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P.V. Danchev
COMMUTATIVE FEEBLY INVO-CLEAN GROUP RINGS

A commutative ring R is called feebly invo-clean if any its element is of the form
v+e— f, where v is an involution and e, f are idempotents. For every com-
mutative unital ring R and every abelian group G we find a necessary and suffi-
cient condition only in terms of R, G and their sections when the group ring
R[G] is feebly invo-clean. Our result improves two recent own achievements

about commutative invo-clean and weakly invo-clean group rings, published in
Univ. J. Math. & Math. Sci. (2018) and Ural Math. J. (2019), respectively.

Keywords: invo-clean rings, weakly invo-clean rings, feebly invo-clean rings,
group rings.

1. Introduction and Conventions

Throughout the current paper, we will assume that all groups G are multiplicative
abelian and all rings R with Jacobson radical J(R) are associative, containing the

identity element 1 which differs from the zero element 0. The standard terminology
and notation are mainly in agreement with [9 and 10], whereas the specific notion and
notation shall be explained explicitly below. As usual, both objects R and G form the
group ring R[G] of G over R .

The next concepts appeared in [1, 2, and 3], respectively.

Definition 1.1. A ring R is said to be invo-clean if, for each r € R, there exist an
involution v and an idempotent e such that r =v+e.If r=v+e or r=v—e, the ring
is called weakly invo-clean.

The next necessary and sufficient condition for a commutative ring R to be invo-
clean was established in [1, 2], namely: 4 ring R is invo-clean if, and only if,

R =R, xR,, where R, is a nil-clean ring with 22 =2z forall ze J(R),and R, isa

ring of characteristic 3 whose elements satisfy the equation x> = x . Moreover, it was
proved in [6] that a ring R is weakly invo-clean < either R is invo-clean or R can
be decomposed as R =K xZs ,where K =1{0} or K is invo-clean.

The above two notions could be expanded as follows:

Definition 1.2. A ring R is said to be feebly invo-clean if, for each r € R, there
exist an involution v and idempotents e, f such that r=v+e— f .

We will give up in the sequel an useful criterion for a commutative ring to be feebly
invo-clean in order to be successfully applied to commutative group rings (compare
with Proposition 2.2).



6 P.V. Danchev

It was asked in [6] to find a suitable criterion only in terms of the commutative uni-
tal ring R and the abelian group G when the group ring R[G] is feebly invo-clean. So,

the goal of this short article is to address that question in the affirmative. Some related
results in this area can also be found in [4 and 7].

2. The Characterization Result

We begin here with the following key formula from [8] which will be freely used
below without concrete citation: Suppose that R is a commutative ring and G is an
abelian group. Then

J(RIG)) = J(RG)+(r(g~Dlg € G, pr e J(R)),

where G, designates the p -primary component of G .

The next two technicalities are crucial for our further considerations.

Lemma 2.1. Let K be a commutative ring of characteristic 5. Then K is feebly
invo-clean < x° =x holds for any x €K .

Proof. The "left-to-right" implication is almost trivial as writing x =v+e— f with
v =1, e*=e and f*=f, we have that x> =(v+e—f)’ =V’ +¢° - f =v+e— f=x, as
asserted.

As for the "right-to-left" implication, we process like this: Given an arbitrary non-
identity element x in K . Then the subring, S, generated by 1 and x will have the

same property, namely its characteristic is again 5 and y° =y forall ye S . So, with
no harm of generality, we may replace K by this subring S, and thus it needs to prove
the wanted representation property in S only. To that purpose, we claim that S is iso-
morphic to a quotient of the factor-ring ZS[X]/(X5 —X)2ZsxZsxlsxLsxLs of
the polynomial ring Zs[X] over Zs. In fact, we just consider the map Z;[X]—> S,
defined by mapping X — x, which is elementary checked to be a surjective homomor-
phism with kernel which contains the ideal generated by X° — X , and henceforth the

classical Homomorphism Theorem works to get the desired claim. Working now in the
direct product of five copies of the five-element field Zs = {0,1,2,3,4|5 =0}, a plain

technical argument gives our wanted initial assertion that S and hence K are both fee-
bly invo-clean. This is subsumed by the presentations 0=1+0-1, 1=1+0-0,
2=1+1-0,3=4+0-1and 4=4+0-0,where 4 =1, 1> =1and 0°=0.0
Proposition 2.2. 4 commutative ring R is feebly invo-clean < R = PxK for two
rings P,K , where P={0} or P is invo-clean, and K ={0} or K possesses charac-

teristic 5 such that x> =x, Vxe K .

Proof. "= ". It follows from the corresponding characterization method used in [3,
Theorem 2.6].

"<« ". Firstly, it needs to show that K is feebly invo-clean. This, however, follows di-
rectly from Lemma 2.1. Furthermore, one suffices to observe again with [3, Theorem 2.6]
at hand that the direct product of such a ring K with an invo-clean ring remains a feebly
invo-clean ring, thus getting resultantly that R is feebly invo-clean, as expected. o

We are now ready to proceed by proving the following preliminary statement (see
[5] as well).
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Proposition 2.3. Suppose R is a non-zero commutative ring and G is an abelian
group. Then R[G] is invo-clean if, and only if, R is invo-clean having the decomposi-

tion R =R, xR, such that precisely one of the next three items holds:

0) G={l}

or

1) |G|>2, G*={1}, R, =1{0} or R, is a ring of char(R))=2, and R, ={0}, or
R, is aring of char (R,) =3

or

() |G|=2, 21i* =25 forall 1, € R, (in addition 4=0 in R,), and R, ={0} or R,
is a ring of char (R,) =3.

Proof. If G is the trivial i.e., the identity group, there is nothing to do, so we shall
assume hereafter that G is non-identity.

"Necessity." Since there is an epimorphism R[G]— R, and an epimorphic image of

an invo-clean ring is obviously an invo-clean ring (see, e.g., [1]), it follows at once that
R is again an invo-clean ring. According to the criterion for invo-cleanness alluded to

above, one writes that R = R, x R,, where R, is a nil-clean ring with a” =2a for all

aeJ(R)) and R, is aring whose elements satisfy the equation x* = x . Therefore, it

must be that R[G]= R [G]x R,[G], where it is not too hard to verify by [1] that both
R|[G] and R,[G] are invo-clean rings.

First, we shall deal with the second direct factor R,[G] being invo-clean. Since
char (R,) =3, it follows immediately that char(R,[G]) =3 too. Thus an application of
an assemble of facts from [1, 2] allows us to deduce that all elements in R,[G] also
satisfy the equation »° = y. So, given g € G c R[G], it follows that g’ =g, that is,
g2 =1.

Next, we shall treat the invo-cleanness of the group ring R,[G]. Since char(R,) is a
power of 2 (see [1]), it follows the same for R,[G]. Consequently, utilizing once again
an assortment of results from [1, 2], we infer that R[G] should be nil-clean, so that
22 =2z forall zeJ (R,[G]) . That is why, invoking the criterion from [7], we have that

G is a 2 -group. We claim that even G =1. In fact, for an arbitrary g € G, we derive
with the aid of the aforementioned formula from [8] that 1-g e J(R[G]), because

2eJ(R)). Hence (1-g)* =2(1—g) which forces that 1-2g+g* =2—-2g and that
g? =1, as desired. We now assert that char (R))=2 whenever |G|>2. To that pur-
pose, there are two nonidentity elements g =4 in G with g =h* =1. Furthermore,
again appealing to the formula from [8], the element 1-g+1-A=2—-g—h lies in
J(R[G)), because 2eJ(R)). Thus (2—g—h)* =2(2—g—h) which yields that
2-2g-2h+2gh=0. Since gh+1as for otherwise g=h"' =k, a contradiction, this
record is in canonical form. This assures that 2 = 0, as wanted.
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However, in the case when |G |=2, i.e. when G ={l,g|g” =1} =(g), we can con-
clude that 27* =27 for any r e R, . Indeed, in view of the already cited formula from
[8], the element r(1—g) will always lie in J(R[G]), because 2 € J(R,) . We therefore
may write [r(1— g)]2 =2r(1-g) which ensures that 2% — 2r2g =2r—2rg is canoni-
cally written on both sides. But this means that 27> =27, as pursued. Substituting
r =2, one obtains that 4 = 0. Notice also that 2r> =2 forall r € R, and a* =2a for
all a e J(R,) will imply that a* =0.

"Sufficiency." Foremost, assume that (1) is true. Since R, has characteristic 2,
whence it is nil-clean, and G is a 2 -group, an appeal to [7] allows us to get that R,[G]
is nil-clean as well. Since z° =2z =0 for every z e J(R,), it is routinely checked that
82 =28=0 for each & e J(R,[G]), exploiting the formula from [8] for J(R,[G]) and
the fact that R,[G] is a modular group algebra of characteristic 2. That is why, by a
consultation with [1], one concludes that R,[G] is invo-clean, as expected. Further, by a
new usage of [1], we derive that R,[G] is an invo-clean ring of characteristic 3. To see

that, given xe R,[G], we write xzzge c'e8& with r, € R, satisfying r; =7, .

Since G”*=1 will easily imply that g’>=g, one obtains that
X = (dec rgg)3 = dec rgg3 = dec 1,8 =x, as needed. We finally conclude with
the help of [1] that R[G]= R,[G]x R,[G]is invo-clean, as expected.

Let us now point (2) be fulfilled. Since G’ =1, similarly to (1), R, being invo-
clean of characteristic 3 implies that R,[G] is invo-clean, too. In order to prove that
R,[G] is invo-clean, we observe that R, is nil-clean with 2 € J(R,) . According to [7],
the group ring R,[G] is also nil-clean. What remains to show is that for any element &
of J(R[G]) the equality 82 =28 is valid. Since in conjunction with the explicit for-
mula quoted above for the Jacobson radical, an arbitrary element in J(R,[G]) has the
form j+j'g+r(l1-g), where j,j'eJ(R) and reR,, we have that
[j+jg+r(-g) e (J(R )+ 2J(R))G]+ r*(1-g)?. However, using the given con-
ditions, z*> =2z=2z" and thus z*>=2z=0 for any zeJ(R)). Consequently, one
checks that
[+ /g+r(-g =r*(1-g)* =2r*(1-g) =2r(1-g) = 2[j+ j'g +r(1- )], because
2Kt =2r, as required. Therefore, R,[G] is invo-clean with [1] at hand. Finally, again
[1] gives that R[G]= R|[G]x R,[G] is invo-clean, as promised. O

It is worthwhile noticing that concrete examples of an invo-clean ring of character-

istic 4, such that its elements are solutions of the equation 2r° = 2r , are the rings Z,
and Z,xZ, .
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We thereby come to our main theorem which states the following:
Theorem 2.4. Let G be an abelian group and let R be a commutative non-zero
ring. en the group rin 1s fee invo-clean if, and only if, at most one of the
ing. Then the group ring R[G] is feebly i lean if, and only if, of th

next points is valid.

(1) G={1} and R is feebly invo-clean.

(2) G={l} and R=PxK , where P=R xR, is an invo-clean ring and either
K ={0} or K is a ring of char(K)=5 which is a subdirect product of a family of
copies of the field 75 such that either

(2.1) P={0} and G* = {1}

or

(22) |G[>2, G*={1}, P={0} with R, ={0} or R, is a ring of char (R))=2 and
R, ={0} or R, is aring of char(R,) =3

or

23) |G]=2, P={0} with 21”12 =2n for all v € R, (in addition 4=0 in R)) and
R, ={0} or R, is aring of char(R,) =3.

Proof. If G is trivial, there is nothing to prove because of the validity of the iso-
morphism R[G]= R, so let us assume hereafter that G is non-trivial.

"Necessity." As the feebly invo-cleanness of the group ring R[G] implies the same
property for R, utilizing Proposition 2.2 we come to the fact that R[G] = P[G]x K[G]
will imply feebly invo-cleanness of both group rings P[G] and K[G] whence P[G] is
necessarily invo-clean whereas K[G] is either zero or a subdirect product of a family of
copies of the field Z . After that, under the presence of P[G]# {0}, we just need apply
Proposition 2.3 to deduce the described above things in points (2), (2.2) and (2.3). Let-
ting now P[G]={0}, we shall deal only with K[G]. To that goal, what we now assert
is that the group ring K[G] having the property x° =x for all xe K[G] with
char (K[G]) =5 yields that K has the property y° = y for all y e K with char(K)=5

and G* = {1} . Indeed, since K — K[G] and G < K[G], this can be extracted elemen-

tarily thus substantiating our initial statement after all.
"Sufficiency." Item (2) ensures that R[G]= P[G]x K[G] and so it is simple verified

that the feebly invo-cleanness of both P[G] and K[G] will assure feebly invo-
cleanness of R[G] as well. That is why, we will be concentrated separately on these
two group rings. Firstly, the stated above conditions are a guarantor with the aid of
Proposition 2.3 that P[G] is invo-clean. Secondly, it is pretty easily seen thatas y° =y
and g° =g forall yeK and geG, because K is a subdirect product of copies of
the field Z possessing characteristic 5 and G'= {1}, we may conclude that x° = x

holds in K[G] too, as required. This substantiates our former assertion after all. o
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KPUTEPUI BUHAPHOM PA3JIOXKUMOCTH
AJITEBPAMYECKOWM OIEPAIIAA

Hccnemyercst CBOMCTBO pa3ioKUMOCTH OIIEPAIiH, HE SBILIOMICHCS OMHAPHOU, B
KOMIIO3UINIO OMHApHBIX omeparmii. [lomydeHsl HEOOXOAWMBIE M TOCTATOYHEIE
YCIIOBHS, KOTOPBIM JIOJDKEH YIOBIIETBOPSTH CTPYKTYPHBIH TE€H30p 3-apHOH anred-
pandecKkoil omepamuu Ui TOrO, 4TOOBI 3Ta OHepanus sBIAIach OWHApHO-
Pa3IoKIUMOH.

KnroueBble cioBa: 6unapnas onepayus, n-apHas onepayus, meH3op, OuHapHas
PA3N0IACUMOCHIb.

Kaxk mpaBwuio, garie Bcero B anredpe M3y4aroTcsi yHapHbIE U OMHApHBIE OTEPAaIH.
MHoxecTBO paboT MOCBSIIEHO HCCICAOBAHUAM TIpymi romomopgusmoB Hom(A,B)

u koxen s>HAOMOpu3MOB E(A4), Hamp. [1-3]. Taxke u3BecTHa TpyIma yMHOKEHHH
Mult(A). Tlpyn M3y4eHUH TUNEPKOMIUIEKCHBIX YHMCIOBBIX CHUCTEM M KOHEYHOMEPHBIX

anreOp Toxe UIET peub 0 OMHApHBIX onepanusix. KoneuHoMepHble anreOpbl TECHO CBsI-
3aHbI ¢ Tpymmoi Mult(A) . OnHako, KpoMe HHX, CYIIECTBYIOT U /1 -apHbIE alnreOpande-

CKHe OTlepalliy, MPHUEM 3TO BOBCE HE PEIKO HCIOIB3yeMbIe aOCTpaKINH, JUIIEHHbIE
TEOMETPUIECKOTO CMBICIIA, @ HAPOTUB, TOBOJILHO YACTO BCTPEUAIOIINECS B TEOMETPHH.

Tak, K mpuMepy, 0GOGIEHHOE BEKTOPHOE MNPOM3BEIECHHE B mpocTpamHcTBe R™
B pe3yJIbTaTe KOTOPOTO MOXET OBITh 00pa3oBaH OOLIMH MEPIEHANKYJISP K UCXOIHBIM
n BEKTOpaM, SIBISETCS 1 -apHOW onepanuei.

[IpencraBuM HEKOTOPHI 0030p paboOT, CBI3aHHBIX C 7 -apHBIMH ornepanusmu. He-
CMOTpS Ha TO, YTO 7 -apHbIEC TPYTIIH 3aHIMAIOT B alredpe He CTOJIb 3HAUYUTEINbHOE Me-
CTO, KaK IPYMIIBl C OOBIYHBIMA OWHAPHBIMHU OIIEPAIMsIMU, TEM HE MEHEE IPHCYTCTBYET
JIOBOJIbHO OoJbInas cepust paboT Mo JaHHON TemaTtuke. B OCHOBHOM wHcciienoBaHUS
JIBIDKYTCSI TIO ITyTH OOOOIIEHHSI HEKOTOPBIX CBOMCTB, paHee M3BECTHBIX JUIS TPYIII C
OunapHbIMH oneparusiMu [4—13]. DTa TemaTHKa pa3BUBAETCS €IIE C IEPBOM MOJIOBHHBI
XX Beka [4]. Takke CymecTByeT MHOXKECTBO padOT 3apyOeHBIX aBTOPOB, HAIPUMEP
[6-8]. B XXI Beke n -apHbIe rpymimsl m3ydarorcs B benopyccun (["axpmak A.M. u npy-
rue) [9-13].

Hecmotps Ha obmime pabor 1mo oO0OIIEHHSM pPa3IMYHBIX CBOMCTB Ha 71 -apHBIN
Clly4yail, HEIIOCPEJICTBEHHO CaMHUM B3aMMOCBS3AM MEXKAY 71 -apHOM M OMHApHBIMU OIle-
panusMy TOCBSIIIEHO MaJIo padOT, U TaHHAs! CTaThs, CIEAyeT Ha/esIThCs, 3alIOHUT 9TOT
npo6en. bruHapHble anredpanyeckne onepanuy Hanbonee u3y4eHsl. B cBs3u ¢ aTuM, ec-
TECTBEHHO, BO3HHKAET BONIPOC, KAKHE U3 1 -aPHBIX ONEPAINA CBOAATCS K KOMITO3HIIH
OMHapHBIX.

ABTOPOM HCCIIEJOBAINCH HEKOTOPbIE CBOHCTBA #-apPHBIX aIreOpandecKux onepaui
[14]. Bpun HalineHs! pUMepsl OMHAPHO-HEPA3JIOKUMBIX OINEpAllMii U TTOCTaBIICH BO-
MIPOC O HAXOXJCHUH HEOOXOANWMBIX M JIOCTATOYHBIX YCIOBHUH OMHAPHOW pa3lIOKMMO-
ctu. B nmanHOM cTaThe MmosydaeT pa3BUTUE MPEAJIOKEHHBIN aBTOpoM B [15] MaTpuyHO-
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TEH30PHBIN MOJIXO0JI, & TAKXKE PEIIAIOTCS HEKOTOPBIE M3 MPo0IieM, MOCTaBIeHHBIX B [14].
Hcroprueckn ClOXHBLIEECS UCTIONB30BaHIE CHMBOJIBHOW TaOJIMIIBI YMHOXKEHUS (BMe-
CTO CTPYKTYpPHOTO TEH30pa) NPH MOCTPOSHUH THUIIEPKOMIIIEKCHBIX CHCTEM M KOHEYHO-
MEpHBIX aJIredp, /10 HACTOSIIEr0 BPEMEHN PUCYTCTBYIOIIEE B JaHHOH 001acTH, HE 110-
3BOJIMIIO OBl CTaBUTh M PEUIaTh MOJOOHOTO poja 3amadyd. TakuMm o0pa3oM, MOXHO C
YBEPEHHOCTHIO MPEATIONI0XKHUTD, YTO JTAHHOE MCCIIEAO0BaHNE 00J1a1aeT HOBU3HOM.
Oneparust f(a,b,c) Ha3pIBaeTCs OMHAPHO-PA3IOKUMON, €CIIH CYIIECTBYIOT JIBE Ta-

ke OwHapHble omepammu g,h, uro f(a,b,c) = h(g(a,b),c). OrnensHBIl MHTEpEC

MPECTABISIET M3YUEeHHE HEOOXOANMBIX M JOCTAaTOYHBIX yCIOBHHA OMHApHOI pa3iioKu-
MOCTH TIOJHIMHEHHBIX ONEepaIlHii B CBS3H C TE€M, UYTO BCAKOE HETMHEHHOE 0TOOpaskeHIe

u3 f:R" — R" mupexncraBumo B BUIe 0000IIEHHOrO psaa Teiopa, COCTOSAIIETO U3

MOJIMJTMHEMHBIX O0TOOpakeHHi. B maHHO# paboTe cTaBHTCA 3ajada BBIIOJHUTH TaKylO
0a30ByI0 3amady: HATH HEOOXOIMMBIC U JOCTATOYHBIC YCJIOBHUS, KOTOPHIM JOJDKCH
YJOBIETBOPATH CTPYKTYPHBIH TEH30p TPUIMHEHHON Omepaluu TakK, YTO CYLIECTBYET
napa OMJIMHCHHBIX ONepanyii, KOMIIO3UIHUECH KOTOPBIX SABJISCTCS UCXOMHAS TPUIHHCH-
Hasi oreparusi.

ITycTh TpuiMHENHAs anreOpaMveckas onepanus B R” 3ajaHa ¢ IOMOILIBIO CBOETO
CTPYKTYpHOTO TeH30pa. Kax1oii Tpoiike 6a3siCHBIX BEKTOPOB ¢€;,€;,¢; MOCTABIICH B CO-

n
OTBETCTBHE BEKTOP ZYmeS . Takum obpaszom, nmeercst 4-meprast Mmatpuria C Topsia-
s=1

Ka 1 COIeMEHTaMH Y, . [IycTs cymiecTByIoT Be OHIMHEHHbIC onepaund g u h, 3a-

JaHHble MatpuiiaMud A U B cootBeTcTBeHHO. [Ipu 3TOM Marpuiia 4 COCTOMT U3 diie-
MEHTOB Oy TaKHM o0pazom, 9To

n
g(e,'aej) = Za,‘j‘mem >
m=1

a IJId MaTpUILbI B " eé py1eMeHTOB Bmks COOTBETCTBECHHO BBIITIOJIHACTCA
n
h(em > € ) = ZBmkses .
s=l1

Torza u3 paBeHcTBa f(ei,ej,ek) = h(g(el-,ej),ek) clexyer

n n n n n n
h Zaijmem’ek = zaijmh(em’ek) = Zaijm zBmkces = Z zai/mﬁmks € .
m=l m=l m=l s=1

s=1 \m=1

n n n
Takum obpazom, Zy[jkqex = Z Za[jmﬁmks e, I Besikoro s =1,...,7m.
s=1 s=1 \m=1

n
4 . —
B HUTOrC, UMEETCA 7 PaBCHCTB!: z aiijmks = yiﬂm .
m=1

Haxoxnenue qncen o, ,f,,, BO3SMOXKHO B JaHHOM CIy4ae ¢ MOMOIIBIO NPHOIH-

o v v o v 4
JKCHHOI'O PCIICHUS MOJYYHUBIICUCA CUCTCMbI HCJIMHCUHBIX YPAaBHCHUHN, COACPIKAIICU 71

ypaBHEHUIT 1 2n° Hem3BeCTHHIX. OHAKO MTEPALMOHHBIE METOBI HE MOTYT JaTh OTBET
O CYIIECTBOBAaHMHU HJIM HE CYIIECTBOBAHMH TOYHOTrO pemreHus. Ilosromy HamOombmimii
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MHTEpeC MpeACTaBisieT He NPUOIMKEHHOE, a TOYHOE PELIeHHe, a TaKKe Croco0 Haxo-
JIUTh OJIHO3HAYHBIA OTBET O CYLIECTBOBAHMU MJIM HE CYIECTBOBAHMHM OMHApHOro pas-
JIOXKCHHUSL, 3HAsI CTPYKTYPY MATPULIL, COCTOSILEH U3 KOODOULUCHTOB ¥, . Jlist HAXOx-

JACHUS TAKOT'O KPpUTEPH UCIIOJIB3YEM HCKOTOPBIC B3aUMOCBA3U MCKAY YPABHCHUAMU B
Z[aHHOfI CHCTEME, BOSHUKAIOIIUE BCICACTBUEC CHCHI/I(I)I/IKI/I HEJIMHEHHBIX ypaBHCHI/Iﬁ JTOU
CHUCTEMBI.

Omnpenenenue. [Iycte C — yeTbpéxMepHas MaTpHIa, 33Jaf0Mas TPUIHHEHHYIO

omepauuio B R" . E& pa3éprkoil Ha3oBéM Mmarpuiy Q mopsaka n*, MIOCTPOEHHYIO
CIEIYIOMIM 00pa3oM: B KaXIOH CTPOKE COAEPIKATCS BCE AIIEMEHTHI TOTO WA HHOTO
JBYMepHoOro ceueHus marpuipl C , T. €. BCE DJIEMEHTBHI, OJy4eHHbIe IPU (QUKCUPOBAaH-
HUH JIBYX IIOCIEIHUX HHICKCOB. B CTONOIE MpHM 3TOM pACIONOKEHBI 3JCMEHTH W3
JIBYMEPHOTO CEYCHUS IIPH IBYX APYTHX (PUKCHPOBAHHBIX WHACKCAX:

Y - Y Yorrr - Yannl

Yiiin Yintn Yulin Y unin
0= . . .

Yitmt - Yimm Yot - YVuunl

Y11nn Y1nnn Y ninn Y nnnn

Teopema. TpunuHeiiHas onepanus, 3anaHHas MaTpuieir C, cocTosiel U3 CTpyK-
TYPHBIX KOHCTAHT Y , SIBIACTCS PaslOKUMOH B KOMITOSHIHIO IBYX OHIMHCHHBIX

TOTJIa ¥ TOJILKO TOTJIa, KOT/la pa3BépTka MaTpuibl C SIBISIETCS MaTpUIleit panra He 0o-
nee n.
Hokazamenvcmeo.

2 4 .
1. Heobxooumocms. 3anuiieM Kakue-mu00 n° W3 n° WMEIOIINXCS YpaBHEHUH, 3a-
paHee 3a/1aBasi HEKOTOPBIE i, j , U3MEHSISI TIPU 3TOM JIMIIb k,m . ECIU CyIIecTBYIOT Ta-

n
KH€ 1B TPEXMEPHBIE MaTpULbl A, B , 4TO BBIIOJHSIOTCS PaBEHCTBA z oci/.mBmkS =Yijks »
m=1
TO JUISA JIIOOBIX i, j OT 1 0 7 BepHO

OBy + 0B = Vi

1By oot O Brtn = Yijins

O(’ijlﬁlnl ot 0"ijannl = yijnl’

G’ijIBInn tot (x’ijannn = Yijnn'

B xax1oi U3 TakuX CUCTEM yYacCTBYIOT BCE n’ snemenron B . Ecmit mpu aToM pac-
CMaTpHUBaTh JJIEMEHTHl [3 B KauecTBe KOd()(UIMEHTOB, KaxIas Takas CHUCTeMa pa-
BCHCTB MOXCT pacCMaTpuBaTbCsa KaK CUCTEMaA JIMHEHHBIX ypaBHeHI/Iﬁ Ha n HCU3BCCT-

2 o o o
HBIX 0,[/-1,...,(1[-]-” , COCToAIIAasA U3 n ypaBHCHUM. Panr ocHoBHOI MAaTpHulbl 5TOU CUCTEC-
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MBI, OUEBUIHO, MEHBIIIC WM PaBEH 7, TaK Kak 371eCh Bcero n cTojoioB. CyiecTBYIOT
0a3KCHBIC CTPOKH B KOJMYECTBE MEHbIIE MM PABHOM, 4eM 1 . JInHelHas 3aBHCUMOCTh
MEXY BEKTOPaMHU-CTPOKAMH BBIPAXKAETCs C TIOMOIIbI0 HEKOTOPOro Habopa ko3dduru-
enToB K, . Jlnsg yno6cTBa 3amMCH PACMONOKUM KOOPIMHATHI 3THX n’ BEKTOPOB IO
cronduam:

Bl‘ll Bl‘ln Bl.nl Bl'nn 0

K| @ |+..+K,| +.+| K, +..+K, | =

Bnll Bnln Bnnl Bnnn 0
Ho B 3TOM clIy4dac paHr pacmnpeHHOﬁ MaTpHULbl TOJIKCH OBITh PaBEH paHry OCHOBHOH
MaTpulbl, TO €CTh dTa JIMHENHAasT 3aBUCUMOCTL JOJKHA COXpPaHATHCA U I CTPOK pac-
IlIPIpCHHOﬁ MaTpuIbl. B takom ciry4dae s JIIOOBIX i,j = l,...,}’l BEPHO

(KiyYin + -+ KV )+t (Kog Vi + o+ KoV ijun ) = 0.

[Tpn 5TOM maHHAs 3aBUCHMOCTBH PAacHpOCTpaHseTCs Ha BCe CTONOLBI MaTpuipl ),
Be/Ib IS DJIeMEHTOB [3 Bceraa OyayT omHu U Te ke koaddunmentsr K, =, HE3aBUCUMO

ms 2
ot i,j=1,...,n. Takum 0Opa3oM, UMeeT MECTO JHMHEHHAasI 3aBUCIMOCTb CTPOK MATpPHIIBI
Q , onpezenseMas koddpunentamu K, . PaHr cucTeMbl cTpoK MaTpulbl ) B TaKOM
cllyvae paBeH paHTy OCHOBHOM MAaTpHIIBI, onpeeisieMor ko3dduiienramu 3, a 3HAYUT,
OH MCHBIIIC WM paBeH # . Heo0XomuMocCTh ToKa3aHa.

2. locmamoynocmy. IlycTh panr MaTpumsl (2 MEHBIIE WM PaBeH # U IyCTh Ui
OTIpeIeIEHHOCTH 0Aa3MCHBIM MIUHOD PACTIONOKEH B MEPBBIX 7 CTOJNOIAX. YKaXKeM CIIO-
co0 moctpoenuss matpuni 4 u B. Cucrema HENMHEHHBIX yYpaBHCHUN MOXET UMETh
0OECKOHEYHO MHOTO PEHICHUH, MO3TOMY, €CITH MBI 3a()UKCUPYEM YacTh HEH3BECTHBIX W
YKa)KeM TOYHBINA CIIOCOO BBIYUCICHHS OCTANLHBIX, 3TOT0 OYAET MOCTATOYHO JUIS CYIIe-
CTBOBaHUS XOTs ObI OJHOTO PEUICHUS. 3aJaiiM OTHO CeUeHHEe 3-MEpHOW MaTpuubl A
B KOJIMYECTBE 1° DIIEMEHTOB TAKUM CIIOCOBOM:

Opp o Gy
: . : =E.
OLlnl OLllm
Torga st mepBoil cUCTEMBI UMEEM
Oy By + et 0B = Vi, Biig +0..+0="7,,
1By ot Bty = Yitiao Brin +0..4+0 =7y,
=

oy By + e B = Vi B +0..40=",,
O(’lllﬁlnn +"'+G’llannn = Yllnn’ Blnn +0..+0= yllnn'

OTCio1a 0MTyJaeM 3HAYCHHS TIEPBBIX n° U3 1° IEMEHTOB MATPHIE! B .
W3mensis mHACKC j OT 1 10 1, C TOMOMIBIO 7 TIOZOOHBIX CHCTEM MOJIYYHUM B UTOTE

3
3HAUCHHMS BCEX /1~ 3JEMEHTOB MaTpHubl B . [TocnemHss U3 CHCTEM paBEeHCTB, K ITpHUMe-
pY, UIM€eeT BUJ
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OiBrpy + ot By = Vi 0+..+0+B,11 =Yiu1s
O(’lnlBlln +"'+G’lnanln =Yinin> 0+"'+0+Bnln =Yinin>
O(’lnlﬁlnl +"'+O(‘lnannl =Yinn1> O+"'+O+Bnn1 =Y1nnt»
OLlnlﬁlnn +"'+0“1nn[3nnn =Yinnn» 0+"'+0+Bnnl =Y1nnn-

[anee, 3Has MaTpuily B, BEIUUCIUM OCTAaBIIHMECS JIEMEHTHI MaTpuubl A (0gHO eé
cedeHHe MBI 3apaHee 3a1au ¢ momomnibo uncen 0 u 1).

OcHOBHasi MaTpHla KaXJ0H TaKOH CUCTEMBI COCTOHMT M3 TIEPBBIX 71 CTOJOIIOB MaT-
punbel Q , a mpaBasi 9acTh CHCTEMBI — KaKOW-JINOO CTOJIOEI] 3TOH ke MaTpuIbl ), paHT
KOTOpOﬁ MCHBIIC WU pPaBE€H 7 . Kamnaﬂ Takasg CUCTEMa COBMCCTHA, U MOXHO HalTH

3HA4YCHUA (0(4-/-1 ""’ai/'n) JJIg 3aJaHHBIX HOMEPOB l,] .

[Tapa uucen i, j ompemensieT MepeMeHHbBIC (am,..., oci/.n) B CHCTEME YpaBHEHUH, pU

9TOM IIpaBad 4aCTb — CTOJ'I6€II MaTpHulbl Q N TaKOﬁ, 4YTO NEPBLIMU JIBYMS WHJACKCAMU
DJICMCHTA 7Y SBJIAIOTCA l,] . M3naganpHO MEI MpUCBAUBAJIM 3HAYCHUS DJIICMCHTAM

(Oyg sy ) s eoes (QpppseeesOipy ) » TO €CTH TAPHL £, j ObUmH OT (1,1) mo (1,7) , moTomy
YTO IToyaraay Oa3ucHEII MHHODP HaxoAdIIUMCA B IIEPBLIX 7 CTOH6HaX MaTpuIbl Q.
Eciin e OH pacIioNoXkeH HHaYe, TO ePBOHAYAIBHOE IPUCBOCHIE OY/IET POM3BOIHTH-

Csl IJIsL APYTOH COBOKYITHOCTH M3 n’ 3ImeMeHTOB MaTpulbl A , IOCIIE YETr0 HaXOXKIACHHE
OCTaNIbHBIX 3JIEMEHTOB MIPOU3BOIUTCS AHAJIOTUYHBIM 00pa3oM.

Wrak, ecnu panr Matpuusl ), MOCTPOEHHOH i 3-apHOW omepaiyy, MEeHbIIe Win
paBeH 1, TO CYIIECTBYIOT JiB€ OMHApHBIC ONepanny, B KOMIIO3UIUIO KOTOPHIX Pasio-
KHUMa UcxoaHast 3-apHas oneparus. JlocTaTouHOCTh I0Ka3aHa. O

Takum 00pa3zoM, AJIsl TIOJyYSHUS] OTBETa O OMHAPHOH Pa3IoKMMOCTH TOM MM HHOU
TPWIMHEWHOW Omepaiuy I0CTaTOuHO HaiiTu panr matpuibl ) . [IpobGnema ompenerne-
HUSI HINYUSI OMHAPHOTO Pas3IOKEHUS] MOXKET OBITh pellieHa 0e3 MCHOJIb30BaHus IpH-
OMDKEHHBIX METOAOB DEIICHHs CHUCTEM HEJIMHEHHBIX YpaBHEHWH, NaHHas mHpoldiiema
CBOJUTCS K TUHEHHBIM CHCTEMAaM.

Ipumep. Paccmorpum mpumep u3 [5], fokakeM OMHAPHYIO HEPA3IOKUMOCTH CITO-
co0oMm, MoTydYeHHBIM B JaHHOH padorte. PaccmarpuBanocs 0000mEHHOE BEKTOPHOE T10-

JIMIIPOU3BENIEHUE B IPOCTPAHCTBE R*. [lonyvaromuiicss pe3ynbTaT Takod ONepaluu —
BEKTOD, OpTOFOHaI[BHI)II\/'I BCEM TpéM HUCXOIHBIM H BBIUUCIISIEMBIN C TMMOMOIIBIO OIIpEac-
JIUTENIS CIEeIYIOIM 00pazoMm:

X Xy X3 Xy
2)= N Y2 Vs sl
Z Zy Z3 Zy
i j k1
ITpu sTOM 11 Ga3UCHBIX 3JIEMEHTOB i, j,k,/ BBIIOJIHSIOTCS PaBEHCTBA:
(’)(lalsk) = O*)(jskyl) = O)(kal:]) = ls @(],l,k) = (D(lyk:]) = (D(kz]sl) = 713
o(ky,)) = o(Lk)) = o.Lk) = i, o k) = okl)) = o(l)jk) =i,
(ki) = (i) = 0(ik]) = j, o(Lki) = o(i,Lk) = o(kil) = =,
o(i.L)) = o(l)i) = 0@ ,i,]) = k, o(lij) = o)) = o(,Li) = k.

o(x, y,
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Takum o6paszom, 24 u3 64 nponsseneHnid OTIIMYHBI OT 0, OCTANILHBIE COOTBETCTBYIOT
HabOpaM 2JIEMEHTOB, COAEPIKAIMM XOTs ObI IIapy COBIAJAIOIIUX, U IOATOMY paBHBI 0.
Torna pa3BépTka TeH30pa [UIsl 3TOW ONepanuy SBISIETCST MaTpHLei mopsaka 16, B 00-
IIE€M BHU 1€ OHA BBIIVIAIUT TaK:

Y Yizoe Yz Yian | (Yoo Yoo Yoz Yoan | ( Yain Ysain Yz Vaann | (Y4 Va2 Yasu Yaan
Yz Yiziz Y1312 Yiarz | | Y22 Y2212 V2312 Voarz || Y312 Y3212 V3312 Y3412 || Va2 Ya212 Y4312 Yasn2
Tz Yi23 Y1313 Y1413 || Yanz Y2213 V2313 Y2413 || V3113 Y3213 V3313 V3413 | | Y4113 Y4213 V4313 Y4413
Yiia Y1214 V1314 Y1414/ \Y2114 V2214 Y2314 Y2414/ \Y3114 V3214 V3314 V3414 \Ya114 Va214 Y4314 Vaa14
Y2t Yizo1 Yiz21 Yidar | [ Y2121 Y2221 V2321 Voaor | [ V3i21r Y3221 V3321 V3421 | | Var2r Vazo1 Y4321 Yaaon
Yoz Y222 Yiz22 Yiaza || Y2122 Y2202 Y2322 Voazz || V3122 V3222 V3322 V3422 || V4122 Y4222 Y4322 Vaaz
Y1123 V1223 Y1323 Y423 || Y2123 V2203 V2323 Y2423 || V3123 V3223 V3323 V3423 || V4123 V4223 V4323 Vad3
Yii24 Y1224 Y1324 Yid24 /) \Y2124 Y2224 V2324 V2424 ) \Y3124 V3224 V3324 V3424 ) \Va124 Va224 V4324 V4424
Yizr Vi3t Y1331 Yiasn | [ Y2131 Y2231 Y2331 Yoazi | [ V3131 V3231 V3331 V3431 | [ Y4131 Y4231 Y4331 Yaazn
Yz Y1232 Vizs2 Yiaz2 || Y2132 V2232 Y2332 Vo432 || V3132 V3232 V3332 V3azz || Y4132 Vao3z Y43z Vasn
Y1133 Y1233 Y1333 Y1433 | | Y2133 V2233 V2333 V2433 | | V3133 V3233 V3333 Y3433 | | V4133 V4233 V4333 Y4433
Y1134 Y1234 Vi33a Yia3a) \Y2134 V2234 V2334 Y2434 ) \V3134 V3234 V3334 V3434 \Ya134 Va234 V4334 Vaa3a
Yiiar Yi2a1 V1341 Yiaar | (Y2141 Vo241 Y2341 Yoaar | (V3141 V3241 V3341 V3441 | [ Y4141 Yaoar Vazar Vaam
Va2 Vi2a2 Y1342 Yiaaz || Y2142 Y2242 Y2342 Voadz || V3142 V3242 V3342 V3ad2 || V4142 Yaza2 Y342 Vaasr

Y1143 Y1243 Y1343 Y1443 | | Y2143 V2243 Y2343 Y2443 | | V3143 V3243 V3343 V3443 | | V4143 V4243 V4343 Y4443

Vitaa Vi2aa V1344 Yiaaa ) \Y2144 Y2244 Y2344 Y2444) \V3144 V3244 V3344 V3444) \Ya144 V4244 V4344 V4444
OTJ'II/I‘IHI)IMI/I OT HYJIS ABJIAIOTCA JHIIb TE€ 3JICMCHTBLI, TA€ HET JABYX COBIAJarOmInuX
uHInekcoB. Tak, Hampumep, o(ij,k)=/, wm B Jpyrux 00O3HAYEHUSX
(e, e,y,e;)=e, = 0¢ +0e, +0e; +1e,, BCIEACTBHE YETO V{531 = Y1232 = Y1233 =0,
'Y1234 =1 . AHaJ'IOFI/IqHO CTPOATCA CTPYKTYPHBIC KOHCTAHTBI U JIs1 OCTAJIbHBIX IMTPOU3BEC-

JeHuH. B urore st ncciegyeMoi onepaIiu 3Ta MaTpUIla UMeeT BUJT

00 0O 000 O 0 0 0 O 00 0 O
00 0O 0 00 O 0 0 01 0 0 -1 0
0 0 0O 0 0 0 -1 0 0 0 O 01 0 O
0 0 0O 001 0 0 -1 0 O 00 0 O
00 O 0 0 0O 0 0 0 -1 0 01 0
00 0 O 00 0O 000 O 0 0 0O
00 0 1 0 0 0O 000 O -1 0 0 O
0= 00 -1 0 0 0 0O 1 0 0 O 0 0 0O
00 0 O 0 0 0 1 0 0 0O 0 -1 00
00 0 -1 0 0 0O 00 0O 1 0 00
00 0 O 0 0 0O 00 0O 0 0 0 O
01 0 O -1 0 0 0 0 0 0O 0 0 0 O
0 0 00 0 0 -1 0 0 1 00 00 0O
0O 0 1 O 0 0 0 O -1 0 0 O 00 0O
0 -1 0 O 1 0 0 O 0 0 0O 0 0 0O
0 0 00 00 0 O 0 0 0O 0 0 0O
[Tepeuncinm, Tie pacmoNoKeHbl HEHYJIEBbIE YJIEMEHTHI:
2-ti u 5-i cron6Ipr: 12, 15 crpoku, 3-ii u 9-1i cronoukL: 8, 14 cTpokH,
4-ii u 13- crom6usr: 7, 10 cTpokw, 7-1 u 10-# ctonOuesr: 4, 13 cTpoku,

8-it u 14-ii cTonOuer: 3, 9 cTpokw, 12-i1 u 15-# cTonOuer: 2, 5 cTpoKy.
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ba3ucHbIi MUHOpP COCTOMT M3 6 CTONOIIOB, PaHT TaHHOIM MaTpUIIbl paBeH 6, 4To Oosblie 4,
MIO3TOMY OIlepalysi, € COOTBETCTBYIOIAs, HE MOXET OBITh MPEJCTaBIECHA B BUJIE KOM-
TIO3UIMH JIByX OMHAPHBIX.

