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YIIPABJEHUE JUHAMUYECKUMU CUCTEMAMHA

VK 519.865.5
DOI: 10.17223/19988605/42/1

B.B. lom0poBckmii, T.1O. Ilammuckasn

NPOIHO3UPYIOUIEE YIIPABJIEHUE
CTOXACTUYECKHUMM HEJIMHEHHBIMA CUCTEMAMU
C CEPUAJIBHO KOPPEJINPOBAHHBIMHU ITAPAMETPAMMU IIPU OT'PAHUYEHUAX

PaccmarpuBaercs 3a1aua ynpasieHus ¢ IPOrHO3UPOBAaHHUEM 110 KBAIPATHIHOMY KPUTEPHIO I HETMHEHHBIX AUCKPET-
HBIX CHCTEM C CepHaIbHO KOPPEINPOBaHHBIMY MapaMeTpamMu. CHHTE3UPOBAHBI CTPATETUH YIIPABICHUS TIPH HATHIUT
SIBHBIX OTPaHMYCHHH HA YIPaBISIOIINE BO3IEHCTBHSA. AJITOPUTM CHHTE3a IPOTHO3ZUPYIOIIEH CTPAaTerny CBOAUTCS
K PEIICHHUIO MOCIEe0BaTEILbHOCTH 331a4 KBaJPATHIHOTO MPOrPAMMHUPOBAHHSI.

KroueBble cji0Ba: HeIMHEIHBIE CTOXACTHYECKHE CHCTEMBL; IPOTHO3MPYIOLIee YIpaBIeHHe; CEpUaIbHO KOPPEIpo-
BaHHBIE [TAPAMETPhI; OTPAaHUUCHUSL.

CucremaMm co ciydallHBIMH TTapaMeTpaMH yaesseTcs 3HauuTelbHOe BHUMaHUE B COBPEMEHHOMN Hayy-
HOM uTeparype. ITO CBS3aHO C TEM, YTO TaKHe CHCTEMbl HAllUTU HIMPOKOE MPaKTHUYECKOe MPUMEHEHHe Tpu
YIPaBICHUHU CIIOKHBIMH peaIbHBIMU 00BEKTaMH.

D¢ PEeKTUBHBIM METOIOM PEIICHUS 33124 YIPABICHUS TAKUMH CUCTEMaMU [TPY HAJTMYUU OTPaHUYCHUI SIB-
JISIETCSl METOJT YITPABIICHHS C MPOrHO3UPYIONICH MOJIEITBIO (YIIpaBIeHHE CO CKOJb3SIIUM ropu3oHToM, model pre-
dictive control, receding horizon control) [1-3]. B pabotax [4—8] cMHTe3lpOBaHbI AITOPHUTMBI IPOTHOZUPYIOIIETO
yIIpaBieHNs IMHEWHBIMI CTOXaCTHYECKUMH CUCTEMAMH CO CIIyYaiHbIMHU MapaMeTpaMy MpH OTPaHHYEHUAX Ha
ynpasnenus. [Ipu atom B [4] paccMaTpuBatoOTCsS CUCTEMBI ¢ MYJIbTUILTMKATUBHBIME IITyMaMHu, B [5] mpeamonara-
eTcs, YTO AUHAMHKA BEKTOpa MapamMeTpOB ONMCHIBAETCS PA3HOCTHBIM CTOXAaCTUYECKUM ypaBHEHHEM aBTOpErpec-
cuy, B paboTte [6] peamonaraeTces, YTo U3BECTHBI TOJIBKO MEPBbIE M BTOPBIE MOMEHTBI PacTIpeIeieHHs CepHaTbHO
KOppEJIMPOBaHHBIX ApaMeTPOB, B [ 7, 8] paccMaTpuBaeTcst 3aja4a yrpaBieHHsI CACTEMaMH CO CKauKO0Opa3HbIMU
napamMeTpaMu, MEHSFOIIUMUCS B COOTBETCTBUH C DBOJIOLUEH TUCKPETHOM MapKOBCKOH 1ienu. B padote [9] wuc-
CJIEZIOBaHbI AITOPUTMBI CHHTE3a MPOTHO3HUPYIOIIET0 YIPaBICHHS sl CUCTEM C 3arla3AbIBaHUSMHI.

O0630p AuTEpaTYpHI MOKA3bIBAET, YTO OOJBIIMHCTBO paOOT MOCBSIEHO YIPABICHUIO JUHEHHBIMU CUCTE-
MaMH, B TO BpeMsI Kak MHOTHE pealibHbIe TIPOIIECChI OMMMCBHIBAIOTCS YPABHEHUSIMH, COJIEPKAIIMMU HETMHEHHBIE
KoMMoHeHTHI [ 10]. MeTox mporHo3upyroIIero yrpasieHus ¢ TeHepaliei ClieHapueB JJIsl CTOXaCTHYECKUX He-
JUHEHHBIX CHCTEM C HE3aBUCHMBIMHU MapameTpamu paccmatpuBaercs B [11]. B pabore [12] cuHTe3npoBaHbI
CTpaTETuy yIPABICHHUS CO CKOJB3SIIIIAM TOPU30HTOM IS KJIacCa CTOXACTUYECKUX CHUCTEM C aJINTUBHON He-
JMHEHHOCTBIO Oe3 yueTa orpanndeHuil. [Ipu 3ToM mpeanonaraercsi, 4To HEJIMHEHHAs COCTABIISIOIIAS CUCTEMBI
3aBUCHUT OT COCTOSIHUH, yripaBieHuil 1 Bektopa mymoB [13]. B [14] paccMaTpuBaeTcst 3a1a4a IpOrHo3UpyIo-
LIET0 YNPaBJIEHUS JUIsI 3TOTO KJlacca HEIMHEMHBIX CUCTEM ITPH OTPAHUYEHHAX Ha YIIPABIISIOIINAE IEPEMEHHBIE.
B pabore [15] mpemioskeH MeTO[ CHHTE3a CTPaTeruii MPOTHO3HUPYIOLIETO YIPABICHUS MO KBAJPaTUIHOMY
KPUTEPUIO MTPU OTPaHUUEHUAX I JUCKPETHBIX CTOXaCTUYECKUX CUCTEM C MapKOBCKHMH MEPEKITIOUEHUSIMH,
COCTOSIIIIUX U3 KOHEYHOTO MHO>KECTBA HETMHEIHBIX MOJICUCTEM C alJTUTUBHON HETMHEHHOCTHIO.

B nanHo#i pabote paccmarpuBaeTcs 3afjada CHHTE3a CTPATEerHil yIIpaBIeHUs ¢ TPOrHO3UPYIOLIEH Mozie-
JIBIO ISl JUCKPETHBIX HEJNMHEHHBIX CHUCTEM CO CIy4YailHBIMU KOPpEIHPOBAHHBIMH Mapamerpamu. OTHOCH-
TEIBHO NapaMeTPOB MPEATIONIATAIOTCS N3BECTHBIMU TOJIBKO MEPBBIE U BTOPBIE YCIOBHBIE MOMEHTHI pacipeie-
neHnii. CUHTE3UpOBaHbl CTPATETMH YIIPABIECHUS C NMPOTHO3MPOBAHMEM M0 KBAJPATUYHOMY KPUTEPHUIO IPH
HaJIM4YUH SIBHBIX OTPaHUUYEHUN Ha YIIPABISAIOLIUE IEPEMEHHBIE.



1. ITocTanoBKAa 3aga4un

[TycTh 00BEKT yHpaBJIeHHs OMUCHIBACTCS yPAaBHEHHEM
X(k +1) = AX(K) + B[n(k +1),k +1Ju(k) + f (x(k),u(k),w(k +1)), (1)
rae X(K) — Nx-mepHblii BekTop coctostaus, U(K) — Ny-MepHsIii BekTop ynpasieHus, W(K) — BeKTop OesbIX IryMoB
pa3MepHOCTH Ny C HYJCBBIM CPEIHHM M CIMHUYHOI Matpuiled koBapuaimu, 1M(K) — mocieaoBaTelibHOCTh
Q-MEpHBIX Clly4aliHbIX BeKTOpoB; nocnenoBatenbHocT W(K) 1 (k) HezaBucumsr, A, B[n(K),K] — matputs co-
OTBETCTBYIOIIMX pa3MepHOCTEH, mpudem snemenTsl Matpunbl B[n(K),k] 3aBucsar ot n(K) nuneiino.
XapakTtep HelauHeHoU 3aBucuMocTH B pyHkuuu f Takos [13], uro mmst mo6b1x X(K)

E{ f (x(k),u(k),w(k+1)/x(k)} =0, )
E{f (x(K),u(k),w(k+1)) f T(x(k),u(k),w(k+1))/x(k)} _T04 3T (xT(k)Wix(k)JruT(k)M iu(k)), (3)
i=1

rae E{.../...} — omepaTop ycioBHOro MateMarndeckoro oxumanms; r = n(n+1)/2, T' (i=0,r), W'u M’
(i=1r) — HeOoTpHIIATENHLHO ONPEIENEHHBIE CAMMETPUYHBIE MATPHIIBL.

[Mycts = (Fy )y>1 — MOTOK G-anrebp, rae Kaxaas u3 c-anredp §) MOPOKIAeTCs MOCIEI0BATEeIIbHO-
cteio {n(S): s =0, 1, 2, ..., k} u unTepIpeTHpYETCS KaK IOCTyIHAs WHPOpMALUs 10 MOMEHTa BpeMeHu K
BKJIFOUHMTEIIBHO.

Jlnst mporiecca 1(K) mpezmnonaratroTcsi U3BECTHBIMH YCIIOBHBIC MOMEHTBI PaCTIPECICHHIA

E{n(k +i)/§ } =nk +i),

B nanbHeiimem OyieM ucnonb30BaTh 0003HaYeHUs: s 1t000# Mmatpuibl y[n(K),k], 3aBucsmeii ot n(K),
\|_I(|() =E {\u[n(k), K]/ 3 } HE yKa3bIBas 3aBUCMMOCTBH Matpuir ot 1(K).
Ha ympasisitoriye Bo3ieiicTBISI HaJI0)KEHbI OTPaHHYCHUS BUIA:
Ummin (k) < S(k)u(k) < Unnax (k)’ (4)
rae S(K) — MaTpuIa COOTBETCTBYOIIEH pa3MEPHOCTH.
Heo6xoaumMo onpeaenuTs 3aKoH yrpaBlieHus ciuctemMoii (1) mpu orpannyeHusx (4) u3 ycioBusi MUHHU-
MyMa KPUTEPHsI CO CKOJIB3SIIUM TOPU30HTOM YITPaBJICHHS
J(k+m/k) = E{gl X" (k + DRy (K+)x(k+1) =Ry (k +i)x(k +1) + )
i=1
+uT (k+i—YK)R(Kk +i-Du(k +i—1/k) / x(k), T},
rae M — rOpU30HT NMpOruo3a; K — Tekymuit MomeHT Bpemenu; Ry(k+i)>0, R(k+i)>0 — BecoBble MaTpHIpI

COOTBETCTBYIOLIMX pa3MepHocTel; R, (K +i) — BecOoBO BEKTOpP COOTBETCTBYIOIIEH pa3MEpHOCTH.

2. CuHTe3 cTpaTernii NpOrHO3UPYIOIIEro ynpaBJIeHUs

Jlns peuienust chOpMyITMPOBAHHOI 3a/1a4¥ UCIIONB3YeM METOIOJIOTHIO YIIPABJIECHHUS C MPOTHO3HPYIO-
e Mozenbio. JlaHHbIN TOAX0/ MTO3BOIISIET MOJTYYNTh CTPATETUH YIPABICHHUS C 0OpATHON CBA3BIO C yUETOM
SIBHBIX OTPAHUYEHUI Ha YTIPaBJISAIOLINE BO3AECHCTBUS.

Crparerun ynpapJieHHs ¢ IPOrHO3UPOBAHUEM OIPENEIIIOTCS 10 ClIeyIoleMy npaBuity. Ha kaxmiom
mrare K MmunuMusupyem ¢ysakinunosan (5) mo mociie1oBaTeIbHOCTH MPOTrHO3UpYomiuX yrnpasienuid U(k/K), ...,
u(k + m — 1/Kk), 3aBUCSIIMX OT COCTOSIHUSI CHCTEMbI B MOMEHT BpeMeHH K. B kauecTBe ynpaBiieHUs B MOMEHT
Bpemenu k 6epem U(k) = u(k/k). Tem cambim nomyuyaem ympasienue U(K) kak ¢ynkmuro cocrosuuii X(K),
T.€. yIpaBJeHHe ¢ 00paTHOM cBsA3bI0. UTOOKI mosy4nTh ynpasienue U(K +1) Ha cneqyromem mmare, mporeaypa
HOBTOpSIeTCs JUIsl cieytommero MoMenTa K + 1 u 1.1



Teopema. Bexrop nporrosupyrommx ynpasieruii U(K)=[u"(k/K), ..., uT(k + m — 1/k)]", Muaumusupyro-
it kpurepuii (5) npu orpanndenusx suaa (4), Ha KaXIOM miare K ompenenseTcs U3 peleHus 3a1aun KBajl-
PaTHYHOTO MIPOrPAMMUPOBAHHUS C KPUTEPHEM BHIA

Y(k+m/k) =[2xT(k)G(k) - F(k)}u (k) +U T (K)H (K)U (k)
IIpY OTPaHUYECHUIX
U nin (K) < S(K)U (K) <U o (K), (6)
riue
S(k) =diag(S(K),...,S(k + m—-1)),

Unin () =] Ui 00, (4D | Uy () = [ Uy (0, (o) |
H(K), G(K), F(k) — 6mounbie MaTpHUIIEI BHIA

T
l

Hip(k)  Hp(k) - Hypp(k)
= Mt Halld o Han0 ®

Hu(K) Hpak) - Hpn(k)
GK)=[G(k) Gy(k) - Gp(K)], (8)
FK)=[RK) Fk) - F,K)] 9

OJIOKH KOTOPBIX PaBHBL:

Hy (k) = R(k +t—1) + E{B T[n(k +1), k +1]Q(M —t)Bn(k + ),k +1]/ 3+ 3 tr{Qm-T M, (10)

j=1
Hy 1 (k) = E{BT[n(k +t),k +t](A"™)TQ(m— f)BIn(k + f),k+ f1/ Fht< f, (12)
Her () =H{ ().t> f, (12)
G (k) =(A') Qm-1)B(k +1) (13)
R (k) =Q,(m-)B(k+t),t, f =1m, (14)
rae
Q) =ATQ-DA+ ¥ tr{QU-DT W + Ry (k +m—i),Q(0) = Ry (k +m), (15)
j=1
Qi) =Q, (i—1) A+ R, (k+m—i),Q,(0) = R, (k +m). (16)
3akoH YIpaBJICHUA C IIPOrHO3UPOBAHUEM B Ka)K,Z[BIﬁ MOMCHT BpEMCHU k OnpeaeIACTCs COOTHOICHUEM
u(k):[lnu Op - Onu]U(k), (17)

rae |, — eIMHHYHAs MaTpHLA Pa3MEPHOCTH Ny, Onu — KBaJpaTHasi MaTpULA C 3JIEMEHTAMU, PABHBIMH HYJIIO,

pa3MepHOCTH Ny.
OnrtuManibHasl CTpaTerys MPOrHO3UPYIOLIETO yIpaBieHus ciuctemoii (1) 6e3 yuera orpaHHyYeHUi ompe-
nemnsiercst ypasuenuem (17), rae
U (k) =—%H_l(k)[ZGT(k)X(k)— FT(K)]. (18)

ITpu 3TOM OnTHMaNIbHOE 3HaUeHHe KpuTepus (5) onpesessieTcs BeIpakeHHEM

JP'(k+m/k) = —%[ZXT(k)G(k) —F(K)IH Y K)[2GT (k)x(k) - F T (k)] +
o (19)
+XT (K)[Q(M)—R, (k)] x(k) +Q,(m —1) Ax(k) + _gltr{Q(i _1)T0}.



3ameuanue. B cuy THMHEHHOM 3aBUCMMOCTH MaTPHI] OT CIIyYaiHBIX MTapaMeTPOB, YCIOBHBIE MaTeMa-
THYeckre oxuianus B BeipakeHUsX (10)—(14) MOKHO BBIYUCTUTE O€3 3aTpyTHEHHIA.
Joxkazamenscmeo. Kpurepuii (5) MOXHO 3amucarh CIeAyIOIUM 00pa3om:

J(k+m/k) = E{xT (k +DR (K +D)x(k +1) = Ry (k +1)x(k +1) +u" (k / K)R(K)u(k / k) +
+E{xT (k+2)R, (k+2)x(k+2) — R, (k + 2)x(k + 2) +u" (k +1/k)R(k +Du(k +1/k) +
ot E{xT(k+m)Rl(k+m)x(k+m)—R2(k+m)x(k+m) +

+uT(k +m-1/K)R(k+m-Du(k+m-1/K)/ x(K+m-21), Fsmat/ -/ X(K+D), T, 3 x(K), T}
BBenem o0o3HayeHnEe

Jis = E{xT (kK+s+DR(k+s+Dx(k+s+1D)—-Ry(k+s+1)x(k +s+1) +uT(k+s/K)R(Kk +s)u(k +s/k)+
+E{xT (k+s+2)Rl(k+s+2)x(k+s+2)—R2(k+s+2)x(k+s+2)+uT(k +s+1/K)R(K+s+Du(k +s+1/K)+...
+E{XT(k+m)R1(k+m)x(k+m)—R2(k+m)x(k+m)+uT(k+m—1/k)R(k+m—1)u(k+m—1/k)/

Ix(k+m=1), 8 mat ./ X(K+S+1), 8 s} X(K+5S), Siis)-
O4eBHIHO, YTO

Jiis = E{x" (k +S+DR (K+s+Dx(k+s+1)—Ry(k +s+)x(k +s+1) +

20
+UT (k+s/K)R(K+S)u(k +5/K) + Iy, g01/X(K +5), B} 20)
u
J(k+m/k) = J,. (21)
Paccmorpum
Jima = E{x" (k + m)R; (k + m)x(k +m) — R, (k + m)x(k +m) + 22)

+uT (k+m—1/k)R(k +m—2)u(k + m—=1/k)/x(k + m—1), T, 1}-
Beipaxast X(K + m) uepes x(k + m — 1) u3 (1), 6yaem umetsb
x(k +m) = Ax(k + m—1) + B[n(k + m),k + mJu(k + m—-21) + f (x(k + m—2),u(k + m—21),w(k + m)). (23)
IMoxacrasnsist (23) B (22) 1 B3sIB yCIOBHOE MaTeMaTHYecKoe oxuaanue ¢ yuerom (2) u (3), momyunm

Jiema =XT(k+m—1){ATQ(0)A+itr(Q(O)Tj)Wj}X(k+m—1)+
j=1

+2x" (k +m—1) ATQ(0)E{B[n(k + M),k + m]/ T, s Ju(k+m-1/K) +
+uT (k+m—1/K)[E{B" (k + m)Q(0)B(k + M)/ Ty, 13+ S tr{QO)T J3M § + R(k +m—1)Ju(k +m—1/K) —
j=1
~Q, (0) Ax(k +m—1) — Q, (O E{BIn(k + M),k +m]/ Ty, s Ju(k + m—1/ k) +tr{Q(0)T°},
rae Q(0)=Ry(k+m), Q,(0)=R,(k+m).

IIpennonoxum paiee, 4To 11 HEKOTOPOTO (| BEPHO:
Jeimq = xT(k+m—q){ATQ(q—1)A+ Er;tr{Q(q—l)Tj}WJ}x(k +m—q)+ (24)
j=1
+2x" (K +m—q)AT§(AT)q—‘Q(i —DE{Bn(Kk +m—i+1),Kk+m—i+1/ Ty, m oJuk +m—i/k)+
i=1
+%UT(k+m—i/k)[E{BT[n(k+m—i +1),k+m—-i+1Q( -1B[n(k+m—i+1),k + m—i+1]/F o+
i=1

+itr{Q(i—1)Ti}|v| FyRK+m=Juk +m—i/k)+
j=1



125 T m =i [K)E{BTIn(k +m—i +1),k +m i +1JQ(i ~1) x
i=1I=i+1

xATBIN(K+M—1+2),k +M 1+ 1]/ T Ju(k +m—1/k) + itr{Q(i EUNS
i=1

—Q,(q-1)Ax(k+m-q) - %Qz(i —DE{B(k +m—i+1),k+m—i+1]/Fy,m_Ju(k +m—i/k),
i=1

rae Q(i), Qo(i) onpenensitores BeipakeHusmu (15)—(16).
[Mokaxkem, uro naHHas popmyina BepHa u it q + 1. eiicturensHo, u3 (20) cnemyer, 4to

Jiim(gqe1) = E{xT (k+m—-g)R(k+m-q)x(k+m—-q)—Ry(k+m—-qg)x(k+m—-q)+
+uT (k+m—(q+1)/K)RK+m—(q+D)u(k +m—(q+1)/k)+ Jkimeq I X(K+m—(q+1)), By m—(qs0)}- (25)

IMoacraBum B (25) BMecTO Jyk+m-q €ro Beipaxkenue u3 (24), BMmecto X(K + m — Q) ero BeIpakeHHE Yepes
X(k + m—(q + 1)), ucione3ys (23); BO3bMEM yCIOBHOE MAaTEMAaTHYECKOE OXKUIaHKE U, TPeoOpa30oBaB BhIpa-
JKEHHE, TIOJIYIUM, YTO

Jem-(qu1) = xT<k+m—<q+1)){ATQ(q)A+ >tr {Q(q)TJ}wj}x(k+m—(q+1))+ (26)

=

+2X7 (k + m—(q+1)AT qil(AT)(f““*i QU —DE{BM(Kk +m—i+1),k+m=i+1]/ F,m(qenu(k +m—i/Kk)+
i=1
+qZ+:1uT(k +m—i/K[E{BT [k +m—i+1),k+m—i+1]Q(i -1)B[n(k +m—i+1),k +m—i +1/ Fiam-(gen +
i=1
+itr{Q(i—1)TJ’}|v| V4 R(Kk+m-DJu(k +m—i/K)+
j=1

23 S T (ko m =i JOE{BT [k + m =i +1),k + m—i +1]Q(i - 1) x
i=1l=i+1

X ATBI0C M =1+ 2,k M= 1]/ g Bk M= 17K+ S tr Q-7 -
i=1

-Q,(q)AX(k + m—(q+1)) —qile(i —DE{BM(k +m—i+1),k+m—i+1]/ F,m_(gspu(k + m—i/k).
i=1

dopmyina (26) coBnanaer ¢ (24), ecnu B (24) g 3amMeHuTh Ha ( + 1, @ 3HAYUT, COTIIACHO MPHHIMITY Ma-
TemaTruecKoil MHAyKImK opmyia (24) BepHa uist Beex =1,m.
U3 (24) u (21) cnenyer, 4to

J(k+m/k)= xT(k){ATQ(m—l)AJr > tr{Q(m—l)T j }w J}x(k) + (27)
j=1
+2xT (K)AT S (AT)™ Qi —D)B(K +m —i +Du(k +m—i/K)+
i=1
ST (k+m—i TKE{BT (K +m—i+1),k +m—i+1QG ~ LBk +m—i+1),k+m—i+1/F}+
i=1

+§r:tr{Q(i—1)Tj}Mj+R(k+m—i)]u(k+m—i/k)+
j=1

25 S uT (ke m—i/KE{BTn(k + m—i+1)k +m—i+1Q( —1) x
i=1 =i+l

<ABI(K -+ m -1,k -+ m— 120/ Fu(k+m—17k)+ St {QG -)T°) -
i=1

—Q,(M-)AX(K) = 3 Q, (i ~DB(K +m—i+Lu(k + m—i/K).
i=1



Bripaskenue (27) MOXHO 3amucarh B MATPUYHOM BHIIE:

J(k +m/k) = xT (k)AT[Q(m) — Ry (k)] Ax(K) — Q,(m —1) Ax(k) +

H2xT (K)G (k) — F(OIU (k) +U T (OH (k)U (k) + 3 tr {Qi-r°}, %)
i=1

rae Matpuisl H(K), G(k), F(K) umeror Bun (7)—(14).

Takum oOpa3om, UMeeM 3a1auy MUHUMU3aIUK Kputepus (28) npu orpannueHusix (6), koropas SKBHUBa-
JICHTHA 3a/laue KBaJAPaTUIHOTO MIPOrpaMMUPOBaHUs ¢ KputepueM (5) npu orpannueHusx (4).

OueBHIHO, YTO €CJIM OIPAHUYCHUS HA YIPABISIOIIUE BO3ACHCTBUS OTCYTCTBYIOT, TO ONTHMAJIbHBIN
BEKTOp MporHo3upyromux ynpasieauit U(K), Muanmusupyromuii kputepuii (28) Ha TpaeKTOPUSIX CHCTEMBI
(1), onpenensiercs ypaBuenueM (18). HetpyaHo mokas3ars, 4To MpH 3TOM ONTUMAIbHOE 3HAYCHHE KPUTEPHUS
(28) umeer Bux (19).

3akiIouyenue

B nannoii paboTe npeanoKeH METOI CHHTE3a CTPaTeruii IPOrHO3UPYIOLIETO YIIPABICHUS 0 KBaApaTH-
HOMY KPHUTEPHIO 7SI HEIMHEWHBIX JUCKPETHBIX CHCTEM C CEpHAJIbHO KOPPEIMPOBAHHBIMH MapameTpamu. s
CHHTE3a CTpaTeruii yIpaBieHUs JOCTATOUYHO 3HAThH TOJIBKO YCIOBHBIE IIEPBBIC U BTOPbIE MOMEHTHI paciipesaese-
HUM BEKTOpa CIy4yaillHbIX mapaMeTpoB. J[aHHBIA HOAXOA MO3BOJSIET B SIBHOM BHJIE YUYECTh OTPaHUYCHHS Ha
yIpaBieHUsl. ANTOPUTM CHHTE3a IIPOTHO3UPYIOLIEH CTPaTEruy BKJIIOYAET PEICHHE OCIeI0BaTeIbHOCTH 3a1a4
KBaZpaTUYHOIO NporpaMMupoBaHus. CHHTE3UPOBaHbl CTPATETHH YIPABICHHS C YIETOM SIBHBIX OIPaHHUYCHUI
Ha YIIPABIIOILINE BO3ICHCTBUSL.
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Let the control object is described by the equation:

X(k +1) = Ax(k) + B[n(k +1),k +u(k) + f (x(k),u(k), w(k +1)), @
where x(Kk) is the nx-dimensional vector of state; u(k) is the ny-dimensional vector of control; w(k) is the nw-dimensional vector of white
noses with zero-mean and identity covariance matrix; n(k) is the g-dimensional stochastic vector; w(k) is independent of
nk) (k=0,1,2...); A B[nk)k] are the matrices of corresponding dimensions. All of the elements of B[n(k),k] are assumed to be
linear functions of n(k).

The function f is defined by its statistical properties as follows:
E{ f (x(k),u(k),w(k+1))/x(k)} =0,

E{ £ (x(K),u(k),w(k+1)) f T(x(k),u(k),w(k+1))/x(k)} —TOL T T (XT(k)Wix(k)+uT(k)M iu(k)),
i=1

for all x(k), where r = n(n + 1)/2, T' (i=0,r), Wiand M' (i=Lr) are positive semidefinite and symmetric matrices.
Let FF = (3 )wxy D€ the complete filtration with o-field 3, generated by the {n(s): s=0, 1, 2, ..., k} that models the flow of infor-

mation to the moment k.
We allow the parameters (k) to be serially correlated. Let us assume that we know the first- and second-order conditional moments
for the stochastic vector n(k) about 3, :

E{n(k+i)/F }=nk+i),
E{n(k +imT(k+ j)/gk}:@ij (k),(k=0,1,2,...),(i, j =0,1,2,...,d).

We impose the following inequality constraints on the control inputs (element-wise inequality):
Upin (K) < S(K)U(K) < Uppay (K), @
where S(k) is the matrix of corresponding dimension.
For control of system (1) we synthesize the strategies with a predictive control model. At each step k we minimize the quadratic
criterion with a receding horizon

3 (k+m/k) = EL3 X (K + )Ry (K +1)x(K +1) — Ry (k +i)x(k +1) +uT (k +i —JK)R(K +i —Du(k +i —1/k)/x(k), 3}
i=1

on trajectories of system (1) over the sequence of predictive controls u(k/k), ..., u(k + m — 1/k) dependent on information up to moment k,
under constraints (2), where R;(k +i)>0, R(k+i)>0 are given symmetric weight matrices of corresponding dimensions, R, (k +i)

is a given vector of corresponding dimension, m is the prediction horizon, k is the current moment. The synthesis of predictive control
strategies is reduced to the sequence of quadratic programming tasks.
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OB ONITUMAJILHOCTH OCOBBIX YIIPABJIEHUI
B 3AJJAYE YIIPABJIEHUA CTYHHEHYATBIMU JUCKPETHBIMUA
JABYXITAPAMETPUYECKUMU CUCTEMAMUAU

PaccmarpuBaeTcs cTyneHdaTas 3aaua ONTUMANIBHOTO YIIPaBICHHUS, OIMChIBaeMasi AUCKPETHBIMU JAByXNapaMeTpHye-
CKIMH cucteMaMu Trna ©opHaznHE—Mapke3nHH. Y CTaHOBJIEHO HE0OX0AMMOE YCIIOBHE ONTHMAIBHOCTH IIEPBOTO I10-
pAAKa THIA IPUHIUIA MakcuMyMa [IoHTpATHHA 1 UccIeoBaH 0COOBIN CITyJai.

KiroueBble coBa: cTyneHYaras CHCTEMa; IUCKpETHas AByXIapaMeTpuyeckas cucreMa Tuna PopHasuHu—-Map-
KE3UHHU; HE0OXOIMMOE YCIOBHE ONTUMAIBbHOCTH; 0COOBIE YIIPABICHHS.

B pabotax [1-8 u np.] uzydarorcs pa3IM9IHbIE ACTIEKTHI 33/1a4 ONTUMAIBFHOTO YIIPABICHHUS CUCTEMaMH,
OIMCBIBAEMBIX AUCKPETHBIMH ABYXNIAPAMETPUUECKUMH cucTeMaMy Tuna @opHa3suHu—MapKe3uHu.

B npennaraemoii pabote ncciemyercs ofHa CTyleHYaTas 3a1ada ONTUMAIbHOTO YIIPABIICHHs], ONIMChIBAEMAst
cuctemort @opHazuHn—Mapkesunu. [loryyeH aHanor JUCKpeTHOro NpuHUMIa MakcuMmyma. McenenoBan cinydait
€ro BRIPOXKICHUSI (0COOBIH cityuaii). YacTHbII Citydaii paccMaTprBaeMoii 3a1auu u3ydeH B [9, 10 u ap.].

1. IHocranoBKa 3axa4u

[Tyctb TpeOyercs MUHIMH3UPOBATh (PYHKIIMOHAT

S () =0, (2(t X)) + 02 (¥(1. X)) ®
HpI/I OrpaHquHI/IﬂX:
u(t,x)eU cR", (t,x)eD, ={{t,x): t=ty,tg+L...t, =1; X=Xg, Xy +L,.., X =1},

v(t,x)eV cRY, (t,x)e D, ={(t,x): t=t,t, +1..,t, —1; X=%;, % +1....X =1}, 2)
2(t+1,x+1)= f(t, x, z(t, x),u(t, x)), (t,x)eD,, 3)
2(t), x)=0a(x), X=Xg,% +L...X,
z(t, %) =Py (1), t=ty,t;+1....t, (4)
(X(Xo)zﬁl(to),
y(t+1x+1)=g(t,x, y(t, x),v(t,x)), (t,x)eD,, (5)
y(tl,x)zG(x,z(tl,x)), X=Xy, % + 1,00, X,
y(t%)=B,(t), t=t,t,+1...t,, (6)

G (% 2(t %)) =B, (1)-
3nech f(t, X, Z, u), (g (t, X, y,v)) — 3agadHas N (M)-MepHas BeKTOP-()YHKIIUS, HEIPEPHIBHAS 10 COBOKYITHOCTH
TNEPEMEHHBIX BMECTE ¢ YACTHBIMU TPOHM3BOAHBIME 10 Z (y) 10 BTOPOrO MOpsAKA BKIIOUHTENBHO; ¢ (Z),
@, (Y) — 3amaHHbIe ABAXIBI HENPEPBIBHO An(depeHimpyemble ckamsiprble pynkunn; o(X), B;(t), i=12 -
3aJlaHHbIC JUCKPETHBIE BEKTOP-PYHKIIMUA COOTBETCTBYIOIINX Pa3MEPHOCTEH; u(t, X) (v(t, x)) — I (g)-MepHbIT
BEKTOp YMPaBIIOMMX Bo3zaeicTBui; U, V — 3amaHHbIe, HEMYCThIC U OTPAaHUYCHHBIE MHOXKECTBA; G(X, z) —

3aJlaHHas M-MepHasi BeKTOP-(QDYHKIUS, HEMPEPBIBHAS 110 COBOKYITHOCTU MEPEMEHHBIX BMECTE C YaCTHBIMH
MIPOM3BOIHBIMH TI0 Z JI0 BTOPOTO TOPSIKA BKIIOUNTEIRHO; o, t1, {2, Xo, X — 3aaHHBIC YHICIIA, IPUYEM PA3HOCTH
t> — t1 m X — Xo ecTb HaTypanbHbIC YHCIIA.
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OTMETUM, YTO CTYIIEHYATBIN XapakTep MOJIEIH 3aKIIFOYaETCs B CKAYKOOOPA3HOM M3MEHEHMU MOJIENH TIPU
nepexoze Touku (t, X)u3 obnactu D1 B Do.

[Tapy (u (t, x), v(t, x)) C BBIIICTIPUBE/ICHHBIMH CBOMCTBAMH HA30BEM JIOITYCTUMBIM YIIPABICHUEM.
HomyctuMoe ympapieHue (u(t, x), v(t, x)), JIOCTABJISIFOIIIEE MUHUMYM (QyHKImOHaTy (1) mpu orpaHude-

ausix  (2)—(6), HazoBeM  ONTHMAIbHBIM  YIPAaBICHHEM, a  COOTBETCTBYIOIIMHA  MPOIECC
(u(t, x), v(t, x), z(t, x), y(t, x)) — onTUManLHBIM TpoTIECCOM.

2. ®opmyJia 1Jisl IPUPAIeHUs] KPUTEPHA KayecTBa.
JucKpeTHbI NPUHIMIT MAKCUMYMAa

Cuuras (u°(t, x),vo(t, ), 2°(t, X), y°(t, X)) HKCHPOBAHHBIM OMYCTHMBIM POLIECCOM, BBEIEM 0G03HAUCHHSL:
H (t, X, z,u,\pf):\yf'f (t,x,z,u),

M (6%, Y.V, 05 ) = w5 g (t.X. y.v).
3nech i, 1 =1,2 — noka Hen3BeCTHBIE N- I M-MEPHBIC BEKTOP-OYHKIIHH COOTBETCTBEHHO.
Yepes (@(t, x)=ue(t, x)+ Aut, x), V(t,x)=ve(t,x)+Av(t, x), z(t, x)=z°(t,x)+ Az(t, x),
V(t, X)= yo(t, X)+ + Ay(t, X)) , 0003HAYMM MPOU3BOJIBHBIN JOMYCTUMBIH MPOIECC W 3aIUIIEM MPUpPALIEHUS
¢yaknroHana kagectra (1):
AS(u°,v°)=8(T,7) -5 (u°,v°) = [y (Z(t, X)) = 1 (2°(t, X )]+ [0 (¥(t2, X )= (y°(t. X} (7)
SIcHo, uTO mpupameHue (Az(t x), Ay(t, x)) COCTOSTHHSA (z°(t, x), y°(t, x)) SBJIACTCS PEIICHUEM KPAaeBOH 3a/1auu
AzZ(t+1,x+1) = f(t, %, Z(t, x),T(t, x))— f(t,x, z°(t, x),u°(t, x)), (8)
Az(ty,X)=0, X=Xg X, +1...,X,
Az(t, %,)=0, t=ty,t; +1...t,

Ay(tr 10+ D)= gl x, 910, x) (0, 1))~ 9lt x, v (1) v (6.0), (10
AY(t, x) = G(x, z(t;, x))— G( °(t,, x)) X=Xg, X +1,...,X,
AY(t,%,)=0, t=t,t, +1,...t,.
C yuerom (8) u (10) Oynem umerthb

t-1 X1

DD (Lx)Az(t+1,x+1)=

t=ty X=X,

[ (t X Z(t,x),T (t,x),\yf(t,x))—H(t,x,z°(t,x),u"(t,x),wf(t,x))],

t,-1 X1

DD v (LX)AY(t+1,x+1)=

t=t, X=X,

(9)

(11)

<

(12)

o

-1

><
iR

t=ty x

0
3

(13)

-1 X1

=22 M6 Y (6X),7(t), w5 (1)) = M (6% Y° (£%),v° (6,X), w5 (5,%)) |

t=t, X=X,

BrinonHuB 3amMeHy nepeMeHHbIX t+1=1, X+1=S noay4um
-1 X1 t

D>l (tLx)Az(t+1x+1) = Z z\lflt Lx—1)Az(t,x) = Z“Vl —1L,x—1)Az(t,x)—

t=ty X=X t= t0+1x Xo+1 X=Xg+1

_Z‘Vl —1,x—1)Az(t;,x) Zzwlt Lx—1)Az(t,x)=vy; (t, -1, X —1)Az(t, X ) -

X=Xo+1 t=ty Xx=Xo+1

(14)

-1

—yy (t—1,% —1)Az(t,, %) Zwl t—LXx—1)Az(t,x)+ >y (t=1,X =1)Az(t, X ) -

=
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-1

-

;-1 X1

=y (t=1,% —1)Az(t,%,)+ vy (t-1,x-1)Az(t,x),
t=t; =ty X=X
-1 X-1 t,
D> vl (tx)AY(t+Lx+1)= D] Z vy (t-Lx-1)Ay(t, z vy (t, —Lx-1)Ay(t,,x)-
t=t; X=X, t= t1+1x Xo+1 X=Xo+1
X
- > vy (t—1,x-1)Ay(t,x) Zzwzt Lx=1)Ay(t,x) =3 (t, -1, X —1)Ay(t,, X )—
X=X +1 t=t; x=Xy+1
X-1

—yd (4 —1% —1)AY (4, %)+ ¥ v (L —Lx=1)Ay(t,, x)—ws (t —1 X —1)Ay(t, X )+ (15)

X x
o

+yy (6 —1% —1)Ay(t, % )— D> v (t —Lx-1)Ay(t, x)+zw2 (t-1X -1)Ay(t,X)-

= t=t,

t,-1 =1 X1

> v (t=1% —1)AY(t, %))+ D D ws (t—Lx—1)Ay(t, x).

t=t t=t; X=X,
Ilomaras

N(ws,z,x) =5 (t, =L x=1) y(t,,X) =y (t, L, x-1)G(x, z(t,, X))
u yuntheiBas Toxaectsa (14), (15), B (7) umeem
8(p1(2° (tl,X))

0z

az(pl(z" (t,, X

AS(u°,v°)= e ))Az(tl,x)+

+6(p2(y°(t2,X))

Az(tl,X)+%Az’(t1,X)

82([)2(y°(t2,)())
8y2

+§ Y (t —Lx-1)Az(t,x)+ f\yl t-1,X -1)Az(t,X)+ ti

t=t,

Ay (t,, x)+1Ay'(tz, X) Ay (1, X ) v (t ~1, X ~1)Az(t,, X )+

St (t-Lx-1)Az(t,x) -
_EXXZZ[H (t.%,2° (t,%), T (1, %), y° (£.%)) = H (£.%,2° (£, x),u° (£,X),y° (LX))]—
_Eg Hy(tx,2° (t,x),u° (t,x),9° (t,X)) Az (t,x) -

t-1 X-1 4

—ZZ[HZ (t.x,2° (6,),T(t, %),y (t,X)) - H, (t,x,z"(t,x),u"(t,x),w"(t,x)ﬂ Az(t,x)-

t=ty X=Xy

tll)(l

——Z D AZ'(t,X) (t,x, z°(t,x),u° (t, %),y (t,x))Az(t,x)—

ttox Xo

-1 X-1

—%z > Azt x)[HZZ (t, X,2°(t,X),T (t,X), yy (t,x))— H, (t,x, z° (t,x),u° (t, %), yy (t,x))]Az (t,x)+

t=ty X=X,
o (Jaz(tx)ff )+
t=ty X=X,

+yy (t, -1, X =1)Ay(t,, X) Z‘V (t,-Lx-1)Ay(t,,x)-N (\yzz X)Az(t X)+

-1 X-1

ol 2 o e 0 ) -

S

+AZ' (8, XN, (w5,2° (1, X)) Az(t, X ) - 2 NY (w3, 2° (%), X) Az (t, X) -

1 X-1 X-1 2
——ZAZ t,X)N,, (w5, 2° (8, X),x) Az (t;, x) >0 (||Az(tl,x)|| )+
tz—l -1 X1 -

+> ys (E=LX =D)AY(t, X )+ D> ws (t=1L,x=1)Ay(t,x) - (16)

t=t, =t X=X
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_%ttz—thXZ;Az’(t, XYM, (£, (£.X),v° (£, x), w5 (t,X)) Ay (t, X) -
33200 M (10" (10,700 1) M (L0 (L300 (30,9 (00)Jay(0.0)-

-1 X1 -1 X1
> 205 (”Ay || ) > M;(t,x, yo (£, x), v (t,X), w5 (t,x))Ay(t,x).
t=ty x= t=t, X=X,
Ecnu npeanonarars, 4to (\4!1 (t, X),\ug (t, X)) SIBJIACTCS PEIICHUEM CHCTEMBI Pa3HOCTHBIX YPaBHEHHIA
vy (t=1L,x=1)=H,(t,x), (17)
v; (4 -1x-1)=G; (x, z° (tl,x))\yf (t,-1,x),
v (t=1,X ~1)=0,

we (-1 X —1)=—M+G’(X 2° (1, X)) w5 (t, —1,X = 1),

oz
v (t-Lx-1)=M,(t,x), (18)
va(t=1,X =1)=

0,
we(t, ~1,x-1)=0,

0o, (yo (t2’ X ))
—8y ;

V(L —LX -1)=-

TO popmyma HpI/IpaH_[eHI/ISI (16) mpumer Bux

AS(u",v ) ZZ[ (t X, 2° ),U(t,x),\yf(t,x))—H(t,x,z"(t,x),u"(t,x),\yf(t,x))}L

1 ¢y (2° (1, X))

+§Az'(t1,x) o Az(t,X)-

33 1[ (t X,2° x),U(t,x),\y"(t,x))—HZ(t,x,z°(t,x),u"(t,x),\y"(t,x))]lAz(t,x)+

t=ty

+1 Ay(tz x)2 (Y Etz'x))Ay(tz,X)—%Az’(ti,X)NZZ(\V‘Z’,z"(tl,x),X)Az(tl,X)—

iztixi[ (tx,y° (t.x),V (t,x),wg(t,x))—M(t,x,y"(t,x),v"(t,x),wg(t,x))]—

[y(txy )(tx),wg(t,x))_My(t,x,y°(t,x),vo(t,x),wg(t,x))]'Ay(t,x)_ (19)

t=t;

_%tzl)HAy M, (65" (63).9° (£), 3 (6)) Ay (£.6) + oAz (8, X))+
ollyte X S ol x)F ) 3 5ol o)
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HpeI{HOJ’IO)KI/IM, YTO MHOXXECCTBA

f(t,x,zo(t, x),U) {Y1 Y, = f(t X, 2°(t, x), (t,x)), u(t,x)eU, (t,x)e Dl},
g(t,x, y"(t,x),V) {y2 Y, _g(t,x,y (t, x), (t,x)), v(t,x)eV, (t,x)e Dz}

~—"

BBIITYKIJIBI.

(20)

Iycts € €[0,1] — npoussonbHoe uncio, a u(t,x)eU , (t,x)e D, v(t,x)eV , (t,x) e D, — nponsBonbHbie

TOITyCTUMBIE yTpaBisitomue GyHKIUH. Vcoap3yst MPOU3BOIBHOCT TOMYCTHUMBIX YIIPABISIFOIINAX (PYHKIAN
U(t, x), Vv (t, x), BMECTO HUX BO3bMEM JIOIYCTUMBIE YIIPABISAIOINe (PYyHKIINU U(t, X; s), v (t, X; a) TakuM oOpa-

30M, YTOOBI BBHIITOJTHSIINCH COOTHOIICHHUS.
Z(t+Lx+Le)=¢ef(t,xZ(t,xe),
X, Z

= f(tx
Z(ty, X&) =a(X

u( )) ( )f(t,X,Z(t,x;s),uo(t,x)):
(t.xe),T(t,xe)),
)

X=Xy X9 +1..., X,

Z(tx;e) =B, (1), t=t,t,+1...t,
y(t+1x+lg) g(txy(txs) V(t,xe))=
=eg(t,x¥(t,x2).v(t,x))+(1-2)g(t.x ¥ (t.x:2),v° (t,x)),

Z(tl,x,a):G(x,z(tl,x,s)), X=Xy, % +1..., X,
V(t.%:e)=PB,(t), t=t,t+1..t,

Baenem o0003HaYeHNUA

_aZ(t,x¢)
a(t, x) == SZO,

)
B(t,x)= x|

YuuThiBas yCIOBUS, HAIO)KCHHBIE HA TIpaBble YacTu ypaBHeHwi (8), (10), momydum, 4to
Z(t,xe)—-2°(t,x) = Az, (t,x;e) =ga(t,x)+o(&t,X),
¥(t,xe)—y° (t.x)=Ay, (t,xe) =&P(t,x) +o(&t,X),

rIe a(t,X) 5 B(t,x) SIBIITFOTCS PEIICHUSIMUA KPAeBBIX 3a/1a4

a(t+1,x+1)= o (tx 2 (tX).u (1)) a(tX)+ Ay, F (620 (8%),0° (8,X)),

B(t+Lx+1)= B(EX)+A,9 (t,x, y° (6,x),v° (t, x)) ,

B(tx) =G, (x.2(t X))t X) . x=10,%+L.. X,
B(t.x,)=0, t=t,t+1..1,

VuunteiBas pasnoxenus (27), (28), uz popmyisr (19) momyanm

AS, (u° (t,x),v° (t,x)) =S (U(t,x;s),v" (t,x;.s))—S(u0 (t,x),v° (t,x)) -

== > [ H (1,2 (6,%),u(tx), w7 (6.)) = H (6x,2° (6,%),u° (6.X), w5 (6.X)) |-

t,-1 X1

= Z[M (t, X, Y° (t,%),v(t, %), ys (t, x))— M (t, X, Y° (£,%),v° (t,%), y5 (tx))] +

t=t X=X
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(22)

(23)

(24)

(25)

(26)

(27)
(28)

(29)

(30)

(31)

(32)



+§{0"(t11 X )Wu(ty X)—tr1 il[oc'(t, X)H,, (t,x, 2°(t,x),u° (t,x),y° (t,x))a(t,x)+

t=ty X=X,

+2A,H; (t,%,2° (,%),u° (1, %), y° (LX))OL(LX)]+

az(Pz(yo (tz,X)) -1 X1

%[B'(tz,x) 5 Bt X) =3 ST (LM, (Y (1) (63) 3 (6.5)) ¢

t=t, x=%

B(LX)+ 20, M (£ Y (63).0° (4X) w3 (1%)) B(EX)|-
-éa'(g, XIN,, (w5,2° (8, X ), X )au(t,, X ) +0(&). (33)

U3 pasnoxenus (33) B CHIly HE3aBUCUMOCTH U MPOM3BOILHOCTH JOMYCTUMBIX YHpaBienuit u(t,x) u
v(t, X) momyuaem crpaBeTHBOCTE CIETYIONIETO YTBEPHKICHHUS.
Teopema 1. Ecnu MuoxxectBa (20) BBIMYKJIBI, TO Ui ONTHUMAJIBbHOCTU JOIMYCTHMMOIO YIpPaBICHUS

(u"(t, x), Ve (t, x)) B 3amaue (1)—(6) HeoOXoanMo, 4TOOBI HEPaBEHCTBA
t-1 X-1

DD A (t X,2° ),uo(t,x),\yf(t,x))so, (34)

t=ty X=X,
-1 X-1

D AM (t X, y° (t, x),v (t,x),\p‘z’(t,x))go, (35)

t=t; X=X,
BBIIOJTHSIJIMCH JJISI BCEX u(t, X)eU , (t,x)e Dy, v(t, x)eV , (t, x)e D, COOTBETCTBEHHO.

I[Tapa cootHomenuit (34), (35) siBisieTCs aHAIOTOM JAUCKPETHOTO YCIIOBHS MPUHIIUIIA MakcuMyMa [ToHT-
pSATUHA TSl pPACCMATPUBAEMOI 3a/1a4H.

