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Equations over finite linearly ordered semilattices are studied. It is assumed that
the order of a semilattice is not less than the number of variables in an equation.
For any equation ¢(X) = s(X), we find irreducible components of its solution set.
We also compute the average number Irr(n) of irreducible components for all equations

— 4
in n variables. It turns out that Irr(n) and the function §n! are asymptotically

equivalent.
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Introduction

This paper is the sequel of [1], and we recall below the general problems studied in both
papers.

Following [2], one can define a notion of an equation over a linearly ordered semilattice
L, = {ai,as,...,a;} (the formal definition of an equation is given below in the paper).
A set Y is algebraic if it is the solution set for a system of equations over L;. Let us
consider an equation t(X) = s(X) in n variables over L;, and let Y be the solution set
for t(X) = s(X). One can find algebraic sets Y7, Ys,...,Y,, such that Y = |J Y;. One can
decompose each Y; into a union of other algebraic sets, etc. This process ter;nilnates after a
finite number of steps and gives a decomposition of Y into a union of irreducible algebraic
sets Y; (the sets Y; are called the irreducible components of Y). Roughly speaking, irreducible
algebraic sets are “atoms” which form any algebraic set. The size and the number of such
“atoms” are important characteristics of the semilattice L;, since there are connections
between irreducible algebraic sets and universal theory of linearly ordered semilattices [2].
Moreover, the number of irreducible components was involved in the estimation of lower
bounds of algorithm complexity (see [3] for more details).

In the previous paper [1], we studied equations t(X) = s(X) with n > [, i.e. the number
of variables occurring in ¢(X) = s(X) is more than the order of the semilattice L;. In [1], we
also studied algebraic sets and irreducible components and computed the average number
of irreducible components of the solution sets for equations in n variables.

In this paper, we assume n < [ (i.e. the order of the semilattice L; is not less than
the number of variables in ¢(X) = s(X)) and study the similar problems. Precisely, for any
equation t(X) = s(X) in n variables, we study the number and properties of its solution set
irreducible components, and for all equations in n variables, we count the average number
Trr(n) of irreducible components of the solution sets.

Note that the cases n > [ and n < [ need a completely different techniques, and we can
not directly use the results of [1] in the current paper. Moreover, almost all the results of [1]
do not hold for the current case.
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1. Main definitions

Let L; = {ay,as,...,a;} be the linearly ordered semilattice of [ elements and a; < as <
< ... < a;. The multiplication in L; is defined by a; - a; = amin(,j). Obviously, the linear
order on L; can be expressed by the multiplication as follows

a; < a4 < ;a5 = a;.

A term t(X) in variables from X = {x1,x9,...,x,} is a commutative word in letters z;.

Let Var(t) be the set of all variables occurring in a term ¢(X). Following [2], an equation
is an equality of some terms t(X) = s(X). Below we consider inequalities ¢(X) < s(X)
as equations, since t(X) < s(X) is the short form of #(X)s(X) = #(X). Notice that we
consider equations as ordered pairs of terms, i.e. the expressions ¢(X) = s(X) and s(X) =
= t(X) are different equations. Let Eq(n) denote the set of all equations in variables from
X = {x,29,...,2,}. We assume that each equation ¢(X) = s(X) in Fq(n) contains the
occurrences of all variables z,xs,...,x,. An equation #(X) = s(X) in Fq(n) is said to
be a (ki, ka)-equation if |Var(t) \ Var(s)| = k; and |Var(s) \ Var(t)| = ko. For example,
Ty = x1x374 is a (1,2)-equation. Let Fq(ky, ke, n) be the set of all (ki, k2)-equations in
Eq(n). Obviously,

Eq(n) = U Eq(kl?k27n)7 (1)
(k1,k2)EKy

where K, = {(k1, k) : k1 + k2 < n} \ {(0,n),(n,0)}.

Each equation ¢(X) = s(X) in Eq(ky, ke, n) is uniquely defined by k; variables in the
left part and by ks other variables in the right part (the other n — k; — ko variables should
occur in both parts of the equation). Thus,

#Eq(ki, kg, n) = (/?1) (n ;le)-

By (1), one can compute that #FEq(n) = 3" — 2.

Remark 1. Recall that we consider only equations t(X) = s(X) with n < [, ie.
the number of variables occurring in ¢(X) = s(X) is not more than the order of the
semilattice L.

A point P € L} is a solution of an equation #(X) = s(X) if ¢(P) and s(P) define the
same element in the semilattice ;. By the properties of linearly ordered semilattices, a
point P = (p1,pa,...,pn) is a solution of (X)) = s(X) iff there exist variables x; in Var(¢)
and x; in Var(s) such that p; = p; and p; < py for all k, 1 < k < n. The set of all solutions
of an equation (X ) = s(X) is denoted by V(¢(X) = s(X)).

