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YIIPABJIEHUE JTUHAMUYECKUMHU CUCTEMAMH

VK 517.977.56
DOI: 10.17223/19988605/39/1

A.N. AramanueBa, K.b. Mancumos

OB OJIHOM 3AJTAYE YIIPABJIEHUSI, OMUCHBIBAEMOM CUCTEMOU
HUHTEI'PO-IU®PEPEHIIMAJIBHBIX YPABHEHUN

PaccmarpuBaercs rpaHIYHAS 33aada ONTHMAIBHOTO YHPABJICHHS [UIS CUCTEMBI MHTETpO-Au(QepeHINaIbHBIX ypaBHEe-
Hui. [Tomydensl He0OOXOANMEBIE YCIOBHS ONTHMAIBHOCTH.

KiioueBble cjioBa: HEOOXOIMMOE YCIOBHE ONTHMAIbHOCTH; HHTETPO-AH(GEepeHIMANIFHOE YpaBHEHHE, TPUHIIUI MaK-
cumyma [loHTpsATruHa; TMHEApU30BAHHOE YCIOBUE MAKCUMyMa.

B paborax [1-3 u ap.] u3ydeH psan 3a1a4 ONTUMAIEHOTO YIIPaBJICHUS AMHAMUKON TOMYJISLNH, ONICHIBae-
MBIX OIPEACICHHBIM KIacCOM MHTErpo-au¢hepeHnaabHbIX ypaBHEHHH. Y CTAaHOBIICHBI HEOOXOIMMBIE YCIIOBUS
ONTHMAIFHOCTH B ()OpME BapHAMOHHOTO MPUHILIMIIA MAKCHMYyMa, a TaKoKe JTHMHEAPU30BAHHOTO YCIOBHS MAaKCH-
MyMa [P MPEANOI0KEHIH, YTO YIIPABIIAIONIas (GYHKIMS BXOAUT B MIPABYIO YaCTh YPaBHEHUS COCTOSHHUS.

B nmpemniaraemoii pabore uzyyaercs aHaIOTHUHAs 3a7ada Py IPEANOI0KEHUH, YTO BEKTOpP YHPaBJISIO-
IIMX BO3JACHCTBUII BXOJUT B HayaJbHOE yciIoBUE ypaBHeHUs. [lomydeH psi HeoOXOJUMBIX YCIOBHI ONTHMAIIb-
HOCTH.

1. ITocTanoBKAa 3aga4u

PaCCMOTpI/IM 3aavy O MUHUMYMC TCPMUHAJIBHOI'O TUIIA (bYHKL[I/IOHaHa

X
S = [ o 2(0,x))x 1)
X0
NPU OrPaHHYEHHSIX
Zt =f(t,x,z,y), (tax)EDz[t0>tl]X[x07xl]’ (2)
y(t,x) = Tg(t,x,s,z(t,s))ds,x elx,,x], z(t,,x) = TF(x,s,z(tO,s),v(s))ds. 3)

Xo Xo
3nece f(t,x,2,¥),8(t,X,S,z) — 3aAaHHbIC 1- U M-MEPHbBIC BEKTOP-()YHKIIMHU, HEMIPEPHIBHBIC TI0 COBOKYITHOCTH
MEPEMEHHBIX BMECTE C YaCTHBIMH TPOHM3BOIHBIME 0 BEKTOpam cocTosiHus, F'(x,z,V) — 3amaHHas n-MepHas
BEKTOP-(QYHKIUsI, HEMPEephIBHASI MO0 COBOKYITHOCTH TIEPEMEHHBIX BMECTE€ C YAaCTHBIMH MPOU3BOIHBIMHU IO

Z, by, 4y, Xo, X, (89 <15 Xy <X;) — 3amaHbl; @(X,z) — 3aJaHHas CKaylspHas QYHKIHs, HEIPEPhIBHAS 110 COBO-

op(x,z)

KYITHOCTH MEPEMEHHBIX BMECTE C a—, a v=v(x) — KyCOYHO-HEPEPHIBHBIN (C KOHSUHBIM YHCIIOM TOYEK
z
pa3phiBa MEPBOTo Pojia) BEKTOP YIPABISIONIMX BO3ACHCTBUN CO 3HAUCHUSIMH U3 33JaHHOTO HEITyCTOTO M Orpa-
HHYEHHOro MHOXecTBa V < R”, T.e.
v(x)eV cR", xelxy,x] 4

Taxue YHpaBJIAOMINC (bYHKLII/II/I HA30BCM 10Ty CTUMBIMHU.



[Mpexamnonaraercs, 4To KaX0My IOMyCTUMOMY YIIPABJICHHIO V(X) COOTBETCTBYET €IMHCTBEHHOE pelle-
uue (z(ty,x),z(¢,x), y(¢,x)) (B xmaccuueckoM cmeicie) 3aaaun (2)—(3).

Homyctumoe yrpasieHue v(x), JocTapisoniee MUHUMYM (yHkuuoHany (1) mpu orpanndeHusx (2)—
(4), Ha30BEM ONTHMAJBLHBIM YIIPABIEHHUEM, & COOTBETCTBYIONM miporece (z(Z,,x),z(,x), y(¢,X)) — onTUMAaITh-

HBIM ITPOLIECCOM.

2. ®opmyJia npupamesns pyHKIHOHAJIA Ka4ecTBa

[pennonoxum, uro (V(x),z(t,,x),z(¢,x),y(t,x)) ectb HUKCHPOBAHHBIA IOMYCTUMBIN mporecc. Yepes
(V(x) =v(x) +Av(x),Z (ty, x) = z(ty,x) + Az(ty,x), Z(t,x)=z(t,x)+ Az(t,x), y(t,x)=y(t,x)+ Ay(t,x)) 00o3Ha-

YHUM HpOHSBOJ'IBHBIﬁ HOHYCTHMBIﬁ nponucece u 3anvmeM nprupamnicHmue

X
A(v)=Jv)-J(v)= '[ (0(x,Z(11, %) = @(x, 2(81, %)) ) dx &)
X0
¢bynkmronana xagecrna (1).
IIpu sTOM sicHo, uto mpupaenue (Az(Z,,x),Az(t,x),Ay(¢,x)) cocrosus (z(Z,,x),z(¢,x), y(t,x)) Oyner

PECIICHUEM CUCTEMBI

Az (1,x) = [ (£,x,2(t,x), y(t,x)) = f(t,x, 2(t, x), y(t,x)), (6)
Az(t,),x) = T[F(x, 8,2(ty,8),v(s)) = F(x,s,z(t,,s),v(s))]ds, @)
Ay(t,x) = J.l[g(t, X,8,2(t,8))— g(x,s,z(t,5),v(s))]ds. ()

Iycts p(t,x),y(x),q(t,X)— MOKa HEU3BECTHBIC N-MEPHBIE BEKTOP-(YHKIIHH.
U3 (6)—(8) cnemyer, uro

Hx hx

[ [Pt x)Az,(t, x)dxdt = [ p'(t, ) f (t,%,2(t,%), ¥(t,x)) = [ (¢, x,2(t,x), y(t,x))|dxdt , Q)

to Xo to Xo

J' W' (0)Az(t, x)dx = J' v'(x) J' F(x,5,2(tg,5),7(5)) — F(x,5,2(tg,5),v(s)lds |dx,  (10)

X0 X0 X0

tjl fq'(t, X)Ap(t, x)dx =ljl fq'(t, x){)jl [g(t,x,5,2(t,5)) - g(t, x,5,2(t, S))]ds} dxdt . (11)

fy Xo fy Xo Xo

SIcHo, uTO
hox X

| [ P'(t.x0)Az, (8, x)dxdt = [ [P/ (¢, %) Az(t,, %) = p'(tg, x)Az(t, ) ]dx -

(12)

B } ).Cfpz'(fa X)Az, (¢, x)dxdt.

o Xo

Hanee BBenem Qpynkuuto ['amunsrona—IlonTpsaruna

X
H(t,x,z(t,x), y(t,x), p(t,x),q(t,x)) = p'(t,x) f (¢, x,z(t, x) y(t,x)) + J q'(t,s)g(t,s,x,z(t,x))ds.
X0

C yuerom (9)—(12) popmyna npupaiuenns (5) 3arucpBacTCs B BUIE



A (v) = I M&(tl,x)dx+ I o (|Az(t,,%) [px + I Pt x)Az (t,,x) dx
X0 X0 X0
X hx
Ip (tg,x)Az(ty,x)dx — J.j.pt(t x)AZ(t X dxdt + I I q'(t, x)Ay(t x)dxdt -
- X to X to X (13)

- I I [H (¢,%, 2(, %), y(t, %), p(£,x),q (1, %)) — H (2, %,2(t, %), (1,), p(2, %), (¢, x))|dxdt +

AR)
X%

j WAty ) = [ [ WS)LF (%, 29,0, 1(0) = F (s, 219, ), V() s

X0 Xg X

TMonoxum

M (x,z(t,,x),y(x),v(x)) = j\v'(s)F (s,x,z(ty,x),v(x))ds.

X

Ucnonw3ys (bopMyny Teiinopa u3 (13), Oynem umerhb

X X
A(v) = J' M Az (4, x) dx + J' Pt X)A(t,, ) — J' P'(ty, X)Az(ty, x)dx

X0 X0 X0
L x th x
j J'l i, x)Az(t, x)dxdt + J' J' ¢'(t,0) Ay (t, x)dxdt — j J'l HL(t,x,2(t, %), y(8,3) p(t, %), q(£, %) X
fo Xo fo Xo to Xo
i x
xAz(t, x)dxdlt J' J' (1,5, 2(1,3), () p(t, %), g1, ¥) Ay(t, x)dxd +
fo%o (14)

X X
+J. W'(x)AZ(tO’x)dx - J. [M(x,z(to,x), V(x)a\lf(x)) —M(X, Z(tO’x)’V(x)’W(x))]dx -

X Xy
X X
J' M (x,2° (19, ), (), W(x))AZ(t, X)dx + J' o1 (|Az(ty, )| dx - J' 03 (|Az(ty x)|dx -
X0 X0 X0
X
- J' J' 0, (| Az(t, %) dlx + | Av(t, )|t
ty x

Ecnu npennonarate, uto p(t,x),q(t,x) u Wy(x) ymoBIETBOPSIOT COOTHOIIEHHSIM

Dy (t’x) = _Hz (t,x,z(t,x),y(t,x),p(t,x),q(t,x)),
p(tl ,)C) =—0; (x, Z(fl,)(f)),
q(t’x) = _Hy(t’x’Z(tax)ay(tax)ap(t’x)aQ(tax))a

\.|J(X) = Mz (x, Z(to > X), V(X), \.|!(X)) + p(to 5 X) 5

TO popmynna npupaieHus (14) mpumer B



X

M) == [ [ M0t 0 W0) = M (5, 200, ), (6), 9 (1) i+

E (15)
Xy 4 x X
+ [ oAzt 0l [ [ ozt o) +[avte, mlpdsdr - [ os(|aztrg, 0.
Xo ty Xo Xo

3. OneHKa 0CTATOYHOrO YIeHAa

IlepefizeM K OIEHKE  HOPMBI  IPUPAIICHUS (Az(t,y,x), Az(t, x), Ay(t, X)) COCTOSIHUS

(z(t,,x),z(t,x), ¥(t,x)),, oTBeuaromero npupamenuo Av(x), yrnpasnenus V(x). U3 (6)~(8) momydaem, uro

t
|2zt 0 < 2 [[Jase0] + Ay Jdw+ |z, 0

; (16)
)
|Av(e, )| < Z, [ Az(t,5)ds (17)
|Az(ty, )] < Z, [ Az 2y, )]+ |Av(s)1ds. (18)
3necy Z; =const >0, i= 1,_3, — HEKOTOPHIE TTIOCTOSTHHEIE.
[Ipumensis k HepaBencTBy (18) nemmy ['ponyonna—bennmana (cMm. Hanpumep, [4, 5]), noryunm
|Aaz(ty, %) < Z, [|Avis)|ds . (19)
rae Z, =const >0 — HEKOTOPOE ITOCTOSTHHOE.
Hanee u3 (16), npumensis nemmy I'ponyosmia—bennmana, Oynem nmerb
t
Azt < 24| [aveofae+ Az, 0] | (20)
lo
rae Zs =const>0.
B (20), yuntsiBas HepaBeHCTBO (17), MpUXOAUM K OLICHKE
tx
||Az(t,x)|| <Z I I ”AZ(T, x)”dxdt + "Az(to,x) , Zg=const>0.
fo Xo
Orcrona
t
max ||Az(t,x)|| <Z {" (x; —x,) max ”AZ(’E, x)”dt + ||Az(t0,x)||] . (21)
X, Sx<x; o X, SxXsx
[Ipumensis nemmy u3 [6] k mocneanemy HepaBeHCTBY (21), Oynem umerhb
max Az (1, )| < Z, T"Av(s)"ds , Z, = const >0. (22)

X0
Ucnonesys nonydennsie onenku (17), (19), (22), ynaercss OeHUTh OCTATOK (OPMYIIbI IPUPAILECHUS Ha
CHEUAIbHON BapHally YIpaBICHUSI.



4. Heo0xoaumpble yCJIOBHS ONTHMATBHOCTH

Cuuras v(x) OIITUMAJIBHBIM YIIPABJICHHUEM €I'0 CICHHUAJIBHOC IIPHUPALICHUEC OIIPEACTIUM I10 (bopMyne

Av, (x) = O.xE[85+e). (23)

v—v(x),x € [§,§+ 8),
rae Ee(Xy,X;) — MPOU3BOIBHAS TOYKA HEMPEPHIBHOCTH YIIPABICHUSI v(x), veV — npousBOIbHBINA BEKTOD,
€ > 0 — TPOM3BOJIBHOE YHCIO, TAKOE UTO & + € < X;.
VYuuteiBas (23) u ycraHoBleHHbIE oLeHKH u3 (15), Oynem numersb
S +Avy) = S(u) =—e[M(E,2(4),8), v, W(E)) = M (&, 2(t,, ), v,u(8), y(E))] + () -
U3 nocneanero pazinokeHus cieqyeT TeopeMa.

Teopema 1. [Ipu caenanHbIX NPEIONOKEHHBIX U1 ONTUMAIbHOCTH JOIMYCTUMOrO yIpaBieHus V(x) B
3agaue (1)—(4) HeoOxonumo, 4ToOb HEPABEHCTBO

M(éa Z(tO > g)a Vv, W(é)) - M(éa Z(tO > i)av(g)a W(g)) <0 (24)

BBITIOJTHSUIOCH JUIs Beex § € [xo,xl) nvel .

Hepagenctso (24) siBnsercs anaiorom ycioBus Makcumyma [lonTpsruna B paccMaTpuBaeMoi 3agaye.

W3 Hero MOXxHO, IPU JOMOJTHUTEIBHBIX MPEANONKEHUIX, OTYIYUTh JTUHEAPU30BAHHOE YCIOBHE MakK-
cUMyMa U aHaJor ympasienus Jiiepa. [IpuBenem ux.

Teopema 2. [Tycte MHOXECTBO V BbINyKiIoe, a F(x,z,v) HenpepblBHO AuddepeHIrpyemMa TakKe mo V.

Torzma st ONTUMATBLHOCTH JIOIYCTUMOTO yrpaBierus V(X) Heo6X0aMMO, YTOOBI COOTHONIEHHE

max M3 (8, 2(19, ), V(&) W (E)w = M, (&, 2(1,5), v(§), W (8)) - v(x) (25)

BBITIOJTHSUIOCH [UISE BCeX & €[X,, X, ).
CootHomenune (25) ecTh aHAJIOT JIMHEAPHU30BAHHOIO YCIOBHUS MaKCUMYyMa.
Teopema 3. Eciu muokectBO V' oTkpbiTOe, a [F(X,z,u) nenpepbiBHO-mM(pdepeHIMpyEMa 1O V, TO

BJIOJIb ONITUMANTBHOTO Tiponecca (V(x),z(¢,,x),z(t,x), y(¢,X)) cooTHOIIECHHE

M, (S, 2(t,,6),(&),w (&) =0 (26)

BBITIOJHSETCS TS Beex & €[X,,X,) .

CootHomenune (26) ecTb aHanor ypaBHeHHs Diiepa.

B 3akmiouennn npuBenem anaior ycnosus Jlexannpa—Kiedma.

Crenys, narnpumep, padoram [7, 8], Kakaoe JONYCTUMOE YIpaBJiCHHUE, YIOBIETBOPSIOIIEE YPABHEHUIO
Oiinepa, Ha30BEM KJIACCUYECKOW AKCTPEMAJIbIO.

Teopema 4. [TycTb MHOXXECTBO V OTKpbITOE, a F'(X,Z,V) IBaXK/IBI HEMPEPHIBHO AU depeHImpyema 1o v.
Toraa it ONTUMATBHOCTH KJIACCHYECKOM 3kcTpeMann v(x) B 3amade (1)—(4) HeoOXoaumMo, 4TOOBl HepaBeH-

CTBO

o O*M'(€,z(t é%\’(é),\v(é)) w<0

b

BBINIOJHAIOCKH 11 Bcex we R™ u £ €[x,,x,).
3akiroueHue
B pa6ore paccmaTpuBaeTcs OHa 3aa4a ONTHMAILHOIO YIPaBIEHUS, OIKMCHIBAEMAsk CUCTEMON MHTETPO-

muddepeHInaNbHBIX ypaBHEHUH. Ynpasisiomas (QyHKUIUS BXOAUT B TPAHWUYHOE YCJIOBUE. YCTAHOBJIEH DAJ
HEOOXOMMBIX YCIIOBHM ONTUMAJILHOCTU TIEPBOT'O MOPSIIKA.



JIUTEPATYPA

1. Bykuna A.B., bykun 1O.C. HccnenoBanue MoJenu JUHAMUKK HOMYJISIAA METOJAMH TEOPHUH ONTHUMAaJIBHOTO yrpaieHus // 13Bectus
HUpkyrckoro rocynapcrenHoro yausepeurera. Cep. Marematuka. 2010. Ne 3. C. 59—-66.

2. bykuna A.B. Mnentudukaius Monenu BUI000pa30BaHUs METOJIAMU TEOPHHU ONTHUMajbHOro yrpasienus / XKypuan COY. Cep. Ma-
Tematuka u Gpuzuka. 2008. Ne 3. C. 231-235.

3. Bykuna A.B. K uccienoBanuio 3a/1auil ONTUMAIIBHOTO YIIPABJICHUS HHTErpO-1uddepeHInanbHOi MOIEBI0 CUMIIATPHYECKOr0 BUIO0-
obpazoBanust // MaremaTnueckoe MOZIETMIpOBaHUE U MH(OpPMaLMOHHbIE TeXHOIOrHH : Matepuaibl VIII mikonb-ceMuHapa MOIOIbIX
yuensix. Upkyrck, 2006. C. 34-37.

4. HoBoxxernoB M.M., Cymun B.1. Merozpl ONTUMaNILHOTO YIIPABICHHUS CUCTeMaMu Matemaridecko ¢usuku. [opekuii : Uzn-o ITY,
1986. 87 c.

5. IInorHukoB B.U., Cymun B.J. IIpobnema ycroiunBoctr HenuueitHbix cucreM I'ypca—[apOy // AuddepenunanbHeie ypaBHEHUS.
1972. Ne 5. C. 845-856.

6. Xoree JILA. 3ajaua ONTUMAIILHOTO YIpPAaBICHUs Ul MHTErpo-auddepeHranpabiXx ypaBHeHuil tuna bapbammna // TIpoGnembt
ynpasienus u ontummsanuy. Munck : UM AH BCCP, 1976. C. 74-87.

7. I'abacos P., Kupumnosa @.M. Oco6sie onTuMansasle yrpasienus. M. : Hayka, 1973. 256 c.

8. MancumoB K.b., Mapnano M./[x. KauecTBeHHas Teopusi ONTHUMaIbHOCTH ympaBieHus cucremamu Iypca-/lapOy. baky : OJIM,
2013.363 c.

Azamanviesa Atizion Hegpazan xeizel. E-mail: agamaliyeva88(@gmail.com
Mancumoe Kamun Baipamanu o2nel, 1-p Gus.-mar. Hayk, npodpeccop. E-mail: mansimovbkamil@gmail.com
baxuHCKU rocy1apCTBEHHBII YHUBEPCUTET
[ocrymuna B pemakimio 2 uronst 2016 1.

Aqamaliyeva Aygun Isfagan (Baku State University, Azerbaijan)

Mansimov Kamil Bayramali (Baku State University, Institute of Control Systems of Azerbaijan National Academy of Sciences,
Azerbaijan).

About one control problem described by system of inteqro-diferential equations.
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Consider the problem of minimizing the functional of terminal type

S0) = [ o 2(t,))s | (1)

X0

with constraints
Zt =f(t,x,z,y), (t,X)ED:[tO,tl]X[XO,XI], (2)

y(t,x)= ]l.g(t,x,s,z(t,s))ds, X €[xy,x],
° . 3)
210> %) = [ F(x,5,2(t, ), W(s))ds.

*o
Here f(t,x,z,v),g(t,x,5,z) is the given n- and m-dimensional vector functions respectively, continuous with respect to all the
variables together with partial derivatives of the vectors of state, F(x,z,v) is the given n-dimensional vector-function continuous with

respect to all the variables together with partial derivativesz, ¢, t, X, X (f, <t;; Xy <X;) are given, @(x,z) is a scalar function

op(x,z)

continuous with respect to all the variables together with the , v=v(x) is piecewise continuous (with a finite number of points

of discontinuity of the first kind) vector control actions with values from a specified non-empty and bounded set that is,
v(x)eV cR", xe[xy,x]

Our goal is to derive a necessary optimality condition in the problem under consideration.
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B.B. lom0posckuii, T.1IO. Oobeaxo, M.B. CamoponoBa

MNPOTHO3UPYIOIIEE YIIPABJIEHUE C 3AMKHYTOM OBPATHOM CBA3bIO
JACKPETHBIMHA CUCTEMAMMH CO CJAYYAVMHBIMHU
KOPPEJIMPOBAHHBIMHU ITAPAMETPAMMU

PaccmarpuBaercs 3a1a4a yrpaBiIeHHS JUCKPETHBIMU JUHAMUYECKIME CHCTEMaMU CO CIyJaifHBIMH KOPPETHPOBAHHBIMH
rapaMeTpaMy, OTHOCHTEIBHO KOTOPBIX M3BECTHBI TOJNBKO IEPBBIE M BTOPBIE MOMEHTHI pacmpeznenenus. OmperneneHa
CTpaTerusl yIpaBJICHHS C IIPOrHO3UPYIOIIEH MOIENBIO C 3aMKHYTOH 00paTHOM CBS3bI0 HA KOHEYHOM U OC€CKOHETHOM I'o-
pu30HTax ympaBieHus. [lomydeHs! JOCTaTOYHBIE YCIOBHSI YCTOWYHMBOCTH CTPATETHH YIPABJICHHUS HA OSCKOHEUHOM TO-
PH30HTE.

KnroueBble cj1oBa: ynpasieHHe ¢ IPOTHO3UPYIONIEH MOJEIbBIO; 3aMKHYTasi 00paTHas CBA3b; KOPPEIUPOBAHHBIE MApa-
METPEL

CucremaMm co CIy4aifHBIMU NTapaMeTpaMu yIeNaeTcsl 3HAaUUTENbHOE BHUMAHHE B COBPEMEHHOW Hay4HOH
IuTepaType. OTO CBA3aHO C TEM, YTO TaKWE CUCTEMBI HAILIN IIHPOKOE MPAKTUYECKOE IPUMEHEHUE NIPU YIIPaB-
JICHUW CIIOKHBIMH PEATbHBIMUA OOBEKTaMH.

[Ipobnema cuHTE3a PEryNATOPOB IS MOJOOHBIX CUCTEM MPH Pa3IMYHBIX MPEANOIOKEHUIX O XapaKTepe
W3MEHEHUs CIyJailHbIX MapaMeTpoB paccMaTpuBaiack B pabdotax [1-9]. B pabore [1] momyuensl ypaBHEHUS
CHHTE3a PETYJATOPOB C 3aMKHYTOW OOpaTHOHM CBSA3BIO IS CHCTEM CO CIIy4ailHBIMH HE3aBUCHMBIMU ITapaMeT-
pamMu 1 MyJIbTUILNTMKaTUBHBIMU IymMaMu. B [4, 5] paccMaTpuBaercs 3a1a4a ynpaBieHUs JIMHEHHBIMU CUCTEMA-
MH CO CKayKOOOpa3HBIMH MapaMerpamMH, MEHSIOINUMUCS B COOTBETCTBUU C DBOJIOLUEH AUCKPETHONW MapKOB-
CKOH IIeIu.

B paGotax [6—9] ucnonb3zyercss METONOJIOTHS YIPaBICHHS ¢ MPOTrHO3UPYIOIIEH Moaenbio (yrpaBieHne
CO CKOJB3SIIUM Topu3oHToM) [10]. 3amaua cuHTE3a CTpaTeruii ynpasieHUs C IPOrHO3UPOBAHUEM C 3aMKHYTON
00paTHOM CBS3BIO VIS CUCTEM CO CIIyYalHBIMH HE3aBHCHUMBIMH IIapaMeTpaMH pelieHa B padore [6]. B pabore
[7] monydeHbl ypaBHEHHsI CHHTE3a ONTHUMAJbHBIX CTPATETHil yNpaBIEHHUA C MPOTHO3UPYIOIIEH MOJENBIO C
Pa30OMKHYTOW 00paTHOH CBSI3BIO VISl CHCTEM CO CIyYallHBIMH HE3aBHCHMBIMH MapaMeTpaMyd M MYJIbTHILIHKA-
TUBHBIMH IIyMaMH. J{MCKpETHBIE CHCTEMBI CO CIYYalHBIMU 3aBHCHMBIMM IapaMeTpaMu paccMaTpUBAIOTCS B
(8, 9]. B aTHx paboTax CHHTE3UPOBAHBI aJTOPUTMBI IPOTHOZUPYIOIIETO YIIPABICHHUS ¢ PAa30MKHYTOH 00paTHON
CBS3BIO C YUETOM OrpaHMUYeHMH Ha ympasineHus. [Ipu stom B [8] mpeanonaraercs, 4To JUHAMHKAa BEKTOpA Ma-
paMeTpoB OMHUCHIBACTCS] Pa3HOCTHBIM CTOXAaCTHUECKHM YpaBHEHHEM aBTOperpeccuu, B pabdore [9] mpeamonara-
eTcs, YTO U3BECTHHI TOJIKO MIEPBHIE U BTOPbIE MOMEHTHI paclpeeneHrs apaMeTpoB.

B nacrosimeid paboTe monydeHbl ypaBHEHHS CHHTE3a ONTHMANBHBIX CTPAaTETHH yIpaBIeHHUs ¢ 3aMKHYTON
00paTHOM CBSI3BIO I CHCTEM CO CIyYalHBIMU KOPPETHPOBAHHBIMU MapaMeTpaMH, OTHOCUTEIBHO KOTOPBIX
MPENOIaratoTcs U3BECTHBIMH TOJIBKO MEPBBIE U BTOPHIE MOMEHTHI paclpeneneHus. [JJansl 1ocTaTOYHbBIE yCII0-
BHUSl YCTOMUMBOCTH CTPATETHH YIpaBJIeHUS Ha OECKOHEUHOM T'OPH30HTE.

1. ITocTanoBKAa 3agaun

PaccMoTpuM OHCKpETHYIO JTMHEHHYIO CUCTEMY, 3aJaHHYIO Ha BEPOSITHOCTHOM MpocTpaHcTe (2, § ,P):
x(k+1)=Ax(k)+ Bn(k + 1),k +1u(k), (D
rue x(k) — n,-MepHbIi BeKTOp cocTosiHus, u(k) — n,~-MEpHBIA BEeKTOp ympaieHus, 1(k) — mociaenoBaTenbHOCTh
¢-MEpHBIX CIy4aiHBIX BEKTOPOB, HAOJIIOIAEMBbIX 10 MOMEHTa BpEeMEHH k BKIIOUUTENbHO. A, B[n(k),k] — maTpu-
LBl COOTBETCTBYIOIINX pa3MepHocTeit, mpuueM B[ (k),k] 3aBucut ot (k) nuHEHHO.
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ITycts Ha (€, § ,P) Bbinenen norok c-anredp F=(F}, i1, 1€ Kaxkaas U3 c-anredp J; MOpoxaaercs mo-

cinenoBarenbHocTsIME  {N(s): s=0,1,2,...,k} W uHTEpIpeTHpyeTCcsl Kak HOCTymHas WHPOpMaLus 10 MOMEHTa
BpEMEHH K BKIIIOUUTEIBHO.
bynem nonarats, 4To Juis nporecca 1(k) H3BECTHBI YCIIOBHbIE MOMEHTBI OTHOCUTENBHO 3

E{n(k+i)/ .} =nlk +i), (2)
E{n(k +imTk+ /)/ gk} =0, (k),(k=0,1,2,..,(i, j =1,2,..). 3)

Jus ynpaBnennst cucremoit (1) CHHTE3UpyeM CTpaTeTuu ¢ TIPOTHO3UPYIONIEH MOMEBIO IO CIENYIOMIEMY
mpaBwity. Ha kaxxaom mare & MUHIMH3UpPYEM KBaJPaTHYHBIA KPUTEPHUI CO CKONB3SIINM TOPU30HTOM YITPAB-
JIeHUs

J(k+m/ k)= fE{xT (k + )R, (k,i)x(k +i)/ x(k),Sk} +
i=1

m— 4)
+ZIE{uT(k vil k)R, dyu(k+il k) x(k),Sk}

i=0
Ha TpaeKTopusix cucTembl (1) 1o MmocaeaoBaTeIbHOCTH MPOTHO3UPYOMUX ynpasieHuit u(k/k),...,u(k+m—1/k),
3aBUCSINUX OT COCTOSHUSI CUCTEMbI B MOMEHT BpeMmenu k; R (ki) > 0, R(k,i) > 0 — BecoBbIE MaTPHIIBI COOTBET-
CTBYIOILIMX Pa3MEpPHOCTEH; m — FOPU30HT MPOTHO3a; kK — TEKYIIMH MOMEHT BpeMeHH. B kauecTBe ynpaBieHus B
MOMeHT BpeMeHu k Oepem u(k) = u(k/k). Tem cambiM monmyvaem ympaBieHue u(k) Kak (QYHKLIHIO COCTOSHUI
x(k), T.e. ynpaBiieHHe ¢ 00paTHOM CBA3bI0. UTOOBI MOMYyYUTh yrpaBieHue u(k+1) Ha cienyromem mare, mpore-
Iypa TOBTOPSIETCS UTS CIEAYIOIIEro MoMenTa k+1 u T.1.

2. CuHTe3 cTpaTeruii ynpasJjieHHusl ¢ IPOrHO3MPOBAHHEM
Teopema 1. OnTumanbHasi cTpaTerusi IPOrHO3UPYIOIIErO YIPABICHUS C 3aMKHYTOH OOpaTHOH CBA3BIO

cucremoit (1), MuHUMH3HpYIOIIas Kputepuil (4), mpu (GUKCUPOBAHHOM TOPH3OHTE MPOTHO3MPOBAHUS M1, Ha
Ka)X/IOM I1are & ONpeaensercsl ypaBHEHUEM

u (k) = =K (m)x(k) ==[ Ly (m = 1)+ R(k,0)] " L, (m = 1)x(k), )

rac
L,()=A"SOE{B(k+m—=1),k+m—=11/F;,, .} (6)
Ly,(1)= E{B"[n(k+m—D).ke+m—11SOBMUk +m—=D).k+m=11/ ., 11} (7

S(/) — matpuua, onpenensiemMas U3 pelIeHus] pEKYppEeHTHOTO ypaBHEHUS BUIA
S =R (kym 1)+ A"S( 1) A~ L, (I = D[ L, = 1)+ Rk,m=D)] " (L, (I - 1)) (8)

¢ HadanbHEIM ycioBueM S(0) = R, (k,m).
ITpu 5TOoM onTUMaNTEHOE 3HAYCHUE KpUTEpHS (4) OnpeeNseTcs BhIpaKeHUEM

TPk +m k) = x"(k)[S(m) = R, (k,m)] x(k). 9)

Joxazamenscmeo. Vicionbzyem MeTo TMHAMUYECKOTO porpaMmupoBanus bemimvana. B MomeHT Bpe-
MeHH k+m—1 kputepuii (4) umeer BUI

J(k+m/k+m—1)=E{x" (k+m)R,(k,m)x(k +m)+ (10)
+uT(k+m—l/k)R(k,m—l)u(k+m—1/k)/x(k+m—1),3k+m_1}.

Beipaxas x(k+m) aepes x(k+m—1) ¢ ucnonb3oBanuem ypaBHeHus cucremsl (1) u moacrasisis B (10), Oy-
JIeM UMETh
Jk+m/k+m=1)=x"(k+m—1)A" R (k,m)Ax(k + m —1) +
+2x" (k+m—1)A" R (k,m)E{BI(k + m),k +m]/ T, Ju(k+m—1/k)+
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+u (k+m—1/k){E{B"[n(k + m),k + m|R,(k,m)Bn(k +m),k +m]/F,,, }+R(k,m—1)}u(k+m—1/k)=
=x"(k+m—1)A"S(0)Ax(k +m —1)+2x" (k + m—1)L,,(O)u(k +m—1/ k) +
+u’ (k+m—=1/k){Ly,(0)+ R(k,m—D)u(k +m—1/k), (11)
rae S(0) = Ry(k,m); L1(0), L»(0) onpenensirorcst ypaBaeHusIME (6)—(7).
Ontumusupys (11) no u(k+m—1/k), monyyaem ontuManbHOE yripaBiieHHE Ha k+m—1 mare:
u® (k +m—1/ k) =Ly, (0)+ R(k,m - 1)]_1L11(0)x(k +m-1). (12)
Ioxncrasmnss (12) B (11), moayunm onTuMaibHOE 3HaUeHHe Kputepus (4) Ha k+m—1 mare:
JP (k+m/k+m—=1)=x"(k+m-D[A" R (k,m)A— A" R (k,m)M {B(k + m),k +m]/ 1} %
<{E{B" (k +m),k +m)R, (k,m)BI(k + m), k +m]/ Fpspi} + ROE,m—1)}" x
xE{B [Nk +m),k +m]/ Ty} Ry (k,m) Alx(k +m—1) = (13)
= 2" (k+m~D[ATS0) A~ Ly (0)[ Ly, (0) + Rk, m — DI (L15(0)) Tk +m—1)=
=x" (k+m—-1D[SA)— R, (k,m —1)]x(k +m—1),
rae S(1) onpenensiercs ypaBHeHHEM (8).
[ToBTOpSsis mpouenypy Ha CIEAYIOIIEM IIare, UMeeM
J(k+m/k+m-2)=E{x"(k+m—1)R,(k,m—1)x(k+m—1)+
+uT(k+m—2/k)R(k,m—2)u(k+m—2/k)+J°pt(k+m/k+m—1)/x(k+m—2),3k+m_2} =
=E{Xx"(k+m-)SWx(k+m—1)+u" (k+m—2/k)R(k,m—2u(k +m—2/k)/ x(k +m—2),F,,, »}=
=x"(k+m—2)A"S) Ax(k +m—2) +2x" (k +m —2) L, Du(k +m—2/k)+
+ul (k+m—=2/k){Ly,,(1)+ R(k,m = 2)yu(k +m—2/k),

(14)

Lyx(1), L»(1) onpenenstorcst ypaBHeHusiMu (6)—(7).
Ontumusupys (14) no u(k+m—2/k), momyyaem onTuManbHOE yIIpaBJIeHHE Ha k+m—2 miare:
u (k+m—1/k)y=~[Ly, (1) + R(k,m — 2)]_1L12(1)x(k +m=2). (15)
[oncrasmnss (15) B (14), umeem onTuMaabHOE 3HAUEHHE KpuTepus (4) Ha k+m—2 mmare:
JP(k+m/k+m—-1)=x" (k+m-2)[A"SV)A-A"SWEBMUk +m—1),k+m—11/Fpopp_s} ¥
<{E{B (k +m—1),k +m—11SW)BM(k +m 1),k +m—11/ o} + Rk,m—2)}" x
XE{B [k +m—=1),k+m—=11/Fyrp ST ) Alx(k +m—2) = (16)
=x" (k+m=2)[A"SW) A~ Ly D[ Lyy (1) + RUk,m =T (L (D) Jx(k +m—2) =
=x"(k+m—2)[S(2)— R, (k,m —2)|x(k +m—2),
rae S(2) onpenensiercs ypaBHeHHEM (8).
Ha mare k momy4yaem
J(k+m/k)=E{x"(k +1)Sm—Dx(k+1)+u" (k/ )Rk, 0)ulk | k)] x(k), 5, } = an
=x" (k)A"S(m =) Ax(k) +u" (k / k)L, (m = Vu(k / k) +2x" (k) Ly, (m —Du(k / k).

Herpynno nokasatb, 4To Ipu 5TOM ONTUMalIbHOE yrpaBieHue u(k/k) umeer Bup (5), onTUMaIbHOE 3HA-

4yeHue kputepus (4) onpenensiercs ypaBHeHueMm (9).

3. YnpasJieHne Ha 0eCKOHEYHOM rOpPH30HTE

PaccmoTpum KBagpaTHUHBINA KpUTEpHd Ha OECKOHEYHOM TOPH30HTE YIIPaBICHUS
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J(k+m k)= BT (k+i)Rox(k+1) ] x(k). 3} +
m—1 - (18)
3 Ew (ki k) Ruk+i/ k)] x(k), 3}, m — oo.

i=0
[Ipeanonoxum, uro mMarpuua B[n(k),k], mepBbie U BTOpbIC YCIOBHBIE MOMEHTHI Iporecca 1)(k) He 3aBH-
CSIT OT BPEMEHH, T.€.

B[ n(k).k]=B[n(k)],
E{n(k+i)/F} =n(),
Efn(e+im' (k+j)/ 3, =6,
JUTs BeeX ki, j. JlaHHBIC IPEATIONOKEHNs 03HAYAIOT CTAIIMOHAPHOCTH TIporiecca 1)(k).
Teopema 2. [IycTb cymecTByeT NOTOKHUTEIHHO OMPENEICHHOE PElieHUue S” ypaBHEHUS
S* =R +A'S"A-LL[ L +R] (L) (19)
rac
Ly = A"S”E{BIn(k+m—1),k+m=11/ o 1}
Ly, = E{B'[n(k+m—1),k +m—11S"BIn(k +m =),k +m=11/F,,, 1.}

Torna onTuManbHBIN 3aKOH YHPaBJIEHHUS C 3aMKHYTOH 00paTHOHM CBSA3bI0, MUHUMU3HPYIOIINH KPUTEPUN
(18) Ha GeckOHEYHOM TOPU30HTE YIPABIICHNUS, SIBISETCS CTAOMIM3UPYIOLUINM U UMEET BUA

u™ (k)= K x(k) =~ Ly + R Liyx(). 21)

(20)

Hokazamenscmeo. I1penonoxuM, 4To CyIIeCTBYET MOIOXKHUTEIBHO ONpEeIeHHOE PelIeHue S ypaBHe-

uus (19). Honokum Ry = S”. Kpurepuii (18) B MoMeHT BpeMenu k = 0 iMeer BUJ
J(m/0)= fE{xT ())R x (i) + x" (m)S* x(m) / x(0),3,} + fE{uT (i/0)Ru(i/0) / x(0),3,}- (22)

i=1 i=0
Tak xak S” onpenensiercs u3 pemenus ypasHenus (19), To cornmacHo Teopeme 1 onTuManbHOE 3HAUCHUE
Kkputepus (22) npu 10060M m (B TOM YUCIIE TIPH 71 = o0 ) ONPEAEISIETCS BBIPAXKEHUEM

I (@/0)=x"(0)[ $* = R, ]x(0).
[MockonbKy mMatpuna S° — R, HeoTpULIATENBPHO OIPEAEICHHAs U MMEET OrpPaHUYEHHBIE DJIEMEHTHI, TO
04EeBU/IHO, UTO 3HaUeHHe kputepus J ' (oo / 0) — KOHEUHAs BETHUMHA.
Taxum oGpasom, mociezosatenbroctd E{x' (k)Rx(k)/ x(0),3,}, E{u’ (k)Ru(k)/ x(0),,} mpu ormmumas-
HOM YIIPAaBJICHNUH SABJIAKOTCA 6eCKOHe‘IHBIMI/I TOCIEA0BATEIIBHOCTAMU ¢ KOHEYHBIMH CyMMaMU, OTKya CJICAYET, YTO
Jim £ {x" (k) Ryx(k) / x(0), 8y} =0,

klirn E {u" (k)Ru(k)/ x(0),3,} =0.

Tak xak R, R > 0, o x(k),u(k) >0 npu k — oo B cpeqHe-KBaJApaTHUECKOM CMBICIE, YTO JOKa3hIBACT
CTa0MIU3UPYEMOCTh 3aKOHA YIPABIICHUSI.
Hns nokazatenberBa (21) momydnm onTUManbHBIN 3aKoH ympasieHus npu R;=S, . Mcnons3ys Teope-
My 1, HETpyIHO MOKa3aTh, YTO ONTHMAJbHBINA 3aKOH YIPaBJICHHS C 3aMKHYTOH OOpaTHOW CBSI3bIO IS JIIOOOTO
m (B TOM YHUCIE JJI m =0 ) AIMEET BU]I
-1
opt _ o _ o] ©
u (k) =—K"x(k)=—[ L5, + R| " Lix(k). (23)
Toraa MOXXHO yTBEpXAaTh, UTO JUIS CIy4as m =00 3aKOH ympaBiieHus (23) onTuMalieH JUIsl JIFI0OO0H MONI0XKH-
TEJBHO OMPE/EIICHHON MaTPHIIBI R, TaK KaKk
. T
hgjo E{x" (k+m)Rx(k+m)/ x(0),8,} =0.
m
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3akjIoueHne

[lony4eHs! ypaBHEHHS CHHTE3a CTPaTEruii MPOrHO3UPYIOLIETO YIPaBICHHUs C 3aMKHYTOW 0OpaTHON CB-
3bI0 IS CTOXaCTUYECKUX CHCTEM CO CIy4alHBIMHU 3aBUCHMBIMH IapaMeTpamMH, OTHOCUTEIBHO KOTOPBIX Mpe-
MOJIaraloTCcs U3BECTHBIMH TOJIBKO YCJIOBHBIC MEPBbIE M BTOpPBIE MOMEHTHI pactpenenenuid. [lomydens! gocra-
TOYHBIE YCTIOBUS YCTOMYMBOCTH ONTHMAIBHOTO 3aKOHA YIPaBJIeHUS HA OECKOHEYHOM TOPU30HTE.

