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E.A. llepenenxkuun

YIHPABJIEHUE CIIEKTPOM CUCTEMBI BTOPOI'O ITIOPAJIKA
C OBPATHOM CBS3bI0 110 YCKOPEHUIO

Pemaercs 3agada ynpasieHHs CIEKTPOM CHCTEMBI BTOPOTO ITOPsIIKa ¢ 00paTHOI CBA3BIO IT0 BEKTOPY YCKOPEHHS. YcTa-
HOBJICHBI OTPaHUUYEHUSI, HAKJIaJ(bIBAEMBIC HA CIEKTP 3aMKHYTOI cucTeMbl. OicaH aJropuT™M pacdeTa MaTpHULBI 00-
paTHOI1 CBA3M, KOTOPBI CBOAUTCS K MOCIIEIOBATEIbHOMY PEIICHUIO KBAPAaTHOTO yPaBHEHHS M CHCTEMBI TMHEHHBIX
anreOpandeckux ypaBHeHHH. [IpuBoanTCS MpuMep peleHus 3a1a4H yIIPaBISHUS CIIEKTPOM MEXaHWIeCKOH CHCTEMBI.
KnrodeBble c10Ba: cucTeMa BTOPOTO MOPSAKA; YIPABICHHE CIEKTPOM; 00paTHas CBA3b 110 YCKOPEHHUIO.

3agada ynpaBiIeHUS CIIEKTPOM JIMHCWHON CTallMOHAPHOW TMHAMHYECKOW CHUCTEMBI B Cllydae CcTaTHue-
CKOM 00paTHOM CBSI3M MO BBIXOAY OTHOCHTCS K TPYJHO pEIIacMbIM 3aJadyaM MaTeMaTHUECKONW TEOpUH yIpaB-
nenus [1]. DTy 3agady MOKHO paccMaTpHUBaTh Kak 00paTHyIo mpobieMy coOCTBeHHBIX 3HaueHuH [2]. I1ogo0-
HOTO poJia 33J]a4yl BCTPEUAIOTCSI HE TOJBKO B TEOPUH aBTOMATUYECKOTO YIPaBJICHUS, HO U B MEXaHUKe, (u-
3uKe, 00pabOTKe CHTHAIIOB, BRIYHCIUTEIFHOW MaTeMaTHKE.

O6patHas mpobiemMa cOOCTBEHHBIX 3HAYCHUH, KaK MPAaBHUJIO, CBOIUTCA K PEIICHUIO CHCTEM HEITMHEH-
HBIX anreOpandecKkux ypaBHEHHU. B oTnu4YMe OT cHCTeM ITWHEHHBIX aNreOpandecKuX ypaBHEHHH CHCTEMBI
HEJINHEWHBIX aNreOpanyecKux YpaBHEHHI MOTYT HE UMETh JCHCTBUTEIBHBIX PEIICHUI UM UMETh KOHEUHOE
YHCIO TaKuX pemeHni. [[onck Bcex NeHCTBUTENHBIX PEIICHHI CHCTEMBI HETMHEHHBIX allre0pandecKuX ypaBs-
HEHHI B 00II[EM CiTydae SBISETCS IOCTATOYHO CII0KHOW BBIYMCIIUTEIBHON 3a/1a4ei.

B nanHoit pabote pemaercs 3aiada yIpaBJIeHHUs CIIEKTPOM CHCTEMBI BTOPOTO TOPSAJKA C ABYMs Iepe-
MEHHBIMHU BXOJ[a U ABYMS IIepeMeHHBIMHU BbIxoj1a. [Ipenmonaraercs, 4To N3MEPEHNIO JOCTYIHBI BTOPHIE MPO-
W3BOJIHBIE TIEPEMEHHBIX BBIXOJA. YIPABJICHUE CTPOUTCS B BUJE CTATUUECKOW OOpAaTHOW CBSI3U IO BEKTOPY
n3MepeHuii. Takoro Buja 00paTHYIO CBSI3b MPUHSATO HA3bIBATh 0OPATHOMN CBSI3BIO MO YCKOPEHHUIO.

B pabote paccmaTpuBaloTCsl yCI0BUS CYILIECTBOBAHMS PEIICHHS 3aa4H YIIPABJICHUS CIIEKTPOM U OTpa-
HUYEHHUS, HAKJIaJbIBa€Mble Ha CIIEKTP 3aMKHYTOM cucTeMbl. ONMUCHIBAETCS aNTOPUTM pacdeTra MaTpHUIlbl
00paTHOM CBS3U, KOTOPBIH CBOAMTCS K MOCIIENOBATEIbHOMY PEILICHUIO KBaAPATHOTO YPABHEHHS U CUCTEMBI
JUHEHHBIX AIre0panvyecKux ypaBHEHHUH.