3. Oco0blif ciry4aii JMCKPETHOI0 MPUHIIUIIA MAKCHMYMA

PaccMoTpuM ciydait BRIpOXKICHUS aHAJIora JUCKPETHOTO YCIIOBUSI MAKCUMyMa.
Omnpenenenune. [lomyctnmoe ynpaBieHue (u°(t,x), v°(t,x)) Ha30BeéM OCOOBIM B CMBICIIE€ TIPHUHITUIIA
Makcumyma [lorTpsirnHa ynpaBnenuem B 3amaue (1)—(6), ecnu it Bcex u(t, X)e U, (t, X)e D, V(t, X)eV ,

(t, X) € D, BBINOJIHAKOTCSA COOTHOIIEHUS
t-1 X-1

ZZA oH (t x,2°(t, x),u°(t, x),\yf(t,x))zo, (36)

t=ty X=X,
t,-1 X1

D AM (t X, y°(t,x),v (t,x),\y‘z’(t,x)):o. (37)

t=t; X=X,
Crrydaii BeImosIHeHUS TOXIecTB (36), (37) Ha30BeM 0COOBIM CITydaeM.
B ocobom cimyuae u3 paznoxenus (33) BeITEKAeT CIIPaBEIMBOCTD YTBEPKICHHUS.
Teopema 2. Ilpu caemaHHBIX MPEANONOKEHUSIX JUISI ONTHMAIBLHOCTH OCOOOTO  YIIPaBJICHHS
(u°(t, x), v°(t, X)) Heo0X0MMO, YTOOBI BJIONb TIpOIiecca (u°(t, x),v°(t,x), 2°(t, x), y°(t, X)) BBITIOJTHAJINCH
HEpaBEeHCTBA

az(Pl(ZO (tl’ X ))

a,(tl’x) 622

=N, (5, 2° (t, X)) |u(t, X ) -

>y [a’(t, X)H,, (t, X,2°(t,x),u (t,x),y° (t, x))cx(t, X)+ (38)

t=ty X=Xg

+2A,H (t,%,2°(1,%),u° (t,X), y° (tyx))“(t'x)]_
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Ll X1 %, (Y° (t,, X
S M, (b 00 0. )0 1) T2 E g ey

t=t; x=xg

rae a(t, x) eCTh pelreHne kpaeBoit 3agaun (29), (30), a Bl(t, X) ©CTh PEeIICHNE 3aadH

B (t+Lx+1)=g, (t,x, y° (t,x),v° (t,x))B1 (t.x), (39)
Bl(tl,x)=GZ(x,z° (ti,x))oc(ti,x),x=x0,x0 +1,..., X,
B(t. %) =0t =t t +1,...t,, (40)
%0, (y°(t,, X ol X1
000", 0SS oM, (b 00 @00

120, My (1%, y° (1,X),v° (1,X), 93 (1.X))B, (t,x)] >0,

rae B, (t,x) ecTb pemenue 3axadu

B (t+Lx+1)=g, (t, X, y° (t,%),v° (t, X))Bz (LX) +A, 9 (t,X, y° (t,x),v° (t,x)) , (42)
B, (1, X) = 0,X= X5, % +1,00., X,
B,(t%)=0t=t,t +1..t,. (43)

Hepasenctia (38), (41) sBhsitoTCS HESIBHBIMH HEOOXOIMMBIMHU YCIIOBUSIMH ONTHMAaIbHOCTH OCOOBIX
ynpasiieHuH. Mcnomb3ys uX, MOIyYlM SIBHOE HEOOXOAMMOE YCIOBUE ONTUMAITBHOCTH.

Pemrenne OL('[, X) Kkpaesoii 3amaun (29), (30) nonmyckaet npeacrasienue [8]

-1 x-1

a(tx)=> > R(tX1,5)A,,f (1.5.2°(1.5).u°(15)), (44)

T=t, 5=X,
rae R (t, X T, S) — (n X n)ManI/ILIHaH (YHKIIHS — pelIeHne 3a1aqu
Ri(t,x; t=1,5-1)=R(t.x; ,5) f, (z,5,2°(x,5) u°(x,5)),
R (t,x; T-1,x-1)=0,
R(t,x;t-1,s-1)=0,
R(t,x; t-1,x-1)=FE,
(E, - (nxn) equamunas Matpuma).
Yepes R,(t, x; 7,5) 0603HaunmM (Mx M) MATPUUHYIO DYHKIIHIO, SBJISIONLYIOCS PENIEHUEM 3a/1auH
R,(t,x; T—1,5-1)=R,(t,x; r,s)gy(r,s, y°(r,s),v°(t,s)),
R,(t,x; T—1,x-1)=0,
R,(t,x;t—-1,5-1)=0,
R,(t,x; t-1,x-1)=E,
(E, — (mxm) equamanas Matpuia).

Torna pemenns 3ama4 (39)—(40) u (42), (43) DOMyCKalOT COOTBETCTBEHHO MPEACTABIEHMS
-1 x-1

B (t,x)=>">"Q(t,x; T’S)Au(r,s) f (r,s, z°(1,5),u° (r,s)) , (45)
Bo(tX)= 3> Ry (6% 18) Ay o 8 (%8Y° (1.5).v° (%.5)), (46)
=t $=Xy

rae Q(t, X; T, S) omnpexaenseTcs GopMyIoi
Q(t,x; 1,5)=R,(t,x; t, -1, x—l)GZ(x, 2°(t,, x))Rl(tl, X; 1,8)+

+ Xz_l R,(t,x; t, —1,B —1)Gz(x, 2°(t,, x))Rl(tl,B; 7,8).

B=s+1
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Hcnons3ys npezacrasinenue (44), (45), noxyanm
-1 X-1

>3 (t,x,z”(t,x),u"(t,x),wf (t,x))a(t,x):

t=ty X=X,

41 X-1( t=1 x-1
= ( Rt 1,5)A,,  f (5.5,2°(1,5),u°(v.5)) j (t.%,2° (%), u° (t.x),y5 (£.X)) x

-1 x-1 -1 x-1

x(y‘”ﬁR(t,x; €,m)Au([’m)f(£,m 2°(¢,m),u°(¢,m) )jzz 2D Ao f (t.5.2°(1.5).u (I,S))x

1=ty S=Xg (=ty M=Xy

-1 X1
x{ > R(tx1s)H, (t, X, 2° (£, %),u° (t,X), y? (t,x))R(t,x; E,m)}x
t=m

ax(t, £)+1 x=max(s,m)+1 (47)
XAy m | (é,m,z"(f,m),u"(ﬁ,m)),
t-1 X1
AeHe (6,27 (8),u° (6.X), vy (£,%) o (t,X) = (48)
t=ty X=X,
t-1 X1/ t-1 X-1
- Z( > A S)HZ(T 5,2°(1,5),u° (1,8), v (1, s)) (T8 t’X)JAu(t,x)f (t,x,z"(t,x),u"(t,x)),
t=ty X=Xy \ t=t+1 s=x+1
az(p 7°(t t-1 X-1t-1 X-1
a'(ti,X) 1(62(21 )) tl,X : : AV(T,S)f’(I,S,Z"(r,s),u"(r,s))Rl(t,X; r,S)x
1=ty S=Xg (=ty m=X, (49)
62(|) Zo (t ’X) o o
x%&(y,x; 6M)A o F(6m, 20 (4m),ue (4,m)),
t,-1 X1
ZB{(t,x)Mw(t,x, Y (t,%),v° (t,X), w3 (t,x))Bl(t,x)z
t=t X=Xy
' (50)
t,-1 X1 -1 x-1
- [ZZQl(t,x; 1,8)A o f (r,s,z"(r,s),u"(r,s))J M, (£ y° (£.X).v° (1.X),y5 (t.X)) x
t=t; X=Xy \ 1=ty S=Xg
t-1 x-1 H1 X141 X1
x[ZZQ(t X; £,m)A,, o f(6.m,2°(¢,m) u°(€,m))J= 22 Ao F(1s.2°(1s).u(1.9))
=ty =Xy 1=ty S=X, /=ty M=X,
t,-1 X -1
x{ Q/(t,x; t,s)M (t X, Y° (£,%),v° (t,%), w5 (t,X) }A( ,f (E m,z° (¢,m),u° (¢ m))
t=t; x=max(s,m)+1
3%, (y° (L, X i3
B (t,, X) 2(6'y£ 2 ))Bl(t X)= ZZA (T,S,Z"(t,S),U“(r,S))Q'(tZ,X;r,s)x
, ( ( )) 1=ty S=X, (51)
%0, (y° (1, X (o1 X1 O 0
2 ayZZ Q(tz,X;Z,m);g Q(t, X5 6m)A, o f(£,m,z°(£,m),u (¢,m)).
Jaiee npu oMoty npeacrasieHus (46) moirydaem, 4To
az(p yo(t,, X -1 X-1t,-1 X1
B'Z(tZ,X) Z(Gy(z 2 ))BZ tz,X ZZZZ A (T,S,yO(T,S),V"(I,S))Rg(tZ,X;T,S)x
i ( ( )) 1=t $=Xy £=t m=X, (52)
oo, y° (L, X
’ 8y22 R, (6, X5 6,m)A, g (6.m,y° (6,m), v (¢,m)),
t,-1 X1
ZAV(tVX)M;(t,x,yD (t,%),v° (t,x), v} (t,x))B2 (t,x)= (53)
t=t; x=Xg
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:ii[ti XZfA TSM’(TS y*(z.5).v* (T.5).v3 (T, S) R , (.55 1,%) }A 1 tx,y"(t,x),v*’(t,x))’

t=t; X=X [ t=t+1s=x+1

t,-1 X -1 -1 X-1t-1 X-1
S B (L0M,, (Y (009 (LX) v (0B (LX) =33 3 5 A0 (65,¥° (25)v (1))
t=t, X=Xy =t S=X (=t m=X,
-1 X-1
x{ Y Ry (1% ©,5)My,, (8%, y° (£,X),v° (%), w5 (£, X) )R, (t, x; f,m)}x (54)
t=max(,)+1 x=max(s,m)+1

XAy m9(£m, y° (£,m),v0 (£,m)).

Beenem matpuunbie pyHkmmu K (t,s,é, m) , L(r,S,E, m) :

41 X-1

K(tsom)= > Y RI(tx1s)H, (6x2°(6x),u° (tx),w; (t,X))R(t,x; £,m)—

t=max(, /)+1 x=max(s,m)+1
o’Q, (Z" (t, X ))
oz’

+ Q (6% T 8)M,, (1 y° (,x),v° (t,%), w3 (t.x)) -

Ry (t, X; £,m)+

—Q'(t,, X; r,s)8 (pz();;gtz’x))Q(tz,X; ¢,m),

az(Pz ( y* (t21 X ))

2

L(t,s,4,m)=-R;(t,,X; 1,9) R, (t,, X; ¢,m)+

t,-1 X-1

+ > > Ry(t, X;1,s)M,, (t,x, Yo (6,%),v° (t,X), v} (t,x)) R, (t,, X; £,m).

t=max(z, £)+1 x=max(s,m)+1
YunteiBas Toxnaecta (47)—(54) u BeIpaxkeHUs IS K(r, S, /, m), L(r, S, /, m) HepaseHcTBa (38), (39)

3allMChIBACTCS B BUJEC:
-1 X-14-1 X-1

222 A F(15.2°(1,5),u° (1.8))K (x5, 6,m) A, o F(£,m,2° (6,m),u° (£,m)) + (55)

1=ty S=Xg /=ty M=X,

41 X1 41 X-
+ZZX 1{2 Xi AU(T!S)HQ(r,S,Z"(r,S),u"(r,S),wf (t,s))Rl(r,s; t,x)}Au(tjx)f (t,x,z"(t,x),u"(t,x))so,
t=t,

X=Xg |_t=t+1 s=x+1

t-1X-1t,-1 X-1

g > Av(m)g’(r,s,y°(r,s),v°(r,s)) (t.8,6,m)A,, g (6:m,y° (¢,m), ve(6m))+

=t $=X f:tl m=Xx,

t,-1 X—1[ -1 X-1
+22 Z{ z Z AV(T’S)M ; (‘E,S, y°(1,5),v° (,5), v (T, S)) R,(t.5:t, X)} X (56)
t=t; X=X [ t=t+1s=x+1

XAy 09 (6% Y° (£.X),v° (1, X)) <O.
Teopema 3. Ilycts MHOXecTBa (20) BRITYKIIBL. Toraa mjis ONTHUMAIBLHOCTH O0COOOTO B CMBICIIE MPUH-

nuna Makcumyma [loHTpsIruHa yrpaBiieHUs (UO (t, X), Ve (t, X)) HE00X0IMMO, 4To0BI HepaBeHcTBa (55), (56)

BBITIOJTHSUTACH TSI BCEX u(t, X) €U, (t,x)eD,, v(t,x)eV, (t,x) e D, cooTBETCTBEHHO.

3akiaoyenue

B craThe u3yuaercs ojjHa JUCKpPETHAs JABYXIIapaMEeTpUUECKasl 3ajlada ONTUMAJIbHOTO YIIPaBJIEHUSs, OIU-
ceiBaeMas cuctemoit dopHasnnrn—Mapkensuan. [Ipu momorm Meroia npupalieHrui 10Ka3aHbl HeOOXOAUMbIC
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YCJIOBUS ONITUMAIILHOCTH B (pOpME AMCKPETHOTO NPUHIMIIA MaKkcuMyMa. MccienoBan ciydail BEIPOKICHUS
JUCKPETHOTO YCJIOBUS MAaKCHMyMa. Y CTaHOBJICHO HEOOXOAMMOE YCJIOBHE ONTUMAIBHOCTH OCOOBIX yNpaB-
JICHUI.

ABTOpBI BRIPAXXAIOT IITyOOKYIO OJTaroJapHOCTh PEIeH3EHTY 3a MOJIe3HbIE 3aMeUaHMsl, CTIOCOOCTBYIOIINE
YIIy4IIEHHUIO IEPBOHAYAIIBHOI'O BAPUAHTA CTAaThH.
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Let be required to minimize the functional
S(uv)=e(2(t, X))+, (y(t. X)), @
with constraints
u(t,x)eU <R, (tx)eD, ={(t,x): t=t,t, +L...t, =1 X=X, % +1,..., X =1},

v(t,x)eV cRY, (t,x)eD, :{(t,x): t=t,t +1..,t, —1; X=%;,% +1,..., X —1} , )
2(t+1Lx+1)=f(t,x,z(t.x),u(t.x)), (t,x)eD,, 3)
2(ty, X)=a(x), X=XpX+L...X,
2(t, %) =B, (1), t=t,t, +1....t,, (4)
(%) =By (L),
y(t+Lx+1)=g(t, % y(t,x),v(t,x)), (tx)eD,, (5)
y(tl,x):G(x,z(tl,x)), X =Xg, % + 1,000, X,
y(tx) =B, (1), t=t,t+1...t, (6)

G (%o, 2(t. %)) =B, (1,)-
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Here f (t, X, Z, u) , (g (t, X, y,v)) is a given n (m)-dimensional vector function that is continuous with respect to the set of variables

together with its partial derivatives with respect to z (y) up to the second order inclusive, ¢1(z), @2(y) are given twice continuously
differentiable scalar functions, a(x), B;(t), i=12 are given discrete vector-valued functions of corresponding dimensions, u(t,x)

(v(t,x)) is r (q)-dimensional control actions vector, U, V are given non-empty and bounded sets, G(x,z) is a given m-dimensional

vector-valued function continuous with respect to the set of variables together with its partial derivatives with respect z up to second
order inclusive, t,, t, t,, x,, X are given numbers, and the differences t, —t, and X —x, are integers.

The first order necessary optimality conditions of the Pontryagin maximum principle type is established and singular case is inves-
tigated.
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BECTHHUK TOMCKOI'O I'OCYIAPCTBEHHOI'O YHUBEPCUTETA

2018 VYrpasieHue, BBIYUCIUTENbHAS TEXHUKA U UHPOPMATUKA Neo 42

VK 658.512
DOI: 10.17223/19988605/42/3

I0.W. I1apaes, T.U. I'pexoBa, K.O. Iloay3kToBa

ONTUMAJIBHOE YIIPABJEHUE OJHOCEKTOPHOM YKOHOMUKOM
PU CTYYAMHOM U3MEHEHUU ®OHIOBOOPYKEHHOCTH TPYJIA

PaccmarpuBaetcs 3a7a4a ONTHMATEHOTO YIIPABJICHUS OJTHOCCKTOPHON SKOHOMUKOMW MPH CIy4aifHOM M3MEHEHHHU (HOH-
JIOBOOPYKEHHOCTH TpyZa. B kauecTBe KpuTepHs ONTHMAILHOCTH BEIOUPAETCS MAKCUMYM CPEIHEr0 3HAYEHUs Helpo-
M3BOJICTBEHHOT'O MTOTPEOICHNUS HA 33IaHHOM IIEpUO/e MPOU3BOACTBA. PemeHne mpoBoIuTes C MOMOIIBIO METOAA AU~
HAMHAYECKOTO MPOTrPaMMHUPOBAHHS.

KnioueBsbie cjioBa: 0JJHOCEKTOpHAsI SKOHOMHKA; (POHAOBOOPYKEHHOCTh TPY/a; HEIPOU3BOACTBEHHOE ITOTpebIIeHHE;
ONTUMATBHOE YIPABJICHHUE; TMHAMHYCCKOE TPOTPAMMHUPOBAHHE.

[IpoGiiema ympaBieHHS OAHOCEKTOPHON SKOHOMHUKOH BocxomuT K [ 1, 2]. Eif mocesmeHo 6ompiioe Ko-
JUYECTBO paboT, B KOTOPHIX paCCMaTPUBAIOTCS U PEIIAIOTCS pa3Hble BAPHAHTHI 33/1a4, B TOM YHCIIE U 3a]1a41
ONTUMAIFHOTO YIIPABIIEHUS TaKOW IKOHOMHKOW (Hampumep, [3—6]). EcTecTBEHHBIM MPOMOIDKEHHEM STHX
WICCIIEIOBAHUH SIBIISIETCS PEIICHNE 33124 C YI€TOM KaKHX-JTHO0 CITyYalHBIX BO3MYIICHHUH, IEHCTBYFOIINX B TIPO-
recce nmpousBoacTBa. COCTOSIHUE OTHOCEKTOPHOM SKOHOMHKH ornpeessiercs: eyms eiandauHamu: K(t) — oc-
HOBHOM Karurtain u L(f) — TpynoBsie pecypcebl. BooOiie roBopsi, ©3MeHEeHHe OCHOBHOTO KaluTajla BO BpEMEHH
MIPOMCXOJUT CIIy4alHbIM 00pa3oM HM3-3a TAKHX (PAKTOPOB, KAaK CIy4aiHbIH H3HOC OCHOBHBIX MPOU3BOJICTBEH-
HBIX (OHIOB, MpHOOpPETEHNE HOBBIX (DOH/IOB, IICHA Ha KOTOPHIC 3aBUCHT OT Kypca BalIOT, POU3BOJICTBECHHAS
HEOIPEeNICHHOCTh, 3)KOHOMUYECKasi KOHBIOHKTYpa U T.I. Eciii 0CHOBHOI KanuTan u3MeHseTcs CIy4aiHbIM
obpaszom, To poHmoBOOpYKEHHOCTH Tpyaa K = K/L u HenpousBoacTBeHHoe notpedienue ¢ = C/L, mpuxos-
IIMECs Ha OJHOTO pa0OTHUKA, TaKXKe OyIyT U3MEHATHLCS ClydyaiiHbIM 00pa3oM. B [7] Ha OCHOBaHUM U3Yy4CHUS
CTaTUCTUYECKUX JTAaHHBIX HPUBOIUTCS ONpeelIeHHOe 000CHOBAaHUE TOTO, YTO BIMSHHUE SK30T€HHBIX CITydaii-
HBIX (PaKTOPOB HA SKOHOMHYECKYIO IMHAMUKY MOKHO MOJEITHPOBATH MPOIECCOM OPOYHOBCKOTO JIBHKECHUSI.

B nacrosimeii pabore paccMaTpuBaeTcs 3a1a4a ONTUMAIBHOTO YIIPaBJIEHHUS OIHOCEKTOPHON SKOHOMH-
KO ITpH cily4aiiHOM M3MEHEHHH (POHAOBOOPYKEHHOCTU TpyAa. B KauecTBe KpuTepusi ONTUMaIbLHOCTH BBIOH-
paeTcst MaKCUMYM CpeIHEro 3Ha4eHHsI HeIIPOU3BOACTBEHHOTO TOTPEOISHHS Ha 33JaHHOM NIEPUOJI€ TPOU3BO/I-
cTBa. Pemenne 3a1aun NpoBOAXTCS ¢ IOMOLIBIO METO/IA INHAMHYECKOTO ITPOrPaMMHUPOBAHUS.

1. IlocTanoBKAa 3a1a4u

CocrosiHre SKOHOMHKH XapaKTepu3yeTcs IByMs BelTMunHaMu: (pOHI0BOOPYKEeHHOCTBIO Tpyaa K(t) u He-
MPOM3BOJICTBEHHBIM NOTpeOeHHeM C(t), MPUXOASIIMMICS Ha OJTHOTO PAa0OTHHKA,  TAKIKE IPOM3BOICTBEHHOM
obynximeit F(K) — BaoBbIM MPOIyKTOM, IIPOU3BEICHHBIM B €JMHUILY BPEMEHH. B IeTEpMUHUPOBAHHOM CITy-
Yae 3TU IIepEeMEHHBIE YIOBJIETBOPSIIOT YPaBHEHHUSIM

k=uF —pk, k(0)=k,, (1)

¢=0c+(1-u)F, c(0)=0, (2

rae pw — ko3 GuumeHT aMmopTu3amnuy, O — Hopma auckoHTHpoBanus (1 > 0, & > 0), uF — yacte mpoaykra,
KOTOpast HJET Ha yBEJIMYEHUE OCHOBHOTO KanuTaia, (1 — U)F — 9acTh mpoayKTa, KOTOpasi UAeT Ha YBEIHYCHUE
HETNPOU3BOJICTBEHHOTO MoTpedieHus. TakuM 00pa3om, B 3a/1aue YIPaBIISIONIHM ITAPaMETPOM SIBIISIETCS KO-

(1)I/I]_[I/IGHT u, KOTOpBIﬁ JAOJDKCH YIOBJICTBOPATH YCIIOBUIO
0O<u<l (3)
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Janee ucnomnb3yercs mpousBoacTBeHHas pynkiws Koooa—/Iyraaca, T.e. F(K) = Ak®, roe 4 — macurtad
Temia poussoacTsa (4 > 0), o — KO3 PHUIHUEHT 3TaCTHYHOCTH 0 OCHOBHBIM (pormam. IIpeamonaraercs, 4To
iaHupyeMsiii nepuoa npoussoacTsa [0, 7] 3agan u gocratouHo Benuk. CornacHo (2) oOriee HEMPOU3BOI-
CTBEHHOE NOTpeOieHne Ha uaTepBaie [0, 7] npu 3aaHHOM yIIpaBJICHHU U PaBHO

o(T) = ]e*‘”’”(l— u)F (k)dt. (4)

Jemepmunuposannas 3adaya: B TeueHue nuHTepBana Bpemenu [0, 7] HaiiTu Takoe ynpasnenue U(t) ¢
yaerom (3), mpu KoTopoM (pyHKITMOHAT (4) AOCTHUTAaeT MaKCUMyMa. JTa 3a[a4a ¢ IIOMOIIBIO TPUHIIATIA MaK-
cumyMa lloHTpsrHa MoapoOHO pemeHa B [8].

B [7] npemnoxxeHo y4eT cirydaifHBIX BO3[eCTBU Ha (DOHTOBOOPYKEHHOCTH TPYy/Ia IIPEICTABUTH B BHJIE
ypaBHEHUS

k =UF —pk +ok&(t), k(0)=k,, (5)
rae &(t) — cranmapTHbIi Oenblii TayccoBekuii myMm (i &(t) = dw(t)/dt, tne o(t) — BuHEpOBCKHIt TpoLEce),
6 — k03 dureHT BonaTHabHOCTH. Takum obpasom, mporecc K(t) cranoBuTes caygaiinsiM. OIHAKO 3TOT MPO-
IECC U3MEPSETCH, T.€. B Kbl MOMEHT BpeMenu t 3nauenue K(t) usBectHo.

Cmoxacmuueckas 3a0aua: B TeueHne uateppaia Bpemenu [0, T Haiitu Takoe ynpasiaenue U(t) ms (2)
u (5) c yaetom (3), mpu KOTOPOM cpeiHee 3HaueHne PyHKIHoHana (4) MakcuMalbHO. B craTbe 3amava pera-
€TCs C IOMOIIIBI0 METO/1a JMHAMHYECKOTO MPOrpaMMUpoBanust [9].

2. Pemienue cToXxacTHYeCKOH 3a1a4u
CornacHo METOAY AMHAMUYECKOT0 IIPOrPaMMHUPOBaHUs, BBeaeM (QYHKIUIO bemmmana
T
s(kit.T) =maxM {je“”(l— u)F(k)dt|k,t}
uft,T
t

— cpezHee 3HaueHne BennduuHbl ¢(7) IpH YCIIOBUH, YTO MPOIIECC MPOI0DKACTCS Ha HHTepBae BpeMeHH [t, 7]
¢ HavanbHbIM ycroBueM K(t) = K 1 Ha 3TOM MHTepBalie MPUMEHSETCSl ONTHMANbHOE yrpasieHue. s 3Toit
(byHKIMHM MOXHO 3amucaTh ypaBHeHue bemimana:

Cos(k;tT) os(k:t,T) ~ STy 1 ,,0%sKktT)| _
—Qa Omgﬁl{—ak (UF (k) —pk)+e (I-wF &)+ 5 o'k B i
(6)
. . 2 .
= max JuF (k)( os(k;t,T) 7YY _uk os(k;t,T) + e&(T—t)F(k)+£02k2 0 S(k,;,T) ,
0<u(t)<l ok ok 2 ok
s(k;T,T)=0.

W3 pelieHus 3TOr0 ypaBHEHHUS MOIyYaeTcs PEIICHHEe CTOXACTHYECKOM 3aaa4d. 371ech K — aprymeHt
obyuximu S(K;t,T), a He cirydaiHBIN MPOIIECC, ONpeIe/IIeMblil ypaBHeHHEM (5).

Ecnu B35Th A€TEpMUHUPOBAHHYIO 334y M PElIaTh €€ C MOMOIIBI0 JUHAMHYECKOTO MPOTPaMMHUPOBa-
HUS, TO IPUXOJUM K ypaBHeHHIO (6) pu ¢ = (. Ho mockonbKy pemieHns ¢ MOMOIIbIO0 MPHUHIIMIIA MAaKCUMyMa
Y JUHAMHYECKOTO MPOTPaMMHUPOBAHMSI SKBUBAJICHTHBI, TO pellieHre ypaBHeHus (6) npu ¢ = 0 T0DKHO COBTIA-
JIaTh C PEIIeHHEM, MOJIYICHHBIM B [8]. DTO pemienne cocTouT B TOM, uro uHTepBat [0, T] Toukamu t; u o
(0 <t1 <t <T)pazouBaercs Ha Tpu uHTepBaia: [0, t1], [t1, t2] u [t2, T]. MaTepsan [0, t1] cooTBeTCTBYET BHIXOILY
Ha MarucTpais, uHTepBai [t1, t2] — maructpanu (ecim oHa cymiecTByer), HHTepBal [t2, 7] — 3aKIIOYUTEIBHOMY
stany (cxoxy ¢ maructpanu). Ha maructpamu k = Ko = const, npuuem

oA

kfc‘:_’ uoc‘:&’ (7)
d+p F(k,.)

rae B =1 - o. Jlanee paccmarpuBaetcsi ocHoBHOM BapuaHT, korja K(0) < Koc n Ha uaTepBae [0, t1] u = 1.
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Ha 3aknrounrensHom uatepsaie [tz, 7] u = 0. Takum 06pa3oM, CTPYKTypa ONTHMAILHOTO yIIPABICHHS
JUTS IETEpMUHUPOBAHHOM 3a/1a4l UMEET BHI:
1 mpn O<t<t,
u(t)=<u, mpm t <t<t,, (8)
0 mpm t,<t<T.
[Nonmywaercst, 4To pemieHne 3a1a4n CBOAUTCS K HAXOXKICHUIO MOMEHTOB {1 1 1.

MOXHO MPennoiI0kKNUTh, YTO B CTOXACTHUECKOM Clydae MpH OCTATOYHO MayloM Ko3dduuuente o
CTPYKTypa ONTHMAIBHOTO YIPaBICHHUS UMEET TaKo ke BH. [l03ToMy peleHre cToxacTHuecKon 3agauu ak-
TUYECKU CBOJUTCS K HAXO0XKJICHUIO ONITUMAIBHBIX MOMEHTOB {1 ¥ {. DT MOMEHTHI HaXOJIATCS B MPOIIECCe pe-
mieHus ypasHeHus (6). MakcuMyM NpaBoi 4acTH 3TOTO ypaBHEHUS 10 U ¢ yueToM (3) mocTuraeTcs npu

r

1, os(k;t,T) > T
ok
os(kK;t,T) s
ut)=<u.., — 1 Z=e , 9
(t) =9 Uy K )
0, ecmu M <™,
L ok

3. Cxoa ¢ MarucTpajamn

B sToM ciyuae pemieHue ypaBHeHus (6) HadnHaeTcs ¢ npaBoro KoHua. O6o3nauum yepes s, (K;t,-),
s,(k;t,-), s;(k;t,-) ¢yHkuum bemnmana, ecnm MOMeHT ¢ oTHocuTcs K mHTepBanam [0, #], [t, &), [t2, T]

COOTBCTCTBCHHO.

Ha unrepsaie [tz, T] u = 0. IToatomy ypaBHeHue (6) NpUHAMAET BUJL:

_Os,(k;t,T) _ 0s,(k;t,T) +e Tk +102k2 8253(k;t,T)
ot ok 2 ok

Ero PeLIICHNE MOXKHO 3a11McaTh B BUJIC:

—uk  5,(k;T,T)=0. (10)

S;(kit, T) = F(K)w, (t,T), (12)
rae Ws(t,T) — uckomast pyukims. [oacrasisis (11) B (10), moxygaem
—F (KW (t, T) = —pkF '(K)w,(t,T) + %GZKZF "KW, (t, T)HE (k)edT
1781031
—F(K)WVi,(t,T) = —auF(k)Ws(t,T)+%cza(a_l)F(k)Wa(t’T) +F)eT ),

Coxkparus Ha F(K), mony4daem
Vi (8, T) =—9w,(t, T) +e°T™, wy(T,T) =0,

e 9 = ap + Yoafc?. Peenne 9T0ro ypaBHeHUs:

@1 _ o=9(T1)
w,(t,7)=——. 12
(7)== (12
CornacHo (9) Ha uHTepBase [t1, to] TOJKHO BHIMONHATHCS YCIOBHE
as2 (k1t1T) = eﬁ(Tft) (13)
ok
1, CIIEZIOBATENHHO, YCIOBUE

o%s, (k;t,T)
————==0. 14
ok? (14)

Kpome Toro, u3 mpunIimna ontuMansHoCcTH bemnmana ciemyert, uro So(K;t,7) = So(K;t,t2) + ss(K(t2);t2, 7). TTo-
3TOMYy 13 (6) ToTydaem
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__asz(k;tiz)__ 0s, (k;t,t,)

p —pk P eTYF(K), s,(kit,,t,)=0. (15)
CormacHo METOAY pa3acjCHUA ICPEMEHHBIX €TI0 PECIICHUC UIIIEM B BUIC.
s,(kit,t,) = H(k)e*™™ +B, (16)

rae H(K) — uckomast pynkimsi, B — HekoTopas koHcTanTa. [loacrasiss (16) B (15) u cokpammast va exp{o(T —t)},
noxyyaeM auddepeHIraipHoe ypaBHEHHE IEPBOTO MOPs/IKa C HE3aBUCHMBIM apryMEHTOM K:

pkH '(k) +8H (k) = F (k).
Ero pemienue cocTouT U3 00LIETO PELICHHs OJHOPOTHOTO YPAaBHEHHS U YaCTHOTO PEIICHUST HEOTHOPOIHOTO

ypaBHEHUS, YTO MPUBOAMT K BbIpaxkeHHo [10]
5

Hk)=Ck * + X
ap+90

(17)

rae C — KOHCTaHTa WHTETPUPOBAHMS. DTa KOHCTaHTa HaxonuTcs u3 ycioBus (13) wmu, xak cnemyet u3 (16),
u3 ycnosust H' = 1. B pe3ynbrate umeeM
5
& = aAk™
H'(k)=——-Ck "+ =1.
uk ap+9o

Haxons otcrona xonctanty C u oactasiss B (17), momyyaem
H(k) = ;“k. (18)

K Beipakenwuto (18) eme pa3 npumennm yciosue H' = 1. [Tomyuaem
(X,Ak a-1 _ u _1

H' (k) =

Ortcroma cnenyert (7). Beipaskenue st Uoe mosydaercst u3 (1), Tak kak Koc = const. Takum 06pazom, cBocTBa
MarucCTpajid B ACTCPMHUHHUPOBAHHOM M CTOXACTUYCCKOM ClIydadX COBIIaJaroT. Koncranra B HaxoJUuTcCsa H3
yenosus S2(K;to,t2) = 0. U3 (16) crenyer, uto
B=—H(k(t,)e* ™.
DTOT e pe3ysIbTaT MOKHO TOJYIUTh HETOCPeACTBEHHO. Tak Kak Ha nHTepBaie [ti1, t2] K = Ko = const
u (1 —u)F = F —puk = const, To osrygaem

3(T—t) _ A3(T-ty)

t
s (it ) = [T - uF (K)dt = (F - k) =————.

t

4yTO coBmajgaet ¢ (16).
4. Bb16op onTHMAJBLHOr0 mapaMetpa
M3 nostyyeHHOTr 0 BBIIIE CIEAYET, uTo Ipu t < to
s,(kit, T)=H (k)(eﬁ(T—t) _ eﬁ(T—tz)) _'_Q(eE(T—tz) _ e—S(Tftz)), (19)
rae
_Fky)
Q= 3+9

[Mockompky 3Ta (QYHKIUS 3aBUCHT OT mapametpa t, To eCTeCTBEHHO BBIOPATh €ro Tak, YTOOBI (PYHKIIHS JOCTH-
raja Makcumyma. Beraucium npou3BogHyo

ds ST _ (T

—2=-H (k)E‘Se*’(T 2) —Q(Ses‘T ) 4 ge ¥ ‘2)) =0.

dt,
Otcrona

e*(MS)(Tftz) — 6(H _Q) ’ (20)
9Q
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T—t—r——" In[ 5Q j 21)
5+9 "\ 3(H-Q)

Takum o0pa3om, uirHa uHTEepBana [tz, 7] paBHa 3HAYCHUIO I3.
5. Bbixoa Ha MarucTpajib

Ha unrepsae [0, t1] U = 1. TToaToMy HEPOM3BOACTBEHHOE MOTPEOICHHE PABHO HYJIIO M O3TOMY TipH t < 1
si(k;t, t1) = 0 m Su(k;t,7) = So(K(t2);t1,7). TTockombky S1(K;t,t1) = 0, To BTOpas npousBoaHas 31oi GpyHKIHH M0 K
paBHa Hym0. [loaTomy ypaBHeHHe (6) IpUHUMAET BU!
os (kit,t)  os(kit.t)
- = Fk)—pk), skt t)=0.
p * (FK)—pk),  sy(kstyty)
DT0 ypaBHEHHE MOXHO PEIIaTh METOJOM XapaKTEepUCTHK. B pesyibrare moiydaercs, 4Tto nmepemMenHas K

yIoBIEeTBOpseT ypaBueHuio (1), perrenrne KOTOporo Ha uHTepBaie [to, t) ¢ HagaasHBIM yeaoBueM K(to) = ko
nMeeT BuA [2]:

kP (t) — f(l_ efﬁu(tfto)) + kge*ﬁl»l(t*to). (22)
MowmenT Bpemenu ty onpenensiercst u3 yciaoBusi K(t1) = Ko, 9TO IPHBOAUT K BBIPAKEHHIO
A—pk?
t = iﬁln (ﬁj . (23)
W — UK,

Takxum obpazom, Beipaskerus (21) 1 (23) onpenenstoT CTpyKTypy YIPaBICHUS U NAIOT PEIICHUE 3aJa4H.
Jlyig cyliecTBOBaHUS JaHHOTO PEIICHUS HE0OXO0AMMO, YTOObI cyMMa JuTHH UHTepBasioB [0, t1] u [t2, 7] Obuta
menbmre 7, 1.e. t1 + 13 < T.

6. O01mee HeMpPOU3BOACTBEHHOE NMOTPedIeHUe

W3 noyueHHBIX pe3yJbTaToOB CJIEAYyeT, YTO MaKCHMAJIbHOE CpeHee 3HAUCHNE HEeMPOU3BOICTBEHHOTO
notpebnenus Ha utepsaie [0, 7] paBHO
$(ky;0,T) = s, (k(t);t,, 1) + 85 (K(L,);t,, T) =
= HKE)ET - 4) - QU(L)E —e "),
Crona HyxHo nojactaButh (21) u (23). Ilpu atom B dpopmynax (21) u (24) k = k(t2) = k(t2) = Koc, T.€.

(24)

HYXXHO Y4uThIBaTh (7). B wactHocTH, noiy4aeTcs

_F(kOC)

Q'_7§IET’ (25)
e 1 9(6+p)
! tz_r3_8+8|n((8+[3u)8—au8j' (20)

MOHO paccMOTpETh, Kak BeieT ceOst (PyHKIMOoHAI (24) ¢ pOCTOM G HIIH, YTO TO XKe camMoe, mapamerpa 3.
W3 (26) BuaHO, 4TO IpH YBEIMUEHUH 3 AiTMHA WHTepBania [, 7] ctpemMutcs K HyIto. TakkKe CTPEMUTCS K HYJITIO
u BenmurHa Q. B pesynbprate moiydaem, 4to ¢ poctoM napamerpa 3 GpyHKIuoHa (24) CTPEMHUTCS K BETUIUHE

s(ky;0,T) = H(k, )€™ ~1).

Ha pucynkax npuBeIeHbI pe3yabTaThl YHCISHHOTO MOJICITHPOBAHUS IIPH CIICAYIONNX 3HAYCHUAX TIapa-
metpoB: A=1, =05 1=01,6=01 T=12, ks =5, kec = 6,25, t1 =0,7. Ha puc. | nmpuBeseH0o n3MeHEeHNE
BO BpeMeHU (hOHJOBOOPYKEHHOCTH TPY/ia MPU Pa3HBIX 3HAYCHUAX KO3 PHUIIMEHTa BOJATWIEHOCTH G. Ha puc. 2
MIPUBEICHO U3MEHEHUE BO BpEMEHH HENMPOU3BOICTBEHHOTO TOTPEOICHUS IPY PA3HBIX 3HAYEHUAX KOAPPUITH-
€HTa BOJIATWIILHOCTH G. BHHO, 9TO 3Ta BenurHA yOBIBAET C POCTOM O.

27



k c
3 i
koo b 24 1
i 2
3
1 16 | !
8 -
L L ] 0 l
0 n b2 t T I D t T
Puc.1. U3menenne GpoHIOBOOPYKEHHOCTH TpyIa Puc. 2. VI3meHeHne HETPOU3BOACTBEHHOTO MOTPEOICHUS
(xpuBas 1 coorBercTByeT G = 0; (xpuBas 1 coorBerctByeT & = 0; kpuBas 2 — ¢ = 0,1;
kpuBas 2 — ¢ = 0,1; kpusas 3 — ¢ = 0,2) kpuBas 3 —c = 0,2, kpusas 4 — 6 = 0,3)
3akia04eHue

B pesynbrare ucciie1oBaHus YyCTaHOBIIEHO, UTO CTPYKTYpa YIIPABICHUS PELLICHUS IETEPMUHUPOBAHHOMN
U CTOXaCTUYECKOM 3a]1a4 COBIAJAIOT U ONPENEIAI0TCA 3HaYeHUAMU MOMEHTOB 11 1 to. [Ipu 3TOM cToxacTuue-
CKasl COCTaBJISIONIAs BIUSACT TOJIBKO Ha MOMEHT tr. YBenuueHue Ko hUIMeHTa BOJIATUIBHOCTH G TIPUBOIUT
K YMCHBIIICHUIO CPEAHETO 3HAYCHHS HEIIPOU3BOJICTBEHHOTO MOTPEOICHMSI.
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The problem of optimal control of one-sector economy under random variation labor funds is considered. The state of the economy
is characterized by two variables: capital-labor ratio k(t) and non-productive consumption per an employee c(t) along with the produc-
tion function F(k) being the gross product made per one unit of time. In this study the Kobb-Douglas production function is considered,
that is F(k) = Ak® where A denotes the scale of rate of production (A > 0), a is the elasticity coefficient on fixed assets. Variables k(t)
and c(t) satisfy the following equations:

K = UF —pk +ok&(t), k(0)=k,,
¢=8c+(1—u)F, c(0)=0,
where p is the depreciation rate, & is the discount rate (u > 0, 8 > 0), &(t) denotes the standard white Gaussian noise (or &(t) = dm(t)/dt,
where o(t) is the Wiener process), c is the coefficient of volatility, uF is the product fraction which is used to increase a fixed capital,
(1 — u)F is the product fraction which is used to increase a non-productive consumption. Thus, the coefficient u is the controlling
parameter in considered problem. This coefficient should satisfy the following condition: 0 < u < 1. It is assumed that the planned

production period [0, T] is specified and sufficiently long. The general non-productive consumption on the interval [0, T] for a given
control u is defined as follows:

o(T) = j eV (1 —u)F (k)dt .

The objective of this study is to find such control u(t) on the interval [0, T] for which the average value of ¢(7) reaches its maximum.
This problem is solved using a dynamic programming method. Bellman's function s(k;t, 7) is introduced; s(k;t,7) is an average value of
value ¢(T) provided that process continues on time interval [t, T] with an initial condition k(t) = k and on this interval is applied optimal
control. For this function Bellman's equation is specified. The formulated objective is a solution of the Bellman's equation. This solution
consists that an interval [0, T] by points t1 and t2 (0 < t1 < t2 < T) breaks into three intervals: [0, ti], [t1, t2], and [t2, 7]. The interval
[0, t1] corresponds to the output to the highway, the interval [ti, t2] — to the highway (if it exists), the interval [t2, 7] — to the final stage
(to a descent from the highway). On the highway, there is k = koc = const, and

Lo =Q—A, oy, =M
8+ “F(k,)

If k(0) < ko, then u is equal to 1 on the interval [0, t1]; u is equal to 1 on the interval [tz, 7]. As a result, it turns out that the control
structure is determined by values of t1 and t2. The moment t1 depends only on initial condition k(0) and doesn't depend on a stochastic
component, the moment t2 doesn't depend on initial condition, but it depends on o. Thus, the greater o, the less length of the interval
[t2, 7] and average value of non-productive consumption.
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CEPHUAJIBHOE 1 KOMIIVIEKCHOE OIIMCAHUE CTPOSA KOMIIOHEHTOB
B MACCHUBAX JJAHHBIX

OTMeueHO «HHTEpBaNbHOE» MPECTaBICHUE CTPOSt NH(YOPMAIIMOHHOH IETH, YUCTIOBBIE XapaKTEPHCTHKU KOTOPOTO T10-
Ka3aJIM BBICOKYIO UyBCTBUTEIBHOCTh K PACIOI0KEHUIO KOMIIOHEHTOB B «TEKCTOBBIX» MacCcUBax AaHHBIX. [Ipeanoxkeno
«CepUaJIbHOE» MPEJICTaBICHUE CTPOsS LIEIH, YUCIOBbIE XapaKTePUCTUKH KOTOPOrO OILICHUBAIOT MAaCCHUBBI, COCTOSIIUE
13 4epeIyIoLNXCsl CepUil OMHAKOBBIX JAaHHBIX. BBOANTCS KOMIUIEKCHOE MPEACTABICHNE MAacCHBOB, C(HOPMHUPOBAH-
HBIX KaK OTJEIbHO CTOAIIMMH Pa3HbIMU 3JIEMEHTaMH, TaK U YEPEAYIOIUMHUCS CEPUAMHU OJUHAKOBBIX JJAHHBIX.
KnrodeBble cj10Ba: CTPOI LIETIH; YUCIOBBIE XapaKTEPUCTUKH CTPOS; yAATEHHOCTb COOOIIEHNS; TPOTSKEHHOCTD CePHUH;
MEXHYKIIEOTUIHOE PACCTOSHHE.

B paborax [1, 2] BBeneHo noHsATHE «cTpOH ienwy». [IpeacraBum ero kommakTHOe onricanue. Paccmotpum
KOPTEXXH, IPEACTaBIAOLINE cO00M KOMOMHALIMY TUIIA «IIEPECTAHOBKH C TOBTOPEHUSMI», KOMIIOHEHTaMHU KO-
TOPBIX SIBJIAIOTCS] HATYpaJIbHBIC YUCIIA, HE IPEeBbIIIatonye N (AIMHA KopTexa). B TeopeTuko-MHOKECTBEHHOM
MIPEACTAaBICHUH TaKOH KOPTEX Ha3bIBAETCS BEKTOPOM. PacCMOTpHM B MHOKECTBE TaKUX BEKTOPOB MOIAMHOXKE-
CTBO BEKTOPOB, MEPBBI KOMIIOHEHT KOTOPBIX «CIHHHI[AY, KAXK/bIH CIICIYIOLINA KOMIOHEHT ¢ HOMEpOM | < N
71100 TPEACTABIICH HATYPAIbHBIM YHCIIOM, PABHBIM KOMIIOHEHTY-YHCITy ¢ HOMEPOM | < i, 1100 3TOT KOMIO-
HEHT Ha eIMHUILy OOJIbLIe, YeM MaKCHMAaIbHOe KOMIIOHEHT-4ncIo ¢ HomepoM K < i (rae K # J). HazoBewm aiie-
MEHT 3TOr0 MOJMHOXKECTBA «BEKTOP CTPOs» (Hasee — cTpoii). lpyruMu ciioBaMu, CTPOH LIETIH ONPEAEIICH KaK
0c000ro poJia KOPTEX, KOMIIOHEHTAMH KOTOPOT'O SIBJISIOTCS] HATypaJIbHBIE YMCHa <ai, 82, ..., 8k, ..., an>, T1E
ar=1,an<n;ecmax ¢ {ay, a, ..., &1}, To & = max{ai, a, ..., a1} + 1. 3ameHnM B JTF0O0M KOPTEXKE ITHHBI N
MIEpBbIE BCTPEUHBIE pa3HbIE KOMIIOHEHTHI (371eMEHTHI andaBruTa MOLITHOCTBIO M < N) BO3pACTAIOIMMH Ha €A1-
HUIly HaTypaJbHBIMH YHMCIaMHU (HaunWHasi ¢ eIuHMLBI). [pyriue noBTopsomuecs 0JUHAKOBbIE KOMIIOHEHTHI
OTMETHUM TeMHU ke ynciaamu. O4eBUIHO, YTO B pe3yJIbTaTe 001 KOpTex Npeodpa3yercsi B BEKTOP CTPOSI.

B paborax, npeacTaBisiOIMX cpeacTBa (JOpMaILHOIO ONMCAHUS W aHAIM3a CTPOS LEMH COOOLIeHNI
(DPOAC), paccMaTpuBaIMCh TaKHE AJIMHHBIE KOPTEXHU (3HAKOBBIE [TOCIIEI0BATEILHOCTH, OOJIbIINE MACCUBBI
JAHHBIX), B KOTOPBIX OT/AENbHBIC PA3IMUHbIE KOMIIOHEHTHI Ha IPOTSLKEHUHU LETIH OYTH BCETAa YeperyroTcs,
a cepuH (OAMHAKOBBIX MOAPS PACHOIOKEHHBIX) COOOIIEHUN peAKHe U KOpoTKue. MccnenoBanus Takux pas-
HBIX IO MPUPOJIE LENEH, KaK JINTEPATypHbIE TEKCThI, HOTHBIE 3alIMCH MY3BIKAJIbHBIX IPOU3BEACHUN, HYKIIEO-
TUIHBIC LN (I'CHOMOB HpOKapI/IOT), IMOKa3aJin BBICOKYIO YYBCTBUTCIIBHOCTH «MHTCPBAJIBLHBIX) YUCJIOBBIX
XapaKTePUCTUK CTPOsI (TIPEICTaBICHHBIX IIETBIM KOMIIIEKCOM) K PACIIOI0KEHHIO COOOIIEeHHH B 11er. D dek-
TuBHOCTE cpeacTB POAC npu mccneoBaHNN OOIBIIMX MAaCCHBOB JTAHHBIX, KPOME MPOUYEro, 00ycioBIeHa
JINHEHHOM 3aBUCHMOCTBIO BBIYMCIIATEILHON CJI0KHOCTH OT JJIMHBI IIOCIEA0BATENbHOCTEN. DYHKIMU YHUCIIO-
BBIX XapaKTEPHCTHK CTPOsi 3PPEKTUBHO MPECTABISIOT JOKAIBHOE PACIIONOXKECHUE COOOIIEHUH HA Pa3HBIX
y4YacTKax Ienu [2]. 3aMeTumM, 4To YUCIOBOE OTOOpaKEHUE 3HAKOBOM IIeNHU MO3BOJISIET MPUMEHSITh Pa3HO00-
pa3HbIe CPECTBA aHAJIN3a CUTHAJIOB (MAaTeMAaTUYECKH, CIIEKTPAIbHBIHN, CTATUCTUYECKUN F KOPPESALIMOHHBIH
aHanm3 u Jp.). Hame ocoboe BHUMaHMe K UCCIIEIOBAHUIO CUMBOJIBHBIX TOCIIE0BATEILHOCTEH 00BIICHSETCS
HEAOCTATKOM aJICKBATHBLIX CPCACTB AJIA UX OIIMCAHUA U aHaJIM3a.
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[IpennoxeHHbIe paHee CpeCTBa IIPEAIONaraloT 0ToOpakeHHe 3HAKOBO IIeTIH ee CTPOEM, B Pe3yiIbTaTe
JCKOMITO3HIIMH KOTOPOTO BBIIEIISIOTCS |-€ HETOJIHbBIC OAHOPOIHBIC LIEMH, B KAXKIOW U3 KOTOPBIX OTMECUCHBI
(HaTypa bHBIM YHCIIOM) 3aHATHIC MECTa PACITONOKEHUS OJJUHAKOBBIX COOOIIEHNH B KOJTMIECTBe Nj (OCTaIbHBIE
MeCTa Ha MO3HLINH BCeH Lenu MmycThie). B kauecTBe nmepBUYHON H3MEPUMON eIMHHIIBI HCTIONB3YETCs OYepes-
HOH (I-if) MHTEpBAT MEXIY ONMKAMIIMMU 3aHSATBIMH MECTaMH, pa3Mep KOTOpOoro Ajj OTpeaessieTcss YUCIoM
ITyCTBIX MECT ITIOC OWH. Takum 06pa3oM, ompeensieTcs pacCTOSHUE OT OJHOTO COOOIIECHNUS 0 OKanIIIero
Takoro xe (mo-anriauicku distance). 3amMmeTuM, 4TO y4eT HHTEPBAJIOB MKy OJJHOPOIHBIMH 3asiBKaMH (COOBI-
TUSIMH ) U3[JaBHA UCTIONB3YETCS B TEOPHUH MaCCOBOTO OOCTYKMBaHUS IIPH MOAETHPOBAHUH IIOTOKOB OJJHOPOIHBIX
Y HEOJHOPOHBIX CITydalHbIX coObITHIA [3]. B mocnemnue rojpl [4, 5] y4eT HHTEPBAIOB HAXOIUT PaclpocTpa-
HEHHE, B YaCTHOCTH, NIPH aHAJM3e HYKJICOTUIHBIX 1enei (inter-nucleotide distance). Oanako ucmnonb3oBaHue
MAacCHBOB WHTEPBAJIOB 3HAKOBBIX IOCJEIOBATEILHOCTEH OCYIIECTBIACTCS TPaAWLIHOHHBIMH MaTeMaThde-
CKHMH CpPEICTBaMH, KOTOPBIE HE TTO3BOJISIOT OCYIIECTBIISATH HETTOCPEACTBEHHOE ONMMMCAHNE U aHATTU3 PacIoio-
JKEHUSI KOMIIOHCHTOB B IIEJIOCTHON IICTIH.