OTMeruM, 4TO MpeIOKEHHBIN MoAX0A 0e3 MPUHIMITHAIBHBIX 3aTPYAHEHUH MOXeET ObITh 0000IIeH Ha
CIEIYIOIIUE CIIydau:

— Korja matpuua A B ypaBHeHUH (1) 3aBUCHT OT BpEMEHU;

— Korza ypaBHeHue (1) comepXHUT aJIUTHBHBIC IIYMBI C XapaKTePUCTUKaMH, 3aBHCAIIMMHU OT BEKTOpa
apaMeTpoB 1);

— Korga mMaTtpuna A B ypaBHeHUH (1) 3aBUCHT OT MOCJIEAOBATENBHOCTH HE3aBUCHMBIX CIy4alHBIX IMapa-
METPOB, HE KOPPENUPOBAHHBIX C BEKTOPOM HapaMeTpPOB ).
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We consider the following discrete-time with stochastic parameters system on the probabilistic space (Q, § ,P):
x(k+1) = Ax(k) + Bn(k +1),k +1u(k) , )
where x(k) € R"~ is the vector of state, u(k) e R"™ is the vector of control inputs; (k) € R is assumed to be stochastic time series.
The matrices 4 € R™x B [n (k), k] € R"*"™ are the system matrix and the input matrix, respectively. All the elements of B[n(k),k]

are assumed to be linear functions of n(k).

Let I =( 3} )r=1 be the complete filtration with o-field §;, generated by the {n(s): s=0,1,2,....k} that models the flow of information
to time k. We allow the time series n(k) is serially correlated. Let assume that we know the first- and the second-order conditional mo-
ments for the stochastic vector (k) about g :
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E{n(k-+0)/§e} =n(k+0),
E{nGk+0n" (k+ )/ 5} = ©,(0),(k =0,1,2,..), G, j =1,2,....1).

We define the following cost function with receding horizon, which is to be minimized at every time k

Jk+m/k)= E{fxT(k+i)R1(k,i)x(k+i)+uT(k+i—1/k)R(k,i)u(k+i—1/k)/x(k),sk}, 2)

i=1

on trajectories of system (1) over the sequence of predictive control inputs u(k/k),...,u(k+m-1/k) dependent on information up to time &,
where R,(k,7) > 0, R(k,i) > 0 are given symmetric weight matrices of corresponding dimensions; m is the prediction horizon.

The closed-loop optimal feedback law minimizing criterion (2) was derived via dynamic programming. Conditions that guarantee

the stability of the infinite horizon formulation are given.
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AJTOPUTMHWYECKUE ACHEKTBI HCCJIEJOBAHUS CTPYKTYPBI
MPEAMOYTEHUI JIIP C UCMOJb30BAHUEM
THUMOBBIX OBOBIIAIOINX ®YHKIAI

Ipemnaraercss alropuT™M COKpAICHHOTO Iepedopa TOYEK, COOTBETCIBYIOIIMX OOBEKTaM, XapaKTEPU3YIONIUMCS He-
CKOJIBKUMH TIPU3HAKAMH, JUIS IOCTPOSHHUS JIMHEIHHOH BBITyKIIOH 00010uky u [TapeTo-06010uky MHOMXKECTBA 3THUX 00b-
€KTOB. /IaHHBIN AJITOPUTM HMCIOJIB3YETCs IIPU UCCIEIOBAaHUU CTPYKTYphl npeanourenuid JIIIP ¢ ucnons3oBanuem Tumo-
BBIX 0000Mmaromux (QyHKIHHA.

KiioueBble cji0Ba: TuHEHHAas BBITyKIas 0007109Ka; MHOTOMEPHOE IIPOCTPaHCTBO; [lapeTo-goMunHmpoBanye.

B 3amaue ompenencHUs yCIOBHI ONTUMAaIbHOCTH HEKOTOPOHM albTePHATHBBI U3 JUCKPETHOTO MHOXKE-
CTBa, pPACCMOTPEHHON B MPEIBIIYIIEM JIOKIa/ie aBTOPOB, PEIIAIOTCS JIBE HETPUBHANBHBIC MO3aaauu. [lepBas
rmoJ3ajjaya perraercs A ONpeeNiecHUs MOTCHIMATbHON ONTHMALHOCTH allbTEPHATHBBI M 3aKJIIOYACTCA B
orpeneneHnn e€ npuHaanexxHoctu conve(Y) — I[lapemo-o6o10uke MHOXKeECTBA Y, TIOTy4aeMoil 00beAMHEHUEM
2" muoxectB ITapero Yp ist BceX BO3MOXKHBIX COYETAHUIN HAIPABICHUH OMTHMHU3AIMHI 71 KDUTEPUEB. 31eCh ¥ —
MHOXKECTBO BEKTOPHBIX OLIEHOK MHOXECTBa anbTepHaTUB X: y(X) = (fi(x), L(X), ..., fi(x)), x € X, y(x) € ¥,
| Y|=|X|=N. Torna BekTOpHAasl OLIEHKA NPEACTABISIET COOOM TOUKY B #-MEPHOM IPOCTPAHCTBE (€CIU Bee f{(x) —
urciioBble, To Y < R"). Touku, Bxomsiue B convp(Y), MpHHAIEKAT MIOBEPXHOCTH Tena (He0Os3aTebHO BbI-
MyKJIOT0) MHHIMAJILHOTO 00beMa, 3aKJIF0UYaloNIero B cede MHOXKECTBO Y 1enukoM. B mpocrefinieM ciydae 3To
TEJIO TPECTaBIAET COO0M HEBBIMYKIIbI MHOTOTPAHHHK, BEPIIMHAMHI KOTOPOTO SBIISIOTCS TOYKH convp(Y).

Bropas nmomzanaya perraercs s onpeaeneHus tumna odoomaromelt GyHKIuu Fo(W; y) 1 BEKTOpa Beco-
BBIX KOA((QUITMESHTOB W, TPUMEHEHHE KOTOPBIX JEIacT allbTEPHATHRY Y ONITUMAIBHOM, U 3aKITFOUAETCS B OIpe-
JIeNTICHUH TIPUHAJISKHOCTH albTepHATUBEI conv,(Y) — TMHEHHON BEIMYKIIONH 000JI0UKe Y, KOTOpast MpencTaBis-
eT co00i BBRIMYKIJIBIIT MHOTOIpaHHUK MUHUMAJBHOTO 00beMa, oopamuisromuii Y. [Ipu aToM B 00e 000109KH Kak
MUHUMYM BXOAST BCE TOYKH Y.y, MMCIONIME HKCTPEMATbHOE 3HAUYCHHE XOTS OBl OJIHOW KOOPIHWHATHI:
Yex € convi(Y) N convp(Y) < Jj =1, ..., n: (f{x) = max.cx (f{x)) v f{x) = min.cx (f{x))), Kpome TOro,
conv,(Y) < convp(Y).

Toraa Bo3HHUKAET BOIIPOC, KaK BRIOPATH BEPIIUHEI M ONPEACTUTh TEOMETPUICSCKHIE TApaMETPhI STUX MHO-
TOTPaHHUKOB ¥ MOXKHO JIH UCTIOJIH30BATh UX ¥ METOJIbl aHATMTUYCCKON TE€OMETPHHY TSl ONPEeTICHIS TTOTCHITH-
ANBHON ONTHMANTBHOCTH aJIbTEPHATUBEI, THMAa 0000IIaromell QYHKIIMN U BEKTOpa BECOBHIX KO3((OUIIMEHTOB.
PaccMoTpeHno TaHHBIX BOITPOCOB U YJENSACTCS BHUMAaHHUE B JAHHOM CTaThe.

1. ®opmupoBanne I[lapero-00010uKu

ABTOpBI CUMTAIOT, 4TO TocTpoeHue llapero-obomoukn He MOXKET OBITh OCYLIECTBICHO AITOPUTMOM
MEHBLIEH CIIOKHOCTH, YeM COKPALICHHBIM.

1. st kaxkmoro u3 2" BApUAHTOB HAMPABJICHHN ONTUMHU3AIMK 7 KDUTEPUEB HYKHO PACCUUTATh MHOXKECTBO
Yp Ilapero-Touek myTeM ux MonapHoro cpaBHEHHs. BrrancnutenbHas CI0KHOCTh onpenenenus Muoxectsa [lapero
B XyJILEM CTydae, IPH HEOOXOIMMOCTH TIONHOIO MOMAPHOro cpaBHeHHus, cocTapiser n-N-(N—1)/2 ~ n-N°, rae
N=Y|. Oro npexmonaraer HeCPaBHUMOCTb BCEX MMEIOIMXCs Touek 1o [lapero, u B pe3ynbTHpyroliee MHOKECTBO
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Yp ipu 3TOM BoiinyT Bce N Touek. OmHako B 00LIEM Cllydae BO3MOXKHO COKpaIlleHHe Tepedopa: eclii OfHa TOYKa
JOMUHHpPYET HaJ APYroi, TO ZOMHHUPYEMYIO TOYKY MMEET CMBICI MCKIIOUMTh M3 AaybHeiimero nepedopa u He
WCIIONB30BaTh ISl CPABHEHUS C OCTAIBHBIMHU. TakuM 00pa3oM, B JIy4IlIeM CITydae BBIYUCIUTENbHAS CJIOKHOCTD CO-
craBut 7 (N-1) ~ n-N. IIpu 5TOM TOIBKO OHAa JOMUHHPYIOLIAsl albTEpPHATHBA OyIeT CPAaBHUBATHCS C OCTaJIbHBI-
M. [ MaKCHMAaIbHOTO COKpaIIeHHs PEKOMEHIyeTcsl HAUMHATD 1epe0op C TOUEK, BOIICAIINX B MHOXKECTBO {Yex},
T.€. UIMEIOIMX AKCTpeMalIbHbIC 3HAUEHHS XOTA OBl 110 OJJHON KOOpAWHATE.

2. O0beIMHUTH MHOXKECTBA Yp. BRIUNCIHUTENEHOM CIOXKHOCTBIO (N—1) 1 ~ n* N MOXKHO mpeHeOpedb.

Takum 006pa3oM, BEIYUCIUTENBHAS CIOKHOCTD IPEAIaraeMoro ajJropuTMa mocTpoeHus convp(Y) cocras-
nser B XymmeM ciydae 2" n- N, a B myumrem — 2" - n - N.

2. Onpez[e.ne}me MOTEHIIHAJILHOH ONTHMAJILHOCTH AJIbTCPHATUBbI

Yrobsl HEKOTOpast ajdbTepHATHBA 00J1aaia MOTCHIIMATBHOW ONMTHMAIBLHOCTRIO, OHA JOMDKHA MPHHAIIC-
xatb [lapero-obomouke convp(Y), T.e. HAXOAUTHCA TUOO B OJHOIN M3 BEPINWH, JINOO JISKATh HA OJHON U3 €€
rpaHeil. B mepBoM ciydae onpeencHHe ONTHMATbHOCTH TPUBHAIBHO W 3aKJIFOUACTCS B TMOCIEAOBATEILHOM
CPaBHEHHHU TOUYKH C BEpIIMHAMH, (GOPMUPYIOIUME 0007104Ky. BO BTOpOM ciiydae clieayer OnpeaenuTh ypaB-
HEHHE KXKA0HM rpaHu (THUMEPIIIOCKOCTH) M, TOACTABIIAS KOOPIWHATHI TOYKH, BBISCHHTDH, YIOBICTBOPSIOT JTH
OHHU OTHOMY M3 HUX. 3aj[aya OCIOKHACTCSA TEM, UTO He Kaxpie 7 Touek convp(Y) GopMupyror eé rpaHb u He
KaXK1ast rpaHb JIOKUT TOJNBKO C OJJHON CTOPOHBI MHOTOTPaHHUKA, TaK KaK OH HEBBIMYKIBINA. [T0aTOMY aaroput-
MHUYECKH MPOIIIe BO BpeMs: (HOPpMHUPOBaHUS MHOTOIpaHHUKa [lapeTo He HCKITIoYaTh U3 MHOXECTBA BEPIIUH TOU-
KM, JISKAIie TOYHO Ha TpaHsx. B aToM ciydae oba BapuaHTa ONpe/e/icHHs TOTCHIIUATBHOW ONTHMAIbHOCTH
CBOJISITCS K OJJHOKpATHOMY Tepe0opy BepiinH convp(Y).

3. ®opMupoBaHUe JIMHEHHON BBIMYKI0i 0007109KHN

JAnst mocTpoeHHs BBITYKIIOH JHHEHO# 000noukn conv.(Y) B IByMEpHOM MPOCTPaHCTBE HCIIOIB3YIOT all-
roput™ ['paxema, Yana u [[kapBuca (anroput™m «3aBopaunBaHHs NoAapKa») U ux moaupukamuu [1, 2], HO B
MpocTpaHCTBax OoJiee BBICOKOH pa3MEpHOCTH OHM HENPUMEHHMMBL. B nuTepartype OTCYTCTBYIOT OMHMCaHUS
0000IIIeH ST AITOPUTMOB TTIOUCKA BBIMYKIIBIX 000I04eK Juist ciy4ast R mipu n > 2.

Ecnu Ob1 3apanee He Obia moctpoena obomouka [lapero convp(Y), To, mockoneky conv(Y) siBisercs
MHUHHUMaJIbHBIM BBIMTYKJIBIM MHOT'OTPAaHHHKOM, COAEPKalIUM Y, AJISl €ro MOMCKa CliefoBasio Obl mepedpaTh Bce
THIEPIIOCKOCTH, TPOXOSIINE Yepes3 77 TOUEK U3 Y, T.e. coueranus no n Touek u3 Y. [Tocie BeiOopa ouepenHoi
n-Kd TOYeK U3 Y HE0OXOIUMO MPOBEPUTH KAXKIYIO U3 OCTaBIIUXCS N — 71 TOYEK Ha TO, C KAKOW CTOPOHBI OT BBI-
OpaHHOM TMIIEPINIOCKOCTH OHA HAaXoAWTCS. Ecnu mis Tekymiel runepriiockocT Bce TOYKH Y HAXOmATCs C Of-
HOW CTOpOHBI, TO oOpasylomas e¢ #n-Ka ToueK BXOAUT B convi(Y). BzanmHoe monokeHue THIEpIIIOCKOCTH,
MPOXOASIIEH uepe3 n To4ek, U n + 1-if onpenensercs 3HaKoM ONpEAeUTeNs A-TO MOpPsIIKa, TOCTPOSHHOTO U3
pasHocTelt 3Tux n + 1 Touek. Ecnu Bce mpoBepsieMble N — 1 TOUEK PACHOIOXKEHBI C OIHOW CTOPOHBI OT pac-
CMaTpHUBAaEMOl THTIEPIUIOCKOCTH, TO ATH ONpPeNeTUTeNN UMEIOT OJUHAKOBBIN 3HaK. Ecnu ke s n + 1-if Touku
3TOT onpeAenuTenb paseH 0, TO 5TO 03HAYAeT, YTO OHA JISKUT B ATOH ke TurepruiockocTu. [Ipu sToM B camom
XyJIEeM cilydae Julsl IoCTpoeHus conv;(Y) HeoOX0MMMO BEIYUCIUTE C), - (N —n) ONpeenuTenei nopsaka n, a

CIIOKHOCTD BBIUMCIICHHS KaXKIOr0 OMPEIeIUTeNs ~ 1.

[TosTomMy mist mocTpoenust conv.(Y) mpeanaraercs aaropuT™M COKPAIEHHOro Iepedopa BepIIMH MHOTO-
rpaHHuKa convp(Y), HCIIONB3YIOMUN TOT (hakT, uto conv.(Y) < convp(Y).

1. JTns xaxaoro u3 2" BapuaHTOB HAIPaBICHUH ONTUMU3ALMY f(xX) — {min, max}, j=1, ...,

a. Beibupaercs n Touek u3 convp(Y), IMEIOLINX 3KCTpEMaIbHbIC 3HAUEHUSI XOTs ObI TI0 OTHOMY KPUTEPHUIO, U
CTPOHTCS THIIEPILIOCKOCTh L, mpoxopsmias uyepe3 Hux. CiokHocTs — n- (N+n”) ~ n’. Kybuueckas KOMIIOHEHTa
TOSIBISIETCSL B CBSI3M ¢ HEOOXOMMOCTBIO BBIYUCIICHHS ONPEACUTENS ISl TOCTPOCHHS THITEPIIOCKOCTH.

b. Beibupaercs (i popMupyercsi HCKYCCTBEHHO) «IPEACTbHA» TOUKA Yeyyr, UIMEIOIIAS SKCTPEMAIbHBIC
3HAYEHHUs 10 BCEM f{(X), U ompenensercs e€ OpueHTUPOBaHHOE paccTosHue d 1o runepmiaockoctu L [3]. Cnox-
HOCTh — n*(N+1)~N-n.
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«
c. [Tyrem nepebopa dopMupyercs MHOXKECTBO TodeK Y < convp(Y), OpueHTHpOBaHHOE PACCTOSHUE OT
KOTOPBIX JI0 THUIEPIUIOCKOCTH UMEET TOT K€ 3HAK, 4TO d, a OCTalIbHbIC 0TOpachiBarOTCs. CIIOXKHOCTE — N - 7.
d. MuOxecTBOY, C Y hopMHpyeTcst MmyTeM MOBTOPEHHs MYHKTOB ¢—C JUTS BCeX HaGOPOB IO 71 TOUEK U3 Y .

Ecm |Y |<n+1,10Y, =Y. CnoxsocTs B Xy/meM ciydae cocTapiser C v -(”+N-n), a B myamem — 0.

2. lns nonydenus conv,(Y) MHOXKecTBa Y, 00beIUHSIOTCS. BBIUMCIUTEIBHON CIOKHOCTBIO MOXKHO TIpe-
HeOpeyb.
[Momyyaercs, 4TO BBIYMCIUTEIBHAS CIOKHOCTh MPELIaraeMoro ajqropurMa noctpoeHus convy(Y) B xya-

2
mem ciaydae cocrapisier 2" Cy -n- (n”+N), a B myumem — 2" - n - (n*+N).

4. Ilonck BeKkTOpPa BeCOBBIX KOI(PGUINEHTOB, 00eceYNBAIOIINX ONTHMAIBHOCTD AJTbTEPHATHBBI

Jis anmuTUBHON ¥ MYyJBTHUIUIMKATUBHOM 00001Maromux (GpyHKIMi, Kak MoKa3aHO B NpeAbLIyIIel pabo-
Te, 3aJja4a ONpPE/CIICHUsT BEKTOpa BECOBBIX KOA((HUIIMEHTOB BKIIIOYAET B CEOsl MOMCK BEKTOpA, MEPIICHIUKY-
JISIPHOT'O TUTIIEPIIOCKOCTH, siBIsttoLIeiicst rpanbio conv(Y) umu conv(In(Y)).

W3BECTHO, YTO BCSIKast TUIIEPIUIOCKOCT B R” TPOXOIUT yepes n Touek [3]. YpaBHEHHE THIIEPIIOCKOCTH
onpexaenserca kak Cy-y; + ... + C,-y, + D=0, e Cy, ..., C, — KOOpAUHATHI HOPMAJI JAHHON TUIEPIIIOCKOCTH.

) T
C npyroi cTOpOHBI, THIIEPIIIOCKOCTD TaK)K€ OMHMCHIBAETCS YpaBHEHNEM ‘(y —a, - a_ - 31) ‘ =0, raea, ... a,

— TOYKH, BXOJSIINE B TUIMIEPILIOCKOCTh, a Y — MPOU3BOJIbHAS TOYKA IMPOCTPAHCTBA, TOXKE HAXOAIIAsICS Ha TH-
MEPIIOCKOCTH. Pa3peruB 3To ypaBHEHNE OTHOCUTENLHO Y, HaiiaeM C|, ..., C,. Jlns aToro HeodxoauMo pasiio-
JKUTh YKA3aHHBIN OMPENETUTENb 10 IEPBOM CTPOKE:

y-a Y—a, o Yn T A1y
o= : : = —a) A+t —ay,) A4, =
Ay A |11 A1 Apln ~
=1 'Al,l +...+y, 'Al,n _(al,l 'Al,l +...ta, ~A1,n):0.

CrnenoBaTenbHO, anredpanyeckue JOMOTHEHHS MEPBOM CTPOKH U €CTh KOMIIOHEHTHl HOPMaJIBHOT'O BEK-
Topa. [Ipr 5TOM OHU BBIYMCISIIOTCS Yepe3 KOOPAWHATHI TOYEK aj, ..., a,.;. Janee oOpaTumM BHUMaHHE, 4TO Y
BCSAKOM THUIIEPIIIIOCKOCTH CYILIECTBYET HE OAMH HOPMAJbHBII BEKTOP, a LIENI0€ CEMENCTBO BEKTOPOB, 3a/1aBaEMOE
BBIpaKeHHEM o.-n, Tae o # 0, a n — m000i U3 BEKTOPOB, MEPIECHANKYISPHBIA TUIIEPIUIOCKOCTH (Hampumep,
BEKTOp ¢ koopauHatamu (A, ..., A1,), Kak IoKa3aHO Bbille). OAHAKO Ul NPABUIBHOIO ONpPEAEICHHS
HaIpaBJICHUs, BaKHOTO JAJS ONpPENCTECHUS HalpaBiIeHUN ONTUMH3AIMM, HAC WHTEPECYET HE BCAKHUM BEKTOD,
HOPMaJIbHBIM K YKa3aHHOW T'paHH, a TOJNBKO TAKOW, KOTOPBIH BBIXOAMJ Obl M3HYTPH MHOTOIPAaHHHKA HapYXy
MIEPIIEHANKYIISIPHO K YKa3aHHOM IJIOCKOCTH.

Takum 00pazom, BCTAIOT JBE 3aauu: 1) HAHTHU TOUKY Yo, MPUHAIICKAIIYIO BHYTPEHHOCTH MHOTOTpaH-
HUKa; 2) HAUTH TOYKY Y,, IPUHAIIEKALIYIO YKa3aHHON TPaHH, TaKyt0, 4YTO BEKTOP (Y; — Yo) ObLI Obl EpreHIu-
KynsipeH Tpand. [lepByio 4acTh 3agayil MOXKHO PELIMTH OBYMS CIIOCOOaMHU: ecli MHOKecTBO Y \ conv.(Y) He
MyCTO, B KAYECTBE Yo MOXHO B3STh JIIOOYIO TOUKY U3 Hero. B mpoTHBHOM ciiydae B Ka4eCTBE Yo MOKHO B3STh
TOYKY, SIBJISIOLIYIOCS apu(pMETHIECKIM CPEIHUM BCeX ToueK U3 convy(Y): B CHily BBITYKJIOCTH MHOTOTPaHHUKA
OHa Oyzer Bcerja NPHHAANIEKATh €r0 BHYTPEHHOCTH. I HaXOXKAEHHUS TOUKU Y, HY)KHO PELIMTh CUCTEMY
ypaBHEHUH (IIOMCK TOYKH TEPECEUCHUS MPSIMON M TUIIEPILIOCKOCTH, IPY YCIOBUH YTO MpsMas 3aJaHa B mmapa-
MeTpruyecKoi GpopmMe, a ee HaPaBJISIIOIINKA BEKTOP SBJSIETCS HOPMAJIBHBIM BEKTOPOM THIIEPIIIOCKOCTH):

Y1 = Vor +A1,1 1,

ygn =y0n +Al,n 't’
(AL 4+ A )t —=(4,-a,++4,-a,)=0.

31€Ch Vgl, ..., Ygn — KOOPAUHATBI HICKOMOI TOUKHU Yg; Vol, - .., Yon — KOOPIAUHATEI BHYTPEHHEH TOUKH Yo; 11, - ..,
a1, — KOOpJMHATHl TOYKH A, ABJSIOIIENCA BEpIIMHON rpanu. Yucna 4, 4, ..., 41, — KOOpAUHATE HOPMAJIBLHOIO
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BEKTOpa UIIEPIUIOCKOCTH, HalieHHbIe Bbile. Haiing uucio ¢, HalijeM 1 KOOpAUHATEI UCKOMOM TOYKH Y,, @ BbI-
YUTaHUEM (Y, — Yo) HailleM HCKOMBII BEKTOD.

OpHako BCsKas BepIIMHA MHOTOTPaHHHMKA MPHHAUISKHUT OXHOBPEMEHHO k > 1 rumepruiockoctsM. [lo-
ATOMY €CJIM HaC UHTEPECYET TaKOi BEKTOP W, KOTOPBIH JOCTABIISIET ATOM TOYKE HanOOJbIllee 3HAYCHUE, TO 3TOT
BEKTOp JOJDKEH HaXOJUThCS BO BHYTPEHHOCTH KOHYCa, 00pPa30BaHHOTO HOPMAJIbHBIMU BEKTOPAaMU 3THUX TH-
nepriockocTeid. Ho Toraa w omkeH MpencTaBisaThes Kak UX BBITYKIIas KoMOMHaIws. B mpocreiimem ciydae
OyneM OpaTb cpefHUil BEKTOp, T.€. MUl k TpaHeH W = (W g + ... T W) / k. Tem cambIM MBI MOkeM nepeiitu
OT CHUCTEM HEPABEHCTB K YpPaBHCHHSIM, HMIYIIMM JJIs KaXKI0H THIEPILIOCKOCTH HOPMAJIBHBIA BEKTOpP, a 3Has
JUTS TOYKY, B KaKUE TPaHU OHA BXOJUT, 00pa30BaTh U3 HUX KOHYC H B3ATh «CPEIHUN» BHYTPEHHUH BEKTOP-Tyd
ATOrO KOHYCAa.

3akjIoueHne

B pabote mokazaHo, 4To 3a/1a4a MOMCKa BEKTOPa BECOBBIX KO3(PPHULIMEHTOB W, ONTUMHU3UPYIOLIETO YKa-
3aHHYIO ajJbTEPHATHBY MO 3HAYCHUIO aJAJUTHBHONW WM MYJIBTUIUIMKATHBHOW obOoOmatomeil GyHkuuu (Ipu
YCIIOBUHU €€ MPHHAISKHOCTH MapeTOBCKON MM JWHEHHOH 000I0YKEe MHOXECTBA), aTOPUTMHUYECKH paspe-
mmMa. Kpome Toro, npuBeneHs! alnropuTMbl, TT03BOJISIOIINE TOCTPOUTH 3TH 000IOYKH AJISl IPOU3BOIEHOIO KO-
HEYHOro MHOXeCTBa B R” adphekTHBHEE, YeM MONHBIM TIEpPeOOpOM.
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There are two non-trivial tasks in the considered in the previous paper algorithm of checking if some object is optimal. First task is
about potential ability for an object to be optimal. It solves by checking if an object belongs to convp(Y) — Pareto-envelope of Y set,
obtained as a union of 2" Pareto-sets Yp for all combinations of directions for n criteria. Second task is about to determine the type of
aggregative function and weight vector which make an object optimal. It contains the checking if an object belongs conv,(Y) — linear
convex envelope Y. Here Y is a set of vectors which characterizes the set of objects X: y(x) = (f1(x), f2(X), ..., fu(X)), x € X, y(x) € Y. Any
vector is a point in n-dimensional space R", and envelopes convp(Y) and conv;(Y) are the general form polytope and the convex
polytope, framing Y. Both of polytopes contains at least all points y. having extreme value of at least one of coordinates:
Yex € convy(Y) Nconvp(Y) <& Jj =1, ..., n:i(f(x) = max oy (f(x)) v f{(x) =min .y (f(x))). And also conv,(¥) = convy(Y). We declare
then the Pareto envelope cannot be found with an algorithm less complex then reduced search:

1. Calculating the Pareto set for any of 2" combinations of directions of n criteria using the pairwise comparisons. The
computational complexity of calculating the Pareto set is n-N-(N-1)/2 ~ n-N* at worse case, N = | Y|. That worse case is if all objects
are Pareto incomparable. In that case, all N objects will be in Pareto set Y». However, in general, there is a possibility of reducing the
calculating: if one object is dominated by another, we must exclude that dominated object from the further search. Therefore, in the best
case the computational complexity will be n-(N-1) ~ n-N. In this case, we have one best object, which we will compare with others.
We recommend to start with objects from the set {y..} in order to provide the maximal reducing.

2. Unioning of Yp. Computational complexity (N-1)-n ~ n-Nis less then above and it can be neglected.

So approximately computational complexity of convs(Y) construction algorithm is 2" - - N* at worse case and 2" - N at best case.
For linear convex envelope conv,(Y) construction in two-dimension space we can use the Graham scan and its modifications, but with
quantity of dimensions n>2 it is not applicable. Instead of Graham scan we consider the following reducing search algorithm using the
fact that conv,(Y) < convp(Y).

1. For all of 2" combination of directions f{(x) = {min, max},j =1, ..., n:
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a. Choose one object from convp(Y), having extreme value at least of one criteria and construct the hyperplane L passing through
them. The complexity is n- (N+#n°) ~ n’. The cubical component is from need to calculate the determinant for hyperplane construction.

b. Choose or form the new “limited” point y.y, having extreme values of all fi(x) with given combination of directions and calculate
the oriented distance d between it and the hyperplane. The complexityis n-(N+1) ~N-n.

¢. Form the Y'< convy(Y) from objects for which the oriented distance to hyperplane has the same sign that d, another neglected.
The complexity is N-n.

d. The set ¥, c Y forming by iterative repeating a—c for all sets of n points from Y. If | Y*| <n + 1, then ¥, = ¥". The complexity at

the worse case is CZ'\', : (n3 +N-n), and at the best — 0.
2. The envelope conv,(Y) is union of all ¥,. The complexity is less then above and can be neglected.
So approximately computational complexity of conv;(Y) constructing algorithm is 2"- CZ'\', ‘n-(n*+N) at the worse case and
2"-n-(n*+N) at the best.
REFERENCES
1. Mikoni, S.V. (2015) Teoriya prinyatiya upravlencheskikh resheniy [Theory of Managerial Decision-Making]. Saint-Petersburg: Lan.
2. Kormen, T., Leisserson, C., Rivest, R. & Stein, K. (2015) Algoritmy. Postroenie i analiz [Introduction to Algorithms, CLRS]. Trans-

lated from English by L. V. Krasikov. St. Petersburg: Williams.
3. llyin, V.A. & Poznyak, E.G. (2002) Analiticheskaya geometriya [Analitical Geometry]. Moscow: PhisMathLit.

21



BECTHHUK TOMCKOI'O TOCYAAPCTBEHHOI'O YHUBEPCUTETA

2017 VYrpaBneHue, BHIYUCTUTEIbHASI TEXHUKA U UHPOPMATHKA Ne 39

YVIK 519.2
DOI: 10.17223/19988605/39/4

K.N. JInpumu, A.A. Hazapos

IMPOCTASA AIITPOKCUMAIIA BEPOATHOCTHU PAZOPEHUA
CTPAXOBOM KOMIAHHWMU JJISI MOJEJIN KPAMEPA-JIYHIBEPT A
CO CTOXACTUYECKUMHU ITPEMUAMHU

[pemnaraercs u uccnexyeTcs OIEHKa BEPOSTHOCTH PA30pEHISI CTPaxoBoi koMmanuu 1yt moaenn Kpamepa—Jlynnbepra
€O CTOXAaCTUYECKUMU IpeMusaMu. [IpoBonurcs cpaBHEHHUE MpeUIaraéMoi OLEHKH KaK C TOUHBIMU BBIPAXKCHUAMHU, TaK U
€ U3BECTHOM paHee aCUMIITOTUYECKOM OLICHKON BEPOSATHOCTH Pa3OpEHUsL.

KitioueBble cjioBa: BepOATHOCTH pazopeHus; Monens Kpamepa—Jlynadepra co cToXacTHUECKUMU MIPEMISIMIE; alllIpOK-
CUMaLys BEPOATHOCTU Pa30pPCHHUS.

CranpapTHOU 3afadell akTyapHOW MaTEeMAaTHKHU SIBJISETCA 3a7ada BBIUMCICHUS BEPOSATHOCTH PA30pEHUS
CTPaxOBOW KOMIIAHUH, T.C. BEPOATHOCTH CHUTYallMU, KOTJIa CTPaxoBas KOMIIAHUS HE MOXKET UCIOIHATH CBOU
(hMHAHCOBEIC 00SI3aTENLCTBA BBU/y OTCYTCTBHSI JICHEXKHBIX CPEICTB MIPH PA3IIUYHBIX MPEAIOI0KCEHHSIX O MOTO-
KaX, MOCTYHAIOUMX B KOMIIAHUIO CTPaXOBBIX MPEMHUN M CTPAaXOBBIX BBIIIAT, TPOU3BOJUMBIX CTPaXOBOM KOM-
nanueit [1-3]. CnoKHOCTh COCTOUT, KaK MPABUIIO, B HAXOXKIACHUM SBHBIX PEUICHUI COOTBETCTBYIOIIUX HHTE-
rpo-muddepeHIMaTbHBIX YPAaBHEHUH, OMPENCISIIOIINX BEPOSTHOCTh pa3opeHus. [loaToMmy npeacraBiser uHTe-
pec HaXOXKJIEHUE OLCHOK JIJISl BEPOSTHOCTH Pa30pEHUs, AJI1 TOCTPOCHUSI KOTOPBIX HE HY)KHO peliaTh COOTBET-
CTBYIOIIIME ypaBHEHUS. B Hacrosimell pabore mpeanaraercss U UCCIEAyeTCsl OIlCHKa BEPOSTHOCTH pa3opeHUs
cTpaxoBoit kommanuu i moaenu Kpamepa—Jlynnbepra co croxacTuuecKuMu npeMusiMu [4, 5]

1. Moneas Kpamepa—JIynn0epra co cToxacTU4eCKUMU NMPeMHSIMHA

MOZ[CIII: KpaMepa—HyH/:LGepra CO CTOXAaCTUYCCKUMHU MPEMUAMU CTPOUTCA MNpPU CICAYIOMIUX MPCAITOI0-
JKCHUAX: MPCANOIaracrcs, 4To MMOTOK CTPaxXOBbIX HpeMI/If/’I, MNOCTynarommnux B KOMITaHHIO, ABJIACTCA IMTyaCCOHOB-
CKMM C MHTCHCHUBHOCTBIO A , IPEMHHU — HC3aBHUCUMBIC, ONNHAKOBO PACIIPCACICHHLIC cnyqaﬁHHe BCIIMYHHBI C

k
IUIOTHOCTBIO pacnpeneneHuss ®(x) u momeHtamu a, = M {x } [Tam xe]. CTpaxoBble BBHIILIATHI TaKke oOpa-
3YIOT ITyaCCOHOBCKHH IMOTOK C MHTEHCHUBHOCTBIO |L, BBILIATHI — HE3ABHUCUMBIE, OAMHAKOBO PacCIpee/IEHHbIE
o k
CllydaiiHble BEIMYMHBI C TUIOTHOCTBIO pactpeneneHus V(x) m momentamu b, =M {x } [Ipennonaraercs

TAaKKC, 4TO C Hadajla ACATCIbHOCTHU CTanOBOﬁ KOMITaHUU TpOoHio JOCTATOYHO MIHUTCIBHOC BPEMA, TaK YTO
IMOTOK CTPAXOBLIX BBIIJIAT HEC 3aBUCUT OT ITOTOKA CTPAXOBBIX HpeMI/Iﬁ.
HyCTL B MOMCHT BPECMCHU { KamnuTajl KOMIIaHUU paBCH S(t) . HpI/I CACIIaHHBIX BBIIIC NPCATIOIO0XKCHUAX
moy )
SO=SO)+ > x=> ¥, (1)
i-1 =
rae S(0)— HavanbHbIi Karmutan, m(f) — YMCIO MOCTYMHUBIIMX CTPAXOBBIX MPEMHM 0 MOMEHTa BPEMEHH !,

n(f) — YUCIO CTPAaXOBBIX BBIIUIAT, X; — BEIMYNHA [ -i CTPAXOBOM NPEMHH, }; — BEIMYMHA j-i CTPaXoBOH

BeIIIIaTEl. Onpenenum T’ =min{t:S(t)<0} u I'=0w, ectu S(t)>0V¢. Cnyuaiinas BenuuuHa 7 — MOMEHT

paszopenusi. Toraa BEpoATHOCT MPEACTBHOIO PA30PEHUS CTPAXOBOW KOMIAHUU, IIPU YCIOBUH, YTO €€ KaluTal
B HaYaJbHBIM MOMEHT paBeH S,

P(S)=Pr{T <}. (2)
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MoxkHo moka3ats [4, 5], 94To BeposTHOCTE paszopeHus P(S) (2) onpenensercs ypaBHEHUEM
S )
(x+mpw)=M?Pw+xmw@mwujms—@wuyh+qﬁ«nm: 3)
0 N

C TpaHu4HbIM ycnoBueM P(+00)=0. Jlng cymectBoBanus oTaudHoro or P(S)=1 pemenus ypaBHeHHs HEOO-
XO/IUMO BBITIOJIHEHNE YCIIOBHS
Aa, = (1+6)ub,, 4
rae 6> 0 — Harpyska cTpaxoBoid mpemun. TouHoe perreHre ypaBHeHus (3) yaeTcss HAWTH JIUIIL B HECKOJIBKUAX
YAaCTHBIX CIIy4asX, HAPUMEpP MPH SKCIOHEHLUUANbHBIX WM TMIEPIKCIOHEHINANBHBIX paclpeeseHusIX cTpa-
XOBBIX MTpeMuil U BeILIAT [4, 6].
W3zBecTHBI cienyromye oLeHKH BeposiTHOCTH pasopeHust P(S) . OueHka BEpOsSTHOCTH pa30peHUs CBEPXY

[4, 5]. O6o3HaUM
Lﬂ@:jam®wwx Aﬂ@:jamwwmg
0 0

Torna ecnu ypaBHeHHE
MLg (k) +ply (k) = A+

HMEET IMOJI0KUTCIIbHEIN KOPCHb k , TO

P(S)<e™. ®)
Bo-BTOpHIX, ipu O MHOTO Menbmie 1 [7]:
AR
a
P(S)~ L (6)

- Ox
A+p— kJ-e Raxtuby @ (x)dx
0
TouHOCTB OIeHKH (6) TeM BHIIIe, YeM MEHBIIE 3HaUeHHe mapameTpa 0.
2. [Ipocras oneHKa BepPOATHOCTH Pa30peHHs

CJ'ICZ[YSI [8], Ha30BEM <(Hp00T01>i» OHCHKOﬁ BCPOATHOCTH PAa30pCHUA TAKYIO €C alllIpOKCUMAIIUIO, I I10-
CTpOCHUA KOTOpOﬁ HCIIOJIB3YIOTCS TOJIBKO MOMCHTHI 4 H bk pacnpe/:[eneHI/Iﬁ CTpaxoOBbIX HpeMI/Iﬁ " CTpaxo-

BBIX BBIIUIAT U HE TpeOyeTCsl CTPOUTD OLIEHKY perieHus ypaBHenus (3). st kmaccuueckoit mogenn Kpamepa—
JlynnGepra m3BectHa oueHKa BeposTHocTH pasopenus De Vylder [8, 9], xkoTropast ocHOBaHa Ha Hiee 3aMEHbI
HUCTHHHOTO TpoLiecca PUCKA C IIPOU3BOJIBHBIM PACIPEACICHUEM CTPAaXOBBIX BBIIUIAT HA MPOLIECC PUCKA, B KOTO-
POM CTpaxoBbl€ BBIILIATH MMEIOT SKCIIOHEHIMAJIbHOE paclpelesicHue, a HapaMeTphbl ammpOKCHMHUPYIOIIErO
mporecca moxo0paHsl TaK, YTOObI TPH MEPBBIX MOMEHTA Y HICTUHHOTO U alllIPOKCUMHPYIOLIET0 MPOLIECCOB PHUC-
Ka COBMAaJaJi. 32 OLIEHKY BEPOSATHOCTH Pa30pEHHS MPH STOM NPUHUMAETCS BEPOSITHOCTh Pa30pPEHUsi, COOTBET-
CTBYIOIIAs allpOKCUMHpPYIOLEMY IIporieccy. Bocnonbszyemcs aToi naeen.

HYCTB CTPaxoOBbIC MPEMHUH U CTPAXOBLIC BBITIIATHI UMCIOT SKCITOHCHIIUAJIIBHBIC pACIPECACIICHUA
N N

CD(S)=le a, ‘P(S)zle b @)
a b
Torna BepossTHOCTH pazopeHus [4]
b - Aa—pb s
P(S) = uia+ )e (twab” @®)

A +pa
Wnm, yauteiBas (4),

ok
P(S) = wa+b) e (x+u)a95

A +pa
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O0603HaYNM

mi(0)=M{S()' | k=1.4. ©)

Cuuras ans npoctotsl, uto S(0) =0, HECTOXKHO MOKa3aTh, 4To A mporecca S(¢) (2) UMEIT MECTO COOTHO-
IICHUS

my(t) = (ha, —pb))t, (10)

my () = (Aay + pby )t + (hay — b)) 12, (11)

my (1) = (ay — by )t +3(ha, +pby )y —pby )i* +(hay —pby )1, (12)

3
my () = (hay +pb, )t +(2(ha, —pby)(hay — pby) +3(hay +pby)* + E(k% — uby)(Aay —pb))* +
+3(hay + ub, Y (ha, —ub )£ + (ha, —uby)*t*. (13)

[Ipu »KCHOHEHIMABHBIX PacCHpEACICHHUSIX CTPAXOBBIX NMPEMUN U CTPaxOBBIX BHITLIAT (7) MMeeM, ode-
BU/JIHO,

k k
Ecim MHTEHCHBHOCTH ITOTOKOB CTpaxoOBbIX HpeMI/Ii/'I M CTPAaxOBBIX BBIIJIAT B AIIPOKCUMHPYIOIICM IIPOLECCE
pUCKa paBHBI 7\.0 H Y, COOTBCTCTBCHHO, TO AJIA COBHAACHUS MOMCHTOB 11 (t) ABYX MpOHEeCCOB AOCTATOYHO

BBITIOJTHCHU A YCJ'IOBI/Iﬁ

dz Z%(kaz +Hb2)=7\40a2 +H0b2, (15)

1
ds =g(7ha3 —pby) = k0a3 - Hob3a (16)
d, =i(ka4 +uby) =hoa’ + peb®. (17)

B pesynbrare nmonydaem cucremy ypaBHeHuil (14)—(17) Ha onpenenenne HEU3BECTHBIX MapaMeTpPOB arl-
IPOKCUMHUPYIOLIEro npouecca a,b,A, L, . 13 ypasuennii (14), (15)

db+d d,—da
Tl TR R (18)
ala+b) b(a+Db)
[oncrasmnss (18) B ypasuenus (16) u (17), nomyunm
diab+d,(a—-b)=d,, (19)
[dl(a—b)+d2]ab+d2(a—b)2 =d,. (20)
OO6o3HauNM
v=a-b, u=ab. 21)
U3 ypasnenwuii (19) u (20) nonyuum
p— 2 pa—
e dd, d262l3 Cu= d; dzd; . (22)
Haxkonen, cootHomenus (21) natot
v+ +4u v+ +4u
a= , b= . (23)
2 2
OneHka BepOSTHOCTH pa3opeHus Oyaer UMeTh BUJL
_ hga—peb s
P(S) ZMQ (Mo+uo)ab , (24)
(Ao +1o)a

rJie napameTpsl a,b,\, |, BbIUUCIAIOTCS 0 hopmynam (18), (23).
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Tak kak mapameTpbl a U b JOJIDKHBI OBITH MOJIOXKUTCIBbHBI, TO OYCBUIHO, YTO JISI MIPUMCHHUMOCTU I10-
CTpOCHHOﬁ OLCHKH JOJIZKHBI BBITTIOJIHATHCA YCJIIOBUA

didy —dyd; _ d? —dyd, 0
dydy —d3 dydy —d3

(25)

3. [Ipumepsl

Hpumep 1. Pacnpedenenus Opranea cmpaxogvix npemuti u cmpaxogvix eviniam. IlycTh cTpaxoBbie
MIPEMUU U CTPAXOBBIC BHITLIATHI MMEIOT PacIpeeieHrs Dpiianra

N S
D(S) =i2e . Y(S) =%e i (26)
o p
Pemenne ypasaenus (3) Oynem nckaTh B BUIE
P(S)= Ae ™" + 4,75 Q27)
[MoxcraBnsst Beipaxenue (27) B ypaBHeHHE (3), TOMYYNM, YTO JJISl TOTO JOIKHBI BHITTOIHSITHCS YCIOBHS
A A
L2 =], (28)
Pri—1 By,-1
4 =+ 4 ~=1, (29)
By, =D" Bro-D
A
SR =y, i=L2. (30)
(ay; +1)° By, =D
Takum 00pa3oM, BETHUMHBI Y; JOIDKHBI OBITH MOJOKUTEIBHBIMU KOPHIMH YPAaBHEHUS
A
()= g —h-p=0. (31

(@z+D?  (Bz-1?