AHaNOTHYHBIA METOJ/I CHHTE3a OOpaTHOM CBSI3W MO BBIXOAY JJISI CUCTEMBI, 3aJaHHOU IMepeqaToOuyHON
¢dbysKmei, onrcad B padote [3]. HeoOxoammo Takke 0TMETUTh paboThl [4—0], B KOTOPBIX TPEACTABICHO pe-
LICHUE 3a]1au¥l yIIPaBICHHS CIIEKTPOM JJIsi CHCTEM BTOPOTO MOpsiAKa ¢ 00paTHOM CBA3BIO TI0 CKOPOCTH U YCKO-
peruto. B aTom cityyae cuHTE3 00paTHOW CBSI3M MOXKET OBITH OCYIIECTBIICH HA OCHOBE PEIIEHHs JIMHEHHBIX
MaTPUYHBIX yPAaBHEHUH WM TMHEHHBIX MATPUYHBIX HEPABEHCTB. J{JIs1 CHCTEM CO cTaTH4ecKoi 0OpaTHOM CBS-
3bI0 110 YCKOPEHHUIO 3TOT MOAXO0/ HENPUMEHHUM.

Jannas cratbg nononHseT padoTy [7], B KOTOPOU MOIYYEHO pelIeHue 3aa4n YIIpaBiIeHHe CIEKTPOM
CHCTEMBI BTOPOT'O MOPSIZIKA B CIIydae CTaTUUECKON OOpaTHOM CBS3U 1O BBIXOY.

1. TocTanoBKa 3agaun

PaccMOTpUM JTHHEHHYIO THHAMHYIECKYIO CHCTEMY, TIOBEIEHHE KOTOPOl OMMCHIBAETCS YPaBHEHHEM
Ay +AYy+Ay=Bu,
rae U, Yy — 2-BeKTOPHI BXOJA M BBIXOA, A, A, A, B — (2 x 2)-mMaTpuibl ¢ BEIECTBEHHBIMHU SJIEMEHTAMH.

YHpaBJ'IeHI/Ie 6y;[eM HUCKaTh B BUJAC 06paTHOI71 CBsI3U 10 BEKTOPY BTOPBIX IIPOU3BOAHBIX
u=-Fy,
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rae F — (2 x 2)-maTtpumna oOpaTHOH CBSI3M C BEIIECTBEHHBIMH DIIEMEHTAMH. 3aMKHYTasi 0OpaTHOW CBS3BIO
crcTeMa OTHCHIBACTCS YPaBHEHUEM

(Ap +BF)y+Ay+Ay=0.
[Tox ciekTpoM pa3oOMKHYTOH CHCTEMBI OyleM MOHUMAaTh KOPHHU XapaKTEPUCTHYECKOTO0 MHOTOYJICHA
Pa30MKHYTOM CUCTEMBI

a(s) =det(A(s)), A(S)=Ays* +AS+A,.
HOH CHeKTpOM 3aMKHyTOﬁ CUCTEMBbI 6yI[eM IIOHUMATh KOpHI/I XapaKTepI/ICTI/IquKOFO MHOI'OYJICHA
3aMKHyTOI71 CUCTCMBbI

b(s) = det(A(s) + BFs? ).
bynem cuurtath, yro det Ay =0, U OyneM paccMaTpHBaTh TOJIBKO T€ MAaTPHIBI OOPAaTHOM CBS3M, IPU
KOoTOphIX det(A, + BF) = 0. B 3T0M cityuae CIEKTPBI Pa30MKHYTOM M 3aMKHYTOH CUCTEM COCTOAT U3 YETBIPEX
yucen, dega(s) =degb(s) =4.
3amada ynpaBieHUs] CHEKTPOM 3aKiII0YaeTcs B BbIOOpe MaTpHIlbl oOpaTHOW cBs3u F, mpu KoTopoi
KOpHH MHOTOWwIeHa D(S) CoBIAmaroT ¢ 3aJaHHBIM HAOOPOM KOMIUIEKCHBIX uucel S ={S;;S,;S3;S,}- Koad-

(uIMeHTEl MHOTOWIEHA D(S) AeHCTBUTEIbHBIE, O3TOMY KOMILICKCHBIE YHCIA S; JOJDKHBI BXOAUTH B HAOOP

S KOMIUTIEKCHO COTPSKEHHBIME TTapaMu. J1J1st 00eCieueHnsT ACHMITTOTHYECKON YCTONYHNBOCTH 3aMKHYTOM CH-
CTeMBbI HEOOXOAUMO TaKXke, YTOObl YKCIa S; HaXOIWINCh B JIEBOM 4aCTU KOMILIEKCHOI IJIOCKOCTH.