JanHbIi crioco0 ycTaHOBIIEHNST OMHAPHOI Pa3IoKUMOCTH 3-apHOi onepanuy siBisi-
€Tcsl JIETKO MTPOTrpaMMHPYEMBIM Ha JIF000M alTOPUTMHUYECKOM SI3BIKE.
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In this article, the author considers n-ary algebraic operations and their properties. There is a
problem to find out conditions under which a ternary operation can be decomposed into a
composition of two binary ones. Not every third operation is decomposed into such a
composition. An example of an indecomposable operation was built by the author earlier, in a
previous article in 2009. Now the problem has been solved, a criterion that establishes the
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relationship between decomposability of a ternary operation into two binary operations and the
rank of the auxiliary matrix which can be constructed has been proved.

Initially, each ternary operation is associated with a 4-dimensional matrix consisting of its
structural constants. However, the idea is to reduce the calculation to flat matrices, for which such
concepts as rank and determinant are well applied.

The resulting criterion can be widely used to construct computer programs that can answer
questions about whether an operation is decomposable into a composition of two binary
operations.
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S. Rekkab, H. Aichaoui, S. Benhadid
REGIONAL GRADIENT COMPENSATION WITH MINIMUM ENERGY

In this paper we interest to the regional gradient remediability or compensation
problem with minimum energy. That is, when a system is subjected to
disturbances, then one of the objectives becomes to find the optimal control which
compensates regionally the effect of the disturbances of the system, with respect
to the regional gradient observation. Therefore, we show how to find the optimal
control ensuring the effect compensation of any known or unknown disturbance
distributed only on a subregion of the geometrical evolution domain, with respect
to the observation of the gradient on any given subregion of the evolution domain
and this in finite time. Under convenient hypothesis, the minimum energy
problem is studied using an extension of the Hilbert Uniqueness Method (HUM).
Approximations, numerical simulations, appropriate algorithm, and illustrative
examples are also presented.

Keywords: gradient, optimal control; regional remediability; disturbance;
efficient actuators.

1. Introduction

The control problem of distributed parameter systems arises in engineering
applications and many different contexts, which are characterized by a spatiotemporal
evolution. Systems analysis consists of a set of concepts as controllability, observability,
remediability,...that allows a better understanding of those systems and consequently
enables to conduct them in a better way. Moreover, the analysis itself has to deal not
with the whole domain, but with its specific subdomain of interest. Thus, motivated by
practical applications, El Jai and Zerrik have introduced and studied the so-called
regional analysis [1-5]. Such analysis aims to analyze or control a system in which an
objective function is defined only on a prescribed subregion. Therefore, the system
dynamics is defined in the whole the domain Q , whilst the objective is focused on a
given subregion ®, where ® < Q2. An extension of this study that is very important in
practical applications is that of regional analysis of the gradient developed in [6—10].
This study is of great interest from a more practical and control point of view since there
exist systems that cannot be controllable but gradient controllable or that cannot be
observable but gradient observable or that cannot be detectable but gradient detectable
and they provide a means to deal with some problem from the real world. With the same
preoccupation, the regional gradient remediability and regionally efficient gradient
actuators are introduced and characterized recently for linear distributed systems in [11].

In this work, we show how to find practically the optimal control (convenient
regionally gradient efficient actuators) ensuring the gradient compensation regionally,
based on a result of characterization obtained in our previous work [11]. In addition, it
constitutes also an extension of our previous work [12] to the regional case.

This paper is organized as follows. In the second section, we start by presenting the
considered problem. After, we recall the definitions of exact and weak regional gradient
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remediability, the notion of regional gradient efficient actuators, and a characterization
which shows that the regional gradient remediability of any system may depend on the
structure of the actuators and sensors.

In section 3, under a condition on the structure of the actuators and the weak
regional gradient remediability hypothesis, using an extension of Hilbert Uniqueness
Method (HUM), we examine the problem of gradient remediability with minimum
energy regionally. Then, we give the optimal control which compensates an arbitrary
disturbance.

In the last section, approximations, simulations, and numerical results are presented.

2. Considered problem, definitions, and characterization

Let Q be an open and bounded subset of IR"((n=1,2,3) with a regular
boundary Q. Fix T >0 and let denoted by O =Qx]0,7[, X =0Qx]0,7[ . Consider
the system described by the parabolic equation

%(x,t):Ay(x,t)+Bu(t)+f(x,t) o
y(x,O) — )/O (x) _ Q, (21)
y(&1)=0 -3,
where A4 is a second order linear differential operator which generates a strongly
continuous semi-group (S(¢)),,, on the Hilbert space L* (Q). (S* (t)) is considered

>0

for the adjoint semi-group of (S(¢)).,. BeL(U,X),ue*(0,T;U) where U is a

20"
Hilbert space representing the control space and X :Hé (Q) the state space. The

disturbance term f € L* (0,7; X)) is generally unknown.
In system (2.1), the disturbance function f has a space support which can be, in

practical applications, a part o of the domain Q (< Q). The system (2.1) admits a
unique solution y e C(0,7; Hg (Q))NC' (0,7 L (Q)) [13] given by

Yy () =8(6)y° +[S(t=5)Bu(s)ds+[S(t=5) f (s)ds .

For ® — Q an open subregion of ) with a positive Lebesgue measure, we consider
the operators

to (L (Q)) (2 (@), and T 2 (Q) > I (),

v ol

while their adjoints denoted by xz) and )Z*w respectively, are defined by

1o (L (0) > (@), and i (o) > 2 (Q),
|y ono, 5,y ono,
Y7 KXo = 0 onQ\wm, Y7 Kod = 0 onQ\w.
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Consider also the operator V defined by
ViH(Q) (2 (),

yovy=| 2y Oy | or]
ox; 0Ox, ox,

while V" its adjoint operator.
The system (2.1) is augmented by the regional output equation

Zu s (1)=Cro Vs (1), 22)
where Ce L ((Lz ((D))n ,0) , O 1is a Hilbert space (observation space). In the case of

an gradient observation on [0,7] with ¢ sensors, we take generally O =[R? . In the
autonomous case, without disturbance ( f = 0) and without control (u = 0), the gradient
observation in ® is given by

200 (1) = Cx, VS (1)),
it is then normal. However, if f #0 and u # 0, the regional gradient observation is

disturbed.
The problem consists to study the existence of an input operator B (actuators), with

respect to the output operator C (sensors), ensuring the gradient compensation at finite
time 7, of any disturbance acting on the system, that is to say:

Forany f eI’ (0,7;.X), there exists u € I’ (0,73U) , such that
znp (1)=Cr,VS(T) 5",
this is equivalent to
Cy o VHu+Cy VFf =0,
where H and F' are two operators defined by
H:[*(0,T;U) > X, F:I*(0,T;X)> X,
T T
and
u—)Hu=J.S(T—S)Bu(s)ds, f—)Ff=J.S(T—S)f(s)ds.
0 0

This leads to the following definitions.
Definition 1.
1) We say that the system (2.1) augmented by the output equation (2.2) is exactly

regionally f-remediable in ®, if there exists a control u € I? (0,7;U ) , such that
Cy o VHu+Cy  VFf =0.

2) We say that the system (2.1) augmented by the output equation (2.2) is weakly
regionally f-remediable in ® on [0,7], if for every &>0,there exists a control

u e *(0,T;U) such that
[Cx VHU + Cy VEf | s <O
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3) We say that the system (2.1) augmented by the output equation (2.2) is regionally
exactly (resp. weakly) remediable in o, if for every f e L*(0,7;.X) the system (2.1) —

(2.2) is exactly (resp. weakly) f-remediable in ®.
We suppose that the system (2.1) is excited by p =zone actuators

(Qi,gi)]gisp,gi el’ (Q,), @ co,Vi=1...,p , in this case the control space is

U = IR? and the operator B is given by
B:IR? > X,

u(t)= (”1 (1),u, (t),...,up (t)) — Bu = ixgi (x)g; (x)u; (2).
Its adjoint is given by

T
B z:((gl,z>Ql ,(gz,z>Q2 ,...,<gp,z>Qp) e IR? .

Also suppose that the output of the system (2.1) is given by ¢ sensors

(D;,h

i1 ) i o i eI’(D,), being the spatial distribution, D, =supph c ®, for

i=1...,q and D, ﬂDj =¢ for i # j, then the operator C is defined by

C:(L (w)) - IRY,

n

y(t)e Cy(t) = (i(hl’yi(t»q ,anl%»yi (1)), ve-n 2 (g (t)>qu :

i=1 i=1

its adjoint is given by C* with for0=(0,,0,,...,6,) € IR,

c'o- [zx (9008 ()30, (30 () 30, ()0 <x>] (2 ()"

We recall the following notion of the regionally gradient efficient actuator [11].

Definition 2. The actuators (Q;,g; ,g; € 7 (Q;) are said to be regionally

)ISiSp

gradient efficient, if the system (2.1) — (2.2) so excited is weakly regional gradient
remediable.

Form=>1,let M, be the matrix of order (P xr, ) defined by
Mm = (<gi,wmj>[‘2(gi))ij N 1<i< p al'ld 1< J < rm

and let G,, be the matrix of order (gxr,, ) defined by

U ow,_ .
G, = Z<hi, mj> ,1<i<qg and 1< j<7, .
k=1 axk LZ(D,-) T

Corollary 1 [11]. If there exists m,, =1, such that

rank G,ZO =q, (2.3)
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then the actuators (€;,g;)..c, 8 eI’ (Q,) are regionally gradient efficient if and
only if
N ker(M,,Gy,)=1{0} .
m>1
3. Regional gradient remediability with minimum energy

Under a condition (2.3) and the weak regional gradient remediability hypothesis, we
study in this section the problem of the exact regional gradient remediability with
minimal energy.

For f e ? (0,T;.X), we study the existence and the unicity of an optimal control
uel? (0,7;U) ensuring, at the time 7 , the exact regional gradient remediability of
the disturbance £, such that

Cy,VHu+Cy VEf =0.
That is the set defined by
D={ue*(0,T;IR")/ Cx,VHu+Cy, VFf =0 (3.1)
is non empty.
We consider the function

J(u)= ”CX(DVHM + CX(DVFf"?R" +"”"iz(o,r;m/’)'

The considered problem becomes

inJ(u).
i )

For its resolution, we will use an extension of the Hilbert Uniqueness Methods
(HUM).
1
2 2
e ds | .

For 0 €IR?, let us note
T
(0,0). = [(B"S" (T =)V, C"0,B°S" (T = 5)V'y, "o )ds

. - [ﬂ

The corresponding inner product is given by
and the operator A :/R? — IR? defined by

B'S" (T -5)V'y.C'0

T
AO = Cy VHH V'3 ,C 0= Cy,V [ S(T~5)BB'S™ (T —5)V 'y, C"0ds.
0

Then, we have the following proposition:

Proposition 1. If the condition (2.3) is satisfied, then || ||,is a norm on IR? if and
only if system (2.1) — (2.2) is weakly regional gradient remediable on [0,7] and the
operator A is invertible.
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Proof. We have

[l = [
0

= B'S (T-)V'y,C'0=0=0eker(B'S (T-)V'y,C")=ker(B'F'Vy,C").

Lz(O,T;IRP )

ko k *

5 * % * k%
—5)VyC'0 Pds] =0 =|B'S"(1-5)V%,C"0

N ker (M, ),

m21

But ker(B*F*V*X;C*) =
where, for m>1,
S 0€IR? = £ (0)=((V 10, C 0, )V 10, C 0,0 ).o{

Indeed, let® € IR? , we have

Vi Co,w, >) elR™

Zex (T~ )z<v* e’ W,,U>L2(Q)<gl’W’ﬂ.i>L2(Ql)

m>1

on(T-)
B'F'V'y.C0=B"S" (T-)V'y.C"0 = n;e Z<V LaC OM) 2 (€29) 20

Ze A (T— )z<v ch 0 Wn‘l]>L2(Q)<gP’wmj>L2(QP)

m>1

and we have Vm >1

7,

2V 0 g (1% )

Jj=1
i

M, [, (0)= ;W*ch"e W’"J>L2<o><g2’wmf>ﬁmz> :

Z<V C 0w, >L2(Q)<g1’ m]>L2(Q)

Jj=1

If we assume that0 e ker(M m fn‘;’) , then

m>1

Geker(Mmf ) vm>1:>2<v 1 C 0w, >L2( )<g[,wmj>:0,Vie{1,2,...,p},Vle
Jj=1

:>Ze T)Z<meC9w ><I mj> 0,Vie{l,2,...,p},Vm=1

m21

:B*F*V*X*CG 0= 0eker(B"F'Vy,C"),

where
N ker(Mmf )Cker(B F'V* *C*)

m=1
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that is
mql ker(Mmfn‘f) = ker(B*F*V*x:C*)
and we have also () ker(MmG,:) =N ker(Mmf,ff) . Indeed, let 6 /R, then
m21 m>1
e N ker(M,G)) < (M,G})0=0, Vm>1,
m=1
9 I n Gwm .
sz<gi,wmj><h,,z f> 0, =0,Ym>1Vi=1,...,p,
I=1 j=1 o 0% 12(Dy)

m

o Z<gi’Wmf><V*xlC*,ij>Lz(Q) =0,Vm>1Vi=1,..,p,
j=1

(M, f2)0=0,Vm=1 < 0e N ker(M,f;7).
m=1
Where ker(B*F*V*X;C*) =N ker(MmG;) , this gives 6¢e ker(MmG;) and
m21 m=1
since the Corollary 1, we obtain the result.
On the other hand, the operator A is symmetric, indeed,

* * ok

(AO,0) s =<CXQ)VHH v wa*9,6>1Rq =<e, cwaHH*v*X;c*cs)]Rq =(0,Ac)

and positive definite, indeed,

(A6,0) 40 = <CXmVHH*V*X;C*9’ 9>1Rq
:< *V*X;C*e,H*V*X;C*9>L2(0,T;1RP)

T
= [(B'S' (T-5)V',C0.B'S" (T-5)V'7,C0) , ds
0
= ||9||f >0, for0=0

and then A is invertible. 0
We give hereafter the expression of the optimal control ensuring the regional
gradient remediability of a disturbance f at the time 7 .

Proposition 2. For f € I* (0,7;.X), there exists a unique 6 ;€ IR? such that
A, =—Cy VFf
and the control
uy, ()=B'S"()V,C0,
verifies
CwaHuef +Cy ,VFf=0.

Moreover, it is optimal and

U
“ 0y

.

L2(07T;1RP) - "ef
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Proof. From Proposition 1, the operator A is invertible; then, for /' e L* (0,7;X),
there exists a unique 6, e IR?, such that Ab, =-Cy, VFf and, if we put

Uy, ()=B'S"() V*X;C*Of , we obtain

T
A8, = Cy oV [S(T-5)BB'S"(T =)V, C0, ds =Cy ,VHuy,
0

= —Cy,VFf = CwaHuef = CXmVHuef +Cy VFf =0.
The set D defined by (4.1) is closed, convex, and not empty. For ue D, we
have J(u)= ||u||iz(0 rR") J is strictly convex on D, and then has a unique minimum
at u” e D, characterized by

<u ,v—u >L2(O,T;IRP) 20; VveD.

For ve D, we have

<u9/,v—ue/_>L2(0,T;]RP) :<B S (IV%,C0,,v=BS ()V 1,C ef>L2(0,T;IRP)
=(0,,Cx,VHV=AB,) ., =0.
Since u is unique, then u = g, and Uy, is optimal with
2 * % * k% 2 2
oo, | o) =[B"s" )V o, | . [ =

4. Approximations and numerical simulations

This section concerns approximations and numerical simulations of the problem of

gradient remediability.
First, we give an approximation of 6,as a solution of a finite dimension linear

system Ax=>»b and then the optimal controlue/ , with a comparison between the
corresponding observation noted z;; ; and zg), the observation corresponding to the
I :

autonomous case.

4.1. Approximations

where (e, is the

Coefficients of the system: For i,/ >1,let ¢, = <Aei,ej> )ISiSq

IR?’
canonical basis of IR?, we have
T
Ae, = Cyx V[ S(T—5)BB'S™ (T =)V, C e ds .
0

And for M, N sufficiently large, we have
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Im' P e(xn1+}”n1')7‘_l
[W (g1t} 20, (80 n)iiey

m m'

n . n an
xz<%,hi> z< l,hj> @.1)
o\ Ox 2(p)k=1 \ O (D))

and A, =-Cy VFf , then b; = —<meVFf € >1R‘1 :

For N sufficiently large, we have
R aM/m f A
b= < h h(> je L ()W) 12y 5 - (4.2)
' )0

The optimal control: In this part, we give an approximation of the optimal control
ug, which is defined by u, ()=B'S" (T—.)V*X;C*Of. Its function coordinates

Ujo, (.) are given by

ujo, () :<gj,S* (T—.)V*X;C*ef>

N w4 ow
~ e e m g s < m'h h> (4.3)
m'zzlhzl k=1 i=1 " < g mh>L2( )\ oy (D)
for a large integer N .
Cost: The minimum energy (cost) is defined by
1
2
Huef 12(0.7:1R” ) J."B ST =)V %,C ef|1RP
N
p T N 1y n g » ow . 2
| S SIS S, (.5 () |
j=10\m'=1 h=1k=1 i=1 o, 2(D;) !

for N sufficiently large.
The corresponding observation: The observation corresponding to the control is
given by

Ziy, o ()= Cy,VS(1)y° +cxmvjs(z s)Buy, (s)ds+cxmvjs(t s)f(s)ds. (4.4)

Its coordinates ( Zjug, S (- )) are obtained for a large integer N as follows:
1<j<q
ow,,
Kt m'h
t e R h,,—2L
iy ()= mzl;; <y mh>L2(‘”)< 7o >L2(D.)
J

m'=1 h=1k=1i=1

ow,, ’ 1—s)
+ZZZZ 8- W mh>L2(9)< o 2 h > _[ek'” Uip, (s)ds 4.5)
)o

+2 ZZ< by > J.ek"’ - S)<f(s Worh )2 () 45

m'=1 h=1 k=1 )0
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4.2. Numerical simulations

We recall the problem considered above:

(P) {Find uel? (0,75U), such that
Cyo VHu+Cy VFEf =0.

Based on Proposition 2 and using the above results, we can develop an algorithm
which allows us to determine a sequence of controls which converges to the solution u'
of (P). The output is given by (4.4) — (4.5).

Algorithm

Step 1: Data: the domain Q , the subregion ®, the final time 7, the initial state yo ,
the disturbance function f, the sensors (D, &), the efficient gradient actuators (o, g),

and the accuracy threshold ¢ .
Step 2: Choose a low truncation order M = N .

Step 3: Compute zg : the output, when f =0 and u =0 (an autonomous case).

Step 4: Compute 28’, - the output, when f =0 and u =0 (a disturbed case).

Step 5: Solve a finite dimension linear system A6 = b, where these coefficients are
given by (4.1) — (4.2).
Step 6: Calculate u given by (4.3).

Step 7: Compute z;", s+ the output when f =0 and u#0 (a disturbed and

controlled case, that is to say a compensate case).

Step 8: If "zl‘:J 7 _Z&OHLZ((») < g, then stop. Otherwise,

Step 9: M <~ M +1 and N < N +1and return to step 3.
Step 10: the optimal control u corresponds to the solution u' of (P).

Now, we give a numerical example, which illustrates the efficiency of the approach
given in the above section.

Illustrative example. We consider without loss of generally the following diffusion
system

& (6) =B p(u0)+ Yo & () (0 £ (wr)  QxX]0.T]

i=1
»(x.0)=5"(x) Q
y(&1)=0 oQx10,7]
with Q=1]0,1[ and a Dirichlet boundary condition. In this case, the functions w,, (.) are
defined by
w,, (x)= \/Esin(mnx);m >1.
The associated eigenvalues are simple and given by

2 2.
Ay =—mn"; m21.

Let ®=1]0.15,0.25[ (0 < Q) be the geometrical support or the disturbance.
Then in the case of:
- an initial state: y° () =0,
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-asensor: (D,h) with D= and h(x)=~2x* (¢=1),

- an efficient actuator: (o, g) with c=wand g(x)=2x" (p=1),

- a disturbance function: defined by f(x)=240cosx .

For M =N =10 and T =0.5, we obtain numerical results illustrating the theoretical
results established in previous sections. Hence, in Fig. 1, we give the representations of the
discrete observation z, . corresponding to the control u = Uy, and the disturbance f

and z, , , which represent the normal observation, thatis « =0 and /' =0.

Observations

0.25

0.20

0.15

0.10

0.05

3

0.1 0.2 0.3 0.4 0.5 0.6
Time

Fig. 1. Representation of z, ¢ (line /), z s (line 2)

and z, (line 3)

This figure shows that the disturbance f is compensated by the optimal control

u=ug atthetime T thatis, we have zy 1 (T)=250(T).

The optimal control Uy, ensuring the regional gradient remediability of the

disturbance f is represented in Fig. 2.

Optimal control

-2-104

—4.10%

—-6-104

-8-10*

Time
0.1 0.2 0.3 04 0.5 0.6

Fig. 2. Representation of the optimal control oy
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Table 1 shows that if we want to eliminate the effect of the disturbance in a short

time T, the cost increases.

Table 1
Evolution cost with respect to the finite time 7
T Cost
0.3 1.06-10°
0.4 1.05-10°
0.5 1.03-10°
1 9.46-10*
2 8.99.10*
3 8.89-10*
5 8.85-10*
10 8.84-10*
100 8.84-10%
Conclusions

Under a condition on the sensors and the weak regional gradient remediability

hypothesis, we have studied the problem of exact regional gradient remediability with
minimal energy. That is to say, when a system is subjected to disturbances, we have
shown how to find the optimal control, which compensate the effect of the disturbance
that can be located in a given subregion of the space domain, with respect to the
regional gradient observation and this using an extension of the Hilbert Uniqueness
Method. Illustrative examples, numerical approximations, and results are also presented.
These results are developed for a class of discrete linear distributed parabolic systems,
but the considered approach can be extended to regional or bounded gradient
remediability of other class of systems with a convenient choice of space.
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nieHue, 3G peKTHBHBIC aKTIOATOPHI.

PaccmarpuBaercs npo6ieMa JOKaTbHONW TPAIUEHTHOH BOCCTAHOBHMOCTHU FIUIM KOMIICHCAITHN
NpU MUHAMAJBHBIX 3aTpaTax SHEpPrud. VIHBIMK CIIOBaMH, IMpH BO3MYIIEHUH CHCTEMBI OJHOH H3
3aJa4 CTAHOBUTCS OTBHICKAHHME ONTHMAJIBHOIO YHPABICHUs, KOTOPOE JIOKAIBHO KOMIIEHCHPYET
pe3ysIbTaT BO3MYILIEHUsSI CUCTEMBI MO OTHOIICHUIO K JIOKAIBHOMY TIPaJUEHTHOMY H3MEPEHHIO.
Takum o00pa3oMm, IOKa3aHO, Kak HaWTH ONTUMAIbHOE YIpAaBIEHHE, OOecleYHBarolee
KOMIICHCALHIO JII000T0 M3BECTHOTO MJIM HEM3BECTHOI'O BO3MYIICHUS, PACIIPENEIEHHOTO JHIIb Ha
4acTH 00JacTH I'€OMETPUYECKOr0 POCTa, MO OTHOIICHHIO K HU3MEPEHHIO IpaJUeHTa Ha JH000H
3aJaHHON MOJO0NacTH O0JIACTH POCTa 3a KOHeuHoe Bpems. [IpobGrema MHHUMyMa 3HEPrHU
UccleayeTcss HpH  YAOOHBIX — HPEINONOKEHUSX C  IOMOIIBI0  OOOOIIEHHOTO  MeToza
enuHCTBeHHOCTH 'Mimb0epta. [IpencraBieHs! Takxke MPUOIIKEHHS, YUCICHHOE MOACIPOBAHNE,
COOTBETCTBYIOIINIT QIITOPUTM U WILTIOCTPATUBHBIN IPUMEPEL.
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IPOLECCHI CJIOKHOI'O HATPYKEHUS
KOHCTPYKILIMOHHOM CTAJIM IO IMATU3BEHHON
KYCOYHO-JIOMAHOM TPAEKTOPUU JJE®OPMUPOBAHUS

Jlns BepruguKayy MaTeMaTHIeCKOH MOJIEIN TEOPHH TIPOIECCOB MPOBEIEHBI YHC-
JICHHBIE PAcyETHl CIOXKHOTO YNpyroIulacTHYecKoro nedopmupoBanus cramu 45
[0 ISTU3BEHHOH KyCOYHO-JIOMAaHOM TPaeKTOpHUHU. BBINOTHEHO CpaBHEHUE MOIy-
YE€HHBIX PE3YJbTATOB pacyeTa C AaHHBIMU (I)I/ISI/ILICCKOFO OKCIIEpUMEHTA, IIPOBE-
JICHHOTO Ha aBTOMAaTH3HPOBAHHOM HcIbITaTeNbHOM KoMiuiekce CH-OBM Ha ToH-
KOCTEHHBIX TpyOuaThiX oOpasuax u3 ctanu 45. [Iporpamma skcniepuMeHTa peanu-
30BaHa B JAEBHATOPHOM IIPOCTPAHCTBE AehopManuii (>keCTKOe Harpy>KeHHe) IpH
COBMECTHOM JieiicTBHHM Ha 00pa3el] 0CeBOH CHIIBI M KPyTSIIero MomeHTa. [lokasa-
HO, YTO HCIIOJIb3yeMasl MaTeMaTHIecKass MOJENb KadeCTBEHHO M KOJIMIECTBEHHO
YIOBJIETBOPUTEIFHO ONMCHIBAET OCHOBHBIE d((EKTH CI0KHOTO INIACTHIECKOTO
nehOpMHUPOBaHUS I PACCMATPHBAEMOT0 KJIACCa TPACKTOPHH.

KuaroueBble ca0Ba: niacmuyHocms, meopust RPOYECCo8, CIOACHOE HASPYICeHUe,
MHO20368€HHAS IOMAHAS MPAEKMOPUS 0eOPMUPOBAHUS, MOOCTUPOBAHUE NPoYec-
€08, IKCNEPUMEHMATLHBLE OAHHDBIE.

IIpoBeneHue 3KCIIEPUMEHTATIBHBIX HCCIIEAOBAHUN 110 HEMTPONOPIHUOHATIHHOMY yIIPY-
rOIJIACTHYECKOMY Je(OPMHUPOBAHUIO MATEPUAIOB IIPH  CJIOXKHOM  HAIPSKEHHO-
nepopmupoBanHoM coctosiauu (HJIC) siisieTcst BaXHOW YacThiO CO3JaHMS HOBBIX U
BepU(HKALUK CYLIECTBYIOIIMX MAaTEMaTHUECKUX MOJIENIEH TEeOpHUH TIIACTUYHOCTH. AJie-
KBaTHOCTh MaTE€MaTHYECKOIl MOJENN ONpeenseTcs e€ CriocOOHOCTBIO ONMUCHIBATEH A(-
(eKThl M 3aKOHOMEPHOCTH TMOBEICHHS KOHCTPYKLIMOHHBIX MaTepUajioB, HaOJro1aeMble
B (usnueckux skcrnepuMeHTax. Pe3ynbrarel OOJBIIOr0 KOJMYECTBA DKCIIEPUMEHTAIb-
HBIX HCCIIEIOBAaHUN MPH CIO0KHOM Harpy»XeHHH MaTepHallOB U BapHaHTHI MaTeMaTH4e-
CKHX TEOPHH IJIACTHYHOCTH YaCTUYHO Mpe/ICTaBIeHbl B padorax [1-14].

OCHOBHBIE COOTHOLICHUSI TpeIaraeMoii B paboTe MaTeMaTuuecKoi MOJENH, a TaK-
)K€ METO/IMKA TPOBEACHHS SKCIIEPUMEHTAIBHBIX HCCIIENOBaHUI 0a3UpyIOTCSl Ha BEK-
TOPHOM IIpeAcTaBieHn: aedopmanuii u HanpsbkeHuid A.A. MiplonivHa B paMKax Teo-
pHHM YIIPYToILIACTHYECKUX mpoleccoB [3, 4], rae JeBuaropam HanpspkeHUH U 1edopma-
IIU# CTABATCS B COOTBETCTBUE BEKTOPHI HANPSDKEHUI U AedopMariuii GopMOU3MEHEHHS.
[Tpu TakoM moxxone MCTOPHs W3MEHEHHs HANpsDKEHHH M aedopManui ¢ TedeHHeM
BPEMEHH MPEACTaBISIETCS COOTBETCTBYIOUIMMH TPACKTOPUSAMH B IISITUMEPHBIX BEKTOP-
HBIX (IEBHATOPHBIX) IMPOCTPAHCTBAX. B kauecTBe MaTepHalioOB B TEOPHH paccMaTpUBa-
FOTCS MTOJTUKPUCTAIUIMYECKHE METANJIBl U CIJIaBBl, KOTOPBIE Nepes HarpyXxeHueM (B Ha-
YaJIbHOM COCTOSTHHM) C JOCTaTOYHOW TOYHOCTHIO MOTYHHSIOTCS MOCTYJIATy M30TPOIHH
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A.A. UnpromuHa [3], 4TO MOATBEPkKAAETCSI MHOTOUNCIICHHBIMH IKCIIEPUMEHTaMH [ 1, 2,
15—17]. B cooTBeTCTBUH C IOCTYIATOM H30TPOIHH CBSI3b MEXIY HAMPSDKCHUAMU U Jie-
(dopManusiMU  OnpesieNieTCs CKAISIPHBIMM U BEKTOPHBIMH CBOWMCTBaMH MAaTEPHAJIOB.
CkansgpHble CBOMCTBAa XapaKTEpPHU3YIOT CBA3b MEXAYy HWHBapHaHTaMHU JIEBHATOPOB Ha-
npsbKeHUH 1 edopMaliuii, a BEKTOPHbIE CBOWCTBA — HECOOCHOCTh JIEBUATOPOB HAIIpsi-
JKeHUi, nedopMalii 1 UX IPUPALCHU.

B nacrosieit pabote npeacraBieHbl JaHHbIE SKCIIEPUMEHTA MIPU COBMECTHOM pac-
TSOKEHUU U KpydeHHH (P—M-0mbIT) TOHKOCTEHHOTO TpyOuaroro odpasua mpu ero je-
(hOopMHPOBAHUH IO CIIOKHOM IIOCKOH TPASeKTOPUH, COCTOSIIEH U3 MATH MPSIMOJIHHEH-
HBIX YYaCTKOB (3BE€HBEB) C PA3IUYHBIMU yIJIaMHU U3JoMa. JlaHHAs TpaeKTOpUs OTHOCHUT-
Csl K KJacCy MHOTO3BEHHBIX KyCOYHO-JIOMaHBIX TPACKTOPUIl M JEMOHCTPHPYET BeChMa
HETPUBUAIIBHYIO CBSI3b MEXKIY HanpshKEHUsAMHU U nedopmanmsmu. s Bepudukanmn
npejuiaraeMoil MaTeMaTUu4ecKol MOJIENIM TEOPETHUECKUE Pacu€Thl CPABHUBAIOTCS C pe-
3yJbTaTaMH SKCIIEPUMEHTA, IPOBEIEHHOI0 aBTOPaMU Ha aBTOMAaTH3MPOBAHHOM HCIIBI-
TaTeJbHOM KOMIUIEKce Ha ciiokHoe HarpykeHne CH-DBM. Panee maremaTtmueckas
MOJIeJIb ObllIa MCIOJIb30BaHa VISl ONHMCAHUS POLECCOB Ae(hOPMUPOBAHUS 10 JBY3BEH-
Ho¥i [18] 1 MHOr03BEHHOI! (4 3BEHA) JIOMAHOM TPACKTOPUHU C OJMHAKOBBIMH YTJIAMH H3-
noma B 135° [14] .

1. OcHOBHBIE MOJIOKEHUS

TeH3opbl HaNpsDKeHUI U eopMalnii, sIBISIONMECsS CUMMETPUYHBIMU TEH30paMu
BTOpOro paHra u xapakrepusyiomue HJIC Touku Tena, MOXKHO pa3enuTh Ha IIapOBbIC
TEH30pHI U 1eBUATOPHI [ 1—4]

T, =(0,) = 54(8,) +0(S)), T, = (&) = £0(3;)+ (), (1)
rae o, — cumBon Kponekepa, (i, j =1, 2, 3);
1 1
GO ZEGUSU’ 80 ZESUSU’ G:\/SUSU, 3:\/31]31] (2)

— MOJIyJIU IIAPOBBIX TEH30POB H JIeBHATOPOB. KOMIIOHEHTHI JIEBUATOPOB HANPSHKEHUN U
nedopManuii IMEIOT BHI

S; =0, —8,00, 3 =&; =88, 3)
a KOMITOHCHTBI HAITPpaBJISIOMINX TEH30POB
S ..
* [} * [}
S, =—", 0. =—. )

v s " D
[Ipu mpoctoM (TIPOTIOPIIIOHATIEHOM) HATPYKCHUN (S;.) = (3;), ¥ OIpEeNeNsIoNre

COOTHOIIICHUS C YYETOM YIPYTOCTH 00BbEeMHOH IedopManuu nMetoT BUA [1-4]

6 =2(9), (&)

oy = 3K, S = %947 =269,

rae K — Monyns o0beMHON ynpyroctd, G, — MIacTUYECKUH MOAynb caBura, @(9) —
YHHBEpCcaJibHasl eMHasi auarpamma aeopMUpOBaHUS MaTEpHaOB IPHU IPOCTOM Ha-
rpy>xeHun. OHa ompenenseT TOJIbKO CKaIsPHbIE CBOMCTBA MAaTE€PUANIOB I IPOU3BOJIb-
* *
' i

soro H/IC. Ilpu croXHOM Harpy»KCHHH HaIPaBISIOLIUe TEH30pbI (S;;) # (J;;) H y4er B
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OTIPENIeNAIONNX COOTHOIICHUAX TOJIBKO CKAJISIPHBIX CBOMCTB MaTepHaJIOB HEJOCTAToO-
4yeH. TeH30pHOe M3II0)KEHUE TeOPHHU IUIACTHYHOCTH HE MO3BOJIIET 0TOOPAa3UTh I'eOMET-
pHYECKH HarJISHO BEKTOPHBIE CBOMCTBA MaTepHajoB B (PU3MYECKOM MPOCTPAHCTBE,
nosTomy B paborax A.A. Unerommna [3, 4] tenzopst T, u T, mpeacrasnsitorcst B Bujie
BEKTOPOB B JINHEHHOM COBMELICHHOM €BKJIHIOBOM IPOCTPAHCTBE Eg C OPTOHOPMHUPO-

BaHHBIM HEIOIBIKHBIM 0a31MCcOM { i k} B BUIE

§S=8"+5, 6=5,i,, e=8'+D, 3=0,i, (k=12,..5). (6)
[IpaBoMepHOCTh TAKOro MPEACTaBICHUSA TMOAPOOHO paccMoTpeHa B [6]. 3mech
S = Soio , 8 = 3(){0 — BEKTOPHI HANPsDKEHUH 1 geopMaIiii B 0THOMEPHOM IOAIIPO-
CTpaHCTBE OOBEMHOTO PaCT;UKEHHA 1 CHATHA © THUIPOCTATUIECKON OCHIO, XapaKTepH-
3yeMOH eIMHUIHBIM BEKTOPOM 10 ; 6, D — BeKTOPHI HANPSDKEHMIT 1 AedopMarmii (op-

MOM3MEHEHHS B TSITHMEPHOM JIEBHATOPHOM moanpoctpanctBe Es. KoopanHatel BeKTO-
POB CBsI3aHbI C KOMIIOHEHTAMH TEH30POB U JICBUATOPOB B3aMMHO-OJHO3HAYHBIMHU (op-
Mynamu [1-4]

S, —S
Sy =30y, S, =\ES”, S, =%, S, =28,,, S, =28,5, S; =285,

3 9y, =3

9 =38y, 3, = \ﬁall, 9, =273 5 =23,, 9, =v29,;, 3, =v23,;.
2 V2

Mozyny BEKTOPOB B IATUMEPHOM IOAIIPOCTPAHCTBE Es paBHBI MOAYJISAM J€BHATOPOB

HanpspKeHUH u neopManuii COOTBETCTBEHHO

o =/S:S, =S;S;. 2=2:3 =/2,3; )

OO0me ompeneNnsIonue COOTHOMIEHUSI TEOPHH IPOIECCOB IONyYeHBl B padoTax
[1,2]. OHE OTpaXkaloT CBA3b MEXKIy BEKTOPAMH HATPSKEHHMH 6 u medopmarmii D
(hopMOM3MEHEHUS ¢ YUETOM CKaJSIPHBIX M BEKTOPHBIX CBOWCTB MarepuanoB. Jis ciry-
Yas TUIOCKUX TPACKTOPHUIl ONpPEAEIAIONIe COOTHOUICHHS B CKALIPHOH (popMe MMEIoT
BUJI

)

ds o S
Pk M1 ™~k (E_Mlcosgj k (kzl, 3)3
ds ds ds o ©)
dS] Ml 1
—+K =——-sinY,,
ds c

do
rae M, e (hYHKIIHOHAJIBI TIpoliecca aehOPMUPOBAHUS, 3aBUCSIIHE OT MApaMETPOB
s

BHYTPEHHEIH I'€OMETpUH TPaeKTOpuH Je(opMaluu: § — JJIMHBL JyTH TPAeKTOPUU Jie-
(hopmupoBaHus, ee KPUBU3HBI K| ¥ YIJIOB U3JIOMa; 3| — YrOJI MEX/Iy BEKTOpaMH Harpsi-
JKEHUSI U CKOpoCTH AedopMalii, Ha3bIBaeMbId YTJIOM COJMKEHUs (3ala3lbIBaHMs).
OTOT yron xapakTepu3yeT OTKIOHEHHE G OT KacaTelbHOH K TpaeKTopuu JedhopMHUpo-
BaHMSA B KaKAOM €€ TOUKE M OTPakaeT BIMSHHE BEKTOPHBIX CBOWCTB MaTepuayia Ha
nporiecc 1ehOpMHUPOBAHNSI.
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2. MaremaTn4eckasi MOJeJIb

B nomonHeHue K OMpenensionMM COOTHOIIEHHAM (9) B MaTeMaTH4ecKoil Mojenn
TEOPHH MPOIIECCOB MPEUIAraeTcsl HCI0Ib30BaTh alpOoKCUManuy GyHKIHOHAIOB [1, 2]

o(s)=D(s)+ Ay Q(As)—Ao,; (10)
M, =2G,+(2G-2Gy) 14, (an

rie @(s) — yauBepcasbHast GyHKIMS Harpysxkerns OnkBucra — Miprommaa amst mpouec-
COB, GIM3KHX K IPOCTBIM, 0€3 ydeTa MX MCTOPHH; As =s—s, — IPHpPAIICHHE ITHHBI

IyTH TPAEKTOPHH TIOCTIE €€ U3JI0Ma B HEKOTOpOoii Touke K; Ao, = @(s,)— 0, — pasHHIa
B TOYKAX M3JI0Ma MEX/y 3HaUYCHUSAMH YHHBepcanbHOH (pyHkunu Onxsucra — Unbromm-
Ha ¥ PEaNbHBIM 3HAYCHHEM MOIYIS BEKTOpa HANpPsDKeHHH O ; G — MOIYJb CIOBHTa

(Momyns ympyroctd Broporo pona); 2G, = @(s) /s — yIBOCHHBIH IJIACTHYECKUH MO-
IyJIb TIPU TPOCTOM HAarpy>KEHHH; WHICKC «HOJHMK» Y IDTACTUYECKOTO MOJIYJIS CIBHUra
COOTBETCTBYET 3HaUeHHIO G, B TOUKE M3]I0Ma TPAEKTOPHH;

Q(As) =] yAs e +b(1-e ™ )] (12)

— (YHKIHS, OMKUCHIBAIOIIAS CKASIPHBIA HBIPOK HANPSUKEHUH, TO €CTh SBICHHE YMCHb-
IIEHHST MOAYJISl BEKTOpa HAIPsDKCHHH, BO3HUKAIOIIEE II0C/Ee M3JI0Ma TPAeKTOPHU IIPH
CIIO’KHOM pasrpyske U HOC/e Iy oIeM BTOPUYHOM ILTaCTHYECKOM JIe(h)OPMUPOBAHHHN Ma-
Tepuana;

0
1-cos 9, 1-cos 9,

f=— s fo=r8))= : (13)

— (YHKIMS, YINTHIBAIONIasi OPHEHTAIMIO BEKTOPA HAINpsDKeHUH B Ipouecce aedopMu-
OBAHHS U e¢ 3HAYCHHE B TOUKE M3/IOMA IIPH 3HAYCHHH yIiia cOmmKenns 9 KaxIoro
1

M3 y4YaCTKOB HEaHAIUTHYECKOW TpaeKTopuu; A, b, v, p, ¢ — mMapaMeTpsl anmpoKcuMa-
LUH, OpenesieMble N0 CylIecTBYIone meroauke [14].