Oynkuus  f(z) obmamaer ciemyroummu cBoiictBamu: f(0)=0, f'(0)=—(ha—ub)<0, f (—l) =00,
o

1
f(=)=o, f(xo)=—(A+ ), OTKy#a cieayeT, 4To ypaBHeHUEe f(z)=0 KMeeT JaBa IMOJIOKUTEILHBIX KOPHS:

B

1 1
Y1 € (O,E) u vy, G(E,CD). Pemast cucremy ypaBuenuii (28), (29), momydaem, 4TO BEpOSITHOCTb Pa3OpEHHS B

HAaIIeM CITy4ae UMEeeT BUJ
1-By,)* 1-By,)* _
P(S) = Vo =By)” ns _NA=PBra)” —ps (32)
Y2 =11 Y2 —"1
Ha puc. 1 npuBeeHsl 3aBUCUMOCTh BepOsTHOCTH pasopenust P(S) oT HayanpHOro Kamutana, BhIYHC-
nenHas no ¢opmyne (32), U ee OLeHKHU, mocTpoeHHbIie o Gopmynam (6) u (24) coorBercTBeHHO. [lapamerps
a=0,5pB=5u=LA =(1+9)E. [Mapamerp 0=0,05;0,1;0,5;1.
o
Hpumep 2. Ilocmosnuvie cmpaxosvie npemuu u cmpaxosgvle gvinaamel. [1ycTh CTpaxoBble IpEeMUU U
CTpPaxoBbI€ BHIIIATHI TOCTOSHHBIL:
O(S)=0(S—a), Y(S)=0(S-b).
Tounoe pemenue ypaBHeHHs (3) MOMY4YHTH B 3TOM cllydae He yAaercs. B TaOnuie nmpuBeneHbl oneHkKa
BEPOSITHOCTH Pa30pEHUs], OITyUYCHHAS B PE3yIbTaTe MMUTALIMOHHOTO MOJETHPOBAHUS, U OLEHKH BEPOATHOCTH

pasopenusi, nmocrpoeHHsie o ¢opmynam (6) u (24). [apamerpsl a=1,6=10,u=1,A=(1+ 9)é . TTapamerp
a

0=0,05;0,1;1. O6vem BBIOOpKH TIpu MoaenupoBanuu — 50 000. OTMeTuM, YTO OIEHKA BEPOSITHOCTH Pa3ope-

HUMA, MTOTYUYCHHAsA NMYTEM UMUTAIIMOHHOIO MOJACIMNPOBAHUA, BCCrAa ABJISACTCA 3aHMKCHHOM M3-32 KOHCYHOCTH

25



BpeMeHu MomenupoBanus mporecca S(¢) (1). Kak BUIHO M3 MPUBEICHHBIX JTAHHBIX, TPH BCEX 3HAYCHHUSIX O

oleHka (24) okasbpIBaeTcs Jydlle, YeM omeHKa (6). BeIMrpeim pacrteT ¢ yBelWYeHHEM HArpy3Kd CTPaxoBON

PeMUH.
0 5 10 15 S
Puc. 1. 3aBucuMocTs BEpOATHOCTH PAa30PEHUS OT HAYaJIbHOTO KAMUTAaNA (CIIOMIHbIE JINHIH)
U ee OLIEHKH, TTOIydeHHbIe 1o (opmyre (6) (mrpuxoBble JIMHUY) U (hopmyre (24) (IITPUXITYHKTHPHEIE JTHHIHN)
[PH pacpeieIeHUsIX DpilaHra CTPaxoBbIX MPEMUi U BBIILIAT
OHeHKﬂ 3aBUCHMOCTH BepOﬂTHOcTﬂ pa30peﬂ“ﬂ OT HAYAJBHOI'0 KanmuraJja
Hp](l IMOCTOAHHBIX chaXOBle l'lpeMPlﬂX )/ | chaXOBbIX BbIILJIATax
S 0 1 2 3 4 5 6 7 8 9 10

Pez‘yjé"iag (I;‘soﬂe“' 0,952 | 0948 | 0942 | 0934 | 093 | 0925 | 0917 | 0,907 0,9 0,893 | 0,884
Omenra (24) | 0,939 | 0931 | 0922 | 0014 | 0,906 | 0,898 | 0,891 | 0,883 | 0,875 | 0,867 | 0,86
Ouerika (6) 0,914 | 0,905 | 0,897 | 0,889 | 0,881 | 0.873 | 0,865 | 0,858 | 0.85 | 0842 | 0,835
Pe:‘y“;f; “l‘oﬂe“' 091 | 0899 | 0,81 | 0,88 | 0871 | 0,858 | 0,846 | 0834 | 0817 | 0,799 | 0,781
Omenra (24) | 0,886 | 0,871 | 0856 | 0,842 | 0,828 | 0,814 | 0.8 0,78 | 0,773 | 0,76 | 0,747
Ortenka (6) 0,836 | 0821 | 0,806 | 0,792 | 0,778 | 0,764 | 0,75 | 0,737 | 0,724 | 0,711 | 0,698
Pe3y“ﬁ;if;“°ﬂe“' 0,69 | 0648 | 0,619 | 0,598 | 05569 | 0,543 | 0,512 | 0478 | 0439 | 0404 | 0,367
Omenra (24) | 0,631 | 0,589 | 0,549 | 0512 | 0,477 | 0,445 | 0,415 | 0,387 | 0,361 | 0336 | 0314
Ortenka (6) 0445 | 0408 | 0374 | 0343 | 0314 | 0288 | 0.264 | 0242 | 0222 | 0.203 | 0.186

Hpumep 3. ['unepsxcnonenyuaivroe pacnpedeieHue cmpaxosvlx npemuti u evinaam. IycTh cTpaxoBbie
MPEMUU U CTPAXOBBIC BHIILIATHI MMEIOT THIICPIKCIIOH CHITMAILHBIC pacpeesieHIs

D(S)=) Ao, Y(S)=D BB ™.
k=1 k=1

Torna BeposiTHOCTD pasopenust P(S) umeer Bup [6]:
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P(S)=YPe"",
Jj=1

(33)

(34)



FAC Y; — IOJIOXHUTCIbHBIC KOPHU YPABHCHUS

m g "B
f(Z):kZ kak +HZ kBk —7\._l.l=0, (35)
k=1 Oy +z

o Bz

a P; — pelieHne CUCTeMbl ypaBHEHNH

P (36)

Puc. 2. 3aBucuMocTs BEpOATHOCTH Pa30pPEHUS OT HAYaJIbHOTO KannTaja (CIUIONIHEIC JINHUH) U €€ OLIEHKH, ITOIydeHHBIe
o opmyie (6) (ITpuXOBbIe THHAN) U hopmyiie (24) (INTPUXITyHKTHPHBIC JIMHUH)
TIPY THUNEPAKCIOHCHINATIBHBIX PACTIPEACICHHAX CTPAXOBBIX IPEMUH U BBIIIIAT

Ha puc. 2 npuBenensl BeposTHOCTb pa3opeHus, BrurciaenHas o ¢popmynam (34)-35) npu m=n=2, u
ee OIEHKW, TomydeHHble 1o ¢Gopmynmam (6) uw (24) mpmu 6=0,1 u 0O=1. Ilapamerpn

b
a=1,b=10,u=1,A=(1+6)—. Kak BugHo u3 puc. 2, B 3ToM ciiyuyae 00€ OLIEHKH SBJIIOTCS MJIOXUMH, HO U B
a

3TOM TpuMepe oreHka (24) Bemer ce0s «dyTh JIydiney, yeM omeHka (6). dopMaabHO HCIIONB30BaTh OICHKY
(24) B paccmaTpyBaeMoOW CUTYyallMM HENB3s, TaK KaK IMapaMeTphl alliPOKCHMHUPYIOIIETO MPOIecca, BRIYHCIICH-
Hble 110 opmynam (23) u (18), orpunarensasl. Hampumep, pu 0=0,1 a =-0,405,A0=-16,762 . OmHnako

KOMOWHAIIUN BEIMYNH, HETIOCPEIACTBEHHO BXOAIIHE B OIIEHKY (24), TTOTOXKUTEIbHBI.
3akjIoueHne

B pabote nomydensl pacuernble ¢OpMYIIbl, TO3BOJSIONINE BEIUUCINTD OLIEHKY BEPOSITHOCTH Pa3opeHUs
CTPaxOBOW KOMITAaHMU NTPH NPOU3BOJIBHBIX PACTIPENEIEHNUSX CTPAXOBBIX BBIIUIAT U CTPAXOBBIX MPEMUI I MO-
nenn Kpamepa—Jlynnbepra co croxactuueckuMu npemusivu. Kak cienyer u3 paccMOTpEHHBIX NPUMEPOB, BO
BCEX PACCMOTPEHHBIX CIIydasx TOYHOCTH MPEAIaraéMoil OIeHKH JIydIlle, YeM TOYHOCTh U3BECTHOM paHee OIeH-
K{ BEPOSITHOCTH pa3opeHus. B mpuHIHIIe TOT K€ moaxoa MOXeT ObITh HCIIONB30BaH ISl BHIYMCIICHUS BEPOST-
HOCTEW pa3opeHus U A Oojee CIOXKHBIX MOJeel, HalpuMep, I CiIydasi, KOrJa U MOMEHTHI MOCTYIICHHS
CTpaxoBbIX Iipemuii 00pazyror MMP notok [7].
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In this paper the calculated formulas which allow to construct the simple approximation for the ruin probability of an insurance
company for Cramer-Lundberg model with stochastic premiums are obtained. The approximation is based on the replacement of the
true risk process with arbitrary distributions of the insurance premiums and the insurance payments

m(t) n(t)
SO=SO+ x5~ 7,
i=1 j=1
where S(0) is the initial capital, m(¢) is the number of received insurance premiums to the time 7z, n(f) is the number of insurance

payments, x, is the value of i -th insurance premiums, Y, is the value of j-th insurance payment, a, = M {x[.k } ,b=M { »r } , the flow

of insurance premiums is Poisson with intensity A, the flow of insurance payments is Poisson with intensity p, on the risk process with

the insurance premiums and the insurance payments having the exponential distributions. At that the premiums flow intensives A, , the

payments flow intensives L, , the average values of the premiums @ and the payments b in the approximating process are chosen so that

the first four moments of the true and approximating risk processes coincided. This requires the fulfillment of the conditions

1
dy =hay —pby = hoa —pob, d, = E(MZ +pby) = hoa® +pgh?,

1 1
dy = g(xa3 —uby) =hoa® — b, d, =57 has +ub) = Loa® +ugh®.

The parameters a,b, A, 1, are determined by the ratios

dib+d, d,—da
0= > Mo = ’
ala+b) b(a+b)
a_v+\/v2+4u b_—v+\/v2+4u
2 o 2 ’

where
,_ ddy —dyds u:ﬁ—@@'
dids—d? "’ dydy —d?
For the rating of the ruin probability is taken the ruin probability of the approximating process

_ hoa—ped
P(S) = Me (Mo+po)ab
(Ao +1o)a
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BECTHHUK TOMCKOI'O TOCYAAPCTBEHHOI'O YHUBEPCUTETA

2017 VYrpaBneHue, BHIYUCTUTEIbHASI TEXHUKA U UHPOPMATHKA Ne 39

VK 519.872
DOI: 10.17223/19988605/39/5

E.1O. JIucosckas, C.I1. MonceeBa

ACUMIITOTUYECKHUM AHAJIN3 HEMAPKOBCKOM BECKOHEUYHOJIMHENHOM
CUCTEMBI OBCJYKUBAHUS TPEBOBAHUMN CJIYYAMHOI'O OB bEMA
C BXO/SIIIIUM PEKYPPEHTHBIM IOTOKOM

Paboma evinonnena npu ghunancogoii noooepocke PODU 6 pamxax nayunozo npoexma Ne 16-31-00292 mon_.

PaccmarpuBaercs cucrema maccoBoro oocimyxuBanus GI/Gl/co ¢ TpebGoBanusmu cirydaitnoro oosema. Permaercs 3amaua
HCCIIEIOBAHIS CYMMapHOTro 00beMa TpeOoBaHMI, HAXOAAIINXCSA B CHCTEME B CTAI[MOHAPHOM PeXHuMe (yHKIOHHPOBA-
Hus. C IOMOIIBIO METO/[a ACHMIITOTHYIECKOT0 aHAIN3a ITPY YCIOBHY BHICOKOH MHTEHCHBHOCTH BXOJISIIIETO IOTOKA JIOKa-
3aHO, YTO PacCIpeieeHne BEPOSTHOCTEH CyMMapHOTro 00beMa TpeOOBaHUH B CUCTEME SIBIISIETCSI TayCCOBCKHM.
KiioueBble c10Ba: OSCKOHEYHONMHEHHAsT CHCTEMa MAcCOBOTO OOCIYXHMBAHHMS; METOZ JHHAMHUYECKOTO MPOCEHBAHUS,
CITyqaifHBIH 00BeM TpeOOBaHMUI; METO aCHMITOTHYECKOT0 aHAJIH3a.

[Ipu mpoexTrpoBaHUM cHCcTeM 00pabOTKH U Tepenavyr cOOOLUICHNH, TAKUX KaK CUCTeM KOMMYTAallUH CO-
o0IeHnid 1 cucteM 00paboOTKH paaAnoI0oKalMOHHON MHPOPMAMK BO3HUKAET 3aada olpeacieHus: oobema na-
MSITH, TIpeAHAa3HaYCHHON AJIsl XpaHeHUsl HH(opManry o COOOIIEHUH BO BpeMsl €ro mepenadn U 00CTyKHUBaHMUS.
Bennunna Takoro o0bema ompenensercss HENpephbIBHOM clIydailHOH BEMTUYMHOW, KOTOPYIO OyaeM Ha3bIBaTh
CyMMapHBIM 00beMoM TpeOoBaHmi [1].

3amaya ompeneneHus XapakTepUCTHK CyMMapHOTo o0beMa TpeOOBaHUH B KIIACCHYECKUX CHCTEMax Teo-
PHH MAaccoBOrO OOCITYXHBaHHS W €€ MPUIOKEHHSIX K PELICHUIO 3a7ad MPOSKTHPOBAHUS KOMITBIOTEPHBIX U
KOMMYTallMOHHBIX CHUCTEM OOcykaajlach B pabotax [2—4], rae uccienoBaiich HEKOTOPHIE XapaKTePUCTUKU
TAKUX CHCTEM B NPEAINONOKEHUH, YTO BXOAALIMK MOTOK SIBISETCS MPOCTEHUIINM, BpeMsi OOCITY>KUBAHHsS pac-
MPEAEIeHO MO JKCIOHEHIHAIFHOMY 3aKOHY, a MapaMerpbl OOCIyKMBaHHs TpPeOOBAaHUS MOTYT 3aBHCETb OT
o0bema TpeOoBaHUSI.

CoBpeMeHHBIE TIOTOKH JaHHBIX B MHPOPMAIMOHHBIX U TEIEKOMMYHUKAIIMOHHBIX CUCTEMax BKIIOYAIOT B
ce0s1 HHTErpUPOBAaHHBIC TIOTOKH, COAEP KaIlIUe Iepeady TeKCTa, rojoca 1 BUACOMCTOYHIKOB, YTO TpeOyeT Hc-
MOJIB30BaHUs Oosee CIOKHBIX MOJeNell MOTOKOB. B kadecTBe Takux Mojelnel, Kak MpaBUIo, HCIOIB3YIOT Ma-
TeMaTH4YEeCKUE MOJEIU MOIYJIMPOBAHHBIX WM PEKYPPEHTHBIX MOTOKOB [5, 6]. JIna mccienoBaHusl CUCTEM C
BXOAALIMMHU HEMyacCOHOBCKUMH MOTOKaMHM, HAIIPUMEP, PEKYPPEHTHBIM M MapKOBCKH MOIYJIMPOBAHHBIMH MO-
TOKaMH, B paborax [7-9] mpeanaraercsi WCHONB30BAaTh METOJA aCHUMIOTOTHYECKOTO aHAIM3a, MO3BOJIIOMIMN
HAXOIUTh MPUEMIIEMOE ISl MPAKTUUECKUX MPUIIOKEHNUN PEIIeHHE B ONPEACICHHBIX YCIOBHSAX.

1. ITocTanoBKAa 3aga4uu

Paccmorpum cucremy maccoBoro obciyxkuBanusi (CMO) ¢ HeorpaHHUEHHBIM YHCIIOM NPUOOPOB, Ha
BXOJ KOTOPOH MOCTyMaeT peKyppeHTHBIN MOTOK, 3a1aHHbIN (pyHKIMEl pacnpenenenns JUIMH HHTEPBaJIOB MEXK-
Iy TOCJIeI0BaTeIbHBIMH MOMEHTAMH MOCTYIUICHUS 3asBOK B cucTeMy A(x). [IponomkuTenbHOCTh 00CTyKHUBa-
HUS 3a8BKH UMEET IMPOHU3BOIBHYIO (QYHKIHUIO pachpeneicHus, OAMHAKOBYIO sl Bcex mpubopoB B(x). [Ipenmno-
JlaraeM, 4To Ka)10e TpeOOBaHUE XapaKTepU3yeTcs HEKOTOPBIM cllydaiiHbIM 00béMoM v > 0, G(y) = P{v <y} —
¢GyHKUUMS pacnpeneneHus caydaifHoil BennuuHbl v. OOBbeMbl pa3n4HbIX TpeOoBaHWH He3aBUCHMEL [1o okOH-
YaHWUU 0OCITY)KWBaHUS 3a1BKa MOKUIAET CUCTEMY U «YHOCUT» CBOH 00BEM.

[TycTb i(f) — yncno 3asBOK, HAXOIIIINXCSA HA 00CTYKUBAaHUM B CUCTEME B MOMEHT #, V(f) — monHas cym-
Ma 00beMOB TpeOOBaHMH, HAXOIAIINXCS B CHCTEME B MOMEHT BPEMEHH £.
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[locTaBuM 3amady HaxOXKIEHHS XapaKTEPUCTHK OBYMEpPHOro ciydaiiHoro mpouecca {i(f),/(#)}. Orme-
THM, YTO UCCIIEAyEMBIi IpoLecc He SABIseTcS MapKoBCKUM. [loaToMy ist ero uccieqoBanust OyneM HCIoiIb30-
BaTh METOJ JUHAMHUUECKOro npocenBanus [10].

IMocTpoum npocestHHBIH MOTOK A5t paccMarpuBaemorr CMO GI|Gljeo. st aTOr0 3adMKCHpyeM HEKOTO-
puiii MomeHT Bpemenu 7. [lomaraem, 4To 3asiBKa BXOJSIIEro MOTOKA, MOCTYNHBIIAs B CHCTEMY B MOMEHT Bpe-
MeHH ¢ < T ¢ BepOATHOCTHIO

S(t)=1-B(T -1),
¢dopMupyer coObITHE MPOCEIHHOTO MOTOKA, a C BEPOSATHOCTHIO | — S(¢) 3Ta 3asiBKa B MPOCESTHHOM MOTOKE HE
paccMaTpuBaeTcsl.

O603HaunM 7(f) — 9UCIIO COOBITHH MPOCEIHHOTO NIOTOKA, HACTYIUBIINX 0 MOMEHTAa BpeMeHH f, W(t) —
CyMMapHBIH 00beM HpOcesHHBIX TpeOoBaHUi. Toraa, ecau B Ha4aldbHBIA MOMEHT f, < T cucrema Oblia CBO-
0oxHa, TO 1711 MOMEHTA BpeMeHH 1 JUIs JTIOOBIX 71 M V BBITIONHSIOTCS] paBEHCTBA

Pli(T)=m}=P{u(T)=m}, PV (T)<v}=PW(T)<v}.

Craenyer OTMETUTb, YTO HCIIOIb30BaHNE METOa MPOCESIHHOTO MOTOKA TTO3BOJISIET TOYHO ONMpENenuTh Xa-
pakTepuCTHKH Tpouecca V(f), Tak Kak B MPOCETHHOM MOTOKE MPUCYTCTBYIOT TOJIBKO T€ 3aiBKH, KOTOpPbIE HE
3aKOHYAT 0OCITy’)KUBaHHE K MOMEHTY BpeMeHH 7.

2. IndpepennuansHoe ypapHenne Kosmoroposa

BBenem o6oznauenune P(z,n,w,t) = P{z(t) <z,n(t)=nW(t)< w} — pacnpenereHue BEpOsSTHOCTEN Tpex-
MepHOro MapKOBCKOTo mporecca, rae z(f) — 0oCTaToOYHOe BpeMsi OT MOMEHTA ¢ 10 MOMEHTa HAaCTYIUIEHHs Clie-
JYIOIIEro COOBITHS B MCXOOHOM PEKYPPEHTHOM moOToKe. [y aToro pacmpeneneHusi cocTaBUM Af-METOAOM
npsMyIo cucteMmy auddepeHunanbHbix ypaBHeHni Konmoroposa. Ilo ¢opmyrnie momHOH BepOsSTHOCTH 3amu-
LIEM PaBEHCTBO

P(z, n,w,t+ At) = [P(z +At,n,w, t)— P(At, n, w,t)]+ P(At, n, w,t)(l - S(t))A(z)+
+S(0)AE)] Pt 1w - 1,0dG(y) + (A1), )

z>0,n=0,12,.., w>0.
U3 (1) momydaem cucremy nuddepennansHbeIx ypaBHeHnin Koimoroposa
aP(z,n,W,t) _ aP(z,n,W,t) N aP(O,n,W,t)(A(Z)_1)+
ot 0z 0z
YoP(0,n—1,w—y,t oP(0,n, w,t
Ontwvret) ) 2POR )

Slzt)A dG
RUCIE :

b

z>0,n=012,.., w>0,
C HAYaJIbHBIM yCJIOBHEM
R(z), n=0,w>0
P(Z,n,W,fO)Z ( )’ 9 )
0 unaue.
3neck U nmanee R(z) — cTalMOHApHOE pAacIpeNelieHue BEPOSTHOCTEH 3HA4YEeHUU CiydailHOro mporiecca z(f),
OTIPEENAEMOE BhIpaKEHUEM

1

0

j (1— A(x))dx

0

R(z)= 73 (1- A(x))dx,rne A=
0

BBeneM yacTHUHYIO XapaKTEpPUCTHUECKYIO (PYHKIIUIO BHIA

0 o0

h(z,u1 ,uz,t) = Ze’“lnIe’“z”’P(z,n,dw,t) ,z>0.
n=0 0

VuutkeBas, 4To

31



0 o0

3o je ’f oP(0,n—1,d(w—y),1) (G(y)= e on(0,u,,u,,1) G(u,).
0

Oz Oz

n=1 0

rae G (u2 ) onpenensercs Kak
G"(uy)=J e/ dG(y),
0

MOXXHO 3aIlliucaTb HH(b(bepeHHHaHBHOC YpPaBHCHUC B YaCTHBIX IMPOU3BOAHLIX IIEPBOI'O MOpAIKA

oh(z,uyuyt)  Oh(zuuynt)  OR(0,u,,u,, e
(= gt“ 1) _ ohlz L(;Z“ 1), on( L(;Z“ t)[A(z)—1+S(t)A(z)(e G (uy)-1) )

C Ha4aJIbHBIM YCIIOBUEM
h(z,uy,uy,t5)= R(z). 3)

3. MeTox acCHMIITOTHYECKOI0 AaHAJIN3a

Taxk xak nmpsAMoe peleHue ypaBHeHus (2) He MPeCcTaBIsieTcs] BOSMOXKHBIM, TO JJIS pellieHus 3a1aun (2)—
(3) Bocmonb3yeMcsl METOAOM ACMMITOTUYECKOro aHain3a [11] B ycloBUM HEOrpaHMYEHHO pacTyIied MHTEH-
CHBHOCTH Bxopsuiero noroka [10]. 3anuiem QpyHKIHMIO pacnpenesieHus! [JUIMH HHTEPBAIOB MKy MOMEHTaMH
MOCTYTUIEHUS 3asIBOK B cucTeMy B Buae A(Nz), rae N — co — mapamMeTp BBICOKOI HHTEHCUBHOCTH ITOTOKA.
Torna, BEIONHUB peoOpa3oBaHusl, ypaBHEeHHE (2) IpUMeT BU
L@h(z,ul,uz,t) _ ah(z,ul,uz,t) N 8h(0,u1,u2,t) [A(z)— L+ S(t)A(z)(ej“IG* (uz)—l)] @)
N ot 0z 0z
C HaYaJIbHBIM YCIIOBHEM

h(z,uy,uy,t5)= R(z). ()
Acumnmomuyeckuil ananus nepeo20 nopsOKa IPOBENEM B BUJIE J10Ka3aTelbCTBA TEOPEMBI 1.
Teopema 1. AcuMnroTuueckas XxapaKTepucTHyeckas (pyHKIUS paclpeeneHus BEpOoATHOCTEH mpolecca
{z(¢),n(¢),V(¢)} nepBoro mopsixa umeer Bu

h(z,u, uy,t) = R(z)exp{Nk[ju1 + ju,a, ]jS(r)dr} ,

ty
rac a, — MaTeMaTU4YCCKOC OXKHNIAHUC CJI aﬁHOﬁ BCJIIMYMHBI, OIT eﬂeﬂﬂeMOﬁ K]_[I/Ief/i ACIIPCACIICHU A 06’])6-
1

Ma tpeboBaHui G(y).
Jloxazamenscmeo. Boimonnum B BelpaxkeHUsx (4) u (5) 3aMeHbl

Szﬁ’ U =W, Uy =€wW,, h(z,ul,uz,t)zfl(z,wl,wz,t,s). (6)

Torna 3anava (4)—(5) mpumer Buj

€ aﬁ(zawlaw29t98) — aﬁ(zawlaw29t98) + 6f1(0,wl,wz,t,8) [A(Z)_l+S(t)A(Z)(ejSWIG*(Swz)_1)] (7)
ot oz Oz
C Ha4YaJIbHBIM YCJIOBUCM

fi(zw,wy,t0,8) = R(2). (8)
Haiinem acumnroruueckoe, npu € — 0, petenue 3agaun (7)«8), T.e. f; (z, Wy, Wy, t) = lim f, (z, Wy, Wy ,t, 8).
£—>0

Oman 1. Tlonoxum B (7) € — 0, moyunm
5f1(ZaW1aWzaf)+ 5ﬂ(0,W1,W2,t)(A(Z)_1)= 0.

0z Oz
MosKeM cenath BeIBOf, 4To f;(z, W, w, ) MOXKeT GbITh TIPE/ICTABIIEHA B BUJIE
F1 0wy, wy, 1) = R(2)®, (wy, w,,1), )

rae O, (w1 , Wy ,t) — HEKOTOpasi CKaJIsIpHast pyHKLuS, B cuity (8) yroBiIeTBOpsoIas ycinoButo @, (w1 Wyt ) =1.
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Oman 2. Bemonnuw B (7) npenenbHblil nepexon z — oo. [omyynm

of (o, W, w,,t,e)  Of;(0,w,,w,,t,€ ; *
e f1( 1" )= f1( EMP) )S(t)(eJSWIG (swz)—l).
ot 0z
IMoacraBuM croma BeipaxeHue (9), BOCIOIb3yeMCsl pa3ioKeHUSIMU

™™ =1+ jew, +0(82), e/ =1+ jew, +O(82)’

nofenuM obe YacTH Ha € M MPOU3BEAEM npenenbHblil nepexof npu € — 0. C yuerom Toro, 4to R'(O) =\ [10],
noinyyuM auddepeHIanbHoe ypaBHEHHE OTHOCUTENbHO GyHKIUU D (w1 S W, ,t) :

S008:21) _ oy SN+ s )] (19

0
31ech U janee a; = | de(y) — MaTeMaTHYecKOe OKUIAaHWE CIy4ailHOH BEIWYHMHBI, onpeneinsieMon GpyHKIuen
0

pacnpenenenus oo0bema TpedoBaHU G(y). Pemenne (10) ¢ yaeroM HadaabHOrO YCIOBHS JaeT

D, (wy,wy,1) = eXP{M]M + jw,a, )jS(T)dT} .

ty

[loncraBnsst nanHoe BeIpaskeHue B (9), momydaem

fi(wy,wy,t)= R(z)exp{?»(jw1 + szal)j.S(T)d’E}.

ty
B cuty 3aMeH (6) MOKHO 3aIMCaTh AaCHMITOTHYECKOE, IPH € — 0, IPUOIIKEHHOE PABEHCTBO:
h(z,uy,uy,t) = fi(z,w,wy,0,8) ~ fi (2w, wy,1) = R(2)D, (wy,w, 1) =

_ R(Z)exp{x[ o ,-“?zalﬁs(r)dr} _ R(Z)exp{m[ s s ]iS(t)dt} |

Teopema nokaszaHa.
Oynxums h(u,,uy,t)= lim h(z,u,,u,,t) ecTs xapakrepuctiueckas Gynkuus mis nporecca {n(t),V (¢)} —
Z—>00

4uciia COOBITUN, HACTYITUBIIUX B MPOCESIHHOM MTOTOKE K MOMEHTY BpEMEHHM ¢ B CYMMapHOTo oObema TpeOoBa-
HUH B TIPOCETHHOM MTOTOKE K MOMEHTY BPEMEHU .

CuaencrBue. [lonaras t =T, t, = —o0, Ul XapaKTepUCTUUECKOH (pyHKIIMM IpoLecca {i(t),V(t)} B CTalu-
OHapHOM PEXKHME MOTyIUM

h(“l ) ) = exp{NXbl [1“1 + juya ]}’

3JI€Ch U Jajee

by =1°(1_B(T))dt

onpesieNnseT MaTEMaTHYECKOE 0KHUIaHHE CITydaliHON BEIMYMHBI ¢ QYHKLUEN pacrpeieneHus B(x).
Acumnmomuyeckuii ananusz 6mopozo nopsoKa NIPOBEIEM B BUJE OKA3aTEIb5CTBA TEOPEMBI 2.
Teopema 2. AcumnToTyeckas XapakTepucTuieckas (GyHKLHUs pacupeelleHusl BEPOATHOCTEN npolecca
{Z(t),n(t), V(t)} BTOPOr0 MOPsiIKa UMEET BUJ

ty

h(z,ul,uz,t)zR(z)exp{NX(]u1 +]u2a1)jS(I)dI+( )’ [NMS( )dI+NKjS (t )d’EJ+

+@[Nka2j5(1)dt+NalszS (x dTJ+ uluz[NkaljS dT"'NalKjSz(T)dTJ}’

ty ty ty

rae

k=2(/"(0)-/()),
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@, — BTOpOI HauyallbHbI MOMEHT CIlydallHON BEIMYMHBL, onpenenseMoid Gpynkuuein G(y); pyHkuus f (z) —

HeKkoTopast pyHKIHS.
Joxazamenscmeo. B ypaBHeHun (4) BHIIOIHUM 3aMEHY

h(z,u1 Uy ,t) =h, (z,u1 JUy, t)exp{Nk(ju1 + ju,a, )} S(I)dt} s (11)
)
HOJIyYUM YpPaBHEHUE OTHOCUTENBbHO QyHKIUH /1, (z, Uy, Uy, t):

L Ot t2) 5 G+ g )$(eYhy (o )=

N ot
_ % (Z’gl’”z’t) + (O’gl’uz’t)[A(z)—l+ S()AE)e™ G (uy)-1)], (12)
C HaYaJIbHBIM YCJIOBHEM ) )
By (z,u,,u5,t0) = R(z). (13)
BEINOMHIM 3/1ECh CIEYIONIHE 3AMEHBL;
e’ =%, u, = ew,, Uy =ewy, hy(z,up,uy,t)= f,(z,w,wy,1,8). (14)

C ucnonp3zoBanueM 3THX 0bo3HaueHui 3anaqa (12)—(13) nepenuiiercs B Buae
g2 afz(z,wl,wz,t,s) afz(Z,Wsz,f,S)_i_
ot 0z

DOy SN G o)1) (1

+ /5 (z, wl,wz,t,s)k(jswl + jew,ay )S(t)z

C HAYaJIbHBIM yCJIOBHEM
F(z,uy,uy,10,8) = R(z). (16)
Haiinem acummnToruueckoe, mpu € — 0, peleHne 3Toi 3a1aud, T.e. f, (z, Wi, W, t) = lim f, (z, Wy, Wy,t, s).
£—0
Oman 1. Bemonnum npenenbblil nepexon npu € — 0 B (15), momyynm
of, (z,wy,w,,t)  Of5(0,w;, w,, ¢t
(2, w1,y )+ 1>(0,w1, w, )(A(z)—l)zo.

0z 0z
Otciozia crieyer, uto f, (z, w;,w,,1) MOXKHO 3aIHcaTh B BUJIE
fo (2w, wy 1) = R(z)D, (wy, wy,2), (17)

rae O, (wl, wz,t) — HEKOTOopasi cKajsipHasi QyHKIHSA, YAOBIETBOPSIONIAs YCIOBUIO <I>2(w1, wz,to) =1.
Oman 2. Pemenne ypasHenus (15) 3anuiiem B BUJe pa3ioxKeHUs
£ (z,w,wy,t,e)= D, (wl,wz,t)[R(z)+ (jew, + jew,a, )S(t)f(z)]+ 0(82 ), (18)
rae f (z) — "ekotopas ¢pyHknwms. [TogcraBum 3To Beipaxernue B (15). Mcmonb3ys pas3iiokeHus
™ =1+ jew, + O(sz), ™ =1+ jew, + O(s2 )
MOIY4YUM
X(J8W1 + jew,a 1)S(t)R(Z)® (Wlawz’t)z q)Z(Wl’ Wz’t){R'(Z)"'
(JSWI + jew,a, S(t)f'( ) ( ( )_1)+7‘S(t)A(Z)(jSW1 +j8W2a1)+

£0)s(e)jew, + jew,a, Y A(z)-1)}+ Ofe? ).
R'(z)=M1- 4(2)),

MIpUBENS MOA00HBIE U COKpaTHB 00€ YacTH Ha ( JEW, + jew,q, )S(t), nonydaeM audgepeHInaibHOe YpaBHEHHE

VuutkeBas, 4To

OTHOCHUTEIIHPHO HEU3BECTHON (PyHKIUU [ (z):

MR(z)=f'(z)+ (0 A(z) - 1]+ 14(z).

pelIeHue KOTOPOro JaeT ClIeNyIoInN pe3ynbTar:
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(&)= (Ale) = Fu)ltu + £(0)] (Alu) = 1
Herpynno nokazats, uro
F0)=2 )+ (19)

3(2 2
IJic BETMUMHA K OMpeaensercs mo hopmyine K =X (G -a ) [10], BeNMUMHBL @ U G° — MATEMATHIECKOE OXKH-
JaHWE U JUCIIEPCHUS CITyYaliHOW BEJIMYMHBI ¢ (PYHKIMEH pacIipeesieHus A(x).

Oman 3. B (15) BbIIOTHUM NPEAENbHBINA Nepexoa npu z — . B cmty cnocoba nmoctpoenus GyHKIUN
F, (z,wl,wz,t,s) OHa SIBJISIETCS MOHOTOHHO BO3pacTarollell 1 orpaHUueHHON cBepxy dyHkuuei no z. Ciaenosa-

TENBHO,

lim afz(z,wl,wz,t,s) —0.
Z—0 Oz
VYuThIBast 3TO ¥ PUMEHSIST Pa3I0KEHHUS

. 2 . 2
e’™ =1+ jew, +—(18;}1) +O(83), e/ =1+ jew, + (JSV;Z) "‘0(83)’

B PE3YJILTATC HECIIOXKHBIX npeo6pasoBaHI/n71 nojydyacm

g2 afz(oo,wl,wz,t,s)
ot

. 2 . 2
= afZ(O’vg’Wz’t’S) S(t{js:w1 + jew,a, + (JSV;) + (JSZZ) a, +(jew, N jew, Ja, +0(83)J.
Z

+ /15 (oo,wl,wz,t,s:)k(jsw1 +j8w2a1)S(t)=

[loncraBum crona paznoxenue (18), npu z — oo 3anuiem

Szw*‘)‘(ﬁwl + jew,a, )S()D, (wy, wy, 1)+

+ k((jgwl )2 + Z(jgwl ngwz )al + (jngal )2 )Sz (t)f(oo)(l)z (Wl > Was t) =
- @z(wl,wz,rm(r{jewl o, + UL U e, )(jewz)al}

2 2

+ ((js:w1 )2 + 2(]'8w1 )(js:w2 )a1 + (jswza1 )2 )52 (t)%(zo)d)z (w1 , W, ,t)+ 0(83 )

IpuBons momoOHbIe claraeMble M COKpamas Ha ¢, yauteBas (19) u nepexons k npegeny mpu € — 0,
nonyuuM auddepeHIanbHoe ypaBHEHHE OTHOCUTEIBHO HeU3BeCTHOH (pyHkiuu O, (wl, Wy, t) :

W = D, (W, wy, t){% (kS(t)+ KSZ(t))+

. 2
), 50) 7 0) (i )(jwz)(kalS(t)+alKSz(t))}.
Pemenue 3Toro YpaBHCHUSA C YUCTOM HAYAJIBHOT'O YCJIOBUS, UMCCT BU/I

O, (w1001 ) = exp{< 2) (Ms( )dHK;s (c )dt}( 2) (xazjs( o+ a2 [0 )dT}

+(Mlxj%{xaljs(r)dr+amjsz<r>dr}},

ty ty

noactasisist kotopoe B (17), momydaem
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fz(Z,Wl,Wz,t)=R(z)exp @(7{5( )dT+KjS ( )er+

LU )
22 \a IS t)di+a,’ .[S t)dt |+ (jw, Njw, | Aa .[S dr+aKIS : (20)

Iy fy ty ty
Beimonaum B Beipaxkenuu (20) 3amensl, oopaTable K (14) u (11), monyunm cienyromiee BeIpaskeHUE IS
ACHMIITOTHYECKON XapakTepucTuieckon GpyHkumn H (z,ul,uz,t) qrcia COOBITUI MPOCETHHOIO MOTOKA, HACTY-

MUBIIMX 10 MOMEHTa BPEMEHH ¢, H CYMMapHOro o0beMa TpeOOBaHMi, HAXOIIIIMXCS B TIPOCESIHHOM ITOTOKE B
MOMCHT BPEMCHH [ :

h(z,u,,u,,t) = R(z)expd NA(ju, +ju2a1)jS(I)dI+ (juzl) (NMS( )dI+NKjS (t )d’EJ+

ty ty

(Juzz) Noa .[S t)dt+ Na,’x IS o)dt |+ (ju, \ju, ) Nha IS )dr+NaKIS

) ) ) )
Teopema nokaszaHa.
Oynxumst h(u,,uy,t)= lim h(z,u,,u,,t) ecTs xapakrepucTHueckas dynkuus ms nporecca {n(t),V (1)} —
Z—>0

guclia COOBITUN, HACTYITMBIINX B MPOCEIHHOM MTOTOKE K MOMEHTY BpEMEHH { i CYMMapHOTo oOhema TpeOoBa-
HUM B MPOCEIHHOM MOTOKE K MOMEHTY BPEMEHH f.
CaencrBue 1. [lonaras ¢t =T, ¢, =—o0, A1 XapaKTepUCTUUECKOH (yHKLIUU Ipolecca {i(t),V(t)} B CTa-

MUOHAPHOM PCKHUME MOTYIUM

. 2
R, u )—exp{]u NMAb, + ju,N\b,a, + ( 1421) (NAb, + Nxh, )+

Y
+ (]uzz) (mazbl + Nalszz)-" (julxjuzxmalbl + Na,xb, )}’ @D

rac
b, =I(1_B(T))2 dr.

W3 Bupa pynkium (21) oueBUAHO, 9TO TBYMEPHBINA MPOIECC {i(t),V(t)} SIBJISIETCA ACUMITOTUYECKHU rayc-
COBCKUM C BEKTOPOM MAaTEMaTUYECKUX OKUJAHUN
a=N-[Ab, Aab,]
Y KOBApUALMOHHOW MaTpuIei
2
K=| roi0, | _ v Ab, + xb, a b, + a,xb,
= = 5 .
7610, o, 7\.(111)1 + alez 7\.(121)1 +a; sz
CaencrBue 2. ACUMITOTHYECKAasT XapaKTepucTHueckas (QYHKIUS CyMMapHOro oO0bema TpeOoBaHUN B
CHCTEME B CTAIIHOHAPHOM PEXUME UMEET BHJI TAyCCOBCKOM XapaKTEepUCTHUECKON (PYHKITUN

hu,t)= exp{ JjuNha,b, + LU ”) (zvxazb1 + Na,* b, )}
c mapamerpamu a = Nhayh, u 6° = NAa,b, + Na,*«b, .
3akaouyenune

B pe3ynbraTe npoBeAeHHOT0 UCCIEA0BAHMUS ITOCTPOSHA MaTeMaTHYeCKasi MOJIENTb 00CTyKUBaHUS TPeOo-
BaHUU CITy9aiflHOTO 00beMa B OECKOHEUHONMMHEWHOU cucTeMe MaccoBoro oocimyxkuBanus GI|Gl|eco. C moMorsro
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MCTOJa aCUMIITOTUYCCKOI'O aHalJin3a Ipu yCJIOBUU BBICOKOM MHTCHCUBHOCTHU BXOAAIICTO ITOTOKa JOKa3aHO, 4TO
pacnpeacicHue BepOHTHOCTeﬁ CyMMApHOro o0BeMa Tpe60BaHHﬁ B CUCTEMC ABJIACTCA ITayCCOBCKHM.
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In this paper, the GI/Gl/oo queueing system (QS) with random capacity customers is studied. The arrival process is a Renewal pro-
cess. The system has an unlimited number of servers and service times on each server are i.i.d. with distribution function B(x). All cus-
tomers have a random capacity v > 0 with probability distribution G(y) = P{v <y} and the customers capacities are independent. More-
over, we assume that service time and customers capacity are mutually independent. After the service, customers leave the system and
"take away" the capacity.

