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YIIPABJIEHUE TUHAMUYECKUMU CUCTEMAMHA
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B.B. lom0poBckuii, T.1O. Ilammnuckasn

YIOPABJEHHUE C IPOT'HO3UPOBAHUEM
PACHPEJAEJEHHBIMU CTOXACTUYECKUMU I'MBPUJIHBIMU CUCTEMAMMA
C MYJIbTUIVINKATUBHBIMU LIYMAMM TP OT'PAHUYEHUAX

B pabore paccmarpuBaeTcs 3aaua CHHTE3a ONTUMAIIBHBIX CTPATETHH YIPABICHHS C MPOTHO3HUPYIOIEH MOAENIBIO IS
KJIacca pacnpeieNIeHHbIX THOPUIHBIX CHCTEM C MYJIbTHIUTMKATHBHBIMH IIYMaMH, COCTOSIINX U3 MOACUCTEM, C yIETOM
OTpaHMYEHHI Ha YNPaBIIAIOIIUe TepeMeHHbIe. [TapameTps! ka0l U3 MOACHCTEM H3MEHSIOTCSI B COOTBETCTBHH C 3BO-
JIFOLMel MapKOBCKHUX LIeNei, COCTOSIHHS KOTOPBIX B3aMMOCBSI3aHBI MEXKTy COOOH.

KnroueBble c/10Ba: ynpapieHHE ¢ IPOTHOZUPYIOIIEH MOJEBIO; pacipeaelIeHHbIe THOPUIHBIE CHCTEMBI; BEKTOPHAs
OJIHOCBSI3HAA IIeTThb MapKoBa; MyIbTHIUIMKATUBHBIE ITyMbI; OTPaHUYCHUSL.

CoBpeMeHHBIE CHUCTEMBI YIIPABICHUS, KaK MPaBUIIO, MIPEICTABISIIOT COOOH CIIOKHBIE HMepapXuiyecKue
CHCTEMBI, COCTOSILNE U3 B3aUMOJCHCTBYIOUIMX MOACHCTEM HEOIHOPOAHOM HENPEPHIBHO-TUCKPETHON Ipu-
ponsl. B yacTHOCTH, MHBECTUIIMOHHBINA NOPT(ENb NPEACTaBIAET COO0M CI0KHYIO CTOXaCTHUECKYIO HECTaLH-
OHApHYIO TMHAMUYECKYIO CHUCTEMY M MOXKET COIEP)KaTb PUCKOBbIE (DHHAHCOBBIE aKTHBBI Pa3HBIX KIIACCOB,
JMHAMHKA I0XOTHOCTEH KOTOPBHIX MEHSETCS CKaYKOOOPa3HO B COOTBETCTBUH C IBOJIIOLMEH COCTOSHUN B3au-
MOCBSI3aHHBIX MapKOBCKHUX LIETIEH, XapaKTepU3YIOIUX, HAIPUMEP, COCTOSHUE PAa3IUYHBIX CEKTOPOB 3KOHO-
MUKH WM Pa3InYHbIX (PMHAHCOBBIX PHIHKOB [1]. Takue cucTteMbl OTHOCATCS K KIlacCy pacHpeieleHHbIX TH-
OpuaHbIX cuctem [2, 3].

I'uOGpuaHbIe cUCTEMBI C MAPKOBCKMMH CKauKOOOpa3HBIMH IapaMeTPaMu HAILIH IUPOKOE PU3HAHUE U
MPUMEHEHHUE B IPAKTHKE YIIPABICHUS MHOTUMH peajbHbIMU npoueccamu [2, 4]. D ek THBHBIM MOIX0A0M K
YIpaBJICHUIO THOPUIHBIMY CHCTEMaMH B IPUCYTCTBUM OTPAHUUEHHUHN SIBIISETCSI METOJ YIIPABIICHHUS C IPOTHO-
supyromieit Mmojensio [3]. B paborax [5-9] paccmarpuBaroTest 3a1a4u yrpaBieHus C TIPOrHO3UPOBAHUEM JIJISI
rUOPUIHBIX CUCTEM, TAPaMETPhl KOTOPHIX U3MEHSAIOTCSI B COOTBETCTBUU C 3BOJIIOLUEH OJTHOMEPHOH MapKOB-
CKOI1 1len, ¢ y4eToM OrpaHWYeHWH Ha ympasieHus. B padore [10] mpemioxkeH MeToll CHHTE3a CTpaTeruil
yIpaBJIeHUS C IPOTHO3UPOBAHNEM ISl B3aMMOCBS3aHHBIX THOPUAHBIX CHCTEM C MApPKOBCKMMHU CKa4KaMH IpU
YCIIOBUH, YTO OT COCTOSIHMSI MapKOBCKOH IIETIH 3aBUCUT TOJIBKO MaTpHIlA YIPABICHUS KaX/I0H U3 ITOICUCTEM.

B nactosmeit paboTe paccMaTpuBarOTCs pacipeneeHHbIe THOPUIHBIE CHCTEMBI C MYJIbTUILTHKATHB-
HBIMH ITyMaMu. [lapameTpsl Kak01 U3 MOACUCTEM M3MEHSIOTCS B COOTBETCTBUH C SBONIONNENH MapKOBCKHUX
1enei, COCTOSHNS KOTOPBIX B3aHMOCBSI3aHBI MEXIy co0oi. [lomyueHsl ypaBHEHUSI CHHTE3a ONTHMAIbHBIX
CTpaTernid yIpaBJeHHs C IPOTHO3UPYIOLIEH MOJENBIO C YIETOM SBHBIX OIPaHUYEHUI Ha YIPaBIISIONINE TIe-
pEMEHHBIE.

1. TocTanoBKA 3aga4u

HYCTB CHUCTEMaA COCTOUT U3 COBOKYITHOCTU NMMOJACUCTEM, COCTOSAHUA KOTOPBIX ONMMCBHIBAIOTCS YPABHCHUAMU
XD (k +12) = ADo @D (k + 1),k +1]xD (k) + BP[al® (k +1),k +1]u@ (k) +

" (1)
+2 B L@k + .k + 1w (k + Du@ k), g=1.2,..5,
j=1



anaeﬂeﬂue C NPOCHO3UpoBarnuem pacnpe&eﬂeHHblMu cmoxacmudecKkumu 2u6pudezMu cucmemamu

rae XO(k) — n{ -mepHslit BexTOp cocTostHus §-i moacuctemoi, UD(K) — n{? -mepHsIit BexTOp ynpaBneHus
g-it noacuctemoit; A@[a@(k),k], B{®[a®(k),K], j = 0, ..., N — MaTpHIBl COOTBETCTBYIOMIUX Pa3MEPHOCTEIL;
wi@(K) — mocnenoBaTenbHOCTD GENBIX ITYMOB C HyJIEBBIM CPEIHUM U equun4HOM mucnepcueit; ol¥(k) — cka-
JApHas OJHOPOHAA Lielb MapkoBa ¢ KOHEUHBIM MHOKecTBOM cocTostHuit {1,2,....vq}; a@(K) u wj¥(k) nesa-
BUCHMBI. TakuMm 00pa3om, Kaxkaasi U3 MOJACUCTEM MOYKET HAXOJUTHCS B Vg COCTOSHHSAX, OMpPEeIsIEMbIX CKa-
JISIPHBIM CITy4aliHBIM MPOLIECCOM C JUCKPETHBIM MHOXKECTBOM 3HAYEHHH (COCTOSIHUIA).

MexIy TOACHCTEMAMH CYIIECTBYET B3amMOcBs3b: coctosuue uenu o¥(k) Q- momcucTems
(=1, 2, ..., ) B k-if MomMeHT BpemeHnu 3aBucut ot coctosuuii ueneit o(k-1) (r=1, 2, ..., S) B MOMEHT
BpeMenu k—1. Takum 00pa3oM, IMHAMUKA CHCTEMBbI B II€JIOM 3aBHCHT OT JAUCKPETHOTO BEKTOPHOTO CITydaii-
noro npouecca a(k) = [a®(k), a@(K), ..., a®(K)]" c koneunbIM MHOXkeCTBOM cocTosHuit {q, jo} (=1, 2, ..., S;
Ja=1, 2, ..., vq) u auckpeTHBIM BpemeHeM. Ciydaiinblii poriecce oK) mpencraiseT co00ii BEKTOPHYO OTHO-
CBS3HYIO Lieb MapKoBa.

JI71st BEKTOPHOM HIETH BEPOSTHOCTH MEPEX0/1a 3a OJIUH IIIar ONPEICIISIOTCS B BUJIE:

Poictivs = Ploa(k+ D =0 0 (K D) =g foy(K) =g 05 =0g |, 3 Py i =]
Juends
C HAYaJILHBIM pacIpe/IeIeHHEM
Py = P{03(0) = jp,na(0) = s}, (hy = Lvgs.s s =1,v5), 2 Py =L
hoenls

[penmnosaraeTcs, 4YTO COCTOSTHUE BEKTOPHON MapKOBCKOH IIETTH B MOMEHT BpeMeHH K ocTymHo Habto-
JICHUIO.

Ha ynpapnsroniye Bo3A€HCTBUS KaXKI0M U3 MOJCUCTEM HAKJIAJbIBAIOTCS OTPAHUYEHHUS:

u@ (k) < S@ k)u@ (k) <ul@ (k),q=1s, (2)

min
rae S®(K) — MaTpHIIBI COOTBETCTBYIOIIMX Pa3MEPHOCTEH.
Heo6X011MO Onpe/IeNuTh 3aKOH YIpaBIeH s CHCTEMOi, cocTosmIel u3 noacuctem suna (1), mpu orpa-
HUYeHHUsX (2) U3 yCI0BUS MUHUMYMA KPHTEPHS CO CKONB3AITAM TOPU30OHTOM YIIpaBJIeHUs

IR+ mIk) = MED 3D (k +))TR (k -+ i)x@ (k +1) — RO (k +1)x@ (k +1) +
gq=1li=1 (3)

+U@D K +i-2/K)TR@ (k+i—Du@ (k +i-1/ k)/x(q)(k),a(k)},

rme UW(k+1/k), 1=0,m-1 — mociesoBaTeIHOCTD MIPOTHOZHPYIOIIUX YNPABICHUH (-H MOJICHUCTEMOI,
U@ (K)=u@(k/k), M{a/b} — onepatop ycnosroro maremaruueckoro oxunanns, R (k +i) >0, R (k +i) >0,

R®(k +i) >0 — BecoBble MaTPHLBI COOTBETCTBYIOLINX PA3MEPHOCTEA, M — FOPU3OHT IPOrHO3a, K — TeKyIil

MOMEHT BPEMEHHU.
2. CuHTe3 cTpaTeruii ynpasJjieHHs ¢ IPOTHO3UPOBAHUEM

Crpareruu ynpapJeHHs ¢ IPOrHO3UPOBAHUEM OIPEIECISIFOTCS 10 CIIEAYyIoIeMy mpaBriy. Ha kaxmom
mare K wmuHEME3HpyeMm (dyHKkimoHan (3) MO MOCIEIOBATEIBHOCTH MPOTHO3UPYIOIINX  YIIPAaBICHHI
uDK/K), ..., u@Dk+m—-1/k),g=1, 2, ..., S, 3aBUCAIIHUX OT COCTOSHMS TIOJICHCTEMBI B MOMEHT BpeMeHH K, rpu
orpannyenusx (2). B kauectse ynpasnenus B MomeHT Bpemenu K 6epem U@ (k) = u@(k/k). Tem cambim mosty-
yaeM ynpasinenue (-ii noacucremoit UP(K) kak pynxuuro cocrosamii X¥(K) u a(k), T.e. ynpasnenue ¢ o6par-
HO# cBaA3bI0. UT0OBI monyunts ynpasienue UD(k + 1) Ha ciexyromem mmare, nporeaypa HOBTOpSETCs s
creayromero momenta K + 1 u T.11.

Ecmu nermt Mapkosa o@(K) (=1, ..., S) He3aBUCUMBI MeKLy cO00It (COCTOSHHUS HOJCUCTEM HE 3aBHCST
OT COCTOSIHHI JPYTHX MOJCHCTEM), T.C. MPEACTABISAIOT COOON OJHOPO/IHBIC CKAISIPHBIC 1eru Mapkosa, To
Ka)k/1asi U3 HUX JIOIYCKAaeT CIIeAYoIiee Pe/ICTaBIeHHe B IIPOCTPAHCTBE cocTostHui [11]:

0@ (k +1)=P@o@ (k) + (@ (k +1), (4)
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rae 09(K) = [§(a@(K),1), ..., 8(a@D(K),vo)]", 8(a@(K),j) — pynxums Kponekepa (j = 1, ... vq); P® — marpuua
HepeXo/IHBIX BeposaTHOcTeH A 0-if neru; v@(K) — MapTUHTaT pa3sHOCT.

O606mM cooTHomeHne (4) I CKaIApHBIX IeTe Ha Ciydail BEKTOPHBIX OJHOPOIHBIX IIETeH
Mapkoga.

Beeaem myabTuuHaeKcs | = (i1, I2, ..., is), ] = (j1, j2, ..., Js). Toraa MaTpuiry BeposSTHOCTEH mepexoa 3a
OJTMH IIar BEKTOPHOH 11ermu MapkoBa MOXKHO TipesicTaBuTh B Buae P = (Pj), rae

Ri =P (1 =L visdig =Lver i =Lvy; ) js =1 vg).
Matpuia P 061anaer cBoWCTBOM:

]

Baenem Bexrop 0(K) = [8(a(k),1), ..., 8(a(k),v)]T, v =v1 X v2 X ... X vs. 3nauenne Bekropa 0(K) coorser-
CTBYET KOMOMHAIIUK COCTOSTHUI OJJHOMEPHBIX 1ierieii MapkoBa.
Torma s MHOTOMEPHOH IETTH MOYHO 3aIliCcaTh MPEICTaBICHHE B MPOCTPAHCTBE COCTOSHUIA, aHATIO-
rugHoe (4):
B(k +1) =PO(k) +v(k +1). (5)
C yuerom (5) ypaBrueHus st nojacuctem (1) MOKHO TPEICTABUTH B CIICAYIOLIEM BUJIE:
XD (k +1) = ADIO (k + 1),k + 17D (k) + B[ (k +1),k +1]u® (k) +

+ji_1 B0 (k +1),k -+ I (k + Hu@(k), q=1.5, ©
rae
AD[0(K), K1 = 320, () A% k),
. (7)
BiV[0k).k] = 2.0, (0)B; "V (k). j=0.n,
3neck 0i(K) (=1, 2, ..., v) — kommnorenTs BekTopa O(K); {AV@}, {B0@} (i =1, ..., v) — MHOXecTBa 3HAYCHMI

matpur AQTa(k),K] u B{O[a(k),K].
Kpurepwii (3) mpumer Bu:
S m
Jk+m/k) =ML S XDk +i) TR (k +i)x® (k +i) = RV (k +i)x D (k +i) +
g=li=1 (8)
+U Pk +i-1/K) RO K +i-1u@ (k+i-1/ k)/x(q)(k),e(k)}.
Teopema. BexTopbl IPOrHO3UPYIOIIUX YIPABICHUN

T T
) yeos

U@ (k)= [(u@(k / k)) (u(q)(k +1/ k)) ,(u(‘”(k +m-1/ |<))T T,q =1s,

MHUHUMH3UpYoLHe Kputepuit (3) npu orpannueHusx Buaa (2), Ha KaxaoM mare K onpenensercs u3 peie-
HUS 381291 KBaAPAaTUYHOTO IPOTPaMMHUPOBAHUS C KPUTEPUEM BHUIA

Y(k+m/k)= [2xT (K)G(K) - F(k)]u (k) +U T (K)H (K)U (k) (9)
IIPHA OTPAHUYECHUAX
U9 () <5 (U@ () <UL, (k). (10)
OHTI/IM&J’ILHOC ynpaBﬂeHHe IJIA q-ﬁ IIOACUCTEMBI paBHO
(@) _ (@)
k) = [I”u(q) 0”u<q) O”U(q) JU (k).

rae I”u(q) — CIMHIYHAs MATPHLA PA3MEPHOCTH N (q) O“u@ — KBajIpaTHast HyJIeBas MAaTPHLA PA3MEPHOCTH N (q) ,

U (k) = [(u D)), (UAK) ... (U (k))T}T ,
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59 (k) = diag(5@ (k),..., 5@ (k + m ~1)),
U k) =L ()T (i (k o+ m=2)) 17, U (k) = [ (K)o (i (K + m =) T,
H(k), G(k), F(K) — 6mounble MaTpHUIIBI BHIA

H (k) = diag(H® (k),H @ (K),....H® (K)), (12)

Gk) =GPk GAK) - GUW|FM)=[FPk) FPU) - FOW)], (12)
HOM HPW) - RO

H@ | o ) HDE) - HRW) | (13)
A0 KD A0

GOM=[6"( Gk - GPKW]FU=[RK) FOk -~ FOK] @

OJIOKH KOTOPBIX PaBHbI

14 . T . .
Ht(tq)(k): D i (BJ(II)(q)(k+t)) Q(It)(Q)(k)BJ(_It)(q)(k+t)+R(q)(k +t-1), (15)
i,=1j=0
v v v : T . T ; T
HOW =% ¥ .3 (B @ (k+) (A k+t+D) (AP k4 1)) x
i =Li, =1 Q=1 (16)
><Q(it ----- if)(Q)(k)Béif)(q)(k-l- f),f >t,
HEP (k) = (HEP ()T, f <t (17)
GOk =¥ i( AW (¢ +1))Tm( AW +t))T QUi () B ¢ 4 1), (18)
=l Q=1
Ft(q) (k) = i Qéit)(q)(k)Béit)(q)(k +1). (19)
i =1
(i i () (i (@) = _
Martpuisr Q (k),Q, (k), (t, f =1,m) ompenensoTcs ypaBHEHUAMH:
Q(it ----- if)(q)(k):®(it ----- 'f)(k)R]Fq) (k+ f)+
y ' T (iemifs1) ; S 20
Ly (A('”l)(q)(k+ f +1)) Q @A @ L f ) t=Tm=2,t< f <m, (20)
if0=1
QW@ (k) =E, P'O(K)R{P (k +1) +
v . T (s : N 21
+ 3 (AR k4t +1)) Q" (1)AGD@ (k 4t 41) t=Im—1, @D
iI+1=1
0D ) = RO (k+ et w) + £ QT (AT Pkt £ 1),
iyl (22)
t=1lm-2,t<f <m,
QWD (k) = RE (k+1)E; P'ock) + 3 Q4@ () Ak @ (k 1t 1), t =T, m—1, (23)

=1
C Ha4aJIbHbIMU YCJIOBUSAMU
Q@ (k) =E;,_P"O(K)R(? (k +m),
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Qéim)(q) (k) — Réq) (k + m) Eim Pme(k)a

rac

@(it ----- if)(k):p Oit(k+t|k),t=1,m—1,f>ta

TP PP VR L AP
6; (k +t[K) — xomnonenta Bexropa
ok +t]k)=E{0(k +1)|0(k)} = P'O(k),
E, =[0...,0,1,0,.... 0k, i =Lv,t=1m.

