MOJEJIHA
YIPABJIEHUSA 3AITACAMUA

Hccnenyercs Moaenp ynpaBieHHs 3allacaMy ¢ MIPOCTEHIINM ITOTOKOM 3asiBOK IMOTpeOUTeNeH, ClIy4aifHBIM pazMepoM
3as1BKH, TIOIIOJIHEHHEM 3aIacoB 10 3aJaHHOT0 HAYaJIbHOTO YPOBHS Uepe3 paBHBIC IPOMEXYTKH BpeMeHHU. BEIBouTest
uHTerpo-audhepeHuaI-HOe ypaBHEHHE U QYHKIIMU pacipeieCHUs] yPOBHS 3amacoB. B ciiyyae SKCIOHCHITHAIb-
HOTO pachpeeeHus] BeJIMYMHBI 3asBOK MONYYEHO €ro pelieHHe, BBIYMCICHBI CPeJHHE 3aTpaThl U ONTHMAIIBHBIN
HavyaJbHBII yPOBEHB 3aI1acoB.

KuioueBble c10Ba: ctoxacTuyueckas MOJEIb YIIPABICHHS 3a1acaMHy; ITyaCCOHOBCKHUH MOTOK; (DYHKIIHS 3aTpaT; HHTErPO-
i GepeHIIaTbHOe YpaBHEHHE,; ONITHMHU3ALHS CHCTEMBI YIIPABICHHS 3ar1acaMy.

Monenu ynpapieHHs 3ariacaMy OMUCHIBAlOT U3MEHEHUE YPOBHS 3alacOB HEKOTOPOIO MPOAYKTa. DTOT
MIPOAYKT pacxoyeTcs Ha YIOBJIETBOPEHHE CIPOCA, T.€. Ha BHIIIOJHEHUE 3as1BOK noTpedurenei. s Bocmon-
HEHHS 3aI1acoB MPOILYKTa POU3BOASATCS MOCTaBKHU. TakuM 00pa3zoM, MOJIEIb YIPaBICHHs 3a1lacaMu — 3TO MO-
nenb pesepByapa [1]. CyiuecTByeT oOLUIMpHas TUTEpATypa, MOCBSIICHHAS IeTEPMUHUPOBAHHBIM U CTOXACTH-
YEeCKUM MOJIeNsIM yrpaBieHus 3anacamu [1-10]. Bmecte ¢ TeM umeeTcst psii CIOKHOCTEH NPH TOCTPOCHUH
CTOXAaCTHYECKUX MOJIeJIe yrpaBieHus 3anacamu. Hanpumep, ogHoneproHas Mozens [11] He siBisieTcst Mo-
JIeTIbI0 pe3epByapa M, COOTBETCTBEHHO, JajieKa OT KilacCHuecKoi Mojenu Yuicona [3]. Mozenu ynpasineHus
3amacaMH B BUJIE€ CHCTEMbI MAacCOBOTO 00CTyXuBaHuUs [12] uiu yrpaBisieMoi CTOXaCTHIeCKOW AMHAMUYECKOI
cuctembl [13—15] CIHIIKOM CITOKHBI TSl HCCIIEIOBAHMUS M TOKE IAJIEKH OT MO Y HIICOHA. 3/1ech paccMar-
pHUBaETCs CTOXaCTHUYECKas MOJIENb YIPABJICHUS 3allacaMy, HE NMEIOIas 3TUX HEJOCTaTKOB.

1. Onucanue Moaeau

PaccMmoTpuM clieyrolyro Mojielb yripaBieHus 3anacamu [16]:
1. YpoBeHs 3anacoB B Ha4aIbHBII MOMeHT BpemeHH t = 0 paBeH Jo.
2. I3MeHeHne ypoBHS 3a11acoB MPOMCXOANT MTHOBEHHO.
3. 3asBKU noTpeduTeneil 00pa3yoT MPOCTEUIINN TOTOK COOBITHI MHTEHCUBHOCTH A.
4. BennuuHBI 3asIBOK HE3aBUCHMBI U UMEIOT OJJMHAKOBOE PAacIpeieieHHe ¢ IUIOTHOCTHIO pacIpeserne-
Hus f(X) 1 MaTeMaTHYECKUM OXKUIaHHEM a.
5. [TomonHeHMe 3a1acoB MPOUCXOUT Yepe3 PaBHBIC TPOMEKYTKH BPEMEHH JUIMHOH T 110 ypoBHS Jo.
ITycte J(t) — ypoBeHb 3amacoB mpoaykTa B MoMeHT BpemenH t (puc. 1). Eciu J(t) < 0, To nmeercs ne-
¢unuT npoaykra. HakorieHHbIH 1e(pUIUT TUKBUANPYETCS B MOMEHT OYEPETHOTO TIOTIOJIHEHUS 3aI1acoB.
3 ‘ ‘
Jo

_\: ,,,,,,,,,,,,,,,,,,, ‘
_l_;

o t

T T T

Puc. 1. YpoBens 3aracoB B 3aBUCUMOCTU OT BPEMEHHU
Fig. 1. Stock levels based on time
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D¢ eKTUBHOCTS YNpaBICHUS 3amacaMH HPOIYyKTa OINpeAeNseTcs 3aTpaTaMd Ha €ro XpaHEeHHue, IOo-
CTaBKy ¥ mTpadamu 3a ero orcyrctBue (neduuur). [Ipeamonoxum, 4o 3aTpaThl HA XpaHESHHE SAMHUIIBI TIPO-
IyKTa B €IMHHILY BPEMEHHU PaBHEI C1, IITpad 3a IeGHUIMT eAUHAIBI POAYKTA B €ANHHILY BPEMEHHU PaBeH Cy,
3aTpaThl Ha OCTABKY X €IMHHII IIPOAYKTA COCTABIISIOT C3X + Ca.

Tak KaK MOTOK 3asBOK CTAIMOHAPHBIH U B Havase kaxaoro u3 npomexytkos (0, T), (T, 2T), (2T, 37), ...
YPOBEHB 3aracoB paBeH Jo, TO 3aTpaThl IOCTATOYHO UCCIIEA0BaTh Ha pomexyTke Bpemen (0, T).

ITycts C(t) — 3aTparsl Ha XpaHEeHUE HPOAYKTA U MITPadbl 32 ero AeUIMT HAa TIPOMEXKYTKE BPEMEHU
(0, 1), 0 <t<T. Torna nonubie 3arpaThl Ha mpomexyTke Bpemenu (0, T) ¢ ydeToM pacxomoB Ha MOMOTHEHUE
3a1acoB PaBHBI

CHOJ‘IH = C(T) +C3(‘JO -J (T))+C4 '

Bo3bMem B kauecTBe (DyHKIINH 3aTpaT MaTEMaTHIECKOE OXKUIAHNUE BETHINHBI Crom:

M (Crom) = M(C(T)) +C5(Jo ~M (I(T)))+ ¢, )

Oynknus 3atpar (1) 3aBucur ot Jo 1 T. Benmnunnay T Oynem cuutath (GUKCHPOBAHHBIM MapaMeTPOM,
BeHYMHY Jo OyZeM CUNTATh IEPEMEHHOM.

IToctaBuMm 3a1auy HaiTH 3HaUeHHE Jo, TP KOTOpOoM GyHKIHs 3aTpaT M(Choxi) MPUHEMAET HAUMEHBIIICE
3HAYCHUE.

2. MaTemMaTH4ecKoe 0KiIaHne 3aTpaT

Teopema 1. Maremarnueckoe oxuaanue yposus 3amacoB M(J(t)) yaosieTBopsieT ypaBHEHHUIO
% M (3 (1)) = —2a. @)

Joxazamenscmeo. Ilycts 0 <t <t+ At < T, AJ=J(t + At) — J(t). Toraa
M@ (@t+At)) =M (t))+M(Ad).

Ha otpeske Bpemenw (1, t + At) MOKET IPOU3ONTH TPHU COOBITHSA: «HE TIOCTYIIHIO HU OJHOM 3asABKH,
«IOCTYITWIIA OJTHA 3asBKa» U «IOCTYIHIIO O0Jiee OHOM 3asBKI.

Tak Kak MOTOK 3asBOK IPOCTEHIIIHIA, TO BEPOSTHOCTh NEPBOr0o coObITHs paBHa 1 — AAt + 0(At), BeposT-
HOCTB BTOpOro paBHa AAt + 0(At), BeposTHOCT TpeThero paBua 0(At) mpu At — 0.

Ecnu Ha otpeske Bpemend (i, t + At) He mocTynmino HU oaHO#M 3asBkH, To AJ = 0, T03TOMY yCIOBHOE
MaTeMaTHuecKoe Oxkuaanne AJ py yCcIOBUM, YTO HE TIOCTYITHIIO HH OJTHOH 3asiBKH, paBHO 0.

Ecam moctymnuna omHa 3asBKa BEMUYUHBL X, TO AJ = —X, MOATOMY YCJIIOBHOE MAaTeMaTHYECKOE OXKHUIa-
Hie AJ IpH YCIIOBHUH, YTO TIOCTYIIMNIA OJTHA 3asBKa, paBHO (—a).

YcioBHOE MaTeMaTnyeckoe OXHJIaHHE BETMYUHBI AJ TIpU YCIIOBHM, YTO TOCTYIHIIO OoJiee OJTHOH 3a-
SIBKH, CYIIECTBYET M SBIISCTCS KOHECUHBIM.

[pumensist hopmMyiy MOIHON BEPOSTHOCTH JUISI MATEMATHIECKOTO OKUIAHUSL, TIOIydaeM

M(J(t+At)) =M (J(t))—raAt +0(At),
WIN
M (J(t+At))—M(J(t)) =—raAt +0o(At) .

Jlenum monydeHHOE ypaBHEHHE Ha At 1 JieaeM mpeaenbHblil nepexos npu At — 0, moirydaem ypaBHe-
Hue (2). Teopema 1 moka3zana.

Teopema 2. B nonoce 0 <t < T, —oo < X < oo pyHKIMS pacrpeneneHus ypoBHs 3amacoB P(J(t) < X)
YIOBJIETBOPSICT UHTETPO-AH((HepeHINATIBEHOMY YPAaBHEHUIO

—+o0
gP(J ) <x)=—APQA ) <x)+A [PI(t)<v+Xx)f(v)dv. (3)
0
Joxazamenvcmeo. PaccmatpuBas Ha oTpeske BpemenH (i, t + At) BO3MOKHBIE COOBITHS (CM. BBIIIIE) U
MpUMEHsIsE YOPMYJTy ITOJIHOM BEPOSITHOCTH, MOIydaeM
Pt +At)<x)=1-AA)PI(t) <Xx) + AAtP(J (t) — X < X) +0(At) ,

riae X — BeJIMYMHA 3asgBKHU, OTCIOAa
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%P(J(t)<x)=—?uP(J(t)<X)+XP(J(t)—X <X). 4)

Benuunnbt J(t) 1 X HE3aBUCHMBI, TOITOMY

V+X

PA®-X<x)= [ fyqu)fy (v)dudv =T f V)V | f, (u)du =T f (V)P(I(t) <v+X)dv.

Cnyyaiinas BenuyuHa X MoJjoxkuTebHas, modtomy fx (V) =f(v) =0 npu v < 0. C yuerom 3toro (4)
npuauMaeT Bz (3). Teopema 2 nokasaHa.
Tak kak J(0) = Jo, TO

1, ecu X > Jg,

P(J(0)<X) ={ )

0, ecim X< J.

Teopema 3. Marematiueckoe OkuiaHue 3aTpat Ha xpanenue u mrpadsr M(C(t)) yaosnerBopsiet ypas-
HEHHIO
d 0
GMCO=MOO)~ (6 +c) [xultdx, (6)
rae U(X, t) — IUIOTHOCTB pacrpeieieH s YPOBHS 3aI1acoB.
Jokaszamenscmeo. PaccmatpuBas Ha oTpes3ke BpeMenH (i, t + At) Bo3MOXKHBIE COOBITHS (CM. BBILIE), U
npuMeHsist GOpMYITy HOJHOM BEPOSITHOCTH /ISl MATEMATHYECKOTO OXKHIAAHHS, OIydaeM
M (C(t+At)) =M (C(t)) +c,P(I () >0)M (I (t)| I(t) > 0)At —c,P(I(t) <O)M (I (t) | I (t) <0)At +0o(At) ,
OTCHOZIA
% M(C(t)=c,PA{)>0MI(t)|I(t)>0)—c,PI(t)<O)M(I(t)|I(t) <O0).

[To popmyrie moTHOM BEPOATHOCTH JIJIsi MATEMaTHICCKOTO OXHIaHUS
M@A@)=PA@®)>0M@I()|I)>0)+PA({t)<O)M(I(t)|I(t)<0),

MO3TOMY IIOJTYYCHHOC YPaBHCHHE MOXKHO MPEICTAaBUTh B BUJIC:

%M CM)=c,MIAM)—(c,+¢c,)PEAM) <M I ()] I(t) <0).

Hanee,
M) I <0)= [xdP(I(t)< x| I (t)<O0).

HNmeem

PAM) <x I <0) |- x>0
PI() <x|I(t)<0) = : = PRI <x)
P(J (t) < 0) m, eclIm X < 0,
[OJTOMY

M@0 <0)=—~ Txu(xt)dx.

P(t)<0) -

CremosarensHo, ypasuenue aas M(C(t)) mpunnmaer Bus (6). Teopema 3 mokasaHa.

Jlnst ypaBHenus (2) umeem oueBuaHoe HayaabHoe yciaosue M(J(0)) = Jo, mosTOMYy Ha OTpe3ke BpeMeHH
0<t<T

M(J(t))=J,—Aat. (7
C yuerom (7) pyHKIMA 3aTpaT MIPUHUMAET BHI!
M (C, o) = M(C(T))+czAaT +c,.

310 03Hayaert, uro GpyHKims 3aTpaT M(Crom) MUHUMaNBHA, ecin MUHEMANTBHO 3HaueHne M(C(T)).

Hauanbnoe ycnoBue st ypasHenus (6) umeet Bun M(C(0)) = 0, ¢ yuerom (7) momydaem

M(C(T)) = }(Cl(JO —at) — (¢, +¢,) (j)xu(x,t)dx)dt : (8)
0

—00

TI0JIH
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3. MaremaTHuecKoe OKMAaHHe 3aTpaT B CJiyyae
IKCIIOHCHIHNAJIBbHOI0 pacnpeacjaceHusl BeJIMYMHDbI 3aiBOK

TEOPEMa 4. HYCTI) BCIINYMHA 3a51BKH UMECT 3KCIIOHCHIIMAIBHOC PACIIPEACICHUC!
X

f(x) = ge a ecmu X >0, )
0, ecim X <0.
Torna MIOTHOCTH pacpeeNieHNs] YPOBHS 3aacoB UMEeT BHI:
N }\«t k+1 —X k _ ‘107X
uxn=e M[S(X Jo) +E[k o(l(( +)1)lkl( a ) L (10

rae 0(X) — menmpra-dyHkuws, 1(X) — equHIYHAS QYHKIIUSL,
() = 1, ecim x>0,
= 0, eciim X < 0.

Jokazamenvcmeo. luddepeniupyst (3) u (5) mo nepeMeHHO X, MoaydaeM

aaltj——ku(x t)+kju(x+vt)f(v)dv (11)

u(x,0)= 8(x -Jo) - (12)
[Tpumensist npeodpazoBanune Oypre 1Mo nepeMeHHoi X Kk ypaBHernuto (11), momyyaem

au
e =Mp(e) -Di(o,t),
rae
“+o0 ) NS )
(o) = [ u(x,t)e™dx, p(w)= [ f(v)e'dv.
Cw 0
ITycts F(X, t) — mpoobpa3 (o6paTHOe npeodpazoBanue Dypbe) GyHKIUH
F (o,t) = e(P@-DM
TO €CTh
F(x,t)= ziTe( p(m)—l)xteimxdm .
Torna pemrenvie 3amgaqn (11)—(12) nmeer Bu:
u(x,) =8(x=Jo)- F(x.1),
TO €CTh

u(x,t)=F(x—Jg.t).
Ecnu BemnunHa 3aBKH UMEET OKCIIOHCHIIUAJIBHOC PACIIPEACIICHUC (9), TO

p(oo):;, If(co,t)ze‘“exp( )”_t J
1-iam 1-lam

PaCKJ'IaZ[BIBa}I OKCIIOHCHTY B pAld, UMCCM

+ k x
F(x,t)= e‘“[fi(xw > (1) 131(_ gj ean(—x)J'

So(k+D)lak!

orcrona noxyyaem (10). Teopema 4 noka3zaHna.
[Moxcrasss (10) B (8), monmydyaem cpeHUe 3aTpaThl HA XpaHEHUE U IITPA(bI B CTy4ae IKCIOHEHI[HAITb-
HOTO pacrpeeNieHs] BETUIUHBI 3a5IBOK:

M (C(T)) = q(JT—%T j ] ;{Jj/a(J —aw)—erwJu(lz’gl)!eVva. (13)
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B o6mem cityuae, mpu 1000M pacnpeieieHIH 3as1BOK, HATH OLICHKY CPEHHUX 3aTPaT MOYKHO METOJIOM
WMHUTaMOHHOTO MoJenupoBanus. Ha puc. 2 npencraBnen rpaduk BEIOOPOUHBIX CPEAHUX 3aTpart, MOTydYeH-
HBIX B pPe3yJIbTaTe IMUTALIMOHHOTO MOJEIUPOBaHUS (JIMHUS C MaApKEPaMH), €CIIH PaclpeaeCHUe 3asBOK dKC-
MOHEHIAIBHOE CO CpeAHUM a = 1, octanbHble mapameTpsl: A =2, T = 10, ¢1 =1, ¢; = 2. JIlunus 6e3 MapKepoB —
rpaduK TEOPETHYECKUX CPEIHUX 3aTpaT, 3amaHHbIX Gopmynoii (13). Buaum, 4To BEIOOpOUHBIC CpeTHHE 3a-
TpAaThl OLIEHUBAIOT TEOPETUUECKHE OUEHb XOPOIIO, OTHOCUTENIbHAS IOTPELIHOCTh COCTABIsIET MeHee 5%.

M(C(T))
250

200

150 4

100 +

50 q

0 T T T
0 5 10 15 20 J

Puc. 2. Cpennue 3aTpaThl B 3aBHCUMOCTH OT HAYaJIbHOTO YPOBHS 3aI1acoB
Fig. 2. Average costs depending on the initial inventory level

Nwmes oleHKy cpelHUX 3aTpaTr, MOXKHO OLIEHUTh MHHHMYM 3aTpaT U ONTHMaJbHOE 3HAUeHHE Hayallb-
HOTO YpPOBHS 3aI1acoB.

4. OnTuMaibHbI HAYAJILHBIH YPOBEHD 3aMIACOB
B CJIy4ae IKCIOHEHUMAJIBLHOT0 pacnpe/iejeHusi BeJTUYHHbI 3aiBOK

HUccnenyem monotonHocTh M(C(T)) Ha mpomexyTke 0 < Jo < +00. Imeem

d c, +¢, = [ * wk ATk
—M(C(T))=cT -2+—-22% —eYdw | [ ——e™Vdv|. 14
dJ, (CM=c = Joj,a k! ({(k +1)! (14

O603naunm D(Jo) npasyro yacth (14). MOKHO 1OKa3ath, 4ToO:
1. ®(J,) Bo3pacraer Ha [0,+0) ;
2. O(+o)=¢T >0;
1T
3. ®(0)=(c, + CZ)T —C,T .

Beenem 0003HaueHNE
b= Gt 1-e™T
Cy AT

Eciu p < 1, o ®(0) < 0, mosromy ®(Jo) MMeeT eAMHCTBEHHBIN HyJb Ha poMexyTke 0 < Jo < +00, KO-
TOPBIH MOKHO HANTH YHUCIIEHHO. DTOT HyJb sBiseTcs Toukoi muanmyma M(C(T)) Ha qaHHOM IIPOMEXKYTKE.

Ecmu p > 1, To @(0) > 0, mosromy ®(Jo) > 0 Ha Bcem npomexytke 0 < Jo < +00, ciie0BaTeIbHO, MUHHU-
myM M(C(T)) Ha aTOM mpoMexyTKe gocturaercsi B Touke Jo = 0.

Takum 00pa3oM, ONITHMAITLHBIN Ha4aJIbHBIA YPOBEHB 3aI1aCOB B CIIy4ae IKCIIOHESHIIMAIBLHOTO pacipe/ie-
JICHUS! BEJIMYMHBI 3a5BOK PaBEH

Jg, ecm p <1,
(Jo)opt =470
0, ecmup=>1,

rae Jg — Hynb byskan O(Jo).
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Hampumep, ecima =1, A =2, T =10, ¢1 =1, C2 = 2 (cM. BBIIIIE), TO ONTUMAITBHOE 3HAYCHUE HAYATBHOTO
YpOBHSI 3amacoB paBHO 12,7, MUHUMaJIbHBIE 3aTpaThl paBHBI 84,88.

3akiIouyenue

B pabote ncciemyercs MoieNnb yIpaBiIeHHS 3allacaMi C MIPOCTEHIINM TOTOKOM 3asiBOK ITOTPEOHTENEH,
CIIy9ailHBIM Pa3MepOoM 3asiBKH, TIOMOTHEHHEM 3aI1acoB JI0 33JaHHOTO Ha4aIbHOTO YPOBHS Yepe3 paBHbIE MPO-
MEXYTKA BpeMeHH. BbIBoguTCS HWHTErpo-auddepeHuaibHoe ypaBHeHHEe s (QYHKIAW PacIpeleleHus
YpOBHS 3armacoB. B cirydae SKCIIOHEHITHANBHOTO PACIIPEIEIICHNS BEIMYMHBI 3aIBOK TIOJIYYEHO €ro pelieHue,
BBIYHCIICHBI CPEAHNE 3aTPAThHl U ONITUMANBHBIN HaYaJIbHBIA YPOBEHD 3aI11acoB.

B obmem crmydae, mpu m000M pactpeieleHuH 3asBOK, TPOBECTH ONTHMHU3ALNIO0 MOJENH YIPaBICHHS
3armacaMy MOXKHO TOJIBKO MPHOIMKEHHBIMA METOIaMH, HAIIPUMEP METOJIOM CTOXaCTHIECKOTO (MMHUTAINOH-
HOTO0) MoJenupoBaHus. TouHbIe pe3ynbTaThl, MOMyYeHHBIE aHATUTUISCKIMH METOAaMHU, OBIBAIOT OYEHB IO-
JIE3HBI TIPH OTIIAAKE alITOPUTMOB, PEATU3YIOMINX 3TH MPUOIMKEHHBIE METO/IBI.
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The following model of inventory control is considered:

1. The level of the stock of the product at the initial moment t = 0 is equal to Jo.

2. Change in the level of stocks occurs instantly.

3. Customer requests form a simple events flow of intensity A.

4. The values of the applications are independent and have the same distribution with the probability density f(x) and mathematical
expectation a.
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5. Replenishment of stocks occurs at regular intervals of the length T up to the level Jo.

It is assumed that the cost of storing a unit of product per unit of time is equal to c1, the penalty for the deficit of a unit of product
per unit of time is equal to cz, the cost of supplying of x units of the product is cax + ca.

The costs in this model are sufficient to investigate over a period of time (0, T). Let C(t) be the cost of storing the product and the
penalties for its deficit at a time interval (0, t), 0 <t < T. Then the total cost of the time period (0, T), taking into account the cost of
replenishment, is equal to

Cun=C(T)+c;(J,—I(M) +c,.

The mathematical expectation of a quantity Crun is considered as a cost function. It is required to find the value Jo at which the cost
function takes the smallest value.

It is not difficult to show that the mathematical expectation of the stock level on a time interval (0, t), 0 <t < T has the form

M(J(t)) =J,—Aat,
so the cost function takes the form
M (Cq,) =M (C(T)) +c;AaT +c¢, .
This means that the cost function is minimal if the value M(C(T)) is minimal.
It is shown that the probability distribution function of the stock level P(J(t) < x) satisfies the integro-differential equation

%P(J O <x)==APA @) <x)+A I P() <v+x)f(v)dv
0
inthe band 0 <t < T, — o0 < X < o0, and the initial condition

P(J(O)<x)={

1, ecmu x> J,,
0, ecmmr X < J,.

The mathematical expectation of storage costs and penalties on a time interval (0, T) is obtained
T 0
M (C(T)) = j [cl(Jo —2at)— (¢, +¢,) j xu(x,t)dedt ,
0 —0

where u(x, t) is the distribution density of the stock level.
In the case of the exponential distribution of the quantity of requests, the density distribution of the inventory level is obtained, and
hence the average cost, the minimum average cost and the optimal value of the initial inventory level Jo.

Keywords: stochastic model of inventory control; Poisson process; cost function; integro-differential equation; optimization of the
inventory control system.
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YCJIOBUA MYJUbBTUIIVIMKATUBHOCTHU CTAHUOHAPHOI'O PACHHPEAEJIEHUA
BEPOSITHOCTEH MAPKOBCKHX PECYPCHBIX CUCTEM
MACCOBOI'O OBCJIIY’KUBAHUS C IOTEPAMU

HUccneodosanue vinonneno npu gpunancogou noooepaicke Munucmepcmea obpazosanus u Hayku Poccutickoii @edepayuu
(npoexm Ne 2.882.2017/4.6).

PaccmarpuBaroTcs MapKOBCKHE PECYpCHBIE CHCTEMBI MacCOBOTO OOCITyXHBaHHUS C oTepsiMu. [lomydeHsr HeoOxoam-
MBIE U JJOCTATOYHbIE YCIOBHS MYIbTHIUIMKATHBHOCTH CTAI[OHAPHOTO pacHpeeNIeHHs COCTOSHUS CUCTEMbI B 00be-
MOB 3aHSTHIX 3asBKaMH PECYpPCOB.

KnioueBsbie cii0Ba: pecypcHBIE CHCTEMBI MACCOBOTO OOCITY)KUBAaHUsI; MApKOBCKHH HPOIECC; MYJIbTUIINKATHBHOCTD
CTaI[MOHAPHOTO PACIIPECIICHHUS; MAPKOBCKHH MMOCTYIIAIOIIMH ITOTOK.

