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HEOBXO/IUMBIE YCJIOBUS OITUMAJIBHOCTHU BTOPOI'O ITIOPAJKA
B OJTHOM 3AJTAYE YIIPABJEHUSA C TIEPEMEHHOM CTPYKTYPOMI

PaccmarpuBaetcst o1Ha 3aja4a ONTHMAIBHOTO YIPABIICHS, OMUCHIBAEMasi COBOKYITHOCTBIO AU (hepeHINaIbHBIX U MH-
TerpaNbHBIX YPAaBHEHUH. Y CTAHOBICHBI HEOOXOANMBIE YCIOBHUSI ONITHMAIBHOCTH NIEPBOTO U BTOPOTO HOPSIAKOB.
KoroueBsble ciioBa: nmud GpepeHanisHoe ypaBHEHNE; HHTErpajbHOE ypaBHeHHe THITa BonbTeppa; HeoOXoqumoe ycio-
BHE ONTUMATBHOCTH; aHAJIOT ypaBHEHHMs Dinepa; aHanor yciaosus Jlexxanapa—Kiebma; Heo6X0quMoe ycIoBHe ONTH-
MaJIbHOCTH BTOPOTO MOPSIAKA.

Ha npakTike o4YeHb BaKHBIM BONPOCOM SIBJSIETCSl aJ€KBaTHOE OIMCAHUE HM3Y4aeMOro Ipolecca.
Bo MHOrux ciydasix 3To NpUBOAUT K HEOOXOAUMOCTH U3yUYEHUSI MHOTOATAIHBIX MIPOLIECCOB (COCTABHBIX MU
CTYIEHYATHIX ), KOTOPbIE OY€Hb IIUPOKO PACIPOCTPAHEHBI Ha MpaKkTHUKe. Takue mpoueccsl BO3HUKAIOT B KOC-
MOHABTHKE, TEOPUH JIOKOMOLIMOHHHBIX MPOLIECCOB, XUMUUYECKON TEXHOIOTrUH 1 jp. [ 1-4].

B pabotax [1-10] n npyrux u3ydeH psj 3afad ONTUMAIBHOTO YIPABICHUS MHOTOATAITHBIMH TIPOIIeC-
caMH, OIHMCHIBAEMBIX Ha PAa3MUYHBIX OTPEe3KaxX BPEMEHHU (WJIH K€ B Pa3IMYHBIX 00JAcTsIX) pasHeiMu audde-
PEHIMAIBHBIMU (Pa3HOCTHBIMH) ypaBHEeHUSIMH. [1o100HBIE 3a]a4u ONTUMAJIBHOTO YIPABJICHUS! Ha3bIBAIOTCS
TaKKe 3aJjauaMH ONTUMAJIBLHOTO YIPABJICHUS C IEPEeMEHHOI cTpyKTypoil. B nmpennaraemoii pabote uccieny-
€Tcs OZIHa MHOTO3TAaIIHAasl 33/1a4a ONTHMAIBHOTO YIPABJICHUS, ONMChIBaEMasi COBOKYIHOCThIO nuddepenu-
JIBHBIX U MHTETPAIBHBIX ypaBHEeHUH. [Ipy npeanonoxeHnn OTKphITOCTH 00J1aCTH YIIPABJICHUS! YCTAHOBJICH
aHasor ypaBHeHus Jitnepa [11-13]. BoiBeneHs! Heo0X0AUMBIE YCIOBHS ONITUMAIBHOCTH BTOPOTO MOPSIAKA.

1. ITocTanoBKa 3agaun

JlomycTum, 4TO Ha 3afaHHOM OTpe3ke BpemeHu T =T, UT, (T1 =[t,t.], T, z[tl,tz]) yIpaBIIsieMblii

ponecC OMUChIBACTCA CHCTEMOH ypaBHeHI/Iﬁ

x(t)zj'f(t,s,x(s),u(s))ds, teT, 1)
y=g(t,y.v), teT,, @)
y(t)=6(x(t)). ®)

3necy f (t, S, x,u) (g (t, y,v)) — 3amanHas N (M)-MepHas BeKTOp-(QyHKIHUS, HENPEPBHIBHAS 110 COBOKYITHOCTH
MIEPEMEHHBIX BMECTE C YAaCTHBIMHU MPOM3BOIHBIMH I10 (x,u) ((y,v)) JI0 BTOPOTO MOPSJKA BKIIOYUTEIBHO,
G (X) — 3a1laHHAas IBaXIbl HEPEPBIBHO AnuddepeHpyemas M-mepHas Bekrop-byHkuus, t, t, t, 3anansl,

npuueM t) <t <t,, u (t) (V(t)) — r(0)-MepHBIii KyCOYHO-HETIPEPHIBHBIH (C KOHEYHBIM YHCIIOM TOYEK pa3pbiBa

nepBoro po;[a) BCKTOP YIIPABIAIOMIUX BO3HCﬁCTBHﬁ CO 3HAUCHHUAMMU U3 3aJITaHHOT'0 HEITYCTOT'O, OrPaHUYCHHOTI'O

" OTKPBITOI'O MHOXKECTBA U (V ), T.C.



u(t)eU R, teT, =[tt], @)
v(t)eV R, teT, =[tt].

apy (u° (t),v° (t)) C BBIIIETPUBEICHHEIMH CBOHCTBAME HA30BEM JOTYCTHMBIM YIIPABICHHEM.
[Ipeanonaraercs, 4To KaxI0My JOMYCTUMOMY YIIPaBIEHHIO (u" (t),v° (t)) COOTBETCTBYET €IMHCTBEH-

HOE HETMpephIBHOE (KYCOYHO-TIIAKOE) perieHue X’ (t) (y° (t)) ypasuenus (1) (3agaun Koru (2)—(3)).