Joxazamenscmeo. Kpurepuii (8) u ypasaenue (6) MOXXHO MPEICTABUTH B CIICAYIONIEM BHIC:

Ik+m/k) =3 M {(x<q>(k + )T A (k +1) X @ (k +1) -

g=1 (24)
AP (k +1)X Dk +2) + (U @D k) TAD (kU D (k) 1 XD (k), e(k)},
X@(k +1) = PO[E(K +1),k +1xP (k) + DV [E(k +1), k +1JU @ (k) + (25)
+APEK+1),W @Dk +1),k +1JU @ (k),
rae
X9 (k +1) u@(k / k) 0k +1) w@(k +1)
O) (@ ok +2 ()
X (k +1) = X9k +2) U9 K) = u@(k+1/k) E(k+1)= (k+2) WOk 41) = w (k +2) |
x@ (k +m) u@(k +m-1/k) 0(k +m) w@ (k +m)
APk +1),k +1]
(a) (@)
WO (k+1) k+1] = APTO(k +2),k + 2]AY[0(k +1),k +1] ,
AQ[O(Kk +m),k + m]... AL[O(K +2),k + 2]AD[O(k +1),k +1]
BV[O(K +1),k +1]
(a) (a)
OO[E(k +1) K +1] = ADTO(K +2),k +2]BP[0(k + 1),k +1]
ADTOk +m),k +m].. ALk +2),k +2]B{[0(k + 1),k +1]
nf(q)xnl(ﬂ) 0"§Q)><”.SQ)
BS”[0(k +2),k +2]
ADYTOk +m),k +m]... A0k +3),k +31B@[O(k +2),k +2] ... B{P[O(k +m),k+m]
2 BVTO™ (k +1), k + 1w (k +1)
j=
ADTO(k +2),k +2 y B[O (k +1),k + 1w (k +1
ACEK+DWO(k+1),k +1]= [0k +2) ],Zl' L SR

j=1

ADTO(K +m),k +m]. ALTO(K +2),k + 21> BP[6@ (k + 1),k + 1w (k +1)
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(@ (@

Z B0 (k +2),k + 21w (k +2)

j=1

APk +m),k +m]. ADO(k +3),k +31> BPTOW (k +2),k + 2w (k +2) ...
j=1

(@ (@

(@ xnf®

Zl: B}q)[e(q)(k +m),k + m]wﬁq) (k +m)
j=

A (k) = diag (R (k +0), R (k +1),...,R® (k + m—1)),
AP (k +1) = diag (R (k +1), R® (k +2),..., R (k + m)),
AP+ =[RP(k+1) RP(k+2) .. RO (k+m)]
IMpusenem (24)—(25) x Buy:
J(k+m/k)=M {xT(k + DA K+D)X (K +D)=A, (k +D)X (k +1) +U T (K)AK)U (k)/x(k),e(k)}, (26)

X (K +1) = P[E(K +1),k +1x(K) + D[E(K + 1),k +1U (k) + A[E(k +1),W (k +1), k +1JU (K), 27)
rae

X (K) =X D YT, (XD KTy (XK, x(K) =[x KD T, (XD (K)o, xE (k)T

T

‘P[E(k),k]=[(‘P(l)[5(k),k])T ..... (\P(”[a(k),k]ﬂ,
D[E(K),K] =diag(d)“’[E(k),k],...,CD(S)[E(k),k]),

ATE(K)W (k). K] = diag( AP[2(k),W (), K],.... AT TE (k)W &) (k). k] ).
C yuetom (27) npezacraBum (26) B ciieayromeM BHIE:
J(k+m/K)=M{UT(K)AKU K)+x"(K)PT[E(k +1),k +1A, (K +D)P[E(K +1),k +1]x(K) +
H2XT(K)PTEK +1),k +1A, (K +1) = A, (K + DIP[E(k +1), k +1U (K) — A, (K + ) WP[E(K +1),k +1]x(k) + (28)
+UTK)DT[E(k +1),k +1]A, (kK +DD[=(K +1),k +1JU (K) +
+UT(K)ATE(K +1),W (k +1),k +1JA, (K +DA[E(k +2),W (k +1),k +1JU (k) / x(k),0(K)}.
OrpeiesTiM MaTpHUIIbI

H(k)=M {(DT [E(k+1),k+1]A (k +)D[E(k +1), k +1]+
FATIE(K+DW (K +1), k+ A (K + DATE(k + D)W (K +1), k+1]/ ()} + A(K),
G(K)=M {‘I’T[E(k +1),k+ 1A, (k + DD [E(k +1),k +1]/e(k)},
F(k)=A,(k+ DM {@[Z(k +1),k +1]/0(k)}.
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Marpuusr H(k), G(k), F(k) moxxHO npeactaButh B 6;10uHOM Buze (11)—(14):
H (k) = diag(H® (), H @ (K),... HO (K)),

6 =[Gk GPK) - GOK]FKR=[FOK) FAK) - FO®K)],
rae
HO ) =[ H{? i, j=1m,
VM=K Gk - G| FUMW=[FYk FK - FPK]a=1s

Ucnons3ys npencrasnenue matpurt AD[0(K),K], B{P[0(K),K] B Buze (7) u ypaBnenue (5), momyuum, 4to
onoxu marpuy HO(k), GO(k), FO(k) yrnosnersopstor ypasaenusm (15)—(23).

Takum oOpa3om, UMeeM 3a1auy MUHUMU3aIUK Kputepus (28) npu orpannueHusx (2), koropas 3KBUBa-
JICHTHA 3a/1aue KBaJAPaTUIHOTO IPOTPAaMMHUPOBAHHS C KPUTEPUEM

Y (k+m/k) = 2xT ()G(K) — F(K) [U (k) +U T (K)H ()U (k)

npu orpannyenusx (10).
3aka0ueHue

[Ipenyiosken MeTo CHHTE3a CTPATETHil MPOTHO3UPYIOLIETO YNPAaBACHUS AJIsl THOPUIHBIX B3aMMOCBS-
3aHHBIX CUCTEM C MAPKOBCKUMH CKaYKaMH U MYJIbTHILIMKAaTUBHBIMU IIyMaMu. J[aHHBIN MOAX0A MO3BOJISIET B
SIBHOM BHUJI€ YUE€CTh OTPAaHHUYCHHS Ha yNpaBiCHUA. AJTOPUTM CHHTE3a MIPOTHO3MPYIOLIEH CTpaTeruu BKIIIO-
YaeT pellleHHe M0CIe0BaTENbHOCTH 3314 KBaIpaTUYHOT'O IPOTPaMMHUPOBAHMSL.
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We consider the following complex Markov jump linear system composed of interconnected subsystems
X (k +1) = ADTo @ (k + 1),k + 11D (k) + B[0P (k + 1),k +1]u‘@P (k) +
@

n
+3 B{PTal® (k + 1),k + 1WA (k + Du@ (k),q =15,
j=1

where x@(k) is the n{® — dimensional subsystem state vector, u@(k) is the n{® — dimensional subsystem control vector; A@[a@(k),k],

Bi@[al@(k),k], j =0, ..., n are matrices of appropriate dimensions; wj@(k) is a sequence of white noises; a(®(k) denotes a time-invariant
Markov chain taking values in a finite set of states {1, 2, ..., vq}.

These subsystems interact in the following way. The state of Markov chain a@(k) of gth subsystem (q =1, 2, ..., s) at the
moment k depends on states of Markov chains a®(k — 1) (r=1, 2, ..., s) at the moment k — 1. Thus, the complex system dynamics
depends on a discrete-time vector stochastic process o(k) = [a®(k), a@(K), ..., a®(k)]T taking values in a finite set of states
{0,ji}@=1,2,...,8 jg=1,2, ..., vq). The process a(k) is a simple connected Markov chain with the transition probability matrix

Poisiivs = Plosk+D =y ,nask+D =ag /oK) =0y .00 =ag d, 2 B i g =1
Jireds

and the initial distribution
pj1 Js =P{al(0): j15~~~:0~s(0): js}:(jlzlavl;-n, js =1>Vs):_ Z pj1 j =1

---------- s

It is assumed that the Markov chain a(k) is observable at the moment k.
The following constraints are imposed on each subsystem control effects
ufh () <@ (k)u@ (k) <uf (k),a=1s, @
where S@(k) is the matrix of corresponding dimension.
For control of system (1) we synthesize the strategies with a predictive control model according to the following rule. At each step
k we minimize the following quadratic objective with receding horizon

J(k+m/k)= M{ii(x@(k +0)T R (k +i)x @D (k +i) - R® (k +i)x @ (k +i) +
g=1i=1

FUPK+i-1/K) ROK+i-Du@ (k+i-1/ k)/x(q)(k),a(k)},

on trajectories of system (1) over the sequence of predictive controls u(® (k +1/k), 1 =0,m—1, depending on the subsystem state at

the current time k under constraints (2); R (k +i) >0, R{®(k +i) >0, R@(k +i) >0 are weigh matrices of appropriate dimensions;

m is the prediction horizon; k is the current moment. The synthesis of predictive control strategies is reduced to the sequence of quad-
ratic programming tasks.

Keywords: model predictive control; distributed hybrid systems; vector simple connected Markov chain; multiplicative noises;
constraints.
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ACUMIITOTUYECKUN AHAJIN3 MHOTO®PA3HON BECKOHEYHOJUMHENHON
PECYPCHOM CUCTEMBI MACCOBOI'O OBCJIY KUBAHUSI
C BXOJAIUM MMPP TIOTOKOM

PaccMaTpuBaeTcs G€CKOHEUHOJIMHEIHAS pecypcHas chcTeMa MaccoBoro obciysxkusanus MMPP/(Gl/oo)M, Pemmaercs
3agada uccaenoBanus 2M-MepHOTO mpoliecca Yrces 3aHATHIX TPUOOPOB M CYMMAapHBIX 00BEMOB 3aHATOTO pecypca Ha
(hazax cuCTeMBI B CTAIMOHAPHOM pekuMe (GyHKIHOHHpoBaHUs. C IMOMOIIBI0 METOa aCHMITOTUYECKOTO aHaIn3a Io-
JIydeHa acHMIITOTHUYECKasl XapaKTepucTHIecKas (PyHKIUS pacIpeieeHns] BEpOITHOCTEH HCCIIeyeMOr0 MHOTOMEPHOTO
nporiecca, KOTOpasi COBIIAAAET ¢ XapaKTEPUCTUYECKOM (GyHKIMel MHOrOMEPHOTO TayCCOBCKOTO PaclpeIesICHHs.
KuroueBble cioBa: MHOro(asHas CHCTEMa MacCOBOT0 OOCIY)KMBaHHUs; 00BEM pecypca; METOJ aCHMIITOTHYECKOTO
aHaAJIM3a; rayCCOBCKAs alNPOKCHMALIHS.

MaremaTnyeckue Mozaenu OECKOHEYHOIUMHEHWHBIX CHCTEM MacCOBOI'O OOCITY)KMBAaHHS HPEACTaBIISIOT
OO0NBIION MHTEpEC ISl TPAKTHYECKOTO MPUMEHEHHS B 00JIACTH TEICKOMMYHUKAIMN, HAIPUMeEp JIJIsl MOJIeIIH-
poBaHUs OECIIPOBOIHBIX CETEH CBSA3M C LIEIbI0 ONTHUMHU3ALMH CYLIECTBYIOIINX U IPOSKTUPOBAHUS HOBBIX Ce-
tel [1-2]. Kpome Toro, Takue CUCTEMBI BaXKHBI ITPH MOJICIMPOBAHUN WH)XCHEPHBIX YCTPOMCTB, rlie HEO0X0-
JMMO BBIYUCIIUTH JOCTaTOUHBIN 00beM Oydepa 115l XpaHEeHUs TaHHbIX.

Tak kak He00X0IUMO YUUTHIBaTh 00BEM NepeaBaeMoil MHPOPMALIUH, TO B CBSI3H C 3TUM aKTyaJlbHOU
SIBIISIETCSL Pa3paboTKa HOBBIX PECYPCHBIX MOJEJeH, CPOPMYTUPOBAHHBIX B TEPMHHAX CHCTEM MAacCOBOTO 00-
cayxusanus (CMO), koTopbie Obl TO3BOJIHIIN OLIEHUTh 00BEMBI 3aHITOrO pecypcea [3-4].

K coxanennto, aHaTUTHUECKUE PE3YNbTATHl MOMYYCHBI JIMIIb Ui CHCTEM C BXOJSIIUM MPOCTEUIINM
MTOTOKOM 3aIBOK U SKCIIOHEHIIHAJILHBIM BpeMEHEeM 00CITy>KHBaHHsI, KOTOPbIE HE BCET1a COOTBETCTBYIOT Pealb-
HBIM ceTsM [5-7].

B Hacrosimee Bpems MOsIBIISETCS Bce Oouiblie paboT, TMOCBSIIEHHBIX HCCIEIOBAHUI0 MHOTO(a3HBIX
CHCTEM MacCOBOT'0 OOCITY)KMBaHMS, KOTOPBIE COCTOST U3 HECKOJBKUX IOCIIEI0BATEIIEHO COEINHEHHBIX MO
cHCTEM, TIPUYEM BXOJISIIUI OTOK KXKI0N MOCIETYIOEeH TOACUCTEMBI SIBIISETCS BBIXOSIIUM IS TPEbITY-
e, KpoMe MocleHEH.

1. ITocTanoBKa 3agaun

Paccmorpum M-daszayto pecypcayto CMO ¢ HeorpaHHUEHHBIM YUCIIOM ITPHUOOPOB U HEOTPAaHUICHHBIM
00BEMOM TPEIOCTABIISIEMOT0 pecypca Ha Kaxaol (daze. Ha Bxoxa cucremsr moctynaetr MMPP-notoxk 3asBok,
yIpaBisieMblii ienmbio Mapkosa K(t) = 1, 2, ... K, kotopas 3amaercst MaTpurieil HHOUHUTE3NMATBHBIX XapaKTe-
puctuk Q = ||g;j|| pasmepa K x K, 1 ntuaronaisHOW MaTpHLel YCIOBHBIX HHTEeHCHBHOCTeH A =diag {M,...,?yk} .

[Tocrynatomee TpeGoBaHUe 3aHUMAET JIF000H cBOOOIHBIN PHOOP Ha TepBoH dase, Tae 00CITyKUBaeTCs B Te-
4yeHue cirydaitHoro Bpemenn 11 > 0 ¢ dyukimeii pacnpenenenus B1(X) = P{t1 < X} u popmupyer 3ampoc Ha
IpeIocTaBlIeHUE CiTydailHOro oobeMa pecypea v > 0 ¢ pynkumeit pactipenenenus G(y) = P{v <y}. 1o okon-
YaHWUU OOCITY)KMBaHUS Ha TIEpBOH (haze 3asBKa OCBOOOXKIAET TOT e 00BEM pecypca, MTHOBEHHO MEPEXOIUT
Ha BTOpYIO (azy, rae oOCiIyKUBaecTCs B TEUEHHE CIy4ailHOTO BpeMeHH T2 > 0 ¢ ¢pyHKUuel pacnpeaeiacHus
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B2(X) = P{12 < X} 1 3aHMMaeT TOT ke 00bEM pecypca, Kak u Ha mepBoii (asze. U Tak ganee; mocie OKOHYaHUSI
o0ciyxuBaHus Ha M-ii (a3e 3asBKa MOKUAACT CHCTEMY U OCBOOOK/IaeT 3aHUMAeMBbIil pecypc.

ITycth im(t) — uncmo 3assBok Ha M-ii paze B MOMEHT BpeMeHH t, Vin(t) — cymmapHsiii 00beM 3aHATOTO
pecypca Ha M-ii aze B MOMEHT BpeMeHH t, rie m =1, M — HOMep (as3bl.

IMoctaBuM  3a7ayy  HAXOKACHHS  XapaKTEPUCTHK  MHOTOMEPHOIrO  CiydailHOro  mporiecca

{i(t),V(t)} :{il (t),...,iM ('[),V1 ('[),...\/,\,I (t)} OTMeTHM, YTO UCCIETYyEeMBIA MPOIECC HE SBISIETCS MapKOB-

ckuM. JI7ist ero uccie0BaHus MPUMEHHM METOJI MHOTOMEPHOTO THHAMUYECKOTO TIpoceuBanus [8].

N306pa3um M mapauienbHbIX oceil BpeMeHH, mporyMepoBaHHbix 0T 0 10 M (puc. 1). Ock o Homepom
0 6yzet oToOpaXkaTh COOBITHS BXOAIIETO MOTOKA, OCh IO HOMepoM 1 OyIeT COOTBETCTBOBATH IIEPBOMY IIPO-
CESITHHOMY TIOTOKY, OCh IT0JT HOMEPOM 2 — BTOPOMY | T.J., OCh 1oJi HoMepoMm M cooTtBeTcTByeT M-My mpoce-
STHHOMY TIOTOKY.

M w

Puc. 1. IlpocenBanue BXOIsIETO TOTOKA

ITycte umeetcst Habop GyHKIME Sy(t), m =1, M , 3HaYEHHS KOTOPBIX JIexkar B auanaszone [0, 1] u 00-

J1aJal0T CBOMCTBOM
M

> S, (t)<1,

m=1
JUIA JTIFOOBIX t.
CoOpITHE BXOASIIETO MOTOKA MOXKET MPOCESATHCS TOJIBKO HA OFHY W3 Ocell 100 He MpOCesTbC HHA Ha
onHy. BeposaTHOCTB TOTO, 4TO 3asiBKa BXOSAIIETO MOTOKA, MOCTYIHBINIAS B CHCTEMY B MOMEHT BpeMeHH t > 1o,
chopMupyeT coOBITHE TTOTOKA Ha M-I OCH, TO €CTh K MOMEHTY BpEMEHH | OyJeT HaXOJUThCS Ha 00CITyKHUBa-

Hun Ha M-ii (ase, pasua S, (t)=B, 4 (T —t)—B, (T —t), rae B}, (1) = (B,TF1 ‘B, )('c) — cBepTKa (yHKIMI
pacnpenenenns By 1(X), Bm(X) mmuTensHOCTH 06CTy)KUBaHKS Ha (a3ax cHCTEMBI. BeposTHOCT TOTO, UTO 3a-

M
sABKa He chopMuUpyeT COOBITHE HU Ha OJIHOM U3 Oceid, paBHa S (t)=1— X S, (t), T.e. K MOMEHTY BpeMeHH T

3asiBKa 3aKOHYMT O0OCITy’)KMBaHME HA BCeX (pa3ax M MOKWHET CUCTEMY.

O603HauuM Nm(t) — YKCIIO0 COOBITHIA, HACTYNMHUBIIKX HA M- OCH MPOCESTHHOTO MOTOKA JI0 MOMEHTA {,
Win(t) — cymmapHbIit 00beM 3aHSITOr0 pecypca MpOCessHHBIME 3asiBKaMK Ha M-if ocH.