B xmaccuuecknx cucreMax maccoBoro obciyxuBaaus (CMO) npuOopsl M MecTa OXKUAAHUS UTPAIOT
POJIb pecypcoB, HEOOXOJUMBIX AJist 00cTykuBaHus 3asBOK. B pecypcupix CMO (PCMO) kpome nprbGopoB u
MECT OKHIAHHS 3asBKaM MOTYT IIOTPeOOBaThCsl HEKOTOPBIE JOTIOIHUTEIBHBIE PECYPChI. DTO MOXKET OBITh He-
KOTOPBI cly4aliHBI 00beM pecypca, 3aHMMaeMblidi Ha BpeMs OKHMIaHWs Hadana oOCITy>KMBaHHMs, JIMOO Ha
BpeMs 00CITy>KUBaHHUs, TUOO Ha Bce BpeMs MpeObIBaHus 3asBKH B cucteMe. OO0BEMbI TOCTYIHBIX 3asBKaM pe-
CypcoB 00bI4HO orpanuueHsl, 1 B PCMO ¢ motepsMu MocTynuBIIas 3asBKa TEPSIETCS, €CIIA Y CHCTEMBI HEZI0-
CTaTOYHO CBOOOIHBIX pecypcoB. Takas MOJeNb XOPOIIO NOAXOIUT AJISl aHAJTN3a Pa3IMYHBIX TEXHUUECKUX CHU-
CTeM, U K HACTOALIEMY BPEMEHM OIYOJMKOBAaHO OOJBIIOE KOJIMYECTBO paboT, aHamusupytomux PCMO
(cMm. 0630psEI [1, 2]). B mogasnsionieM OONBITMHCTBE OMyOJMKOBAHHBIX Cy9YaeB CTAIIMOHAPHOE pacipesesie-
HHE MPOIIEeCcca, OMUCHIBAIOIIETO COCTOSHUE CUCTEMBI M 00bEMBI 3aHSTHIX 3asiBKAMU PECYPCOB, 00JIaaeT CBOM-
CTBOM MYJIbTUIUIMKATUBHOCTH. BO3HHKAeT €CTECTBEHHBIM BOIIPOC BBISICHEHUS YCIOBHH, MPH KOTOPHIX MYJIb-
TUIUTUKAaTUBHOCTh CTAIIMOHAPHOTO paclpeesieHHs UMEET MECTO.

B nHacrosmeii pabote paccMaTpuBaeTcsi MapkoBckas Mosiennb PCMO ¢ motepsiMu, sIBISIIOLIAsICS 9acT-
HBIM cllydaeM oOuieil mogenu [3], ¥ aHATM3UPYIOTCS YCIOBUS MYJIbTUILUTUKATUBHOCTH CTallMOHAPHOIO pac-
TIpesielieHns] OMMCHIBAIOIIETO €€ CIy4yaiHoro mporecca. B creayromem paszene ONMUCHIBAeTCs MOBEACHUE
obmeit PCMO c nortepsmu. B paznene 2 paccmaTtpuBaercs MapkoBckasi Mmogens CMO ¢ HeorpaHn4eHHBIMH
pecypcamu, a B pazzaene 3 — mapkoBckas Mo CMO ¢ orpaHrndeHHBIME pecypcamu. B paznene 4 moryaeHsl
YCJIOBUSI MYJBTHIUIMKATUBHOCTH CTallHOHAPHOTO paclpeesieHHs COCTOSHUS CUCTEMBI U 3aHATHIX 3asBKaMH
pecypcoB. B kauecTBe mpuMepa B pasjielie 5 uccieayercs crannonapaoe pacrpeneneane PCMO MAP/M/L/O
C MapKOBCKHUM IOCTYIAIOLIMM [TOTOKOM M SKCIIOHEHIIMAILHO PAaCHpeIeICHHON JITUTEIHOCTHIO O0CTYKHBAHHUSI.

Kupnbie cTpodynbie OyKBBI 0003HAYAIOT BEKTOPHI, a KUPHBIE MTPOMUCHBIE OyKBBI — MaTPHIIbI. 3alnch
X <Y 03HAYaeT, YTO X,, < Y,, A1 BCEX M, U X > Y 03HAYaeT, 4To IO KpalHel Mepe A OJHOH KOMIOHEHTbI

M BBIIOJHAETCA CTPOroe HEPABEHCTBO X, > VY, - JUI1 BekTopa, Kaxaas M-1 KOMIIOHEHTa KOTOPOT'O SBIIAETCA
MHHUMYMOM M3 YHUCEIl X, U Y,,, IPHHATO 0003HauyeHne XAY. R, 0003HauaeT MHOKECTBO HEOTPHLATEIb-

HBIX IICf/iCTBI/ITGIIBHBIX qHceIl.
1. Onucanue pecypcuoit CMO

Paccmorpum CMO, KOTOPYIO MOXHO OITHCATh HEKOTOPBIM ciiydailHbIM mporieccoM X (t) € mpocTpas-

cTBOM cocTosiHui L , TPACKTOPUU KOTOPOTO HETPEPBIBHBI CIpaBa M UMEIOT Tpeieibl clieBa. byem cunrats,
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yto mpouecc X (t) m0CTaTOYHO AeTaibHO OMKCHIBACT CUCTEMY M UL Jt00oro ee cocrosiHus i€ L Beerna
MO’KHO OTPEICIUTD YUCIIO 3asBOK, HAXOIAIINXCS B cUcTeMe, KoTtopoe obo3naunM 0(i) . Emxocts CMO 060-

3HAYUM L, Tak 4TO 4KCII0 3a9BOK B CUCTEME HUKOT[a He peBocxoauT L. IIpeamnonoxum takke, 4To CUCTEMA
OTKPHITA, T.€. B HEE MOCTYMAIOT U U3 Hee YXOMAT 3asiBKH, IPUYEM TOOJUHOYKE, a He rpynnamu. O003HaYUM
0<@ <a, <... MOMEHTEI IIOCTYIUIEHNs 3a9B0K U 0 < d; < d, <... MOMEHTHI yX0/a 3asBOK U3 CUCTEMEI.

[IycTh cucTema pacronaraeT OrpaHU4EeHHBIM 0OBEMOM HeAeNUMBIX pecypcoB M TumoB. O603HaUMM
uepes p,, o0mui 00vem pecypca THna M, p=(py,p,,...,Pp ) > U 9€PE3 1y = (I 1,1, 5,0, 1 ) — BEKTOP 00B-
eMOB pecypcoB, HEOOXOMMMBIX N -i 3asBKe. Bce Haxomsmmecs B cucTeMe 3asiBKH IepeHyMepoBaHbl. Eciu
CHCTEMA NPHMET MOCTYIHMBUIYIO B MOMEHT &, 3asBKY, TO €l OyJleT MIPUCBOEH HEKOTOPBIM HOMED ¢, W3 HH-
TepBana 1< ¢, <k+1,rae k=0(X(a, —0)) —4ncno 3a1Bok B cucreMe. Homepa 3asgBOK, HIMEBIINX J0 3TOrO
HOMeEpa o, ¢, +1,...,K, OyIayT yBequueHbl Ha €qUHUILY. B MOMEHT d, yXxoza 3asBKU U3 CUCTEMBI €€ IIOKHHET
3as4BKa ¢ HEKOTOPBIM HOMEPOM \y, U3 uHTepBana 1<y, <k, k =6(X(d,, —0)), n HoMepa 3asgBOK, HIMEBILINX
10 3TOro Homepa vy, +1w, +2,...,k, OyayT yMeHbIeHbl Ha eauHuy. Hanpumep, npu aucuuIuinee oocCiy-

xuBanus First In First Out HoMepa MOCTYNUMBIIMX U OOCITY)KEHHBIX 3asBOK ONPEACISIIOTCS paBEHCTBAMH
¢,=0(X(a,-0))+1 u wy,=1, a ana aucuumiuHbel oOcmyxuBaHus Last In First Out wnmeem

¢, =0(X(a, -0))+1 1 y, =6(X(d, -0)).

Hudopmanus o pecypcax, 3aHATBIX B MOMEHT {, XpaHuTcs B BuIe cnucka S(t) = (S, (t),s,(t),...,S, (1))
umael K =0(X (t)) u3 Bextopos s, (t) e RM 06neMoB pecypcos, 3aHMMaeMBIX 3asBKoii ¢ HOMepoM i . Ilpu
atoMm Oynem mucathb: S(t) =<, ecu O(X (t)) =0 . Crircok 3aHATBIX PECYpPCOB MOMKET U3MEHSTHCS TOIBKO TPH

MOCTYIIEHUU U yXoJze 3asBOK. IlycTh mepen nocTyrieHueM HEKOTOPOM 3asiBKM CIIMCOK 3aHSTBIX PECYPCOB
umen BUI: s(a, —0) = (X, X5,...,X, ). Ecmm K<L ¥ 1, +X; +X, +...+X, <r, TO 3asBKa IPHHUMAaeTcs, eif

MIpUCBANBACTCA HeKOTOpHﬁ HOMCD ¢, U B CIIMCOK BCTABJIICTCA BEKTOP PECYPCOB, BbIACICHHBIX JTOH 3asBKE:

s(@n) =Xy, Xg 1,10, X, -+ X)) - B IPOTHBHOM Citydae 3asBKa TEPAETCS M CIICOK 3aHATBIX PECYPCOB OCTa-

Pn
eTcs Hem3MeHHBIM. Ecim nepea yxoaoM 3asiBKH ¢ HOMCPOM \,, CHHCOK 3aHATBIX PCCYpCOB HMCI BHI

s(d, —0) = (X1, X5,...,X, ), TO IIOCIIE €€ YXOJa U3 CHHCKA yJaIIeTCs] BEKTOP 3aHUMAECMBIX €I0 PECYpPCOB, U OH
craHoBUTCS TaKUM: S(d,) = (X, Xy, 10Xy, 4150+ Xi)-
MoMeHTBI HOCTYIICHUS 3aBOK &, ¥ MOMEHTHI X yXoza d, 3aBUCAT OT Pa3IMYHBIX CITy4aifHbIX BHEIII-

HUX ¥ BHYTPEHHUX (PaKTOPOB, ONPEACISIONINX TUHAMUKY n3MeHeHus coctosiauii CMO. MBI OyJieM cUuTars,
YTO OMUCHIBAIOIINI CHCTEMY TPOILIECC SIBISIETCS MAPKOBCKUM, 2 MOMEHTHI TIOCTYIUICHHH U yXOJia 3asiBOK 00-
Pa3yloT MapKOBCKHE NOTOKH BbI30BOB [4]. Micnonb3yemble 31ech NPUHIMITBI TOCTPOCHUS! MAPKOBCKUX MOJE-
neit CMO Bocxoast k MoHorpaduu [5]. st Toro uro6s! chopMyInpoBaTh yCIOBUS MYJIbTUIUIMKATUBHOCTH
CTaLlMOHAPHOTO pacHpeaesieHus npouecca, onuceisatoniero PCMO, MBI pacCMOTPUM CHaudalla CUCTEMY, 00b-
€MBI pECYpCOB KOTOPOIl HEOIPaHMYEHBI U HEXBATKa KOTOPBIX HE MOYKET OKa3aTh BIMSIHHA HA IIOBEIECHHUE CH-
CTEMBI.

2. Cay4aii HeorpaHHYeHHBIX PECYPCOB

PaccmoTpuM cuctemMy ¢ HeorpaHHYEHHBIM 00beMOM pecypcoB. [Ipeanonoxum, 4To OMUCHIBAIOIIUHN CH-
cremy mpouecc X (t) sIBAsIeTCS: OJJHOPOAHBIM MAPKOBCKHUM IPOLIECCOM C KOHEYHBIM YHCIIOM COCTOsIHH. Pa3o-

ObeM MHOXKeCTBO ero cocrosHuii X Ha Henepecekaromuecs mnoamHoxectBa X ={i e X|0(i) =k},
k=0,1,...,L, u obo3Haunm |, uymcio snemenToB nmogMHoxkecTBa &, . [T0CKOIBKY 3asBKH MOCTYIAIOT B CH-
CTEMY W YXOIAT M3 Hee MOOAMHOYKE, BOZMOKHBI Tepexo sl mporiecca X (t) TOIBKO MEXKIY COCTOSHHSIMH,

h15(00) MNpUHAJICKAIIUMU KAKOMY-TO OJHOMY ITOJIMHOKCCTBY COCTOSTHUH ﬂik y 6o OpUHAUICKAIUMU COCCIHUM
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noamuoxectsaMm. Ilepexox uz &, B X ,; MPOUCXOIUT B MOMEHT MOCTYILICHHS 3asBKH, a Iepexoq us &, B
%, — B MOMEHT yXO/a 3asBKH U3 CHCTEMBI. DTO O3HA4aeT, YTO MATPHIAa HHTEHCUBHOCTEH mepexonos Q

npouecca X (t) sBiseTcs 0J109HOM TpeXJHaroHaIbHOM:

Co A, 0
Bl Cl '
Q= ) (1)
AL—l

bnoku sroii Mmatpunel A, =[a(i, j)], ieX, jeX,,, umeror pasmep |, x|, ,; u 06pa3oBaHbI HHTEH-
CHBHOCTSIMU M3MEHEHUH COCTOSHMH CHUCTEMBbI HpPH MOCTYIUIEHHWHM 3asBOK, Omoku B, =[b(i, j)], ie X,
je X 4, pasmepa |, x|, _; 0Opa3oBaHbl MHTCHCHBHOCTSIMH M3MECHEHUM COCTOSHMH CHCTEMBI B MOMEHTEHI
yX0/a 3asIBOK, BHEJMAaroHaJIbHbIE d11eMeHThl 010koB Cy =[c(i, j)], i, j € &4, pa3mepa |, x|, oOpa3oBaHbI UH-
TEHCUBHOCTSIMH M3MEHEHHUN COCTOSHUN CHCTEMBI, HE CBS3aHHBIMH C TIOCTYIICHHEM WA YXOJOM 3asBOK,

a IMaroHaJbHbIe eMeHTHl MaTpul C, natotcst paBerctBamu C(i,1) =—(a(i) +b(i) +c(i)), ie X, , roe

> a(,j), k<L, > b, j), k>0,
a(i) =4 1stn , b(i) =118 voc(i)= X c(i, j). 2)
0, k=L, 0, k=0, Jlejfk
3amernM, 4T0 HHTeHCUBHOCTH mepexonoB a(i, j) u b(i, j) MOXHO BbIpa3uTh Yepe3 nepexoaHbIe Bepo-
SITHOCTH
a(i, j)=a(ad, j), 6(j)=6(@)+1,  b(,j)=bM)B( j), 6(j)=6()-1, @)
rae a(i, j) — BEpOATHOCTH TOTO, YTO IPH MOCTYIUICHUH 3asBKH CHCTEMA TIEPENIET U3 COCTOSHUS | B COCTOSIHUE
J, a B(i, ]) — BEpOATHOCTB TOTO, YTO MPH YXOJI€ 3asBKH CHCTEMA MEPEHIET U3 COCTOSIHUS | B COCTOSTHHE |.
Bynem cuurath, uTo Bee cocTosiaus mporecca X (t) coobrarores. Toraa marpuiia Q Hepasnoxuma, u
CTallOHApHOE pacnpeneneHue q=(qg,...,d, ) npounecca X (t) sBIseTCS SAUMHCTBEHHBIM PEIICHHEM CHCTEMBI
JINHEWHBIX YpABHEHUI
AoCo + By =0, 1Ay + A Cy +0yy4Byyy =0, 1<k<L-1 g _,A ;+q,C =0, 4)

YIOBJIETBOPSIOIIMM HOPMUPOBOUHOMY YCIIOBHUIO
L
kZ gy uy =1. (5)
=0

3nech gy =(q(i)),i € 4, — BEKTOPBI-CTPOKH CTAallIOHAPHBIX BeposiTHOCTeH mporecca X (1), a U, — BEKTOpEI-
CTOJIOLBI JUIUHBI |, U3 enuHHUL.

Kpome n3mMeHeHni COCTOSIHNMN, ONMCAaHHBIX B 3TOM paszzene, coctossHud PCMO ¢ orpaHnueHHBIME pe-
CypcaMH MOTYT TaKkKe H3MEHSTHCS IPH ITOTepe 3asIBKU M3-3a HEXBATKU pecypcos. [Ipu aTom cucrema octaercs
B TOM K€ IIOJJMHOXECTBE COCTOSAHUN X, , B KOTOPOM OHa ObLIa Mepe MOCTYIUIEHUEM HOTEPSIHHOM 3asBKU.

B cnenyromem paszaene Mbl pacCMOTPUM TaKUE CUCTEMBI OoJiee moIpoOHO.
3. MapkoBckas Moaeab pecypcHoii CMO

Paccmorpum  temepp PCMO ¢ orpanmdeHHeiMH  pecypcamu.  OOo3HaumM  4epes
S =% Xy ) | Xgree X € RM | X +... 4+ X, < p} MHOXKECTBO CITUCKOB PECYPCOB, 3aHATHIX K 3asBKaMu, U ue-
pes Y={(i,x)|i € L,x € §;)} — npocTpaHCcTBO COCTOSIHMIA mporecca Y (t) = (X (1),s(t)). Ipeamonoxum, 4To
BEKTOPBI 3alIPOCOB PECYpcoB I, N=1,2,... He3aBUCHUMBI B COBOKYITHOCTU M OJMHAKOBO PACIHPE/ICICHBI C
¢bynxkuueit pactpenenenus F(X), nporece Y (t) sBisieTcst OXHOPOAHBIM MapKOBCKHM MPOLIECCOM, U PACCMOT-

PHM IEPEXOAHBIC BEPOATHOCTH 3TOTO IIpOoLEcca.
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Ro(t.i, ) =P{X({®) = j,s() =D X(0)=i,s(0) =T}, i,jedy;
Py (60, J,W) =PLX () = j,5() <W| X (0) =i,5(0) =2}, i e Xy, jed,, weS,, 1<n<L;
Reo(ti, J,V) =PEX (1) = },5(t) =D X (0) =i,5(0) =V}, ie%, jeX, veS,, 1<k<L;
R (t.i, J,v, W) = P{X(t) = j,5(t) <W| X(0) =i,5(0) =V}, je %, jed, veS,,weS,, 1<kn<L.

IMpouecc Y(t) siBnseTcs ckauko0Opa3HbIM MapKOBCKHM mporieccoM [6]. [TockobKy epexoib mpoiecca
X(t) BO3MOXKHBI TOJIBKO THOO0 BHYTPH KaKOTO-TO OJHOIO MOAMHOXKECTBA COCTOSHUI &, , THO0 MEXIy COCen-

HHUM T0IMHO)KECTBAMH, TOJBKO CIIEAYIOIINEe HHTCHCUBHOCTH Mepexo0B mporiecca Y(t) OTIIMYIHBI OT HYJISL:

Yo(l,J)=|'m—(P0,o(81|,J)—Si,j), Ljedy; (6)
e—>0¢g
yk(i,j,v,w):Iirrg)l(Pkyk(s,i,j,V,W)—Si’jH(W—V)), ibjed, vyweS,, 1<k<L; @)
e—>0¢g
xo(i,j,w)=|irr(1)1P0yl(a,i,j,W), icq,, jek, wes,; ®
e—>0¢g
xk(i,j,v,w):lirrglPkykﬂ(s,i,j,v,W), ied, jeX,y VES, , WeS,,, 1<k<L; 9)
e—>0¢g
.. 1 ..
pl(l,j,v)zlmg—PLo(s,l,J,v), e, jedy, vesy; (10)
e>0¢g
},tk(i,j,V,W)=|irT31Pk'k_1(8,i,j,V,W), ek, jeX 4, veS,, weS,,,1<k=L, (12)
e—>0¢g

rae §; j =1, ecnu i=J,ud ;=0 ecmuiz]j, HX)=1 ecmu 0<X,u H(X)=0, ecu 0>X.
O6o3Haunm uepes3 @, (i, j) uHTeHcHBHOCTH Nepexo/ioB mpouecca X (1) us ie X B je, 0(j)=0(i) +1,
TIPH KOTOPBIX MOCTYNMBIIAS 3asBKa OJy4aeT Homep @ , u epes b, (i, j) — HHTEHCHBHOCTh IEPEXO/IOB U3 |

B J, 0(j)=0(i)—1, conpoBOXIAIOIINXCS YXOIOM U3 CHCTEMBI 3aBOK C HOMEPOM Y . DTH HHTEHCHBHOCTH
CBSI3aHbI C MHTEHCUBHOCTSMHE MOCTYIUIeHUI 3asiBoK a(i, ) U MHTEHCHBHOCTAMHE yxo/a 3asBok D(i, ) B mat-

pute (1) cienyromumMu paBeHCTBAMH:
R 16) B (O N
a(i, )= 2 a,(i,j), b(, j)=2b,(,1J)
o=1 y=1
Kpome toro, o603naunm yepe3 Y(i, j) yCIOBHYIO BEPOSITHOCTH TOTO, YTO B MOMEHT MOCTYILJICHUS 3a-

SIBKH CHCTEMa MePEeH/IeT 3 COCTOSHMUSA | B COCTOSIHUE | TIPH YCIIOBHMH, YTO MMOCTYIIMBIIIAS 3asiBKA MIOTEPSIHA U3-
3a HexBaTku pecypcos, u Beemem wmarpuusl I =[n(i, j)],i, j €%, pasmepa | xl,, 0<k<L, rme
(i, j) =a(i)y(, j) -

Cucremy ypaBHEHHI paBHOBECHs Ul CTAIIMOHAPHOIO pacrpeeieHue BepostHocTei nporecca Y (t)

MOZKHO 3aIiiucaThb B CJICAYIOLIEM BUIC:

Z P01l )+ % PO, 1) =0, i< (12)
2 P, jow) + X [PEAV)y, (i, j,vyw)+ X [PV (@, j,vw) =0, jex, weS; (13)
iedy Ie.‘lls. IE.TZSZ
X | P(i,dv)xk_l(i,j,v,w)+_z jP(i,dv)yk(i,j,v,w)_ > | PG,dv)w, (@, J,v,w)=0, (14)
i€k 18 4 i€k S, €1 8 4
jex.,weS,, 1<k<L;
X PEAVIA LG g vaw)+ X [ PG,AV)y (1, ), vW) =0, jex, weS, (15)
el 18 4 el §

IJIc MHTEHCUBHOCTH repexoaoB mporecca Y (t) 3amarorcs cieayrommmu GopMyIaMu:
Yo(, J)=c(, ))+=(, A-F(), 1,jeX;
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vk(i.J,V,W)=H(W—V)(C(i,J')+n(i,J')(1—F(p—fvn))), ijeX, v,weS,, 0<k<L;
n=1
vo(@, j,vaw)=HMWw-v)c(i, j), i, jed ,viwe S ; Ao, jw)=a(, )F(w),iedy, jely,weS;;

o k+1 o k o-1 k+1
Xk(l,j,V,W)= zaq)(lvJ)F(Wq)/\(p_glvn))(}_[lH(wn_Vn)j( H H(Wn_vn—l)jv

9=1 n=p+1
e, jeX, veS,, weS, ., 0<k<L; wi,j,v)=b(,j) ,ic, jeX, ves,;

w (i, j,v,w) = i b, (i, j)(uﬁlH(wn —vn)j(kl‘[_lH(wn —vn+1)j,i eX,jed ,veS,,weS,,,1<k=<L.
y=1 n=1 n=y

4. MyJabTHILIMKATUBHOCTH CTAIMOHAPHOI0 pacnpe/iesieHus

Hac Oynyt nnTepecoBarhb ycinoBus, IpU KOTOPBIX CTALIOHAPHOE COBMECTHOE pacIipelesieHHE COCTOs-
Hus MapkoBckoit PCMO u 00eMOB, 3aHUMaeMBbIX 3asiBKAMHU PECYPCOB
P@i)=limP{X(t)=i}, ieX,, P(@,v)=IimP{X({)=ist)<Vv}, ie%, veS,, 0<k<L, (16)
t—o0 t—o0

00J1a1aeT CBOMCTBOM MYJIbTHILUIMKATHBHOCTH:
P()=cq(i), iedy, P(@,(Vy, V) =cq()F(vy)---F(vy), i€, (vq,.,v)e8, 0<k<L (17)
3nece (i), i € X, — cranoHapHbIe BEPOSTHOCTH COCTOSIHUI CHCTEMBI ¢ HEOTPAHUYEHHBIMU PECYPCAMHU, SIB-

JISFOIIMECS pelleHneM cucTembl ypaBHeHui (7)—(9), ¢ — HOpMHPOBOYHASI KOHCTAHTA,
L
-1 **
¢ =QOuo+kZQkUkF P), (18)
=1

F™(x) ects k-kpaTHas cBepTka dyHkimu pacnpegerenns F(X). Eciau cranmmonapHoe pacipesiee e Bepo-

sTHOCTeH mporecca Y (t) obnamaeT CBOMCTBOM My IbTHILTHKATHBHOCTH (17), TO €0 MOYKHO JIETKO HAWTH, 3HAS
JuIb cTaironapHoe pacnpeaenenue ((i), 1 € X, npouecca X (t) u pyHKuHMIO pacnpenenaeHis 00beMOB Tpe-
OyembIx 3asBKaM pecypcoB F(X). B cremyroreit Teopeme qat0TCs YCIOBHUSI MYJIbTUILUTHKATHBHOCTH CTAIHO-
HapHOTro pacnpenenenus mpomecca Y (t).