OueBuiHa HEOOXOAUMOCTE Pa3pabOTKU CPEICTB OMUCAHUS M aHATI3a CTPOSI TAKUX MACCHBOB JIaHHBIX,
KOTOpBIE IIPEUMYIIIECTBEHHO MIPE/ICTABICHBI YePeIYIOIIUMUCS CEPUSIMH OJTMHAKOBBIX COOOIEHUI. TO MOTYT
OBITh, HANIPUMED, OLUPPOBAHHBIE H300pAKEHHS, TTIOCIICTOBATEIBHOCTH H3MEPSIEMbIX BEJTMUUH U T.I1.

B paborte [2] mpencraBieHsl 601€€ TOIXOASIINE TSI TAKAX JAHHBIX YUCIIOBBIE XapaKTEPUCTHKU CTPOSL.
IIpu 3TOM HCHONIB3YETCA AEKOMIIO3ULIMA 3HAKOBOW LMK HA HEIMOJHbIE HEOAHOPOAHbIE Lenu. BHauvane cuu-
THIBA€TCS HEOTHOPOAHAS LIETIb, COJIepKalllasi TOJILKO MEPBbIe BCTPEYHbIEC pa3Hble 3HAKH. Takas IeTb COJEPKUT
Bech an(aBUT WIH CIIOBaph (MOIIHOCTHIO M) paccMaTpHUBAaEMOT0 MacCHBa. 3aTeM — APYTas [elhb, COJIepIKaIast
BTOpBIE BCTPEUYHBIC PA3HbIE 3HAKU, U T.1.

1. CepunanbHoe onucaHue CTPOs LeNu

JI1 HeTIOCPeICTBEHHOT O yUeTa YepeayIOIINXCS CEPUI B MACCHBE IaHHBIX BBEJIEM HEOOXOJMMBIE Jaee
MOHSITUSA U UX 0003HaueHus. Ha3oBeM OTPe3KOM WU Cepuell YIOpsI0ueHHOE MHOXKECTBO OJIMHAKOBBIX JaH-
HBIX, BBIICJIEHHBIX MMOJPSI B COCTABE j-il HEMOJIHON OJHOPOAHOM Iem . J[omyCTHM, 4TO Ha TO3UIIMH HEKOTO-
pOTo 0Tpe3Ka MOXKHO «CUUTATH» HECKOJIBKO CEPHIi TI0 YHCITY SJIEMEHTOB B 3TOM OTpe3Ke. B kauecTBe mepBHYHOM
M3MEPUMOMN EMHUIIBI UCTIONB3YyEeM JIIIUHY CEpUH, Pa3MeP KOTOPOU OMPENEISIETCS YUCIOM 3aHSATHIX MOAPST
MECT B j-i 0iHOpOIHOM 1en. HanMmeHbInas [inHa oTpeska — eauHuia. st KpatkocTi OyaeM yrnoTpeOisTh
TEPMHUH «IJIMHAY, BETHYNHY KOTOPOH 0003HaunM 7jj (i — HOMep dIeMeHTa B j-i 0JHOpOAHOM 1ienn). HazoBem
MPOTSHKEHHOCTBIO aHHO# cepuu jorapudm ee mmmnbl |ij = 109 Tij. OueBHIHO, TPOTIHKEHHOCTH OTAEIBHO CTO-
SIIIIETO JIEMEHTA paBHA HYIIIO.

CepuainbHblii 00BEM j-i OTHOPOIHOM LEMH, COCTABICHHON 0TPEe3KaMu, ONPE/ICIIUM B BH/IE:

VTj = inzjlrj ! (1)
rae | — HoMep 3JeMEHTa B j-i OJTHOPOJIHOM 1T, a Nj — YUCIIO CepHid B j-i OJJHOPOHOM ey (PH YTCHUH
cepuil HauMHAas C KOKJI0r0 OTMEYCHHOTO B HEW COOOIICHMS).

CpemHss reOMeTpUYECKast JUTMHA CEPHiA B |-l OTHOPOIHOM IETTH OTIPEIeISIeTCS B BUIE:

1=V, - 2)

ITpu 5TOM CepHasbHbIN 00BEM |-if OTHOPOIHOM ST MOYKHO OTPEICTUThH KaK
n:
V.=1]. 3)

[oncrasmss (1) B (2) onpenennuM g B BUIE:

Jlorapupmupys (1), HoIy4nM CyMMapHYO IPOTSKEHHOCTD (J1ajiee — MPOTSHKEHHE) BCEX CepHid |-if OTHO-
pOIHOM Lenu:

L,=> log,T; .
=1
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OmnpenenuM u3 (3) IPOTHKEHUE CEPHIA B |- OJHOPOAHOM HEMH HAa OCHOBE MX CPEAHEH reOMETPHUCCKOI
JUTAHBI:

L;=n;-log, 1. 4)
N3 (4) cpemusis mpoTsHKEHHOCTh CEpUN B JAHHOW OJHOPOIHON IETH OIPEICTUTCS Kak
l; =log, .

Cy'MMapHa}l " CPEAHAA AJIMHBI BCCX CepI/Iﬁ J-I>'I OI[HOpOILHOfI enu Oonpeaecsat0OTCA, COOTBETCTBEHHO, B BUJIC:

S;=D Ty Taj = n.-
= !

OrHomicHue CpC€aHuX AJINH (FeOMeTpI/I‘-IeCKOFO n apI/Iq)MeTI/IIIeCKOFO) OIIPCACIINUM B BUJIC:

DTa BeMUUHA SIBISICTCS CPEIHEH OTHOCUTENILHOM (HOPMHUPOBAHHOM ) AJTMHOW CEpUil B j-if OJTHOPOIHOI
neny. B HEKOTOPOM CMBICIE OHA aHAJIOTHMYHA JJIUTEIBHOCTH HOTHI B MY3BIKE, U3MEPSIEMON B JOJISAX TAKTA.
OueBuiHO, 0Tj MAKCUMAJILHO U PaBHO €AMHUIIE, KOTJla BCE OTPE3KH B OAHOPOTHOM LIeNH paBHBL. BeposTHO,
9Ty BEJIMYMHY MOXHO Ha3BaTh JUIMTEINBHOCTBIO CEPUM, MIIM PABHOCEPUIHOCTBIO, UM MPOCTO CEPUIHHOCTHIO
Jj-# oHOpOIHOM TIeTTH.

CepuainbHblii 00bEM MTOTHOW HEOJHOPOIHOM IIEH ONPEICTUM IIPOU3BEICHUEM BCEX M j-X CEPHATBHBIX
00BEMOB!

Vo=TTV, - (5)

CyMMapHasi ¥ CpeHsisl JJIMHBI BCEX CEpUid M pa3HBIX OTHOPOIHBIX IENel JaHHOTO MacCHBa, COOTBET-
CTBEHHO, OIPEIEIAIOTCS KaK

rje N — JJIMHa BCed Ienn JaHHbBIX.
OrnpenenuM CpeHIO T€OMETPUUECKYIO IJIMHY BCEX CEPUM TaHHOTO MacCUBa B BUJIE!

T, =V, . (6)

m_ N

o=y [ 1] 17 -

j=1 i=l
[Ipu 3TOM cepuanbHBIl 00bEM MacCHBA JAHHBIX MOXKHO OIPEICIIUTh U3 (6) B BUJE:
n
V. =1,. @)
OTHOIICHHE CPEIHUX JJTMH (T€OMETPUIECKOTO U apu(METHUECKOr0) HA30BEM CPEHEH OTHOCUTEIBHOMN
(HOpMHPOBAHHOM ) INIMHOW CEPUI B CTPOE IENH ONPECIIUM B BHIE:

8{:1:% .
Ta

DTy BEIMYNHY MOKHO Ha3BaTh JINTEILHOCTHIO CEPUH, ITH PABHOCEPUUHOCTHIO, HITH CEPUHHOCTHIO CTPOS IICTTH.

Jlorapudmupys (7) monyuynum cyMMapHYO MPOTSIKEHHOCTh (TPOTSHKEHUE) BCEX CEPHM B ITOJIHOM HEO/I-
HOPOJHOM 1enu:

L=n-log,1,.
Cpenusis mpOTsHKEHHOCTh CEpUH B TIOJTHOM HEOTHOPOHOM TN ONPEACIIUTCS B BHIIE:
I=log,t,.

HazoBeM «mmomHBIMY cepHaTbHBIM OTICAHUEM CTPOSI LIETIH, 00pa30BaHHOTO TOJBKO CEPUSIMH JTAHHBIX,

pacrpesiesieHHs] CYMMapHBIX U CPEAHHUX MPOTSHKEHHOCTEH J-X omHOpoaHbix nener Buma: {Lj}, {<l;, nj>},
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rae j = 1, m. [Ipu KOMITaKTHOM ONUCAHUH CEPHATbHBIX JaHHBIX MPUMEHUMBI Pa3HOTO POJIa YKMCIIOBBIC XapakK-
TEPUCTUKU MPOTSHKEHHOCTH CEpUi, @ UMEHHO CPEIHSISI MPOTSHKEHHOCTD, Aucnepcus, win CKO, mpoTsKeHHO-
CTel U IIeHTPUPOBAaHHBIE MOMEHTHI O0JIee BEICOKHX ITOPSIKOB.

Hakonern, otMeTuM, 4TO CTPOM 1€, COACPIKAIINI KPOME «Pa3psLKEHHBIX» JAHHBIX TAK)KE U UX CEPUU,
CJIeIyeT OMUCHIBATH KOMIUICKCAMHU YMCIOBBIX XapaKTEPUCTUK U UX PACTIPEICICHUN, YIUTHIBAIOIINX KaK MH-
TEpBAJIbI M yIaJICHHOCTH, TaK M JUTMHBI CEPUN U UX TPOTHKEHHOCTH.

2. UHTEpBATBLHO-CEPHATbHOE OMMCAHNE CTPOSI LeNH

PaccmoTpuM MaccuB, cosiepaKaliuil Kak OTASNBHO CTOSIIUE YePEAYIOIIHECcs pa3Hble COOOIIEHHs, TaK U
CepuM MAYMIMX MOIAPS OJUHAKOBBIX NaHHBIX. /i ommcanus cTpos Takod MHPOPMAIMOHHOHN LENMH TaKxkKe
Heo0XoIuMa MpeABAPUTENIbHAS €€ JEKOMIIO3UIHS Ha OHOPOHbIC LETIH.

Hemnonxas j-s1 0fHOpOIHAS LIETIb, HA TO3UIIMU KOTOPOH HEKOTOPhIE MECTa 3aHSAThI (0OITMHAKOBBIMU CO00-
LICHUSIMH), & APYTHE ITyCThI, MOXKET OBITh OTOOpaKCHA KaK «MHTEPBaIbHBIMIUY, TAK U «CEPHATbHBIMI JIaH-
HbeIMU. [Ipy HHTEPBaIBHOM PACCMOTPEHUH ONPENEIIeTCs YIOPSA0UEHHOE MHOKECTBO HHTEPBAJIOB BUA:

(A Bgjoees BBy} ®)
I[1pu cepraibHOM OTOOPaKEHHUH MOTYYaETCs KOPTEX JUIMH CEPUI BUJIA:
<le,’E2j,...,‘Cij,...,‘tnjj>- 9

IToce10BaTeIbHOCTH HHTEPBAIOB U JUTHH J-i ofHOpOaHOM mernH (8) u (9) KOMIUIEMEHTAPHO JIOTIOJI-
HSIOT APYT Apyra cleayronmmM odpa3om: eciu Ajj > 2, 1o Tij = 1; ecnu 1 > 2, 10 Ajj = 1.

ITpu cepuanbHOM OTOOPAKCHUHU BCEX M j-X HEMOJIHBIX OJHOPOIHBIX IIEMCH U [EJI0r0 MaCCHBa JTaHHBIX
noJly4aeM Ha00p CepHANBHBIX XapaKTepUCTHK cTpost Tj, Vi, Vi, 1g, 7o, I;=log,7;, I, =log,t;,

L;=n;-log,t,, I=log,1,, L=n-log, t,.

[Tpu nHTEPBAIILHOM OTOOPAYKEHHUH j-X HETIOIHBIX OJHOPOIHBIX LIETEH 1 MOJTHOW HEOAHOPOIHOM MOCIIe-
JIOBaTENILHOCTH PaHee TOTyYeH aHAIOTUYHBIN HAaOOp MHTEPBAJIbHBIX XapaKTEPUCTHK CTPOS CO CIEIYIONIMMU
(YTOYHEHHBIMU 3/1€Ch) 0003HAYEHUSIMHA U HANMEHOBAHHSIMH:

Ajj — uraTepBai ot i-ro 1o (i + 1)-ro Gimkaifiero Takoro ke cOOOIIEH s B j-if OJHOPOIHOM IeTH;

Vaj — MHHTEPBAJIbHBIN 00BEM -if OTHOPOIHOM 1IeTIH;

VA — HHTEpBANIbHBIN 00BEM TTOTHON HEOTHOPOIHOM 1eMH;

Agj — cpeiHu#l TeOMETPHUYECKUIT HHTEPBAIT B |- OJTHOPOIHOI IIeTTH;

Ag — cCpeIHUI TEOMETPUUYECKUI UHTEPBAJI B ITOJIHOM HEOJHOPOAHON LEMH;

gjj =109, A — yranennocts (i + 1)-ro coo6IIEHNs OTHOCHTENBHO i-T0 B j-i ONHOPOAHOI Leny;

g; =109, Ay — cpennsis yaneHHOCTb COOOIIEHNH B J-if OHOPO/HOH 1enH;

g =log, Ay — cpeaHsist yAaneHHOCTb COOOIIECHHH B IOJIHOH HEOAHOPOHOM LeTH;

G; =nj-log, Ay — cyMMapHas yalleHHOCTb, UIIM YIAIEHNE, COOOIIEHNH B j-i OIHOPOAIHO# tenu (pa-
Hee — rIIyOuHa - 1emnm);

G =n-log, Ay — cymMMapHas yJaleHHOCTb, HIIA y/IaJIeHHE, TIOJIHOH HEOIHOPOHOH Lenu (paHee — riry-
OuHa 11eTIH).

OtaenpHO 3anMIIeM BhIpaKeHHE, aHaTIOrnYHoe (3), B KOTOPOM HHTEPBAJIbHBINA 00BEM |-i OJJHOPOTHOM
LIETIN ONPEJIENICH Yepe3 CPEIHUN T€OMETPUUECKUI UHTEPBAJl KaK

n .
.= J.
Vi =4y

[Tpou3BeieHe HHTEPBAILHOTO U CEPHATBHOTO 00BEMOB j-if OJIHOPOIHOM IIeTTH Ha30BeM (TIOJTHBIM) 00b-
€MOM J-ii OJTHOPOIHOM IIETIH M 3aIMIIIeM B BUJIE!

V=V, Vg (10)

J Ul
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Hcnone3ysi KOMIUIEMEHTapHYIO JTOTIOTHATEIBHOCTh HHTEPBAIBHOTO (8) 1 cepuanbHOTo (9) mpemcras-
JICHU# BCeX Nj COOOIIEHHUH j-i OTHOPOIHOM IETH, IPOU3BEICHHUS MTap HHTEPBAIOB ¥ JUTHH CEPHIA TS KaXKI0TO
i-T0 COOOIIEHHMS 3aMuUIlIeM B BUJIE:

nj n]- nj
[Ty ) =TTas T e =Va Vs (11)
i=1 i=1 i=1

U3 cpasuenns (10) u (11) BuaHO, 9TO OAHA W Ta K€ KOMIUIEKCHASI XapaKTepucTUKa Vj MOXeT OBITh
BBIYHMCIICHA JTHOO C pa3lelbHBIM OINpeAcICHHEM MHTEPBATHHOM M CepHaIbHOW XapaKTEepPHUCTHK, JHO0 — Oe3
pas3aeabHOI OIIEHKH 3TUX CBOMCTB - OJHOPOHOM IIETH.

Ha3zoBeM eMKOCTBIO i-T0 COOOMIEHHS B j-if IIETTH MPOU3BEACHNE BUIA

V;j =Aij “Tj -

«EMKoCTHOEY mpe/cTaBlieHHE j-if OTHOPOIHOI LIeTH, ONpeeIeHHOe KOPTEKEM BHIA
<V1j ’V2j ""’Vij ""’anj >,

HE COJIEP)KUT KOMIIOHEHTOB, PaBHBIX €IUHUIIE, TaK Kak Vij > 2 IS JTOOBIX KOMIIOHEHTOB, OJTHAKO TIPU 3TOM
HWHTCPBAJIbHBIC U CCPUATILHBIC CBOMCTBA nenuy HEpa3JInIUuMBI.

I[.HH MOJIYy4Y€HUA €MKOCTHBIX XapaKTCPUCTUK CTPOA LECIIU IMPUMCHHMBI BbBIPpAXXCHUA, MPCACTaBJICHHBIC
BBIIIIC. BBC}IGM 0603Ha‘-ICHI/I$1 1 Ha3BaHUA JJI1 HCKOTOPBIX U3 HUX

Vij — EMKOCTb i-T0 COOOIICHHUS B j-if OTHOPOTHOMN LIETIH;

Vj — (eMKOCTHO#) 00beM j-if OTHOPOIHOM IIETIH;

V — (eMKOCTHOI1) 00beM MacCHBa JTaHHBIX;

Vgj — CPEIHsIsSi TeOMETPHIECKasi EMKOCTh COOOIICHUI B |- OTHOPOIHOI 11eTIH;

Vg — CpeaHsIsi TeOMeTpUYECKasi EeMKOCTh COOOIIEHII B MACCHBE JTAHHBIX;

¢ =109, v;; — pasmep i-ro cooOuIeHUs B J-if OAHOPOAHOM LenH;

¢; =log, vy — cpenuuii pasmep cooOuieHuit j-i OAHOPOAHON 1ETH;
¢ =log, v, — cpennuii pasmep cooOLIEHNH B MACCUBE TAHHBIX;

C; =n;-log, vy — (monHwbIi) pasmep j-it 0HOPOIHOM HETH;

C =n-log, vy — (moaHBbIi) pasMep MaccuBa JaHHBIX.

I/ICHOHBS}’H MMPEACTABJICHHBIC XAPAKTCPUCTUKH, JICTKO MNOJYUYUTH CIICAYIOUIUC BBIPAKCHUA ST KOM-
IJICKCHBIX XaPaKTCPUCTUK CTPOA LCIIN:

V=V,-V,v,=A,-1,C=G+L, c=g+l, (12)
®opmyna (12) B Gonee moapoOHOM MTPECTABICHUN HMEET BUI:
c=>-log, Ay, +> *-log, 1, (13)
=t =1

JI71st ICEBIOTEKCTOBBIX PETYIIIPHBIX MACCHBOB JaHHBIX, Y KOTOPBIX Agj = Aaj = N/Nj, IepBOE ciaraemoe
B (13) m1st N — oo coBIaiaeT ¢ SHTPOMUEH; IPH JFOOBIX JPYTUX PACTIONOKEHHUSIX CHMBOJIOB CPETHSAS yIaleH-
HOCTB COOOILIEHHH B IIETIH, IPEJICTaBJIeHHAs TePBBIMU ciiaraeMbiMu B (12) u (13), MeHbIIe yncna uaeHTudu-
nupyronmx uHpopmanuii (mo M. Masypy, [6]), T.e. § < H, a cpeaHuii reoMeTpUYECKH HHTEPBAI MEHBIIIC
Yrcia onucaTelbHbIX HHpopManui (o M. Mazypy), T.e. Ag < D.

BakHO 3aMEeTUTBh, YTO TaK ke, KaKk M Y MHTEPBATbHBIX XapaKTEPHCTHK, BPEMsI BEIYHUCIICHHUS CEPHAITLHBIX U
€MKOCTHBIX XapaKTEPHCTHK JIMHEHHO 3aBUCHT OT pa3Mepa BXOIHBIX JIAHHBIX (JUTHHBI IOCIIEI0BATEILHOCTH). M, Kak
crencTBre, oHM 3P QEeKTUBHBI 17151 00pabOTKH JUTMHHBIX MOCIIEI0BATEIHHOCTEH (OONIBIIIMX MACCHBOB JaHHBIX).

3akiIouyenue
O‘IGBI/IIIHO, qToO I/IHTepBa_HI)HI)Ie, CepI/IaJ'IBHI)Ie " EMKOCTHBIC XapaKTepI/ICTI/IKI/I CTpO?I JI(S0151 HOHapHO JOII0JI-

HSIOT JIpyT Apyra. OJHAKO €eMKOCTHBIE XapaKTEPUCTUKU JIAI0T «II0JIHOE)» KOJMUYECTBEHHOE OIIMCAaHUE MaccuBa
JTAHHBIX, KOTOPOE HEJNb3sI MOJIyYNTh TOIBKO HHTEPBAIBHBIMY WM CEpHaIbHBIMU XapakTepucTukamu. [lomHoe
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OIHMCAHUE CTPOSI MHTEPBAILHBIMU XapaKTEPUCTUKAMHU BO3MOYKHO TOJIBKO IS «TEKCTOBBIX» MaCCUBOB JIaHHBIX,
rae Tij = 1. CepuasbHble XapaKTePUCTHKH JIAIOT ITOJTHOE ONMCAHNUE TAKMX MaCCHBOB, KOTOPBIC MPAKTHYCCKHU HE
HMEIOT «TOYCUHBIX» TAHHBIX, HO COCTOST U3 JUTMHHBIX TOBTOPOB (CEpHii) OMMHAKOBBIX JaHHBIX, rae Ajj = 1.

JanbHeiimas pa3paboTka CpeCTB OMUCAHKS U aHAIN3a CTPOs PE/IIOIIaraeT UCCIIe0BaHUE CBOCTB BBe-
JICHHBIX 3]IECh XapaKTEPHUCTHK, a TAK)KE BOZMOXKHYIO X MojrduKanuio. Tak kak mpecTaBICHHbIC CepralbHbIe
OLICHKH TIPElyCMATPUBAIOT HEOJHOKPATHOE UTCHHE CEpHi Ha MO3HI[MH HEKOTOPOTO OTpE3Ka, B JajbHEHIeM
npeaycMaTpuBaeTcsl pa3paboTka CpelICTB ISl OJTHOKPATHOTO YTEHHS OTPE3KOB € MOCIEAYIOIUMHE UCCIIe[0Ba-
HUSIMH U CPABHEHHEM YYBCTBUTEIILHOCTH CEPUATBHBIX U «OTPE30UHBIX» XapAKTEPUCTHK CTPOSI LIETIH.

KommbroTepHast 00padoTKa OOJIBLIMX «TEKCTOBBIX)» MACCHBOB IAHHBIX (IIP03a, CTUXOTBOPECHUS, HOTHBIC
3alKCH, HYKJICOTUIHBIC TIOCIIEIOBATEIBHOCTH) MTOKa3a1a BHICOKYIO YyBCTBHTEIBHOCTh HHTEPBAJIBbHBIX XapaK-
TEPUCTHK CTPOSI K OPUTHHATBHOMY PACIOJI0KEHUIO KOMITOHEHTOB (OYKB, CJIOB, HOT H T.I1.) B JUTHHHBIX ¥ OYE€Hb
JUIMHHBIX KopTexax. [Ipesmonaraercs, 4To cepualibHbIe U €MKOCTHBIC XapaKTEPUCTHKH CTPOs obecredaT
TaKWe K€ CBOMCTBA JIISl MACCHBOB JIAHHBIX, COJCPIKAIIUX JUTHHHBIC TIOCIEA0BATEIBHOCTH TTOBTOPSIFOIIUXCS
KOMITOHEHTOB. HakoHel, 0oTMeTHM, 4TO pa3padaThiBaeMble cpeicTBa (GOpMaIbHOTO OMHMCAHUS M aHAIHM3a U
00JIBIION HAOOP €ro YMCIIOBBIX XapaKTEPUCTHK OTPAXKAOT Pa3HOOOpa3HbIC CBOMCTBa HOBOT'O aOCTPAKTHOTO
00BeKTa — CTpOst HHOOPMAITMOHHON TIEITH.
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The paper describes the concept of «order of data sequence», which is defined as a special kind of tuple — «vector of order». The
components of order are integer numbers i that are not more than its length n; first encountered different numbers j <m <n are
increasing by one.

The works representing the means of formal description and analysis of order of data sequences, considered such long tuples
(symbolic sequences, data sets), in which separate different components throughout the chain nearly always alternate, and the series
(of the same elements arranged in row) are rare and short. Computer processing of large «text» data sets (prose, poems, musical
compositions, nucleotide sequences) showed high sensitivity of characteristics of order to the arrangement of components (letters,
words, notes, etc.) in long and very long tuples. The proposed means suggest representation of symbolic sequence with its order.
The result of decomposition of order is congeneric sequences in each of which places occupied by similar elements (in amount of nj)
are marked with integer number and all other positions are empty. In these congeneric sequences interval between the nearest occupied
positions is used as basic measure and calculated as Aij — number of empty positions plus one.

This paper discusses means for analysis of ordered data sets, which are mainly represented by alternating series of identical mes-
sages. This may be, for example, digitized images, sequences of measured values, etc. These means are represented by a set of «serial»
characteristics of order, which are defined, named, marked in a similar way to the previously introduced «interval» characteristics
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of order. Series length is used as basic measured value and its size is calculated as a number of occupied places in a row in the j-th
congeneric sequence. The length of series is marked i (i is the number of element in the n-th partial congeneric sequence). Below,
some of the serial characteristics of the system are given.

Serial volume of the j-th congeneric sequence is defined as (1), and serial volume of the complete sequence is defined as (2):

v, =[T% @)
A | @

The total spread of all series of the j-th congeneric sequence is defined as (3), and the total spread of all the series in the complete
sequence is defined as (4):

L;=n;-log, 1, ®3)

L=n-log, T, . 4)

where g5 is the geometric mean length of the series in the j-th congeneric segience; tq is the geometric mean length of the series in the
complete sequence; lj = logztg; is the average spread of the series in the j-th congeneric sequence; | = logztg is the average spread of the

series in the complete sequence.

The «complete» serial description of an order is defined by the following distributions: {Lj}, {<l;, nj>}.

The order of sequence containing, in addition to «sparse» data also a series of elements described by complexes of numerical
characteristics and their distributions, taking into account both intervals Aij and remoteness gij = logzAij and length of series tij and their
spread lij = logztij. Description of order of such sequence also requires preliminary decomposition into congeneric sequences. It is
possible to carry out a separate interval and a serial description of an order.

The concept of capacity of i-th message vij = Ajj tij is introduced. Based on the capacity of messages set of «capacitive» characteristics
of an order is defined, among which are following:

V=V,-V,v,=4,-1,C=G+L, c=g+I,

where V and Va are complete and interval volume of order; G is the total remoteness (depth) of order; Ag is the geometric mean interval
and g is the average remoteness of messages in a complete sequence; C = logzV is the complete size of the data array; ¢ = logzvy is the
average size of messages in the data array.

Developed tools and a large set of numerical characteristics reflect a variety of properties of the new abstract object — the order of
information chain.
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H.A. UrnatheB

OBOBHIAIOIIIAA CITOCOBHOCTD AJI'OPUTMOB 110 MEPE KOMITAKTHOCTH

PaccmatpuBaetcst BeIYHCIICHHE 0000IIAONICH CIIOCOOHOCTH CEMEHCTB aJTOPUTMOB PAclio3HaBaHHs ¢ OCCKOHEYHOU
E€MKOCTBIO. J{71s oLleHKH 0000IIaroei ClIOCOOHOCTH MPEAIaracTcs UCIOIb30BaTh MEPY KOMIIAKTHOCTH, 3HAYSHUS KO-
TOPOU ONPEICISIFOTCS B 3aBHCUMOCTH OT Pa3MEPHOCTH U COCTaBa HA0Opa MPU3HAKOB, KOJIMYECTBA YAUIICMbBIX IITyMO-
BBIX OOBEKTOB U YHCJIA 0OBEKTOB-3TAIOHOB MUHUMAJILHOTO TIOKPBITHSL.

KioueBsble cjioBa: Mepa KOMITAKTHOCTH; ITYMOBBIC OOBEKThI; NHPOPMATHBHBIC MPU3HAKU; OOBEKTHI-3TATOHEIL.

O6o00maromnias CltocOOHOCTH OTHOCUTCS K UHUCITy OCHOBHBIX IIOKa3aTeleH, XapaKTepU3yIOINX KaueCTBO
pacmo3HamImuX anroputMoB [1]. DTa cnocoOHOCTh MPOSBIACTCS B YMEHUH ONPEACISATh NMPHUHAIIC)KHOCTD
00BEKTOB K KJIaccaM, KOTOPBIX aJlTOPUTM He BUAET B mpoliecce o0yuenus. [IpoBepka HCTUHHOCTH THIIOTE3bI
0 KOMITAKTHOCTH JISKUT B OCHOBE MHOTHX KPUTEPUEB U METOJIOB TEOPUH pacrio3HaBaHus oOpa3oB. Tak, B [1]
onucaH MpoGuIIb KOMIIAKTHOCTHU ISl BBIYMCIICHHUS 0000IIatomIeii ClIOCOOHOCTH CEMEHMCTB aJiITOPUTMOB, IME-
IoIMX OECKOHEUHYI0 eMKOCTh B ipocTpancTe VC (Banmnuka—YepBoHenkuca) [2]. 1i1st onpeneneHus mpuHai-
JISKHOCTH TPOU3BOJILHOTO JIOIYCTUMOTO 00BEKTa K KJlaccaM MPH UCTIONB30BaHUU TAKMX CEMEHCTB ajropHT-
MOB HEOOXOAMMO XpPaHUTh B TIAMATH BCIO BRIOOPKY. [IpencraButenem cemeiicTBa ¢ OECKOHEUHOH €MKOCTBIO
SIBJIICTCS aITOPUTM «Ommkaiiimuii cocen» (BC).

B mpakTryeckux 1emnsax Mpy BEIYUCICHHN 0000Iaroeil CiocOOHOCTH JJOCTATOYHO UCTIONB30BaTh JIO-
KallbHBbIE CBOICTBa (JIOKaJbHBIE OTpaHUYEHHs) BHIOOPOK 00BekTOB [1]. JlokampHBIM orpannyenneM B [3]
MO>KHO cuuTath npeanoxenHslid H.I'. 3aropyiiko noka3sareiab KOMIAKTHOCTH, ONPEAEISIEMBIN IO YHCITY 00b-
€KTOB-3TAJIOHOB MUHUMAJIBHOTO ITOKPHITHS, IIPH KOTOPOM PAacCIO3HaBaHHE OOBEKTOB KIaccoB (PMKCUPOBAHHOM
BBIOOPKH OBLTO KOPPEKTHBIM.

Kpome mokazaTens KOMIAKTHOCTH KaHAWAATaMM AJISl BKIIOUEHHSI B HAOOpP JIOKAJIBbHBIX OIpaHUYEHUIN
SIBJISTFOTCSI YUCIIO IIIYMOBBIX 00BEKTOB, pPa3MEPHOCThH IPU3HAKOBOTO IIPOCTPAHCTBA, MHOXKECTBO 00BEKTOB 000-
J04eK (TIOIMHOXKECTBA TPAHUYHBIX OOBEKTOB) KiaccoB [4] mo 3amaHHON Merpuke. HTepec mpencraBiser
npenenbHoe 3HaYeHNUE Pa3MEPHOCTH, NIPH NPEBBILIEHUH KOTOPOro MOKa3aTellb KOMIAKTHOCTH [3] yBeln4rBa-
etcsa. Habop npu3HakoB, onpenesionii npeienbHoe 3HaYeHHE, paccCMaTpUBaeTCs Kak MH(pOPMaTUBHBIN IS
HCTONB3YyeMOi Mepbl 0sin30cTH. Pa3zmepHOCTh BhILIE MTpeebHOM IPUBOANT K Pa3MbIBAHUIO CXOJCTBA MEXKIY
00BEKTaMH BBIOOPKH.

CymecTByeT MOTpeOHOCTh BO BBEJCHUU HOBOM MEphl M3MEPEHUSI KOMIIAKTHOCTH C TIOMOLIBIO Oe3pas-
MEPHBIX BEJIMYHMH CO 3HaueHUsIMU B [0, 1]. 3HaueHHs 3TUX BeTUUMH TPEeOYIOTCS Ul aHAIM3a TOr0, HACKOJIBKO
peanbHO mostyyaemas (1o 3aaHHON Mepe OJM30CTH) CTPYKTypa oO0ydaromieil BEIOOPKH OTIAMYAaeTCs OT uie-
JIbHOM 715 pacrio3HaBaHusl. VneanbHOM cunTaeTcsi CTpyKTypa, B KOTOPOH YMCII0 00BEKTOB-3TAIOHOB MUHU-
MaJbHOTO TIOKPBITUSL PABHO YUCITY KJIACCOB.

Mepy KOMIIaKTHOCTH MOKHO UCIIOJIb30BaTh AJIsl CPAaBHEHHUS] METPUK U MPeoOpa30BaHU MPU3HAKOBOTO
MIPOCTPAHCTBA [0 OTHOILICHHIO «JTy4YIlle) Ha (UKCUPOBAHHBIX BHIOOPKax 00BEKTOB. AHAIIN3 CTPYKTYPbI BEIOO-
POK OCHOBBIBAETCS Ha MCIOJIB30BAHWU CBOMCTB 3TOr0 OTHOLIEHMs. MeToauKa aHaln3a OpUEHTUPOBaHA Ha
KOJIMYECTBEHHBIE TIOKA3aTENH, BEIUMCISIEMBIE 110 pe3ylbTaTaM pa3onueHust 0ObEKTOB KIIaCCOB Ha Hellepeceka-
forruecs rpynmsl [4]. ['apanTreil enMHCTBEHHOCTH pa30MEHNs 110 YUCITY TPYHI U COCTaBYy BXOMAAIINX B HUX
O00BEKTOB CIYXKHUT YCTOHYUBOCTH MCIIOJIb3YEMOTO aITOPUTMA.

BrusiHue 111yMOBBIX 00BEKTOB Ha MOKa3aTe Il 0000II1aroIieli ClioCOOHOCTH aJI'OPUTMOB MHOTOKPATHO pac-
CMAaTpPUBAJIOCh B HAYYHBIX IMyOsmkanusx. [1o o0mupHOMY mepedHto padoT B [5] mpuBOAKUTCS 0030p Pa3IHMIHBIX
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METOJIOB OOHAPYXEHISI U YAAJTIEHHUS ITYMOBBIX 00bEKTOB. BOIBIIMHCTBO M3 3THX METOIOB OPUEHTHPOBAHO Ha
HcIioNb30Banue npasmia bC.

KauectBo pacmo3naBanus no npasmty bC CylmecTBeHHO 3aBHCHT OT YyBCTBUTEITFHOCTH METPHKH K pa3-
MEpPHOCTH TPH3HAKOBOTO MIPOCTPAHCTBA. M3MeHeHne pa3MepHOCTH CBS3aHO Kak ¢ 0TOOpOM MH(OPMATHBHBIX
MIPU3HAKOB, TAaK U C MIEPEX0I0OM K OTMCAHHUIO 0OBHEKTOB B IIPOCTPAHCTBE M3 JIATCHTHBIX MTPU3HAKOB.

B kavecTBe MHCTpYMEHTApUSI JJIs IEPEX0/1a K TATEHTHBIM MpU3HaKaM B [4, 6] npeanaraiock UCIobh30-
BaTh J[Ba TUIA MIPABUJ HUEPAPXUUYECKOIN armoMepaTUBHON IPyNIIMPOBKY HUCXOAHBIX MPU3HAKOB. [lepBbIil THIT
OpPHEHTHPOBAH Ha MOCIIE0BATENbHOE OOBEAMHEHNE IBYX PU3HAKOB B OJIMH ITyTeM HEITHHEHHOTO OTOOpaxKe-
HUS WX 3HAYEHUH Ha YMCIIOBYIO OCh. | pymmupoBKa mo mpaBmiiaM BTOPOTO THITA MTPOU3BOANTCSA HA OCHOBE
3HAYEHUH KPUTEPHUSI YCTOWIMBOCTH OOBEKTOB I10 33/JaHHONM METPUKE B IIBYXKIIACCOBOH 3ajjade pacro3HaBa-
Hus. [lo kaxmoi rpymme npu3HaKoB BEIYHCISETCS 0000IIeHHas OlleHKa 00BEKTa.

MeTo/1p1, peanu3yomne 18a TUIA TPABUI HepapXUIecKOil TPYIITHPOBKH, MOXXKHO UACHTH(DUITUPOBATH
KaK HeJIWHEWHBIC U JTNHEHHbIe. HenmaelHpie MeTOBI SBISIOTCS WHBAPHAHTHBIMU K MAacIITabaM H3MepeHHUH
MPU3HAKOB. Y JIMHEHHBIX METOJIOB CBOMCTBO MHBAPHAHTHOCTH OTCYTCTBYET. Ilocie0BaTeIbHOCTh (pOpMUPOBa-
HUA TPYIIT U JIATCHTHBIX IMMPU3HAKOB HAa UX OCHOBC I10 IBYM THIIaM IIPAaBUJI OIIPEACTIACT MOPAAOK 110 OTHOIIC-
HUIO cTereHH HH(GOpMAaTUBHOCTH. VHPOPMATUBHOCTH MPH3HAKA BBIYUCIAETCS KaK JKCTPEMYM KPHTEpHS
pa3bueHms ero (Mpu3HaKa) 3HAUCHUH Ha HEeTlepeceKaroluecss UHTepBajbl B GopMe MPOBEPKU CTETICHW HCTHH-
HOCTH TUNOTE3bl: «MHOodJICeCcmea 3HaueHull npUHAKa 6 ONUCAHUU 00BEKMO8 U3 PAHLIX KIACCO8 NPU Yucie
UHMEPBANL08, PABHOM YUCTY KIACCO8, He NePeCceKaiomcsi Mexicoy co00LLy.

B nanHoii paboTe paccMaTpUBAIOTCS HEMYCThIE Kacchl (MHOKECTBA) METPUK, KIaCTEPHBIE CTPYKTYPHI
00y4armux BEIOOPOK MO KOTOPBIM COBIAAAIOT (SBIISIOTCS YKBUBAJICHTHBIMH ) TI0 YHCITY TPYIII U COCTaBY BXO-
JSIIUX B HUX 00BEKTOB. MH(MOpMaIHs 0 KIIacTepHOH CTPYKTYpe MO3BOJISIET BECTH IMOCIEAOBATENBHEIH OTOOD
00BEKTOB-3TAJIOHOB MUHIUMAIBLHOTO TIOKPBITHSA, B K&KAOM U3 KOTOPBIX OMNpeiesieHa JIokaibHas MeTprka. Cro-
c00 BBIYKCIICHHUSI BECOB JIOKAJIBHBIX METPUK aHAIOTHYEH Ucnoyb3yemoMy B Metoze FRIS STOLP [3].

st onienku o60011aromieii criocodHocty anroputMoB Metoaa bC npennaraercst IpUMEHSITh KPUTEPHIA,
3HA4YEHUS KOTOPOTO BHIYHCIISIOTCS B 3aBUCUMOCTH OT pa3MEPHOCTH M COCTaBa Habopa MPU3HAKOB, KOJINYECTBA
yaajlda€MbIX HTYMOBBIX 00BEKTOB H YHCIIa O6’beKTOB-3TaJ]OHOB MHWHHUMAJIBHOT'O ITOKPBITUA. O]_IGHKI/I 110 KpuTe-
PHIO MCTONB30BAINCH ISl IEMOHCTPAIIMK YCTOMYMBOCTH PE3YJILTATOB 0TOOpa MH(POPMATHBHBIX NMPH3HAKOB
METOJIOM KPOCC-BaJIMJIAIIMH HA CIIy4alHBIX BBIOOPKaX.

1. O pa3oneHuM 00beKTOB KJIACCOB HA HeMepeceKkalouuecs rpynmnbl

Hcnonb3oBanue yacTHaHO 00yueHHOH BbiOOpKH (UOB) st 3a1aHust yCIIOBHIA TPYIIITMPOBKH OMUCAHO B [7].
[Ipumepom ycroBHs CIIy>KUT yKa3aHUE ITOAMHOXKECTBA U3 Nap 00BEKTOB BEIOOPKH, KOTOPBIE NIPH pa30MeHUH
HE JOJDKHBI MIONAAaTh B OAHY rpynmy. lIpuHamiexHocTh 0O0bEKTOB K HEMEPECEKAIOIMMCS KIIacCaM CITY>KUT
HUCTOYHUKOM JIOTIOJIHUTEIBHON HH(OPMALIMH JJIs1 HCCIIEA0BAHUS KJIACTEPHOM CTPYKTYPBI € MOMOILBIO Pa3jiny-
HBIX Mep OJIU30CTH.

OcHOBHBIE HJIeM TPUBOAUMOTO HIKE METOAa U3NoxeHsl B [4]. Llensmu pazdoueHust 00beKTOB KJIacCOB
Ha HENEePEeCEeKAIOUINeCs TPYIIIbI ABIISIIOTCA:

—BBIYUCIICHHE U aHAJU3 3HAYCHUH KOMIIAKTHOCTU OOBEKTOB KJIACCOB U BHIOOPKH B 1IE€JIOM;

—TOXCK MUHUMAJILHOTO TOKPBITUS 00y4Jaroniel BBIOOPKH 00bEKTaMU-3TaJIOHAMH.

PaccmarpuBaetcs 3aaua pacrio3HaBaHUs B CTaHIAPTHOM NOCTaHOBKE. CYHUTAETCS, UTO 33JaHO MHOXKECTBO
Eo = {S1, ..., Sm} ob6bekTOB, pazaenennoe Ha | (I > 2) Henepecekaronuxcest moamMuokecTB (kmacco) Ky, ..., K,

|
Eo = LJKi . Onmcanue O0OBEKTOB MPOU3BOIHUTCS C IOMOIIBIO Ha0Opa M3 N pPa3HOTHUIHBIX HPU3HAKOB
i-1
X(n) = (X1, ..., Xn), & U3 KOTOPBIX U3MEPSIOTCS B MHTEPBAJIBHBIX MIKaJaX, (7 — &) — B HOMHHAIBHOH. Ha MHOXe-
cTBe 00BeKTOB Eo 3amana metpuka p(X, ).
O6o3naunm yepe3 L(Eo, p) MOaAMHOKECTBO ITPaHUYHBIX OOBEKTOB KJIACCOB, ONperessieMoe Ha Ko 1mo
MeTpuke p(x, y). O6bekTsl Si, Sj€ Ky, t = 1, ..., | cuntaroTcs cBsI3aHHBIMU MeXIy coboit (S; < §j), ecmu
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{S € L(Eo, p)|p(S, Si) <riand p(S, Sj) < r} # &, rae ri(rj) — paccrosiaue 1o Gmmkaiimiero ot Si(S;) oObekTa U3
CK; (CKt = Eo\Ky) mo metpuke p(X, Y).
MuosxectBo Gv={S, ,...,S, } €=2, Gv C K, v <|Ki| npeacrasnser o6nacts (rpymniy) co CBI3aHHBIMH

obbexramu B kiacce Ky, eciu st no0six S, Sy, € Gy cymiecTByer myTh S, <>S, <>..<>S, . OO6bexT
i ]

Sie Ky, t=1, ..., | npuHaanIeKUT rpymie u3 0JHOTO IEMEHTA M CUUTACTCS] HECBS3aHHBIM, €CITH HE CYIIECTBYET
nyTd S <> Sj HU 1t o;iHOTO 00BeKTa S) # S 1 Sj € Ki. Tpebyercs onpeaenuTh MUHIMAIILHOE YHCIIO Herepe-
CEKAIOIINXCS TPYII U3 CBSI3aHHBIX M HECBS3aHHBIX 00BEKTOB 10 KaxkaoMmy kiaccy Ky, t=1, ..., .

JlaHHast 3a71a4a MOXKET PacCMaTpUBAThCS U B aJbTCPHATUBHON MOCTaHOBKE (0€3 3a1aHusi IPH3HAKOB),
eclM ompezeseHa KBajpaTHas MaTpuua 0nmu3oct {@ij}m=m MexkaIy M oobexkTamu u Bektop F = (fi, ..., fm),
fie {1, ..., I} mpunamiexxaocTn 00HeKTOB K Kiaccam Ky, ..., Ki. Bextop F cinyxuT gononsurensHoi# napopma-
LHEH ISl 33aJaHKs] YCIOBHM TPYIIIIUPOBKU.

[Tpu onpeneneHn MUHUMAIIBHOTO YHCIIA TPYII U3 CBSI3aHHBIX M HECBSI3aHHBIX OOBEKTOB KJIACCOB HC-
nonb3yercst L(Eog, p) — MOAMHOKECTBO rPaHUYHBIX 00BEKTOB (000JI0YKA) KIIACCOB MO 33 ]aHHON METPHUKE P U
onucanrue 0ObEKTOB B HOBOM MPOCTPAHCTBE W3 OMHAPHBIX MPHU3HAKOB. [1Jisi BBIAETICHUSI O0ONOYKH KJIacCOB
st kaxaoro Si€ Ky, t =1, ..., | ctpouTtes ynopsimouennast mo p(x, y) mociaeaoBaTebHOCTh

S, SirnSi 2 =S )

ITycth SiB € CK; — ommkaiimmii k Sj 00bekT 13 (1), He Bxomsamuii B kiaace Ki. O6o3naunm uepes O(S;) okpecT-

ig*

HOCTh paamyca [ = p(Si,Si”) C LEHTPOM B Sj, BKJIIOYAIOUIYI0 Bee 00BEKTHI, i KoTopex p(Si, S; )< i,

1=1, .., -1 B O(S;) Bcerna cymiecTBYeT HEMyCTOE MOIMHOXKECTBO OOBEKTOB

m:{&mﬂﬂ&ﬂp@w&J: min 4&W&)} )

s;,€0(S;)

m

ITo (2) mpuHaLIEKHOCTH 0OBEKTOB K 000J104Ke KitaccoB onpeaessieTcs kak L(Eo, p) = UAi .
i1

MHuoxkecTBo 066ekToB 060m0ukn 13 K¢ N L(Eo, p) 0603naunm kak Li(Eo, p) = {S}, ..., S}, n > 1. 3naue-

HEe T = 1 0IHO3HAYHO OTpe/esIsIeT BXOXKICHHE BCEX 00BEKTOB Kiiacca B 0JHy rpymiy. [Ipu > 2 npeobpasyem

ornucanne Kaxaoro oosekra Si€ Ki B Si= (Yit, ..., Yin), THE
]
Lp(S;.8')<r,

Yij = 3)

0.p(S;,8")2r.

ITycts no (3) mosyuero onucanue 06bekToB Kiacca Ki B HOBOM (OHHApHOM) IMPU3HAKOBOM IPOCTPaH-
ctBe, Q = Ky, 0 — ynco Henepecekarmmxcst MeXILy coO0 rpyIi 00BEKTOB, S, Vv Sy, Sy A Sy — COOTBETCTBEHHO
olepanyy TU3bIOHKIIMN ¥ KOHBIOHKIIUH 110 OMHAPHBIM NPU3HAKaM 00BEKTOB Sy, S, € Kt. [Tomarosoe BbITON-
HEHUe anroputMa pazoueHus 00bekToB Ki Ha Henepecekatomecs rpymmsl Gy, ..., Go TakoBO.

Hlar 1: 6 = 0.

Iar 2: Beigenuts 00bekT S € Q,0=0+1,Z2=S5,Gy= & .