Kak nokazano B [§], MHOroMepHOe pacipeesieHne BEpOsTHOCTEH Ynciia 3asBOK Ha (pa3aX CHCTEMBI B
MOMEHT BpPEMEHHM | COBMAagaeT ¢ MHOTOMEPHBIM Paclpe/ieIeHHeM BEPOSTHOCTEN YHCia MPOCESIHHBIX 3asBOK

Ha COOTBETCTBYIOLIHE OCH:
Pi(T)=mj=Pi{n(T)=m|

aust o0erx M :[nh'"-’mM ] HetpyaHo mokasatk, 4ToO Uil HCCIIEyeMOro mpolecca {i (t),V(t)} cripaBe/-

P{i(T)=m,V(T)<z}=P{n(T)=mW(T)<z} 1)
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s mo6bIX M=[My,...,My | 1 mobex z=[z,...,zy|. Cueayer ormeruts, uro nepasencrsa V(T)<z,

W(T) < Z ToJpa3yMeBaloT MO3JIEMEHTHOE CPaBHEHHE BEKTOPOB, T.e. W, (T ) < Z; uT.A. bBynem ucnons3oBath

paBeHcTBO (1) U MccIen0BaHMs poecca {i (t),V (t)} C TIOMOIITBIO HCCIIEIOBAHMS IPOLIECCa {n (1), W(t)} :

2. Cucrema au¢depennnansubix ypasHenuii Koamoroposa

Job6aBum kommoHeHTy K(t) — cocTosiHue ynpapisroniell nernu MapkoBa B MOMEHT BpeMeHH t, K mpo-
eccy {n(t) , W(t)} , TOTJIa TIONTy9eHHBII MHOTOMEpPHBIH TIponiece OyAeT ABIATHCA MapKOBCKUM. BBeneM 060-
3HAYECHUE JUIA €r0 PacIpeeIICHUs] BEPOSTHOCTEN:

P(k,n,w,t)= P{k(t) =k,n(t)= n,W(t)<W} .

st 3TOrO pacnpenenacHus coctaBuM At-MeTonoM npsamyro cuctemy AuddepeHIraabHbIX YpaBHEHUN

Kommoropoga. 1o ¢opMyrie morHO# BEpOSITHOCTH 3aIUIIEM:

P(k,n,w,t+At) = P(k,n,w,t) (1- 1, At) (1+ g At ) + P(k,n, W, DA, AtS, (t) +

M Win
+ 3 MAS, () [ P(k.n—ep,W—y,,t)]dG(y)+ X quAtP(v,n,w,t)+0(At). 2
m=1 0 vk
U3 (2) monyyaem cuctemy nuddepeHINAILHBIX ypaBHeHNH KonMoroposa
w = (So (1) =1)P(k,n,w, )+
+ Zk 9 AtP (v,n,w,t) + % MeSm (t)Wjm P(k,n—epn,W—y,,t)dG(y) (3)
V#£ m=1 0

wis k=1, ., K n=[ng,.,ny | w=[w,...,wy |-

HauanbHoe ycnoBue 11t pelieHus P(k, n,w,t) B MOMEHT BPEMEHH 1o ONIpeIeIuM B BUJIE!
r(k),n=w=0,
P(k,n,w,ty) ={ (k)

0, nnaue.
rae r(K) — cranmonapHoe pacrpeelieHne BeposTHOCTEH cocTosiHui nenu Mapkosa K(t).
BBeneM yacTHUHBIC XapaKTEPUCTUICCKUE (DYHKIIUU BUIA:

0 . © . [o’e} . [
h(k,u,v,t)= 3 el el . . 3 eliviv el p(k n dw,t),
n,=0 0 ny =0 0
rae j =+—1 — MHUMas equHULA.
Tormaa (3) MoxeM mepenucaTh B BUIE CIEAYIONIEH CUCTEMBI yPaBHEHMIA:

h(k _
W:qukh(k,u,v,th M % S, (t)h(k>UaV,t)(eJumG*(vm)_1)
v m=1

o k=1, ..., K, roe
G (v)=[eMdG(y).
0
HepeHI/IH_IeM 9Ty CUCTEMY B BUAC MATPUYIHOI'O YPABHCHUS:

M:H(u,v,t)[A% S (t)(ejumG*(Vm)—ljJrQ} @
ot m=1
C HAYAJIbHBIM yCHOBI/IeM
H(u,v,ty)=r, (5)
rac
H(u,v,t) :[h(l,u,v,t),...,h(K,u,v,t)] ,
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r =[r(1), ..., r(K)] — BekTop cTanmoHApHOro pacipeaeieH s BEPOSITHOCTEH COCTOSHUI YIPABISAIONMICH 1IeH
Mapkoga K(t), ynoBierBopstomiuii cucreme

{rQ =0 ©)

re=1,

U € — ¢IMHUYHBIN BEKTOP-CTOJIOCII.
3. MeToa aCHMIITOTHYECKOr0 aHAJIH3A

Jua pemmenns 3agayn (4)—(5) BOCToONb3yeMCsi METOIOM aCHMITTOTHYECKOTO aHaln3a [§] B yCIIOBUH pac-
Tyl HHTEHCUBHOCTH BXO/ISIIIET0 MOTOKA U MPEIETFHO YaCThIX H3MEHEHHI cocTosTHM e Mapkosa [9-12].
IMoncraBum B ypaBHenue (4) A = NA1u Q = NQy, rie N — co — HeKOTOpbIi mapameTp, KOTOPBIHA HC-
MOJIB3YETCSI TSl ACHMIITOTHYECKOT0 aHAIN3a. Tor/a MOXKHO 3aIucaTh
1 oH(u,v,t M U *
N (at )ZH(“’V’t) ALY S ()| 6! mG (v) 1]+ @ (7)
m=1

C HAYaJIbHBIM YCJIOBHEM (5).
Teopema 1. AcUMITOTHYECKAS XaPAKTEPUCTHYECKas YYHKLHUS [IEPBOTO MOPSAKA MHOTOMEPHOI'O CIIy-
gajinoro npouecca {n(t), W(t)} nmeer Bux:

H(u,v,t)= rexp{Nk % (jUm + jVnay) } Si (r)dr},
m=1

f
rae A=rAje — UHTEHCUBHOCTb BXOJSIIErO IOTOKA, a1 — CPEeAHUN 00bEM 3aHMMAEMOr0 OIHOM 3asiBKOM

pecypca.
Moxkazamenvcmeo. O003HaYUM

%zs,u:sx,v;sy, H(u,v,t)=FR(xy,te). (8)

[epermnmenm 3anaqy (7)—(5) c yaeToMm BBEeIEHHBIX 0003HAYECHHIA:
oF (X,v,t, M i *
g¥ -F, (X’y,t,g)[Al 3s, (t)(e &0 6™ (ay, ) - 1) + Ql} 9)
m=1
C HAYaJIbHBIM YCIOBUEM
R(XY.t.e)=r. (10)

Haiinem acumnroTndeckoe pemrenue 3amaquu (9)—(10) B xa sTana.
Oman 1. lloncrasmnsis B (9) € = 0, momydum

F(xy,t)Q, =0.

CpaBHHBas 3TO YpaBHEHHUE C MIEPBLIM B cucTeMe (6), MOIKHO CJENIaTh BBIBO, YTO €r0 MOXKHO 3aIHiCaTh
B BUJIE:

F(xy.t)=rd(xy,t), (11)

rae @,(x,y,t) — HeKoTopas CKasipHas pyHKIHS, KOTOPasi YIOBICTBOPSET YCIOBHIO:
O, (%Y, ty)=1. (12)

Oman 2. Ymuoxum (9) Ha BexTop €, mojictaBuM (11), yanTsiBas pa3noxeHne
e/ =1+ jex+0(e?), (13)

paszeliuM pe3ysIbTaThl Ha € M IIPOU3BEIEM TIpeIeIbHbIH nepexo npu € — 0. Toraa, yuutsias, 4yro Q16 = 0 u
re = 1, s pynxuan Pp (x,y,t) MOJIy9HM clieayroinee quddepeHimaisHoe ypaBHEHHE:

oDy (x,y,1)

M
p :(I)l(x,y,t)krEISm (t)( % + J¥maa)- (14)
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[IpounTerpuposas ypasaenue (14) ot to 1o t, yauteiBas HaganpHOe ycnoBue (12), momydum
M - - t
D, (x,y,t) = exp{k 2 (P + Ymy) | S (r)dr}-
m=! t

[Moxcrasmss 3o BepaxeHue B (11) U BBIMOJHSAS 3aMEHBI, 00paTHBIC K (8), MOITy4nM
H(u,v.t) =R (xy.t,e) =R (XY,t)=

M t M t
= rexp{k Zl( Xm + Yma1) [ S (‘r)dr} = rexp{Nk Zl( JUm + iVmay) [ Sp (r)dr} .
m= to m= to

TeopeMa JOKa3aHa.

Teopema 2. AcuMnToTH4ecKast XapakTepucTHIecKas: (ZYHKIUS BTOPOTO TOPSIIKAa MHOTOMEPHOTO CITy-

gajinoro npouecca {n(t), W(t)} nmeer Bux:

H(u,v,t)~ exp Nk}j“u + Vi q)js ()dr+hlz( 2) (xjs ()dr+K}S$(ﬂer+

ty m=1 fy f

m=1 to to

2
+N % ( 2) (xazjs (t )dr+Ka1}Sm (r)drj+N %1jumjvm(xa1}8m (T)dT+Ka1}Sm (r)dr]+
m=: t

M M t
+N Z“Zl: jug, ju|KJS ( ) (r)dr+N lezl‘, jvmjv,Kaijm (‘E)S| (r)dr+
1= m=11= t
l1=m I=m

+N lezl jup, jv,KaljS (1)S(t)dty,
l#m

rne k=2g(A—Al)e, 82 — BTOPOH HAYaIbHBI MOMEHT CIy4allHOW BEMYMHBI C (QYHKIMEW pacnpeaeieHus

G(y).

Hoxazamenscmeo. Tpeacrasum dysknmo H(u,v,t) B Buje:

H(u,v,t)=H, (uvt)exp{NkZ(ju + Vi al)jS ()d }

)

IIOJIy4HM yPaBHEHHE OTHOCHTENBHO GyHKIHH H, (U, V,t):

LD 0 (g v )5a(0)] -
=H, (u,v,t)[Alr:Azzl(eiUmG* (Vm)—l)Sm (t)+Q1} .

Brimoaanm 34ECh CICAYIOIINEC 3aMCHBI:

g2 =%, u=ex,v=gy,H,(u,v,t)=F,(xy.t.e).

C ucnonp3oBaHreM 3THX 0003HaueHH ypaBHeHue (16) nepenuiiercs B BUE:

F
e2 WJF Fo (X y.t,e)A %1( j&Xm + Jeymdy ) S (1) =
m=

=F, (X,y,t, 8)|:Alm%18m (t)(eisme*(aym ) —1) + Q1:| .

Haiinem acumnroruueckoe, mpu € —> 0, pelienue 3ToM 3a1au, T.€. F, (X, y,t) = iir(l) F, (X, y,t, 8)-

Oman 1. Bemonuum npeenbhbii nepexon npu € — 0 B (18), momyunm:

F(%y,t,e)Q; =0

(15)

(16)

17)

(18)
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Ipencrasum F,(X,y,t) B Buze:

F (X y.t)=rd,(x,y,t), (19)
rne ®,(x,y,t) — Hexoropas ckamspHas muddepeHIMpyemMas (QYHKUHS, yIOBIETBOPSIOIAS YCIOBUIO
D, (X,Y.ty)=

Oman 2. Pemenne ypaBHeHus (18) 3anuiem B BUE pa3IoKeHUS:
M - -
Fo (XY te)=0, (x,y,t){r +g 21( &% + j€Ymd1 ) Sm (t)}+ O(gz) , (20)
m=

rae § — HekoTopast BekTop-cTpoka. [loncraBum paznoxenue (20) B (18), ncnons3ys paznoxenue (13), momy-

yum ManPI‘IHOG ypaBHGHI/Ie IJIA BCKTOpa g:
g9Q, =r(AM—-4Ay).

Oman 3. Jomuoxum (18) Ha BexTOp €, Mcionb3ys (20) u pa3moxeHue
Y
i . ex
el =1+]8X+—(J ) +O(83),
2

B PE3yJIbTaTe HECIOXKHBIX MPe0Opa30BaHuil oIydaeM

wqu(x,y,t) nrﬂz_l(j";)z (1S (t) + 152 (1)) +
+m%1(jy;) (kaZS (t)+xa Sy ( ))+ 3 jxmjym(xals (t)+xasS (t))+

M M
+3 3 o 1S (1) ()+Z Z W yrcay S (1)S (1) + 2 Z P IYi<@sS (1)) (1) |
I=m I::m I¢m

rae k=29(A; —M)e.
PellieHue 3TOro ypaBHEHHUs ¢ Y4€TOM HAYAIbHOTO YCIOBHS, UMEET BUJL:

D, (x,y,t) =exp{ % @(X} S (t)dr+1<} s2 (’C)d‘tj+

m=1 t

+% (i¥m) [xazfsm (1:)d7:+1<a1} S (t)dr}r

) t

+% jxmjym[kalism(r)drﬂcalis (t )dr}tz > X Jx,KjS (t)S(r)dt+
m=1 t, t, m=11=1 ty
I=m

+21211ym1yn<a115 (1), ()OIHZlZ1 e i¥1KBy | S (1)Si(r)dtp,
_I;m b _I;m o

nozctansis ero B (19), moxydyaem

N2 .
F2(x,y,t,g)=rexp{% (n) [Msm(r)dr+1<j8§,(r)drj+

ty )

+% (i¥m) [xazism (1:)d7:+1<a1} S (‘C)dTJ-ﬁ-

f t
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t M M t
+Z X jym[XaljS (t )dr+Ka1jS,$](t)er+ lezl iXm k] Spy (1) S (T)d T+
to o m=11= t

l=m

+Z Z Jymjy,KaljS (t)Sm(t )dr+z Z X Jy|Ka1jS (t)Sm(t)dTy.

I;:m I;:m
BrimoranM 3amensl, oopatabie K (17) u (15), 3ammmeM npubamkeHHOE PaBEHCTBO IS XapaKTePUCTH-
YecKOW (hyHKITHH H(u,v,t):

ty fy f

H(u,v,t)~ exp Nkz(ju + Vi al)jS (t)dt +N2( 2) (MS ()dr+1<js ()dr}L

M (Vo )2 t 2 Moo ¢ t o2
+N Y T , Xazjs (t)dr+xa [ Sy (t)dt |+ N X jup jviy| Aay [ Sy (t)dT+wayf; Sy (c)de |+
m=1

m=1 ty ty ty

+N 2—2121 Jup, JU|‘<IS (1)S(t)dt+N 2121 Vi JV|KalfS (t)Si(t)dt+
I;m b : I;m b

+ZlZl jup, JlealjS (t)S(t)dzy.
" I=m fo

CuaencrBue. ACHMITOTHYECKOE CTALMOHAPHOE pacIpeieieHne BeposTHocTel 2M-MepHOro mporiecca
YHCeN 3aHATHIX MPUOOPOB M CYMMApPHBIX 00BEMOB 3aHATHIX pecypcoB Ha (pasax cuctembl MMPP/(Gl/oo)™ sB-
asiercsi 2M-MepHBIM TayCCOBCKHM pacipe/ieiieHHeM C ITapaMeTpaMu:

— BEKTOp MaTeMATHUCCKUX Oxuanmii Y = NX[Yl Y, .. YL] e Y; =[1 al]T(Bi*_l(r) -B/ (r))dr :
0

— KOBapHalMOHHas MaTpula W = N (}Lw(l) + KW(Z)) , TJAC

_K(l) 0 0 i ng) Kﬁ) Kgi)_
wo_| 0 Ko (KKK
oo kP [KE kG K
W= Loa y _B 2 |1 a2 . e 02
“ _L‘l aj({(BI_l(T) i (T))dt’ = & af g(Bi—l(T)—Bi (T)) dr,

3akiaoyenue

B pabote nmoctpoeHa MaTemaTHuecKasi MOJIEIb Mpollecca H3MEHEHS YHCell 3aHSThIX IIPHOOPOB H CyMMap-
HBIX 00EMOB 3aHATHIX PECYpPCOB Ha (pazax OECKOHEUHOIMHEHHON MHOTO(a3HOM pECypCHOM CHCTEMbI MACCOBOTO
o6cnyxupanus MMPP/(Gl/x0)M. C moMompio MeTosa acCHMITOTHYECKOTO aHAIH3a TIPH YCIOBHH PacTyIeit
WHTEHCUBHOCTH BXOJSALIETO MOTOKA J0Ka3aHO, YTO aCUMITOTHYECKOE paclpelesieHHe BepOATHOCTEH YHces
3aHATBIX MPUOOPOB M CyMMapHBIX 00BEMOB 3aHATHIX PECYpCcOB Ha (pazax CHCTEMBI SIBISIETCSI MHOTOMEPHBIM
rayCCOBCKHUM.
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Galileyskaya A.A., Lisovskaya E.Yu. (2018) ASYMPTOTIC ANALYSIS OF RESOURCE INFINITE-SERVER QUEUEING TAN-
DEM WITH MMPP ARRIVALS. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie vychislitelnaja tehnika i informatika
[Tomsk State University Journal of Control and Computer Science]. 45. pp. 13-21

DOI: 10.17223/19988605/45/2

In this work, the MMPP/(GI/0)M queueing system with unlimited number of servers and with unlimited amount of resource is
studied. The arrival process is a MMPP. Service times on each server on mt" phase are i.i.d. with distribution function Bm(x) (m = 1,M).
All customers form request for a random resource v with distribution function G(y) = P {v <y} on each phase. After the service end on
Mt phase the customer leaves system and sets free the occupied resource.

Consider 2M-dimensional stochastic process {i(t),V (t)} = {i,(t).....iy (), V4 (t),..Vy (1)} , Where in(t) and Vm(t) denote the numbers

of customers and the total resources at the mt" phase in the system at time t, respectively.

We proposed the dynamic screening method for its investigation. Note that this method exactly determines the characteristics of
the process V(t) since the screened process contains only those customers, which do not finish the service at the moment T.

The system of Kolmogorov differential equations is derived. By using the partial characteristic function, we obtained the main
equation:

Huvy) H(u,v,t){/\% S (t)(eJUmG*(vm)—lj+Q}
ot m=1
with the initial condition
H(u,v,ty)=r.

To solve this equation, the method of asymptotic analysis is proposed under the condition of an infinitely growing arrival rate. We
proved that in steady state regime the characteristic function of the customers numbers and the total resources at the system phases
corresponds to a 2M-dimensional Gaussian distribution with parameters:

— expectations vector Y =NA[Y; Y, .. Y_].whereY; :[1 al]T(BT,l(r)—Bf‘(T))dT,
0
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— covariance matrix W =N (k\Al(l) + KVV(Z)) , Where

kY o 0 ng) Kg) Kgf)
wo_| 0 KY Lo e (KE KPR
o 0 .. kY K@ k@ . kP
o_{1 T (g @ |1 a0 2
K| {al a2:|£(B|—1(T) B| (T))dT, Ki = a alz E‘;(Bl_l(’t) BI (‘t)) dt,
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The paper deals with the estimation problem of the actuarial present value of the continuous whole life annuity using
auxiliary information about the expectation of life. Nonparametric estimators of life annuity are constructed by indi-
viduals’ death moments. It is shown that the usage of such auxiliary information can often provide the mean squared
error (MSE) smaller than that of standard estimators. An adaptive estimator is also proposed. The asymptotic normality
of all these estimators is proved.

Keywords: nonparametric estimation; whole life annuity; auxiliary information; mean squared error; asymptotic
normality.

The idea of life annuity in accordance with [1. P. 170] is this: from the moment t = 0 an individual once
a year begins to get a certain money, which we take as the unit of money, and payments are made only for the
lifetime of an individual. It is known that the calculation of the characteristics of life annuity is based on the
characteristics of the respective type of insurance. Thus, the average total cost of the present continuous annuity
is defined by the following formula (see [1. P. 184]):

JORE

where :&X is a net premium (the average of the present value of a single sum of money in the insurance lifetime
at the age x), 6 is a force of interest. Let x be an individual’s age on the moment of payments start,
X be his lifetime, T, = X —Xx be his future lifetime. Let us introduce the random variable
—oT,
1_ X
z(x):eT,TX >0. (1)

Then, by averaging the random variable z(x) (1), we get the formula of the whole life annuity
(see [2-4]):

2,(5) = E(z(x))=§[1—q’;(xx’f)j, @)

where E is the symbol of the mathematical expectation, S(x)=P(X > x) is a survival function,
D(x,8) =™ [e ' dF (1),
X

F(x)=P(X <x)=1-S5(x) is a distribution function.
1. Estimation of Annuity

Suppose we have a random sample X;...., X, of N individuals’ lifetimes. Now, separately estimate the
numerator and denominator in (2). The substitution of unknown function S(x) for its nonparametric estimator
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1N
Sy (¥) ==X I(X; >X),
N iz1
where 1(A) is the indicator of an event A, gives us the following estimators of the whole life annuity:
N 1 x o N 1, ®y(x38)
a ®)=—=1-—— X)X >X) [==| 1 ———= |, 3
2 o) 6( 50 N 2PN >0 =l 1-=0- ©)
ox N

(I)N(X,S)zeWZexp(—SXi)I(Xi > X).

i=1
2. Bias and MSE of ﬁXN )

In this section, we will obtain the principal term of the asymptotic MSE and the bias convergence rate
of the estimator (3). Now introduce the notation according to [5]: ty = (tyy.ton»--tey)" iS an s-dimensional

vector with components tin =tjn (x) =ty (X Xqpeees X ) j=1,_s, xeR*, R* is the a-dimensional Euclidean
space; H(t):R® —R" is a function, where t=t(x)=(t(x),...t;(x))" is an s-dimensional bounded vector

function; N (u, o) is the s-dimensional normally distributed random variable with a mean vector and covariance

_al(;l(z) , j=1s, = is the symbol of convergence in
7.

b=t

distribution (weak convergence); || x|| is the Euclidean norm of a vector x, R is the set of natural numbers.

matrix ¢ =o(X); VH(t)=(H,(),...Hs )", H;{t)=

Definition 1. The function H(t):R*—R" and the sequence {H(t,)} are said to belong to class
N, (t;y), provided that:
1) there exists an g-neighborhood
G={ZI| z, -t |<e,li =l,_s},
in which the function H(z) and all its partial derivatives up to order v are continuous and bounded;
2) for any values of variables X,...., X, the sequence {H(t,)} is dominated by a numerical sequence
C,d, suchthat d, T oo, as N — o0, and 0<y <oo,
Theorem 1 [5]. Let the conditions
1) H(2), {H(t)} e N, (),
2) Efty -] =0(dy ")
hold for all i € R. Then, for every k e R,
‘E[H (t)-H®O] —E[VH®) - ¢, 1]

zo(dN—(k+1)/2). (4)

Note, if in formula (4) k = 1, we obtain the principal term of the bias for H(t,), and at k = 2, we have
the principal term of the MSE.
Theorem 2. If S(X) >0 and S(t) is continuous at x, then

1) for the bias of (3), the following relation holds:
b@y' )] =|E@) 3)-a,@)|=0(N);
2) the MSE of (3) is given by the formula

_ _ _ D(X,28) — D% (x,8) / S(x) _
u? (@ (3) =E( (8)-a,(8))* = NTS200 +O(N?).

