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ON YIELD CURVES OF THE EUROPEAN CENTRAL BANK

In this paper it is showed that the yield curve of the European Central Bank (ECB) does not satisfy the no arbitrage con-
ditions. For this it is need to add one more term to yield curve. As the state variables, it is necessary to choose a four-
dimensional diffusion Gaussian process. Fifth factor is determined from the no arbitrage conditions. The version of the
modification of the yield curve proposed in the paper differs from the earlier proposed modifications in order to ensure
the absence of arbitrage opportunities.
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In June 1996, the Bank for International Settlements (BIS, Basel) agreed that the central banks of Europe
should submit their data to the BIS for the calculation of zero-coupon yield curves and model parameter esti-
mates. It was found that most European banks use the Nelson — Siegel approach (Italy and Finland) or its modi-
fication of Svensson (Belgium, Germany, Spain, Norway, France, Switzerland and Sweden) to model yield
curves [1].

Unfortunately, the Nelson — Siegel — Svensson (NSS) approach does not give recommendations on how
to determine the parameters of the model (only to evaluate them) and does not explain in any way whether such
a model is arbitrage-free. Therefore, it makes sense to consider this problem.

1. Dynamics of parameters change in yield (spot) rate and forward curve

Statistics of the Directorate General of the European Central Bank (ECB) publishes the euro zone's yield
curves every TARGET working day at 12 noon on Central European time [2]. In the ECB technical note [3]
formulas are given for calculating three types of yield curves: the yield curve, the forward curve and the nomi-
nal yield curve. Formulas for the first two of them have the form:
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Here 1 is a term to maturity, P, T; are the parameters that are estimated on the market data. In Fig. 1 for exam-
ple, the yield curve and the forward curve from the ECB website on June 1, 2017 presented.

On the ECB website the curves are shown for term to maturities T from 0 to 30 years. In contrast to this,
in order to show these curves "whole" for the entire range of values of T from 0 to o, on Fig. 1 we used the
mapping of the positive semiaxis T € (0, «) of terms to maturity to an unit interval of new variable u € (0, 1)
by means of nonlinear transformation u = 1 — ¢ **. The parameter p was chosen in such a way that the interval
of maturities T € (0, 30) corresponds to the values of u € (0, 0.9) , i. e. p = In10/30 = 0.07675. It is relevant to
note here that the curves always start from one common point y(0|B) = f(0|B) = #(¢), current value of short-
term interest rate, and for T — oo always tend to one common limit value y(oo |B) = f( |B) = Bo.

Because the yield curve is to be time-varying (as it obviously is) and following [4], [5] let us here recog-
nize that the Nelson—Siegel-Svensson (NSS) parameters [, 1, B2, B3 must be time-varying too.
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Fig. 1. The yield curve (the lower curve) and the forward curve (the upper curve)
from the ECB website on June 1, 2017. Parameter values: o = 1.7810, 3, = —2.5350,
B2=23.2948, B3 =—27.6452, t; = 1.5822, 1, = 1.7081

Thus in the NSS yield models the yield curve y(t) = y(t | Bo, B1, B2, B3) and the forward curve f{t) = f{t | Bo, P1,
2, B3) are determined by following relations

- I-e " . 1-e7%
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For convenience, some rename have been made here: y = 1/1;, d = 1/1,. The parameters [, 1, B2, B3 now depend on
the current time . The dependence of the parameter B, on the current time is somewhat different: By(7T — ¢) = By(7),
where 7 is the maturity date. The need for this will be clarified later. Prime means derivative with respect to the term
to maturity t=T7 —¢. In this case the state of the market can be described by a set of parameters {B:(¢), B(?), Bs(¢)}
and each of the parameters considered as a component of the state vector B(¢#). Whether such yield curves satisfy the
no arbitrage conditions? In order to clarify this it at first it is need to determine how the dynamics of the state varia-
bles B(¥) are described. At present the diffusion stochastic processes are most often used to describe the dynamics of
these variables, the mathematical model of which is the stochastic differential equation
dB(?) = w(P)dt + o(B)dW(v),

where p(B) is a state drift vector, o(B) is a state vector volatility matrix, W(¥) is a vector of Wiener processes.
In order to the arbitrage opportunities to be absent, it is necessary that the price of the zero-coupon bond P(¢, T,
B) = exp[—ty(T, B)] on a fixed date # satisfies the so-called term structure equation [6]:

ap(;’tT’B) +H(B)T ap(g,;,ﬁ)-+%tr[c(ﬁ)j- yl;(;ﬁgzw’mc(ﬁ)}_r(t)l)(t,]",ﬁ) —
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Here r(¢) is short-term interest rate, A(¢, B) is a market risk price vector on some fixed date ¢. The equation must
be supplemented by boundary conditions: B¢(0) = 0, y(0, B) = r(¢) (because of definition of short-term interest
rate). It is possibly establish an more explicit relationship between the state variables {Bi(¢), Ba(2), Bs(¢)} and
short-term interest rate from limiting relation ITIB} W(T —t, B) = r(t). Indeed for any time ¢

lim 97— 1, B) = lim [Bo(®) + Bu() ' = + Bz(r)(l‘e” WJ +
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as Po(0) = 0. Thus the economical meaning of component 3,(¢) of the state vector B(¢) is short-term interest
rate r(t).

Let us introduce additional notation facilitating analysis corresponding to the state vector B(¢) = (B1(?),
Ba(7), Bs(£))". Since the yield curves characterize the term structure of interest rates for some fixed value of the
current time ¢, we will consider ¢ to be a fixed value that does not change in the analysis, and for brevity we
omit it in the notation. We introduce the vector of the term structure functions B(t) = (B,(t), B(t), B3(1))":

—vT -yt -0t
Bit= 2" Br)= (l_e ! —te”J, Biy(t) = (l_e —seSTJ. (7)
Y Y )
Then the yield curve y(t, B) and forward curve f{(t, B) in (3), (4) will have representations
(1, B) = [t Bo(t) + BO)'B(D] / 7, Az, B) = [t Po(x) + B(®)' B(D)]" ®)

Because the price of the zero-coupon bond are represented in the form P(¢, T, ) = exp[—ty(7, B)] it is more
convenient to write the term structure equation not for the price P(¢, 7, B) but for yield y(r, B)
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Taking into account that y(t, B) = [t Bo(t) + B'B(1)] / T, we can write
SR 5 PO o) - BT B(0)+2 B 0B o(B) B:) = 9)

Consider the class of Volatlhty matrices o(f3) that do not depend on the current state of the market, i.e.
o(B) = o. In this case the market risk price vector A(3) does not depend on the current state of the market too,
A(B) = A. Such models of the dynamics of state variables 3 can naturally be called extended Vasic¢ek models.
Then the term structure equation reduces to following

a(TBO(T)) " KTGTB(T)+lB(T)TGGTB(I)= B 53(’5)
ot 2 0

. ——+uP) B(o) +r. (10)
The left-hand side of the equation does not depend on the state variables 3, while on the right-hand side each
term depends on them (we recall that » = 3;). Since this equality must hold for any vectors § and for any terms
to maturity T, it splits into two equations: the left-hand side gives the equation for the function Bo(t), and the
right-hand side determines the drift function u(p).

W+ Aot B(1) +%B(T)TGGTB(T) =c(1), (11)
T
W) B = e(o) + BT 2 p, (12)
where so far ¢(t) is an undefined function that can be zero. Thus
By (1) =1j(c(s) — AT B(s) —%B(S)TGGTB(S)}ZS. (13)
T
0

As for the drift function p(p3), since the right-hand side (12) is an affine function, the drift function must also be
an affine function too. Define it as w(p) = KP + & where the matrix K and the vector & are do not depend on t

and satisfy to relation (12) or
§B() - e(0) = B [ag“)
T

The left-hand side of equality (14) defines a function c(t): ¢(t) = &'B(t). The right-hand side of equality (14)
defines the requirement which the matrix K must satisfy to be fulfilled the no arbitrage condition:

i [aB © kB )J B.. (15)

K'B(z )J B . (14)
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In the scalar form condition (15) is equivalent to the system of equations
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where {k;} are the elements of matrix K. The first equation is satisfied by ki, = — v, k21 = k3, = 0. The second

equation is satisfied by ki» =y, k2o = — v, k32 = 0. However in order to satisfy the third equality there does not
exist any constants {ki3, ka3, k33}. Therefore if the volatility matrix ¢ does not depend on the state variable [3,
the yield curve y(t, B) does not satisfy the no arbitrage condition (15). Thus, the yield term structure of the ECB
(1) does not ensure the fulfillment of no arbitrage conditions if the volatility matrices o(j3) do not depend on the
current state of the market, i.e. 6(}) = o.