Teopema. [{71s1 TOro 4To0OBI CTAIIMOHAPHOE COBMECTHOE paclpeiesicHHe COCTOSHUI MapkoBckoit PCMO
1 00BEMOB 3aHMMAEMBbIX 3asiBKaMu pecypcoB (16) umeno Buj (17), HEOOXOIUMO M JJOCTATOYHO, YTOOBI BbI-
HOJHIOCH XOTa Obl omHO u3 yciosuit F(p)=1 wmwm qgIl, =q,B; u, kpoMe TOro, 4roObl 1 BCEX

k=12,...,L—1 BbINOJHSITKCE JIHOO PaBEHCTBA
k
[ Flp—Xv)F(dvy)...F(dvy) =F(wi)---F(w),  (Wy,...w) eS8, (19)
0<v;<w;, 1=1
i=1,...k

1160 paBeHCcTBO Q) IT, =q, 4By .;-

Aoxasamenvcmeo. Bpenem watpuusl Ay, =[a, (1, ])], €&, Jje, 0=12,...k+1, u
By :[b\u (,)], ieq, je¥,, v=L2,.,K, a Takke BEKTOPBI-CTPOKH CTAIIMOHAPHBIX BEPOSTHOCTEH
Po=(P@),ied, py(V)=(P(i,v)), ieX,veS, 0<k<L, usanumem cucreMy ypaBHCHHil paBHOBECHs
(12)~«(15) B maTpu4HOM BHIE:

PoCo + A —F(p)polly +py(p)B, =0 ; (20)
FWPoAg +Pi(W)C + | (1=F(p—v))p.(dv)II; + (21)
0<v=w
+ [ pa(dvip=vV)Byo+ [ py(p-v,dv)By; =0, weS§;
0<v=w 0<v=w
K
le(Wq))pk—l(Wl' W, Wi WA 1 o + P (W, Wi )Gy + (22)
o=
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+ J. (l—F(p—Vl—...—Vk))pk(dvl,...,dvk)nk+
O_SViSV\IQ,
i=1,...,

k+1 K
+2 | pk+1(dV1’---1dV\y—11 P—ZVpdVW,-..,de)BkH,W:O, (Wy,...,w)e 8, 1<k<L;
v=l 0<v;<w;, 1=1
i=1,...k

L
1F(W(P)pl_fl(wl,...,w(pfl,wqﬁl, s WAL +PL (W, W )G =0, (Wy,e W )eS . (23)

(p:
[ToncraBus Bepoarnoctu (17) B paBencTBa (20)—~(23) 1 BOCTIOIH30BABIINCH yPABHEHHUSMH (4), HCKITIO-
YUM U3 NIOTyYEHHBIX BBIpaKeHUH BeKTOpHI (, C, . B pe3ynpTarte mocie HEKOTOPBIX IEMEHTAPHBIX IPeodpa-

30BaHUI OTYYHM, YTO LIS MYJbTHILTHKATUBHOCTH CTAIIMOHAPHOTO pacmpenencuus mpomecca Y (t) HeoOxo-

JIMMO U JIOCTATOYHO BBITOJTHEHHE PABEHCTB
(1-F(p))(qolly —q;B,;) =0,

k
| (1—F(P—ElVl))F(dVl)---F(de)(Qka_Qk+1Bk+1)=0, (Wy,...,w ) e §, 1<k <L,

0<v;<w;,
i=1,...k

KOTOPBIC SKBUBAJICHTHBI YCIOBUSM TeopeMbl. UTO U TpeOoBanoch J0Ka3aTh.

CuaenctBue. J{1s1 TOro 4ToOBl CTallMOHAPHOE COBMECTHOE paCIpellelieHHe COCTOSHUI MapKOBCKOH
PCMO u 00beM0B 3aHUMaeMBbIX 3asiBKaMu pecypcoB umeno Buj (17), npu mo0oi GyHKINU pacnpeaeineHus
F(X) TpebyembIx 3asBKaM pecypcoB HEOOXOIMMO H JOCTATOYHO BBIIOIHCHHE PABEHCTB

ATy =q,1By,, k=01, L-1, (24)

HetpyaHo mpoBeputs, uto obast GpyHkims pacnpenencuust F(X), aust koTopoi F(% p) =1, ynosie-
TBOPSIET YCJIOBHSM TeOpeMbl. B 3ToM citydae mo0bIM L 3assBKaM TOCTATOYHO UMEIOIIUXCSI PECYPCOB, M CH-
crema (paktruecku GyHKIOHUpYyeT kKak PCMO ¢ HeorpaHn4eHHBIMHU pecypcaMu. OTMETHM TaKKe, 4TO MYJTb-

TUIUTUKATHBHBIC CTAI[MOHAPHBIC PACTIPEACICHUS HE 3aBHCAT OT HyMEpallK MOCTYMAIONINX U YXOISANIHNX 3a-
SIBOK ONpPEACIISIOIIEH HHTeHCHBHOCTH 3, (1, J) 1 b, (i, J), a 3aBHCAT JMIUb OT CyMMapHBIX HHTCHCHBHOCTEH

a(i, j) u b(i, j) mocryruienust U yxona 3asBoK.

5. Ipumep — pecypcuas cucrema MAP/M/L/0

H3BecTHO, 9TO cTaroHapHoe pacnpezaencane PCMO 6e3 mect oxumanus M/M/L/0 ¢ myaccoHOBCKHM
BXOAAIIUM ITOTOKOM M 3KCIIOHCHIHUAJIBHO paCHpe}leJ’[eHHOﬁ JINTEIIbHOCTBIO O6CJIy)KI/IBaHI/I$I MYJIbTHUIIJIUKA-
TUBHO IPH JIF000H COBMECTHOM (DYHKIMU pacipeieieHiss 00beMOB TPeOyeMbIX MHOXKECTBEHHBIX pecypcoB [7].
Pesynbrarsel HacTosIeH pabOTHI MO3BOJISIOT OTBETUTH HA BOMPOC, a HE 00JIaJaeT JIM TaKUM YK€ CBOHCTBOM
craronaproe pacrpeaeneane PCMO MAP/M/L/0 ¢ mapkoBckum noctynaromum notokom (MAP) [4].

O6o3Haunm uepes N (t) =sup{n|a, <t} 4ncio 3a4BOK NOCTYNMBIINX K cMcTeMe 3a Bpems t . Iloctymna-

IOIIMI OTOK HA3bIBAETCS MAPKOBCKHMM, €CIIM ISl HEKOTOPOTo ciydyaiiHoro nporecca &(t) ¢ KoHeUHbIM mpo-
crpaHcTBoM coctosiHuit § mpouece (&(t), N(t)) sBisiercst 0oAHOPOIHBIM MapKOBCKHM MPOLIECCOM, OZHOPO/I-
HBIM 110 BTOpOii KommoHeHte [8]. B atom cmywae s Bcex I,jejf, n=k u ht>0 wmbe nmeem
P{E(h+t) = j,N(h+t) =n|g(h) =i,N(h)=k}=PR, ;(n—k,t), n npouecc &(t), HasbiBaemblii pasoBbM 1pPO-

[IECCOM TTOCTYTIAIOIIETO TIOTOKA, TAKIKE SBJISCTCS OJHOPOIHBIM MaPKOBCKHM IPOLIECCOM C MIEPEXOIHBIMH Be-
o0
postHocTsvu B (1) =P{E(h+1) = j|&(h) =i}= ngo p;j(n,t).

JlJ14 mpocTOro MapKOBCKOIO NMOCTYIHAIOIIEr0 MOTOKA, COKpaIleHHO Ha3biBaeMoro MC-1oTokoM, Bepo-
STHOCTH MOCTYIUICHUS] B MHTEPBAJIC [UTHHBI € O0Jiee OHOM 3asBKH coctaBiseT 0(g). MC-moTok xapakTepu-

syetcs aByms martpuuamu: S=[s;;1,i,j€f, u R=[r;],i,je], cymma xortoppix A=S+R sasusercs
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MaTpuIleii HHTEHCUBHOCTEH mepexonoB (azoBoro mporecca &(t), a ameMeHThI KOTOPBIX OMPEICIISIIOTCS pa-

BeHCTBaMH [9]
.1 1 ..
S ;i =lim=(p, :(0,€)=5,.), r,=lim=p,.(Le),i,je] . (25)
g e—=0¢g J ’J g e=0¢g g
Bynewm cuutath, 4To MaTpunia A HepasziokHMa, U 0003HAYMM Yepe3 P BEKTOP CTAIIMOHAPHOTO pacipe-

AeneHus cocTosiHui mporecca &(t).

Marpuiia ”HTEHCHBHOCTEH Mepexo10B mporecca, onuchiBaromiero cucremy MAP/M/L/0 ¢ moctymato-
muM MC-notokoM, mmeer Bux (1) ¢ Omoxkamm A, =R, k=01,..L-1; B, =kul, k=12,.,L;

C,=S—kul, k=01,.,L-1; C, =A—Lul,rxe | — exuHNYHAs MaTpHLa, L — THTEHCHBHOCTH OOCITY>KHBa-

Hus [10]. B MoMeHT moTepu 3asBKH M3-32 HEXBATKH PecypcoB (a3oBbIi Mpoliecc MEHsIET COCTOSIHUE B COOT-
BETCTBUU C MAaTPULIEH NHTEHCUBHOCTEN NepexonoB R, HO 4UCIIO 3a4BOK B CUCTEME IIPU 3TOM HE MEHSETCS.

[Toaromy st matpun IT, , ONUCHIBAIOIMX U3MEHEHHE COCTOSHUI CUCTEMbl B MOMEHT MOTEPHU 3asBKU U3-32a
HEXBAaTKU PecypcoB, crpaBeiiuBbl paBeHcTBa I, = R s Bcex K =0,1,...,L —1, u ycrnoBue MyabTHIIINKA-
TUBHOCTH (24) nproOpeTaeT CIeyOIINUi BUI:
agR=Kk+)nq, 4, k=01,...,L-1.
Orcrona u3 paBeHCTB (7)—(9) BbITeKaeT, 4TO ycioBHs (24) paBHOCHIBHBI paBeHcTBaM (A =0,
k=0,1...,L. ITockonmbKy MaTpuna A HepaslIOXHMa, PEIICHUS ITUX YPABHEHHI UMEIOT BUIL. (], = C, P, TJe
C, — HEKOTOpPBIe KOHCTaHTHl. OHAKO TaKOH BUJ CTalMOHAPHOrO pacnpeneneHus coctosauii CMO c octyna-

FOIIUM TIPOCTHIM MapKOBCKHM TIOTOKOM BO3MOXKEH JIMIIb B CIIy4ae, KOTJa MOCTYHAOIIAN MOTOK SIBIIIETCS
ITyacCOHOBCKHM [9].

Takum o6paszom crannonaproe pacnpeneieane PCMO MAP/M/L/O ¢ moctynaromnmM mpocTeiM Map-
KOBCKHM MTOTOKOM 00J1a/1aeT CBOHCTBOM MYJIbTHUILTUKATUBHOCTH JIUIIH B CIIydae, KOT/1a IOCTYTIAIOIINI TOTOK
SIBIIIETCS ITyacCOHOBCKUM. [[0CKOJIBKY TAKUMH ITOTOKaMHU MOYKHO aNIPOKCHUMHUPOBATH JIFO0OBIE CITydaifHbIe 1Mo~
TOKH [11], MOKHO TPEAIIONOKHUT, YTO 3TO CIIPABEIIMBO IS IPOU3BOIHHBIX TTOCTYTAIOIINX TOTOKOB.

3akiaouyenue

B nHacrosimielt pabote uccnenytoTcs yciaoBus, IPU KOTOPBIX CTAIMOHAPHOE COBMECTHOE pacIpeaeieHue
coctossHMi MapkoBcko PCMO u 00beMOB 3aHMMaeMbIX 3asBKAMH PECYpPCOB MYJIbTHILIMKaTHBHO. llo-
CKOJIBKY MOHATHE MapkoBckoi CMO 10BOJIBHO MIMPOKO, MBI CHaydaia AE€TalbHO pacCMaTpUBacM MHTEHCHB-
HOCTH TEPEXOI0B CIYy4YaliHOTO Mpolecca, OMUCHIBAIOIEr0 paccMarpuBaeMsle 31eck PCMO, a 3atem aHanu-
3UpYEM YCIIOBUS MYJIbTUIUIMKATUBHOCTU UX CTALIMOHAPHBIX pacnpenesneHuid. Hanbonee mpocto npoBepstoTcst
YCIIOBHS, FAPAHTUPYIOIIME MYJIbTUIUIMKATUBHOCTD MPH JIIOOBIX (DYHKLUSIX pacrpelesieHHsi BEKTOPOB 3aIpa-
LIMBAaEMbIX 3aBKaMU 0OBEMOB PECYPCOB.
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stationary probability distribution of the system state and the volumes of the resources occupied by the customers are derived. As an
example, the results obtained are applied to the analysis of the stationary distribution of resource loss system MAP/M/L/0 with
a Markovian arrival process and exponentially distributed service times. It is shown that for this system the stationary probability
distribution has product form only if the arrival process is Poisson.

Keywords: resource queuing systems; Markov process; product form; stationary probability distribution; Markovian arrival process.
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ONTUMAJIbHOE OIIEHUBAHUE COCTOSHUM
MOJIYCUHXPOHHOT' O ITIOTOKA COBBITHI BTOPOI'O MMOPSIKA
IIPU HEITPOUIEBAIOIIEMCS MEPTBOM BPEMEHU

PaccmarpuBaercs 3ajada ONTHMAIBHOTO OIEHUBAHUS COCTOSHUI MOTYCHHXPOHHOTO MOTOKA COOBITHH BTOPOTO IO-
psizKa, SIBISIFOLIETOCs OMHOM U3 aAeKBaTHBIX MaTeMATHYECKUX MOeIel HH()OPMAIIMOHHBIX TOTOKOB 3as1BOK, (hYHKIIH-
OHHUPYIOIIMX B COBPEMEHHBIX HHU(POBBIX CETSIX HHTErPaJbHOTO OOCIYXHMBAHHUS, TEICKOMMYHHKAI[HOHHBIX CETSIX,
CIIyTHHKOBBIX CETsIX CBsI3U. [10TOK QyHKIIMOHUPYET B YCIOBHUSIX HEIPOUICBAIOIIETOCS MepPTBOro BpeMeHH. Haxomurest
SIBHBIA BUJ] allOCTEPUOPHBIX BEPOATHOCTEH COCTOSHUM MOTOKA. PellleHne o COCTOSIHUU MOTOKA MPHUHUMAETCS II0 Me-
TOIy MaKCHMyMa alloCTePUOPHOH BeposTHOCTU. DopMynupyeTcst alrOpUTM ONTUMAIBHOTO OLICHUBAHHS COCTOSHUH.
[IpuBonsTCS pe3yabTaThl CTATUCTUYECKUX IKCIICPUMEHTOB.

KnrodeBble c10Ba: MOTYCHHXPOHHBII HOTOK COOBITHH BTOPOTO HOPSAKA; HETIPOUICBAIOIIEEC] MEPTBOE BPEMS; OIITH-
MaJlbHOE OIICHHBAaHNE COCTOSIHUI; allOCTEPHOPHBIE BEPOATHOCTH; METOZ MAKCHMyMa alloCTEPHOPHOM BEPOSTHOCTH.

[Tpu onricanuy ¥ aHANN3€ PEANbHBIX YKOHOMUYECKHX, TEXHUIECKUX, PU3MYECKHUX U JPYTHX MPOLIECCOB
4acTO BO3ZHHKAET HEOOXOANMOCTh MPUMEHSITh MaTeMaTHYECKHE MOJICITH TEOPHH MacCOBOTO 0OCTYKHBaHUsI
(TMO). B nHacrosiee BpeMsi B CBsI3M ¢ OypHBIM Pa3BUTHEM HH(POPMALMOHHBIX TEXHOJOTHH BaKHEHIIUMH
chepamu npwitoxkeHnii TMO SBIAIOTCS TMPOSKTHUPOBAHHE M CO3/laHHE HU(MPOBBIX CETe HHTETPaIbHOTO
obciryxkuBanus (LICHO). Tak kak Ha MpakTHKE MapaMeTphl, ONPEISIIIONINE MIOTOK COOBITHI, KaK MpaBuiIo,
CIly4yaifHBIM 00pa3oM M3MEHSIOTCS CO BpeMEHEM, TO aJicKBaTHBIMU MaTeMaTHYECKHMHU MOJIENIIMU HH(OpMa-
IUOHHBIX TOTOKOB coobmieHuit, pynknuonupyrommx B LICUO, SBisroTcst JBaXKIbl CTOXaCTHUECKUE TTOTOKH
coObiTuil [1-8]. B maHHBIX MOTOKaX COOBITHH HE TOJBKO CIy4YailHbI MOMEHTBI HACTYIUICHUS COOBITHI, HO U
WHTEHCUBHOCTH MOTOKA TMpPEACTaBIACT cO00W CITydaiHbIH MpoIlecc, T.€. IMEET MECTO JIBOMHAs CTOXacTHKA.
OOBEeKTOM H3y4eHUsI HACTOSIIEH paboThI SBISIETCS MTOTyCHHXPOHHBIN MOTOK COOBITHI BTOPOTO TOPSIKA.

B 0oJbIIMHCTBE CIy4aeB PacCMaTPHUBAIOTCS MOJICIN BXOMSIIUX MOTOKOB COOBITHH, KOTZIA COOBITHS
MOTOKA TIOJHOCTHIO Ha0MogaeMbl. OTHAKO Ha TIPaKTHKE JIF000e PETUCTPHUPYIOIIee YCTPOHCTBO 3aTpadnBaeT
HEKOTOPOE BPEMSI Ha PETUCTPAIINIO COOBITHS, B TEUEHHE KOTOPOT'O OHO HE CIIOCOOHO 00paboTaTh ClieAyIore
COOBITHS, T.€. COOBITHE, TOCTYIHBIIIEE HA TPUOOP, TOPOXKAAET IEPHUOJT MEPTBOTO BpeMeHH [9], B TeUueHHUE KO-
TOPOT0 Jpyrue HACTYIUBIINE COOBITHS MOTOKA HEAOCTYNHBI AJsl HaOroneHus. [IpuHumaercs, 9To 3TOT 1e-
PHO ITPOAOIIKAETCS] HEKOTOpOoe (PUKCUPOBAHHOE BpeMs (HETIPOAJIEBAIOLIEECS MEPTBOE BPEMS).

OCHOBHBIMH 33JjauaMy IIPY U3YYEHUH JBaXKIbI CTOXaCTUYECKUX MOTOKOB COOBITHH SIBIISIIOTCS CIEIYIO-
mme: 1) orenka coctosHuid motoka [ 10—12]; 2) ornenka napamerpos notoka [13-19].

B nacroseit pabote npeanaraeTcs anropuTM ONTHMAIBHOTO OLIGHUBAHUS COCTOSHUM paccMaTpuBae-
MOT0 TIOTOKa B YCJIOBHUSIX €0 HEMIOJHON HAOII01aeMOCTH METOJIOM MaKCHMYyMa alloCTEPUOPHOI BEPOSITHOCTH
[20]. ITpumeneHne naHHOTO MeTOJa O0YCIIOBIEHO TEM, YTO allOCTEPUOPHAsi BEPOSITHOCTD SIBISIETCS XapaKTepH-
CTHKOM, obnazaroeil Hanbomnee moaHoi nHpopManue 00 ncciae yeMoM MpoLecce, coaepikaleiics B BHIOOpKe
HaOJIIOICHU, a TAKXKe B CHIIy TOTO, YTO METO MAaKCUMyMa allOCTEPUOPHOM BEPOSTHOCTH 00ECTIeUHBAET MU-
HUMYM HOJHOM BEPOSITHOCTH OLIMOKY MpUHATHA peteHus [21]. JlaHHas cTaThs sBAsSETCS HENOCPEACTBEHHBIM
pasButHeM pador [11, 12].

1. TocTanoBKa 3agaun

PaccmarpuBaeTcs cTaluoHapHBIA peXuM QYHKIIMOHUPOBAHHS TOJTYCHHXPOHHOTO JIBAXKIIbI CTOXACTH-
YECKOT0 MOTOKa COOBITHI BTOPOTO MOpsAAKa (IIOTOK), COMPOBOKAAIOUINN CITyYalHBINA MPOIecC KOTOPOro A(t)
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SIBJIICTCS] KyCOYHO-TIOCTOSIHHBIM C AIByMS COCTOSHUAMH S; M S, . JITUTENBHOCTD MHTEpBaIa MEXy COOBITH-
o o o = 1 2 o
SIMH TIOTOKA B TIEPBOM COCTOSHHHU ONpeensercs ciydaittoit semmunnoit 1 =min(E®,E?), rue coyuaitnas
- . 2
BEIMYMHA i(l) nMmeeT (PyHKIHIO pacripeneneHus Fl(l) (t) =1—e™", ciyuaitnas BenuuHHA i( ) _ ¢byHKUIHIO
2 —agt . g (1 2 o
pacmpeeneHust Fl( )(t) =1—e ™, E_,( ) u é( ) _ HesaBHCHMBIE ciyyaiiHble BennuuHbl. Takum oOpazoM, 1iu-
TENBbHOCTh UHTEPBAJIa MEXIY COOBITHUSIMU ITIOTOKA B IIEPBOM COCTOSIHUM Tpouecca A(t) siBiseTcs ciaydaifHON
= > — (M tay)t

BEJIMYUHOM ¢ QyHKImel pacnpenenenus F(t) =1—e :

B MOMEHT HacTyIUIeHHs! COOBITHS TTOTOKA Mpolecc A(t) MEepPeXoauT U3 MEPBOrO COCTOSHUS BO BTOPOE

00 C BEPOATHOCTHIO Pl(l) (A5 |Ay), OO C BEPOATHOCTHIO P1(2) (A5 |Aq) B 3aBHCHMMOCTH OT TOTO, KaKoe

3Ha4YeHHe PUHsUIA CIyYaiHas BeJMYMHA 1. B MOMEHT HacTymieHus coObITHS TOTOKA Iporiecc A(t) ocraercs
B IIEPBOM COCTOSIHUH JTMOO C BEPOSATHOCTBIO Pl(l) (A1 | A1), 10O C BEPOSTHOCTHIO P1(2) (A1 |Aqy) B 3aBHCH-
MOCTH  OT  3HaueHms  ciyuaiioit  Bemmummer 1. 3mece PO (O, [A)+PP (0 |2y) =1,
P2 (g 12) +PP (A |2) =1

JlnurensHOCTh NpeObiBanus mpoiecca A(t) BO BTOPOM COCTOSIHUU €CTh CilydaiiHasi BeIMYnMHA C (PYHK-
ueit pactpenenenust F, (t) =1-e %' B reuenue BpeMeHH mpebbiBanus mporecca A(t) Bo BTOpoM cocTos-
HHUHU UMEET MECTO IyaCCOHOBCKHIA TIOTOK COOBITHIA C MAPaMETPOM A, .

B nocienyromiem U3n0KeHHH MMOJIaraeTcsi, YTo0 KIMEeeT MecTo coctosinue S; (i -e cocTtosHue) mporecca
AMt), ecm A(t)=2;, 1=12; A, >A,>0.

Marpuiibl THOUHATE3UMATIBHBIX XapakTepucThK mporecca A(t) numeroT Bu:
b, _[MAP 020 + PP 10g) AP (g 12) + 04 RP (g 0y)]

0 Ay

— (A +0y) 0
DO =
o —(Ap+ay)

DneMeHTaMi MaTpulbl D; SBISIOTCS MHTEHCHMBHOCTH NepexonoB nporecca A(t) u3 cocTosHHS B CO-
CTOSIHME C HACTYIUIEHHeM coObITUs. HemaronanbHble 31eMeHThI MaTpullbl D, — MHTEHCHUBHOCTH IIEPEX0/I0B
U3 COCTOSIHUSI B COCTOSIHUE 0€3 HACTYIJIEHUsI COOBITHS; IUArOHaIbHbIE JIEMEHTHI MaTpullbl D, — HHTEHCHB-
HOCTH BbIX0/a mporecca A(t) U3 CBOMX COCTOSIHHMIA, B3SThIE C MPOTHBOIOIOKHBIM 3HAKOM.

ITocne kaXx0r0 3aperucTpUpPOBAHHOTO B MOMEHT BPEMEHH 1 COOBITHS HAacTyHaeT MepHoJl MEPTBOTO

BpeMeHH (PMKCUPOBAHHON JUIMTENBHOCTH T, B TEUEHHE KOTOPOTO APYrHe COOBITUS PACCMATPUBAEMOI0 ITIOTOKA
SIBIIIOTCA HEIOCTYIHBIMHU Habmiofenuio (Tepsitorcs). [lo okoHUaHWUM Meproaa MEpTBOTO BPEMEHHU IEpPBOE
HACTYIHUBIIIEE COOBITHE CHOBAa CO3/[a€T MEPHOJ MEPTBOTO BPEMEHM JJIUTENHLHOCTH | (HEmpojsieBaroieecs
MEpTBOE BpeMs) U T.A.

JU1d HarmAaAHOCTH Ha puc. 1 mpHBeIeH NpUMeEpP BO3HUKAOLIEH cuTyanuu, rae 4, t,, ... — MOMEHTHI

HACTYIUICHHS COOBITHIA B HAOIIOIAEMOM IIOTOKE; TIEPHOIbI MEPTBOTO BPEMEHH UTUTELHOCTH T 0003HAYECHBI
IITPUXOBKOH; YSPHBIMH KPY:KKaMU 0003HAYCHBI COOBITHS MOJyCHHXPOHHOTO MOTOKA BTOPOTO MOPSI/IKA, He-
JOCTYITHBIC HAOJIOICHHIO.

Iporecc A(t) sBistercst MmapkoBCKuM. TTockombKy A(t) SIBISETCS MPUHIHIHAIBLHO HEHAOIIOIAEMbIM,

HaOJIIOIAF0TCS TOIBKO MOMEHTBI BpEMEHH HACTYIUICHHUS COOBITHI y, Ty, ..., TO A(t) — CKPBITHII MapKOBCKHil

mponuecc uin HeHa6J’IIO,Z[aeMBII>i COHpOBO)KZ[aIOH.[I/Iﬁ MapKOBCKI/If/i mnmpouecc.

Tpebyercs mo HabmoaeHUsM 1y, 1, , ... 32 TOTOKOM cOOBITHII Ha BpeMeHHOM uHTepBaie (1y,t) oueHuTsh
cocrositue nporecca A(t) (oToka) B MOMEHT OKOHUYaHUsI HabroaeH i t, rae t, — MOMeHT Havana HabJIro1e-

Huil. be3 orpanudennii oOmHoCcTH MOXHO HONOXKHUTH t) =0.
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OnmumanvHoe oyeHusarnue COCMOsIHUIL NONYCUHXPOHHO2O NOomoKa cobvimuii 8mopoco I’lOpﬂaKa
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Puc. 1. ®opmupoBanue HaOIOIAEMOT0 TIOTOKA COOBITHI
Fig. 1. Formation of the observed event flow
JI71st BEIHECEHUSI PELIeHHs O COCTOSIHUY poriecca A(t) B MOMEHT BpeMeHH t HeOOXOIMMO ONIPEaeINTh
armoctepuopbie BepostHOCTH W(A;|t) =wW(A; [ty,... 4, t) = P(A(t) =A; |t;,... t, 1), 1=1,2, Toro, 4to B Mo-
MeHT BpeMeHH t 3HaueHue mponecca A(t)=2; (M — Kosm4ecTBO COOBITHI IOTOKA 3a BpeMs t), IpH 3TOM
W(A, | t) +W(A, |t) =1. OnTumanbHOE OLIEHHBAaHHE [0 KPUTEPUIO MAaKCHMyMa alloCTEPHOPHOIl BEpOSATHOCTH

BBITIIZAT Crle/lyrommm oOpasom: ecn W(A; [1) =W(A; [t) , i, j=1,2, i# ], T0 onenka cocrostHus npouecca

eCThb X(t)zli , MHAYe i(t)zkj 1, j=12.