23



Yu.G. Dmitriev, G.M. Koshkin

Proof. For the estimator a," (8) (3) in the notation of Theorem 1, we have: s =2;
ty =t ton) ' = (@ (%8),Sy(0))'; dy =N; t=(t,t)" =(P(x,3),S(X)";

_ils :l _9(x9) —7 (S) :l _ Dy (%,9) _ =N /sy
H(t)_8£ tgj 8(1 S(X)j ax(a): H(tN) 8(1 SN(X)J a'x (8)5

T
1 CD(X,S)j .0

B T (1
VH () = (Hy (1), H, (1)) ‘( 85(x) " 382 (x)

The sequence {H(t,)} satisfies the condition 1) of Theorem 1 with C, =§ and y=0. Indeed,

e % exp(=8X)I(X; > X)
i=1

M2 DOl 1y DD )
) Sy (X) 5 Sy (%) 5 K %)
i-1
N
eSXe‘S"ZI(xi >X)
1 i=1 2
<=1+ _z
) N 5
2I(X; > X)
i=1

Further, the function H(t) satisfies the condition 1) in view of t, =S(x)>0, the condition 2) due to
Lemma 3.1 [6], provided that E{I'(X >x)}=S(x) <1, E{e®e ™I (X >x)}<e™e5(x)=S(x) <1 for
all ie®R.
We know that Sy (x) is an unbiased and consistent estimator of S(x). Show that ®,(x,d) is
an unbiased estimator of the functional ®(x,0):
eSX N
Edy (x,0)= N E{Z exp(—6X;)I(X; > x)}: d(X,9).
i=1
Now, calculate the variance of @ (x,9):
D®d, (x,8) =D ﬁ%(x. > x)e~% -ﬂi D{I(x. > x)e "% } —i(cp(x 28) - ®2(x,9))
N Nz N? ia ! N ' e
The ratio of two unbiased estimators can have a bias. Considering that all the conditions of Theorem 1
are fulfilled and E(ty —t) =0, in accordance with (4) we get the order of the bias of a, (5):

[E@ (8)-3,6)—-E[VHO(t, —)] =|E@E (3)-3,(3)]| =0(N ).

61101

Find the components of the covariance matrix o(a, (5)) =[ } for the statistics @y (X,0),Sy (X):

62107
Oy = ND{CDN (X,S)} =d(X,20) —CDZ(X,S); Gy = ND{SN (X)} =S(X)1-S(X)); 0y, =0y -
=Ncov(Sy (x), Dy (x,6)) =N (E {SN O (X,8)} —E{Sy ()} E{D (X,S)}) (1= S(X)D(X.5).
Using the previous results on the bias and the covariance matrix, we obtain

u?(a, ()= E[VH ()t _t)]z +O(N’3/2) :@JFO(NQM)’

C(@,(8)) = H2(t)oy, + H2 (1), + 2H, (DH, (t)oy, = 220 gf ((XX)’E’) /50

(5)

The proof is completed.
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3. Asymptotic Normality of &' (5)

To find the limit distribution of (3), we need the following two Theorems.
Theorem 3 (The usual central limit theorem) [7, Appendix 5]. If &,&,,...,Ey ... IS @ sequence of inde-

N
pendent and identically distributed s-dimensional vectors, E{¢,}=0, o(x)=E{&:&} ty :% > &, then,
k=1

as N — o0, Nty = N, (0,0(X)).
Theorem 4 (asymptotic normality of H(ty)) [2]. Let
1) VN -ty = Ne{o(x);
2) H(z) be differentiable at the point u, VH(u)#0.
Then

N(H(tm—H(u)):»Nl[ilH,-(umj, 3 H,-(mcijp(u)].
j=

p=1j=1
Theorem 5. Under the conditions of Theorem 2

“Nioy = D(x,28)-D?(x,8)/S(X)
INGE ) ax(s»:»Nl[o, S ]

Proof. In the notation of Theorem 3, we have s =2, o(x)=0o(a,(5)). Thus,
IN{(@y (%,8), Sy (X)) = (@(x,8), S (X))} = N, ((0,0),5(a,(3))).
The function H(z) is differentiable at the point t =(d(x,5),5(x)) and VH(t) # 0. Consequently, all the
conditions of Theorem 4 hold, and using (5), we have /N (&' (8) - &,(8)) = N, (0,C(a,(3))).
Theorem 5 is proved.

4. Construction of Estimators Using Expected Lifetime

Suppose we know the expected lifetime

EX =a. (6)
The estimator by making use of such information according to [8-17] can be taken in the following form:
a6 == 1- 20 5 g, ™
0 Sn (%)

N
where Y:%z X; is an estimator of a, parameter A we will find minimizing the principal term of the
i-1

asymptotic MSE of EXN (6,A) (7). The estimator (7) combines the available empirical information containing
in (3) and prior information (6).
For the estimator ﬁXN (6,A) in the notation of Theorem 1, we have: s =3,
ty = (s tonstan) ' = (@ (X8), Sy (0,0 dy =N; t=(t,1,)" =(P(%,8),5(x),a)";

_ b gy 222D A (s
H(t)_H(tl,tZ,tg)_8(l . Mg a)J 8{1 500 Ma a)} a, (9);

_1 _CDN(X:ES)_ 7_a)|—=aN .
H(tN)—B(l ) MX a)) a, (8,1);

1 o) xT;tO
8S(x) 8S2(x) &

VH () = (H, (), H, (8), Ha (1)) z(
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5. Bias and MSE of @ (5,).)

Arguing as in Section 1, it is easy to show that the sequence {H(t, )} satisfies the condition 1) of The-

2+[\(w+a)

orem 1 with C, = , ® <o is the limiting age, and y =0; also, the statistic t, satisfies the con-

dition 2) due to Lemma 3.1 [6], provided that EX' <®' <oo for all i e R. From here, for the bias of (7) we
obtain the following result:
[E@ (3.1 -3,(3) ~E[VH )ty —)] =[E@L (8,2)-&,(3)| = |p@' 3,1)|=O(N )
611012013
Now, find the covariance matrix o(a,(3,1)) =| 6,,6,,6,, | for statistics @y (x,5), Sy (X), X:
03103,033

o33 =ND{X} =D(X); o033 =03 =Ncov(X, Dy (x,8)) =C;(x,8) —ad(x,8);
O3 =03 = NCOV(Sy (%), X) =Co(X) ~aS(X). \ynere C,(x,5)= eSXTe-f’“udF(u), C,(X) = TudF(u), and o,,,

G,, Oy, Oy are defined in Section 1. Using (5), the above results for the bias and the covariance matrix
o(a,(3,1)), we obtain:

_ 2 _ C(a, (8,1)) _
uz(aXN (s,x)):E[VH(t)(tN -1)] +o(N 3’2)=T+O(N 3’2),
(@, (5.1) = %1 _ilH {06 H (1) = H2 ()03, + H2 ()03 + H2 ()05 + 2H, (OH, (D)0, +
p=LJ=
1264, _ QHiop3 2MH,005
52 S s
=C(8,(8)) +12Q ~22Q,, (8)

2923 Then the minimum of C(a, (3,))) with respect to  is achived at

+2H; ()H3(t)oy3 + 2H, (t)Hs (o, =C(a, () +

Hy0y5 + H
where Q, = % >0, Q,=—118"

Ao = & Such Ao minimizes the principal term of MSE uz(ﬁ)!“ (8,21)), and this minimum is as follows:
1

CEGBA)) 1 a oy &%) C((E6))
N - N (C((&X(S)) <—".

o ©)
6. Bias, MSE, and Asymptotic Normality of &, (5,4,)
In accordance with (9), the estimator
al (6,7»0):%(1—%—%0(%—@) (10)
will be called the optimal (in the mean square sense) estimator. The non-negative quantity Q—22 in (9) deter-

1
mines the decrease of the principal term of MSE for the optimal estimator by using auxiliary information (6).
Theorem 6. If S(x)>0 and S(t) is continuous at X, then
1) for the bias of (10), the following relation holds:

‘b(éx'\‘ (5,x0))‘ =o(N?);
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2) the MSE of (10) is given by the formula
2 (=N (=N = 2 _é(ﬁx(é,ko)) 32
U (3 (3,%0)) = E (&' (3,20) - (8)) _Tm(N ),
where C(a,(8,2,)) is defined by the formula (9).
Theorem 7. Under the conditions of Theorem 2
IN (3} (3,2:0) ~8,(8)) = Ny (0,C (a:(3,o)))

Proof. The statements of Theorems 6 and 7 follow from Theorems 1 and 4 with the usage of the argu-
ments of Sections 3-5.

7. Adaptive Estimator
The statistic &, (8,%,) can be used as an estimator for &, (8) if we know X,; otherwise, it is required
to construct an adaptive estimator. We need a more detailed formula for A :

1 D(X,0)
Ay = C,(x)—aS(x))—C,(x,0) +ad(x,0) |. 11
0 S(x)DX{ 500 (Co(x)—aS(x))—Cy(x,8) +ad( )} (11)
Using (11), we consider the following adaptive estimator:
~ - 1 Dy(X,0) ~ _
ay(Bhg)==|1-—N22 (X -a 12
¢ @do) =5 1-—g e - Ro(X-a) (12)
with
~ 1 Dy (%,0) /4 A
Ao = N C,(X)—aSy (X)) —C,(x,8) +ady (x,3) |, 13
0 SZSN(X){ SN(X)(Z() n 00) = C1(%,8) +ady ( )} (13)
N
where s? :ﬁZ(Xi —X)? is an unbiased estimator of the variance DX,
—lia

A -1 N 2 -1 N —0X
C,(xX)=N"2 X;I(X; >x), C,(x,8)=N">eX;I(X;>X).
i=1 i=1
Theorem 8. Under the conditions of Theorem 2,
IN (3 (8,20) ~3,(8)) = Ny (0,6 (3, (5, 10)))-
Proof. The following equality holds:
IN (3 (8.20) -2, (8)) =N (&} (5,10) ~&(3)) + Ry,
where Ry :6‘1(k0 —io)\/ﬁ(i—a). All the estimators, used in (13), converge almost surely to their true
values according to the strong law of large numbers (the Second Theorem of Kolmogorov [18]). Thus, from
the First Continuity Theorem of Borovkov [7], estimator io converges almost surely to A,. Based on the

central limit theorem \/ﬁ(i—a):Nl(O, DX), we retrieve Ry = 0. Now, the statement of Theorem 8 is
proved by making use of Theorem 7.

Conclusion

The paper deals with the problem of estimating the present values of the continuous whole life annuity
using auxiliary information about the expectation of life. It is shown that the usage of such auxiliary infor-
mation can often provide the MSE smaller than that of standard estimators. We proved the results on asymp-
totic properties of the proposed estimators: unbiasedness, consistency and normality. Also, the main parts of
the asymptotic MSEs of the estimators were found. An adaptive estimator is constructed; such estimator is
equivalent (in the sense of asymptotic distribution) to the estimator with the optimal weight coefficient A,.
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Note that the improved estimators of life annuities (3), (10) and (12) can be obtained by substituting of
empirical survival functions by the smooth empirical survival functions (cf. [19-32]).
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PaccmatpuBaercst mpobieMa OIICHUBAHUS aKTyapHOU HEMPEPHIBHON MOKU3HEHHON PEHTHI C UCIOJIB30BAHUEM JIOTIOJTHUTEILHON
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ONTUMAJIBHASI OLIEHKA COCTOSIHUA OBOBIIEHHOI'O
CUHXPOHHOT O TIOTOKA COBBITHU BTOPOI'O MOPSIIKA
B YCJOBUSX HEINOJTHOM HABJIIOJJAEMOCTHA

PaccmarpuBaercst 3aaqa ONTHMAIBHON OIEHKH COCTOSHHH 00OOIIEHHOTO CHHXPOHHOTO ITOTOKA BTOPOTO MOPSAKA.
OmnpenensioTcs aocTepHOPHBIE BEPOITHOCTH COCTOSIHUI TOTOKA, YIUTHIBArONHe 3G (HEKT HepoaIeBaloIEerocst MepT-
BOro BpeMeHH. IIpeanaraercss anropur™M ONTUMAIbHOIO OLCHUBAHUS COCTOSIHUI, OCHOBAaHHBIM Ha KPUTEPUHU MaKCHU-
MyMa aloCTepHOPHOI BeposiTHOCTH. [IpUBOAATCS YHCIICHHBIE PE3yIbTaThl CTATHCTUIECKUX KCIIEPUMEHTOB, MOTyUYEH-
HBIE C UCTIOJIBb30BAHMEM PACUETHBIX AaHATUTHUECKHUX (POPMYIT U ammapara UMHTAIOHHOTO MOJIEITNPOBAHHS.
KoroueBbie ci10Ba: 0000IICHHBIH CHHXPOHHBIH IOTOK COOBITHII BTOPOTO HOPSIIKA; COCTOSIHUE MTOTOKA; ONTHMAaJIbHAs
OILIEHKa COCTOSIHUIL; Henpo IeBaroleecss MEPTBOE BpeMsl; KpUTEPUH MaKCUMyMa alloCTEPUOPHON BEpOATHOCTH.

Ha coBpemeHnHOM 3Tare pa3BUTHs KOMIBIOTEPHON TEXHUKH W WH()OPMAIMOHHBIX TEXHOJIOTHH IIPOWC-
XOJUT YCIIO)KHEHUE CTPYKTYPhI TEJICKOMMYHUKAITMOHHBIX CUCTEM CBSI3H, IJIOOATBHBIX KOMIBIOTEPHBIX CETCH
Y CIIyTHHUKOBBIX CETEH CBS3H, IUUISl KOTOPHIX XapaKTepHBI HAHOOJIEe CIOXKHBIE H aKTyaJbHBIE UCCIICIOBAHUS
B cepe cuctem maccororo oociyxuBanus (CMO) [1, 2]. UccnenoBanuio BXOIAIIMX CIyYalHBIX MTOTOKOB
COOBITHI, MATEMATHYECKOW MOJIENTbI0 KOTOPBIX, B YACTHOCTH, SIBIISTFOTCS IBAYKIBI CTOXACTHYECKHE TIOTOKH CO-
ObITHIA, TTOCBsIIEHBI paboThI [3—8].

[Ipu u3yueHnn NoCIeTHNX BBIIEISIOT ABa OCHOBHBIX KJlacca 3a/1ad — OIICHHBAaHWE COCTOSHUI MOTOKA
[9-11] u onienuBanwme ero mapamerpos [12—15] o HabIOaEMBIM MOMEHTAM HACTYILICHHS COOBITHIA.

B paborax [16, 17] pemena 3aa4a ONTHMAaIbHOTO OIIEHWBAHUS COCTOSIHHNA O0OOOMIEHHOTO CHHXPOH-
HOTO MOTOKa COOBITHH BTOPOTO MOPSIJIKA MIPH €ro MoiHOM Habmogaemoct. OHaKko HabmoqaeMoe coObITHE
MOJKET BBI3BaTh NIEPUOJT MEPTBOTO BPEMEHH, T.€. TOBIIEYb 32 COOOH HEOCTYITHOCTh HAOIOACHHIO B 3TOT IIe-
puoJ TIOCEyIOIIUX coObITHI TToToKa [18, 19]. Takum 00pa3oM, B HACTOSINEH CTAThe, SBIISIONICHCS HEIIO-
CPEICTBEHHBIM pa3BuUTHEM pabot [16, 17], pemaercs 3amada 00 ONTHUMAaIbHOW OIEHKE COCTOSHUM MOTOKA
B YCJIOBUSIX €0 YaCTUYHOW HAONI0JaeMOCTH, T.€. IPU HAJTHYNH HETPOJIEBAIOIIETOCS MEPTBOTO BPEMEHH, TI0
METOJTy MaKCUMyMa arloCTEPHOPHOI BEPOSTHOCTH, KOTOpas MPEACTaBIsAeT HanOoJee MOTHY0 HH()OPMAIIHIO
0 TIOTOKE COOBITHH, COZIEPKAIILYIOCS B HA0JII0JaeMOM BEIOOPKE, M 00CCIIeYMBACT MUHUMYM ITOJTHOH (0€3yClioB-
HOW) BEpOSTHOCTH BBIHECCHHUS OIIMOOYHOTO PElieHus o ero coctosiauu [20, 21].

1. ITocTanoBKa 3agaun

PaccmarpuBaeTcst 0000LICHHBIH CUHXPOHHBIN ABaX/bl CTOXaCTUYECKUH MOTOK COOBITHH BTOPOro mHo-
psKa (asnee — MOTOK), COMPOBOXKAAIOIIMI CIlydaliHbIi ponece koToporo A(t) sBiseTcs KycOuHO-IIOCTOSH-
HBIM C JIByMsi COCTOSIHUAME S; 1 S, . Jlanee nox i-m cocrosuuem A(t) monumaercs cocrosaue S;, 1=12.

JIIMTENBbHOCTh MHTEPBAJIa MEXY COOBITUSIMU IIOTOKA B i-M COCTOSIHHHM OIIpE/elIsieTCs Cly4aifHOl Be-
JIUYUHOA m; = min(ii(l),éi(z)) , Tlle CilydaliHas BeIMYMHA ﬁi(l) pacmpezenesa o 3akony @ (t) =1-e ",
CilydaiiHasi BEIMYMHA &i(z) — 110 3aKOHY Fi(z) (t)=1-e ", i=12; &i(l) u gi(z) — HE3aBUCHMBIE CITy4yailHbIe
BEJIMUUHBL. B MOMEHT HacTyruleHHs COOBITHS IOTOKA B 3aBUCHMOCTH OT TOrO, KaKO€ 3HAaueHHE IMpUHsIA
ciydaiinas Benuunna 1M, 1 =12, npouecc A(t) mepexomut u3 i-ro cocrosHus B j-e, i # j, uam ocraercs
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OnmumanvHas OY€EHKa coCmosiHuil 06061/1/[€HH020 CUHXPOHHO20 nOMoOKa cobvimuii 8mopoco I’lOp}l()KCl

B i-M COCTOSHMH, 1= ], C BEPOATHOCTBHIO Pl(l)(kj |A;) mmbo Pl(z)(Kj [A;), 1,J=12. Ilpu stom

POM; 1)+ PO 04 1) =1, BP0 1)+ PP (4 [4) =1, i,j=12, i # j. Takum oGpasom, wtress-
HOCTh MHTEPBAJIa MEXIy COOBITHAMY MOTOKA B i-M cocTosiHuu nponecca A(t) sBnsercs cmydaiinoit Benuun-

Holi ¢ ¢yHkuueit pacnpenencuus F (t) =1-—g iredt j=12,
B nanbHelnIeM NPUHAMAETCS, 9TO UMEET MeCTO cocTosiaue S;, ecmm A(t) =X, i=12 (A; >X, 20).
[MoguepkueM, uto A(t) — npuHUIMIHMANEHO HEHAGTIOAAEMBIH CIydalHbIH TPOLEce (CKPHITBIH MapKOB-
CKHIA TIPOLIECC), MATPHIIBI HHOUHUTE3UMAITbHBIX XapaKTEPUCTUK KOTOPOTO HMEIOT BHUI:
—(Ay+oy) 0
DO = ’
0 - ()\. 2 + 0,2)

_ 7‘1P1(1) M2+ 0€1P1(2) (A1 12q) 7‘1P1(1) (A |2+ 0€1P1(2) (A2 M)
' 7\2P1(1) A1 l2p)+ 0°2P1(2) (A1 122) 7¥2P1(1) (A [Xp)+ azpl(z) (A2 %p) .