Jns anmpokcnMmanuy yHHBepcanbHOH (yHkumm ynpounenuss Onksucra — Hitbio-
mmHA D(s) TP MPOCTOM HATPY KEHUH UCTIOIh30BAIHNCh BRIpaKeHHS [ 1]

2 _
—G(l—e ‘”), npu 0 <s<s",

c=P(s)=4 & (14)
GT+2G*(S—ST)+G*(1—6_B(S_S )), npu s > s,

roe 6 =v2/30,; 0, —Ipeaen TeKy4eCTH HPH PACTHKCHHH; s' — TPaHHIa yIacTKOB

JarpaMMsbl IehOpMHUPOBaHUS, pa3AeisIoNias yIpyryo 4acTh IUarpaMMbl U TUIOMIA Ky
tekyuectr (0 <s<s") OT yuacTka caMOyNnpodYHEHHsI MaTepuana (s > s'); o+, Gs, o, p —
MaTepualibHbIe TapaMeTphl, IKCIIEPUMEHTAIBHO ONpe/IeNiieMbIe 13 OIBITOB Ha IIPOCTOE
HarpyxeHue.

[Ipu 3a1aHHBIX HAYABHBIX YCIOBHSX I kKoopauHat Iy (k= 1, 3) Bektopa nedop-

MallMi U Ha4aJIbHBIX 3HAYEHUSX yrIiia S? OTIpeJIeNAIONNe COOTHOIIEHU (9) ¢ KOHKpe-

TU3UpoBaHHbIMU (yHKIoHanamu (10), (11), npuBoasrcst k 3amaue Kormw, rae 3anan-
HBIMH SIBJISIFOTCSI TPAGKTOPHUU BEKTOpa JeopMalnii, a TPaeKTOPUH BEKTOPA HarpshKe-
HUM MOXHO HOJYYHUTh B pe3yJIbTaTe MHTETPUPOBAHUS OINPENENIAIONINX COOTHOIICHUH.
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Jl1g 4rcIeHHOro peleHus U onpeneneHus koopauHat S; (k= 1, 3) Bekropa Hampsbke-
HUH ¥ yrina cOmmkeHnst 3, ucnonb3oBajics meron Pynre — KyTTel ueTBepToro mopsjaka
TOYHOCTH B porpamMMe KoMIibloTepHo# anredpel MathWorks MATLAB.

3. MaTepnamﬂ U METOAUKA IKCIIEPUMEHTA

OKcneprMeHTaNbHOE HCCIIe0BaHue ObUIO BBHITOJHEHO Ha aBTOMAaTH3MPOBAaHHOM
pacueTHo-9KcniepuMeHTanbHOM KomIuiekce CH-OBM umenu A.A. Unprommna, peanu-
3YIOIIEM TpexInapamMeTpuiecKoe Bo3eiicTBre Ha oOpasel] (0ceBoe pacTshKeHHe-CKaTue,
Kpy4eHHe U BHyTpeHHee aaBieHue) B Jaboparopun kadenpsl « CONpOTHBICHHE MaTe-
pHAIOB, TEOPUH YIIPYTOCTH U TNTACTHYHOCTH» TBEPCKOTO rOCYAapCTBEHHOTO TEXHUYE-
cKoro yHuBepcuTeTa. [Ipomecc HarpyXeHWs MpPEAIoaraics W30TEPMHYECKHM, a Jie-
¢opmarm — ManeMu. B xadecTBe 00pas3IoB AT cEpHUHU 3KCIIEPUMEHTAIBHBIX HCCIIEI0-
BaHM OBUIN HCIIOJIb30BAHBI TOHKOCTCHHBIC LIMIIMHIPUYECKHE 000JIOUKH U3 cTamu 45 B
COCTOSIHUM TIOCTaBKH, HMeoue B pabouei uactu: mmHy /=110 MM, TOmmUHY
h =1 MM U pangnyc CpeIuHHON MOBEpXHOCTH 7 = 15.5 MM. Marepuan o06pa3ioB cunuTa-
Csl OTHOPOAHBIM M HayaJIbHO M30TpOoNHBIM. HauaneHast u30Tponus MaTepraia o0pa3ios
C JIOCTaTOYHOM CTENEHBIO0 TOYHOCTH ObLIA MOJTBEPIKIEHA B ONBITaX HA MPOCTOE HArpy-
JKeHUe (PacTsDKeHUe, CKaTHe U KpydeHHe), Iie Tociie 00paboTKe 3TUX AUarpaMm ObLIH
MPUHATHL CIEAYIONNE 3HAUE€HHUsI MAaTePUANbHBIX MapaMeTPOB I cTalu 45 B allpOKCHU-
mamm  (14): o' =285MIla, s'=0.9:107, 2G=1.57-10° MIla, B=70, a=900,
o+ =78.8 MIla, 2G» = 1618.9 MI]la.

Jns onpeseneHns KOMIOHEHT TeH30pOB AedopMaluii €; U HaNpsKEHUH G; B aBTO-
Matu3upoBaHHoM komiuiekce CH-DBM ucnons3ytorest popmyist [1, 2]

Al Ar ry
€11 :7= 322:7’ 812:73 g3 = €53 =0,
O 1 .
833:_(811"'822)"'?» 80:5(811"‘822"'833), (15)
o, = i G,y = il C, = M 03, 20, 0, =0,, =0
nE s 02 qh’ 12 ok 33 7Y, Op3 23 =Y
1 E
6y ==(0) +0y +033), K=———), 16
0 3( 11 2 +033) 3(1-2u) (16)

rae Al u Ar — ipupamenus / ¥ r; \y — yToJI 3aKpY9IHBaHUS MOTIEPEYHOTO CeUeHUs; P —
oceBasl CWIa; ¢ — BHYTPEHHee NaBieHue; M — KpyTALUil MOMEHT; E — MOIyJb IpO-
JOJIBHOM ympyrocTa; | — kodddunuent Ilyaccona. [Ipu 00paboTke dKCIEPHUMEHTAIIb-
HBIX JaHHBIX IPUHUMAJIOCH yCIOBHE HEC)KUMAeMOCTH (gy = 0), JOCTaTOUHO TOYHOE BHE
yOpyroi o6acTH, Tak Kak 3HaYEHHUE |L C TMOSBICHUEM IUIACTHYECKHUX JTedopMannii ObI-
cTpo cTpeMmioch k 0.5.

KoMIoHeHTBI BEKTOPOB JlepopManuii 1 HanpspKeHnH (OpMON3MEHEHHST OTIpeeIs-
JIMCh Yepe3 KOMIIOHEHTHI TeH30poB 1o (opmystam (7). s onpenenenus yria convke-
HUS 9| HCIIOJB30BAIOCH BhIpaXkeHUeE [ 1]

1
cos 9, =$[Sl(31 —90)+ 859, =93], (17)

rIe 910 s 3? — 3Ha4YeHus Dy, J; B HaUajIe KOKIOTO ydacTKa TPaeKTOPHH.
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IIporpamma sxcrepuMenTa (puc. 1) peann3oBaHa B J€BHAaTOPHOM IPOCTPAHCTBE
nedopmanmit I, — 35 ()KECTKOe HarpykeHHe, B KOTOPOM KOOpIUHATHI BekTopa aedop-
Manuii U3MEHSUTUCH 110 33/IaHHBIM 3aBHCHMOCTSIM), ¥ TIPEJICTABIIIET INIOCKYI0 KYCOYHO-
JIOMaHYI0 TPAEKTOPHIO, COCTOSIIIYIO U3 MSTH IPSIMOJIMHEHHBIX Y4aCTKOB (3BEHBEB).

31, %
34

T T T T

0 1 2 3 05, %

Puc. 1. Tpaekropus nehopMupOBaHHA Ha TUIOCKOCTH I — J3:
1 — BKCIIepUMEHTAJIBHBIC JAHHBIE; 2 — MOJIC/IbHBIC TaHHbIE
Fig. 1. Strain path on the plane 3, — 3;: 1, experimental data and 2, calculated results

Ha nepBoM ydacTke peaan30BBIBAIOCH NMPOMNOPLHOHATIBHOE PACTSKEHHE IO KOMIIO-
HeHTe D JI0 3HAUEHHsI 31* = 2% ; Ha BTOPOM y4YacTKe MPH HU3JIOME TPACKTOPUU Ha yroi
56.3° peann30BBIBAJIOCH KOMOMHHPOBAHHOE pacTsDKEHHE W KpydeHHe 10 3HadeHWH
3]* =3%, 3; =1,5%; Ha TperbeM yuacTKe C Wu3IOMOM Ha yroa 33.7° mnpu

* *
3, =3 % =const oCyIIECTBIANOCh KpyueHHEe 10 3HaueHus OJ; =3 %; Ha 4eTBEPTOM
*
y4acTKe IIpU OPTOrOHAJIBHOM M3JI0Me TpaeKTopuu U J; =3 % = const 0CyIIECTBIANOCH

* 0 o
ckatue 10 3HadeHus 3 =1,3 % ; Ha mociesHeM IATOM y4acTKe ¢ yriioM m3ioma 121
PEaTN30BBIBAJIOCH KOMOMHUPOBAHHOE PACTSDKEHHE C KpyUSHHEM JI0 3HaYEHUS] KOMITOHEHT
&3 &3
3, =284 3,=0,43%.

4. Pe3yabTaThl GU3H4YECKOr0 M YMCICHHOI0 IKCIIEPHMEHTOB

Ha pwuc. 2 mpuBeseH OTKIMK Ha PEealn30BaHHYIO TPACKTOPHIO Ae(hOPMHUPOBAHUS B
BUJIE TPACKTOPHH HArpy>KeHMS B IUNIOCKOCTH S; — S5 COBMENIEHHOTO JIEBHATOPHOTO MOJI-
npoctparctBa Es. Ha puc. 3 u 4 npuBeeHsI pe3yIbTaThl pacyeTa U SKCIIEPUMEHTAIb-
HBIE JaHHBIE AJISI TUarpaMM G — S B 6 — 3, XapaKTepU3yIOIIUX CKaIIpHbIE CBOWCTBA Ma-
TEpUaJoB, HA PHUC. 5 — AUarpamMma 3, — s, XapakTepU3yIoIas BEKTOPHbBIE CBOMCTBA Ma-
TepuanoB. Ha puc. 6 u 7 nmpuBeneHbI JOKaIbHBIE AUarpaMMbl Je(opMUpoBaHUS pacTs-
KEHUA-C)KATHA 110 KOMIIOHEHTaM S| — 3] M YUCTOTO C/ABHIa IO KOMIIOHEHTaM S; — ;.
OKclepUMeHTaIbHBIE JaHHbIE Ha pUC. 1—7 oTMe4YeHbl TOYKaMH (KPYXKOUKH); MOZIEIh-
HBIE pacyeTHBIE TaHHBIC — CTIJIONIHBIMU KPUBBIMHU.
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Puc. 2. OTKIHK 110 HaNpsOKEHUAM Ha TIOCKOCTH S — S3:
1 — 3KCTIepUMEHTAbHBIE JaHHbIE; 2 — MOJIC/IbHbIE TaHHBIE
Fig. 2. Stress response on the plane S| — S:

1, experimental data and 2, calculated results

o, MIla T
400
300

200

< T T T T 1
0 2 4 6 8 s, %

Puc. 3. luarpamma neopMupoBaHus G — s:
1 — dKcTIepUMeHTANBHBIE TaHHBIE; 2 — 6 = @(s); 3 — MO/ICNbHBIC TaHHEIE
Fig. 3. Stress-strain curve ¢ — s:
1, experimental data, 2, 6 = @(s), and 3, calculated results



[poueccs! clIoOMHOro HarpyHeHna KOHCTPYKUNOHHOH CTammn 39

o, MIla
400

300 ~
200 -

100F

o

1
0 1 2 3 4 3, %
Puc. 4. [luarpamma nedopMupoBanus 6 — J:
1 — 3KCIIepUMEHTAIIbHbIE JAHHBIE; 2 — MOJIC/IbHBIC JaHHbIE

Fig. 4. Stress-strain curve ¢ — O:
1, experimental data and 2, calculated results

917 rpaﬂ- °

120+

° 1
—2

o
g o 000000 ©
T

0 1 2 3 4 5 6 7 8 9 10 s,%

Puc. 5. [lnarpaMma XapakTepUCTHKH BEKTOPHBIX CBOWCTB MaTepuaia 3, — s:
I — sKxcriepyMeHTaJIbHbIE JaHHbIE; 2 — MOJIeNIbHbIE JAHHBIE
Fig. 5. Diagram for characteristics of the vector material properties 9, — s:
1, experimental data and 2, calculated results

B pacuere mcnonp3oBanuch mapaMeTpsl anmpokcuMarnuid B ¢popmynax (10) —(12),
3HAYCHUSI KOTOPHIX OBLTH ONpeAesICHBI TI0 METOIUKE, MpeIoskeHHoH B [14]. D1H 3Ha-
YeHHS NPECTaBICHEI B TabMIHIIe.
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Ne yuactka b A4, MIla Y p q

2 0.28 504.63 250.6 2 0.5

3 1.45 139.53 468.15 1 0.5

4 1.05 305.11 255.88 1.8 0.7

5 0.05 580.84 261.35 1.5 0.5

S|, MlIla
300' 0?® o o s =5
200+
100+
O T
1 21, %
-100+
-200-
o ]
-300-
—2
-400-
Puc. 6. JlokanpHas muarpamma nedopmupoBanus Sy — J;:
1 — 3KcTIiepUMEHTANTbHBIC JAHHBIC; 2 — MOJICITBHBIC TAHHBIC
Fig. 6. Local stress-strain curve S; — J;:
1, experimental data and 2, calculated results
S3, MIla 7

300 -
200 ~

10019

0%
1001
2001

-300

-400 -

Puc. 7. JlokanpHas muarpamMma aeopMUpOBaHUS S; — J;:
1 — 3KcTIiepUMEHTANTbHBIC JAHHBIC; 2 — MOJICITBHBIC TAHHBIC
Fig. 7. Local stress-strain curve S; — J;:

1, experimental data and 2, calculated results
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B pabote [14] oTMeuaeTcsi, YTO HaYaIbHOE OTKIOHECHUE 8? BEKTOpa HampsDKEHUI

He BCerja paBHO yrily u3iioMa Tpaekrtopuu 0. Hampumep, amnst 1By3BEHHBIX JIOMaHBIX,
IpU pealu3allid Ha IIEpBOM 3BEHE MPOCTOro (TMPONOPIHOHAIBHOTO) HArpys>KeHHs,
nepes TOYKOW M3JI0Ma HAIllpaBJICHHE BEKTOpa HANpPsDKEHHM COBIAAaeT ¢ KacaTelbHOU

K TpaeKTopuu 1e(GOopMHUPOBAHHUS C TOCTATOYHOI TOYHOCTHIO, H B 3TOM Clly4ae 8? =0.

B CJIydyac H3JIOMOB, pCaIM3yCMbIX IIOCJIC MPEABAPUTECILHOI'O CJIOKHOTO HArpyXCHUA
IIpyu YMCJICHHOM MOJCIUPOBAHUU 3TO 00CTOSITENIECTBO YUYUTBIBAJIOCH B BUJIC HAYAJIbHO-

TO YCIIOBHSI ATl y4acTKa TPaeKTOpUU 8? =0+ 9], rme 9 — pacueTHOe 3HAYCHHE yIia

COMMKEHUST B KOHIIE MPCAMICCTBYIOMICTO y4YacTKa Hepea H3JI0OMOM TPACKTOPHUH. 3HaK
ITIOC UJIK MUHYC OIIPEACIIACTCS HAIPABJICHUEM H3JIOMa MO OTHOLICHHIO K UMCIOLIEMY -
Cs OTKJIOHCHHUIO BCKTOpa HaHpﬂ)KCHPIﬁ. B peaﬂHSOBaHHOﬁ TPACKTOPHUU BCC H3JIOMBI
MNPpOU3BOAWINCH B CTOPOHY, IPOTUBOIIOJOKHYIO OTKJIOHECHHUIO BEKTOpa HaHp?[)KeHHﬁ, TO

ects yron 9V yBenmumpaercs. B Hauane TpeThero ygacTka (BTOPOf H3ITOM) MPHHHMA-
nock 9 =33.7° +8.9° =42.6°; B Hayaie UETBEPTOrO yuacTka (TPETHil M3ITOM) PHHH-
manock 9Y =90° +11.2° =101.2°; a B Hauane MATOro y4acTKa (YETBEPTHIH H3TOM) —
9) =121° +17.5° =138.5°.

Kak BUIHO, IPUHATBIE JUI MOJIENU JaHHbIE KAYECTBEHHO, M ¢ MPUEMIIEMOM TOYHO-
CTBIO JUIS MIPAKTHYECKUX PACYETOB KOJIUUECTBEHHO, COOTBETCTBYIOT JAHHBIM JKCIIEPH-
MEHTA 110 CKAJIPHBIM CBOMCTBAM U CMOTIIH JOCTATOYHO aJIEKBATHO OMKCATH HBIPKHU Ha-
npsbkeruit (puc. 3 u 4), HabIIo[aeMble MOCIE U3IOMOB TPAEKTOPUH AePOPMUPOBAHKS
Ha pa3JMyHbIe M0 BeNUYuHE yriibl. Takke Habmomaercs (puc. 5) Xopoliee COOTBETCT-
BHE PAaCYETHOM U DKCIIEPUMEHTAIBHBIX KPHUBBIX BEKTOPHBIX CBOWCTB Marepuaia, 4ro

TOBOPHT O MPaBWIBHOCTH MOZEIMPOBAHUS MPOLECCa CIOKHOTO YIPYTOMIacTHYECKOTo
Je(OPMHUPOBAHUS MaTepUAIa.

3akja4yenue

[TpoBenenHas BepuduKanys MaTeMaTH4YeCKOH MOEIH TEOPHH MPOLECCOB IMyTEM
COIOCTABJICHUs pe3yJIbTaTa YHCIEHHOTO MOJEIUPOBAHHUS C NaHHBIMH (H3UYECKOTO
OKCIIEPUMEHTA IIPU YNPYToIUIACTUYECKOM JIe(OPMUPOBAHNH Marepuaiia craib 45 1o
IUIOCKOW TISITU3BEHHOW KyCOYHO-JOMaHON TPAaeKTOPUH IOJATBEPXKAAeT IPABUIBHOCTH
MO/JISJINPOBAHMS ITPOIECcca CIOKHOTO HAarpy>KeHHUs MaTepHuaia JJsl JaHHOTo Kjiacca Tpa-
exTopuil nedopMHpOBaHUs. ITO MOKa3bIBAET JOCTATOYHYIO JJIsI NPAKTHYECKUX 3a/ad
TOYHOCTh IIOCTPOCHHBIX aIlIPOKCUMALNi (PYHKIMOHAJIOB IMPOLIECCOB HCIOIb3YEMOM
MaTeMaTHYeCKOW MOJIENI TEOPUH NPOLECCOB.
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The paper proposes a mathematical model of the theory of elastoplastic processes for the
variety of strain paths such as multi-link straight-line polygonal paths. The constitutive equations
of the proposed mathematical model, as well as the methodology of experimental studies, are
based on the vector representation of the strain and stress proposed by Ilyushin. In the
mathematical model, the approximations of the functional are used, which depend on all
parameters of the inner geometry of the strain path. The governing equations of the mathematical
model are reduced to the Cauchy problem. A numerical solution to the latter and the calculated
results are obtained using the fourth-order Runge-Kutta method.

The experimental data on the complex loading (combined tension-compression and torsion) of
a thin-walled tubular sample made of steel 45 according to a deformation program consisting of
five straight sections with different break angles of the strain path are presented. The vector and
scalar properties of the material are studied.

A mathematical model of the theory of elastoplastic processes is verified by comparing the
calculated results with the data of a physical experiment. It is shown that the applied mathematical
model gives a qualitatively and quantitatively satisfactory description of the main effects of a
complex plastic straining for the variety of strain paths such as multi-link polygonal strain paths.
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METO/]I TPAHUYHBLIX COCTOSIHUM B PEILIEHUM
BTOPOI1 OCHOBHOW 3AJIAYY TEOPUU AHU3OTPOITHOM YIIPYTOCTH
C MACCOBBIMHU CHJIAMHA'

CdopmynupoBaH MOIX0q HA OCHOBE METO/a TPAHUYHBIX COCTOSIHHH, MO3BOJISIO-
U ONPENeNUTh HAPSHKEHHO-Ie(OPMUPOBAHHOE COCTOSIHUE TSI AHH30TPOTTHBIX
TeJI BPAIleHNS C 3aJaHHBIMU Ha TPaHHUIIC TIEPEMELICHUSIMI M HAXOSIIUMUCS TI0]
JeficTBreM MacCoBHIX cril. OCOOCHHOCTh PELICHUS] COCTOUT B TOM, YTO CIIEJ| HUC-
KOMOTO YIPYroro IMoJjis yJIOBJETBOPSET OJHOBPEMEHHO 3aJaHHBIM TPAHHYHBIM
YCIIOBHSIM M YCIIOBHSAM BHYTPH 00JaCTH (MacCOBBIM CHJIAM), @ HE MPEJCTABISAET
c000ii CyMMy pelICHHI YaCTHBIX 3a7ad.

KnroueBble cl10Ba: ymemoo epaHuumbix cOCMOSHUL, AHU30MPONUsL, MACCOBbIE CU-
JIbl, Kpaesvle 3a0a4u, Mopdas OCHOGHAS 3A0ayd, NPOCMPAHCIMBO COCMOSHUN, AHU-
30MPONHBLIL YUTUHOP.

CoBpeMeHHbIE MaTepHalIbl, TAKHE, KaK 31aCTOMEPBI, TOIUKPHCTATIIMIECKIE METAIIbI,
KepaMHKa, a Tak’kKe KOMIIO3UTHBIE MaTepHalbl, IpUMEHseMble B KOHCTPYKIHMIX, MeXa-
HHU3Max M MallliHax, 4acTo MPeObIBAIOT B CIOXKHBIX KMHEMAaTHYECKUX YCJIOBHAX. JlaHHbBIE
MaTrepHaibl 00JIaJIal0T 3HAYUTENFHOH aHM30TPONUel B OTHOLIEHHH YNpyrux cBoiict. Ha
TeJla, HaXOSIIUeCs] B TAKUX YCIIOBHSAX, IEHCTBYIOT MacCOBBIE CHIIBI, @ HA MEPEMEIIeHUs
TOYEK TI'paHUIBl HAJIOXKEHbI orpaHudeHus. OrmpenesieHue HanpsHKeHHO-Ae(hOpMHPOBaH-
Horo coctostaus (HJIC) OT COBOKYITHOCTH TakHMX BO3/ICHCTBHII B CHITy CIIOXKHOH (pH3nye-
CKOM IPHPOBI MATEPHUANIOB COCTABIAET AKTYalbHYIO HAyYHYIO 3a/1a4y.

B mexanuke 00beMHBIE WIIM MAaCCOBBIE CHIIBI PACCMaTPHBAINCH B 33a4ax PasHOTO
HanpasieHus. Hanpumep, B padore [1] MOCTpOSHO YHCICHHO-aHAIUTHYECKOE PEIICHIE
IUTOCKOM 337a4YM TEOPUH YIPYTOCTH C HCTIOJIb30BAHNEM METO/Ia B3BEIICHHBIX HEBSI30K B
(opMe MeTona rpaHWYHOTO pemreHus. HaiimeHo pacmpeneneHus HalpsDKEHHH M CMe-
IICHUH B YIPYTOM Telle, OABEP>KEHHOM JIEHCTBUIO 3aJaHHON CHCTEMBI 00BEMHBIX CHII
Y 3aJlaHHBIX HaMpsDKeHUH WM CMEINIeHWH Ha rpaHunax. B pabote [2] uccrenoBanuch
BBIHYK/IEHHBIE Ie()OpMaIMY B BHJIE CyMMBI BO3JIEHCTBHI TOBEPXHOCTHBIX 1 00BEMHBIX
cwi. B paborte [3], ucronb3ys QUKTUBHBIC pacUeTHBIC CXEMBbI, OCHOBAaHHBIC Ha YKBUBA-
JICHTHOCTH BO3/IEHCTBUII B ME€XaHUKe Je(hOopMHUPYyEeMOro TBEPJIOTO Tena, MOJIy4YeHbl Ha-
NpsDKEHHO-e(OpMHUPOBaHHBIE COCTOSIHUSI JJIsl OaJKM Ha JABYX ONOpax, HaxoJseics
MOJ AEUCTBHEM MAacCCOBBIX CHJ; BpAIAlOUIETOCS TOHKOTO KPYTJIOro AMCKA; IUIOTHHEI
TPEYTOIBHOTO TIOTIEPEYHOT0 CEYEHMs, HAXOIMIIeHcs TIox JeHcTBHEM OOBEMHBIX
(upTpanMoHHBIX CHII. ABTOPBI paboThI [4] paccMaTpuBaiy 3a1a4i TEOPUH YIPYTOCTH
C 33JaHHBIMH OOBEMHBIMH ¥ TIOBEPXHOCTHBIMU CHJIAMH B (D)YHKIIHOHAIBHBIX 3HEPTeTH-
YECKHUX MPOCTPAHCTBAX TEH30pPOB HANPSDKEHUH W nedopmanuii. MeTogoM opTOroHaIb-
HBIX MPOEKLUH penIeHb! KOHKpPETHBIE 3a1aui. OOBEMHBIE CHIIBI pacCMaTpPUBAINCh U B
MeXaHUKe pa3pylIeHus [5]; maercs pemieHne 3afaddl O 3apOoKJICHUH TPEIIMH B MeTaj-

! Uccnenosanme BEIMIONHEHO K (HHAHCOBOH ToaIepkke PO®U n JTumenkoii 0671acTH B paMKaX HayqHOTO
npoekra Ne 19-41-480003 "p_a".
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JIUYECKOM KPYTOBOM JIMCKE MOJ JeHCTBHEM 00BbeMHBIX cii. B pabote [6] s mepeme-
MIEHUH TIOJIyYeHO YCJIOBHE DKBHBAJEHTHOCTH IMOBEPXHOCTHBIX U OOBEMHBIX CHJI IPH
WCTIONIb30BaHUN BapHAallMOHHOTO ypaBHeHMs Jlarpamka. ABTopamu paboTsl [7] ObLIO
MOCTPOCHO MOJe MepeMEeNIeHUI A U30TPOIHOTO YIPYroro Tena, OrPaHUYEHHOr0 KOH-
HEHTPUYECKIMH c(hepaMH ¥ HaxXOASIIErocs Mo AeHCTBUEM OCECHMMETPHUYHBIX HecTa-
IIMOHAPHBIX 0OBEMHBIX CHJI. ABTOPOM [8] MOITyYeHBI TOUHBIE aHATNTHIECKUE PEIICHHS
3aad O PaBHOBECHH TOJICTOCTEHHBIX TPAaHCBEPCAIFHO-M30TPOIHBIX COCTaBHBIX c(ep
JKECTKO 3aKpEIUIEHHOM WM 3aKpPEIUIEHHOM TOJIBKO B paJalbHOM HAIIpaBJIEHUH BHELIHEH
MOBEPXHOCTH, HAXOAAIINXCS TIO/ ACHCTBHEM MACCOBBIX CHJI M BHYTPEHHETO JABICHUS.

B paborax [9, 10] pemymupoBaH oOpaTHBI METOX OIpEIeICHUS HaNpsSKEHHO-
Jie(opMUPOBAHHOTO COCTOSIHMSI M30TPOIHBIX YIPYTHX Tell OT JIEUCTBUS HEHPEPHIBHBIX
HETIOTCHIMANIBHBIX 00BbEMHBIX CHJI. MeTon rpanndHbix coctossHuii (MI'C) ¢ yuyactuem
00BEMHBIX CHII JUIsSI U30TPOITHOM CpeJbl MpuMeHeH B padote [11]. A B padote [12] mpo-
JIEMOHCTPUPOBAH IpUEM BKJIIOUEHHS B KpYyr pacueTHbIX BompocoB MI'C o0beMHBIX
CHJI, COCTaBIISIIOIINX JIMHEHHYI0 KOMOWHAIMIO «ITaJOHHBIX» BO3JEHCTBHI Ha OIHO-
CBSI3HOE OTpaHUuYeHHOE Teso. B pabore [13] pa3spaborana MeToquKa MOTYYEHHS MOTHO-
MapaMeTPUUECKUX PEIIeHUH Ul aHW30TPOIHBIX TeJl, TA€ BO3HUKHOBEHHE (MKTHBHBIX
MAacCOBBIX CHJI SIBJISUIOCH CJIEICTBHEM IpuMeHeHHs Merona Ilyankape. Meromom rpa-
HUYHBIX COCTOSIHHI BONPOC KPYYEHHS aHW30TPOIHBIX CTEP)KHEH CIIOXKHOTO CEUCHHMS
uccnemoBaics B pabore [14]. OToT MeTOx omepHpyeT MOHATHEM BHYTPEHHEH SHEPTHH
ynpyroi nepopmanui. C TOMOIIBI0 METOAa MUHUME3AINN MTOTHON SHeprun aedopma-
1y B pabote [15] perena 3amava mo ompeesIeHUI0 HapshKeHHO-e(hOPMHUPOBAHHOTO
COCTOSIHHUS, BOHUKAIOIIETO MPU OCaJKe XKECTKOIUIACTUYECKONH TOHKOM KBaJpaTHOH 3a-
roToBkH. ABTOpamu [16] mpexacTaBieHo pelleHne ypaBHeHMs Jlamiaca B ocecMMMeT-
PUYHBIX O0JIACTSAX C OCECHMMETPUYHBIMH T'PaHHUYHBIMU YCIOBHSMH C ITOMOIIBIO He-
IpPSIMOTO METOJla TPaHUYHBIX 3JIEMEHTOB paccMOTpeHO B pabore. B padore [17] pac-
CMOTpPEHBI KOHTaKTHBIE 3a[audl JUI1 TPaHCBEPCAIbHO-U30TPONHOIO LMIMHAPA B YCIO-
BUSIX OJTHOBPEMEHHOTO JEMCTBUS MACCOBBIX CHJI M YCIIOBHM Ha FpaHMUIIE.

B pamkax HacTosmeil paboTsl mpeonaraeTcss IpUMEHEHNE SHEPTeTHIECKOTo Me-
TOZAA TPAHUYHBIX COCTOSHUM JJISl pELIEHHs] OCECUMMETPUYHON BTOPOM OCHOBHOM 3a/a-
YM TEOPHH YIPYTOCTH C MAacCOBBIMH CHJIAMHU IJISi TPAHCBEPCATbHO-W30TPOIHBIX TEIN
BpamieHnss. OcOO€HHOCTh HCKOMOTO YIIPYTOT0 MO COCTOUT B TOM, YTO €0 CIE] OIHO-
BPEMEHHO YIOBJIETBOPSET 3aJaHHBIM YCIOBHSIM Ha TPaHHIlE M BHYTpU OONACTH, T.C.
MacCOBBIM CHJIaM, a He TPEACTaBIIsIeT cO00H CyMMy OTAEIBHBIX IOJNIEH B 3amaue 3ia-
CTOCTATHUKHU U B 33J]aue OT AEHCTBHUS MAaCCOBBIX CHIL.

1. IlocTanoBKAa 3aga4n

PaccmarpuBaercss TpaHCBepCaTbHO-U30TPOITHOE Te-
JI0, OTpaHUYCHHOE OJHON WM HECKOJIBKUMHU KOAKCHU-
aNTBHBIMA TTOBEPXHOCTSIMHU BPAICHUS C 3aaHHBIMH Tie-
pEMENICHUAMHI TOYEK TPAHUIBI U = {u, W} © MacCOBBIMHU

cunmamn X ={R,Z}, CUMMETPHUYHBIMH OTHOCHTEIHHO

ocu BpameHus (puc. 1).

PelieHre mMoCTaBIEHHOW 3a/1a4d MOXKHO TPOBECTH
MPOCTBHIM MYTEM: CHaYasa PEelINTh KPaeBYyIO 3a/1auy Me-
XaHUKH B 3aBUCHMOCTH 33/IaHHBIX Ha TPaHUIE TepeMe-
meHnit [18], 3aTeM OTAETBHO PEmHTH 3a7ady IO Ompe-
JIEJICHUIO YIPYTOro COCTOSHHS IMOJ ICHCTBUEM MAacCo-

Puc. 1. TparcepcaisHO-
H30TPOITHOE TEJIO BPAICHHUS
Fig. 1. A transversely isotropic
body of revolution
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BBIX CHJI M TOJYYCHHBIC TOJIS XapaKTEPUCTUK HAMPSIKCHHO-IC(POPMHUPOBAHHOTO CO-
CTOSIHUSI CJIOKUTh. OJTHAKO B 3TOM Cllydyae CJI0)KHO MPOBOJUTH aHAIIM3 IMOJYyYEHHOTO
pe3yibTaTa UCXOJ U3 TEOPUH MPOYHOCTH M KECTKOCTH, BOZHHKAECT HEOOXOIUMOCTH
JIUCKPETHO KOPPEKTUPOBATh IPAHUYHBIE YCIOBHUS B KpaeBOM 3ajaye, YTO COCTABIISAET
HETIPOCTYI0 M TPYJOCMKYIO 3a7ady, 0OCOOCHHO €CIIM TpaHUIla TeJla YaCTHYHO WIIH TOJI-
HOCTBIO 3aImieMiieHa. Hampumep, eCTeCTBEHHO, YTO HANPSDHKCHUS BHYTPH Teja, HaXOs-
IIeTocs, HAPIMep, IO NEeHCTBHEM CHII HHEPIIUH CO CBOOOIHOW TpaHUIICH, OTIMYAIOT-
Cs OT HaIpsDKEHUN B TOM K€ TeJle C 3alleMJICHHOW I'paHullel, BOIIPOC COCTOUT B TOM,
KaKUM 00pa3oM MPOUCXOIUT 3TO NepepacipeaeeHue.

Lenpio paboTHI ABISETCS CO3JAHKE TTOX0/1a HAa OCHOBE METOJIa TPAHUIHBIX COCTOS-
HU#, TO3BOJISIONIETO MOJIYYHTh 3aJaHHOE IIepepacipeie/icHIe HanpsukeHuit, redopma-
LWW U TepeMENIeHUH.

2. Onpenensomue COOTHOIECHUS ISl CPeIbl

JIyist OTHOPOTHOW TPAHCBEPCATBHO-U30TPOIHOM CPENbl B IWIMHAPHUCCKUX KOOPIH-
HaTax UMEIOT MECTO ClIeyIoe cooTHomeHus [19]:
JuddepeHnnanbHbie YpaBHEHUST PAaBHOBECHS B IIMJIMHIPUICCKON CHCTEME KOOPIH-
HaT z, r, O:
ot, 0o, 1014, ©.—0Cy

—Z L +R=0;
oz or r 00 r
a&+a‘ci+la’t_ze+ri+zzo; (1)
0z or r 00 r
81:29+87:r 1866 +0=0,
oz or r@@
rae R, Z, Q — MacCcoBbI€ CUJIBIL.
CootHomenus Komm:
ow ou
SZ:—; 8}":_;
0z or
lav u ow Ou
€ +—Y, =+ 2
A S PP )
_lou ov v, o 1ow
e AT

00600611eHHbIH 3aK0H ['yKa:

1
E =—|0c,—-Vv_ (0, +0 5
E [ z z( r 6)]

1 v
e =—(06,-Vv.0y)——20.; 3
r Er( r r 6) EZ z ()
1 v,
gg=—1I(0y—Vv,0.)——=0_;
0 Er(e r /) Ez z

1 1
==V Yo T N0 Ve T o= Te>
Yz G s Y20 G 0> Vro G 0 E 6

z z r r
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rae E, u E, —MOIyIH yIpyrocTH COOTBETCTBEHHO B HAIIPABIEHUH OCH Z H B IIOCKO-
cTi m3otponuy; v, — Kodddumment IlyaccoHa, XapakTepusyrOmuid cxaTHe BIOIb 7
IpH PacTsLKEHUM BJIONb OCHU z; vV, — koagdduiuent Ilyaccona, XxapakTepusyronui mo-

MEPEYHOE CXKATHE B TUIOCKOCTSIX M3OTPOIMH TP PACTSHKCHUH B ATHX K€ TUIOCKOCTSX;
G, nu G, —MOJyJIb CABUTa B IIJIOCKOCTSIX M30TPOIIMH U NIEPIEHAUKYIAPHBIX K HUM.