Ha pemennsix cucremsl (1)—(3), HOpOKIEHHBIX BCEBO3MOKHBIMH JIOMYCTUMBIMHU YIIPABJICHUSIMH, OIIpe-
JIeTTUM TePMHUHAJIBHOTO THIA (GYHKIIUOHAI

H(uv) =, (X(t) + 2 (¥(t,))- ()
3nech (pl(x) , 0, (y) — 3aJlaHHbIe BBl HEMTPEPHIBHO nu((hepeHnrpyemMbie CKaIsIpHbIe (QYHKITHH.
JIomyCTHMOE yIIpaBIeHHe (u0 (t),v° (t)) , IOCTaBISIONIee MUHAMYM (GyHKIHOHATY (5) TIpH orpaHuye-
ausax  (1)~(4), HasoBeM  ONTHMA&JbHBIM  YIpAaBICHHEM, a  COOTBETCTBYIOIIMA  MPOIECC
(u° (t) Ve (t), x° (t), y° (t)) — ONTHMAJIbHBIM TIPOIIECCOM.
Harmeii menblo sIBIsieTCs BRIBOJ HEOOXOJMMBIX YCIOBHI ONTUMAIBHOCTH HPH MPEATIOI0KEHHN OTKPHI-

TOCTH 00J1aCTH yIIPaBIICHHSL.

2. Bapnauml (l)yHKIII/IOHaJ'Ia U HEsIBHbBIC HeOﬁXOI{HMBIe YcdioBudA ONITUMAJTBHOCTH

ITycTsb (u° (t),ve(t),x°(t),y° (t)) —  (UKCMpOBaHHBIA  JONyCTUMBIA  mporecc.  Yepes

(T(t)=u(t)+Au(t), 7(t)=v°(t)+ Av(t), X(t)=x°(t)+Ax(t), y(t)=y°(t)+Ay(t)) obosnaumy npous-

BOJILHBIH JIOMYCTUMBIH IpOLECcC U, HCIONb3Ys popmyiy Teinopa, 3anuiiem npupalieHine KpUuTepus KadecTBa

(5):
A1 () =1(@.9) =1 (w07 = 04 (% (6)) - (¢ (1) ]+ [0 (T ()~ 02 (v° (1)) ] =

0 Laci) T gy O D . ©
+%Ay’(t2)WAy(tz)+ol(”AX ” )+°2(”Ay ”)

!

3necs M B JanbHeWIIeM |o| ecTh HOpMa Bekropa o =(o,0,,...,0, ), B R" onpenensemas dopmynoit
1 2

ot = Z|oc |, WTpKX 115 MaTpHL — ONEpaLKs TPAHCIIOHNPOBAHHS, A /TS BEKTOPOB — 3HAK CKAIIPHO IIPOU3BeE-
i=1
JieHus, a O(Bz) ecTh BeIMUMHA Gollee BHICOKOr0 MOpsIKa MaJIocTH, 4eM B, T.e. o([?)2 ) / B> —0 mpu p—0.

Jlanee sicHO, 9TO (AX(I), Ay(t)) OyzeT pelieHreM 3a1a4un

t

Ax(t)=[[ f(t,5,%(s),0(s))~ f (t,5,%(s),u"(s)) |ds, teT,, (7)

1)

AY(t)=g(t.¥(1).7(t)-g(t.y° (t).v(1)), (8)
ay(t)=6(xX(1))-6(x" (1)), ©)

[Mpenamnonaoxum, 9to y° (t) , po(t) —TI0Ka HEU3BECTHBIE N U M-MEpPHBIE BEKTOP-(OYHKIIUH.



YMHOkast 06e yacti cooTHommenus (7) ((8)) ciera ckanspHo Ha W (t) ( p° (t)) , & 3aTeM UHTErpupys

06e wacti nonyuenroro Toxaectsa o T, (T,), Gynem umers

jw (t)Ax(t)dt ::jwo' (t) j[f (t,5.%(s),T(3))~ f (t.5,%°(5),u° (s)) Jds |t (10)
T p” (t)Ay(t)dt =T p” (t)[g(t,y(t),v(t))— g(tyo(t).v (t))]dt. (11)

IMonaras N ( p°, X) = p°(t,)G(x) uucrons3yst GopMyITy HHTETPUPOBAHHS [0 YACTSM, B ONPEICTCHHOM

WHTETpaie nonyan
t
Ip t)dt=p° (t,) y(tz)—[N(p",Y(tl))—N(p",x"(tl))}—jp°'(t)Ay(t)dt. (12)
4
y‘II/ITLIBaSI toxaectsa (10)—(12), u3 popmyssl npupamieHus (6) nonquM

Al (u°,v°)=MAx(tl) % j\y t)dt—

OX

-[ jwo(s)[f (stX(1).a(t))- f(s.tx° (t),u‘)(t))]ds}dw P (t,) Ay (t,) -

|t

oN'(p°x (1)) ;

SR () [ (t)Ay(t)dt{f P’ (0] 9(67(0).7(1) - gty (0)v" (1)) Jo+
N (p°x° (1))

ox?