JluaroHanbHbIE 3JIEMEHThI MaTpuibl Dy UMEIOT CMBICI HHTEHCUBHOCTEH Bhixoaa npouecca A(t) u3
CBOUX COCTOﬂHHﬁ, B3STBIC C HpOTI/IBOHOHO)KH])IM 3HAKOM, HEAUArOHAJIbHBIC 3JICMCHTHBI — I/IHTCHCI/IBHOCTGI\/'I I1c-
PEXOJIOB M3 COCTOSIHUS B COCTOSIHHME O€3 HACTYIUICHHUSI COOBITUSL. DlieMeHTaMU MaTpuiibl D; BBICTYHarT MH-
TEHCUBHOCTH Tepexo0B npornecca A(t) U3 cOCTOSHUS B COCTOSHUE C HACTYIUIEHHMEM COOBITHS TTOTOKA.

HMeeT MeCTO CHTYyaIis HEAOCTYITHOCTH HAOIIOAEHUIO BCEX COOBITHI TTOTOKA — KAXKI0€ 3apETUCTPHPO-
BaHHOE B MOMEHT BpeMEHH [, CcOObITHE MOPOXKAAeT BpeMsl (PUKCHPOBAHHOW JUIMTEIBHOCTH | (MepTBOE

BpeMs), B T€UEHHE KOTOPOro Apyrue COOBITHSI HCXOAHOTO NMOTOKA TepstoTcs. HactynuBiuue B TeueHne MepT-
BOTO BPEMEHH COOBITHS HE BBI3BIBAIOT IMPOJJICHUS €ro Mepruosa, T.e. pacCMaTPUBAETCS HEIPOUIEBAIOIIEECS
MEpPTBOE BpEMsi, [0 OKOHYaHHH KOTOPOTO NIEpBOE HACTYIHBILEE COOBITHE BHOBD BBI3BIBACT MIEPHO HEHAOIIO-

JTaeMOCTH JUTUTEIBHOCTH | H T.J.
BapuaHT BO3HHMKaroIed CUTyauuu npuBejaeH Ha puc. 1, rae S;, S, — cocrosuus mpouecca A(t),

t;, t,,... — MOMEHTBI HaCTyIUIEHHsI COOBITHI B HaOJII0aeMOM HOTOKE, IITPUXOBKOM 0003HAYEHBI IEPUOIBI

MEpPTBOTO BpeMEHH; OeTbIMH KpYKKaMu 0003HaYeHbI HAOII0JaeMble COOBITHSI, YEPHBIMU — HEHAOIIOIaeMBbIE.

— P1@ (A1) -~ = —~  PiO(ra) P1O(h1fh1)
S1 = < < <
5] S g
g, @ g, g g ®
s, S P19 (\2A2) iy 5 P11 (h2r2)
e ,t
Hpouece M)
e e e O . S e e e
i i ot
0000w ennblil CUHXPORNBLIE ROMAK CPOBIMUTL 6MOPDZ0 NOPAOKA
: ~ Z ~— ~— e >t
T T T T T T T T T
Cxemd co30anus mepmegzo epemenu

t, t, t; t, ts tg t, tg t ot
Haonwoaemolit nomok coovimuii

Puc. 1. ®opmupoBanue HaOMOJaEMOT0 IOTOKA COOBITHI

Lleab HACTOSIIENO MCCIEN0BAHMS 3aKII0YAETCS B TOM, YTOOBI 110 Peau3allii MOMEHTOB HACTYILICHHUS
coOwrtuii t),t,,... na (0,t) ompemenuts amocrepuopusie BepostHOcTH W(A; |[t)=W(}; |1, ..., t,,t) TOTO,
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YTO B MOMEHT OKOHYaHWs HabmojeHuii t 3uHauenue npouecca A(t)=2;, 1=12, a Takke Ha OCHOBaHHH
nosy4eHHsIX Gpopmyi it W(A; [t) (W(Aq [t)+w(A, |t) =1) pa3paboTaTh anropuT™ OLEHUBAHUS COCTOSHUN

notoka (mpouecca A(t)).
2. OnTuMajJbLHOE OLICHUBAHUE COCTOSTHHI NOTOKA COOLITHH

MowmenT BbiHecenus pemenust t o cocrosauu npouecca A(t) npumamnexut unrepsany (ty,t.;),
k=12,..., Mexay cocennumu coObITUIMU HabmoaaemMoro notoka. [ unrepsana (ty,t;) mMoment t nexur
MEXly MOMEHTOM Havasa HaOIroeHuH t; 1 MOMEHTOM HACTYIUICHUS IEPBOTO COOBITHH MoToKa t; . Jlmurens-
uoctb unrepsana (fy,t, ;) ects Benmuuuua 1y =t 4 —t,, k=0,1.... C apyroii cTopoHsI, Tak KaKk COOBbITHE,
HaOroaeMoe B MOMEHT BPEMEHM [, MOpOXJAaeT INEpUOJ MEpPTBOIO BPEMEHM IUIMTEIBHOCTH | , TO
Tk = T + gk , TIC gk — 3HAYCHUC JJIMTCILHOCTU NHTCPBaAJIa MCKIY MOMCHTOM OKOHYAaHHA II€proga MEPTBOTO
BpeMeHH t, +T ¥ MOMEHTOM HACTYIUICHUS CIICTYIONIEro COOBITHS MOTOKA 1y 4, T.€. IMEEeT MECTO pa3OueHue
ucxogHoro wuHTepBama  (t,,t,,;) Ha JBa CMEKHBIX: NepBbli — momymHTepBan (.t +T],
BTOpoit — mHTepBan (t, +T,t, ;). [loguepkHeM, 4TO yCIOBHS HAXOXKAEHUS AllOCTEPUOPHON BEPOSTHOCTU
wW(X; |t) mepBoro cocrosiuus npouecca A(t) na nomyunrepsane (t,,t, +T] uunrepsane (t, +T,t,,;) npun-
[UITHAIBHO pa3Hble — Ha nomyuHrepsaie (t,t, +T] MOTOK HenoCTyNneH HaOIIOAECHHIO, B TO BpeMs Kak Ha
unrepBane (t, +T,t,,,) morok Habmromaem. Kpome Toro, st HaxoKIeHUs] BepossTHOCTH W(A, |t) HeoOxo-

JUMO TOYHO 3HATh 3HAUEHHUE [UIMTEIILHOCTH MEPTBOTO BPEMEHHU 1 JIMOO MPeABAPUTENBHO OCYIIECTBUTH €r0
OLICHKY, B MIPOTUBHOM CJIy4ae OTCYTCTBHE TaKOW MH(OpMAIMU JIeIaeT HEBO3MOKXHBIM HaXO0XIECHHE arocTe-
puopHOii BeposaTHOCTH W(A, |t) B SBHOM BHe. Y TOUHHM, YTO B HACTOSIIEM HCCIICOBAaHUH MPEAIIOIaraeTcs,

9TO 3HaYeHHe | (UKCHPOBAHO U M3BECTHO TOYHO.
Curyanus noHOH HaOJII0IaeMOCTH UCCIIEAYEeMOro IT0ToKa coobiTuii, T.e. T =0, paccmoTpena B pado-

Tax [16, 17]. B [17] nokasamo, uto anpuopHas BepostHocts T (t|t%) Toro, uro mpomece A(t) B MomenT
BpeMeHHU | NpPHHHMaeT 3HAauCHHE A, NPH YCIOBHH, YTO (YHKIMOHUPOBAHHE ITOTOKA HAYAIOCH B MOMEHT
BpEMEHH t°, omnpenensieTcs AuddepeHaIbHbBIM ypaBHEHUEM
T (t17) = =0 +an)m ¢ [t) + m(t ) ARY (A ] 20) + PP ([ 20))+
7t 0RY (1 22) + 0B (] 29), o (t]1°) = 1=y (E]t°).

AnpuopHas huHaIbHAS BEPOSTHOCT TT; NEPBOro cocTosinus npouecca A(t) siBisiercs pemennem ypas-

)

Henus (1) mpu t — oo (wm t° 5> —0)u omnpenenseTcs SBHOH Gopmyioi [17]
1 =[P 0 [20) + 0P D (1 [ 25))/ 2,
a=1P® (0 (1) + PP 0 1 4) + 2R (11 [25) + R (| 15).

AnocTepropHas BEpOSITHOCTB MepBoro coctostaust nporecca A(t) B MoMeHt t, HacTyruieHus COObITHS

(2)

NoTOKa 3a1aercst opmyioit nepecyera [Tam xe]

W =21,R P (g | 25) + PP (g | 1) +W(Ay [t —0) 3)
<[P (g |2) + aP® (g |2) = 2P P (A | 1) — 0P 2 (0 | 1)1
ArnocTepuopHas BEpOATHOCTb IIEPBOTO COCTOSHUS IpoLiecca X(t) Ha BpeMeHHbIX uHTepBaiax (iy,t)) u

(te tesr), k=212,..., onpenensercs popmyioit [Tam xe)
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w(hy |t +0)e Prreatemaa)t-t)
1-W(hy [t +0) +W(hy [t +0)e Fareaemea))

t, <t<t.q, k=01..; wir|t, +0), k=12,..., onpenenena B (3), W(k, |ty +0) =m;, m; 3amaercs (2).

Wiy [1) = (4)

OGpaTtuMes K CIIydaro, KOrjaa MoToK (GyHKIHOHUPYET B YCIOBUSIX HEJOCTYITHOCTH HAOIIOJEHHIO BCEX
COOBITHIA TOTOKA, T.€. 3HAYCHHE TUTEILHOCTH MEPTBOTO BpemeHn 1 # 0.
Paccmarpusaetcst monmyunrepsan (t,,t, +T], K=1,2,..., Ha KOTOPOM COOBITHE TIOTOKA UMEET MECTO B
IPAHUYHOI TOYKE t, ; HA CAMOM IOJyHHTEPBAIE COOBITHS OTCYTCTBYIOT.
Teopema. [ToBenenne amocTepropHOit BEpOATHOCTH W(A, |t) 111 0000IEHHOT0 CHHXPOHHOTO ITOTOKA
coObITHH BTOpOro nopsika Ha noayunrepsanax (t,t, +T], K=12,..., onpenensiercs popmymnoii
W(ky (1) =1 +[W(Ay |t +0)—myJe 20, (5)
t, <t<t, +T; m n a 3amgarorcs (2), W(hq |t +0) ompenensercst popmyioii mepecuera (3).
Jokazamenscmeo. Ha nonyunrepsaie (t,,t, +T], K=12,..., 060011eHHbI}A CHHXPOHHBIN IOTOK CO-
OBITHI BTOPOTO MOPSI/IKA SIBISIETCS HEHAOIIO1aeMbIM. BesieicTBre 3TOro MoBeICHHE aroCTePUOPHOi BEpOSIT-
HOCTH W(A, |t) B TeueHHe rmeproaa MEpTBOTO BPEMEHN | aHAJOTUYHO ITOBECHHUIO AallPHOPHOM BEPOSTHOCTH
m, (t]t°) mepsoro cocrosHms mpouecca A(t). OTimume 3aKmoYaeTCs B 3aIAHMHM HAYAIBHOTO 3HAYCHHS
W(A, |t) B MOMEHT BpemeHH t, HAaCTyIUICHHs HAOIF0JaeMOro COOBITHS TOTOKA. MOYKHO 110Ka3aTh, 4TO BEPO-
stHocTh W(A4 |t) Ha nomyunrepsane (t,,t, +T], K=12,..., onpenensiercst ypasuenuem (1) ¢ HauanbHbIM
yenosueM W(A, [t=t,)=w(A, |t, +0), kK=12,.... Unrerpupys (1) [22], naxomum (5). Teopema mokazana.
Vreep:kaenune. Ha unrepsane (t, +7T,t,;), cMexHOM ¢ BpemenHbM nonyuaTepsaioM (ty,t, +T], Bbi-
YHCIIEHUE arOCTEPHOPHOI BeposiTHOCTH W(A, |t) ocymiecTisiercs mo Gopmyrie
WO\'l | t, +T)e*(lﬁar}hz*“z)(t*tk:r)
1-W(hy [t +T)+W(hy [t +T)e Paroareroa)itD) !

t, +T <t<ty,;, k=12,...; r.e. navanbHoe ycnosue aus W(A, |t) TpHUBS3BIBAaETCS K MOMEHTY BPEMEHH

Wk [1) =

(6)

t, +T, apyrumu cnoBamu, B hopmyne (4) W(A, |t, +0) 3amensiercs nHa W(A |t +T), BeruucieHnyto o (5)
mpu t=t, +T, t, +T <t<t 4, k=12,...

B MOMeHT t, HACTYIUIEHHSI OYepeIHOro COOBITHS HAONIOIAEMOr0 MOTOKA, MOPOYKIAIONIETO MEePUOJT
MEpTBOTO BpeMEHH, BeposTHOCTb W (A4 |t, +0) paccuntriBaercs no popmyite nepecyera (3).

IMonygyenuse HOpMyYJIBI TO3BONISIOT CHOPMYITMPOBATE AITOPUTM pacdeTa aroCTEPUOPHOI BEPOSITHOCTH
Wy [t) (W, |t) =1—w(A, |t)) u anropur™ nmpuHATHS pemenus o coctosHuu nponecca A(t) (moroka)

B HpOI/IBBOJ'IBHBIf/i MOMCHT BpCMCHU t:

1) B MomeHT Hauasa HaGuosieHuit 3a moTokoM ty =0 3amaercst W(A, |ty +0)=w(A, [t =0)=m,, rue
T, BeIYHCIsIeTCs 1o Gopmyie (2);

2) o popmyie (4) st K =0 B ro00it MOMeHT BpeMmeHH t, ty <t <t;, rae t; — MOMEHT HaOIrOCHUS
NEepBOro COOBITHS TOTOKAa, PACCYMTBHIBACTCS BEPOSTHOCTH W(Aq|[t), mpu 3TOM HayanbHOE YCIOBHUE
W(Aq |ty +0) mmst w(, |t) onpeneneHo Ha mpebIIyIEM 1Iare;

3) B MomeHT BpeMeHnH t; 1o ¢popmyne (4) mist K =0 Beraucisiercs W(Aq [t) =w(r, [t; —0);

4) k yBemuumBaeTcs Ha €AMHUILY; C WUCIIONb30BaHMEM (GOpMyJsl Tepecuera (3) I armocTepropHOit

BepositHocTu uist K =1 paccunteiBaercst W(A4 |t; +0) — HaganeHOe ycnosue st W(A, |t) B dopmyie (5);

5) B mo0oii MomeHT t, t) <t <t +T , mo ¢popmyne (5) nas K =1 Beruucnsiercs W |t);
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6) mo dopmyne (5) nnsa K =1 paccuntbiBaercss W(A, [t =t; +T) — HauanbHOE ycroBue 1t W(A, |t)
Ha CIICIYIOLIEM LIare alropuTMa;
7) nna k=1 no dopmyne (6) Beruncasercss W(A, |t) B moboit MmomeHT Bpemenu t, t; +T <t<t,,

rae t, — MOMEHT HaOM0AeHUS BTOPOTO COOBITHUS TOTOKA,
8) B MomeHT BpeMmeHnH t, mo ¢popmyie (6) mis kK =1 paccuursiBaercss W(Aq [t,) =w(A, [t, —0);
9) anropuTM™ IEPEXOAMT Ha mmIar 4, maru 4—8 mocneaoBaTeaIbHO MOBTOPSIOTCS it K = 2 u T.1I.
[TapaniensHo 1o X0y BeIMUCICHUS W(A, |t) B 1:000i MOMEHT BpeMeHH | BHIHOCHTCS PEIICHUE O CO-

crosamu ponecca A(t) (IoToka) mo KpuTEpHIO MaKCMMyMa anocTePUOPHOit BeposaTHocTH [20].

3. Pe3y1bTaThI YHCJICHHBIX PAacYeTOB

JIisl TIOJTyYEHHsT YHMCIIEHHBIX PE3YJIbTaTOB pPa3pa0OTaHHBIM AJTOPUTM BBIYMCIEHHS BEPOSITHOCTH
wW(A, |t) peammsoBan cpencrBamu s3bika C#, Microsoft Visual Studio 2013, nocpeacTBoM mocneoBaTelisb-

HOTO BBITIOTHEHHS JBYX 3TANIOB — IMUTAIIHOHHOTO MOJIeNHpoBaHus [23] 0000IIEHHOTO CHHXPOHHOTO ITOTOKA
BTOPOTO IOpPSAAKA C HENpPOJICBAIONIMMCS MEPTBBIM BPEMEHEM U BBIYMCICHUS BeposiTHocTellt W(A4 |t),
to St<ty; W |t +0) m w(hy|t), t, <t<t +T; wr|t), t, +T <t<t,;, k=12,..., a Taxxe ompeze-
nenus oneHok A(t) TpaexTopwmii mcTuHHOTO mporecca A(t) .

C nenbio yCTaHOBJIEHHS YAaCTOThI OMIMOOUYHBIX pelIeHui o cocTostHuu A(t) Mo HaOIIOAEHUAM 3a IOTO-
KOM COOBITHIT TIPOBEICH PsiJl CTATHCTUYCCKUX SKCIIEPUMEHTOB, COCTOSIINX U3 CICAYIOIINX 3TAIOB:

1 2 -

1) mns onpenenenHoro Habopa mapameTpoB Ay, A,, Oy, Oy, Pl( )(kj [Ai), Pl( )(kj [A), i,j=12,
T eIuHWIl BpEMEHH OCYIIECTBISIETCS HMHUTAIMOHHOE MOJICIMPOBAaHIE HAOIOIAEMOT0 TIOTOKA COOBITHI Ha
3aanHOM otpeske Bpemenn [0,T,,] (ornenbHas K- peanusanus (McHbITaHue));

2) OCYLIECTBIISICTCS pacyeT alloCTePHOPHON BeposiTHOCTH W (A4 | t) mepBoro cocrosHus nporecca A(t)
Ha otpeske [0,T,,] mo popmyram (2)—(6);

3) ouenuBaercs Tpaekropus npouecca A(t) wa [0,T,] (ouennBanue Ha otpeske [0,T,,] BpeMeHHBIX
uHTEPBaANIOB, Korjaa A(t) mpUHHMAET TO WM HHOE 3HAUCHHUE);

4) ocymecTisieTcs onpezenenue (st K-ro ucrsiranust) d, — cyMMapHOH NPOTSKEHHOCTH MHTEPBa-

JIOB, Ha KOTOPHIX 3HaueHue mporecca A(t) He coBmamaet ¢ ero onenkoi A(t) ;

5) BBIUHCIAETCS JOJS OIMUOOYHBIX pemeHui p, =d, /T,,;

6) npoussoautcs nmosropenrne N pas (k =1, N ) maros 1-5 uis pacuera OLIEHKH MOIHOM (O€3yCciioB-
HOI1) BEPOATHOCTH OIIMOKY IPHHSATHUS PEIICHUS O COCTOSIHUX npornecca A(t) Ha [0, T, ].
Pe3ynbTaToM BBINOJHEHUS ONIMCAHHOTO AITOPUTMA SIBIISIETCS BBIOOpKA Py, Ps,..., Py AoJel ommbou-

ubix pemiennii B N nenbsrranusx. I[To 5ToMy HaGOpy BBEIYUCIISIOTCS BHIOOPOYHOE CpeiHee 6€3yCIOBHON BEPO-

ATHOCTH o1nboyHoro pemenus P, u ee BeibopouHas gucnepcus D

~ 1 N ~ 1 N A 5
Pom = Z ) Dam = 4 Py — Pom :
N k=1pk N _121( Pk )

o *

IepBbIil CTATUCTUYESCKUI SKCIIEPUMEHT MPOBEJCH C IEJbI0 YCTAHOBICHUS BPEMEHU MOJICTHPOBAHUS
T, » 0OecIieunBaloIIero y10BJIeTBOPEHHE CBOICTBA CTAllMOHAPHOCTH MIOTOKA COObITUI. Pe3ynbraTsl paboThl
I/IMI/IT&HI/IOHHOﬁ MOZICIIN IMOJTYUYCHBI JJIA 3HAUYEHUH mapaMeTpoOB, IIPUBEACHHBIX B TaOII. 1, B YCJIOBUSAX TOJTHOM
HaOmoaeMocty notoka (T =0 —tabu. 2, puc. 2, @) v yCIIOBUSX HaaIu4uns MepTBoro Bpemenu (T =1 —Ttabi. 3,
puc. 2, 6). B HacTosIIIEM SKCIICPUMEHTE KOJUYECTBO UcTbITaHuil GpukcupoBanHo, N =100.
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Tabnuma 1
HcxonHble JaHHBIE 15 IKCIIEPUMEHTA
A =4,2,=025 Pl(l) (*12)=0,2 Pl(l) (A2 122)=0,4 P:L(Z) (A 12)=0,3 P:L(Z) (22 12;)=01
o;=4,0,=025 RY(2124) =08 RP(112,) =06 RP (1) =07 R® (i 12)=0,9
Tabnuma 2
Pe3yibTaThl IEPBOro craTHCTHYECKOro Ikcnepumenta (T = 0)
T 1 10 20 30 40 50 60 70 80 1000
P 0,1849 | 0,0830 | 0,0716 | 0,0617 | 0,0645 | 0,0638 | 0,0603 | 0,0569 | 0,0574 | ... | 0,0552
D,. -10° | 2,4681 1,6610 | 0,9100 | 0,4771 | 0,3600 | 0,3790 | 0,2841 | 0,1560 | 0,2101 | ... | 0,0012
Tabnuma 3
Pe3yJibTaThl EPBOro CTATHCTHYECKOr0 IKcnepumenta (T = 1)
T 1 10 20 30 40 50 60 70 80 1000
P 0,2188 | 0,0822 | 0,0726 | 0,0675 | 0,0704 | 0,0897 | 0,0642 | 0,0729 | 0,0646 | ... | 0,0635
D,,-10° | 31527 | 2,0270 | 1,1331 | 0,7093 | 0,6412 | 0,5932 | 0,3091 | 0,2780 | 0,911 | ... | 0,0021

A

Ha puc. 2 oTpaxeHa 3aBUCUMOCTb OLICHKH HOIHON BEPOATHOCTH IIPHHATHSA OIIMOOYHOro penenus P,

OT BPEMEHH MOJICIIUPOBAHUA T,, TPH PA3IMYHBIX 3HAYEHUAX MepTBOro Bpemenu: 1 =0 u T =1.