3. 3agaya 3J1aCTOCTATHKH

C TOMOIIBI0 METOJIa HHTETPATBHBIX HATOKECHUH yCTaHOBIICHA 3aBUCHMOCTD MEKIY
MPOCTPAHCTBEHHBIM HAMPSHKCHHBIM W Ie(OPMUPOBAHHBIM COCTOSIHUEM  YIPYTOro
TPaHCBEPCATHHO-H30TPOITHOTO Tella M OIPEIEIICHHBIMI BCIIOMOTATEIBHBIME JBYMEP-
HBIMH COCTOSIHUSIMH, KOMITOHEHTBI KOTOPOTO 3aBHCAT OT JBYX KOOPIHHAT z U y (mepe-
MEHHBIX) [19].

B kauecTBe MIOCKMX BCIIOMOTATENBHBIX COCTOSHUM HCIOJIB3YyeTCs MIockas aehop-
Mariusi, BO3HUKAIOIIAS B IMIMHIPaX OCCKOHEYHOH TMHBI, MMEIOIIUX B KKIOW TOYKE
IUIOCKOCTh YIPYrOdl CHMMETPHH, MapajUIeIbHYI0 IUIOCKOCTH zy (HampaBieHue 1 L

MJIOCKOCTH Z)):
0. = —Re[1i 9, () + 720 (c,)];
o,” =Re[o; () + 9, ()1
Gzypl = —Re[1,0; (61) +720 (2)] @

E
pl_ pl Zrsrl. —-0- -0-
c," =v,0, +szcz,rze—0,rre—O,

z
P =Re[p9; (1) + Pr92 ()]
P = Reliq @, (1) +ig29,(5,)]
rje KOHCTAaHTBl ¢, W p; OIpeleieHbl YNpyrMMH HapaMeTpaMu MaTepuana,
G = z/y ; Iy, Y; — KOMIUICKCHBIC KOPHH XapaKTePHCTHYCCKOTO ypaBHCHHS, ¢byHK-
L @ (c j) — aHAJIMTUYECKHE 110 CBOUM MEPEMEHHBIM.

ITepexon K OCECUMMETPHYHOMY IPOCTPAHCTBEHHOMY COCTOSIHHIO B IIMJIMHApHYE-
CKHMX KOOpAMHATax OCyH_leCTBJ'ISIeTCSI 1o 3aBUCUMOCTSIM [ 18]
! oP!
- ol i - v 4.
= Y5 Cor = > 020 =095
T

l o /rz y2
(¥ —o2h(2y* =)

_c(,:—j N dy ; )

1 (Gp[+cpl)
G, +0, ——J.

pl
:-f—dy, w=—J-—dupl y,v=0.

e Tt =32
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4. MeTon pelieHus

Jist perieHus TOCTABICHHON 3a/laud NPUOErHeM K IMOHSATHSAM METOJla TPaHWYHBIX
cocrostanit (MI'C) [20]. OcHOBY MeTO/a COCTaBIISIIOT MPOCTPAHCTBA BHYTPEHHUX E U
TPAaHUYHBIX [ COCTOSIHHI:

E={8,85,&5,800f 5 L ={¥15V2V3oeres Yoo} - 6)

BHyTpeHHee cocTosiHME ompenensieTcsi HabopaMu KOMIIOHEHT BEKTOpa IepeMere-
HUH, TEH30pOB AedopManuii 1 HanpsHKEHUH:

ik - {ul 381]965' . (7)

Bocrosnb3yemest ipu MOCTPOSHUU PEIICHUs] OCHOBHBIX 3a/1a4 MEXaHUKH YpaBHEHH-
em Kianeiipona [21]:

J.XudV+J.PudS fcst 0. (8)

[TpunaBast nmepeMerieHnsIM BO3MOXHBIE BapHallid Ou , MOCIEAHEEe ypaBHEHHE TIpe-

oOpasyeTcs B BapraliuoHHoOe ypaBHeHue Jlarpamxa [21].

CkanspHOE NPOU3BEICHNE B MPOCTPAHCTBE = BHYTPEHHHUX COCTOSIHUI BBIpaxkaeTcs
yepe3 BHYTPEHHIOIO 3HEPTHI0 yIpyroro nedopmupoBanus (0TCI0[a U MIPUHAUIEKHOCTD
MeTOJa K Kjaccy sHepreTnueckux). Hanpumep, 1s 1-ro 1 2-ro BHYTPEHHHX COCTOSHHM
Teja, 3aHMUMAKoIIEero 00aacTh V:

CRIE js oydV ©)

IpPUYEM B CHILy TOXKAecTBa bertu:

(&413&_;2) (&2,&1) J.S G dV J.S G dV

I'paHHYHOE COCTOSHME Y, , B 3aBHCHMOCTH OT TPaJHIMOHHOTO Y; = {ufi, pf }, om-
penensemoro B [20], Oyzmem ¢dopmupoBaTs HabopaMu KOMIIOHEHT BEKTOpa IepeMelrie-

HHUA TOYEK I'paHULBI U IMOBECPXHOCTHBIMHU yCHIUAMHU p; W MACCOBBIMH CHJIaMH X,

vi ° i

(mocnenHee yCIOBHO B CHILy TOTO, YTO MacCOBBIE CHJIBI HE OTHOCSITCS K JIEMEHTY IO-
BEPXHOCTH TeJIa):

k k
k—{uv,,P,»X } p; - ;j j& (10)
rac }’l/- — KOMIIOHCHTAa HOPMAJIU K I'PAHUILIC.

B mpoctpaHcTBe rpaHUYHBIX cOCcTOsSHUE [, cornacHO (8), CKalIsIpHOE MPOHM3BEe-
HHUE BBIpakaeT paboTy BHEITHUX CHII IO TIOBEPXHOCTH Tena S W paboTy MacCOBBIX CHII

Ha IIePEMEIICHUSX ¢, BHYTPCHHHX TOUYEK Tela:
12 12
(v1>v2) = Ipi”vidS+IXi”i av,
S 4
MPUYEM CBOUCTBO KOMMYTATHBHOCTH BBIITOTHSIETCS:

(V1>72) =(Yz,Y1)=J‘P3”5idS+sz!“?dV szizuiids+jxi2u}dV'
s v S v

B cnyuae rnankoit rpaHuiibl u B cuity (8) o0a MPOCTpaHCTBA COCTOSIHUMN SIBJISIFOTCS
THIILOCPTOBBIMU U COMPSDKEHBI U30MOp(u3MoM. 1o onpeneneHunto, KaxIoMy dJIEMEHTY
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& €Z COOTBETCTBYET €IMHCTBEHHBI 2JIeMEHT Y, € /', MpPUYEM 3TO COOTBETCTBHUE
B3aMMHO-OJJHO3HAuHoe: &, <>y, . OTO IO3BOJSET IOMCKH BHYTPEHHEIO COCTOSHHS

CBECTH K IIOCTPOCHUIO H30MOP(HOTo eMy IpaHHYHOr0 cocTosHus. [locnennee cymect-
BEHHO 3aBUCHT OT I'paHM4HbIX yciosuii (I'Y).

OpToHOpMHUpOBaHUE Oa3nca MPOCTPAHCTBA E OCYIIECTBISIETCS MO Pa3paboTaHHOMY
PEKYpPCUBHO-MAaTPUYHOMY aITOPUTMY OpTOrOHaNM3anuu [22], rae B KauecTBe MepeKpe-
CTHBIX CKaJISIPHBIX ITPOM3BECHUI puHUMaeTcs (9).

ITpoGriema cBoMTCS K pa3penIaioiieii cucTeMe ypaBHEHHH OTHOCHTENBHO KO3 hH-
1eHToB Dyphe U Pa3I0KEHUIO HCKOMBIX BHYTPEHHETO & M TPAaHUYHOTO Y COCTOSHUH

B psifi IO 3JIEMEHTaM OPTOHOPMHUPOBAaHHOTO Oazuca

€= chak > V= zckYk
k=1 k=1

WK B Pa3BEpPHYTOM BHUJIE

o0 o0 o0 o0 o0
k. _ k. _ k. _ k. _ k
D; :chpi S U —ZCkui 5 Oy —ZC,{GU» 5 & —chsij ; X —chXi . (1D
k=1 k=1 k=1 k=1 k=1

B cmydae BTOpO# OCHOBHOH 3aaum 3aJaHbl MACCOBBIe CHIIBl X = {R,Z} U mepeme-
IIEHHs TOYeK IPaHUIBI Tena u, = {u,,w,} .

OpTOHOpMI/IpOBaHHOCTB Oasnca TpaHUYHBIX COCTOSIHHH TO3BOJIIET JJId €T0 3JICMEH-
TOB 3aI11McaTb

J.XiujdV+J.p{uidS+J.XjuidV+J.piu‘vidS=28,»j, 12)
v s v s

npuyeM .[Xiu-/dV+.'.p-v/uidS =— J.X-juidV+.|.p-vfuidS NE
4 s v s

3amensst B (12) GasucHble XapakTepucTHkd X’ , uw! 3amaHHbiMH X, W, W OCyIIe-

CTRBJISISL TIEpeOOp 0 UHIEKCY j, 00pasyeM MaTpHIlbl K03 (HHUIIHEHTOB:
By =jx" ude+jp{uids; B =[P lyuy : (13)
4 N

o, = qu-de+jp«vfuvdS s A=[o; ]y,
14 S

rae u’/ — BEKTOp MepeMelleHHs B j-M dJeMEeHTe 0asuca BHYTPeHHUX cocTosHui (7);

X' — BEeKTOp MAcCOBBIX CHJI B i-M JJIeMeHTe Oa3uca rpaHudHbIX coctosHuit (10); p7,

lli} — BCKTOpD y'CI/IJ'II/Iﬁ n HepeMeHIeHI/Iﬁ Ha rpaHule TEjia B 3JIEMCHTaX Oasnca TpaHu4-

HBIX (10) cocTosHUIA.
CrnemyeTr OTMETUTb, YTO MaTpUIla B sBIseTCS KOCOCHMMETPHUIHON (Bij = jio i#j).

Kosdurmenter @ypbe ¢ = {c¢; |, PACCUNTHIBAIOTCS TaK:
c={a}y=B"A, (14)

rae N — 9Hcio UCTIONB3YEeMBIX IIEMEHTOB Oa3uca.
OxonHuaTenpHO pemnreHue nmeet Bug (11).
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5. ®opmupoBaHune 6azuca

OCHOBHOI CII0)XKHOCTBIO (popmupoBanus penieHust B MI'C siBisieTcs KOHCTpyHpOBa-
HHe 0a3uca BHYTPEHHHX COCTOSHMH, KOTOpBIH onumpaercsi Ha oOmiee win QyHIaMeH-
TaJIFHOE pelIeHre I cpelbl. Takke BO3MOXKHO MCIOJIB30BaHUE KAKUX-JTHOO YaCTHBIX
WM CIIEINANTBHBIX PEIIeHUH.

B pabote [9] m3noxeHa METOAMKA OINpeAETIeHUs HAPSHKEHHO-Ie()OpMHUPOBAaHHOTO
COCTOSIHHSI H30TPOITHBIX TEJT OT OOBEMHBIX CHII.

Jlist MocTpOeHus MO MEPEMEIICHHH OT MAacCOBBIX CHJI JJISI TUIOCKHX BCIIOMOTa-
TENIBHBIX COCTOSHUM HpUMEHsieTcsl (pyHIaMeHTanbHas OPTOHOPMHPOBAaHHAS CHUCTEMa

MHOTOUITeHOB y*zP | KOTOpYIO MOKHO MOMECTHTH B TIOGYIO TO3MIHMIO BEKTOPA Tepe-

memerns u”’ (7,2z), 0Opasysi HEKOTOpOE AOMYCTHMOE YIpPYroe ILIOCKOE BCIOMOra-

TEIBHOE COCTOSIHUE!
w? = {{yaZB,O,} ,{O,yazﬁ}} .
[TepeGop BCeBO3MOXKHBIX BaApHAHTOB B npesenax a+pf<n, (n=1, 2, 3, ...) no3Bo-

JISET TONyYUTh MHOXKECTBO cocTostHui. Jlanee mo dopmynam (5) onpemensroTcss KoM-
IIOHEHTHI BEKTOpa mepeMelteHus u(7,z) MPOCTPAHCTBEHHOIO OCECHMMETPHYHOTO CO-
cTosiHUs U 110 1ienouke (2), (3), (1) onmpenensroTcs COOTBETCTBYIOIINE TEH30PHI Iedop-
MaIl¥ii, HaMPsHKEHUH M MacCOBBIC CHJIBI, 00pa3ysi KOHEYHOMEPHBIN 0a3uc B 3amaue OT
MAacCCOBBIX CHI:

=X _feX X X X
2X = {gl, .8 8}
basucHbie HaOOpHI B 3aj1aue AIIACTOCTATUKUM MOXKHO KOHCTPYHPOBaTh, T€HEPHPYs

BO3MO’KHBIC BAPHAHTBI ISl ABYX QHAITHTHYCCKUX QyHKUMA ¢, (¢;) U @, (¢,) mIocko-

TO BCIIOMOTATEeIbHOTO COCTOSTHUS (4).
BasucHbie HAOOPHI MIIOCKUX BCIIOMOTATENBHBIX COCTOSHUM B 3TOM Clydae TeHEpH-
PYIOTCS COTTIACHO

n . N
o) | (o) (0 et ) (©
s n | ol .
9,(5,) 0 )\s2/)\0 162
I[aﬂee OIPCACIIAIOTCA BCC MCXAHHUYCCKHUE XAPAKTCPUCTUKU IIJIOCKOTO BCIIOMOTa-

TEJIFHOTO COCTOSIHHSA, W 3aTEM CIIEIyeT TepeXxoa K TPEXMEPHOMY COCTOSIHHUIO 11O 3aBH-
cuMocTsM (5), 00pa3ys KOHEUHOMEPHBIH 0a3KC B 3a7ade HIacTOCTATHKH:

=5 = {e5,88,65,..85,.)
PesyneTupyromuii 6a3uc (6) mpeacraBiseT coboit o0beInHEHHE:
E={g],8].83, 8, 80,880 - (15)

OxoHYaTeNbHBIA 0a3uc MpeacTaBisieT co00i 00beANHEHNE JBYX 0asMcOB B CHILY
TOTO, YTO MEepeMeNIeHH s, 3aJaBacMble Ha TPaHHLE TeJla, MOTYT BHI3BIBATH OJHOBPEMEH-
HO KaK «ypaBHOBCILICHHBIE)» TaK U «HEYPaBHOBEILCHHBIC) (yIOBICTBOPSIOIINE YpaBHe-
HHSIM PaBHOBECHS C MACCOBBIMH CHJIAMH) HAIPSDKSHUS M IIOCJIC BOCCTAHOBJICHHS MO-
CIIETHHX TOTpeOyeTcs HAMYHe «YPaBHOBEIICHHBIX» JJIEMEHTOB, B IIPOTHBHOM CIIydae
Oyzner HaOmOAaThCs PACXOIUMOCTh perieHus. OKOHYATeIbHBIH 0a3uC TPAHUYHBIX CO-
cTosHUH penyuupyetcs u3 (15).

eps B=1,2,3,.. .
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6. Pemienue 3anauu 1J1s1 HUJIHHAPA

AnpoGanuio NpeIoKeHHOW METOIUKH MPOBEIEM Ha UCCIIEIOBAaHUU YIPYTOro co-
CTOSIHUSI TPAHCBEPCAILHO-U30TPOITHOTO KPYrOBOTO B IIaHE LMIMHApPA U3 TOPHOU IO-
POJIBI aJleBpOJIUTa KPYHMHOTO TeMHO-ceporo [21]. Tlocme mpouemaypsl obe3pa3MeprBa-
HUSI, aHAJIOTHsI KOTOPOH MpHBeieHa B padoTe [23], ynmpyrue XapakTepUCTHKH MaTepua-
na: £, =621; E, =5.68; G,=2.55; v, =022; v, =0.24 u nuauaap zaHuMaeT o0-

mactb V ={(z,r)| 0<r<1, —2<z<2} (puc.2).

IAZ
2 S,
S3
L N o
0|
2! s,

Puc. 2. MepuananHoe ceueHue Tena BpalleHus
Fig. 2. A meridian section of the body of revolution

unuHaap HaXOOUTCS MO IEUCTBHEM MACCOBBIX cUll X = {r,z3} , TpPaHHUIa 3alIEM-

neHa u, =0. Ilocae mpomemypbl OpPTOHOPMHPOBAHHS M HCKIIOYEHHUsS JIMHEHHO-

3aBUCHMBIX JIEMEHTOB, 0a3UCHBINA HAOOP /Ul KOMIIOHEHT BEKTOpa MEPEMEIICHHUS TIpe/I-
cTaBjieH B Ta0JI. 1 (TToka3aHo 9 37IeMEHTOB).

Tabnuma 1

IlepemerieHust OPTOHOPMHPOBAHHOIO 6a3uca

u w
3 0 0.26389:z
&, 0.18528 —0.10429:z
& 0 0.114277*
&, 0.14435rz 0.06455r> —0.040622>
&s 0.07007rz —0.316717* =0.019722>
& —0.090067r —0.02311r° +0.084882> 0.18204z + 0.08488r%z — 0.056122°
& —0.05853r —0.015021° +0.0551672* —0.23356z + 0.05516r°z + 0.05149z>
& 0.191197—0.03733r> —0.11539r2* —0.2256z +0.278r°z +0.021652°
& —0.23702r + 0.23608+> +0.0007 172> —0.01291z +0.02697z — 0.0001332
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Yceuennas jo N =8 marpuia kodpduuuentos B; npeicrasieHa B Tadi. 2 (i on-

peZIenseTcs Mo CTPOoKe, j — 1Mo CTOJOIY).

Tabnauma 2

Martpuua keddpduunentos 3,

1 0 0 0 0 0 -2.666 | —1.167 | —0.198 0

0 1 0 0 0 0 1.054 | 0.461 | —2.255 0

0 0 1 —0.496 | 0.269 0 0 0 0 0.404

0 0 0.496 1 —0.641 0 0 0 0 —-0.032

0 0 -0.269 | 0.641 1 0 0 0 0 —-0.504

0 0 0 0 0 1 —0.907 | -0.391 | —0.164 0
2.666 | —1.054 0 0 0 0.907 1 0.014 | 0.001 0
1.167 | —-0.461 0 0 0 0.397 | -0.014 1 -0.129 0
0.198 | 2.255 0 0 0 0.164 | —-0.001 | 0.129 1 0

0 0 —0.404 | 0.032 | 0.504 0 0 0 0 1

[Tpu permennn ucnons3oBaics 6a3uc B 55 sanementoB. Ha puc. 3 npusenen rpaduk,
WLTIOCTPUPYIONINH «HACHIIIEHNE» cyMMBI beccenst (yieBast gacte HepaBeHCTBa becce-
7151). DTO SABNIAETCS KOCBEHHBIM MPH3HAKOM CXOJMMOCTH PEIICHHUS.

2
%

M=

k:

Il
—_

20 [

151

10 |

5 PR 1 1 1
0 10 20 30 40 N
Puc. 3. Cymma Beccens B 3agaue Ui HiinHApa
Fig. 3. The Bessel sum in the problem for a cylinder

Koappuunenter @ypbe paccunThiBatoTcst o 3aBUCUMOCTH (14), HCKOMBIE XapakTe-
puctukn HJIC — mo 3aBucumoctsam (11). IlpoBepka pesynbraTta M OLEHKAa TOYHOCTH
OCYILECTBIISIETCSI COMOCTABIECHUEM 33JaHHBIX ['Y ¢ BOCCTAHOBIIEHHBIMH B PE3yJbTaTe
penienust (puc. 4), a TakXKe COMOCTABICHUEM ITOJYHIEHHOTO ITOJISI MACCOBBIX CHII C 3a-
JTAaHHBIM TIOJIEM.

3nech n jganee, 3amaHHbIe ( | 1) ¥ BOCCTAaHOBJICHHBIC (; ) I'Y uzobpa-
JKeHBI Ha Tpadukax B MacmTabe. HampuMep, HCTHHHOE 3HAaUeHHE Ha Tpaduke puc. 4, a
PaBHO 3HAYCHHUIO HA TpaduKe, YMHOKEHHOMY Ha KOI(D(UIHUCHT K. AHAJOTHYHO U IS
BBIPAKEHUI.
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“ a/a\ w109~ v (k=10 l
6.25 / \ / \ 14
R TR VA AR /
* \ 4|lilii://'ilh\:'ii
-13.2 ‘ -6 / \\J/
23 -16 /
0 0.25 0.5 0.75 r 0 0.25 0.5 0.75 r
u w
c d =10~
175 N AN (x=107)
1 L W \\/: \\._/,1; \\j 12
6.5 V 0»1//\ A\ V
-14.7 12
(k=104
23 24
-2 -1 0 1 z -2 -1 0 1 z

Puc. 4. Bepuduxanys nepeMeIeHnii Ha TpaHuIe: ¢ — KOMIIOHEHTHI ¢ Ha y4acTke S;, b — KoMno-
HEHTBI W Ha y4acTke S|, ¢ — KOMIIOHEHTHI # Ha y4acTKe S3, d — KOMIOHEHThI W Ha y4acTke S3

Fig. 4. Verification of displacements on the boundary: (a) the components of « in the section S,
(b) the components of w in the section S, (c) the components of u in the section S;, and (d) the
components of w in the section S

[IpuBeneM BOCCTaHOBIICHHBIC MAaCCOBBIC CHIIBI (K = 10’5):
R=97140.3r+11750.7> =9911.8° +

+394.636r2% —786.1197°2% +35.973rz ;
7 =-294.709z +570.0867>z —412.157r* +

+100228z2° —14.6661%2> —56.7772° .

Ocranpable xapakTepuctukn HJIC mpeacraBuM B BUJE M30JUHUKA (B SIBHOM BHIIE
HeoOo3puMbl) (puc. 5). B cmiy oceBodl CMMMETpHMH  TOKa3aHa 00JacTh
0<r<1, 0<z<2. OTHOCUTENIBHO INIOCKOCTU z =0 KOMIIOHEHTHI U, G, 00IaJalT

CUMMETPHEH, W B G, — KOCOM CHMMETPHEH.

ITonmyuyeHHbIe OIS yIOBIETBOPSIIOT ypaBHEeHMM (1) — (3), a Tarxoke ypaBHEHHSM CO-
BMECTHOCTH Jiepopmannii [24].

IIpu mpakTudeckoil peanusanuu IpueMa pelleHHs BTOpPOM OCHOBHOM 3amaud ist
IMJIMHIPA U €r0 TECTUPOBAHMS IPH Pa3IMYHBIX BUJIAX (YHKIMH 3aJaHHBIX MAcCOBBIX
cun HaOmoanack cieayromas ocooeHHOCTh. Ecnmu obnacte mHTErpHpoBaHus V cum-
METpPUYHA OTHOCUTEIBHO MIOCKOCTH z =0, TO 3aa4uil ¢ HECUMMETPUYHON U HE KOCO-
CUMMETPHUYHON OTHOCUTEIHFHO TOH INIOCKOCTH KOMIOHEHTOH Z , HampuMmep Z =z +1,
CXOZMMOCTBIO PEIICHNUsS B 00JaCTH BOCCTAHOBIICHUS MAaCCOBBIX CHJI He o0namaror. s
MOJy4EHHs] KOPPEKTHOTO PEIICHHs B 3TOM CIy4ae HEOOXOJMMO 3a7aTh HECHMMETPHY-
HYIO OTHOCHUTENBHO IJIOCKOCTH z =0 o0nacTs mwimHapa V, HanpuMmep ¢ KOOpAWHATON
0<z<4.
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Puc. 5. Mexannueckue XapakTepUCTHKH: @ — KOMIIOHEHTa BEKTOpa
nepemMenieHus u (kK = 10’3), b — KOMITOHEHTa BEKTOpa TepEMEIICHIS
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d — KOMIIOHEHTa TeH30pa HanpsbkeHu o, (k=107)

Fig. 5. Mechanical characteristics: (¢) a component of the dis-
placement vector u (k = 107), (b) a component of the displacement

vector w (k=107), (¢) a component of the stress tensor G,

(k= 1072), and (d) a component of the stress tensor G, (k= 107h
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3akJro4enue

Takum o0Opazom, chopMynMpoBaH METOA pEIISHHs BTOPOW OCHOBHOW 3a/laud JUist
TpaHCBEPCANBEHO-M30TPOITHBIX TEJ BPAILIEHUs, HAXOAAMINXCS 1O/ JAEHCTBUEM CTaIHO-
HapHBIX MacCOBBIX CHJI. 3aJaHHbIC IIEPEMENICHNS Ha TPaHHIIE U MacCOBBIE CHIIBI HOCST
OCEeCHMMETPHUYHBIN XxapakTep. OCOOEHHOCTh pelIeHus 3aKII0YaeTcst B TOM, 4TO Hanoo-
Jiee TPYJOEMKHE BBIYMCIICHHS, @ UMEHHO TIOCTPOCHNE OPTOHOPMHPOBAHHOTO 0asmca u
MaTpHIbl KO3(GPUIHMEHTOB [3; CTPOATCS JUIS TeNla OMH Pa3 ¥ MOTYT ObITh MCIIONB30BA-
HBI TIPH PEIICHUH 33/1a4 C Pa3NIHBIMHA KPAE€BBIMH yCIOBUSIMH M MacCOBBIMU CHIIAMH.
CI0XXHOCTH 337124y OOYCIIOBJIEHA TEM, YTO BOCCTAHOBJIEHHE MCKOMOTO yNPYTOro IOJIs
OCYIIECTBIISICTCS. OAHOBPEMEHHO I10 JIBYM HAIPaBICHUAM (IBa MHTETPANa B BHIPAKEHUN
ans oy (13)): MaccoBble cuibl X ¥ IIEpEMENIEHNs TOUEK TPAHUIIBI U.

OCHOBHBIM ITPEUMYILECTBOM IPEICTABICHHOTO METO/A Mepe]] YHCIECHHBIMH METO-
JaMU 3aKJIFOYaeTCsl B TOM, 4TO B CBOEH CTPYKType METOA ONEpHpYeT KBaApaTypamH,
KOTOpBIe OepyTcsl CpelcTBAaMH KOMITBIOTEPHOW anreOpbl ¢ aOCONMIOTHOM TOYHOCTBIO.
OTO NUKBUAUPYET MPHYMHY (HOPMUPOBAHUS PE3yJIbTUPYIONIEH OIIMOKH BBIYMCICHUMH,
CBSI3aHHOHU C NMPOMEXYTOYHBIM XapaKTEPOM YHCIEHHOTo cueTa. Takke NpeoKeHHbINH
MOJXO/ TO3BOJIET MOIYYUTh YUCICHHO-aHAIUTUYECKOE pEIIeHUE 3aJauydl TEOpUH Y-
pYrocTH.
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The aim of the paper is to assess the stress-strain state of anisotropic bodies of revolution with
specified displacements of the boundary points and acting mass forces. The problem solution is
intended to develop the method of boundary states. A theory is elaborated for constructing a basis
of the internal state space, including displacements, strains, and stresses within the body, and a
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basis of the boundary state space, including forces at the boundary, displacements of the boundary
points, and mass forces. The bases are formed using a general solution of the boundary value
problem for a transversely-isotropic body of revolution and a method for creating basis vectors of
displacement, which is similar to the one usually employed in problems dealing with stress
conditions caused by non-conservative mass forces. The internal area and the boundaries are
conjugated by isomorphism. This property allows one to reduce the analysis of the whole body
state to the analysis of its boundary state. The characteristics of the stress-strain state are
presented using the Fourier series. Eventually, a determination of the stress-strain state is reduced
to solving an infinite system of algebraic equations.

The paper proposes a solution to the second fundamental problem of a circular plane cylinder
made of rock, as well as the relevant steps of the study and conclusions. The obtained results are
visualized graphically.
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HNCCJIEJOBAHHME NNPEJEJBHOI'O COCTOSIHUA
JEJSIHOI'O ITIOKPOBA B YCJIOBUSIX YN CTOI'O U3I'NBA
MPU YCUJIEHUH APMUPYIOIIMMHA 3JIEMEHTAMMA'

HccnenoBaHo BIMSHUE TIOBEPXHOCTHOTO apMHPOBAHUS HAa HECYLIYIO CIIOCOOHOCTD
JeiHOro TMoKpoBa. [IpencTaBieHsl pe3ysbTaThl SKCHEPHMEHTA MO HCCIICIOBAHUIO
pa3pyLIeHHs JeI0BbIX OaJlOK ¢ 3aaHHOI CXeMOI apMUPOBAHMS M BBIIOJIHEHO CO-
HOCTaBJIEHHE TIOIy4YEHHBIX PE3yJbTaTOB C YHUCICHHBIMU pacyeTamu. IIpuBeneHb
YUCJICHHBIE UCCIIENOBAHNS apMHUPOBAHHBIX JICHOBBIX OalOK, YCHJIEHHBIX pa3iIHy-
HBIMM KOMIIO3MIIMOHHBIMU MaTepuaiaMy. YHCIICHHbIE pacyeThl BBIOIHEHBI B IIPO-
rpaMMHOM KoMmuiekce ANSY'S. Pe3ynbTaTsl OpHrHHATBHEIE.

KiroueBble cnoBa: ziedosass 6anka, noGepXHOCMHOE apMUpo8anue, Hazpys3Ka,
yucmolll U32ub, Hecywjas CnocoOOHOCMb, YUCTEHHOe UCCIed08anue, Kpumepuil
npouHoCcmu.

JlemoBrle mepenpaBsl Ha aBTOMOOHMIIBHBIX JJOPOTaX OPTaHU3YIOTCS B 3UMHHM TTEPUO.T
BpPEMEHH IIpH 00pa30BaHUH Ha BOIHBIX MPErpagax JEeITHOTO TOKpoBa TpedyeMoil Tom-
IIMHBL, B CIy4YasX OTCYTCTBUS MOCTOBBIX COOPYXCHHH, a TaKKe MPH HEBO3MOXKHOCTH
yCcTpolicTBa mapoMHbBIX nepenpas. Kak ormeuaercs B monorpaduu H.H. Brrakosckoro
u I0.A. TI'ypesHoBa [1], 1easHON MOKPOB AOJDKEH 00JIaJaTh JOCTATOYHOW HeCyIeH
CMOCOOHOCTHIO (TPY30MOIEEMHOCTHIO), a TIIyOHMHA BOJBI MO0 JIHJAOM Ha TEpenpaBe B
TEUEHHE BCEro IMeprojna ee padoThl AODKHA OBITh HE MEHee | M MPH caMOM HHU3KOM
YPOBHE BOJIBI ¥ HaUOOJbIIeH ToNIMHE JIbAa. CTOUT OTMETHTH TPYAHOCTH IPOTHO3HPO-
BaHUs MOBEACHUS JIbJja NP Pa3IUYHBIX BUJAX HArpyXeHUs (CTaTHUECKOM U JUHAMU-
yeckoM). PaspyiiieHust Jiba OT HOPMAaJbHBIX, HAKJIOHHBIX M PAJHATBHBIX TPEIIHH HC-
cienoBam B cBomx paborax W.J.Lu, R.Lubbad, S.Loset [2]; C.E.Renshaw,
E.M. Schulson, S.J.G. Sigward [3]; J.D. Tippmann, H. Kim, J.D. Rhymer [4].

Ecmu TonmmiHAa NEnsHOTrO MOKPOBAa HE TOCTATOYHA IS O€30MacHOM SKCILTyaTalldH
TIepeTIpaBbl, MOTYT OBITH MCIIOJIB30BAaHBI TPAIUIIMOHHBIE METOIBI ITOBHIIICHNS HECYIIEH
CIIOCOOHOCTH JIhJIa, TaKUe, KaK HAMOpaKMBAHUE JIb/Ia CHA3Y, HAMOPAKMBAHHUE JIba CBEp-
Xy WIHA YCWIEHHE JIba IePEBIHHBIM KOMEHHBIM HAcTIIIOM [5]. OmHaKo, KaK MOKa3bIBaeT
HpaKTquCKHﬁ OIIBIT, (I)I/ISI/IKO-MexaHI/I‘-IeCKI/IC CBOMCTBA JICASTHOT'O ITOKPOBa MOT'YT CUJIBHO
3aBHCETh OT HAJIMYM CHEra M BETpa B MOMEHT HAMOPaXMBAaHMS, TEMIIEPATypPhl OKpY-
JKaroIIeH cpeabl U apyrux (akTopoB. C yueToM HEHaIS)KHOCTH (DHU3UKO-MEXaHHUSCKHUX
CBOJCTB JIbJIa M3-3a BBIIIETIEPEUUCICHHBIX (PAaKTOPOB aKTyalbHOI CTAHOBHUTCS 33aaaya To-
BBIIICHHMS HECYILIEH CIIOCOOHOCTH JIb/ia ajlbTepHATHBHBIMU METO/IaMH, HAIlpUMep BHeJpe-
HHUEM B JIe]] apMUPYIOIIUX 2JIEMEHTOB U3 Pa3INUHbIX MaTEpUAIIOB.

BHenpeHuto ycHIMBAIOIMX JIEMEHTOB B JIEIOBBIE NIEPENPaBbl MOCBAIIEHO MHOXKECT-
BO pabot. JIoCcTaTOYHO MEepCIICKTHBHBIM SIBISICTCS apMHPOBAHUE JIEJOBBIX TIEpPEIpaB reo-

' PaGota BbINONHEHa B pamKax mpoekta 9.4934.2017/BU «OnpesiesieHue BIUSHUS Je0BbIX YCIOBHUIl Ha He-
CYIIyI0 CHOCOOHOCTH JIEASHOTO MTOKPOBA MPH HCTIONB30BAHUHU €r0 B KAUeCTBE JIEJIOBBIX TIEPENPaBy 3aJaHUsA
Ha BBITIOJIHEHNE TOCY/IapCTBEHHBIX paboT B cdepe HaydHOI NEATENPHOCTH B paMKax 0a30BOif 4acTH rocy-
JIapCTBEHHOTO 3a/IaHUS BY3Y.
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CHHTETHYECKUMHU MaTepuaiaMy. Pe3ynbTaTsl SKCIIEpUMEHTANBHBIX UCCIEOBAaHUI TaKOTO
apMHpoBaHUs TIpencTaBieHsl B padore Sxkumenko [6—8). IL.E. Hukurun [9] npemnaraer
Croco0 CO3/1aHMs JIEJIOBOW IEperpaBbl ISl IMHPOKUX BOIOEMOB ITyTEM BMODPAKUBAHHS
CTaJIbHBIX CETOK. VI3BecTeH psijt pelieHui, B KOTOPBIX ISl YBEIWYEHHST HECYIeH CIioco0-
HOCTH B JIEJSHOM NMOKPOB BMOPAa)KUBAIOTCS cTalbHbIE dneMeHTsl [10—13]. BHenpenue B
TOHKHMI JEeISHON MOKPOB CTAJIBHBIX LEIBHOCBAPHBIX KapkacoB TonuuHoi 0.3—0.4 M —
JIOCTaTOYHO MEPCHEKTUBHBIN METOJ] yCHIICHHS JIEIOBBIX TIEPETIPaB.

Ilenms paboThI — BBIICHHUTB, KaK BEJET ceOs el Ha MepenpaBax B YCIOBHAX YHUCTOTO
n3rn6a. [ 3Toro GbUTM BBITIOIHEHBI MOJICIBHbBIE SKCIIEPUMEHTHI aPMHUPOBAHHBIX 00-
pasIoB, COMOCTaBIIEHHBIE ¢ YuCIeHHbIME pacueTamu B [TK ANSYS. B pabote uccnemno-
BaJIMCh 3aBUCHMOCTH Harpy3ka — Iporuo, a Takxke HallpspKeHHO-1e(OPMHPOBAHHOE CO-
CTOSIHHE JIEIOBBIX 00pa3IOB, YCHUIICHHBIX IOBEPXHOCTHBIMU apMUPYIOIIUMHU KapKacamu
U3 PAa3IUYHBIX MAaTEPUANIOB U C 33/1aHHON CXeMON apMUPOBaHUS.

MeToanka NMPOBEACHUS IKCHIEPUMEHTAJTBbHBIX U YUCJTCHHBIX nccneszalmii

Jlyist BBITIOJTHEHMSI MOJENBHBIX SKCIIEPUMEHTOB ObLIa CIIPOEKTHPOBaHA M coOpaHa
YHHBEpCcallbHasl Harpy»Xalomasi ycTaHoBKa (puc. 1), KoTopasi cocTosula U3 CHIIOBOW pa-
MBI, COCTOSIIIIEH U3 CTOEK, CTAHUH, BEPXHEH M HIDKHEH 0ajloK, Harpyskaromero ycTpoii-
CTBa M M3MEpPUTEIBHOr0 Moayisi. Harpykaromee ycTpoWCTBO MpENCTaBISIO cOOOH
THAPOLMIIMHIP 3 ¢ HOMUHAJIBHBIM JaBICHHEM 9 aTM M pacHpeleNUTENbHYI0 CHIIOBYIO
Oanky 2. Ycunne Harpy’Karomero yCTpoucTBa mepeaaBajock Ha obpasern / depes map-
HUpHBIE omopHl 6. Harpyskatommas cucrema Obula yCTpoeHa Tak, 9To obOecrieunBaia B
CpelHel J4acTu MpoJieTa JIITHOTO 00pasia YUCThI n3rubd. BepTukanbHble mepemerie-
HUS ceueHHs: o0pasla B CepeAMHe MpoJieTa N3MEPSUIUCh C MOMOIIBI0 OECKOHTaKTHOTO
nazepHoro natunka LAS-Z xommannm «Way Con» (I'epManust) 5, 3aKpemiéHHOTO Ha

4

3
K 6 1
|

: |

200

500 500

100 400 500 500 400 100

2000

Puc. 1. Cxema sKmepuMEHTAIFHON YCTaHOBKH: [ — neAsHas Oaika; 2 — pacmpeneiuTerabHas
Oanka; 3 — rugpournuHap; 4 — BecoBoil TepmuHan SH-20; 5 — 1aT4nk BepTUKAIBHBIX IIEpeMeIie-
Huit LAS-Z; 6 — mapHUpHBIE ONOPHI paclpeleiUTeNIbHON Oaiku; 7 — IMIApHUPHBIC OIOPHI
JIEASHON OanKu

Fig. 1. Diagram of the experimental setup: /, ice beam; 2, distributing beam; 3, hydraulic
cylinder; 4, weighing indicator SH-20; 5, vertical displacement sensor LAS-Z; 6, hinged supports
of the distributing beam; and 7, hinged supports of the ice beam
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He3aBHCHMOI crolike. Harpyska, KOTOpyr0 UCIIBITBIBANI 00pasel, (pUKCHpoBajiach C IMo-
MOIIBI0 BecoBOro anekrpoHHoro tepmuHana SH-20 kommanuu TOKBEC (Poccus) 4.
CKopocTh Harpy>xeHus U1 Bcex 00pa3ioB OblIa MOCTOSTHHOM U coctaBmia 135 klla/c.

Jly1st IpUrOTOBNIEHHS JIEISTHBIX 00pa3loB ObUIAa M3TrOTOBJIEHA JIEPEBsIHHAS ONaTyOKa
n3 gocok tommuuHoM 40 MM. OmnamyOka MO3BOJISIa NMPUTOTABINBATE JICASHBIE OANKA
pasmepamu LxBxH =2000x200x200 mMm. B coOpanHyl0 omamyOKy YKIIaJbIBallach
JIBYXCIIOHAsT TIOJMITHIIEHOBAs TuI€HKa TommuHONH 0.03 MM M apMHpPYONMA KapKac.
ITocnme sroro omamyOka 3anmBanack BOAOH. JKMAKOCTH MoaBepransack BO3AEHCTBHIO
HU3KAX atMochepHbix Temnepatyp (f<0°C) mo e€ momHOro 3amep3aHus. Bpewms
MIPUTOTOBJICHUA O0pasla B 3aBHCHMOCTH OT IOTOIHBIX YCIOBHII COCTaBIAJO OT 5 10
7 cyT mpu TeMmepaType OKpykaromed cpembl oT —16 go —28 °C. Crpykrypa Jbaa
MPEUMYIIECTBEHHO CIUIONTHASA, KPUCTAJUIUYEeCKas.