8y(t,) + o ([ Ax (W) + 02 |y (& )] ) - o (Jax ()] )

Mx(t) -5 0X(1) Ax(t)+

1 GRON (yo (tz ))

+§Ay (t,)

U3 (7) sacHo, uTo
t

Ax(g):j[f (6 X ()T (1))~ f (&t (1),u°(t)) ]t (13)

fo

[Mpunumas Bo BHuManue (13), u3 (12) 6ynem umeTh

Al (u",v"):}wp (66X (), T (1))~ f (&, t,x (1),u" (1)) |dt+ ‘

fo

(14)




Beenem ananorn ¢pynkunu I'amunsrona—IlorTpsruna:

el (x (1))
OX

H(tx,uy°)=

[ ON'(p°,x° (t
f(tutxu)+ [y (s)f (s,t,x,u)ds+w
t
M (ty,v,p°)=p°g(t.y.v).

C ydyerom BBeieHHBIX 0003HaYeHUH QopmMyna npupamenus (14) nmpumeT BUI:
t

AL v*) = =[] H (&R (0,8 (8)y° (£)) = H (6" (£).u° (£)v° (t)) Jat -

T (6300.90.9°(0)- M 3 .0 0,020 e L) 20 e

Loy )72y ) Ly PO )y e ) -

fo

Ay (1) + oy (|ax( ) )+ 0 (Jay (&) ) - oa Jax(w)[).
U3 (15), ucnonszys popmymy Teiinopa, Oyaem nmeTsb

o _a(Plz (yo (tz ))
)_T

% a(P’z (yo (tz ))
oy

Al (u°,v AY(t,)+p t_fp t)Ay(t dt+J'\|/ Ax(t)dt -

—}HJ(t,x"(t),u"(t),\y"(t))Au t dt—jHX (t.x°(t),u° (t), w° (t)) Ax(t)dt -

_%J[AX'(I)HXX (t,xo (t),uo(t),wo (t))AX(t)+2AU'(t)HUX (t,XO ('[),Uo (t)v\lfo (t))AX(t)+

t

#AX (), (£ (1),u° (), " (t))Au(t) |dt —iszv'(t, y° (t),v° (1), p° (1)) Av(t)dt -

—Tlvl;(t, y° (t).v° (1), p° (1)) Ay(t)dt —l}[Ay’(t)Myy(t,y"(t),v‘) (1), p° (t))Ay(t)+

F28V/ (DM, (6 y° (£).v° (1), p° (1)) Ay (£) + AV ()M, (£, y° (t),v° (t), p° (1) ) Av (1) [t +

oI o Jay L))o (||Ax(t1 JERT 2o w)
b)) o

Ox?
2 2
+1Ay,(t2)8 0, (y°( Loy ON (p°x(t,))

2 oy? 2 M () ox?

_304 ([lax()] +au (t)||]2)dt - Jos ([lav(o) #av(o)]] Jat.
[Ipenmnonoxum, 4To (\VO (t), p° (t)) YIOBJIETBOPSAET COOTHOLIEHUAM
v (1) =H, (tx° (t),u° (t),y° (1)), (17)
p° (t)=-M, (t.y" (t).v* (1) p° (1)), (18)

p°<t2)=—a“’2(;;<‘2)).

AX(t)+

Ax(t) -

(19)



Cootnomenue (17) ecTsb MMHEHHOE HEOTHOPOAHOE HHTETPAIFHOE ypaBHEHHE THIIa BombTeppa oTHOCH-
TENBHO \° (t) , @ COOTHOIIIeHNE (28) — MUHEWHOE OHOPOIHOE U] PepeHITATEHOS YPAaBHECHUE OTHOCUTEIEHO
p° (t) . Cucremy (17)—(19) HazoBeM conpsbkeHHO# cuctemoit st 3aaaun (1)—(5).
[Ipu Bemonnernu cootHotmenut (17)—(19) dopmyna npupamenns (16) npumer BU:
t I°)
Al(ue,v*) == Hy (6 (1),u (1), " (1)) Au(t)de— [ M (£ y° (£),v° (1), p° (1)) Av (t)dt +
o b
1 o, (x° (1)) 1 o9, (v (t,)) 1 O*N(p°.x°(t,))

+EAX’(H)TAX(H)+EAyl(tz)TAy(tz)—EAX/(tl) axz

ax(t)-
LT (10 (0,0 (0 (0)x(8)+ 200 (1) iy (0" ()07 () (1)) 8 (0) ¢

FAX' (1) Hy, (87 (1),0° (1), y° (1)) Au (t)]dt—%T[Ay’(t)M o (LY (1) (1), p° (1)) Ay (1) +