An arbitrary set of equations is called a system. The set V(S) of all solutions of a system
S = {t:(X) =si(X) :i €I} is defined as (| V(t;(X) = s;(X)). A subset Y of the set L} is

iel
called algebraic over L, if there exists a system S in n variables with V(S) = Y. An algebraic
set Y is irreducible if Y is not a proper finite union of other algebraic sets.

Proposition 1 [1, Proposition2.2]. Any algebraic set Y over L; is a finite union of
irreducible sets, that is,
Y=Y1UYoU...UY,, (2)

where Y; ¢ Y; for all i and j such that ¢ # j, and this decomposition is unique up to a
permutation of components.
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The subsets Y; from the union (2) are called the irreducible components of Y.
Let Y be an algebraic set over L; defined by a system S(X). One can define an
equivalence relation ~y over the set of all terms in variables X as follows

t(X) ~y s(X) & t(P) = s(P) for any point P € Y.

The set of all ~y-equivalence classes is called the coordinate semilattice of Y and denoted
by T'(Y) (see |2] for more details). The following statement describes the coordinate
semilattices of irreducible algebraic sets.

Proposition 2 [1, Proposition2.3]. A set Y is irreducible over L; iff I'(Y") is embedded
into Ll.

There are different algebraic sets over L; with isomorphic coordinate semilattices. Such
sets are called isomorphic. For example, the following sets

Y1 =V({x1 <o <a3}), Yo=V({as <z <21})

have the isomorphic coordinate semilattices

F(“) = <‘r17x27x3 ’ :Ul < x2 < ,’L‘3> = L3’
I'(Ys) = (x1, 20, 03 | 23 < 29 < 1) = Ls.
Thus, Y; and Y5 are isomorphic.
2. Example

Let n = 3, 1 = 3. We have exactly Eq(3) = 3% — 2 = 25 equations in three variables
over L. The Table on the page 52 contains the information about such equations over Ls.
The second column contains systems which define irreducible components of the solution
set for an equation in the first column. A cell of the table contains 1 if an information in
this cell is similar to the cell above.

Notice that V(z; = xo < x3) does not define an irreducible component for Y = V(z 2o =
= x1x3), since V(z; = x9 < z3) is included into the solution set of another irreducible
component V(z; < xo < x3). Similarly, V(23 = x; < x2) is not an irreducible component
for Y, since it is contained in the irreducible component V(z; < x3 < z3).

It turns out that the number of irreducible components does not depend on the
semilattice order . One can directly compute the average number of irreducible components
of algebraic sets defined by equations in three variables:

o 6422424242424 2+43+3+3+44+4+4) T2
T(3) — +(+++++25++++++):2_5:2.88. 3
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Equations Irreducible components (IC) Number of IC
T1T2T3 = X1X2x3 | X1 < T2 S x3Ux < 23 < 22U 6
Uz < 1 S 2x3Uxe < 23 < 22U
Uz <21 <22Ur3 < T2 <1
T1 = L1223, r1 S T2 <r3Ur S T3 <1 2
T1T2T3 = T
Tg = T1T27T3, ) 2
T1T2X3 = T2
T3 = T1T23, T 2
L1T2X3 = T3
T1 = T23, T1 =22 K r3Ux] =3 < T2 2
T2T3 = T1
Ty = X173, T 2
T1T3 = T2
T3 = T1T2, 0 2
T1T2 = T3
T1T = T1X3, T1 S T2 K r3Ux <23 < 22U 3
T1T3 = T1T3 Uzg = 23 < 21
T1T2 = T3, T 3
T2T3 = T1T2
T1T3 = T2T3, ) 3
ToT3 = T1T3
T1T2 = T1X273, 1 S22 L 23Ur; < o3 < 22U 4
T1T2T3 = T1X2 Ure < 21 K x3Uxe < 23 < 1
T1T3 = T1X2T3, T 4
L1T2T3 = T1T3
Tol3 = T1T2T3, T 4
L1T2X3 = T2X3

3. Decompositions of algebraic sets

Let Y denote the solution set for an equation #(X) = s(X) over the semilattice L,
= {ay,as,...,qa;}. The table on the page 52 shows that any irreducible component sorts the
variables X into some order. The following definition formalizes this property of irreducible
components.

Let o be a permutation of the set {1,2,...,n}; o sorts the set X as follows: {z4(1), Zs(2),
ey Zo(m)}, 1.e. 0(i) is the i-th variable in the sorted set X. A permutation o is called
a permutation of the first (second) kind if x,1y € Var(t) N Var(s) (respectively, z,) €
€ Var(t) \ Var(s), z,0) € Var(s) \ Var(t)). Let x(o) € {1,2} denote the kind of a
permutation o.