2. OnTuManbHOe OLleHMBAHME COCTOSTHUIA
MOJIYyCUHXPOHHOI'0 IOTOKA COOBITHI BTOPOro MOPSiAKa

MomeHT BeIHeCeHH s pemeHns t npuHamiexut narepsaiy (t,t.,;), K=1 2,.., Mex1y cocexHumu co-
ObITHSIME HaOMoaemMoro notoka. st HaganbHOro mHTepBana (ty,t;) MOMEHT t JIeKHT MeXIy HavalioM
HaOJIIO/ICHUS M TIEPBBIM COOBITHEM B HaOMogaeMoM notoke. Pacemorpum untepsan (ty,t, ;) , 3HaUeHHE UTH-
TEJIBHOCTH KOTOpOro ectb T, =t 4 —t, K=0,1,... OxHako, Tak kak HabJlroJaeMoe B MOMEHT t, coObITHE
HOPOX/IAaeT MePHO]] MEPTBOTO BPEMEHHU JUIUTENIBHOCTH T, TO T, =T +M , TA€ 1), — 3Ha4E€HHE JUIUTSIbHOCTH
MHTEpBaJIa MEX{y MOMEHTOM OKOHYAHHMS [IEPUO/Ia MEPTBOTO BPEMEHH t, +T U MOMEHTOM t, ., , T.€. HHTEepBal
(t,.t,1) pa3OmBaeTcs Ha JBa CMEXHBIX: moayuntepsan (t,,t, +T] u unrepsan (t, +T,t, ) . OT™MeTnm, uTO
YCJIOBUSI HAXOXKICHUSI allOCTEPUOPHOI BEepOsITHOCTH W(A4 |t) Ha TaHHBIX HHTEpBaJIaxX pa3Hble, TAK KaK Ha I0-

ayunrepBane (t,,t, +T] mOTok HemocTyneH HabMOAeHHIO, a Ha nHTepBaie (i, +T,t, ;) moTok HabmomaeMm.

2.1. Buipasicenun 013 anocmepuoproil 6epoOAMHOCHU 8 YC108UAX OMCYMCIMEU MEPHEO20 6PEMEHU

PaccmoTpum curyanuro, korga T =0, T.e. MepTBOE Bpemst oTcyTcTBYeT. B padorte [11] chopmynupoBan
aJITOPUTM pacdeTa aloCcTepHOPHON BeposiTHOCTH W(A4 |t) s qaHHOTO Citydast.
Jlemma 1. Ha Bpemenusix umatepBamax (0,4) u (t,t.,), K=12,.., amocrepropHas BEpOSTHOCTbH
wW(A, |t) yroBieTBopsieT muddepeHnnanT-HOMy ypaBHEHHIO PUKkaTu:
dw(2 1) _
dt

Jlemma 2. Anocrepuopsas BepositHocth W(A, |t) B MomenT t, , K =1, 2,..., HacTymieHust coObITHS 110-

(b =g + )W (hy [£) = (hy — Ay + g +g)W(hy [t) + 0ty (1)

JIYCUHXPOHHOT'O ITIOTOKA BTOPOTO MOpsAAKa OPCACIIACTCA (bOpMyJ'IOfI rnepecucra
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R (0 | Ag) + 0, R? (g | M)W [t —0)
Ay +[Ay +ay =M JW(Ay |t —0)

w(hy |t +0) = L k=12,... @)

B [11] moka3aHo, 4To anpropHasi BeposTHOCTh T (t |t°) Toro, uro 3HAUEHME MpOLECCa A(t) =A; B MO-
MEHT BPEMEHH t [IPH YCIOBHH, 9TO (YHKIMOHMPOBAHNUE IOTOKA HAYAI0Ch B MOMEHT BpeMeHH t°, yI0BICTBO-
pset muddhepeHnnaTbHOMY ypaBHEHHIO
' 0 1 2 0
() = TR O 1 20) + R (g [ 20) + 0o Im (t11°) + ct, )
Wurerpuposanue ypasaenus (3) [22] 1 mepexo B MOJTYYEHHOM PEIIEHHH K CTAIIHOHAPHOMY CITydYaro
(t > o0 mwm t° —> —o0) OmpeneNsIOT SBHBIA BHJ apHOPHO (GHHAIBHOM BEPOSTHOCTH MEPBOTO COCTOSHHS
nporecca A(t):
1 2
my =0 [P O | 20) + s P® 0oy [20) + ] @
WurerpupoBanune ypaBHeHus (1) ¢ y4eTOM HA4aIbHOTO YCIIOBHS IIPHUBOIUT K CIICIYIOIIEH TeopeMe.
Teopema 1. Ha Bpemennsix unrepsanax (0,t;) u (t,,t,;) ,k=12,.., moBexeHue anocTepnopHoii Be-

positHocTH W(A, |t) ompenensieTcs IBHOH (hopMyIoit
wy[1—w(r, [t +0)]—[wy —w(r, |t + 0)]e*(krlz+0t1)(l*W1)(t*tk)
[L—w(ry |t +0)]—[w, —w(rq |t, + 0)]e*(7\1*7‘2+(11)(1*\’\’1)(t4k)

Wl |t) = , )

rae leLy t, <t<t.,, k=01.; wk, |t +0), k=12,., 3amaercs ¢opmymnoii (2);
A=Ay +oy

WA, |ty +0) =y, m; ompeneneHo B (4).
2.2. Anzopumm onmumanbHO20 OUECHUGAHUA COCIOAHUI NPU HERPOONEBAIOU|EMCA MEPIEOM BDEMEHU

Bephemcst K citydaro, Korjaa JUIHTEILHOCTE MepTBOro Bpemenu T # 0. PaccMoTpuM mosywHTEpBa
(te,t, +T], k=1,2,.., Ha KOTOPOM COOBITHE OTOKA HACTYNAET B TPAHUYHOM TOUKE t, .

Teopema 2. IloBeneHue anocTEpUOPHON BEPOSATHOCTH W(A, |t) Ha BPEMEHHBIX IIOJyMHTEpBaJlaX

(t..t, +T], k=12,.., ompenensiercst hopmyioii

Wy [t) =y + [W(hy |t +0) — 71v.l]e—(MF’l(l) (Ralra)+ouRP (holy 4ot ) (1t ) , (6)

t <t<t +T; Wi, |t, +0) 3agaercsa popmynoii (2), a m; — popmynoii (4).
Joxa3aTtenbcTBO. B TeueHue nepuojia MEpTBOro BpeMEHH 1 MOJIyCHHXPOHHBIN OTOK COOBITHI BTO-
pOro Topsiika HEIOCTYINeH HaONI0JCHUI0. B 3TOi CBSA3M MOXHO 3aKIIOYUTh, YTO Ha TOIYHHTEpBaIax

(t..t, +T], k=1 2,.., nmoBeneHue anocTepropHoii BeposTHOCTH W(A4 |t) aHAIOrMYHO ITOBEICHHIO alIPHOP-
. 0

Hoii BepositHocTH T4 (t|17) . PasHuIa 3aKIH04aeTCs B ONPEAEIEHMI HAYaIbHOIO 3HAYEHHS W(A, | t) B MOMeHT
BpeMeHU f, HacTyruieHus HabIroaaeMoro cooblTus noroka. HetpyaHo nokasats, 4To BepoATHOCTE W(A4 | t)
Ha (..t +T], k=12,.., 3agaercs ypaBHeHHeM (3) ¢ Ha4aJIbHBIM yCIOBUEM B MOMEHT BpeMeHH t, HacTym-
seHnst coObITHs moToka WA, [t =t ) =w(}, |t, +0), k=1, 2, ... Unrerpupys (3), nomygaem (6). Teopema j1o-
Ka3aHa.

Paccmorpum unTepBan (t, +T,t, 1), cMexHbI# ¢ nomyunTepsaiom (i, ,t, +T]. Ha nanHOM uHTEpBane

HOTOK HaOII0JaeM, OATOMY BBIYHCIEHHE AallOCTEPHOPHON BeposTHOCTH W(A4 |t) ocymecTtsistercs mo ¢op-

Mmyste (5); Ipu 3TOM HadalIbHOE ycloBUe At W(A, |t) mpuBA3BIBacTCS K MOMEHTY BpeMeHH fy + T :

WAL~ WO [ty +T)]— [ = Wy [t +T)Je O eremse)
[1— W |ty +T)]=[wy — Wy [t +T)Jo Ve reERD)

te+T <t<tyy, k=12,..; wr |t +T), k=12,.., paccuursiBaercs no popmyine (6) s t=t, +T .

WLy |t) = . (7
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B MoMeHT BpemeHH t, HacTyIUICHHS COOBITHS IIOTOKA, KOTOPOE MTOPOXKIAET IIEPHO]] MEPTBOTO BPEMEHH,
arnocTepuopHas BepoaTHOCTh W(A4 | t, +0) paccuutsiBaeTcs no ¢opmyie nepecuera (2).

IMonydenusie GOpMyJIBI TO3BONSIOT CHOPMYITUPOBATEH ATTOPUTM PacieTa aloCTEPUOPHON BEPOSITHOCTH
WAy [t) (W(h, |t)=1—w(A; |t)) 1 anropuT™ NPUHATHS PELIEHHs O COCTOSHHU mpouecca A(t) (moroka) B

IIPOM3BOJIBHBIM MOMEHT BpeMeHH 1 :
1) B moment Bpemenu t,;=0 mno dQopmyne (4) BBUHCIACTCS amnpuUOpHas BEPOSTHOCTD

WAy [to +0) =W(hy [ty =0) =7y ;

2) B mob6oii MoMeHT BpemeHu t, 0<t<t,, rae t; — MOMEHT HAaCTYIJIEHHS EPBOrO HAOIIOAAEMOTO
coObITHS TOTOKA, [UIs1 K = 0 BBIUMCIAETCS BeposATHOCTE W(A, |t) no dopmyie (5);

3) m1a K =0 B MOMEHT HAaCTYIUIEHHS IIEPBOTO HAOJIFOJaeMOT0 COOBITHS TOTOKA t; BBIYHUCIISIETCS BEPO-
ATHOCTE W(A4 |t;) = W(A, |t; —0) mo dopmyme (5);

4) Kk yBenuumBaercs Ha exuHULy U Ui K =1 Beraucisercs W(A4 |t; +0) mo dhopmyse (2), mpu 3tom
W(A; |t; +0) — HauanbHOE ycnoBue aast W(A4 |t) B dpopmyrie (6) Ha ciemyromeM Iare anropuTMa;

5) nna k =1 paccunrsiBaercs W(A, |t) o dopmyne (6) aust moboro t, t; <t <t; +T;

6) msa kK =1 no ¢popmye (6) Berumcisiercs W(A, [t =t +T) , ABIsIONMIAsACS HAYAIBHBIM 3HAYSHHEM JUTS
W(A, | t) Ha ciemyrommeM Iare alIropuTMa;

7) nnsa k=1 B mo6oit MomeHT Bpemenu t, t; +T <t<t,, rme t, — MOMEHT HACTYIUICHUSI BTOPOTO
HaOJII01aeMOr0 COOBITHS NTOTOKA, BBIYUCIACTCS BEpOSTHOCTE W(A, |t) mo dopmyie (7);

8) mms k=1 B MOMEHT BpeMeHH t, BbIUHCISETCS BeposTHOCTH W(A, [t =1,) =W(A, |t, —0) mo dop-
myae (7);

9) anroput™ nepexoAuT Ha miar 4, 3atem miaru 4—8 moropsitorest s K =2 u T.1.

[TapastensHO 1Mo X0y BEIYUCIICHUS allOCTEPUOPHON BEPOSITHOCTH W(A4 |t) B 10001 MOMEHT BpeMEHH

t BBIHOCHTCS penieHre 0 CocTosiHuM mporecca A(t) mo KpuTepuio MaKCHMyMa armoCTEPUOPHO BEPOSATHOCTH

[20]: ecm W(A4 [t) >wW(A, |t), TO oneHKa 71(’[) =\, MHAYE A(t) = Ay

3. Pe3yabTaThl CTATHCTHYECKUX IKCIIEPUMEHTOB

JU1s ostyueHus YUCIIEHHBIX Pe3yJIbTaToOB ObLI pa3paboTaH alrOpUTM BbIUMCIIEHUS alloOCTEPUOPHON Be-
POATHOCTH W(A, |t) ¥ IPOBEIEHBI CTATUCTHYECKHUE DKCIIEPUMEHTEI. Ha mepBoM sTame anropurMa Impou3Bo-

JTUTCSI UMUTAIIMOHHOE MOJICIMPOBAaHUE TTOTOKA [23] B YCIOBUSAX €ro HENoJHOW Ha0oaeMocTi. Ha BTOpoM
JTare Ha OCHOBAHUH IOJIy4YeHHOW BEIOOPKM MOMEHTOB HAaCTYIICHHsI Ha0mogaeMbIx coobituit 4y, t,, ... ocy-

IECTBIIACTCS BBIYMCICHHE allOCTEPHOPHBIX BeposiTHOCTEH W(A, |t), to <t<t;; WA, |t +0); w(ir,|t),
to<t<t, +T; Wy |t), t +T <t<t.,, k=1 2, .., a take crpostcs onenku A(t) Tpaekropmii HeTHH-
Horo nporecca A(t).

B kauecTBe WILTIOCTPAIIMU HA PHC. 2 TIPHUBEICHA TPACKTOPHs CirydaiiHoro mporecca A(t), momayden-
Hast ITyTeM MMHUTALMOHHOTO MOIeJMPOBAHNS; Ha pHC. 3 MoKasaHa TpaekTopus ouerkn A(t) . Pacuersi mpo-
M3BENCHbl  JUIS  CICAYIOIIMX 3HAa4YeHMH mapaMmeTpoB: M =2, A,=1, o =2, «a,=08,
R0y 1n)=RP (%, |2) =04, Pl(l) Ao | 2) = P1(2) Ay |2)=0,6; T =1, T, =10 exn. BpemeHu (BpeMst MO-

JICITUPOBAHNSA).
3amTpuxoBaHHbIC 00JACTH Ha OCH BPEeMEHH (CM. pHC. 3) — 00aCTH NMPUHATHS OMHUOOYHBIX PEIICHHH, T.C.

3TO — MPOMEKYTKH BPEMEHH, HA KOTOPbIX oneHka A(t) He coBmazaer ¢ CTMHHBIM 3HaYeHreM nporecca A(t) .

Ha puc. 4 npuBeneHa TpaeKTOpHs MOBEACHUS BEPOATHOCTH W(A, |t) msst maHHOTO Citydast.
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Fig. 3. Trajectory of a posteriori probability w(, |t)

>

NG
Y

o>

:

-

\ 4

Puc. 4. Tpaexktopust ouenku A(t)

Fig. 4. Trajectory of estimate 4(t)

JIi1st yCTaHOBJIGHHS YaCTOTHI MMPUHATHS OLIMOOYHBIX PEIICHHI 0 cocTosiHUM Tporiecca A(t) mpoBeieHsI

CTaTUCTUYCCKUE IKCIEPUMEHTBI, OCYIIECTBISIEMBIC MO CIACAYIONIEMY alroputMy: 1) st GUKCHPOBAHHOTO
Habopa mapaMeTpoB Ay, Ay, Oy, Oy, Pl(l) N i [A), Pl(z) ) i M), 1=1,2, T (en. BpeMeHH) MOJCITHPYETCS
HOJIyCHHXPOHHBIH MOTOK COOBITHI BTOPOTo MOpsiAKa Ha 3aJaHHOM oTpe3ke Bpemenu [0,T,] (otaenbHas i-s
peanu3anus (OmbIT)); 2) OCYHIECTBISIETCS pacyeT armocTepHoOpHON BepositHocTH W(A4 [t) Ha 3amaHHOM OT-
peske Bpemenu [0, T,,] mo popmynam (2), (4)—(7); 3) crponTcst onenka A(t) TpaeKTOpMM HCTHHHOTO IpoLecca
A(t) ma 3amanHOM oTpeske [0,T,]; 4) onpenensiercs s i-ro omnbita 3Ha4YeHne 0; — CyMMapHO# MPOTSIKEH-

HOCTH MHTEPBaJIOB BPEMEHHN, HAa KOTOPBIX 3HAUYCHNE OLICHKU 7\,('[) HE COBIMAaAacT C UICTUHHBIM 3HAYCHUEM IIPO-

necca A(t) ; 5) Berancisercs 1ois omubouHbIX pemenuid P =d; /T, ; 6) ocylIecTBIsSETCs TIOBTOPEHUE IIAaroB

1-5 N pa3 (i=1,N) s pacyera oneHKr 0e3yCIIOBHOU (TIOJHON) BEPOSTHOCTH MPUHATHS ONTHOOYHOTO pe-

IICHHUS 0 cocTosiHMAX mporecca A(t) ua [0,T,].
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Pe3ysbTaToM BBITOIHEHHUS JaHHOT'O AITOPUTMA SIBISIETCsI BEIOOpKA Py, Py, ..., Py 10ei OMIHOOYHBIX

pemennii B N ombiTax, Mo KOTOPOi HaXOIATCS BEBIOOPOYHOE CPeAHEE MOTHON BEPOSTHOCTH OLIMOOYHOTO pe-

A 1N n N
meHust Py, = N 21 P; u BEIOOpOYHAs qucnepeus D = ﬁfi( B — Py )2
1= — 1=

B nepeom cmamucmu4deckKkom dxKcnepumennie yCTaHaBJINBACTCA 3aBUCHUMOCTDb Per’ D ot 3HaueHus JJI-

TenpHOCTH MepTBoro Bpemenn T =0,1,..., 6 ex. Bpemenn. Pe3ynbraTel mpuBeieHb! B Ta0M. 1-3 npu 3HaYeHUSIX
T, =100 en. Bpemenn, N =100 u mapamerpax A, =1, o, =4, a, =1, Pl(l) A A= Pl(z) (A, |2) =04,
PP, |2,)=R® (A, |A,)=06. Ipi 5TOM B Kak10#l M3 TOCITEMYIOIX TAGIHIL SKCIEPUMEHTA 3HAUCHHE

pasHocTH A, —A, yBenuuusaercs Ha 50% 0 CpaBHEHMIO C NPEIbLIYIIEH.

Taonuna 1
Pe3y/IbTaThI IEPBOT0 CTATHCTHYECKOT0 IKCHEPHMEHTA IpU Ay — A, =3 (1, =4)
T 0 1 2 3 4 5 6
Aer 0,1581 0,2373 0,2599 0,2761 0,2880 0,2946 0,2989
D 0,0018 0,0026 0,0030 0,0035 0,0039 0,0041 0,0044
Tabnuna 2
Pe3yabTaThl MEPBOTO CTATHCTHYECKOr0 IKCIEPHMEHTa IpU A, — A, = 4,5 (A, =5,5)
T 0 1 2 3 4 5 6
Aer 0,1301 0,1915 0,2223 0,2463 0,2585 0,2676 0,2697
D 0,0015 0,0022 0,0027 0,0033 0,0037 0,0041 0,0042
Tabnuna 3
Pe3y/ILTaThI IEPBOT0 CTATHCTHYECKOr0 IKCIEPHMEHTA IPH A, — A, =6,75 (A, =7,75)
T 0 1 2 3 4 5 6
Aer 0,0929 0,1554 0,1901 0,2157 0,2284 0,2391 0,2412
D 0,0010 0,0019 0,0022 0,0029 0,0030 0,0035 0,0038

AHann3 4YHCICHHBIX PE3YyJIbTAaTOB IMOKA3bIBACT, YTO IIPU q)HKCHpOBaHHOM 3HAYCHUU T OIICHKa Per

YMEHBIIAETCS C YBEJIIMUCHUEM 3HAUCHUS PA3HOCTH A, — A,, UTO SABJIAETCSA €CTECTBEHHBIM B CIITY JIy4IlIeH pa3-
JUYUMOCTH COCTOSTHHH TOTOKA. 3aMETUM, 4TO 4eM OoJibllle 3HaYCHUE JUIMTEILHOCTH MEPTBOTO BpEeMEHH T,
TEM MEHbIIE TeMI YJIy4IICHUS KauecTBa OLCHUBAHUS IIPU YBEJINYEHHUHU 3HA4eHUs A, —A,. I[Ipu sTom npu
(DUKCUPOBAaHHBIX MApaMeTpax MOTOKA C POCTOM 3HAYEHHUS T KaueCTBO OIEHKH COCTOSHHN YXy/AIIaeTcs, TaK
KaK TIPOUCXO/IUT YBEJIMUYESHHE ITOTEPh HH()OPMAIIUHU O TIOTOKE (HEKOTOPBIE COOBITHS TEPSOTCs). OTMETHM, YTO

npu T — o (t — o) anocrepuopHas BepostHOCT W(A, | 1) , ompenesnsiemast TeopeMoii 2, CTPEMUTCS K alpH-
OpHOIi (PMHAIBLHOW BEPOSATHOCTH T IEPBOTO COCTOsTHUSI rporiecca A(t) , 4To SIBISETCS MOHATHBIM B CHILY TOTO,

YTO TIEPUOJIbI HAOTFOJAEMOCTH B JAHHOM CJTy4ae MPaKTUYECKH OTCYTCTBYIOT.

[Ipu naHHBIX 3HAYCHHUAX MAPAMETPOB AITOPUTM ONTUMAILHOTO OIEHUBAHHS COCTOSIHUHN TTOTOKa obec-
MEYMBACT JOCTATOYHO IPUEMIIEMYIO OLIEHKY 0€3yCIIOBHON BEPOSTHOCTH OIIMOOUHOTO PEIICHUS, IPHUEM BbI-
OOopoYHas TUCTIEPCHS TaHHOM OIIEHKH Maa.

Bo emopom cmamucmuueckom sxcnepumenme ipu N =100, T, =100 ex. Bpemenu u napamerpax no-
Toka A, =4, &, =08, o, =08, R” (A, |1,)=P®(*,|%)=0, R®(,|2,)=P® (%, |%,) =1pacemar-

pHBaeTCs 3aBUCHMOCTD OLleHKU P, oT 3HaueHwmii mapamerpa o, =4,..,10 ¢ marom 0,5. Pe3ynbraTs! JaHHOTO

OKCIICPUMCHTA OTPAKCHBI HA pHC. 5.
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Fig.5. P, asafunctionof o, at T=1, T=3, T=5

AHanu3upyst NOJy4YeHHBIE Pe3yabTaThl, MOKHO 3aKJIIOYUTh, YTO MPU JAHHBIX 3HAYEHHSIX ITapaMeTpOB
MOTOKA Ka4€CTBO OLICHMBAHMs yIy4lIaeTCs C POCTOM 3HaYEHUs MapaMeTpa o (B CHILy JIy4lleil pa3InuuMOCTH

COCTOSIHUM ITpH OOJBIINX 3HAYEHUSIX Ol —Ol, ) ¥ 3aMETHO yXYAILIAeTcs MPU YBEIHMUCHUH 3HAYE€HHS JJTUTEIb-

HOCTH MEPTBOTO BpeMeHH T (B CHITY YBETHUYCHHUS TIOTEPh HHMOPMAIIMHU O TIOTOKE PH OOJIBIITNX 3HAYCHUAX T).
3akaoueHue

B Hacrosimeil pabote mpuBeieHbI (GOPMYIIbI IS pacueTa anoCTePHOPHBIX BepostHocTeid W(A, |t),
W(A, | t) cocTosHHII TOTyCHHXPOHHOTO MOTOKA COOBITHIT BTOPOT0O MOPSIKA B YCIOBHUSX HEMPOICBAIOIIECIOCS

MepTBOTO BpeMeHH. Ha ocHOBaHWM MOMTyYeHHBIX (POpMyYT pa3paboTaH arOPUTM ONTUMAILHOTO OLIEHUBAHUS
cocrosiHuit moToka (mpouecca A(t) ) B mpou3BOJIbHBI MOMEHT BpeMeHH { HA OCHOBaHHH BHIOOPKH MOMEHTOB

HACTYIUICHUS COOBITH 1, ..., t,, B HAOIMI0JaeMOM MOTOKe, 00ECIICUNBAIOIINI MUHIMYM MOJTHON BEPOSTHOCTH

OIMOKY BBIHECEHHUS pEIIeHMs. AJTOPUTM Pealn30BaH Ha s3bIke mporpammupoBanus C# B cpeme Visual
Studio 2013. Ha ©MHTAIIMOHHON MOJIENN MPOBEICHBI CTATHCTHYECKUE SKCIIEPUMEHTBI [Tl YCTAHOBJICHHS Ya-
CTOTBI ONIMOOYHBIX PEIICHUI O COCTOSHUM CiTydaiHoro mporecca A(t) , yrciaeHHbIe pe3yIbTaThl KOTOPBIX HE

MPOTHBOPEYAT (PU3MUECKON MHTEPIPETANNN U WITIOCTPUPYIOT MPHUEMIIEMYIO OIICHKY MOJHONW BEPOSTHOCTH
OIIMOKY OIEHUBAHMS U JOCTATOYHO MAJIYIO BEIOOPOUYHYIO JUCIIEPCHIO.
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We solve the optimal estimation problem for the states of a semi-synchronous events flow of the second order. We consider the
stationary operation mode of the flow in conditions of an unextendable dead time, i.e. after each registered event at the moment t, ,

there is a dead time period of fixed duration T, during which other events of the considered flow are inaccessible to observation. At the
end of the dead time period, the first event that occurred again creates a period of dead time, etc.
The accompanying random process of the flow is a piecewise constant process A(t) with two states: if A(t) =X, , then there is the

first process state, if A(t)=2X,, then there is the second one. The process is unobservable in principle, and we can only observe
moments t;, t,, ..., when events occur in the flow. We have to estimate the state of the process A(t) (flow) at moment t when the
observations have stopped by observations t,, t,, ... of the events flow over the time interval (t,,t), where t, denotes the beginning

of observations.
The optimal estimation of states is performed using the maximum method of a posteriori probability. To make the decision regarding the
state of the process A(t) at the moment t, we have to determine posterior probabilities w(A ;|t) = w(d; | t,...,t, . t) = P(A(t) =4, | t,,.... t,. 1),

i=1 2,thatat the moment t the value of the process A(t) =X; (m is the number of events per time t), wherein w(x, |[t) +w(X, |t) =1.
The optimal estimation is as follows: if w(x; [t)>w(r;[t), i,j=1 2, i j, then the estimate of the process state is At) =2,

otherwise X(t)zkj L h,j=1 2.