[ apMupoBaHUS JNIeNSHBIX OalOK HCIONB30BajICs IEIbHOCBApHOW KapKac H3
CTaJBHOW apMaTrypbl nepuojuyeckoro npodmis auamerpom 6 mMm. Cxema Kapkaca
IpeJCTaBIeHa Ha pUC. 2.

DKCIEPUMEHTEI HA JIEISHBIX 45
0arKax NPOBOIAMINCH C MEIBIO
OLICHKH BJIMSIHUS TTOBEPXHOCTHO-
TO YCWICHHS PacTSHYTOH 30HBI
apMHUPYIOMIMM KapKacoM Ha HX
(barok) Hecymryro CHocoOHOCTH
B YCJIOBHSX YHCTOTO HU3rHOA.

UucneHHblld pacuyeT Hamps-
JKEHHO-/1e()OPMUPOBAHHOTO  CO-
CTOSIHUS JISISTHBIX 00pa3IoB BBI-
HOJHSJICS B MPOTPAaMMHOM KOM-
miekce ANSYS Workbench v15,
C  HCIONIB30BaHHEM  MOJYIS
ANSYS Mechanical. JIna apma Puc. 2. CxeMa apMUPOBaHHUSI JICSTHON OaIKu
HUCIIOJB30BAINCh,  HEJIMHEWHBIE Fig. 2. Scheme of the ice beam reinforcement
KoHeuHbIe dneMeHTsl SOLID 65
B hopMe rekcasipa, NpeHa3HauCHHBIE I MOAETHPOBAHNUS SIIEMEHTOB, IOy CKAIOIINX
TPEUIMHOOOpa30BaHUE TP PACTSDKEHHUH, a TAKXKe TO3BOJISIONINX BBIIOIHATH PacyeThl
M0 HENWHEHHON MOIENN C Yy4eTOM pa3pyIIeHHs MaTepuanoB Ha OCHOBE KPHTEPH
npounoctu Willam — Warnke [14]. [Ins otoOpakeHHs: TpeluH ObUIM BBelEHBI (yHK-
MM TI0JIb30BATENS], TPUMEHSIOIIHE AeopMalMoOHHbIH KpuTeprid basanra [15].

Koneunsrit anemenT BEAM 188 ncnione3oBaics Uit MOJETUPOBAaHHS PaOOTHI apMH-
PYIOIIMX MaTepuaioB. DTO OAaJOYHBIA IJIEMEHT C W3THOHON JKECTKOCThIO. Kakmprit
MIPOJIOJBHBIN CTEPKeHb MoJieNu OblT paszneneH Ha 180 xoHeuHbIx anemeHnToB (KOJ), ka-
JKIBIA TIOTIEPEYHBI CcTep)KEeHb Ha 18 311eMeHTOB.

Jist pacdera apMHPOBAHHBIX JIEASHBIX OAJOK HCIIOIB30BANINCH CIIETYIONINE MeXa-
HUYECKUE XapAKTEPUCTUKH JIbJ1a: HadyaJdbHbIA Monysb ynpyrocta E =700 Mlla, ogHo-
OCHasl MPOYHOCTH Ha ckatre Rb =0.55 Mlla, oqHOOCHAas MPOYHOCTH HA PACTSDKEHHE
Rbt = 0.4 MITa, mrotHocTb p = 930 kr / M°, k0addumment ITyaccona p = 0.3. Xapakre-
PHMCTHKH apMaTyphl: HauambHbIii Momymb ynpyroctu Es=2.10° MIla, pacuetHoe co-
npotusieHue Rs = 355 MIla.

MexaHHueCKHe XapaKTepUCTUKU MaTePHAJIOB, UCIOIb3YEMBIX AJIS YCUIICHUS JIbJa B
YHCJICHHBIX 3KCIIEPUMEHTAX, MPEJICTABIICHBI B Ta0JHIIE: TOpsYcKaTaHas apmaTypa A400
(ob6pazenr Ne 1); crekomiacTukoBasi KOMIIO3UTHast apmarypa (obpazer; Ne 2); yrinepon-

d6

0180
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Has apMaTypa (oOpaser Ne3); apamugokommo3utHas apMatypa (odpaser Ne 4); komOu-
HHUPOBaHHAs COUETAaHWEM CTeKJa U OazansTa apmarypa (oOpaser Ne 5). B nanbHeiirem
oOpa3zerr 6e3 ycmeHus 0yaer 00o3HagaThest Ne()

PacyerHble MeXaHHYECKHE XaPAKTEPUCTHKYU CTAJbHOI M KOMIIO3UTHOI apMaTypbl

HaumeHoBaHue nokasarens No 1 Ne 2 Ne3 Ne 4 No 5
IIpenen mpoYHOCTH IIPU PACTKEHUH, Oy, MIla 365 168 840 448 320
IIpenen mpoYHOCTH MPH CHKATHH, Opey, MIa 365 63 180 96 96
Moayns ynpyrocty, E, MIla 20-10* | 50-10° [130-10°| 70-10° | 100-10°

Pe3y.]II,TaTbI IKCIIEPUMEHTAJTBbHOI0 U YUCJICHHOT0 MCCJICIOBAHUS.

Bbruta npoBeaeHa npeaBapuTenbHasl CepUs IKCIEPUMEHTOB 10 3arpy3Ke HeapMHpO-
BAHHBIX JIEASHBIX OAJIOK JUIS OIEHKH BIMSHHS TTOBEPXHOCTHOTO apMHUPOBAaHMS HA He-
CYIIyI0 CIOCOOHOCTH 00pa3moB. Bo BpeMsi mpoBeAeHHs SKCIIEPUMEHTOB (DHUKCHPOBa-
JUCH Pe3yIIbTATHI IPOTHO0B W, BEI3BAHHBIE BO3PACTAIOMICH HArpy3Koi F, IPHIIOKEHHOMH
K UCTIBITyeMoMy 00pasity. CorslacHO SKCIIEpHMEHTAIBHBIM JIJAaHHBIM, pa3pyIIaomias Ha-
rpy3ka coctasnsiia 3.6 kH mpu uncinennom pacgere okono 3.9 kH [13].

Ha puc. 3 npeacraBieHsl JaHHBIE Pe3yIbTaTOB MOJEIBHOTO SKCIIEPUMEHTA TIPH HC-
MBITAHUM apMHUPOBaHHOIO o0Opa3ua. BupHO, 4To MakcumalbHasi Harpyska, KOTOPYIO
BBIJIEpKaIM 00pasIbl B KCIIEPUMEHTE, cocTaBuiIa ropsiika 12 kH, 4ro cymiecTBeHHO mpe-
BBICWJIO TIPEZIENIBHYIO0 Harpy3Ky, KOTOPYIO CMOT BBLIEpXKaTh HEApMHpPOBAHHBIA 0Opaserl.

14
12

10

0 2 4 6 8 10

Puc. 3. /luarpaMma 3aBHCHMOCTH NPOTHGa apMHPOBAHHOTO 00-
pasia (A400) oT Harpy3ku (== — pe3yJabTaThl SKCIICPUMECH-
TaJbHBIX MCCICAOBAHUH, ==ll== — pe3yJbTaThl YHCICHHBIX HCCIIe-
noBanuii B ANSYS Workbench 17.2.)

Fig. 3. Diagram for a dependence of the reinforced sample A400
deflection on the load (== — experimental study results and
=== — numerical calculation results obtained using the ANSYS
Workbench 17.2.)
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ITpu »TOM mpoucxoauao oOpa3oBaHHE CKBO3HBIX TPEIIMH B UCIBITYEMBIX oOpasiax, a
MaKCHMaJIbHOE 3HaueHHe Mporuda cocTaBuiao okojo 10 MM, rmocie 4ero mpoucxouio
TIOJTHOE pa3pylIeHne Oajok.

Kak MOHO 3aMETHUTh, pe3yJabTaThl MOJEIBHBIX SKCIEPUMEHTOB U YHUCIEHHBIX pac-
YETOB XOPOILO COrNACYIOTCS B YNIPYroi 30He. B kauecTBe kpuTepus paspyleHus Ieas-
HOW Oaiky OBLT MPHHAT pe3Khil pocT AedopManuii, XapaKTepU3YIOIIUNCS TOTepei He-
CyIIe# crmocoOHOCTH U pa3pylIeHneM Oolbinel yactu cedeHus. [Ipu sToM apmatypa He
JIOCTHTAJA Tpesiesia TeKyJeCcTH, a pa3pylIeHHe MPOUCXOIIIO ¢ 00pa3oBaHHEM OOIIHp-
HBIX CKBO3HBIX TPEIIMH BO JIby, B PE3yJIbTaTe AEHCTBUS M3THOAIOIIET0 MOMEHTA B Ce-
penune mpoineta O6anku. Ha puc. 4 npeactasieHsl GOTO pa3pymieHHH JIETOBBIX OAOK
MO/ ICUCTBUEM pa3pylIaroNIeil Harpy3Ku.

Puc. 4. Pa3pyienue je0BbIX 0aloK Ha IKCIIEPUMEHTAIBHON YCTaHOBKE IO/ ICHCTBHEM YHCTOTO
n3ruba: a — neasHas Oajka 6e3 apMHpOBaHUs, b — GOPMHPOBaHHE HOPMAIBHBIX M HAKJIOHHBIX
TpeuH B apMupoBanHoi Oanke (A400), ¢ — momHoe paspymeHne apMupoBaHHoit 6anku (A400)
Fig. 4. Destruction of the ice beams under the action of pure bending on the experimental setup:
(a) unreinforced ice beam, (b) appearance of the normal and inclined cracks in the reinforced
beam A400, and (c) a complete destruction of the reinforced beam A400

Ha puc. 5, a npencraBineHa cxema TpeIiuH B nporpaMMHoM kommiekce ANSY'S, Ha
puc. 5, b — HanpsDKeHHST B apMaTYpHOM KapKace, CMOJEINPOBAHHOM B ITPOTPAMMHOM
kommiekce ANSYS.

Cxema TpemuH B COOTBETCTBUM C KpuTepueM bazanTa [15] mpencraBieHa 3Hade-
Husmu ot —0.00017 o 0.018 (cMm. puc. 5, a). 3HadeHNsT KpUTeprs OOJBIIE HYISI COOT-
BETCTBYIOT BOZHUKHOBEHHIO U OTKPBITHIO TPEIINH B PACTSIHYTON 30HE OAJIKH.

Kak BunmHO U3 puc. 5, b, HallpsDKEHHS B apMaType PacTSHYTOW 30HBI JISTOBOW Oaiku
HE JIOCTUTAJIM TIpefieia TEKY9eCTH U COCTaBIsuM okoio 117 MITa.
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a
| | | [
0.018 0.014 0.0099 0.0058 0.0018
0.016 0.012 0.0079 0.003a -0.00017
[ T T T T T T [ b
103.92 77.184 50451 23719 -3.0131 -29.745 -56.478
117.28 Max  90.55 63.817 37.085 10.353 -16.379 -43.111 -69.844

A: 1. ice with arm A400 scheme 8
Direct Stress
Type: Direct Stress
Unit: MPa
Time: 5.8
16:33

Puc. 5. Pesynbrarel uncnennsix pacuetoB B [IK ANSYS: a — cxema tpemusn
NpH pa3pyLICHNH JIeJOBOH Oanku, b — HanpspkeHus B apMatype (A400) npu paspyiieHnn
Fig. 5. Numerical calculation results obtained by PC ANSYS: (@) diagram of the cracks during
the ice beam destruction and (b) stresses in the reinforced sample A400 during destruction

OCHOBHBIE pe3yNbTaThl YHCICHHBIX PAacyeTOB, NPEICTABICHHBIC B BUIE IUArpaMM
3aBUCHMOCTH HArpy3KH OT IMporuda Iyt o0pa3LoB, apMUPOBAaHHBIX Pa3IMYHBIMH MaTe-
pHuanaMu, IOKa3aHkI Ha pHC. 6, a.

C yd4eToM TOro, 4ro Harpyska, IpH KOTOPOH pa3pyIInics HeapMHUPOBAaHHBIH 0Opa-
3er, coctaBmia 3.6 kH, MOXXHO CyAUTb O TOM, YTO HecCyIlast ClIOCOOHOCTh apMHPOBAH-
HOTOo 00pa3iia HaMHOTO BhIIe. HanpsokeHHs B CpEIHUX CEYSHHAX KaXKJIO0To M3 apMHUPO-
BaHHBIX 00pa3I0B MIPECTaBICHBI Ha pHC. 6, b.
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Puc. 6. Pe3ynbraThl YHCIEHHBIX PACUETOB: ¢ — 3aBUCHMOCTh HAarpy3Ka-Iporuo,
6 — pacnpeielieHHe HOPMAaJIbHBIX HANPSDKEHHUH G, B CEYeHUH OaKul mpu Harpyske 3.6 kH
Fig. 6. Numerical calculation results: (@) load-deflection dependency
and (b) normal stress o, distribution along the beam section at a load of 3.6 kN
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AHanu3 aHHBIX MTOKA3bIBAET, YTO MCIIOJIB30BaHHE apMHUPYIOIINX KapKacoB U3 pas-
JIMYHBIX KOMITO3UTHBIX MAaTepPHAaJOB MPUBOJHUT K CYIIECTBEHHOMY YBEIMUYEHHUIO HECY-
el crocoOHOCTH Jb1a. HanboubIryo HeCyIIyro CIIOCOOHOCTD 110 CPaBHEHUIO C Heap-
MHPOBaHHBIM MOKazan oOpasel, apMHUpOBaHHBIA cTainbHOW apMarypoir A400. Hau-
MEHBIIIeH HecyIel crocoOHOCThI0 00anany apMiUpoBaHHble oopas3ubl Ne 2 u 4. Mak-
CHMaJIbHBIC HampspKeHus mpu Harpyske 3.6 kH (mpenenbHas Harpyska, mpu KOTOPOH
HeapMHUpOBaHHBIA 00pa3en Ne() coxpaHsUT CBOIO HECYIITYIO CIIOCOOHOCTB) ISl 00pasIIoB,
apMupoBaHHBIX MatepuaitoM Ne 1,2, 3,4, 5 cocraBmsum —0.23, —0.38, —0.26, —0.33 u
—0.29 MIla coorBercTBeHHO. CamBbIif OBICTPBII POCT HOPMATBHBIX HANPSHKEHUH C yBe-
JIUYECHHEM HArpy3KH HaOJIF0JaliCsl B apMHUPOBAHHOM o0Opasiie No 2, caMmblif MeJICHHBII
pocT — B apMUpoOBaHHOM o0Opasiie Ne 1.

BoiBoabI

B pesynbraTe uccienoBaHus MOKHO CIENaTh CIETYIOINE BEIBOIBL:

[Tpn mpoBeneHNM SKCIIEPUMEHTAIBHBIX M YHCICHHBIX MCCIENOBaHMH OBUIO ycTa-
HOBJIEHO, YTO HCIIOJIb30BaHHE MOBEPXHOCTHOTO YIPOYHEHHS JIbJla Pa3IMYHBIMH MaTe-
pHanaMH 10 JaHHOM cXeMe apMHpOBAHMS ITO3BOJISIECT YBEJIMYUTH HECYIIYIO CIIOCO0-
HOCTE ¢ 92 110 178 %.

Pazpymenne o0pa3moB BO BCEX CIydasx MPOHMCXOMMIIO B pPe3ysbTaTe 00pa3oBaHMS
OOIIMPHBIX TPEIIUH BO JIbAY, BHI3BAHHBIX JEHCTBHEM HM3THOAIOIIETO MOMEHTA B Cepe-
JuHe nposteta 6anku. [Ipu 3ToM apmartypa He JocTurana npejena TeKyIecTH.

Pe3ynbraThl MOAETHHOTO SKCIIEPUMEHTa M YMCIEHHOTO pacdeTra (CM. pHc. 3) Xopo-
110 COTJIACYIOTCS B YNpyro# 30He. Uto kacaercsi NporiuOoB U pa3pylIAOIIUX Harpy3oK,
OTKJIOHEHHS B CPaBHEHHMM JAaHHBIX He npeBbmanu 19 u 2 % cooTBETCTBEHHO. DTO IO-
3BOJISIET CUUTATh YUCIICHHBIE PAacyeThl JIEJOBBIX OAlOK, apMHUPOBAHHBIX Pa3IUYHBIMU
KOMITO3UTaMH, JOCTATOYHO KOPPEKTHBIMH.
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The aim of the paper was an experimental and numerical investigation of the stress-strain
state of the ice samples strengthened by surface reinforcement. The ice samples were reinforced
with the welded reinforcing cages in a series of experiments performed in the winter of
2015/2016. The reinforcing steel A400 was used in the experimental study. A multifunctional
loading unit was developed and assembled for the model experiments to be carried out. The unit
consisted of a power frame, loading device, and measuring module. The results of experiments on
the loading of the samples were compared with those obtained numerically using the ANSYS
software suite. The samples were loaded under conditions of pure bending. The resulting load-
deflection diagrams showed a high convergence when comparing experimental data to numerical
results for a specified reinforcement scheme with steel A400. The simulation of ice beams and the
corresponding calculations were performed by the ANSYS software. The beam samples were
reinforced with various composite materials in accordance with a given scheme of reinforcement.
The load-deflection diagrams for the ice samples reinforced with steel were compared with those
for the samples reinforced with considered composite materials. The stress-strain state of the
samples was determined at each loading step. The numerical calculations were performed on the
basis of a nonlinear deformation model with account for appearance of the cracks in the samples.
The authors assessed an increase in the load-bearing capacity of ice when using different
composite materials, and analyzed their effect on the stress-strain state of the ice samples at
various loading steps. The numerical model efficiency was tested using the ANSYS software
suite at the specified physical and mechanical characteristics of the materials.
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B.H. Ky3nenoBa

PU3NYECKOE MOJAE/IMPOBAHUE ITPOLIECCA
KOHTAKTHOI'O BBAUMOJAEUCTBHS PABOYEI'O OPTAHA
3EMJIEPOMHOU MAIIWHBI C MEP3JIBIM 'PYHTOM

[IpencraBieHsl METOAMKA NPOBENCHUSA U aHAIU3 PE3YJIBTaTOB AKCIIEPUMEHTAIIb-
HBIX HCCIIE[I0OBAaHHUI MO OMpENENCHUIO aHAMTHYECKUX 3aBUCUMOCTEN U YHCIIEH-
HBIX 3HAYCHUH KO3((OUIMEHTOB, BXOIAIIMX B MAaTEeMaTHYECKyIO MOJENb KOH-
TaKTHOTO B3aMMOJEHCTBHSA pabovnX OpPraHOB 3eMJIEPOHHBIX MALIMH C MEP3IIBIM
rpyHTOM. MopenupoBaHue Mpoliecca MPOBOAMIOCH C LEMbI0 ydeTa (HU3MUKO-
MEXaHMYECKUX CBOMCTB MEP3IIBIX I'PYHTOB M yCTAHOBJICHHS HEIUHEHHOCTH Xa-
pakTepa pacrupeereHus HallpsHDKeHHI Ha KOHTaKTHOHM ITOBEPXHOCTH pabodero op-
raHa. B pesynpTaTe NMpoBEIEHHBIX HCCIEIOBAaHMH pacKpbiTa CYIIHOCTH IPOTe-
KalOINX SBJIEHHUH, YTO MO3BOJISIET 00OCHOBAaTh KOHCTPYKTHBHBIE ITapaMeTphl pa-
06OYMX OPraHOB M TEXHOJOTMYECKHE MapaMeTphl Mpolecca pa3paboTKH Mep3JIbIX
TPYHTOB 3€MJIEPOHHBIMU MAIIUHAMH.

KawueBble cioBa: mepsnvlii epywm, pabouull opeaH, 3eMAePOUHAs MAWUHA,
NPOYHOCMb, HANPAJICEHUE, IHEPLOCMKOCHD.

OJIHI/IM N3 JOPOroCTOoANUX U DHEPro3aTrpaTHbIX BUAOB 3€MIITHBIX pa60T, IIPpOU3BO-
JUMBIX SCMHepOﬁHLIMH 4 0)05%1 SeMHepOﬁHO-TpaHCHOpTHLIMI/I MalluHaMHu, SABJIACTCA pas-
paboTKa Mep3JIbIX WU Ce30HHO-IPOMEP3aIoIUX IPpyHTOB. Takue BUIbI paboT oCyIecT-
BJISTIOTCSI TIPH J10OBIYE TOJIE3HBIX MCKOIAEMbIX apKTHYECKOro Ienbga, ocBoeHnu Cese-
pa Poccum, pa3BuTum TpaHCTIOPTHOW MH(PACTPYKTYpBI, pealn3alid CTPOUTEIBHBIX H
MIPOMU3BOJICTBEHHBIX MPOEKTOB. OTKa3bl B padOTE MCHONB3yeMOH TEXHUKH, B TOM YHCIIE
U B pe3yibTate U3Hoca nedopManuy pabourx OpraHOB 3eMJICPOMHBIX MAIUHH, IPUBO-
JST K 3HAYATEITGHBIM SKOHOMHYECKHM IOTEPSIM, BBIHY)KACHHOMY MPOCTOI MAalldH H
obopymoBanus [1-15].

OcHoOBHBIE acNIeKThl MATEMAaTHYECKOI MoaeIn

HopmanbHast cocTaBisifoniasi CHIIBI CONPOTUBIICHHUS MEP3JIOTO TpyHTa pa3paboTke
oTIpenieNnsIeTcsl Kak IOBEPXHOCTHBIM MHTErpal

N=[[poP(x)Q(y)do, (1)

rJie G — IUIONIahb KOHTAKTHON MOBEPXHOCTH paboyero opraHa 3eMJICPOHHBIX MAIHH;
Po — BeIWYMHA HOPMAJIBLHOTO AABJICHUA, AEHCTBYIOLIETO HA JIEMEHTAPHYIO ILIOIIAAKY
71000BO#1 MOBEpXHOCTU pabouero oprana; P(x), O(y) — XapakTepUCTUICCKUE HOPMUPO-
BaHHBIE (DYHKIIMH, ONMCHIBAIONINE 3aKOHOMEPHOCTH pacIipeeeHus JaBIeHHs 110 I10-
BEPXHOCTH pabouero opraHa 3eMJIEPOMHBIX MAlIMH B MPOA0NIbHON XOZ n monepedHon
YOZ nockocTsx coOTBeTCTBEHHO (pHC. 1).

Ha nponiece paspymennst MEP3IBIX TPYHTOB B 3HAYUTEIHHON Mepe BIMAIOT UX (H-
3UKO-MEXaHWIECKHE CBOICTBA (TNIOTHOCTH, BIAXKHOCTH, TEMIIEPATYPA, JIbJUCTOCTD, Me-
XaHWYecKast IPOYHOCTH M Ap.) [17—-22]. OHuM onpenensroT He TOIBKO XapaKTep pacipe-
neneHust Gyskwin P(x), O()), HO ¥ BETHYHHY Po.
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Puc. 1. PacueTrnas cxema B3aMMOIEHCTBUS IIJIOCKOH KOHTaAKTHOW
MOBEPXHOCTH pabovero opraHa 3eMJICpOHHON MaIIMHBI C Mep3-
JIBIM TPYHTOM: [ — Mep3Jblil TpyHT; 2 — pabounid opraH 3emie-
PpOHOI MaIIMHbI

Fig. 1. Computational diagram for interaction of the flat contact
surface of the working body of digging machine with a frozen
soil: 1, frozen soil and 2, a working body of digging machine

3HaueHne py N3MEHSAETCS M0 TIOBEPXHOCTH Pabodero opraHa 3eMJIEPOHHBIX MaIllH B
3aBHCHMOCTH OT (PM3MKO-MEXaHHYECKUX CBOWMCTB pa3padaThIBAEMOTO TPyHTa M PEXH-

MOB pa3paboTku [23—25] OT MUHMMAJILHOTO 3HAYEHHS P." 10 BENUYUHBI, YACIEHHO

PpaBHOU MaKCUMaJIbHOMY 3HAUYCHHUIO COITPOTUBJICHUA I'PYHTOB CXKATUIO [Gg:l:

min
Dy SPOS[Gg]- 2
Pacripenenenue naBneHus:, IeHCTBYIOIIEr0 Ha MOBEPXHOCTh pabOvero opraHa 3eM-
JIEpOMHBIX MAIIMH IO €ro HIMPHHE B IONEPEYHON €ro MBMKEHHUIO MIOCKOCTH, MOXHO
MpeJCTaBUTh B BUJE [26]
1+ay’

2’
a 2
1+—
( a+2y )

rze a — kodddumeHT, onpeaenseMbIi 13 HAYaTbHBIX yCIOBHH.
Xapaktep u3MeHEHUS (YHKIHUN PACIpENeNICHHUs NABICHUH B MPOJOIBFHON IIOCKO-
cTH P(x) IMeeT HeJTMHEHHBIN XapaKTep U MOYNHSIETCS 3aBICHUMOCTH

o) = 3)

P(x):|:1+2a2-a3-x-e_”3x2], 4)

rac a, as — KO3(1)(1)I/IIII/IGHTI>I MponopuruoOHAJIbHOCTHU, 3aBUCAIINEC OT (I)I/I3I/IKO-MGX3.HI/I—
YEeCKHUX CBOMCTB pa3pa6aT},IBaeMoro MEP3JIOTO I'PYHTA U PEIKUMOB PLIXJICHUS.
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Hcxonst u3 ycnoBuid r1o0anbHOro MakcuMyMa (yHKIuMi, HopMupyem GyHKuuio P(x):
P ()= P, )
P™(x) g
rae P'(x) — nopmuposanuas yuxuus P(x), P'(x) < 0 < 1; P™™(x) — 3Hauenne GyHKIHA
P(x) B TOuKe T100aILHOTO MaKCUMyMa IIPH X, =X5 . .
ITocne psima mpeoOpa3oBaHmii 3aBUCUMOCTS (1) mpeoOpazyercs B CIeAyIOMNi BII:

N =[[P(x,y)dxdy :Pm+(x) [[P(x)0(y)dxay. (6)

[lanee Bo3HHKaeT HEOOXOAUMOCTH B SKCIIEPUMEHTAILHOM ONpeiesieHHH K03 hHLu-
€HTOB, BXOJSIINX B OCHOBHBIE 3aBUCHMOCTH NPEICTABICHHON BBIIIE MAaTEMaTHYECKON
MOJIEIH U TIOATBEPKACHUS €€ aIeKBaTHOCTH.

SKCHepl/lMeHTaJIbele HCCIIeI0BaAaHUA

Pa3paborana mporpaMma W METOIMKA MPOBENCHHUS SKCHEPUMEHTAIBHBIX HCCIIENO-
BaHUI C HCIIOJB30BAHHEM CIIEIHAIBHO CO3MAHHBIX SKCIIEPUMEHTAIBHOW yCTaHOBKH H
MoJIeH pabouero opraHa 3eMIIepolHON MalluHbI (puc. 2).

Puc. 2. DxcriepuMeHTalIbHAs YCTAaHOBKA C MOJIENIBIO pabouero opraHa
Fig. 2. Experimental setup with a working body model

Ha monBmkHOH Tene)xke TpyHTOBOTO KaHala 3aKPEIUIeTCs SKCIEepHMEHTaJIbHAas
MoJieNTb pabodero opraHa 3eMJICpOMHON MamuHBI (MOJENb 3y0a PHIXIUTENS Mep3ibIX
TPyHTOB). Mopenb MpeAcTaBseT CO00H MeTaIMYECKyl0 KOHCTPYKLHIO, B KOTOPOIt
Mo BCEHl JUIMHE PEeXyIIeH KPOMKH Bhippe3epoBaHbl 5 KaHAaBOK pasMepoM 20x20 mm.
B kax1o¥ kaHaBKe BBICBEPIICHO 110 YeThIpe CheprIecKnX yriryOneHus, B KOTOPBIX pa3-
MEIIeHbl Ha OJJHOM ypPOBHE CTaJbHbIC IIAPUKH. B KaHaBKM Mojeny 3y0a IMOMeIarTcs
CMEHHBIE 3JIEMEHTHI (AIIOMUHUEBBIE IUIACTHUHBI), KOTOPBIE NPU NPOBEICHUH 3KCIEpH-
MEHTa C OJTHOH CTOPOHBI OIHMPAIOTCS HA YEThIpE IapHKa, a C APYroi — KOHTAaKTHPYIOT C
pa3pabaThIBaMBbIM TPYHTOM. AJIIOMHHHEBbIEC IUIACTHHBI B JAHHOM 3KCIEPHMEHTE SB-
JSIFOTCS] MHAWKATOPAaMH CHJI BO3JICHCTBHS I'PyHTa Ha paboumii opras (puc. 3). B xauecr-
BE MOJIETH MEP3JO0TO IPyHTa MCHONB30BAJICA MIPEABAPUTEIHLHO 3aMOPOXKEHHBIN CcyTec-
YaHBIA TPYHT, pa3MeIIeHHBIH B METAITMYECKOM KOpooe.
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ATfOMUHHEBAs
IacTUHA

CranpHoM
LIapUK

Puc. 3. DxcnepriMeHTaNbHbIE TIACTHHBI € IAPUKAMH
Fig. 3. Experimental plates with balls

IIpn mepenBrXeHUN TOJBIKHOM TENEXKKH B TPYHTOBOM KaHaJIE SKCIIEPHMEHTAIb-
HEIi 3y0 BHeApsics B TPYHT (puc. 4). [Ipu 3ToM MeTainuecKue mapuky BIaBIUBANCH
B IOMUHHEBBIC IUIACTHHBI, OCTABIISAA Ha TOCICAHUX OTIEYAaTKH ONPEACIICHHOTO JHa-
Merpa.

Puc. 4. Ilpouiecc BHeIpeHNs SKCIEPUMEHTAIBHOTO 3y0a B MEP3JIblid TPYHT
Fig. 4. Introducing of experimental tooth into the frozen soil

Crenyromei 3aadeli sIBISUIOCH ONpe/ieIeHHe BETMYMHBI CHIIBI, BO3HUKAIOMIEH MpH
PBIXJICHUH MEp3JIOT0 TPyHTa MO BCel JuimHe padodell MOBEPXHOCTH SKCHEPHUMEHTANb-
HOTO 3y0a 1o MSATHY KOHTAaKTa Ha aJlOMHHHEBOH IUIACTHHE OT ImapukoB (puc. 5). s
9TOro OBUIM 3aMepeHbl THaMeTpPhl OTIIEYaTKOB IIaPHKOB Ha IUTaCTHHAX. Pe3ynbrare 3a-
MEepOB TIOKa3aHHI B Tabm. 1 [26].
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Puc. 5. [InacTussl ¢ oTrieyaTkamu
Fig. 5. Plates with impressions
Tabnuia 1
JlnamMeTpsl 0THEYATKOB HA MJIACTHHAX IKCIIEPHMEHTAIBHOTO0 3y6a
Howmep nmactusl 1 2 3 4 5
JwnameTp oTmevarka d, MM 0.8 1 2 2 1.25

Cootromenue ['epua [27] s onpeneneHns BETMYNH CHII BHEAPESHUS HE3aBUCHMBIX
BHEIPseMBIX chep PH YIPYroM KOHTAKTE BEITILIIUT CIEAYIOMIUM 00pa3oM:

0, =§r1/2 " EN/(1-v?), (7

r7ie ¥ — paguyc chepraecKoro BEICTYIA; 1| — EpEMENIEHHE 0] OTACIHEHBIM BBHICTYTIOM;
N, — KOJIMYECTBO BHEIPSEMBIX C(EpHUECKHX BBICTYIIOB; E, V — MOIYyJb YHPYroCTH U
koaddunment [Tyaccona cooTBeTCTBEHHO.

J1st oy YeHust annpoKCUMHUPYIOIIEel 3aBUCUMOCTH MEXIY BETHMYMHOW CHIIBI PhIX-
JICHUSI MEp3JIOTO TPYHTa M JTHAMETPOM IISITHA KOHTaKTa Ha alOMHHHEBOH IIIACTHHE C
nomombo Jadopatoproro xomiuiekca JIKCM-1K (puc. 6) ObUTH TIPOBEISHBI CIIEAYIO-
e JabopaTtopHbie 3aMepsl [28].

|

Puc. 6. JIabopatopHuslii kommieke JIKCM-1K
Fig. 6. Laboratory facility LKSM-1K
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BKCHepHMeHTaHBHLIe HIapuKu BAABJIMBAJIMCh B alIOMUHHUEBBLIC TNIACTUHBI 11O ,E[eﬁ-
CTBHEM 3apaHee M3BECTHOHM BEMUUHBI CHIIBI (), CO3/[aBaeMOil BEpTHKaJIbHBIM IepeMe-
IIEHHEM TpaBepchl JabopaTopHOro KoMmiuiekca. [locie 3Toro onpenensuuchk 1uaMeTpsl
OTIIEYaTKOB ISTEH KOHTAKTOB LIAPHKOB C IUIacTUHaMH. Ha oHOM oTmedaTke orpene-
JSUTHCH /1BA B3aMMHO TIEPIICHINKYISIPHBIX THaMeTpa di U d,.

[TosydeHHBIE B pe3ysbTaTe 3aMEPOB SKCIEPUMEHTANIBHBIC JaHHBIC OBLIM IOIBEPT-
HYTHI MaTeMaTHdeckoii oOpaborke. Takum o0pa3oMm, OBUTH MOIYYSHBI PETPEeCCHOHHAS
3aBUCUMOCTb BEJIMYUHBI CHIIBI Q5 OT TMaMeTpa OTIeYaTKa IKCIIEPHUMEHTAIBHOTO LIapH-
Ka ¥ rpa)uK SKCTICPUMEHTAIBHBIX TAaHHBIX U Pe3yIbTaTOB UX 00paboTku (puc. 7):

0, =hd*, ®)

rae by — xo3ddumment npomoprmonansHocTH (b = 298.45); d — nquameTp oTmevyatrka
[IapuKa.
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Puc. 7. CpaBHHTEIbHBIE TPadQUKH TEOPETHUECKON PErpeCCHOHHON 3aBUCUMOCTH (JIMHUST)
Y 9KCTIEPUMEHTANIBHBIX TaHHBIX (ToukH) O, = f (d)
Fig. 7. Comparative graphs for theoretical regression dependence (the solid line)
and experimental data (the circles) O, = f'(d)

Ananms rpaduka (puc. 7) ¥ perpecCHOHHOH 3aBHCUMOCTH (8) MMOKa3bIBAaET, YTO KO-
3¢ ¢unueHT b, uMeeT SPKO BBIPAKCHHBIM (H3MUECKUH CMBICI: OH IPOIOPIOHAICH
YIeBbHOMY CONPOTHBICHHIO, OKA3bIBAEMOMY IUIACTHHOM IPH BHEAPEHUH 3KCIIEPHMEH-
TaJIbHOTO IIapHuKa. BenwunHa b, ABISETCS MOCTOSHHON U MOXKET OBITh HalifieHa U3 BHI-
paXkeHust

P25 _ 380 MrTal, )
T

re P — criia CONpOTHBIICHHS PHIXIICHHIO MEP3IIOTO TPYyHTA (CM. pHc. 1).

Jnst HaXOXKISHUs CICAYIONINX JKCIICPUMEHTANBHBIX 3HAUYCHUI MCIONIB3YeM BbIpa-
JKEHHe Ul ONpEEeNICHNs] 3HAYeHUs HOPMAIBHOTO YCHJIMS Ha pabounidi opraH 3emiie-
POMHBIX MaIINH, TOJIy4YeHHOE ¢ yueToM 3aBucumocteii (1), (3), (4):
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N = [[pP(X)Q (Y)drdy=

+1 X 2
I+a
:LlJ.dyJ.(—y)zal[l+2a2a3xe”3x2}dx, (10)
R P 2)
( a+2y

rae L, | — anuHa ¥ nodymupruHa pabovero oprana 3eMJIepOHHbBIX MAIINH COOTBETCTBEH-
HO; X, Y — aOCcOMIOTHBIE KOOPIUHATHI IPOU3BOIBHON TOUKH ITOBEPXHOCTH pabodero op-
raHa 3eMJIEPOMHBIX MAIMH; X, ¥ — OTHOCUTENbHbIE KOOPIUHATHI TOYEK HOBEPXHOCTH
pabouero opraHa 3eMJICPOHHBIX MaIIIKH.

B pesynbrare npeobpazoBaHuil moxydum

N=q, [x+a2 (1—e‘“3*2 )]ley, (1)

rIe

1 a a
k,=—(a+2)| 2aarctg————+6arctg————(a+2)a | [(a+2)a. (12)
2 J(@+2)a J(@+2)a
Jnst xaxnporo 3HadeHus abcrucchl X (KOOPIMHATHI LEHTPA TSDKECTH ILIACTHHBI)
9KCIIEPUMEHTAIBHO ONpEeNeHbl 3HaUeHUs CYyMMapHOI HOpMaibHOH CUIBL, JEeHCTBYIO-
el Ha pabounii OpraH 3eMJIEpOHHBIX MaIInH (Tad. 2).

Tabnauma 2

3Ha4eHHs1 CyMMapHOii HOPMAJIBHOM CHJIBI IO VIMHE IKCIEePUMEHTAIBHON MO eIn
padouero oprasa 3eMJepoOiHbIX MALINH

X, M 0.02 0.04 0.06 0.08 0.1
N,H 764 1978 6733 11508 133743

Tak kaK 3HAUYEHHWE MapamMeTpa ¢ 3aBHCUT OT T€OMETPHUYECKHUX pa3MepoB paboyero
opraHa 3eMJICPOWHBIX MAIlUH W JJsl 33JJaHHBIX YCIOBHUI IMPOBEICHUS IKCICPUMEHTA
HEU3BECTHO, TO 3aJaeMcs 3HaueHWsMH a B untepsajie [0; 20] u Haxomum P™. TIpu
9TOM YYHTHIBACM, YTO YPaBHEHHUE JIJIsI OTPEICIICHNs] BEIUUUHBI TaBICHUS B IPOU3BOJIb-
HOM TOYKe paboyero opraHa MOKeT OBITh MPEICTABICHO B CICAYIOIIEM BHIE:

(1+ay?)

p=a1[1+2a2a3xe°'5](1 ; 2)2,
+oy

(13)

T a; = Po.
MakcumanbHOe 3HaueHHe JaBJIeHUs Ha paboueM opraHe 3eMJIEpPONHBIX MAIlUH J10C-
TUTAETCs TIPU II00aIbHOM MakcuMmyMe (GyHkimi P(x), O(y) B TOYKaxX ¢ KOOpIAUHATAMHU

X=xp, y==L
3HaueHue xF  HaxoauTcs npupaBHUBaHMeM Auddepennuana GyHkiuu (4) Hymo:
dP(x)_

. 2a,a,¢" (1-2a, x*) =0. (14)

x5 = ,211 . (15)
3

OTKyIa ciemxyer, 9To
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MaxkcuManabHOE 3HaUeHHE JaBJICHUs TPyHTa Ha IKCIIEPUMEHTAIbHBIN 3y0 HalineM u3
3aBUCUMOCTHU

2

L gos|Mat2)

P =0 | 1+2 a, a, e

2a, 4(a+1) (16)

U3 rpaduka 3aBUCUMOCTH Pmax =f (@) (puc. 8) HaxomuM 3HaueHue ko3 (duIeHTa
a =1, 3Has mpeaen MPOYHOCTH MEP3JIOro TPyHTa Ha CXKaTve (Ui Mep3Joro mnecka
[o,] =10 MIla).