0,25 0,25
0,2 0,2
0,15 0,15
0,1 01
0,05 0,05
0 0
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
a o

Puc. 2. T'pacdux 3aBucumoctu P, ot suauenus Ty, mpu T=0 (a)u T =1 (6)

AHam3 MHOTOYMCIICHHBIX PE3YJIbTATOB SKCIIEPUMEHTA, BKIIFOUAs YUCIICHHBIC pe3ybTaThl Ta0I. 2-3 1
ux TpaduuecKoe IpecTaBIeHUE (CM. PHC. 2), IO3BOJISIET CAEATh CIICIYIONTHE BBIBOIBI:

1) npu yBennueHUH BpeMEHH MOJCIUPOBAHUS T, OLECHKH If’om (B KaXXIOM M3 pacCMOTPEHHBIX YCIIO-
BUH (DYHKIIMOHUPOBAHUS IMOTOKA) CTAOMITN3UPYIOTCS;

2) B ciTyuae TOJHOM HaOIII0JaeMOCTH TIOTOKA (CM. PHC. 2, @) OIIEHKA ITOJTHOM BEPOSTHOCTH OIITHOKH If’om
JUIsl BCEX BapUaHTOB pacueTa sBJISIeTCs J0CTaTOYHO cTabuibHOM mpu T, 2100 ex. BpemeHH, B cilyyae Halu-
4usi MEPTBOTO BpeMeHHU (cM. puc. 2, 6) — npu T, >500; kak ciencTBue, A1 JaIbHEHIINX SKCIICPHMEHTOB

3HAUEHUE BPEMEHU MOJIEIMPOBaHUs BbIOpaHO paBHbIM T, =1000 en. BpemeHy;

A

3) mns Bcex BapuaHTOB pacuera mpu T,, >100 exn. Bpemenn onenka D, mocraTtoyno mana.
Tak kak cormacao D, mepexom A(t) w3 cocrosHus i B cocrosiHMe |, i, j=1,2, B COOTBETCTBUH

¢ [1, 8] HeBo3MOXkeH Oe3 HACTYIUICHHSI COOBITHSI, TO BO BTOPOM CTATHCTHYECKOM IKCIIEPUMEHTE UCCIIETyeTCsI
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saucumocts P 1 D, OT A, /A, U ay /o, - Ipu T =1, T,, =1000, N =100 u HcXOAHBIX TaHHbIX Ta0s1. 4

MOJTYYEHBI Pe3yJIbTaThl, MpUBeACHHBIE B Ta0. 5, 6.
Tabnuna 4
I/ICXO}IHLIG JAaHHBbIC IJISl JKCIICPUMEHTA

A =6, %[k, =3.,;192 RO, 124)=0,6 RO(,2,)=05 R@(12) =03 R®,|2,)=08

0 =6, oy/a,=3;..;192 R0 121)=0,4 RO041%2)=05 | RP(*;1M)=07 | RP(412,)=0.2

Tabnumna 5
Pe3y/1bTaThl BTOPOro CTATHCTHYECKOIO IKCHEPUMEHTa (st Ay /A, , o, =2)
Ay /hy 3 6 12 24 48 96 192
P 0,2038 0,1439 0,1104 0,0914 0,0821 0,0765 0,0745
Do -10° 0,0045 0,0032 0,0033 0,0022 0,0022 0,0027 0,0022
Tabnuma 6
Pe3ybTaThl BTOPOro CTATHCTHYECKOTO IKCIEPUMENTA (ISt 01 /0, , by =2)
o/t 3 6 12 24 48 9 192
P 0,2030 0,1855 0,1737 0,1689 0,1658 0,1641 0,1629
D,, -10° 0,0044 0,0039 0,0042 0,0038 0,0041 0,0039 0,0040

PC3yJII>TaTI)I OKCIICPUMEHTA CBUACTCIILCTBYIOT O JIYUIICM OLICHUBAHUU COCTOSIHUM IIOTOKA COOBITHI npu
OOJIBIIIMX 3HAYEHHUSAX OTHOIICHHUH 7\.1/7\.2 n 0(,1/01,2 . Takas TCHACHIIMA CBsA3aHa C TCM (l)aKTOM, YTO COCTOAHUA

k(t) CTAHOBATCS JIYUIIC pa3JINIUMBbl, 3a CHCT 4YCTO 4YaCTOTa MPUHATHUA OIIMOOYHBIX peIHCHI/Iﬁ 3HAYUTCIBHO

cokpamaercsi. OTMETUM, 4TO JaHHBIE Ta0Jl. 5 ONPEAENAIOT yYlllee B CMBICIIE MATOCTH OL[EHKH MOJHOM Bepo-
SITHOCTH OIIMOKH Ka4eCTBO OI[EHHBAHUS PACCMATPHBAEMOTO IIOTOKA COOBITHIA, HEXEIH JaHHbBIE Ta0II. 6; Ipy-
THMH CJIOBAMH, yBEJIMYEHUE 3HAUEHNS OTHOLIEHHS ), /A, 00ECIEeUYnBAET MEHbLIEE 3HAYECHUE OLIEHKU BEPOST-

HOCTHU NPUHATHA OIITHOOYHOTO peuICHuA, 4YEM YBCIMYCHUC 3HAYCHUSA OTHOIICHUSA OLl/OLZ . Hocne,uHee CBsI-

3aHO C 33JaHHBIM HAOOPOM MapaMeTPOB, ONPEACIISIOIIUM HOTOK (cM. Tab. 4). OOpaTUM BHUMAHHE, YTO CPaB-
HEHHE NMPHUBEICHHBIX B Ta0Jl. 5—6 Pe3ysbTaToOB CTATUCTHYECKOTO SKCIEPUMEHTA C PEe3y/IbTaTaMU aHAJIOTHY-
HOTO JKCIIEPUMEHTA, IPOBEACHHOTO I TeX K€ MUCXOAHBIX JAHHBIX B YCIOBHUSIX OTCYTCTBUSI MEPTBOTO Bpe-

menn, T =0 [16, 17], mo3Bonser oTMeTHTh yBenuueHue 3Hadenus P, npu T # 0 it kaxmoro BapuaHra

pacucTa, 4TO CCTCCTBCHHO B CUJIY INOTCPU MOJIC3HOH HH(bOpMaHHH AJI1 BBIHECCHHA PCHICHUSA O COCTOSIHHUU
IIOTOKA 3a CUCT HAJINYHA MEPTBOT'O BPEMCHU.

A

HpeZ[MeTOM paccMOTPCHU B TPETHEM CTATUCTUYCCKOM SKCIICPUMECHTC ABJIACTCA 3aBUCUMOCTD Pom oT

3HAUCHUS JAJIUTEIBHOCTU T , IPU 3TOM PACCMaTPUBAIOTCS CUTYAIlMH YBEIMYCHUS 3HAYEHUH A, U oy, OIIpe-
JETSIOMNX WHTEHCUBHOCTD HACTYIUIEHUS] COOBITHII B IEpBOM COCTOSIHMH. B Tabn. 8—9 mpuBeneHsl pe3yib-
Tatsl, noy4yeHusle npu T, =1000, N =100 u 3HaueHUAX napameTpoB, MPEICTABICHHbIX B Ta0MI. 7.

Ta6nuua 7
HcxonHble TaHHBIE IJI SKCTIEPUMEHTA

A =46,k =0,5

AP 12) =02

RP(;12,) =01

R@( 1) =01

AP, 2,)=0.2

o, =46, 0,=0,5

R®P(r;12) =08

AP 11,)=0,9

R@(,12,)=0,9

R@ (1, 12,)=08

36




OnmumanvHas OY€EHKa coCmosiHuil 06061/L[€HH020 CUHXPOHHO20 NOMOKa cobbrmuil emopoco I’lOp}Z()Ka

Tabnuma 8
Pe3y/ibTaThl TPETHEr0 CTATUCTHYECKOrO dKcnepumenTa (A =4, a, =4)
T 0 0,5 10 15 2,0 2,5 3,0 3,5
P 0,0871 0,1091 0,1146 0,1178 0,1204 0,1216 0,1223 0,1243
D,, -10° 0,0026 0,0022 0,0022 0,0023 0,0021 0,0025 0,0021 0,0031
Tabnuma 9
Pe3y/IbTaThI TPETHEro CTATHCTHIECKOro dKcnepumenta (A, =6, a; =6)
T 0 0,5 1,0 15 2,0 2,5 3,0 3,5
P 0,0610 0,0817 0,0856 0,0886 0,0898 0,0910 0,0925 0,0935
D,, -10° 0,0009 0,0014 0,0012 0,0017 0,0017 0,0012 0,0014 0,0016

A

ITocTpoeHHBIH cornacHo JaHHBIM Tad1. 8-9 rpaduk 3aBUCUMOCTH OLICHKH BEPOATHOCTH P 0T 3Haue-

HUH JUIMTETILHOCTA MEPTBOI'O BpEMEHU | MPUBEAEH Ha puc. 3.

0,13

0,12 e ©° ° °
0,11 °

0,1
0,09
0,08 °
0,07

0,06 - °®

0,05
0 05 1 15 2 25 3 35

Puc. 3. I'papuk 3aBucuMOCTH P, OT T IpH A = 0; =4 — TEMHBIM MapKepoM,

npu Ay =04 =6 — CBETIIBIM MapKepOM

UYucrnieHHbIE pe3yJIbTaThl, OTpaXKEHHbBIE B Ta0J. 89, u ux rpaduueckoe npeacrapieHue (cM. puc. 3) ae-

MOHCTPHUPYIOT, YTO IIPHU OJJHOM M TOM KC€ 3HAYCHUU T orMeuaeTcs TCHACHIUA K YMCHBIICHUIO OLI€CHKHU Pom

B ClIy4dac yBCINYCHUSA 7\,1 U o4, TaK KaK yCJIOBHS PA3JIMIUMOCTH COCTOSTHUM YIIy4dl1arTCsd, 4YTO TaKXKE IMOJTHO-

CTBIO COITIACYETCs C Pe3yJIbTaTaMH MPEJIbITYIIEro SKcnepuMenTa. Paccmorpenue 3Havenuii P, B 06oux ciy-

qasx 3aJaHusl ”HTeHCUBHOCTeH (A + oy =8, A + oy =12) B 3aBucumoctu ot T =0;0,5;...;35 npuBoaut x

oOnapyxeHuto pocra P, ¢ ysenmudennem T , Tak KaK yBEIWYEHUE IPOJOIKMTEIBHOCTH MEPTBOIO BPEMEHU

BCETra O3HA4YAaCT YMCHBUICHHUEC KOJIMYCCTBA TOJIC3HOM I/IH(i)OpMaIII/II/I, 4YTO OTpPULATCIBHO CKa3bIBACTCA Ha
Ka4yeCTBC OLICHUBAHHUA (BTO TAaKXX€ MOXHO BUACTH Ha pHC. 2) HpI/I 9TOM 3aMC€THM, YTO ITIOBCIACHHEC OIICHOK

If’om (A, +04y =8) (Temublii Mapkep Ha puc.3) u I:A’Om(k1+oc1 =12) (cBeTsblii Mapkep Ha puUC. 3) B IIEJIOM
aHAJIOTHYHO.

BBI/I,Z[y BCPOATHOCTHOI'O MEXaHN3Ma CMCHBI COCTOSIHUM IOTOKA B Ka)KI[LIfI MOMCHT HAaCTYIUICHHUA COOBI-
THSI OCOOBIH HUHTCPEC (qCTBepTLIﬁ CTaTUCTHYCCKUI BKCHepI/IMCHT) NpeaACTaBIACT PaCCMOTPEHUEC YAaCTHOI'O

Clly4as 3a1aHUsl BEPOSITHOCTEH Pl(l) (A 1%), i, j=1,2, 1 =1,2, onpexensiommx nepexoas nporecca A(t) u3

cocTostHUs S; B coctosHue S, i, j=1,2: Pl(l)(lj [A)=0,1i=], Pl(l)(kj |A;)=1, i# ]; npu 3HaYeHHAX
napamerpos T =1, T, =1000, N =100, A, =4, A, =0,75, o, =1, a, =0,45.
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Ha puc. 4 B kauecTBE WUTIOCTPALIMK IPUBEICHO MoBeaeHue oneHku A(f) Ui OTAENbHOM peann3anuu

HCCIIEyeMOro II0TOKA; 31eChb A, A, — 3HaueHust oueHKH A(t) . ILTpuxoBKoil OTMEUEHbI y4aCTKH OIIMOOYHBIX
peleHuit 0 cocTosIHUY nporiecca A(t) (moroka cobbrrmii), At = 0,001 .

At
( ))\
A

A2

Y

Puc. 4. IloBenenue oueHku i(t)

B geTBepTOM 3KCTIEpHMEHTE BEIOOPOYHOE CpeHEe MOTHOW BeposITHOCTH ook — P, = 01821 , BBI-

Gopounas mucnepcus — D, =0,0049 -107° . CyuiecTBeHHOE yXy/LUICHHE KAYeCTBA OLCHUBAHUS (B CMBICIIE Ma-
JIOCTH OIIEHKH TTOJTHOW BEPOSITHOCTH OIIMOKH) TI0 CPAaBHEHUIO C Pe3yiIbTaTaMu, IPUBEACHHBIMHE B [17] B ciry-
yae T =0 npu Tom ke HAGOpe MapamMeTpoB, OOBACHAETCS HATMYUEM MEPTBOTO BPEMEHH.

3aka0ueHnne

B Hacrosmieit cratbe npennoKeH OCHOBAHHBIN Ha KPUTEPUU MAKCUMyMa alloCTEPHUOPHONU BEPOSITHOCTH
ITOPUTM ONTUMAIILHOTO OLIEHUBAHUS COCTOSIHUIM 0000IIEHHOI0 CHHXPOHHOTO OTOKA COOBITHH BTOPOTO I10-
psiaKa, QYHKIIMOHUPYIOLIETO B YCIOBHUAX HEMPOIEBAIOLIETOCs MepTBOro BpeMeHH. ChopMynnpoBaHbl ajiro-
PHUTM pacdeTa aroCTEPUOPHOI BEPOATHOCTH W(A, |t) M QJITOPUTM NPHHATHUA PEIIEHHS O COCTOSHUU IIPO-

necca A(t) B MPOM3BONBHBIN MOMEHT BpeMeHH | Ha OCHOBaHMM BBIGOPKH MOMEHTOB HACTYIIEHHS COOBITHI
t, ty,....,t,, B HAOIrO1aeMOM MOTOKe. IIpoBE/IEeH P/l CTATUCTUYECKHUX DKCIIEPUMEHTOB JUIsl YCTaHOBJIEHHS Ya-
CTOTHI OIMIMOOYHBIX PEIICHUI O COCTOSIHUM ciTydaiHoro mporiecca A(t) . UuciaeHHbIe pe3ynbTaThl IPOBEIEHHBIX

Ha UIMHUTAIIHOHHOW MOJIEJIN IOTOKA SKCIIEPUMEHTOB HE MPOTUBOpeUaT (pU3NYecKoil HHTepIpeTauy 1 HILTIO-
CTPUPYIOT IPUEMIIEMYIO OIIEHKY MTOJTHON BEPOSTHOCTH ONIMOKHU OIIEHUBAHHS M JJOCTATOYHO MaJyI0 BHIOOpOU-
HYIO JMCIIEPCHUI0, KOTOPbIE 00ECTIEYMBAIOTCS IPEUIOKEHHBIM AITOPUTMOM ONTHMAIBHOTO OLIEHUBAHUSI.
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FLOW OF SECOND-ORDER EVENTS UNDER CONDITIONS OF INCOMPLETE OBSERVABILITY. Vestnik Tomskogo gosu-
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The paper deals with a generalized synchronous flow second-order events accompanying random process A(t), which is an unob-
servable piecewise constant process with two states S, and S, . Hereinafter, it is understood the I th state of process A(t) as the state
S, i=12.

The duration of interval between the flow events at the ; th state is determined by random variable n, = min(g;®,¢,®®), where
random variable ¢® is distributed according to the law F® (t) =1—e ™", random variable &,(® is distributed according to the law
FOt)=1-e'; £® and &,® are independent of each other, i =1,2. At the moment when a flow event occurs, process A(t)
transits from the ; th state to the | th either with probability B® (x; |2;) or with probability 5™ (x;|2;) depending on the value
of random variable 7, i, j=1,2, i# j. At the moment when a flow event occurs, process A(t) stays in the i th state either with
probability B®(x;|2;,) or with probability R (x;|2;) depending on the value of random variable m;, i=1,2. Wherein,
RO IA) +RO0G 12) =1, BP0 1)+ RP 0y %) =1, i,j=1,2, i# j.Thus, the duration of interval between the flow events
in the I th state of process A(t) is a random variable with the exponential distribution function F (t) =1—e 1ot | i=1,2.

In the sequel it is assumed that the state S; (the first state) of random process A(t) takes place, if A(t) =X, , and the state S,
(the second state) of random process A(t) takes place, if A(t)=2, (A;>A,>0).

We consider the situation, where each event registered at the moment t, generates the period of time T , called a dead time,
during which other flow events are lost, and upon its completion, an occurring event also causes the period of non-observability of the
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flow. It is necessary to estimate the state of random process A(t) at the moment t , having a sample of the moments of occurrence
of events t;,1,,... in the observed flow.