In the paper we find an explicit form for posterior probabilities on the intervals of the flow observability and unobservability. Based
on these formulas, the algorithms have been obtained for calculating the posterior probability w(x,[t) (w(h,|t)=1-w(X,|t)) and
for deciding on the state of the process A(t) at an arbitrary moment t. The algorithms were implemented by C# programming language
in Visual Studio 2013. Statistical experiments were conducted on the imitational model to establish the frequency of making erroneous
decisions about the state of the process A(t), the numerical results of which are given in the paper and illustrate an acceptable estimate
of the total probability of making the erroneous decision.

Keywords: semi-synchronous event flow of the second order; unextendable dead time; optimal state estimation; posterior probabilities;
maximum method of a posteriori probability.
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THE SENSITIVITY FUNCTIONALS IN THE BOLTS PROBLEM
FOR MULTIVARIATE DYNAMIC SYSTEMS
DESCRIBED BY INTEGRAL EQUATIONS WITH DELAY TIME

The variational method of calculation of sensitivity functionals (connecting first variation of quality functionals with
variations of variable parameters) and sensitivity coefficients (components of vector gradient from the quality func-
tional to constant parameters) for multivariate non-linear dynamic systems described by continuous vectorial Volterra’s
integral equations of the second-kind with delay time is developed. The presence of a discontinuity in an initial value
of coordinates and dependence the initial and final instants and magnitude of delay time from parameters are taken into
account also. The base of calculation is the decision of corresponding integral conjugate equations for Lagrange’s
multipliers in the opposite direction of time.

Keywords: variational method; sensitivity functional; sensitivity coefficient; integral equation; conjugate equation;
delay time.

The sensitivity functional (SF) connect the first variation of quality functional with variations of variable
and constant parameters and the sensitivity coefficients (SC) are components of vector gradient from quality
functional according to constant parameters. Sensitivity coefficients are components of SF.

The problem of calculation of SF and SC of dynamic systems is principal in the analysis and syntheses
of control laws, identification, optimization, stability [1-25]. The first-order sensitivity characteristics are
mostly used. Later on we shall examine only SC and SF of the first-order. The most difficult are the distributed
objects which are described by the dynamic equations with delays and in partial derivatives [2, 10, 11, 13, 17,
18, 20, 23-25].

Consider a vector output y(t) of dynamic object model under continuous time t € [t,,t'], implicitly

depending on vectors parameters a(t),a and functional | constructed on y(t) under t e[t,, t']. The first

variation 81 of functional | and variations da.(t) are connected with each other with the help of a single-line
1
t

functional — SF with respect to variable parameters a.(t): Oam | = j V (t)da(t)dt . SC with respect to constant
t0

parameters o are called a gradient of | on @: (dI /da)" =V, | . SC are a coefficients of single-line rela-
tionship between the first variation of functional &1 and the variations o of constant parameters o :

8.1 =(V 1) 8a = (dl /da)da = Ziéaj .
j=100;
The direct method of SC calculation (by means of the differentiation of quality functional with respect
to constant parameters) inevitably requires a solution of cumbersome sensitivity equations to sensitivity func-
tions W(t) . W(t) is the matrix of single-line relationship of the first variation of dynamic model output with
1
t
parameter variations dy(t) =W (t)da . For instance, for functional | = j fo(y(t),a,t)dt we have following SC
t0
4
vector (row vector): dl /da = j[(a fo /0y)W (t) + 0 f,/da]dt. For obtaining the matrix W(t) it is necessary
10
to decide a bulky system equations — sensitivity equations. The j-th column of matrix W(t) is made of
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the sensitivity functions dy(t)/do; with respect to component @; of vector @ . They satisfy a vector equation
(if y is a vector) resulting from dynamic model (for y) by derivation on a parameter o; .

To variable parameters such a method is inapplicable because the sensitivity functions exist with respect
to constant parameters.

For relatively simply classes of dynamic systems it is shown that in the SC calculation it is possible to
get rid of deciding the bulky sensitivity equations due to the passage of deciding the conjugate equations —
conjugate with respect to dynamic equations of object. Method of receipt of conjugate equations (it was offered
in 1962) is cumbersome, because it is based on the analysis of sensitivity equations, and it does not get its
developments.

Variational method [7], ascending to Lagrange’s, Hamilton’s, Euler’s memoirs, makes possible to sim-
plify the process of determination of conjugate equations and formulas of account of SF and SC. On the basis
of this method it is an extension of quality functional by means of inclusion into it object dynamic equations
by means of Lagrange’s multipliers and obtaining the first variation of extended functional on phase coordi-
nates of object and on interesting parameters. Dynamic equations for Lagrange’s multipliers are obtained due
to set equal to a zero (in the first variation of extended functional) the functions before the first variations of
phase coordinates. Given simplification first variation of extended functional brings at presence in the right
part only parameter variations, i.e. it is got the SF. If all parameters are constant that the parameters variations
are carried out from corresponding integrals and at the final result in obtained functional variation the coeffi-
cients before parameters variations are the required SC. Given method was used in [21] for dynamic systems
described by ordinary continuous Volterra’s of the second-kind integral and integro-differential equations (the
Lagrange problem) and in [22] for dynamic systems described by ordinary continuous general Volterra’s of
the second-kind integral equations (the Bolts problem). In this article the variational method of account of SC
and of SF develops more general (on a comparison with papers [23-25]) continuous many-dimensional non-
linear dynamic systems circumscribed by the vectorial non-linear continuous more common Volterra’s of the
second-kind integral equations with delay time. The more common quality functional (the Bolts problem) is
used also.

1. Problem statement

We suppose that the dynamic object is described by system of non-linear continuous Volterra’s of the
second-kind integral equations (IE) with delay time t [17. P. 75]

y(t) =r(a(t), o ty,t) + jK(t, y(s),y(s — 1), a(s),a,s) ds, t, <t <t*, (1)
10
y(t) =w(a(t),a, t), t,—t<t<t,, O0<r,
t, =t, (@), t' =t'(a0), 1 =1(a) .

Here: initial t, and final t' instants and also the delay time t are known functions of constant parameters o .
a(t), o are a vector-columns of interesting variable and constant parameters; y is a vector-column of phase
coordinates; r(-), K(:), w() are known continuously differentiated limited vector-functions. The phase coor-
dinate y in an index point t, makes a discontinuity, if certainly y*(t,) = y(t, +0) = r(a(ty), o, ty,t,) #
=Y, —0)=wy(a(ty) a, t,). At the expense of it the right member of the IE (1) (the magnitude of a phase
coordinates y) is continuous in points ty +nt, n=12,---.

Variables n(t) at each current moment of time t are connected with phase coordinates y(t) by known
transformation

n(t) = n(y®,aw),a.t), telt,t'], )
where n(-) —also continuous, continuously differentiable, limited (together with the first derivatives) vector-
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function. Equation (2) is often known as model of a measuring apparatus. The required parameters a(t),o are
inserted also in it. A dimensionalities of vectors y and n can be various.

The quality of functioning of system it is characterised of functional
tl

1(a) = [ fo(n(t), a(t), @, t) dt+ 1, (n(t"), @, t!) (3)
to

depending on a(t) and o . The conditions for function f,(-), 1;(-) are the same as for K(-), r(:), y(-) . With
use of a functional (3) the optimization problem (in the theory of optimal control) are named as the Bolts
problem. From it as the individual variants follow: Lagrange’s problem (when there is only integral compo-
nent) and Mayer’s problem (when there is only second component — function from phase coordinates at a
finishing point).

With the purpose of simplification of appropriate deductions with preservation of a generality in all
transformations (1)—(3) there are two vectors of parameters a(t),o . If in the equations (1)—(3) parameters are
different then it is possible formally to unit them in two vectors a(t),o, to use obtained outcomes and then to
make appropriate simplifications, taking into account a structure of a vectors a(t),o .

By obtaining of results the obvious designations:

r(t) =r(a(t). ot 1), K(t,s) =K(t, y(s), y(s —1),6(s),a5) ,

y(t) =y(a),a t), nt) =n(yt),at),ot), )= fMnd).a),at), L) =1,nt),at)
are used.

It is shown also that the variation method without basic modifications allows to receive SF
1

3l (o) = tjV(t)&SZ(t)dtJr(dI(oc)/dc“i(tl))&}i(tl)+(dl(oc)/da)ésa in relation to variable and constant

to-t
parameters.

2. Variational method at use of models (1)—(3)

Complement a quality functional (2) by restrictions-equalities (1) by means of Lagrange’s multipliers
Y(t), telty,t']; ¥(t), t et, — 7,t,] (column vectors) and get the extended functional

I =1(a)+ ]lv NONOR j K(t,s) ds—y(t)]dt + tj Y Oy - y®] dt, 4)
f %) to—7
which complies with 1(o) when (1) is fulfilled. Take into account the form of functional |, change an order
of integrating in double integral inside of triangular area (see fig. 1) i.e.tjle(t,s) ds dtztjltle(s,t) dsdt
totp fot
tl t tltl
ij (t)jK(t,s) dsdt= ”yT (s)K(s,t)dsdt (5)
to to tot

and then extended functional (4) accepts a form:

L= 1,9+ [{f )+ OIrE) -y +

; N - ©®)

+ [T ()K(s,t) dsydt+ [ ¥T(OIw(t) - y()] dt
t -t

85



A.l. Rouban

tlm tllé
AL, t
tO tl t0 tl

Fig. 1. Triangular area and order
of an integration

Find the first variation for | with respect to 8y(t) and to da.(t) (t € [t,,t")), da(t"), 8a taking account:
1) continuity solution of IE (1) in singular points: y(t, + nt+0) =y(t, +nt—0),n=12, ..., 2) dependence
the right member of IE (1) on y(t) and on y(t —t), 3) interconnection (3) between n(t) and y(t), a(t), o,
4) dependence t,, t*, t, 1,(t") on @ (ie t, =ty (a) tl=t1(a), t=1(a), Lt =1,MmtH),ath)):

ofy (t) an(t) K (s,1)
3l = (') dy(t") + j[ w0 2y(0) !v (), 45— 1oy dt+

+”f(s)%ds ay(t—r)dt—tf 7T (05 y(t)dt +
O, ) n®) | 06,0) 1y XD oK (s.1)
I[anm o e Oz j O T CIHO

ty

a() 6(t)6(t)
_I_{al(t)@n(t) al,(th j[af (t)&ngt) af_(t) ()8r_(_t)+]~yT(s)6K(_s,t)dS]dt+
on(t') oo oa on(t) oo oa oo oa

j_T(t)aW( )dtJ{—f , )+jy (t)[ar(t) K (t,t,)]dt +

A -t —7) j FTOKEE +1-0)— K(t.t, +r+0)]dt}dt
do

to+t

on(th) att ott

ty+t

[an () onth) o) | fo(tl)} gi_ s {1@1_% _q) j Y OIK L +7—0)— K(t,t, +7+0)]dt -
(04

oK(t,s) dy(s— r) _
‘[ ()Jay(s 1) d(s—1) dt:ldoc}8 )
gln((: )) gng ; @(t") . 1(z) - single function: it is equal to zero under negative values of argument and

is equal to unit under positive values z. The appropriate addends with single function are absent in (7) if
the singular point t, +t is outside of an interval [t,, t']. The argument (t, +t—0) in appropriate functions
designates that the function undertakes to the left of a point t, + t and the argument (t, + t+0) is similar
specifies that the function undertakes to the right of a point t, + 7.

Out of object equation (1) we calculate the first variation 8y(t') (variation, included in the first addend
of (7))

oK (t, KIS 56y ds+ jaK(t ) sy(s—0)ds+ jaK(t ) s

dou(s) ds+
y(s) (1) o 0a(s)

dy(th) = I
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) sy {ar(t) ‘IaK(t 9 g

" o) o o o
[ar(t) K(tl,t0)+1(t1—t0—r)(K(tl,tO+r—O)—K(t1,t0+r+0))]%+
0 (04
alc ) Kt jaK(tl 5 s ]d—tl
ot
1y 1 o Kt 8K(t s) dy(s— T)
HA(E —t, —T)(K(Et, +1—0)— K(t',t, +T+0)) - Iay(s 36D ]da} : (8)

Then the first variation (7) obtains the following form;
8I=6y(t)l+8a(t)l+6 L1 +851 5 9)
(t

By = i[cb(tl) a*;;t(i’)” + ;f‘)((tt)) 2;‘8 + f O ((St) g5y @18y ot +
+}[c1>( )SK(S t)) j ") (fK(t(s ‘))d]zw(t r)dt—oj 7 syt (10)
B )
j T(s) aK(? )t) ds]56(t) dt + j 7T () ‘{’85 &t dt: (11)
” =[Z'l((ttl)) D oy T )i (12)

ar(t ) jaK(tl,s) ds] +

+ ()] =

5.1 = ol,(t") on(t) a|1('[ )
* () oa o

10

o) an(V) , e(®) .+ OT) oK (s.)
j[ﬁn(t) ot ()gﬂy() ds] dt +

or(th)

+j yrt)—/—= “’(t) dt + {Cb(t ——2 - K(tht,) +1(t" —t, — t)(K(t',t, + T 0) - K(t',t, + T+ 0))] -

—f,(t,) + jy (t)(ar(t) K (t,t,))dt + 1(t" —t, — 1) j YTOIK(t,t, +1—0) - K (Lt +r+0)]dt}jt
o

th+t

+[¢<t)[ar<t> s ) g B2 ), fm]L
t0

o) e —t, - Kt + 71— 0) — K(t,tg + 7+ 0)) - t{)g;((it_sg Zy((: :)) 5]+
+1(t' -t - 1) ] YT (K (t,t, +1-0)— K(t,t, +t+0))dt -

i+t

oK(t,s) dy(s— r) _
I ()Jay(s—)d(s 1) dt}da}s (13)
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For union of integrals with identical variations 8y we shift back interval of an integration on magnitude
7 inintegral with dy(t —t) (in this connection the argument in integrand thus will increase on t) and obtain
a following result:
oK (t,1)
oy(t-1)

0K(s,1)

j[() Sy

jy()

dsJSy(t—t)dt=

s 1 OK (th,t+7) oK (s,t+1)
= 1t - -t )W)T+iy (s)?)tds]s yOydt+

f 1 t
+ e _r-ppo) KRG [v (s)wds]ﬁ yOdt .
oy(t) e ay(t)
Here for compact writing the single function 1(z) (which equals to zero by negative value z) is intro-
duced. In this connection such variants are taken into account when instant t* —t is found inside and outside

of interval of system operating period [t,,t'].

We substitute this formula in the first variation (10), join components with identical variations and
obtain that

ds +

W KD | 01,0 an() K (s.1)
J{ O30 a0 oy !Y 0

+(e o) KELED, j (9 K& D g (t)}sy(t)du

oy(t) dy(t)
e LK+ o OK(st4T) o g
*Jll“ O O “’}y“)‘“- 2

In a variation (14) we equate with zero factors before variations of phase coordinates dy and discover:
the conjugate equations for basic Lagrange’s multipliers y(t)

,YT (t) — cD(tl) aK (tl’t) + 8f0 (t) 811(t) " ]‘YT (S) GK (S,t) ds N

oy(t) 811('0 oy(t) oy(t)
A — 1) (" )aKg (tt)”) j GKG(S(I;T) ds], t, <t<t', (15)

and equation of account of Lagrange’s multipliers y(t) appropriate to initial function of integral equations
with delay time (1)

vT(t)=1(t1—r—t)[q>(tl)%+ly (s)%(t;”)ds] t,—t<t<t,. (16)

These equations are decided in the opposite direction of time (from t').
From the conjugate equations (15), (16) it is possible to remove single function and to add them a cus-
tomary aspect.

If t,<t'—t<t', i.e.length of an interval [t,,t'] transcends magnitude of a delay time <, then:
oK (t,1) N of,(t) on(t) +J."/T () oK (s,1)
oy(t)  on(t) oy(t) oy(t)
. OK(E1) | 0f(1) n(t) K1) o

t) = Dd(t
rO=2O50 o avo I YN
aK(tl,t+r)+T T(S)GK(S,t+t)
oy(t)

ds for t'—t<t<t!,

Y () =0(t)

ds for ty<t<t'-r,

t+1
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7T(t>=®<tl)%+] (X D o, esist,

If t* —1<t,, i.e. the magnitude of delay © transcends length of an interval [t,,t], (in this case magni-
tude t,+t transcends t' — goes out for an interval of object work):
,YT(t)ch(t)aK(t t) of, (t) on(t) J- ()aK(s t)ds for t,<t<t',
oy(t) an(t) oy(t) oy(t)
7' () =0 for t' —t<t<t,,

VT(t)=<D(t1)%+ Iy @B for y—estzt .

As a result three components of the first variation sl = ;1 + 8~(t1)| + 841 of functional (3) in relation

to variables a(t) and constant parameters o(t'), @, are presented accordingly by formulas (11), (12) and
(13).

This result is more common in relation to appropriate results of works [17, 21-25]. An additional im-
portant summand I,(n(t"),a,t') in a quality functional | and dependence t,,t', © from @ are taken into
account.

Example 2.1. (The integral equations without delay time [22]). We shall consider an object model as
ordinary non-linear continuous vector of Volterra’s of the second-kind integral equations with variable and
constant parameters a.(t), o :

t
y(t) = r(@(t), o, t,t) + [K(t, y(s), a(s),@,s) ds, ty <t <t', t, =ty (@), t =t'(a).
to
The model of measuring apparatus and quality functional are the same as before:

n(t) =n(y().a(t),a.t), tefty,t'], 1(e) = [ fo(n(®),a(),a,t)dt+ 1 (n(t"), a,t').
to

From (15) we have the conjugate equations for Lagrange’s multipliers v(t):

6K(t1,t)+6f0(t) on(t) oK (s, t)OIS L <t<t
oy(t)  on(t) oy(t) oy(t) ’

v (1) =D(t)
and from (11), (12), (13) — SF:

+jv )

81 = 8591+ 1 +31

j[af o on®) , () 1y OO g1y KED 't)+f (S)r’?K(st)d]6 () dt

%ol =500 aan T T Ve dat) 10 " aal)
oL@ o) | o) o~
a1 n(th) oa(tt) (D(t)a&(tl)]sa(t)’

+ ()]

512 {all(t ) on(t!) |, a1y (t))

ar(t) jaK(tl,s)dS]+
o) oda oo

o 0o
ofy(t) an(t) , 9f(®) | 1 X (1) ¢ K (s.t)
J’[811('0 oo P +1 () oG +J;Y (S)—G& ds] dt +

{q)(t )[ar(t ) or ()

—K(tht) - ot )+jy O, "~ Kttt &,
do
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o )[a'r(t ) K (1Y) + jaK(ti’s) gs]+ Za) on) | o) | fo(tl)}d—t_l}da
o ot o) ot ot da
This result is more common in relation to appropriate results of works [7-9] and certainly agrees with
result in [10]. An additional important summand |I,(n(t"),a,t") in a quality functional 1 and dependence
t,,t', © from o are taken into account.

Example 2.2. (The differential equations with delay time). Consider that the dynamic object is
described by system of non-linear continuous differential equations with delay time and with variable and
constant parameters a(t), o :

y(t) = f(y(@®), yt-1),a(t),at), t, <t<t,
y(©) = w(a(t),a, 1), t ety —1,t), Y(t) = Yo (o ty) - (17)
In an index point t, the phase coordinates y can have a break: y,(a.,t,) = w(a(t),o,t,) .
We transform model (17) in Volterra’s integral equation of the second genus with delay time (1)
t
y(t) = Yo(a,t) + [ F(y(s), y(s —1),a(s),a,s)ds, ty <t <t,

to

y(t) = w(@(t), o, 1), t ety —T.t;) . (18)
Now

r(t) = yO (a,to), K(t,S) = f (y(s)!y(s - T),&(S),a,s) = f (S) .
We write the conjugate equations (15), (16) for Lagrange’s multipliers

r ey OFo (1) an(t) of@,
T O=30 3 0 +[o(t) + j JOLS vl

A - t)[D() + j yT(s)ds]a;(;(Jr)T)

T =10 e O + [ 7 (s)ds]a;“:)’:)

, t<t<th,

t,—T<t<t,

and SF (11)~(13)

0fo(t) on(t) . 9fo (1) ()af(t)

ol = aa(t) +90 (tl)l +851, a(t) I[ an(t) aa(t) aa(t) 80((1:)

of (s)
oa(t)

51 = 1 oL(®) an(t) | an(t)
o (") oa oa

ds]aa(t) dt + j (t)aW(t)S () dt = W) on(t) ooy

f O3 dai(t) %) = on(@) Ga(0)

+O(t)[

o (a,ty) faf (s) ds] +
oo

i oa

of (t)a"](t) of (t) aYO(O" t,) af(t) =T ,(aty)
j[ ) & () Ak L j (s)ds] —~ dt+J. (1) dt=e =

{(D(t )[ayoéto‘ o) — f(ty) + 1t —t, — ) (f (ty +T—0)— f(t, + T+0))]—

(0}

f(t)+jy (t)dt(ayogt“) f(t,)) + 1t —t, — 7) jy @)t f (t, + 71— 0)—f(t0+r+0)]]

0 to+t

an(tl) ott ott doc
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o Coaf(s) dy(s—1)
(POt = 700 1+ o+ O) - [ P

ds]+

Uty = 1) [ 1 O (b +1-0) = F(t + 7+ 0)]-[y" (Ot ay6(f (S)r) Zy((ss :)) } da}s_

These results it is possible to represent in more customary (for differential equations) form. After change
of variables:

(D(tl)+]yT(s)ds=kT(t); ore —AT(t)=y"(t), AT(t") = D(tY) ;

we obtain the conjugate equations in differential form

;T ofy(t) on(t) of(t) T oft+1) 1,4 1 1
AT =22 Tt At —t—AT(t ——, A () =0(), t, sttt
® an(® 3y ()8y()+( A (t+1) 0 )=o), t,<t<
7O =1t -t — A (t+ )af(t(“L)T), L —T<t<t,.

and than SF have the form

ofy (t) on(t) afo (t) of (t)
I [8n(t) ()  al) MO 0 dt+
* t.izl(tl_‘c—t)x-r(t-i- )Ma\lf(t) a|l(t ) an(t ) a(t 5

Hh-t

Sal(t) dt
ay(t) aaf) O] on(t) aa(t)

5.1 = {m(t)an(t) ol(t) ﬂt)ayo(om

oY) oa oa

j[af o® o) | 01O xT(t)af(t)]dH j1(t1—r—t)xT(t+r)af(t”)dt+ay°(§’t°)+
on(t) oo oa . oy(t) oo,

{kT(t )[ayO(a - ) f(t0)+1(t1_t0 _T)(f(tO +T_O)_ f(to +T+O))]_ fo(to):|:_t2+
(0

O

gy O on@) o) o ]dt
{d)(t)f(t)Jr&n(tl) p + g + o (t )}d&Jr

Ty el L Oof(s) dy(s—1), |dt)._
+[AT () [t —to—r)(f(t0+r—0)—f(t0+r+0))—t_[ay(s_r) - ds}ﬁ}é‘)a.

Conclusion

The merit of variational method is applicability of its both for calculation of SF and SC. Besides
the equations for Lagrange’s multipliers remain without change.

Variables and constant parameters are present also at model of the measuring device and at generalized
quality functional for system (the Bolts problem). In a basis of calculation of sensitivity functionals the deci-
sion of the integrated equations of model in a forward direction of time and obtained integrated equations
for Lagrange's multipliers in the opposite direction of time lays.

Variation method of calculation of SF and SC allows a generalization on objects described by vectorial
Volterra’s second-kind integro-differential equations with delay time.

Results are applicable at design of high-precision systems and devices.

This paper continues research in [17, 21-25].
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CTAILIMOHAPHOE PACHPEJEJEHUE B IPOCTEMIIEN RQ-CUCTEME
MACCOBOI'O OBCJIYKUBAHUA

Paboma evinoanena npu yacmuunoil Qunancogoii nooodepacke ponoa PODHU (npoexm Ne 17-07-00177).

Pabora nmocesiiieHa BHIYUCICHHUIO IPEAETbHOTO pacipeaeleHns B MOJIEIN OqHOKaHaNbHOH RQ-cucTeMsl B mpeamnono-
KEHHH, YTO HHTCHCUBHOCTH BXOJHOTO IIOTOKA 1 0OCITYKMBAaHHUS 3aBHUCST OT YHCIIA 3aIBOK HA OpOHUTE. DTH BEIYHUCICHUS
OCHOBaHBI Ha PEIICHUH CHCTEMBI CTAllMOHAPHBIX ypaBHeHHH Konmoroposa—YenmeHa Juist porecca, OMUCHIBAIONIETO
RQ-cucremy, u mnpenensHOM paclpenereHHH Ipoliecca THOSIH U POXKACHUS ¢ MPOU3BOJIBHBIMI HHTEHCUBHOCTSIMU
THOeNN U POXKIICHUSL.

KuoueBble cioBa: RQ-cucrema; npouecc rudeny M poxxXAeHUs; CTallioHapHble ypaBHeHus Komvoroposa—YenmeHa.

B monorpaduu [1] npuBenen noapoOHsIA 0030p pe3yasTaToB 1Mo pacueTy RQ-cuctem maccoBoro 00-
cinyxuBaHus. MccnenoBanue CTaOMIBHOCTH CIYYalHBIX MPOIIECCOB, OMMCHIBarOIMUX RQ-cucTemsl, mpose-
neHo B [2, 3]. B [4] u nocnenyromux paboTtax ucciempoBanue RQ-crcteM mpomomkeHo B HApPaBICHUN MX
ACUMIITOTHYECKOT0 aHanu3a. OHAKO OCTAIOTCS HE BIIOJIHE UCCIICAOBAHHBIMU BO3MOXXHOCTH TOYHOTO BBIYHC-
JIEHUS CTAIIMOHAPHOTO pacmpeAeNieHus B pa3nuyHbIX RQ-crcremax, 0COOCHHO €CIM WX XapaKTePUCTHKH
3aBUCAT OT YKCJIa 3aBOK Ha OpOUTE.