15

I

13 [ommndeee

12 [rmmegeee

1] pomeenisgtees

10 fogf-i=----

12 16 20

B O SRl SUR JEU U ISR U UUPP

[« < N

Puc. 8. I'paduk 3aBUCUMOCTH ppax = f (@)
Fig. 8. Dependency diagram for p.x =f(a)

3anaBasich 3HaUeHHEM KOd(QQHUIHEHTa a, OTIpeaenseM 3HadeHus KodpuimeHToB a;,
@y, a3, BXomsamux B BeIpakeHus (13) — (16), myTeM anmpoOKCHMAITH 3TOH 3aBUCHMO-
CTBIO JIAaHHBIX TaOJ. 2. ANMpPOKCHMAIUS MPOBEJCHA C MOMOIILI BCTPOSHHOW B MpO-
rpaMMHBIH npoaykT «MathLaby dyaxmmn «lsqcurvefity. Ilpn w3BEeCTHOM 3HAYCHUH
nmapameTpa a «lsqcurvefity onpenenser BeKTop [a; a, a;]. COOTBETCTBYIOIINE HaiieH-
HOMY 3HAueHHUIO KodpduuueHra a=1 BEIUYHUHBI OCTATBHBIX KO3(D(DHUIIMESHTOB
paBHBL: a; = 1.58-10° ITa, a,=63.56, a;=1.01. Cregyer OTMETUTh, YTO 3HAYCHHUE
a;=1.58-10° Tla ays JaHHOTO SKCIEPMMEHTA COOTBETCTBYET MHHHMATLHOMY 3Haue-
HUIO JIaBJICHUS B BEPXHEH TOUKE KOHTaKTa. 3HAUEHHUS d,, @3 CIIPABEIMBO ISl MEP3JIOTO
MeCYaHOoTO TPYHTA.

Ananm3 TCOPETHICCKUX H IKCIIEPUMEHTAJTBbHBIX HCCJIeT0BAHIH

B pesynbpTare mpoBEAEHHBIX MCCIEJOBAHUI U C YYETOM 3KCIEPUMEHTAIBHO MOIY-
YEHHBIX 3HAUYCHHH KOI(QPHUINEHTOB, BXOIIINX B MaTEMAaTHYECKYIO MOJICNb, YCTAHOB-
JeHo rpaduyeckoe n300pakeHHe MPOCTPAHCTBEHHOW SIMIOPHI paclpeieieHust Hamps-
JKeHHH TI0 KOHTAKTHOM IMOBEPXHOCTH pabouero opraHa 3eMIEPOHHON MaIIWHBI IPU
pa3paboTke Mep3ioro rpyHTa (puc. 9).
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. Pexylas KpoMKa
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Puc. 9. [IpocTpaHcTBEeHHAs 3ITIOpa pacIpeieIeHHs HaPsDKEHUH 110 MOBEPXHOCTH
pabodero oprana 3eMJICpOHHON MAIIHEI IIPH B3aHMOAEHCTBUH C MEP3JIBIM TPYHTOM
Fig. 9. Three-dimensional diagram for stress distribution over the surface
of the working body of digging machine when interacting with frozen soil

Ananuz SIMIOPBI MMOATBEPKAACT AACKBATHOCTH TCOPETHUCCKUX I/ICC.]'IelIOBaHI/Iﬁ (HO-
IPENIHOCTh cocTaBisieT 6—8 %) M TO3BOJISIET ¢ OOJBIION JOCTOBEPHOCTHIO ONPENETUTh
3Ha4YeHHs I00ATFHOT0 MakCMMyMa (QYHKIMH pacrpeselieHns] HalpsDKeHHH Ha KOH-
TaKTHOW TOBEPXHOCTH pPabOYero opraHa 3eMIICPOWHBIX MalIMH. 30HBI TJIOOATBHOTO
MaKCHMyMa HaXOJsTCs BBILIE PEXYIIeil KPOMKH 10 JUIMHE W CMELIEHB! K KpailHUM TOY-
KaM npoduitst 1000BOH MTOBEPXHOCTH paboyvero opraHa 3eMiIepoiHbIX MamuH. Jloka3za-
HO, YTO KOOPAMHATHI HaXOXKICHUS 30H ITI00AIFHOTO0 MakCHMyMa 3aBUCSAT OT (U3HKO-
MEXaHHYECKHX CBOMCTB pa3padaThiBAEMOro TPyHTa, YCIOBHI ero pa3paboTKH, mapa-
METpOB paboyvero opraHa 3eMIICPONHBIX MamMH. HeoOXOOUMO CTPEeMHUTHCS K CHIDKE-
HHIO HAIPsDKEHUH MMEHHO B 9THX 30HaX pabodero opraHa IyTeM KOHCTPYKTHBHOTO €ro
YCUIICHUSL.

3akJao4uenue

[TpoBeneHHbIE SKCIEPUMEHTAIBHBIE UCCIECAOBAHUS 10 (U3MUECKOMY MOZEIHPOBa-
HUIO TIpollecca B3aMMOJEHCTBHSI pabouero opraHa 3eMJIEpOWHBIX MAIIMH C MEp3JIbIM
TPYHTOM HO3BOJMJIM aJalTHPOBATh TEOPETHUYECKHE HCCIEIOBAHUSA K PeaJbHBIM YyCIO-
BUSIM OKCIUTyaTallid M peXMMaM pabOThl TEXHWKH, YCTAHOBUTH 3HAYEHUs KOAPPUIH-
€HTOB, BXOAAIINX B MaTeMaTHUECKYI0 MOJIEJb IIpoliecca B3auMOIeHCTBHS pabodunx op-
TaHOB 3€MJICPOWHBIX MallWH C Mep3NbIM IpyHTOM. [lomydenHoe rpadudeckoe n3odpa-
JKEHUE MPOCTPAHCTBEHHOW SMIOPHI pacTpeneNieHns] HANpPsHKEHUH 1Mo UTHHE pabodero
OpraHa 3eMJIEPOMHBIX MAIIWH COTJIACYeTCS C AHATMTHYCCKHMH 3aBHCHMOCTSAMH pac-
IIpe/IeIeHNs HallpsDKEHUH 10 KOHTAKTHOMN IMTOBEPXHOCTH MX pabodero opraxa.
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Kuznetsova V.N. (2019) PHYSICAL MODELING OF THE CONTACT INTERACTION
BETWEEN WORKING BODY OF DIGGING MACHINE AND FROZEN SOIL. Vestnik
Tomskogo gosudarstvennogo universiteta. Matematika i mekhanika [Tomsk State University
Journal of Mathematics and Mechanics]. 61. pp. 70-81

DOI 10.17223/19988621/61/7
Keywords: frozen soil, working body, digging machine, strength, tension, energy intensity.

The methodology for experimental studies and the analysis of the obtained results intended to
determine the analytical dependencies and numerical values of the coefficients in a mathematical
model of the contact interaction of working body of digging machine with a frozen soil are
presented. Modeling of the process was aimed to take into account the physical and mechanical
properties of the frozen soils and to determine a nonlinear behavior of the stress distribution over
the contact surface of working body. As a result of the research, the main principles of the
processes were revealed, which allowed one to validate both the design parameters of the working
bodies and the technological parameters of the frozen soil excavation by digging machines.

Viktoriya N. KUZNETSOVA (Doctor of Technical Sciences, Siberian State Automobile and
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MOIUPUIINPOBAHHASA ®OPMYJIUPOBKA
HUTEPAIIUOHHOI'O AJITOPUTMA PEHIEHUSA 3AJAY
JUHEMHOM BA3KOYIPYT'OCTH HA OCHOBE PA3/EJEHUS
BPEMEHHBIX 1 TIPOCTPAHCTBEHHBIX IIEPEMEHHBIX

Llensio HacToOsMIEH pabOTHI SABIAETCS MOCTPOSHHE MTEPALHOHHBIX MPOIEyp pe-
IIEHHs KPAeBBIX 33/1a4 JINHEHHON BSI3KOYIPYTOCTH IS CITydaeB, B KOTOPBIX HHTeE-
TpalbHBIN OrepaTop, 0OPaTHEIN OIepaTopy pelaKkcalud, TM00 HEeN3BECTEH, TH00
pacyeT COOTBETCTBYIOILETO spa COMPSIKEH C BBIYMCIUTEIBHBIMU TPYAHOCTSIMHU.
[Ipeumy1ecTBa UCHONIB30BAaHHOIO TIOAX0/A COCTOSAT B TOM, YTO, BO-IIEPBBIX, IIPH
€ro MPUMEHEHHH BO3MOXKHO paclapauleIMBaHHe MPOIECCOB pacdyeTa MpOCTPaH-
CTBEHHBIX U BPEMEHHBIX KOMIIOHEHT HANps)KeHHO-Ae()OPMHUPOBAHHOIO COCTOS-
HHS, BO-BTOPBIX, OTNAAaeT HEOOXOAUMOCTh HHTETPUPOBAHHS HCTOPUH U3MEHEHHS
HaNpsKEeHUH 1 IepeMeIleHui BO BpeMEHHU.

KiroueBble cii0Ba: suuelinas 6A3KOYNpYyeoCmb, UHMeZSPANbHbIE ONepamopbl,
6cnomozamenvHvle onpeoerstouue YpagHeHus, cxo0uMoCmy, UmepayuoHHbll ai-
copumam.

MHorue KOHCTPYKIIMOHHBIE MaTepHaibl MPOSBIIOT BA3KOYIIpYyTHe cBo¥icTBa. Yare
BCEro HEOOXOAMMOCTh ydeTa TaKMX CBOWCTB BO3HHMKAET B OTHOIICHHWH IIONMMEPOB H
KOMIIO3UIIMOHHBIX MaTepUaIOB C MOJMMEpPHON MaTpulieid. TeM He MeHee BA3KOYIpyrue
CBOMCTBA MPOSBJIIOT Takke M TPAIWIIMOHHBIE MaTepHajbl, HapuUMep IepeBo, OETOH
wi crexno. [ToMumo 3Toro, He0OOXOMUMOCTh y4eTa MOJI3yYecTH W/ pejakcalluu B
MEXaHUYECKH HATPYKCHHBIX TeJlaX MOXKET BO3HHMKATh B CaMBIX Pa3HBIX 00IaCTsIX, Ta-
KUX KaK, HalpuMep, TOPOXKHOE CTPOUTENBCTBO, IE0JIOTHs, pa3paboTka aBTOMOOMIIEHBIX
IIMH, OMOMEIUIIMHCKUE UcciienoBanus [ 1], aspokocMudeckue pa3padoTku [2] u T.xI.

Havano w3yueHwst BIUSHHUS BPEeMEHH Ha HaNpsDKEHHO-Ie()hOPMUPOBAHHOE COCTOS-
HUE U3JIENUIA U3 METAJIJIOB, PE3UHBI U CTEKJIa MOJO0KEHO B KOHIIE AEBATHAALATOTO — Ha-
yane aaauaroro Beko KenbBunom, MakcBemnoMm, bonsimanom u apyrumu [3]. Mak-
cBel chopMyITHUPOBAI 3aKOH Ae(pOpMHUPOBaHHS C TEUCHWEM BpeMeHH B auddepeHIu-
ansHOM Buze [4, 5]. Heckonpko mo3xke pa3zpabdoran bomenmanoMm u pa3But Bombreppa
o0mmii MaTeMaTW4YecKWi ammapaT Uid OMHCAHWS JTUHEWHOW mnomsydectd [4, 6-8].
B cBs3u ¢ pa3BuTHEM HWHIYCTPHM MOJMMEPHBIX MaTepHajioB ¢ Hawdanma 30-x romaos
XX Beka Hayamoch 0ojice HHTEHCHBHOE H3ydueHHe Bsi3koympyroctu [1]. K HacTosmemy
MOMEHTY MaTeMaTHYeCKUH ammapaTr JUHEWHON M HETMHEWHOM BSI3KOYIPYTOCTH B 3Ha-
YUTENLHOM CTerneHu pazpadoTan. @opMynHupoBKa ONMpPEAEIIONINX COOTHOILICHUI U Me-
TOJIOB aHAJIH3a JUTS BSI3KOYIPYTUX TEJ CONCPKUTCS B (PyHIaMEHTAIBHBIX MOHOTpa(HIX
pa3NnUYHBIX aBTOPOB, Harpumep [1, 4, 9—15].

JIJIs BA3KOYTIPYTUX TEIT CBA3b MEXKY HANPSHKCHUAMH U Te(hOPMALIUIMU OMTUCHIBACT-
Cs C TIOMOUIBIO MHTETPANBHBIX YpaBHEHUH BompTeppa, comepikamiux spa TOTO WIIH
nwHOTO BuAa. Ha ceromusmnamii 1eHs HanOoJee MOy SIpHBIMH SBIISIOTCS WHTETPaIbHEIC
SIpa MON3YUESCTH U PeIaKCaIliy B BUIE CYMMBI YOBIBAIOIINX 3KCIIOHEHT (psmoB [Iponn)
[1, 16—18]. Takoi BuA sApa MO3BOJISIET JOCTUYH BBHICOKOM TOYHOCTH aHAIN3a IIyTEM
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armpoKCUMaIun 00JIBIIOTO 00BEMA OKCIICPUMEHTAJIbHBIX TaHHBIX 3a CUCT YBCIMYCHUA
yucIa ciuaraeMbix. Kpome Toro, npejcTaBieHue saep Moja3yyecTH U peslakcalluy B BUjIe
psinoB [Iponu yno6GHO U1 TpOrpaMMHUPOBaHUS IIPH YHCICHHOM aHAJIH3e.

[TocTpoeHne TOUHBIX peIIeHWH ISl KpaeBhIX 3ajad HalpshKeHHO-Ie(opMHUpOBaH-
HOTO COCTOSIHUSI BSI3KOYIIPYTOTO Te€la BO3MOXKHO TOJBKO B HEKOTOPBIX IPOCTEHIINX
ciyvasx. [ToaroMy npu aHanmu3e M3EIHA U3 BSA3KOYIPYIUX MaTepUalioB IJIABHBIM 00-
pPa3oM NPHMEHSIOTCS NPUOIIKEHHBIE METOJBI, OOJNBITMHCTBO U3 KOTOPHIX MOXHO OT-
HECTH K OJJHOW U3 TpeX CIeAYIOINX IPymIl. B mepByio rpymiy BXOOAT METOABL, HOApa-
3yMeBaroIne MpsiMoe HHTETpUpoBaHue Gu3nuecKkux ypasaeHuil [19, 20], Bo BTopyro —
UCIIONB3YIOINE 3aMEeHy TeM WM MHBIM CIIOCOOOM BS3KOYNPYTOH 3ala4d Ha YHPYIyIo
[21, 22], u TpeThIO TPYIILy COCTABISAIOT UTEPAIIMOHHBIE METOIBI [23 —28].

Llenpto Hacrosmied pabOTHI SIBISIETCS Pa3BUTHE WTEPAI[MOHHOTO METOJA pPelleHHs
KpaeBbIX 3aJlau HaNpsHKEHHO-1e(OPMUPOBAHHOTO COCTOSIHUSI BSIBKOYNPYTUX Tell, TPH-
BeJIeHHOTO, B [27, 29]. B ocHOBe MeTOo/1a JIEKUT pa3jieliecHue BPEMEHHBIX U MMPOCTPAHCT-
BEHHBIX IepeMeHHbIX. [locenHee, B CBOIO o4epesib, MO3BOJSIET YCKOPHUTH pPELICHUE 3a
CUeT pa3JIeNIeHnsI ero Ha JIBa Mapajie]IbHBIX MIPOIIecca Ha ATare MOCTaHOBKH 3a1auH.

@DopMyIMPOBKA TPAHUYHOM 321a4H JIMHEHHOI BA3KOYIIPYTrOCTH

B nacrosme#t pabote mpu 3anmcH ypaBHEHHH HCHONB3YETCs] OOMIEPUHSTOE TI0JI0-
JKEHHE O CYMMHPOBAHHH 10 MTOBTOPSFOLIMMCS HHIEKCAM.

Du3NIECKHUE COOTHOLICHUS Ul M30TPONHOTO BS3KOYNPYIoro MaTepuaia B o0ueM
BUJIE MOKHO TIPEJCTAaBUTh, HAIIPUMED, CIEIYIOINM 00pa3oM:

Gup = (K* —%G*]%aﬁ +2G ey, (1)

TJIE Ogp, Eq3 — KOMIIOHEHTHI TEH30POB HANpPsKeHNH U fedopMalninii COOTBETCTBEHHO, HH-
JEKCHI 0, [3 COOTBETCTBYIOT HOMEpaM TMPOCTPAHCTBEHHBIX KOOPIMHAT; 343 — CHMBOI
Kponexepa; 0 = g,30,5 — 00beMHass pedopmans; K', G* — omepatopsl 06BeMHOM 1
CIIBUTOBOH peaKCcaIiiii COOTBETCTBEHHO.

K'9= j K(1-1)d0(t); 2)
0

G*smB E.‘.R(t—r)dsml3 (1). 3)
0

3necw K(f), R(t) — dysxunn o0beMHOM 1 ciBuroBoii pemakcarmn, R(0) = Gy, K(0) = Ko,
rre Ky, Gy — ynpyroMrHoBEeHHbIE MOJYJIM OOBEMHOTO CKATHUsI U CIIBUTA.
YpaBHeHUs paBHOBECHS B 00JaCTH M yCIOBHA Ha IpaHUIIe

(K* +%G*)9,a +G'Au, =P, ; 4)

0 0
GaBnB|rl =Sos  tglr, =tq - (&)

3neck A — onepatop Jlamaca, P,, S°, — COOTBETCTBEHHO MACCOBHIE 1 TIOBEPXHOCTHBIE
CHUJIBI; 73 — HANPABJIAIOIIME KOCHHYCHI HOpMaly K rpanuue; 'y, I', — ydacTku rpaHuyHO-
o KOHTYpa, Ha KOTOPBIX 3a/[aHbI ycuus S, i epeMernenus 1, COOTBETCTBEHHO.
3aMeHHUB B Bsi3KOympyroii 3amade (1), (4), (5) oneparopsl K # G Ha CIIeLHATBHBIM
00pa3oM BeIOpaHHBIE KOHCTAHTHI kK U g, MOJyYHM BCIIOMOTaTENIbHYIO 33/1a4y, B KOTOPO
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JICBBIC 4YaCTU ypaBHeHI/Iﬁ PaBHOBECHA W T'PAaHUYHBIX yCHOBI/Iﬁ COOTBETCTBYIOT 3aJayde
JUHENHON YIIPYroCTH, TOTJa KaK MpaBble COJIEPKAT cllaraeMble, onpesesisieMble JeicT-
BHEM BSI3KOYTIPYTUX OMEPATOPOB HA UCKOMBIE MepeMeleHus. KOHKpETHBIN BUA MpaBbixX
yacTel BCIIOMOTATEIbHOM 3a/1a4M 3aBHCUT OT CIIOCO0a ONPEACTICHUS YIPYTHX KOHCTAHT
k, g ¥ moguuHSAETCS TPeOOBAHUIO TOXKIESCTBEHHOCTH PEIICHUI OCHOBHOHM M BCITOMOTa-
TeNbHOW 3amad. Ecnu mpaBele 9acTH ypaBHEHHI BCIIOMOTATEIBHOMN 3a7adul OIpelelne-
HBI, TO PEIICHUE BSI3KOYIPYTOH 3aJadd CBOAWTCS K PEIICHWIO BCIIOMOTATENFHOW ITH-
HEWHO yIpyToii 3amaun. DTO yCIIOBHE, BOOOIIE TOBOPSI, HE BBITONHICTCS, TaK KaK HC-
KOMBIE TIepEeMEIICHUS HaXOAATCs B 00enX JacTax ypaBHeHnH. OHaKO BO3MOXKHO Opra-
HU30BAaTh UTEPAIIMOHHBINA IMpoIiecc, B KOTOPOM IPaBble YacTH YpPaBHEHHUI Ha TEKyIIeM
hiare BBIYUCISIOTCS 4epe3 pelIeHHe, NOJydYeHHOe Ha npeasiayniemM. @opMynupoBka u
JIOKa3aTeIbCTBO TEOPEMBI O CXOJUMOCTU aJITOPUTMOB TaKOTO THMa uMeroTcst B [30].
CKOpOCTh CXOAMMOCTH 3aBHCHT OT KOHKPETHOTO BHJa BCIOMOTATENbHBIX YIPYTHX
KOHCTaHT U OyJIeT 00CyKIaThCs Aajee.

®opMyIHPOBKA HTEPAUOHHOI0 AJTOPHUTMA UIA CIy4as YIPYruX 00beMHBIX
CBOIICTB MaTepHaJia

Bynem paccmarpuBath cirydaii, Korma o0ObeMHas pellakcals OTCYyTCTBYET, TO €CTh
X
K =K, =K. BcroMoraTensHble QU3NUECKUEC COOTHOIICHHUS 3a1allIM B BUJIC

ch = (K—%g)%aﬁ +2g¢8445. ©6)

3nech g — HEKOTOPBIH 3apaHee BHIOpaHHBIA MOIYJIb CABHIA JUIS BCIIOMOTaTEIbHOTO YII-
pyroro Tena. YpaBHEHHs paBHOBecHs (4), C UCTIONB30BaHUEM (6) MOTYT OBITH 3aIHCaHbI
B DKBUBAJIECHTHOM BH/IE:

1 * 1 1
(K +§G je,a +G Au, +(K+§gj9,a +gAu, —(K+§gj9,a -gAhu, =P,. (7)
Wnu, B 0TCYyTCTBHE MacCOBBIX cull Py,

1 (1
(K+§gj9,a +gAu, :(g—G )(ge,a +Aua). ®)

[IpaBas gacTh (8) sBIsIETCS HEBA3KOI OCHOBHOW M BCIIOMOTATEILHON 3a1ad. AHao-
THYHO 3aITUCHIBAIOTCSI TPAaHUYHBIC YCIOBUS

G?XB”B =5%+ {(G* _g)(g%aﬁ —2g,4 ﬂ ng - )

Janee MOXHO 3amucaTbh COOTHOLIEHMS U1 MTEPAlMOHHOIO Ipolecca, CHaOAuB
Bxozsmue B (8), (9) mapameTpbl HaNpsHKEHHO-IE(OPMHUPOBAHHOTO COCTOSIHUSL COOTBET-
CTBYIOIIMMH BEPXHHMH HHAEKCAMU

(K +§g)9,&"+]) +gAu((x”+]) = (g -G )(%9,81) +Au((xn)j ; (10)

Gg(ﬁnﬂ)nﬁ _ Sg +|:<G* _g)(%e(n)SaB _285;’3)):| nB . (1 1)

Pemenne ucxomHOW 3amadn ONpesersieTcsl Kak CyNEepIo3nIus BeeX #n+1 pereHni,
TIOJTyYeHHBIX Ha COOTBETCTBYIOIINX HTepalusix. HadaipHoe IpHOIIKEHHE MOXKET OBITh
BBIOPAaHO W3 MIPOU3BOIBHBIX COOOpaKEHHIA.
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Crenyer oOpaTuTh BHMMaHHE Ha TO, 4TO B JieBbIX 4acTsx (10), (11) orcyrcTByroT
MHTEeTpaJbHbIE oneparopsl. KpoMe Toro, MOXKHO MOKa3aTh, YTO B Cilydyae IMpeACTaBiie-
HUS KQKJIOT0 U3 TPaHUYHBIX YCIIOBHH MCXOTHOM BS3KOYNPYTOH 3aJaddl B BHJE MPOH3-
Be/ICHHS JIBYX (DYHKIHMH, O/HA M3 KOTOPBIX 3aBHCUT TOJILKO OT IPOCTPAHCTBEHHBIX IIe-
PEMEHHBIX, a Apyras — TOJIbKO OT BpeMeHH, B 3anadax (10), (11) mpocTpaHCTBEHHbIE U
BpPEMEHHBIE TIEPEMEHHBIC OKa3bIBAIOTCS Pa3/IeIEHHBIMU Ha KaXKI0W UTEPaLHH.

B kadecTBe KpHUTEpHs CXOAWMOCTH aBTOPHI MPEATAraioT HCIIOIb30BaTh 3HAUCHHE
(hyHKIIOHANA pabOTHI HANPsDKCHUH Ha Ae(opMaIisax 3a BpeMs Harpy>KeHUS ¢:

W (&)= [0 ()égg ()dr. (12)

[Tpn mpakTH4ecKoM pelleHNH 3a/iad 3HaYeHUs! IPOU3BOJHBIX TI0 BPEMEHH OT KOM-
MIOHEHT TeH30pa JedopManuii, Kak MpaBUIIo, HEN3BECTHBI. [IpH 3TOM, ecin TONIOKHUTE B
KaKJI0H TOUKe BA3KOYMPYIoro Tejla MpeJCTaBIeHNE q3(f) B BUJE KyCOUHO-TIOCTOSHHOMN
dyHKIIH

m

S(Im):Z[h(tm_ti)_h(tm_ti+1)]8fxﬁﬂ (13)
i=0

e €' — HEKOTOphIe TIOCTOSHHBIC BEJIMYMHBI, a 71 — IeJI0e YHCII0, TO 3HaueHue ByHK-
nuonana (12) Gyner mpuOIMKEHHO PaBHO YIENIBbHON MOTEHITHAIBHON dHEprun nedop-
Marumn

Wy (8(1[3):(5043 (#)eqp (1) - (14)

IIpuMmep peaM3anuu aJIrOPUTMA

[Mosicanm peanuzannio copMyIMPOBAHHOTO AITOPUTMA Ha TIPOCTOM npumepe. s
9TOrO 33AaJUM OIEepaTop CABUIOBOM pelaKcalyu B BUJIE

G'x =Gy [1-235 (A +7)]x, (15)

re A, Y — MaTepHalbHbIe KOHCTAHTHI, 2y — HMHTErpajbHbIN ONlepaTop BUAA
t
% (E)x=[e N Ix(x)dr. (16)
0

Omneparop HeBsi3ku npasbix dacteit (10), (11) npuHrMaeT Hanbosiee MPOCTOH BUJ,
€CIT B Ka4eCTBE BCIIOMOTATEIFHOTO MOIYJISI CIBHIA g UCIIOJIb30BATh MTHOBEHHBIH MO-
nyib Go. Torna BeIpaskeHns! HEBSI30K, BXOAIINX B (9), OyayT

G —g=G -Gy =-rGyy (L+7). (17)

B stoM ciyuae ypasHenus (10), (11) mpunumarot Buj

(K +%G0 ) 0.0 +Goaul™) =1Gy; (v+ K)Ge("),a +Auf{')) ; (18)
oot g =S5+ [xc;oa(; (v+ x)(zggg —59(")%;5 ﬂ - (19)

Taxxe 6yz[eM CUMTAaTh, YTO 3aJaHHBIC Ha COOTBETCTBYIONIUX YyYaCTKaxX IrpaHUIbI I1€-
peMelICHUs BCIOAY HYJICBBIC. B sToMm CJIydac OHU OCTArOTCsA TaKOBBIMH Ha Ka)kJI0M UTe-
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panuu, B cBoro odepens, CUIOBBIE TPAHUYHBIE YCIOBUA 33JaHbl B BUAE NPOU3BEACHUS
(yHKIMIA KOOpAMHAT Ha (DYHKIHIO BPEMEHH:

=80 (x,3)9"(1). (20)

B kauecTBe HagaIbHOTO MPHUOMIKEHUA OyIeM paccMaTpUBaTh Hee(OPMHUPOBaHHOE
COCTOSIHHE, TO eCTh Ipu 1 = 0, ua(o) =0. Torma

(K%GojengrGoAug}) =0; @21)

colng =S5 (22)

Pemmenue Bs3koynpyroii 3agaun (21), (22) B cury (20) MOXXeT OBITH IIPEACTABIICHO B
BUJIC

ul) =g, (23)

rae ¢, = ¢°(2), i,V — pemenue ynpyroii 3agaqn
(K +§G0)§f2 +Goad) =0; (24)
Golng =50 25)

Takum 00pa3oM, Ha MEPBOH UTEPAIMU JTOCTHTHYTO Pa3[elieHne BPEMEHHBIX U MPO-
CTPAHCTBEHHBIX NepeMeHHbIX. Ha BTOpoil uTepannu HEOOXOIMMO TOIYYHTh PEIICHHE
3aJa4n

(K +§G0)6 )1 Gaul?) =0G,3; (v + x)( o, +Au(1)) (26)
0(2 * 2
oo ng = [moao (v+ x)(zsg‘g —Ee“)&aﬁﬂ ng. @27)
Ypasuenus (26), (27) ¢ yuerom (23) mpeACTaBIAIOTCS B BHIIE

(K +%G0je,§3) +GoAu'? =0G,3) (y+x)( 6, +A~“)j¢ ; (28)
oo g = {xcoao (v +x)(28 ——e“ aﬁjﬂnﬁ (29)

Pemenne rpannyHoi 3amaun (28), (29) MoxeT ObITh HAHJCHO Kak
u?) =al¢,, (30)
rae 02 =34 (Y +2)0;. @D

COOTBETCTBEHHO il,”) €CTh pelIeHIe YIPyroil 3a1aun, moxydaemoi u3 (28), (29), Tax

xKe, Kak (24), (25) nonyueno u3 (21), (22). Takum 006pazom, Ha BTOPOU UTEPAINH TAKKE
pasaeNsoTCsl Ha JBE€ HE3aBHCHMBIX TPOIEAYpPHI OMEpaIruu ¢ MPOCTPAHCTBEHHBIMHU WU
BpEMEHHBIMU TIEPEMEHHBIMH.

TpeTbs U MOCIEAYIOKE UTEPALIMU BBITIOTHSIOTCS aHaornyHo. [Ipu sTom 3ameya-
TEJIBHO, YTO

Oy = 35 (Y+1)0, = 3" (Y + 1) ;. (32)
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Bo3Benenne omeparopa B CTENEHb OCYIIECTBISIETCS B COOTBeTCTBUM C [31] cie-
JYIOIIUM 00pa3oMm:

1 9"9(6)
(n=1)! og"

B PE3YyIbTATE HCKOMBIC IapaMETPhI HaHpSDKeHHO-He(bOpMI/IpOBaHHOFO COCTOSHHA
HaXOoIATCA KaK

%" (€)=

(33)

n+l

ug =2 uf) (34)
i1
nZH o _ifad) o) 3
ER=D = —| ——+ ; 5
op P op o 2| Oxg  Oxg &)
n+l () n+l 2 . () * (i)
up = 2,04} :Z}(K—EG je Bop +2G7el1) (36)
i= i=
Vci0BrE OCTAHOBKM UTEPAIIMOHHOTO MPOIIECCa MOKHO 3aMMCaTh B BHJIE
W(’H'l) _ W(”)
% <u, (37)
W

rae W, onpenensercs 1o (14); L — HEKOTOPOE Harepe. 3aAaHHOE YHCIIO.

BoluucaureabHas npoueaypa i UCnnoJab30BaHusl COBMECTHO
C METOJAO0M KOHCYHBIX 3JICMCHTOB

Jliist ycnenrHoro nmpuMeHeHHs MPeAiaraéMoro B HacTosIIeH paboTe HTEPalluOHHOTO
ITOPUTMa, HEOOXOIMMO Ha KaXKAOH MTepaly pacnoiaraTh pelieHHeM yIpyrou 3aaa-
yn. [ToryunTh Takoe penieHue B 00IeM Ccllydae BO3MOKHO Pa3HBIMH CIIOCOOAMU, OJTHA-
KO JUIA MPaKTHUECKUX pacyeToB HauOoJiee MPUMEHSEMbIM SIBIISIETCSI METOJ KOHEUHBIX
a1eMeHTOB. [Ipy 5TOM Halle BCero MCHoib3y0TCs IMHEWHBIE 3JIEMEHTHI, TO €CTh TaKue,
B KOTOPBHIX (pyHKIMS (hOpMBI drieMeHTa siBisiercst auHeiHoi. Koadduumenramu sroi
(GYHKUMH SBISIFOTCS 3HAUYCHHUS] pacCMaTpUBAaEeMbIX apaMeTPOB B y3iax dieMeHTa. Tak-
’Ke B OOJIBIIMHCTBE CIIy4aeB PEIICHUE 3alaull ONpelelieHIs HanpsDKeHHO-Ie(hopMUpo-
BaHHOT'O COCTOSTHHMS MOJTy4aeTcsl BHaYale B MEPEMEICHHSX, a 3aTeM 110 HUM BBIYHCIIS-
I0TCSl KOMIIOHEHTHI TEH30pOB Ae(opMalyii U HaNpsHKEHHH, I 9ero He0OXOIUMO BHI-
YHCIIUTh B KaXJIOM y3JI€ MIepBbie MPOU3BO/IHBIE (DYHKIMH MEPEMELICHUH 10 KOOpJHHA-
tam. OJJHaKO TPU UCIIOIB30BAaHUHU TMPEJIaraeMoro UTEPAIlMOHHOTO METO/1a, HEOOXO/I1-
MO Uit ONIPE€ACIICHUA HCBA3KU ypaBHeHI/Iﬁ PaBHOBECHA BBIYUCIIATE BTOPBLIC ITPOU3BOI-
HBIE OT NepeMelleHnid. B npezenax ogHOro JMHEHHOTO AJIeMEHTa BTOpasi IPOU3BOIHAS
OT JIMHENHO# (yHKIMK (GOPMBI BCeT/1a paBHA HYJIIO.

[MTockonbKy I peaM3alvy aJrOpUTMOB METOAA KOHEYHBIX 3JIEMEHTOB TpeOyeTcs
CPaBHHTENBLHO OOJBIIONH 00beM paboT, CBA3aHHBIX C MPOrPAMMHUPOBAHHEM, B HH)KEHEP-
HOIl TpaKkTHKe INHPOKOE PACIPOCTPAHECHHE IMONYYHIH YHHBEPCAIbHBIC MPOrpaMMHBIC
cpencTBa Ul NPUKIAJHOTO KOHEYHO-3JIEMEHTHOrO aHanu3a. B WX 4HCIIO BXOIAT Kak
«TsDKensIie» mporpammHble kKoMmiuiekesl ANSY'S, Abaqus, NX, CalciliX u T.11., Tak u aB-
TOpPCKHE TPOEKTHI, HanpuMep Z88Aurora, WM clienuaibHbIe TPOTrpaMMBI, pa3pabaThi-
BacMble MHXEHEPHBIMH KOJUIEKTHBAMH IJIsi COOCTBEHHBIX HYXI. B abcomoTHOM 6OIB-
IIMHCTBE CITy4aeB B TAKOM MPOrPaMMHOM OOECIeYeHHH He MpelyCMOTpeHa Mpoleypa
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BBIYHCIICHHS BTOPBIX MPOU3BOAHBIX (QyHKIHNIT (POPMBI 2JIeMeHTa JJaXKe B Cllydae UCTIONb-
30BaHMUs KOHEYHBIX 3JIEMEHTOB BBICIINX TIOPSIAKOB.

Hcxonst n3 cka3aHHOTO, [UISl peaii3aliy c(hOpMYITHPOBAHHOTO BBIIIE UTEPAIIIOHHO-
TO QJITOPUTMa COBMECTHO C METOJIOM KOHEYHBIX JIEMEHTOB HEOOXOANMO PEUINTh 3a/1a-
4y BBIYHMCJICHHS BTOPBIX IPOM3BOJHBIX OT (QYHKIMH mepemernieHnii. OCOOEHHYIO Bax-
HOCTH 3TOT BOIPOC IPHOOPETAET MPH HCIOIH30BaHUU TOTOBOTO NPOTPAMMHOTO obec-
MEYCHNST KOHEYHO-3JIEMEHTHOrO aHanm3a. OJHUM M3 BO3MOXKHBIX CIIOCOOOB SIBJISIETCS
HCTIONIb30BaHUE KOHEYHO-PA3HOCTHOW cxeMbl nuddepeHnnpoBanusi, OZHAKO TaKOH
TOJIXO/1 BIIEUET 3a COOOU psii HEYyMOOCTB, OCOOCHHO Ha HEPETYJIPHBIX ceTkKax. bomee
PAIIOHANILHEIM TIPEACTABISCTCS UCIIONb30BaHUE CXeMBbl HU(depeHIIMpoBaHys, peau-
30BaHHOH B MCIOJIB3YEMOM MTPOTPaMMHOM 00€CIIeUeHIH METOJa KOHEYHBIX JIEMEHTOB.
[Tpu sToM Tpouenype audpepeHIpoBaHUs CIEAyeT 0ABEpPraTh KOMIIOHEHTHI 1e(op-
Manuii, yepe3 KOTOpble BBIPKAIOTCS HEBSI3KM ypaBHEHHMH paBHOBecHs. Tak, BhIpaxe-
HUE ToJl orepaTopoM B mpaBoit yactu (10), onmpenensromniee BETUIMHBI MACCOBBIX CHIT
(HeBsI3KM) B yNPYTHX 3aJadax MTEPAllMOHHOTO IpOIecca, 3aliChIBaeTCs Yepe3 Mpom3-
BOJIHBIE OT JiehOopMaInii CIeIYIOMNM 00pa3oM:

) = — a#p. (38)
* * 3o0x, 3 8x Oxg

PaccMoTpuM mpuMep peneHust 3a1a9y YUCTOTO M3ruda KOHCOMBHOM OanKu U3 BS3-
KOYIpPYroro Marepualia, HOAYHHSIOIIETocs OOLeMy JTHHEHHOMY 3aKOHY Ae(hOopMHUpO-
BaHU [4]

1 t
e(t)=—|o(t)+ [o(1)K, (t-1)d1 |, (39)
E, N
TZ€ fy ¥ ¢ COOTBETCTBYIOT BPEMEHH Hadalla Harpy>K€HUs U pacCMaTPHBaEMOMY MOMEH-
Ty; Ey — MCHOBEHHBII MOy b YIIpyTrocTH; K (f — T) — sIAPO MOI3Y4YeCTH.
B cnyuae, koraa usru6aromuii MOMEHT MOXKET OBITh IIPE/ICTABIIEH B BUZIE

M (t)=Mydy (1), (40)
rae My — nocrosiHHast, a ¢ (1) — HekoTopast GyHKIMS BPEMEHH, YPAaBHEHHE POTHOOB

JUTS TAKOW OAJIKU 3aITUIIETCS CISAYIOMAM 00pa3oM:
M, y2 *_
(t)—— ¢0(t)+j1< (t=1)¢y (£)dt =2°—JE 1 (). (41)

3neck w — BeTMUMHA MTPOru0a; y — KOOPMHATA MONIEPEYHOr0 CEYESHUs, OTKIIaAbIBacMast
OT JKECTKO 3aIEMICHHOr0 KOHIA; J — 0CeBOil MOMEHT HHepiuy Ganki; £ — omeparop
MOJI3YYECTH.
[Tonarast #, =0 1 00BEMHYIO peNTaKCAlUIO OTCYTCTBYIOIICH, ONepaTop MoiI3y4ecTH
E™" npescrasum uepes sagannbie G, K CIELYIONIIM 00pasoM:
E %= (3K+G*)G P A I (42)
9K 3 9K

Creryer OTMETHTh, 4TO (42) MONYYEHO BHE KAKUX-HOO CYXICHWHA O BHAE sapa
nom3ydectn K (¢ — t). Hanee, HpI/IHI/IMa}I oreparop CIOBUTOBOH penakcanuu B Buge (15),
(16), momyunm By omepatopa G
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e 1 *
G 'x EG—O[H)@O (1] (43)

Terneps, st Cilydast CTATHIECKOTO HATPYXKCHNUs, TONOKUM QYHKIMIO ¢ (¢) Kak QyHK-

o XeBucaiina, u peuenue (40) mpuHIMaeT BU

2 2
M,y A _ M,y
w(t) ==L 1+ = (1-e7") |+ 0. (44)
6G,J Y 18K J

Ilocnennee BelpaxeHHE SIBISETCS TOUHBIM pelIeHHEM. TakKe peleHue 3TON 3aJaun
MOJIy4E€HO UTEPALUOHHBIM METOAOM COBMECTHO C METOJIOM KOHEYHBIX AJIEMEHTOB, pea-
mm3oBaHHEIM B ANSYS.