We considered two-dimensional stochastic process {i(?),/(f)}, where i(¢) and V(¢) denote the number of customers in the system and
the total customers capacity at time ¢, respectively.

We proposed the dynamic screening method for its investigation. Note that this method exactly determines the characteristics of the
process ¥(?) since the screened process contains only those customers, which do not finish the service at the moment 7.

We obtained the system of Kolmogorov differential equations and by using the partial characteristic function, we wrote the main
equation:

ah(zaulal’lZat) _ ah(Z,l/ll,Mz,t) ah(O,l/ll,uz,t) — mGr -
ot o SRl SRl 1+ 50N 6 ) 1)

with the initial condition

h(z,ul,uz,to): R(z).
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By using the asymptotic analysis method under the condition of an infinitely growing arrival rate, we obtained that in steady state

regime the characteristic function of the customers number in the system and the total customers capacity corresponds to a two-
dimensional Gaussian distribution

. 2
A, u, ) = exp{ ju,NAD, + ju,Nha,b, +%(Nkbl + Nib, )+

. 2
+%(N)\-a2b1 + NalszZ )+ (]ul X]u2 Xmalbl " Nale2 )} 5

and the asymptotic characteristic function of the total customers capacity corresponds to a Gaussian distribution

- )2
h(u,t)=exp{ JjuNhagh, + (fg) (NAa,b, + Na, b, )}
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BECTHHUK TOMCKOI'O TOCYAAPCTBEHHOI'O YHUBEPCUTETA

2017 VYrpaBneHue, BHIYUCTUTEIbHASI TEXHUKA U UHPOPMATHKA Ne 39

V]IK 336.51
DOI: 10.17223/19988605/39/6

I'.A. MeaBeneB

MOJIMHOMMAJIbHBIE MOJIEJIA BPEMEHHOM CTPYKTYPBI JJOXOJJHOCTH

PaccmarprBaeTcs BO3MOXKHOCTE IPEICTABICHHSI BPEMEHHBIX CTPYKTYP JOXOAHOCTH B BHIE MOIMHOMOB M CTEHECHHBIX
PSIOB B MOJIEIISIX C MPOIECCAMU KPATKOCPOYHOHN MPOICHTHON CTaBKH, OMICBIBAGMBIX CTOXACTHIESCKUMU Au(hepeHIn-
aNBHBIMU YPAaBHEHUSIMH C ITOTMHOMHUAIBHBIMU GYHKIMSIME Apeiida u quddysun. [lokasano, 9To Takoe MpeAcTaBICHUE
HMEEeT MECTO TOJIBKO B CIydae, Korjga GyHKIuH aApeiida 1 auddy3un — IOIHMHOMBI HE BBIIIE IIEPBOTO MOPSAKA.
KioueBble cioBa: nuddy3noHHbIE MOIETHN IPONEHTHBIX CTaBOK; GyHKIUH apeiida u muddy3nu; BpeMeHHbIe CTPyK-
TYPBI TOXOZHOCTH.

ITpobnema mpeacTaBiICHUS BPEMEHHBIX CTPYKTYP CTCIICHHBIMU PSAAaMHU CBS3aHA C PEIICHHEM OCCKOHEeY-
HOU CHCTEMbI OOBIKHOBEHHBIX A depeHIIHaTbHBIX YPABHEHH I MepBOro mopsiaka s Kod(hGUIMEHTOB psa.
Ota cucTeMa ypaBHEHHI UMEET 0COOCHHOCTH, HE MO3BOJISAIONINEG TONYUYHTh €€ PEIICHUE B AaHATUTUYCCKOM BUJIC
B 00I1eM ciydae. B Tex 4acTHBIX ciiydasx, KOr/a 3TO YAAJIO0Ch ¢eaaTh, MPEICTABICHIE BPEMEHHOR CTPYKTYPhI
B BHUJIC CTCMCHHOTO Psjia HE CYIIECTBYET, MOCKOAbKY KOI(D(MHUIIUEHTHI psAfa HE YIAOBICTBOPSIOT TPeOyeMbIM
CBOMCTBaM. Pe3ynbTaThl WIUTFOCTPUPYIOTCS /IS M3BECTHBIX MOJENCH MPOIECCOB KPATKOCPOUHON MPOICHTHOM
craBku Ana—I"ao u CIR (1980).

1. BpeMeHHas1 CTPYKTypa J0X0HOCTH

[TycTb cocTrosiHre HUHAHCOBOTO PHIHKA ONMHMCHIBAECTCS MPOLIEHTHOW CTaBKOM 7(f), KOTOpasi cienyeT OTHO-
POAHOMY TIO BPEMEHU MapKOBCKOMY HPOLECCY, MOPOKIAEMOMY CTOXaCTHUECKUM JU(QPepeHINANTbHBIM ypaB-
HEHHEM

dr(t) = W(r(2)) dt + o(r(2)) dw(t)
¢ pynknueit apeiida p(x), pyHKumeil BONaTHIFHOCTH G(X) U CTAHAAPTHBIM BUHEPOBCKHUM IIPOIIeccoM w(t).
VYpaBHeHHE BPEMEHHOW CTPYKTYpBI, ONpENENSIONIee 3aBUCUMOCTb LIEHBI OECKYIMOHHOW OOJMTranuu
P(r, ) or cpoka 110 ee moraieHus T, B TOM ciydae uMeet Buf [1]:
_0P(r,1) aP(r T)
— T W) -Ar)o(r) ——— Lo ) 5
o1 2

Jns ynporiieHusl 3anicH BBedeM (GyHKIUIO z[peﬁ(ba m@r) = wr) — Mr)o(r) u ¢pyakuuo muddysun

s(r) = 0,5 o°(r). [Ipu 5TOM ypaBHEHHE BPEMEHHOI CTPYKTYPBI IPE0OPa3yeTcs K BHILY
O P(r,7) ap(r 1) 82P(r T
- STy S ) ST

O6o03naunm In P(r, 1) = z(r, T). Toraa MOXHO 3anKcaTh ypaBHEHNE BPEMEHHON CTPYKTYPHI Uil PYHKIUN

o’ P(r T r P(r.7) =0,

rP(r,1)=0, P(r,0)=1.

z(T, r) B CIIEAYIOIIEM BH/IE:

3 oz(r,1) N
loks

m(r)———

oz(ry) |
o +5(r)

[Ipeanonoxum, uro pyakumu apetida m(r) u auddysun s(r) BASIOTCA TOTUHOMAMH, T.C.

B
m(r) = Zb,-ri, s(r) = ic,-ri.
i=0 i=0
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Bo3nukaer BOIPOC, MOXKCT JIM1 B 3TOM CJIydac pCIICHHUC YPABHCHUA (1) TOXKC MPCACTABIIATHCA B (bopMe
IIOJIMHOMA I10 nepeMeHHoﬁ v, T.C. CYILICCTBYCT JIK MMOJMHOM

k
z(t, r) = Zai (1) r (2)
i=0

yIOBIETBOPSIONHiA ypaBHeHuto (1)?

[loncranoBka mpeacrasienus (2) B ypaBaenue (1) mpuBoauT K TOMY, 4TO JieBast yacTh paBeHcTBa (1) Oy-
JIeT CYMMOM TpeX MOIWHOMOB IO TIEPEMEHHOM 7, KOTOpPbIE YCIOBHO HA30BEM MOJMHOMOM JO0XOJHOCTH, MOJH-
HOMOM Jipeiida u momuHOMOM U y3un.

[lonuuoM HOXOAHOCTH

loks

HMMEET CTeNeHb k (IITpUX 0003HAYALT MPOU3BOAHYIO TI0 T).

k
D S,
i=0

[lonmuuom apeiida crenenn P + k£ — 1 umeer BuA

0z(r,7) b & . i+j-1
m(r)T— ZZ]b,- a;,(vr .
i=0 j=1

[Nomuaom nuddy3un umeer crenensp o + 2k —2 U onpeAensercs BhIpaKeHueM

2 2 o k k
S 0 (;(FZ,T)Jr azér;f) _ Zciri Zj(j—l)aj(t)rj’2+ Zjaj(T)rH
r i=0 =2

Jj=1

370 BBIpa)keHHE BBIIMCAHO IJIs City4asi, kornaa k > 2. Eciu 3To HepaBeHCTBO HE BBIMOJIHSIETCS, TO IepBasi CyM-
Ma B KBaJIpaTHBIX CKOOKaX OTCYTCTBYET.

[MTockonbKy IMOCTaHOBKA 3a[ayd MIPEIIoiaraer, 9To paccMaTpuBaeMasi MOJIeNb 3a/1aHa, TO QyHKINH L(7),
o(r) u M(r) m3BecTHBI. CliemoBaTebHO, HAOOPHI TTApaMeTpoB {b;} U {c¢;} TOXKe SBISIOTCS W3BECTHHIMH. TakuM
00pa3oMm, 3a/ada COCTOUT B ompereneHnn Habopa GyHKImA {aT)}, KOTOpbIe ONMpEAeNoT pemenne (2), ecnm
OHO CYILECTBYET.

2. BpeMeHHasi CTPYKTYpPa KaK MOJMHOM

Kak mbl BbIsICHWIHN, JIeBast 4acTh ypaBHeHHs (1) mpencrasiser u3 ceds MOJIMHOM 10 TIEPEMEHHOH 7 CTe-
neHu y = max{k, o+ 2k =2, B+ k— 1} > k. DTOT MOTMHOM paBHOMEPHO 1O » paBeH HyI0. [I0CKOIBbKY CcTereH-
Hble QyHKIUU {7’} TUHEHHO HE3aBMCHMBI, TO B 3TOM clydae Koddduuuents: npu 7', i = 0, 1, 2,..., y, JOTKHbI
OBITH paBHBI HYIIO. JTO Aaer cucremy (y + 1) ypaBHenwmii mis onpenenenus (k + 1) ¢ynkunit a(t), i = 0, 1,
2,..., k. 3amernm, 49TO (kK + 1) ypaBHEHHI STON CHCTEMBI SBJSIOTCA OOBIKHOBEHHBIMU JH((PepEHIINATBHBIMA
YpaBHEHUSAMH, a OCcTalbHbIe (Y — k) ypaBHEeHUI HenmuHelHbIe anrebpanyeckue. Korma v > &, cucrema ypasne-
HUI OTHOCHUTENBHO (PYHKIM aT) siBisieTcs nepeonpeaeneHHon. CaenaeM TakKe eCTEeCTBEHHbIE MPEIIONoKe-
HUS, 9TO o, B U k — 1ienble uncna, o> 0, 3> 0, k> 1.

[Mycte & = max{a + 2k —2, B + k — 1}. PaccMoTpuM mocienoBaTenbHO BCe TPH BO3MOXKHBIX CITydast:
k>0, k=90, k<.

[peamonoxum, uto k > 8. HaiiieM Bce BO3MOXKHBIC TIAPBI YHCEN { ., B}, KOTOPhIE COOTBETCTBYIOT 3TOMY
MPEANONIOKEHHIO. J[JI 3TOro HY»KHO PEIUTh CIISTYIONIY 0 CUCTeMy HepaBeHCTB: o> 0, 3> 0, k> 1, k> +k— 1,
k> a + 2k — 2. JIa mocnennue HepaBeHcTBa matoT f < 1, oo + k < 2. [loaTroMy momrygaem, 9ToO CyIIeCTBYET
SIMHCTBEHHBIN BapHAHT BO3MOXHOTrO perienns ypasHenus (1): =0, =0, k= 1.

Hns onpenenenus GyHkuuii a,(t), i =0, 1, momyyaem cucreMy ypaBHEHHM

af(7) = byay (1) + ¢oai (1), ao(0)=0; aj(t) =—1, a(0) =0,
peLIeHUE KOTOPOU UMEET BUT
a\(t) = -1, ay(t) =— bet/2 + coT/3.
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Haxkonen, pemenue (2) ypaBaerus (1) BBITTSAUT CIEAYIOMNM 00pa3oM:
z(t, r)=— b2 + ¢T3 =t 1
[TosTOMY BpeMeHHasi CTPYKTypa JOXOAHOCTU B 3TOM cCilydae OyZeT UMeTb BUJ MOJIMHOMA MEPBOM CTEHEHU 110
MIEPEMEHHOM 7
2wr) b ot
2 3
3amernM, 9TO [ieHa OOJIMTAIMY C TAKON JOXOMHOCTHIO paccMarpuBaiack P. Mepronom [2].

T, )= -

[Mpennonokum Tereps, 9to k = 8. B 3TOM citydae nMeeTcs TpH BapraHTa OCTPOCHUS PEILICHUSL:
B+hk—1=ka+2k-2<k},otkymaP=1,a+k<2ua=0,p=1,k=1;
B+khk-1=k a+2k-2=k},otrkynaPB=1l,0+k=2ua=1,pf=1,k=1;
{B+hk—1<koa+2k-2=k},otkymaB<l,a+k=2ua=1,=0k=1.
Kaxk BuIHO, BCE 3TH BapHAHTBI COOTBETCTBYIOT TIOJIMHOMY TEpBOii ctereHu (k = 1).
B cnyqae {o. =0, B = 1} mns onpenenenns GyHKuni a(t), i =0, 1, iMeeM cucreMmy ypaBHEHUIA
ay (1) = byay (1) +coai (1), a(0) = 0; aj(1) = by (1) 1, @i(0) =0.
Hcnone3yem 0003HAYCHUS, KOTOPBbIE OOBIYHO MPUMEHSIIOTCS B JIMTEPATYpe O BPEMEHHBIX CTPYKTypax Mpo-
LEHTHBIX CTaBOK: do(T) = A(T), a1(t) = — B(1), by = kO — Ao, by = — k, ¢y = 6°/2. Toraa pemeHne Toil CHCTEMBI

YpaBHEHUH 3aITUIIETCS B BUAC
2 —kt

_ oA _o° _Oh o’ _02 2 _1-e
At) = 1[9 J+(9 —JB(I) 4—kB(t) , B(t)= Pt

ko 2k2 ko 2k2

B KOTOPOM JIETKO Y3HAIOTCsI (PYHKIIMK BpEMEHHOW CTPYKTYphl Moaenu Bacnueka [1].
B ciiywae {o. =1, p = 1} nns onpenenenus ynkumii a(t), i =0, 1, uMeeM cucteMy ypaBHEHHHA
@y (%) = hoar(v) + coar (1), a(0) = 0; aj(v) =byay (1) +17 (1)~ 1, @x(0) =0.

[Ipu ucronb30BaHUM TPAAUIIMOHHEIX 0003HaUeHUH ao(T) = A(T), ai(t) = — B(1), by = kO — Aoy, by = — (k + Aoy),
co = 0y/2, ¢; = G1/2 3Ta cucTeMa npeodpa3yercst K BULY

A" = (k0 — hoy) B(t) + o0 [B(1)]/2, A(0) =0,

B'=1—(k+Acy) B(t) - 6, [B(1)]/2, B(0) = 0.
[lony4eHnHble ypaBHEHHS ONPEAesoT pyHKIMKU BpeMEHHOU cTpyKTypsl Moaenu Jaddu—Kana.

-1
A(D) =22 [B(1)-1] —2—k(619 —oy)[vt—In(1+vB(1))], B(x) = [ £ . VJ ,
O 612 11

rae & =(k+20,f +26, , v=(e—k—Ac))/2, V =(e+k+Acy)/2.
Haxkonen, B ciiyuae {a =1, f =0} ¢ynkuun a,(t), i =0, 1, yIOBIETBOPAIOT CHCTEME ypaBHEHUI
ay(t) = byay (1) + ¢oa (1) a(0) = 0; aj(v) = ¢jaf (1) =1, @(0) =0,
pelIeHue KOTOPOH B TPaauIlMOHHBIX 0003HaueHUsX ay(t) = A(1), ai(t) = — B(t), by = kO — Aoy, co = G/2,
¢1 = 61/2 (B paccMaTprBaeMoM ciiydae AG; = — k) BbIpaskaeTcsl uyepe3 runepoonniyeckue QyHKIuH

A7) = € [CpT —2—k(616 +0y)In(ch(tyo,/2))], B(t) = 2 th r\/E .
o] (o) (o 2

3ameTnM, YTO MOZACTH BpeMEHHOW cTpyKTypbl Bacuueka u Jadpu—Kana B nmurepaType A0CTaTOYHO MO-
IpoOHO M3ydeHsl (cM., HanpuMmep, [3]), Ho mocnennuil cnyyait {a = 1, B = 0}, npegycmMaTpuBaromuii OrpaHu-
4yeHue Ao, = — k (BO3MOXHO, pelKO BCTPEUAIOLINIiC Ha peabHOM PBIHKE), elle Hurae He oocyxaancs. s
HEro KpuBasi JOXOJHOCTH

W, F) = rB(1)—A(v) _

= L {ry/20; th(ty/o,/2)—0CpT+ 2—k(619 +06y)In(ch(tyo,/2))}
GIT Gl
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u dopBapaHas KpuBas
dB(tv) dA(t) _

fny=r dt dt
1 2 k So
=—/{(oy +oyr) sch[tyo,/2] +——(0,0+0,) th[ty/o,/2]} ——
o, 0 1 1 \/2—01 1 0 1 o

SBJIAKOTCA IIOJIMHOMaMH HCpBOﬁ CTCIICHHU.
3aMCTI/IM, 49T0 00€ 3TH KPHUBBIC UMCIOT OOMHAKOBOC MPCACITIPHOC 3HAUYCHUEC ITPU T —> 00, pABHOC

;{e&J 2 o
61 /)V01 O

Ha puc. 1 xpussle y(t, ) u f{(1, ¥) IpeAcTaBlIeHbl A1 CASAYIONMX 3HaYeHni napamerpos » = 0,01; 0,1;
0,2;0,3; 0,5;0,7; 0,9; k=0,4,0=9", 5=0,16, 5,=0,18. Jlts ipencTaBieHusT KPUBBIX «IIEITUKOMY TSI BCETO
MHTEpBaJIa BO3MOKHBIX 3HAUEHUH CPOKOB J10 morameHus T € (0, 00) ucroiap30BaHO HETMHEITHOE TpeoOpa3oBa-
HHE CPOKOB JI0 moraieHus:: u# = 1 — e~ 7", koTopoe 0ToOpa)xaer MOIOKUTEIbHYI0 T0Iyoch (0, ©) B eIMHIHYHBIN
untepsai (0, 1). Ilpunaroe npu pacuerax ymncienHoe 3HaueHue p = In10/30 = 0,07675 coorBercTBYyeT TOMY,

4to cpoku a0 norameHus ot 0 1o 30 orobpaskatorcst B untepsai (0; 0,9). Kpussie craprytot u3 Touku Y(0, r) =
= F(0, ¥) =runpu u — 1 ctpemsiTcsa kK oqHOMY U ToMy ke nipeneny Y(1, ) = F(1, r) = 0,444.

1.2
1.0
0.8
0.6
04

0.2

0.0 0.2 04 0.6 0.8 1.0
Puc. 1. Kpussie noxomgnoctu Y(u, ») (cruiomHsle THHAN) U GOpBapAHbIE KPUBBIE F(u, 1) (ITyHKTHPHBIC THHIN)

[Ipeanonoxum HakoHew, 4To k < & = max{a + 2k —2, B + k — 1}. 13 ypaBHEHUS BpeMEHHON CTPYKTY-
psl (1) momydaem paBeHCTBO

a k k 2
+ZC_/r-/ Zi(i—l) a(t)r™’ +[Ziai (1) r”J =0.
j=0 i=2 i=1

B stom ciiyqae mns onpenenenus (k + 1) dynakmuit a(t), i = 0, 1, 2,..., k, nomydaercs cucrema (k + 1)
OOBIKHOBEHHBIX TU(PepeHINATBHBIX YPaBHEHUH (YpaBHEHUS 3TOW CHCTEMBI SIBIISIIOTCSI OHOPOJHBIME 33 HC-
KIIIOYEHHEM OJIHOTO, Iipu i = 1) u cucrema (6 — k) = 1 ogHOpOIHBIX anredpanyecKux ypaBHEHHH. DTH ypaBHE-
HHS HAXOJATCS PUPABHMBAHMEM Kodddummentos mpu 7', i = 0, 1, 2,..., 8, k Hymo. KooddumuenTs mpu 7,
0 <i < k, mpuBOAAT K cucTeMe MU (epeHIHaTbHBIX YPaBHEHN I, a Kod(hGUIMEHTH! IpH 7', k < i < §, — K cucTe-
Me anreGpaMdeckuX ypaBHEHHi. 3amernm, uto KoddduimenT npu r° uMeer BUX 00 kc,al(t)’ B ciydae
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d = o+ 2k —2, mubo kbga(t) B cirydae 8 = § + k— 1, mubo (Feqai(t) + kbg)ay(t), korma 6 =a+2k -2 =P+ k- 1.
Bo Bcex 3Tux cirydasix OH HMEET B KaueCTBE MHOXKUTEIS (DYHKLHUIO a4(T) U PAaBHOMEPHO T10 T JOJKEH OBITh pa-
BeH HyIto. CenoBaTeNbHO, pABHOMEPHO IO T paBHA HyIO (YHKIHA a4(T) U, CIEI0BATENbHO, PaBHA HYJIIO U €€
npousBoAHas. OTcioga UMeeM, YTO CTEeNeHb MOIMHOMa JOXOAHOCTH moHmxkaercs 1o (k — 1). Bmecre ¢ atum
MOHMKACTCS U MOPSIIOK crcTeMbl AuddepeHInanbHbIX ypaBHEHUH (ypaBHEHHE C TPOU3BOIHON (DYHKINU a4(T)
craHoBHTCs anredpanveckum). [lociie mpupaBHUBaHUS HyMIO QYHKIUH ax(T) U €€ IPOU3BOAHON B OCTaBILEHCS
CHCTEME B ypaBHEHHH, TIONy4EHHOM PHPABHUBAHHEM KOd((HIMEHTa IpH 70~ HYIII0, OKAXKETCs MHOKHTENIEM
¢bynkuus a;_1(t). BBuay ogHopomHOCTH ypaBHEHHUs 3Ta (PYHKLINS PAaBHOMEPHO I10 T AOJDKHA OBITH paBHA HYJIIO.
Tax uro paBHa HyJIO U ee mpousBoaHasi. CTeneHp MOJIMHOMA JOXOJHOCTH MOHMXkaercs 10 (k — 2). [Iponomxke-
HUE 3TOW MPOLENyPHl IPUBOAUT K TOMY, 4TO (PYHKIHS @1(T) AOKHA OBITH paBHA HYJIIO, HO NpH i = 1 ypaBHe-
HUE SIBIISICTCS. HEOJHOPOIHBIM, M 3TO MCKIIIOYAETCS, YTO MPUBOAMT K MpoTHUBOpeunio. OTCIoAa CleayeT, YTo He
CYIIECTBET KOHEYHOTO K, TSI KOTOPOro NOMMHOM (2) Mor Obl ObITh perieHueM ypaBHeHus (1).

Jnst wntrocTpa ONMCcaHHOM npouenyps! mpuseaeM npumep. Ilycts k= o = =2, korga § = 4. Torna
OTHOCHUTENbHO PyHKIMIA {a,(T)} modydaeTcsa cucrema Tpex quddepeHInalbHbIX YpaBHEHUH

% = ay(Dby +aj (V)¢ +2a(1)cy
T
da;,(T) =a;(v)b; + alz (T)ey +2a, (1) + 2a5(t)by +4a;(t)ay (t)ey —1,
T
da; (v _ ay(V)by + ai (T)ey + 205 (T)e + 2a5 ()b +4ay(1)a, (t)e; +4a3 (T)cy

U CHCTeMa JBYX alreOpanvecKuX ypaBHEHHUH
2a, ()b, +4a;(t)ay (t)cy; +4a3 (t)e; =0,
4a3(1)c, =0 .

U3 mocnennero ypaBHeHus ciieayer, 4to ay(t) = 0 11 Bcex BO3MOXKHBIX T. [[03TOMy paBHa HYJIO U IPOU3BO/I-
Has 9Toil pyHkuuu. Mcrnons3yem 3To B MCXOHOM cucTeMe ypaBHeHUH. Torna oHa npeoOpasyercs K BULY

d
420D _ (o + aF(D)cp.
dt

4 (D) _ by +aP (@) 1.,
T

a,(t)b, +a12 (1), =0.
U3 tperbero ypaBHeHus nomydaem, uyTo a;(t) = 0 s Bcex BO3MOXHBIX T. [l03TOMY paBHa HyIIO U MPOU3BOI-
Has 3Toi pyHKumMu. OTHAKO 3TO IPOTUBOPEYUT BTOPOMY ypaBHeHHU10. CeqoBaTeNnbHO, pelieHns B BUE (2) He
CYILECTBYET.

3. BpeMeHHast CTPYKTYPa KaK CTeNIeHHOH Psi

Wraxk, pemenns (2) st KOHEYHBIX k HE CYIECTBYET, HO, MOXET, OHO CYIIECTBYET IIPU HEOTPAHHICHHOM
k, T.€., MOXeT OBITB, CyIIIECTBYET pellieHne B BUAE (PHKIIMOHAIEHOTO Psijia

z(t,r) = Zw:ai (t)r'. 3)

[IpoBepum 31y Bepcuro. Ilocne noacraHoBku npencrasienus (3) B ypaBHenue (1) ono nmpeobpaszyercs K
BUTY

© B ©
—r— zmri +ijrjziai(“~')ri71 +
=0 i1

i drt

2
o0

o o0
+> e | Y i-Da () +| Yia(m | |=0.
j=0 i=1

i=2
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Wzmenss nopAa0oK CYMMUPOBAaHHA B ILBOﬁHBIX CyMMax 3TOT'O BBIPpAXKCHUS, CT'0 MOXKHO 3aIIMCaTh B Oomee YIL06-
HOM I aHaJIM3a BUAC:

Z[M_Bi(T)_Ci(T)+8i1 =0, “4)
=\ dr
rae O, — cumBosl Kponekepa (611 =1, 8; = 0, ecnu i # 1), a dpynkuuu B(t) u C{t) onpenenstorcsi paBeHCTBAMH
Bi(1)= 3 by (G +Da;(0+ D 6oy (D0 +2)a5:2(0), 5)
J=u j=v

i J+l
C,-(T)chl-j(Zl(j+2—l)a,(T)aj+2,(T)J, (6)

J=v I=1

rae u = max{0,i —B}, v=max{0,i —a}.

[lockonbKy paBeHCTBO (4) TOKHO yIOBJIETBOPATHCS PABHOMEPHO IO MIEPEMEHHBIM 7 U T, a CTCIICHHBIE
dyHKIME {7’} MMHEIHO HE3aBUCHMBI, TO IS CIPABELIMBOCTH (4) IPH BCeX 3HAUeHMAX mHaekca i = 0, 1, 2, ...
JOJDKHBI BBITIONTHSATHCS] PABEHCTBA

da;(t .

dl—(r)_Bi(T) -Ci(1)+9;,=0,a40)=0,i=0, 1, 2, ..., (7
KoTopsIe ¢ yueToM (5) u (6) oOpa3yroT OeckoHeUHYI0 cucTeMy AuddepeHInanibHbIX YpaBHEHUH OTHOCHTEIBHO
¢ynkuuit {a,(t)}. 3amMeTuM, 4TO 3Ta CHCTEMa ABJISIETCS HEOAHOPOAHOM. PelmeHre 3Toil cucTeMbl B aHAIUTHYE-
CKOM BHJIE MTPOOIEMaTHYHO, TIOCKOJIBKY, BO-TIEPBbIX, YpaBHEeHUs (7) SIBISIOTCS HEMMHEHHBIMU HU3-32 (YHKIIUH
C{(7) B Buze (6), 1, BO-BTOPBIX, M3-3a TOTO, YTO B ypaBHEeHUH (7) 11 QYHKIUH aT) UCIIOIB3YIOTCS HE TONBKO
npensiayme GyHKuuu a(t), j < i, HO U NOocAeAyIoIHe QYHKIUUU a;.1(T) U a;.2(T), IOITOMY HEIb3sl PEaln3o-
BaTh CTAHAAPTHYIO PEKYPPEHTHYIO MPOLEAYPY U MOCIe0BATENbHOTO pemeHus qudQepeHnnansHbIX ypas-
HeHuit cucremsl (7).

BMmecte ¢ TeM MOXHO MONBITATHCS BBHIYUCIUTH GYHKIUH {a(T)} C MOMOIIBIO CIEAYIOIEH 3BpUCTHYE-

CKOH mpoueaypsl. 3aMeruM, uto Gopmydsl (5) u (6) MOXKHO 3anucaTh B BUIE
B () =¢, (i +D)(i+2)a,,(1)+ (@ +1)(b, +ic)a,, (t)+
+i(b+(i-1)c,)a,(t)+(@-1)b, +(i-1cy)a, (1) +...,
C(v)=2¢,[(i+Da,(v)a, (t)+2ia,(t)a,(t)+3(@-Da,(v)a,_ (1)+...]+
+2¢lia,(t)a,(t)+2(i-Da,(V)a, (1) +...]+2¢,[( -1 a,(t)a,_ () +..]+....

C moMo1bIo 3THX MpeacTaBieHuil ypaBHeHus (7) MOXKHO Mepenucarh Tak, YToObl GYHKIUS @,(T) BBIpaKanach
TOJIBKO Yepe3 (PYHKIMHU ¢ MPEbIAYIIMMHA HHACKCAMH WK UX TPOU3BOIHBIC.

1 (d
a (1) = T%(ado—ir)_bo a1 (1) —coa (T)ZJ ;
1 [ day(v) 2
as(1) = a(ﬁ_bo 2a,(1) —bia (1) — o4 a(ay (1) — ¢ (2a, (1) +a (1)) + 1J )
1 da,(7) 2
a, (T) = —(2——3170613 (T) - 2blaz (T) - b2a1 (T) ) (6 a (T)a3 (T) + 4a2 (T) ) -
12¢,  dr=
—¢,(6a,(7) +44,(1)a, (1)) — ¢,(2a, (1) +¢,(7)*)),
(0= — (2 a0, (9= 300,(1) - 2h.0,() b (1) €, 86, (D, (5) + 126, (e (9) -
C, T

—¢,(12a,(1) + 6a,(1)a;(1)+4a, (T)z) —,(6a;(7) +44a,(1)a, (1) —¢;(2a,(1) +q (T)z ),

¥ BoOOIIE Wit { > 3
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3 1 da(7)
G (1) = ¢, (i +1)(i+2) ( dr
—i [b,+(i—1)c,+2¢ a,(t)+4c,a,(v)]a (v)— (i =1)[b, + (i —2)c, + 2c,a,(7) +4c,a, (1) +

+6c,a;5(1)]a, (1) —...).

W3 »Tux BBIpaskeHUH ciemyer, 4To Bce MYHKIMU aAT) Wi i > 1 MOTyT OBITh ITOCIIEIOBATETLHO BEIPAYKEHBI Ue-
pe3 1Be niepBbie GyHKIWHN ao(T) 1 a1(T). Ecmu ymactes onpenenuts 31u (DyHKIMU KaKUM-THO0 00pa3oM MM OIEHUTh
WX, PaCCMATpHUBasi BRIOOPKY HAOIFOJICHHH, OCTANTbHBIC (DYHKIIMH MOXKHO TTOCIICZIOBATEBHO OMPEACTUTb.

K coxanennro, ¢ poctoM WHJIEKCA i OyIeT YBEIMYMBATHCS T'POMO3IKOCTH BBIPAKEHUM s (PYHKIIHUH

—((+D[by +ic +2¢,a(D]a,, (1) -

a,(t). Kpome Toro, Takas npouenypa He rapaHTHPYyeT TOro, 4To noiyyaromuecs QyHKIun at) OynyT yaoBie-
TBOPATH HaYabHBIM ycioBusM a,(0) =0, i=0, 1,2, ....

Wmerorcs u apyrue TpeGoBaHUs K QYHKIMAM {a(T)}, OCHOBaHHBIE Ha UX YKOHOMHUYECKOM cMbiciie. Ecin
pewenue (3) ypaBaeHus (1) cymecTByer, TO KpuBasi JOXOAHOCTH JI0 MTOTAIlIEHHUs BBIPAXKAETCS B BUIE

yan= -2 5@, ®)
T el
YTO HajaraeT Ha GyHKIUH a;(T) OlpeaesIeHHbIE CBOMCTBA.

Jnst paBHOMEpHOH cxoauMocT psiza (8) Heobxoaumo, urobsl lim, . a,(t) = 0 paBHOMepHO 1O T. IIpe-
JeNnbHasl A0ATOCPOYHast JOXOAHOCTh lim ., y(t,7) = )(0) AOMKHA ObITh HEOTPULATENIBLHOM, KOHEUHON U He
3aBHCETh OT 3HAUYCHHH KPATKOCPOUHOU CTABKH 7.

B cBsi3u ¢ 3TUM QYHKIUS ao(T) AOMKHA UMETh MPSIMOJIMHEHHYIO acCUMITOTY const — T }(©), Tak Kak
lim_, a,(t)/t = — (o). Ilpu sToM kaxnas ¢yHKuus aft), i = 1, JOIKHA YIOBIETBOPSTH YCIOBHIO
lim_, a/(t)/t = 0. Jusg 3T0ro A0CTaTOYHO, YTOOBI Ul Ka)JI0H (YHKIUM CYIIECTBOBAJI KOHEUHBIH Npenen
lim_, a;(t) =a;. Batom ciydae

1imM=o, i=0,1,2, ...
o dT
[TosTOMY npenenbHbIe 3HAUEHHS @; HAXOIATCS U3 CHCTEMBI alredpandeckux ypaBHEHUN
2coay +byay +coai + y(0) =0,

6C0a3 +b02a2 +bla1 +C04a1a2 +cl(2a2 +Cl12) = 1,

i i
((+DE+2)cpa;,, + Zbifj (J+Da;,+ Zj(j+1) Cijndjyt
J=u

J=v+l
i J+l
+D | DG +2=-Daaz, |=0, i>1.
J=v I=1

Kak BugHO U3 3TO# cuCTeMBbl, 3HAUCHHS @y, § > 1, IOCIIEAOBATEIBHO BHIPAXAIOTCS 110 PEKYPPEHTHBIM (opMyiaM
4epes JIBE BETHUUHBI a1 U )(0):

_aiby +a12c0 + y(0) _

a, = 0,
2 2¢
o = Cotar(by +co(2aico —by)+byBarcy +¢)) +(by +2arco + ) y()
3 )
603
1
a, =Fc3(3alboblc0 —ab} —b,c, —Talbic, —2a,c; —12abyc; +4a'bc; —2ab,c; —
0

—6a;c; —3abic, —2c,c, —4a’bc,c, +2abc,c, —2a,b,ci +2ab,c,c, +(2c,c, — by —

—8a,b,c, +2b,c, —8a’c; —3b,c, —2a,c,c, —2c; ) y(0) +2¢,y° ()
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u T.4. K coxanenuto, ¢ pocToM HHIEKCAa OY€Hb OBICTPO PACTET CIIOKHOCTh MONTYYaIOUINXCS BBIpaKEHUH a; de-
pe3 BEIMUYUHBI @; U }(00), IpUYEeM 3HAUYCHHS CAMUX BEIMYHH B paMKaX 3TOW CHCTEMBbI YpaBHEHUH HE Ompene-
JSOTCSL.

C npyroii cTopoHBl, o onpeneneHuto lim_ y(t,r) = r. CnenoBaTenbHo, eciau npeacraBieHue (8) ume-

€T MCCTO, TO

11rn w(t, r) =— hrn Z % (T) Z da, (T) !

i=0

=0
TaK 4To
dt

_ 1 da,(t)

s =0, i#1.
=0 dT

=0
4. TecTupoBaHue U3BECTHBIX MoO/eJIeil

Takum obpaszom, eciu Habop ¢yHKuM {a(t)} obiamaer mepednciIeHHBIMH BBILIE CBOMCTBAMH, €CTh
HaJeKIa, 9YTO BpEMEHHasl CTPYKTypa JOXOAHOCTH MMeEET NpeACTaBlIeHHE B BUAE CTENEeHHOro pana (8). OyHk-
M {aft)} ompenenstorcs ypaBHeHHAMH (5)—(7) ¢ momorplo HabopoB koddduuuentos {b; | 0 < j < B} u
{c¢;]0<j < a}.B cow ouepens, HaOOp K03(D(ULHUEHTOB OLpPEAENAeTCs IPHUHATON MOJENBIO IpoLecca KpaTKo-
CPOYHOH MPOLEHTHON CTaBKH. PaccMOTpUM HEKOTOpbIE MIPUMEPHI U3BECTHBIX MOAENEH KPaTKOCPOUHOM CTaBKH.
Bonee uHTEpecHbI Mozeny, A KOTOPBIX ypaBHEHHS A GYHKUUHM {a(T)} MOTydarloTcsl TAKUMH, YTO TOCIe-
nytomye GyHKIUH ONpeessioTcs TOAbKO dyepe3 mpeasiaymue. Torna ¢yHKIuH @,(T) MOXKHO HAalTH B aHaJM-
tryeckoM Buze. K takum monensm orHocutest mojiens CIR (1980) [4] u monens Ana—I"ao [5]. PaccMoTpum ux.

[TycTts mporiecc kpaTkocpouHoii craBku 7(f) 3amaercs moxaenbio CIR (1980), koropas mpemycMaTpuBaer,
4TO

dr(t)=cr(t) dwt), ) =r,
TZie Yo — HYOKHSS TPaHULA BO3MOXKHBIX 3HAYeHUH NpoleHTHON cTaBku [6]. Ilpumem y = 2,5, uro obecnieunBaer
nporeccy 7(f) CylecTBOBaHHE CTAIIMOHAPHOTO PEKUMa C MaTeMaTH4ecKuM oxupanuem E[r(f)] = 2ry, u auc-
nepcueit Var[r(f)] = 2r>. Jlns Takoil Moziens HaGopsl Kod((HIHEHTOB {b;} n {c;} ompenensrorca Tak: b; = 0,
j=0;¢5=0,50, ¢;=0,j# 5. Iloncrasss 3TU 3HaueHUs B cooTHowmeHus (5)—(7), momydaeM CUCTEMY ypaBHeE-
HUH, pereHust KoTopblx 11st {adt), i < 10} umeror Bua
ao(t) = axt) = a3(17) =ay(t) = aé(T) =a7(t) =aj(1) =0,
2 - 2.5
a(t)=—r1,as(t) = , ag(t) = —=——, ay(1) __ 26T
3 3
HerpynHo BBLICHWUTB, YTO HeHyNeBble (YHKLIMH C TOCIEAYIOIIMMH HHAEKCAMH TOXE OYAYT CTEEeHHBIMHU
(YHKUMSMH CO CTENEHSMH, YBEIWYHMBAIOIIUMHCA C HOMEPOM HHJIEKCA, YTO HPOTUBOPEUUT CBOWCTBY
lim_, a.(t)/t =0. CienoBatensHo, kpuBas goxoanoctu s mojenu CIR (1980) ne moxker ObITh IpeacTaB-
JieHa B Bujie psaa (8).
Paccmorpum Terepb B KauecTBE MOJIENHU MpoLiecca KpaTKOCpOUHOU cTtaBku #(f) moxenb Ana—I ao, 3ana-
BaeMyI0 COOTHOILICHUEM

dr(t) = k(0= r(0))r(t) + or)*'? dw(t).
JUist 3T0i Mozien Habops! kodddunmenTtos {b;} u {¢;} onpenemstorest Tak: by =0, by =k0>0, b, =—k; b;=0,j = 3;
=0,50% ¢;= 0, # 3. AHAIUTHUECKMI BHJI IEPBBIX (YHKITHIT ¢;(T) CIIETyIOMIMIA:

an(t) = 0, aq(r)——E(e"" 1), azm——% e 1),
a3(r):—m( )3,
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b3 +3(by —Dbyc3 +2(by — )3
4b

Kak BumHO, QyHKIIMH @(T) SKCIIOHEHIIMAIBHO BO3PACTAIOT 1O aOCOMIOTHON BEJTMYHHE C POCTOM T, YTO
MIPETIATCTBYET CXOANMOCTH psia (8).

[IpuBeneHHBIE TPUMEPHI JEMOHCTPUPYIOT, YTO MPEACTABICHUE BPEMEHHOW CTPYKTYPHI IOXOJHOCTH B
BHUJIC PsiZla €CIIM BO3MOXKHO, TO He Beeraa. [IpaBaa, aTo He TOKa3bIBaeT TOro (akra, 4To HE CYIIECTBYET MOJIe-
Jied KpaTKOCPOYHOM NPOLIEHTHOM CTaBKHU, AJISI KOTOPBIX BPEMEHHAs! CTPYKTypa MOXKET ObITh MpeAcCTaBjcHA B
BUJE CTENEeHHOro psiza (8). st Takoro 1oKa3arenbCcTBa Hy>KHO OTAEIBHOE UCCIIEIOBAHNE.

a,(t) = (e™-1)* ur.n

3akjIoueHne

B GompimHCcTBe MM GY3MOHHBIX MOJENeH KPaTKOCPOUHBIX IPOIECCOB MPOIEHTHBIX CTABOK (DYHKIHU
npeiidha n muddy3un 3amgaroTcs B BUIe MOTUHOMOB. Cpeny M3BECTHBIX B AHATUTHYECKOM BHJIE BPEMEHHBIX
CTPYKTYp ITOXOIHOCTH, COOTBETCTBYIOIIMX THM MOJEISAM, UMeercsl kiacc ad(UHHBIX MoJenel, B KOTOPOM
BpPEMEHHBIE CTPYKTYPBI TOXKE OIMHUCHIBAIOTCA MOJIMHOMAaMH. 1103TOMy BO3HHMKAET BONPOC, CYIIECTBYIOT JIU €Il
TaK{e MOJEIH KPATKOCPOUHBIX MPOLIECCOB MPOLIEHTHBIX CTABOK, JJIsi KOTOPBIX BPEMEHHBIE CTPYKTYPhI — IIOJIH-
HOMBI TI0 3HaYEHHSIM POLIEHTHON CTAaBKH. B cTaThe moka3zaHO, YTO OTBET HA 3TOT BOIPOC — OTPULATEIBHBIN.
Heckonbko Oosee coXHBIM AJIs1 aHAJIN3a OKa3bIBACTCS MIPEATIOIOKEHHE O TOM, YTO B pACCMAaTPHUBAEMOM CIIy-
Yyae BPEMEHHbIE CTPYKTYPbI MOT'YT OIMCBIBATHCS CTEIIEHHBIM PSAOM IO 3HAYEHUSIM MIPOLICHTHOM CTaBKU. B cra-
ThE HalZIeHa CTPYKTypa TaKOTO MPEIITOIIOKHUTEIBHOTO psifa, Ui KOd((UINEHTOB KOTOPOTO MOTyYeHa CHUCTe-
Ma Qg depeHInaTBPHBIX YpaBHEHHI 1 00CYKIEHBI YCIIOBHS, ITPU KOTOPBIX TaKOHM psit MOT OBl OBITH OIIHCAaHHEM
BPEMEHHOH CTPYKTYpbI 1oxomHocTu. s muddy3noHHBIX Moneneld KpaTKOCPOYHBIX MPOIECCOB MPOIEHTHBIX
craBok CIR (1980) u Ana—T"ao cucrems! auddepeHaIbHBIX YpaBHEHUI PEIICHB aHATUTUYECKU U TIOKa3aHo,
YTO CTEIEHHOW Psifi 1O 3HAUYCHUSAM MPOLIEHTHON CTaBKU HE MOXKET ObITh HCIIOJb30BaH B KAUECTBE MOJIEIH Bpe-
MEHHBIOH CTPYKTYpbI Ui 3Tux Monenedl. K coxkaneHuto, JokazaTenbcTBa 3TOr0 B OOIIEM ciydae IOKa He
HalNIEHO.
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The possibility of representation of yield term structures in the form of polynomials or power series in models where short-term in-
terest rate processes are described by stochastic differential equations is considered. In most diffusion models of short-term interest rate
processes the functions of the drift and diffusion are polynomials. Among the well-known analytical form of yield term structures, cor-
responding to these models, there is a class of affine models in which term structure is also described by polynomials. The question
therefore arises whether there are more such models short-term interest rate processes, for which the term structure are polynomials on
the values of the interest rate. The paper shows that the answer to this question in the general case is negative. Such a representation
takes place only in the case when the functions of drift and diffusion are polynomials not higher than of first order. Somewhat more
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complex to analyze is the assumption that in the present case, the term structure could be described by a power series on values of the
interest rate. The problem of representation of the term structures by power series is connected with the solution of the infinite system of
ordinary differential equations of first order for the coefficients of the series. This system of equations has features that do not allow to
obtain the solution in analytical form in the general case. The conditions under which a power series could be a description of the term
structure of yields are discussed. It is shown that there are models of the short rate for which the equations for the coefficients of the
series are such that the subsequent coefficients are determined only by the previous one. Such models are, in particular, diffusion models
of short-term interest rates CIR (1980) and Ahn—Gao. For them the system of differential equations is solved analytically and it is shown
that a power series on values of the interest rate cannot be used as a model of term structure for these models. Unfortunately, the proof
of this in the general case has not yet been found.