Hacrosimas paboTa mocesiieHa MOMCKY TOYHBIX PEUICHHUN 3TOH 3a/Ja4yd B CHMBOJIBHOM BHJIE JIJISL OT-
JnenbHbIX Mogeneld RQ-cuctem. B ee ocHoBe nexar cranimoHapHele ypaBHeHus KonmoropoBa—YenmMena amst
MapKOBCKHX IPOIIECCOB, OMUCHIBAIONINX RQ-crcTembl. [|jist IOMCKa 3TUX PEIICHUI UCIIONB3YIOTCS U3BECTHBIC
CTallMOHApHBIE paclpeeNIeHHs MPOIeCCOB THOeNH U pokaeHwus [5]. C moMonisio Noay4eHHbBIX (opMy yaa-
€TCS TIOJYYUTh HEOOXOIUMBIE YCIIOBHSI CYIIECTBOBAHUS CTAllMOHAPHBIX pachpeneseHnii B RQ-cucremax u
MOCTPOUTH aHATOTH KOI(PUIIMEHTOB 3arpy3Ky B HUX.

1. OcHOBHBIE pe3yJIbTaThI

Crienys [4], paccmorpum RQ-crctemy, onuceiBaemyto mapkoBckum mporeccom (K(t),i(t)), roei(t) —
4rcino 3asBOK Ha opbute RQ-cucremsl, K(t) xapakrepusyer cocTosiHHE OOCIY)KHBAIOLIETO YCTPOMCTBA:
k(t) =1, ecinu ycTpoiicTBO 0OCIy:KHBaeT oyepeaHyto 3asBKy, K(t) =0, eciu OHO M0 KAKUM-THOO NPHINHAM
npoctanBaer. Ecian npubop cBoGO/ICH, TO HHTCHCHBHOCTh YXO/a 3asBKU C OPOHMTHI paBHA G; W 3aBHCHT OT
4pcia 3asBoK | Ha opbute, oy = 0. Ecam nmpubop 3aHAT, TO MHTEHCUBHOCTH YXO/a 3asBKH C OPOMTHI paBHA
HYJIIO (3asIBKa MTHOBEHHO YXOJIUT C OPOUTHI U BO3BpAIaeTcsi Ha Hee). IHTeHCHMBHOCTD 00CITyKUBAHUS 3asIBKH
Ha pudOpe paBHa |, a MHTCHCHBHOCTH BXOJHOIO ITyaCCOHOBCKOTO MOTOKA paBHa A;, rae i1>0 — gucio
3asiBOK Ha opoOwuTe.

B pabore paccMaTpHBAarOTCS BE MOJIEIM yXOja 3asiBOK ¢ OpOUTHL: ©; =0, o; =io, i>0. Ilepsas

MOJICJIb MPEIoJIaraet, 4To Ha opouTe (OpMHUPYETCS OUePeIb 3asBOK, JKIYIIHUX IIEPEeX0/1a Ha Ipubop, a yiuTu
Ha TIpuOOp MOXKET TOJIBKO IepBas 3asiBKa odepedu. Bropas mojenp mpeanoiaraer, 4To BCE 3asBKU Ha
opOUTEe HE3aBHUCUMO JAPYr OT Apyra MOTYT MepedTd Ha mpubop. s Takux moneseii BBIBOASITCS SBHbBIC
(hopMyIBI BEIYHCIICHUS CTAIIMOHAPHBIX BEPOSTHOCTEH W HEOOXOIMUMBIC YCIOBUS CYIIECTBOBAHUS ITHX
BEPOSITHOCTEH.
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O603HauUM
(s + 0 4o i
ai:?\.|(7\4|+0|),yi:7\4|+0|, |20, p():ly piznmv i>o0.
Hi Ui I=1 O
IIycts p(k,i), k,i=0,1,..., mpexensroe pacupenenenue npouecca (K(t),i(t)), t=0.

Teopema 1. [Ipedenvroe pacnpedenenue P(K,i) yoosremeopsiem pasencmeam
. -1
p(0,i) = p(0,0)p;, p(1,i) = p(0,i)y;,i=0, p(0,0) {_Zopi (1+Yi):| : 1)
1=
Ecnu maprosckuii npoyecc (k(t),i(t)), t>0, saeraemca speoouveckum, mo

%Pi (I+7;) <. )

/Jlokazamenscmeo. llepexonHble WHTEHCHBHOCTH RQ-cucTeMBl ¢ OmHUM  OOCTYKHBAIOIINM
YCTPOKCTBOM ONpPEAENSIIOTCS puc. 1.

Puc. 1. I'pad nepexoqubix nHTEHCUBHOCTEH RQ-crcTeMbl
Fig. 1. Transient RQ-system intensity graph

Bemmumem cucremy ypaBHeHui Konmoropoa—UernMeHa ansi JaHHOHW CHCTEMBI OOCITY:KWBaHHS,
WCTIONB3YS puc. 1:

p(ovo)xo = p(l’o)M01 (3)
PO, +07) = p(L,i)w;, 1>0, (4)
P(1,0)(2q +Ho) = P(0,0)A, + p(0,1)oy, ()
P(L ) + ) = p(0,1)2; + p(0,i+1)oi,y + p(L,i—1)Ai4,1>0. (6)
U3 dbopmymner (3) Haxogum:
p(1.0) = p(0.0) 2. ™
Ho
U3 popmyinel (4) momyyaem:
p(Li) = p(0.) 2% >0, 8)
U3 dbopmyn (5), (7) cnenyer, uto
p(0,0) 220 H0) = 0,01, + p(O.1)o,
Ho
1 3HAYUT
PO, = p0,0) 2021, ©
0
U3 popmy (6), (8) cnenyer, uto
p(O, i)(M+ci j = p(0,i+1)0,,, + p(0,i—1) MiPiat o) (10)
i Hi1
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[epermnmenm dopmymst (7) — (10) B Buze:
p(o’o)ao = p(ovl)cl’ p(01 i)(o'i +Gi) = p(Ovl +1)Gi+1 + p(o’ i _1)0(1—1’ i>0, (11)
p(1,i) = p(0,i)y;, i=0. (12)

Torma u3 popmyn (11), (12) (em.: [5. T'n. 7, § 4]) cnenyroT paBenctra (1). Takum 06pa3om, eCiid MApKOBCKHit
npouecc (K(t),i(t)), t >0, sproguueckuii, To BHIIOIHAETCS HEPABEHCTBO (2).

CaencrBue. Eciu maprosckuti npoyecc (K(t),i(t)), t=0, ssraemca speoouueckum, mo, ucnonvzys

pezyavbmamol cmamwu [6], ModicHo dokazame, umo cmayuoHapHvle nyaccoH08CKUe ROMOKU 3A60K, YXOOSUUX
u3 RQ-cucmemvl, nocmynarowux ¢ opoumsl Ha C80O0O0HIL NPUOOP, NOCMYNAOWUX HA OPOUMY, UMeEOm
cedyrouue UHMEHCUBHOCHIL:

A= i) (L, A, = io PO,i);, Ag = io p(L iy,

2. Ilpumepsni

Mopaens 1. Paccmotpum BBeieHHy0 B [ 7] Monenb RQ - cuctemsl:
A=A, W =W, 120, o;=0, 1>0,0,=0.

W3 teopemsl 1 cnenyer, uto

1
o
D(O,O):{lﬂ’o +(1+Y)G_O(J , P(1,0) = p(0,0)y,, (13)
i-1
o oy a o N
p(orl) - p(oao)?(gj ) p(lvl) - p(OlI)Y! 1> 0; (14)
rue
AL+ A+ ag(a) " . A2 A
OLiEOL:M, P = :_01 pI:_O[_j , 1>0, Og=—, Yo =—, pO:]__
n u c\o u u

CrenoBarensHO, B cooTBeTcTBUM ¢ Gopmynamu (13), (14) HEOOXOAUMBIM yCIOBHEM 3PTOJUYHOCTH
npornecca (K(t),i(t)), t >0, sBusercst cooTHOLICHHE

—=——— = —+—<1. (15)
B [3] nokazano, uTo HepaBeHCTBO (15) SBISETCS JOCTATOYHBIM YCIOBAEM 3PTOAMYHOCTH MapKOBCKOTO
nporecca (K(t),i(t)), t=>0.
Mogeasn 2. PaccMOTpuM Teneph €Iie OJUH MHTEPECHBIM IJI1 MPUI0KEHUH YacTHBIM ciydaid, KOTrja
Ai =\, W =, o; =ic [7]. B atom ciiydae

Iy i
Po =1 yo=—, pi =H(

L i>0, (16)

W o o

Al-1) 22 J A+
+ , Y =
n 1=1

Y BBITIOJHAIOTCS paBeHcTBa (1).
o0
Uccnenyem ycimoBue (2) cxomumoctu psima . pi(1+7v;), sBusromeecss HEOOXOAUMBIMH JUIS
i=0
sproauuHocTu MapkoBckoro mporecca (K(t),i(t)), t>0.3tor psaa cxomures Torga M TOJBKO TOTA, KOrja

0 ) i i — 2 0 i i
Zyipizzkﬂcn Mi-1) A7 :.ZKHGH&(LL}[&_lD-
i=1 izt o=l wlo ) iz poo=p I\o

CXOJIUTCS Psif
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o0
HeoOXoIMMBIM YCTIOBUEM CXOJAMMOCTH psiia Y. p;Y;, ABISETCS HEpaBeHCTBO A <. Jlokaxem
i=0

A A
JOCTaTOYHOCTB 3TOr0 ycioBus. [lycts A <, onpenenum L ycmoBuem —| 1+ — |=a <1, Torma
1) c

0 L 0 i .
2 YiPi SH&(]-Jr&) > xHGa'_L < 00,
i=L+1 =11 lo Jiz=lsa

Takum ob6paszom, psan Y. p;(1+v;) cxomurcs mpu A <. ABTOpOM cTaThd [3] B yCTHOM JOKIazie
i=0

OTMECYCHO, YTO HEPABECHCTBO A< W ABIIAETCA JOCTATOYHBIM YCIIOBHUEM SPTOAUIHOCTH MapKOBCKOT'O IpOIICCCa

(k(t),i(D)), t>0.
3akioueHue

OCoOEHHOCTBIO TTOIYYEHHBIX B Pa00OTe Pe3yIbTaTOB SBIISIETCSI BO3MOXKHOCTh PACCUMTHIBATE paclpese-
JICHHE B MapKOBCKO# Monenn RQ-cucteMbl pu 10CTaTOYHO MTPOU3BOJIBHBIX 3aBUCHMOCTSIX HHTEHCUBHOCTEH
BXOIHOTO HOTOKa U OOCITy>KUBaHMS OT YHMCIIa 3asBOK Ha opOHUTEe. DTO MO3BOJIAET PACCMATPUBAThH PA3TIHMYHbIE
MexaHu3Mbl afantauui RQ-cuctemsl K TeKylieMy YHCIy 3asSBOK Ha OpOUTE, a TAKKE CTaBUTh U PELIaTh pas-
JIMYHBIE ONTUMHU3ALMOHHbIE 3a0a4H.

JIMTEPATYPA

1. Artalejo J.R., Gomez-Corral A. Retrial Queueing Systems. A Computational Approach. Berlin, Heidelberg : Springer-Verlag, 2008.

2. Bumnesckuit B.M., [lynun A.H., Knumenok B.M. CtoxacTHUecKHe CUCTEMBI ¢ KOPPEIHMPOBAHHBIME MTOTOKAMH : TEOPHSI U TIPUME-
HCHHE B TEJICKOMMYHHUKAIIMOHHBIX ceTsx. M. | Texnocdepa, 2018.

3. Afanaseva L.G. Stability conditions for constant retrial rate queuing system with a regenerative input flow // Proceedings of
IX Moscow International Conference on Operatiobns Research. 2018. V. 1. P. 308-313.

4. Hazapos A.A., MouceeBa E. A. Uccnenosanne RQ-cucremsr MMPP|M|1 MeToq0M aCHMITOTHYECKOTO aHANIW3a B YCIOBHU
6ompmioi 3arpy3ku // U3Bectus Tomckoro monmurexamdeckoro yausepeurera. 2013. T. 322, Ne 2. C. 19-23.

5. Kapmun C. OcHOBBI TeopuH ciydaiHbIX nponeccoB. M. : Mup, 1971.

6. Tsitsiashvili G.Sh., Osipova M.A. Modelling of output flows in queuing systems and networks // Information Technologies and
Mathematical Modelling — Queueing Theory and Applications. Vol. 912 of the Communications in Computer and Information
Science series. ITMM-2018. P. 106-116.

7. Fayolle G. A simple telephone exchange with delayed feedbacks. In Teletraffic Analysis and Computer Perfomance Evaluation /
0.J. Boxma, J.W. Cohen, H.C. Tijms (eds.). Amsterdam : Elsevier, 1986.

Ioctynuna B penakunto 14 centsiops 2018 r.
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This paper is devoted to the search for exact solutions of the considered problem in symbolic form for individual models of
RQ-systems. It is basing on the stationary Kolmogorov-Chapman equations for Markov processes describing RQ-systems. With
the help of the obtained formulas, it is possible to obtain the necessary conditions for the existence of stationary distributions in
RQ-systems and to construct analogues of loading coefficients in them.

Consider the RQ-system described by the Markov process (k(t),i(t)), where i(t) is the number of customers in the orbit of the

RQ-system, k(t) characterizes the state of the server, k(t) =1, if it serves the customer, k(t) =0, if it is idle for any reason. If the
server is free, the intensity o; of the withdrawal of the customer from the orbit depends on the number i of customers in orbit o, = 0.

If the server is occupied, the intensity of the withdrawal of the customer from orbit is zero (the customer instantly goes out of orbit
and returns to it). The service intensity of the customer on the server is equal to n;, and the intensity of the input Poisson flow is equal

to A;, where i>0 is the number of customers.
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The paper considers two models of customers leaving the orbit: o; = o, o; =ic, i>0. First model assumes that a queue of

customers waiting for the transition to the server is formed in the orbit, and only the first customer of the queue can go to the server.
The second model assumes that all customers in orbit can independently switch to the server. For these models, explicit formulas for
calculating stationary probabilities and the necessary conditions for the existence of these probabilities are derived.

Denote

o - M +oi) +Gi), ¥i At ,i20, pg =1, p; = ]I'[h, i>0.
i K I=1 G
Assume that p(k,i), k,i=0,1,..., isthe limit distribution of the process (k(t),i(t)), t>0.

Theorem. The limit distribution p(k,i) satisfies the equalities

-1
p(0.i) = p(O,0)py, P(LI) = PQ.i)ys, 120, p(0,0) = Lzopi(mi)} .

If Markov process (k(t),i(t)), t>0, isergodic, then

ipi(l‘* ¥i) < oo

Keywords: RQ-system; process of death and birth; stationary Kolmogorov—Chapman equations.
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CPABHUTEJILHBII AHAJIN3 PEAJTU3ALIMIL JEKOJEPOB BUX-KOJA
C HIAPAMETPAMU (15, 7, 5) HA TJIUC

Paboma evinonnena 6 pamrax epanma POOU Ne 18-47-700010 p_a om 07 urons 2018 a.

PaccmarpuBaroTcs peanu3aniy TabIMYHOTO U IUKINIECKOT0 METOIOB JICKOIMPOBAHUS JUTSl UCIIPABIICHHUS ABYKPATHBIX
HE3aBHCUMBIX OHIMOOK C JJIMHOW KOJOBOTO clioBa 15 OWT W INIMHON WH(OPMAIMOHHOrO OJ0Ka 7 OWT Ha OCHOBE
porpaMMupyemMoi Jioruueckoil uaTerpanbaoil cxemsl (IIJIMC). Onmcanbl ciocoObl yBeTUUEHHST OBICTPOIACHCTBHS
peanu3yeMbIX yCTPOHCTB 3a CUeT MPUMEHEHHUS TapaUIeNbHOH CTPYKTYPBI M MATPUYHOTO aJrOPUTMA AEICHNUS MONNHO-
MoB. [IpuBeneHo cpaBHEHHE 110 OBICTPOICHCTBHIO PA3INYHBIX peaIn3alyi IeKOAepOB ¢ MPUMEHEHHEM TabIMIYHOTO 1
LUKIMIECKOTO METOJO0B JEKOJHPOBAHUS. Y CTAaHOBIECHO, YTO MPH PEATN3alUH IUKINIECKOTO METO/1a MHHUMAIILHOE
BpeMsI IEKOJUPOBAHUSI BXOJHOH KOJOBOI KOMOWHAITMN MOXKHO yMEHBIINTH 10 12 He.

KroueBble cioBa: moMexoycToiumBelil kog; ko1 boy3a—Yoynxypu—XoKkBuHTeMa; TaOJIMYHBIA METOJ IEKOIHPOBa-
HUS; TUKITAYECKUI METOA AEKOANPOBaHus; anmnaparHas peanusanus; [IJINC.

B coBpemenHom mupe 6osbire 00beMBbl JaHHBIX NMEPEJA0OTCs MO pa3InyHbIM KaHajdaM cBs3u. B mpo-
1ecce nepeadn CymecTByeT BEPOSITHOCT, BOSHUKHOBEHHUS OIIMOOK B JIAHHBIX, BHI3BAHHBIX BIHSIHUEM OKPY-
xaromiei cpesl. J{ist o0OHapyKeHMsI ¥ HCTIPABJICHUS TAKUX OIIHOOK HCIOIB3YIOTCS TOMEX0YCTOWYHBEIEC KOJIBI.
Haunbonee wacto BcTpeuaromuMmuics B JIaHHON oOmacTu sBsiIoTCs KoAbl boyza—Yoyaxypu—XokBuHrema
(BUX) [1, 2], KOTOpBIE OTHOCATCS K MIMPOKOMY KIIACCy ITUKIMYECKHX KOJOB M CIIOCOOHBI OOHAPYKUBATH W
HCTIPaBIATH OOJBIIOE KOJIMYECTBO HE3ABHUCUMBIX OIIUOOK B MPUHAMaeMOi komOnHanuu. O0nacTb mpuMeHe-
HUs Ko1oB BUX oxBaThIBaeT MIMPOKUH CIIEKTP CUCTEM MEepejauu JaHHBIX: CUCTEMBbI IU(POBOTO TEIEBUICHUS
(crapmapter DVB-S2X, DVB-C2) [3], enuHy0 €BpOMEHCKYIO CUCTEMY CBSI3U, COTOBYIO W KOCMHYECKYIO
CBSI3b, CHCTEMBI aBTOMATH3aI[1H TPOU3BOJICTBA, CUCTeMbI e pkuHTroBoH cBsizu (POCSAG, BUX-koxa (31,21))
[4]. Kombr BYX MOXHO HCTIONTB30BaTh HE TOJIBKO TSI IPOMBINIJICHHBIX IEJICH, HO U 111 BOCHHBIX, HAIIPUMEDP
JUISL CHCTEM KOJMPOBaHUsI—IEKOANPOBaHHS HH(OPMAIIWY, TIepelaBacMOii ¢ OECITIIIOTHBIX JIETATEIbHBIX alllia-
patoB (BIUJIA).

Bo MHOTHX Takux cTaHAapTax mepeaady JaHHBIX TPUMEHSIOTCS KOabl 60mboi JuHb! (0T 1 024 6uT),
OJIHAKO KOJIbI MajIoN JJIHHBI (10 31) U ¢ KOPPEKTUPYIOIIEH CIIOCOOHOCTBIO 10 2—3 OWUT TaKK€ MOTYT OBITh
BOCTpeOOBaHHBIMH B CHCTEMax C Mepenadeil HeOOIbIINX MaKEeTOB KOMAaH/ MM JaHHBIX, a TAaKXKe TpU pa3pa-
00TKe COOCTBEHHBIX MPOTOKOJIOB. Tak, KOJbI JUIMHOW JI0 15 OUT MCIONB3YIOTCS B CHCTEMaX aBTOMAaTH3aluU
mpousBoacTsa win B BIIJIA [5]. OxHako mist ogHOro u Toro sxxe bBUX-koaa CyIiecTBYIOT pasHbIe IMTOIXOIbI K
peanu3aium, KOTopbie OyIyT OTJIMYAThHCS IO OBICTPOICHCTBHIO U aNapaTHBIM 3aTpaTaM, 4To TpeOyeT J0ToI-
HUTEJIBHOTO MCCIIEI0BaHMSL.

1. O6G30p cyuecTBYIOIIMX AJTOPUTMOB

B cucremax cBsi3u npu niepeade JaHHBIX HCIIONB3YETCs IBa YCTPOUCTBA — KOZEP U AEKOAEp, KOTOPhIS
HaxOoIATCS Ha OTIPABIBIIONICH W MPUHUMAIONICH CTOPOHE COOTBETCTBEHHO. AJITOPUTMBI JCKOIUPOBAHUS
HMEIOT CBOM OCOOCHHOCTH M Pa3jIMYarOTCS IO CTEICHHM CIIOXKHOCTH peanu3aiud. OIHUMH U3 HPOCTHIX
METOJIOB JIEKONPOBAHUS SBIAIOTCS: TaOJIUIHBIN, OCHOBAHHBIN HAa IPUMEHEHUH TaOJIHIIBI TIPEIBBIYHCICHHBIX
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CHH/IPOMOB OIIHOOK, U IUKJINYCCKUI, OCHOBAHHBIM Ha MPOBEPKE Beca OCTATKa OT JICJIICHHUsS KOJOBOTO CIIOBA
Ha oOpasyromiuii monuHoM [6].

1.1. Tabauunslit memoo oexoouposanus

Haubonee mpocThiM B peann3aluy METOAOM JIEKOIUPOBaHUS SBIseTCA TabaumyHbIi MeTo. OH npume-
HUM KakK JUI HeIUKIMYECKUX, TaK ¥ JUIsl IUKJINYECKUX IIOMEX0YCTOMYUBBIX TOJTMHOMHUANIBHBIX KOJI0B. Takue
KOJBI CTPOSITCSl HA OCHOBE 00Pa3yIOIIUX MOJIWHOMOB, KOTOPBIE TOJDKHBI YAOBJIETBOPSTH CIEAYIOIIUM yCIIO-
BusAM: 1) paccrosiHne XdMMHUHTA TOJDKHO YIOBIETBOPsITH yciaoBuio d . >2t+1, rae t — koppekTupyromast

CHOCOOHOCTB K0Ja; 2) CHHAPOMBI OHIMOOK KPaTHOCTH t TOJKHBI OBITH YHUKaTBHBIME. OCHOBO MeTo/a SIBIIS-
eTcsl HaTn4re TaOJIHIbl, B KOTOPOH XPaHSTCS BCEe BOZMOKHBIE 3HAYESHUSI TA0JIOHOB OMIMOOK /10 KpaTHOCTH t.
Anpecamu 1a0JI0HOB OIMIUOOK SIBIITFOTCA CHHAPOMBI OMHO0K. IMest Takyto Tabnwmiry, mporece TeKOaupoBa-
HUSL CBOANTCA K CICIYIOIIEMY alTOPUTMY:

1. ®opmupyroTCs Bce BapHaHTHI IA0JIOHOB OIMOOK 3aJaHHON KPaTHOCTH {.

2. OcymiecTBIsIeTCS MPoIIece AeJeHus MadIoHa OIMMMOKH Ha 00pa3yIOIIHA MOIWHOM C IIETBI0 TOTyde-
HHS OCTATKa.

3. OcTtaTok, MoIy4eHHbIH Ha dTare 2, SBISETCS aIpecoM sl COOTBETCTBYIONIETO JISTMMOTO (I1abaoHa
OIIINOKH).

[pomiecc neKOAMPOBAHUS UMEET CIIEAYIONIYIO ITOCTIEA0BATEIFHOCTD 3TAIlOB:

1. BxomHas K0J0Bast KOMOMHAINS AETUTCS HA 00Pa3YIOIIHi TOJIMHOM.

2. Ilo octatky OT AeneHws, TOTyYeHHOMY Ha 3Tare 1, BRIOupaeTcs mablioH OMUOKY U3 TaOIHIIbL.

3. BriOpanHBIN mabI0H CYMMUPYETCS IO MOIYIIO 2 («HCKITIOYAIOIIee W) C BXOJTHOHN KOJAOBOM KOM-
OuHaruen.

4. Pe3ynmbTaTOM CIIOKEHHMS SIBISIETCSI UCTIPABIEHHOE KOJIOBOE CIIOBO.

[TpenMymiecTBaMU JaHHOTO METOJIA SBJISIOTCS MPOCTOTA €r0 Peai3alii U OTCYTCTBHE HEOOXO0AUMO-
CTHU BBITIOJHEHHS UKJIMYECKHX CIIBUTOB KOJOBOH KOMOMHAIMH, B OTIIMYME OT IUKIMYECKOTO METO/Ia JeKO-
JTMPOBAHUSL.

OCHOBHBIM HEJIOCTATKOM AaHHOT'O METOAA SIBJISIETCS TO, YTO IPU YBEIMUEHUHN JUTMHBI BXOJHOH KOJIOBOI

KOMOHMHAIMH ¥ KOPPEKTHPYIOIEil CIIOCOGHOCTH KO/a Tab/IHIa GyIeT PacTH COTIACHO BHIPAKEHHIO 2N Tie
K — IIMHa KOHTPOIBEHOrO 6JI0KAa COOOIEHHS; M — IIMHA MH(OPMALMOHHOTO 0JI0Ka COOOIIEH s ; N — JUIMHA
Beell Ko10Boi koMOuHamuu (N =m+K).

1.2. Huknuueckuit memoo 0eKoouposanus

Konsr boy3za—Hoynxypu—XoKBUHTeMa OTHOCATCS K KJIACCy MUKIMYECCKUX KOJOB, IIOITOMY IIJISl HX JIe-
KOJIMPOBAHUS MOXKHO MPUMEHUTH ITUKINIECKANA METO/I.

ANTOPUTM, peaTu3yIONTNI MUKIAYSCKII METOJI, 3aKITI0YAETCS B CIICIYIOIEM:

1. IIpousBoauTCs AEICHHE IO MOIYJII0 2 BXOJAHOM KOJOBOH KOMOMHAIIMY HA 00Pa3yOLKil MHOTOUJICH
C TS0 TIOJTyYCHHUS OCTaTKa OT JCICHHUS.

2. IlpoBepka ycioBus, 4yTO Bec ocTarka (W — KOJHMYECTBO CIAMHHUI[ B KOMOHMHAIIMK) JOJDKEH OBITh
MEHBIIIE WM PABEH KOJIMYECTBY UCTIPABIIAEMBIX JACKOACPOM OIIHOOK (W <t).