The algorithm of optimal estimation for the states of a generalized synchronous flow of second-order events with unextendable
dead time is as follows:

1) atthe initial instant ty =0 a priori probability of the first state 7; of the process A(t) is calculated using explicit expression
= AoRP (A1 2g) + 0, PP (A | 1y) ;
7"1P1(1) Ay 12y) + alP].(Z) Ay 12y) + >"2Pl(l) (A 1R,) + 0szl(Z) (A1)
2) k=0, atany moment t of the interval (t,,t,) a probability w(A, |t) is computed according to formula
W()Ll | tk + 0) e7(7vl+ulf}»2 —a, )(t-t)
1-w(h, |t +0) +W(A, [t +0)e (areaam)t=t
at the moment t; calculations are made for determination w(, |t,) =w(, |t, —0) using the same formula;

Wk, [t) = s, W0 [t +0) = m;

3) Kk increases by 1; for K =1 a posteriori probability is recalculated according to formula
w(r, |t +0) =W /[(X, + a,) + W(A, |t, —O)(A; + 0, — A, —at,)],
W =2,R (0 | 15) + 0,RP (A [ 2) + WA, [ 1, —O)ARY (A | 3) + 0aR? (A [ ) = 2R (21 1,) = 0,R? (0 | 2,)]; W(y [ty +0)
is the initial value for w(X, |t) at the next step;
4) k=1, atany moment I of the half-interval (t,t, +T] a probability w(X, |t) is calculated according to
W, [t) =7, + W, [t +0)— 7, ]e 2%,
a=ARP (A, |2) + PP 0y | A,) +2,RP (0| 2,) +a,R? (4, [ 1,);
here w(A,|[t=t +T) isthe initial value for w(A, |t) at the next step of the algorithm;
5) k=1, atany moment t ofthe (t, +T,t,) a posteriori probability w(X, |t) is calculated according to
WA, [t +T)e CareaeeateD .
LT-W(h |t +T)+W(h, |t +T)e Crreaereadhem)?
w(A, [t,) =w(X, |t, —0) can be found using the same formula when t=t, ;

6) the algorithm goes to step 3, after that steps 3-5 are repeated sequentially for k =2 and so on.
Simultaneously with the calculation process of probability w(A, |t) , the estimation of the flow state is made according to criterion

WO\‘l |t) =

of a posteriori probability maximum: if w(i, [t)>w(%, [t), then A(t) =2, , else A(t) =2x,.
The numerical results of described statistical experiments conducted on the simulation model demonstrate the possibility of

sufficiently qualitative estimation of the states of a generalized synchronous flow of second-order events in conditions of a constant
dead time.

Keywords: generalized synchronous flow of second-order events; flow state; optimal estimation of states; unextendable dead time;
criterion of a posteriori probability maximum.
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PACHPEJEJEHUE PECYPCOB B MHOT'OKAHAJIbHOM CUCTEME
MACCOBOT'O OBCJYKUBAHUA C BAOKHPOBKOU
HA OCHOBE CUHEPTETHNYECKHUX DODPEKTOB

CTpouTcs OIleHKa CKOPOCTH CXOJMMOCTH K HYJIO BEPOSTHOCTH OTKa3a B MHOTOKAHAIBHON CHCTEME O0OCTYKHBaHHUS,
MOJIETUPYIOUICH TEJICKOMMYHHKALIMOHHYIO CETh, NPH CTPEMICHHH K OCCKOHEYHOCTH KOJHMYECTBA CEPBEPOB H
Harpy3ku. C ee MOMOUIbIO pelaeTcst 3ajaua pa3IesIeHUs] pECYPCOB MEX1Y pa3IMuYHbIMU [10JIb30BATEISIMU TEJICKOMMY-
HUKAIIMOHHOM CETH.

Ki1ioueBble ¢/10Ba: MHOTOKaHAJIbHAS CHCTEMa MACCOBOTO OOCITYKMBAHHUS C OTKa3aMH; TCIIEKOMM YHUKAIIIOHHAS CETh;
MOJIEITH TeNIeTpadHKa.

Teopust MaccoBOro o0CITyKWBaHUSI KaK COBPEMEHHasi 00JACTh MPUKIIAJHON TECOPHH BEPOSITHOCTEH
paspa0oTaHa B paMKax HCCIEIOBaHMs ONEpalyid U cTajla OZHUM M3 IVIABHBIX MHCTPYMEHTOB JUIsl aHAJIN3a
CHCTEM paIuocBsI3u. B HacTosIee BpeMst TeopHs ouepesiell UrpacT BaKHYIO pojib B aHaIN3€e 3P PEKTUBHO-
CTH OyAyIINX NOKOJIEHUH TEJIEKOMMYHUKALMOHHBIX ceTeil. Hanpumep, B ISTOM OKOJIEHUH CETH, HECMOTPS
Ha €€ BBICOKYIO MPOIYCKHYIO CIIOCOOHOCTH, 10 10 ['0ut/c, Bo3HUMKAaeT HEOOXOAUMOCThL COBMECTHOTO HC-
MOJIb30BAaHUSI OTPAHUYEHHOTO KOJIMYECTBA PECYPCOB MEXIY Pa3lIMYHBIMU NPHIOKEHUSIMHU U I10JIb30BaTe-
JSIMU. DTO TIPUBOJIUT K POPMYITHPOBAHUIO U PEUICHUIO IPOOIIEM pacTpeieNIeHHsI PECYPCOB C YI€TOM HeHa-
JEXKHOU Cpebl.

B Hacrosiiee Bpemsi TeopHsl MacCOBOTO 00CITYKMBaHUS Pa3BUBAETCS MMEHHO B 3TOM HaIpaBIICH HH,
vMes B KaueCTBE CBOEH OCHOBBI pabOTHI TAKUX CIIEIMAIUCTOB, Kak A. boposkos, b. ['nenenxo, JI. Adana-
ceeBa, E. bymunckas, B. Kopones, E. SIpoas [1-6]. [Ipu 3TOM BaKHYIO pOJib UTPAIOT PE3YIbTATHI, MOTY-
YeHHBIC B paboTax mo mMaremarndeckoi Teopun tenerpaduka ®@. Kemmm, K. Pocca, I'. bamapuna, B. Bumi-
HeBckoro [7-10].

B pabore paccMmaTpuBaeTcsi N-KaHaIbHAS CHCTEMa MacCOBOTO 0OCITY)KMBaHHsI C OTKa3aMH B IIPEATIOIIO-
YKEHHUH, YTO MHTEHCUBHOCTh BXOJTHOTO MTOTOKAa MpOonopIroHanbHa N. Mccenenyercs cXoAMMOCTh BEPOSITHOCTH
OJIOKMPOBKH B OTOM cucteme K Hy o npu [1—> 00, PemaeTcs 3a1a4a 0 IOCTPOEHUU COBOKYITHOCTH MHOTOKa-
HAJIBHBIX CHCTEM C OTKa3aMH U OJIMHAKOBOM (MK OM3KOM ) aCHMITOTHKOMN CXOIUMOCTH K HYJIIO BEPOSITHOCTH
otka3za. [logoOHas 3amada BO3HMKAET MPH KOHCTPYWPOBAHWU COBPEMEHHBIX CHCTEM Iepenayd AaHHBIX [9.
I'n. 2]. Oco0eHHOCTHIO ACUMIITOTUYECKUX PE3YJIBTATOB SABJISIETCS X MPUOIMKEHHBIN XapakTep, MO3BOJISIO-
AN TIOJYYUTh JOCTATOYHO YI0OHBIE POPMYIIBI JIJIsl TOCTAHOBKH U PEIICHHS 33724 ONITUMH3AINN CUCTEM TIe-
penavn JaHHbBIX.

1. AcHMMITOTHYECKHE COOTHOLIEHUS

Paccmorpum cucremy oOciryxkuBanus A, =M |M |n|0 ¢ MHTEHCHBHOCTBIO BXOJHOIO ITyaCCOHOB-
CKOro NoToka N\ 1 MHTEeHCHBHOCTAME 00CIyXKuBaHus | Ha Bcex N npuGopax, p=A /. Cucrema A, MokeT
paccMaTpuBaThCs Kak 00beAMHEHHE N cucTeM BHJa A =M | M |1|0 ¢ yacCCOHOBCKMMH BXO/IHBIMHU IIOTOKAMHU
MHTEHCUBHOCTH A. KolnmuecTBo 3asBOK B CHCTEME A OIMCBIBAETCS MPOLECCOM TMOETH M POXKIACHUS X, (t)

C UHTEHCHBHOCTAMU poskaeHus u rubenn A (k) =ni,0<k <n, p (k) =kp, 0<k <n.
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O6o3Haunm P, (p) CTalMOHAPHYIO BEPOATHOCTH OTKa3a B CHCTeMe A, TpH 3agaHHoM P. Ilycts

a,,b,,n>1, — 1Be BemecTBeHHbIC mocnenoBarenbHOCTH. Ilpm N—>00 momaraem, uro a,=<b,, ecmu

s Mnos

Iimsupn_m%SL ¥ 4TO an ~ bn, eciu b, <a,<b,.
n

Teopema 1. CipaBe11uBO criefyroliee IpeaebHOe CooTHOmEeHue: P, (1) ~ fi n — .
7n

Hokazamenscmeo. Ilycts € >0, paccmorpum GyHkmmio f (X) =1— X —exp(—(1+¢)x). Oynkmus f(x)
YJOBJIETBOPSIET CJIEAYIOLUIUM COOTHOLICHUSIM:

f(0)=0, f'(x)>0,0< x<

In(1+¢)
1+

F(x) <0, In(1+s)
€

<x<1, f(1)<O0.

IToaromy Ha otpeske [0,1] cymecTByeT eOqUHCTBEHHOE X(g), YIAOBIETBopstomiee paBeHCTBY f(X(g))=0, n
3Ha4UT HepaBeHCTBaM 1— X >exp(—(1+¢€)x), 0<x<x(e) <l. Iycts p,(K) = limi—w P(X,(t) =k),0<k <n,
torma B cuy [11.Tm. 2, § 1]

P (0-D=p, ()X p,(n-2)= pn<n)( j@

CrnenoBaTenbHO, CTAllMOHApHAsE BEPOSTHOCTh OTKa3a B CHJIY WHTETPaJIbHOM TEOpeMbl BOCCTAHOBIEHHUS U
3aKOoHa OONBIIMX 4YHCEeN I Tporecca BoccTaHoBieHus [12. T'm. 9, § 4, 5] ymoBieTBOpseT paBEeHCTBY

P.(p)=p,(n) = (ZP_k H( —%D , 1 3HAYUT

(1) {H[ —%)] M

rue Hfio nonaraercst pasHbiM 1. U3 hopmyist (1) crienyer HepaBeHCTBO

CRVERDY H(l——j_ > ﬁexp(—(1+a)j/n)z > exp(—(1+e)k?/2n).

0<k<nx(e) j=0 0<k<nx(e) j=0 1<k<nx(e)
OTCI—O,Z[a nojgyvdaem, 4ro

nx(g) n x(&)Jn(@re)
P2 [ exp(~(L+&)x* / 2n)dx = /E J{L exp(—y? / 2)dy,

1

CJIC10BATCIBHO,
-1
x(a)‘/n(ha)

P (1)y/n < (1+¢) j exp(-y? / 2)dy —)(l+8)\/z,n—>00,
T

+g

n

1 3Ha4UT limsup P, (1) 2n <l+e.

n—o0

Ucnonbiys popmyny (1) u HepaBeHcTBO 1— X < exp(—X),0< x <1, mosyuaem

P(1)< D exp(—k(k—-1)/2n)< ) exp(—(k-1)° /2n)<.|'exp( x? [ 2n)dx,

1<k<n 1<k<n

. ’Tm
OTKyda CJICAYCT, 4YTO lér!lmlnf Pn (1) 7 HOHy‘-IeHHLIe BBIIIIC HCEPABCHCTBA IJId BEPXHCTO WU HUIKHETO
-0

MPEAENIOB MIPUBOJIAT K YTBEPKICHUIO TEOPEMBI 1.
Teopema 2 Ilpu p <1 cnpaBelUIMBbl COOTHOLLICHUS

o) - ”'”pjfprwep[ nln. g-1 IJF e, @
np p-
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Hoxazamenvcmeo. Ilycte BennuuHa € yHOBIETBOPSET PaBEeHCTBY X(g)=1—p>0, 3HAUUT
=—In(1—x(e))/x(e) —1=—Inp/(1—p)—1>0. U3 bopmynsl (1) caenyer HepaBeHCTBO P, *(p) > v, (p), TAE

vo(P)= D prexp(—(1+e)k*/2n)= > ex ( (1+8)k2+2knlnpjZ

1<k<nx(e) 1<k<nx(e)

2
>exp Nin'p_ exp| —= /1+8 / n Inp| |=
2(1+ 8) k<nx(a) -1 l+¢
In%p "¢ 1 ,1+g f n i f n
> ex exp| —=| .,[—x+,.[—1In dx=,—0 ,
p[Z(l )j '!‘ P 2( n l+¢ pj l+e¢ (P)

(nx(s)—l)ﬁmj%lnp
0,(p) = j 1 exp(—y?szy—) Texp[—y?zjdy:\/g,n—mo.
\j’%ﬁjglnp e

Takum 06pa30M, JA0Ka3aHO HEPAaBCHCTBO

) In% 7n
| P N <1, 3
o ”(p)eXp(2(1+e)J 2(1+¢) ®)

IlepeiineM Teneps K IOCTPOEHUIO HIKHEH onieHKkH 11 P, (p). Mcnonesys dopmyay (1) 1 HepaBeHCTBO

1-x<exp(—x),0< x <1, nomygaem

) n k2 —k +2nkInp 1( 1)2
Pp) <> expl -————=—F |=exp| —| nlnp-= ,
2 (p) kz;, p( o ] p(Zn P=5 ] [P

9 (k+ninp-1/2)*)_ & ?
xn(p)—kZ_;eXp( o ] Z [ (J_+J_|np 2«/’} J<
< 2+\/ﬁ_|':exp(—y2 /2)dy = 2 ++/27n.

Takum 06pa30M, JAO0Ka3aHO HEPABEHCTBO

2 I ] 8
1<liminf Pn(p)exp(z—ln(nlnp—%J J(2+\/2nn)— "ﬂﬂf H(p)exp(ﬁfj\/%in\/; 4)

W3 coorHomenwii (3), (4) cienyer yTBEep:KIeHHE TEOPEMBI 2.
3ameuanme. Ilpu p=1-y,y—0, BepXHAd M HWKHAS OLUEHKM JJI BEPOATHOCTH OTKaza P, (p)

COMIDKAIOTCS, TIOCKONIBKY MHOXHTENh £ = 1 —>1. Ilpuyem MHOXHTENb nlin?p HanboJee CUIIBHO BIMSET HA
Inp

BEPOSATHOCTH OTKasza P, (p).

CaencrBue. I[Iycte p=1—n"7, y> 0, TOrZa COOTHOLIEHU (2) IEPENUIIyTCs B BUJE!

1 [1 fz 1 1 /1 n-% fz 1
—|— =P < J—7v2=, —,]—=P(p)ex <, 7<-.
2\nn — () 2 min v 2 2\=mn "~ ®) p( 2 J_ 7in ! 2 )

JlokazaTensCTBO CieACcTBUS 1| OCHOBaHO Ha HepaBeHCTBax (3), (4), cnpaBeTUBBIX MPU p=1—nT".

Takas 3aBuCMMOCTb K03(h(unmenHTa 3arpy3ka p=A/p OT YUCIIa KAHAJIOB n TTO3BOJISET BBIIBUTH N3MEHEHUE
BEPOATHOCTHU OTKa3a P,(p) npu OOJBIIMX n OT mapamerpa 7Y, KOTOPBIHA ONMpPENENSET CKOPOCTh CXOIUMOCTH

ko3 duLmeHTa 3arpy3ku K eIMHHLIE.
Teopema 3. Ilpu p>1 cnpaBenuBoO NpeeabHOE COOTHOMIEHHE P, (p) —>1—p /A, N —> oo,

Jlokazamenscmeo. U3 hopmynsr (1) crenyer, uto

-1
n _ 1_ -1
P(n)(P)Z[ZO k] :—1_pP(n+l) —ﬂ—%, n — co. (6)

k=0
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3aduxcupyem €>0,0<y<1/2 u onpeaenuM Nn(e) Taxkoe, 4TOOBI IPHU N >N(g) BBIIOJHSIIOCH HEPABEHCTBO

N>~ < nx(e), TOrma

‘ 1k )
NOEEDY [gj exp| - | <

0<k<nl/ 27 2n
-Y —_
1~ (u/2)" &

®opmyst (6), (7) IpUBOIAT K YTBEPKASHUIO TEOPEMBI 3.

2. O0bequHeHne MHOTOKAHAJBHBIX CHCTEM C OJIOKMPOBKOii

[Ipeanonoxxum, YTO y HAC HMEETCA m HE3ABUCHUMBIX IIyaCCOHOBCKHUX IIOTOKOB 3asBOK C
UHTEHCUBHOCTSIMU A=), =...=A, U [apayielbHO paboTaloUMMH INPUOOpPaMH C HMHTEHCHBHOCTBIO
00CIy)XMBaHUS HAa KaXAOM M3 HuX, paBHou . Ilomaraem, 4ro 3asBKa K-ro moToka OIHOBPEMEHHO
obcmyxuBaercst ¢, npubopamu, 1<K <M. Takue cucTeMBI €CTECTBEHHBIM 0OPa30M BO3HUKAIOT, ECIH MO
KaHaIy CBSI3U MEPEAaloTCs COOOLICHUS Pa3IMIHOTO THIIA, HATTPUMED TEKCT, YCTHAs pedb U T.4. TpedyeTcst Tak
pacnpesenuTh NPHOOPhI MEXK Ty MOTOKAMH Pa3IHYHBIX COOOIIEHHMH, YTOOBI BEPOATHOCTH OTKasa P (1) mst
KaK0ro U3 motokoB K =1,...,M ObUM NpUOIM3UTENLHO OAMHAKOBBIME. [10100Has 3a/1aua BO3HUKAET MPH
KOHCTPYMPOBAaHUU COBPEMEHHBIX CHUCTEM CBSI3U.

I[TycTs yncno npubopos B K-i mopcucremMe paBHO nn,, MCXOAS U3 TeOpeMsl 1 ciexyeT moTpedoBath,

YTOOBI BBIMOTHSINCE paBCHCTBa

n_ _n
LT (8)
1 m
HepenHLueM 9TH PaBCHCTBA B BUJIC:
c c
n,=n-%,..,n =n-"=,
C G
c, G, :
Hpe,I[HOJ'IO)KI/IM, qTo yucjia —,...,— SABJIOTCA pallUOHAJIbHBIMU U MICPCITUIIEM UX B BUJC.

Cl Cl
G P Cu_Pu
¢ ¢ & G,
IJIe Iapbl HATypalbHBIX YUCEN (P,,d,),...,(Py,d,) COCTOAT U3 B3aUMHO IPOCTHIX uuceln. Toraa mis Toro,

4TOOBl YMCHA N,,...,N, OBUIM LEIBIMH, TpeOyeTcs, 4ToObl YMCIO N, OBUIO KPaTHO YUCAAM d,,...,0,.

m

CrenoBareslbHO, YHCIO N, JOJDKHO JEJIMThCA HA HaMMEHbIIEe o0liee KpaTHOe L umcen Oy,---0,- TakuM

00pa3oM, BCEBO3MOXKHBIE 3HAYEHMs 4YHUCEN n,,...,N,, YJOBIETBOPAIOIIME pPaBEHCTBAM (8), BBINJIAAAT
np,L np_L
cileAyromumM obpasom: N, =nL,n, = P, N | P ,h=12,...
2 m

PaCCMOTpI/IM TCIICPb cnyqaﬁ, Koraga MHTCHCHUBHOCTH BXOJHBIX ITOTOKOB 7\‘1,...,7\,m pa3in4yaroTCd, U

A
0003HaUNM p, = —X . k=1,...,m. Boartom ClIy4ae eCTECTBEHHO 3aMEHHTH PaBEHCTBA (§) Ha paBeHCTBA

|n2p1 - _
n, =...=n
c c

1 IPOBCCTHU aHAJIOTUYHBIC PACCMOTPCHU.
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3akiaouenne

[lomyuennsle B HacTosimel paboTe pe3yibTaThl MO3BOJSIOT PACIPENesTh PEeCcypchl KaHajla CBSA3H
MEX/1y PA3JINYHBIMU THUITAMU CUTHAJIOB TaK, YTOOBI BEPOSITHOCTh IMOTEPH TEPEIaBACMbIX CHTHAJIOB ObLIA J10-
CTAaTOYHO MaJIoi. Pemenue 3To# 3amaqm 0CHOBAHO, C OJJHOM CTOPOHBI, Ha CHHEPTeTHISCKHUX 2P PeKTax B MHO-
TOKaHAJIBHBIX CHCTEMaX MaCCOBOI'O OOCITYKUBAHUS C OTKAa3aMH, a C JIPyroil CTOPOHBI, Ha Pa3jI0KCHHH HATY-
PaNBHBIX YHCEe Ha TIPOCTHIE MHOXKUTEIH W HAXOXKICHUH HAMMEHBIIIETO 00IIEero KpaTHoro.
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In this paper, we consider n — server loss system under the assumption that the intensity of the input flow is proportional to n. We
investigate the convergence of the blocking probability in this system to zero at n — . A similar problem arises in the design of
modern data transmission systems. A specific of suggested asymptotic results is that we did not obtain accuracy formulas or solutions
of optimization problems for the transmission systems.