Suppose now that the volatility matrix and the corresponding vector of market risk prices are such that
matrix o(B)c’ (B) and vector o(B)L(B) are affine functions of the state variable B, i.e.

o(B)s'(B) = o+ D, 0B, S(BILB) =no +Mip,

where wp, m;, A; are matrices and A, is vector with constant elements. Note that matrices {®;} are symmetric.
Such models of the dynamics of state variables 3 are the Duffie—-Kan models (with square-root volatility) [7].
Then equation of term structure (9) becomes

OB, g1 B 15 43 p— (P B() + 2B 0B +5 Y B 0B@ B =r. (1)
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From the form of equation (17) it follows that the drift function p(p) must be an affine too, u(p) = Kp + &. Then
equation (17) can be written as follows

OGP, () &) B+ B 0B = BT(<K—M)TBm)—%—cp(r)}Bl. (18)

ot 2 ot
Here for brevity it is denoted @(t) is vector with components @,(t) = 0.5 B(t)" ®; B(t). In equation (18) the left-
hand side does not depend on the state variables 3, while each term on the right-hand side of the equation de-
pends on these variables. This makes it possible, on the one hand, to determine the function 3(t) and, on the
other hand, to find the no arbitrage conditions to which must satisfy the set of elements of the matrices K, w,

@, M3, Aq. For this from equation (18) it is possible to obtain two following equalities

mm%?((xo —é)TB(S)—%B(S)TwoB(S)jds, (19)
0
BT[(”Z(;) —(K—x1>TB<r>+<p<r>j=Bl- (20)

If there exist matrices K, ®;, w,, m3, A; that satisfy the equality (20) then for the yield curve (1) the no-arbitrage
conditions satisfy too. The equality (20) must hold for any set of state variables {B;, B, B3} and any term to
maturity t € (0, ). Therefore, equating to zero the coefficients for different variables 3, it is possible to obtain
three following equalities

5381 @) —B(0)T(K-2,), +0.5B(t) w,B(1) =1,
T
83692 o ~B' (1)K =1), +0.5B(1) 0,B(1) =0, @)
T
8883 (T)‘—BT(T)(K ~)3 +0.5B(1)" 03B8(1) =0,
T
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where (K — A;); is i-th column of matrix (K — A;). If at least one of these three equalities is not satisfied, then the
yield curve ECB (1) does not ensure the performance of the no arbitrage condition. Let us check the third
equality. We substitute into this equality the explicit form of the vectors and matrices entering into it. As a re-
sult, the left-hand side of the equality will be a linear combination of thirteen linearly independent functions

—TY —-18 -2t —TY — 2Ty — 10 — 2198 — 2Ty 2t 3
b b b

2 —ty-18 _ —ty-10
e e % e te N, te N 1e " te "0 T e e e

) o
TY’ e ,Te ,T e

e ryfr:S’

2 -
,T e
and constant. In order for this linear combination to be zero for any term to maturity t, the coefficients at all
linearly independent functions and the constant must be equated to zero. This leads to unrealizable equality (if
0> 0): tdexp[—1d] = 0. It means that the ECB term structure of interest rate (1) does not ensure the fulfillment

of the no arbitrage condition in this case too.
2. Modification the yield curve

The question arises how to modify the yield curve (1) so that it satisfies the no-arbitrage condition. We
add one more term to the expression (3):

1—e T 1—e 7" 1-e% 1-e™
@ B) = Bo(®) + Bul) —— + Bz(f)( —— “] + Bs(t)( e Sf] ——.  (22)
i vt ot ot
which corresponds to the fact that an additional state variable B4 is introduced together with the additional func-

tion of the term structure corresponding to it By(t) = (1 —e

ponents (B, B2, B3, P4)" and the vector of the term structure functions B(t) = (Bi(t), Ba(1), Bs(t), Bi(1))" will
have following components

T T _ o1 _
Bim =" = |12 e |, By = | L2 e By = =€
Y Y ) )

The yield curve y(t, B) and forward curve f{t, B) in this case will have representations (8) too

(T, B) = [t Bo(v) + B() B()] / T, fit, B) = [t Bo(t) + B(D)' B(D)]"

The term structure equation for yield y(t, ) will be the same as (9). However, the short-term interest rate r

)/8 . Then the state vector B will have four com-

-0t

(23)

here will be determined differently. Indeed for any time ¢ we have lTim WT —t,B)=r.
-t