Example 1. Let us consider an algebraic set Yy = V(z129 = x123). By the table, Y
is the union of the following irreducible components:

< <

X T2 x

< <

Y1 = V(x; x3), Yo =V(r1 <3 < 29), Y3 =V(ry =23 < 7).

The irreducible components Y7, Y5, Y3 define the following permutations:
(1 2 3 (1 2 3 (1 2 3
17\123)0727\1 32/ 23 1)

Moreover, o1 and o, are permutations of the first kind, whereas o3 is of the second kind.

A permutation o defines an algebraic set Y, as follows:

n—1
Vo =V (Ut < o) 0
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if x(o) =1, and
Vo =V (ot = 0} U fony < 20 @

if x(o) = 2.
Example 2. Let 01,09,03 be permutations from Example 1. Obviously, the sets
Y, Ys,, Ys, defined by (4) and (5) coincide with the sets Yi, Ys, Y3 respectively.

Lemma 1. Let x(0) € {1,2}, then the set Y, is irreducible and, moreover,

) Ly, if x(0) =1,
[(¥o) = {Ln_l, if x(o) = 2. (©)

Proof. By the definition of a coordinate semilattice, I'(Y,) is generated by the elements
of {x1,xs,...,2,} and has the following defined relations:

To(1) < Lo (2) S Lo(n) if X(YO') =1

and
xg(l) = 130(2) < .. .(EU(n) if X(Ya) = 2.

Thus, I'(Y,) is a linearly ordered semilattice, and (6) holds. By Proposition 2, the set Y is
irreducible. m

The following lemma gives the irreducible decomposition of an algebraic set Y =
= V(tH(X) = s(X)).
Lemma 2. An algebraic set Y = V(¢(X) = s(X)) is a union

x(0)€{1,2}

Proof. Suppose P = (p1,p2,...,pn) € Y. Let us sort p; in the ascending order

Po(1) S Po@) & - -+ < Po(n)

where o is a permutation of the set {1,2,...,n}. We have that ¢ induces the sorting of the
variable set X. Obviously, we may assume that z,(1) € Var(t), otherwise the properties
of L; provide the existence of a variable z,(i) € Var(t) such that p,;) = p,1), and we can
swap the values o(1) and o(i).

For example, the point P = (ag,a1,a;) € V(z1z2 = x123) defines o(1) = 2, 0(2) = 3,
0(3) = 1 (the permutation obtained equals o3 from Example 1, so the point (as,aq,a;)
belongs to the set Y3).

Since o is defined by the inequalities between the coordinates p;, it follows P € Y.

Now we prove that Y, C Y for each o. Suppose P = (p1,pa, ..., pn) € Y. If x(V,) =1,
then

y € Var(t) N Var(s) = t(P) = s(P) = po1) = P € V(t(X) = s(X)).

Other\mse( ( y) =

2), t(P) = po(1); 8(P) = Po(2), and (5) gives po(1) = Po(2)- Therefore
PeV(it(X)=sX)). =

Lemma 3. For distinct permutations o and o', we have Y, ¢ Y, in (7).
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Proof. Let o be a permutation of the first or second kind, and P, denote the following
point:
Doy = Q4 if X(U) = 17

and

a;, 2<i<n, i
Po(i) = { . : = if x(o) = 2.
Az, 1 = 1a

For example, the permutations oy, 03, 03 from Example 1 define the points P, = (ay, as, as),
P, = (ay,as,as), Py = (a3, as, as), respectively.

Since P, preserves the order of variables, we have P, € Y,.

Now we can show that P, ¢ Y, for every o' # o (for example, each of the points
Py, Py, Py above belongs to a unique irreducible component from Example 1:

P eVi\(Y,UY;), BeY,\ (iUYs), Py €Ys\ (Y1 UYy)).

There exist numbers ¢ and j such that i < j, i = o(«), j = o(f) with o < f and i = o' (),
Jj = o' (f') with o > /. Hence, the inequality z; < z; holds in Y,, and the inequality
x; < ; holds in Y,/. Let us consider the two possible cases:
1) If x(0) =1, then p; < p; in P,, and we immediately obtain P, ¢ Y.
2) Suppose x(c) = 2. Assume that p; = p; = ay (if p; < p;, we immediately obtain
P, ¢Y,). Thena=1,8=2andi=o0(1), j = 0(2) (one can similarly consider the
case i = 0(2), j = o(1)). Hence, z; € Var(t) \ Var(s), z; € Var(s) \ Var(¢). By the
definition of a permutation of the second kind, o’(1) = k # j, and the inequality
z, < x; holds in Y,/. Let o(y) = k. Since a = 1, § = 2, we have v > 2. Then p; = a,
and p; < pi for P,. Thus, P ¢ Y,

The Lemma 3 is proved. m

According to Lemmas 1-3, we obtain the following statement.