+2AV ()M, (£, y° (£),v° (1), p° (1)) Ay (1) + AV ()M, (t, y° (t),v° (1), p° (t) ) Av (t) [dt +m, (Au, Av),

(20)
TJIC TI0 ONPE/ICTICHUIO
4
m (Au,av) = o, ([Jax(t )] )+ oz (4 (1)) - o ([ax (8] ) - o ([||Ax(t)||+||Au (t)||]2)dt _
. ’ (21)
2
~fou [lav(@)+|av(o)]T et
b
U3 (7)—~(9), ucnons3yst ycinouto JIumimia, noiaydaem, 4ro
t
(o< I+ o e, @
)
t
Ay (O = e [ oy ()] +[av(e)| Jaw+ L ax(w) (23)
)
rae L, =const>0, i= 1,_3 — HEKOTOPEIE ITOCTOSHHBIE.
[Mpumensist k HepaBeHCTBY (22) ananor ieMMbl ['ponyosa—bemimana 6yieM UMeTh
L’}
st <t flau e 2
fo
A u3 (23) cnenyer, 9yTo
t
Jay ()]s lav @) ee+ e ) @)
b
rre L,, Ly, Ly — HeKoTOpbIE IIOIOXHUTENBHBIC TOCTOSHHEIC.
C yuetom (24) u3 (25) momyuum
t, t,
||Ay(t)|| <L I”Av(t)"dr + L I||Au (r)”dr, (26)
t t

rre L, =const >0 — nekoropoe nocrosiHHOE.
ITo npeanonoxenuto, U n V orkpsiTeie MHOXeCTBa. [[03TOMY CrienuaabHOE HPUPAICHUE YIIpaBIIe-

HUSA (u° (t),v° (t)) MOJKHO OIPEICIIUTh KaK
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Au_(t)=eou(t), teT,
()=eBu(t), teT, on
Av, (t)=gdv(t), teT,,
e € — JOCTaTOYHO MAajoe IO aOCOJIOTHOM BEIWYHMHE YHCIIO, a OU (t) eR", t eTl (6V(t) eR", teTz) -
MPOU3BOJIbHASI KyCOUHO-HETPEPhIBHAS (C KOHSUHBIM YKCIIOM TOUEK pa3phbiBa MepBoro poaa) I (4)-MepHas Bek-
TOp-(YHKIHS — IOMYCTHMAas Bapuallys yIpapJsioneid GyHkuuu U’ (t) (v" (t)) .
UYepes (AX8 (t),Ay‘g (t)) 0003HaYMM CIIEIMAIBHOE MIPUPALICHAE TPACKTOPUHU (XO (t), y° (t)), OTBEYAI0-
1ee IpupamieHuo (27) ynpasieHus (uo (t),v (t)) .
W3 onenok (24), (26) cnenyer, 4To
|ax. (t)|< Lye, teT,,

lay, (t)|< e, teT,,

rae Ly, Ly =const >0 — HekoTOpbIE MOCTOSIHHBIE.

(28)

Ucnons3ys onenku (18) u yuutsiBas (27), npu nomontu (7)—(9) o cxeme, Hanpumep, u3 [14] noka3si-
BaeTCs

Jlemma 1. Jlns (Ax, (t),Ay, (t)) cnpasemssl pasnosxkenus
AX, (t)=88x(t)+o(8;t), (29)
Ay, (t)=edy(t)+o(e; ), (30)

rae (8x(t),8y(t)) — Bapuawus TpaeKTOpHH, SBIAIOMAACA PELICHUEM YPABHEHUS B BAPUALIIX

t

Bx(t) = j [ (65X (5),u°(5))3%(5)+ £, (t,5,% (s),u° (5))8u(s) Jds, teT,, (31)
8y(t)=g, (t.y°(t),v"(1))dy(t)+g, (t.y° (t).v°(1))dv(t), teT,, (32)
dy(t)=G,(x"(t))3y(t) - (33)

VYuuteiBas (27) u paznoxenus (29), (30) B hopmyne npupamienus (20) moxydaem, 4To
Al (u°,v°) =1 (u° +Au,,V° +Av£)— | (u°,v°)=

:—SFH; (t,x°(t),u° (t),y° (t))du(t)dt +tj|\/|v’ (t.y (t).ve (1), p°(t))dv(t)dt |+

1) b4

+?{8X,(H)52(P1((3X: (t1)) SX(H)—SX'(H)aZN ( p°,x° (tl))

0
- () () () -
(34)

'

#8X (1) Hy (137 (t),u° (£), " (1))du(t) Jdt - [[ 8y’ ()M, (ty° (£).v° (1), p° (1)) 8y () +

fo

#2080 (1)M,, (£, y° (1),v° (1), p° (1))8y (1) + 8V ()M, (t,y° (1).v° (1), p° (1))3v (1) | dt} +o(e?).
U3 paznoxenus (34) ciemyer, 4To TiepBasi ¥ BTOpast BApHAIIUH (B KIIACCHUECKOM CMbICIe) QYHKIIMOHAIIA
KauecTna (5) MMEIOT COOTBETCTBEHHO BUJI!