. . - 7" (l—eyt - t]
lim (T — ¢, B) =lim [Bo(t) + B1(?) + Ba(?) e "+
T—t =0 YT YT
1— 6761 ¢ 1— 6761
RO 5 e | RO 1= B1(®) + Ba(r) = (1), (24)
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as Bo(0) = 0. Thus the economical meaning of sum component [3,() and P4(¢) of the state vector B(¥) is short-
term interest rate r(¢). Further, for volatility matrices o(p) that do not depend on the current state 3 of the mar-
ket, i.e. o(B) = o, the equations (10) — (11) will be true in this case too. And for W(B) = KP + & equation (15) can
be written as follows

BT[%—KTB@)}W B. 25)

So system (16) becomes
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This system is satisfied for following matrix K

-y v 0 O
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The variable Bo(t) is determined by formula (19) where @y = 66"
1 1
Bo(®)=— j (( Ao —8)" B(s) —EB(S)T GGTB(s)jds : (28)
0

This variable determines the long-term yield interest rate for big values t. In particular
Aoptrhpp =86 -§&; 4 Aoz troa =& -84
)
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Here &;, A, oy are the elements of &, A, G respectively.
Thus, the yield curve (22) ensures fulfillment of the no arbitrage condition unlike the ECB yield curve
(1). The verification of the no arbitrage condition by the Duffie — Kan model (with square-root volatility) leads

lim y(t, B) = lim Bo(t) =

to the fact that matrices m; = w, = w3 =4 = A; = 0 (the derivation of this here is not presented because of the
bulkiness) and the model reduces to the four-factor Vasic¢ek model, which we just considered.

The four-factor Vasi¢ek model free of arbitrage generates a yield curve that completely coincides with
the yield curve (22). So the NSS model (plus additional term as in (23)) is a particular case of the affine model,
when the dynamics of the state variables B = (B1, B2, B3, P4)" are determined by the equation

dp(t) = K(B(¢) — 0)dt + cdW(t), (30)
where matrix K is the same as (23), matrix ¢ has constant elements, and © = — K '& is a vector of the stationary
mathematical expectations of state variables 3. Within the class of affine systems of the term structure of inter-
est rates the price of a zero-coupon bond is presented in the form P(t, B) = exp{A(t) — B'B(t)}, where function
A(7) and vector B(t) satisfy the initial conditions: 4(0) = 0 u B(0) =0.

Note that for a bond price in this form, the short-term interest rate (1) takes the form
T
—InPep) . B BOH-A®) _ T dB(v)|  dA(v)|
T

T pr ’
=B"B'(0)—4'(0), 31
lm P2 R IR CRVIORICD

»(0,p) = lim
0

and is also an affine function of the vector . Note that the state of the financial market is usually characterized
by the values of interest rates, in other words, the components of the vector 3 are quantities that have the mean-
ing of interest rates. When interest rates are zero, there is no bond yield, so in (31) we should put 4'(0) = 0. We
denote B'(0) = ¢. The vector ¢ = (¢1, do, §3, ¢s)" can be regarded as a vector composed of weights that are as-
signed to one or another component of the state vector 3 when determining the short-term rate (0, B(¢)) =
=B (D)0 = B1(O)d1 + Ba(H)d2 + P3(D)ds + Pa()ds = r(2). In our case Bi(f) + Pa(?) = r(f) according to (24), i.e. ¢, = 1,
2 =0, ¢3 =0, ¢,= 1. Substituting such bond price in equation (5), one can obtain a system of differential equa-
tions for the functions of the term structure 4A(t) and B(t) in the form

A'(t) = (6 — KB)'B(1) + B(t) 66" B(1)/2, A(0) =0, (32)
B'(t)= ¢ + K'B(t), B(0)=0. (33)
Here A is a constant vector of market prices of risk. Solution of equation (33) is the following
l—e T l—e " —yre V" l—e "
B =t — Bt =+ —.
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If we take into account that ¢, =1, ¢, =0, ¢35 =0, d4= 1 then the obtained functions of the term structure have no
differences from the functions (23). The function A(t) is equivalent to function 1 3 ¢(t) as it follows from equa-
tions (19) and (32) because from definition oA + KO =4y — &, (A = Ao, §{ =— KO).
So far we have considered the yield curve. As for the forward curve, it is linked in a one-to-one manner
with the yield curve by the relations

Y& B = 5, Bids, f(x )=y By e 22D
' ot

or
S (@, B) = (T Bo(r)"+ Pa(?) exp (= y7) + Pa(?) YT exp (= 1) + Pa(?) 5T exp (=57) + Pa(?) exp (= 57),  (34)

which leads to the fact that function (34) also differs from (4) only by one additional term.