Iar 3: BemmoauaTs Beidop S € Q and S Z = true, Q = Q\S, Gy = GyUS, Z = Z_ S noka
{SeQ|SZ=true}+ <.

ar 4: Eciiu Q # &, To uaTtu 2.

[Tar 5: Konew.

Pa3buenne 00beKTOB Ep Ha HeTlepeceKaloIMecs TPYIITBI [0 ONMCAHHOMY BBILIE aJITOPUTMY UCTIONB3YETCS
JUTS TIONCKAa MUHUMAJIBHOTO TIOKPBITHA [4] o0yuaromielt BEIOOpKH o0beKkTaMu-3TaioHamMu. O003HaunM 4epes

Rs=p(S, S ) paccrosuue ot 06bekTa S € K; 10 Onmkaiimero o6bekta S 13 mpoTHBONoONoxHoro K K kimacca

(S € CKy), uepes 8 — MHUHMMAJILHOE YHCIIO HETIEPECEKAIOMINXCS PYIINT M3 CBA3aHHBIX M HECBA3aHHBIX 0OBEK-
TOB KJIaccoOB Ha Ey.
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VYropsinounm 00beKThI Kaxkaoi rpymmbl Gy N Ky, u=1,...,8,t=1, ..., | mo MHOXeCTBY 3HaYCHUIA {RS }S€G .

B kadectBe mephl Om3octu Mexay S € Gy, u = 1, ..., & ¥ IPOU3BOJIEHBIM JIOMYCTUMBIM 00BEKTOM S' UCTIONb-
3yeTcst B3BEIIIEHHOE paccTosiHue 1o jtokanbHo# Metpuke d(S, S') = p(S, S')/Rs. Pemerne o mpuHAIICKHOCTH
S' k omHOMY U3 KiaccoB Ky, ..., Ki mpuanMaetcs mo npasuiy: S' € K ecnn

(S, $) = Min d(S;, ) and S,e Keand d(S,, ) # Min (s, S). (4)

CornacHo MPUHIINIA 10CIe008aMeNbHO20 UCKTIOYEeHUs, NCTIONb3yEMOTO B TIPOLIECCE TTOMCKA MOKPBITHS,
BBIOOpKa Eo JENUTCS HA JBa MOJIMHOMKECTBA: MHOKECTBO 3TANOHOB Eeq M KOHTPONBHOE MHOXKECTBO Ey,
Eo= Eeq U Ex. B nauane nporiecca Eea= Eo, Ex= . Ynopsiouenue 1o sHadeHusM u3 {Rg }o o »# =1, ..., 8

u

UCTIONB3YeTCs AJIs ONpeeNieHNs] KaHAuJaTa Ha yAaJeHHe U3 yhciia 00beKTOB-3TajIoHOB 1o rpymme Gy. Mnes
oTOOpa 3aKIIF0YaeTCs B MOMCKE MUHIMAIFHOTO YHCIIa ATAIOHOB, IPU KOTOPOM AITOPUTM PACIO3HABAHHS 110
(4) ocraercst KOpPEKTHBIM (0e3 OMMOOK PACTIO3HAIOIINM O0BEKTHI) Ha Eo.

Bynem cuntath, 4TO HyMepaiys rpymn 00beKTOB oTpaxkaeT nopsamaok |Gi| > ... > |Gs| u mo rpymme Gy,
p =1, ..., § He mpomsBoaMICSA OTOOp 00BEKTOB-3TANIOHOB. KaHauaatel Ha yaanenue u3 Eeq mocnenoBarenpHO
BEIOMpatoTcs HaunHas ¢ S € Gy ¢ MEHNMaIBHBIM 3HaUueHHneM Rs. Ecim Bximrouenne S B Ex Hapymraet koppekT-
HOCTB pelIaroniero mpasuia (4), To S BO3BpaIaeTcsi B MHOXKECTBO Eeq.

2.0 MEpax KOMIIAKTHOCTH B 3a/iavax pacno3HaBaHUA C YYUTECJIEM

Mepbl KOMITAKTHOCTH BOCTPEOOBaHBI ISl OLICHKH 0000IIAIOIIeH CIIOCOOHOCTH PacO3HAIOIINX AT OPUT-
MOB. HpI/I BBIYHCJICHNU OLCHOK HMCIIOJIB3YIOTCA PE3YJIbTAThl IIOMCKA U YAAJICHUA HIYMOBBIX O6’I)€KTOB, 0T60pa
WHPOPMATUBHBIX HA0OPOB MPHU3HAKOB, YHCIO OOBEKTOB-3TAIOHOB MUHUMAIBHOTO TOKPBITHS O0YYarolInX
BBIOOPOK. PaccMoTprM MeTo1 HOpMUPOBAHUSI MHOXKECTBA IIyMOBBIX 00BEKTOB, MOIIIHOCTH KOTOPOTO 3aBHCHT
OT MPOBEPKH MPEIaraeéMoro HUXe yCIOBHSL.

ITyctb Sce Ki, p(Sk, Sr) = Sm(ijr;( p(Sk, Sj) u Z = [{S. €Kil p(Sk, Sx) < p(Sk, Sr)}. O603HaumMm uepe3 D; (D € CK)
§ €CK;

MHOECTBO IIYMOBBIX 00heKTOB Kiiacca Ki. Oobekt Sy € CKjBritovaercst B Di u paccMaTpuBaeTcst Kak IIyMo-
BO, €CJIN BBHITIOJTHSETCS YCIIOBHE!

ZZ -\ S 1 ©)
il m=[Ki]
rae ZZ = |{S, € Ki| p(Sr, Sk) < p(S,, Sk) < p(Sny S}, M < mlﬂ Kil, p(Sn, Sk) = S_Efg1|<ir\1{s }p(Sj, Sk). Snauenus Z u
== j i \or

Z + ZZ MOHO paccMaTpuBaTh Kak 4rcIiio npeacraButesei kiacca Ki B runepiape ¢ iientpom B S € Ki coor-
BETCTBEHHO JIO U MOCIIE YAaJICHHs IIyMOBOTO 00BEKTa Sy.

Ceneknus 00BEKTOB 00yUarOIIUX BHIOOPOK MPU HEKOTOPBIX OTPAHHUCHHSX CIIOCOOCTBYET MOBBIIIICHHIO
000011aroIIel CIOCOOHOCTH AJITOPUTMOB paciio3HaBaHus. CunuTaeTcs, 4To 0000IIaoNas ClIOCOOHOCTh aJIro-

pUTMa TIOBBINIAETCS, €CIH JaTh €My BO3MOXXHOCTH OIIMOATHCS Ha OMPEASISIEMBIX OOBEKTaX BBIOOPKH.
[
B namrem ciiydyae B KaueCTBE TaKOBBIX PaCCMaTPHUBAIOTCS OOBEKTHI U3 U D;.
i=1
I -
ITycrs mpescraButeny kinacca K, n| E, \U D, | 1= 1, ..., | pasmeneHp HA MUHUMATBHOE YKCIIO Ll HE-

=1

4

MEePECEKAIOIIMXCS TPYI 00BEKTOB 10 anroputmy u3 m. 1, m;j = |Gl j= 1, ..., b, Zmij =m;. [ns ananusza
j=L

pe3yibTaToB pa3dueHus knacca Ki Ha HerepeceKaroIyecs rpyniibl ¢ y4eTOM UX YUCia, IPECTaBUTEIbHOCTH

(o xosm4ecTBy OOBEKTOB) M YAAJCHUS IIYMOBBIX OOBEKTOB MpeJIaraeTcsi UCIOIb30BaTh TAKYI0 CTPYKTYp-

HYIO XapaKTEPUCTHUKY, KaK OLEHKa KOMITAKTHOCTH
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0 =" (6)

OueBHU/IHO, YTO MHOKECTBO JOMYCTUMBIX 3HaueHuit ©; o (6) nexar B untepsane | —,1|. Ecau rpynna
m.
1

|
Git COOCPKHUT BCC 00BEKTEI U3 Ki M EO \U D il TO Qi =1. preI[HeHHaH OIICHKa KOMIIAKTHOCTH 06yqa10-
j=1

EO\UDi

i=1
m

mei BI)I60pKI/I B [ICJIOM IPOU3BOJUTCA C YUCTOM JOJIHN HCKIIIOYCHHBIX U3 paCCMOTPCHUA 110 (5)

ITYMOBBIX 00BEKTOB KakK

EO\UDi lzmi®i Izmi®i
RlEup)-| o |
E,\[ D
i-1

3Hauenus (6) u (7) KOCBEHHO CBUICTEIILCTBYIOT 00 OJJHOPOIHOCTH (HEOAHOPOAHOCTH) CTPYKTYPHI 00Y-

(7)

m

qaromei BEIOOpKH. YeM Onmke CXOACTBO TPYII MO YHCTY BXOAANIMX B HUX OOBEKTOB Kilacca, TeM OJIKe

3HadeHue (6) k 1

,a(7)—k 1 .
i m

OYeBHUTHO, YTO YMCIIO M COCTAaB [IIyMOBBIX OOBEKTOB 3aBHCAT KaK OT 3HaYeHUs mapamerpa A B (5), Tak
1 0T HaOOPOB MPHU3HAKOB B OMUCAHUK 00BEKTOB. [Ipo0IeMOil peaTi3alii BEIYUCIUTEIbHBIX IPOLIELYD SIBIISI-
€TCS COIJIaCOBaHHUE MPOIIECCOB 0TOOPa HH(POPMATHBHBIX TPU3HAKOB M yJIAJICHHUS IIIyMOBBIX O0BEKTOR.

ITycthb cTpyKTypa 00BEKTOB KJIaCCOB Ha BEIOOPKE Eo BBIYUCISETCS MO aITOPUTMY TPYIIITUPOBKH K3 11. 1.
O603naunm gepe3 Sh(A, X(K)) uucio myMoBbIx 00beKTOB Eo, ONPEICISEMbIX B 3aBUCHMOCTH OT 3HAYECHHS A
o (5) ua Habope npusnakoB X(k) C X(n), CF — unciio 00beKTOB-3TaIOHOB MUHUMAJIBHOTO TIOKPBITHsI 00y4a-
fo1Ieit BEIOOpKH, u3 koTopoit yaaiensl Sh(A, X(K)) mrymoBbix 00bekTOB. Tak Kak HEBO3MOYKHO MOJTYYUTh TOU-
HOE pelIeHHe 3a/1a4u 0TOopa MHPOPMATHBHBIX IPU3HAKOB 0e3 mepedopa BceX MX COYETaHUil ¢ yueToM yja-
JIEHHSI [ITYMOBBIX 00BEKTOB, HA MPAKTHKE PEKOMEHIYETCS HCIIOIb30BATh PA3INYHbIC IBPHCTHIECCKIE METO/IBL.

HesaBucuMO OT MCIIOJIB3yEMBIX METO/I0B KaueCTBO 0TOOpa HH()OPMATHUBHBIX MTPU3HAKOB MPEIaraeTCst
OIPEIENISATH IyTEM IPOBEPKHU JIBYX YCIIOBHIA:

— IIpH yJaajdeHuH myMoBbiX 00bekToB Sh(A, X(K)) u3 Eo mokasaresib MUHUMAaIbHOTO TIOKPBITHS BBIOOPKH
00BEKTaMHU-3TaIOHAMU
m—Sh(x, X (k))}( m—Sh(x, X (k))

m CF ®)

F(X(k),x)=

m
CTPEMUTCA K MAKCUMAJIbBHOMY JIOITYCTUMOMY 3HAUCHHIO I— ;

— MPOU3BEACHUE YNCIIa 00BEKTOB-3TATOHOB MUHUMAJILHOTO MOKPBITHS HA Pa3MEPHOCTh MPU3HAKOBOTO
MIPOCTPAHCTBA

k x CF s min .
m-Sh(L,X(k)) & ©)
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ITepBoe ycnosue (8) HEOOXOIUMO TSl OIEHKH KOMMAKTHOCTH MOKPBITHS BHIOOPKH OOBEKTAMH-3TaTIOHAMH,
BTOpOE (9) — 711 OLIEHKH CIIOKHOCTH BBIYHCIICHUH.
Jns morcka urdopmarusubix Ha0opos {X(K) | X(k) C X(n)} npemnaraercs nBa kpurepust. O0a Kpurepust
SIBHO HE MCIOJIB3YIOT YHCII0 0OBEKTOB-3TAIOHOB MUHUMAIBLHOTO MOKPhITHs CF. YKCITO 1ryMOBBIX 00BEKTOB
Sh(x, X(k)) o (5) Beraucnsiercs o puKcupoBaHHOMY 3HaueHHIO A. Takoe A mis Bcex Habopor X(K) C X(n),
k > 2 ompenensiercs Kak
h=arg max F(X(n)n). (10)
Oﬁ‘n‘<i11g1£|‘Ki‘
Hcnonb3oBanne (10) ocHOBaHO Ha MPEIIOI0KEHHH, YTO BEPOATHOCTH 0TO0pa HH(POPMATHBHEIX HabO-
POB IIPU3HAKOB ¢ O0Jiee BEICOKMM 3HAYEHHEM KOMITAaKTHOCTH 110 (8) ONi3Ka K HyJIO MpH A, OTIn4HOM ot (10).
B nepBoMm (B mopsjiKe H3I0XKEHHsI) KPUTEPUU HCIIOIB3YIOTCS PE3yJIbTaThl MOKPBITHS OOBEKTOB BBHIOOPKH
TUTIEPIIAPAMU C YIETOM yIaJICHHS [IIyMOBBIX 00BEKTOB, BO BTOPOM — OIIEHKH KOMIIAKTHOCTH 110 (7) Ha OCHOBE
CBOJCTBA CBS3aHHOCTH 0 00BEKTAM 000JIOUEK KIIACCOB.
ITycte O(Si, X(K)) (1 <k < n) — okpectrocTs 00BbekTa Si€ Eo N K|, j =1, ..., |, onpenensemas kak
O(Si, X(K) = {S € K;|p(S,S;) < p(Si, S, )}, e S, € CKj — Gmmkaiiumii k Si 06bekT 1o Metpuke p(X, y) u3
nonosHeHus K kiaaccy Kj mo muoxectBy npustakoB X(K). Onpenenum orieky Si € Eo Ha X(K) kax

Z(Su X(K) = sie(gr(‘s%)(( (k) O XU .

IMpusHak Xq € X(N) siBsieTcst KaHIuaaToM Ha Brimodenue B Hadop X(K), eciu
D z(s, X (k+1))> > Z(s;, X (k)), (12)
S;eT S;eT

rae X(k +1) = X(k) U{xq}, T = Eo.

O6o03Haunm vepe3 P momgmuokecTBO MHAEKCOB npu3HakoB u3 X(N); Dj(P) — MHOXeCTBO IIyMOBBIX 00b-
extoB knacca Kj o (5) Ha Habope {Xa}acp pu 3HaueHUH A, BoruucieHHoe 1o (10). [Tommarossriit otoop uHpOp-
MAaTHUBHBIX HA0OPOB MPU3HAKOB ¢ Hcmoib3oBanueM (11) u (12) peanusyercs ClieayonmM 00pa3om.

Mar 1: Betbop il, j1 € {1,..,n}. P = {i1, j1}.

m

1 110 {Xa}aeP,

[ |
lar 2: Beigenutsb U D; (P) 10 (5) Ha {Xa}acp. T = Eo\ U D; (P) Berancnuts 0(P) = {Gi (P)}

j=1 j=1

rae 0i(P) = {S,, Si€ Kj|p(Si, Su) <Ti, Ti = rgKln . p(Si,S)}-
(€CKjn
War 3:u=0.Z(P) ={z(P)}]", rae zi(P) = s.m;?‘%p) |6;(P)|. Y =0.
s scex vV e {1, ..., N}\P

BBIJIEJIATH UDJ-(P v {V}) no (5) na {Xa}aepu{v}, T= EO\UDJ- (P ) {V}), C= ZZi(P)’

j=1 j=1 S;eT
BBIYUCITUTD G(Pu{v})z{ei(Pu{v})};n o {Xa}aepu{v}, rae Gi(Pu{v})z{Sp, Sie Kj|p(Si, Sy <
ri=_min_p(S; Sy};

$,€CK; AT
orauciuth Z(P ULV} = {z,(PU ), ae 7 (PU{v})= S enggx{v})|6j (PuU {V})|  N= 2 z;(PUv)).
i€V (FY S, €T

EctuN>CuN>Y, roY=N,u=v;

Iar 4: Ecmu Y >0, o P =P U {u}, uaru 2.

Iar 5: Beisox P.

[ar 6: Koner.

g orbopa nHPOpMATHBHEIX HAOOPOB MPU3HAKOB 1O (7) mpeasaraeTcs CAeAyIONIHA alrOPUTM.

ar 1: Beibop i1, j1 € {1, ..., n}. P = {iy, ji}.
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| |
Hlar 2: Beienutsb UDi(P) 1o (5) Ha {Xa}acp. T = Eo\U Dj(P). Borancints O(P) = {O;(P)}s _, 1m0

j=1 j=1

{Xa}acp, r1Ee O, (P) =15,,5; €K; p(Si ’Su)< L,n= q Eré]éanp(Si ,St) . Beruncnute pazbueHue Ha TpyMIbI
<LK

|
Gi1, «ry Gy =110 (2) 1 (3) anropurmom u3 1. 1, mij = |Gjj|, mi = Zmij : Zmi =|T|. BoruuciuTs {@i}'l 1o
j i=1

> me,

6)u C="L
m

IMar 3: u=0.Y=C.
s Beex Ve {1, ..., n}\P

|
BBIJICITUTh U D; (Pu{v}) mo (5) ma {x, }aePu{v}’ T= EO\U D; (PU}).

izt i1

Bsrancints O(PU{V}) ={0,(P UL {v})}Si _; 1o {x.} , TIE

aePU{v}

0 (PU{v})=18,.5 €K, p(Si,Su)di,ri =Steré1érjlmTp(Si,St)

Brrauciuts paszouenne Ha rpymisl Guy, ..., G, 1 > | o (2) u (3) anropurmom u3 1. 1, mij = |Gy, m; = Zmii ,
j

[

Zmi =|T|. BerauciuTs {®i}|1 mo (6)u N=421
i1 m
EcniuN>Y, ToY=N,u=v.

Iar 4: Ecmu u >0, o P =P U {u}, unru 2.

Iar 5: Beisox P.

lar 6: Konerr.

st ynoOGcTBa qambHEHIIero U3JI0KeHHs allrTOPUTMbI 0TOOpa MHOOPMATUBHBIX MPU3HAKOB (B TOPSIKE
ux onucanwus) Oynem naeHtuguuupoBarb kak ALGLl u ALG2. [l ocnaGiieHus 3aBUCUMOCTH PE3YJIbTATOB
oTOOpa OT BBIOOpa HAYaJNBHBIX NPUOIMKEHUH MOXKHO HCIIOJIB30BaTh MOIAM(DHKAIMIO STHX aJrOPUTMOB.
Moaudukanus 3aKIr04aeTcsi B COYETaHUN MPUHIIAIIOB MOIIAroBOTO BKIIIOYEHHST B HA00Op MHOOPMATHBHBIX
MIPU3HAKOB U yJIEHUS 13 Ha0opa MaJIonH(OPMAaTUBHBIX IPU3HAKOB. 151 cpaBHEHMSI MH(OPMATUBHBIX HA0O-
POB, TIOJIYYEHHBIX TI0 Pa3HBIM KPUTEPHUSIM, PEKOMEHIYETCsI UCTIONB30Bath (8) u (9).

3. O eqxMHCTBEHHOCTH BHIOOPA KJIACTEPHOI CTPYKTYPHI Ha o0y4aronieii BbIOOpKe

HccnenoBanne eAMHCTBEHHOCTH BBIPAKAETCS B JIOKA3aTEIbCTBE CYIIECTBOBAHMS MHOXECTB (KJIacCOB)
METPHK, KJIAaCTEPHBIE CTPYKTYPbI (PUKCHPOBAHHBIX 00Y4YaIOIINX BEIOOPOK MPH UCIIOIL30BAaHUN KOTOPBIX COBIA-
JaI0T TI0 YMCITY U COCTaBy TPYHIl 0OBEKTOB. Y TBEP)KAAETCA, YTO TAKOMY TPEOOBAHHUIO YIOBIETBOPSIOT KJIACCHI

P1
1+p; .
U3 pi1, p2 € ¥ cienyer, 4To OTHOMIEHUS OJIM30CTH MEXTy OOBEKTaMH Ha Ep IO METPUKE pP1 OCTAIOTCSA

OKBUBAJICHTHBIX MCTPUK {\P} HaanMep, SKBUBAJICHTHOM K MCTPHUKE P1 ABJIACTCA METPUKA py =

TaKOBBIMH M IO METPHKE Py. [[pyruM cieIcTBHEM 3KBHBAJIEHTHOCTH SIBIIAETCS CXO/ICTBO OOBEKTOB 000JI0UEK
KIIaCCOB, OJMKAWIINX 00BEKTOB M3 TIPOTHBOIIOIOKHBIX KJIACCOB, YMCIIA IPYIIN U UX cocTaBa Ha Eo IpH pea-
JU3alMU aITOpUTMa TPYNIHUPOBKH W3 . 1. s BeIYMCIEHUS Mepbl KOMMAakTHOCTH 1o (6) u (7) MOXHO
HCTOJB30BaTh JI00YI0 METPUKY U3 Kilacca SKBUBaJIEHTHOCTH P.
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KrnacrepHsie cTpyKTypBl, OTydaeMble 10 Pa3HBIM METpPHKaM U3 Kiacca VW, OTIMYaroTcsi MexXIy coOoin
THIIh KoH(pUTyparuel TakcoHoB. KoHHTypalus TaKCOHOB BIHSIET HA 3HAUYCHHS BECOB JIOKATLHBIX METPHK,
WCTIONB3YeMBIX B (4), a ClIeT0BaTeNbHO, Ha KOJMYECTBO M COCTAB 00BHEKTOB-3TAIOHOB MUHUMAITBHOTO TIOKPBITHSL.

JIst cpaBHEHHUS KJIACTEPHOM CTPYKTYphI 10 MeTpuke p € V¥ Ha JaHHBIX, OTIIMYAOIINXCS KOJTUIECTBOM
MpeICTaBUTEIICH KITaCCOB M BRIOOPOK B IIEJIOM, MIPEAIaracTcs HCII0Ib30BaTh BIYUCICHUE OlieHKH 110 (6). To-
r1a KOMIIAKTHOCTh 10 00y4arolei Beioopke Eo o Hadbopy npusnakoB X(K), k <# ¢ y4eTom ynaneHus mymo-
BBIX 00BEKTOB 110 (5) OyAeT BHITISAAETh TaK:

(LKl
2 1= |Ki|©;
i=1
U (Eg. X (k),p,A)= 1 : (13)
WuTtepec npeacrapiseT aHanu3 pe3ynbTatoB anroputMoB ALGL u ALG2 nipu oT6ope HHPOPMATHBHBIX
HabopoB Npu3HaKoB. B o0mem ciydae Habopsbl, momyuernbie mo ALGL u ALG2, o p € ¥ nipu coBmajieHnn
HOMEPOB i1, j1 Ha TIEPBOM IIIare pa3IndaroTcs ApYyT OT apyra. Tak Kak npu BeIYUCICHNUH oreHOK 1o (7) u (11)
YUYHUTBIBACTCS MOPSIIOK CJI€0BaHUS 00BEKTOB, TO p € ¥ M MHOKECTBO HAOOPOB COBMAAAIOT 1O KAKIOMY
anmroputmy (ALG1 mim ALG2), HO HE MEX/Ty aITOPUTMAaMHU.

JlokanbHpie MeTpuku 00BekTa S € Eo, popmupyemble u3 kinacca ¥ u ucnons3dyemsie B (4), B o0meM

cllyyae He SIBJISIOTCS SKBUBAICHTHBIMU. DTa 0COOEHHOCTH Kiacca W oObsCHsET pasnuune yuciaa 00beKTOB-
3TaJIOHOB MUHUMAJIBHOTO TIOKPBITHSI 00y4arolieil BEIOOPKHU U ero COCTaBa.

4. BIYMCIUTEIBHBIH IKCIIEPUMEHT

JInst ;eMOHCTpAI METOANKHN BBIYHCICHHUS MEp KOMIIAKTHOCTH M 0TOOpa MH(POPMATHBHBIX HAOOPOB
MIPU3HAKOB UCTIOIB30BasIachk BeIOOpKa manabix GERMAN u3 [8]. Beibopka npencraBieHa 1ByMs Heliepeceka-
rormucs kiaaccamu Ki (700 o6bextoB) u K2 (300 06bekT0B). OOBEKTHI ONMUCHIBAIOTCA 7 KOINYECTBEHHBIMU
1 13 HOMHHAIBHBIME TIpU3HaKamMu u3 Habopa X(20) = (x1, ..., X20). st yHHbHKaIUH MacITaboB U3MEPEHUI
JaHHBIX MHOXKECTBO 3HAYCHUII KXKI0T0 KOJIIMYECTBEHHOTO IPU3HAKOB poHOpMupoBaHo B [0, 1].

3aukcupyeM OfHy METPUKY U3 Kilacca SKBUBaJieHTHOCTH W 1 OyzieM cunTath ee 0a30BOM ISl BEIYHC-
JHUTENBHOTO SKCHepuMeHTa. [Ipu BBIYMCICHUM MEphl OJHM30CTH MEXIy OOBEKTaMH B KauecTBE 0a30BOIf
UCTIONb30BasIachk MeTpuka JKypasieBa

Lx #Y

¢l | | 1

p(x, Y):Z|Xi —Yi|+z 0% = (14)
iel iel ’ Xi - yi’

rnel,J — {1, ey 20} — MHOX>KECTBA HOMEPOB COOTBETCTBEHHO KOJIHNYECTBEHHBIX U HOMUHAJIBHBIX [IPU3HAKOB.

U3-3a ocobeHHOCTEH BBIYHMCICHUS! PACCTOSIHUM IO JIOKAJTbHBIM METPUKaM 00BEKTOB Eg YUCIIO 00BEK-
TOB-3TaJIOHOB MUHUMAJILHOTO TIOKPBITHS BEIOOPKH st p1, p2 € ¥ B 00mem ciydae paznnuatorcs. CXoJICTBO
TOTIOJIOTUYECKUX CTPYKTYp SKBUBAJICHTHBIX METPHK BBIPaKAETCS B COBMAJICHHM KakK 4Kcia, TaKk U COCTaBa
IIYMOBBIX 00BEKTOB, onpeensieMbix 1o (5). CBs3b mpoliecca BeiOOpa mapamerpa A B (5) ¢ OlLIEHKaMU KOM-
naktHocTH (8) nmokaszaHa B Ta0i. 1. B ckoOkax yka3aHO 4MCIIO 00BEKTOB-3TAJIOHOB, BHIYMCIISIEMBIX O B3BE-

X
IICHHBIM PACCTOSIHUSIM Ha OCHOBE 3KBHBaJIeHTHOH (14) MeTpuke P*(X, y) = M
1+p(x,y)
Tabnuna 1
OneHKH KOMIAKTHOCTH N0 MeTpHKe (14) ¢ yueToM yAajaeHHs] HIyMOBBIX 00bEKTOB
2 Yucno Or1ieHKa KOMITAKTHOCTH
IIYMOBBIX OOBEKTOB 00BEKTOB-3TATIOHOB o (8) na X(20)
2 119 203 (200) 3,8235
1 148 171 (172) 4,2451
0 217 161 (162) 3,8080
-1 239 141 (140) 4,1072
-2 261 122 (122) 4,4764
-3 261 122 (122) 4,4764
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PesynbpTaThl aHamu3a CTPYKTYpbl BEIOOPKH M3 Tabi. | MOKa3bIBAIOT, YTO ONTHMAIbHOE OTHOIICHHE
MEXK]Ty YUCIIOM 00BEKTOB-3TAJJIOHOB MHHUMAIILHOTO MOKPBITUS U YUCIIOM YAATSIEMbIX ITYMOBBIX OOBEKTOB TI0
(5) ma X(20) nocturaercst mpu 3HaYCHUH Mapamerpa A = —2. Ha Bcex moclieyromux 3ramnax dKCIepruMeHTa
YKCJIO ITYMOBBIX 00BEKTOB MO YMOJTYAHUIO onpeiernsiercs mo A = —2 B (5).

PaccMmoTpuM 3aBHCHMOCTD YHCia U COCTaBa HA0OPOB MHPOPMATHUBHBIX MPU3HAKOB OT BBIOOpa HAYANb-
HBIX Tpubmkennii B anroputmax ALGL n ALG2. Kaxxnoe HauansHOe npubnmkenue (tabdm. 2, Tadun. 3) 3amaHo
Mapoi MHIEKCOB-TIPU3HAKOB.

Tabnuma 2
Ot00p uH(pOpMATHBHBIX PU3HAKOB anroputmom ALGL
HauanpHoe npubnmxenue WudopmaTuBHEI HAOOD
i1=1,j1=2 X1, X2, X3, X4, X5, X13, X14
i1=3,j1=4 X1, X2, X3, X4, X5, X13, X14
i1=6,j1=13 X1, X2, X3, X5, X6, X8, X13, X14, X18, X20
Ta6bnuma 3
OT60p uH(poOpMATHBHBIX MPH3HAKOB anroputMom ALG2
HauansHoe npubmmxenne MudopmarnsHbIi HAO0P KommakraOCTS 110 (7)
i1=1,j1=2 X1, X2, X4, X5, X6, X7, X12, X20 0,6688
i1=3,j1=4 X1, X3, X4, X5, X6, X9, X13 0,6947
i1=6,j1=13 X2, X5, X6, X13, X18 0,6417

AHanmm3 cosiepKUMoro 1adi. 2 1 Tabil. 3 moKa3bIBaeT, YTO HAOOPHI MPU3HAKOB, MOIYICHHBIE TIO aJTo-
putmam ALGL n ALG2, pasnudarotcs pu BEIOOpE OTUHAKOBBIX HAYAIIFHBIX MPUOIIKEHUH.

Jist ieMOHCTpaIy METOIUKHN TOYHOCTH alTOPUTMOB pacrio3HaBaHus Ha BeIOopke n3 1 000 00bexToB
OyIeM UCTIONb30BaTh HA0OP MPHU3HAKOB, TOMYUEHHBIH 110 MoauunrpoBanHoMy anroputMy ALGL. Cmeicn
MOAM(UKALUU CBOAUTCS K ITOCIEA0BATEIILHOMY BKIIIOUCHHIO B HA0OP IBYX MH()OPMATUBHBIX U yJAICHUIO
oIHOro MajouH(popMaTHBHOTO npu3Haka. [Ipu BbIOOpE B KauecTBE HAYaJIbHOTO MPUOJIMKEHHS Mapbl
NpU3HAKOB (X17, X18) HH(OpMaTHBHBIN HaOOp ObLT ipeactaBien X(7) = (X1, X2, X3, X4, X5, X13, X14). 3HAUECHUS
nokasareseil pacro3HaBaHusi 00beKTOB 1o ucxoanomy X(20) u uapopmatuBaomy X(7) HabOpam MPU3HAKOB

” [V * p ( X’ y)
C HCIIOJIb30BaHueM 6a30Boii MeTpuKH (14) 1 SKBUBaJIEHTHOH eif MeTpuke P (X, Y) = m HIPUBOJATCSA
p{X,
B TaoOu. 4.
Ta6nuna 4
TounocTh pacno3naBanusi mo Beioopke GERMAN
BerruncisieMble oka3aTenu HWcxonusiit Habop X(20) HH(bOE)MaTHBHHH Hatop X(7) 1o MeTpHK?
6azoBoii (14) SKBUBaJIEHTHOH (14)
Ymcno uryMoBBIX 00BEKTOB 261 220 220
Yncino 3TajJoHoB 122 109 109
Cpennee (8) o Tanony 4,4764 5,5816 5,5816
Yucno omubok (TOIHOCTD, %) 156 (84,4%) 147 (85,3%) 143 (85,7%)

CoBOKYNHBIN 3PQEKT OT UCTIONIB30BaHNS HHPOPMATHBHBIX HAOOPOB MPU3HAKOB (CM. Tabn.4) ¢ y4eToM
yaJeHus ITyMOBBIX 00BEKTOB 00Jiee BCero 3aMeTeH 10 3HaueHusM (8) cpenHero ynucia 00bEKTOB, PUTSTH-
BaeMbIX OJIHUM 00BEKTOM-3TaJJIOHOM MHHUMAIILHOTO IMOKPHITHSI.

g nccnenoBanus 000011ar0IIEeH CIIOCOOHOCTH aJrOPUTMOB HCIIOIB30BAJIOCH CITydaifHOE JI€JICHNE BbI-
060pku Ha oOydeHHUe M KOHTPOJb B cooTHomeHN: 9 : 1. [IpeaBapuTenbHbIN aHaTN3 pe3yIbTaTOB MMOKA3bIBAECT,
9TO ONpPEICNICHHOE MPEUMYIIECTBO B CMBICIIC 3HAYCHUH IOKa3areseil 0000maromei cnocOOHOCTH UMEIOT
HaOOopBI, osTydeHHbIe 110 aroput™My ALG2. W3 Tabi. 5 BuHA npsiMast KOPPENSAIUOHHAs 3aBUCIMOCTD MEXTy
TOYHOCTHIO PACIIO3HABAHUS U CPETHIM YHCIIOM O0BEKTOB, IPUTITUBACMBIX OJJHUM TAIOHOM MHHAMAIILHOTO
MOKPBITHSI.
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Tabnumas

O6o01mawuas cnocofHOCTH AIropuT™Ma 1o 6a3oBoii merpuxe (14)

Ha6op npu3HakoB TouHOCTB pacniozHaBaHUS % CpezHee 10 3TaloHy
HUcxonnsrit X(20) 70,9 4,4407
X1, X2, X3, X4, X5, X13, X14 72,46 5,7088
X1, X2, X4, X5, X6, X7, X12, X20 72,82 5,8802
X1, X3, X4, X5, X6, X9, X13 73,27 6,0136

Onenku kommakTHOCTH (13) 11t psiga moamuokectB 00bekToB GERMAN mpuBoasTcs B a0, 6. Boi-
YHCJICHHE OLCHOK MPOM3BOIUTCS Ha McxomHoM X(20) u unpopmaTuBHOM X(7) = (X1, X2, X3, X4, X5, X13, X14)
Habopax MPHU3HAKOB.

Tabnunma 6
Ouenkn KoMnakTHocTH 10 (13)
Hab6op npu3HakoB
Ne K| + K2 X(20) X(7)
1 624 + 276 0,2710 0,3183
2 633 + 267 0,2658 0,2470
3 629 + 271 0,2596 0,2739
4 641 + 259 0,2597 0,2719

OtcyTcTBHE TIpsIMON KOppenupoBaHHOCTH orleHoK (13) mexny mabopamu X(20) u X(7) (cMm. Tabmn. 6)
00BSCHAETCS TEM, UYTO CYIIECTBYET IOJMHOKECTBO 00BEKTOB, Ha KOTOpOoM Habop X(7) He sBiseTcs uHPOp-
MAaTHUBHBIM.

3akaoueHne

[TokazaHbl IMyTH NOBBIIEHHS 0000IaroNIel CIIOCOOHOCTH AITOPUTMOB PAacIiO3HABAHUS Yyepe3 yaaJeHue
IIYMOBBIX 00BEKTOB U 0TOOp HH(OPMATUBHBIX HAOOPOB MPHU3HAKOB C UCIIOJIF30BAaHUEM KPUTEPUEB KOMIIAKT-
HOCTH oOy4aroieil BEIOOpkH. [IpeioyxkeHHas TEXHOIOTHS MOKET IIPUMEHSATCS IPU HHTEJUICKTYaIbHOM aHa-
JIM3€ JAaHHBIX JUTS TOCTPOCHUS HH(POPMAIIMOHHBIX MOJIEIIEH ¢ MCITOb30BAHUEM ATOPHTMOB PACIIO3HABAHHS.

JIMTEPATYPA

1. Boponnos K.B. KomOuHaTOpHBI TOAX0 K OIICHKE KadecTBa 00y4aeMbIX alTOPUTMOB // MaTeMaTHueCcKie BOIPOCH KHOSPHETHKH.
2004. Ne 13. C. 5-34.

2. Banauk B.H. BoccTanoBnenne 3aBHCUMOCTEH 10 SMIUpUYIecKuM nanHeM. M. : Hayka, 1979.

3. 3aropyiiko H.I'., Kyraenko O.A., 3sipsaoB A.O., JIeBanoB /I.A. O0y4eHne pacro3HaBaHHiO 00pa3oB 0e3 nepeodyuenns // MamiH-
HOe o0yueHHe U aHamu3 naHHbix. 2014, T. 1, Ne 7. C. 891-901.

4. UrnateeB H.A. KnactepHsIii aHaN3 TaHHBIX U BBIOOP OOBEKTOB-3TAIOHOB B 33/1a4aX Paclio3HaBaHUs ¢ yauTesneM // Beraucnurens-
gele Texaonorun. 2015. T. 20, Ne 6. C. 34-43.

5. bopucora N.A., Kyraenko O.A. IleH3ypupoBaHue ommb0YHO KIaCCH(UIIMPOBAHHBIX 00BEKTOB BBIOOPKH // MaTeMaTnyeckue Me-
TOJIBI pacro3HaBanus oopa3os — 2015 : 17-1 Beepoc. koud., 19-25 cent. 2015. Ceetnoropck, 2015.

6. Manpaxumos II1.®., Caumos .10. YcToiunBOCTS 0OBEKTOB KIACCOB U IPYMIHPOBKA MPU3HAKOB // [IpoOIeMBI BRIYUCIUTETBHON U
npukiaaHoit Marematuku. 2016. Ne 3 (5). C. 50-55.

7. AiiBazsin C.A., byxmrabep B.M., Enroxos U.C., Memmankun JI.JI. [Ipuknanxas cratucruka. Knaccuukanus 1 CHIXeHHE pa3Mep-
HocTh. M. : ®uHaHCH ¥ cTaTucThKa, 1989. 608 c.

8. Asuncion A., Newman D.J. UCI Machine Learning Repository // University of California. Irvine. 2007. www.ics.uci.edu/mlearn/
MLRepository.html.

UrnatbeB HukoJaii AnexcanapoBuy, a-p ¢us.-mar. Hayk, npodeccop. E-mail: ignatev@rambler.ru
HanmonaneHsli yHuBepcuteT Y30ekncrana (r. TamkeHT)
IToctynuna B pegaxuuio 25 utomnst 2017 r.

Ignatiev Nikolay A. (National University of Uzbekistan. Republic of Uzbekistan).
The generalizing ability of algorithms by the measure of compactness.
Keywords: measure of compactness; noise objects; informative features; objects-standards.

DOI: 10.17223/19988605/42/5

46


http://www.ics.uci.edu/

To estimate the generalizing ability of recognition algorithms, it is offered to use a measure of compactness. It is assumed that a
training sample Eo = {Su,...,Sm} is defined, divided by disjoint classes Ki, ..., Ki, I > 2. The objects of Eo are described by a set of
different-type features of X(n) = (xu, ..., Xn). The compactness value depends on the dimension and composition of the feature set, the
number of noise objects to be deleted, and the number of objects-standards of the minimal coverage of Eo.

The compactness measure on the sample Eo in the set of features X(k) c X (n) (k <n) is calculated as

F(x (k)’x)_[m—Sh(x,X (k))](m—Sh(x,X (k))}

m CF
where CF is the number of objects-standards of the minimal coverage of the sample in which Sh(A, X(k)) noise objects are removed.
Let Ske Ki, p(Sk, Sr) = min p(Sk, Sj) and Z = [{S. € Ki|p(Sk, Sp) < p(Sk, Sr)}| is the number of objects in the hypersphere with the

€

j i

center in Sk. The object Sr e CKi is considered as the noise object if the condition holds
77 -\ 1
[ > _—,
K| m=[K]

where ZZ = [{S, € Ki| p(Sr, Sk) < p(Sp, Sk) < p(Sn, SO}, [4] < min |Ki|, p(Sn, S =  min  p(Sj, Sk). The ZZ value is the number of
1<i<l :

Ki\{S, }

= i

J

representatives of the class Ki added to the hypersphere with center at Sk € Ki after removing the noise object Sr.
To find informative sets {X(k) | X(k) c X(n)}, two criteria are proposed. Both criteria do not explicitly use the number of objects-
standards of minimum coverage CF. The generalizing ability of algorithms was calculated by the method of Cross Validation on the

initial and informative sets of features. The highest values were on the sets obtained according to the criterion

Zl:m@i

R(Eovp): i:1m — max,

r

where mi is the number of Ki objects after removing the noise objects, @i is the compactness which calculated by the minimal number
of disjoint groups of objects of class Ki by the metric p. The set of admissible values R(Eo, p) belongs to (0, 1] and can be interpreted
in terms of fuzzy logic.

A direct correlation is shown between values by the method of Cross Validation and the average humber of objects attracted by
the target object of the minimum coverage of the training sample. It is concluded that a measure of compactness F(X(k), A) can serve
as an indicator of the generalizing ability. This measure is recommended for evaluating the quality of recognition algorithms in the
data mining.
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I'.A. MenBenesn

Ob OJTHOM CEMEMCTBE HEA®®WHHbIX MOJEJIEMN
BPEMEHHOM CTPYKTYPHI JOXOJHOCTH

PaccmarpuBaeTcst ypaBHEHHE BPEMEHHON CTPYKTYPHI IS IEHBI OECKYIIOHHON 00JMraIuy, peeHne KOTOporo B aHa-
JIUTHYECKOM BHJIE H3BECTHO B OCHOBHOM JUIS IIPOCTEHIINX Mojeel M uMeeT ahQUHHYIO CTPYKTYpPY 110 OTHOIICHHIO
K KpaTKOCpOo4HO# cTaBke. KOHCTpyHpyIOTCs pelieHHs 3TOro ypaBHEHU JJ1s1 HEKOTOPOI'o ceMeiicTBa Mojenel BpeMeH-
HOHM CTPYKTYPBI, KOTOPBIE OCHOBBIBAIOTCSI Ha TIPOIIECCaX KPATKOCPOUHOM CTaBKH, B cTOXacTHUecKuX auddepenimans-
HBIX yPaBHEHHUAX KOTOPBIX KBaJApaT BOJATMIIBHOCTH IIPONOPLMOHANEH TPEThell CTENeHM KPaTKOCPOYHOI CTaBKU.
Pemenne ypaBHEHHs HIIETCS B BUIE OIPEIEICHHOr0 (PYHKIIHOHAIBEHOTO Psiia ¥ B UTOT'E IPUBOIMUTCS K BBIPOXKICHHOMN
THIIEpreoMeTprUIecKor (yHKIMH. PaccMaTpHUBaroTCs TpU BEPCHH, JIeXKaIUe B OCHOBE CTOXaCTHYECKHX T hepeHIn-
AITBbHBIX YPaBHEHHUH TSI IPOIIECCOB KPATKOCPOUHOU CTAaBKH: C HYJEBBIM Apeii(om, ¢ THHEHHBIM AperioM U ¢ KBaapa-
THaHBIM Japeiipom. [IpuBoasTcs dncieHHBIe TPHIMEPHI IJIs1 KPUBOH JOXOJHOCTH M KPUBOH (POPBApIHBIX CTABOK UL
yKa3aHHBIX Bepcuil. PopMynupyroTcs HEKOTOpBIE YCIOBUS CYLIECTBOBAHUS HETPUBUAIBHBIX PEIICHUH ypaBHEHMS
BPEMEHHOM CTPYKTYpBI B pacCMaTpUBAEMOM CEMEICTBE IIPOLIECCOB.

KiroueBble ¢J10Ba: ypaBHEHHE BPEMEHHOM CTPYKTYPBI JIOXOAHOCTH; [IeHa 6eCKynoHHO# oomurammu; mozenb CIR(1980);
Mozens AHa—I"a0; KpuBast JOXOTHOCTH; (OpBapAHAst KPUBAsL.

IIpeamnonokum, 94T0 COCTOSIHNE PUHAHCOBOTO PhIHKA OMUCHIBACTCS MPOIIEHTHOM cTaBkoi I(t), koTopas
ClIelyeT OJHOPOTHOMY IO BPEMEHH MapKOBCKOMY IIPOIIECCY, MOPOKIAAEMOMY CTOXAaCTUYECKHM auddepeH-
LMANbHBIM ypaBHEeHHUEM [1]

dr(t) = p(r(t) dt + o(r()) dw(t)

¢ dynkument npeiida p(x), byHkimei BonaTibHOCTH G(X) M CTaHIAPTHBIM BHHEPOBCKUM mporieccom W(t).
s ymobeTBa paccykaenuit 0ymemM o6o3Hauath Gyukiuio apeida m(r) = w(r) — A(ro(r) u dyuxmuuio aud-
¢ysuu s(r) = 0,5 c?(r). 3mech A(r) — Tak Ha3bIBaeMas phIHOYHAs LeHa pucka [2]. Panee [3] paccmarpuBanach
3aj1a4a OMpe/e/ICHNs] BpEMEHHOMN CTPYKTYPbI JJOXOJHOCTH O€CKYOHHO# obnuranuu [4], korna Gpyakuuu m(r)
u S(I) SIBJISIOTCSI MOJTMHOMAaMU. BBISICHSIOCH, MOTYT JIM B 9TOM ClTy4ae KPHBbIC JOXOTHOCTH OBbITh TIOJIMHOMaMH
WJIA CTETIEHHBIMU PSAaMH 110 repeMeHHo# r. Oxasamoch, 4TO 3TO UMEET MeCTO, eciii Toibko m(r) u S(r) —
MOJIMHOMBI He 60Jiee ueM MepBoii cTeneHu. B 3ToM cityyae MoJIeNT BpeMEHHOMN CTPYKTYPBI IOXOTHOCTH SIBJISI-
1o1cs adGUHHBIMU.