REFERENCES

1. Vasicek, O. A. (1977) An equilibrium characterization of the term structure. Journal of Financial Economics. 5. pp. 177-188. DOI:
10.2307/2330340

2. Merton, R. (1973) Theory of Rational Option Pricing. Bell Journal of Economics and Management Science. 4. pp. 141-183.

3. Medvedev, G.A. (2005) Stokhasticheskie protsessy finansovoy matematiki [Stochastic processes of financial mathematics]. Minsk:
BSU.

4. Cox, J.C., Ingersoll, J.E. & Ross, S.A. (1980) An analysis of variable rate loan contracts. Journal of Finance. 35. pp. 389—403. DOL:
10.1111/5.1540-6261.1980.tb02169.x

5. Ahn, D.-H., Gao, B. (1999) A parametric nonlinear model of term structure dynamics. The Review of Financial Studies. 12(4). pp. 721—
762. DOI: 10.1093/rfs/12.4.721

6. Medvedev, G.A. (2016) The probability density of the processes of yield interest rates. Vestnik Tomskogo gosudarstvennogo universi-
teta. Upravlenie, vychislitel'naya tekhnika i informatika — Tomsk State University Journal of Control and Computer Science. 3(36).
pp. 35-48. (In Russian). DOI: 10.17223/19988605/36/4

48



BECTHHUK TOMCKOI'O TOCYAAPCTBEHHOI'O YHUBEPCUTETA

2017 VYrpaBneHue, BHIYUCTUTEIbHASI TEXHUKA U UHPOPMATHKA Ne 39

V]IK 004.852
DOI: 10.17223/19988605/39/7

B.C. Mukmmna, C.H. [1aBaoB

HCIOJb30BAHUE JIOTUCTUYECKOM PETPECCHUH
ITPU BBIBOPE CIIOCOBA KAPIUOIIVIET' T

OmnuceIBaeTCs IOCTPOCHNE MAaTEMATHIECKUX MOZIENIEH BEPOATHOCTH JIETATBHOTO UCXO/a Olepaiy a0OPTOKOPOHAPHOTO
ITYHTHPOBAHUS IPH PA3IHIHBIX CIIOCO0aX KapANOIIICTHH.

Ki1ioueBble cj10Ba: JOrACTHYECKas! PErpeccrst; IPsIMOK 0TOOp MepeMEHHBIX; OICPIKKA IPUHSTHS PEIICHNI B MEIH-
IIIHE.

B Hacrosmiee Bpems 3a00eBaHHS CEPACYHO-COCYIUCTON CUCTEMBI SIBJIAIOTCS ONHOW M3 OCTPOCOLHATb-
HBIX Tpobisiem. 1o manHbiM BeemupHO# opranuzaiyy 310pOBbs, OKOJIO MOJIOBUHBI CMEPTEN B pe3yabTaTe cep-
JIEYHO-COCYAUCTHIX 3a00J€BaHUN MPUXOIUTCA Ha WIIeMHUYecKyto Oone3nb cepaua [1]. Mudapkt muokapaa —
3TO ofHA U3 (GOpM HIIEMHUYECKOW OONE3HM ceplua, NPOTEKalomas C Pa3sBUTHEM HIIEMHYECKOr0 HEKpo3a
y4acTKa MHOKapAa, 00yCIOBIEHHOTO aOCOIIOTHOM MM OTHOCHTEIFHON HEIOCTATOYHOCTBIO €ro KpoBOCHa0Xe-
Hus [1-3].

CymiecTByIOT pa3nuyHbie (popMbl JeUeHns niIeMrueckoi 6onesnu cepaua. [lpu o0mmpHOM mopakeHHH
COCYJIIOB cepJila MalueHTy MOXKET ObITh TOKa3aHa ONepaLysl aOPTOKOPOHAPHOTO LTYHTHPOBAHUS. AOPTOKOPO-
HapHOE€ IIYHTUPOBAaHUE — ATO XUPYPrHMUECKOE BMEUIATENBCTBO, B PE3YIbTaTe KOTOPOIO BOCCTAHABIMBACTCS
KpPOBOTOK CepJlla HIKE MecTa CyKeHus cocyna. [Ipu maHHON Xupyprudeckod MaHUMYJISIMH BOKPYT MecTa
CY’)KEHHS CO3/al0T JPYroi MyTh AJS KPOBOTOKA K TOH 4acTh ceplia, KoTopas He cHaOkajack KpoBbio. Kom-
IIJIEKC MEPOIIPUATHI 0 3aIMTE CEPALlA OT UILIEMHH BO BpeMsl Ollepaliii a0pTOKOPOHAPHOIO IIYHTHPOBAHMS, B
YCIIOBUSAX MCKYCCTBEHHOI'0 KPOBOOOPAIIEHHUS IS MAllMEHTOB C UIIEMHYECKON OOJIE3HBIO Cepla Mpu OCTPOM
nH(papKTe MUOKap/ia Ha3bIBACTCS KapAHOIUICTHEH.

[Ipy moAroTOBKE K Omepanuy KapAHOXUPYPT MPUHUMAET pelieHHe 0 BEIOOPY Crocoda KapauOIIeruy.
B Hacrosimee Bpemst pacmpocTpaHEeHBI JBa crocoda: KpOBsSHAs KapJHOIUICTHS W KapAHOIJIETHS PacTBOPOM
«Kycronnon». B nanHoit pabote uccnenyercs 3agada BbIOOpa crocoda KapIUOIUIETHU U OLICHKU OJIarOnpHsiT-
HOT'0 ¥ HeOJIarompuATHOTO HCX0/1a OTlEpallii METOIaMH MaTEeMaTHUECKOI0 MOAETHPOBAHUSL.

3ajaun OLIEHKH pUCKa ONEpaTUBHOIO BMEIIATEIbCTBA MATEMAaTHUYECKUMHU METOJaMH MPH JIEUCHUH HIlIe-
MHUYECKOH OOJIE3HHU CepAlla BCTPEUYAIOTCS B JIUTEPAType Ha MPOTSHKEHUHU nocneqHux 20 JIeT 10cTaTOYHO YacTo.
Hanpumep, B pabore [4] uccrienyrorcs pa3indHbIE METOIMKM aHalM3a ONEPAllMOHHOTO PHUCKA OINepaluu
A0pPTOKOPOHAPHOTO IIyHTUpOBaHUA. B [5] mpuBoauTcs mpumep nmpuMeHeHHs Kiaccu(UKaUu ¢ UCTIOJIb30Ba-
HUEM JIOTHYECKUX MPaBUi, CPOPMUPOBAHHBIX C IOMOIIBIO METOI0B HHTEIUIEKTYaIbHOTO aHAIN3A TaHHBIX.

3amava kimaccu(uKauKu C OLUEHKOH pHCKa ONEpaTHMBHOTO BMeIIATENbCcTBA B paboTax [6, 7] pemanach
npu BbIOOpE croco0a 3aBepIeHHUs ONEpalliy 1O MMOBOAY MEPUTOHUTA, MPUMEHSA B Ka4eCcTBE KIacCUPULIHUPY-
OIIEr0 MpaBUiIa MOJIEINb, OTYYEHHYIO C UCIIOJIb30BAaHNEM HEHPOHHBIX CETEN.

Jns perieHus Ki1accU(pUKAMOHHBIX 3a7a4 TakKe MOT'YT IPUMEHSATHCS pa3INyHbIe aITOPUTMBI HA OCHO-
BE JIepeBhEB pelieHui [8].

1. UcxoaHble JaHHBIE
[Ipu mnaHupoBaHUM OMEpaIlH, a TAKXKE BHIOOpPE CIIOcOo0a KapIUOIICTHH Bpad OCHOBBIBACTCS Ha IMapa-
MeTpax COCTOSIHUS manueHTa. [lapamerpaMu cocTosHUS MalMeHTa SBISIOTCA PE3yNbTAaThl KIMHUYECKUX UCCIIe-

JOBaHHM, IMOKa3aTenyd OOLIero COCTOSIHUA MalMeHTa, B3AThIe U3 IOKYMEHTOB NalreHTa (I10J1, BO3pacT), CBele-
HUS, IOJy4EHHBIE B XO€ YCTHOTO ONpOoca, HalpUMep CPOK OOIEeBOro CHHApoMa Win anamHes (tadm. 1) [2, 3].
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Tabnuma 1
[Moxa3aresin cOCTOSAHNUSA MAIUEHTA Mepe onepanueii a0pTOKOPOHAPHOT0 IYHTHPOBAHUS

Ennauma Ennauma
®daxTop O603Ha- [kana AL ®axTop O603Ha- [kana AL
Ne n/m m3mepe- | Ne /it u3Mepe-
(mepemeHHas) YCHUE | U3MEPEHUs (mepemeHHas) YCHUE | HU3MEPCHUs
HUSA HUS
Koneunslit uacro-
1 Bospact X, Aoc. rof 16 N A .. X Abc. MM
JINYECKHH 00BEM
Koneunsiit cucro-
2 Bec X, Abc. KT 17 . .. X7 Abc. MM
JINYECKHI 00BEM
Koneunsrit tuacro-
3 Ilon X3 Homunan. 18 N A X8 Abc. MM
JIUYECKUHA pa3mep
N Koneunsriit cucro-
4 CaxapHsblit quader Xy Homunan. 19 N X9 Abc. MM
JIMYECKUHA pa3mep
I'unepronnueckast . ..
5 P X5 Homunan. 20 Y nenbHbIi 00BEM Xy Abc. MJT
00JIe3Hb
[Nopaxerne OGpaxwo- CpenHee naBneHne
6 P P X Homunan. 21 pex {l X5 Abc. MM PT. CT.
e arsHOTO CTBOIA B JIETOYHOU apTepuu
Hapymenus putma AopratbHsii
7 P yucle ap X5 Homunan. 22 KJIaIlaH: TpaiueHT X5 Aoc. MM PT. CT.
P JIaBJICHUS
AopTabHbIH
8 I'nmmoxuHe3bI Xg Homwunai. 23 KJIallaH: CKOPOCTh X3 Abc. m/c
KpPOBOTOKA
IIpoxomumocrts Jsie- AopTabHbIH
9 BOI KOpOHapHOM Xy Abc. % 24 KJIallaH: CTEeNeHb Xo4 [opsinx.
aprepun perypruranuu
ThoXOIIMOC MuTtpanbHblit
XOJTUMOCTh
10 poxon Xio Abc. % 25 KJIallaH: TpaiueHT Xos Abc. MM PT. CT.
BETBU TYIIOTO Kpast
JIaBJICHUS
IIpoxogumocts ne- MurtpanpHblil
11 penHeit MexoKey- X Abc. % 26 KJIaIlaH: CKOPOCTh Xo6 Abc. m/c
JI0YKOBOU BETBU KpOBOTOKA
IIpoxogumocts Mutpaibiit
12 P N X Aoc. % 27 KJIamaH: CTCTICHb Xy [opsinx.
orubarorei BEeTBU
perypruranuu
[Ipoxomumocts npa-
N N Cpoxk 6oneBoro
13 BOI KOpOHApHOM X3 Aoc. % 28 P Xog Konm. JTHA
CHHJIpOMA
apTepun
IIpoxogumocts 3aa-
14 HEN MEXOKEITyI09KO- X4 Abc. % 29 Tpononunst [ Xy Abc. HI/MIT
BOW BETBU
®Dpakius BIOpoca
15 paki P Xis Abc. 30 Tpononunst T X3 Aoc. HI/MIT
JIEBOT'O JKEITY0UKa

JlanHble B TaONIHIIE TPEICTABIICHBI B Pa3HbBIX IIKaJIax:

— aOcomotHas (B Tabnuue obo3nauena «Kom.»). B aToil mkane uaMepeHus MpoBOAATCA B (PUIUIECKUX
BennunHax. Hampumep, mepeMeHHasi «BO3pacT» M3MepseTcs B TOAax, IMEepeMeHHas «BeC» — B KHIJIOIpaMMax,
nepeMeHHas «aopTOpajbHBIN KiIanaH: TpaJfueHT JaBJICHHUS» — B MM PT. cT. HeKoTopble BETNYHHBI MOTYT OBITh
BBIpa)KEHBI B TaK HA3BIBAEMOU JONBbHOW aOCOMIOTHON MIKale, hpakuus BRIOpoca N3MepsIETCs B MPOLIEHTAX;

— HOMHUHAJIbHAs — HUCIIONB3YETCs JJISl PETHCTPAllMi CaMOro HHU3LIEr0 YPOBHS HM3MEPEHU, Harpumep
HaJIW4HE WU OTCYTCTBHE KaKOr0-JINOO pU3HaKa, oI U T.1.;

— TOPSAAKOBAs — IIEPEMEHHAsl OMUCHIBAET MPU3HAKH O0OBEKTOB, KOTOPhIE MOXKHO YIOPSI0YHUTh, O€3 BO3-
MOXXHOCTH TOYHOTO YCTAHOBJICHUS PACCTOSHUS MEXKIYy HUMH [5].

Ha puc. 1 uzo0paxkeH mpoliecc NpUHATHS PELICHUH KapIHOXUPYProM IO BEIOOPY crocoba Kapauoruie-
T'MH Ha OCHOBE aHaJl3a UCXOIHBIX JaHHBIX.
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MapameTpsbl

COCTOSHNA Cnocobbl Mcxoabl
GOnLHOT kapauonnermn onepauunu
/ | :
L 7 . K | BnaronpusTHbIi
: ycTtoauon nexon
WMexoaHble ;
OaHHble !
' KpoesaHasa HebnaronpuaTHbIi
Kpaguonnervs ucxog

Puc. 1. CrpykTypHast cxema NpHUHSTHS PEIIeHIs [0 BEIOOPY KapANOIIICTHH

HpI/I BLI60pe crocoba KapJUOIJICTUH Bpad OCHOBLIBACTCA HAa UCXOAHBIX NJAaHHBIX U UHTYUTUBHO YUYUTHI-
BacT UCXO[ omcpanuu, (baKTI/I‘-IeCKI/I OLICHUBAas pUCK 6J'IaFOHpI/I$ITHOFO n He6J’IaFOHpI/I$ITHOFO nucxonaa.

2. ®opmupoBaHue 32124 00y4YeHHUsI IO MpeleleHTaM

3amady BeIOOpa criocoba Kapauorieruu chopMyanpyeM Kak 3afady oOydeHus 1o npenenentam [9, 10].
3amaua ¢opmupyercs craenyromuM obOpa3oM. IlycTb OOBEKTHI OMHMCHIBAIOTCS #-YUCIIOBBIMH IPH3HAKAMH
S X—R,j = 1...n. Torna npocTpaHCTBO NMPU3HAKOBBIX ONUCAHMH 00BEKTOB HpercTaBisiercs kak X = R”.
[lycTe Z — KOHEUHOE MHOXECTBO KJIACCOB, MO KaXKABIM M3 KOTOPBIX MOAPA3yMEBAETCS ONPEASTIEHHBIH UCXO0
onepanuy. B Hamem ciydae KiaccoB Bcero ABa: OnmaronmpusTHBIN ucxox Z = —1 U HeOMaronpusTHBIN HCXOX
Z =+1. Ilyctp 3agana oOyuarommas BEIOOpKa map «00BEKT, OTBET» (COCTOSHHE MALMEHTa, UCXOJ OTICPALINH ):

m
X" ={(x,2)s-.5(x,,2,)}- (1
B kaudecTBe MaTeMaTU4YECKOM MOJEIM UCXOAA ONEPALMHU HCIIONB30BANIACh MOJAENb JIOTHCTHYECKON pe-
IPECCUH, TO3BOJISIOIIAS ONPEAECIUTh BEPOATHOCTD NOMANAHNS B OJUH U3 KIACCOB:
1
I+exp™
Hns nByx knaccoB Z = {—1,+1} B JOTUCTHYECKOH PErpeccuy CTPOUTCS JIMHEHHBIH anropuT™ Kilaccuu-
Kauu# a:X—Z, KOTOPHIH MO3BOJISIET OTHECTH 00BEKT K OJHOMY M3 IBYX KJIaCCOB!

a(x,B) =sign| D°B,/,()~B, | =sign(x.B). G)

rze f3; — Bec i-ro mpu3HaKa, 3 — nopor npunsatus pemenus, B = (Bo, Po,... Pn) — BEKTOp BecoB, <x,> — ckajsp-
Hoe npousBeneHue. [Ipeamonaraercs, 4To UCKYCCTBEHHO BBEACH KOHCTaHTHBIN MPH3HAK fo(x) = —1.

3amaua 00yuCHUsI THHEHHOro KiacCH(UKaTopa 3aKIH04aeTcs B TOM, YTOObI 0 BbIOOpKEe X" HACTPOHTH
BEKTOp BecOB B ypaBHeHUH (2). Vcmonap3oBaHUE MOAENH JIOTHCTUYECKOW PerpeccHy MO3BOJISIET ONMPEACTUTh
3HaYMMBbIC TIEpEMEHHBIC U ONPEACITUTh YUCIOBbIE KOX(Q(QHUINEHTH P 3TUX MepeMeHHbIX. PaboTa mpoBonuTcs
B JIBa dTara.

Ha nepBom sTame ocymiecTBisieTcsi 0TOOp MepeMEHHBIX B MOAEND C MOMOILBI0 METOAa MPSIMOTO 0TOOpa.
AnroputMm oTO0pa mepeMeHHbIX clienyroumii [9].

1. PaccunTeiBaercst MaTpuua Ko3(PpHUIIMEHTOB KOPPEISLIH TEPEMEHHBIX, ONUCHIBAIOIINX COCTOSHHE Ia-
nuerta X = R". U3 crmucka Bcex BO3MOXHBIX HE3aBUCHMBIX MEPEMEHHBIX (DOPMHpPYETCs BBIOOpPKA HE3aBUCH-
MBIX TIEpEMEHHBIX C KO3((HUIIMEHTOM KOPPESLHUU BBIIIE Mopora, npuHuMaeMoro paBHbM 0,6. Koaddumuent
KOpPEISILIMU PacCUUTHIBAETCS 1Mo Gopmyiie

M(x-m)y —m,)
p= )
0,0,

(4)

rae mx,my — MaTEMAaTUYCCKUEC OKUTaHUA XU ) , a Gx,Gy — UX CPCAHNEC KBAAPATUICCKUEC OTKIIOHCHHA.
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2. Tlocne Toro kKak mepeMeHHas X; Obula BbIOpaHa, oHa NO0aBIseTcs B MOAEHb (2), B pe3yibTaTe 4ero
MOSIBIISIETCS] YpaBHEHHE, COZIEPKAILEEe BCEro OIHY MEpEMEHHYIO:

Vi = B[jxij +B - %)

[lonyyeHHOe ypaBHEHHE MPOBEpAETCS Ha aJCKBaTHOCTb NPU TNOMOIIM (PYHKIMH MpaBAONOA00us
—2log. Ecnu anekBaTHOCT MOJENN HE MOATBEPKAAETCS, TO BHIOMpaeTcsl Apyrasi mepeMeHHas u3 chopMupo-
BaHHOHM BBIOOpKU. Ecnm afekBaTHOCTH ypaBHEHHS MOATBEP)KAACTCS, TO TEKyLIas MepeMeHHas A00aBiseTcs B
Mozenb. TakuM 00pa3oM, TECTUPYIOTCS BCE MTEpEMEHHBIE, OTOOPaHHbBIE U3 KOPPEIALMOHHON MaTPHLIBL.

3. [anee mpoBOAMTCS TMOCIENOBATEIbHOE MCKIIOUYEHUE M3 MOJAENH TEPEMEHHBIX, YAaJeHHE KOTOPBIX
MOXET MPHUBECTH K MOBBILICHUIO aICKBATHOCTU MoJiel. B ciydae, ecnu Takas nepemMeHHasi HaliieHa, OHa yzaa-
nsiercst U3 Mozenu. Jlanee ocymecTBisercs mepexo] K Hayajly aJlrOpuTMa IpsMoro oToopa rnepeMeHHbIX.

Ha BTopom starie onpenensirorcss Ko3QQUIUEHTH B MOJEH JIOTUCTUYECKOH PEerpecchy ¢ MOMOLIBIO Me-
TOJa MaKCHUMAJIbHOTO MPaBaono1o0us. Mcnonb30BaHue BEPOSATHOCTH OTHECEHHS K OAHOMY U3 KJaccoB Z B 3a-
BucuMocTd oT X, P(Z|X) monHOCThIO ompeAersieT YCIOBHOE pacipeeieHue mo kinaccam. s manpHermmx
paccyxxaeHuil yno0HO HCHONb30BaTh JiorapudM QyHKIHHA MPpaBaONOoA00Us B BUY OJUHAKOBOIO TOBEACHUS MX
MPOU3BOJHBIX, & TAKXKE B CHIIY IPOEKTa OT MPOU3BEACHUS UX COCTaBIIOMMX K cymme. Toraa mst N Habmirone-
Hul norapudmuyeckast GyHKIHS IpaBIonogoous oyaer

10)= X log p, (x:P). ©)

rae p, (x;p)=P(Z=k|X =x;B), B — Bexrop K0odpuiMEeHTOB B MOAENH.

[ToxpoOHO paccMoTpuM ciaydail IBYX KiIaccoB. YJOOHO KOAMPOBATh KIAcChl Z; dYepe3 OTBET V;, Tle
yi=0,kxorma Z; = 0,u y; = 1, korna Z; = 1. Ilycts p,(x;0) = p(x;0) n p,(x;0)=1- p(x;0). B Takom ciyuae
Jorapu()MIYECKOe MPaBIONOI00He MOKET ObITh 3aITHCAHO CIIEAYIOMINM 00pa3oM:

P)= Z {y,log p, (x;;p)+(1-y)log(1- p(x;;P))} = Z {yBx, —log(1+e" ™)}, (7)
3):[60]5 B = {BIO’BI}'

JIJ11 MakCHMU3aliy TpaBIOMo00us IPUPaBHIEM ITPOU3BOAHYIO K HYJIIO:

E =S 5 0= i) =0 ®

Jlnst HaxokaeHus: 3HaueHWi koddduimentoB B dopmyne (6) ucmonb3yem anroput™m HproToHa—
Padcona, He0OX0OTMMBIM YCIIOBHEM ISl KOTOPOT'O sSBIsieTcs nomydenne marpuisl [ecce (I'eccuan):

OCUB) _ S
==> xx; p(x;B)1— p(x;;B)). 9
oy le PO P)A= p(x;B)) ©)
Hauwnnas ¢ npor3BoIbHOrO IEPBOTro NPUOIMKEHUS [30, OJlHa uTepanys MeToqoM HproToHa 3aKirouaercs
B HAXOXKJICHHUHU

GUB) . 0B)

=P -G

(10)

IJIe POM3BOIHBIE BEIYUCIISIOTCS Ha OCHOBAHMH P,
JIst BEIYUCTIEHHMH y00HO 3amucaTth 3HadeHus Kod(pduurentoB u ['eccuan B Bune Matpui. Ilycts y —
3HAYEHMS BEKTOpa V;; X — MaTpHLa, CoAepkKalas 3HaUeHUs X;; p — BEKTOp MOJIYYEHHON BEPOSITHOCTH i-TO JJIe-

menta p(x;B'), u W—=N x N — nmaronansHas Matpuna, copeprkanas snementst p(x,;B)(1- p(x,;B)) . Taxkum
o0pazoM, nosydaem

UL (an
TP _ xrwx. (12)
oBop

Torna 3Hauenus s B cnenyromeit uTepanuu GyayT paBHbI
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B =P+ (X'WX) X' (y - p)= (X" WX) ' X' WX + W' (y -p)) =(X'WX) 'X"Wg, (13)

g=Xp'+W'(y-p). (14)

BexTop g BbIpaxkaeT cBA3b MKy OTBETOM (y) M K&XKIBIH pa3 pacCUMTHIBAEMBIME KO PUITHUEHTaAMHU; OH

H3BECTEH TAaKKe KaK «CKOPPEKTUPOBAHHBIA OTBET». JTOT ajTOPUTM HA3BIBAETCA UTEPALIMOHHO KOPPEKTHpYe-

MBIM METOJIOM HaMMEHBIIHX KBaapatoB (iteratively reweighted least squaresor IRLS), Tak kak Ha Ka)kJoM 1mare
YMEHBILACT KBaIpaT HEBS3KH.

B’ «arg ;nin(g ~XB)" W(g—Xp). (15)

3. [losyyeHHbIe pe3yabTAThI

Ha ocHoBanMu naHHBIX, MOMy4eHHBIX B CypryTcKOM OKpPY)KHOM KapAMOJIOIMYECKOM AHCIIAHCepeE, ¢ TOo-
MOMUIBIO YKciIeHHoro anroputma Hetotona—Padcona Obutu mocTpoeHbl MaTeMaTHYeCKUE MOZETH BEPOSTHOCTH
HeOMaronpusATHOrO MCXO/a ONepaluy aOpTOKOPOHAPHOTO IIYHTHPOBAaHUS AJIS KaKIOro crocoda Kapauorie-
THH.

1. Jloructuyeckasi perpecCHoHHasi MOJENb HEOIAroNpUsATHOIO MCX0/1a TPU KapIHOILIErHH ¢ IOMOLIBIO
Kycroguomn:

P (x)=[1+exp(-21,009- X, —0,021- X, +1,024- X, — 2,049 X, +25,256)]"". (16)
2. Jloructuueckas perpeccnonHas MOACIIb He6HaFOHpI/I$ITHOFO nucxoaa npu KpOBHHOfI KapJuOIlJICruun:
P (x)=[1+ecxp(~18,841- X, +0,847- X, —0,923- X, —1,809- X,, —1,124X,, +15,158)]".  (17)

W3 Tpuanati HCXOAHBIX MapaMeTpOB, OMUCHIBAIOIINMX COCTOSHHE MAallMEHTA, IPEICTaBIEHHbIX IIEPEMEH-
HbIME U3 Ta0i. 1, B Monmenu (16) u (17) Bonwim He Bce. B Monenu ucxoa orneparuu npy KapIUoIIeTHH C T0-
mompto Kycroauon (16) orpasunuch cienyronme napaMmerpsl: Xs — HaIW4Iue TUIePTOHNYECKO Oone3Hu, Xo —
MPOXOJUMOCTD JIEBOM KOPOHAPHOM apTepuu, X5 — 00beM (pakiuu BeIOpoca, Xa3 — CKOPOCTh KPOBOTOKA Yepe3
aopTajbHBIA KiamaH. Mojenb McXoAa oIlepaluy MpH KpoBsSHOH kapauomieruu (17) BKIIOYAET CIEIyIOLIHE
napaMerpel: Xs — HaJld4dhe TUIepTOHMYECKOH OoNe3HH, Xj; — MPOXOAMMOCTh MEpelHEH MEeXKemyaI0dKoBOi
BETBU, X|¢ — IPOXOIUMOCTb BETBU TYIIOTO Kpas, X s — KOHEUHBII ANACTONMUYECKUI pa3mep, X, — Macca Tena.

Crenyer 3ameTuTh, uTo B Mogenu (16) u (17) BXonaT pa3Hble IepeMeHHbIE, 32 UCKIIIOYCHUEM TTepeMeH-
HOU X5, KOTOpas ABISIETCS caMO CyIIECTBEHHOM B 00enx Moznensix. Bricokue 3HaueHus Ps roBOpsAT O MpeBocC-
XOJSLIEM BIUSHUM TUIIEPTOHUYECKOM OOJIE3HU cepAlla Ha pe3yibTaT Ollepaluil a0OpTOKOPOHAPHOTO IIYHTHUPO-
BaHUS BHE 3aBUCHMOCTH OT BBIOPAHHOTO CIoco0a Kapauormierny. TakuM 00pa3oM, OKa3aHo, YTO IPUMEHEHUE
TOr'0 WJIM MHOTO CIOC00a KapANOIUIErny TpeOyeT NpelBapuTeNbHOr0 aHaIN3a Pa3IMuHbIX MapaMeTPOB.

4. IIpaBnonogodue U aJeKBaTHOCTH Mojeseil
Jlis mpoBepku MpaBAONOA00usT MOJENEH, T.C. ONpPENEICHUs, HACKOJIBKO MOMyYEHHOE TEOpETHUECKOS

pacrpeneneHie COOTBETCTBYET SKCIEPUMEHTAIBHOMY, MTPUMEHSUTUCH Jlorapudmudeckas GyHKIUs MPaBIoIo-
no6us flp) = —2Ln(£(x,B)) u kodpduuuent nerepmunanuu R> Kokca—Illnena:

2/N
R2 _ 1 _ L(Mlntercept) (18)
- 5
L(M g)
rae L - OLICHKAa BCPOATHOCTH, Mlntercept — MOZACIb, OOIOJHCHHAA JAHHBIMU IJId INPOBCPKU; MFull — HUCXOOAHasA

MOJIETIb.

B Tabn. 2 npeactaBiieHbl pe3yabTaThl pacyeTa pa3IMYHbIX KPUTEpUEB Mpasaonogodus moaenei (16) u
(17) mo nByM KpHUTEpHUsIM.

3nauenus koddduimenta nerepmunanuu R’ Beime 0,6 roBopsT 00 a1eKBaTHOH padoTe Mojereil Ha 1aH-
HBIX, HE y4acTBOBABIIMX B MOCTPOEHHH MoAenu. Manble 3HaueHus: GpyHKumu npaBaomnonodus —2Ln({(x,p)),
TaKKe TOATBEPKIAI0T BEICOKOE KauecTBo Moneneit (16) u (17) [5, 6].
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Tabnuia 2
[IpaBaonono6ue Moeeii BEpOSITHOCTH HeOJIATONPUATHOIO HCX0A

Mogens -2 log R’
Py 3,054 0,781
Py -y 20,479 0,684

IIpoBepuTh aeKBaTHOCTH MOJYYEHHBIX MOJEIEH MOXHO € TIOMOIIBIO METOJa MEPEKPECTHON MPOBEPKU
AHATTUTUYECKOW MOJENH cross-validation. JIns Takolt poBepKH UCXOAHAs BBIOOpKa pazzaensercs Ha K npulnu-
3UTENBFHO paBHBIX 0510k0B (00bIYHO npuHUMaercsa K = 10). [Iponenypa MogenupoBaHusi, OMCAHHAS AJITOPHT-
MoM (2)—(15), npoBonuTcs Ha AaHHBIX, BXoAsAmmX B K—1 Onokos. [locTpoeHne Monenyn HaYMHACTCS ¢ UCKITIO-
YeHUSs IIEPBOro OJI0Ka, KOTOPBIM MCHONb3YeTCs AJIsl MPOBEPKU aJEKBATHOCTH. 3aTE€M MCKITIOYAETCs] BTOPOH OJI0K
U T.I. AHaIOrHYHBIM 00pa3oM MPOBOAUTCS MpoBepka K pa3 HA MOAENAX, MOJTYyYEHHBIX MOCIEeNOBATEIbHBIM
UCKITIOUYEHHUEM OJJHOTO U3 OJIOKOB.

.
®yukunst L(a(x,),z, ) xapakrepu3yer BEIUYHHY OTIMYHS 3HAYCHUS, MOIYYCHHOTO C MOMOIIBIO AJIro-
*
putMa (2)—(15) ot sKCIepUMEHTaIBLHOTO 3HAYCHUS Z;
* *\2
L(a(x,),z )=(z;,—-z )",
* (v
rIe z = a(x;) — pe3yabTaT KIacCU(PHUKAIN aJrOPUTMA a; Z — peabHOE 3HAYECHHE IPOBEPSIONIEH BEIOOPKH.

st kmaccuduimpyromero anroputMa a:X—7Z, cyMMa KBaJpaToB OMIMOOK KiacCH(pHKaINY, Ha3bIBacMasi B
nutepatype (yHKUUEH oTepb, MMEeT cieayomui Bu [6]:

1 m
Q(a,X’")=—ZL(a(xl.),zl.),xi eX",z,eZ", (19)
ms
rae O(a,X") — QyHKIMOHAT YMIMPHYECKOTO PHCKa MOJIEITH.

Pe3ynbTaThl IpoOBEpKU aIeKBATHOCTH MOJENEH NPUBEIEHBI B Ta0IIL. 3.

Tabnuia 3
3HaveHus1 GyHKIMH MOTEPb, MOJYYeHHbIE B Pe3yJbTaTe NePeKPeCcTHOI MPOBEPKU HA PAa3HBIX 0JIOKAX

Howmep

onoka) 2 3 4 5 6 7 8 9 10 | cymma
Mognens
O(a,X™)

i 0,009 | 0,017 | 0,009 | 0,000 | 0,009 | 0009 | 0018 | 0,009 | 0018 | 0000 | 0,09
ans B,
O(a,X™)

b 0,009 | 0,000 | 0,000 | 0,019 | 0028 | 0009 | 0009 | 0,000 | 0,009 | 0,000 | 0,085
JJIsL 1

B Tabxn. 3 B mepBoii cTpoke ykazaHbl HOMepa OJIOKOB, HOCJIENOBATEIbHO UCKIIOYAEMbIE U3 TIPOLIETYPhI
MaTeMaTHYECKOr0 MOAEIMPOBAHHUSA 0 anroputMy (2)—(15), Ho yyacTBOBaBILIME B IIPOBEPKE ajeKkBaTHOCTU. Bo
BTOPOH CTPOKE TaOIUIIBI IPUBOSTCS 3HAUCHHS (PYHKIIMOHAJIA TTOTEPh ISl MOJETH P).—; — BEPOSATHOCTH UCXO0Ia
olepalui a0pTOKOPOHAPHOI0 LIYHTUPOBaHUS NpH Kapauomieruu KycromunoMm. B Tperbelt ctpoke copepkar-
st 3Ha4eHHs (DYHKIIMOHAJA TIOTepPh U MOAENU P, - — BEPOATHOCTH MCXOJa OIEPalliy MPU HCIOIB30BAHUN
KPOBSIHOM KapANOIIIIETHH.

Cunraercs, 9ro 4yeM OnrpKe 3HaYeHUs (pyHKIHOHaNA noreps K 0,1, Tem Oorplie OommOOK HMEeTcst B MO-
nemu [6]. Ilpu ucnonp30BaHUM TIEPBOrO Crocoba KapAWOIUIETHH B Tpex Onokax: 2-, 7- u 9-M, mpu IpoBepke
ObLTO HaljIeHO 1o JiBe omuoOku kinaccupukamuu. B 1, 3, 5, 6, 8-M, Giiokax HaiiieHo 1o ogHOM omiOke. B 4- u
10-m 610Kax ommOOK KiaccupuKauy He HaiaeHo. Takum oOpa3om, B 92% ciydaeB MOAENb BEPHO MpeacKa-
3bIBAET BEPOATHOCTh MCXO0/1A ONEpaIMK IPY KapUOIIeTuu ¢ momombio Kycroquonn.

Jlyqmme pe3ynbTaThl KiacCHu(UKAIUKM TOMy9YeHbl Ui Moaenu P,.—;. Ilpu mepekpecTHOW mpoBepke Ha
Onokax 4 M 5 OKa3ajioch COOTBETCTBEHHO [BE M TPH OLIMOKH MPOrHO3UpOBaHMA ncxona. B Onokax 1, 6 u 9
HaiiJieHo 1Mo ojHol omuoOKke Kiaccudukanmu. Mozens (17) gaer BepHBIA Mporuo3 ucxona B 96% ciryyacs.
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3akjIoueHne

Takum 06pa3oMm, MoOmy4eHbl MATEMATUYECKHE MOJIEIH UCXO/a Olepaliy a0pTOKOPOHAPHOTO IIyHTHPOBA-
HUS TIPH OCTPOM MH(ApKTe MUOKapAa Ul IBYX CIIOCOOOB KapAMOIUIETHU: KPOBSIHASI KapAWOIUIETHS W Kapauo-
rerust pactBopoM «Kyctaamom». COOTBETCTBHE TIOMYyYEHHBIX MOJENIEH IKCIIEPUMEHTAIBHOW (QYHKIMU pacrpe-
JIeJIEHNS] OLIEHUBAJIOCH CIIEAYIOMIMMY MTOKA3aTesIMU: JIorapu(MUIecKoi yHKIMEH TpaBaomonoous u koadpdu-
mmentoM nerepmuHarii R° Kokca—Illnenna. 3Hauenns kod(dUIMEHTa JeTEPMHHAIME U JIOTapH(MITUECKOit
(byHKIMH TIPaBIOMOA00HS TOBOPST O TOM, YTO MOMYYEHHBIE MATEMATHIECKUE MOJIEITN TIPaBIOIIOI00HBI.

JU71st IPOBEpPKH a/IeKBAaTHOCTH MOJIeJIel TPOBOIMIIACH TTEPEKPECcTHAs IIPOBEPKa C OLEHKOH ()yHKIIHOHAIA
pucka. 3nauenne Gpynkiuonana Q < 0,01 moATBepkIaCT aICKBATHOCTh PE3YIIBTATOB. Y CTAHOBJICHO, YTO HAJIH-
YHe TUIEPTOHUYECKONW OOJIE3HU MOBBIIIAET ONEPAMOHHBIM PHCK, YTO MOATBEP)KIAET OIBIT MHOrOJETHEH
MIPaKTUKH, onucaHHbild B padorax E.M. Yazosa ¢ komieramu B [2, 3]. KommbroTepHOe HcciemoBaHue Ha MOJie-
nsx (16)—(17) mokaszaio, 4YTo MPUMEHEHHUE TOIO MJIM MHOTO crioco0a 3aliuThl MUOKap/Aa BO BpeMs Oepanuu
00YCIIOBIIEHO BJIMSIHUEM PA3JIMYHBIX [TAPAMETPOB, ONHUCHIBAIOIMX COCTOSIHHE MTALMEHTa JI0 OllEPaLlUy.
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In bypass surgery in acute myocardial infarction a cardiac standstill is expected for manipulating coronary vessels. To protect the
heart muscle (myocardium), special techniques are applied. Paper presents the results of the mathematical modeling choice method of
protection (cardioplegia) myocardium during coronary artery bypass surgery. As a guideline for choosing cardioplegia is used forecast-
ing the outcome of the operation using a mathematical model of logistic regression, allowing a certain probability attributed the out-
come of the operation to one of two classes: a favorable outcome or unfavorable. The inclusion of variables in the regression model was
carried out by using the method “forward selection”, i.e., consistent inclusion of variables that increase the adequacy and the value of
the log-likelihood function of the model and serial elimination of variables reducing the adequacy. The values of the weighting coeffi-
cients in the model are calculated using the Newton-Raphson algorithm. Computer investigation method of choice cardioplegia models
showed that the use of a particular method of myocardial protection during surgery caused by influence of various parameters describing
the condition of the patient before surgery.
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A.L. Rouban

THE SENSITIVITY FUNCTIONALS IN THE BOLTS'S PROBLEM
FOR MULTIVARIATE DYNAMIC SYSTEMS DESCRIBED
BY ORDINARY INTEGRO-DIFFERENTIAL EQUATIONS

The variational method of calculation of sensitivity functional (connecting first variation of quality functional with varia-
tions of variable and constant parameters) for multivariate non-linear dynamic systems, described by ordinary Volterra’s
the second-kind integro-differential equations by use of the generalized quality functional of a dynamic system (the
Bolts problem) is developed.

Key words: variational method; sensitivity functional; integro-differential equation; conjugate equation.

The problem of calculation of sensitivity functional (SF) (connecting first variation of quality functional
with variations of variable and constant parameters) and sensitivity coefficients (SC) (components of vector
gradient from quality functional according to constant parameters) of dynamic systems are main at the analysis
and syntheses of control laws, identification, optimization [1-7]. The first-order sensitivity indexes are most
used. Later on we shall examine only SF and SC of the first-order.

Consider a vector output x(¢) of dynamic object model under continuous time ¢ € [to,t1 ], implicitly de-

pending on vectors parameters o(¢),a , and functional / constructed on the basis of x(z) under ¢ [to,tl] . The

first variation 8/ and variations 8cu(¢) are connected with each other with the help of a single-line functional —

/A

SF with respect to variable parameters ou(z) : ds(n! = JV(t)S&(t)dt . SC with respect to constant parameters o
0

are called a gradient from 7 on o : (dI/da)’ = VI . SCare a coefficients of single-line relationship between

the first variation of functional 8/ and the variations of constant parameters

m
o 85l =(dl/do)da =Y (0l /oot ;)dar; .
j=1

For simplest classes of dynamic systems it is shown, that at the SC calculation it is possible to pass from
a solution of the bulky sensitivity equations to a solution of the conjugate equations — conjugated with respect
to object dynamic equations. Method of receipt of conjugate equations (it was offered in 1962) is cumbersome,
because it is based on the analysis of sensitivity equations, and it does not get its developments.