2. AJITOPUTM CHHTe3a 00pPaTHOM CBA3H

3anwmmem matputsl A, B, F moanemenTHO:

A(s) = {311(5) 312(5)}, B— {bn b12:|, E_ { f11 f12j| .
a(s) ax(s) by by for f

Torna
b(s) =a(s) +cy(s) f11 +Ca(s) f1o +C3(8) Far +C4(S) F2o +C5(S)(F11 F2o — F21f12)
rae
a(s) = ay; (5)an () — a5 (5)ag,(s),  €1(S) = (A (S)byy — Ay, (S)byy)s?,
Co(S) = (a1 (S)byy —an (S)by1)s?,  C3(S) = (Ao (S)bry —ayy(S)byy)s?,
Co(S) = (841(S)byy —ay (S)b15)s%,  C5(S) = (Byabyy —byybyy)s” .
O603Ha9NM

a(s) =ays® +a;s° +a,s? +ags+a,, € (S)=Cs? +¢yy8° +¢pps7,
Co(S) = CpgS”* +CpyS° +CppS%,  C5(S) =Cg8” +Cgy8% + 5087,
Ca(8) =Cyo8* +C48° +Cpp8%,  Cs(S) = Cgos” .
CHGHOB&TGHBHO, KOB(l)(l)PILII/IeHTBI XapaKTCPpUCTUICCKOI0O MHOT'OYJICHA 3aMKHYTOﬁ CHUCTCMbI
b(s) =bys* +b;s% +b,s% +hys+h,
paBHBI
By =ag +C1q f11 +Cop f12 +C30 F21 +Cao T2 +C50 (11 o — F21 F15)
by =ay +Cy1 f13 +Co1 f1p +Cap Fog +Cyy Frps
by =@y +Cpp 13 +Cop f1p +Cgp Fy +Ch5 f2s s
b3 = a3 y b4 = a4 .
CocTaBUM MHOTOWIEH
Iy 4 K3 . hel bk ey
b(s) =by(s—5;)(s —52)(S—S3)(s—54) =bp(s” + 5™ + 0,5 +bss+by),
IIe Sy, Sp,, S3, S, — JKEIAaeMblil CIEKTp 3aMKHYTON cucteMsl. [IpupaBHsieM k03 QUIMEHTE MHOTOUJIEHOB

b(s) u b(s). ITomyuum cucTeMy ypaBHEHHit

26



anaeﬂeHue CNEeKmMpOomM Cucmemsvl 6mopoco nop}u)m c 06pamH011 C653b10 NO YCKOPEHU

boby =by,  bob, =b,, byby=az, byb,=a,. 1)
Cucrema ypaaeHuit (1) sBIsIeTCSl CHCTEMON HETMHEWHBIX alTreOpandecKuX ypaBHEHUI OTHOCHUTEIEHO
HEN3BECTHBIX K03 dunuenTos ooparHoii cesasu f,, f,, f,, f,,.

bynem cuntats, 4yto a, =det A, #0. DT0 03HaYaET, YTO CIIEKTP PA3OMKHYTOH CUCTEMBI HE COIECPIKUT
HyJeBbIX yncen. M3 pasencts (1) cieayer, uto KOpHH MHOTOUWIEHa b (S) cBA3aHBI COOTHOIIEHHEM

1 1 1 1 a
= 2
S Sy S3 S a,
CootHoimeHue (2) HaKIabIBa€T OTPAHUYCHHUE HA CIIEKTP 3aMKHYTOH cucTeMbl. [IycTh COOTHOIICHUE
(2) Bemonasierca. Toraa B cucteme ypaBHeHH (1) MOXXHO OCTaBHUTH MEPBHIE TPH ypaBHEHUS. 3aIUIIEM Ty

CUCTEMY ypaBHeHI/Iﬁ B MAaTpUYHOM BUJIC.