B Hacroseli ctatbe paccMaTpuBaeTcs OJ00Has 3a/1aua, HO BpeMEHHas CTPYKTYpa IeHbl OECKYIOH-
HOHM OOJMraiy MIeTcsl B BUAC (DYHKIIMOHAIBHOTO Psifia, OTIIMYAIOIIET0Cs OT CTENEHHOTo. BbIICHEHO, YTO
JUTSl HEKOTOPBIX CITy4aeB TaKHe PEIICHHs CYIIECTBYIOT. [loydarommasicst BpeMeHHas CTPYKTypa OKa3bIBaeTCsI
Hea)(DUHHOW U ONKMCBHIBACTCS BHIPOXKICHHBIMHU THIIEPreOMETPUUSCKUMH (yHKIMSIMU. B 3T0 ceMelcTBO BXO-

JISIT TAKHE W3BECTHBIE MOJIETH MTPOIIEHTHRIX CTaBOK, Kak Mojaenb CIR(1980) [5] u momens Ana—T"ao [6].
1. O0u1ee ypaBHeHuUe AJis1 IEHbI 00U AU M €€ KOMIIOHEHTOB

PaccmoTpum ypaBHEHHE BPEMEHHOW CTPYKTYPHI JUIs IIeHbl OecKyrnoHHoW oomuramuu P(r, 1) [7]:

2
_ 6P(F,T)+m(r) ap(rnT)Jrs(r)L(z’f)_rp(r,f):o, P(r, 0) = 1. 1)
01 or

3neck M(r) — dynkums apeiida KpaTkOCPOIHOH MPOIICHTHOM cTaBkH, a S(I) — KBaJpaT ee BOJTATUILHOCTH.
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Bynewm nckatp pemierne 3Toro ypaBHeHus B hopme

P(r,7)= Z(a(r )j c,, @

n=0
rae a(t), aucn, N=0,1, 2, ..., — PyHKIHS 1 KOIDDUIHUEHTHI, TOICHKAIINE ONPEACTCHHUIO.
CooTBeTCTBYIOIINE POU3BOIHBIC, UCIIONB30BaHHbIE B ypaBHeHHH (1), IMEIOT BU!

oP(r7) _a(r) <& a())"™" oP(r) 1 a(r) \“ "
a2 +")( j T a()Z( ( ) o

2 o+n+2
d Zr(;") : - Z(oc+n)(oc+n+1)(a( )) . 3)

[Mpenamnosaoxum, 9to apeiid 1 BOIaTUILHOCTh KPATKOCPOYHOM MPOIIEHTHON CTaBKU TAKOBBI, 4TO GyHKIIMH M(T)
 S(I) SIBJISIFOTCSI TOJIMHOMAMHU TIOPSIIKA P U (| COOTBETCTBEHHO:

m(r)=zp:mkrk, s(r):zq:skrk. (4)
k=0 k=0

[Ipexae uem MoACTaBIATh SBHBIE BEIpaXSHHS TPOU3BOAHEIX (3) u moanHOMOB (4) B ypaBHeHue (1), mpeobpa-
3yeM BTOPOE H TPEThE cliaraeMble B JIeBOH yacTtu ypaBHeHUsI (1) k Ooree ynoOHOH (opme.

m(r)%=—izp:(a+n)mka(r)‘“”(%j 7 Z[ i (0t j+k—T)m a(r)‘“”klﬁkl](%J . (5)

max{0,1

s(r) 0°P(r,1) ii (o+n)(a+n+D)sa(t)" n(leM = i[ i (oc+j+k—2)(oc+j+k—1)ska(r)°‘”*k‘zcj+kZJ(EJW. (6)

or’ =0 r j=2-q \ kemax{0.2- ]} r

3anwuieM B aHAJIOTHYHON (hOpMe TaKkKe TIEPBOE M YETBEPTOE ClIaraeMple JIeBOi dacTu ypaBHeHud (1):

_POD) S (o ) a(n) a(@)t i )HW, @)
ot i r
_rP(r,r)=—i(a(r)°‘+J+l J+1)Gja+j' (8)
j=—1
Teneps, noacrapmsis BeipaxkeHus (5)—(8) B ypaBJHeHI/Ie (1), momyanm
2| 1[0 e+ f) 2@ a@™ e~ 1 (=D a@* ep, - 1([L- p)k %Eq;ﬂk—l) m, a(t)* e+
] max0,1-]
=max{0,2—

Orpe/ieNIeHHYIO CI0KHOCTh B BhIpaKeHUH (9) BBI3BIBACT TOT (DAKT, YTO CYMMHPOBAHHUE 110 HHJCKCY ]
JUISL KKIOTO CIIaraeMoro HauMHAETCsl T10-Pa3HOMY: JUIsl TIEPBOro ciiaraemMoro j > 0, st BTOPOro claraeMoro
J = -1, i TpeTbero cnaraeMoro j > 1 — p, s 4eTBepToro ciaraeMoro j > 2 — (. [1o3TomMy B BEIpaKeHHUSIX
craraeMbIxX TosiBuIICh MHOXKUTENH |(j | K), mpeacTaBmstonye nHIMKaTOpHbIE (PYHKIMHU, paBHBIC €AWHUIIC, €CITH
J 2 K, 1 HyHO B IPOTUBHOM ciiydae. PaBeHCTBO (9) JODKHO BBIMONIHITHCS PABHOMEPHO IO MIEPEMEHHOI I
Ipu 5toM, nockobKy dyHkmuy - (j = 0, £1, +2, ...) ABIAIOTCS TMHEHHO HE3aBHCHMBIMH, KOA((HIHEHTHI
nepes STUMH (PyHKIMSAMHU B BhIpakeHUH (9) TOMKHBI OBITh PABHBIMH HYIIO. DTO MIPUBOANT K CUCTEME ypaB-
HEHHH JUII HeU3BECTHBIX MapaMeTpoB o, a(T) u Cn, N=0, 1, 2, ..., B ipeacTaBieHuu (2) pelieHus ypaBHEHHS
(1), ecm OHO cyIIEeCTBYET B TAKOM BUJAE. 3aMETHM, YTO KaXKJI0€ CJaraeMoe B KaKJIOM 3JI€MEHTe CyMMEI (9)
MMeeT HeHYJIeBOH MHOXHTENb a(T)%, MOATOMY JIJIsl YIPOLICHUS Ha HEroO MO>KHO COKPATUTh BO BCEX AIEMEHTAxX
CYMMBI.
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2. Mopeas ¢ HyJeBBIM apeiidom

Cpeau Moienei mpoIiecCoB KPATKOCPOUHOM cTaBkH (1) ¢ HyIeBBIM Ipei(hOM IITMPOKO U3BECTHA MOJICITH
CIR(1980) [5], B KOTOpOIi CTaBKa MOPOKIAETCS B 00IIEM Citydae AU Py3HOHHBIM IPOIIECCOM

dr=cr’dw. (10)

Jlimst Takoro Ipolecca IIOTHOCTE BeposTtHocTei  (x) Beipaxkaercs B Buze [8]:

—2y
f(x)= (v—l)(2v—1)r£[rl— j[rlj , X>To>0.
0

o\lo
I'padmk 3TOM TIIOTHOCTH TIpencTaBieH Ha puc. | mis caydas y = 1,5, KOTOPBIH dale BCero BCTpedaeTcs B
nutepatype. IMEHHO B TaKOM BUJIE 3TY MOJEIb IIPeAarajiyd U aBTOPbl OPUTUHATIBLHOM CTaThU.

rof(x)
0.30

0.25
0.20
0.15
0.10

0.05

X/YO

2 4 6 8 10
Puc. 1. [I10THOCTH BEPOATHOCTEN KpaTkocpouyHoit craBku uist moaean CIR(1980)

HecmoTps Ha TO 4TO MOZENb U3BECTHA IaBHO, 10 CUX ITOp He Obljla OIMcaHa BPEMEHHAas CTPYKTypa ee
0eckynoHHOH poxonHocTH. OKa3bIBaeTCs, MpeiaraeMblii cioco0 HaXOKACHUSI BPEMEHHOM CTPYKTYpPBI 1103~
BOJISET 5TO caenathb. [Ipumem B ypasrennu (10) y = 1,5 u s = 0,5 6% Vpasuenue (1) mst HeHbl GECKYTIOHHOM
obmuranumu P(r, T) mpuobperaet BUI

_OP(nY) (3 o%P(r, 1)
ot or?

Bynewm uckats pemenue atoro ypaBHenus B popme (2). CooTBETCTBYOIINE TPOU3BOTHBIE UMEIOT BUJ:

2
oP(r,7)  al(x a(r) """ o?P(r,t) 1 a(t)\*™""
Py _ ()Z( LA (2 )_ 22(a+n)(a+n+1) () Co.

ot a(r) &= r or

[loce nmoacTaHOBKM 3THX BhIpaskeHHi B ypaBHeHHe (11) momyuaem cieayroliee paBeHCTBO:

' a+n a+n-1 a+n-1
a(‘)Z( n)(a(r)j ¢, - a(t )Z(a( )) c +Sa(T)Z(0L+n)(0H—n+1)( ()] ¢, =0.

a( ) n=0
DT0 paBEHCTBO MOYKHO IMEPEIUCHIBACTCS B 00Jiee YI00HOM BHUJE:

-rP(r,1)=0, P(r,0)=1. (11)

o0

Z{(a +n) (( )) c,+a(t)c,, —sa(t)(a+n+Y(a+n+ 2)cn+1}(@jwn +a(t)(l-sa(o+1)) co(a(T)) =0.
a(r

n=0
[ockombKy BeIpaxkerus (a(t)/r) kak GpyHKIMN MepeMeHHO# I [UTs Pa3IHHbIX 3HAYCHHUIA K SIBISFOTCS TMHEHHO
HE3aBUCHMBIMH, & PABEHCTBO JIOJDKHO BBIMOIHATHCS PABHOMEPHO 110 I, TO KO3(D(DHUIMEHTHI TIepe/l STUMHU BBbI-
PKEHUSIMU JIJIST pa3UYHbIX K TOOKHBI OBITH paBHBI HYJI0. M MBI TIONydaeM CHCTEMY ypaBHEHHH OTHOCH-
TENBHO HEU3BECTHRIX o, &(T) u ey, N=0, 1,2, ...:
so(a+1)=1, (12)

(a+1) :((;Z C,+C,, —S (a+n+1)(a+n+2)c,,, =0, N=0,1,2, ... (13)
T
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W3 ypaBuenus (12) onpenensiercs mapameTp o

1( /1+ﬂ_1)51[d8+62 ) }O. "
2 S 2 c

BooO0re roBopsi, ypaBHerue (12) mMmeeT qBa KOPHS: MMOJIOKUATENBHBIN M OTpHIATeNbHbI. OJHAKO TPH

OTPHIIATEILHOM PELICHHH, KaK OyIeT moka3aHo Hivke, GyHKims 1ensl P(r, T) mpuoOperaeT cBOWCTBa, KOTO-
pBIMH TIeHa OECKYTIOHHON oOnurarmu He obmagaet. [loaTomy npuanMaem kopens (14). Paccmorpum ypaBHe-
uue (13) g n=0:
a'(t) aucy +a(r)? ¢ [L-s (o +1) (o +2)]=0.

C yugetoMm paBenctsa (12) ero MoXxHO Tiepenucarb Kak

a'(t) =a(r)’ 2 o/ a?, (15)
IJIe IS KpaTKocTH 0003HaYeHo o = c1/co. PaBencTBo (15) npeacrarnseT coboit auddhepeHimaipHoe ypaBHe-
HHE OTHOCHUTEIbHO (yHKIHHU (7). Pemienne ypaBHEHUS HUMEET BUJL:

a(t) =- :

o
C TOYHOCTBIO JI0 KOHCTAaHTHI 1), KOTOpasi MPU HEOOXOANMOCTH ONPENeNseTCs] U3 CBOMCTB LEHBI OOJUTalHH.
3ametnmM, uTo U3 paBeHcTBa (15) ciemyer, 9To

16
20T+M (16)

a(t) 2o
a(t)? a?’
Teneps paccmoTpum ypasHenue (13) st mpousBonbHOro N > 1. Ero MoXXHO 3amucaTh Kak pPeKyppeHTHOE

COOTHOIIICHHE, oTpenestoniee Ko3QUIHEHT cni1 uepe3 K03QOUIHEHT cn:
2(@+n)o
(a.+n) .. (17)

1 s n Dot n+2) 1ol "
3aMeTHUM, 4TO
2(c+n) B 2(ou+n) 2@+ )(n+a) 6 (n+oc]
[s(a+n+l)(a+n+2)—1a ((a+n+l)(oc+n+2)_lja2 T+ a(n+2(a+1) n+1ln+g)
a(a+1)

rje Ui KpaTkocTi 0003HaueHo & = 2(a + 1), 0 = &/a.. Takum 00pa3om, MOCIeI0BaTeIbHOCTE KOAPPUIIEHTOB
{cn,Nn=0, 1,2, ...} BRITIAOUT CIEIYIOIIAM 00pa30M:

00 (ra) . _. ©0° (+9)@2t)) __ (o ﬁ(k+a)
"2 vy’ "Lax3 (g (2+9)" " % nt 41 (k+9)
Torna pemenne (2) ypaBHenus (11) MoxkHO TipeicTaBuTh B popme:

a(q) owda(r) \a o 0 a(r) (k+a) _ 18
P(r, r)—co( J{J{—r J&+Z( ; j n'H(k+E,,)} (18)

n=2

o
Co» 01=C003=Co®9€ y C, =C

3ameTHM, YTO CPeH CHECIHATBbHBIX (DYHKIIMI MMEeTCs TaK Ha3biBaeMasi BHIPOXKICHHAS THUIIEPreOMETPUYCCKast
byukwms (ynkuus Kymmepa) 1Fi(x,y,z) (B o6o3nadenusx cucremsr Wolfram Mathematica), kotopast ompe-
JENSAETCS] COOTHOLICHHEM

(x+k-1) _, ()2 D(x+n)
h(xy.2)= 1+ZnIH(y+k BT F(X)Zn' T(y+n)

HCHOJ’IBB}UI OTH O603Ha‘ICHI/I}I LHCHY P(r, T) MOXKHO 3amnucaTrb B BUJEC.

O, TOL1(, a0\ Tatn|_ (aw (o)
Pin= °( rj +r(a>z_( r j E+n) C°ETJ [ 5007 )

I1o cBOMM PKOHOMHYECKHM CBOMCTBAM OcHa O6J'II/IFaI_II/II/I KaxK (1)YHK]_[I/I$I CpOKa [0 MOoTraliCHud T ABJIACTCA

HEMPEePhIBHOW MOHOTOHHO YObIBatoIIei GyHKIMeH, KoTopast /s Besikoro I > 0 umeet npeenst [9]

51



limP(r,7)=1, limP(r,7)=0.
T—>0

0
DT TpeOOBaHUS MOYKHO YIOBIETBOPHUTD, ONIPEAEISISl COOTBETCTBYIOIIMM 00Pa30M J0 CHX MOP HEOIPEIeIeH-
HbIE KOHCTAHTHI Co 1 1. OKOHYATEIbHOE BRIPAKEHHUE IS [IeHBI OECKYITOHHOM 00IUTanny IpuoOpeTaeT BU/I:

o

A+a) Jn 1 1 (19)

1E| o, 20+a), — — |,
2W2% (g +15) \srz 1 (L+a) srt

P(r,t) =

rne s=0,506% =05 (v1+4/s-1)>0, a ['(x) — ramma ynkmus. 31ech npeanonaraercs, uro o > 0. Korma
a < 0, ucrosp3yemas B popmysie (19) ramma dyukmms I'(x) MoxkeT uMeTh HeXeNnaTenbHble CBOMCTBA. Hampu-
Mep, IpH LEJTOYUCICHHBIX OTPULIATENFHBIX 3HAYEHUAX apryMEHTa OHA MMEEeT HeOrpaHHUEHHbIE Pa3phIBbI, HA
uHTepBanax (2k, 2k + 1), k =0, 1, 2, ..., OHa OTpHUIIATEIbHA U T.[., YTO HE COOTBETCTBYET CBOMCTBAM ILICHBI
obnuranuu. [losToMy oTpunatenbpHbIe 3HAUEHUS TapaMeTpa o, HeXKeNnaTebHBI.

OOBIYHO BPEMEHHYIO CTPYKTYPY Ha MPAKTHKE MPEICTABISAIOT HE Yepe3 IeHy OOJIMTaliy, a ¢ TOMOIIBI0
noxonHocTH. 1o onpeneneHuio JOXOHOCTE A0 MOTANIeHns OECKYyIIOHHON OOIUranuu (KpuBasi TOXOTHOCTH)
y(r, 1) u foxoaHOCTH hopBapaHBIX cTaBOK ((popBapanas kpusas) f(r, 1) onpenenstorcs Boipakerusmu [10]:
InP(r,7) aInP(r, 1)
-, f(r)=—"==

T ot

1, K COXaJICHHUIO, B KOMIITAKTHOM aHaJIUTUYECKOM BHUIEC HE IMPCACTABIIAIOTCA U MOT'YT OBITh HCCJICAOBAaHBI

y(r,r) = (20)

TOJIBKO uKclieHHo. Ha puc. 2 npencrapieHsl KpuBas qoxoanoctu Y(I, T) u ¢popBapaHas kpusas f(r, t) s ciie-
nyromux 3Hadennii napametpos: S = 0,8; r = 0,08. [{ng npeacTaBieHNs KPUBBIX «IETHKOM» JUIS BCETO HHTEP-
BaJia BO3MOYKHBIX 3HaueHUi cpokoB a0 noramenus T € (0, c0) UCIoab30BaHO HENMHEWHOE MpeoOpa3oBaHue
CPOKOB JI0 moramieHus:: U = 1 — €%, xoTropoe 0ToOpakaeT MOJIOKUTEIbHYIO Moyoch (0, ) B eTMHUYHBIH
unreprai (0, 1). [Ipunstoe npu pacuerax uuciaennoe snagenue p = In10/30 = 0,07675 coOTBETCTBYET TOMY,
4T0 cpoku 1o noramenns ot 0 7o 30 otoopaxatorcs B uaTepsan (0, 0,9). B cBs3u ¢ TakuM mpeodpa3zoBaHreM
M3MeHEeHbI 1 0003HaYeHus KpuBbiX: Y(I, T) <> Y(u), f(r, t) <> F(u).

Y (u),F(u)

0.12
0.10
0.08 1

0.06

0.04

0.02

0.2 0.4 0.6 0.8 1.0

Puc. 2. Kpussie noxomuoctu Y(U) (crutomssie) u hopsapaubie kprBbie F(U) (yHKTHPHBIE)
qutst moaenu CIR(1980) mst 3Hauennit crasku r € {0,05; 0,08; 0,12}

Kak 310 00BIYHO OBIBaCT, KPUBBIE CTAPTYIOT OT OJIHOTO M TOTO K€ 3HAUCHHUSI JIOXOJHOCTH, PABHOTO TIPO-
IICHTHO# CTaBKe I, ¥ C YBEJIMUECHUEM CPOKa /10 MOTAIICHHsI CTPeMTCs Tipu T — oo (U — 1) K 0ZIHOMY U TOMY
e Mpezeny, KOTOPBIH B JAaHHOM Clly4yae HyJIeBOTo Jpeida paBeH HYIIO.

3. Moneas ¢ TuHeiHBIM apeiidom
IIpeamnonoxum Tenepb, 4T0 MOTUHOMBI (4) OTMpe/ieNeHbl TaK, YTO U3 UX KO3()(GUIMEHTOB OTINYAIOTCS
OT HyJISl TOBKO ABa: My =m >0, S3=5> 0, T.e. m(r) = mr, s(r) = sr3. B aTom ciay4ae u3 paBeHcTBa (9) MOKHO

MOJIYyYUTh COOTHOLICHUA:
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— ¢y (1-a(a+1) s) a(r)*=0.
[(o+j) a'(v) a(r)’*c; —a(r) "¢, — (a+ j) ma(r)’c; +
+(a+ j+)(a+ j+2) sa(r) e ;Ja(m* =0,  j=0.

W3 3THX COOTHOLICHMI TIOJTy4aeM CIICAYIOLIHe YpaBHEHUs s o, a(T) u Cj, | > 1:
1-a(a+1) s=0.

—aa'(r)a(t) ¢, — amc, — a(t)c, + (a+1) (a+2)sa(t)c, =0.
—(a+j)a'(r) a(r)y tc; — (a+j) mc;—a(r) cjq +
+(a+ j+D)(a+ j+2) sa(r) ¢, =0, j=1.

I[J'IH mapamMeTpa o ojriydacTcs KBaaApaTHOC YPaBHEHHUE U, COOTBETCTBEHHO, ABA PEIICHHUS — ITOJIOKHUTCIIBHOC U

OTpHLIATEIIbHOE:
alzl 1/£+1—1, oc2=—1 1/£+1+1.
2( Vs 2(\s

®ynkiums a(t) yaoiaetBopsieT quddepeHInanbHOMY YPaBHEHHIO MIEPBOTO MOPSIIKA, KOTOPOES UMEET aHaH-
TUYECKOE PELICHUE
2

—om _ —a’m o

@ -1 l+a)2+0)-Do (" -D20 oy

Hakownerr, K03 GHUIUEHTHI Cj, | > 1, yIOBIETBOPSIOT CIIEAYIOMIEMY PEKYPPEHTHOMY COOTHOIIEHHIO:
(ot ) C; a'(t)+ma(r)

Cj%+js(B+2a)+s(+30+a?)-1  a(r)?

a(r) =

Cj+l

Hcronb3yst yxe MONyYeHHOE aHATHUTHUIECKOE BBIpaKeHHE JUIS (QYHKIMK a(T), MOKHO HAWTH, YTO BTOPOM
COMHOXKHTEJb 3TOTO BBIPAKCHUS HE 3aBUCHUT OT T U IMECT BUJI:
a(r)+ma(r) sl+a)+a)-1
a()? o @
TaK YTO PEKYPPEHTHOE COOTHOIIICHHUE JIJIS Cj MOXKHO MPEJICTAaBUTh B (hopme:

e+ 20 oo, (4 |
CJ+1_(1+j)([3+j) o Cj B=1+ s+1 2l+a)>a

I/ICHOJ'IBSYH MOJIY4YCHHBIC PE3YJIbTAThl, HAXOAUM, YTO N-e cjiaraemoe pdaaa (2) MOKHO 3aI1IiucaTh TakK:
n a+n _
[a(r))“* o —c -m 1ﬁoc+k
alm =gy —— | = .
r sr(e™*-1) nli_oB+k

Takum 00pa3om, 1ieHa 6ecKyoHHOM obsmrarmu P(r, T) MoXeT ObITh IIPEICTABICHA B AHATUTHYCCKOM
BHUJIC C MIOMOIIIBIO BBIPOXKICHHOW THITEPreOMETPHUYECKON (PYyHKIHMH:

03
m m
P(r,T)ZCO T T mr A 1F1 (0. 2(1+(1), T T e A
sr(e" -1 sr(e" -1
Hakownern, BeiOMpast mapaMeTp Co Tak, 4TOOBI yJIOBJIETBOPUTH MOBeneHHIO QyHKIMu P(r, T), moxydum
OKOHYATENIbHOE BBIPAKEHHUE IS 3TO (QYHKLIWH:
o
1+o)Vn m m
P(r,7) = 1+2(a W m Flo 20+a), - ——— |
27T (a+3/2) { sr(e™"" -1 sr(e"" -1
Kak u B mpenpiaymiem ciydae 34ech UCIIOIb3yETCsl MOJOKHUTEIbHBIA KOPEHD O.
®ynkuun Y(r, ) u f(r, 1), onpenensemsie Gopmynamu (20) uepe3 npexacrasienue P(r, ), MOKXHO uc-
ClIeZIOBaTh TOJBKO YHCICHHBIMH MeTofamH. llpaBaa, mpenenbHbie 3HAU€HHs 3THX (YHKIMA MOTYT OBITH
HalJIeHbl B aHATMTHYECKOM BHJIC:
limy(r,7)=lim f(r,7)=r, limy(r,t)=lim f(r,t)=om.
>0 0 T—0 T—0
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u
00 02 0.4 06 08 10
Puc. 3. ®yukuuu Y(U) (crmomusie) u F(U) (yHKTHPHBIE), BEIYHCIICHHBIE
o ¢opmynam (20) anst 3Hauenuii crasku I € {0,08; 0,36; 0,6}
Kax BumHO, 1B MTpeIes OMpeaenseTcs TOILKO COCTOSHUEM PhIHKA U HE 3aBUCUT OT MTapaMeTPOB MO-
JIEINA, a TIPaBBIN MPEIeN ONPENesIeTCs TONBKO CTPYKTYPOI MOJIENN 1 HE 3aBUCUT OT COCTOSHUS PHIHKA B OTIpe-
JeJIeHHbI MOMeHT BpeMenu. Ha puc. 3 stu ¢pyukiuu B hopme Y(U) u F(U) mpeacraBieHsl UTs CIEAYOMMX
3HaueHwuit napamerpos: S=0,8; m=0,5.

4. MogaeJb ¢ KBaApaTUYHbIM apeiidom

ITycte Teneps momuaoMbl M(F) 1 S(r) TakoBbl, yTo P=2,q=3,1.e. | —p=2— = — 1. Toraa xomro-
HEHTBI CyMMBI (9) OyAyT OTIMYATHCS OT HYJIS TOJNBKO IS | > —1, mpuueM mepBoe cliaraeéMoe OTIINYAeTCs OT
HYJISL TOJIBKO 171s | > 0. B 9TOM citydae mosydaeM CIIeAyroILy0 CUCTEMY YPaBHEHHI:
npu j =-1

—Cy —0M,C,y +a(a+1)s,¢, =0 (21)
npu j =0
2 3
—aa'(r) at) 6y - a(r)e - ) (a+k-1) mea() Ty + Y (a+k-2)(a+k-1) s a() e, =0;
k=1 k=2
(22)
mpuj=1
2 3
—(a+1) a'(7) ¢ - a(r)*c,— Y (a+k) myar) g+ > (a+k-1) (o+k) s, a(r) o, 4 =0;
k=0 k=1
(23)
npu j > 1

~(a+j)a(ma e, -a e, - Y (ot jrk-D) ma) e, + ) (a+j+k-2)(a+ j+k-1) s,a() e, , =0. (24)
k=0 k=0
U3 ypaBuenus (21), KOTOpoe B HPeNoI0KeHHH, uto co # 0, umeer Bua: o(a+1) S;=om, +1, onpe-

JeTsieTCs Iapamerp o
o =i(m2 —s3—y4s3+(My —55)%), =i(m2 —Sg+/453+(M, —53)°). (25)
2s, 2s3

[Mockonbky ypaBHeHue (21) — KBagpaTHOE, OHO MMEET JiBa KOPHSI, YTO O3HA4aeT, 4To perieHue ypaBHeHus (1)
MOXET MMETh JBE COCTaBIIIOIIME BHAA (2), KOMIPOMHUCC MEXIy KOTOPBIMH, a TaKKe HAadalbHOE YCIOBUE
P(r, 0) = 1 MmoryT noBnusTh Ha BEIOOP KO3 duIIEHTA Co.

VYpaBuenue (22) siBnsercst 0OIKHOBEHHBIM T (depeHInaTbHBIM ypaBHEHHEM OTHOCUTEIBHO (YHKLINT
a(t). Ero perrenue nmeeT BHUI:
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A
p+expl(e+agc)(m —(a+1)s,)]’
rIie Ui KOMIakTHOCTH 0003Ha4eHo A = oCo((1 + a)S200 — 1), u = C1(1 + (o0 + )Mz — (a0 + 1)(o + 2)s3), a § —
MOCTOSIHHASI UHTETPUPOBaHUs U PEPSHIIMATBHOTO YPaBHEHHSI, BLIOOP KOTOPOH JIeaeTcs B 3aBUCUMOCTH OT
CBOWCTB pemieHus ypasaeHus (1).

a(t) (26)

U3 ypaBHenus (23) onpenensiercst koo uiueHt C,, a ypaBHeHue (24) MOKHO paccMaTpHUBaTh KakK Oc-
HOBY Il KOHCTPYHPOBaHUsI PEKYPPEHTHON (POPMYJIIbI BBIYUCICHUS KOA(PPHULIUEHTOB Cny1 YEPE3 IPEIBIAYIINE
k03¢ GunmeHTH Cj, | < N. Paccmotpum cHavana ypaBHeHue (24). OHO 03BOJISIET BBIPa3UTh KOG UIMEHT Cji1
yepes npensiynme ko3 GUueHTs! Cj, Cj-1, Cj—2 0 opmyIie
- _a@e+ @) ram)m -1+ o+ j)s,)c; —[alt) (Mo + (o + 1)$1)Cj + (o + j—2)8eC; o] (o + j—1) @7
i a(t)’[Q+a+j)2R+a+j)s;—Q+a+ j)m,—1] '

OmHako 1o ornpeaeseHnto K03 GUIUEHTOB Cn B BRIpaXXEHUH (2) OHHU JTOJDKHBI OBITH MTOCTOSTHHBIMU KO-
a¢dunmeHTamMu, He 3aBUCSIIAME OT IepeMeHHOH T. To ecTh uTo B hopmyne (27) mpaBasi 4acTh PaBEHCTBA HE
JOJDKHA 3aBHCETh OT T. JTO OyNeT TOibKo Torma, korma Mg = 0, So = 0, s1 = 0, s2 = 0. Takoe TpeboBaHme
SIBIISIETCS HEOOXOJMMBIM yCIIOBUEM CYLIECTBOBAHUS HETPUBUAILHOTO pelieHust (2) ¥ TOBOPHUT O TOM, YTO He-
TPUBHAIBHOE PELICHUE UMEET MECTO He IS JII0ObIX moauHoMoB M(r) u S(r) mopsiaka 2 U 3 COOTBETCTBEHHO,
a TOJBKO IS

m(r) = mar + mar?, s(r) =sars. (28)
[NoacranoBka BBISIBICHHBIX HEOOXOAUMBIX ycI0BUH B hopmyiy (27) st ko dunueHTa Cny1 MPUBOIUT K pe-
KYPPEHTHOMY COOTHOIICHHIO

a+n a'(r)+a(y)ym c

_ 29
@A+oa+n)(2+0+n)s;—(@A+o+n)m, -1 a(r)? *)

Cn+1 n-

3aMeTHM, 4TO 3HaMEHATENb IEPBOTO COMHOYKHUTEIS MTPaBOi yacTh paBeHCTBa (29) MOXKeET OBITH TpeACTaBIICH
B BUJE
1+a+n)2+a+n)ss—(1+ao+nmy—1=s3(1+n) +n),

Blfsi(s3—v4s3+(m2—s3)2) HIpH O =0y,
_ 3
Bzzi(s3+,/433+(m2—33)2) pu o = dy.
S3

ITpu BBITTOJHEHNH BBISBIIEHHBIX HEOOXOIMMBIX YCIIOBHI (yHKIMs a(T), onpeaesseMas mo Gopmyie (26), He-
CKOJTBKO yIPOIIACTCS:

rIe

B (30)

A
a(x) = ,
w+expl@+o & ¢p) my]

rae A = —miaCo, b= (1 + (o0 + )Mz — (o + 1)(o + 2)s3)Ca. [ToacTarnss B mpaByio 9acTh Gopmyisl (29) siBHOE

(31)

BeIpakeHue QyHKIMU a(T), onpenensemoii o gpopmyie (20), momydnm
a(p+a(mm _pm _ s;fo
a(1)? A o

rae ® = C1/Co. [Ipu 3TOM 3aBUCHMOCTB OT NEPEMEHHOH T B paBoi yacTu ¢opmyisl (29) ucyezaer. Takum

o0pasom, pekyppenTHas hopmyna (29) st koadduimenta Cny1 mpeodpazyeTcst K OKOHYATEIILHOMY BUAY:
Cp= B(a+n)wc, . (32)
od+n)B+n)
Tenepps oOpaTHMCs K PEIICHHUIO MTOCIEAHET0 ypaBHeHus (23), U3 KOTOPOro HYKHO OIpenessaTh Co. [1o-
CKOIIBKY CpeJii HEOOXOAMMBIX YCIIOBHH €CTh paBeHCTBO So = 0, To ypaBHeHHe (23) OyneT coBnagaTh ¢ ypas-
HeHueM (24) npu N = 1, a crepoBarenbHO, K03 upeHT C; Beraucisercs mo ¢popmyne (31) mpu n = 1.
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[Moyuaercst, uto ecau moauHOMBI M(r) 1 S(r) mopsiaka 2 1 3 COOTBETCTBEHHO OIPEICIISIOTCS BhIpaKe-
Husmu (28), pemrenue ypaBHeHHs (1) MOXeT ObITh IPEACTAaBISHO B BHIE CyMMBI IBYX PSIIOB THIA (2), KaXK IbIHA
13 KOTOPBIX HMEET CICAYIOIIYIO CTPYKTYPY:

[@)aco (14_(@ (D_BJ (a(r) cij (OL(OH-]-) j+
r r ao/p r B(B+1)

(a(r) 0)[3} a(o+1) (o +2) N (a(t) (0[3) l—ioc+k+
r BB+)PB+2) ) U r o) nigp+k )

I/ICHOJ'II)Sy}l BHOBb BBIPOXICHHYIO T'HIICPTCOMCTPUUICCKYHO (I)YHKLH/IIO, HOJ'Iy'-IeHHI:IfI pE3yJabTaT MOXHO KOM-
IIaKTHO 3aI111McaTh B aHAJIUTHYCCKOM BUJIC

o[ an 20 ) -

r o
Kak y»e 0pU10 cKa3aHO, TOCKOJBEKY ypaBHeHHE (21) nmeer nBa pemenns (25), pemenne ypasHeHus (1)

MOJKET COCTOSITh U3 IBYX KOMIIOHEHTOB BU/a (2) C pa3MUYHBIME Habopamu napameTpos (o, [3), 3HaYeHUs KO-
TOPBIX onpeaesstoTcs popmynamu (25) u (30):

P(r,7) = Co{ag)j 1 ( oy, B, — al®) O;BlJ (@} 2 [ oy, By, — a®) O;ﬁzJ (34)

1 2
[Ipexne yeM KOHKPETH3UPOBATh PELICHUE, CACIAEM HEKOTOPBIA IMpelBapUTENbHBIN aHann3. BHauane
paccMOTpHM CBOMCTBa AU PY3UOHHOTO TpoLiecca, 3a1aBaeMoro apeiioM M BOIaTHIIBHOCTEIO, ONpeaesse-
MbiMu QyHKIUAME (4) 1 (28). CornacHo MPUHATHIM IPEATIONI0KEHASIM IIPOIIecC KPATKOCPOUHON IPOIIEHTHOM
craBkH r(t), COOTBETCTBYOLINIT ATUM (YHKIHSM, ONHCHIBACTCS YPABHCHUEM:
dr(t) = (mar(t) + mar(t)?) dt +./2s, r(t)*2dt.
MapruHanbHas IIIOTHOCTh BEPOSITHOCTEH 3TOTO MPOIecca UMEET BUJI:
2—y -oIr
f(r)=§,_y—e, 5="150,y=2 .2, 550120,
r=" I'(2-v) S3 S3
rae I'(x) — ramma dynkius. [IpuHuMas BO BHUMaHUE 3TH HEPABEHCTBA, 00OpAaTUM BHUMAaHKE, YTO MMapaMeTphI
BelpaxkeHUst (33) cornmacHo ¢opmynam (25) u (30) npunumarot 31adenus oy < 0, o2 > 0, B2 > 0, a B1 Mmoxer
NPUHAMATH MOJIOKUTENIbHBIE 3HAYEHHS TOJIBKO TOT/[a, KOT/1a TapaMeTp BOJIATHILHOCTH S3 > 4, 4TO B pealibHbIX
ClTy4yasX IPaKTHYECKH HE BCTPEYaeTCsl.
Kak u3BecTHO, 11eHa obnuranuu mpu ¢ > 0 sSBIIsIeTCss MOHOTOHHO YOBIBaroIed QyHKIMel 1o nepeMeH-
Ho#t T € (0, o) ot P(r, 0) = 1 go P(r, o) = 0. [TosTomy BbipakeHue (33) 10DKHO MMETh TaKHe e CBOWCTBA.
Oyukuust 1F1(X, Y, Z) iMeer moaxosire cBoucTBa Tobko mpu X > 0,y > 0, z € (—oo, 0). [TosTomy mepBoe
craraeMoe B npezacTaBieHud (34) D0mKHO OTcyTCTBOBaTh. KpoMe Toro, 4ro0sl aprymeHT Z y 1F1 npuanman
3HaueHUs B HHTEpBase (—o, 0) mpu u3mMeHeHnu T B uHTEpBae (0, ), HLOOXOANMO ITIOCTOSHHYIO HHTETPHPO-
Baus § B Beipaxkenuu (20) onpesenuts paBeHcTBOM & = IN(Bwss)/acom:. Torma

A -m,
a(‘[) = = .
ptexplc+agc)m]  (e™ -1)s,

Haxkoner, 1yis Toro uto0bl BeIMOTHsIIOCH TpeboBanue P(r, 0) = 1, HeoOX0auMO, YTOOBI He OMPECICHHBIN 10
CHX TOp TapameTp Co omperensuics paBeHcTBoM Co = ['(B — o)/T'(B). Takum o6pazom, OKOHUATETBHBIH BU
peienus (2) ypaBaenus (1) mpuoOpeTaeT B pacCMaTpUBaeMOM Cliydae OKOHYATEIbHBIN BH/I;

G- m Y —m %
PO ==15 [rsg(e"‘“—l)j 1F1[Q’B’rsg(e"‘”—1)} >

rJie mapaMeTphl o U B onpeaesroTes ¢ moMornsio hopmyi (25) u (30):

a:i(mz—s3+w/4s3+(m2—s3) ) >0, B:si(s3+\/4s3+(m2—s3)2)>0.
3

2s,
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3aMeTHM, 9TO 3TO PEIIeHHE MTOTHOCTHIO COBIA/IAET C PEIICHUEM, ITOTYIeHHBIM APYTHM ITyTeM B [6], TIe

B 0003HaYEHUAX aBTOPOB My = kO — A1 > 0, My = — kK — A2 < 0, S3 = 6%2. B npuHuMIIE, KCTIONB3YS BHIPAKEHHE
(23), moxkHo mo opmynam (20) HAWiTH aHAIUTHYECKUE BBIPAKEHHS U KPUBOW MoxoaHocTH Y(r, T) H
dopBapaHoii kpuBoii f(r, T). OmMHAKO 3TH BBIpaKEHHS SABIISIOTCS OYCHb TPOMO3IKHMHU, ¥ TPAKTHYHEE MPUBJIC-
KaTh YHCJICHHBIC METO/BI TSI BBIPAKEHHA 3THX (PYHKLMI 47151 HEOOXOIMMBIX YMCIOBBIX apameTpoB. Ha puc. 4
npenacTasiensl Gynkiun Y(U) u F(U), koTopbie B3auMHO OIHO3HA4HO cBsi3aHbI ¢ kpuBbiMu Y(I, T) u f(r, T), Kak
OOBSICHEHO BBIIIE, [UIA MOJENM C KBAaAPAaTHYHBIM ApeiipoM Ipu CIEAYIOIINMX 3HAYCHUSAX MapaMeTpPOB:
s =0,8; my =0,2; my = 1. [IpenenbHble 3HaUCHUS 3TUX HYHKLUI, KaK U B IPEABILYLICH MOJICIN, MOTYT OBITH
HailleHbl B aHAIMTUYECKOM BHJIE:

limY(u)=IlimF@u)=r, limY(u)=IlimF(u)=am,.

u—0 u—0 u-1 u-l

0.6

0.4

-
St thnmaaa

0.2

0.0 0.2 0.4 0.6 0.8 10 "
Puc. 4. Kpussie noxoasocru Y(U) (cruiomnsie) u GpopeapaHbie kpubie F(U) (MyHKTHPHBIC)
JUTS MOJICITH C KBaJpaTHYHBIM apeiidom ms 3Hauenuii crapku ¢ € {0,08; 0,25; 0,6}

3akiaouyenue

B crarbe nipescTaBiieHbl MOAETH, AJIs1 KOTOPBIX MOTYT OBITh HaiiIeHbl KPUBBIE JOXOJAHOCTH OECKYIIOH-
HBIX OOJMTraluii ¥ COOTBETCTBYIOIINE OPBAPAHBIC KPUBbIC, HE OTHOCAIINECS K Kiaccy ad(UHHBIX MOJAETICH.
K coxanenuro, Mosienu, JONMyCKaroIIMe TaKue PelIeHNs, HEMHOTOYHMCIICHHBI 1, B YaCTHOCTH, BKITFOUAIOT B ce0s
HeKoTopbie 3BecTHBIE Mojenu: Mmoaenb CIR(1980) [5] u monens Ana—Tao [6]. Chopmynupyem TpeGoBanums
K CTPYKTYpE€ MOZAEIH KPaTKOCPOUYHON MPOLEHTHOW CTaBKH, KOTOpas JOITycKaja Obl MOJlyYeHHE BPEMEHHOM
CTPYKTYPHI IIeHbI oOuranuy B hopme (2).

[TapameTpsl paga (2) onpenenstorcs ypaBHeHueM (9), U3 KOTOPOro, COOCTBEHHO, MOTYYaeTCsl CUCTEMA
ypaBHEHHH OTHOCHUTEIILHO HEM3BECTHERIX O, &(t) men, N =0, 1,2, ...

1. JIns monmy4yeHUss HETPUBHAIBLHOTO pemieHus (T.e. A1 Hanu4us cn # 0) Heo0X0AUMO, YTOOBI CTENIEHH
p u q nosmHOMOB m(r) 1 S(r), onpenensronKx Apeid 1 BOJATUILHOCTh KPATKOCPOYHOM MPOIIEHTHON CTaBKH,
YAOBJCTBOPSUIA OJHOMY U3 clieAyrommx ycioBuit: {p<2,0=3},{p=2,0<3},{p>2,0=p+ 1}. Borux
CITydasiX HaxoJsTCs YPaBHEHUSI, 3 KOTOPBIX ONPEJeNIIeTCs MOJI0KHUTENLHBIN MapaMeTp o.

2. JlIpyroe HeoOXOIUMOE YCIIOBHE CBSA3aHO C CYIIeCTBOBaHMEM (YHKIWHU a(T), HE 3aBUCSINEH OT WMH-
JeKca CyMMHUpOBaHu psaa (2).

3. Kpome Toro, Heo0X0IMMO, 4TOOBI KOAPPUIIMEHTHI {cn} HE 3aBUCETH OT IEPEMEHHOM T.

OHOBPEMEHHOE BBHITIOTHEHUE ITHX HEOOXOJMMBIX YCIOBHH CYIIECTBEHHO CYXKaeT CEMEHCTBO MoOJIe-
JIeH, 7151 KOTOPBIX pelIeHUe ypaBHEHUs] BpeMEeHHOU cTpyKTypslI (1) umeer Bup (2).

Boo0r1ie roBopsi, yiaeTcsi HARTH TOJILKO OJMH OCHOBHOM citydaid {p = 2, = 3} — MOJeJib C KBaJpaTHy-
HBIM Jpeiipom Ana—Tao [6], u3 koToporo npu My — O moay4aeTcst MOJIENb ¢ JJHHEHHBIM Jperidom. 1 nanee
npu My — 0 umeem mozens CIR(1980) [5] ¢ nyneBbiM apeiidom.
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The equation of term structure for the price of a zero-coupon bond is considered, the solution of which in analytical form is known,
basically, for the simplest models and has an affine structure with respect to the short-term rate. In this paper, we construct solutions
of this equation for a family of term structure models that are based on short-term rate processes, in which the square of volatility is
proportional to the third power of the short-term rate in stochastic differential equations. The solution of the equation is sought in the
form of a definite functional series and, as a result, is reduced to a confluent hypergeometric function. Three versions of the underlying
stochastic differential equations for short-term rate processes are considered: with zero drift, linear drift, and quadratic drift. Numerical
examples are given for the yield curve and the forward rate curve for these versions. Some conditions for the existence of nontrivial
solutions of the equation of term structure in the family of processes under consideration are formulated.

Unfortunately, models that admit such solutions are few and, in particular, include some well-known models: the CIR (1980) model
and the Ahn-Gao model. The requirements for the structure of the short-term interest rate model, which would allow the receipt of a
term structure of the bond price in the form considered in the article, are reduced to the following.

1. To obtain a non-trivial solution, it is necessary that the degrees of polynomials determining the drift and volatility of the short-
term interest rate satisfied certain constraints.

2. Another necessary condition is connected with the fact that the functional series is power-law with respect to a function that does
not depend on the index of summation of the series.

3. In addition, it is necessary that the coefficients of the functional series do not depend on the maturity of the bond.

Simultaneous fulfillment of these necessary conditions significantly narrows the family of models for which the solution of the
time-structure equation has the form considered in the article.

REFERENCES

1. Merton, R. (1990) Continuous-Time Finance. Oxford: Blackwell Publ.

2. Duffee, G.R. (2002) Term Premia and Interest Rate Forecasts in Affine Models. Journal of Finance. 57(1). pp. 405-443. DOI:
10.1111/1540-6261.00426

3. Medvedev, G.A. (2017) Polynomial models of yield term structure. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie,
vychislitel'naya tekhnika i informatika — Tomsk State University Journal of Control and Computer Science. 2(39). pp. 39-48.
(In Russian). DOI: 10.17223/19988605/39/6

4. Fabozzi, F. &, Fabozzi, T. (eds) (1995) The Handbooks of Fixed Income Securities. New York: IRWIN Prof.

5. Cox, J.C., Ingersoll, J.E. & Ross, S.A. (1980) An analysis of variable rate loan contracts. Journal of Finance. 35. pp. 389-403. DOI:
10.1111/j.1540-6261.1980.th02169.x

58


http://onlinelibrary.wiley.com/doi/10.1111/1540-6261.00426/full
http://onlinelibrary.wiley.com/doi/10.1111/1540-6261.00426/full

6. Ahn, D.-H. & Gao, B. (1999) A parametric nonlinear model of term structure dynamics. The Review of Financial Studies. 12(4). pp.
721-762. DOI: 10.1093/rfs/12.4.721

7. Vasicek, O.A. (1977) An equilibrium characterization of the term structure. Journal of Financial Economics. 5. pp. 177-188. DOI:
10.1016/0304-405X(77)90016-2

8. Medvedev, G.A. (2016) The probability density of the processes of yield interest rates. Vestnik Tomskogo gosudarstvennogo uni-
versiteta. Upravlenie, vychislitel'naya tekhnika i informatika — Tomsk State University Journal of Control and Computer Science.
3(36). pp. 35-48. (In Russian). DOI: 10.17223/19988605/36/4

9. Hull, J.C. (1998) Options, futures, and other derivatives. Boston: Prentice Hall.

10. Medvedev, G.A. (2005) Stokhasticheskie protsessy finansovoy matematiki [Stochastic Processes of Financial Mathematics].
Minsk: BSU.

59
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ML.A. Maraabiukuii, /1.51. Konarb

AHAJIN3 B IIEPEXO/IHOM PEXXUME CETU
C HETEPIIEJIMBBIMMU IMOJIOXKUTEJIbHBIMHA
N OTPULHATEJIbBHBIMU 3AABKAMMU PA3JIMYHBIX TUITIOB

[TpoBeneHo uccne0BaHUE B IIEPEXOJHOM PEKHUME OTKPHITOH CETH, B KOTOPYIO MOCTYHAIOT MPOCTEHIINE TOTOKH 0~
JIOKUTEIIBHBIX W OTPHIATENBHEIX 3asBOK PA3IMYHBIX THIOB. OOCITyKUBaHHS TPEOYIOT TOJIBKO MOJOKUTEIBHBIX 3asBKH.
Bpewmst npe6siBanms B ogepenn CMO Ui MONTOKHUTENBHBIX U OTPHLATENIBHBIX 3asBOK OTPAHUYEHO CITyJaifHBIMU BEIIH-
YIHaMH, UMEIOIUMH SKCIIOHEHIMAIBbHOE paclpe/elieHUe ¢ IapaMeTpaMy, pa3IUdHbIMU JUI KaXIO0Ir0 TUIIA 3asBOK.
OTpuiatenbHas 3asgBKa ONpeIeNIeHHOTo TuMa, Bpems oxxuaanus B CMO KoTOpoil 3aKOHYMIIOCH, YMEHBIIAET KOJTHIe-
CTBO IOJIOXKUTEIBHBIX 3asiBOK Takoro ke Thna B CMO Ha enuHHUIly, €clIM Takue 3asBKU B Hell ecTh. [l HaxoxIeHus
HECTALHOHAPHBIX BEPOSITHOCTEH COCTOSHMI CETH MPEUIOkKEH MOANGHUIPOBAHHBI METOM IOCIEA0BATEIbHBIX MIPH-
OJIIDKEHMH, COBMEIIEHHBIH C METOZIOM PSIOB.

KuroueBble ciioBa: G-ceTb; MOJI0KHUTENBHBIC U OTPULIATEIBHBIC 3aIBKH PA3IMYHBIX THIOB; MOAU(DULIPOBAHHBIH Me-
TOJ{ ITOCJIEIOBATENBHBIX MPUOIMKEHHH, COBMEIICHHBII C METOJIOM PSIJIOB.

PaccmoTpum oTkpeITyto G-ceTh MaccoBOro o0ciykuBaHus [1] ¢ N OMHOTMHEHHBIME CHCTEMaMHU Mac-
coBoro obcmyxkuBanus (CMO), B KOTOPYIO OCTYMAIOT MOJIOKUTEIBHBIC U OTPUIIATEIHHBIC 3asSBKHU I' THUIIOB.
B i-to CMO u3 BHeUIHe# cpe/ibl MOCTYIaeT MPOCTEHIIINI ITOTOK OOBIYHBIX 3asIBOK (TIOJIOKHUTEIBHBIX) C HHTCH-

+ o o v
CHUBHOCTBIO A M JIOTIONHHUTENBHBIN IIOTOK OTPHUIATENBHBIX 3asBOK, KOTOPBIH TAKIKE SABJIAETCS MIPOCTEMIINM, C
MHTEHCHBHOCTBIO A, i =1,n. Bce mocrynaromnye moTOKM He3aBUCUMBL. Kaknas MOJIOKUTENIbHAS 3asBKa
BXOJIHOTO TIOTOKA HE3aBUCHUMO OT JIPYTUX 3asBOK Hampaisiercs B i-t0 CMO kak 3asiBKa Tuma C C BEpOSTHO-
nr
CTBIO Pgic» 2 2 Poic =1. JUmHTensHOCTH 06CIy>KUBAHHS TIOJI0KHUTENBHBIX 3as1BOK B i-ii CMO Cc-ro Tuma pac-
i=lc=1
MIPEEIEHBI 10 SKCIIOHEHIINAIBHOMY 3aKOHY C TapaMeTpoM |, .

B cetn HUPKYJIHUPYIOT HE TOJIBKO ITOJIOKUTCIBHBIC 3a4BKU, HO U OTPHUIATCIILHBIC [2] Kamz[aﬂ OTpulia-

TCJIbHAA 3asBKa BXOJHOTI'O ITOTOKA HE3aBUCUMO OT APYTUX OTPULATCIBHBIX 3asiBOK HAIIPABJIACTCA B i-ro CMO
n r

Kak OTpHIIATeIbHAs 3asBKa THIIA C C BEPOSTHOCTBIO Pojcs zz Poic =1 u uepes ciyuaiinoe Bpemst yHuuTO-
i=1 c=1

KaeT OJIHY TOJIOKHUTENIbHYIO 3as1BKy Turna C. [lociie okoHuaHus 00CTy>KUBaHUS ITOJIOKHUTEILHOM 3asBKH TUIIA C

B i-it CMO ona Hanpasisiercs B j-t0 CMO ¢ BepOsSTHOCTBIO Pijs OTLSITH KaK MOJIOXKHUTEIbHAs 3asiBKa THUIIA S,

n r
a C BEpOATHOCTBIO P — KAk OTPHULATENIbHAS 3as1BKA THIIA S, M C BEPOSTHOCTBIO P g =1— 3 z(pfcjs + pi;js)
j=lc=1

YXOJIUT U3 CETH, |, | :1,_n, c,S =1,_r .

Kaxxnas nonoxxutenpHas 3asBKa TUIA C, HAXOAAIIASCS B CHCTEME, UIMEET BpeMs 0KMJIaHUs, OTPaHUYEH-
HOE SKCTIOHEHIMATBLHO PacIpeIeIeHHOM citydaiinoi Besmuunoii (CB) ¢ mapamerpom 0, . Otpunatenshas 3asska,
HaXOJSIIAsACs B CHCTEME, OCTAeTCA B OUEpeIU CIydailHoe BpeMs, MMeroIIee IKCIIOHEHITNAFHOE pacIipeiene-
HHE C TapaMETPOM i, i= 1,_n, c= ]j . [TonoxwurenbHas 3asiBKa TUNA C, BpeMs 0XKUJaHUA KOTOPOI B ouepein
| HICTEKJI0, MTHOBEHHO 11epeXxo it B j-10 CMO 1 CTaHOBUTCS MOJ0KUTEIbHOMN 3asBKOM THIIA S C BEPOSITHOCTHIO

n r
+ o o _ + -
qicjs MJIM OTPULATCIILHOM 3asiBKOM THUIIA S C BEPOSTHOCTHIO qicjs , 4 C BEpOATHOCTBIO Qico = 1— Zlczl(qicjs + qicjs)
J: =]

yXOHIUT U3 cety, i, j=1,n, C,S :1,_r.
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Takyro ceTs MOXXHO MTPAUMEHHUTH TTPH MOJIEINPOBAHNH PEATbHBIX CETEH CBS3H, B KOTOPBIX IIPH Iepeaade
3arnpoca (TI0J0XKHUTEIHLHON 3asBKH) B CUCTEMY CBSI3UM YaCTO YCTAHABJIMBACTCS TaK Ha3bIBACMBIN TaliM-ayT, UC-
TE€UeHHE KOTOPOTO 03HAYAEeT, UTO Mepeaada 3anpoca He YKIAAbIBaeTCs B INTAHUPYEMbIi WHTepBajl BPEMEHH,
MIOCJIE Yero JaHHBIN 3ampoc yaanseTcs u3 ouepean. OTpHUIaTeNIbHBIC 3aIBKU IIPU 3TOM MOTYT OINKUCHIBATH BU-
PYCHI B cHCTEME, KOTOPBhIE HAUWHAIOT IEHCTBOBATH Yepe3 CIIydaiiHOe BpeMsI.