[Ipu unciieHHOH peanm3anyy B KadecTBe OAIKHM pacCMaTpHUBajach KBaApaTHAS ILIO-
CKasl TJIACTHHA C JUIMHON CTOPOHBI paBHOU 1. J{ns ymoOcTBa MpHUHSTO, YTO BCE 3HAUE-
HUs cooTBeTCTBYIOT cucteMe CH. Cxema HarpyKeHusl U pa3OMeHHsl Ha KOHEUHbIE die-
MEHTBHI NIpUBeJIeHa Ha puc. 1. MomeHT M, u cuna Fy cBA3aHBI COOTHOIIEHUEM

12M,
F= -
/

(45)

ANA A4

Puc. 1. Cxema rpaHHYHBIX YCIOBUH Oankn
Fig. 1. Diagram of the boundary conditions for a beam

[lapameTpsl orepatopa CABHrOBOH penakcammi Buga (11): Go=6-10°, A =0.002,
y=0.009, obbemubiii Momymb K = 14-10°, Bpems = 1000. CpaBHEHHE UHCICHHOTO U
AQHAJMTHUYECKOTO PELICHUs MPOBEIEHO 110 BEJIMYMHE HEePeMeIleH s [ICHTpa IIACTHHBI,
TEOPETHYECCKH PAaBHOM Mporudy x, onpenenenHomMy 1o (38) npu y = 0.5. Ha puc. 2 no-
KazaHbl Pe3yJIbTaThl CPABHEHUS] TOYHOTO M YHCIICHHBIX PEIIeHUH, MOMyYeHHBIX Ha pa3-
JIMYHBIX KOHEYHO-IJIEMEHTHBIX CETKaXx.

Ha puc. 3 npuBesneH rpaduik cXOANMOCTH UTEPALIMOHHOTO TIpoIiecca MpH pa3OneHnn
CTOpOHBI KBaapaTa Ha 40 snementoB. Kpurepuit cxomumocts = 107°.
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YucIo 2JIeMeHTOB

Puc. 2. 3aBHcHMOCTb IepeMelleH s [IeHTPAIbHON TOYKH IUIACTU-
HBI OT 4Kcna pa3OueHui croposl kBagpara (IIyHkTup — TouHOE
peleHne; KpeCTUKH — YHCICHHOE pelIeHNe; CIUIOMIHAS JTHHHUSI —
ANIMPOKCUMAIHS YUCIEHHOTO PEICHHS)

Fig. 2. Displacement of the plate central point as a function of the
number of cells on the square side (the dashed line is the analytical
solution; the crosses, the numerical solution; and the solid line, the
numerical solution approximation)

555
551 Y e~ — =K K=K
4

545 ,
5412
53511
53

).
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Homep utepanun

Oueprus pedopmaryu, MJIx

Puc. 3. 3aBucUMOCTS HEPTUH YIPYyToil AehopManuy OT HOMepa UTEpauu
Fig. 3. Elastic-strain energy as a function of iteration number

3akJr4enue

CdopmynupoBaHbl COOTHOIICHHS TSI MTEPAIIMOHHON TPOICTYPHl PEUICHUS 3a1ad
JIUHEWHON BSA3KOYNPYTOCTH Ha OCHOBE MCIOJB30BAaHUS BCIIOMOTATENILHON YIIPYTOil 3a1a-
YU, B KOTOPOW MEXaHUYECKUE CBOMCTBA CPENbl OMUCHIBAIOTCS MTHOBEHHBIMHU YIIPYTHMU
XapaKTePUCTHKAaMH BA3KOYIPYTOro Tena. Takke MpeUIoKeH Crioco0 MCIONBE30BaHUS all-
TOPUTMA COBMECTHO C METOJIOM KOHEYHBIX 3JIEMEHTOB, IIPH 3TOM JJIsl BEIYUCIEHHS HEBSI-
30K WTEPAIIOHHOTO AJTOPUTMa MOTYT OBITH MCIIONB30BAHBI MPOIEAYPHI, SBITIONIHECS
YacThIO TIPOTPAMMHOTO O0ECTIE€YeHUS] KOHEYHO-3JIEMEHTHOTO aHaimu3a. TakuMm 00pa3oM,
BO3MOXKHO IPUMEHEHHE TPEUIaraeMoro B paboTe aaropuT™Ma COBMECTHO € TIPHKIIATHBIMHI
IIPOrpaMMHBIMU CPEICTBAMU KOHEYHO-3JIEMEHTHOTO MOJIEIIMPOBAHUS.

Jpyro# BaxHOH O0COOCHHOCTBIO MPHUBEACHHOW (HOPMYITUPOBKH HUTEPALIUMOHHOTO al-
TOPUTMA SIBJIICTCS BO3MOXKHOCTh OIpECICHHS BCEX MMapaMeTPOB HAIPsHKEHHO-Iehop-
MUPOBAaHHOI'O COCTOSIHMSI BSI3KOYIIPYTOIO Tella C HCIIOJIB30BAHUEM TOJIBKO OIllepaTopa
penaxkcauyy. B ToM 4uciie nmpy peleHnu 3a1a4 MOJI3YYECTH.

Arnpobanust anropuTMa Ha MOJACTBHBIX 3ajadax Mokaszaia 3(h()eKTUBHOCTH mpejia-
raeMoro rnoaxo/a.
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Pavlov M.S., Svetashkov A.A. Kupriyanov N.A. (2019) MODIFIED FORMULATION OF THE
ITERATIVE ALGORITHM FOR SOLVING LINEAR VISCOELASTICITY PROBLEMS
BASED ON THE SEPARATION OF TIME AND SPACE VARIABLES. Vestnik Tomskogo
gosudarstvennogo universiteta. Matematika i mekhanika [Tomsk State University Journal of
Mathematics and Mechanics]. 61. pp. 82—-94

DOI 10.17223/19988621/61/8

Keywords: linear viscoelasticity, integral operators, auxiliary constitutive equations, convergence,
iterative algorithm.

Designing of the structures made of polymeric and composite viscoelastic materials requires
development of the efficient and cost-effective methods for calculating stress-strain state. This
paper proposes an iterative algorithm for solving such problems. The advantages of the algorithm
over existing methods are the following: firstly, there is a possibility to parallelize the calculations
of spatial and time components of the stress-strain state; secondly, this algorithm eliminates the
need to integrate the history of stress and displacement variation in time. Moreover, the
formulated iterative algorithm allows one to obtain the parameters of the stress-strain state of a
viscoelastic solid without using integral operator inverse to the relaxation operator.

The proposed method involves the following concept. The integral operators of the shear and
volume relaxation are replaced by some values of the elastic shear and volume moduli. The
identity of the obtained elastic problem with initially stated viscoelastic problem is ensured by
supplementing right-hand sides of the equilibrium equations and boundary conditions with the
corresponding residuals. In addition, each residual involves the result of viscoelastic operator
effect on the required parameters, and, therefore, it cannot be found directly. The numerical
implementation assumes the iteration process to be built, in which the residuals on the current
step are calculated using the solutions obtained on the previous one.

The paper describes the formulated iterative algorithm, as well as its application in
conjunction with commercial or free computer software employed for a finite element analysis.
The paper also includes an example of the model problem solution.
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YU CJIEHHOE MOJIEJIMPOBAHUE KOJIEBAHUM
BA3KOYIPYI'UX TPYBOIIPOBOJOB, TPAHCIIOPTUPYIOHINX
ABYX®A3HYIO CPENY B PEXXUME ITPOBKOBOI'O TEYEHUA

Ipemnoxena MaTeMaTHdecKast MOJENb KOJIEOAHHH TOPH30HTAIBHBIX BA3KOYIIPY-
THX TPyOOIPOBOAOB, TPAHCIOPTHPYIOIMX IBYX(ha3HYI0 Cpely, yIHTHIBAIOIIAS
BHyTpeHHee nasieHue. [Ipu mccienoBann kojeOaHMi TpyOOIPOBOIOB € MpOTe-
Karollell BHYTPH ra30CoAepKallell AKUIKOCThIO UCIIONB3YETCs BA3KOYIpyras Mo-
Jenb Teopur Oanok. J[yisi ommcaHWs BSA3KOYNPYTHX CBOWCTB Marepuana Tpy0o-
IIPOBOJIA MCIIOJIb30BaHA HAcIEICTBEHHAs Teopus BA3Koylpyroctd bosbimana —
BonbTeppa co cnabOCHHTYIISIpHBIMHU SApaMHu HacleAcTBeHHOCTH. IlomydeHo, 4To
C YBEJIMUEHUEM JaBIECHHS BHYTPH TPyOOIPOBOJa MPOUCXOJUT yMEHbIIEHUE KPU-
THYECKOH CKOPOCTH Ta30BOTO MOTOKA.

KiroueBble ciioBa: mamemamuueckas MoOelb, GbIYUCTUMENbHBLI AN2OPUMM,
BA3KOYNPY20CMb, MPYOONPo8o0, 08yXghasHoe meuenue, KPUMU4ECKas CKOpocma.

TpyGonpoBosHOE TPAaHCIIOPTUPOBAHUE >KUAKOCTEH M Ta30B UTPaeT 3HAYMTENIHHYIO
POJBb ISl SKOHOMHYECKOTO Pa3BUTHUS IPOMBIIIIIEHHOCTH U MPOU3BOJICTBEHHOH OTpaciu
MHOTUX CTpaH Mupa. TpaHCIOPTUPOBKA MO TPyOONpPOBOAAM OTIMYAETCA OT JIPYyTUX
CIOCOOOB TPaHCIOPTUPOBKH CBOEH OTHOCHUTEIBHO BBICOKOW JKOJIOTMYECKOH Oe3orac-
HOCTBIO U HETIPEPBLIBHBIM o6ecnequHeM INPOAYKTOB B HA3HAYCHHBLIC O6'I)CKTI)I oTpaciin
sxoHOMUKH. [Ipu skcrutyaranyu TpyOOnpoBOIOB YacTO BO3HUKAIOT CIIydaiiHbIE aBapuH,
KOTOpBIE MOTYT HaHECTH yuiepO JIIo[sIM /Wi oKpyxatomieii cpene. [lostomy BuOpa-
MM TPyOOIPOBOZOB C MPOTEKAroUel HUIKOCTBIO NMPHUBJIEKAIOT OO0JbIIOE BHUMaHHE
uccienoBareneil. Bubpanuy OTIAENbHBIX yYacTKOB TPyOOIPOBOAOB C HpOTEKaromen
JKUJIKOCTBIO SIBIISTIOTCS CIIOKHBIMHM JUTSl N3ydeHus. B HacTosiiee BpeMst IMeeTcsl 3HauH-
TEJIFHOE YUCIIO ITyOJIMKannii, MOCBSAIIEHHBIX PEIICHHIO 3a/1ad 0 KOJIeOaHUsIX U ANHAMU-
YECKON YCTOWIMBOCTH TPyOOIPOBOIOB, TPAHCIOPTUPYIOMIHNX KUAKOCTH [ 1—8].

B pabote [9] mpennaraercs 9UCIEHHBIN MOAXOX IS MPOTHO3WPOBAHKS BHOpammn
TPEXMEPHOTO TPYOONpPOBOJa C MPOTEKAOMIEH JKUIKOCTBIO IBYX(a3HOro mortoka. Pe-
3yJIBTaThl MOAEIUPOBAHUS OBUIM MOATBEPKICHBI IKCIIEPUMEHTAIBHBIMU JJaHHBIMU. Ha
OCHOBE PE3yJIbTAaTOB MOJEIMPOBAHUS MPEUIOKEH YHCICHHBIH METOJ M3MEPEHHUs CKO-
pocTeit IByx(a3HOro MoToKa.

MopenupoBaHue CONMPSHKEHHBIX KOJeOaHWH M30THYTHIX TPYO, TPaHCIIOPTHPYIOIIUX
IByXx(}azHyio cpemy B pexXnMe CIOMCTOrO TedeHus], n3ydeHo aBropamy [10]. [ns nomy-
YeHUs] ypaBHEHHs BHOpaiu TpyObl HCIOJb3yeTcsl ypaBHeHue Oitnepa. MccnemnoBano
BIIMSTHUE OCHOBHOTO Pajnyca, TOJIIUHEI U BHYTPEHHETrO pajuyca TPyObl Ha KpHUTHYE-
CKHE CKOPOCTH TTOTOKA.

B mnactosmee Bpemsi 0OBEKTHI HE(TETa30BOW IPOMBIINIIEHHOCTH, JKHJIHIIHO-
KOMMYHAQJIBHOTO XO3SIIICTB M JpyTHE YacTO CTAIKHBAIOTCA C MpoOJIeMaMH peMOHTa U
BOCCTAHOBJICHHUSI METAJUINYECKHX TPyOOIIPOBOAOB M3-3a BO3ICHCTBUSA Ha HHUX Pa3iIHd-
HBIX BHEIIHUX (axktopoB [11]. OgHUM K3 CTIOCOOOB pemieHus JaHHON MPOoOIeMBl SBIIS-
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eTCsl COo3/laHie U NMPHUMEHEHHE HOBBIX BHAOB MAaTEPHUAlOB, B TOM YHCIIE KOMITO3UIHOH-
HBIX, KOTOPbIE 00JIa/Ial0T PSJIOM ITPEUMYILECTB.

Brnusiane QyHKIMM 9acTOTHON XapaKTEPUCTUKH ISl BI3KOYIIPYTHX TPYOOIIPOBOIOB
npezcTasieHo B pabore [12]. I[Ipu paccMOTpeHHH yNIpyTuX CUCTEM BHYTpPEHHEE TPEHHE
Marepuajia YIUTBIBACTCSl C IMIOMOIIBI0O 0000IIEHHOH MHOTORIeMeHTHOH Mojenn Keinb-
BuHa-Dolirra. B Hell nccnenoBaHo BIMSHAE BSI3KOYIPYTUX CBOWCTB MaTepHaia Tpyoo-
IIPOBO/Ia HA PE30HAHCHBIC YACTOTHl M HA YaCTOTHO-3aBUCHMOE AEMI(HPOBAHUE PE30-
HAHCHBIX TTHKOB.

MopenupoBaHue MpoLEcCcOB Ne(GOpMUPOBAaHUS TPYOBI ¢ yIETOM OCHOBaHHUII Ha OcC-
HOBe Teopuu Oanok Ditnepa — bepuynnu 6bu10 ipemoxkeno B [13]. Jlns onucanus mpo-
11ecCOB Ae(pOpMUPOBAHHS BA3KOYIIPYTOrO OCHOBaHUS HCIIONIb3YyeTCs MoAeb KenbBuHa.
C npuMeHeHHeM NpUHIMNA ['aMUIbTOHA MOTY4YeHbl ypaBHEHUS IBIKEHUA TpyOsl. On-
peneneHsl KpUTUYEeCKHe CKOPOCTH MOTOKA.

Jist onucaHus NpoLEccoB e(OPMUPOBAHUS BS3KOYIPYTUX MaTEpUalIOB HCIIOJNb-
3YIOTCS pas3lIMuHble MOJEIM HAacCJIEJCTBEHHOH Teopuu Bsi3koympyroctu. HeobOxonmu-
MOCTb y4eTa BSI3KOYIIPYTHX CBOMCTB MaTe€pHaJOB B MHKEHEPHBIX pacueTax OTPa3miIoCh
B TIOSIBJICHUH OOJBIIOTO KOJIMUECTBA O0JIee MM MEHEe MTPOCTHIX TEOPHi.

B pabote [14] npuBenens! auddepeHnranbHbie ¥ HHTETPaTbHBIC MOJICIH, OIpe/e-
JISFOIIAE CBSI3b MEKAY HAIPSHKEHISIMU U Ae(OpMaIAMH HACIEACTBEHHON TEOPUH BSI3-
KOYIPYT'OCTH TI0 OMPEAEIECHHBIM KPUTEPHAM, IPOAHATM3UPOBAHbI UX NPEUMYINECTBA U
HEJIOCTATKH.

B nmanHoi pabote mpu pemieHHH AMHAMHYECKUX 3a]ad KonebaHus TpyOOmpoOBOIOB
13 KOMITO3UIIMOHHBIX MaTepHaloB MPUMEHAETCS] MHTETpajbHas MOJENb CBSI3H MEXIY
HanpspkeHueM U aedopmarieil co cllabOCHHTYJSIPHBIMU SiApaMU HACJIEACTBEHHOCTH C
yueToM ocobeHHOCTH Abes.

[Tpu TpaHcmopTHpOBaHUM NO TPYOONPOBOAAaM IBYX(a3HOE MPOOKOBOE TEUCHHE CO-
MIPOBOXKAAETCS BHOpPAMOHHBIMH HAarpy3kamMu Ha TPyOONpOBOJ, KOTOpBIE OCIAOISIOT
MOIIHOCTb NOTOKA TPAHCIIOPTUPOBAHUS, a TAaKXKE MOMKET npueecmu B OTACIBHBIX CIIy-
Yasx K YCKOPEeHHOoMy PA3pyIICHHIO TPyOOIpOBOIOB.

HccnenoBanne mMOBEACHUS Pa3MYHBIX BHUAOB U (OPM DIIEMEHTOB BS3KOYIIPYTOrO
TpyOOIpoBOAa B MIMPOKOM JAWANa30HE BHEHNIHMX (DPM3MUECKHX YCIOBHUH M BHYTPEHHHX
Harpy3o0K IPUBOAUT K MPUMEHEHHIO B 3THUX 3a/1a4aX METOJ0B MaTeMaTH4eCKOro MOJe-
JUPOBAHUS KaK OCHOBHOTO CpPEICTBa pelieHus mpobiaemsbl. Takum o0pas3oM, yCrenrHoe
pelIeHne BUOpaly BA3KOYIPYTUX TPYOOIIPOBOJOB, TPAHCIIOPTHPYIOIHUX ABYX(a3HyIo
Cpely B IPOOKOBOM PEXHME, 3aBHCUT OT HAJIMYMS aJeKBATHBIX MaTeMaTHYECKHX MO/Jie-
Jied COOTBETCTBYIONIMX (DU3MUECKHUX TPOLECCOB, IPPEKTUBHBIX YHCICHHBIX METOOB,
AITOPUTMOB U IPOTPAMMHBIX CPEJICTB JUISl peaau3aluy MOAeei.

Hacrosimas paboTa mocBsiieHa pelIeHHIo KoiIe0aTelbHBIX MPOIECCOB BA3KOYIPY-
THX TPyOOIPOBOIOB, TPAHCIIOPTUPYIOIIMX Ira30COAEPIKAIIYIO )KUAKOCTb.

ITocTaHoBKa 3aga4u

PaccMoTpuM TpsMO# y9acTok TpyOOmpoBoaa AMMHOW L B BHIE CTEPXKHS, COCTOS-
IIEr0 U3 KOMITO3UIIMOHHOTO MaTepHaia, TPAaHCIIOPTUPYIOMIETO ra30)KUAKOCTHYIO CPeIy
(puc. 1). Beibepem mpsaMOyTONBHYIO CHCTEMY KOOPAWHAT Tak, YTOOBI OCh X MPOXOAMIIA
yepe3 HEHTPHI TSHKECTH CEUEHUH TPyObl, a Ha4aJI0 OCH COBMECTHUM C JIEBBIM KOHIIOM
TpyOs! (pHc. 2). [lepeMerienus Touek ocu TPyOOIPOBOJA 1O OCH Y MPEICTABISIOT He-
M3BECTHYIO (PYHKIIHIO MPOruOoB w(x, f). CKOPOCTh TCUCHHS YKUIKOCTH BIIOJIb OCH TPY-
6onpoBona — U. IIpononbHble Konebanus TpyOonpoBosa He paccMmarpuBatotes. [Ipen-
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THoJlaraeTcs, 4To ABMKEHHUE IUIOCKOe, a TpyDOa ropH30HTalbHA. I1nomans nonepeuHoro
CEeUeHHs MOTOKA CUUTAETCsl MOCTOsSIHHOM. KpoMe Toro, B monepe4Hoi BuOpanuu tpyoda
BesleT ce0s1 Kak Oanka Diiepa — bepHyI 1 pe)uM TedeHUs! KHUIKOCTH TTPOOKOBBIH.

Macca KHIKOCTH Macca rasa

Puc. 1. IIpoOKOBBIH pexXUM T€UEHUS ra30CcoAeprKaIleil KUIKOCTH
Fig. 1. Slug flow of a gas-containing fluid

b

i
1
Lo Ly !
o S O
| Ug = o UL—l- o!
S o O o 3 X

Puc. 2. 'eomerpus TpyOompoBoaa
Fig. 2. Pipeline geometry

WNurerpansras Mozxens bonsimana — Bonbsreppa, KoTopast XapakTepHu3yeT 3aKOH 3a-
BHCHMOCTH HalpSDKEHHS G OT JedopManuy € B OJHOMEPHOM CIIydae, OIpenesieTcs u3
ypaBHeHus [15]

6=E(l-R"e=E s—jR(t—r)g(r)dr . )
0

3neck £ — MOMyNb YIPYrocTH MaTepuana; R(f —T)— aapo penakcaliu; ¢ — BpeMsl Ha-
OiroIeHNsT; T — NPEeALIECTBYIOIIEe MOMEHTY HaOIIOAEHUS BpeMsl.
I'eomeTprueckas 3aBHCUMOCTD 3a/1aIMM ypaBHEHHEM
2
o“w
g=—z2 2, )
Ox
rae w=w(x,t)— TOIepe4HbId MPorud TpyOOIPOBOAa THIIA CTEPXKHS; Z — PACCTOSHHUE
OT TOYKH IIEPEYHOTO CEYECHUsI CTEPKHS IO HEUTPaJIbHOM OCH.
W3rubatommit MOMEHT
M= j E 3)

4

rzie Ayg— TUIoIIa/h MOMEPEYHOr0 CEUCHHS TPYObI.
Ioncrasnss (1) u (2) B (3), momyuanm
*w

M =-EI(1-R")~—,
Ox

4)
roe [ = _[ zszp.

Ap
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OcHoBbIBasich Ha paboTax [16, 17], ypaBHeHHe ABMKEHHS TPyOOIPOBOIOB, TPAHC-
MOPTUPYIOUIMX ABYX(ha3HyI0 Cpely, C yYETOM CBOWCTB BSI3KOCTH MaTepHasa KOHCTPYK-
LU ¥ BHYTpPEHHEE JaBJIEHHE UMEET BUJ

EI(]—R*)#—W+2(m U, +m,U )82_w
oxt LEL e brox
*w *w
2 2
+(mLUL+mgUg—NO+ALp11)&C—2+(mL+mg+mp)¥=o,

3neck E — MOIyTb yIIPYTOCTH MaTepuana; £l — >KeCTKOCTh M3ruda; L — mmmHa TpyOsr; X
— He3aBHCUMas IIEpeMEHHas, IPOIOJIFHAsL 0ceBasi KOOpAWHATA TPYOsI; w(x, f) — mporud

B CEYEHHUH X B MOMEHT BpPEMEHH f; m;, m, 1 m, —Macca XUJKOCTH, rasa u pr6BI Co-

4 P

OTBCTCTBCHHO, OTHCCCHHAs K CIMHUIIC JTJIMHBI pr60HpOBOI[a; Ap — mjiomaab nonepey-

Horo ceuenus Tpyosr; U, , U

g CKOPOCTH IOTOKA JXUAKOCTHU U I'ada COOTBETCTBECHHO,

. 2.
P. — BHyTpeHHee JaBlieHUE; ALP =nr; n, 4

. |, — BHYTPCHHHI paJiyc M ILTOIIa/Ih

MMPOXOJAHOI'0 CCUCHUS pr60Hp0BOL[a COOTBETCTBCHHO, NO — pacTdaruBarouiee (C)KI/I—

Maromee) yeuiue; R* — MHTerpajbHbIil onepaTop BHAa
t
Rp(0) = [ Rt D))
0

R(t—1) — aapo penakcarmu KontyHoBa — Pxxannmeiaa [15]:
R(t—1)=Aexp(-B(t—1)) (- )%t
A>0, >0, O<a<l;

A — mapamMeTp BSI3KOCTH; 3 — ITapaMeTp 3aTyXaHHs; O — MapaMeTp CHHTYJSIPHOCTH, OI-
penenseMblii HKCIIEPUMEHTOM.
Bynem u3yuars pemenus ypasHenue (1) npu cieayromux rpaHHYHbIX YCIOBHAX:

azw(x,t)
2

w(x,t)= =0mpux=0,x=1L;

Y HAYaIbHBIX YCIOBHSIX
w(x,0)=9(x), Ww(x,0)=y(x),
rae 3(x), y(x)— 3amaHHBIC JOCTATOYHO TYIAAKHIE (PYHKIINH B OOJIACTH U3MEHEHHS CBO-

UX apTyMEHTOB.

MeTtoa pemeHust

[TpubamxenHoe penienue ypapaenus (1) Oynem uckarb B BUze
N
w(x,1) = > w, (09, (¥), 6))
n=1
rae w, (t) — HeKoTopble (YHKIHH, MOIIEKAIIHNE K ONPEACICHUIO, IPH 3TOM (QYyHKIHH
¢, (x) momobpaHbl Tak, YTOOBI KaK/Ibli WIEH CyMMSI (5) yIOBIETBOPSUI PAaHUYHBIM

ycnoBusM. B ciydae mapHMpHO omepTodl mo KpasMm TpyOBbl B Pa3lIOKEHHH MeETO-
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na byonoa — Tanepkuna (5) anmpokcumupytome (yHKIUM Hporuda BbIOMpaeM
B BHJIE

. hmx
Py (x) =sin—=. (6)

[MoncraBum ¢yukuuto (5) B ypaBHenue (1) U mIpuMeHUM K THOCIETHEMY TPOLERYPY
byoOnoBa — I'anepkuna. B mporecce uHTerprpoBanus ypasHenus (1) or 0 mo L mapa-
METpHI MOTOKA, BKJIFOYAsi Maccy Ha €AMHUILY JUIMHBI U CKOPOCTb IOTOKA JUIS Ta30BOH U
JKUJKOH (ha3bl B 30HE ra30BOTO ITY3BIPsl M 30HE KUAKOH (as3bl, HHTErPHUPYIOTCS OTEIb-
HO B MHTEpBaJIe OT HyJs 10 Ly, 1 oT Ly 1o L (puc. 1). ITocne HecnoxHBIX mpeoOpa3oBa-
HHUH TONYyYUM CHCTeMYy HHTeTpoauddepeHInaIbHbIX ypaBHEHHH OTHOCHTEIBHO KO-
¢ummenTos (5).

Beens cnenyromme 0e3pa3MepHbIe BETNINHBI

x w t EI
s s _2 -
L L "\m,+mg+m,

(7

W COXpaHssi MpH OSTOM IpeKHHE O0O03HA4YeHWs, IOJIYYUM CHUCTEMY HHTErpo-
I depeHInanbHBIX YpaBHEHUI OTHOCUTEIBHO W,

N N
z Akn 1'/{)n + 22 GLg,kn Wn
n=1 n=1 (8)

N _
D Pyt + oy (No =, )w + 05, (1= R )w =0,

n=1
w, (0) = wy,s W,(0)=%p,,.; k=12,..,N.
31ech

D =010 ¥ 00005 Grg s =BrurY i BoUeY s Frgsn = %on (eLknuL + egkn

L1 1 L1
1,
egkn = _I. (pn (x)(pk (x)dx; ele = J. (pn (x)(pk (x)dx; ngn = _I. (pn (x)(pk (x)dX;
0 L T

L

272
L°P
SAsT Louy =LUL,/—mL;
El EI
I’N, — I
e =LU, ; By = 5 ag, =k’ No = ; L =—.
EI mL+m +m, EI L

Touky HajJ MepeMEHHBIMU O3HAYAIOT B3STHE ITPOM3BOAHON 110 BPEMEHH COOTBETCT-
BYIOIIETO ITOPSI/IKa.

WurterpupoBanne cucteMsl (8) Ha OCHOBE MHOTOWIECHHOW alllPOKCUMAIIUH TIPOTrnoda
C YYETOM Pa3INYHBIX (PAKTOPOB, BBHITIOJIHSIIOCH C TIOMOIIBIO YUCICHHOTO METO/Ia, MPea-
noxeHHoro B [14, 18, 19]. [IBaxxasl HHTETpUPYS cucTeMy (8) I10 7, 3aIUIIeM e B MHTe-
rpasibHON (hopMe M C MOMOIIBIO PAalMOHAIFHOTO MPeoOpa3oBaHMs MCKIIOYUM CHHTY-
JSIpHBIE OCOOEHHOCTH WHTETPAJHHOTO OlepaTopa R". 3arem, monaras t=¢t;, t;=IiAt,
i=1,2,...(At=const) U 3aMeHssI HMHTETPAIBl KBaAPAaTypHBIMH (HOPMYJTIaMH TPATICIHA
JUISL BBIYUCTICHUS Wiy = Wy(2;), TTOITyurM GopMysl s sapa KontyHoBa — PrkaHuIisiHa

(R(t) = dexp(-Bt)t*™", 0<a< l) :

mn=—j<pn<x)cpk(x)dx B, =
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N N N
Z (Akn + CiGLg,kn )Win = 2 Akn (WOn + 1;VOnl‘i ) + z GLg,knWOnti -

n= n=1 n=1

i-1 N N _ _
> CA Y G i = (=1 ) D Prg s Win + i (No = P0 Jw +
jZO n=1 n=1
2 A
+ 0y, ij—ngs exp(—Br)w; sk | )¢ Q)
s=0

i=1,2,3,...; rne C;, B, — uncnopsie Ko3QOUIHEHTH TPUMEHUTENBHO K KBaPATyPHBIM
¢dopmynam Tpanenyn [19-23]:
At — At
Co=—; C.=At, j=1i-1, C,=—;
077 j J )

l

[0} e o e 1\ a o _1\%
PECN LGSR GL 5

(10)

O0cyxkaeHne pe3yIbTaToB

Pe3ynbTaThl BBIYMCICHHUI TPEICTaBICHBI B TaOnMIEe W M300pa)keHbl Ha rpadukax
(puc. 3—10). B Tabnuiie nmpuBeaeHBl KPUTHUECKHE CKOPOCTH TIOTOKA B 3aBUCHIMOCTH OT
(hU3UKO-MEXaHUYECKUX M FCOMETPHUCCKUX XapaKTEPUCTHK TpyOompoBoaa. Kak BHIHO

us3 Ta6J'II/IIII)I, KPpUTHYCCKasA CKOPOCTh ugcr Ipyu 3HAYCHUAX MMapaMeTpa A = 0 umeer 3Ha-

yenue 3.133, a mpu 4 = 0.1, cocraBnser 1.911. KosdpuumeHT KpUTHIECKOTO 3HAYECHHS
CKOPOCTH Ta30BOH (a3pl ISl BS3KOYIPYTHX TPYyOONPOBOJOB YMEHBIIAECTCS OTHOCH-
TEJIFHO YIPYTruxX TpyOorpoBonos Ha 39 %.

HccnenoBaHo BIMSIHNAE CHHTYJISIPHOTO TTapaMeTpa oL Ha KpUTHYECKHE 3HAYEHHS CKO-
poctH nByX(]asHOrO MOTOKA. YBEIWYEHHE PEOJIOTHUECKOTO IapaMeTpa o Hpueo-
oum X pocmy Kpumuueckux 3nauenuii ckopocmu nomoka. Ilpu o = 0.02 xputnue-
CKasi CKOpOCTh ra3oBoi (a3sl cocraBiseT 2.159, a mpu a = 0.75 paBHa 3.062. Kputiue-
CKHE CKOPOCTH MOTOKA OTIHYAIOTCS APYT OT Apyra Ha 41.8 %.

M3 Tabauipl BUAHO, YTO BIMSHUE IapaMeTpa 3aTyXaHHs 3, MacChl XKMAKOCTH 3; H

MacCcChI rasa Bg Ha KPUTHUICCKYIO CKOPOCTH ra3oBOM (1)8.3131 IlByX(l)a3HOFO IIOTOKa HE3Ha-

YUTCJIBHO.

Hccnenosano BiusHUE napamerpa Li, XapaKT€pU3yHOLIEro JJIUHY 30HBI I'a30BOU
(a3wel, Ha KPUTHYECKHE CKOPOCTH MOTOKA. PacueTsl moka3ain, 4To ¢ YBEITUICHUEM JJTH-
HBI 30HBI Ta30BOH (a3l yMEHBIIAETCS 3HAYCHNE KPUTHUECKOW CKOPOCTH ITOTOKA.

WzydeHo BimsAHWE MapaMeTpa BHYTPEHHETO IAaBICHHA Ha KPUTHYECKYIO CKOPOCTH
notoka. MccnemoBanus Opumm mpoBeneHs! mpu P; = 0.5; 1; 2: 2.5. V3 Tabauibsl BUAHO,
YTO C POCTOM BHYTPEHHETO JABJICHUS KPUTHUYECKAs CKOPOCTh IMOTOKA CHIXKAETCS. DTO
O0O0BACHACTCS TEM, YTO BHYTpPEHHEE aBJICHHE NPHUBOMUT K TIOSBICHUIO ITOIEPEUHBIX
CHII, IEHCTBYIOMHKX Ha TPYOOIPOBOJ, TAaK KaK TPYOOMPOBOJ], PACIIONIOKECHHBIH Ha OII0-
pax mMeeT mporud oT Beca TPyOOIpoBoaa U Beca KUIKOCTH, TPOTEKAIOIIEH depe3 Hee.

W3ydeHo BIHMsHWE CKOPOCTH >KUIKOCTH HAa KPUTHUYECKYIO CKOPOCTH Ta30BOH (a3bl.
AHanmM3 pe3ynbTaToB MOKA3hIBAET CIEMYIOIIEe: YBEIHYEHUE CKOPOCTH KHIKOCTH i)

IPUBOJUT K YMCHBIICHHIO KDHTHYCCKOH CKOPOCTH rasa u, ., Ha 21.8 %.
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3aBHCHMOCTH KPUTHYECKOH cKOpocTH IBYX(a3HOro moToka
0T (pU3UKO-MEeXaHHYeCKHUX U FreOMeTPUYECKHX MapaMeTpoB TPyOonpoBoaa

4 ¢ P B B, L N, Pi uy Uger
0 3.133
0.005 3.086
005 0.25 0.05 0.02 0.01 0.27 0.025 - 0.3 2610
0.1 1.911
0.02 2.159

0.05 2.760

0.01 0.1 0.05 0.02 0.01 0.27 0.025 0.3 2.942
0.4 ) 3.055

0.75 3.062

0.01 3.031

0.01 0.25 0.08 0.02 0.01 0.27 0.025 - 0.3 3037
0.001 3.044

0.01 0.25 0.05 0.1 0.01 0.27 0.025 - 0.3 3.051
0.7 3.034

0.007 3.038

0.01 0.25 0.05 0.02 0.1 0.27 0.025 - 0.3 3.041
0.5 3.055

0.2 3.042

0.01 0.25 0.05 0.02 0.01 0.3 0.025 - 0.3 3.033
0.32 3.027

0 3.125

5 3.812

0 0.25 0.05 0.02 0.01 0.27 10 - 0.3 4447
20 5.346

0 3.027

0.1 3.051

0.01 0.25 0.05 0.02 0.01 0.27 3 - 0.3 3.489
6 3.894

15 4918

0.5 2.771

1 2.472

0.01 0.25 0.05 0.02 0.01 0.27 0.025 5 0.3 1717
2.5 1.189

0.2 1.738

30 0.5 1.679

0.01 0.25 0.05 0.02 0.01 0.27 0.025 08 1588
1.2 1.359

HccnenoBanock BIMSIHUE BA3KOYNPYTHX CBOWCTB MaTepuaia Ha aMIDIATYIbl M dac-
TOTHI Koslebanuii TpyOomposoaa (puc. 3). st ynpyroro TpyOonpoBoaa KonebaHne Me-
HSETCsl 110 NEePHOANYECKOMY 3aKoHy (kpuBas /). sl BA3KOYNpPYTHX TpyOOIIPOBOJOB
(A=0.01 (xpuBas 2); A=0.1(xpuBas 3)) amruTyaa KoiebaHuil 3aTyXaeT.

Ha puc. 4 nzo6paxxens! kpussle w = w(0.5, £), IOCTpOEHHBIE AT PA3IUYHBIX 3HAYe-
HUH nmapamerpoB . Kpussle BeramcieHs! ais Tpyoonposona ¢ mapamerpamu A4 = 0.1;

a=025 B, =002 B, =00 Li=027; No=5 Pi=0; u, =03;u, =1.5.Kax
BUJIHO W3 TpayKOB, BIMSHKE MapameTpa 3 HE3HAYUTENBHO. DTO OOBSICHAETCS TEM, YTO

OKCIIOHCHIHAJIBHOC PO pelakCcallui HE CIIOCOOHO OIMUCATEH MMOTHOCTBIO HaCJICACTBCH-
HEBIE€ CBOMCTBa Marepuaia KOHCprKIIPIﬁ.
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Puc. 3. 3aBucumocTh nporuda TpyOsl W OT BPEMEHH ¢ IPH Pa3InYHbIX TapaMeTpax BI3KOCTH:
A=0(1);4=0.01(2); 4=0.1 (3); 0. = 0.25; = 0.05; B, =0.02; B, =0.01;

Li=027; Pi=0; No=5 u, =03 u, =15

Fig. 3. Tube flexure w as a function of time 7 at various viscosity parameters:
4=(1)0,(2)0.01,and (3) 0.1; = 0.25; = 0.05; B, =0.02; B, =0.0L;

Li=027; Pi=0; No=5; u, =03; Uy =1.5
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Puc. 4. 3aBucumocts nmporuda TpyOs! w ot Bpemenu ¢ ipu = 0.01 (/); f=0.5(2); 4 =0.1;
a=025; B, =0.02; B, =0.01; L1 =027; Pi=0; No=5; u, =0.3; u, =1.5
Fig. 4. Tube flexure w as a function of time ¢ at p = (/) 0.01 and (2) 0.5; 4 =0.1; a = 0.25;
B, =002 B, =0.01; Li =027 Pr=0; No=5 u, =03 u, =1.5
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W3ydeHo BnusHHE MapamMeTpa pacTATHUBAIOIIETO YCHIIMSA Ha IOBEACHHE TPyOOmpo-
Boja (puc. 5). [Ipn OTCYTCTBUYM pacTATHBAIOIIETr0 YCHIHUs (KpHuBasi /) aMIUTUTY1a KoJie-
OaHmii yxe ¢ MoMeHTa ¢ > 2.4 pe3ko Bo3pacraeT. [1ojoOHbIe KONEOaHUs! SBISIOTCS He-
JKeJIaTeIbHBIMU, TaK KaK IPUBOJIAT K 3apOKACHUIO H Pa3BUTHIO YCTATOCTHBIX TPEIIUH.