&' (u°,v°; u,8v) = —THJ (t.x°(t),u° (1), w° (t))du (t)dt —TMV'(t, y° (t).v° (1), p° (t))dv(t)dt , (35)

b



azmlgx°(q)) NP ()

#2807 (£) H, (137 (1),u° (8), 7 (1)) 3% (£) + X (£) Hy, (6% (£),u° (1), w° (1))3u (t) [dlt + (36)

+8y'(t2)Wsﬂtz)—tj@y'(twW(t, y° (t).v° (1), p° (1)) dy (1) +

#2050 (1)M,, (£, y° (1),v° (1), p° (1)) By (1) + 8V (1) M, (t,y° (1),v° (1), p° (1)) v (t) Jat .
U3 pe3ynbTaToB KIIACCHYECKOTO BAPHAIMOHHOTO HeuKciaeHus (cM. Hamp.: [11-14]) ¢ yuetom (35), (36)

CcleyeT, 4TO BJIOMh ONTHMAIbLHOTO IIPOIEcca (u° (t),vo(t),x°(t),y° (t)) mis Beex du(t)eR", teT,

8v(t)eR", t €T, BHINONHAKOTCS COOTHOICHMS

thu’ (t.x°(t),u° (1), w° (t))du (t)dt +TMV’(t, y° (t).v° (1), p° (t))dv(t)dt =0, (37)
() U ) ey I Oy T iy )

f [ () Ha (1" (6).07 (£),w (1)) 3x() + 280" () H (6 (1) 0 (1), w° (1)) 3 (1) +

4

#8X (1) Hy (37 (t),u° (1), (1))du(t) Jdt - [[ 8y (t)M,, (1 y° (£).v° (), p° (1)) 3y (t) +

b (38)
#2050 ()M, (£, y° (),v° (1), p° (1)) 8y (1) + 8V ()M, (t,y° (1),v° (1), p° (t))dv(t) |dt > 0.

3. Heo0xoamMple yCa10BUSI ONTUMAJIBHOCTH

TO)KI[GCTBO (37) SABIIACTCA HCABHBIM HGOGXO,Z[I/IMLIM YCJIOBHUEM OIITUMAJIBHOCTHU NCPBOTO MOPsAAKA,
a HCPABCHCTBO (38) €CTb HCIBHOC HeO6XO,Z[I/IMO€ YCJI0BHUE ONNTUMAJIBHOCTHU BTOPOI'O IMMOPAAKA.

Hcnonb3yst MpoU3BOIBHOCTh M HE3aBUCHMOCTh BapHanui Ou (t) , 8V(t) YIPaBISIOMNX (QYyHKINH
u® (t) v (t) , ipu oMoty (37) noka3pIBaeTcs
Teopema 1. [ ONTUMAIBHOCTU TONYCTUMOIO YIIPaBICHUS (u° (t),v° (t)) B 3amade (1)—(5) HeoOxo0-

JHUMO, YTOOBI BBITOIHSAINCE COOTHOIIEHUS.

H, (6,x°(6),u°(6),y°(6))=0, (39)
JJIs BCEX TOUEK HENMpPEPBIBHOCTH O € [to,tl) YIpaBIICHUS uo(t);
M, (6,y°(6),v°(8), p° (0))=0, (40)

JUIs1 BCEX TOYEK HEeNpepbIBHOCTH 0 € [tl,tz) ynpasienns v (t).

Cuctema cootHoutenuii (39), (40) ecte He0OOXOAWMBIE YCIOBHS ONTUMAIBLHOCTH MEPBOro MOPSAKA U
MPEACTaBISIIOT COO0H aHaIOr ypaBHEHHS Diepa.

Kaxnoe nomycrumoe yrpaBiieHUE (u° ('[),V0 (t)) , VAOBIIETBOPSIIOITIEE HEOOXOIUMEIM YCIIOBUSIM OITH-

ManbHOCTH (39), (40), Ha30BEM KIIACCHYECKOH AKCTpeMaibio. SICHO, YTO ONTHMaIbHOE YIpaBiieHHe (€CIu OHO
CYIIECTBYET) HAXOAUTCS CPEU KIACCUIECKHUX IKCTpEMalIeH.
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Jnist cy>)keHHsl MHOXKECTBa KIIACCHYECKUX DKCTpeMariel, MOJ03PUTENHHBIX Ha ONTHMAIbHOCTh, HAJ0
UMETh HEOOXOJUMBIC YCIIOBUS ONTHMAIBHOCTH BTOPOTO MOPS/IKA, BRIPAXKCHHBIC HETTOCPEICTBECHHO Yepe3 ma-
pametpsl 3amaun (1)—(5). C aToii 1espio OyneM UCIOb30BaTh HESIBHOE HEOOXOIMMOE YCIIOBHE ONTUMAIBHO-
CTH BTOpOTO Topsika (38).

[ycth R(t, T) (n X n) MaTpU4Hask QYHKIHS, yIOBIETBOPAIOLIAst MATPUYHBIM HHTETPANbHBIM ypaBHE-

HusM Tuna Boaereppa [15-17]:

R(t,r) =jR(t,S) fx(s,r, X° (r),u°(r))ds+ f, (t,r, x° (‘C),UO(’C)),

R(t,r)z_[ f, (S,’E, X°(r),U°(r))R(S,r)dS+ fX(S,T, x° (r),u"(r)).