[lox cocrostHEEM ceTH OyIeM IOHUMATh BEKTOP

(K1) = (Kt Ko rKar - Kt KooK oK Kipreees K b bigneeesbi s Dot oo el Db ),

KOTOPBIH 00pasyeT nenb MapKkoBa ¢ HENMPEPLIBHBIM BPEMEHEM M CYETHBIM YHCIIOM COCTOSIHMM, 311ECh k. M lic
COOTBETCTBEHHO YHUCIIO MOJOKHUTENBHBIX U OTPUIIATENBHBIX 3aBOK THMa C B i-it CMO B MOMEHT BpeMeHH t,
i=1,n, c=1r . Tpebyercs HaAUTH BEPOSTHOCTH COCTOSHUI CETH B MIEPEXOTHOM PEKHIME.

Crenyer OTMETUTh, YTO BBIPAXKCHHUS AJIS1 TAKHX BEPOATHOCTEH COCTOSHUM B CTAIIHOHAPHOM pPEXHUME
B (hopMe IpOM3BEACHHS, KOT/Ia TI0/I COCTOSHAEM CETH MOHMMAeTCsl BEKTOpP THIIOB 3asBOK, OBUIM HAi/ICHEI
B paborax [1-3]. Ilpu aTom mpeamonaraeTcs, 4TO OTpULIATEIbHBIC 3asBKH (PUKCHPOBAHHOTO THIIA BO3JEH-
CTBYIOT TOJIKO HA TIOJIOKUTENIFHBIE 3asIBKU TOTO Ke Tura. B padore [4] paccmaTpuBaizack MapKOBCKas CETh
CO CITy4aiiHBIM BpEeMEHEM NPEObIBaHUS B OUEPEISX PA3INYHBIX THIIOB TOJIOKUTEIBHBIX, OTPUIATEIbHBIX 3a-
SIBOK U CUTHAJIOB, TprdeM ouepean B CMO ceTh oTaenbHO (YOPMUPOBAIHCH IS STHX THITOB 3a5BOK M CHTHA-
10B. ITox cocTosiHEM ceTH MOHUMAJICS BEKTOP YMCIIa 3asBOK; TAaKXKe HAlJICHO CTAl[MOHAPHOE paclpeiesieHue
BEPOATHOCTEH ceTn B (hOpMe IPOM3BEICHUS.

JIst HaXoK/IeHHsT BEpOATHOCTEH cocTosiHuit G-ceTn B IIepexoTHOM (HEeCTallMOHApHOM) PEeXKHUME paHee
MPUMEHSIICS TPUOTVKEHHBI METOJI, OCHOBAHHBIN Ha WCIOJIB30BAaHUH arnmapaTa MHOTOMEPHBIX MPOU3BOIs-
mmx Gyskuui [S], mpu npeanonoxernd, yto CMO cetn QyHKIMOHUPYIOT B YCIOBHSIX BHICOKOW HATPY3KH.
B nanHol#i paboTe 3TO MpenonoKeHnue CHATO.

1. Cucrema pasHocTHO-IM( pepeHIMAILHBIX YpaBHeHHiT KosiMoroposa
JJIS1 BEPOSITHOCTEH COCTOSIHUM ceTH

Iycts |;,— Hynesoit BexTop pasmepHocT NX I, 32 UCKIIOYEHHEM KOMIIOHEHTBI ¢ HOMEPOM r(i —1)+ c,
KOTOpasi paBHa euHMIE, |gg — NX T BekTOp, CocTOSIIMIA U3 HyEH, P (IZ, l t) — BEPOSTHOCTb COCTOSTHUSI (IZ, I t),
U(X) — enuHUYHAA QYHKIUSA XeBHcana.

Bo3MoxHBI crieyroliye mepexo/ipl Hallel enu MapkoBa mpoiiecca B COCTOSTHHE (IZ, It+ At) 3a Bpems
At

1) u3 cocTosHMs (IZ -1y, f,t), B 3TOM city4ae B j-to CMO 3a Bpemst At TOCTYITUT MOJTOKUTENbHAS 3aBKa
THIIA S C BEPOSTHOCTBIO A/, u (kjs )At +o(At), ] =1n, s=1r;

2) W3 COCTOSTHHS (IZ, -1 i ,t), npu 3ToM B j-to CMO 3a Bpemst At HOCTyUT OTpHULIATEIbHAS 3asiBKA THIIA
s ¢ BeposTHOCTBIO AgeU(l, )At+0(At), j=1n, s=1r;

3) u3 cocrostHUS (IZ + 1, I t), B 3TOM CJIy4ae 3a BpeMs Al monoxxuTenpHas 3asiBKa TUTIA ¢ TIOCIE 00CITy-

JKMBaHHU WU IO UCTCYCHUN BPEMCHU OKHUIAHU B i-it CMO YXOAUT U3 CETHU BO BHCIIHIOIO CPEAY; CyMMapHas

BEPOATHOCTh TAKHX COOBITHH PABHA (;, P,.o +0,.0,, ) At +0 (AL), i = Ln, c=1r;

Ic? Ic?

4) W3 COCTOSIHUS (k +1,,1 +1, t) , B ITaHHOM city4ae B i-to CMO nociie ucreueHus BpeMeH! OXKHIaHUsI
B HEl OTpULATENBHON 3a4BKU THMA ¢ OHA YHUUTOkAeT B 3To CMO MONOXKUTENbHYIO 3asIBKY CBOETO THIIA,
BEPOATHOCTH TAKOr0 COOBITHSA paBHa W At + O(At), i=1n, c=1r;

5) u3 cocrosHus (k d+1;, ,t), ripu 3ToM B i-it CMO BpeMst OJKHIaHNsI OTPHIIATENBHOM 3aBKM THIIA C B
i-it CMO 3aKOHYHIIOCH, 1 B MOMEHT BpeMeHH { B Hel He OBIIIO MONM0KUTENBHEIX 3aABOK; BEPOSTHOCTH TAKOTO

cobbts pasHa , (1-u(k, ))A t+o (At), i=1n, c=1r;
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| t) B JaHHOM CJIy4da€ BpEMs O6CJ'IY)I(I/IBaHI/I$I W OKHUOAaHUWA I10JIOXKHU-

6) u3 cocrosHUsA (k +lig =11,

TEeNBHOM 3as1BKH TUIA C B i-it CMO 3aK0HYMIOCH, M OHA Hampasstercs B j-i0 CMO CHOBa Kak IOJIOKATEIbHAs
3as1BKA THIIA S C BEPOSITHOCTHIO (Hic Pigs +0:ciys Ju(kjs ) At +o(At), i, j=1n, ¢,s=1r;

icr s ,t), IIpu 3TOM BPEML 06CHy)KI/IBaHI/I$I WK OKUJIaHUS TTOJ0XKUTSIbHOM

7) 3 COCTOSIHUS (k +1; i

3asgBKM THIA C B i-i1 CMO 3aKOHYMIIOCH M OHA HapaBJIACTCA B j-IO CMO kak OTpHULIATCIIbHASA 3asiBKa TUIIA C,

BEPOSATHOCTH TAKOTO COOBITHS paBHA (Mic Pis + 0 )U (| is )At +0 (At) i, j=1ncs=1r;

8) u3 cocTosHus (k, I ,t), B 3TOM CJIydYae 3a MPOMEKYTOK BpEMEHH At COCTOSHUE CETH HE M3MEHUJIOCH,

IIpU 5TOM B KaXXAYHO CMO ue NOCTYNACT HU MOJIOXKUTCIIBbHBIC HU OTPHUIATCIILHBIC 3aIBKU JIF000ro0 THIIA, B HUX
3a BpeMA At HE O6CJ'Iy)KI/IJ'IOCI) HHU YIIO U3 O4YCepCau HU OI[HOﬁ OTpI/IIIaTeJ'IBHOI\/'I 3as1BKU JIFOOOTO TUIIA; BEPOAT-

HOCTB TAKOTO COOBITHS paBHA 1— (7& +A+ Z[M,C +0, +p, }jAt + O(At) :

i=1
9) U3 OCTaNIBHBIX COCTOSHUM C BEPOATHOCTBIO O(At) -

Torna, ncnone3yst GopMyIly MOJHOW BEPOSITHOCTH, IOJyYaeM, YTO HECTAlIMOHAPHBIE BEPOSITHOCTH CO-
CTOSTHHI paccMaTprBaeMON CETH YAOBJIETBOPSIOT CIEIYIOIEH CUCTeMe Pa3HOCTHO-IU(EepeHIIHaTbHBIX
ypaBHenuit (PAY):

w :_(w A +anzr:[(uic +0,.) ﬂl’b}j P(IZ,T,t)+

+Z_;;x+po,s (k s)P('Z—'js’r:t)+§§7fPajSU(IjS)P(IZ,F—|J.S,t)+
#23 (bPuo #0080 )P (K4 Lt 12 S P(K 41T 1,8 12 S (1-u( ))P(KT #1,8)+
+iji_1§1(uic i 0Ol JU (Kio )P (K + 1 =1, T,t)+
+z Cszl(u,c e 0,0, )u(1,)P(R+1,.T—1,.). @)

2. Haxo:xnenue BeposiTHOCTel cocTosinmii G-ceTn
METOIOM MOCJIeA0BATENbHbIX NPUOIMKEHN A

Cucremy PIIY (1) MOXHO IpeICTaBUTH B BUJE:

dP!l;:[l ,t_) (k) (k,I ,t)+IJZil ZlCI),cJS( ) (IZ+ lie — |js,r,t)+
+IJZ_15§_1CDES(1)( ) (k il - s )+|le §1®|c15(k I) (k i, + |js,t). (2

rac

n r

A(E) =LA+ 4+ 2.2 |:(Hic +eic)u(kic) + H;-U(Iz‘c)]’

‘DES (lz) = 60i60c}\‘+ pgjs + 801'805 (Hic Pieo + 0,00 ) + (l"lic pi:js + eicqizjs )U (kjs ),
ICJS (k I ) 60i80c7‘_ p(;jsu (Ijs ) + (uic pi_cjjs + eicqi_qj.g )U (IJ;c )a

] i
g (K) = bicB + (1 (k) (18 )(1-35). 8, = {O,Ii - JJ
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U3 (2) caenyer, uto

ﬂiiﬁ:@MQ(P@Ip%ie()(i S & (k)PK + 1 ~ 1551 x)+

i,j=lc,s=1
B T ) S R T O = SN S )deJ @
i,j=ls,c=1 i,j=lc,s=1

Hycts P, (IZ, T,t) — IpUOITMKECHHE P(IZ, r,t) Ha (-{ uTepanuy, pq+1(|z, I, t) — pelieHne CUCcTeMbI (2) , moTy4YeH-
HOE METOJIOM TIOCIICA0BATEIbHBIX TpuOvxkeHuid. Torna u3 (3) BEITEKAET, YTO

o7 t)=e <kp@mppie {}:z¢mqu@+%_uyio+

i, j=lc,s=1

L ch++()() (k+|,c,l L, )+ z Zd).c,s( ) (k+|,c,l Ijs,x)dej. (4)

i,j=1s,c=1
B kauecTBe HA4YAILHOTO MPUOTMKEHHSI BO3BMEM CTAI[MOHAPHOE pacipe/ieicHue
R (K.1.t)=P(K.T)=limP(K,I t)
t—o0 ,

KOTOPOC YAOBJICTBOPACT COOTHOLICHUTIO

ARP(K.T)= 3 si:cb, KRk 1 —1,T)+

i,j=lc,s=1
1
13 2 ot ORP K+ 1T =1 )+ 3 3 DK, K+ 16T +15,).
i,j=1s,c=1 i,j=lc,s=1
Jiist mocneioBaTeNbHbIX MPHOJIMKEHUH CIIPaBEe/IIUBEI CICTYIOUINE YTBEPKICHHSL.
Teopema 1. ITocnenoBarenbHOCTE {Pq (E,T,t)}, q=0,1, 2, ..., HOCTPOCHHas 10 cxeme (4), mpu THO0M

OTPaHUYEHHOM 110 | HyJleBOM MPHOIKEHUN PO(E,r,t) 0< P(Iz,r,t)sl cXoauTcst mpu M—>% K eMHCTBEH-
HOMY PEIICHHUIO CUCTEMBI (2).
Hoxazamenvcmeo. Tak xak P, (IZ, It)— orpannueHHas no t gpyakuus, To B cuiy (4) Pl(lz, rt) TaKxKe

OrpaHuy4cHa, Imo3ToMy

P.1t)-R KTt <clk.T) (5)
HOKa)KCM, 4YTO UMECT MECTO HECPABCHCTBO
T T * * * * — q71
P (KT t) =P, (K ,t)‘SC (o503 +05)° 1h’ (6)
rue
m_ax (xl(IZ) =a,, m;lxa2 (IZ) o, max o, (IZ f) =0,
()3 300 (0 (1) 3 S0 (0) s (61) - 3 S 57)
nlgelGC(IZ, f)z c’. 7)

IIpu g = 1 cormacHo (5) 3TO HEPAaBEHCTBO BBIMONHSIETCA. [IpeAnonoXumM, 9To OHO BBITTOIHSAETCS PU
g = N, u mokaxkeM ero crpasemuBocTs Ipu = N + 1. Mmeem:

‘PN+1(E’r’t)_ Py (E,f,t]: oK)t p ( (IZ )+Ie Ak« (Z 5 <DEJS( )PN (k+|,c—|js,f,x)+

i,j=1lc,s=1

+ 3 3 oK K1 T-1 5. x)+ 2 3 cp,cjs(k Py (K o+ 1T+ Ils,x)jdxj—

i,j=lc,s=1 i,j=lc,s=1
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+ 3 3 opORP LK1 T =1 )+ 3 i_@;S(R',T)PN_l(hlic,hljs,x)de‘s

AR [ £ ARy LT a M
<le '([e a,C ((xl+a2+a3) (N-D) +a,C (a1+a2+(x3) T _1)I+S
N A - b X k[ N
+a,C (al—l—(xz—i-ag)N 1MJ‘S e A(k)e U;e (k) C (al+a2+(x3) (l\)l(—l)lde

Tockonbky e MikgAK)x <9 npu x e[o,t], To
AR fgalp X" RV 8
I (N 1)! J,(N 1)| N! ®)
u u3 (8) cnemyer, 9YTO HEPABEHCTBO (6) HUMEET MECTO.

Tak ra ..mp(k.t)_..m( o) S (P TP (g,r,t))}po(g,r,t)@(qﬂ( Mo)-p )<

4= n=0 q=0

ot + oot + (x;t) d

<Rk

,r,t)+C*i(

q=0 q'
q=0,l 2, ..., CYIIECTBYeT, 0003HAYMM €ero P, (Izrt) Ecmu noacraButh P, (Eft) B (3) BMecTO P(Iz,r,t), TO

=P, (IZ, r,t) +C e 1 e ipeen moce0BaTENBHOCTH {Pq (IZ, I, t)}

BUAHO, 4TO P, (IZ, r,t) SIBJISIETCS] PEIICHUEM CHCTEMBI YpaBHEHUH (2), YIOBIECTBOPSIONIAM HAYaIbHBIM YCIIO-
BUsSIM P, (IZ F,o): P(IZ Fo) COTJIACHO YCJIOBUSAM MPEIbIAYIIEH TEOPEMBI.

JlokaxxeM eTMHCTBEHHOCTH petieHus. [Ipeamnonoxnm, 94To CymecTByeT Ipyroe pericHue P*(IZ, r,t), TO-
raa i1 HeTO CrpaBeIuBo (3), eCIu 3aMEHHUTh B HEM P(lz,r,t) P(IZ,I—,O) p(;Z+ I, —1 ,-c,r,t), P(IZ+ I, T +1 jc.'t)
COOTBETCTBEHHO HA P*(Iz,r,t) P*(Iz,r,O) p*(E+ |ic_|jc,r,t), p*(E+ Iic'r+|jc,7t)' [Toaromy, ucnomszys (3),

HOJIydaeM:

0 i,j=lc,s=1
+ i Zr‘, (ng's(l)(k)‘ q(IZ+I sl +15s ) (k+| IR % x]+
i,j=lc,s=1
23 Yok DR K+ 1T =1 - PR+ 1 T -1 dexJ
j=1 s=
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AHaJIOTHYHO, KaK TIPH JOKa3aTeILCTBE HEPABEHCTRA (6), MOXKHO ITOKa3aTh, YTO

T )P0 < M

[IpaBast dWacTe 3TOTO HEPaBEHCTBA CTPEMHUTCS K HYIIO, KaK OOMMHA WIEH CXOMISIIErocs psa

i M (OLI + o, + oc;)q ;_ql =M (IZ)e (6043 , mostomy lim P, (IZ, r,t)
4-0 -

= P*(Iz, r,t) Ho panee yxe nomyuwin, 4To

limP (k,l ,t) P(Iz,r,t), 3HAYNT P*(Iz,f,t): P(a,la,t), YTO M JOKA3BIBAET €AMHCTBEHHOCTh
g—

Teopema 2. JIro6oe npuGimxenne P, (”, T,t) q >1, IPEeICTaBUMO B BHIE CXOJAIIETOCS CTETICHHOTO psizia

P (K.T,t)= mi;odq; (T,
KO3 (HUITUEHTHI KOTOPOTO YAOBIETBOPSIIOT peKyppeHTHBIM cooTHomeHusM (10) ¢ yaetom (11), (12), roe
_Alzm o 71_1u+1! (e
amlKT)= J—IL P[0+ (E—UJ;DJU (K1) m>o, (10)
" A Al
des (K.1)=P(K.T,0) d §(K.T)=P(K.T.00,o.

o (6.7)= {zq),qs( Qb ({11 )

(9)

(11)

s,c=1

+.%csz_:1®'°’s (K (k+|,c, 1)+ ZZ@,CJS(kI)d*’(kH,C,I )

-1, (12)
i,j=lc,s=1

Joxazamenscmeo. JlokaxeMm, 4To K03()OUIMEHTH CTENEHHOTO psija (9) yAOBIETBOPSIOT PEKYPPEHT-

HbIM cooTHomeHusM (10). [TonctaBum Hocnez[OBaTeanme npudmpkenus (9) B (4). Toraa, yuuTsiBas, 4To

- (E)tj‘e/\(l?)xxmdx:[xj(-k:ﬂ I Z [Ali)]i ,m=0,12,.

j=m+1
MoJIy4numM

00

S/ — e Ehp(R T ,O)&Z{z%( Qb 11 T

e 3 5o -1,)s 8 S o Ry fe s .js)}.
i,j=1lc,s=1 ij=1

Hcnonb3ys ob6o3nauenus (10), 3ToT psa MOKHO Iepenucarhb B BUIE

Susferke - eire) Sosbr] 2w s Eale

u=m-+1
ITomensas mectamMu HWHACKCBI CYMMUPOBAHUS U pasjiaras e‘A(k )t B psd IO CTCHCHAM t 6y£[€M HUMCETb

Soutirke - SEL ofero). S o e
u=0 [A(k )]J

[IpupaBHuBas B JIeBOU M IPaBoi yacTu BeipakeHus (13) koadduiimeHTs! npu t
Hus (10) mus kosdpummentos psaga (9).

(13)

, IOJ[y4UM COOTHOLIE-

Jiist HaxoKAeHUs paanyca CXOAUMOCTH cTeneHHoro psna (9) Bocnoib3yemcs popmynoi Kommn—Ana-

wapa: — = = fim gfld.. (.1
RK,T) moe VI
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U3 (10) cnemyer, uto (g,

ol = 2"

[Tokaxem, 4To ‘DJJ (k, I )‘, =1L u=0,m-1, orpannueHo KoHeuHbIM 3HaueHUEM C; (IZ, F). W3 orpanu-

YeHHOCTH P (IZ F,o) u onpenenenus Dy~ (q f) CIIEIyeT, YTO

D(;ro_(lz’r)zzn:{zr: ICJS()d(;r(J_(k+IIC Ijs’r)+

i,j=1{ c,s=1

oY S o @b f T, ) 3 S o T (|Z+|ic,|‘+|,.s)}gcgo(|2,r).

i,j=lc,s=1 i,j=lc,s=1
3mecs Cyy (E,f) — HEKOTOpas OrpaHHYeHHas BelWuuHa, a Bce Dy (E,F): 0,1=1,2,... TlockombKy
nglo(lz, f): DJ:ZO(IZ, f): ..=Df5 (IZ, f): Dao (IZ,T), to u3 (11) cnemyer, uro D;_—lo(lz, T)< cly (|Z, F), q>1.
Hcnonb3ys MeTOA MaTEMAaTUUYECKON MHIYKIIMH, TOKAXEM, YTO
~ o\ Coan Kl
Dgl.(k,l)\s%) 1=1,2,.. (14)

st m = 1 umeeM:

DK T)= Jizl Y o k)i K+ 1 =1 T+

i c,s=1

+ 3 3 o ORE K1 T -1 3 8 oK i K1, T+1, )}

i,j=lc,s=1 i,j=lc,s=1

il{ Zl@.ﬁjs( )( AR+ 1 =1 )P+ 1 =1 55.T,0)+ Do (K + i —15,7))+
i,j=1] c,s=

+_§ z DEOR)E AR+ 1 +1 5 )PR+ T =15, T 415,00+ Do K+ 156, T =1 )+
n

+ 33 O KT AK)PEK + 16T +15.0)+ DK + 16T +1, )< C;‘ll(ﬁ’r),
i,j=lc,s=1 1

rae Cq:l(ﬂ,lﬂ) — HEKOTOpas orpaHudeHHas BenuuuHa. [Ipenmonoxum, uto (14) cnpaBeamuso ais m — 1, T.e.

D,

q-1m-1

k. T)‘s%lg;;l),lzl, 2,... (15)

Jokaxem cnipaBeiMBOCTh HepaBeHCTBa (12) st M. Ucnonp3ys (8), momyunm

0 (K1T)= z{z%( oo (K1, 1,7+ 28 (R (€51, 1, )+

i,j=1

03 % o R AR 11, 0)s D lf 11, )= B £ o)
X[—A(k+|ic_|js)]m P(IZ+I- r 0)+ Z1 ut(-1)** D 1(k+|- e ) +
m S TR

+Z{Z‘Dms i )[ A(k+|ic+|js)}mX

i,j=1] c,s=1 ml

66



m-1  yl lu+1 - = R
[ (k+|Ic I -1 0)+UZ0 Ak(+l) u+1D;—1m—1(k+|ic’| _ljs)}r
IC

i,j=1lc,s=1 uOA(k+| +1;

R (D'Cls(k I)[ (k)P(k+|.c I+ 1 0)+ Y u(-1)""

o DK+ 1 T +1, )}

[Tyctob Cl(k,l ): maXCJ,; (* T), Toraa

ornlin): £ § 0 o) 5t et

i,j=1| c,5=1 m!

8] ekl

i,j=1| c,s=1 m!

[Pyl 3o L),

K+l )]u+l u!

8 ol b1, 00 ST

i,j=lc,s=1

<L 3 Lilmgs(ﬁ) FAK+ 1 -1, )]m[P(‘?1f’°)+rr]21[ : ol IE’_ | js’r)}

0 [AR + 1 -1 )]“”
n

+ > { S oK AR+ 1g 1, )]
i,j=1| c,s=1

AT o cac

B

rae C;- (k I ) — BBIp@XXEHUE, CTOsIIEE B PUTYPHBIX CKOOKAX, T.e. HepaBeHCTBO (14) crpaBeaauBo.

g-1m
PaCCMOTpI/IM BBIPA’XXCHHUC

< Alk) tim o= |P(K.T (-1 )u+l“'cq1“(kl)|g lim o2 (.7 0)+ ¢,k T TE D™
Al )m'ﬂ;\/m plk 0)+2 AR | AK) tim m!P(k,I,O) Cl(k’l)EOA(E)””_

< AlR)tim ol = lim T/[ Pl.r0), Cl(q"#)mj 1 +1J. (16)

ITockonbky

>1
)) ! 17)
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. 1
B [5] mokazano, yro lim m =0.
m—o (m —1)'

ITpu 0< A(IZ)< 1, ucnone3ys (16) B mpaBoii uactu (12), umeem:
ni 1 1-AR/)]" _am-1

SN AR e A

[03TOMY

Amrﬁémdp(ﬁ,r,oﬁ CI(E):ZSW =n!mon{/%n!imon\w/P(E,T,o)+ 1(_31/£é (a"-1),
1

1
Benny Ub+ca™ <Ub +VYeca™ =Ub +a¥c nmeem lim Yb+ca™ < limb™ +alimc™ =1+a .
m—oo

m—o0 m—o0

. / 1
Tak kax BCPXHAA I'paHUIla OrpaHUYCHHAA BCJIMYMHA, U YYUTbhIBAs limm— =0, nojry4aeMm, 4To
m—oo | M

=0.

jp

Rik,I
[Toatromy, kak cienyer u3 (11), paguyc cxonuMocTu cTereHHoro psnaa (5) paBeH +®.

OtmetnMm, 4TO B pabote [6] omuchIBaeTCS METO/ PEIICHHs JIMHEHHBIX OECKOHEUHBIX cucTeM auddepeH-
nuansHBIX ypaBHeHHH (1Y) ¢ mocTossHEBIME KO3 GHUIIMEHTaMU, OCHOBAaHHBIN Ha PUMEHEHHH ITPeoOpa3oBaHuiA
Jlammmaca k mocTpoenuto perrenuii. B [7] ycraHaBmuBaeTcs B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXKY pellre-
Husmu J|Y GecKkoHeuHOTo MmopsiaKa U OeCKOHeUHOH cucTeMbl TnHeWHbIX JIY mepBoro mopsiaka. B [6, 7] mpemio-
KEHO JUIsl HaXOXKIeHus pereHust J|Y 0ecKOHeYHOro nopsiika UCIoIb30BaTh METO ITOCIICJOBATENbHBIX TPUOIIH-
KEHHUH, HO caMu NPUONMKEHHUS HaXOSTCs TOCTATOYHO CIOXHO [8]. B manHOM moapasnene A HaXOKAECHUs
O’KHJIaeMbIX JOXO0JI0B B cMcTeMax OTKpbIToil G-cetnt MO npeioxkeHa METOAMKaA peleHns] OECKOHEUHBIX CHU-
creM IY MeToI0M HOCHIEI0BATENbHBIX PUOIKEHUI, COBMEIIEHHBIM C METOJIOM PSJIOB.

IIpumep 1. B nannom npumepe konuuectBo CMO B cetn N = 5. [lycTh BEpOSITHOCTH MOCTYIUIEHUS
3as1BOK THIIA C B I-F0 CHCTEMY PaBHBI COOTBETCTBEHHO:

Po11 = 0.15; pg1» =0,1; pgy3 = 0,05, Pysz = Posz = Posz = 0,04; Py, = 0,05;
Po22 = 0,03 Pgzz =0,02; Pga1 = Poas = Post = 0.1 Pozz = Poaz = Posz = 0,06; P11 = Poz1 = Poz1 = Poar =
5 3 5 3
= Poa1 = Pos1 = 0.15 Po12 = Pozz = Posz = Poaz = Posz =0,06; mpuem > " pr =1, 3> pgic =1-
i=lc=1 i=lc=1
ITyCcTh MHTEHCUBHOCTH BXOJISIIMX MOTOKOB MOJIOXKUTEIBHBIX ¥ OTPHUIATEIBHBIX 3 BOK PABHBI COOTBET-

ctenno A =100 u A" =90. IlycTs MHTEHCHBHOCTH OGCIyXMBaHHSA 3asBOK THIA C B CMO ceTH paBHbI
wy; =30, , =40, w;; =50, =15. Mpeanonoxum, uto 0, =5,0,, =4,6,; = 3,u;; =10, p;, =15, = 20,i =1,5.
[Tos10%KM TaKxKe, YTO BEPOSITHOCTH MEPeX0/ia MOJIOKUTEIIBHBIX U OTPUIIATENIbHBIX 3asBOK Mexkay CMO cetu
Pl111=001 p11,=0012 p/3,3=0011 pj5;; =001 p5;,=0,012 p;3=0,011 pj3,;=0,01, p;3;,=0012
Pl313=0,012 p;;4;,=0,01, py35,=0,012 p;1p; = 0,03 piio, = 0,036 piiog = 0,033 pryy3=0011 pppyy =
=0,01, pyp1, =0,012, P13 =0,011 pigyy =0,01, pygyp =0,012 pi515=0,012 py5p; =0,03; Pz, =0,036
P1223 = 0,033 pi321=0,03; pi'322=0,036; p323=0,036; Prip1 =0,01, Prypp =0,012 Py1p5=0,011 prpp; =0,01
P22 = 0,012 pipp3 = 0,011 pigpy =0,01 Pygpp =0,012, pygps =0,012, pyyy; =0,005 pyoy =0,005 py5i, =0,006,
P12z =0,0055 py3 =0,005, py3, =0,006, 53 =0,006, p;yy =0,005 pyy, = 0,006, pyyi5 = 0,0055, py,;y = 0,005
P11z =0,006, {33 = 0,0055 pyg; =0,005 Py =0,006, pygiz =0,006,i =35, P110 = 0,05, P2151 = 0,01 P55, =0,012,
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P12o = 0,03, P1og =0,02 pza1; =0,01, psaip =0,012 pyay3 =0,012 psy55 =0,01 p3y1p =0,012 poyis =
= Pz1iz =0,0055 P31153=0,011 p3p1; =0,01 P3355 =0,024, prpip =0,006, pryiz =0,0055 pzzp, =0,012,
P2z = Paziy = 0,005 p21p1 =0,02, Pr1on = P2220,024, Py1oz = Papz = 0,022 Proyy = Paspr = 0,02, pogip =

= Pasiz = Paiiz = P21i20,006, P3153 = 0,011, pypp; = 0,01, p2ppp = 0,012, p2223=0,011, p2321 = 0,01,

p}rlil = pjn =001 pﬁjz = pyj2 = 0,012 pi+1j3 = pigj3 =0,011 Pisjz = Pizjz =0,012 pizjs = P;3j30,0121, j =35,

P21 = Pazir = 0,005, pjjo = 0,1 Pjpg =0,07; pjzp = 0,03, =25, P2321 = 0,012, py3py = 0,012 pyz3 =0,01,

1. . 1 1 .. — —
Qicjs = 25’ 1= ), Gicis = %,Qico =30’ i,J=15,C,5 =13 P53 =0,011 pygy3 = 0,01 pygpy = 0,02, ppapp = 0,024

Haiiném P(Iz,t), e K =(1,1,1,2,2,2,3,3,3,4,4,4,5,5,5,1,1,1,2,1,1,2,2,1,3,1,1,2,2,2,t) MPHU YCJIOBUU, YTO COCTOSTHUE

:::::::::::::::

Konu4ecTBo 4WiIeHOB psijia, BHIYKCIIEMBIX 10 Gopmydie (5), HAXOAUIOCH NP UCTIOIB30BAHUM COOTHO-
IeHHS ‘d;,_(k A )‘ <g e k,m" ‘dgm (E*,T*): rr%z%xdgr; (Iz,f) a KOJIMYECTBO UTEPALUi (, HCIIONb3ys He-
PaBEHCTBO ‘Pq +1(k,l ,t)— Py (k,l ,t)‘ <¢. Tlomydmny, 4TO KOIMYECTBO MTepammii @ =105, a €ieHOB psia

*
m =80.
S A
Ple.1)

2:10° |

10 |

0 1 2 3 4 5 t

Puc. 1. BeposTHocTh coctosinus K Ha otpeske Bpemenu [0; 6]

A J

Bpewmst BeInosiHEHUsI TIpOrpaMMbl Ha Komiibrotepe ¢ napamerpamu Intel(R) Pentium(R) Dual CPU G860 @
3.00GHz 4Gb npubnusurensHO paBHsioch 5 yac. Ha puc. 1 npeacrasien rpaduk 3Toil BEpOSITHOCTH.

3akiaouyenue

B pabote npoBeneHo UcciieaoBaHue MapKoBCKoi G-CETH MAaCCOBOI'O OOCITYKUBAHUS C HETEPIICIUBBIMU
TTOJIOXKUTEIBHBIMA M OTPHUIIATSIIEHBIMU 3asBKAMH PAa3IMYHBIX THIIOB B CIIydae, KOT/Ia OTpHUIlaTelIbHAS 3asBKa
MOXKET YHUUTOXATh OJTHY TTOJIOKUTEIBHYIO 3asBKY CBOETO THIA. [IJIT HaXOXKICHUS HECTAIIMIOHAPHBIX BEPOST-
HOCTEH COCTOSIHUM MPEJI0KEHO UCTIONIL30BATh MOIUPUIIMPOBAHHBIA METO/I TIOCIICA0BATEIBHBIX TPUOIHKECHHUM,
COBMEIICHHBINA C METOJIOM PSAIOB, KOTOPHINA ITO3BOJISIET CAETIATh 3TO 32 MPUEMIIEMOE IIPOIIECCOPHOE BpeMSI.

JlanpHeimme ucciie[oBaHus B ’TOM HAIPaBJICHUHA MOTYT OBITh CBSI3aHBI C HAXOXKIEHUEM OXHUIACMBIX

JIOXOJIOB B TAKHX CETAX C JOXOJAaMHU.
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Analysis in the transient regime of the network with impatient positive and negative customers of multiple classes.
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with the method of series.

DOI: 10.17223/19988605/42/7

The article explores the network with impatient positive and negative applications of multiple classes, in the case where a negative
customer removes one positive customer of its type. The i-th queuing system (QS) from the external environment receives the simplest
flow of positive requests with intensity A+ and an additional flow of negative requests, which is also the simplest with intensity

A7, i=1,n. All incoming streams are independent. Each positive request of the input stream, regardless of other requests, is sent to

the i-th QS as a request of type ¢ with probability Pgjc , i i Pgic =1.
i=lc=1
Each negative entry of the input stream, regardless of other negative requests, is sent to the i-th QS as a negative claim of type ¢

with probability p&c,iip&c =1, and after a random time destroys one positive claim of type c. After the end of the service of the
i=lc=1

positive requests of type c in the i-th QS, it is sent to the j-th QS with probability pfcjs again as a positive requests of type s, and with
nr

probability Picjs 8 2 negative request of type s, and with probability P =1- X Z(pia-s + pi}js) leaves the network,
j=lc=1

i,j=Lncs=1r.
Each positive claim of type c in the system has a waiting time limited by an exponentially distributed random variable with a
parameter g, . A negative claim that is in the system remains in the queue a random time that has an exponential distribution with the

parameter %,i :ﬁ,c :ﬂ. Positive request of type c, the waiting time in queue i has expired, instantly passes into the j-th of the

QS and becomes a positive requests of type s with a probability qfq.s or negative requests of type s with probability Gicjs » but with
nr J— _—

probability Qi =1— Z(qujs + qi‘cjs) leaves the network i, j =1,n,c,s=1r.
j=lc=1

In the first part (Theorem 1) a difference-differential equations system is derived, which is satisfied by the probabilities of the states
of such a network. It can be represented in a general form

L I N Yo S Ry SR AR

dt s !

+ 3 3 o OKPE + 1T =1 t)+ E % oK TPR + 10T+ 141), @
i,j=1s,c=1 i,j=ls,c=1

where p (k,r¢t) is the probability of the state (& T t), A(IZ) cDi*Cj’S(IZ) @i*cj*s(l)(ﬁ) @;C;S(R,r) are some bounded negative functions. To solve

system (1) it is suggested to use an algorithm based on the application of the modified method of successive approximations combined
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with the method of series. This allows to find the probabilities of network states for acceptable CPU time. The tendency of successive
approximations is proved for a stationary distribution of probabilities and their convergence to a unique solution of the system (1).
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A.A. Hazapos, S1.E. U3maiisioBa

UCCJIENOBAHUE RQ-CUCTEMBI M|E2|1 C BBITECHEHHUEM 3ASIBOK
N COXPAHEHUEM ®A30BOMU PEAJIN3AIINU OBCITY X KUBAHUSA

HUccneoosanue evinonnerno npu gpunancosou nodoepoicke PODU 6 pamkax nayunoeo npoexma Ne 16-31-00292 mon_a.

B pabore nccnenosana RQ-cucreMa ¢ BBITECHEHHEM 3asBOK, MPOCTEHIINM BXOASIINM IIOTOKOM, THIIEPIKCIIOHCHIIU-
aJIBHBIM pacrpeeleHHeM BpeMeHH 00CITy)KUBaHUs U coXpaHeHHeM (a30BOH peanusanuu odciykuBaHus. Mccneno-
BaHHE CUCTEMBI IIPOBOJIIIOCH METOJJOM aCHMIITOTHYECKOTO aHAJIM3a B IPEIEIFHOM YCIOBHH OOJIBIION 3aePIKKH 3a-
sIBOK Ha opbure. [IokazaHo, 4To npeienbHast XapaKTepucTHIECKast (yHKIHS YHCIIa 3asIBOK Ha OPOHTE SIBISIETCS aCHMII-
TOTHYECKHU TayccoBCKOM. HailiieHsl mapaMeTpbl 3TOro pacrpeieieHus.

KuaroueBbie ciioBa: RQ-crctema; BoITeCHEHHE 3as1BOK; (ha30Bast peann3alusi; 30HbI OpOUTHI; GObIIast 3a1ePKKa.

B nurepartype mokasaHo, 4TO ageKBaTHBIMH MAaTEMaTHYE€CKUMHU MOJEISIMHU TEICKOMMYHHKALMOHHBIX
ceteil cs3n ABIsIIOTCST RQ-cucremsr (Retrial queueing system, wim cucTeMBI C MMOBTOPHBIMH BEI30BAMH).
UccnemoBarnem RQ-crctem B HacTosiee BpeMs 3aHATO OOJBIIOE KOTUIECTBO 3aPYOEIKHBIX M POCCHICKIX
yUYCHBIX. 3HAYMTENBHBIN BKJIAA B pa3BuTHe Teopuu BHecnu .M. ®amun, J.R. Artalejo [1], A.H. dymun [2],
I'.Il. bamapwun, K.E. CamyitnoB. OmHako 3TUMH y4EHBIMU OBUIH MOJYYCHBI aHATUTHYECKHE (HOPMYIIBI IS
CHCTEM C OTHOCUTENILHO NMPOCTOI KOH(UTYpaLueid, B TO BpeMs KaK peaibHbIe CUCTEMBI SIBIISFOTCS CII0KHBIMU.
RQ-cucremam ¢ mpropuTEeTaMU NOCBAIIEHO HEMAJIOE KOJIMYECTBO UCCIEOBAHUM, K KOTOPBIM MOYKHO OTHECTH
pa6otsr K. Avrachenkov [3, 4], G. Ayyappan, A. Muthu Ganapathi [5], I1.I1. Bouaposa, O.U. ITaBnoBoii [6],
B. Krishna Kumar, A. Vijayakumar, D. Arivudainambi [7], C. Kim [8]. Kpome Toro, ciemayer OTMETUTD pa-
00ThI, Kacaronuecs: uzydenust RQ-cucrem ¢ quckpeTHeIM BpeMeneM. B padore [.LM. Atencia [9] paccmatpu-
Bac€TCA CUCTEMA C TOBTOPHBIMU BbI3OBAMHU C NIUCKPETHBIM BPEMEHEM, B KOTOpOfI HpI/I6BIBIHa$I 3asBKa, 06Hapy-
JKuBlIada HpI/I60p 3aHATBIM, MOXKET PCIINTh, HA4YaTh JIN O6CJ'Iy)KI/IBaHI/Ie WJIN IPUCOCANHUTHCA K Op6I/ITe u 1o-
BTOPHUTH NOMBITKY Mo3xe cornacHo auctumiuae FCFS (First Come First Served — nepBeiM nipuiesn, iepBsiM
oOciyxen). CoBpeMeHHas jureparypa mo RQ-cucremMaM odeHb OOIIMpHA W Oorara, mocieaHue 0030pbI
MOXHO Haiit B padote J.R. Artalejo. OnHako B pacCMOTPEHHBIX BBIIIE MOJICIISIX IPUOPUTETHBIX RQ-cuctem
HE YUUTBIBaeTCsS dQQEKT BEITECHEHUSI TpeOOBaHUH, YTO CYIIECTBEHHO BIMSET HA XapaKTEPUCTHKH UCCIIeTye-
MBIX cucTeM. [lanHas pabota OyaeT MoCBsIeHa UCCIIEJOBAHUIO CUCTEM C BEITECHEHUEM TPEOOBaHHIA.

1. MaremaTuueckasi MOA€CJ/Ib M1 IMMOCTAHOBKA 3a1a4YM

Paccmorpum RQ-cuctemy ¢ BeITeCHEHHEM 3asBOK (puc. 1).

Opbuma

O.\ Q- Q Q..

|o,\o, 0,0,

A B |

Puc. 1. RQ-cucrema M|E2|1 ¢ BbITeCHEHHEM 3a5BOK
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Ha Bxoj cucTeMbl mocTymaeT MpoCTEHINNI MOTOK 3asBOK C HHTEHCHBHOCTBIO A. TpeboBaHme, 3acTaBIiee
prOOp CBOOOIHBIM, 3aHUMACT €T0 I 00CITYKHBAHUS B TCUCHUE BPEMECHH, MOYUHSIIONICTOCS TUICPIKCIIO-
HEHIMAJIbHOMY pactpenenenuio B(X) ¢ mapamerpamu Q, pi, po. C BEpOSTHOCTBIO (] 3asiBKa 00CTYKUBAETCS
AKCIIOHCHIIMAIBHO pacIpelieiecHHoe BpeMs ¢ mapameTpoM L (1 ¢asa), ¢ BepostHOCTBIO 1 — ( 3asBKa 00CITy-
JKUBAETCSI DKCIIOHEHIMAIFHO pacIipe/ielIeHHOe BpeMs ¢ mapamerpoMm e (2 ¢daza). Ecim mpubop 3aHsT, TO
MOCTYNUBINAS 3as8BKa BHITECHSAET OOCITYKUBACMYIO U caMa 3aHMMAaeT MPUOOP AJIs 00CITYyKUBaHUs, a 3asBKa,
KOTopasi 00CITy )KHBaJIach, IEPEXOANT Ha opOouTy. OpOuTa pasmensercs Ha qBe 30HbI. Eciu 3asgBka o0CIyXH-
Bajach Ha MEPBOil (asze, TO yXOJIUT B MEPBYIO 30Hy OpOUTHI, €Clii Ha BTOpoH (hase, TO Ha BTopylo. B 3oHax
OpOUTEHI 3aIBKH OCYIIECTBISIIOT CIIY9IaiHYIO 33JePKKY, IPOIOIKUTEIHFHOCTh KOTOPOH NMEEeT AKCIIOHEHIHAITb-
HOE pacrpeesieHre ¢ MapaMeTpoM G1 JUIS MIEPBOM 30HBI U G2 JUis BTopoid. M3 opOuTsl mocie ciayvaiiHOH 3a-
TEPIKKH 3asiBKa BHOBb OOpaIaercs K mpuOopy ¢ MOBTOPHOM MOIBITKON ero 3axBara. [lucuuriimaa ooparieHnit
3asIBOK C OPOUTHI MPUHIMITHAIEHO OTIMYAETCS OT AUCIUILTHHEI OOpAIiCHUsI 3asIBOK, KOTOPBIC BIIEPBhIC MPHOBLIH
B CHCTEMY, TaK KaK JUIsi IEPBUYHBIX 3aIBOK HOMED (ha3bl OTPEAETSAETCS CIIyIalHIM 00pa30M C BEPOSTHOCTHIO
g, a IpH MMOBTOPHOM OOpaInieHud HoMep (ha3bl BRIOMpACTCs OJHO3HAYHO [0 HOMEPY 30HBI. Tak Kak opOuTa
paszzernsercs Ha ABe 30HBI, TO 3aBKH, HAXOIAIINECS Ha OpOUTE B IEPBOil 30HE, Oy IyT OCYIIIECTBISATE 3aEPKKY
C KCTIOHEHIMAILHO PacIpeIeTICHHBIM BPEeMEHEM C TIapaMeTpoM G1 = Y16, Ha opOuTe BO BTOPOil 30HE — C Ma-
pameTpoMm G2 = Y20.

O6o03HaunM i1(t) — 9ucio 3as1BOK Ha OpOUTE B MEPBOIA 30HE, i2(t) — YnCIIO 3asBOK Ha OPOUTE BO BTOPOIA
soHe. ITycth K(t) ompenenser coctosHue mprboOpa CeayIOIUM 00pa3oM:

0, ecnu pubop cBOOOICH,
k(t) =41, ecau mpuboOp 3aHST 3asIBKOM, HAXOISIIEHCS Ha TIepBOii (paze 0OCTyKMBaHMS,

2, eciy puOOP 3aHAT 3asBKOH, HAXOISIICHCS Ha BTOPOI (haze 0O0CITyKHUBaHHS.

CraBuTCs 3a71a49a HAXOXKICHUS COBMECTHOTO TPEXMEPHOTO Pacpe/Ie/ICHHsI BEPOSATHOCTEH YKCElT 3aBOK
B 30HaX Ha OPOUTE M COCTOSHMIA TprOOpa.

2. Cucrema ypaBuenuii Koimoroposa
JJIS1 YACTUYHBIX XapaAKTePUCTHYECKUX (PyHKIMIT

Paccmorpum TpexmepHsiii mporece {K(t),i (t),i, (1)} .
O6osznaunm P {K(t) =k, iy (t) =i, i, (t) =i, } = B (iy,i,), K=0,1,2 craunonapuyio sepostrocts Toro,

4TO MPUOOP B MOMEHT BpeMeHH t HaxomuTces B cocTossHuU K, Ha opOuTe B MepBOi 30HE HAXOIUTCS i1 3asBOK,
Ha OpOHTE BO BTOPOIi 30HE HAXOMUTCS i2 3a5BOK.
BBenem yactuuHble XapakTepucTHUeCcKre (PYHKIMU CIETYIONIETO BUA:

He(u,Up) = 3 3 eldhel¥sp (iyiy), k=012,
ii=0i,=0
rae j=+/—1 — MHUMas eMHHUIIA.
3anuiieM CUCTEMY TS YACTHYHBIX XaPAKTEPUCTHUCCKUX (DYHKITHIA:
aHo(lJlaUz)+ io, OH (ug,uy)
ou, ou,
—AHy (Ug, Up) — kg Hy (Ug, Up ) + AdH o (U, Up) +20e 2 H (ug, Up ) + Ade M Hy (ug, Uy ) +
i, OH e
) oH(u;,uy) _ chle—ju1 0 0(u1yu2) _ chleJuz—Ju1 oH, (ug,u,) -0
ou, ou, ouy
—AH, (U, Up) —ppH, (U, up) + A (L= q)Hg (U, up) + A2 - q)er1H1(ul’ up) +A(1— Q)ejquz(UyUz) +

tjo OH, (U, up) jo,e it OHo(u,up) jo,elt it oH, (ug,uy) =0.
T 2 ou, 2 ou,

—AHq (U, uy) + jou

+ 1 Hq(Ug,uy) +poH, (ug,up) =0,

+jo
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AHaINTHYECKH JaHHYIO CUCTEMY PEIIUTD 3aTPYAHUTEIILHO. Byz[eM peuiath €€ METOAOM ACUMIITOTHYC-

ckoro ananmsa [10] B ycnoBun GONBIION 3aepKKH, KOT/Ia CpefHee BpeMss — —> 0, a ¢ — 0, monarast 4to
c

61 = OY1, G2 = OY2.
3. ACHMIITOTHKA NEPBOro NopsiaKa

0O003HaUUM Xn, N = 1, 2, — aCUMOTOTHYECKOE CPEIIHEE 3HAUCHUE YKCIIa 3asBOK Ha N-if 30HE OpOUTHI, a Ry,
k=0, 1, 2, — pacripeaenecHue BepOATHOCTEH cocTosiHuil mprbopa. ChopMyIupyeM Clieayrolee yTBEPKACHHUE.
Teopema 1. ITycts i1(t) — yrci0 3aBOK Ha OpOHUTE B MEPBOit 30HE, ix(t) — YKCI0 3a1BOK Ha OPOUTE BO
BTOpOi1 30He RQ-crcTeMBbI ¢ BBITECHEHHEM 3asBOK U COXpaHeHUEeM (a30Boii peaynm3anuu. Torma uist mocie-
JIOBATEILHOCTH XapaKTEPUCTHUCCKUX (PYHKITHIA BBITOTHICTCS PABECHCTRO:
(L'_VQ) M exp{ juiovis (t) + Jupov4ip (1)} =exp{ jupx + jUrX, |,
TJIC X1, X2 SBJSIFOTCS PEIICHUEM CHCTEMBI YPaBHCHHH
—Y1% Ry + (A +72%)Ry —11%R; =0,
~Y2XRy =12XRy + (A +71)R, =0,
a BeposATHOCTH Ry, K = 0, 1, 2, HaXOAATCSA U3 CHCTEMBI
—(A 4y +72%)Rg + Ry +1,R, =0,
(M +7v1%)Ry — (AL =) + 1y +72% )R+ (Aa+7,%)R, =0,
(A@—) +72% )Ry + (AL =) +7v2% )Ry —(Aq + 1y + 7% )R, =0, 2
Ry+R +R, =1
U3 cuctem ypaBrenuii (1), (2) HaXoaATCs CpeTHAE YMCa X1, X2 3asIBOK B 30HaX Ha OpOUTE U pacrmpene-

nenue BepositHocTeit Ry, K =0, 1, 2, coctosiHuii mpudopa.
Jlns Gonee NeTanbHOTO UCCICIOBAHUS PACCMOTPHM aCHMIITOTHKY BTOPOTO MOPSIIKA.