W3y4yeHo BIUsIHWME BHEUIHBIX PAaCTATHBAIOIINX YCHIMH B NMPOJOJIHLHOM HAIlPaBICHUN
TpyOornpoBoaa. M3 Tabmumbl BUAHO, YTO POCT PACTATHBAIOIINX YCHIMH B ITPOIOJIHLHOM
HarpasJeHUH TPyOOIposa MPUBOIUT K YBEINYEHHIO KPUTHUECKOH CKOPOCTH IOTOKA

Jutst razoBor Qasel. Ilpu Ny, =0 n N, =20 KpuTHUecKas CKOPOCTb IOTOKa IS ra3o-
BOH (a3pl cOOTBETCTBEHHO paBHa 3.125 u 5.36. Hampotus, cxxumaromue ycuinus N,

MPUBOJST K TAKOMY K€ MPOMOPIHOHATBHOMY CHIDKCHHIO KPUTHUYECKOH CKOPOCTH I0-
TOKa I Ta30BOH (ha3bl.

w

fc

Puc. 5. 3aBucumocts nporuda TpyOsl w OT BpeMEHH ¢ IpU No =0; (1); No =5; (2); No =10; (3);
A=0.1;0=025; =005 B, =002 B,=0.0L; Li=027; P;=0; N,=5; u;=03; u,=2.5
Fig. 5. Tube flexure w as a function of time 7 at No = (1)0,(2)5,and (3)10; 4 =0.1; 0 =0.25;

B=0.05; B, =0.02; B, =0.01; Li=0.27; Pi=0; No =5 u; =03; u, =2.5

[IpoBeneHsl HMCCICIOBaHUS BIUSHHS Tapamerpa Li Ha KojeOaTenbHBIN Mpoliecc

Bs3Koynpyroro Tpydomposoaa (4 =0.1). IIpu L =0.32 (xpuBas 2) MbI uMeeM KojeOa-
TEJIFHOE JIBM)KEHHE C OBICTPO BO3PACTAIOIIMMH aMIUTUTYIaMH, KOTOPOE MOXKET TIpHBEC-
TH KOHCTPYKIHMIO K paspymeHnio (puc.6). Ilpm 3ToM CKOpPOCTH Tra3oBOro IOTOKa

U, =2.3 SBISETCS 3HAYUTEIBHO BBIIIC OT KPUTHICCKON CKOPOCTH Uy, JUIS SHAUCHHH

L1 =022 u L1 =0.32. C yMeHbIIICHHEM JJIMHBI 30HBI Ta30BOi (ha3bl MOXKHO YCTpa-
HHUThH ONACHOCTbH KOJe0aTeNbHBIX JIBH)KEHHUH. ["a30BbIi TIOTOK CKaIrUIMBaeTCsl B BEpXHEH
Y4acTH TPYObI, IPUHUMAET «CHApSAHYI0» (opMy, U LIEHTP TSHKECTH MOTOKA CMEIIaeTcs
BHHM3 TI0 CEYECHHUIO TPYOBl. DTO TNPHBOIUT K HM3MEHEHHIO ITOJIOXKEHHS IIEHTpa TsDKe-
CTH ITOTOKA MPH JBIXKEHUH KUIKOCTH U MOSBJICHUIO TOMOJIHUTEIBHBIX HATPY30K.
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0 3 10 15 70 ic
Puc. 6. 3aBucumocTs nporuda TpyOsl w OT BpEMEHH ¢ TIPH L1=022 D); L1=032 (2); 4=0.1;
a=0.25;$=0.05 B, =0.02; B, =0.01; L =027; P;=0; N, =5; u, =0.3; u, =2.3
Fig. 6. Tube flexure w as a function of time ¢ at L= (1) 0.22 and (2) 0.32; A =0.1; a=0.25;
B=0.05; B, =0.02; B, =0.01; Li=0.27; Pi=0; No =5 u; =03; u, =2.3

Ha puc. 7 npuBeneHo BIMSHUE MapaMeTpa [,, XapaKTepU3YIOIIEro Maccy rasa, Ha
npotecc konebanuii Tpydonposoza. [To ocu opanHaT Ha GuUrype OTKIIaIbIBaeTCsl mapa-
MeTp nporuda TpyoonpoBo/a, a 1o ocu abcuuce — napameTp 0e3pazmMepHOro BpeMEHH.
IlepBas u3 5TMX KpuBBIX mocTpoeHa npu B, =0.01, a BTOpas kpuBas OTpaxkaeT BIMA-

Hue mapamerpa B, =0.75 mpu cnepyroumx sHadeHmsix: 4 =0.01; a=0.25; p=0.05;
B, =0.02; Z1 =0.27, }_’i =0; No =0.05 u; =0.3; U, = 2.91. Ilpu 3HayeHHsIX mapa-
merpa B, =0.75 CKOPOCTb MOTOKA SBIACTCS KPHTHYECKOMH, YTO HPHBOAUT K PE3KOMY
BO3PACTaHMIO aMILUTHTY/Ibl KojeOanuii. C yMeHbIIEHHEM napameTpa f3, aMIUIuTyaa Ko-
neGaHmii OBICTPO 3aTyXaeT.

Ha puc. 8 moka3ana 3aBHCHMOCTh 3HAYCHHS MPOTHOA W OT BPEMEHH ! MIPH Pa3iIny-
HBIX 3HAYEHMAX CKOPOCTH XKUAKOCTU u; :u; =1.542 (xpuBas 1); u; =1.962 (xpusas 2).

IIpn ckopocTH MOTOKA KHUAKOCTH u; =1.962 mposBnsgeTca TMHAMUYECKas HEYCTONYH-

BOCTb, TIOBEJICHHE TPyOOmpoBoAa MpencTaBisieT co00i KoleOaHWsS CO CTPEMHUTEIEHO
BO3PACTAIOIIMMH aMIUIUTYaMH, YTO MOXKET IPHBECTH K Pa3pPyILEHUIO KOHCTPYKLIUH
(kpuBas 2).

bru10 HccnenoBaHo BIMAHUE CKOPOCTH Ta30BOTO IOTOKA Ha IIporiecc KojedaHus Tpy-
Gonposoza (puc. 9). CkopocTH rasoBOrO IMOTOKA NPHHSATHI paBHBIMU u, =2.5 (Kpu-

Bast 1); u, =2.75 (xpuBas 2). OceBoe pacTsArMBarollee yCHine He yuuTeiBaeTcs.. Kax

BUJIHO M3 PHCYHKA, [0 MEPE yBEIMYEHHUS IapaMETpa CKOPOCTH i, TA30BOT0 MOTOKA MPO-
MCXOJIUT 3aMETHOE yXyALIEHHE KojieOaTeIbHOTO0 Mpoliecca TpyoorpoBoa (Kprusas 2).
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0.2

Puc. 7. 3aBucumocts nporuba TpyOsl w oT Bpemenn ¢ npu B, =0.01(7); B, =0.75(2); 4=0.01;
@ =0.25;B=0.05; B, =0.02 L1 =0.27; Pi=0; No=0.05 u; =03; u, =291
Fig. 7. Tube flexure w as a function of time 7at B, =(/) 0.01 and (2) 0.75; 4 =0.01; a = 0.25;
B=0.05; B, =0.02; Li =0.27; P; =0; No =0.05; u; =0.3; u, =2.91

Puc. 8. 3aBucumocts nporu6a TpyOsl W OT BpeMeHH ¢ ipH 1, =1.542 (1); u;, =1.962 (2);

A=001;a=025;B=0.05; B, =0.02 B, =0.01; Li =0.27; P; =0; No =0.05; u, =2.5

Fig. 8. Tube flexure w as a function of time 7 at u, = (/) 1.542 and (2) 1.962; 4=0.01;
a=0.25;B=0.05; B, =0.02; B, =0.01; Li =027; P; =0; N, =0.05; u, =2.5



106 b.A. Xynaapos, X.M. Komunosa

0 1 g iz 16 L
Puc. 9. 3aBucumocTs w(7) IIpU PasiUYHbIX CKOPOCTSX [OTOKA JULs ra3oBoii (assl u, =2.5 (1);
1y =2.75 (2):4=0.01;0=0.25;3=0.05; B, =0.02; B, =0.01; L1 =0.27; P;=0; N, =0.05; u, =1.5
Fig. 9. w(?) dependency at various velocities of the gas phase flow u, = (/) 2.5 and (2) 2.75;
A=001;0=025;B=0.05; B, =0.02 B, =0.01; L =0.27; P;=0; N, =0.05; u, =1.5

0 2 7 6 ‘ e
Puc. 10. 3aBucumocts mporuda TpyoOsl W OT BpeMEHH ¢ IPH Pi=0 1); Pi=3.03 2); Pi=3.04 3);
A=001;0=025B=005; B, =0.02; B,=0.01; Li=027; P;=0; No=5; u;=03; u,=22
Fig. 10. Tube flexure w as a function of time ¢ at Pi= (1)0,(2)3.03,and (3) 3.04; 4=0.01;
@ =025 =005 B, =0.02; B, =0.01; L1 =0.27; Pi=0; No=5; u, =0.3; u, =2.2
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BHyTpeHHee nNaBl€HUE CYIIECTBEHHO BIUSAET HAa JMHAMUYECKUE XapaKTEPUCTUKU
TpyOOIpPOBOA, TPAHCHOPTUPYIOLIETO Ta30coepiKallyro Kuakocth (puc. 10). U3 pu-

CYHKa BHJIHO, YTO 0 MEpe yBEIWYEHHs IapaMeTpa BHYTPEHHUX JNaBJieHHMH P; mpouc-
XOJUT YMEHBIIIEHHE CKOPOCTH M yBEIMUEHHNE aMIDIUTYAbI konebanuii. [lpu P; =3.03u

P; =3.04 ckopocTh ra30BOro MOTOKA MPEBBIMIAET CKOPOCTh KPUTHYECKUX, KOJIEOaHHS
mproOpeTaroT OBICTPO BO3PACTAIOIINE aMILTUTY ABI.

3akjouenue

Pazpaborana mMaTemaTHueckass MoJeNb KOJeOaHUH BA3KOYNPYTHX TPyOOIPOBOJIOB,
TPaHCIIOPTUPYIOIIUX NBYX(]a3HbIE CPEAbl C yUETOM BHYTPEHHETO JABJICHHS JKUIKOCTH.
Pa3paboTaH BBIYMCIMTENBHBIA AITOPUTM JUIS PEICHHs 3a/1a4 pacueTa KojeOaTebHbIX
MPOLIECCOB TPYOOIIPOBOJOB C IPOTEKAIOMINM JBYX(ha3HbIM 1moTokoM. [Ipu uncnenHom
MOJIETTMPOBAHNY 3a]a4l UCCIIEOBAH PsJl TUHAMHYECKHUX dPPEKTOB:

- BBIBICHO, YTO YBEJIMYEHUE BHYTPEHHETO NABJIECHUS NPUBOAUT K YMEHBIIECHUIO
KPUTHYECKOI CKOPOCTH ABYX(a3HOTO MOTOKA;

- YCTaHOBIICHO, YTO YBEIMYECHHE PACTATHBAIOIIETO YCHJIMS MPUBOAWT K BO3pacTa-
HHIO KPUTHYECKOH CKOPOCTH ABYX(a3HOTO MOTOKA;

- TIOKa3aHO, YTO y4YeT BSI3KOYNPYTHUX CBOMCTB Mareprasa KOHCTPYKIUH IPHUBOANT K
YMEHBIICHUIO KPUTUIECKOH CKOPOCTH MTOTOKA.
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A mathematical model of vibrations of horizontal viscoelastic pipelines conveying two-phase
medium in a slug flow taking into account the internal pressure is proposed in the paper. In the
study on vibrations of the pipeline conveying gas-containing fluid, a viscoelastic model of the
theory of beams is used. The hereditary Boltzmann-Volterra theory of viscoelasticity with weakly
singular hereditary kernels is used to describe the viscoelastic properties of the pipeline material.
By means of the Bubnov-Galerkin method, the equations of the pipeline motion are reduced to the
study of a system of ordinary integro-differential equations (IDE) with variable coefficients
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relative to a time function. The solution to the IDE is obtained numerically using the quadrature
formulas. The effect of both gas and fluid phase flow rates, tensile forces in a longitudinal
direction of the pipeline, internal pressure parameters, singularity parameters in the hereditary
kernels on the vibrations of the pipeline made of composite material are studied numerically. It is
found that the critical velocity of the gas flow decreases with an increase in the pressure inside the
pipeline.
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MOJIEJIMPOBAHME NNOBEJEHUS OTKJIUKA OPTOTPOITHOM
IJIACTHHBI ITPU BO3JIEMCTBUU IUHAMUYECKOM HATPY3KH

IIpousBeneHa OILEHKA HAIMpPSHKEHHO-AC(POPMHUPOBAHHOTO COCTOSIHUS BJIEMEHTa
KOHCTPYKIIMH, BBITOJHEHHOTO B BHE IUTACTUHBI U3 H30TPOITHOTO MII OPTOTPOII-
HOTO MaTepuala, IpU AEHCTBHN MMITYJIECHOM Harpys3kd. PaccMoTpeHsI pa3imd-
HBbI€ yCJIOBUS 3aKpeIUICHHs Ha KOHType IUIaCTUHBI, Harpy3Ka 3a1aeTcs B BUJE yC-
KOpeHHs TOYCK 3aKpEIUICHUs B HalpaBJICHUU HOPMalM K IUIACTUHE. AKTyallb-
HOCTb Takol MH(OpMalu 0COOEHHO BaXKHA I CIy4as, KOrJa €e HEeBO3MOXKHO
OIIPEIENUTh B PeallbHbIX YCIOBHAX HCIIONb30BaHHA H3Aeauid. B cumy ocoGeHHO-
CTH TEOMETPUH 3JIEMEHTa MpeIaraeTcsi HCIOIb30BaTh COOTHONIEHUS TEOPUH
IUTACTHH. YPaBHEHMS IBIDKCHHUS DPEIIAloTCs ¢ MPUMEHEHHEM KOHEYHO-Pa3HOCT-
HBIX cooTHOmeHuil. ONeHNBaeTCsl BIMUSHAE COOTHOLIEHHS YIPYTHX CBOUCTB IO
Pa3IMYHBIM HANPaBIEHUSM (II0 OCSIM OPTOTPOIHMH) HA MapaMeTphl HANPSHKCHHO-
ne(hOpPMHPOBAHHOTO COCTOSTHHUS IUIACTHHBI M XapaKTep H3MEHEHHS NX BO BPEMEHH.

KitoueBble ¢10Ba: Mamemamuyeckoe MoOeIuposamiie, U30mpontblil Mamepuar,
OPMOMPONHBLIL MAMEPUATL, HARPANCCHHO-0CPOPMUPOBAHHOE COCMOSAHUE, YPAGHE-
HUe OBUINCEHUSL.

PaccmarpuBaercs 3amavya 0 HampspkeHHO-IegopmupoBanHoM coctosaun (HJIC)
9JIeMEHTa KOHCTPYKLUH, IMPEICTAaBISIONIET0 COOOH IJIaCTHHY, 3aKpEIUICHHYIO 110 ee
KOHTYpY. TOUKM (WJIM JIMHUM) 3aKpeTyIeHUs] HaXOMIsITCs Ha JKECTKOM OCHOBaHHH, IPH-
YeM 3TO OCHOBAaHHWE IIOJy4aeT MMITYJIbC YCKOPEHHUS! M3BECTHON BEIMYMHBEI U (POPMBI B
HalpaBJIeHUH, TIEPICHINKYIIPHOM IUIOCKOCTH ITUIACTUHBI. Ecnn mpuHATH, 9TO MiIacTH-
Ha SIBISIETCS] aOCOIIOTHO JKECTKOM (M3BECTHAS U3 TEOPETHIECKOW MEXaHWKU MOJAENb a0-
COJIFOTHO TBEPAOTO TENa), TO BCE €€ TOUKH OYIyT UMETh T€ e YCKOPEHHs, CKOPOCTH U
nepeMerneHus (mapaMeTpsl IBIKCHNUS), YTO U 33/laHHbIE Ha KOHTYpE BEIWYHMHBL. B 1eii-
CTBHUTEIBHOCTH 3a CUeT Je()OPMHUPOBAHNUS IUIACTUHBI B Pa3HBIX €€ TOUKaX 3TH IapaMeT-
PBI OBIXKEHUS] OyAyT pa3IudHbIMU. IHTepec NMpecTaBIIsAIOT UX SKCTPEMANIbHBIC 3Haue-
HUSI, B YaCTHOCTH MapaMeTpPbl YCKOPEHUs, IIOCKOJIbKY UMEHHO OHH OMPEIEISIOT Macco-
BbI€ CHJIBI (CHIIBI MHEPIIMH) KaK B CAaMOH IJIACTHHE, TaK U B JIIOOBIX AJIEMEHTAaX, CBSI3aH-
HBIX C €€ MOBEPXHOCTHbI0. DTH CHJIBI MOTYT BBI3BaTh HapyllIeHHE I[eIOCTHOCTH IIACTH-
HBI WIN 3JIEMEHTOB.

HJC opTroTponHO# MaacTUHBI IpU JEHCTBUU AMHAMUUYECKON HArpy3KH MpeaIaraer-
Csl OLIEHUBAThH C MCIIOJIb30BAaHUEM CPEICTB BBIUMCIUTENLHON MEXAaHHKH Ha OCHOBE CO-
OTHOIIEHUH TEOPUH IUIACTHH, T.€. UCIIOI30BaTh IS aHAIN3a KOHCTPYKIIMK MaTeMaTH-
YECKOE MOJEJIMPOBAHNE B COUETAHUH C YUCIEHHON pealn3alnei.

H3oTponHbie M OPTOTPONHBIE MO/IEIH MJIACTHH

PaccmarpuBaercst peakmysl MIaCTHHBI Ha YAApHYIO Harpy3Ky [1, 2], BEI3BIBAIOMIYIO
YCKOPCHUEC TUIACTUHBI BAOJIb HOPpMAJIN K Hel. 3aK0H U3MEHEHUS Harpys3ku BO BpEMCHU
3aJ]aeTCs KyCOYHO-JIMHEWHOH (yHKIMEl, B 4aCTHOCTH, B BHJIE Tparneluu. Takoi BEIOOp
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OTIpEeJIeIISIeTCsI TEM, YTO TIPH OTPaHMYEHHOM YHMCIIe TapaMeTPOB, ONpeessiionmx Gopmy
UMITyJ1bCa, MOXKHO MOTyYUTh XOPOIIYIO alllIPOKCUMALIUIO PEeaTbHOM Harpy3KH.

Bri6upast cucreMy KOOpAHMHAT, CBSI3aHHYIO C )KECTKHM OCHOBaHHEM, MOXXHO MCKIIIO-
YUTh M3 PACCMOTPEHUs OOIIYIO JJIsI BCEX TOYEK IUIACTHHBI ITOCTOSHHYIO COCTaBIISIO-
HIyI0 HepeMeIleHri. DTO BaXKHO MPU YHUCICHHOW peanu3aliy ¢ UCHOIb30BAHUEM KO-
HEYHO-Pa3HOCTHBIX COOTHOIICHHWH, TaK KaK IEepeMeIleHHs, onpeaessionme nedopma-
IIH, MHOTO MEHBIIIE 3TOI COCTABIISIONIEH, @ PA3HOCTH OTHOCUTENBHO OJIM3KUX BEITHMIMH
CUHTAIOTCSI ¢ OOJIBIIMMH OIMOKAaMH 32 CYET OKPYTIICHUS.

ITockonbKy 3Ta cucTeMa B CHIIy TMOCTAHOBKH 33Ja4yd HE SIBISETCS HHEPIHATbHON
(3aKOH JABMKEHHs OCHOBAHUS — U COOTBETCTBEHHO Hayaia KOOPAHHAT — 3aJaeTcs B BU-
JIe UMITyJIbCa YCKOPEHHUs), B YPaBHEHHUS JIBIKEHUS HEOOXOIMMO BBECTH MACCOBBHIE CH-
JIBI, OTPaXKAIOIINE XapaKTep CHCTEMbI OTCUETA.

Jlna coydas, Korja MaTepHuai INIAaCTHHBI SBJISETCS U30TPOIHBIM, B IPOCTEHIIIEM JTH-
HEIHOM cily4ae ypaBHEHUE JIBMKEHUS MOXKHO 3allMcaTh B BUIE [3, 4]

D 4 aZW
—V'w+p——+pG(t) =0, 1
P P2 pG (1) (1)

3
rae D= ? — TaK Ha3bIBa€Masl NUJIMHAPUYCCKAs JKCCTKOCTH IIACTHUHBI; E - MOoA4yJlb

YIPYTOCTH MaTepHalia TUIACTUHBI, /i — ee TOoNIuHA; W(X,y,f) — IPOTUOBI TUTACTHUHBI, T.€.
NEPEMEUICHUA BAOJb HOPMAJIU; X, ¥ — ACKAPTOBbBI KOOPAUWHATHEI BJOJIb CTOPOH IJIaCTH-
HBI; ¢ — Bpems; G — 3alaHHOE ycKopeHue, Torna pG(f) — MaccoBBIE CHITbI, BOSHUKAOIIHE
, o ot ot .
3a cueT BbIOOpa CHCTEMBI oTcuera; V =—t2 =+ nuddepeHnnanbHbIH
ox ox“ oy~ Oy

OTIepaTop YETBEPTOTO MOPSAKA.

Bo MHOrux ciydasix Mpyu M3rOTOBJICHHH KOHCTPYKIMH MJIM X 3JIEMEHTOB pallno-
HaIIbHBIM SIBJISIETCS] BAPUAHT, KOTa MaTepraj o0JialaeT aHW30TpoIueil aedopMaIioH-
HO-TIPOYHOCTHBIX CBOWCTB [5, 6]. [l yIPOUHEHHBIX BOJOKHAMH MOJMMEPHBIX KOMIIO-
3ULMI aHU30TPOIUS MOXKET PETYIHPOBATHCSI OTHOCUTENBHO NPOCTHIMU CPEACTBAMY,
HarpuMep, IyTeM BapbHUpPOBaHMS HAIPABICHUH YKIaJIKH U COOTHOLICHUH MEXIY KOJIH-
YecTBaMU ITOJIKPEIUISIONINX BOJIOKOH. B pabore paccmarpuBaercst cirydail JOCTaTOYHO
PacIpoOCTpaHCHHBIX OPTOTPOIHBIX MaTepHalioB. B 3ToM ciy4yae ypaBHEHHE TBUKCHUS
10 ()opMe HECKOIBKO YCIIOXKHACTCSI M IPUHUMAET BH]T

4 4 4 2
D“a—:ﬁzon 52W2+0226 zv+th(t)+pha—ZV=0; @)
ox Ox~ 0Oy oy ot

3
a, h
_ “nm _

=== m=1,2), 3)
rae (3) — mIMHIpUYecKas KeCTKOCTh IUIACTHHBI, B JAHHOM Cilydae pasiudHas s
Pa3HBIX HAMPABIICHUM B CHITYy PasHBIX MOIYJIEH YIIPYTOCTH MaTepHalia B JABYyX B3aHMHO
NEPIEHINKYISPHBIX HaNpaBIeHusX, a KOdOQUUUEHTH Ay, IS OPTOTPOITHOTO MaTe-
pHana ONmpeaeNOTCs MO COOTHOIEHUSIM

E, _ B _ Evy 4
%2 =7 » 42 7 : “

ViV ViV,

T,
Viva

B nomonHenme x paHee BBEICHHBIM 0003HAUYEHHAM IPUHUMAETCS, 9T0 E|, F, — MOIyITH
IOHra BIoss cTOPOH NPSIMOYTONBHOM TUTACTHHEL, Vi, v, — KoaddummeHTs! [Iyaccona.
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Hauanbnbie yCoBUA NPUHUMAIOTCA B BUAC PaBCHCTBA HYJIIO HepeMeH_[eHI/Iﬁ U CKO-
pocteii nepeMenieHuit npu ¢ = 0:

w(x,,0)=0, 0 %)

ow(x, y,0) _

ot

Jlyis onucaHus 3aKpeIUICHHs IIACTHHBI HA €¢ KOHTYpe ObUIM MPUMEHEHBI IBa THIIA
TPAHUYHBIX YCIIOBUH — INAPHUPHOE M JKECTKOE 3aKperuieHue. J[is mapHupHOro 3aKper-
JICHUSI PaBHBI HYJIFO TIEPEMEIICHHS U BTOPBIC TIPOU3BOIHBIC OT HUX, IMOCIICIHES 03HAYACT
OTCYTCTBHE MOMEHTOB Ha IapHupax. [Ipu Tak Ha3bIBaEMOM KECTKOM 3alCMJICHHH PaB-
HBI HYJIIO TIEPEMEIIICHUS U TIepBast IPOM3BOIHAS, YTO XapaKTepU3YeT 3arpeThl Ha CMeEIIle-
HUSI ¥ IOBOPOTHI KPOMOK IDTACTHHBI. Y CIIOBHUS JUISI CBOOOTHBIX TPAHHMII 3aIMUCHIBAIOTCS B
BUJIC PAaBEHCTB BTOPOH U TPEThEil MPON3BOTHEBIX OT MEPEMEIICHUI 0 HOPMAIH K KOHTY-
Py IUIACTHHBI HYJO. DTO 03HAYaeT OTCYTCTBHE MPHIOKEHHBIX MOMEHTOB U TEepepe3bl-
BAIOIMX CHJI HAa THUX IPaHHIAX. B M3BECTHOM CMBICIIE KECTKasi U IIAPHUPHAS 3aCIIKH
OepyT B BWIKY pealbHOE 3aKperuieHne Ha KOHType. [Jist Toro 4to0bl MOJIeb OMKUChIBATIA
peabHOe 3aKpeIlieHre, He0OOXOANMO B 00JIACTSIX KPEIICHHs 33/1aTh ONPEACICHHYIO CTe-
MICHb CBOOOIbI, BEJIMYMHA KOTOPOI TIOA0MPAETCS SKCIIEPUMEHTAIBHBIM Iy TEM.

Takum 00pa3oM, B KaKIOH TOYKE IJIACTHHBI HAa €€ KOHTYPE 3aar0TCs YCIOBHS IS
CBOOOTHBIX MPAHHUII, JJIS APHUPHOTO WK )KECTKOTO 3aKPCTUICHHS :

2 2 3 3
8_;1/ =0 6_v2v =0 6_?) =0 6_v3v =0| — cBOOOIHBIC IPAHHUIIEI; (6)
Ox oy Ox oy
2 2
w=0 a_zv =0 6_;1/ =0 | — mapHUpHOE 3aKpeIJICHHE; @)
Ox oy
w=0 ow =0 (a_w =0 |- xKecTKoe 3aKperieHue. (8)
ox oy

[TockoNBKY B YpaBHEHHUSX IBIDKCHHS HNPOU3BOAHBIC MO MPOCTPAHCTBY MMEIOT YeT-
BEPTHIH NOPSIOK, KOJIMYECTBO YCIOBHI Ha TpaHHIAx (IO JABa B KKIOW TOYKE KOHTYpa
IUTACTHHBI) 3aMBIKAeT MATEMATHYECKYIO MOJIEIIb.

[Ipon3BonHBIE IO BpEMEHHU B ypaBHEHHAX ABKeHus (1) mim (2) mMeroT BTOpoi mo-
PSIOOK, ¥ KaKIO€ W3 ITHX YPAaBHEHHI MOXKHO NPHUBECTH K CHCTEME IBYX YpaBHEHHUH
IIEPBOTO IOPsIIKa IIyTeM BBeIeHUs (QYHKINHU CKOPOCTeH

ow(x, y,1)
o

PacueTsl NMPOBOAMINCH C HCHOIB30BAHUEM KOHEYHO-PA3HOCTHBIX COOTHOIICHHH.
J7s 3TOro BBOAMIACH AByMEPHas CeTKa X; = i xAx, y;=jxAy,i=0,1,..., N,, j=0,1,...,
N,, Ax = a/Ny, Ay = b/N,, Ny, N,— HOMepa IOCJIEIHUX y3II0B BOJIb HAIIpaBlIeHHUH ocel X,
y, MapaJuIeNIbHbIX CTOPOHAM IUIACTUHBI, ¢ ¥ b — pa3Mepsl IIACTUHBI B M1aHe. Yucio y3-
508 110 ocsiM OX u OY cocrasnser 24 u 14 coorBercTBeHHO. IIpoBepka ceTouHO# cXo0-
JIMIMOCTH TIOKa3ajia, YTo P 3TOM ITOTPEITHOCTh PacyeToB BIIoJHE mpuemiema. Cremy-
€T Y4ecTbh, YTO caMa MOJEINb IUTACTHHBI MTPEAToJaracT HaJTMUUe TOTPEIHOCTH TOpsIKa
h/a, TIe @ — MUHAMaJIbHBIA M3 pa3MepoB IUTACTHHBI B IUIAHE.

Hanee BBOAATCS  COOTBETCTBYIOIIME CETOYHbIE (YHKIMH  II€pPEeMELICHUH
wi(£) = w(x;, y;, t) U cKopocTeit mepeMerenuit wyy; (1) = wi(x;, y;, 1). Anddepenunansueie
OTIEpaTOpPHl B YPABHEHUSIX IBIDKCHUS 3aMEHSUINCh PA3HOCTHBIMU. J[11s1 ceTouHbIX (yHK-
A TOJTydYaeTcsi CHCTeMa OOBIKHOBEHHBIX MH(depeHnnanpHbIX ypaBHEHHH, KOTOpas

Wl(xﬁyst): (9)
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pemaetcst MetooM Pynre — KyTThl BTOporo mopsinka. B pesysbrare MOIy4aroTcs MOt
nepeMeIeHui (mporuboB), CKOPOCTEH M YCKOPCHHWH TOYCK IUTACTHHBI Kak (DyHKIHH
BPEMECHHU.

[TockonbKy ammpokcUMAaIys MPOW3BOIHBIX BO3MOXHA JIHIIG JUIsI BHYTPECHHUX TO-
YeK, IoNydaeMasl CHCTeMa anreOpandecKuX YpaBHEHUH OTHOCHTEIBHO CETOYHBIX
¢byHKIWMiA He 3aMKHYyTa. J[JIs peleHust 3Toi CHCTEMbl HEOOXOMMO OMOJIHUTH €€ KO-
HEYHO-Pa3HOCTHBIMH COOTHOIICHUSMH, ANMPOKCUMUPYIONMMH TPAaHUYHbIC YCIOBHUS B
KaXX/I0¥ Touke KOHTypa Bupa (6), wiu (7), mwim (8).

Moz[eJmpona}me OTKJIMKA IJIACTUHKH ITPH BHEIITHEM BO3AeCTBUM

Harpyska B BHJE 3aBUCHMOCTH YCKOPEHHs TOYEK (JIMHHMH) KpEIICHUs IUIaCTHHBI
moka3aHa Ha puc. 1. 3agaua perraercs ais cinydas £, = E, = 22000 MITa [7]. Pesynbra-
ThI IPUBEIEHBI IS y371a ¢ KoopanHaTaMu 1o ocsiM OX u OY — 12 u 7 cOOTBETCTBEHHO.
ITepBoHauanpbHO Harpyska pacTeT OT HyJs IO 2 MC, Jajee YPOBEHb OCTAeTCs MOCTOSH-
HbIM. Kak BHIHO 1O rpaduKy, OTKIMK Ha IUIACTHHE TaK JK€ PacTeT, Kak U Harpyska, 10
2 Mc, a TIOCJIe TOTO KaK BHEIIHEe BO3JEHCTBHE MPUOOpPETaeT CTaTHYECKHUH Xapakrtep,
OTKJIMK YCKOPEHHUI Ha IIaTe HAaYMHACT YMEHBIIATHCS.

2000 _ YckopeHnne Ha maTe | _ . . — — _— .
| = —=H
1 arpyska P
1 /
1600 T p)
R 7 /,
S ]
% 1200 - 4/
2 i
= 4
[}
% 4
é 800 ]
400
T T T T T T T 1
0 1 2 3 4
Bpewms, mc

Puc. 1. BHelHee Bo3/I€HCTBIE U OTKJIUK, BOSHHUKIIHI Ha [UIATe
Fig. 1. External impact and a response arising on the plate

[TpuBeneHsl pe3yabTaThl pacueToB JJIs CIydas, KOrja B KauecTBe MaTepHaia Obul
BBIOpaH CTEKJIOTEKCTOJIHUT, 3TO PACHPOCTPAHEHHBIM MaTepHal ¢ OPTOTPOIHBIMU CBOICT-
Bamu. Pa3mepsl mmactunel a xbxh cocrapisitor coorBercTBeHHO 0.180x0.080x0.002 M.
[Be ctopons! rutactuHbl (auuHOM 0.18 M) 3aKkpernyieHsl MIapHUPHO, a JBE APYTHE CBO-
6omHbl. Monmyns E, OTBeyaeT HampaBiCHUIO BJIOJIb KOPOTKMX CBOOOJIHBIX CTOPOH.
®opma BBITyYUBaHUS IIACTHHBL (PHUC. 2) HAIIOMUHAET apKy, Kpas KOTOPOH 3aKperuie-
HBI, MaKCUMaJIbHBIE MTPOTHOBI HaOmoaoTes B ee cepeaune. [Ipn 3ToM Ha OmgHON CTO-
pOHE IUTACTUHBI BO3HUKAIOT CKMMAIOIIUE, Ha IPYTOi — pacTATUBAIONINE HANPSKCHUS,
CBsI3aHHBIE C MOAYJIEM K.
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T

Puc. 2. ®opma KoneOaHus IUIACTUHBI, YCIOBHE 3aKPEIICHHS:
BIOJb OCH X — IIAPHUP, BOOJb OCH ) — CBOOOJHBIE TPAHUIIBI
Fig. 2. Plate oscillation shape and fixing condition:

a hinge along the x axis and free boundaries along the y axis

Ha puc. 3 npuBeneHsl 3aBUCHMOCTH MaKCHMAalIbHBIX IPOTHOOB IUTACTHHKH OT Bpe-
MEHHU JUIsl Cilydasi OpTOTPOIHOM IIIaCTUHKU. HenpepbIBHON CIIONIHON JIMHUEHN MTOKa3a-
HBI Pe3yJbTaThl JUI1 M30TPONHOIO MaTepHana IUIACTUHKH, JPYTHUE KPHBBIE OTBEYAIOT
pa3HbIM BapHaHTaM COOTHOIICHUI MeXIy MOLYJISIMU yNIPYTOCTH BJIOJIb CTOPOH IPSIMO-
YTONBHOM IUIaCTHHBI, COOTBETCTBYOIINE 0003HAYEHN OKa3aHbl Ha pucyHke. dusnye-
CKH pe3ylbTaThl 3aKOHOMEpHBI: HW3MEHEHHME MOJIYJS YIPYrocTH FE; HE OKa3bIBaeT

] rd
0.25 - — E; =22000, E, = 22000 7/ )
- = E,=22000, E, = 11000 V.
1 —— E; =11000, E, = 22000 gy
0204 7 Er=22000, By = 44000 7
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§ y,
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£ 0.15 1 .
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[P}
3
£ 0.10
: -
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0 3 4

Bpewms, mc

Puc. 3. 3aBUCUMOCTH NPOTrHOOB IUVIACTHHKY B €€ IIEHTPE OT BPEMEHH IS
OPTOTPOIHOM TMJIACTHHKM IIPH Pa3IMYHBIX COOTHOIICHHSAX MEXIYy YIpY-
THMH MOJYJISIMH BJIOJb CTOPOH (OCeif OpTOTPONMH), YCIOBHS 3aKperuie-
HUS CM. pHC. 2

Fig. 3. Deflections of the plate center as functions of time for an
orthotropic plate with different ratios between elastic modules along the
sides (orthotropy axes); for fixing conditions, see Fig. 2
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KaQ4Y€CTBCHHOI'O0 BJIMAHHWA Ha PE3yJibTaT, IMOCKOJIBKY BJI0Jb Goitee JUTMHHOM CTOPOHBI
IJ1aCTUHA MPAKTUYECKU HE }Ie(l)OpMI/IpyeTCSI. Uto kacaeTcs MOyJid yOpyroctu Ez, TO C
€T0 YBCIMYCHUCM HNUWIMHAPUYCCKAA KECTKOCTH IIJIACTUHKU B COOTBCTCTBYIOLICM Ha-
IIpaBJICHUN YBCINYUBACTCA, 4 C YMCHBIICHUEM COOTBETCTBCHHO y6I>IBaeT, 4YTO IPHUBO-
JUT K IPOTHUBOIIOJIOKHOMY U3MCHCHUIO BEJININH HpOFI/I6OB.

Pe3yabTaThl HATYPHBIX UCTIBITAHUI

JlJist ToNTydeHnsT UCXOAHBIX TAHHBIX 110 MATEMAaTHYECKOMY MOJICIUPOBAHHUIO U JJOKa-
3aTeNbCTBA HAJMYKS OPTOTPOITHBIX CBOMCTB MaTepualia CTEKIOTECTOIUT MIPOBEICH IKC-
MEPUMEHT Ha pa3pbeiBHOW Mammee Instron 5582 [8]. Pasmeps! oOpa3moB COCTaBISIIA:
110.00x5.50x0.45 mM. 30Ha 3axBaTa THCKOB 25 MM C Kax 0K CTOPOHBI, pabodast 30Ha —
60 MM. OGpasITel BRIPE3ATHCh B ABYX B3aMMHO MEPIEHANKYIISPHBIX HAMPABICHUSX, YTO
MO3BOJISIET OLIEHUTH COOTBETCTBYIOIINE CBOWCTBA OPTOTPOIIHOTO MaTepuala.

Pe3ynbraThl MEXaHMYECKUX MCIIBITAHUH MPUBENICHBI Ha pHC. 4.

300+

250

200~

150

Hanpsoxenns, MIla

T T ' T T T ? T 3
0 0.5 1.0 1.5 2.0
Hedbopmanus, %

Puc. 4. [lnarpammel 1edopmMariuii, oJry4yeHHbIE [UTI MaTepraa CTeKIOTEKCTOIHUT
IIPY OHOOCHBIX MCTIBITAHUSIX BOJb OCEH OPTOTPOITHU
Fig. 4. Stress-strain diagrams obtained for a fiberglass laminate material
during uniaxial testing along the orthotropy axes

[epBBie Tpu KpHBBIC, N300paKEHHBIC HA AUarpaMMe jJaedopMalliy, COOTBETCTBYIOT
00pa3iam, moy4eHHbIM BA0JIb ocu OX, 4 u 5 — Bonb ocu OY. Pe3ynbTaThl HCIIBITAHUIA
MOJITBEPXKIAIOT HAJIMYHE OPTOTPOMHBIX CBOWCTB MAaTepUaa CTEKIOTEKCTOJHT, YTO
BUHO TIO PA3IMYMI0 XapaKTepy OTKIMKA MaTepuaia Ha Harpyxerue. Moayiau ymnpyro-
ctu coctaBistoT (15 £ 0.1) I'Tla mpu BozmeiictBuu Bonb ocu OX u (11 +£0.1) I'Tla —
BJOIb OY. DTH pe3ynbTaThl MO3BOIIIOT 337aTh CBOWCTBA MAaTEPHAJOB MPH MaTeMaTH-
YECKOM MOJICITHUPOBAHUH.
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3akJar4enue

OproTponus aedopMalMOHHO-IIPOYHOCTHBIX CBOWCTB MaTepHalla IUIaCTUHBI, B Ya-
CTHOCTH, HaJIM4Me Pa3HBIX MOIYyJeH yNpyrocTH, OKa3blBaeT 3aMETHOE BIIMSHME Ha Xa-
paxtep HJIC, a npeasioxkeHHas U pealu30BaHHAsl MOAEb I03BOJISIET MONYYUTh KOJIUYe-
CTBEHHBIE OLIEHKU 3TOr0 BIIMSHUS.

Co3pmaHHas MOJeNb U TOJMy4YEHHBIE C €¢ MPUMEHEHHEM pPe3yJIbTaThl OCHOBAHBI Ha
JAHHBIX (PU3NYECKHUX HKCIIEPUMEHTOB, ITOMYUYCHHBIX B 1a00OPaTOPHBIX ycloBusax. Pa3spa-
6oTaHHAsA W peaqn30BaHHAS MOAENb IIPUMEHUMa Ui oneHkH nmapamerpos HJIC B pe-
JIBHBIX YCIOBHUAX KCILTyaTal[iH, KOTOPBIE HEJb3s TIOJHOCTHIO U TOYHO BOCHPOU3BECTH
B JIaDOPATOPHBIX YCIOBHUSX.
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Shcherbakov 1.V., Lyukshin B.A. (2019) SIMULATION OF THE BEHAVIOR OF AN
ORTHOTROPIC PLATE RESPONSE UNDER DYNAMIC LOAD Vestnik Tomskogo
gosudarstvennogo universiteta. Matematika i mekhanika [Tomsk State University Journal of
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Detection of the structural defects in devices and machines at early stages is an urgent
problem in the instrument-making industry. Such requirements are based on the need to reduce
the time of manufacturing new products, and to decrease the expenses for creating prototypes.
One of the tools which is capable to solve the complex problems is a mathematical modeling. In
this paper, the simulation of the device has been reduced to the level of describing orthotropic
plate behavior. Such methodology makes it possible not only to numerically analyze the process,
but also to experimentally evaluate the adequacy of the obtained results. The model is based on
the equation of motion which allows one to describe the behavior of the orthotropic plate under
external dynamic load. To confirm the simulation results, an experiment is carried out, which
yields the elastic modulus of the real orthotropic plate and gives an opportunity to compare the
results with the data from tables, as well as to show the presence of the orthotropy in the sample.
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