Variational method [4], ascending to Lagrange’s, Hamilton’s, Euler’s memoirs, makes possible to sim-
plify the process of determination of conjugate equations and formulas of account of SC and SF. On the basis
of this method it is an extension of quality functional by means of including into it object dynamic equations by
means of Lagrange’s multipliers and obtaining the first variation of extended functional in phase coordinates of
object and on interesting parameters. The dynamic equations for Lagrange’s multipliers are obtained from a
condition of equality to zero of appropriate components (relative to phase coordinates) of the first variation of
an extended functional. Given simplification of first variation of extended functional brings at presence in the
right part only parameter variations, i.e. it is produced the SF. If all parameters are constant then the parameters
variations are carried out from corresponding integrals and at the final result in obtained functional variation the
coefficients before parameters variations are the required SC. Given method was used in [8] for dynamic sys-
tems described by ordinary continuous Volterra’s of the second-kind integral and integro-differential equations.
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In this paper the variational method of account of SF develops to more general continuous many-
dimensional non-linear dynamic systems circumscribed by the vectorial non-linear continuous Volterra’s of the

second-kind integro-differential equations with variable o(¢) and constant o parameters and with reviewing
of generalised quality functional (the Bolts problem) and registration of dependencies: 1) disturbing actions of a

object model from initial instant; 2) of initial ¢, and final ¢! instants from constant parameters o, .
] 0 p

1. Statement of the problem

Consider that the dynamic object is described by system of non-linear continuous integro-differential
equations (I-DE) with integral components of Volterra’s type of the second genus and with variable o(¢) and
constant o parameters

(1) = f(x(0), 9(0),80),0,0), 1 <t <1, x(tg) = %o (Ttp) (1)

Y(8) = (@), 0ty 1) + [K(8,x(5), 9(5),8(5),00,5) ds, to <t<t', ty=t,(@), t' =1 ().
0]

Here: the magnitudes of initial #, and final /' and initial values x(f,) are known functions from constant pa-
rameters o : f, =t,(Q), i =1'(@), x(ty)=x0(a,ty); x,y — a vector-columns of phase coordinates; G(f),00 —

vector-columns of interesting variable and constant parameters; f(-), 7(-), K(-), to(a0), £ (@), xo(-) —known

continuously differentiated limited vector-functions.
The model of a measuring device is given as

N(6) = M(x(0), y(0), 80, 81, € [1g,1'], @
where () is also continuous, differentiated, limited (together with the first derivatives) vector-function. The
required parameters a(z),o are inserted also in (2). Dimensionality of vectors x, y and m in general event

can be different.
On the basis of output coordinates of a measuring device n the quality functional of a dynamic system is

constructed:
1

(o) = [ fo((),8(0), a0 de+ L (n(r'), &) (3)
0
Conditions for functions f,(-), /;(-) are the same as for f(), r(:), K(), t,("), tl(-), xy(), etc.

With use of a functional (3) in the optimization problem (in the theory of optimal control) known as the
Bolts’s problem. From it as the individual variants follows: Lagrange’s problem (when there is only integrated
component) and Mayer’s problem (when there is only second component — function from phase coordinates at
a finishing point).

With the purpose of simplification of appropriate deductions with preservation of a generality in all
transformations (1)—(3) there are a two vectors of parameters a(¢),a . If in the equations (1)—(3) the parameters

are different then it is possible formally to unite them in one vector a(¢) or else o , to use obtained outcomes
and then, taking into account a structure of a vectors a.(z),a , to make appropriate simplifications.

The scheme of interaction between variables of object model, measuring device and quality functional is
shown in fig. 1.
By obtaining of results the obvious designations:

J@©) = fx@), y(0),a(0),0,0) , 7(1) = r(0t), &, g, 1) , K (2,5) = K (t,x(s), y(5),a(0), L, 8) ,

N6 =n(x(0), y(6), 80, 0, 0), fo(6) = fo((®),a(t), at), I;(") =L, (n(t"), &, t")
are used.
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Let's pass from the integro-differential equations (I-DE) to integral equations (IE), we shall apply results
of paper [9] and then shall return to initial variables.

DE

v

: n i
n0) [ /Ot + L0

y 0
1E »

Fig. 1. Scheme of interaction between variables in (1)—(3)

The convenience of a integro-differential model consists in its structural universality. At simplification of
a model it is enough in final results to convert in a zero appropriate addends. This reception we shall apply in a
final part of this paper.

2. Basic result

In I-DE (1) the we write differential equation in the integral form

x(2) = xo (0L, 2p) + jf(x(s),y(s),&(s),a,s)ds, tog<t<t. (4)
10

f(t){x“)}7(60),6,%,0{ o(®:to) JE(XO‘M)JEM,

We use notations

y(t) F(OL(Z‘),OL,Z‘OJ) F(l‘)
5[ f((s),p(s),a0s),0,8) ) f(s) ) =
K@ 5().6(s). 0.5) = (K(t,x(s), (s),6(s), @, S)J - (K(t,s)J =Kit9), )
and obtain IE
Y() =7 (o), a,ty,t) + Jt'l?(t,i(s),&(s),a,s)ds , tg <t < i (6)
10
In further also a notation
n() =n(y(®),ou(t), o, 1) (7)

is used for a model of a measuring device.
We apply results of paper [9] for models (4), (6) and functional (3) with variables and constant parame-
ters ai(¢),a . The conjugate equations for Lagrange’s multipliers v(¢) have a form:

6I?(t1,t)+5fo(t) n@ f 5 0K (s,1) ds. t.<t<it'. (®)
F) | on@) @) v T

5110 )aﬂ(t ) _
@'y (')

v (@) =)

Here: y(¢) is column vector; @(#'). These conjugate equations are decided in the opposite

direction of time (from #').
The form of the conjugate equations doesn't change, but they contain variables and constant parameters
a(t),a .
SF for an integral model (6) has the form [9]:
ol = SQ(,)I+8 0 I1+0651
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) ofo(®) on®)  Ofo(0) , 1 FWO oo KD T K0 o
Sa! = I [an(t) 6t | aa) ()a oy (1) ) j V)5 Sloxndr;
o) aney oo ar(t)5
s L ony gy

5.1 {all(t)an(t) 611(t) e )[ar(tl) JaK(t s)d}

o) o do do o Oa

1
J'[afo(t)aﬂ(t) afo(t) T @"‘J.“{T aKa(jt)

on(t) oo dou dou st

oF (t ) or ()

0

. _ d
{q)(f ———K(t',1))] fo(f0)+fY (f)( K(fato))dt]£+

ar(t) 11 aK(t ,S) all(t)an(t) all(t) dt
D K ds . 9
+[ )] +K(1, t)+,£ pw ]+6n(t) P (1L )} } ©)

It is necessary in (8), (9) to fulfil matrix transformations with the registration earlier entered notations

(6), and also
V()
Y0 = [yy (t)} Y O=re: 7o),
1 1 1 1 1 1
oy @) @) _[ane) o). b)) | (o (1. o o).
© on@h) ay('y {on(t") ex(e)) on(e") ay(e) 0. @,0)
N a@). 9 () o (T, 2g)
K1ty | ox@®’ (1) oy | oo
&) |oK@,y oK(d.) | da | or(h
ax(t) ) oa

>l 1 1
NG G [ ()6f(t) y(tl)aK(t,t) ()af(t) y(tl)c’)K(t,t)J’

1.€.

oy (1) ox(1) ox() ov(1) ov(1)
ofo(®) on() z(afoa) o . 9fe0) an(t)J

o) ov(r) \ on@®) ox(r)’ on@) ov() )
T(S)aK(s,t) ( ()6f(t) 6K(s,t)’ . ()af(t)
() ox(t) ox(t) (1)

Oxy (0, tp) ar(t) or (t)
o aa

vh(s)

Vs )aK(s t)J

(0)

LAY

_o. (Y 5360(0‘ fo)
oo

CI)(t o) Gr(t) ’

+@ (==, Y () —=L=1L ()= ya) (10)

o) aK(s D,

cb(r)‘%%”—@ (r)af“) o,(H KD J ()a’“”)d j[vx<)—+ Y7 (s) K0

da.

In the total we obtain the conjugate equatlons for Lagrange's multlphers

1
Zf(t) y(tl)aK(t 1), 9fo®) @) f[ T (s )af(t)
(®) ox(r)  on() 5X(t) : ox(?)

'
V() =D (¢ )gfgt; q)y(tl)aK(’ ), 0/o(0) on()

s, etc.

0K (s,1)
ox(t)

Y2 (0) =D, ()

1) ——2ds, (1)

0K (s, t)
9 ()

s, tg<t<t'.

f[ ()5f(t)

T
() o ) (1) OS50
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The first variation of a functional 7 in relation to variable c.(z) and constant o parameters has three

components:
81 = 850 [ +8 1,1 +851 (12)
ofo) @ , 3fo(®) , 1, Or(®) NCAQ) 1, K (1)
% ‘f{ on() () aa) y()aao <l )a<) R
C o) 0K (s.)
+{[vx<s)aa() (O )]d]zs (t)dt;
7 =(2h) an@) @y(t)ara)]g () 5.1 = oL one) , an(h) |
a0y on(e' oot aa(t") on@') da  da
— /! N’ |
o L [0 0 2K
o o
tl
s J{afoa) oo , k@, 1, )axo«x ) 7 (&) ar(t)
on() oo oo
+J[x<s) O 4y D t)]d]dt{@ S r )+
O
0 0 d
e )[ar‘” K ro>]—fo<ro>+j 7O ) j HOSES K(r,ro»dr}d—y

or (t ) 11 aK(t ,S) oL, (1 an(t ) all(t ) dt
D b K ds
+[ LY+ (YK t)+t£ o Bl o) o o + folt )} }

It is expedient to add the conjugate equations for Lagrange's multipliers (11) too form of the integro-
differential equations.
tl A
We enter new variable d)x(tl) + J.yf(s)ds = 7»7; (2), either yf(t) = —XZ (0, kﬂ (i = d)x(tl) , and change
t
ot A4
an order of integrating in double integral inside of triangular area [9]: j j A(t,s)ds dt= IIA(s,t) dsdt . Then
1 to ty t
conjugate equations (11) are noted as (13) and SF (see (12)) are calculated under the formula (14).
Conjugate equations have the form

7 T, 0f(t) 1, 9K (', 1) afo(t) &ﬂ(f) OK (s, f) Iy AT 1y 1
=X () =21,(0) ()+q> 3 (t h () 6n(t) ox() { y() 2x(0) s, telty,t), A ([t )=D(),
: f T aK 9
y(t) AL(0) gf Et; ®y(t1)ag;;’)t)+%{;)((tt)) Z;‘Eg + I Y, (s)—ay(é)t) ds 1y <t<t'. (13)

Here @ (i) = 21) an (e on(e) L @,()= all(tll) 8n(ti).
an(e"y ox(t")’ (') oy(th)

SF are calculated under the formula:
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~ 0fo(0) (@)  0/o(®) . o) AGMN
8l = samus 11+5 15 850 _J.{&n(t) aa(t) 50 y()a ® x()a () (14)

O] s -
) {alla)an(t) Lo )M+w(t)af<r)d”® (t)ara) IaK(t oy ]
@) oa oo aa ‘0 i 0
j[af"((f))a;“) 200, ya)a“)w 1 (5) K0 ”d]dr{ﬂ(t) % o )J
+O,( )[a’”‘” —K( )] foao)my(t)(a’”“) ~KG, to))dr]jt_‘)

A 1
oL, (") on(') @
+[q> ) F(E)+ 0, (1 )[a r(t O k(i )+£%ds]+ aﬁ(‘;)) g(tt) I(;(f) 1ot )} }

The obtained form of representation of the conjugate equations and SF allows easily to write out out-
comes with reviewing separately of differential and integrated models or their various combinations.

3. SF with use of variants of an integro-differential models

Variant 3.1. In initial statement of the task (1)—(2) the equations of a model of object and measuring de-
vice vary:
3(0) = fEHO8(0,00, tg <t <1, x(tg) = x0(@1g) s 1y =1o(@), 1 =1'(@),
t
y(t) =r(a(r),a,ty,t) + fK(t, x(5), y(5),a(s), 0, 5) ds, ty<t<t'; (15)
0

n(0) = (), &0, 1), t €[tg,1'].
The scheme of interaction between variables of a object model, measuring device and quality functional
is shown in fig. 2.

X y n /! 1
[ DE F’ IE 0 [AOd+160) s

Fig. 2. The scheme of interaction between variables in (15), (3)

\4

In total results (13), (14) it is necessary to take into account that on/ox=0, @ =0, o (H)/ov(t)=0.
Variant 3.2. The equations of a object model and measuring device look like:

X(6) = f((0),0(0), qt), to<t<t', x(ty) =xp(tp)

V() = r(BU(t), T, 1) + }K(r,x(s), Y($),0(s), 0, 5)ds, tg <t <t',ty =ty (), t' =t'(a),  (16)
0]

N0 =), a(0), 1), t €t 1'].
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The scheme of interaction between variables of a object model, measuring device and quality functional
is represented in fig. 3.

I3 1
’—> DE fi IE > nC) n> j f,Odt+1,() >

Fig. 3. The scheme of interaction between variables in (16), (3)

In total results (13), (14) it is necessary to take into account that on/ox=0, @, (tH=0, of (¢)/ox(t)=0.
Variant 3.3. The equations of a object model and measuring device look like:

() = f(x(0), y(0),8(0),00), 1 <1<t x(ty) = x,(@sty),

y(t) = r(@(t), o, 1y, 1) + }K(r,s, y(s),a(s),a)ds, ty<t<t', ty=ty(q), ¢ =1 (@), (17)
10

N(0) = n(x(0), 8(0), 1), 1 [t,1'].
x 1s a basic variable. It satisfies to the differential equation. The variable y represents itself as input for a basic

differential model and ) satisfies to an independent integral equation. The scheme of interaction between vari-

ables is shown in fig. 4.
X M !
IE > DE M 0 [£,Odi+1,0) |
y '

Fig. 4. The scheme of interaction between variables in (17), (3)

~

\4

In total results (13), (14) it is necessary to take into account that on/dy=0, CDy(tl)=0,
OK (s,1)/0x(t)=0.

Variant 3.4. The equations of a object model have the form:

)C(t) = f(x(t)ay(t)aa(t)aa’t)a tO << tl s x(tO) = xO(a’tO) 5

Y(t) = r(0Ut), 0tg,t) + [K(8,x(5),0(5),00,8)ds, tg<t<t', ty=to(@), t' =t (@), (18)
0
n(t) = n(x(2),8(), L, 1), £ €[tg,1'].

The variable y is auxiliary. It reflects rather simple integrated connection from a basic variable x. The exit of
a measuring device also depends only on a basic variable.

The scheme of interaction between variables is represented in fig. 5.

— L] ,
IE » DE

M 10 | [AOd+LO
y g

Fig. 5. The scheme of interaction between variables in (18), (3)

In total results for conjugate equations (13) and SC (14) it is necessary to take into account that
m/ay=0, ®,(t")=0, oK (s,1)/y(t) =0.

This article continues research in [7-9].
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Conclusion

In this paper the variational method of calculation SF and SC for the multivariate nonlinear dynamic systems
described by general continuous vectorial Volterra’s of the second-kind integro-differential equations is developed.

Novelty and generality of results consists in a generality of dynamic object model , of the measuring de-
vice model and of quality functional (in the Bolts problem). In models both variables and constant parameters
are present. In a basis of calculation of sensitivity indexes the decision of the integro-differential equations of
object model in a forward direction of time and obtained integro-differential equations for Lagrange's multipli-
ers in the opposite direction of time lays.

Received in paper SF are more general in comparison with known in the scientific literature.

It is shown, that by consideration of more simple dynamic systems it is enough to put in the received re-
sults to zero corresponding additives — look section 3.

Examples of reception from final result sensitivity functionals for the objects described by ordinary integral
equations, by ordinary differential equations and by 4-th variants of an integro-differential models are resulted.

Variational method of calculation of SC and SF allows to do a generalization on more complex dynamic
system classes, described by: integral and integro-differential equations with additional some time lag and dif-
ferent classes of discontinuous dynamic equations.

Results are applicable at the decision of problems of identification, adaptive optimal control and optimi-
zation of dynamic systems, i.e. they allow to create precision systems and devices.
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MOJAEJIMPOBAHUE PUCKA B MHOI'OMEPHBIX CTOXACTUYECKUX CUCTEMAX

Paboma evinonnena npu ghunancogoii noooepocke PODHU (npoexm Ne 16-06-00048).

Omnwcan mMoaxoJ K MOJCIMPOBAHUIO U HCCIECJOBAaHUIO PHCKAa MHOTOMEPHBIX CTOXAacTHYeCKHX cucteM. OH OCHOBaH Ha
TUIIOTE3€, KOTOpask COCTOUT B TOM, YTO PUCKOM MOYKHO YIIPABIATh 332 CYET U3MEHEHUS BEPOSATHOCTHBIX CBOICTB KOMIIO-
HeHT cucreMsl. [Ipu 3ToM cucTeMy MOIEIUPYIOT B BUAE ClIy4ailHOro BeKTopa. IlokazaHo, 4To JaHHBIA NOAXOA [O3BOJIA-
eT (popMyIHpOBaTH ONTUMH3AIMOHHEIEC 33a4l MUHUME3AIMU pucKa. [IpuBeneHs! IpuMeps! YIIpaBIeHHsS PUCKOM IS
MOJEIIbHBIX I'ayCCOBCKUX CIIy4alHBIX BEKTOPOB.

KirodeBble €/10Ba: pUCK; CTOXaCTUYECKAsl CUCTEMA; CIIy4alHbIM BEKTOP; MOJEIb; HOPMAIbHOE PACIPEICICHUE.

B nocnennue roapl pe3sko BO3pociad MaciuTaObl M 4acToTa MPUPOAHBIX KaTaKIU3MOB, TEXHOI'CHHBIX Ka-
TacTpod, TEPPOPUCTUUECKUX aKTOB M HKOHOMUYECKHX NoTpsceHnid. Ho co3manme cucrteM, o0nagarommx
YCTOWYHMBOCTBIO 11O OTHOIIEHHIO K MPUPOJHBIM, TEXHOI'CHHBIM U MpeIHaMEepPEHHBIM KaTtacTpodaM, HEBO3MOXK-
HO 0e3 pa3paboTKN COOTBETCTBYIOIIEI0 TEOPETHUECKOrO anmapara B 00IacTH aHaIM3a PUCKa, a TAKKe MPaKTH-
YeCKUX METOZ0B M cpencT. [loaToMy mpobnemaTka HccliefoBaHUK B 00JaCTH aHAIM3a pUCKa B HACTOSILIEE
BpeMs CTAHOBUTCS OHON M3 aKTyaJbHBIX.

B mmpokoM cMmbicie moJ pUCKOM MOHUMAIOT BO3MOXKHYIO OMAaCHOCTh KaKOTro-1H00 HeOIaronpusTHOro
ucxonga. OObIYHO MOJIETUPOBAHUE PUCKA CBOJAMUTCS K BBIIEJICHHUIO ONACHBIX HCXO/0B, KOJHMUECTBEHHOMY 3a/a-
HUIO TIOCJEACTBUI OT WX HACTYIJIEHHS U OLEHUBAHHUIO BeposTHocTel 3tux nucxonos [1. C. 3743]. Ilpu stom
BKJIaJl KOMIIOHEHT MHOTOMEpPHOH CHCTEMbI OOBETUHSIOT U PAacCMaTPUBAIOT YK€ OJHOMEPHYIO CHCTEMY Kak
cinydaitnyio Benuuuny [1. C. 148-156; 2. C. 82—87]. Ho Bompoc B3auMHOr'0 BIUSIHUS OMACHBIX CUTYallUi, BbI-
3BaHHBIX Pa3HBIMH 3JIEMEHTAMH MHOTOMEPHON CHCTEMBI, MaJIOUCCIICIOBAH, OOBIYHO UM MTPEeHeOperaloT, cunTas
pa3HbIe OMaCHBIC HCXOABI B3AUMHO HE3aBHCUMBIMH, U TaK)Ke MIPEHEOpEraloT BEPOATHOCTHIO UX OHOBPEMEHHO-
T0 HacTyIuieHHs. J{JIsi OTHOCHTENBHO MPOCTHIX OOBEKTOB, KOTJa MOYKHO alproOpy YKa3aTh BCE OMACHBIE HCXO-
Ibl, TIPH HAIMYUHN CTATUCTHYECKOM MH(OpMAalMy MM SKCIEPTHBIX OLCHOK O MIaHCaX MX IMOABJICHUS B IIETIOM
JaHHBIA MOAXOJ JAeT MpHEMJIEMbIe Ha MPAKTHKE pe3yibTaThl. Bo MHOTHX clydasx 3[ech yIaercss HaKOMUTh
CTaTUCTUYECKUI MaTepual Ui OLEHUBAHUS BEPOATHOCTEH HACTYIUICHHS OMACHBIX MCXOAOB, a (JOPMY B3aHMO-
CBSI3U MEXKIY DJIEMEHTAaMH CHUCTEMBI CUMTAIOT JOCTATOYHO MIPOCTOM M OMUCHIBAEMOM, HAIIPUMED, C MOMOILBIO
JIOTUKO-BEPOATHOCTHBIX Mojienell pucka [3, 4].

OnHakKo y CIOKHBIX CUCTEM CTPYKTypa B3aMMOJCHCTBUS MEKAY DJIEMEHTAMH 3HAUUTENBHO yCIOKHSET-
Csl M 4acTO HE MOXKET OBITh OMHCaHa C MOMOIIBIO JTOTHKO-BEPOSTHOCTHBIX Mozenel. [oHsaTHa onacHbIX HcXo-
JIOB TaK)K€ MOTYT Pa3MbIBAaThCs, easi HEBO3MOXKHBIM X KOHKPETHOE BBIJCTICHUE.

Takxum 006pa3om, HECMOTPsL Ha OOJBIIOE KOJIMYECTBO UCCIENOBaHUN B 00JIaCTH PHCKA, B3AUMHOMY BIIHS-
HUIO HA 0€30MaCHOCTh CIOKHBIX MHOTOMEPHBIX CHCTEM €€ DJIEMEHTOB U Pa3iIWYHbIX (PaKTOPOB yAEseTcs He-
JOCTaTOYHO BHUMaHHUs. Bo MHOTHX cilydasix, KOr/ia HET BO3MOXKHOCTH SIBHO CBA3aTh pa3Hble (PaKTOPHI PHCKA B
BUJIC JIOTMKO-BEPOSTHOCTHOM MOJENHN, UX KOpPEJsIMs MPH pacuere pucka He yuuThiBaercs. [losTomy mpen-
CTaBIISIETCS aKTYaIbHOW Hay4Has mpobiieMa IOCTPOEHHS MOIENEeH, TI03BOJISIOMINX OIIEHUBATh PUCK MHOTOMEP-
HBIX CTOXaCTUYECKHX CHCTEM, 3JIEMEHTBI KOTOPBIX KOPPETHPOBAHHBI MEXITY COOOH.

1. Moaean PUCKa B MHOI'OMEPHBIX CTOXACTHYECKHUX CUCTEMaxX

PaccmoTpum ofvH BO3MOXKHBIN TOIX0J K MOACTUPOBAHUIO PUCKA B MHOTOMEPHBIX CTOXaCTHYECKUX CH-
cremax [5]. IMeeM HEKOTOPYIO MHOTOMEPHYIO CTOXaCTUYECKyIO cuctemy S. bynem cunrtath ajekBaTHOU Ma-
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TEMaTUYECKON MOJENbIO MPEACTABICHUE 3TOM CUCTEMBI B BUJIE HEMPEPBIBHOTO cyyailHOro BekTopa [6]. Kax-
Jlasi KOMIIOHEHTa CIIy4aifHOI'O0 BEKTOpa OMKCHIBACT MOBEICHUE DJIEMEHTA CHUCTEMbl. B3auMOCBA3aHHOCTD Hiie-
MEHTOB YYTEM C IMOMOUIBIO KOPPEIMPOBAHHOCTH KOMIIOHEHT ClIy4ailHOrOo BekTopa. Eciu mmeeM CIHIIKOM
OOJIBIITYI0 PA3MEPHOCTh CUCTEMBI, TO €€ MOXHO COKPaTUTh. DTO MOXXHO BEITIONIHHUTH, HAIPUMED, C MOMOIIHIO
¢akropHoro anamu3za [7. C. 178-237]. B pe3ynabpraTte nuMeeM MOJENb CUCTEMBI S B BHJIE CIYy4allHOI'O BEKTOpPa
X=(X,,X,,...,X,) CIUIOTHOCTBbIO BEPOSITHOCTH px(X).

B ornuume ot M3BECTHOrO MOX0/1a, OCHOBAHHOTO HA BBIACTICHUN KOHKPETHBIX OMACHBIX cuTyanumid [1],
OyzneMm 3a7aBaTh T€OMETPUUECKHE 00JacTH HEOIAronpusTHBIX UCX0A0B. DopMallbHO 3TH 00IacCTH MOTYT BbI-
TJISJIETh TPOM3BOIBHBIM 00pa30M B 3aBHCHMOCTH OT KOHKPETHOM 3a7auél M ONPEEISIOTCS Ha OCHOBE MMEIO-
mieiicst anpuopHoN HHGOpMAaLHK.

Onuriem npeiaraeMbli TOAX0JI, UCITONB3YS PacIPOCTPAHEHHYO KOHIISIIIHIO HEXENATEIbHBIX COOBITHI
KaK OOJNBIIMX M MaJOBEPOSTHBIX OTKIOHEHUH CIy4aifHOW BEIMYMHBI OTHOCHUTETHFHO MaTEMaTHIEeCKOTO OXKHa-
Hus. Torga onmacHBIMU CHTyallWsiMH OyJeM CUMTATh OOJNBINHE W MAJOBEPOSTHBIE OTKIOHEHWS BBIOOPOYHBIX
3HAYEHUH X; TOOON U3 KOMIIOHEHT X; OTHOCUTEIBHO MAaTEMAaTUUECKUX OXKHUIAHUI [ j= E[X j 1, j=1,2,...,m.
BeposTHOCTh HEOIArONPUATHOrO UCXOA AJIS KaXI0M U3 KOMIOHEHT X; 0€3 yuera BIUSHUS APYTUX KOMIIOHEHT
3aa UM KakK

P(D;))=P(X;eD;), D, ={x:[x—p,|> 4,0},
IZie G; — CpeHee KBaJpaTHIECKOe OTKIIOHEHUE CIIy4aliHOM BEIUYUHBI X;, 4; — 3aJaHHBII IOPOrOBBIN YPOBEHb.

Y4urem B3aMMHOE BJIMSHUE KOMIIOHEHT Ha IOSIBJICHUE HEOIAroNpHUATHBIX HCXOIOB B BHJIC BEIMYMHBI
paccTosHUSL MCXOAa OTHOCHTEIBHO TOYKHM MATEeMaTHUECKHX OXHIAHMH BCEX KOMIOHEHT M = (L ,H,,...,l ).

TOF)_IEI JJIA cnyqaﬁHoro BCKTOpa X BCPOATHOCTDb He6HaFOHpI/I${THOFO ncxoaa 6yzLer paBHa

m 2
X. —U.

P(D)=P(XeD), D= x=(x1,x2,...,xm):z%>l . (1)
A Ajo;

3ameruM, uto B (1) obmacte D HEOMAronmpUsATHBIX MCXOAOB IMpPENCTaBIseT cOO0M BHEIIHIOK 00JacTh

m-0CHOTI'0 3JIJIMIICON A, Y KOTOPOr'o IMOJIyoCHu 110 Ka)kJ10M 13 KOOpAWHAT paBHBI AJG] COOTBCTCTBCHHO, T.C. I1O

KaXJ0H j-i ocu 3Ta 00J1aCTh COOTBETCTBYET OAHOMEPHOMY ciydaro D;. O4eBUAHO, KOTAa UCXO[ HE JIEKUT Ha
OJTHOU M3 oceil, To cOOBITHE D MOXKET PeaTn30BaThCs M MIPH OTCYTCTBHH PUCKOBBIX OTKIIOHEHHUH IO BCEM KOM-
IOHEHTaM (BO3MOXHBI cutyauun XeD u Vj X ;¢ D).

3anaB QpyHKIMIO TOCIEACTBHIA OT OMACHBIX CUTyalui B BHIE g(X), MOIYYUM MOJEND AJsl KOJTMYECTBEH-
HOW OIIEHKH pUCKa

rX)= .. [ e)px (),

MpUYeM 7S OpPeeIEHHOCTH MOKHO CUHMTaTh, 4To VX ¢ D g(x)=0.

PaCCMOTpI/IM HauOoIee paCHpOCTpaHCHHBIﬁ cnyqaﬁ, KOorjga BCKTOp X mMeeT COBMECTHOE HOPMAJIbHOC
pacnpeacicHrue ¢ IMIOTHOCTHIO BEPOATHOCTH

()= ;exp{—lu ) 2 (x- a)}, @)
2m)" [z 2

r7e X — KOBapHallOHHas MaTpHIa, a — BEKTOP MaTEMAaTHUECKUX OKUJaHHM.

3amagum pa3mepHocTs BekTopa X or 1 10 5. B [8] BBeneH k03ppUIIMEHT TECHOTHI COBMECTHOM JIMHEH-
HOW KOppENALHOHHOMN CBSI3U KOMIIOHEHT CIIy4aiiHOro BeKTopa X, paBHBII

1/m
D(X)=1-[Ry["",

rae |RX| — OlpenenuTeNb KOPPEISIMMOHHOW MaTpHLbl ciiydaiiHoro Bekropa X. OueBHIHO, 4TO KO3 (UIIUEHT
0<D,(X)<1. Paccmorpum npeznensusle caydau: D,(X)=0 (He3aBucumocts KomnoHeHt X;), D,(X)=1 (1u-
HeiHas 3aBUCMOCTh KOMITOHEHT). Pe3ynbraThl pacdyera BepoaTHOCTH HebIaromnpusatHoro ucxoaa (1) nmpusene-
HbI Ha puc. 1. JInsg HarmsqHocT! ipuMeM 4, =4, =...= A4, = A.
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Anamms Fpa(bI/IKOB Ha puc. 1 TOBOPUT O CICAYIOLICM. VBennueHnue PasMECpPpHOCTHU m U TCCHOTBI KOPPCIIA-
L[HOHHOﬁ CBA3U MCXKIY KOMIIOHCHTAMU cnyqaﬁﬁoro BCKTOpa X MNPpUBOAUT K PE3KOMY POCTY BCPOATHOCTU HC-
6J'IaFOHpI/I$ITHOFO ncxozaa. Hpnqu Ha pOCT BEPOATHOCTHU Hebmar OIIPUATHOI'O UCXO0Oa YBCINYCHUC PA3SMCPHOCTHU
BJIMACT 3HAYUTCIBHO CUJIBHEC, UEM YBCIIMYCHUC TCCHOTBI KOppeJ'ISIL[HOHHOﬁ CBA3U.

IgP (D) 1gP(D)
0 0

; %h\\-\‘_
| R NNy
) DN N
. NN . N
. AN\ . .

-1

-2

i
/

—*m=1 \'\\ \. —*=m=1 \

7 | ==m =2 \ NG 7 . |——m=2
——-m=3 \ \ —-m=3 \\

-8 1+~ m=4 \ 8 [~ m=4
—+—m=35 \ —+m=35 \

-9 -9 1

2,5 35 4,5 55 65 A 2,5 35 45 55 65 A
6

Puc. 1. 3aBucumoctu 1gP(D) ot moporoBoro ypoBHs A: a — D(X) =0; 6 — D(X) =1

B kauecTBe MILIIOCTpAlMK HA PUC. 2 MOKAXKEM, KaK MEHSETCS C POCTOM 3HaYEeHHH A; OTHOLIEHNE BEPOSIT-
HoctH P(D) mpu KOppelInpoBaHHOCTH M HEKOPPEIMPOBAHHOCTH KOMIIOHEHT CIy4ailHOro BekTopa X paszmep-
HOCTH 71 = 5.

U3 sTOro pucyHka BHAWM, YTO C POCTOM A BEPOSTHOCTb HEOIaronpUsTHOrO MCXOAa Y KOPPEIUpOBaH-
HeIx cucreM (D/(X) — 1), o cpaBHeHuto ¢ HekoppenupoBanubiMu (D (X) — 0), pe3ko Bo3pacTaeT. B wactHo-
cru ipu 4 = 6 BEpOATHOCTD, a 3HAYNT, U PUCK HEOIAronpusaTHOro ucxona donee yem B 7 000 pa3 Beiie y Kop-
PETMPOBaHHON CHCTEMBI 110 CPABHEHHIO C HEKOPPEIUPOBAHHOM.

Takum 00pazoM, pu MOACTUPOBAHUN PUCKA B CTOXACTUYECKUX CHCTEMaxX HYKHO YUMTBHIBATh Kak (pak-
TOpP MHOTOMEPHOCTH, TaK M TECHOTY KOPPEJSILIMOHHBIX CBSI3EH.

. P(D/Ry|=0) 4
£P0 /Rg|=1)

1 //
—

2,5 35 4,5 5,5 65 A

0

Puc. 2. Ornomenne BeposTHOCTH P(D) IIpH KOPPENHPOBAHHOCTH M HEKOPPETHUPOBAHHOCTH KOMIIOHEHT
cilydaiiHoro Bekropa X pa3sMepHOCTH m = 5

I[aHHBIﬁ noaxoa K MOACIIMPOBAHUIO PUCKA MMO3BOISICT HAa MPAKTHUKE OCYHICCTBIIATH YIIPABJICHUC CTOXA-
CTHYECKOM CHCTEMOM C LCIIbIO CHUIKCHUA PUCKOB. CYTB TAKOI0 ypaBJICHUA COCTOUT B CICAYIOIICM.
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PaccmoTpum HEKOTOPYIO m-MEPHYIO TayCCOBCKYIO CTOXAaCTHUECKYIO cucTeMy S. Vcrnonbs3yem B KauecTBe
MaTeMaTHYECKOH MOJIENIN ATON CHCTEMBI CIIyJ9allHbIN BEeKTOp X C TIOTHOCTHIO BEPOSTHOCTH (2).
3anaB GYHKUMUIO TIOCIAEACTBUMA OT OMACHBIX CUTYyalnid g(X) U BBens orpanudeHust G(X) u H(a) Ha momy-

CTHMBIE 3HAUCHHS ApaMETPOB IIOTHOCTHU px(X), cHOpMyIHpyeM 3aJady MUHUMH3ALUHN PUCKa
r(X)= .[.[....[g(x)px (x)dx — min,
X,a
R A3)
XeG(X), ac H(a).
Bapbupys s1eMeHThl KOBapUallOHHOM MaTpHIBI U BEKTOpa MaTEeMAaTHUYECKHX OKUIAHHWN CIy4aifHOTrO
BekTopa X, pemuB 3a1auy (3), MoJy4uM MUHUMAIbHO BO3MOXKHBIH PUCK ()YHKIMOHUPOBAHHUS CHCTEMBI.

2. MopaenbHbIe MPUMepPbI YIPABJIECHUS PHCKOM IS TAyCCOBCKHUX CJY4YailHBIX BEKTOPOB

PaccMoTpum npumeps! ynpaBieHHs PUCKOM ISl TAYCCOBCKUX CIYYaiiHBIX BEKTOPOB.
IIpumep 1. C nenpro HaIATHOCTH PacCMOTPHM JBYMEPHBIA FAYCCOBCKHN CITy4alHBII BEKTOP € MJIOTHO-
CTBIO BEPOSITHOCTH
1
1 *EQ(Xﬁal Xpy—ay)

Px, x, (x)= S ¢ ;
(2m)5,6,y1-p

L (2 20m0 90

2

ol , Vi=Xx;,—a;, i=1,2, p — K09QHUIHEHT KOPPEISALUHA MEXAY CIy-
l1-p°{o; o006, o0}

rae O(y;,¥,) =

YailHbIMU Benn4YuHaMH X| U X>. 3ajaauM Ul ONPEAEICHHOCTH HYJIEBbIE MATEMAaTUUECKUE OKUIAHUS U €OU-
HUYHBIE qucnepcu. OYeBUIHO, YTO OCH CHMMETPHH SIIJTUIICA paccesHUs UMET yribsl 45° n 135°.

3amaauM o0nacTb HEOMArOMPHUATHBIX MCXOJAOB, HAIPUMEpP, B BUAE Kpyra €IWHUYHOTO paguyca C IeH-
TpoM B Touke (Acos0, Asin0):

D ={(x,,x,):(x, — Acos0)” +(x, — Asin0)* <1}, 4=4.

OTMeruM, 4TO 3TO HE MPOTHUBOPEUHT BBeAeHHOU B (1) 00nacTi HeOIaronpusATHBIX CXOMOB, a JIUIIb SB-
JIIeTCsL HEKOTOPBIM YacCTHBIM CIIydaeM, MOKa3bIBAIOIMM Ha MOJEIBHOM IMpHMEpE, KaK MOKHO CHHMYKaThb PHUCK
JUISl CUTyaluil, Korga HeOlIaronpusaTHbIE UCXOIbl MOT'YT HAXOAUTHCS TAKXKE U B OTHOCHTENBHOW OJIM30CTH OT

obnactu CpeaHux 3HAYCHMI NMEPEMCHHBIX.
CMoz[eanyeM YIpaBJICHUC PUCKOM 3a CUCT MMOBOPOTAa OCHM CHUMMCTPHUU JJIJIUIICA paCCCIHUH, KOTOpBIﬁ

L2 2
JOCTUTaeTcsl MpU M3MEHEHHM OTHOLICHUs nucnepcuit o) /c;. Ilycts ans ompeaenenHoctu p=0,9. s

YIPOLIEHUSI MOJICTUPOBaHMsI BMECTO M3MEHEHHsI AUCTIEPCHil OyzieM MEHSTh yroi MoBopoTra O B auama3oHe OT
0° mo 90°. OueBnaHO, YTO MakcuManbHas BeposiTHOCTH P(D)= P(X e D) Oyner, ecnin 0 =45°. Pesynbrath

pacdeTa NpuBENEHBI Ha pHC. 3.

PD) 0,014

0,012

- [\
[

0,006

0,004

0,002

0 10 20 30 40 50 60 70 80 90 0O, rpagycer

Puc. 3. Pacuer BepositHOCTH HebnaromnpusTHOro ucxoxaa P(D)
B 3aBHCHUMOCTH OT yTJia rmoBopota 6 mpu p = 0,9
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Hanee 3adukcupyem yron nmoBopora 6 = 45°, Ho OyzneM u3MeHATh KO3 OUIMEHT Koppensiuuu p. Pe3ynb-
TaThl pacuera MpUBeIeHBI Ha pHC. 4.

P(D) 0,018
0,016 -
0,014 -

0,012 -

0,01

0,008

0,006
0,004 -

0,002

0
0 01 02 03 04 05 06 07 08 09 1 p

Puc. 4. Pacuer BeposTHOCTH HeOMaronpuaTHoro ucxona P(D)
B 3aBHCHMOCTH OT K03 GHIHEeHTa Koppemnsmu p npu 0 = 45°

CMonenupyeM Terepb ciaydail M3MEHEHHs CPETHEro 3HAUSHUS OJHON U3 CIyYalHBIX BETUYHH, HAIIPU-
Mmep X;. s ynoberBa OymeM cMernath 1mo ocu aberucce 1eHTp obmactu D Ha BenuuuHy Aa. PesymsTaTs! pac-
Yera MPEeCTaBICHBI Ha puC. 5.

PD) 0,03

0,025 |

0,02

0,015

0,01

0,005 |

3 25 2 15 -1 05 0 05 1 15 2 Aa

Puc. 5. Pacuer BepositHOCTH HebnaromnpusTHOro ucxoxaa P(D)
B 3aBHCHMOCTH OT CMCIICHHS TIEPBO KOOPAUHATHI IIeHTpa kKpyra D npu p = 0,9 u 0 = 45°

W3 rpadukoB Ha puc. 3—5 BuUAMM, YTO YIIpaBJIICHWE Ha OCHOBE 3a7add (3) TO3BOJSET 3HAYUTEITHHO
YMEHBIIIUTH BEPOSITHOCTh HEOJATONPUATHOTO MCXO/a, a 3HAYUT, COKPATUTh PUCK (HYYHKITMOHUPOBAHUS MHOTO-
MEPHOU CHCTEMBI.

B o0miem ciyyae mpou3BONBHOTO pacpeesIeHUs KOMIIOHEHT CITy9aiiHOro BekTopa X JOCTaTOYHO TOYHO
OLIEHUTH COBMECTHYIO TUIOTHOCTh BEPOSITHOCTH 110 MaJIOW BRIOOPKE TAHHBIX 3aTPyIHUTENHHO. [loaTOMY BMecCTO
3amaun (3) MUHUMH3AIUE PUCKA 37IECh HY)KHO HCIIONB30BaTh MPHOIKeHHBIe MeTOAbl. OHU MOTYT OBITH TIO-
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K
CTPOEHBI I10 clenylomel cxeme. Bo-nepBhix, 3agaeM obacTh HeOIaronpusaTHeIX ucxoqos D = U D, u ¢QyHK-
k=1

LU0 TIOCJIEACTBUI OT OMACHBIX cUTyanuit g(x), x € D . 3aTeM BMECTO INIOTHOCTH BEPOATHOCTH px(X) CTPOUM

HEKOTOPYIO OLIEHOYHYIO (DYHKIMIO U Ha €e OCHOBE MUHMMHU3HUPYEM PUCK IO aHaJIOruu ¢ 3afgauei (3).