Since the result is an affine model of the time structure with a constant volatility matrix, the state varia-
bles are a four-dimensional stochastic process with a Gaussian distribution. We note that a detailed analysis of
the properties of the Nelson—Siegel-Svensson model and its connection with affine Gaussian models is pre-
sented in [8] and [9].

Before proceeding to the conclusions, we cite an extensive quotation from [4. P. 89] which relates to the
subject under consideration:

“The Filipovi¢ [10] critique of NS (Nelson—Siegel), namely that it would not be arbitrage-free if dynam-
ized, also applies to the four-factor DNSS (Dynamic Nelson—Siegel-Svensson) model just introduced. One
would hope that, in parallel to AFNS (ArbitrageFree Nelson—Siegel) and DNS (Dynamic Nelson—Siegel), one
could derive an arbitrage-free approximation to DNSS. However, as the mechanics of Proposition AFNS of
Chapter 3 make clear, an arbitrage-free Gaussian version of DNSS cannot exist, because it would require that
each curvature factor be paired with a slope factor with the same rate of mean reversion, which is impossible
with the single slope factor present in DNSS. (It is technically possible, however, to create an arbitrage-free
version of DNSS if one leaves the Gaussian class, as in the model of Sharef and Filipovic [11], which has Cox
et al. [12] square-root volatility.) Hence in the next subsection we add a second slope factor to match Svens-
son’s second curvature factor, and we ask whether risk-neutral restrictions can be found that make the five-
factor model arbitrage-free.”

The results described above do not fully coincide with the statements contained in this quote.

Conclusion

The following conclusions can be drawn from the text of the paper:

— The yield curve of the ECB (1) does not satisfy the no arbitrage conditions.

— To construct a no arbitrage yield curve, we need to add one more term in the same way as in the formu-
la (22).

— As the state variables, it is necessary to choose factors {1, B, B3, B4}, which form a four-dimensional
diffusion Gaussian process (30).

— The factor By(t) is determined from the no arbitrage condition (28).

— Application of no arbitrage conditions to the Duffie-Kan model (with a square-root volatility), into
which the Vasicek and Cox—Ingersoll-Ross models are being embedded, gives preference to the four-factor
Vasicek model.
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Meogeoes I'ennaouii Anexceesuy (bemopycckuii rocynapCTBEHHBIH yHUBEPCUTET, benmapycs).

O xpuBbIX J0X0aHocTH EBpomneiickoro neHTpaaLHOro 6aHka.

KitioueBble cji0oBa: KpUBBIE JOXOTHOCTH; (hopBapaHBIE KpuBbIe; Mozens Hembcona—3urens—CBEHCCOHA; YCIOBHS OTCYTCTBHS apOHT-
paxa.
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INoka3zano, 4T0 KpHBEIE NOXOAHOCTH EBpomeiickoro meHTpasbHOro GaHKa HE yIOBICTBOPSIOT YCIOBHSIM OTCYTCTBHS apOHTpaxa.
UTo0BI CKOHCTPYHPOBATh 0e3apOUTPAXKHYI0 KPUBYIO JOXOJHOCTH, HEOOXOIMMO T00AaBUTH €Ie OAHO CIIaraeMoe K CYIIECTBYIOIIEMY
BEIPXKCHUIO KPUBOH MOXOAHOCTH. UTO KacaeTcs MEePEeMEHHBIX COCTOSHUS, HEOOXOAUMO HCIIONIB30BaTh YETHIPEXMEPHBII IayCCOBCKUI
muddysnonnsnii mporece. IsaTeiit daxrop ompenensercs U3 yCIOBHH OTCYTCTBHS apOurpaxka. IIpemmaraemast Bepcust MOAMGUKAIIN
KPHUBOH JTOXOJHOCTH OTJIMYACTCSI OT MOXOXKHX MOAMGUKAINN, paHee MPEUIOKECHHBIX B JINTEPAType, Ul TapaHTHPOBAHUSI OTCYTCTBHS
apOHUTpakHBIX BO3MOXHOCTeH. [Ipumenenne ycnoBuit orcyreTBus apourpaxka k mopenu laddr—Kana (c BOIaTHIBHOCTBIO C KBagpaT-
HBIM KOpHEM), B KOTOPYIO BIIOXeHBI Mojien Bacnueka u Kokca—Murepcomna—Pocca, otnaer npennouTeHne 9eTbIpexpakTopHOI Moze-
11 Bacuueka.
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