T
Yepes F (t, T) 0003HauNM (m X m) MaTPUUHYIO (DYHKIIHIO, SIBJISIFOIYIOCS PEIICHHEM MaTpHYHOro AnQ-

(epeHIManbHOro ypaBHEHUs

F. (t,’t) =—F (t,r) g, (1:, y° (r),v° (r))
C HaYaJILHBIM YCIIOBHEM
F(tt)=E,
rne E - (m X m) eIMHUYHAS MaTPHIIA.
Pemenne 6X(t) UHTerpajbpHOro ypaBuenus (31) nomyckaer npexacrasinenue [15-17]

T

t
x(t)=[R(t. )| [ f,(s.%x°(x),u°())du(s)ds+ f, (t,7,x° (x),u°(x)) du(x) |dr. (41)
to to
ITpeobpasys npaByro yacth npeacrabiaenus (40), ucnonb3ys hopmyny dupuxie (cm. manp.: [11]), mo-
JyYUM

SX(t)sz(t,t)Su(r)dr, (42)
rJie O ONpeieIeHUI0 )
Q(tr)=1, (t,r,x"(r),u°(r))+jR(t,s) f, (5,57 (2),0° (1)) ds
A pewenne 3axaun Ko (32)—(33) nomyckaer Hpe,Z[C”;aBJIeHPIe [11, 18]
sy(t) = F(t,ti)Sy(tl)Jrj.F (t7)g, (v v (1), (x))ov(z)dr
CrnenoBaTelnbHoO, tl

dy(t)=F(tt)G,(x° (tl))éx(t1)+jF (t7)g, (t.y° (x).v (r))dv(x)dr. (43)

4

C yuerom (42) npencranienue (43) 3amuchIBaeTCS B BUIIC
dy(t)= j. F(tt,)G, (X° (tl))Q(tl,'t)Su (t)dt+ J. F(t1)g, (’C, y°(t),v° (r))SV(t)dr . (44)

Y4uuThIBas MPOM3BOJIBHOCTh BapUaluii oU (t) 51 8V(t) , IPEIIOJIOKHUM, UTO 8V(t) =0.

Toraa u3 npencrasnenus (44) Oyaem UuMeTh
4

3y (t)=[L(t,7)du()d, (45)
fo

rAc 1o OonpeaAcjICHUIO

(1) =F(LL)G, (¢ (1))Q(L 7).
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A HepaBeHCTBO (36) IpUMeET BU

&X' (H)a (Plgx (H))SX(H)_SX,(H)GZN(p°,x° (t)

x>

8x(t1)+6y’(t2)aq)—
—j[Sx’(t)Hxx(t,x"(t),u°(t),\p"(t))ESx(t)+26u’(t)Hux(t,x°(t),u"(t),w"(t))gx(t)_,_
3K (1) Hy, (1 ()0 (£), v° (1)) u(t) [t - f5y M., (t.y° (t),v° (t), p° (t))dy (t) 2 0.

Ucnons3ys npeacraBneHme (42) JTIOKa3BIBAETCS, ITO

se(t) 2 D) g “2 )

Q(t,,s)du(s)dr,

b

4t

—jjau’(r){ [ QtoH, (tx(t).u (1), (t))Q(t,s)dt]Bu (s)dsdr,
tl max(t,s)

[anee npu oMoy NpeACTaBICHUS (45) JIOKa3bIBAETCS, YTO

6y'(tz)M Héu ML(tz,s)Su(s)dr,

2

8y ()M, (ty° (£),v* (1), p° (1))3y (1) dt =

s

—”5u E[L °(t),v (), p° (1)) L(t, s)dt}iu(s)dsdr.
Beens o6o3HaquI/Ie
K(9) -1 ‘Plg; Dos)-ven 0D g g,

+ t{ )Q’(t,r)HXX(t,x°(t),u°(t),qﬁ(t))Q(t,S)dt—

—Q'(tl,r)azN ( paxx (tl))Q(tl,s)+;|2‘L’(t,r)Myy(t, Y (),v° (1), p° (1)) L (¢, )t

u yuutsiBas Toxaectsa (47)—(50), u3 HepaBeHCTBa (46) MOTYYNM, YTO
4t

J-J-Su ’E)K(’E s)Su( )dsdr+ZIHSU'(I)HUX(T,XO(T),UO(T),\W’(r))L(II)dT 6u(t)dt+

b

+[ 8 () H,, (tx° (t),u° (1), y° (t))du(t)dt <O.

1)

12

(46)

(47)

(48)

(49)

(50)

(51)

(52)



Teneps npeanonoxum, uro U (t)=0, dv(t)=0. Toraa us npeacrapnenuii (42), (44) nonyunm, 4ro

3x(t)=0, teT,

=.[F (t,r) g, (r, y° (r),vO (r))SV(r)dr . (53)
[Ipu aTOM HepaBeHCTBO (36) npmv;eT BH]I
az(Pz (yo (tz )) t
BY'(t,)——=—=0y(t,)— || 8Y' ()M, (t,y° (t),v°(t), p°(t))dy(t
V() o(t) ![y(t) (ty" ()" (t), p° (1)) 3y (t) + -

#2050 ()M, (£, y° (),v° (1), p° (1)) By (1) + 8V ()M, (£, y° (1),v° (1), p° (t))dv(t) |dt > 0.