3TO MOXHO caenaTh mno-pasnomy. OQUH U3 MOJXOI0B OCHOBAH HA MCIIOIb30BaHUH KJIACTEPHOI'O aHAIIM3a
JUIS1 BBISIBJIGHHSI HarOoJiee BEpOATHBIX 00JacTell 3HaYeHu# cirydaiiHoro Bekropa X. [lanee mpuOInKeHHO omnu-
ChIBaercs Ciy4yailHbIi BeKTOp X Kak AUCKpETHAas clydaiHas BEIWYMHA B Bue Habopa obmacteit G; M COOTBET-
CTByIOITMX UM BepositHocTer P(G)), [ =1,..., L . 3aTeM olleHuBaeTCsl pUCK KaK

r(D)=Y P(G) [g(dx.

i=1 G,ND
Jpyroit npubanKeHHbIA METOJ] OCHOBAaH Ha IIOCTPOCHUHN YPaBHEHHS PErPECCHU
(I)(xl" : "‘xm—l) = E[Xm / Xl = ‘xl" * '7Xm—l = ‘xm—l] *
B uacTtHOM JIMHEHHOM ciydae UMeeM: IpSAMYIO X, =b,+b,x, (ans1 m =2); WIOCKOCTb X3 = by +byx; +b,x,
m—1
(g m =3); THIIEPIUIOCKOCTD X, = b, + Zbl-xl- (g m>3).
i=1
Torna 3agava (3) MUHMMU3ALUHA PUCKA MOXKET OBITH MpeACTaBiIeHA KakK 3ajadya MOCTPOEHUS MOBEPXHO-
cru ¢(x,,...,x, ), Haubomee ymajseHHOW OT obsactu D Ui IOMYyCTUMBIX 3HAUYEHHWH CIy4ailHOro BekTopa X.
[IpoummocTpupyeM 3T0 Ha IpUMeEpE.
Mpumep 2. [Tycts m =2 u obnacts D =D, U D, U D, (puc. 6). Cautaem, 94To JIMHHS PETPECCHU UMEET
BUJ TPAMON X, = b, + b, x, . DTa nuHHUs niepecekaer obaacte D,. MUHUMHU3ALKIO PUCKa MOKHO B JAHHOM CIIy-
Yae OCYIIECTBUTH MO-pa3HOMY: 1) U3MEHUTH yroil HaklIoHa (Kod((UIHEHT b;) 3a cYeT U3MEHEHUS OTHOIICHUS
JUCTIEPCHH cslz / G; (mpsimast x, = b, +b,(0x,)); 2) BHINOIHATE NAPAIUICTBHBIN CABHUT JIMHUKA PErPECCHH C TIO-
MOIIBIO U3MEHEHHS CPETHIX 3HAYCHUH CIydailHbIX BeMW4MH (Ipsamast X, =b, +b,(x; —v)); 3) yMEHbLIUTH KO-

3 PUITMEHT KOppesIHy (TIepecedeHne MpsiMoii ¢ 00IacTeio D, OyaeT BHE TOMYCTHMBIX 3HaYCHHI CITy9aifHOTO
BekTopa X).

Xy A X, = by + by(ax;)

D3 x2=bu+b1x1

Xy = by + by, — )

A 4

Puc. 6. [Ipumep CHIDKCHUS pUCKa TSI AByMEPHOH CTOXAaCTUYECKOH CHCTEMBI

3akiIoueHne

Hpe):[J'IO)KCH HOBBII nmoaxon K UCCICAOBAHNIO pPUCKA MHOI'OMCPHBIX CTOXACTUYCCKUX CUCTEM paSJ’IH‘IHOﬁ
IpUpPOABbI. B ero ocHOBe 1€XKHT:
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— MOACIUPOBAHUC CTOXACTHYCCKOM CUCTEMEI B BHUC MHOFOMepHOﬁ cnyqaﬁHoﬁ BCIIMYHUHBI,

— YIIpaBJICHUEC PUCKOM HAa OCHOBC €0 MUHHUMMU3AIMU, UCITIOJIb3YA B KaUCCTBC YIIPABJIAIOIMINX ICPECMCHHBIX
YU CJIOBBIC XapaKTCPUCTUKU cnyqaﬁHoro BCKTOpA.

I[.TISI KOPPCKTHOI'O IMMPUMCHCHU OIIMCAaHHOM MOJACIIM PUCKA JIA CIOXKHBIX CUCTCM HCO6XOZ[I/IMO B Kaydc-
CTBC €€ KOMIIOHCHT HCITIOJIB30BATh CYHICCTBCHHBIC (baKTOpBI, KOTOpBIC 00BEKTHBHO OTpaXar0T NPUYHUHHO-
CJICACTBCHHBIC 3aKOHOMCPHOCTH, IMPOTCKAIOIIUEC B 3TUX CUCTCMAX.
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In this paper a new approach to modeling and research of risk of multidimensional stochastic systems of various natures is offered.
The hypothesis that the risk can be operated due to change of probabilistic properties a component of multidimensional stochastic sys-
tem is the cornerstone of the offered risk model. At the same time the multidimensional stochastic system is modelled in the form of a
random vector with components generally mutually correlated.

The problem of risk minimization for multidimensional stochastic system is formulated. The special case of risk minimization of
Gaussian stochastic systems where the operating variables are numerical characteristics of a random vector (a covariance matrix and a
vector of expectations) is considered. For arbitrary distributions of the random vector components the approximate algorithms of de-
crease the risk based on use of the multidimensional statistical analysis methods are proposed. The cluster analysis and the multidimen-
sional regression analysis can be carried to these methods. For Gaussian random vectors calculations of risk for cases uncorrelated and
correlated components are given.

Now at research of complex multidimensional systems risk, they do not allocate in an explicitly their components. As showed mod-
eling, unaccounted in an explicit form multidimensionality of system and mutual correlation of its components can lead to significant
underestimation of the actual risk.

The paper gives examples of calculations for multidimensional Gaussian random vectors. Dimensions were taken from 1 to 5. The results of
calculation of probability of dangerous outcome depending on numerical characteristics of a multidimensional Gaussian random variable (a
covariance matrix and a vector of expectations) are given. Different versions of areas of dangerous outcomes are considered.

For correct application of the described risk model for the composite stochastic systems, it is necessary to use as its components es-
sential factors which objective reflect the cause and effect regularities proceeding in these systems.
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ITYJIA HA OCHOBE PACIHTPEJAEJIAIOIIUX JTEPEBBEB
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Ipemnoxkena peamu3amust MacmTabUpyeMoro IMOTOKOOE30MMaCHOrO Iylla Ha OCHOBE pPAaCHpeelIONINX JIePeBBhEB
(diffraction trees). Co3gaHHBIN Iy 00ECIEINBACT JIOKAIN3AINIO OOPAICHUH K pa3fensieMbIM 00JIaCTsIM MaMsTH C Iie-
JIBI0 MAKCUMM3AIMH €T0 NPOITYCKHOH cIocoOHOCTH. Brimonuen ananu3 3()()eKTUBHOCTH CO3IaHHOTO ITOTOKOOE30I1aCHO-
ro myrna. ITyn oGecnieunBaeT OONBIIyI0 MAacIITaOUPyeMOCTh IIPH BHIIOJHEHUH MHOTOIIOTOYHBIX IIPOTPaMM, IO CpaBHE-
HUIO C aHAJIOTHYHBIMA PEeaNIM3alisIMU IIyJIa Ha OCHOBE pacHpeelsoIrX IepeBbeB. B pabore chopMynnpoBaHbl peko-
MCHJALUH 10 UCIIOIb30BaHUIO Myia. [IpuBeaeHs! pe3ynbTaThl HATypPHBIX YKCIEPHMEHTOB HAa MHOTOSIICPHOH BBIYHCIIH-
TEIBHOU CHCTEME.

KiioueBble €JI0Ba: MHOTONOTOYHOE IIPOrPaMMHUPOBAHKE; PACHPENeIIOMUe IePEBhs; HEOIOKUPYEMbIE CTPYKTYPhI
JTAaHHBIX; MACIITaOUPyeMOCTh; OTOKOOE30MacHBIH ITyII.

CoBpeMeHHBbIE MHOTOsiZIepHBIe BeauciuTelbHbie cucteMbl (BC) [1] sBustorcst GonmbiieMacmTaOHBIMA 1
MYJIBTHAPXUTEKTYPHBIMU. D()(HEKTUBHOCTH MCHONB30BAHMS TAKUX CHCTEM CYLIECTBEHHO 3aBHUCHT OT CPEICTB
CHHXPOHHU3AIIUH [TOTOKOB B MapaylieibHbIX Iporpammax. C yBeTHUEeHHEM KOJIMYECTBa MPOLIECCOPHBIX SIEp B
coBpeMeHHbIX BC 0c00eHHO 0cTpo cTaBUTCS 3a/1ada 0OecreyeHns MaciuTabupyeMoro I0CTyma K pa3aesieMbIM
CTPYKTypam JaHHBIX.

Onnoli u3 HanboJee UCHONIB3YEMBIX CTPYKTYP JaHHBIX HA CETOTHSIIHMMA AEHBb SBISETCS MOTOKOOE30-
nacubli myi. [y (pool) — 5To HeynopsioueHHas KOIEKIHs 00BEKTOB, pealn3yIoIas orepanu 100aBIeHUs
(push) n u3Bneuenwus (pop) 00bekToB [2]. [Tyabl MMUPOKO MPUMEHSIOTCS TIPU PeaTU3alUUA MOACTH MTPOU3BO/IN-
Tenbs — noTpedurens (producer — consumer) B MHOTOIIOTOYHBIX MporpaMMax. B maHHON Monenu ouH WiIN He-
CKOJIBKO TIOTOKOB-ITPOU3BOIUTENIEH TOPOKIAIOT 00BEKTHI, KOTOPBIE HCIIOIB3YIOTCS MOTOKaMH-MIOTPEOUTEIIAMHU.

Haunbonee npocTbiM MOAX0J0M K peain3alliiy IIyJIOB SIBISETCS HCIONb30BaHUE MTOTOKOOE30MacHbIX Ove-
peneii. CylecTBYIOIIME pean3aliil MyJ0B, OCHOBAHHBIC Ha OJOKMpYeMBIX ouepensx [3, 4], obecreunBarOT
BBICOKYIO MIPOM3BOIUTENLHOCTD MPH HE3HAUNTEIBHOM YaCTOTE BBHIOJIHEHUS ONEpalnii, OJJHAKO HEIOCTaTOYHO
MaciTaOupyroTcs A7 OOJBIIOro KOJINYECTBA TTOTOKOB M BBICOKOW MHTEHCHBHOCTH OOpalieHui K myiy. Mero-
ne1 workpile n work-stealing [5, 6] xapakTepu3yroTcsi IPOTHO3UPYEMBIM BPEMEHEM BBITIONHEHUS OTlepanuii, HO
Hed(h(peKTUBHBI IPH HU3KOM YacToTe 0OpaleHni K myIy.

JA1st IOBBILIEHUS] MAaCIITAOUPYEMOCTH IIHPOKO MPUMEHSIOTCS TOTOKOOE30MacHbIe MyJIbl Ha OCHOBE JIH-
HEIHBIX CIHUCKOB, CBOOOMHBIX OT OmokupoBok (lockfree). Omaum u3 Hamboee pacpoOCTpaHSHHBIX CITOCOOOB
CHIDKEHHsI KOHKYPEHTHOro AocTyma (access contention) mapajielbHBIX HNOTOKOB K pa3feisieMbIM OOJACTIM
MaMSTH SBJSIETCST METOI 00pabOTKH KOMIUIEMEHTapHbIX onepauuit (elimination backoft) nobaBnenus u ynane-
HUS 3JIEMEHTOB B OT/IebHOM MaccuBe [7, 8]. B pabote [9] nmpemnoxkena ycoBepIIeHCTBOBaHHAS BEPCHS TaHHO-
TO METO/Ia, OCHOBaHHAS Ha MCIIOJIb30BaHUU LUKIHYeckoro Oydepa. K anprepHaTHBHBIM moxxonam Ajisl co3za-
HUSl MacIITaOMpyeMBbIX IYJIOB MOXKHO OTHECTH pealu3alud Ha 0as3e ycTpasmommx JepeBbeB (elimination
trees) [10]. Xora ucnonp3oBaHne HEOIOKHPYEMBIX MOTOKOOE30MACHBIX CITUCKOB MO3BOJIIET 00ECIEUUTh Mpo-
THO3UPYEMOE BBITIOIHEHHE ONepalnii, OAHAKO MPU pealn3alidil HeOJOKHPYEMBIX MyJOB C MOMOIIBIO JIMHEH-
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HBIX CIIMCKOB BEPILUHBI ATHX CIIMCKOB CTAHOBATCS «y3KHMMH Mectamm» (bottleneck), 4To mpuBOoAMT K yBemuye-
HUIO KOHKYPEHTHOCTH JOCTYNa M CHIKECHHUIO 3(P(PEKTHBHOCTH HCIOIB30BAHUS KAII-MAMATH. DTUM e HElo-
CTaTKOM 00JIalaeT METOJ JAENECrHMPOBaHUs BBHIIOIHEHHS ONEpalfid C MyJIOM MOTOKaM-CepBepaM, BBITIOIHSIO-
LIMXCS Ha BBIAEIEHHBIX MPOLECCOPHBIX sAapax [11, 12].

OpHMM U3 MEPCIEKTUBHBIX MOIXOAOB AJIS COKPALICHHUs] KOHKYPEHTHOI'O0 JOCTYIa MapajjielbHbIX MOTO-
KOB SIBJIIETCA NIPUMEHEHre pacnpenersomux aepebes (diffraction tree) [13]. B crarbe [14] npeanoxena Bo3-
MOXHasl peann3anusi MOTOKOOE30MacHbIX MYJIOB Ha OCHOBE PacHpelessiolnX IepPeBbEB C HCIIOIb30BAHUEM
METOoJia YCTpaHEHHUs KOMIUJIEeMEHTapHbIX onepanuil. K HemocTaTkam peann3aniiid MOYKHO OTHECTH JIOMOIHH-
TeNbHbIC HAKIIAZAHBIE PACXO/bI, CBSI3aHHBIE C AKTHBHBIM OKHJIaHHEM B MaCCHBE yCTPaHEHHS KOMILJIEMEHTAPHBIX
olepalMii, a TaK)Ke CHHXPOHU3AIMEN aTOMapHbIX IEPEMEHHBIX Ha Ka)KJIOM YPOBHE paclpeAemsIouiero aepena
B XYALIEM CIIydae, YTO CYLIECTBEHHO YBEIMYMBAET TPYAOEMKOCTh 00X0Aa JAepeBa OT KOPHSA K JUCTBAM. D-
(DEeKTHBHOCTB pacHpeneIOnIero JepeBa 3HAYNTENbHO CHUXKACTCS ¢ yBEIHYEHHEM ero pasmepa. Kpome toro, B
pabote [13] cymecrBenno Hapymiaercs FIFO/LIFO mopsok BRITOMTHEHUS OINEpalnii, a TAKKE HE YIUTHIBACTCS
BO3MOKHOCTB HMCIOJNB30BAaHUS Myia JIsl J00ABICHUS U yAaJeHHs 3JIEMEHTOB OIHUM MOTOKOM. Takke K Hemo-
CTaTKaM OTHOCHTCS HEOOXOAMMOCTBH MOA0Opa TaKHX MapaMeTpoB, KaK BPEMs OKUAAHUS MOCTYIUIEHHUS KOM-
MJIEMEHTapHBIX ONEpayi, JOMYCTUMOE KOJTNYECTBO KOJUIM3HH U T.1I.

B pa6orax [15, 16] ¢ 11e/bl0 CHUYKEHUS BBIIICOMICAHHBIX HAKIAHBIX PACXOA0B MPEAIAracTcsi ONTHMH-
3amuys B BHJIE aIalITUBHOTO pacipeersrolero aepesa (self-tuning reactive diffraction tree), pasmep koToporo
onpenenseTcd TEKyIIUM YPOBHEM KOHKYPEHTHOT'O JOCTYIIa TOTOKOB K €T0 JIUCThSIM. TeM He MeHee TaKue IMyJIbl
XapaKTEepPU3YIOTCS CYIIECTBEHHBIMH HAaKJIaJHBIMU pacxXxoJaMH BCIEACTBHE CHHXPOHM3AIMHM BO BCIIOMOIaTENb-
HBIX MACCHBAaX U B y3Jax JiepeBa.

B nanHOii cTaThe MPEOKEHbl OPUTHHAIBHBIN MOAX0A K peasin3aliil ITOTOKOOE30acHoro mya 0e3 uc-
MOJIB30BaHUS OJIOKUPOBOK Ha OCHOBE paclpefeNsIouX IePeBbeB M METOBI €0 ONTHMU3ALUH ISl TIOCTOSTH-
HOT'O YMCJIa aKTUBHBIX TOTOKOB. [10/1X0/1 OCHOBaH Ha JIOKaJIH3aluy OOpalleHu K y3JaM JIepeBa U HCIO0Ib30Ba-
HUM JIOKATbHOW MaMATH MOTOKOB. [Ipemyaraemblii mMOAXOA MO3BOJISET MOBBICHTH HMPOIYCKHYIO CIIOCOOHOCTD
MIPH BBICOKUX W HU3KUX 3arpys3kax Imyia, obecrnednBaer nmpuemiemslii yposerb FIFO/LIFO-nopsiaka BeimoiaHe-
HUSA OIepanuil U XapakTepU3yeTcsl HE3HAUNTENbHON BPEMEHHON 3aJepKKON NMPoXoJa OT KOPHS pacipenensio-
LIETO JIEPEBA K €r0 JINCThSIM.

1. IToToko0e30naCHBIIi IYyJ1 HA OCHOBE pacnpee/soulero Jjepesa

[Tycts umeercsa mHorosaepHast BC, cocrosimas u3 # mpoueccopHbIX siaep. CuuTaem, 4To cucreMa QyHK-
LHUOHUPYET B MOHONPOIPaMMHOM PEXKHME PEUIeHUs] OIHOW MapauleNbHOM 3agauu [1], KoTopasl BKIIOYaeT B
ce0sl p mapajuieNbHBIX TOTOKOB. [IpHBs3Ka MOTOKOB K MPOLIECCOPHBIM siipaM ompeaensiercs ynkumeit a(i),
CTaBsIIIIeH B COOTBETCTBHUE MOTOKY I IpoleccopHoe siupo w € {1, 2, ..., n}, K KOTOpOMY NPHUBSI3aH MOTOK.

Bynem nHaszwpiBaTh mpomsBoauTenem (producer) MOTOK, BBIIOJHSIOMUMK omepanuio godasieHust (push)
3JIEMEHTOB B MyJ, U MOTpeOHuTENeM (consumer) — MOTOK, BBHIIONHSIOMIMN ONepanuio yaaneHus (pop) sJIeMeH-
TOB U3 MyJa.

Pacrpenenstomee nepeso (diffraction tree) [13—16] npencrarisier co0oit OMHApHOE AEPEBO BHICOTOM /1, B
Ka)X/IOM y3Jie KOTOPOro HaXosTcs OWTHI, ONpeAesIoIIne HapaBieHus: oopalieHnii ToTokoB (puc. 1). Y3mbl
nepeBa (balancers) mepeHanpaBIsIOT MOCTYIAIOMIME OT TIOTOKOB 3alpOoCkl Ha go0aBieHue (push) iy yaaiseHue
(pop) >7eMEHTOB MOOUEPEIHO Ha OJJMH U3 y3JI0B-TIOTOMKOB: €ClIM 3HaueHne outa paBHO 0, TO MOTOK oOparaer-
sl K y3JIy IIPaBoro moanaepena, eciau | — JeBoro nojjaepesa, U Tak Janee A0 TeX Mop, MOKa MOTOKH He AOHIyT
70 TUCThEB AepeBa. [locie mpoXokaeHns KaXI0T0 y3/1a MOTOKA HHBEPTHPYIOT B HEM COOTBETCTBYIOLIHHA OHT.

JINCTBAM pacHpeNeNsIonero JAepesa COOTBETCTBYIOT IOTOKOOe3omacHsle ouepenu ¢ = {1,2, ..., 2"}
(puc. 2). IIpu BBIOTHEHUH OTEpaIii TOTOKH MPOXOAAT EPEBO OT KOPHS K JHCTHSIM U IMOMENIAIOT (M3BJIeKa-
10T) BJIEMEHT B COOTBETCTBYIOIIYIO ouepenb. B coctosHuu mokos (quiescent state), mpu KOTOPOM JepeBo cOa-
JAHCHPOBAHO U HE COAEPKHUT IOCTYMAIONIMX OT MOTOKOB 3alpOCOB, BHIXOISIINE U3 JIepeBa JIEMEHTHI pacipe-
JETSIIOTC MEXAY O4epensMH TakKuM 00pa3oM, 4TO KOJMYECTBO AJIIEMEHTOB B BEpXHEH Ouepear MpeBHIIIAET
KOJTMYECTBO DJIEMECHTOB B HIDKHHMX Odepesx He Ooree, yeM Ha ofuH. Takum 00pazom, pacrpenensiolee 1epe-
BO MO3BOJIIET COKPATUTh KOHKYPEHTHOCTD JOCTYIA K CTPYKTYpE TaHHBIX.
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Jnst IpakTUYecKuX Iieel MOocenoBaTeNbHbIA HOPAIOK pacipeneieH s MOTOKOB IO JIUCThIM, Kak mpa-
BIJIO, He TpeOyercs [17, 18], 1 uM MOXHO MPeHEeOpEUh C LENBIO TOBBIIICHUS MIPOITYCKHON CITOCOOHOCTH TyJa.
Ha ocHoBe maHHOrO JOMYIIEHUsT aBTOPaMHU MPEIOKEHBI AJITOPUTMBI peau3alii MOTOKOOE30MacHoro myJia Ha
0ase pacmpenensomero aepesa. B ocHOBe anropuTMOB JIeKaT U JIOKAIN3alUN OOpalleHni K y3/iaM JepeBa
W HMCIOJBb30BAaHUE JIOKaIbHOM mamsaT notoka (thread-local storage, TLS). TLS npumensiercs ¢ 1eibio cokpa-
LICHUS] HAKJIaJHBIX PacXoJ0B, CBA3aHHBIX C JOCTYIIOM K3 Pa3HBIX MOTOKOB K pa3lelsieMbIM aTOMapHBIM Iiepe-
MEHHBIM U HCIIOJIb30BaHUEM MacCcHBa YCTPaHEHHs KOMIUIEMEHTAPHBIX OIEpaLnil B KaXKI0M y3Jie epeBa.

2. OnTMMHM3MPOBAHHBIN IYJI HA OCHOBE pacnpeaessiioliero gepeBa

ABTtopamu Obi1 pazpadoran myn LocOptDTPool, B koTopoMm Kakaplil y3ed pacnpeaeisiomero aepena
COZEPKUT /IBa MACCHBA aTOMapHBIX OUTOB (7151 TOTOKOB-IIPOM3BOIUTENIEH U MOTOKOB-TIOTpEOUTENEH) pa3mepa
m < p BMECTO JBYX OTIEJIbHBIX aTOMapHBIX OMTOB (puc. 3). Y31Ibl KaKIOT0 CIeIyIOUIero YPOBHS JAepeBa Co-
JiepKaT B IBa pa3a MEHbIINE I10 pa3MepPy MAacCCUBBI IO CPABHEHHIO C MPEABIAYIIUM YPOBHEM.

Kaxaplii moTok oOparaercsi K COOTBETCTBYIOIIEMY €My OMTY B MacCHBE, YTO 00ECTIEUHBAET JOKAIH3a-
LU0 OOpallleHnii K aTOMapHBIM OWTaM B y3/max JiepeBa. Kpome Toro, mo cpaBHEHHIO ¢ HCHOIB30BAaHIUEM MacCH-
Ba yCTpaHEHHA KOMIUIEMEHTApHBIX ONEpaluil, JaHHBIM MOAXOJ TMO3BOJIAET COKPaTUTh HAKIAAHBIE PacXoOJbl,
CBsI3aHHBIE C OOpaIeHNEeM K S4eiiKaM BCIIOMOTaTeIbHOTO MacCuBa M aKTUBHBIM OXKHAaHHEM IapHOTO IMOTOKA.
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MAacCHB OHTOB

Puc. 3. OnrumusupoBannstii myn LocOptDTPool Ha ocHOBe pacmpeznensiomero nepesa
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[Ipu kaxaOM IMOCEIIEeHNH MOTOKOM Yy3J1a JiepeBa B MacCMBE aTOMapHBIX OMTOB BBIOMpaeTcs siueiika 1o
3HAYCHUIO Xel-()yHKIIH:

h(i) = i mod m, (1
roe i € {1,2, ..., p} — 3TO MOPSAKOBBIA HOMEP TEKYIIEro MOTOKA, BHIJAHHBIA €My MPH MEPBOM IMOCEUICHUN
myJa, m — pa3Mep MacCHBa aTOMapHBIX OHTOB.

Paccmotpum cxemy pacnpeneneHus MoTOK0Oe30acHbIX ouepeeii B IMCThIX AepeBa MEKIY IPOLeccop-
HBIMU simpamu. Kaxkmomy mnponeccopHomy siapy j € {1,2,...,p} craBitci B COOTBETCTBHE OdYepeqd
q;=42" /nj2" In+1, .., G+ 12"/ n—1}. [lycTs nMeeTCs MOTOK i, IPUBS3AHHBI K s1py j (a(i) = {j}). Torna
BCE OOBEKTHI, NTOMeEIIaeMble (M3BJIEKAEMblE) B Iy 3TUM IIOTOKOM, PACIpPENENsIIOTCs MEKAY OUepensiMH g,
MpeAHa3HaYeHHBIMU [UI XpaHEHHUs OOBEKTOB, MOCTYMAIOUIMX OT MOTOKOB, NMPUBSA3aHHBIX K AApy j. JlaHHBIN
MOJXOJI TIO3BOJISIET COKPATUTh KOMMYECTBO MPOMAaxXOB IO K31y Ojarofgaps JOKalu3aluy oOpalieHuid K pasze-
JISIeMBIM TIEPEMEHHBIM.

[Ipu obpamennn K monasiM cTpyKTyp (cM. pa3zen 3), KOTOpble BKIIOYAET B cels MMy, He0OXOAUMO y4H-
THIBaTh MpoOIeMy JIOXKHOTO pasnencHust naHHBIX (false sharing), Bo3HHKaIOUIyIO0 BCIENCTBHE PACHONIOKECHUS
MEPEMEHHBIX CTPYKTYP, K KOTOPBIM 00pamaioTcss HECKOJIBKO MOTOKOB, B OAHOW KAII-MUHHUH. s perneHus
MpoOJIEMBI JIOKHOT'O pa3feieHusl TaHHBIX BBHIOIHSETCS BEIpaBHUBAHUE pa3Mepa CTPYKTYp MyJia Ha BETHYUHY
KOII-TAHUH.

OnxHUM U3 OCHOBHBIX HEIOCTAaTKOB CYIIECTBYIOIIEH peann3aliy IIyJia Ha OCHOBE PaclpeAessIoIero ae-
peBa [14] siBisieTcst yBenu4eHHE BPEMEHH BBITIOTHEHHSI Ollepalrii IPH HE3HAYNTEIIbHOM KOJTHYECTBE aKTUBHBIX
notokoB (1-2 mortoka). [y pemenus naHHOM nmpodsiemsl B cozpanHoM myie LocOptDTPool yuntsiBaercs Te-
KyIllee KOJTMYECTBO aKTHBHBIX MOTOKOB B myse. Ecnu TekyIas 3arpyska myia Mania, TO pacnpeneincHue oobek-
TOB MEXIy O4YepeIsIMH HE IPUBOIUT K CYIIECTBEHHOMY MOBBIIICHUIO POITYCKHOH criocoOHOCTH myna. B aTom
cllydae JJisl XpaHeHUs] 00BEKTOB HCIIONb3yeTcsl OAHa ouepenb. [loacuer KonnuecTBa aKTUBHBIX ITOTOKOB B ITyJIe
peann30BaH B BUAE IBYX aTOMAapHBIX CUETUYMKOB AJISI TIOTOKOB-IIPOU3BOAUTENECH M MOTOKOB-TIOTpedUTENnei co-
OTBETCTBEHHO. [laHHAs BO3MOXKHOCTH IO3BOJISIET TMOBBICUTH NMPOMYCKHYIO CIOCOOHOCTH Myja NMPH HU3KOH
HarpysKe.

Takum obOpa3om, omucanHbeld nmorokoOezomacHbid myn LocOptDTPool (muctunr 1) Brmoyaer B cebs
pacnpeensonee 1epeBo free, MaCCUBBI aTOMapHBIX OUTOB prod_bits v cons_bits, MacCUBBI ouepenel queues,
MEHEIDKEp af mgr ynpaBJeHHsI IPUBS3KON MOTOKOB K MPOLIECCOPHBIM SIIPaM, CUETUUKH prod_num U COnS_num
Yrcia MOTOKOB B MyJIE, a TAKKe METOABI push U pop Ui MOMEIIEHUS U U3BJICYEHUS] 00BEKTOB U3 Myja COOT-
BETCTBEHHO.

JJucrtuur 1
CTpykTypa noTokode3onacuoro my;ia LocOptDTPool

class LocOptDTPool {

Node tree

BitArray prod_bits[m], cons_bits[m]
ThreadSafeQueue queues(n]
AffinityManager af mgr

Atomiclnt prod_num, cons_num
push(data)

pop()

}

O 0 1 O\ L AW N —

[ToTrokobe3onacHbIe ouepenu queues MOTYT OBITh peann30BaHbl pa3IMYHbIM 00pa3oM; B JTaHHOW paboTe
MPUMEHSICTCS pean3alus ouepe/icii 0e3 UCIonbp30BaHus OJIOKUPOBOK U3 OMOIHOTeKH boost [19]. /laHHBIN BEI-
00p 00BSICHSCTCA TPUEMIIEMOH IJIS1 IPAKTUKU MPOMYCKHOM CIIOCOOHOCTBIO ouepenu. ATOMapHbIe epeMEHHBIE
prod_num M cons_num UCNOIB3YIOTCS Ul TOACYETa MAKCHUMAIBHOTO KOJIMYECTBA YHUKANBHBIX MOTOKOB, 00-
paTHBLIMXCS K IyJy 3a BpeMsl ero ucnoib3oBaHus. Kaxxaplil pas, Korga mOTOKM BIIEPBBIE 00pamaioTcs K Myiry
JUISl BBITMIOJIHEHUSI OTepanuid 100aBleHUS WM HM3BJICUECHHS, COOTBETCTBYIOUIMH CUCTYMK YBEIHMYMBAETCS Ha
enuanLy. Cuerynk prod num OTpakaeT KOJUYECTBO MOTOKOB-TIPOM3BOIMUTENCH, a CONS_num — KOIHYECTBO
MOTOKOB-TIOTpeOUTENeH. YUeT KOIUUecTBa MOTOKOB B IyJle HEOOXOAUM sl TIPUCBOCHHUS MOTOKaM YHHKaJIb-
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HBIX UICHTH(HUKATOPOB, KOTOPHIE B TAIbHEHIIIEM HCIIONB3YIOTCS A1 pacuera xem-¢pyHkuuu (1) mpu goctymne K
MaccrBaM OWTOB B y3J1axX paclpeessiomero qepesa.

[Ipu BEI30BE MeTOAa push MOTOKOM j BBIOMHSIOTCS CIIEAYIOIINE IAaTH:

1. YBenuueHue cyeTyrka prod_num Ha eOUHULLY.

2. [IpuBs3Ka TeKyLero MOTOKa K MPOLIECCOPHOMY SIPY C TIOMOLIBIO MEHEIKepa NPUBSZKU af mgr, eciiu
3TO HE OBLIO CHIENaHO paHee.

3. Be1bop ouepenu, B KOTOPYIO OyJeT moMenieH 00beKT data B COOTBETCTBUH C (POpMYITOit

g;=(px I mod 2"/ p) + a()), 2

rze p — obIIee KOJMYECTBO MPOLECCOPHBIX siep; [ — IMCT JepeBa, MOCEIIEHHBIH TOTOKOM; a(j) — HoMep Aapa, K
KOTOpOMY MPHBSI3aH MOTOK j; 2/ — o0Lee Ynuciio ouepeeii B myJie.

Meron pop, BHITIOIHSAEMBIH TIOTOKOM j, BKITIOYAET B ce0sl CIIeNYIOIIIE [IarH:

1. [TpuBs3Ka MOTOKa C IIOMOIIBIO MEHEIDKepa MPHUBS3KHU af mgr U YBEIMUCHHE CUCTUNKA CONS_num, eCiiu
3TOTO He OBIIO CHIeNIaHO paHee.

2. BeiOop ouepean amns u3BiedeHus mo Gopmyiie

4= (po+ a(j)), 3)

rze o — K03 HUIUEeHT CIBUTA, BO3BpallaeMblii MeTooM get queue_offset (qucTHHT 2).

3. Ecnu ouepens, BeiOpanHas o gopmysie (3), mycTa, TO 3JIeMEHT W3BJIEKAaeTCs M3 TEPBOM cieayromei 3a
Hell HenmycTol odepenu. Takoil MeToa MCIONb3yeTcs B APYruX peanu3anusx myinos [17, 20]. B ciyuae ycnemn-
HOT'O BBHITIOJTHEHHUS OTIEpaLliil METOJ] pOp BO3BpAIlaeT U3BJICUCHHBII OOBEKT, a B ClIy4ae HEYAayH BBHITTOIHICTCS
MOBTOPHBII BBI30B METOJA.

MeHemxep af mgr pealn3yeT MOocIeI0BaTeNbHYIO TPUBI3KY TOTOKOB K sIIpaM (JIMCTHHT 2).

JJuctuur 2
Kuace, peanu3yronmii npuBsi3Ky NOTOKOB K NMPOIECCOPHBIM SIIpaM

class AffinityManager {
thread_local int core
thread_local int queue_offset
Atomiclnt next _core
Atomiclnt next_offset
set_core()

get_core()
get_queue_offset()

}

O 0 1N LN A W N —

[Tpu BBI30BE MeTO/A set core BBITIONHACTCS MPUBS3KA ITOTOKA, BHI3BABIIETO JAHHBIA METOJ, K MpOLeCc-
copHOMY si/ipy. BeiOop HOMepa siipa MpOUCXOIMUT TPH MTOMOIIN CUCTYHKA next core, KOTOPBIA MHKPEMEHTHUPY-
eTCsl TIPH Ka)kJIOM YCIICIIHOM BbI30BE MeToza set core. [Ipu JOCTHKEHUH TaHHBIM CYETYMKOM 3HAYCHUS, paB-
HOTO MaKCUMaJIbHO BOBMO)KHOMY YHCIY siIep B CHCTeMe, oH cOpaceiBaercs B 0, obecrieunBasi TeM CaMbIM TO-
CIIEIOBATENBHYIO MPHUBS3KY MOTOKOB JIUIsi PABHOMEPHOI 3arpy3KH MPOLIECCOPHBIX saep. Kpome Toro, mpu BbI-
30BE€ METOJa Set core MPOUCXOOHUT OINpeAeieHre Kod(pPHUIUEeHTa o U TeKyIero noroka. Ero 3HaueHue co-
XpaHsieTcsl B IepeMeHHOI queue_offset u 3aTeM Hcnoib3yercsa B Meroje push myna (cMm. auctusr 1) npu BeIOO-
pe ouepeny, B KOTOPYIO MOMemaercs OObEeKT. BBIOOp cIBUTa OCHOBBIBACTCS Ha 3HAYCHHWU TEPEMEHHOM
next_offset, KoTopass UHKPEMEHTUPYETCS Ha CIMHHILY KaXKIbIH pa3 MpH IOCTHKCHHU MEPEMEHHOW next core
3HAYCHUSI, PABHOTO MaKCUMaJbHO BO3MOKHOMY YHCIY sijiep B cucTeMe. Takum 00pa3oM, MeTox get core BO3-
BpallaeT HOMEp MPOIIECCOPHOro sApa, K KOTOPOMY IMpHBS3aH TEKYLIMH MOTOK, a MeTox get queue offset —
CIIBUT TIpH BHIOOpE o4epenu.

Kaxplii y3emn pacrpeiesIonero 1epepa tree (JUCTHHT 3) COCTOMT U3 KOHCTAHTHBIX IEPEMEHHBIX index
u level, KOTOpBIC XpaHST, COOTBETCTBEHHO, TOPSKOBBIA HOMEpP TEKYILEro y3ja ¥ HOMEp YpPOBHS JepeBa, Ha
KOTOPOM JIaHHBIH y3€l HaXOmUTCs. MeroJ traverse BBI3BIBACTCS TEKYIIUM IOTOKOM B Ka)KJOM ITOCEIICHHOM
y3J7Ie ¥ MCHOJIB3YETCS Ul TOTO, YTOOBI MOCETUTh CICIYIOIINI y3en-moToMoK. [Ipu BBI30BE TaHHOrO MeToja
MPOUCXOIUT TepertoucHue outa bits[level][index] B MaccuBe bits, KOTOPBIA TepeAacTcs B 3Ty (QYHKIUIO B
KadecTBe aprymenTa. [Ipu 3TOM mepBoHadalbHOE 3HAYEHHE OMTA yKas3bIBaeT Ha BBIXOJ y3Ja, Yepe3 KOTOPbIi
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BIIOCJIECTBUM OOpalaercsl TEeKyIi MOTOK, JJIsl TOT'0 YTOOBI MOMAcTh B CIEAYIOIIUI JouepHUl y3en. Merton
traverse, BBI3BaHHBII U3 KOPHEBOTO y3Jia, TAKMM 0Opa3oM, BO3BpAlacT B KAaueCTBE pe3yibTaTa MHIEKC TOTO
JcTa AepeBa (ouepean), KOTOphld ObUT OCEUIeH TEKYIIHMM TOTOKOM.

JJucrtuur 3
¥Y3ea pacnpeaesiioniero gepesa

O B~ W N~

class Node {

int index, level

Node children[2]

int traverse(BitArray bits)

}

Crpykrypa BitArray (cM. TucTHHT 4) ONMCHIBAET MacCUB aTOMapHBIX OUTOB bits_array, OUTHI B KOTOPOM

nepexmoyatotes (flip) moTOKkaMH MPH MOCEIICHUN Y3JI0B PacIpEACISIONIEro JepeBa.

JJuctuur 4
MaccuB aToMapHBbIX OUTOB

AN AW N~

class BitArray {

Bit bits_array[n][m]

int flip(tree_level, node_index) {

return bits_array[tree_level|[node_index].flip()
H

}

Peanmaunﬂ MEPCKII0YacMOro aToMapHoro outa npeacTraBjicHa B JIMCTHUHIC 5. HCpeKJ'IIO‘-IeHI/Ie outa

(pynknus flip) ocHOBaHO HAa aTOMapHOM oIepaluy atomic Xor, KOTopas 3aMeHSeT TeKyIlee 3HaueHHue OuTa
pe3yabTaToM Jiorndeckoit oneparu XOR MexTy 3HaUeHHEM 3TOr0 OWTa U SIUHUIICH.

JIuctuur 5
Iepexnioyaemblii aTOMapHbIH OUT

AN L AW~

class Bit {

Atomiclnt bit

int flip() {

return bit.atomic_xor(1)
H

i

3. OHTI/IMI/I3I/Ip0BaHH])Iﬁ ImyJ ¢ UCNMOJIb30BAHUEM JIOKAJIBHBIX TAHHBIX MMOTOKA

Pa3paboran macmradupyemsrii myn TLSDTPool, B ocHOBe KOTOPOro JIEXKHUT HJiesl pa3MelieHus] OUTOB B

y3/1ax gepeBa B obnacTu JokanbHOW mamsat notoka (Thread-local storage, TLS). JanHbIN M0gX0[ MO3BOJISIET
COKPaTUTh KOHKYPEHTHOCTh JJOCTYIA K pa3zeiisieMbIM OuTam B y3iax aepesa [13—16].

CyTh mpezasiaraeMoro nojaxo/a 3akiovaercs B TOM, 4To CTpyKTypa BitArray pasmemmaerca 8 TLS moto-

Ka. DTO IIO3BOJISET OTKA3aThCSA OT HCIOJIb30BaHUS AOPOTOCTOANIUX aTOMAPHBIX onepauuﬁ IIpU BBIIIOJIHCHUHA

oOpaIeHnii K MaccuBy bits B cTpyKType BitArray; B xauecTBe bits MCIONB3yeTCs OOBIYHBIA MACCHB OYyIEBBIX
MepeMEHHBIX (JTUCTHHT 0).

Juctuur 6
MaccusB OUTOB

1 class BitArray {

2 bool bits[n][m]

3 int flip(tree_level, node_index) {

4 bitstree_level]|[node_index] = bits[tree_level][node_index] XOR 1
return bits[tree_level][node_index)

5 H

6 }
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[lockonpKy MOTOKM HE MMEIOT IOCTYNa K COCTOSHHUSAM OWUTOB JPYTHX MOTOKOB B y3llaX JIEPEBBLEB, pac-
MpeAeIsIoNee AePeBO MOXET HE 00eCIIeYBaTh pABHOMEPHOE paclpeaeieHne 3arpy3Ka Mexay odepeasiMu. B
3TOM cllyyae BO3MO)KHA CUTYaIlHsl, IPH KOTOPOH B ONPEACIEHHBIA MOMEHT BpeMEHH OONBIINHCTBO MOTOKOB B
myje OAHOBPEMEHHO 00pallaroTcsl K OJHON ouepean. TakuMm 00pa3oM, KOJIMYECTBO MOTOKOB, 0OPAIIalOLIHXCS
K OJHOMY JIUCTY JiepeBa, MOKET MPEBBICUTH YUCIIO TTOTOKOB, JOOABISIOMNX (YAAISIONINX) JIEMEHTHI U3 Oue-
peneit apyrux y3moB. [y pemieHus: JaHHOW MpoOJieMBbl IpearaeTcsi CIeayIOMNNA 3BPUCTUYCSCKUI adroOpuT™
WHULHAIN3AIUH DJIEMEHTOB OMHAPHBIX MaCCHBOB B y3J1ax JiepeBa (CM. JJUCTHHT 7).

[Ipn mepBoM mocemIeHWH KOPHEBOTO y3Jia MOTOKAM BBIIACTCS LENOYHCICHHBIH HUAaeHTHHUKATop (id).
B cootBercTBHM € WACHTH(PHUKATOPOM TMOTOKM PAaBHOMEPHO DPACHpPEACIAIOTCSA MO y3iaM jaepeBa. [IpuHIun
HAYaJIbHOTO pacrpenesieHns OCHOBaH Ha MpPEeICTaBICHUH HICHTU(HUKATOpa ITOTOKAa B JBOMYHOM BHIE (pHC. 4).
Kasxaplii pa3psia B IBOUYHOM MTPECTaBICHUH UACHTH(HUKATOPA SBIAETCS COOTBETCTBYIOIIMM YPOBHEM JepeBa, a
3HAaYCHUE NAHHOTO pa3psja yKa3blBaeT Ha HayalbHOE COCTOSIHHE BCeX OMTOB B y3iIax JepeBa Ha IaHHOM
YpOBHE.

Jluctunar 7
AJITOpUTM HHHMIIUAIH3ANUHN OMTOB pacnpeie/sioiero qepesa

1 for (level = 0; level < max_levels; ++level) {
2 int max_range = pow(2, level)
3 for (node = 0; node < max_range; ++node) {
4 if (level > 0) {
5 arrayl[level][node] = (id >> (level — 1)) & 1
6 } else {
7 arrayl[level][node] = id % 2
8 H
9 H
10 }
4 :3:2 i1 i (0 =-—YpOBHMJEpeBA — () 1 2
COCTOSHHE
=10} 010 1 1
Outa B y31max
2=1 010 1]0 0
s=lo {1 o] 1|1

sse

HI[GHTHd)I/IKaTOP ITOTOKa L JOIOJIHUTEIbHBIH our

Puc. 4. Pactipenenenue moTokoB 1o y3iam aepesa B myne TLSDTPool

bur 0 unu 1 B y3max gepeBa 03HauaeT COOTBETCTBEHHO MPaBbIN MM JIEBBIN y3€lI-IIOTOMOK, K KOTOPOMY
oOpatuaercst MOTOK MOciie MPOXOXKISHU JaHHOTO y3ia. [Ipoxoas yepes Kaxablid y3em AepeBa, OTOK WHBEPTH-
PYET COOTBETCTBYIOIINH JIOKabHBINA OUT B 3TOM y3II€.

Jns Gornee paBHOMEPHOTO paclpeeneHus MOTOKOB 110 I€PEBY BBOAUTCS TakKe AOMOJHUTEIBHBIN OHT,
(smuctuHT 7, cTpoka 7), KOTOpHIHA pa3Meniaercsi B KOpHe epeBa. AHAJOTMYHO APYTUM OUTaM C KayKAbIM YBEJH-
YeHUeM uAeHTH(]HKAaTOopa OH NepeKitodaercs Ha npotuBononoxssiii (0, 1, 0, 1 u T.1.).