3. Ecnm ycnoBue He BRIOTHSAETCS, TO HEOOXOAUMO OCYIIECTBHUTD ITUKIMYECKUH CIIBUT BXOTHOU KOJIO-
BOI KOMOMHANMK BIIEBO Ha | OMT M BEpHYTHCA K MyHKTY 1, MHaUe — MEPerTH K MyHKTY 4.

4. Ecmu ycmoBue W <1 BBEITIOJHSICTCS, TO HEOOXOIUMO MPOU3BECTH CYMMHPOBAHUE KOJIOBOH KOMOM-
HaIlUX C OCTATKOM U TTOJIYYHTh HCTIPABICHHYIO KOJOBYIO KOMOWHAITHIO.

5. Ecnu kogoBast koMOuHaIus Obljia IUKIMYECKH CABHUHYTA BJIEBO, TO HEOOXOIUMO HCIPABICHHYIO
KOMOWHAIINIO IUKJIMYECKH CIBUHYTH Ha TAKOE YK€ KOJMIECTBO OUT BIIPABO.

6. Ecnm ocymectBieHo N —1 MUKIMYECKUX CIBUTOB, HO yCIIOBHE W<t He BBIIIOJHEHO, TO PETUCTPH-
pyeTcs HeucnpaBuMas OInoKa.
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[IpenmyiiecTBOM JaHHOTO METOJA SABJIAETCS BO3MOYKHOCTD paclapajiyieIMBaHus IPOMEKYTOUHBIX 3Ta-
OB JICKOAMPOBAHHUS IS JOCTIKCHUST HAMOOJIBIIETO OBICTPOACHCTBUS ISKOepa.

Henocrarkom 1aHHOro METOAA SIBISETCA 3aBUCUMOCTb BPEMEHH BBITTOJIHEHUS IEKOAUPOBaHUA KOAOBOM
KOMOMHAIIUY OT TO3MIUU OIMOKHU. Tarkke Mpu yBEIIMYCHUN CTETICHH Napajliein3Ma YCTPOHCTBA pacTeT KO-
JIMYECTBO 3aHMMAaeMbIX Jiornueckux sueek [IJINC.

2. Peaqmm3anum 1eKonepoB

B namnoil paboTe MpHBEACHBI pa3IMYHBIC BapHAHTHI peanm3anuu nekonepa bUX-xoma ma IJIMC
cemeiictBa Altera Cyclone Il ¢ mpumenenuem s3pika onucanus anmaparypsl Verilog [7]. MoaenupoBanue
mporiecca aexoauposanus mposoaminock B CAITP Quartus 11 9.1 service pack 2.

PaccmatpuBaemslii kog BUYX nMmeer cnenyroniye napaMeTpsl:

— n =15 - gpuHa BXOAHON KOIXOBOM KOMOMHAIINH,

— M =7 — gnmuHa nHOOPMAITMOHHOTO 0JI0Ka COOOIIEHUS;

— k=8 - nauHa KOHTPOJIBHOTO 610K COOOIICHNUS;

— =2 — KoNM4ecTBO UCIPABISAEMBIX KOJJOM OIMINOOK;

— d =5 — MakcUMaJIbHOE PACCTOSIHUE N0 XOMMUHTY MEXKY IByMsi KOMOUHAIHSIMUY;

— g(x) — 111010001 — obpa3yroriuii MOTUHOM.

Peanuzauuu metonoB aekonupoBanus bUX-koga ¢ TakMMM mapaMeTpamMy BCTPEYAIOTCS BO MHOTHUX
HayuHbIX Tpynax [1, 8-15]. B cBsi3u ¢ 3THM B 1aHHOI pabOTe MPUBOIUTCS CPAaBHEHHE PeATU3AINi Pa3THIHBIX
METOJIOB JIEKOJMpOBaHus Ha npumepe koma bUX (15, 7, 5).

Janee npuBeeHbI peain3aliy TA0JIUYHOTO U MUKIMYECKOT0 METOJIOB IeKOAupoBanus. s noctmxke-
HUS 0OJIBILET0 OBICTPOACHCTBHS OCYIIECTBICHB MOAM(DUKALIUY C TPUMEHEHUEM MapaIeIbHON CTPYKTYPHI U
3aMEHOH KIIACCHYECKOT0 alrOpUTMa JCICHUS] BXOJHOW KOJAOBOW KOMOWHAIIMY HAa 00pa3yOIIHi MOJIMHOM Ha
MaTpUYHBIN.

2.1. Peanuzayus madauunozo memooa 0eKoOupoSaHus ¢ KiacCuuecKum oeneHuem nojJuHoMoe

Peanuzanust TabIMyHOTO METOMAa IEKOJUPOBAHUS 3aHUMAET MAJIO€ KOJIMYECTBO JIOTHUYECKUX SYEEK U
HUMEET BBICOKYIO CKOPOCTh paboThl ycTpoiicTBa. OnHaKo Ui XpaHeHHs caMoi Tabiauibl mabjJoHOB HE0OXO-
MO Hctionb3oBanue naMatd ROM. Dto Takxke yBenn4rBaeT CI0KHOCTD Pa3paboTKH 1eKoiepa 3a CUeT HeoO-
XOAMMOCTH BBIYMCIICHUS! TaOJIMIIBI Ia0JIOHOB OIINOOK, O YeM YIIOMHHAJIOCH PaHEe.

Ha puc. 1 npencrasieHa cxema, KOTopast HCTIOJb3yeTes [1] st peanuzannu mpoueypsl JeIeH s BXOI-
HOW KOJJOBOI KOMOMHALIMH Ha 00pa3yIOIIni MOJTMHOM. DTOT MPOLECC OOBIYHO peau3yeTcsi HOCPEICTBOM JIH-
HeitHoro peructpa odpatHoit cBaszu (JIPOC), koTopslid npencTapisier coO00il UTEpaTUBHBIM MpoLecC, Ha BbI-
MOJTHEHHUE KOTOPOT0 HEOOXOIMMO TaKTOB HE MEHbIIIE, YeM JUIMHA KOJIOBOT'O CJIOBA, — KOJIMYECTBO TAKTOB HE
MOKET OBITh MeHbIIE 2N.

OYHKITAA OOPATHOW CBA3N

1
|
b3 g |

Puc. 1. Cxema peanmzannu muHeHHOTO peructpa obpaTtHoi cBs3u (JIPOC)
Fig. 1. Scheme of implementation of the linear feedback register (LROS)

Ha puc. 2 npexacrasiena cTpyKkTypHas cxema peajin3alyiy TaOJIMIHOT0 METO/Ia JIEKOAUPOBaHuUs, B CO-
OTBETCTBUU C KOTOpO# OyneT peannzoBan nexoaep Ha [IJIMC. Cxema conep uT ABa BEIYUCIUTEIHHBIX OJIOKa
1 OJIOK IMaMsITH, B KOTOPOM XPaHUTCS TaOJIUIIA IabI0OHOB OIIHOOK.
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CnorkeHne BXOAHOM

Bbiuncnenue ocratka ot Tabnnua wabnoHos KOAOBON KOMBMHALIMM
CW(x AENEHNA BXOAHOM attern no Moaynio 2 c
(x) KOAOBOW KOMBMHALMK Ha R(X)= owmnbok P > LWabnoHOM OWUBKM U3 M,
06pasyroLMil NONUHOM 3anUCaHHBIX B NaMATL Tabnuubl U3 NaMATH
R(x) = CW(x) div G(x) (ROM) ROM

F(x) = CW(x) ~ pattern

Puc. 2. CtpykrypHas cxema pealu3aluu TabJIMYHOr0 METOAa AEKOIUPOBAHUS
Fig. 2. Structural scheme of implementation of the tabular method of decoding

[To pe3ynpraTam TeCTUPOBAHHS IJIS BHITOJHEHHS Hpolecca JeKOANPOBAHUS HE0OX0anMo 36 TaKTOB
¢ gactoToit 275,2 MI't (peanu3anus Ne 1 B Tabuuiie), u3 KOTOpbIX 30 TAKTOB — 3TO MPOIIEAypa JSICHUS BXOI-
HOM KOJTOBOW KOMOHMHAIIMY Ha 00pa3yIONIHiA MOIHHOM. 32 6 TAKTOB IPOUCXOAUT BHIOOP HEOOXOAMMOTO CHH-
JIpoMa OIIMOKY M3 TaOJHIIbI, 3aITMCAaHHOHN B MMaMATh, U CIIOKEHHE BBIOPaHHOTO MTabI0Ha ¢ KOAOBOM KOMOMHA-
nueit. [lanHast peanuzanus TpedyeT 65 JOrHIecKrx 1eMeHToB u 1 792 6urta mamarTy.

2.2. Pea./lllfitllﬂlﬂ UUKTTUUECKO020 Memooa ¢ K1accuueckum oejleHuem noJIUHOMO8

[exoaep, OCHOBaHHBIN Ha LIUKIMYECKOM METOIE IeKOIupoBanusl, ¢ peanusauvei JIPOC s BeinonHe-
HUSL TIpoLiecca JeNICHUs UMEET YETKYIO IOCIIe0BaTeIbHYIO CTPYKTYpY. Ilepexoasl oT oxHOrO 3Tana AeKoau-
POBaHUs K APYrOMY HPOUCXOMAT 110 CTPOro 33AaHHBIM YCIOBHSM IIPH MOMOIIM YIIPABIISIOIINX CUTHAJIOB Pa3-
pemeHus paboTel KOHKpeTHOro 6s0ka. Ha puc. 3 mpuBeaeHa cTpykTypHas cxema JeKojepa ¢ IPUMEHEHHEM
LHUKIAYECKOTO METOoAa AeKoaupoBaHus. OCTaTOK OT JIeJIeHUs] BXOAHOM KOJOBOM KOMOMHALIMM Ha 00pa3yro-
LMK TOJMHOM BBIYHCIISIETCS IO CXEMe, IIPECTAaBICHHON Ha puc. 1.

| Brrancnenue Beca
ocTATEA OT JdeleHH s shift MC'HI)HB«‘TEHHE‘ KO 0RO
BXOIHOH KOI0BOI TIpoBepka veloBua KOMOMHALINY
X[+ GITH: . eC OCTATKA DOJ e . X)=CW(x)"Rix
CWi(x) ) KOMGHHALHIH Ha R(x) Bec ocTaTKa D0 "[L']_.H correction F(x)=CW(x)"R(x)
0Opa3yIOMMH MHOTOMIIEH ) KOPPeKpUpy et u
CIIOCOODHOCTH KO8 00paTHLIA TMKIMYeCKNiT
HH}\HH“:I(“('BPE_P[ CABHAD \\(‘) =t CADBUT BH])EIBC’
KOJOBOH KOMOMHAINH HCIpABIICHHOl
TIPARJICHHO
na 1 6UT BIEBO _
KOMOMHATIMH F(x)

Puc. 3. CprKTypHaﬂ cXeMa JIEKoJiepa ¢ MPUMEHEHUEM IIMKIIMYECKOro METO1a IEKOANPOBaHH
Fig. 3. The block diagram of the decoder with the application of a cyclic method of decoding

Takoit nexojaep ¢ MOCIeIOBATEILHON CTPYKTYPO UMEET OOJIBIIIOE BpEeMsi padOThI, OJTHAKO 3aHMMAET
MaJioe KOJIMIECTBO PECYpCOB. B mportecce AeKOAMPOBaHUS BRIIEISICTCS TPH OCHOBHBIX dTara:

— TpoIiece AeJICHHS BXOAHON KOJOBOMH KOMOMHAIINY HAa 00Pa3YIOLIUI OJUHOM M ITUKITMYSCKUHN CABUT
KOJ0BOM KOMOMHAIIMK Ha 1 OUT BIIEBO;

— TIpoliecc MoJACYEeTa Beca MOIYyUYEHHOTO OCTaTKa U MPOBEepKa YCIoBUS W1 ;

— CIIO’KEHUE KOJ0BOI KOMOWHAIIMH C COOTBETCTBYIOIIMM OCTATKOM M IIUKJINYESCKHIA CIIBUT UCTIPABIICH-
HOM KOJJOBOH KOMOWHAIIMH HA HEOOXOIMMOE KOJIMYECTBO OUT BIPABO.

[To pe3ynpTaTaM TECTHUPOBAHHS JEKOAEpa ObLIM ONpECIICHbl XapaKTEPUCTHKH, OICHUBAIOIINAE JIEKO-
JIep: KOJIUYECTBO TaKTOB, HEOOXOIUMOE JUIsi MAaKCUMAIILHOTO KOJIIMYECTBA C/IBUTOB KOJIOBOW KOMOWHAIIWY,
MaKCHMaJbHAs 4acTOTa pabOThl YCTPONCTBA; KOJTUYECTBO UCIIOIB30BaHHBIX JIOTHYECKHUX 3JeMeHTOB. [lomHas
MpoILeypa ASKOTUPOBAHUS IPOU3BOAUTCS 3a 627 TaKTOB ¢ yacToTok 192,8 MI'n (peanm3arus Ne 2 B Tabuie).
Kaxxnas nporenypa neieHus BXOJHOW KOAOBOM KOMOWHAIIMK HA 00Pa3yIONIUil IOJTHHOM OCYIIECTBIISIETCS 32
30 takroB. Ilpornenypa ciaoxeHus CIBUHYTON KOAOBOW KOMOWHAITMK C OCTATKOM U OOpaTHBIN ITUKIHYECKUI
cABUT Ha 14 OUT BIIeBO BHITIONHACTCS 32 27 TakTOB. HanMeHee TpyJOeMKHMU U3 BCeX SBISIFOTCS 15 mporienyp
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MoJIcueTa Beca OcTaTKa OT JIeJIeHUs] BXOAHOM KOIOBOM KOMOWHANMK Ha 0Opa3yloMi MOJIMHOM, KaxXaas W3
KOTOPBIX BhNoHseTcs 3a 10 TakToB. JlanHas peanuzanus TpeOyet 211 nornyeckux snementos [IJINC.

2.3. Peanuzayus YuKIU4eCcKo20 Memood, ¢ RapaiieabHoil CIpyKmypoi u
KJlaccuiuecKum anzopummom 0eneHus noJIuHOMO8

OnHO U3 BO3MOXKHBIX MOTUGUKAIIUH [Tl TOCTHKEHUS OBICTPOICHCTBYS YCTPOWMCTBA SABJISICTCS paciia-
pannenuBaHue CTPYKTYpHI Aekozepa. Ha puc. 4 mpencraBieHa CTpyKTypHas cxema Uil pean3aiuy [IAKITH-
YECKOr0 METO/a NEKOJUWPOBAHMS C paclapaieTUBaHUEM IMPOMEXKYTOUHBIX IMPOIIECCOB JIEKOIUPOBAHMUS:
JIeJIeHNe BXOTHOW KOIOBOM KOMOMHAITUH Ha 00pa3yIONIMNA TIOJHHOM H TIOJICYET BECOB OCTATKOB, IOTYyUEHHBIX
B IIpoIiecce IeICHHUS.

W 0(x) Brrancnenne
= # OCTAaTROB OT JeJ1eHna

R_0(x) M,, Henpasenie ommokn B
BXOIHOM KOIOBOI Bruncenne secos N KOJ0BOM KOMOHHALIMH
KOMGHHALII H F(.x] o n]m.mipm Result n-1 F(x) = CW(x) Hlf] F(x)
o0pazy o Imi R n-1(x) venosust W(r)<=t = U Oepesasmavenye Gut
TOAMHOM = " | N BMECTO 00aTHOTO
Rix) = CW(x) div G(x) HMUEINYECKOTO CIBHI A
7 HA | PA3pAI0B BOpaBo

QopuHpoBaHKe 1

CW(x) BAPHAHTOR
- .
KOJOBBIX CJIOB CW_n-1(x)

Puc. 4. CtpykTypHas cxema Ajs peaau3aluy UUKINYECKOro METoAa JEKOAUPOBAHMS C MAapaJUIeIbHON CTPYKTYpO
Fig. 4. Block diagram for realization of cyclic decoding method with parallel structure

B ornmume ot npeapiaymien peann3anny, KaxXIbli [UKIMYECKU CIIBUT KOJOBOTO CIIOBa 00pabaThIBa-
eTcs napaienbHo. BMecTo BBINMONHEHNS HUKIMYECKOTO CABUIa B Pe3yJIbTaTe HEBBIIIOJIHEHUH yCIOBUS W <t
MIPOM3BOIUTCS OTHOBPEMEHHOE JIeJICHNE BCEX CABUIOB KOJIOBOM KOMOMHAIIMY HA 00pa3yroIuii moauHoM. s
peanu3yemMoro KoJia ¢ JUIMHOW KOJIOBOW KOMOMHammu N = 15 peann3oBaHo 15 BRMHCIUTENHHBIX OJIOKOB, 3a-
JIeiCTBOBaHHBIX B MPOLIECCE ICIEHUS, U 15 BBIYUCIUTENBHBIX OJIOKOB, B KOTOPBIX IPOU3BOJUTCS MOICUET BE-
COB JJISl OCTaTKOB OT JEJICHHS, TOJIyYeHHBIX Ha MPEeAbIIYyLIeM I1are, 1 IpoBepKa yciuoBust W<t .

Taxas MoauduKanus peann3aniu MO3BOJSET YMEHBIIUTE BpeMsl paOboThl Jekozepa ¢ 627 TakToB Ipu
gacrore 257,2 MI'y 1o 45 taktoB ¢ wactoto 179,3 MI'ny (peanuzanus Ne 3 B tabnuie). [Ipomecc aenenus
JUIsL OJTHOTO CABMIA NPH 3TOM BhINOIHSAETCS 32 30 TaKTOB, OMHAKO B JAHHOM CIIy4ae BCE KOJOBBIE CIIOBA 00-
pabatpiBaroTcs mapaiensHo. OcTaabHbIE ATalbl 1EKOAMPOBAHMS, BKIIOYAIOIINE TOJCUYET BECOB, MTPOBEPKY
YCIIOBHSL M MCIIPABJICHUE KOJOBONH KOMOWHAINM, BRIIOJMHSIOTCS 3a 15 TakToB. s yBenudeHus ObICTpoeii-
CTBHS JIEKOJIepa, pa3pabaThIBAEMOTO IO MPEJIOKEHHOHN CTPYKTYpe, HEOOXOAMMO COKPATUTh BPEMSI BBITIOJIHE-
HUS omepauuu JesneHus. Jist perenns J1aHHOH 3aJaul MOKHO IPUMEHUTh MaTPUUYHBIN aJrOPUTM JEIECHUs
MOJIMHOMOB.

2.4, Hpumenenue MAMPUUHO20 ajieopumma oenenus nOJIUHOMO8

Pesynbrarsl TECTUPOBAHMS JIEKOACPOB IMOKA3bIBAIOT, YTO BBIIOJHEHHE IUKIMUESCKOTO METO1a JCKO -
POBaHHS C HCIIOJIF30BAHUEM MapaJUICTLHONW CTPYKTYpPBI OCyIecTBIseTcs 3a 45 TakToB. COTIacHO 3aKOHY
Awmptana [16], mpu pacnapajuieIMBaHUM TUKIMIECKOTO METO/Ia JICKOJUPOBAHUE HE MOXKET OCYIIECTBISATHCS
obIcTpee, yeM 3a 30 TaKTOB, TOITOMY JUISI JOCTHXKEHHUS HAMIYYIIEro ObICTPOJACHCTBHS HEOOXO0AUMO 3aMEHUTh
KJIACCUYECKUH alTOPUTM JIEIICHUS TOJIMHOMOB MAaTPHUYHBIM JITOPUTMOM [17], KOTOPEII TO3BOJIUT BHITIOIHSATh
JerneHue 3a 1-2 takra.

[TpuHIAT MATPUYHOTO JIEJICHHS 3aKIIFOYACTCS B IPUMEHESHUH OTIEPallii YMHOKEHUS 110 MO0 2 KO-

JIOBOTO CIIOBA HA MPEIBHIYMCIEHHYIO MATPHITy OCTATKOB OT JIeJIEHHS TIONMHOMOB OT X° 10 X' Ha o6pa3syro-
MK NoAMHOM. Takoi moAXo ] MO3BOJSET MOMYYUTh (OPMYILY JUIS BBIYMCIIEHHS ocTaTKa, KoTtopas Ha [IJIMC
peanu3yercsl Ipu MOMOIIM KOMOMHALIMOHHOW CXEeMbl M OyAET BBINOJHATHCA 3a | TakT, 4YTO IO3BOJIUT

102



CpasHumenvhblii ananuz peanuzayuti dekodepog BYX-xooa ¢ napamempamu (15, 7, 5) na IVIUC

yBenMuuTh ObICTpOJeiicTBre nekoaepa. Ha puc. 5 mpuBeaena marpuna s bBUX-kona (15, 7, 5), kotopas
KCIIOJIb30BAIACh B JATBHEHIIUX peaTu3alusX.

wWC rTrorsrdrir2rir R(x) - ocTaToOR OT nesleHuA
cl) 00000001
cl 00000010
c2 00000100
c3 00001000
cd 00010000
ch 00100000
cG X|/01000000
c7 10000000
o8 11010001
c9 01110011
cll 11100010
cll 00011101
cl?2 00111010
clld 01110100
cld 11101000

CW[ST'CW10TCW[14]
CW[S]CWOTCW 10 CW[13]"CW[14]
CW[OT'CW10T CW[12]"CW[13] CW[14]

77

o]

5]

T4 CWST OW[O T CW[ 111" CW[12]°CW[13]
Ij]'

2]

CW[11]CW[12]"CWI14]
(21" CW[ 101" CW[11]"CWT13]
1 CW[9] CWI 101" CW[12]
TOT CWS]"CW[9]"CW[11]

Puc. 5. CrpykTypHas cxema MatpuyHoro anroputma st BUX-koza (15, 7, 5)
Fig. 5. Block diagram of matrix algorithm for BCH-code (15, 7, 5)

2.5. Mooughuxkauyus dexodepos onsa ysenuuenus ovicmpooeiicmeus

JJ1 TIOTHOTIEHHOTO CPAaBHUTEIFHOTO aHAIHM3a PEATN30BaHHBIX YCTPOUCTB HEOOXOIMMO MOAH(HUIIIPO-
BaTh BCE MPEIICCTBYIONINE PeAM3aIlH IEKOJEPOB, 3aMEHHUB MPU 3TOM KJIACCUYECKUN aITOPUTM JEICHUS
MTOJIMHOMOB Ha MaTPUYHBIN allTOPUTM. DTO TIO3BOJIHUT CPABHUBATH OBICTPOJCHCTBHE JEKOIEPOB IIPH N3MEHE-
HUU OJTHOT'O BBIUMCIIMTEIBHOTO OJioKa. Tak, mpu peanuzanuy TabJIUIHOTO METO/1a JCKOIUPOBAHMS ¢ MaTpUd-
HBIM JICJICHHEM TOJIMHOMOB (peayin3anus Ne 4 B Tabnuiie) BpeMs pabOThl COKPATHIIOCHh C 36 TaKTOB IPH Ya-
crore 275,2 MI'y no 7 TakToB ¢ yactotoi 275,2 MI', U3 KOTOPBIX 3a 1 TaKT MPOUCXOJUT MPOLECC ACICHUS
BXOJIHOM KOI0BOM KOMOMHAIIMY HA 00Pa3yIOIIHiA ITOJIMHOM U 3a 6 TaKTOB — BBIOOD I111a0JI0Ha ONIMOKH U3 Tad-
JIUIIBI ¥ KCTIPABJICHUE KOJIOBOH KOMOWHAITHH.

Takke CTOUT OTMETUTH, YTO IPH PEATH3AIUN TOCIEAOBATEILHON CTPYKTYPHI IUKINIECKOTO METOIA
JEKOIMPOBaHUS C IPUMEHEHUEM MaTPUYHOTO JeNIeHUs] TOJTMHOMOB (peanm3anus Ne 5 B Tabnuiie) BpeMs pa-
OOTBI YCTPOMCTBA COKPATWIOCH ¢ 627 TakTOB ¢ yactoToi 192,8 MI't no 192 TakToB ¢ wactoroit 200,1 MIm.
Kaxnmas u3 15 mponienyp nenenus BeimonHseTcs 3a 1 Takt. [Iporieaypa moacdera Beca octatka OT JEICHUS
BEITIONHsEeTCs 32 10 TakTOB, a Mporeaypa CI0KEHUS CIBUHYTOTO KOAOBOTO CIIOBA C COOTBETCTBYOIIUM OCTAT-
KOM H O0paTHBIN MUKINYECKAN CIBUT PEATU3YIOTCS 3 27 TaKTOB.

Peanmzarnus napaienpbHON CTPYKTYPBI C MATPUYIHBIM aNTOpUTMOM jaeneHus (peanmnsanus Ne 6 B Ta0-
JIMIIE) TAaKKe MO3BOJISET YBEIMUYUTh OBICTPOJICHCTBUE yCTpolcTBa ¢ 45 TakToB ¢ wactoTo 179,3 MI'i 1o
16 TakToOB ¢ yactotoit 174,1 MI'1, u3 KOTOpPBIX 1 TaKT HEOOXOIUM Ha MPOILIECC JICICHUs U 15 TakTOB — Ha JiBa
OCTaBIITUXCS ATAIa JEKOTUPOBAHMUSL.

W3 cpaBHEHHS BUAHO, YTO 3aMEHA OJHOTO aJITOPUTMA MO3BOJISIET YBEIHMYHUTH OBICTPOJECHCTBHE JIEKO-
Jiepa, TIPH 3TOM MPeooieTh npeaed B 30 TaKTOB, KOTOPBIH HEJb3sl MPEOA0JIETh paciapallieIMBaHUEM CH-
cteMbl. OJTHAKO JOCTUTHYTH YIYUIICHHUS XapaKTEPUCTUK EKOJepa MOXKHO HE TOJBKO 3a CUET MPUMEHIEMBIX
ITOPUTMOB, HO 1 3a cueT ocobennocreit [IJIMC.

2.6. Peanuzayus acuHXpPOHHOZ0 YUKIUUECKO20 MEMOOA 0eKOOUPOBAHUA
¢ napannenbHoli CMpyKmypoli u MampuiHolM 0ejleHUemM HOTUHOMO8

[Ipu mpoeKTUPOBaHUH CXEM C TIPUMEHEHHUEM SI3EIKOB OITUCAHUS aIlapaTyphbl BOZMOXKHO HCIIOIH30BaHNE
JBYX MOAXOAOB:
—IOAXOJI C MCIIOJIb30BAHUEM CEKBEHI[MAIBHOM JIOTHKH;
—IIOJIXO0J C UCMOJb30BaHHEM KOMOHWHAIIMOHHON JIOTHKH.
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CexBennmanbHast oruka [18] mpencraisier coOOH JTOTHKY MaMSTH YCTPOMCTB, U IU(PPOBHIE YCTPO-
cTBa (hopMHPYIOTCA C yUETOM IpPEebIIyIINX 3Ha4eHuH. JleKoIephl, peaJn30oBaHHbIe paHee, UCIIONB3YIOT ce-
KBEHIIMAJIHHYIO JIOTHKY MTPOEKTHPOBAHUSI.