Theorem 1. The union (7) is the irreducible decomposition of the set Y = V(¢(X) =
= $(X)). The number of irreducible components is equal to the number of permutations of
the first and second kind.

4. Average number of irreducible components
One can directly compute that any (ki, k2)-equation admits
(n—Fky — ko)(n—1)!
permutations of the first kind and
klkz (n — 2)'

permutations of the second kind.
By Theorem 1, for a (ki, ks)-equation t(X) = s(X) the number of its irreducible
components equals

II'I'(k’l, k’Q,’I’L) = (n — k‘l — ]{32)(71 — 1)' —+ k;lkg(n — 2)'
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The average number of irreducible components of algebraic sets defined by equations from

Eq(n) is
Z #EQ(khkm”)Irr(k?l,k%”)

—_— (k:l,k‘Q)eKn
Irr(n) = —
) #Eq(n)
n—1 n—ky
S5 #Eq(ky, ko, n)Irr(ky, ko, n) — #Eq(0,n,n)Irr(0,n,n)
k1=0 ka—0
B #Eq(n)
Since Irr(0,n,n) = (n — 0 —n)(n — 1)! + On(n — 2)! = 0, we obtain
n—1 n—kp
o > #Eq(ky, koyn)lrr(ky, ko, n)
k1=0 ko=0

Irr(n) =

#Eq(n)
Below we compute Irr using the following notation:

1) A @ B: an expression B is obtained from A by the binomial identity

()= (0)

a =n ;

a a—1

2) A @ B: an expression B is obtained from A by the following identity of binomial
coefficients

D (?)t? = 2n3"L. 8)

=0
Here is a proof of (8):

n n -1 —1 n—1 —1
S (M)t Yo (T )2 = QnZ o=l = 2p S (T T )ov = ongn .
=0\t =\t —1 t—l u=0 \ U

Let us compute Irr(n). We have that

n—1n—k1
S 3T H#Eq(ky, ko, n)lrr(ky, kayn) =
k1=0k2=0

n—1n—k; n — kl

k1 Oko= 1 2

n—1n—ky n n — k1> n—1n—=ki (n) (n _ k1>
=n! —(n—1)! ky—
;0,;0@1)( o)~ (D) (")

- S (kl> (” ;2k1)k2+(n oSS (kl> (” ;2’“1)1@11@ — S1—Sy—S4+Sh,

k1=0ko=0 k1=0k2=0

=n! Zlnzkl( ) <n B kl) = n!ni1 (n>2”_k1 =nl(3"—1),
0ka=0 \F1 ko k=0 \K1

se=o- 0SS () (=m0 S (] e

k1=0ko=0 k1=0

where
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n—1 _ n—2 _ n—1 _
Dy (” 1)2“"“1 — !y (” 1)2"—1—t — nl (Z (” 1)2"—1—t —1
ko \k1—1 i—o\ 1t =0\t

)
si=o-0 ST () ()R Ye-uE (De-wE ("R -

k1=0ko= k1=0 ko=0
n-1 e
=S (") (0= k)2t = (n—n§j Mgt = W DEN (1Y 100 @ gt
k=0 \k1 2 i\t

si= =25 S (0 ) (M ke 2 (S (M )
:(n—2ﬂ35<:)kﬂn—kﬁT%h—1:

_(n - 2)! (@o (ID ot ;0 @ tth) @ <"+2>' (202371 — 5,),

s g0 R = (B0 e 500 -
(QZ (” _11) (t—1)21 + Z (7;__ 11> 2t> @ n (4(n—1)3"%+2.3"71).

Finally, we obtain that
Sl - Sz — 83 + S4 == n‘(3” — 1) — n!(3”_1 - 1) — n!3"_1+

—2)!
+(n 5 ) (2n?3" ' —n(4(n —1)3"2+2-3"71)) =
=nl3" 1+ (n—2)!13""*n(3n —2(n — 1) — 3) = n!3" ' + nl3""2 = 4nl3" 2
and g 4
— n!3"~
I = ~ —n!
rr(n) g ~ g (9)
Notice that the final answer does not depend on [ if I < n. In particular, (9) gives
— 72
Irr(3) = — = 2.88 10
() = o (10)
for n = 3, and (10) coincides with (3).
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