OnucaHHBI aNTOPUTM B CcIydae MOCTOSHHO aKTUBHBIX ITOTOKOB IO3BOJISIET PABHOMEPHO pacHpeieuTh
oOpalueHusI TOTOKOB K y3J7aM JiepeBa JUisl MpeloTBpalleHus AucOaaanca 3arpy3ku ouepeeld B JIUCThIX JIepeBa.
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4. Pe3yn1bTaThl 9KCIIEPHMEHTOB
Opzanusayusa Ixcnepumenmog

Mogenuposanue mynoB LocOptDTPool u TLSDTPool npoBoaniocsk Ha y3ie BEIYUCIUTEIBHOTO KJIACTe-
pa Jet LlenTpa mapayuienbHBIX BBIYUCIUTENBHBIX TeXHOIOTHH DeepalbHOro rocyJapCTBEHHOI0 OI0PKETHOTO
00pa3oBaTeNbHOI0 YUPEKICHUS BBICHIEro 0Opa3zoBaHusi «CHOMPCKHI TOCYIapCTBEHHBIM YHHUBEPCHUTET Tele-
KOMMYHHKalIMHd W HHQOPMATHKU». Y3el KiIacTepa YKOMILUIEKTOBaH ABYMS 4-shaepHbIMH Tpoueccopamu Intel
Xeon E5420 (2,5 GHz; Intel-64). TectoBas nporpamma Oblia paspaboTaHa Ha A3bIKe nporpammupoBaHust C++
U CKOMIIMJIMPOBaHA C ncnonb3oBanueM xkommuwisitopa GCC 4.8.2. B kadecTBe 31eMEHTOB, MOMEIIaeMbIX (13-
BJICKAEMBIX) B IYJI, HCIIOIB30BAJIICH TIEpPEMEHHBIE LIEIOUMCICHHOTO THIIA.

[lox xKomu4ecTBOM p MOTOKOB MOAPa3yMeBaeTCs YUCI0 MOTOKOB, OMEIIAIOIIUX 3JIEMEHTHI U U3BJIEKAr0-
mux oO0BeKTH U3 myna. B kadecTBe mokaszarens 3¢ (EeKTHBHOCTH MyJla WCHONb30BAJIACh MPOMYCKHAs CIIOc00-
HOCTh b =N/t myna, rne N — cyMMapHOE YHCIIO BBIMOJHEHHBIX Ollepaluuii no0aBiaeHus (M3BJICUEHUS), a ¢ —
BpeMsi MoaenupoBaHus. [IpomyckHas cmiocoOHOCT MOKa3bIBaeT, CKOIBKO OMNepaniii ObUIO BHIMOMHEHO 3a | c.
PeanuzoBano cpaBHeHne 3(h(HEKTHBHOCTH IyJia MPHU MCIOIB30BAHUH PA3IMUHBIX THIIOB ouepener (c Oioku-
poBKaMu H 0e3 OJIOKHMPOBOK) B JHCTBIX JepeBa. CpaBHEHHE HCIOIB3YyEMBIX B IIylie oueperell OOBbsACHsETCS
TeM, YTO OT BhIOOpa ovepeneil BO MHOTOM 3aBHUCHT IPOIYCKHAs! CIOCOOHOCTD IyJia; TAKOW MOAXOJ K MOJAETH-
POBaHUIO MIPUMEHsUICS B Apyrux pabdorax [16]. Takxke A cpaBHEHHS NPEACTaBICHBI PE3yabTaThl MOACIHPO-
BaHUs MyJla Ha OCHOBE OIHOW HeOmokupyemoi ouepenu Lockfree queue 3 o6ubmmorexu boost [19]. s xax-
JIOTO IyJia TPOBOAMIINCH JBE CEPHU SKCIEPUMEHTOB: Ul YHCIa MOTOKOB p = 1,2, ..., 8, He MpEeBHIILAIOIIETO
YHCJI0 MPOLECCOPHBIX AAEP BHIYMCIUTENBHOTO Y31a, U 7151 O0IbIIOro KoJrndecTBa motokoB p = 10, 20, ..., 200.

IIyn LocOptDTPool na ocrnoge maccueos amomapupix 6umoe

PeBy.]'H:TaTI:I TCCTUPOBAHUA HpOHYCKHOfI CITOCOOHOCTH PpCaIn30BAHHOIO 1TyJjia C UCIIOJIb30BAHUCM MaCCH-
BOB aTOMAapHbIX OHTOB B y3i1ax AepeBa IMMOKa3aHbl Ha pUC. 5.

b, 106 onep./c b, 106 omep./c
180 T T T T T 180 T T T

60 - =

30 m

40 80 120 160 200

Puc. 5. IIponycknas crioco6HoCTh myna LocOptDTPool: a — uncio moToKoB He MpeBBIIAeT KOIMIECTBO
MIPOLIECCOPHBIX S1/IeP; O — YNCIIO TIOTOKOB IPEBHIIIAET KOINYECTBO MPOLECCOPHBIX SAEP.
1 —LocOptDTPool, nebnoxkupyemsie ouepenu Lockfree queue n3 6ubnrorexu boost; 2 — LocOptDTPool, 6:10xupyembie
ouepenu Ha ocHoBe PThreads mutex; 3 — ouepenp Lockfree queue 6e3 ncnonbs3oBanus 6;10KUpOBOK U3 OnbOIHoTexH boost

PeanuzoBanHas CTPyKTypa AaHHBIX XOPOLIO MacIITaOUpyeTcst Ui OOJNIBIIOrO KONMWYECTBA MOTOKOB U
JEMOHCTPUPYET POCT MPOMYCKHOW CHOCOOHOCTU MO Mepe JAOCTHIKEHHUS YMCIIa TTOTOKOB, PAaBHOT'O KOJIHYECTBY
MPOLIECCOPHBIX siAep. MakcuMaibHas MPoycKHas ciocoOHOCTh, paBHast 170 MiH orep./c, OblTa ModydeHa npu
KOJINYECTBE MTOTOKOB, PABHOM KOJIMUYECTBY S7IEp MPOIECCOpa MM HE3HAYUTENIBHO €TI0 MPEBBIIIAIONIEM.
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Ilyn TLSDTPool na ocnoge Thread-local storage

Ha puc. 6 npencraBiensl pe3ynbTaThl MOACTHPOBAHUS MPOMycKHOH criocobHoctH myna TLSDTPool ¢
WCTIOJIb30BaHUEM JIOKAJIbHO-IIOTOYHBIX OMTOB.

b, 10° onep./c b, 10 onep./c
180 T T T T T T 180 T T T T

60 - =

e ——,——————————k

40 80 120 160 200
a o

Puc. 6. [Ipomyckras cnocodrocTs myna TLSDTPool: a — uncino moTOKOB He MPEBHIMIACT KOTHYSCTBO MPOLIECCOPHBIX SEP;
6 — IHCIIO0 TIOTOKOB MPEBHIMAET KOIIMIeCTBO nporeccopHbix siuep. [ — TLSDTPool, mebnokupyemsie ouepenu Lockfiee queue
n3 6ubmmorexn boost; 2 — TLSDTPool, 6okupyemsie ogepenu Ha ocHoBe PThreads mutex;

3 — ouepens Lockfree queue 6e3 rcronp30BaHus GIOKHPOBOK M3 OHOIHOTEKH boost

[Mponyckuast cnocobHocTh mymna LocOptDTPool Ha Bcem nmamazoHe 4Yucia MOTOKOB COOTBETCTBYET
npomyckaoii cnocodnoctu myiaa TLSDTPool ¢ npumeneHneM J0KadbHO-TOTOUYHBIX OuTOB. [Ipn sTOM Taroke
OblTa TOCTUTHYTa MaKCHMaJlbHAsl MPOITYCKHAs! CIOCOOHOCTD, paBHas 170 MuH omep./c, IpH KOJMYECTBE MOTO-
KOB, PaBHOM YHCITY IIPOLIECCOPHBIX AP WM HE3HAUYUTEIBHO €ro IPEBOCXOASIIEM.

B pasgene 3 Obuta paccMoTpeHa CHTyalusi, KOrJa MPH MCIOIb30BAHUH MOTOYHO-JIOKAJIBHBIX MEepeMeH-
HBIX YUCIIO TIOTOKOB, OHOBPEMEHHO OOpaIaIONMIMXCS K OIHOMY JIMCTY JepeBa, MOXKET 3HAUUTENBHO MPEeBOC-
XOUTH YHCIIO TIOTOKOB, BHITIONHSIOIIUX ONEPaluy ¢ APYTHMH JHCThSIMH JepeBa. OIHAKO B XOJ€ BBITOTHEHUS
9KCTIIEPUMEHTOB TaKOH clydail He ObUT 3a(pUKCUPOBAH U CHIDKEHHUS IPOIYCKHOH CITOCOOHOCTH ITyJia HE HaOJIo-
nanock. TemM He MeHee HPU MOCTPOECHUH ITYJIOB HEOOXOOMMO YYHTHIBATH, YTO C YBEINYCHHUEM KOJIMYECTBA
YPOBHEH pachpeAessIiomero AepeBa BepOsSTHOCTh IMOSIBICHHS «XYILIEro CiIydash yMeHbIIaeTcs (IIpU 3TOM
BO3PACTAIOT 3aTPATHI 110 MIAMSITH).

[Ipu GompioM KoJIMUYECTBE MOTOKOB MpHMEHEHUEe HeOJIoKupyeMmbix ouepenei Lockfree queue B mymax
LocOptDTPool u TLSDTPool obecrieurnBaer 00ibIIyI0 MPOMYCKHYIO CIIOCOOHOCTD, MO CPaBHEHUIO ¢ OJIOKH-
PYEMBIMH MOTOKOOE30MacHBIMHU O4epesiMu (CM. puc. 5, 6; 6, 6). Bo Bcex ciyuasx 3¢)(eKTHBHOCTb OTACTBHOM
norokobezonacHol ouepenn Lockfree queue 3HaYMTENBHO ycTymaeT 3()(EeKTUBHOCTH pa3paOOTaHHBIX ITYJIOB
(puc. 5, 6).

3akjIoueHne

PaSpa60TaHI>I AJITOPUTMBI pCaJin3allin MaCH_ITa6I/IpyeMBIX IMOTOKO0OE30ITaCHEBIX ITyJIOB Ha OCHOBC pacIipcac-
JIAIOMUX JCPCBHCB 0€e3 MCIOIL30BaHMS 6J'IOKI/Ip0BOK. CYTB OHTI/IMI/IBaLII/If/’I 3aKII0YacTCA B JIOKaJIU3allii 06paLue—
HHM IOTOKOB K pa3aciACMbIM 00J1aCTSAM MaMSITH C OCIBbIO MaKCUMHU3allu HpOHyCKHOﬁ CITOCOOHOCTH myJa.

PaBpa6OTaHHBIe ITyJibl MOT'YT MIPUMCHATHLCA IPU pcaindaliluvi MOACIN IMPOU3BOJUTCIIb — HOTpe6I/ITeIIB B
MHOT'OITOTOYHBIX IMpOrpaMMax € NOCTOSIHHBIM YHCJIOM AKTHBHBIX IMOTOKOB, I'IC Tpe6y10Tc51 BBICOKAs IMPOITYCK-
Hast ClIOCOOHOCTE U 6BICTpBII>’I BO3BpAaT MOTOKOB M3 CTPYKTYPHI C LCIbI0 MUHUMHU3AllUU BPEMCHHU BBIINTOJHCHUSA
onepaunﬁ. Hy.]'[ obecreunBaer 60J'II>H_IYIO MaCH_ITa6I/IpyeMOCTI> IIpU BBIITOJHCHUN MHOI'OIIOTOYHBIX ITpOrpaMm
10 CPABHCHHUIO C aHAJIOTMYHBIMH pCain3allusiMU 11yJia Ha OCHOBC paCIpCACIAIOINX JCPCBLCB.

HaunGonsmas 3(1)(1)CKTI/IBHOCTB AJITOPUTMOB JOCTUTHYTA NPU YUCIIC aKTUBHBIX IIOTOKOB, paABHOM KOJIMYC-
CTBY INPOILCCCOPHBIX AACP B CUCTCMCE. VBenuucHue pa3sMeCpoB ACPECBa B ITYJIC HEC CHUIKACT IIPOIMYCKHYIO CII0C00-
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HOCTb ITyJia. B kauectBe CTPYKTYp AaHHBIX B JIUCTBAX ACPCBA AJId XpaHCHUSA 00BHEKTOB myjia pCKOMCHAYCTCA
HCIOIL30BaTh MOTOKOOE30IMAaCHBIE oucpcan 0€e3 HCIOIL30BaHHUS 6J'IOKI/Ip0BOK.
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Most of all modern multicore computer systems (CS) are large-scale, hierarchically organized and include multiple architectures.
Program execution time on these systems strongly depends on the efficiency of parallel thread synchronization methods. With increas-
ing number of CPU cores in computer systems the problem of scalable concurrent data structures development dramatically arises. Such
data structures must ensure scalable access with increasing number of parallel threads and workload.

Thread-safe pool is one of the most widely used concurrent data structures. Pool is an unordered set of objects, which supports oper-
ations for insertion (push) and removal (pop) of the objects. Pools are widely used while producer-consumer model implementation in
multithreaded programs. In this model some producer threads generate the objects followed by their utilization by consumer threads.

Simple concurrent pools implementations based on concurrent queues (both lockable and lock-free) poorly scale for large number of
threads and high pool access rate. There are some methods of access contention reduction like elimination arrays or delegation of pool
operation to the remote CPU cores. Nonetheless these methods lead to the bottlenecks on certain elements and severe throughput reduc-
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tion in the case of large number of threads and high intensity of pool operations. Workpile and work-stealing methods ensure predictable
operations time performance but they are not effective on low frequency of pool treatment.

Diffraction trees is one of the perspective approaches for access contention reduction in thread-safe data structures. There are some
works which propose pool implementations based on diffraction trees with using of elimination arrays. The main drawback of these
implementations are high overheads on active waiting and atomic variable states synchronization on each of the tree node. This fact
severely increases the complexity of tree traversal from the root to the leaves. Thus the tree efficiency decreases with increasing of its
size. Some pool implementations severely violate FIFO/LIFO order while operations performance. The other drawback is the optimiza-
tion of variable parameters of these structures.

In this paper we propose the novel approach for scalable concurrent lock-free pool implementation on the basis of diffraction trees.
The approach is based on localization of tree nodes access and Thread-local storage (TLS) utilization. This approach increases through-
put at high and low pool load and minimizes the operation latency. The concurrent pools LocOptDTPool and TLSDTPool were devel-
oped by the authors on the basis of proposed approach. The pools contain the diffraction tree, atomic bool arrays, corresponding to the
tree nodes, array of concurrent queues, corresponding to the tree leaves, the CPU core affinity manager, thread number counters and
push (insert) and pop (remove) methods. The concurrent queues in the tree leaves may be implemented in different ways. In the current
implementation of the pools we used lock-free concurrent queues from boost library.

In the LocOptDTPool each node of diffraction tree contains two bool atomic arrays which size is no more than thread number. Each
thread accesses to the corresponding array’s element in order to localize tree nodes’ atomic bit access. Moreover, compared with the
elimination array methods, new approach allows to reduce the overheads, arising from additional (elimination) array’s elements and
active waiting for the pair thread. For the minimization of operation latency in case of low workload LocOptDTPool implements the
counting of the current number of active threads in the pool. If the current workload (thread number) is low, then objects distribution
among the queues doesn’t lead to the significant increase of pool throughput. In this case the only queue is used for element storage in
the pool. This algorithm increases the pool throughput in case of low workload.

The main idea of TLSDTPool is the allocation of the arrays bits in the tree nodes in the Thread-local storage (TLS). The tree nodes
contain ordinary bool arrays. This approach allows to avoid the expensive atomic operations and reduces access contention for the
shared bits in the tree nodes. For the queues load uniformity in the TLSDTPool we proposed the algorithm of tree nodes initialization
based on the binary representation of thread identifiers. This algorithm submits the initial state of the array’s bits according to the thread
identifier. That scheme minimizes the impact of the “worst case”, rising from the imbalance of the queues workload.

The experiments for the developed pools on cluster computer systems has shown, that LocOptDTPool scales well for high number
of threads and shows an increase of throughput until the number of threads is equal to the number of CPU cores. Throughput of Lo-
cOptDTPool for the entire range of thread number corresponds the results of TLSDTPool based on Thread-local storage. At the same
time the maximum throughput was achieved for thread number equals to processors core number or slightly more. Thread-safe lock-free
queues are recommended as the objects storage in tree leaves. Thanks to tree initialization algorithm the concurrent queues were bal-
anced well and possible “worst case” didn’t significantly effect on pool efficiency.

Designed pools can be used in the producer-consumer model in multithreading programs with constant number of active threads,
where high throughput and low latency is highly desirable. The pools provides high scalability at multithreading programs execution, in
compared with the similar pool implementations on the basis of diffraction trees. The maximum algorithm efficiency is achieved at the
thread number, equals to total processor cores number. Tree size increasing doesn’t lead to throughput reduction.
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Fully delay testable circuits obtained by covering ROBDD nodes with Invert-AND-OR sub-circuits and Invert-AND-
XOR sub-circuits implementing Shannon decomposition formula are considered. Algorithms of finding test pairs for ro-
bust testable PDFs and validatable non robust testable PDFs of resulted circuits have been developed. Experimental re-
sults demonstrate essential simplification of suggested circuits in contrast to fully delay testable circuits obtained by
covering each ROBDD node with only Invert-AND-XOR sub-circuit.

Keywords: path delay fault (PDF); robust testable PDF; validatable non robust testable PDF; Binary Decision Diagram
(BDD); design for testability.

Path delay fault (PDF) model is considered as more preferable at delay testing. In accordance with the
conditions of fault manifestation, single PDFs are divided into robust testable faults and non robust testable
faults. PDF is robust testable if there is a test pair fault manifestation of which does not depend on delays of
other circuit paths. PDF is non robust testable if fault manifestation is possible only when all other paths of a
circuit are fault-free.

PDF testing has become a very important problem along with development of nanometer technologies.
It is very important to provide testability for robust PDF during circuit design. Circuits derived from ROBDDs
are usually implemented using multiplexors (MUXSs). Their testability is investigated under different fault
models [1-4] but the approaches suggested do not provide 100% testability. In [5] simple transformation of a
circuit is suggested that guarantees 100% testability for both single stuck-at fault (SAF) and PDF models. These
circuits are derived from ROBDDs using multiplexors. A size of a circuit is proportional to the given ROBDD
size. The major disadvantage of this approach is the use of additional input.

In [6] it is shown that a circuit constructed from BDD by covering CLBs guarantees 100% testability for
robust PDFs without an additional input.

In [7] the combinational circuits constructed from ROBDDs by Invert-AND-XOR implementation of the

formula f, :;i £="@x, 57" corresponding to an internal node v are considered. In this formula, the operation

"@" is implemented by XOR gate. It is revealed that each path delay fault of the resulted circuit manifests itself
either as robust testable fault or as validatable non robust testable one. When applying the test pairs in the
definite order, we may detect any PDF of the circuit. This means that the circuits considered guarantee 100%
testability for PDFs without an additional input.

In this paper the combinational circuits constructed from ROBDDs by covering some internal nodes with

Invert-AND-OR sub-circuits implementing the formula f, =;l~fvx" =0 VX [ < and covering the rest internal

nodes with Invert-AND-XOR sub-circuits implementing the formula £, = x, /=" @x, £~ are considered. When

using this approach, it is possible to cut path lengths of the combinational circuits and cut the number of OR,
AND, NOT gates if we implement XOR as a sub-circuit from these gates. It is revealed that PDFs in the resulted
circuits (similar circuits are considered in [7]) manifest themselves either as robust testable or as validatable non
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robust testable ones. When applying test pairs in the definite order, we may detect any PDF of the circuit. This
means that the circuits suggested in this paper (as the circuits in [7]) guarantee 100% testability for PDFs without
an additional input. The experimental results showed that the suggested circuits as a rule were simpler than the
ones in [Ibid.].

In Section II the problem of deriving the proper combinational circuits is discussed. In Section III an
algorithm of ROBDD internal node analysis is suggested. In Section IV the properties of the formula originated
by the circuit are investigated. In Section V algorithms of finding test pairs on which PDF manifests itself either
as robust testable or validatable non robust testable one are proposed. In Section VI the experimental results are
given.

1. A combinational circuit design

It is well known that Binary Decision Diagram (BDD) is a directed acyclic graph based on Shannon
decomposition in each non terminal node v:

1, =x_ifvxf=0 vxifvxﬁlg
L5750 = £ (e Xy = 0,5,
£ = £ (XX =1 x,).
Here f, is the function corresponding to the node v, dashed edge points to £,"=" and bold edge points to £,

(Fig. 1). BDD is called ordered if variables are encountered in the same order on all paths connecting the BDD
root with the terminal node. BDD is reduced if it does not contain either isomorphic sub-graphs or nodes such

that f," 0= S = Reduced and ordered BDD (ROBDD) is a canonical representation of Boolean function for

the chosen order of variables [8].

Any path that connects the BDD root with the 1 terminal node creates the product of the Disjoint Sum of
Products (DSoP) of a function f represented by this ROBDD. DSoP is a sum of products in which any two
product cubes do not intersect.

=0 =1 =0 =1
VAR R M VAR T
Fig. 1. Gate implementation of the formula Fig. 2. Gate implementation of the formula
— x.=0 =1 _ o prx=0 x;=1
f;, = xif;,xx VX; ,fc' f;' = xif;' o xi.f;' '

Let F={f,,...,f,,}» be a system of Boolean functions describing combinational circuit behavior. Derive
ROBDD using the same order of variables for each Boolean function from F. Join isomorphic sub-graphs in the
different ROBDDs. Combine the 1 terminal nodes of the different ROBDDs into one 1 terminal node and their O
terminal nodes into one 0 terminal node. As a result, we obtain the graph with m roots and two terminal nodes.
This graph represents the system of m Boolean functions. It is called Shared ROBDD. Without loss of generality,
we further consider systems with one function.

The ROBDD for one output Boolean function is shown in Fig. 1. Find the product (cube) of the DSoP for
each path connecting the ROBDD root with the 1 terminal node. The DSoP of the function f'is as follows.

S = XXX V X Xy X3 X4 X5 V X Xy X3 Xy X5 NV X)Xy Xy X5 V
V XXy X4 X5 V X X3 X X5 NV X X0 X X5 NV X)Xy X3 Xy X5 V
V X)Xy X3 X4 X5 V X)X X3 X5

Eliminate from the ROBDD all edges connected with the O terminal node and obtain the ROBDD

representing combinational circuit behavior. Call this ROBDD as a Circuit ROBDD.
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Cover each node of the Circuit ROBDD with either Invert-AND-OR sub-circuit implementing the formula
7 =x_l~ £ =0 VX [ < or Invert-AND-XOR sub-circuit implementing the formula f, :;i F3 % @x, %" Note that
both these formulae represent the same Boolean function.

The condition f; =0 £, *i=!is satisfied for each internal node v of the ROBDD. This means that there

exists the Boolean vector y on which either £57 (y)=1 and /%~°(y)=0 or £%7'(y)=0 and /% °(y)=1.

Fig. 3. ROBDD for f

If for the internal node v there exists the Boolean vector y on which £~ (y)=1 and f%=°(y)=0 and the
Boolean vector d on which £~ (8)=0 and f%~°(8)=1 we cover this node with Invert-AND-OR sub-circuit
(Fig. 2). Unfortunately sometimes only one condition pointed above is satisfied. The latter is possible when one
of the functions £~ £%7' is implicant of another one: either £~ < £%= or £ < £5%°° In that case, we

cover the corresponding internal node with Invert-AND-XOR sub-circuit (Fig. 3).

2. Internal node analysis

Verify one of conditions £~ (y)=1, £ °(y)=0 and f57(@)=0, £ @B)=1. Let us verify the first
condition. For that we execute the following steps.

Algorithm

1. Form the ROBDD implementing the function % =l for the given internal node v. Call it as a
ROBDD (/% =) Its root is the internal node in which the bold edge from v runs. The terminal nodes of the
ROBDD (/% =) coincide with the terminal nodes of the ROBDD of /. When forming the ROBDD (f; =y, we
do the same. Its root is the internal node in which the dashed edge from v runs.

2. To get the ROBDD (ﬁx" =0) we rearrange the terminal nodes of the ROBDD (f}" =0) .

3. Multiply the ROBDD (£.%~") and the ROBDD (7). Denote the result as a ROBDD R”.

4. If the ROBDD R is not empty, we consider any path from the R" root till its 1 terminal node. Note the
corresponding product as k. The Boolean vector that turns & into 1 call the vector .

Note that the vector § may be found in the similar way, that is, by multiplication of the ROBDD (/" )
and the ROBDD (f." =Y. If the results of both multiplications are not empty we cover the internal node v with
Invert-AND-OR sub-circuit.

Otherwise, one of the functions f;" - S < is implicant of another one. In that case, we cover the internal

node v with Invert-AND-XOR sub-circuit.
Apply the suggested procedure for the ROBDD in Fig. 1. For right internal node marked x, we have:

X =0 _ - - - Xp=1_ = —
Jo2T = XXy X5 V X3 Xy X5 V Xy, Jo2T Xy X5 V Xy X5
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This means that £">~is implicant of £2=". Consequently, we must cover the corresponding node with

Invert-AND-XOR sub-circuit. For right internal node marked x; we have:
f;xS:O = 1, f;xS:l = X4)_CS \/)_C4x5 .

This means that />~ is implicant of £~ . Consequently, we must cover the corresponding node with
Invert-AND-XOR sub-circuit.

X2

X5 —
X4 7

)

Fig. 4. Circuit C

X1

For the rest internal nodes the results of both above mentioned multiplications are not empty. It means that
the corresponding nodes may be covered with Invert-AND-OR sub-circuit. As a result of covering the circuit
ROBDD we have combinational circuit C (Fig. 4).

Derive the formula from circuit C substituting the proper gate functions for circuit internal variables and
eliminating brackets. Literal permutations and any simplifications are forbidden. In obtained formula some
products are connected each other with operation OR (v ) others — with operation XOR (@ ). (As the products
obtained in the course of substitutions are pairwise orthogonal, then the expressions like (a®b)vc is similar to

the expression a®(bvc) and, consequently, brackets in both of them may be deleted). Call this formula as
mixed SoP (MSoP). The formula is as follows:
MSoP(f) = x,%,X5 @ X, Xy X3 X4 X5 V Xy Xy X3X, X5 D XX, X4 X5 V
V X Xy Xg X5 V X Xy Xy X5 V X Xy Xy X5 V X Xy X3 Xy X5 V

V X Xy X3 X4 X5 V X X X3 X
3. MSoP properties

For any circuit obtained by the method discussed in Sections II, III we derive the system of MSoPs. Each
literal of MSoP is connected with the path that begins at the circuit input marked by the input variable and
terminates at the circuit output.

Consider the sub-circuit of Fig. 2 in detail. Call the sequence of gates with numbers 1,2 and4 as an
inverse branch of the sub-circuit and the sequence of gates with numbers 3 and 4 as a direct branch of the sub-
circuit. Each branch represents two paths of the sub-circuit. Examine two paths that begin at the input marked
with the variable x; and belong to the different branches. Call these paths as opposite ones. The path
corresponding to the inverse branch is represented as literal ¥ in the proper product of the MSoP and the path
corresponding to the direct branch — as literal x;. At the same time these paths correspond to dashed and bold
edges of the ROBDD running from the node x; that is covered by the sub-circuit when deriving circuit C. If the
output of the sub-circuit is not output of circuit C, then the path of circuit C beginning at the input marked with
the literal x, (x;) is represented by the sequence of literals corresponding to the sub-circuits that are traversed by

this path. This sequence is contained at least in one of the products of the MSoP. Moreover, this sequence is
represented by the ROBDD path connecting the ROBDD root and the node x;. The ROBDD path and the
corresponding circuit C path are shown in Fig. 1 and Fig. 4.

For example, the path of circuit C marked with the bold line (Fig. 4) is represented asx;x,x;. This

sequence of literals is contained in the 8-th and 9-th products of the MSoP. Thus the literal position explicitly
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determines the corresponding path in circuit C. Moreover, the sequence of literals is also represented by the
ROBDD path (Fig. 1).

In [9] path delay faults are considered as temporary stuck-at faults of the corresponding ENF literals. This
means that all literals satisfying to the same path are changed for the same constant. Instead of ENF of circuit C
we may consider the MSoP created by circuit C. Note that for each literal of a MSoP product the brief
information about the sequence is represented by the literals of this product forgoing to the considered literal.

In order to find all MSoP products that contain the literal x; corresponding to the certain path a we need
the following.

Find ROBDD path € running from ROBDD root to node v marked with the literal x;. The bold edge
corresponding to the beginning of the path a runs from the node v. Call the corresponding to the path € product
as k.. Continue the ROBDD path ¢ through the bold edge to the 1 terminal node of the ROBDD. Find all
prolongations and consequently all products containing the literal x; corresponding to the beginning of the path a.
These products comprise a set K, [9]. Note that the products of the MSoP that contain the literal x;
corresponding to the path opposite to o have the same sub-product 4.

Let the literal x; be equal to the constant 0 in each product of K,,.

Theorem 1. The Boolean vector [ is a test pattern for the fault x, = 0 in each product of K, if it turns the
certain product K from K|, into 1.

Proof. As all products of the MSoP are pairwise orthogonal then K is the only product of the fault-free
MSoP that is turned intolon the vector B. When x; is equal to 0 the fault MSoP is turned into 0 on the vector .
The theorem is proved.

Let the literal x; be equal to the constant 1in each product of K.

Theorem 2. For the fault x;= 1 in each product of K, there exists the test pattern f3.

Proof. Consider two cases.

The first case. The literal x; corresponds to the input of Invert-AND-OR sub-circuit covering the internal

node v marked with the variable x;. In that case, there exists the test pattern y that turns f;" = into 1 and i =0

into 0. Represent this test pattern with the product k,. Form the product k:k,. Let the product obtained from £k,
by adding arbitrary (n—1) literals except x;, x; be k*(y originates k*). Here n is a number of input variables of

circuit C.
Let vector B be represented by the product k1'%, . This vector turns all products of K, into 0. The rest of the

products of fault-free MSoP are also turned into 0. When the MSoP is fault, that is, from each product of K, the
literal x; is excluded, one of such product is turned intolon B. This is the product K of the MSoP corresponding to

the function £,%~' (the product K is originated by the product k of £,%~' MSoP, which is turned into 1 ony). £~

MSoP is formed by the ROBDD whose root is the node in which a bold edge runs from v. The product X is the
only one product as all products of the MSoP are pairwise orthogonal.
The second case. The literal x; corresponds the input of Invert-AND-XOR sub-circuit covering the internal

node v marked with the variable x;. Consider the situation when there is no the test pattern vy that turns f;" ! into
1and £5= into 0. Then there exists the test pattern y that turns /%~ into 1 and % into 1.

Form the vector B in the above mentioned way. It turns into 1 the certain product from the MSoP namely
the product K originated by the f;" =" MSoP (we take in mind the product k from the f;" = MSoP which is turned

into 1 on y). The vector B turns into 0 the rest products of the fault-free MSoP. Thus the vector B turns into 1 the
fault-free MSoP.
When the MSoP is fault, that is, from each product of K, the literal x; is excluded, one of K, products is

turned into 1 on B (we take in mind the product K originated by the k from f," =' MSoP which is turned into 1
on y). At the same time the vector B turns into 1 the product originated by £~ MSoP (we refer to the product
from the f)" = MSoP which is turned into 1 on 7). The vector y turns into 1 only one product from f," = MSoP

and only one product from f" =" MSoP as all products of f" = MSoP and S = MSoP are pairwise orthogonal.
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Thus, two products are turned into 1 in the fault MSoP. The rest of the products are turned into 0 on the vector f.
As we use Invert-AND-XOR sub-circuit for covering the internal node v marked with x;, then for the node v and

the fault considered we have the expression: &, ( /" - ®x, [ =0'). After substitution of the vector B we get 1®1.
p A4 1Jv g

This means that the vector B turns the fault MSoP into 0. Consequently, the vector B is a test pattern. The
theorem is proved.
Thus, both faults of the MSoP: x, = 0 in all products of K, and x;= 1 in all products of K, are detectable.

4. Finding test pairs for robust testable and validatable non robust testable faults

Finding test pairs for robust testable and validatable non robust testable faults is based on the approach
suggested in [7]. It is necessary to justify its application for the circuits that originate MSoPs instead of Reed-
Muller expressions in [7]. In [9] the conditions of robust path delay fault manifestation for test pairs extracted
from an ENF are formulated. The first condition is existence of a test pattern for the corresponding constant fault
of the ENF literal. This test pattern is a vector v, of a test pair. The next condition is: the variable x; that marks
the node v takes the opposite values for v;, v, vectors. Evidently, (Section 3) both conditions are feasible for the
considered faults of MSoP.

Let k£(u) be minimal cube covering vectors vi, v, of a test pair. Note as K the product that differs from the
product K only by inversion of the variable x;.

Remind that as we consider ROBDD, then for each node v the condition f"=* # £~' is executed. Let y

be a test pattern on which these functions are different and /%~ (y) =1, £%="(y)=0. Represent this test pattern as
we have done before with the product &,. Form the product k., and %* in the above mentioned way.

Xi
0->1

Fig. 5. Illustration of the corollary

Theorem 3. The product £* represents the test pair of robust testable fault for the path a and its rising and
falling transitions if the beginning of the path is marked with the literal x; and the condition f}" =1,
757%(y) = 0 is executed.

Proof. The product x,k* represents the Boolean vector v, that turns the product K from K, intol. This
means v; is a test pattern for the fault x, =0 in all products of K,. Actually this vector turns f;" =0 MSoP into 0

and turns f}" =! MSoP into 1. Moreover, this vector turns into 1 the only product K from K, originated by f," =

MSoP. Consequently, this vector turns the fault-free MSoP into lon the same product K and only on this
product. As well this vector turns the fault MSoP into 0.

The product x;k* represents the vector v; of the proper test pair. This vector is a test pattern for the fault
x;= 1 in all products of K, Actually the vector v, turns f" =0 MSoP into 0 and turns S =1 MSoP into 0.

Consequently, the vector turns the fault-free MSoP into 0. At the same time this vector turs into 1the fault MSoP
because it turns into 1 the product K and the product K* obtaind from K (K from K,) when the considered fault

occurs. The fault MSoP turns into 1 on the only product K*. Thus the vector represented by product x;k* is the
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vector v, for rising transition of the path o and the vector represented by product X;k"is the vector v, for the
falling transition of the path a. Note that k() is orthogonal to all products of the MSoP except products of K,,.
Actually k(u) is orthogonal to the products of the MSoP that does not contain sub-product k.. The product (u) is
also orthogonal to the products of the MsoP containing sub-product k. X, as k, is orthogonal to f;" =" Moreover,
any product of the fault free MSoP does not contain repeated literals. Thus all conditions [9] of robust testable
manifestation for rising and falling transition of the path a are fulfilled. The theorem is proved.

Corollary. If there exist a vector y for which fvx':l(y)zl, f;‘f:O(y):o and a vector & for which

£ 8)=0, £ =°(8) =1, then for both paths that begin at the same input and marked with the literals x; and %,
PDFs manifest themselves as robust testable for rising and falling transitions.

Fig. 5 is an illustration of the above mentioned corollary.

Note that sometimes only one condition pointed in the corollary is executed. Then the corresponding path
has a test pair on which PDF manifests itself as robust testable one in both directions. This path must be tested
first and then we proceed to test opposite path. Let opposite path be a. Let y be a Boolean vector on which the
condition f;" Ty =1, £ “(y)=1 is executed. The product k* is formed in the above mentioned way.

Theorem 4. The product k" represents the test pair of non robust testable PDF for the path a and its rising

and falling transitions if the beginning of the path is marked with the literal x; and the condition f" - (y)=1,
£ “(y) =1 is executed.
Proof. The product x.k" represents the Boolean vector v, that turns the product K from K, into 1. This

means v, is a test pattern for constant fault x;= 0 in all products of K,. The product Xk~ represents vector v, of

this test pair. The test pair detects rising transition of the path a. Theorem 2 should be taken to conclude that v, is
a test pattern for the fault x;= 1 in all products of K,,. The latter means that v, is as well as v, for the fault x;= 1 in

all products of K,, that is, Xk is a test pattern for falling transition. Note that k(u) is orthogonal to all products
of MSoP that does not contain sub-product k.. The product k(«) is not orthogonal to some product K’ containing
k. and %, as k, is not orthogonal to f;%=". The theorem is proved.

Thus when the conditions of the above mentioned corollary is not executed we have robust testable PDF
for the path that begins at the input marked with the variable x; and validatable non robust testable PDF for the
opposite path. Fig. 6 is illustration of robust testable PDF and validatable non robust testable PDF for paths that
begin at the input marked with the variable x;.

Remind that the product obtained from .k, by adding arbitrary (n—1) literals except x;, ¥, represents the
test pair either for robust testable PDF or for validatable non robust testable PDF. In the first case, the vector v,

for which f;" (=1, £ “(y)=0, is represented by any path from ROBDD R* obtained with the algorithm of
Section I11. In the second case, the vector y, for which £ (y) =1, £,5=°(y) =1, is represented by any path of the

ROBDD ( /%=') (ROBDD ( £;™)) that is an implicant of the ROBDD ( £, J(ROBDD ( 7%7)). The relation

of implication is determined by the same algorithm. Note that the algorithm implementation has a polynomial
complexity as the algorithm is based on multiplication of two ROBDDs extracted from the circuit ROBDD.
Finding the vector y was out of consideration in the paper [7].

As for k. it is originated by the path a connecting the circuit ROBDD root corresponding to the path
output and the internal node v corresponding to the path input. It means that algorithm of finding test pairs has a
polynomial complexity.

In order to detect validatable non robust PDF of the path and its rising and falling transitions, we must first
deliver the test pair to detect robust testable PDF for the opposite path. If the opposite path is fault-free, we may
detect validatable non robust PDF of rising and falling transitions of the considered path.
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Fig. 6. An illustration of robust testable PDF (left)
and validatable non robust testable PDF (right)

5. Experimental results

In Table 1 the information about combinational circuits investigated (MCNC) is given. We have got rep-
resentation of each combinational circuit by the Shared ROBDD using BuDDy system. For the Shared ROBDD
the number of internal nodes are counted (second column of Table 2).

Table 1
Benchmark description
benchmark inputs outputs

C3540 49 22

C1908 33 25

C1355 41 32

C880 62 26

pair 173 137

frg2 143 139

k2 45 45

x3 135 99

Table 2
Benchmark results
benchmark node count or nodes percentage old area new area area reduction

C3540 672 435 513528 76,4% 5379480 3325368 39,2%
C1908 49 323 39238 79,6% 394584 237632 39,8%
C1355 50 682 45393 89,6% 405456 223 884 44,8%
C880 346 688 225196 67% 2773504 1872720 32,5%
pair 51414 790 1,5% 411312 408 152 0,8%
frg2 1542 79 5,1% 12336 12 020 2,6%
k2 698 341 48,9% 5584 4220 24,4%
x3 543 38 7% 4344 4192 3,5%

Then we found the nodes that may be covered by sub-circuit of Fig. 3 (third column of Table 2). The
percentage of such sub-circuits among all ones was calculated (forth column of Table 2). We appreciated the
complexity of the circuits obtained from the Shared ROBDD [9] by covering internal nodes with sub-circuit of
Fig. 3 and the circuits obtained by the method suggested here. For that the numbers of two inputs and one input
gates of the circuits are computed. The results are given in the sixth and seventh columns, correspondingly.
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The last column of Table 2 describes the simplification of circuits on account of using the suggested method (in
percentage terms). We see that always more simple circuits are derived and often essential simplification is
possible.

Conclusion

New synthesis method of fully delay testable circuits is suggested that as a rule derives more simple
circuits of this kind than in [9]. The simplification is based on multiplications of sub-circuit ROBDDs (these
operations have the polynomial complexity). The circuits obtained originate new type of formulae called MSoPs
in which products are separated either by symbol"®" or "v". The investigation of the formulae properties
insured formulating the algorithms of finding PDF test pairs that also have a polynomial complexity.
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Pazpaboran HOBBIN MOAXOM K CHHTE3y TECTONPUTOAHBIX KOMOMHAIIMOHHBIX CXEM, B KOTOPBIX 3aJeprkKKa KaKIOro IIyTH 00HAPYKH-
Ma, MO3BOJIIOLIMI 10 CPABHEHHIO C M3BECTHBIMU PaHEE METONAMU YIPOCTUTH CTPYKTYPBI CHHTE3UPYEMBIX CXEM M COKPATUTh JJIMHBI
myTel B HUX. KOMOMHAIIMOHHBIE CXeMBI KOHCTPYHPYIOTCSI TOKPHITHEM HEKOTOPOr'o OIpeIeNICHHOro moAMHOoKecTBa BepumH ROBDD

rpada Invert-AND-OR (HE, U, UJIW) noacxemamu, peanusyiommmu Gopmyiy f, =;,- S =0 v fi =! | U MOKpBITHEM OCTATBHBIX Bep-

muH rpada noxcxemamu Invert-AND-XOR (HE, U, U-WUJIH), peanusyrommumu dopmyry f, zx_i £ =0 Dx [ ', Ucnonssoarme

JTAaHHOTO TTOJIXO0/[a TTO3BOJISIET COKPATUTh JUIMHBI ITyTel KOMOMHAIMOHHON cXeMbl M yMeHbIHTh dncio OR, AND, NOT Benrtuineit npu
ycnoBuu peanmsaruu 31eMenTa XOR B 6a3uce sTux BenTmieil. [lokazaHo, 94T0 HEUCIIPAaBHOCTH 3aI€p>KeK MyTel B MOIYyIaeMBIX CXeMax
MIPOSIBIISIIOT ce0s1 00 Kak pobacTHO TeCTUpyeMble, TH00 Kak 0OHApYKHUMbIE HE POOACTHO TeCTUpyeMBbIe. J[0CTaBIIsIs TECTOBBIE HAOOPHI
B OIPE/ICIICHHOM IIOPSIIKE, BO3MOXKHO OOHAPYKUTH BCE HEHCIIPABHOCTH 3afiepkek ImyTed B cxeme. TakuMm oOpa3oM, mpeisiaraeMele B
paboTe CXeMBI SIBISIOTCS CTONPOIEHTHO TECTHPYEMBIMH OTHOCHTEIIPHO HEHCIPABHOCTEH 3alepikeK IyTel W He TpeOyloT BBEACHHUS
JIOTIOJIHUTENIFHOTO BXOZa B CXeMy. DKCIIEPUMEHTAJIbHBIC JaHHbIE MOKA3ajH, YTO JAHHBIH METOA MO3BOJISET CYIIECTBEHHO COKPATHTh
CJIOKHOCTb CUHTE3UPYEMBIX CXEM.
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