Cf =p+qg. ®)
31ech
o o o o f11
C1091 —Cn C2091 —Cxn C3o?1 —C3 C4091 —Cyu1 f
C=|Cph, —Cpp Cyoby —Cpp  Cgoby, —C3p  Choby —Cup |, = flz ,
C1ob3 C20b3 Caohs Caobs le
22
a — aolil - Cso§1
p= az_aolzz o O= —Csotlz B ER TR PP PYRITE
ag —aghs —Csobs

[Tycth ctpoku matpuikl C nuHeiHO HezaBucuMbl, rankC = 3. Toraa npu 3aJaHHOM 3HA4YECHUU (

cucrtema ypaBHeHui (3) nmeeT O6CKOHEYHO MHOTO penieHnid. YacTHoe pereHwne, 00aaarolnee MUHIMATbHON
HOPMOM, MOKHO TIOCTPOUTH C ITOMOIIBIO TICEBI00OPATHON MATPHUIIBI

f=C*(p+qg), C*=cTlccT)". )
Beenem matpuiy
00 0 1
00 -10
G=
00 0O O
00 0O O
HewusBecTHyto nepeMeHHy0 § MOXKHO 3aIlMcaTh B BUJE KBaAPaTHYHON (POPMBI:

g=fTGf . (5)

[Honcrasum (4) B (5). [loxyunm ypaBHEHHE
g® +rg+r, =0, (6)
rae
\ \ \
n=a'(c*Jec*q, r=p'(c*)GCtq+qTc*)GCtp-1,
T
n=p'(c]GCtp.
[lycts rl2 —4ryr, >0. Toraa cynecTByeT 0JIHO WJIH J1BA ICHCTBUTENBHBIX PEIIeHUH § ypaBHeHus (6),
JUIs1 KOTOPBIX MBI MOYKEM TOJIYYUTh BELICCTBEHHbIE pelIeHus ypaBHeHHs (3)
f=C"(p+q9),

", COOTBETCTBCHHO, MATPUIIbL 06paTHOI71 CBs3U, IPHU KOTOPLIX KOPHHU XaAPAKTCPUCTUUCCKOI0O MHOTOYICHA 3a-
MKHYTOﬁ CHUCTCMBI COBIIAAAIOT C 3aJJaHHBIM Ha60pOM KOMILIEKCHEIX YKCel S.
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3. lIpumep

PaCCMOTpI/IM ABYXMACCOBYI0O MCXAaHUYCCKYIO CUCTEMY C aKTUBHBIM IleMH(pHpOBaHI/ICM, JBUXKCHHUE KO-
TOpOﬁ B OKPECTHOCTH ITOJIOKCHU A PaBHOBCCHUS TOAYHUHACTCA YPABHCHUAM

MYy =—Kyyp —di¥1 + Ko (Yo — y1) +da (Yo — Y1) + Uy — Uy,
My ¥, ==Ky (Yo — Y1) —da (Yo — Y1) +Uy,
rie Y,, Y, — OTKJIOHCHHS MacC OT MOJOXKEHHS paBHOBeCHs (M); Uy, U, — YIPaBISIOIINE CHIBL, My, M, —

3HaueHus Macc (Kr); k, , k, —koaduumentsl xectkoctd (H/m); d; , d, —koadduiments! nemnduposanus (He/m).
Martpuiibl CHCTEMbI PaBHBI

m 0 _|dp+d; —dy
AO{O mj’ Al{ —d, dZ]

ko +k, —k, 1 -1
= y B: .
o8 B AR

XapaKTepUCTUUECKUI MHOTOYJIEH Pa30MKHYTON CUCTEMBI:
a(s) =mymys® + ((dy +d,)m, +d,my)s® + (kg +ky)my, +komy +d;d,)s® +

+ (kyd, +Kkyd;)s +kiks, .

XapaKkTepuCTUUECKUI MHOTOUYJIEH 3aMKHYTON CUCTEMBIL:
b(s) = (M fiq +my Fop =My, f5 + F1y Fp — F1p Ty +-mym,)s® +
+(d, iy +d, fip +d; fop +(dy +dy)m, + dzml)s3 +
+ (ko (F1g + F1) + kg Fop + (Ky +Ky )M, +komy +dyd, )s* +

+ (kydy +Kkyd;)s + kiks, .

Orpannuenue (2) npUHUMAET BUL:

i_{_i_{_l_‘_i:_wl (7)
S S, S3 S4 kqk,
ITycte m; =2, m, =3, k; =2, k, =4, d; =3, d, =5. CekTp pa3soMKHYTOH CHCTEMbI PABEH
s, =—4,242; s,=-094; s3=-024+053i; s,=-024-053i.