[ocnenuss mpencTaBieHHas pealu3anus AeKoAepa UCIONIb3YeT He TOJIBKO BCE OMMCAHHBIEC BBIIIE MO-
IQUKaLUK, MO3BOJSIOIINE PELIUTh MpoOIeMy HHU3KOTO OBICTPOACHCTBHS MPH peau3aliuid LUKINYECKOTO
MeToza AekoaupoBanus. OHa TakKe CIPOCKTUPOBaHa HA OCHOBE KOMOMHAIIMOHHOM JIOTUKU. CXeMBbI, TOCTPO-
CHHbIC Ha KOMOWHAIIMOHHOMN JIOTHKE, NCTIONIB3YIOT TEKYIUE 3HAUYSHHS C BXOZOB 11 QOPMUPOBAHUS 3HAUECHHUH
Ha BbIxoJie. Takoi MoAXo ] MO3BOJUT YBEIUYUTh OBICTPOJCHCTBIE AEKOAEpa 3a CUET OTCYTCTBUS 3a/CPIKeEK,
HEOOXOIUMBIX AJISl YCTAaHOBKH CHUTHAIIOB B TPUITEPaX, KOTOPBIE MCHOIB3YIOTCS B CEKBEHIIMATLHON JIOTHKE.
Taxoke nanHas MoAM(UKALKS TO3BOJIUT YMEHBIIUTH KOJMYECTBO HCIIOIB3YyEMBIX JEKOJEPOM PECYPCOB.

[To pe3ynpTaTam MomenrpoBaHus paboThI aexonepa (peamm3anus Ne 7 B TabmuIle) Ha MPOIIECC KON~
poBaHHS HEOOXOIUM Bcero | TakT. DTO MEHBIIE, YeM IIPH pealn3aliuy TaOJIUIHOTO METOAA IEKOAHNPOBAHUS
C MaTPUYHBIM JIEJICHHEM ITOJIMHOMOB, KOTOPOMY HE0OXOIMMO 7 TaKTOB JUIS BHITIOJIHEHHUS BCETO allTOPUTMA.
Taxoxe B JaHHOM CITy4ae OTCYTCTBYeT HE0OX0AUMOCTh B moakitroueHuu namsatu [IJIMC mis xpaneHus tab-
JUIBI A0I0HOB omuO0K. HegocTaTkoM Takol peann3anys sSBISeTCs HA3Kas MaKCHUMallbHasi 4aCTOTa paOOThI
YCTpOMCTBA.

3. Pe3yabTartsbl

Tabnmuma comep XUt pe3ynbTaThl TECTHPOBAHMS BCEX PEAIM30BAaHHBIX BAPHAHTOB JIeKoAepoB. [IpuBo-
JSITCSI TIOKA3aTeNH 0 CIeIYIOIIAM XapaKTePUCTHKAM:

— KOIIMYECTBO TAKTOB ISl IEKOAMPOBAHHS KOJOBON KOMOMHAIINN;

— Max Frequency — makcumanbHasi 94acTOTa, Ha KOTOPO# CIIOCOOHO paboTaTh YCTPOHCTBO;

— T — MUHUMaTBHOE BpeMsl, HEOOXOAUMOE TSI TTOJTHOTO JEKOINPOBAHHUS BXOAHOTO KOJIOBOTO CIIOBA;

— Logic Cells — koir4yecTBO 3aHUMaeMbIX JOrHYeCKUX 3eMenToB [TJINC;

— Memory Bits — 06beM 3aHuMaeMoi TaMATH B OUTaX.

Jns mpoBeenns akcrepumenta Beiopana ITJIMC cemeiictsa Altera Cyclone I11.

CpoaHas Ta0JIMIIa NapaMeTPOB NMPH Pa3JMYHBIX MOAX0aX peanu3anuu aekoaepa BUX-koaa (15,7,5)

No T DeasaI T reerms KomaectBo takToB | Max Frequency, T (Bpems Logic Memory
- P H A BBITIOTHEHUSI MTI'u paboTsr), HC Cells, (%) | Bits, (%)
1. | TaGmuuHblil MeTOX JIPOC 36 275,2 131 (](.30?) 1792 (1%)

0
211
2. |IlocnenoBatenbHas JIPOC 627 192,8 3252 -
(4%)
T JIPOC 45 179,3 251 1770 -
CHHXPOHHas (34%)
4. | TaGmuamsiii Meto Matpititoe 7 275,2 25 3 1792 (1%)
' A JeTIeHne ' (< 1%) 0
M
5. |Mocnenosarenshas TPHHHOE 192 200,1 959 202 (4%) -
JeNeHne
6. [MapannensHas Marpuunoe 16 1741 91 1549 3
CHHXPOHHas! JIeTIeHHE (30%)
7 TapannensHas Marpuynoe 1 87 12 446 B
ACHHXPOHHASI JIeTIeHHE (9%)

[To pe3ynbraTtam TecTUpPOBaHUS, IPUBEIACHHBIM B TaOJIHUIIE, MO)KHO OTMETHTb, YTO TIPH peasn3alliy Ha
ITJINC maTpudHOe JeIeHIE TTOJTMHOMOB SIBIISIETCS 6051e€ OBICTPOICHCTBYIONTNM B CPABHEHUH C KITACCHIECKON
peammzanueit nenenns yepes JIPOC. Taxke MOXKHO 3aMETHTH, UTO TAOJMIHBIA METOJ] ACKOUPOBAHUS SBIIS-
€TCAd HAWITy4YlIIUM BapHaHTOM Kak II0 GBICTpOHeﬁCTBHm, TaK U MO KOJIMYCCTBY HUCIIOJb3YEMbIX JIOTHYCCKUX
aneMeHTOB. OJTHAKO B OTIIMYME OT OCTAIBHBIX Pean3alliil IeKOJIEPOB HEOOXOIMMO 00s13aTeNIbHOE TIOJIKITIO-
yeHue aonoaHuTeabHon namatu [TJIMC ams xpaHeHus TaOJIUIIbI 111a0JIOHOB OIIHOOK pazMepoM 1 792 Oura.
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[Tockompky pazMep TabIUIB OyAeT YBETMYNBATHCS B 3aBUCHMOCTH OT UTHHBI KOZOBOM KOMOMHAIINY M KOJIH-

YecTBa HCHPABIAEMBIX OMIMGOK B COOTBETCTBHE ¢ (OPMYIOil 2XN, TO NMPH YBENMUYEHHH JUIMHEI KOIOBOTO
cioBa 00beM TpebyeMoii mamsiTu OyneT Bo3pacTarh.

B otnnume oT TabaMYHOTO METO/Ia IEKOJUPOBAHUS TP peaii3aluy UKINIECKOr0 METO1a HeT Heoo-
X0AuMOCTH B nogkimtoueHny mamstu [IJIMC, onHaKo KOMTUYECTBO TAKTOB ISl BHITIOJIHEHUSI IPOIIEYPHI JIEKO-
JUPOBaHUS M KOJIMYECTBO JIOTHUECKUX siueeK OynaeT Oombiie (peanuzanuu Ne 2 u 3), ueM mpu peaau3anun
TaOIMYHOTO METOJIA.

Tax:ke MO’KHO OTMETUTbh, YTO pealn3alisi MaTPUYHOTO METOJa AEJICHHUS TOTUHOMOB UMEET MpeuMy-
niecTBa mepe]] KiiaccuueckuM neneHvieM npu nomoniu JIPOC kak mo KOIHMYECTBY TAKTOB HA BCIO TIPOILICAYPY
JEKOJIMPOBAHUSI, TaK U TI0 KOJMUYECTBY JOTHUYECKHX 1eMeHTOB (peanu3auu Ne 1 u4; 2 u 5; 3 u 6).

U3 Bcex peanuzanuii Iexojiep, MOCTPOCHHBIH HA ACMHXPOHHOW MapajuieIbHOW CTPYKType HUKINYe-
CKOT'O METO/Ia IEKOTUPOBAHHUS C TIPUMEHEHHEM MAaTPUYHOTO aJITOPUTMA IeKOANpoBanus (peamusanus Ne 7),
IIOKa3bIBACT Hy‘-IHH/Iﬁ PE3YJbTAT IO BPEMCHH BBIIIOJIHCHHA IPOILECCa JCKOAUPOBAaHMA.

3akiaouyenue

B mpouecce uccnenoBaHuii METONOB AeKOAupoBaHUA KoJgoB BUYX paccMOTpeHBl M peanu30BaHbI
TaOJIMYHBIA M ITUKIMYECKUN METOMBI JeKOaupoBaHus. PaspaboTaHHble IeKOACPhl MOAU(PHUIIMPOBAHBI TyTEM
W3MEHEHUS MOCIIEI0BATENIbHON CTPYKTYPHI IIUKIMYECKOTO METO A IEKOANPOBAHHS Ha ITapallIeNIbHY 0, Han0o-
nee noaxoxasmyto s peanusanuu Ha [TJIMC. 3a cdaetr u3MeHeHus! CTPYKTYPHI IeKOJepa KOJIMIECTBO TAKTOB
JUIsL JEKOAUPOBAHUSA YMEHbIIMWIOCH ¢ 627 npu yactore 192 MI'n no 45 npu vacrore 179 MI'1, uro skBUBa-
JIGHTHO MHHHMMAJILHOMY BPEMEHHU IOJIHOTO JEKOJUPOBAHMS BXOJHOTO KOJOBOro ciosa 3,2 MKC U 251 HC
COOTBETCTBEHHO, ITPHU 3TOM CaMBIi ITTMHHBIN dTall ACKOAUPOBAHUS — JCIICHUE TTOJTMHOMOB — BBIITOIHSIECTCS 3a
35 TakTOB.

JIJis TOCTHXKEHMS HAMJTYYIIIero OBICTPOICHCTBHUS KIIACCHUECKUN aJITOPUTM JCJICHHSI TIOJTMHOMOB 3aMe-
HEH Ha MAaTPUYHBINA, YTO TO3BOJIIIIO YMEHBIIUTh BPeMs JEKOJUPOBAHUS MIPH TIOCIEI0BATEIHHON CTPYKType
nekonepa ¢ 627 taktoB 10 192 npu wacrore 200 MI'1 (959 ue). IIpu napamiensHO# CTPYKType ¢ pUMeHe-
HUEM MATPUYHOTO alNTOpPUTMa JIEICHUS MOJWHOMOB JIEKOJMPOBAHNE KOJIOBOTO CJIOBA OCYIIECTBIISIETCS 32
16 TaxtoB mpu gactore 174 Ml (91 Hc). llpuMeHeHHe aCHHXPOHHOW pean3alluil [MHKINIECKOT0 MeTo/a
JEKOUPOBAHUS C MATPUYHBIM JICTICHUEM U MapaJUIeIFHON CTPYKTYPOH IEKOIepa MO3BOJISIET YBETUIUTH OBICT-
ponericTBue paboTHI ycTpoiicTBa 10 12 HC, UTO B ~ 2 pasa ObICTpee, YeM IIPH peaTn3aiuy Ta0IHIHOTO METOa
C MaTPHUYHBIM JICTICHUEM.
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In this paper we consider the possibility of implementing various decoder of the Bose-Chaudhuri-Hocquingham code (BCH-codes)
using field-programmable gate array (FPGA). BCH codes are most common error-correcting codes that are used in many data trans-
mission systems for detecting and correcting errors. BCH-codes with short-length of codewords and with a small number of correcting
bits are used in automation systems of production. The code that implemented in the article has the following parameters:

—n =15 — the length of the input code combination;

—m =7 — the length of the information block;

— k = 8 — the length of the message control block;

—t =2 —the number of errors, that code corrects;

—d =5 - the maximum Hamming distance between two combinations;

—g (x) — 111010001 — the generating polynomial.

The paper describes implementations of two simplest decoding methods: a tabular, that based on the application of a table with
precalculated errors syndromes; and cyclic, that based on the checking of the weight of remainder of the division of the codeword by
the generating polynomial.

The simplest implementation is the tabular decoding method. The basis of this method is the table, which stores all possible values
of error patterns up to the multiplicity of t. Addresses of error patterns are error syndromes. Having such the table, the decoding process
is reduced to selecting a pattern from the table at the address, which is equal to the remainder of the division of the input codeword
by the generating polynomial. The error pattern that was selected from the table is summed up modulo two with the input codeword.
The corrected codeword arrives to the output of the decoder. The main drawback of this method it is the necessary to build the table
and connect additional FPGA resources to store this table.

The second decoding method, which is easy to implement, is a cyclic method. This decoding method was designed for codes with
the cyclicity property, and it suitable for BCH-codes. This method based on the checking the condition w<t of the remainder of the
division the input codeword by the generating polynomial.

For the first implementations of these methods, the process of division the input codeword by the generating polynomial is per-
formed using a linear feedback register (LROS), and have a clear sequential structure. The maximum number of cycles required for
the decoding process in devices, which was implemented based on table decoding methods is 36 cycles with frequency 275.2 MHz.
And for decoder based on cyclic decoding method it is necessary 627 cycles with frequency 192.8.

The first modification was the using of the parallel structure is used instead of the sequential one, for the decoder based on the
cyclic decoding method, to improve the performance. In this case, the number of cycles decreased from 627 and frequency192.8 MHz
to 45 cycles with frequency 179.3 MHz.

In order to make it possible to overcome the limit of the number of cycles, in accordance with Amdahl’s law, was using a modifi-
cation at the level of the used algorithms. For that, the classical procedure of polynomials division was replaced by the matrix division.
It allows to perform the process of division the input codeword by the generator polynomial in 1 - 2 cycles. Such a replacement allowed
reducing the number of cycles in implementations from 36 cycles with frequency 275.2 to 7 cycles with frequency 275.2 MHz; from
627 cycles with frequency 192.8 MHz to 192 cycles with frequency 200.1 MHz and in the end from 45 cycles with frequency
179.3 MHz to 16 cycles with frequency 174.1 MHz.
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The latest modification was a changing of the design logic of devices. It was used for the decoder which based on the cyclic
decoding method, had the parallel structure and matrix division of polynomials. For that decoder which based on a combinational logic
it is enough the 1 cycle for decoding procedure.

In this article are given a summary table of results by the main characteristics of implemented devices, and it also has a full
description of all the values, which are given in that table.

Keywords: error-correction codes; CBH-codes; cyclic decoding methods; table decoding methods, hardware-based devices; FPGA.
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MEMYAPBI, HIAMATHBIE JATbI, IEPCOOHAJINHU

75 JIET IPO®ECCOPY AJEKCAHPY MUXAHJIOBUYY I'OPIIEBY

1 staBaps 2019 roma wuCmoOMHMIOCH 75 JET W3BECTHOMY yUEHOMY
B 00J1aCTH TEOPHM PACIO3HABAHMA, TEOPUU MACCOBOIO OOCITYy>KUBaHMS U
00paboTku nHPOpPMANHH, TTIABHOMY peaaKTopy kypHana «Bectauk Towm-
CKOT'0 IOCYJapCTBEHHOI'O YHHUBEPCUTETA. YIIPABICHUE, BHIYMCIUTEIIbHAS
TEXHUKAa M HH(OpMATHKa», AOKTOPY TEXHHYECKUX HaykK, mpodeccopy,
3acmyxeHHOMY paboTHHKY BhIciieil mkoisl PO, [louetHoMy paboTHUKY
Bricmrero mpodeccrnonansroro odpasosanus PD, 3acityxeHHOMY JeKaHy
ToMCKOro rocyaapCTBEHHOIO yHUBEpcUTETa Auiekcanapy Muxaiiio-
Bu4y ['opuesy.

AM. l'opres B 1961 1. moctymun Ha pannopu3ndeckuii hakymbpTeT
Tomckoro rocynapctBeHHoro yHuepcutera. Oxonumn ero B 1966 r. no
cnennanbHocTH «Pamnodusnka U 31eKTpOHUKa», KBaTUpUKanus — «pu-
3MK-PaJIM03JIEKTPOHUK». B 1967 T. mocTynwi B acnupaHTypy no kadempe
3JIEKTPOHHOM BBIYUCIIUTEIbHON TEXHUKU U aBTOMaTuku TT'Y, KoTOpy!o 3a-

koHuud B 1970 r., 3aIIUTHB AUCCEPTAIIMIO HA COUCKAHNUE YICHON CTEIEeHU
KaHA#uIaTa PU3UKO-MaTeMAaTHIECKUX HAayK, MOCBSIICHHYIO BOMIPOCAM paJnopa3BeiKu (HAYYHBIH PyKOBOAU-
tenb — npogeccop I.A. Menseaes). C 1970 r. — nonieHT Kadeapsl MPUKIATHON MaTeMaTHKH QakyIbTeTa IpH-
knagHoi marematuku TI'Y, ¢ 1978 1. mo 2018 r. — 3aBeayromuii kadeapoli TEXHUIECKOH KHOSPHETUKU
(c 1995 r. — xadenpa ucciefoBaHus onepaiuii) (akynpreTa NPUKIAIHON MATEeMAaTUKU U KHUOCPHETHKHU.
C 2018 r. o HacrosIee BpeMs ABISETCS 3aBeAYOINM Kadeapol MPUKIATHON MaTeMaTHKA HHCTUTYTA MIpU-
KJIQJIHOW MaTeMaTHKH W KOMITBIOTEPHBIX HAyK, 00pa3oBaHHOW IyTeM OO0beAMHEHHs Kadeap McCiIeOBaHMs
ornepanuii 1 npukiaaaoit matematuku. C 1983 mo 2017 r. — gekaH dakynpTeTa NPUKIaIHOW MAaTEMAaTHKH H
kuOepHeTrkd. Ha 3ToM mocTy OH 3eKTHBHO 3aHMMAJICSl pelieHneM TpolieM odecrieueHus daxkyabTera
COBpPEMEHHOH MaTepHalbHOM 0a30ii, MOJIrOTOBKOM MPENo1aBaTeIbCKIX KapOB BbICIIEH KBATH(DUKAIH H OT-
KPBITHEM HOBBIX CIIEIMaIbHOCTEH 1 HallpaBlieHni OakaaBpHaTa U MarucTpaTyphl.

B 1984 r. 3amurun auccepraiuio «YnpaBiseMble U aJallTUBHBIE CUCTEMbl MaCCOBOTO 00CITYKUBAHUS
C TIEPEMEHHON CTPYKTYPOI» Ha COMCKaHUE YICHOW CTENeH! JOKTopa TexHuuecknx Hayk. C 1986 r. — npodec-
cop 1o kadeape Texuundeckor kudepHeruku (¢ 1995 r. — kadenpa uccienoBanus onepauii, ¢ 2018 r. — ka-
(heapa nprKIaTHON MaTEMaTHKH ).

A.M. T'opuieB yuTan uiaM 4uTaeT OOIINE KypChl — MaTeMaTHYECKUH aHalIu3, METOABI ONTHMHU3AIINH,
TEOPHsI UTP U UCCIIEI0OBAHKE OTEpaLiii, MaTEMaTHIeCKOE MPOrPaMMHUPOBAHHUE, & TAKXKE CIIELKYPCHI — yIIpaB-
JsieMble aJalTUBHBIE CHCTEMBI MAacCOBOTO OOCIYXXHBaHUS, TEOPHsl Pa3HOCTHBIX ypaBHEHHH, MapKOBCKUE
CHCTEMBI OOCITYKUBAHHUS, MATEMaTUYECKUE MOAETH HHPOPMALMOHHBIX TOTOKOB B TEJIEKOMMYHHKALIMOHHBIX
cucremax. OmyOnrMKOBaJl B COAaBTOPCTBE AJIEKTPOHHBIA y4eOHO-METOINYECKUH KOMIUIEKC [0 METOJaM ONTH-
MU3AIHUX U DJIEKTPOHHBIN yueOHUK 1o Teopun urp. OH sBisieTca pykoBogureneMm OOII OakanaBpuara u Ma-
THCTPATYpHI 110 HANPABJICHHUIO MIPHUKJIaIHAS MaTeMaTHKa U MH(QopMaTHKa.

B HavanpHBIN nepro/ cBOel HaydyHOU AesITeNbHOCTH Anekcanap MuxaiaoBHY 3aHUMAJICS MECTOOIIpE-
JeNICHUEM JBIDKYLIMXCS U3ITyYaroluX 00bEeKTOB METOJJOM ITACCHBHOM IEJIEHralui 1 00pabOTKON MOTy4eH-
Hoii uHdopmanuu. B 1971-1973 rr. 3anumarncs pacrno3HaBaHueM 00pa3oB: paAHOCUTHAJIOB (B TOM YHCIIE pa-
JMOJIOKAIIMOHHBIX M CUTHAJIOB CBSI3M), IPMHUMAEMBIX B IPUCYTCTBUH LIYMOB BBICOKOTO YpoBHsL. [Ipeanoxun
ITOPUTM PACHO3HABAHHUS PaJMOCUTHAIOB, OCHOBAaHHBIM Ha CTAaTUCTHMYECKOH TEOpUH MPOBEPKH THUIOTES.
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75 nem npogheccopy Anexcanopy Muxaunosuyy I'opyegy

B nanbHeiimem 3aHsICS UCCIENOBAaHUEM YIPABISIEMBIX CHCTEM MAacCOBOTO OOCITY>KMBaHHS C EPEMEHHON
CTPYKTYpOH, GYHKIIMOHUPYIOIIUX B YCIOBHAX KaK MOJHOH anpHOPHON ONpeNeIeHHOCTH, TaK U MOTHON MU
YaCTUYHOU allpUOpHON HeonpeaeeHHOCTH (ananTuBHble cucteMbl). B 19851990 rr. Hay4HbIe HHTEPECHI MO-
CTETIEHHO MEePEMECTHIINCH B 00J1aCTh UCCIEIOBAHUS CITyYaHBIX IOTOKOB COOBITUH, SIBISIOUIMXCS OJHUM H3
OCHOBHBIX 3JIEMEHTOB CHCTEM MAaccOBOTO OOCTyXKMBaHMs. BHenpeHne moiay4eHHbIX pe3yJbTaToB B CITyTHH-
KOBBIE CUCTEMBI CBSI3M TIO3BOJIMJIO CYIIECTBEHHO YIYUIINTh IPOTHO3 COCTOSTHUN OOPTOBBIX cHcTeM. B pamkax
LIKOJIBI KNOEPHETUKOB Ha (aKyJabTeTe MPUKIaJHON MaTeMaTuku U KubepHeTuku B Hayane 1990-x rr. odop-
MUJIOCH HAIPaBJICHHUE 110 YIPABISIEMbIM U aJJallTUBHBIM CHCTEMaM MaccOBOT'O OOCITY>KHBAaHUS C TIEPEMEHHON
CTPYKTypOH, momyuusiiee ¢ cepeannsl 1990-x rr. nanpHeiee pa3BUTHE B UCCIICAOBAHUN TBAK/BI CTOXACTH-
YECKHUX MOTOKOB COOBITHI IO OLIEHKE WX COCTOSIHUH U MMapaMeTpOB.

AM. I'opues noaroroBun 19 kanaunatos Hayk, n3 Hux M.E. 3asroponusis, C.C. Karaesa, JI.A. Hexenn-
ckas, W.C. IlImMpipuH B HacTosimiee BpeMsi paOOTarOT JOIEHTaMH Ha Kadeape NPUKIaJHOH MaTeMaTHKH
HIIMKH. SBnsisics HaydHBIM KOHCYJIBTAHTOM JOKTOpCKoi nucceptamuu (JI.A.Hexensckas).

Ony6mmkoBan B cBbitre 240 HaydHBIX paboT. [IpuHNMan ygactre B pabore okono 80 HaydIHBIX CHMITO-
3MyMOB, KOH(QEPEHLUH U IIKOJI-CEMUHAPOB.

C 1989 r. no HacTosIIIee BpeMs SIBISETCS NpeceaaTeNIEM U YIEHOM OPTKOMUTETOB Psia MEXAYHAPOI-
HBIX, BCEPOCCUICKHUX M BCECOIO3HBIX HAYYHBIX KOH(EPEHINH.

A.M. T'opues siBisieTCs MpeAceAaTeseM JUCCEPTALUOHHOIO COBETA M0 MPUCYKACHUIO YUEHOU CTENEHU
KaHJIUAaTa ¥ TOKTopa Hayk 1o cnenuaabHocTH 05.13.01 «CucremHbIit aHAN3, yIIpaBiieHue u 00paboTka wH-
(dbopmannm», WIEHOM AUCCEPTALMOHHOIO COBETA IO MPHUCY)KICHUIO YUCHOM CTENEeHH KaHAMIAaTa M JOKTOpa
Hayk no cnenuanbHoctu 05.13.18 «MatemaTnueckoe MOJIEIUPOBAHUE, YUCICHHBIE METOJBl U KOMILIEKCHI
IIPOTPaMM».

A.M. l'opues HarpaxkneH opaeHoM pyxObl, MenaimsiMu «3a TpyIoBoe oTiauuney, «Berepan Tpynay,
«3a 3aciyru niepen; ToMCKUM yHUBEpCUTETOMY, o0mteliHoi Menanbio «70 met Tomckoit obmactiy, roOnIei-
HOM Menanpio «400 et ropony ToMmcky», cepeOpsiHON Menanbio «B OGraromapHOCTh 32 BKIIQJ B pa3BUTHE
TI'Y». OTMeueH HarpyAHbIM 3HAKOM «3a 3aciayrd B cepe oOpa3oBaHU».

Hoporoii Anexcanap MuxaiijsoBu4!
Ho3apasiasiem Bac ¢ ro0neeM 1 :xe1aeM 310pOBbsi HA MHOTHeE TObI!
TBopueckux Bam ycnexos!

Hucmumym npuxkiadnou mamemamuxu u kKomnviomepnuix nayk T1'Y
Peoaxyuonnas xonnezus sicypnana «Becmuux TI'Y. Ynpaenenue,
BLIYUCIUMENbHAS MEXHUKA U UHGOpMamuKay

Kageopa npuxiaonou mamemamuxu
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