)

4. ACHMIITOTHKA BTOPOro0 NMOpsiAKa

[TocTporM rayCCcOBCKYIO allIPOKCHMALIHIO YMCIIa 3asIBOK Ha OpOHTe.

Chopmynupyem cieayroliee yTBepkIeHHUE.

Teopema 2. TTycts i1(t) — uncio 3asBok Ha opOUTE B MEPBOIA 30HE, i2(t)— uyKCIIO 3asIBOK HA OpOHTE BO
BTOpOIi 30He RQ-CHCTEMBI ¢ BRITECHEHHEM 3asiBOK U COXpaHeHHeM (a3oBoii peannsanuu. Torma uMeeT MecTo
[pe/IebHOE PABEHCTBO:

. R . 2 .
- Loonh(t)-x . Wz'z(t)_xz} (Ju) (Ju
lim M exp4 ju +ju =ex +
550 p{] 1 \/g Ju; \/g p 2 Qll

1€ X1, X2 ABJISIOTCS pelieHreM cucteM ypaBHenutd (1), (2), Benmuunnbl Q11, Q12, Q22 HAXOAATCS U3 HEOAHOPOI-

2

22) Qp + JupJuyQy, ¢,

HOM CHCTEMBI JINHEHHBIX aNre0panvdecKnx ypaBHeHUN

Q11(Y1Ro +711Ry = 11RoZ0 +11RyZy + 1Ry 7y —‘/1R222)+
1 1 1
+Qp, (_Yle —7Y2RoZ0 +72R0Z, —v2R1Zg +Y2R122) = Ek(l— DR + ElelRo +§7th1 +
1 1
+§ Rovi % + 5 RiyoXo +11%Roz = AR Z) + 11 Rozy = A1 Q)R1Z, =7, %,R 25,
Q2 (YzRo +72R = 712RoYo +72Ro Y2 +12R1 Y —Y2R1Y1)+
1 1 1
+Qp (‘Yle —11RoYo + 1R Y1 —11R2 Y2 +y1R2y1) = Equz + §Y2X2Ro + 5 Rovix + 3)

1 1
+§7¥(1— DR, +E Riv2Xs = AR, Y1 +72XRo Yo =AML= )Ry Y, +v2XR Yo — 11X Ro Vi,

74



Qu (=71Rs = ¥1Ro Po +¥1Ro Py +71Ro P1 = 1Rp2 ) + Qu2 (¥1Ro +¥1R2 +72Ro + ¥Ry — 7R Po +
+Y2Ro P2 = 72R1 Py +V2R1 P2 = 11RoSo + ¥1RoS1 — 71RpS, +11R81) +
+Qy (—¥2Ry = Y2RoS0 +72R0S2 +72RiS —¥2Ri81) = —RoviX — Ryy2Xp +711%Ro Py — AGR py +
+Y1XRo P =AML= Q)R P, =2 %R P, —AAR,S; + 7, XRo8, — AL —)RyS, + 7, RS, — 11X RyS;.
Benuuunsl 2o, 21, Z2; Yo, Y1, Y2; Po, P1, P2; So, S1, S2 OIIPEAEIAIOTCS U3 cUcTeM ypaBHeHuiH (4)—(7) COOTBETCTBEHHO.
s zo, 21, 22:

—(7L V1% + V2%, ) I+ (kq + Y1X1) Z; + (Ml— q)+ szz)zz =—Y1X,
WiZg — (X(l— ) + 1y + 7% ) 7 + (Ml— q)+ szz)zz =A+7YX%g, 4)
UpZg + (kq + Y1X1) 2 - (?»q +Hy + Y1X1) Zy =—Y1%X.

Host Yo, Y, Yo
(A + 11X+ 7% ) Yo + (A +1X) Vo + (ML= Q) +72% ) Yo = ~¥2Xs,
U1 Yo _(X(l— q)+hy + szz)Y1 + (Ml— q)+ szz)Y2 =—Y2X2, (5)
HaYo +(AA+v4) Y — (A + 1o +71%) Yo = A+ 71
Jst Po, P, P2
~(A Y0 +72%) Po + (A + 7% ) P+ (ML= 0) + 2% ) P2 =~V 2%,
HaPo = (A=) + 1y +72%) P+ (AML=0) + 72X ) P2 ==Y2%s, (6)
Ho Po + (A + 712 ) Pr = (AG+ 1y +71%) P = A+ Y1
s So, S1, S2:

~(A+ 12X +72% ) So + (MG + 11X ) 8y + (ML= Q) +72% ) S = ~V1%,
H1So — (AL =) + 1y +72% ) S + (ML= Q) +72X)Sp = A +7,%, (7
S0 + (A +71X) s — (A0 + 1y + 71X ) Sy ==V %
3aMeTuM, YTO J0Ka3aTh ACHMIITOTHYECKYIO FAYCCOBOCTh PACIIPEICICHHS YKCIIA 3aBOK MOKHO, 3aIIUCaB
XapaKTEPUCTHIECKYIO (DYHKIIUIO B BUJIE TIPOU3BEICHHUS:

ju,)? ju,)? ju ju u u
H(U11U2)=9Xp{(121) Q11+(J 2) szJr—J 2 2Qp eXp{l—l)(1+1—2 Xz}-
c c c o

2c

OTKy/1a, BHITOJHUB HECJIOKHBIC IPe0Opa3oBaHus, OIydacM

. 2 . 2 L
. u . u u u U, JuU
H (uy,U,) = exp J_1X1+J 2X2+(J 1) Q11+(J 2) Q22+J 1) 2Q12 _
c c 2c 2c c

HOCJ’IGI{HCG BBIPA’KCHUEC NOKA3bIBACT, YTO ABYMCPHOC paCHpCACIICHUC BepOHTHOCTCﬁ qucCiia 3as1BOK Ha
0p6I/ITe SABJIACTCA aCUMIITOTUYCCKU I'ayCCOBCKUM.

5. Uncaennas peaausanus

Bru paccMoTpeHBI IpUMeEpHI YHCTIeHHOTO perteHus cucteM (1)—(7) it pa3nuvHbIX 3HaYSHUH MmapameT-
POB L1 ¥ [z GYHKIIMK pacrpeesieHns: BpeMenu oocmyxuBanus B(X) ¢ mpeodpazoBanuem Jlamtaca—Cruntheca
B' (0 =a+ )+ - q)@+—)"
Ny Ho
U TIapaMeTPOB A U G1, G2.
Paccmotpum npumep amns cimydast
A=2,0=0,6,71=2,y2=3.

75



Ha puc. 2 npexncrasied rpaduk miotHocTH P(X, Y)

1 1 (x=x)° (X=X)(Y=%,) | (Y =%)?
exp{— _2Q N
21mQy1Qy; x/l -Q,° 2 (1 -Qp? ) Q’ ? QuQz Qy°

JBYMEPHOTO pacrpeielIeHUs] BEpOSTHOCTEH YnCIia 3as1BOK Ha OpOuTe.

P(x,y) =

Puc. 2. I'paduk ruiotHocty P(X, y) npu 3HaueHusX u =4 u p2 =5

B pa6ote [11] Obu1a paccmorpena RQ-cucteMa ¢ BRITECHEHHEM 3aIBOK, B KOTOPOH 00CITy)KMBaHHUE T10-

CJIe TIpephIBaHUs HauWHACTCs 3aHOBO. LlenecooOpa3Ho BBIMOIHUTH CPAaBHEHUE 3HAYCHUM aCUMITOTHUYCCKUX

CPEIHUX MEXKIY CpeTHUM X, MOJIyUEHHBIM C IIOMOIIBI0 METO/A, IPEIOKEHHOrO B [11], 1 aCHMOTOTHYECKUM

CPEeIHUM X = X1 + X2, TOTy4EHHBIM C ITOMOIIBIO METO/Ia ACHMIITOTHYECKOT0 aHann3a RQ-cucremsl ¢ BRITECHE-
HUEM 3a5BOK M COXpaHeHHEeM (Ha30BOH pean3aIiii.

Ta6nuna 1

3HavyeHUus1 AaCHMIITOTHYECKUX CpeaHuX 4Yucjia 3asiBOK Ha Opﬁl/ITe AJIs pas/iMYHbIX RQ-CI/ICTQM npu 'Yl = 'YZ

pa 2 3 4
H2 X X X X X X
20 0,341 0,913 0,194 0,707 0,141 0,582
30 0,314 0,794 0,177 0,612 0,126 0,500
40 0,302 0,738 0,169 0,566 0,119 0,460

B Tabn. 1 npuBeneHbl 3HAYCHHUS aCUMIITOTHYECKUX CpeaHuX st RQ-cucTeMbl ¢ BHITECHEHHUEM M CO-
XpaHeHueM (Ga30Boi peanuzaiuu X 1 1 RQ-cucreMbl, B KOTOPO#t MOCIIe MPephIBaHUs 00CTYKUBAHUS Y 3a-
SIBKW 00CITy>KMBaHHE HAYMHAETCS 3aHOBO, X MPH Pa3IHYHBIX 3HAYCHHUSX TApaMETPOB BPEMEHU 00CTYKUBAHUSL.
Kak M0xHO BUieTh U3 TaOJIHMIIbI, CPEAHEE 3HAUCHUE X CYyMMAapHOI'0 YKCIia 3asBOK Ha opoute RQ-cuctemsl ¢
BBITECHCHHEM 3asBOK M COXpaHECHUEM (ha30BOU peanm3alvu B 3—4 pa3a MEHbIIE CPEIHEro 4Kcia 3asiBOK X
RQ-cucTeMbl ¢ BBITECHEHHEM 3asSBOK, B KOTOPO# 00CIyKUBAHHUE ITOCIIE IPEPhIBAHUS HAYMHAETCS 3aHORBO.

3akiIouyenue

B nanHoit pabote Obuta uccinenoBana RQ-crucTeMa ¢ BEITECHEHHEM 3asiBOK M ¢ COXpaHeHHEeM (pa3oBoit
peanu3any METOAOM aCHMITOTHYECKOTO aHalM3a B MPEICIFHOM YCIOBUH OOJBIION 3a/ICPKKH 3asBOK Ha
opOwure. Jl71st Hee MoTy4eHb! ypaBHEHHMS JUIsl HAXOXK/ICHHS CPEHEro Ynciia 3asBok Ha opoute i(t) = i1(t) + iz(t),
a TaKke ypaBHEHUS U HAXOXK/CHHUS CTAllMOHAPHOTO PACHPENSNICHUSI BEPOSTHOCTEH COCTOSIHUI mpuodopa.
MoanduuupoBaH MeTO]] aCHMIITOTHYECKOTO aHalu3a Juisd ucciienoBanus RQ-cuctem ¢ coxpaneHueM ¢aso-
BOW peajM3alliy U BEITECHEHHEM 3asBOK. BBIJIO MOKa3aHo, 4TO aCUMIITOTHYECKAst XapaKTepUCTHIeCKas (PyHK-
IUsL YMCJIA 3assBOK HA OpOMTE SBJISETCS ACHMITOTUYECKH T'ayCCOBCKOM. BBII MpOBEIECH YMCICHHBIN aHaIH3
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cUCTeMBI. J{7151 KOHKPETHBIX 3HAYEHHI ITapaMeTPOB OBLIH ITOTY9IEeHbI ACHMITTOTHYECKUE CPETHIE YHCIIa 3asBOK
Ha OpOUTe, a TAKXKE BTOPHIE IEHTPaIHHBIE MOMEHTHI B KO (WHUIINEHT KOPPETISAIINH MEXKTy 3asIBKaMy Ha OpOuTe
B MIEPBOI ¥ BTOPOI 30HAX.

Pe3ynpTaTsl BEIOJHEHHBIX UCCIEAOBAHNN MOTYT TIO3BOJIMTD PEIUTH 33/1a4l B 00JIaCTH MTPOEKTHPOBA-
HUS THPOKOMMYHHUKAIIMOHHBIX CHCTEM, TEIEKOMMYHHUKAIIMOHHBIX CUCTEM, YITPABISIEMBIX IPOTOKOIAMH CITY-
YaifHOTO MHOXECTBEHHOTO JJOCTYTIA.

Cunraem 1iesecoobpa3HbIM UcceoBath RQ-cucteMy ¢ 1000CTy)KUBaHHEM 3asBOK U BHITECHCHHEM.
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The paper considers an RQ-system which could be used as a mathematical model of a 5G new generation telecommunication
network. The input of the system is a simplest request flow with intensity A.

Request that found server free is then serviced for a duration of time that has hyper exponential distribution with parameters g, pu, pe.
With probability g request that came from the flow is then serviced for an exponential time with parameter uz (1% phase), and with
probability 1 — g the request is serviced for an exponential time with parameter p2 (2™ phase).

If the server is busy then the incoming request pushes the previous request out of service and takes its place, while the pushed out
request goes to the orbit. Orbit is divided in 2 zones. If a request was being serviced at the 1% phase of hyper exponential distribution —
it goes to the 1%t zone of the orbit, and it was being serviced at the 2" phase — it goes to the 2™ zone.

At the orbit zones requests are randomly delayed and duration of delay has an exponential distribution with parameter o1 for the
1%t zone and o2 for the 2", From there, after a random delay, request again returns to the server.

The appeal discipline of requests from the orbit is fundamentally different from the appeal discipline of requests that are new to
the system, as for the new requests the phase number is determined randomly by the probability g, when the returning requests already
have a zone number that determines the number of a phase.

The research is conducted using the asymptotic analysis method in the limit condition of a large delay of requests on the orbit,
characterized by a condition o — 0, assuming that c1 = oy1, 62 = oy2.
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In order to use this method we’ve obtained the Kolmogorov equation system for probability distribution of a 3-dimensional process
of number of requests at the zones on an orbit and statuses of the server, we’ve also made transition from the equation system for
probabilities to the Kolmogorov equation system for partial characteristic functions.

The first order asymptote was reviewed. We’ve obtained equations for finding the distribution of probabilities of statuses of the
server Ry, k=0, 1, 2, and for finding asymptotic mean xn, n = 1, 2, of number of requests at the zones of the orbit. We’ve reviewed the
second order asymptote. We’ve obtained equations for finding second asymptotic moments: variance and correlation coefficient be-
tween number of requests in the 1%t and the 2™ zones.

We’ve found limit characteristic function (at o—0) of a normalized number of requests at the orbit that has the form

LUy

- 2 - 2 - -
H (ug,u,) = exp{lxl + ju—zx2 + (ng) Qu+ “;2) Qq + 14 )4 le}, i.e. the form of a characteristic function of the 2-dimen-
(o) () (o) (o) o

sional Gauss distribution.

Numerical experiments were conducted for different parameter values of time of servicing and intensity of incoming flow.
The obtained results of asymptotic mean of number of requests at the orbit of an RQ-system with request displacement and conservation
of phase realization were compared to the asymptotic mean number of requests at the orbit of an RQ-system with request displacement
and servicing returning requests as the new ones.

It is established that by conserving phase realization the mean number of requests at the orbit is 3-4 times smaller than the mean
number of requests at the orbit with servicing them as new each time. Obtained results could be useful in designing informational-
communicational systems controlled by random multiple access protocols.

We’ve concluded it to be expedient to research the RQ-system with requests displacement and after service, because such a model
would be very important in designing communication networks, since this problem wasn’t solved in science literature.
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B.E. YBapos

PACIIO3HABAHUE HEMOJIHBIX TOCJAEJTOBATEJBHOCTEIN,
OIINCBIBAEMBIX CKPBITBIMU MAPKOBCKUMU MOJEJISIMU,
B IIPOCTPAHCTBE IHEPBBIX ITPOU3BO/IHBIX
OT JIOTAPU®PMA ®YHKIIMHA ITPABAOIIOJ0OBUA

[pemmnaraercst METOA paco3HaBaHUS HEMOJIHBIX OCIEI0BATEIFHOCTEH, KOTOPBIN 3aKIII0YaeTCsl B KiIacCH(pUKanuy mo-
CJIeIOBATENBFHOCTEH B MIPOCTPAHCTBE MIPU3HAKOB, 00Pa30BaHHOM IIEPBBIMHU IIPOU3BOIHEIMH OT Jorapudma GyHKINH
MPaBIONOA00HS TOTO, YTO CIyYaHBINA MPOIIECC, OMMCHIBAEMBIIl CKPBITOW MapKOBCKOH MOJAENBIO, CTEHEPUPOBAJ pac-
[03HAaBAEMYIO HETOJHYIO [10CIEI0BaTENbHOCT. B kauecTBe KinaccudukaTopa B IpeanaraéMoM MeToe IPUMEHSETCs
METO/] OTIOPHBIX BEKTOPOB.

KnroueBble ciioBa: CKphITBIE MAapKOBCKHE MOJEINH; MAIIMHHOE OOYydYeHHE; IOCIeH0BAaTEeIbHOCTH; MPOITYIICHHBIE
HaOJI0/ICHNST; HETIOJHbIE JJTaHHBIE.

Teopus ckpbeIThIX MapkoBCckux Mozenei (CMM) Ovina mpencrasiena emie B 1970-x rr. JI. baymowm u ero
kosuteramu [1]. MzHauanmpro CMM npumensimu st pacrio3HaBanus pedd. B konne 1980-x rr. CMM nHauganm
WCIIONB30BaTh B OMonH(MopMaTHKe, HarpuMep 1 oopabotku nenodek JJHK. Tem He meHee HanOombIIyIO
nomyssipHocte CMM o6penu mocne 1990-x TT., 1 naHHas TEHACHIUS MPOAOIDKASTCS M B HACTOAIIEE BPEMS,
YTO MOKHO MOATBEPANTH YaCTOTOM ynomuHanus tepmuna «hidden Markov model» B myGmukanusx [2].

Opnako B Teopur CMM ocrtaercst Maou3ydeHHas 00J1acTh, Kacaromiascs BoIpocos npumeHernst CMM
JUIsl aHAJIM3a HETIOJIHBIX JaHHbIX. J[aHHbIE BOIIPOCHI SIBISIOTCS AKTYalIbHBIMHU, IIOCKOJIBKY B CJIOXKHBIX CHUCTE-
Max, HalpuMep IpH MIpUeMe JaHHBIX C KOCMHYECKUX M aBHALIMOHHBIX AMapaToB, a TAKKE APYTHUX UCTOUYHH-
KOB, IIPUXOANUTCSI UMETh JIEJI0 C MOTOKAMHU JaHHBIX OT Pa3iIMYHBIX JATYMKOB B CIOXKHOM MOMEXOBOI 00CTa-
HOBKE, KOI'Jla BO3MOXKHO MponajaHie HHPOpMaLuy WM ee HCKaxeHue. B Hacrosmiei pabore paccmarpuBa-
€Tcs TaKOM Cy4ald HEMOJIHBIX JaHHBIX, KaK HAIMYHE MIPOIYCKOB B PACIO3HABAEMBIX M1OCIE0BATENBbHOCTSIX.
Takue mocnenoBaTenbHOCTH C MPOIyCKaMu OyAeM Ha3blBaTh HEMOJIHBIMU. B paccmarpuBaeMoil cUTyauuu
MIPOIYCKH HE TEHEPUPYIOTCSI CAMHUM CIIy4aiHbIM IpoleccoM, onucbiBaeMbiM CMM, a BO3HHKAIOT B MPOU3-
BOJIBHBIX MECTaxX IOCIEI0BATEILHOCTEH 3a CUET BHEUTHUX YCIOBUH.

JlaHHasi CTaThs ABJISETCS IPOIOKEHUEM UCCIIEI0BAaHUH 110 pacIIO3HABAHUIO II0CIIEI0BATEIbHOCTEN, OIIU-
ceiBaeMbix CMM, IpoBOIMMBIX Ha Kadelpe TeopeTHUecKor 1 npukianHoi napopmatukn HoBocuOupckoro
rOCy/IapCTBEHHOT0 TeXHUUYecKoro yunupepcutera [3]. OTiMuue MpOBOJMMOIO HMCCICIOBAHMS 3aKIHOYACTCS
B TOM, YTO pacllo3HaBaeMbl€ I10CIIEA0BATEIBHOCTU MOTYT COIEPKaTh IPOIYCKU.

1. Onncanne CKpPBITOI MAPKOBCKOMH MoeIn
1.1. Cmpykmypa cKpblmoi MapKo8cKoil modeau

CKpBITOH MapKOBCKOW MOJIENIbI0 HA3bIBAIOT MOJIENb, OMUCHIBAIONIYIO CIyYalHBIA MpOIecc, HaXOs-

IHIACS B Kayk1b1i MOMeHT BpeMenH t € {1,..., T} B ogHoM 3 N CKPBITBIX COCTOSHMIT S € {Sy,...,Sy |} ¥ B HOBBIH

MOMEHT BPEMEHU NEPEXOIAIIUN B APYrO€ WIM B IPEKHEE COCTOSHUE COITIACHO HEKOTOPBIM BEPOSTHOCTSIM
nepexo1oB. COCTOSIHUA CUUTAIOTCA CKPBITBIMH, OJHAKO OHH IMPOSBISIOTCS B T€X WJIM MHBIX OCOOEHHOCTSIX
Ha0OII0JTaeMBIX TIocieoBaTenbHoCTel. B manHoi padote paccmatpuBatorcss CMM ¢ HenpepbIBHON MIIOTHO-
CTBIO paclipeiesieHUs HaOI0IeHUH, Korzia B 00LIEM Cllydae MHOTOMEpHbIE HaOIr0I€HUsI — 3TO BEKTOPHI AeH-
CTBHUTENIFHBIX YHCEN. 3HaYEHUs HaOII0JaeMbIX BETMYMH IPH YCIOBHH TOT0, 4T0 CMM HaxonnTcs B KOHKPETHOM
CKPBITOM COCTOSIHUH, TIOAYMHSIOTCS HEKOTOPBIM BEPOSTHOCTHBIM 3aKkoHaM. B ciaydae CMM c¢ HenpephIBHOM
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IUIOTHOCTHIO paclpeesIeH!s] HaOIIOIEHU STH BEPOSTHOCTHBIE 3aKOHBI OMHCHIBAIOTCS (DYHKIIUSIMHU YCITOBHON
IIOTHOCTH pacpeacICHUH HaOIIOICHHH.

PaccMoTpum napamMeTphl, KOTOPBIMUA MOKHO TIOJTHOCTBIO 3371aTh KOHKpeTHYI0 CMM. O003Ha4YMM CKpBI-
TOE COCTOSIHUE, B KOTOPOM HaxoauTcs onuckiBacMbiii CMM nporiecc B MOMEHT t, CHUMBOJIOM (Jt, MHOTOMEPHOE
HaOJII0JICHUE, KOTOPOE OH CTCHEPUPOBAJI B MOMEHT BPEMEHHU {, — CHMBOJIOM Ot, @ MHOTOMEPHOE HAOIIOICHUE,
HE MpUBsI3aHHOE K KOHKPETHOMY BpeMeHH, — cuMBosioM 0. CMM ¢ HempepbIBHON TUIOTHOCTBIO pacipesene-
HUSL XapaKTePU3yeTCs BEKTOPOM BEPOATHOCTHOTO pACIpENeNIeHHns Ha4dalbHOTO CKPBITOTO COCTOSHUS

M= {ni = p(q1 =S5 ), =1, N} , MaTpHIIeH BEPOATHOCTEH MEPEX0I0B U3 OJTHOTO CKPBITOTO COCTOSHUS B IPY-
roe A= {a,-j = p(qt 4 =S5 |G =S ), i, =1 N} , @ TaKKe (PYHKIUAMU YCIOBHOMW IUIOTHOCTH PACIIPEISIICHUIH

MHOTOMEPHBIX HaOmronenuin B = {b, (0) =f (0 lg=s ), i=LN,0e RZ} [4]. B mannO# paboTe B KayecTBe

(hyHKIMI YCIIOBHON TUTOTHOCTH pacmpezeNieHus] HaOIroAeHni paccMaTpHUBaeTCsl CMeCh MHOTOMEPHBIX HOP-

M -
MaTBHBIX pactipesienentit: b (0) = 3 Ty g(0;im»Zim)> 1=1,N, 0 R?, rie M — 4HCcII0 KOMIIOHEHT B cMecH
m=1

UL KaXXJAO0r'0 CKPBITOI'O COCTOSHHUA, Ty, >0 — Bec M-ifi KOMIIOHEHTHI CMECU B i-M CKPBITOM COCTOSIHUU
M e

(> 1ty =1 i=1,N), pim — MaTeMaTH4ECKOE OXXUJAHUE HOPMAJBHOTO PACIIPEICICHUSI, COOTBETCTBYIOIIETO
m=1

M-ii KOMITOHEHTE CMECH B I-M CKPBITOM COCTOSIHHH, X — KOBapHALMOHHAs MATPHI[A HOPMAJIBHOTO pacIpe-
JeJICHVS, COOTBETCTBYIOMIAsI M- KOMIIOHEHTE CMECH B I-M CKPBITOM COCTOSIHHH, 3 §(0;Wim>Zim)> O € R% —

(YHKIMS ~ TJIOTHOCTM ~ MHOTOMEPHOTO  HOPMAalbHOTO  pacmpereNieHus, T.€. g(O;uim,Zim)z

B ;e—o,ﬂo_uim )T Zim_l(o_”im), 0Oe RZ

) \f(zn)z |2im|

BaTh B BHJIC HAOOPa ONPEIENIIONNX ee mapametpoB A = {I1, A B}.

. Takum o0Opazom, HEKOTOpYIO KOHKpeTHYr0 CMM Oynem 3axa-

1.2. Pacno3nasanue yeavix nocieoosamenbhocmeil, onucvieaemolx CMM

HYCTI) OMPEACIICHO HECKOJIBKO KJIIaCCOB, COOTBCTCTBYIOIINX HCKOTOPBIM PA3JIMYHBIM CHy‘IaﬁHLIM npo-

rieccam ¢ Homepamu 1, D, koTopbie onmuchIBarOTCs cooTBeTCTBYROIIMMH CMM 7»1, vy XD , 4 TAK)KE UMEETCS I0-
CJIeZIOBATEIbHOCTh MHOTOMEPHBIX HaOmoaennit O :{01,...,0T} . Jlns xmaccudpukanmy mocneoBaTebHOCTH,

T.€. ONPENEJICHHUs TOr0, KAKMM HMEHHO MPOLIECCOM, OIMChIBaEMBIM cOOTBeTCTBYIOIEH CMM, oHa Obu1a 1o-
POX/IeHa, KaK MpaBmIIo, IPUMEHSIOT KpuTepuii MakcuMyma pynkimu npasaonoaoous (M®PIT). B atom cinydae
nocen0BaTebHOCTh O OTHOCAT K TOMY Kiaccy I, Julst KOTOPOro 3HaueHue jjorapudma GpyHKIMU IPaBIoIIo-

100U ABJIAETCS MAKCUMAJIBHBIM: I = arg max (In p(O|A, )) .
rel,...D

Jia pacdera norapudma (GyHKIMH MPaBAONOI00Us TOT0, YTO MOCieoBaTenbHOCTh O OblIa creHepu-
poBaHa mporieccoM, onucbiBaeMbiM CMM A, T.e. p(O |x) =In XY p ({010T },{ql, Op»..rs Oy } | x)’ 0OBIYHO

02 eees

npumerstor anroputy forward-backward [5]. Juis Berancienns camoro suadennsi Inp(O|2) HeoGxommma

JIuIIb nepeas yacth forward-backward anropurma, mo3ToMy NpUBEaIEM TOJBKO €€.

Bo opurnnansHom anroputme forward-backward BepositHocTH yMHOKAIOTCS APYT Ha APYTa, T.€. YNCIIA
MEHBIIE EANHUIIBI, UMEIOINE, KaK MPABUIIO, 3HAYECHMSI, 0OpPAaTHBIE KOJIMYECTBY CKPBITHIX COCTOSIHUHN, YMHO-
JKAKOTCS B KOJHUYECTBE, MPOMOPIUOHATLHOM JUTHHE TIOCIEA0BATSABHOCTH. JIJIs1 JTTHHHBIX MOCIEC0BATEILHO-
cret (mHoi Oonee 100) AaHHBIE MPOU3BEACHUSA JTOCTATOYHO OBICTPO CTAHOBATCS MEHBIE MUHHUMAJIBHBIX
amnmapaTHO peau3yeMbIX YHCE]T COBPEMEHHBIX MaliuH. [[Jis ucripaBieHus 3Toi mpoOieMbl HEOOXO0AUMO JTHOO
HCTIONB30BaTh [UIMHHYIO apu(METHKY, YTO 3HAYUTEIHHO 3aMEUTUT BRIYUCIICHUS, THOO0 MacIiTabupoBaTh BCe
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MTPOMEXKYTOUYHBIC MPOU3BEICHUS, YTOOBI OHH HE CTPEMILTUCH K HYII0. D(()EKTUBHBIC METOABI MACIITA0UPO-
BaHUsI, KOTOPbIC MPAKTHUECKH HE 3aMEIAIOT 00yUEHsI, H3BECTHBI U MPHUBEICHBI B [4].
[lepBas gactp forward-backward anropurma (ee qocTaTO9HO T BRIMUCIEHNUS JIorapudMa (HyHKITIH TpaB-

JIOTI0T00HST) TIPOM3BOIUT BEIYHCIICHHE OTMACIITAOMPOBAHHBIX ITPSIMBIX BEPOSTHOCTEN p({ol, 0,,...,0; }, 0 =S |M),

t=1T, i=1 N, T.e. BeposATHOCTEH TOrO, YTO MOCIICAOBATEIFHOCTH MHOTOMEPHBIX HAOJIOICHUI {01, 0y,..., ot}

ObLIa TIOPOKCHA MPOIIECCOM, OITUCHIBAEMBIM MOJIENBIO A, M UTO JIAHHBIN MPOIIECC HAXOIUIICS B CKPBITOM CO-
CTOSTHUH Sj B MOMEHT BpEMEHH t. AJNTOPUTM BBIYMCIICHUS OTMACIITA0OMPOBAHHBIX MPSAMBIX BEPOSTHOCTEH U
morapudma GyHKITIH TPaBAOIo 00w

1) MHUTIMATN3aITHS

&, (i) =mbi (o), i=1N; (29)
2) MHIYKLUS:
- N ’ - - -
0,1 () =b(04) _Zl(xt(j)aji , 1I=LN, t=1T -1, (30)
J:
rae
o= joIN, t=1T 1. (31)
2. 0, (n)
n=1
OnpenenuM napameTp MaciTada:
N 1
C’[ = Za‘t(l) ’ tzlaT y (32)
i-1
TOTJa
oy (i) = ¢, (i), i=LN, t=1T-1,

a;(i):(ﬁc,jat(i), i=1N, t=1T-1.

Jlorapudm QyHKIIMU TPaBIOIOA00MS IS TTOCISI0BATEILHOCTH HAOIIOCHHUI MOXKET OBITh BHIYHCIICH
C TMOMOIIIBIO TapaMeTpoB MaciiTada:

;
In[ p(OP) ]= —Ellnct. (33)

2. Pacnio3HaBaHMe HEMOJIHBIX MOCJIe0BaTEeIbHOCTEH, onuchbiBaeMbix CMM

[Ipexxne yeM MPOM3BOAUTH PACIO3HABAHUE HEIOJHBIX IMOCIENOBATEIBHOCTEN, omuchiBaeMbix CMM,
HE00XOIMMO OLIEHHUTH MapaMeTphl cooTBeTCTBYIoMMX CMM, T.€. 00yuuTh nx. BrioiHe BEpOsATHO, UTO B peaib-
HOW cHUTyaluu 00y4deHHe MPHUIETCS TaKKe MPOBOAUTH HA HETOIHBIX MOCIIENOBATENBHOCTSIX, COOTBETCTBEHHO,
HE00XO0IMMO UMETh anropuT™MbI 00ydeHrst CMM 1o HEeMoJITHBIM MOCIIeI0BaTeIbHOCTAM. TeM He MeHee B JaHHOM
CTaThe Oy/IeT PacCMOTPEH TOJBKO BOIIPOC PaCO3HABAHMS HETIOJIHBIX ITOCIIeIoBaTebHOCTEN. Bompoc o0y4uenus
CMM Ha HENOJHBIX MOCIENOBATENFHOCTIX OBLUT PACCMOTPEH aBTOPOM B TIPEABINyIMX padorax [6, 7, 8], rue
OBLT peITIoXKeH aroputM o0yuernss CMM, 0OCHOBaHHBIN HAa MapTrUHATIM3AINY MIPOITYIICHHBIX HAOIIOACHUI.

2.1. Pacno3naeanue HenOIHbIX NOCIE008AMEIbHOCMEN C ROMOUBIO
MapZUHAIU3AUUN RPONYUEHHBIX HAOII00eH Ul

Kak u panee, OyjieM Ha3bIBaTh HETOJHOM, WIH «Ie(EKTHON», MOCIIE0BATEIbHOCTRIO TAKYIO TOCIIEI0-
BareapHOCTh O, B KOTOPOIA 3HAYEHHE HEKOTOPHIX HAOIOIeH I He ompeerneHo. O603HaYUM MPOIYCK CHMBO-
* *
aom & . Torna O={Ot eR ,t=1,T}, R"=R* U{D}.

JLi1st moTy4eHusi alropyuTMa pacro3HaBaHus HETIOJHBIX MociieioBaTenbHocTel ¢ momombio CMM Heob-
XOJIMMO TIpexJie Bcero oopatuthes kK popmynam (29)—(33), Mo KOTOPHIM MPOU3BOAUTCS PacUeT MPSMBIX U
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06paTHBIX BeposiTHOCTel. ButHo, uTo Bhramcienue 3Havenuit B (0,), i=1,N, t=1T , B popmynax (29)—(33),
KOTOpBIE UCIIONB3YIOTCS Kak B anroputMe ooydenuss CMM, Tak U B aJlrOpUTME PAaCIO3HABAHHS MTOCIIEI0BA-

TENBHOCTEH, HEBO3MOXKHO, ecin 0, =&, rjie cuMBOJI & O3HAYaeT NMPOMYLIEHHOE HAbJIOIEHHE, TaK KaK He

onpeJieNieHo KOHKpeTHOe Habio1aeMoe 3HaYeHne, a 3HAYHT, Hellb3s paccuuTath 3Hauenue D (0,), koTopoe
COOTBETCTBYET JaHHOMY HaOII0qeHrI0. UTOOBI MOKHO OBLIO MCIOIB30BATh 3TH (POPMYITBI B CITydae HEMOIHBIX
MOCJIEI0BATENBHOCTEN, HYKHO KAKUM-TO 00pa3oM JOONPEACIUTh 3HaUeHHe COMHOXHUTeNs b, (L), i :1,_N ,
JUIL TeX TPSMBIX BEPOATHOCTEH, KOTOPHIC PACCUUTHIBAIOTCS MO OTCYTCTBYIOIIMM B ITOCIIEIOBATEIBHOCTH
HaOIIOICHISIM.

[Ipennaraemplii B JaHHOHM paboTe MOAXOJ] COCTOMT B TOM, YTOOBI CUMTATh, YTO HA MECTE MPOITyCKa
MOTJIO CTOATh Moboe HaOmonenme u3 R? [9]. PykoBOACTBYSCH STOH Wjeel, NpeiCTaBUM 3HAYCHHE

b (), i =1 N, xak uHTErpai 1o BCeM BO3MOKHBIM 3HAYECHUAM IPOIYILIEHHOTO HAOIIOICHHU:

b,(@)=[b(x)dx=1, i=LN.

CrpaBeUTHBOCTD TAHHOTO PABEHCTBA 00YCIIOBJICHA TEM, YTO B OJIMH MOMEHT BPEMEHH UMEETCS TOJIBKO
0JTHO HAOJIOIEHHE X, a TakxKe TeM, 4To hi(X) — ycaoBHas ITOTHOCTE pacipeaeaeHus HaOMOICHHS X B CKPHITOM
coctostuuu S, 1 =1, N . PyKOBOJICTBYSICH TEMH 5K€ COOOPAKEHUAMHU, ONIPEIETUM 3HAYEHHUE IUIOTHOCTH HOPMAJIb-
HOTO paclpe/iesieHHs1, BXOAIIETO B CMECh, U HaOoieHus-iporycka [9]:

g(gfuimbz‘im):J.g(x7uim’2im)dx :la I :L_Na m:L_M .

Teneps Boipaxcenne 0.(0,), i=1,N, t=1T, onpenenero wis Beex 0, € R”, u hopmyssi (29)—(33) pac-
YeTa NPSMBIX U 0OPaTHBIX BEPOSTHOCTEH MOXKHO PACIIMPUTH HA CIIydai HETIOJIHBIX MTOCIIEI0BATEIbHOCTEH.

MoanduuupoBaHHBI ANTOPUTM BBIYMCICHHS IMPSIMBIX BEPOSITHOCTEH (O0TMaclITaOMpOBaHHBIN), HC-
MIOJIB3YEMBIN TIPY PACIIO3HABAHUH HEMOIHBIX MTOCIEA0BATEIBHOCTEN:

1) vHUIMATH3AITHS:

o T, 0 =4, .o
(Xl(l) = 1= 17 N :
n.b.(0,), wuHaue,
2) UHIYKIUS:
N
Zai( j)aji P 04 = ®7
&‘t+1(i)= - N I ZL_Na tzlaT -1 )
b.(0.,) Zoct'(j)aji , HHaye,
=1
rue a{(j)zNati, j=LN, t=1T-1
2 a.(n)
n-1
N 1
[apamerp maciraba Beraucisercs mo gopmymne: G =| 2.0, (1) | , t=LT . Jlorapudm byskumu npas-
i=1

T
J0NoJ00Hs BEIYHUCISIETCS IO popmyie Inl: p (O|X):| =—->Inc,.
t=1

HazoBeM omnmmcaHHBIN BEIIIE IIpUEM JOOMPEACTICHNA HEN3BCCTHBIX BEJINYHNH ((MapFHHaHHSaHHeﬁ mnmpomy-
IICHHBIX Ha6ﬂmﬂeHHﬁ>>, TaK KaK 3ACChb BBIYUCIIKICTCA MAPIrUHAJIBHOC paCIpCACIICHUC bl(g) , i= 1, N, JIA

Cﬂy‘{aﬁHOﬁ BEJIMYUHBI ), KOTOpad MOXET NPpUHUMATh m000€e 3HAaYeHUE U3 MHOXKECTBA RZ. Jlerko BUICTD,

YTO C IMIOMOLIBIO ITPOLELYPBl MAPTUHATIU3ALUN MOXKHO IIPOBOJUTH PACIIO3HABAHUE HETIOIHBIX [TOCIIEJ0BATEIb-
Hoctelt o kpureputo M®II, mockonbky HEOOXOMMbIe QOPMYIIBI JUIS BBIYUCIEHHS JIorapudma GyHKIUHN
MPaBIONO00HS JOONPeeNieHbl Ha CITyyai MPOMyIIeHHbIX HaOII0IeHUH.
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2.2. Pacno3naeanue HenOJIHbIX NOC1E008aMEIbHOCHEH 8 NPOCIMPAHCHEE
nepevix NPou3eoOHbIX Om ozapuhma yHKUuU nPagoonoooous

PacmoznaBanmue mociaemnoBareaIbHOCTEH, onmuchiBaeMBIX CMM, MOHO TTPOBOIUTE HE TOJIBKO C TTIOMO-
B0 KPUTEPHS MakcUMyMa (yHKIMA MTpaBronoaoous. Panee Obu1 pa3paboTaH U yCIENIHO TPUMEHEH METO/
pacrto3HaBaHUS MTOCIEI0BATEIHLHOCTEN B MPOCTPAHCTBE MEPBBIX MMPOU3BOAHBIX OT JorapudMa QyHKIUHN MpaB-
JOTI0I00MS TOTO, YTO CITydaiiHBIN Tporiecc, onuckiBaeMblii CMM, creHepupoBai paclio3HaBaeMyto TOCIET0-
BaTEIBHOCTb, 10 Pa3NUYHbIM mapamerpam CMM. JlaHHBIN MeTOZ pacmo3HaBaHUS MMOKa3all MPEUMYIIECTBO
Hap kputepueM MO®II B ciaygasx 6muzoctn CMM, ONMMCHIBaOMINX KIIACCHL, TIO TTapaMeTpaM, a TaKKe B yCIIo-
BHAX, Korna CMM oOyuannchk Ha OCIeI0BaTENbHOCTSIX, IOBEPIKEHHBIX pa3Horo poaa momexam [3]. Tem e
MEHee CITydasi IIOJTHOCTHIO MPOITYIEHHBIX HaOIFOIEHUH B TTOCIIETOBATENIEHOCTSX B TAHHOM UCCIIEIOBAHUH HE
paccmarpuBanioch. [1ockoapKy poIycku B HAOMIOACHUAX TaK)Ke MOKHO HHTEPIIPETHPOBATH KaKk CBOETO Poja
MIOMEXH, TO IeJIECO00Pa3HO HCCIeN0BaTh MPUMEHIMOCTh TaHHOTO METO/Ia K aHAIM3Y HETOIHBIX MOCIIeI0Ba-
TGHBHOCTCﬁ, OIIMCBIBACMBIX MOJCIISIMU, O6y‘ICHHI)IMI/I Ha HCIIOJIHBIX ITOCJICI0BATCIBbHOCTAX.

[anee npuBeIeHO ONUCaHUE YIIOMSHYTOIO BhIIIE MeTOAA. J{JIs HArISIAHOCTY PACCMOTPUM Clly4al JByX-
KJIacCOBOH knaccudukanmu. J{is kax1oi mociuenoparesibHOCTH Habmoaeanii O MprHAAIEKHOCTh K OHOM 13
JBYX Mojelied OyieM ONpeeNsaTh C IOMOIIbIO 3HAUCHU I MTPOU3BOIHBIX M0 PA3JIMYHBIM ITapaMeTpaM MOJICIH.

[lyctb mMeroTes o0ydvaromast BEIOOpKa {Ol, 0%,..., OK} u 1se CMM A1 w1 A». [l kaxmoit oOydarorei mo-

oIn p(Oli,) |
omn M
1 A2 K
ciemosarensHoctn O w3 {O07,0%,...,0™ ¢ Gyzmer nocTpoen BeKTOp BUIA 2In p(OL,) . Tpancnonupo-
el St 124
on |x2
BaHHBIE BEPCHUH ITHX BEKTOPOB OOBEIMHSIOTCS BMECTE B 00YJAOIIYIO MATPHILY X, B KOTOPOH CTOJOIBI COOT-
BETCTBYIOT PU3HAKaM (IIPOU3BOJHBIM 10 ITapaMeTpaM MOEJei ), a CTPOKH — ITOCIIEA0BATEILHOCTSIM Ha0IIIO-

neHuil. Taxxe cocTaBisieTcsi BEKTOP MPAaBUJIBHBIX OTBETOB Y :{yl, ey yK}, rae Yy e{l,Z} — 3TO HOMEp

CMM, koTopasi COOTBETCTBYET clydaifHoMmy mporeccy, nopomusimemy OF, k=1 K . 3atem mponssoaurcs
o0y4eHune kiaccupuKaTopa o METOLy OIOPHBIX BEKTOPOB € MOMOIIBIO 00yyaromield MaTpuipl X U BEKTOpa
NpaBWIbHBIX 0TBETOB Y. JlJIsl pacrio3HaBaHHs CTPOUTCS aHAJIOTHYHBINA BEKTOP VISl pacCMaTpUBAEMOM HOCIIEe10-
BarenpHocTH O M OMpeenseTcs, K Kakod rpyIne 3TOT BEKTOp OJMKe MO MEeTOy OnopHbIX Bektopos [10].
OnucaHHBIA JBYXKJIACCOBBIM CITy4aii Jerko 0000INTh HA MHOTOKJIACCOBBIN CITy4aid, HCIOJIb3Ysl CTPATEerHu
«KaX]IBIH IPOTUB KaXKJIOT0» UM «OJIMH POTUB BCEX», YaCTO MPUMEHSIEMBIE [ ONHAPHBIX KJIACCU(UKATOPOB.

JHanee mpuBOAUTCS COCOO BBIYHUCICHUS MPOU3BOJIHBIX OT Jorapudma QyHKIWUU MPaBAONoAo0us 10
napamerpam CMM [3].

Hcxons u3 popmyisr (33),

olnpOl») &[T 1 o
on k=1l t=1c¥ o

Berunciienre mpou3BoIHOM OT apaMeTpa MaciuTada mo HeKOTOpOMY MapaMmeTpy MOJEIH 1| IIPOU3BO-
JUTCS CIENYIOIUM 00pa3oMm:

(34)

0 SN GG () . —
G 2y T (35)
on i=1 On
JIis BEIYHCIIEHUS M, i =1, N, mpoauddepeHIrupyeM 1o MaraM aroOpUT™M BEIYUCICHUS MTPSIMbBIX
MEPEMEHHBIX ¢ MACIITabOM:
lar 1:
a0'1(') _ aal(l)' i :]-,_N- (36)
on on
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Iar 2:

oa () _[ nfoa (i) ., aa,-iﬂ N ()
——=| Y| ——=a;+o(j)— || (t)+ X (o ag |—=, (37)
0| 8 2o, ()22 0+ B a0 2
o 1(J) Ocy. .. 0a4()) e _
rie talr]( ): atnlat_l(J)"' t&:] C1,i=LN, t=2,T.
Taxum 06pa30M, JJIs1 BBIYHCIICHUA 3HA4YCHUM %, i= :I_,_N, HaM HOTpe6yeTCH BBIYUCJIUTDb IIPOU3BOI-
a. (i 0a;; SR —
HBIE oo, (1) (Y % Lj=LN,t=1T.

o oo
B ciiyyae HeamaroHaibHOW MaTpULBI IPU BBIYMCIEHUNA MTPOU3BOJHOM MO JIEMEHTY KOBapHUallMOHHOU
MaTpuIlbl npuaeTcs AudGepeHIMpPoBaTh 3EMEHTE 00PaTHOM MaTPUIBI, TO3TOMY OyJIeM pacCMaTpPUBATh CITy-
4aii, Korja MaTpulbl 2, i=1,N, m=1M SBIAIOTCA MarOHAJIbHBIMH.

0, (1) ob(t) oy

napameTpa 1 (mapameTp 1| MOXKET NPUHUMATh 3HAYCHHS T, 28> TimsMims Zim> L J=LN,m=1LM,z=1Z ):

Hanee npuBeseH croco0 BBIYHCICHUS MPOU3BOIHBIX JUIS yKa3aHHBIX 3HAYEHUN

ooy (i) _ [(@), 1=1], i j=1N (38)
omp o, iwj T
b (t) .. —
—:Ol I) :11 ' t:]-l ' 39
e , (39)
M:o, i,y =LN, (40)
oa, j
—abl(t)=oy i,il,j]_:l,_, t=1,_, (41)
0ay
og; |1 x=gq, —
%y _ I j=1N, (42)
OX 0,x¢aij,
b(t) _ J9OHmZm): 1=k, L o T T (43)
8’ci1m 0, i;til, 11 Y - o
b(@) .
. T =1, _ N
—aal(l) = I Tilm ' i1i1=11 ' mzl’ ’ (44)
hm 0, 2
of — i
o0 (1) _ |O5Tim 00 i Zim) =y 1=, ii,=LN, t=LT, m=LM, z=1Z,  (45)
z im ' Y T Y Y
auilm O, i¢i11
oo, (i a0 =
(XlZ(I)Z ! aMZlm i,i]_zly 1 mzll ’ Z:]'! ! (46)
aP-ilm 0 i i
’ ill’

2
of —ut 1
8b|(t)_ 015Timg(0t;uim’zim) [ : zzulmJ _|Z-
im

i

ivi]_:l’ ’ t:]-a ’ m:1, ’ Z:l!_zy (47)

84



L[ ob@
%: Yoz Y i =LN,m=1M, z=17Z. (48)
Wm0, i =iy,

®opmyisl (34)—(48) MOXKHO JOOMpPENEIUTh Ha CIy4ail HEMOJHBIX MOCIICI0BATEIbHOCTEH, BOCIIONB30BaB-
LIMCh IPUEMOM MaprUHAIM3AIMH IPOIYIEHHBIX HAOMIOAEHNH, ONMCAHHBIM B IIPEABIAYILIEM oapasaese. Takum

o0pa3om, B popmynax (34)—(48) Oynem cuurats b (J) =1, i =1N,a 9,2 ) =1 i=1,N, m=1,M ,rne
CHMBOJI J O3HA4aeT MpoImylneHHoe HabmoaeHue. K ToMy jxe OyayT BHECCHBI TOMOTHUTEIbHBIC H3MECHEHUSI
B opmyiy (45):

of —ut .
8b| (t) — O’STimg(Ot;”’im92im) tE.zz - » I=hn Ot # ®9
ou?
Higm 0, HHaye,

iLip=LN, t=1T, m=1M, z=17Z,

u dopmyny (47):
of —ui S .
by (t) _ J 0,57 9(0: Mim > Zim) [ — 'mJ - , i=ihuno =3,
z 2im |Zim|
GZilm
0, vHaye,

3. PeSyJ'II)TaTbI BBIMUCIUTEJIBHOIO JKCIEPUMEHTA

B nanHOM pasnene pa3paOoTaHHBIN METOJ PACHO3HABAHMS HEMOJHBIX IOCIEJOBATENbHOCTEH B MPO-
CTPAHCTBE TEPBBIX MPOM3BOIHBIX OT JorapupMa GYHKIMHU MPAaBIONOI00MS CPAaBHUBACTCS C METOJOM PACIIO-
3HaBaHMS HETIOJHBIX MTOCIIE/IOBATEIILHOCTEH C TIOMOIIBI0 MapTUHATU3AIMY TIPOITYIIICHHBIX HAOIOICHUH.