Ucnonssys npeacrasnenue (53), qoka3pIBaeTCs, 4TO

- , . (55)
—”éiu )9, (ty° (), (r))F’(tz,r)wF(tz,s)gv(s,y°(s),v°(s))8u(s)dsdr,

Jav' (M, (ty° (£).v° (1), p° (1)) y(t) =
W (56)
=I|:ISV’(1)MW(T, y° (1),v° (1), p°(r))F(r,t)dr} g, (£ y° (t),v° (t))du(t)dt,

t
t Lt

ISy’(t)MW (tye (1).v (1), p° (1)) Sy (t) = ”8u’(r)g§ (t.y°(x)v° (1))x

4 by

{ I F'(t'T)Mw(t'yo(t)'Vo(t)'po(t))F(t.S)dt}gv(5,y°(S).V°(S))8u(s)dsdr.

max(,s)

(57)

Bgeng o603HaueHue

M (t,s)= F'(tz,r)WF(tz,sﬁ tj F'(t )M, (ty° (1).v° (1), p° (1)) F (t,s)dt

max(t,s)
u yuuthiBas Toxectsa (55)—(57), HepaBeHCTBO (54) 3anuchIBaeTCS B BUJIC
L

[[ov'(x)a;(x.y° (x).v°())M (r.5) g, (s.y° ()" (5))du(s)dsdt +

Ly

+2tj T@V'(T)g;(t y° (1), v ()M, (T, y° (t),v° (1), p° (1)) F (v, t)d [g, (t,y° (t),v° (t))dv(t)dt + (58)
v oM, {6y (0.0° (1), p° (1) (1) <O.

b

CdhopmynupyeM MoaydeHHBIH pe3yibTar.

Teopema 2. JIj1st ONTHMATBHOCTH KITACCHUYECKO# IKCTPEMATTH (u° (t),ve(t )) B 3anade (1)~(5) Heo6xomuMO,

4T00BI HepaBeHCTBa (52), (58) BbimonHsumes st Beex dU(t)eR™, te T, dv(t)eR", t T, coorsercraenHo.
3aMeTuM, YTO MOJIYYCHHBINA PE3yJIbTaT SBISETCS JOBOJIBHO o0mmM. VI3 Hero, UCmob3ys POU3BOIIb-
HOCTh BapHuanuii ou (t), 8V(t) YIPaBISONUX QYHKIUH U° (t) , V° (t), MOYHO TOJTyYHTh psiji Ooiee JIeTKO

MIPOBEPSIEMBIX YCIIOBUN ONTUMAIBHOCTH H, B YaCTHOCTH, UCCIIEIOBATH OCOOBIE B KIIACCHYECKOM CMEICIE [14,
19, 20] ynpaBnenus.
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3akiaouenne

B cratbe M3y4acTCsa OHa 3aJavda ONTUMAJIbHOI'O YIIPAaBJICHUS, OIIMChIBAa€Masi COBOKYIIHOCTBIO zmdocbe—

PEHIIMATBLHBIX U UHTETPATIBHBIX ypaBHEHUH. [Ipyu npeanonoxkeHuy OTKPBITOCTH 00JIaCTH YIPaBJICHUS YCTa-
HOBJICH aHAJIOT ypaBHEHUs Dilfiepa. BrIBeeHO KOHCTPYKTHBHO MPOBEpsieMOoe He0OX0UMOE YCIIOBUE ONTH-
MaJbHOCTH BTOPOTO TIOPSIIKA.

10.

11

12.
13.
14.
15.

16.
17.

18.

19

20.
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The paper deals with the problem of optimal control by minimizing functional of a terminal type

I(u,v)=(p1(x(tl))+(p2(y(tz)) (1)

with constraints

u(t)eU cR", teT =[tt],

v(t)eV cRY, teT,=[t,t,], &)
x(t):jf(t,s,x(s),u(s))ds, teT,, @)
y=g(t,y,v), teT, (%)
y(t)=G(x(t). o
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Here f (t, S, x,u) , (g (t, y,v)) are give n (m)-dimensional vector-functions, respectively, continuous with respect to all the varia-
bles together with partial derivatives with respect to (x,u) ((y,v)) up to the second order inclusive, G(x) is m-dimensional twice

continuously differentiable vector-function, t,, t,, t, are given and t, <t <t,, u(t) (v(t)) are r (g)-dimensional piecewise-continu-

ous (with a finite number of points of discontinuity of the first kind) vector-functions of control actions, values from a given non-
empty, bounded, and open sets U (V), ¢,(X), ¢, () are given twice continuously differentiable in R"(R™) scalar functions. Here

(pl(X) and ¢, (y) are given m-dimensional vector functions, respectively, continuous with respect to all the variables together with

partial derivatives up to the second order inclusive.

Keywords: differential equations; Volterra type integral equations; necessary optimality conditions; analog Euler equation; analog
Lejandr—Klebch conditions; second order necessary optimality conditions.