3aﬂa,I[I/IM JKEITaeMBIH CIICKTP SaMKHYTOﬁ CHUCTCMBI B BUJIC

Sy =—V+Wi; S,=-V—Wi; S3=S; S;=5,.
W3 cootnomenwus (7) cremayer
4k .k
2 TR g2
k,d, +k,d;

Hanpumep, ipu vV =1 moiyuum W = 0,67 . CoctaBuM MHOTOUJICH, KOPHSIMU KOTOPOTO SIBJISFOTCS YUCIIa
s, =—1+0,67i;, s,=-1-067i; S3=S;; S54=S5,.

Panr matpunsl C paBeH 3, ypaBHeHue (6) UMeeT BEILlECTBEHHbIE pelleHus g, = —8,28; g, =—6,1. CooTser-

[-0348 -3,09 L 059 -285
| —2,74 -0563] 1-2,26 -0563]

IIpU KOTOPBIX CHOCKTP SaMKHYTOﬁ CHUCTCMBI COBIIAAACT C 3aJaHHBIMHU YHCJIaMHU.

CTBCHHO HaAXOAWM ABC MAaTPHUIbI O6paTHOfI CBsI3U.

3akiIouyenue

B pa60Te MMOKAa3aHO, YTO CIICKTP CUCTEMbI BTOPOI'O IMOpsAAKa C O6paTHOI71 CBA3bI0 110 YCKOPCHUIO HEJIb35
Ha3HAYUTh IPOU3BOJILHO. HpI/I BI:I60pe AOIMYCTUMOT O CIICKTPAa MaTPpUIy O6paTHOI>’I CBsA3HU MOKHO HaﬁTH, pcmas
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MOCJICZI0BATEIIBHO JIBE aNreOpandecKue 3a/1auu — KBaJlpaTHOEC YPAaBHCHUE U CUCTEMY JIMHEHHBIX alre0panye-
CKUX ypaBHEHU. B pe3ynbTare mpu OmpenesicHHBIX YCIOBUSX MOXHO TOJYYHTH JIBE€ MAaTPHUIBI 0OpaTHOMN
CBSI3H, KOTOPBIE 00CCIICUMBAIOT 3a/IaHHBIIA CIICKTP 3aMKHYTOW CUCTEMBI.

Pesynprarer paboThl MOTYT HalTH PUMEHEHHE NP PEIICHNH 3a7a4 YIIPaBICHUI KoJeOaHUsIMU MeXa-
HUYECKHUX CHCTEM HA OCHOBE CUTHAJIOB JATYUKOB YCKOPEHUM, UTO MOATBEPKIACTCS PACCMOTPEHHBIM B CTAThE
MIPUIMEPOM PEIeHH 3a/1a4H YIIPABICHHUS CIIEKTPOM JIBYXMaCcCOBOW MEXaHUIECKON CHCTEMBI.
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Pole assignment problem for a linear stationary dynamical system with static output feedback belongs to the hard-to-solve problems
of mathematical control theory. In general case this problem is reduced to solving systems of nonlinear algebraic equations.

In this paper pole assignment problem for a second-order system with acceleration feedback is solved. The system, the behavior of
which is described by the equation

AY+AYy+Ay=Bu,
is considered, where u, y are 2-vectors of input and output, A,, A, A,, B are 2 x 2-matrices with real elements. It is proposed to
construct control law in the form of feedback with respect to the second derivative vector, acceleration vector:
u=-Fy,

where F is a feedback 2 x 2-matrix with real elements.

The spectrum of open-loop system is the roots of the polynomial

a(s) :det(A)s2 +As+ AZ) =as'+as’+as’+as+a,.
The spectrum of closed-loop system is the roots of the polynomial
b(s) = det((A, +BF)s’ + As+A,) .

Pole assignment problem is to selecting a feedback matrix F under which the roots of the polynomial b(s) coincide with a given set
of complex numbers S ={s,;s,;S;;S,} .

It is shown that the spectrum of a closed-loop system have to satisfy the relation

1. 1. 1.1 &
Sl SZ S3 SA a4

If this relation is satisfied, then the solution of pole assignment problem reduces to the sequential solution of the square equation
and the system of linear algebraic equations. The conditions under which there exist real feedback matrices providing a given spectrum
of a closed-loop system are determined.

The results of the paer can be applied in solving the problems of vibration control of mechanical systems based on the signals of
acceleration senso that is confirmed by the example of solving pole assignment problem of a two-mass mechanical system.

Keywords: second-order system; pole assignment; acceleration feedback.
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