B xauectBe nctuHHBIX CMM OBUIH B3SITBI MOJIENIN A1 M A2 CO CIIEAYIOIINMH XapakTepucTukamu. Yuciao
CKpPHITBIX cocTostHui N = 3, KonmndecTBO KOMITOHEHT B cMecsix M = 3. PasMepHOCTh BEKTOPOB HAOIIOACHUH

Z = 2. BeKTop pacmpeie/ieH s HaqaabHoro coctostus: I1=[1,0,0], Matpuia BeposiTHOCTEI! ITePeX010B:

0,1+AA 0,7—-AA 0,2
A=l 0,2 0,2+AA 0,6-AA|,
0,8—AA 0,1 0,1+ AA
Beca KOMIIOHEHTOB CMECEH:
0,3+At 0,4—-At 0,3
{timi=LN,m=LM}=| 03 04+At 03-Ar
0,3-Art 0,4 0,3+ At

(HOMEpy CTpOKH COOTBETCTBYET HOMEP CKPBITOTO COCTOSHHS, a HOMEPY CTOJIOIAa — HOMEP KOMIIOHEHTHI
CMECH ), BEKTOPBI MATEMATUIECKUX OXKUAAHUN KOMIIOHEHT CMECEH:

(0-Auw 0+Ap) (1-Ap 1+ap) (2-Ap 2+Ap)

(M i =LN,m=LM|=| (3-Ap 3+Ap)" (4-Ap 4+ap) (S-Ap S+Ap)

(6-Aun 6+Apn) (7-An 7+4Ap) (8-Aun 8+4Ap)
(HOMEpY CTPOKH COOTBETCTBYET HOMEP CKPBITOI'O COCTOSIHUS, @ HOMEPY CTOJI01Ia — HOMEP KOMIIOHEHTBI CMECH ),
BCC KOBApHUALIMOHHBIC MATPUIIbI KOMIIOHCHT CMeceI'/'I {Zim ’ I = 1,_N, m= L—M} 6BIJ'II/I BLI6paHBI JuaroHaJbHbIMU,

3HAYEHMsI BCEX OJJIEMEHTOB Ha JWAaroHanu Obutm paBHBI 0,1+ Ac. llpum »sTOoM y mepBoil Momenu
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AA=0,At=0,An=0, Ac =0, ay Bropoii mogenu AA = 0,05, At = 0,05, An= 0,01, Ac = 0,01. Takoii BEIOOp
MapaMeTpoB MaKCUMAIbHO YCIIOXKHSET 3a/1ady paclio3HaBaHUs, TIOCKOIBKY CIIy4aiHbIe TPOIIECCHI, OMIChIBA-
€MBbIC TAKUMH MOJICIISIMHA, OYCHb OJIU3KH IO CBOMCTBAM M MOPOXKJIACMBIC UMH ITOCIICIOBATEIBHOCTH TPYIHO
pazimmuuth. C MOMOIIBIO KXKI0H U3 MoJienielt A1 1 Ao Obiio creHepupoBano K = 100 o0y4aroniux u TeCTOBBIX
nocienoBatensHocTel AmuHoi T = 100, mpuveM KakJas U3 mocieoBaTenbHoCTel copepkana G nmpomyckoB
(aucno G m3mensutochk ot 0 10 90 B X0me IKCIEPUMEHTa) B CIIydalHBIX MecTaX. C MOMOIIBI0 00yYaroIux

HETOJHBIX M0CIIEA0BATENLHOCTEN OBIIH MOTyYeHBI OLIEHKH MOZAENEH A U L, 1O anroputMy ooydenus CMM

[0 HEMOJHBIM OOYYaIONIUM MOCJIEAOBATSIILHOCTSIM, OCHOBAaHHOMY HAa MaprHHAIHM3AIMHA TPOMYIICHHBIX
HaOmoaeHni [6, 7, 8]. Taxke ¢ MOMOIIBI0 IPOU3BOAHBIX OT O0YYAIOMINX MOCIEI0BATEIFHOCTEN W OIIEHOK
CMM O6bu1 00y4deH Kiaaccu(UKaTOp METOJa OMOPHBIX BEKTOPOB, HIIEpIapaMeTphl KOTOPOTO MOA00paHbI C

MMOMOLIBIO KPOCC-BAIMJAIUU 110 YCTBIPEM 010KaM. 3aTeM C ITOMOII[LIO 7\‘1 nu 7&2 MMPOBOJWJIOCH PACIIO3HABAHUEC

HETIOJIHBIX TECTOBBIX IIOCIIEI0BATEIIEHOCTEN C IOMOIIBIO METOIa MAPTUHATIM3ALMHY IPOITYLIIEHHBIX HA0I0ae-
HUH 0 KPUTEPUIO MAaKCUMyMa (YHKIMH MPaBIONON00us (CIUIOIIHAS JIMHKS) U C TIOMOLIBIO TIEPBBIX MPOMU3-
BOJHBIX OT Jorapudpma GyHKINHM IPaBIONOA00HS, UCIIONb3Yys METO OIIOPHBIX BEKTOPOB B KAUECTBE KJIACCHU-
¢dukaTopa (puc. 1, IITprxoBas JUHUS), IPHYEM HCIIOIH30BAIHMCH MPOU3BOIHBIE TIO0 BCEM MapaMeTpaM Mojie-
sed. GUKCUPOBAJICS IPOLIEHT BEPHO PACIO3HAHHBIX MOCnenoBaTenbHocTel. Ha puc. 1 npuBeneHsl ycpenHeH-
HBIE pe3yibTaThl nocie 50 3aImyCKOB ONMMCAHHOIO BBIIIE SKCIEPUMEHTA C PA3IMYHBIMU HauyaJIbHBIMHU 3Ha4Ye-
HUSMU T'€HepaTopa CIydyaiHbIX YHCEll.
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Puc. 1. 3aBucumocThb IMPOLCHTA BEPHO PACIIO3HAHHBIX TECTOBBIX HOCHGZ{OBaTeHBHOCTeﬁ
OT JOJIH TIPOITYCKOB B 06y11af0m1/1x 1 TECTOBBIX ITOCICA0BATCIBHOCTIAX

Kak BuiHO, METO/T pacrio3HaBaHHsl, OCHOBAHHBIN HA MPOU3BOJHBIX, HAUMHAET MPEBOCXOIUTH METO/T, OC-
HOBaHHBIH HA MapTHHAIHM3AIWH IPOITYIIEHHBIX HA0II0IeHnH, HauuHas puMepHo ¢ 20% TIpoITycKoB B 00yYaro-
IIMX U TECTOBBIX ITOCIICAOBATCIIbBHOCTAX. HpI/I 9TOM IIPEUMYIICCTBO METOJa HA OCHOBE IMPOU3BOIHLIX YBCINYU-
BAETCS C YBEIIMYCHUEM IIPOIIEHTA MPOITycKoB, gocTturast 10% mpu 90% mpommycKoB B MOCIEI0BATEIHLHOCTSIX.

3akiaouyenue

B nganHOM cTaThe OBUT MPETOKEH METOJI PAaCIIO3HABAHMS HEMOMHBIX ITOCIIEI0BATEIFHOCTEH, KOTOPHIi
3aKJII0YaeTCs B KilacCU(UKALIMU MTOCIICA0BATEIbHOCTEH B MPOCTPAHCTBE MPU3HAKOB, 00pa30BaHHOM IEPBBIMU
MIPOW3BOAHBIMA OT JioTapudMa (PyHKIHH MPaBIOTONI00HsI TOTO, YTO CIIyYalHBIA IMPOIECC, OMHCHIBAEMBIN
CKPBITOM MapKOBCKOW MOJEIBI0, CTEHEPHPOBAJ PaCIIO3HABAEMYIO HETIOIHYIO TIOCIEA0BaTeNbHOCTE. CpaBHU-
TETHHBIN aHAIH3 MTPEIOKEHHOTO METO/1a U pa3paboTaHHOTO aBTOPOM PaHee METO/1a PACIIO3HABAHUS HETIOTHBIX
TIOCJIeI0OBAaTEIFHOCTEH, OCHOBAHHOTO Ha MapTrUHAIU3AIUN MPOMYIICHHBIX HAOIIOACHIM, TTOKa3al, 9TO Mpe-
JIO’)KEHHBIN METO/I TO3BOJIIET JOCTUYh OOJIBIIETO IIPOIICHTA BEPHO PACIIO3HAHHBIX ITOCIIE0BATEIBHOCTEH, YeM
METOJ MapruHAIN3alliy, HAaYMHAs ¢ HEKOTOporo (B MpOBEACHHOM 3KcmepuMente — Ooee 20%) mporieHTa
MIPOITYCKOB B 00YYAIONTHX U TECTOBBIX IMOCIEIOBATEIHHOCTAX. TakuM 00pa3om, IPeII0KEHHbII METOT MOYKET
OBITH PEKOMEHIOBAH K IPUMECHECHHIO B YCIIOBHSIX CHITBHBIX IIOMEX, KOT/1a UMEETCSI MHOTO MTPOITYIIICHHBIX JTaH-
HBIX, OJTHAKO PAcIiO3HABAHWE HEMOJIHEBIX MTOCIEIOBATEIFHOCTEH BCE KE HEOOXOIUMO MMPOBOIUT.
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Hidden Markov model (HMM) conception was presented yet in 1970-s, however problems which concern using HMMs in case
of incomplete data remain poorly investigated. These problems are quite relevant since in complex systems, e.g. when receiving signals
from spacecrafts or aircrafts, one has to deal with datastreams of various sources in noisy environments when there is a high possibility
of data loss or corruption. In this paper, we deal with the problem of missing observations in sequences. From now on we will refer
to such sequences as incomplete. We consider a case when such missing observations are not generated by random process itself but
rather occur randomly in sequences because of some external interference.

We propose a method for recognition of incomplete sequences which is based on classification of incomplete sequences using first
derivatives of likelihood function logarithm with respect to various HMM parameters. We use a support vector machine classifier for
that purpose. The likelihood in that case is the probability of incomplete sequence being generated by a HMM.

The proposed method was compared to a previously developed method for recognition based on marginalization of missing obser-
vations. The proposed method proved to be more effective than the other method in situation when the number of missing observations
in training and testing sequences is high (more than 20% in our particular experiment). Thus, we propose to prefer the usage of the
proposed method in situations when there is big loss of data but the recognition is still had to be done.
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Inserting malicious sub-circuits that may destroy a logical circuit or provide leakage of confidential information from
a system containing the logical circuit demands detection of such sub-circuits followed their masking if possible. We
suggest a method of finding a set of sequential circuit nodes in which Trojan Circuits (TC) may be inserted. After
simulating the sequential circuit on the proper input sequences we may find TC if it is present and mask it by the special
sub-circuit. The method is based on applying the precise (not heuristic) random estimations of internal nodes control-
lability and observability calculated with using a structural description of the combinational part of the sequential cir-
cuit. These estimations are computed with applying a State Transition Graph (STG) description, if we suppose that
TC may be inserted out of the working area (out of the specification) of the sequential circuit. In addition the algorithms
of transfer sequence detection for a set of internal states are used. Reduced Ordered Binary Decision Diagrams
(ROBDD:s) for the combinational part and its fragments are applied for getting both the estimations and transfer se-
quences by means of operations on ROBDDs. It is known that these operations have a polynomial complexity. Note
that if TCs are inserted out of the working area, they cannot be detected both under verification and testing in the
working area. Techniques of masking TCs are proposed. The experimental results on ISCAS and MCNC benchmarks
show applicability of the approach. Masking sub-circuits overhead is appreciated.

Keywords: sequential circuits; controllability and observability of combinational circuit nodes; State Transition Graph
(STG); Malicious circuit (Trojan Circuit); Reduced Ordered Binary Decision Diagram (ROBDD); working area.

The enhanced utilization of outsourcing services for a part of VLSIs (Intellectual Property cores, repro-
gramming components based on FPGA and so on) to cut VVLSI cost increases risk of inserting Trojan Circuits
(TCs) that may destroy VLSI or provide leakage of confidential information [1-3]. TCs as a rule act in rare
operation situations, therefore they are not detectable neither during VLSI verification nor VLSI testing.
TC consists of two parts. Trojan trigger is switched on when the certain combination of signals appears on
TC inputs. Trojan payload is operation unit that is switched on by trigger sub-circuit. It is necessary to detect
such malicious sub-circuits and, if possible, to mask their actions. It is important to be more precise in finding
circuit nodes suitable for inserting TC.

In [4] a vulnerability analysis of circuits is performed at the behavioral level. In this paper a similar
analysis is done at the gate level. It means that our proposed technique achieves detection rates that are not
affected by synthesis and optimizations.

Design-for-Trust (DFTr) techniques are proposed in [5]. Here prevention schemes based on inserting
extra circuitry for obscuring the circuit at different levels of design abstraction making the reverse-engineering
at the foundry difficult are presented.

One of solutions is Split Manufacturing [6] that means segregation of fabrication steps among different
foundries. These techniques can incorporate reconfigurable logic along with standard logic [7].

In [8], authors proposed an automated low-overhead online methodology to aid in the detection of TCs.
They focus on the detection of small TC instances (with less than five logic gates) that cause logic malfunction
on activation through rare internal logic conditions. These conditions are determined by using heuristic esti-
mations of controllability. The main advantage of the proposed technique is that the impact of the activated

89



TC need not propagate all the way to the primary output for the checker to detect it. This feature guarantees
that a TC instance is detected as soon as it is triggered, independent of whether the logic malfunction caused
by the TC actually propagates to the primary output.

In [9] Functional Analysis for Nearly-unused Circuit Identification (FANCI) tool is suggested. It flags
suspicious wires in design, which have the potential to be malicious. FANCI uses approximate Boolean func-
tional analysis to detect these wires.

In this paper in contrast with [8, 9] detection of suspicious nodes is based on using precisely calculated
random estimations of controllability and observability of a combinational part internal node. The suggested
approach guarantees finding all internal states (compactly represented by ROBDD) that may provide triggering
the node. The approach is oriented to a threat model when the designer in a design house is untrusted.
The estimations calculations like those in [8, 9] are based on using structural description of the combinational
part. In this paper representation of the sequential circuit behavior by State Transition Graph (STG) is addi-
tionally used. The calculations are executed with operations on Reduced Ordered Binary Decision Diagrams
(ROBDDs, further just BDDs). The algorithms of transfer sequence detection for a set of internal states are
also based on using BDD operations and directed toward BDD simplification. Techniques of masking TCs are
proposed. The experimental results on benchmarks illustrate applicability of the suggested approach and show
that overhead for masking TC may be rather small.

In Section I techniques of precise calculation of controllability and observability estimations for combina-
tional part nodes of a sequential circuit are briefly described. In Section 111 the way of calculation of precise control-
lability estimations for combinational part nodes out of working area is given. In Section IV possibilities of detecting
transfer sequence for a set of internal states both without finding the sequence itself and with finding one sequence
are discussed. In Section V the techniques of masking TC are proposed and experimental results are considered.

1. Precise calculation of controllability and observability estimations
with using structural combinational part description

1(0)-controllability of an internal node is a possibility of delivering 1(0) value to it, observability is a
possibility of observation of changing 1(0) value of an internal node on the proper circuit output. Precise cal-
culation of random controllability and observability estimations is based on using of the corresponding BDDs
[10] and operations on them. These estimations are derived for pair of nodes connected with the input and the
output of a TC, correspondingly.

To calculate precisely 1(0)-controllability estimation for internal node v [11] of combinational part C
we derive BDD R®™(1) (R*°"(0)) using the combinational circuit which output is pole v, and inputs coincide
with circuit C inputs. (R®™(0) is obtained from R®™(1) by permutation of terminal nodes.

To calculate precisely observability estimation for internal node v [11] of combinational part C and the
proper circuit output we derive first BDD R(C,) for sub-circuit C,. The sub-circuit corresponds to the proper
circuit C output and is obtained from circuit C under the condition that internal node v is an input of sub-circuit
Cy [10]. During construction of BDD R(C,) variable v is chosen as the first variable of the decomposition.
It means that BDD R(C,) root is marked by variable v.

Let BDD R(Cy) implements function f. We derive from R(C,)) BDDs R(f"-%), R(f"*) which roots are
children nodes of R(C,) root. These BDDs implement functions Y= and f Y= accordingly. Multiplications
R(fY=0)R(f"-1), R(f'-1)R(f"=0) are executed and results are merged being represented by BDD Robs :

RO =R(FY-0)R(F') VR(FYHR(F). (1)

Getting R(f V=°), (R(f")) from R(fY=0), (R(f"?)) is reduced to permutation of terminal nodes of
the corresponding BDDs. Note that BDD operations have a polynomial complexity.

Calculating precise controllability and observability estimations we suppose that 1 value probabilities

of all input variables are equal to %. Using BDDs R®"(1) and R°® we calculate 1 controllability and observa-
bility random estimations for node v.
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Probability P(n) of 1 value of Boolean function 1, corresponding to a BDD internal node p is calcu-
lated with using probabilities p(nX=°), p(n%=") of 1 values of functions »%=° and n%=", corresponding

to children nodes of node p in the following way (node p is marked by variable X;):

p(M) = p() P ™) + p(x%) p(ni=°) .

Moving from 1 terminal node of the corresponding BDD with using the above mentioned formula for
internal nodes we reach the BDD root. As a result random estimations of 1(0)-controllability or observability
are calculated.

Thus random estimations are obtained by using a structural description of a combinational part. But
the behavior of this part as a rule is wider than the working area represented by a State Transition Graph
(STG). The point is that a TC may be triggered just out of the working area (out of the specification). If we
know the STG description (the specification) from which the combinational part of the sequential circuit is
obtained, we may calculate precisely random estimations of controllability out of the working area. As for
precise random observability estimations they are always calculated by using only structural description of
the combinational part.

2. Deriving precise controllability estimations out of working area

Let a behavior of a sequential circuit be represented by STG. To derive a sequential circuit we have to
encode internal states of STG. As a result we get system of incompletely specified Boolean functions. Chang-
ing this system for completely specified Boolean functions system we facilitate possibilities of TCs inserting.
The matter is that getting minimized system of completely specified Boolean functions we, as a rule, increase
both set-off and set-on area of these functions in comparison with the system of incompletely specified Boolean
functions. As a result the full states (depending on input and state variables) that are out of the working area
(it is represented by STG) appear. These full states cannot be reachable during sequential circuit verification
and testing in the working area. If these full states are used for triggering TC, then we cannot detect TC in
above mentioned way. We suggest calculate 1(0)-controllability precise estimations for internal nodes out of
the working area.

STG is known to be a description of Finite State Machine behavior in which symbols of input and output
alphabets are encoded. Consider an example of STG (Table 1).

Here X1, X2, X3 — input variables of the circuit and y1, y2, y3 — output variables. Columns of the table are
derived into 4 sections. The first section represents input cubes (ternary vectors). The second section represents
internal states. The third section represents next internal states. The forth section represents output vectors.
After encoding internal states by 1-hot code (in our example), we derive system F of incompletely specified
Boolean functions (Table 2). The table is also divided into 4 sections. The second and the third sections repre-

sent encoded internal states.
Table 1
State Transition Graph

X1 X2 X3 q q' y1y2ys
0-- 1 1 001
-0 - 1 1 001
11— 1 2 101
--0 2 2 011
--1 2 3 111
10— 3 3 010
0-- 3 4 110
-1- 3 4 011
--0 4 4 011
-=-1 4 1 111
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System of incompletely specified Boolean functions

X1X2 X3 21227324 21" 22' 73' 24 y1y2ys
0-- 1000 1000 001
-0- 1000 1000 001
11— 1000 0100 101
--0 0100 0100 011
- -1 0100 0010 111
10— 0010 0010 010
0-- 0010 0001 110
-1- 0010 0001 011
--0 0001 0001 011
--1 0001 1000 111

Table 2

Change symbol «0» in code words of internal states for symbol «—» (don’t care). As a result we obtain
system F* of completely specified Boolean functions (Table 3). This minimization is possible because we use
the unordered code (1-hot) for encoding of internal states [12—13].

Table 3
System of completely specified Boolean functions
X1 X2 X3 712273124 21" 22' 73' 24 y1y2Ys
0-- 1--- 1000 001
-0 - 1--- 1000 001
11- 1--- 0100 101
--0 -1-- 0100 011
- -1 -1-- 0010 111
10- --1- 0010 010
0-- -—-1- 0001 110
-1- -—-1- 0001 011
--0 ---1 0001 011
--1 ---1 1000 111

The system products represented by cubes of the first and the second sections depend on input and state
variables. Columns of the third and the forth sections correspond to functions representing next states and
outputs of the sequential circuit. Each function f* of system F* is presented by Sum of Products (SoP) origi-
nated by cubes of Table 3 marked with 1 values in the column corresponding to the function f* of this table.
Table 11 is used to derive the sequential circuit comprising from gates. Let C be the combinational part of the
sequential circuit obtained and v — internal pole (Fig. 1).

Note that cubes corresponding to the first and the second columns of Table Il represent the working area
of the sequential circuit. Form the SoP from these cubes. Derive BDD RY from the SoP. Let R™ be an inver-
sion of RW. Then 1(0)-controllability for node v within working area may be calculated using BDDs:

Rcont W(l) — Rcom(l)RW, (2)

Rcont W(O) — Rcom(O)RW, (3)
and 1(0)-controllability out of working area may be calculated using BDDs:

Rcont nW(l) — Rcom(l)RnW, (4)

Rcont nW(O) — Rcont(O)Rnw_ (5)

If among internal nodes there exist ones for which 1(0)-controllability estimations seemed less than the
threshold given, then these nodes are included into set V of suspicious nodes. If we consider that Trojan Circuits
are inserted in working area, we derive random controllability estimations applying BDDs R*°"™"(1) (R*°""(0)).
If we suppose that Trojan Circuits are inserted out of working area, we derive estimations applying R®™™(1)
(R*™™(0)). If we have only structural description of sequential circuit and know nothing about circuit working
area, we derive estimations applying R®™(1) (R®" (0)).

If among internal nodes there exist ones for which the chosen 1(0)-controllability estimations seem less
than the threshold given, then these nodes are included into set V of suspicious nodes. But if the chosen con-
trollability for node v is equal to 0, then node v is excluded from further consideration.
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We may cut set V using precise estimation of node v* observability: node v* is connected with TC output.
If the precise estimation of node v* observability is more than the proper threshold, we exclude corresponding
node v from further consideration. We use the observability estimation if we know possible type of TC.

Instead of full observability estimation described above we suggest using partial estimation applying
ROBDDs derived by the following multiplications: R(fV=1)R(f"=), R(f"°)R(f"™). The proposed partial
estimations of observability for node v* correspond 0, 1 values of the proper combinational part output.

Note that inserting TC changes values both on pole v* and the proper output. If partial observability
estimation for v* is equal to 0, we exclude pole v from consideration. Otherwise BDDs used for calculating
random estimations for poles v, v* may be applied for evidence of existence of an activating sequence providing
malicious TC action and finding the sequence itself if it is necessary.

Node v may be also excluded from consideration if there is no rather short transfer sequence triggering
TC with input v and output v*.
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Fig. 1. Combinational circuit C and pole v

Illustrate getting the estimations of controllability and observability for node v and output ys of circuit C
(Fig. 1) obtained from Table 3. Construct corresponding BDDs. Let R&°™(1) be R®"(1) for node v (Fig. 2a),

R"™ be BDD representing working area described by Table 2 (Fig. 2b), and BDD R,,(C,) be R(C,) for output y3
(Fig. 2c). BDDs R( '), R(f"™) are represented by Fig. 3a, 3b. BDD Rgf’yi is obtained by formula (1)
(Fig. 3c).

a) b) Q)

Fig. 2. a) BDD R/°" (1) ; b) BDD R" ;) BDD R, (C,)
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a) b) c)
Fig. 3. a) BDD R(f **); b) BDD R(f *1); ¢) BDD Ri’,bysa
BDDs for calculating 1(0)-controllability for node v within working area by formulae (2) and (3) are
represented on Fig. 4a, 4b. Similarly BDDs for calculating 1(0)-controllability for node v out of working area
by formulae (4) and (5) are constructed (Fig. 4c, 4d).

a) b) C) d)
Fig. 4.2) BDD R{°™"(1) ; b) BDD R{™™"(0); ) BDD R ™(1);d) BDD R{*™™(0)

Using these BDDs we calculate 1(0)-controllability and observability random estimations for node v
and output ys:

p(R\‘/”byZ =Y%-1+%-(%-1+%-0)=0.75,

P(RE™W@) ) =Y (Yo (o 0+ Y- (Ya-1+"%-0))+%-0)+%-0=0.0625,

P(RE™M™())="a- (Yo (Ya- (Va-0+ Y- 1)+ - 0)+Va- (Va- (o 1+ Y- 0)+ V2. Q)+ Yo (Ya- (Va- (o 1+
+%-0)+%-0)+%-0)=0.1875,

p(REO™™ M)y =Ys- (Yo (Yo (Yo 1+Y%-0)+%-0)+%-0)+Y%-0=0.0625,

P(RE™M™(0)) =Y (Y- (- 0+ Y- (- 0+ Y- 1)+ Y- (Vo (- 0+ 1)+ 1))+ % (Y- (%-0+
+%-1)+%-1)=0.6875.

3. Finding transfer sequences for a set of internal states

Execute multiplication BDD R®™™ (1) or R®™™ (0) for node v and BDD R°®*for node v*. The multi-

plication result is represented by BDD R" . Here we consider that a TC is inserted out of working area (out of
specification).
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Products originated by paths from R" root till 1 terminal pole represent sets of full states of sequential
circuit. Reaching any state from these sets provides malicious action of TC. Select from R" aset of internal

states and form from them the proper SoP depending on state variables. Derive BDD R* from the SoP.
The BDD represents a set of internal states so that reaching any state from the set and applying the corresponding
input Boolean vector (this vector always exists) provide malicious action TC. The procedure of finding existence
evidence of a transfer sequence (the length is not more preset value 1) for some state from a set presented by

BDD R™ is described in detail in [11]. In this algorithm we did not derive the sequence itself but only set up
its existence.

Calculations of controllability and observability estimations for internal nodes of structural combina-
tional part of sequential benchmark circuits (ISCAS’89) are executed. The Table 4 contains the initial infor-
mation about benchmark circuits: name of benchmark (Circuit), number of inputs (N_Is), number of outputs
(N_0Os), number of flip-flops (N_FFs) and number of gates (N_Gs).

Table 4
Benchmark circuits

Circuit N_Is N_Os N_FFs N_Gs

s298 3 6 14 119

51196 14 14 18 529

s400 3 6 21 162

s641 35 24 19 380

51488 8 19 6 653

Results of calculations of length of the transfer sequences are shown in Table 5. The nodes with the
smallest value of controllability (VVC) are chosen among all internal nodes. Minimal observability (VO) for output
nodes of the corresponding gates that have the smallest value of controllability on input node is calculated.

Here we consider inserting TC when input of the gate is v and output of the gate is v*.

0

out

T OUT

Payload
\ Trojan circuit j

Fig. 5. Inserting malicious sub-circuit

The corresponding gates are candidate places where TCs may be inserted (Fig. 5). For such a gate
the set of internal states which can be reached and used for TC activation is constructed and represented by
the ROBDD. After that we built transfer sequence with length | (I < 1000) for one of the internal states from
the proper set. Lengths of transfer sequences are presented in the fifth column (L_S) in Table V. If for nodes
v, v* transfer sequences has | > 1000 or has no transfer sequences at all, the node v has to be removed from
suspicious nodes. In Table V we have three such nodes.
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Experimental results

Table 5

Circuit Gate VvC VO LS
s298 n95 0.03125 0.0664062 No transfer sequence
n40 0.03125 0.5 7
n139 0.125 0.138749 9
n25 0.125 0.5 7
51196 n439 0.000030516 0.249458 1
n438 0.000070569 0.497288 No transfer sequence
n335 0.000137322 0.49707 1
5400 n35 0.015625 0.5 38
n146 0.0156564 0.0593154 37
nl147 0.0309255 0.0402537 33
n65 0.5044682 0.5 9
s641 n491 0.000012144 0.25 No transfer sequence
n486 0.00245458 0.5 4
n489 0.00310373 0.09375 4
s1488 n589 0.00390625 0.0494067 15
n9s8 0.00582886 0.5 4
n636 0.00775146 0.5 3
n619 0.0078125 0.0340039 5

Then we may find the transfer sequence itself for each node of the obtained set V using algorithm [14].
This algorithm like algorithm in [11] is oriented to cutting calculations but it is more complicate in comparison
with algorithm represented in [11]. Applying the derived transfer sequences for set V we may detect node v in
which TC is inserted. Based on the result we may mask TC attack.

4. Trojan Circuit masking

If we suppose that Trojan Circuit is inserted not out of working are, we may mask it in the following
way (Fig. 6).

Here masking sub-circuit together with MUX and XOR are out of sequential circuit area. The sub-circuit
implements the same function that the sub-circuit of the combinational part with output v*. When Trojan
Circuit is triggered the proper output keeps the correct value.

In the case of injecting Trojan circuit into out of working area we suggest the more simple way of

masking (Fig. 7). The masking sub-circuit implements the function represented by BDD R". Connecting the
proper output with MUX we keep the correct behavior of a sequential circuit.

Output Output
MUX
A
Sequential Sequential ;
circuit circuit g,
_.—"'*\ Masking | | .7 V *, Masking
! circuit (") circuit (R')
A . A T___A A ... A T...A
Inputs Inputs

Fig. 6. Masking TC scheme Fig. 7. Masking TC scheme inserted into out of working area
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In this case we need STG description of the sequential circuit behavior and so we use MCNC [15]
sequential benchmark circuits in KISS2 format for experiments.

The set of circuits has been made from KISS2 format (from STG description) by 1-hot encoding of
states and using a logic synthesis and optimization in ABC system [16].

For experiments we have limited to TCs which can be inserted into internal nodes with low controllability
estimations without taking into consideration observability estimations. This approach is suited for any type

of TC. When we know the type, we may use more simple BDDs R" and consequently to cut overhead.

Experiments show that for each internal node with low controllability there exists rather short transfer
sequence [11] triggering TC. For the benchmark circuits considered the transfer sequence lengths are not more
than 8 (in average 1.1).

Calculations of controllability estimations for internal nodes of combinational part of sequential circuits
and the estimations out of working area are represented in Tables 6, 7. In these tables overhead estimations of
masking sub-circuits corresponding to 10 nodes with lesser controllability estimations for each circuit are also
presented. There are the names of benchmarks (Circuits), numbers of gates (N_Gs), minimum nonzero values
of controllability estimations (Min_VC), parts of gates (their output nodes) with values of controllability less
or equal to 0.05 (%_Gs?), 0.005 (%_Gs?) and 0.0005 (%_Gs?®) in percentage, sizes of minimum masking sub-
circuits as a percentage from initial circuit (%_Min) and sizes of maximum masking sub-circuits as a percent-
age from initial circuit (%_Max) for 10 internal nodes with lesser controllability estimations.

Benchmark circuits and masking sub-circuits are received in ABC and they consist of 2-input logic-gates.

Table 6
Experimental results for TC in working area

Circuit N_Gs Min_VC %_Gs? %_Gs? %_Gs® %_Min %_Max
cse 145 0.0000305176 17.2 1.4 0.7 34 11.0
dk14 102 0.03125 2.9 0.0 0.0 1.0 11.8
dk16 142 0.015625 7.0 0.0 0.0 21 16.2
exl 176 0.0000305176 14.2 4.5 2.8 0.6 10.8
keyb 193 0.00138255 16.1 1.6 0.0 1.0 33.2
kirkman 126 0.0000305176 10.3 1.6 0.8 0.8 30.2
sand 388 0.000000159256 10.1 2.8 0.8 0.3 12.9
sse 88 0.000731945 10.2 1.1 0.0 2.3 239
styr 305 0.000000953674 16.7 2.6 2.0 2.0 154
tbk 669 0.000000000232831 215 3.9 2.2 0.4 6.0
train1l 44 0.03125 2.3 0.0 0.0 6.8 13.6

Table 7
Experimental results for TC out of working area

Circuit N_Gs Min_VC %_ Gs! %_Gs? %_Gs® %_Min %_Max
cse 145 0.000000238419 54.5 54.5 54.5 0.7 26.9
dk14 102 0.000976562 58.8 343 0.0 2.0 14.7
dk16 142 0.00000000186265 55.6 55.6 55.6 0.7 6.3
exl 176 0.000000178814 76.7 38.6 19.3 0.6 51
keyb 193 0.0000000596046 58.5 58.5 58.5 0.5 9.8
kirkman 126 0.000000476837 17.5 4.0 32 0.8 19.0
sand 388 0.00000000000909495 52.8 52.8 52.8 0.3 15
sse 88 0.0000038147 51.1 51.1 51.1 1.1 8.0
styr 305 0.0000000000218279 58.4 58.4 58.4 0.3 115
tbk 669 0.00000000000363798 60.7 60.7 60.7 0.1 238
trainll 44 0.000488281 59.1 15.9 2.3 4.5 13.6

Masking TC with using out of working area requires as a rule smaller overhead (in average from 1.1%
to 12.8%) in comparison with masking TC with using only structural description of a combinational part
(in average from 1.9% to 16.8%).
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Conclusion

Possibilities of triggering TC are examined. The investigation is based on getting precise estimations of
internal node controllability and observability by using structural combinational part description. The methods
of getting precise estimations may be used for comparison with results of the different heuristic methods.
The approach to TCs detection inserted out of working area may be applied when they are not detectable during
sequential circuit verification and testing in working area. The experiments on benchmarks show applicability
of the suggested approach. The techniques of masking TCs are proposed. Masking circuits overhead for chosen
internal nodes of the benchmarks are acceptable.
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Buenpenune BpenonocHsix mojcxeM (Trojan Circuits), koTopble MOTYT pa3pyIIHTh JIOTHYECKYIO CXEMY MIIH 00ECICUYUTh YTEUKY
KOH(pUACHIMANbHOI HHPOPMALIMK U3 CHUCTEMBI, COAEpIKaIeil JOTHYECKyl0 cXeMy, TpeOyeT OOHapyKeHHs TaKMX IOJCXEM H, eCIH
BO3MO>KHO, UX MaCKHPOBaHuUsl. MBI IpesiaraeM MeTo] HOMCKa MHOXKECTBA ITOJIFOCOB NTOCNIEI0BATEIbHOCTHON CXEMBI, B KOTOPBIE MOTYT
OBITH BCTaBJICHBI BPENOHOCHBIE IMOJCXeMbl. Ilocime MoJenupoBaHHs MOCIEIOBaTEIFHOCTHOH CXEMbl Ha KOPPEKTHBIX BXOIHBIX
MIOCJIEIOBATEILHOCTSIX MBI MOXKEM OOHAPYXHUTh BPEAOHOCHYIO MOACXEMY, €CITH OHA PUCYTCTBYET, U 3aMaCKHPOBATh €€ CTeHalbHOI
nozicxeMoil. MeTox oCHOBaH Ha IIPUMEHEHUH TOYHEIX (HE 9BPHUCTHYECKUX) OIIEHOK YIPABIISIEMOCTH U HAaOJIIOaéMOCTH BHYTPEHHHX
MOJTIOCOB, TOJIy4E€HHBIX C HCHOJIB30BAaHUEM CTPYKTYPHOTO ONHCAHUS KOMOWHAIIMOHHOI COCTaBIIIOLIEH MOCIEeN0BATEIbHOCTHOM
CXeMBI. DTH OIEHKH BBIUHCIIIOTCS C HCIIOJIB30BAaHHEM MHKPOIPOTrpaMMHOro onmcanus asromara (STG) B mpenmonokeHHH, 9To
BpPEIOHOCHAs IIOJICXeMa MOXKET OBITh BCTaBlIeHAa BHe pabodell oOmacTH (YHKIOHHPOBAHHS IOCIIEIOBATEIFHCTHOH CXEMBI,
omnpeneneHHo# cnenuukanueil. Takke HCIONB3YIOTCS alrOPUTMBI NOMCKA YCTaHOBOYHOM MOCIIENOBATEIBHOCTH JUISI MHOXECTBA
BHYTPEHHHX COCTOSHUH. J{JIsl MMOJTydeHHs OLIEHOK YIPaBIIEMOCTH 1 HaOMIOaeMOCTH, a TAKKe TTOMCKA YCAHOBOYHOM IOCIIEI0OBATEIBHOCTH
HCTIONIB3YIOTCS COKpAIlCHHBIE YIOpsAAoYeHHbIe NBouYHbIe AuarpamMel pemeHnii (ROBDD-rpadsr). M3BecTHO, 4TO omepanuu Hax
ROBDD-rpadamMi MMEIOT MOIMHOMHAIBHYIO CIOKHOCTh. ClleqyeT ydecTb, YTO €CIH BPEZOHOCHBIE ITOJICXEMBI BCTABICHHI BHE
paboueii obacT (YHKIMOHHPOBAHMS, TO OHH HE MOTYT OBITH OOHApyXXeHBI Kak IPH BepU(UKanWH, TaK W IPH TECTHPOBAHUH B
paboueit obnact GhyHKIHOHHPOBaHUSL. [IpeioxkeHbl METOAbI MACKHPOBAHUS BPEIOHOCHBIX MOJCXEM.

99



BECTHHUK TOMCKOI'O I'OCYIAPCTBEHHOI'O YHUBEPCUTETA

2018 VYnpaBieHue, BEIUUCTUTENbHAS TEXHUKA U HHPOpPMaTHKa Ne 42

CBEJEHMUS Ob ABTOPAX

BYTOPUHA Haranssa BopucoBna — crapmmii npernoasarens kadeapsl mporpaMMHpOBaHUs MIHCTHTYTa IPUKIaJHOW MaTeMaTHKH 1
KOMITBIOTEPHBIX HayK HalmoHanbHOTo uccienoBareabeckoro TOMCKOro rocyiapcTBeHHOro yHuBepeutera. E-mail: nnatta07 @mail.ru

T'PEKOBA Taresna UBaHOBHA — IOIIEHT, KaHIUAT TEXHMYECKUX HAYK, JOIEHT Kadeapsl npukiagHoil MareMatuku MHCTHTYTA TIpH-
KJTaJHOH MaTeMaTUKH M KOMIIBIOTEPHBIX Hayk HarmoHalbHOTO HcCIenoBaTenbckoro TOMCKOTO roCyAapCTBEHHOTO YHHBEPCHUTETA.
E-mail: ti_gre@mail.ru

T'YMEHIOK Anekcanap CTenaHoBUY — JOICHT, KAaHTUIAT TEXHUYECKUX HAYK, JOICHT Kadenpbl HHOOPMATUKU M BBIYUCIUTCIBHOMN
TeXHUKH (pakyapTeTa HHPOPMALUOHHBIX TEXHOJOTUIl 1 KOMIBIOTEPHBIX cicTeM OMCKOT0 roCyIapCTBEHHOTO TEXHHYECKOTO YHUBEPCH-
tera. E-mail: gumas45@mail.ru

JOMBPOBCKHM Bnagumup BanenTurOBHY — mpodeccop, TOKTOp TEXHHUCCKHX HAYK, 3aBEAYyIONMH Kadeapoil HH(OPMAIHOHHBIX
TEXHOJIOTUI N OM3Hec-aHATUTUKYU VIHCTHTYTa S5KOHOMHKH M MEHEUKMeHTa HarroHaIpHOro MccinenoBaTenbeKoro ToMCKoro rocyaap-
CTBeHHOTO yHHBepcuTeTa. E-mail: dombrovs@ef.tsu.ru

UT'HATBEB Huxonaii AiekcaHapoBu4 — JOKTOp (HU3MKO-MaTeMaTHIECKUX HayK, npodeccop kKadeapsl aropuTMOB M TEXHOIOTHI
MPOrpaMMHUPOBAHUSI MATEMaTHYECKOTo (akyibTeTa HannoHansHOro yHuBepcutera Y30ekucrana (r. Tamkedr, Y30ekucran). E-mail:
ignatev@rambler.ru

HN3MAUJIOBA SIna EBrenbeBHa — KaHAUIAT GU3UKO-MAaTEMAaTHUECKUX HAYK, aCCHCTECHT KaeApBl TEOPHH BEPOSATHOCTEH U MaTeMaTH-
YecKol cTaTucTHKN MHCTHTYTa MPUKIIagHOH MaTeMaTHKU M KOMITBIOTEPHBIX Hayk HammoHampHOTO HMcCiienoBaTeabeKoro ToMCKoro rocy-
napctBeHHoro yHuBepcurera. E-mail: evgenevna.92@mail.ru.

KOIIATD JImutpuii SIpociaBoBHY — MarucTpant (axKyibTeTa MaTeMaTHKH U HHGOPMATHKU [ pOTHEHCKOTO rOCyIapCTBEHHOTO YHH-
Bepcuteta uM. 5. Kymnansr (Pecniy6nuka benapyce). E-mail: dk80395@mail.ru

MAMEJIOBA Typkan ®apMaH KbI3bl — acIIHpaHT JabopaTopuu «YIpaBlIeHUE B CIOXKHBIX JUHAMHYECKUX cHCTeMax» VHcTuTyTa
cuctem ynpasnernss HAH Asep6aiimkana (r. Baxy). E-mail: kmansimov@mail.ru

MAHCHUMOB Kamuae Baiipamann orssl — npodeccop, T0KTop HU3NKO-MaTeMaTHUECKIX HAYK, podeccop, 3aBeAyIONIHiA Kadenpoit
MaTeMaTHIeCKOi KnbepHeTHKH BakMHCKOTO TOCYIapCTBEHHOTO YHUBEPCHTETA, PYKOBOIHUTENb Tab0paTopin «YTpaBieHHe B CIOKHBIX
JIMHAMHAYECKUX crcTeMax» MHcTuTyTa cucreM yrpasnenus HAH AsepGaiipkana (r. baky). E-mail: kamilbmansimov@gmail.com

MATAJIBIIKUI Muxann AjekceeBuu — mpodyeccop, Z0KTOp (H3NKO-MATeMATHIECKIX HAYK, TPo(eccop Kadeapsl CTOXACTHIECKOTO
aHanm3a ¥ SKOHOMETPHYECKOro MozaenupoBanus [ pogHeHCKOro rocyaapcTBeHHoro yHuBepeutera uM. S1. Kynaner (Pecriy6nuka Bena-
pycs). E-mail: m.matalytski@gmail.com.

MATPOCOBA Amnxkena IOpbeBHa — npodeccop, TOKTOp TEXHUYECKUX HAyK, mpodeccop Kaeapbl MporpaMMHUPOBaHKS HHCTUTYTA
TIPUKJIATHON MaTeMaTHKH M KOMITBIOTEPHBIX HayK HallmoHaIbHOTO MCCIeA0BaTenbecKOro TOMCKOTO rOCyIapCTBEHHOTO YHUBEPCHUTETA.
E-mail: maull@yandex.ru

MEJIBEJIEB I'ennaauii AnexceeBu4 — mpodeccop, TOKTOp HU3UKO-MaTeMaTHYECKUX HAyK, podeccop (akynpreTa MpUKIagHON Ma-
TeMaTHKU U nHpopMaTHkH Beropycckoro rocymaperBeHHoro yuusepeurera (r. Munck, benapyce). E-mail: MedvedevGA@bsu.by

MHUTPO®DPAHOB EBrennii BragumMupoBuy — actiupanT kadenpsl MporpaMMHpOBaHUs VIHCTUTyTa MPUKIagHON MaTEMaTHKH U KOM-
MBIOTEPHBIX HayK HalmoHa bHOro uecenoBareabeckoro TOMCKOTo rocyIapcTBeHHOro yHuBepcurtera. E-mail: gvaz@yandex.ru

HA3APOB Anaroauii AHapeeBHY — npodeccop, JOKTOp TEXHUIECKHX HAYK, 3aBEAYIOLMH Kadeapoll TEOpHH BEPOSTHOCTEH U MaTe-
MaTHYECKON CTaTUCTUKU MHCTUTYyTa MPUKIIaJHON MaTEeMaTUKU M KOMITBIOTEpHBIX Hayk HannoHansHOro ucenenoBarensekoro Tomckoro
rocymapcTBeHHoro yausepcurera. E-mail: nazarov.tsu@gmail.com

OCTAHMUH Cepreii AnekcaHapoBHY — JOICHT, KaHIUIAT TEXHHYECKUX HAYK, 3aBeyIouii kadeapoii mporpammupoBanus MHcTUTYTA
TIPUKJIQHOI MaTeMaTHKN ¥ KOMIBIOTEPHBIX HayK HaImoHansHOTO HMccleqoBaTebckoro TOMCKOTO rocyJapcTBEHHOTO YHHBEPCHTETA.
E-mail: sergeiostanin@yandex.ru

IMAPAEB IOpnii UBanoBu4 — npogeccop, JOKTOp TEXHIUECKUX HayK, podeccop kadeaps! NPUKIagHONH MaTeMaTuk MHCTHTYyTa TpH-
KJIaIHOM MaTeMaTHKH W KOMIIBIOTEPHBIX HayK HaroHanbHOro HccienoBaTelbcKoro TOMCKOIO ToCyqapCTBEHHOTO YHUBEPCHTETA.
E-mail: paraev@mail.ru

100



ITAXOMOBA Enena I'puropbeBHa — IOIEHT, KaHAUIAT (GU3UKO-MaTeMaTHIECKUX HAyK, NOIEHT Kadeapsl nporpaMMupoBanus Vu-
CTUTYyTa MPUKIAJHOI MaTeMaTHKU U KOMIIBIOTEPHBIX HayK HannoHanbsHOTO HccaenoBaTeabckoro TOMCKOTo rocy1apCcTBEHHOTO YHUBED-
cutera. E-mail: peg@tpu.ru

MMAHIUMHCKAS Tatbsina FOpbeBHa — kaHAUAAT QU3MKO-MATEMAaTHISCKHX HAyK, HOLEHT Kadeapbl HHYOPMAIMOHHBIX TEXHOIOTUI U
OM3Hec-aHaMMTHKA VHCTUTYTa SKOHOMHMKH W MeHemKkMeHTa HanmoHanbHOTO HcciaenoBaTenbckoro TOMCKOTO TOCYyIapCTBEHHOTO YHH-
Bepcurera. E-mail: tatyana.obedko@mail.ru

MHNOJYIKTOBA Kcennsi OieroBna — aciipanT Kadeapsl IpUKIIaJHOH MaTeMaTHKH MIHCTUTYTa PpUKIIa{HO MaTeMaTHKH U KOMIIbIO-
TepHBIX HayK HarmoHaneHOTro neenenoBarenbeckoro ToMckoro rocyaaperBeHnoro yausepeurera. E-mail: poluekt.kseni@mail.ru

YBAPOB Bagum EBrenbeBm4 — acmupaHT Kadeapbl TeopeTHdeckod u npukinagHod wuHdopmarukn HoBocubupckoro
roCyIapCTBEHHOTO TEXHHYECKOTO yHUBepcuTeTa. E-mail: uvarov.vadim42@gmail.com

HIYJIBI'A Cepreii AHaTOIBeBHY — CTapIINi MpenojaBaTenb Kadeapsl IporpaMMHpoBaHus MHCTUTYTA MPUKIIATHON MaTeMaTHKH 1
KOMITBIOTEPHBIX HayK HallmoHaIBbHOTO HCCeoBaTe bckoro TOMCKOro rocyIapcTBeHHOro yHuBepeutera. E-mail: shsa@me.com

101



Hay4Hblii s)KypHaJI

BECTHHUK
TOMCKOI'O
I'OCYJAPCTBEHHOI' O
YHUBEPCUTETA

YIIPABJIEHHUE,
BBIYNCJ/IMTEJIbBHASA TEXHUKA
N HHOPOPMATHKA

TOMSK STATE UNIVERSITY
JOURNAL OF CONTROL AND COMPUTER SCIENCE

2018. Ne 42

Penakrop E.I'. Illymckas
Opurunan-maket E.I'. Hlymckoit
Penakropei-nepeBomguuku: I'.M. Kowmkusn; B.H. 'openunuesa
Huzaiin o6moxku JI.J[. Kpunosoit

[oamucano k newarn 14.03.2018 r. dopmar 60x84/s.
I'apautypa Times. [leu. n. 12,8; ycn. meu. 1. 11,9.
Tupax 250 sk3. 3aka3 Ne 3055. [{ena cBob6oHas.

Jara Beixona B cBet 30.03.2018 1.

’Kypnan orrieyatan Ha monurpaduaeckomM 060pyI0BaHUH
Nznatenbckoro Jloma ToMCKOTro Tocy1apcTBEHHOTO YHUBEPCUTETA
634050, r. Tomck, Jlenuna, 36
Ten. 8(382-2)-52-98-49; 8(382-2)-52-96-75
Caiir: http://publish.tsu.ru; E-mail: rio.tsu@mail.ru