MANSIMOV Kamil Bairamali ogly (Doktor of Physics and Mathematics, Professor, Baku State University, Institute of Control
Systems of Azerbaijan National Academy of Sciences, Baku, Azerbaijan).
E-mail: kamilbmansimov@gmail.com

ALEKBEROV Aydyn Abdulla ogly. (Institute of Control Systems of Azerbaijan National Academy of Sciences, Baku, Azerbaijan).
E-mail: kmansimov@mail.ru

REFERENCES

1. Gabelko, K.N. (1974) Consistent improvement of multi-stage processes. Automation and Remote Control. 11. pp. 72-80. (In Russian).

2. Kirichenko, S.B. (1994) Optimal'noye upravleniye sistemami s promezhutochnymi fazovymi ogranicheniyami [Optimum control of
systems with intermediate phase constraints]. Kibernetika i sistemnyy analiz — Cybernetics and Systems Analysis. 4. pp. 104-111.

3. Velichenko, V.V. (1976) Optimal'noye upravleniye sostavnymi sistemami [Optimal control of composite systems]. Doklady AN SSSR.
176(4). pp. 754-756.

4. Nikolskiy, M.S. (1987) Ob odnoy variatsionnoy zadache s peremennoy strukturoy [On a variational problem with a variable struc-
ture]. Vestnik Moskovskogo universiteta. Ser. Vychislitel'naya matematika i kibernetika. 1. pp. 36-41.

5. Ashchepkov, L.T. (1987) Optimal'noye upravleniye razryvnymi sistemami [Optimum control of discontinuous systems]. Novosi-
birsk: Nauka.

6. Tadumadze, T.A. & Avalishvili, N.M. (1985) Regulyarnyye vozmushcheniya v optimal'nykh zadachakh s peremennoy strukturoy
[Optimum problems in systems with variable structure]. In: Optimal'nyye zadachi v sistemakh s peremennoy strukturoy [Optimum
problems in systems with variable structure]. Thilisi: Thilisi State University. pp. 100-154.

7. Kharatishvili, G.L. (1980) Printsip maksimuma v optimal'nykh zadachakh s pereklyucheniyem [The maximum principle in optimal
switching problems]. Trudy ISU AN GSSR. 19(1). pp. 5-17.

8. Magerramov, Sh.F. & Mansimov, K.B. (2001) Optimization of a class of discrete step control systems. Zhurnal vychislitel'noy
matematiki i matematiyacheskoy fiziki — Computational Mathematics and Mathematical Physics. 3. pp. 360-366. (In Russian).

9. Bagirova, S.A. & Mansimov, K.B. (2007) Singular control in a single step control problem. Automation and Remote Control. 3.
pp. 74-81.

10. Mansimov, K.B. & Nasiyati, M.M. (2011) Neobkhodimyye usloviya optimal'nosti v odnoy mnogoetapnoy diskretnoy zadache
upravleniya [Necessary optimality conditions in one multi-stage discrete control problem]. Matematicheskoye i komp'yuternoye
modelirovaniye. Ser. fiziko-matematicheskikh nauk. 5. pp. 162-179.

11. Alekseyev, V.M., Tikhomirov, V.M. & Fomin, S.V. (1979) Optimal'noye upravleniye [Optimal control]. Moscow: Nauka.

12. Demyanov, V.F. (2005) Usloviya ekstremuma i variatsionnoye ischisleniye [Extremum conditions and calculus of variations].
Moscow: Vysshaya shkola.

13. Gabasov, R., Kirillova, F.M. et al. (2011) Metody optimizatsii [Methods of optimization]. Minsk: Chetyre chetverti.

14. Gabasov, R. & Kirillova, F.M. (1973) Osobyye optimal'nyye upravleniya [Singular optimal controls]. Moscow: Nauka.

15. Abdullayev, A.A. & Mansimov, K.B. (2013) Neobkhodimyye usloviya optimal'nosti v protsessakh, opisyvayemykh sistemoy inte-
gral'nykh uravneniy tipa Vol'terra [Necessary optimality conditions in processes described by a system of integral equations of
Volterra type]. Baku: ELM.

16. Vasilyeva, A.B. & Tikhonov, A.N. (1989) Integral'nyye uravneniya [Integral equations]. Moscow: Moscow State University.

17. Tsalyuk, Z.B. (1977) Integral'nyye uravneniya Vol'terra [Integral equations of VVolterra]. Itogi nauki i tekhniki. Ser. matematicheskiy
analiz. 15. pp. 131-138.

18. Gabasov, R. & Kirillova, F.M. (1973) Optimizatsiya lineynykh system [Optimization of linear systems]. Minsk: Belarusian State
University.

19. Mansimov, K.B. (1994) Neobkhodimyye usloviya optimal'nosti osobykh protsessov v zadache optimal’nogo upravleniya [Necessary
conditions for the optimality of singular processes in the optimal control problem]. Abstract of Physics and Mathematics Dr. Diss. Baku.

20. Mansimov, K.B. (1999) Osobyye upravleniya v sistemakh s zapazdyvaniyem [Singular controls in systems with time delay]. Baku:
ELM.

15