Consider queuing system A, =M |M |n|0 with intensity of input flow Nk and intensities of service at all n servers, p = A/p.
Denote P,(p) the stationary blocking probability in the system A, atagiven p. Let a,,b,, n>1, be two real sequences. For n — o.

- a .
we assume that a, <b, if Imsuermb—n <1. Letussaya, ~b,, if b, <xa, <b,.
n

Teopema 1. The following limit ratio is true: B,(1) ~,/—,n— .
7n
Teopema 2. At p <1 following relations are valid

2 2 -
exp _M i B fP (p) < exp _nln p Ll l ll’lip
2 \)nn\l 2  Inp \lnn p—1

Suppose that we have m independent Poisson flows of customers with intensitiesA = A; =...= A, and parallel servers with the

intensity of service at each of them equal to p. We assume that the service of the k-th flow customer is realized on ¢, servers,
1<k <m. We shoud like to distribute the servers between the flows so that the blocking probabilities Pn(")(l) for each of the flow
k=1,...,m are about the same.
Let the number of servers in the k-th subsystem be nn,, from Theorem 1 we obtain that the basic equations
m_ N

o e

()
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. . . . c C c C .
are fulfilled. We rewrite these equations in the form n, = nl—z,...,nm =n ™. Assume that the numbers 22 ...,=™ are rational and
G G

rewrite them as 2 =&C—m — P
G q; G Um

Then, for the numbers n,,...,n, to be integers, it requires that number n, is a multiple of q,,...,q,,. Therefore the number n, should

, Where pairs of positive integers (p,,0d,).---, (Pm,Un) consist of mutually prime numbers.

be divided by the smallest common multiple L of the numbers qj,...,d,. Thus, all possible values of the numbers n,...,n,,, satisfying
the basic equality (1), look like these
n=nLn,= npzl',...,n2 = nmel n=12,....
SP) Om

Keywords: multiserver queuing system with blocking; telecommunication network; models of teletrack.
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HCCJIEJJOBAHUE IMTOTOKOB 3ASIBOK B IBYX®A3HOM CUCTEME
MACCOBOI'O OBCJIYKUBAHUS C HEOTPAHUYEHHBIM YU CJIOM ITPUBOPOB
N ITOBTOPHBIMH OBPAIIEHUAMUA

PaccmarpuBaercs nqByxda3Hasi CHCTEMa MAaCCOBOTO 00CITyKUBAHHS C HCOTPAHHYCHHBIM YHCIIOM MPHOOPOB
Ha KaXT0H (a3ze W BOZMOXKHOCTBHIO ITOBTOPHOT'O OOpamieHus 3asgBOK K Kaxaoi u3 ¢a3. Mccnenyercss MHOrOMepHBIi
CITyJaifHBIH NPOIIEeCC, ONMUCHIBAIOIINH TOTOKH 3asBOK, IOCTYyIMaromye Ha ¢aspl cucreMsl. [loimydeHo aHanuTH4ecKoe
BBIpKEHHE ISl IPOU3BOAIICH (DYHKIUH HCCIIeyeMOTro IpoIiecca B HECTAlIHOHAPHOM PEKHME, TIO3BOJISIOIIEE OTIpe-
JICTINTH €T0 BEPOSITHOCTHBIE XapaKTePUCTUKH.

KnroueBble c1oBa: nByxdasHas cucremMa MaccoBOro 00CTyKHMBaHUS ¢ HEOTPAHHIEHHBIM YHCIIOM IPUOOPOB; TOBTOP-
HOe 00CITy)KHBaHHE; TIPOU3BOILAS (DYHKIHS; IIPOU3BOJIBHOE BpeMsI 00CITy)KMBAHYS; METOI IIPEIeNIbHOI JEKOMITO3HIINH.

B Teopun MaccoBoro o0cayXKUBaHHS PENICHHE 3HAYUTEIFHOTO YUCIIA 33]1a4 MPOBOAUTCS B TPEATIONO-
YKEHUH, YTO BXOJISAIINIA ITOTOK 3asBOK SBJISIETCS CTAllMOHAPHBIM U MeeT pactpenenenue [lyaccona. B 6oib-
IIMHCTBE CIYYaeB TO MPEAIOIOKEHUE TIOATBEPIKIAETCSI CTATUCTHYECKAM aHAITU30M PEATBHBIX TTOTOKOB [1].
Takoxe MyaCCOHOBCKHE MPOIECCH MOTYT OBITH MCIONB30BAHBI NIl AMIPOKCHMAIIAU TPOIECCOB B CITydae
HAOJIIOIEHHUS JOCTATOYHO OOJIBIIIOTO YKCIa HE3aBHCUMBIX ITOTOKOB [2—6].

BonbmmHCTBO 3a/1a4 TEOpUH MaccOBOTO 0OCTY )KUBaHUS JJISI MOJIEJICH € IPOCTEHIIIM BXOISIIIUM MTOTO-
KOM M 9KCTIOHCHITUALHBIM paclpe/ielieHieM BpeMeHH 00CITy>KUBaHUs ObLTH peleHsl eme B XX B. B 1956 r.
B.A. CeBacThsiHOB pelni 3aa4y Dpiianra Juisi CHCTEM C MPOU3BOJILHON QYHKIIMEH pacpe/ieieHus] BpEMEH!
obciryxkuBaauss M/G/N [7, 8] u mokasai, uro, uro npu N — oo pacnpeseieHue yucia 3aHsIThIX TpUOOpOB
cXonuTcs K myaccoHoBckomy. B 1969 r. JI. Takau [9] mokasai, 4To KOJIMYECTBO KIMEHTOB B cucteMe M/G/oo
umeet pacnpezaeienue [lyaccona B cTallmoHApHOM peXUME, KOTOPOE 3aBHCUT OT CPeHEN CKOPOCTH MOCTYTI-
JICHUS 3asBOK U CPEJHEr0 BpEMEHH 00CITyKMBaHuUs BbI30BOB. B padoTax [10, 11] noka3aHo, 4TO YKCIIO 3aHs-
ThIX IPUOOPOB B cucteme M/M/oo umeet pacnpeaencHue [lyaccona. B pabote [12] nmpoBeieHO HccieI0BaHe
CYMMapHOT'O MOTOKa 3asBOK B cucteMe M/M/oo ¢ mOBTOpHBIM 00Cy)HBaHueM. VcciieoBanne IpoIieccoB
Yrcia 3asBOK B MHOTO(a3HBIX CHCTEMAaX U CETSIX MAacCOBOTO OOCITYy>KWBaHHS C PEKYPPEHTHBIM 00CITyXKHBa-
HHEM TIpejIicTaBIeHo B padborax [13-15].

OpHako UCCle0BaHUIO TIOTOKOB B cUCTeMax mMaccoBoro obociyxuBanus (CMO) ¢ HeorpaHWYeHHBIM
YUCIIOM OOCITY)KMBAIOIIUX NPUOOPOB C MPOU3BOJIBHBIM BPEMEHEM OOCITY)KMBaHUS, & TaK:KE€ MHOTO(a3HbIX
CMO ¢ BO3MOXKHOCTBIO IIOBTOPHOTO O0pAIlICHHsI 3a9BKU B CUCTEMY TIOCBAIICHO HE TaK YK MHOT0 pabor. B [16]
MIPOBEJICHO MCCIICI0BAaHIUE CYMMAapPHOTO ITOTOKA 3asBOK B 0/iHO(a3HOH cucTeme ¢ Bxoasmum MMPP-iotokom
1 TIOBTOpHBIMH oOparieHusmu. B padote [17] ans uccnenoBanus cucrembl M/Gl/oo ipeasioxker MeTo mpe-
JenpHOM AexoMmo3uIu. B padote [18] MeTomoM mpeneasHON JEKOMITO3UITNN HCCIIEA0BAHBl CYMMAapHBIA U
JBYMEPHBIN MOTOKU obOpamienuit k cucteme M/Gl/co. B padorax [19-21] uccnenoBansl TOTOKK oOpaieHnit
B AByX(azHeix CMO ¢ HeorpaHMYEHHBIM YHCIIOM MIPUOOPOB HA KXo (a3e v HOBTOPHBIMU OOpaIlleHUSIMU.
B nacrosiieit pabote npeanaraeTcss METOA NpeneIbHOW JeKOMIIO3ULUK TSl aHAJIN3a Pa3IMYHbIX [TOTOKOB B
nByxdasznoit CMO ¢ HeorpaHUYEeHHBIM YHCIOM OOCITYKHUBAIOIINX TPHOOPOB U BO3MOKHOCTBIO TIOBTOPHOTO
oOpaleHus 3asBKH K J000i (aze CUCTEMBI.

1. MaTremaTnuyeckasi MOJeJIb

Paccmotpum aByxda3zHyr0 CUCTEMY MAacCOBOI'O OOCIY)KMBAaHHUS C HEOTPAHUYECHHBIM YHCIIOM OOCITY-
KUBAIOIIUX YCTPOMCTB Ha Kaxknou asze (puc. 1). Ha BXxox cucteMbl moctynaet NpoCTeHIINHA MOTOK 3asIBOK
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¢ mapameTpoM A. Bpems oOcimykuBaHus 3asiBOK Ha TIEpBOH (pa3e HE3aBUCUMO B IMEET OJTMHAKOBOE paclpeie-
JICHUE JUTs KaXJI0r0o prbopa ¢ mpou3BoibHOM (yHKImer pacnpenencnus Bi(X). [To 3aBepruennn o0cmyxu-
BaHUsI Ha MIEPBOi (a3ze 3asBKa C BEPOSITHOCTBIO I'11 MOXKET 00paTUThCS K MepBoH (haze i MOBTOPHOTO 00CITy-
’KMBaHHMs, JTNOO C BEPOSTHOCTBIO 12 MOXKET MEPEUTH Ha BTOPYIO a3y, MO0 ¢ BEepOSTHOCTHIO (1 — 11 — I12)
MOJKET IOKHHYTh cucTeMy. Ha BTopoii daze Bpems 00CTyKHBaHHUS TaK)KEe UMEET OIMHAKOBOE Pacpe/iciCHUe
JUTSL K&XKI0T0 ITprudopa ¢ Mpou3BoIIbHOM (yHKIMel pacnpenenenus Bo(X). [To 3aBepmiennn o0cay)KxuBaHus Ha
BTOpOH (pa3ze 3asBKa C BEPOSATHOCTHIO I'21 MOKET OOPAaTHTHCS K MEpBOH (ase AJisi MIOBTOPHOTO 0OCITYKUBAHUS,
100 C BEPOSTHOCTBIO I'22 MOXKET MOBTOPHO 00PAaTUTHCS KO BTOPOIi (hase, 00 ¢ BepOSITHOCTBIO (1 — a1 — I22)
MO’KET IOKUHYTh CUCTEMY.

N / 1-ru—rie / 1-rar—r2
EE— ri2

o B1(x) -, Ba(x)

22 ]
r —>

v

v

B1(x) Ba(x)

Puc. 1. [IByxda3Has cructeMa MaccoBOT0O 00CITyKHBAaHUS ¢ OOPATHOM CBI3BIO

Beenem ciemyrorine 0003HAUECHUS:

I(t) — gm0 OOpalleH il K CHCTEME M3 BHELIHETO MCTOYHMKA (MIEPBUYHBIE 3asIBKH), PEATM30BAHHBIX K
MOMEHTY BPEMEHH {;

N12(t) — urcsio oOpareHuii Ko BTOpoi (hase CHCTEMBI TI0CIIe 0OCITYKUBAHKs Ha TIEPBOH (ase;

N11(t) — YKCII0 MOBTOPHBIX OOpAIEHHH K IEPBOI (ha3e CHCTEMBI ITOCIIE 0OCTYKUBaHKs HA IEPBOH (ase;

N21(t) — 9KCIT0 MOBTOPHBIX OOpAIIEHHH K TIEPBOM (ha3e CUCTEMBI ITOCIIE 00CITyKMBaHUS Ha BTOPO# (ase;

N22(t) — Y4MCIT0 MOBTOPHBIX 0OpAIEHUH KO BTOPO#t (pase cucTeMsbl Ocie 00CIyKUBaHKsA Ha BTOPOH (ase.

ITycTh B HaYaIbHBI MOMEHT BpeMeHH cuctemMa Obuta mycta. CTaBUTCS 3a7a4a MCCIIeIOBAHHUS MHOTO-
MepHoro ciaydaitroro mporecca {I(t, N), nua(t, N), nio(t, N), nai(t, N), n22(t, N)}, onuchiBaroriero moToku 3asiBOk
B CUCTEME.

2. MeToa npeaeibHOM 1eKOMIIO3HLIINU

Bxojsiuii moTok 3asBOK, MHTEHCUBHOCTh KOTOPOTO PaBHA A, paszenvM Ha N HE3aBHCHMBIX TOTOKOB
[0 MOJIMHOMUAJIBHON CXEME C paBHBIMU BEPOSTHOCTSAMH. MIHTEHCHBHOCTH Ka)IOTO TAKOI'O IOTOKa OyaeT
pasHa A/N. Onpenenum i 3asBOK KaKI0TO U3 MOJyUYEHHBIX IOTOKOB €MHCTBEHHYIO OJIHOJIMHEHHYIO JBYX-
(dha3Hy0 JIMHHUIO 00CITYKHBaHUA ¢ OTKa3zaMu (puc. 2). B 3Tol cucTeme 3asBKH, MMOCTYMAMOIINE B IEPUO] BPe-
MEHH, KOT/1a XOTsI OBl 0Ha (ha3a IuHMH 3aHATa, HE 00CTYKUBAIOTCS (TEPSIOTCS).

I-ru—Ti 1-ra1-r22
MN / /
EE—— re

r —_—
LY B1(X) - o Ba()
ra —>

‘—-b

Puc. 2. Ognonureitnas asyxdasznas CMO c oTkazaMu
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HetpynHo nokasats, uto npu N — 0 BEpOSITHOCTBIO TIOTEPh 3aIBOK MOXHO NpeHeOpeyb, U TOT/Ia Xa-
PaKTEepUCTUKN UCXOJHON CHCTEMBI OYAYT CXOJAUTHCS K CYMMapHBIM XapaKTepUCTUKaM coBOKymHOcTH N ox-
HonmHEHHBIX AByX(a3zasix CMO. HTak, 3aada HaX0XKISHUS paclpeeNieHrs] BEpOsSTHOCTEH drcia odparrie-
HU B 1ByXx(azHoi OeckoHeuHonuHeHO CMO cBOIUTCS K PEIICHHIO 3a1a4i HAXOXKACHUS pacrpeleIeH s
BEpOSITHOCTEH uucna obpauienuii B onHoauHeiHoit CMO ¢ oTkazamu.

3. UccnenoBanne onHoMHelHOM AByX(pazHoii CMO c oTkazamu

B onmcanHol BhIIE OHONMHEHHON cucTeMe Oy/ieM paccMaTpuBaTh MHOTOMEPHBIN CIy4YalHBIH Mpo-
mece {1(t, N), nui(t, N), nio(t, N), nas(t, N), nza(t, N)}, omuceiBarommii urcino oGpalieHuii, peaan3oBaHHBIX 3a
Bpems t B cuctemy u3BHe, ¢ IepBOii (ha3sl Ha MmepByIo (azy, ¢ IepBoil Ha BTOPYIO (ha3y, co BTOPOH HA IEPBYIO
¥ CO BTOPO Ha BTOPYIO (ha3y COOTBETCTBEHHO. BBejeM Mpou3BOIAIIYI0 (PYHKIIUIO JAHHOTO MHOTOMEPHOTO
[polLecca B BUIE:

g(X yll’y12'y211y22’t’N) ZZ Z Z z lenll ”12 n21 nzz P(I n111n121n211n221t1N)-

1=0 ny;=0ny»,=0ny; =0 ny, =0
JlokaxkeM clienyroniee yTBep:KACHHUE.
Teopema. [Tycts dyraxmmu f(X, Y11, Y12, Y21, Y22, 1), K = 1, 2 onpeaenstirores ciaeayoniMMu mpeodpa3opa-
Huamu Oypbre—CTuntbeca:

0100 X, Yoz, Yoo Yarr Vo) = [ €10 By (X Vs Vo Vo Voo ) =
0

_ AB; () )
(1 ~ 1, Y1, B; (o) ) (1 — Y28, (OL)) ~ 15150 Y1 By () B ()

. 1-r I
X{(l_ N2Y2.B, (Oc)) : (X_ . 2 (- ry) + % r21y21j +

+B, () r21y21( r22 LY., — Lo (1— rzzyzz)j}, (1)

02 (04X, Vi Yia: Yorr Vaz) = [ @710y (X Vi Vi ous Voo t) =
0

_ 1B, (o) )
(1 —fuYn Bl* (o) ) (1 —12Y2 B; (a)) 1Yl Ya Bl* (o) B; (o)

. 1-r I,
X{(l_ h1YuB (‘1))[ r 21,1 _%(1_ rzzyzz)j +

+B (o), y( - 1yn)+12r1y21j}, @

)

rae B," (o) = Iej“‘ dB, (¢) —npeobpasosanmne Pyppe—Cruntbeca oT GyHKUMM pactipenenenus B, (1) Bpemenn
0

obcmyxuBanust Ha (asax cucremsl, K = 1, 2; r=(1-r,)1-r,)—r,r,,. Torna npousBoxasmas yHKIUS

g(X, Y11, Y12, Y21, Y22, t, N) MaOoromeproro ciydgaiinoro mpomecca {I(t, N), nii(t, N), nia(t, N), nas(t, N), nao(t, N)}
B IByX(ha3HO OJTHOJIMHEHHOI cucTeMe ¢ IOBTOPHBIME O0paIIeHUsIMH K (hazaM UMeeT BUL:

1 t
9(X, Y11, Y12, Vo1, Yoo, £, N) =1+ N {(X —1)7~t + ['11()’11 =1 +1,(Y12 —1)“ (X Y11: Y120 Vo1, Y22,8)ds +
0
t
+[r21(YQ1 =D +15(Y2 —1)“ fo (X, Y11s Y125 Va1 Y2215)d5}+0(N_2) . (3)
0
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Hokazamenscmeo. Tlockonbky mporiece {I(t, N), nu(t, N), nia(t, N), nas(t, N), nao(t, N)} He siBusiercs
MapKOBCKHM, BBEJIEM B PACCMOTPEHHE JOMOIHHUTEIIbHBIE IepeMenHbIe: mporiecc K(t) — cocTosiHue JTMHUN 00-
CIyXXHUBaHHsA, T.. eciu K-st (asa nuuum 3ansta, 1o K(t) = k, kK = 1, 2, a ecnu nunust cBoboana, To K(t) = 0;
z(t) — nMHa MHTEpBaa BpEMEHU OT MOMEHTA t 10 MOMEHTa OKOHYAHHSI TEKYILETr0 00CITyKUBAHHS, €CITH THHUSI
3aHsTA.

IMpouecce {k(t), I(t, N), n11(t, N), n12(t, N), n21(t, N), nao(t, N), z(t)} stBnsiercst mapkoBckum. Pacnipenenenue
BEPOSTHOCTEH ATOro mporiecca 0003HAUYUM CIIETYIOLIMM 00pa3oM:

— Po(l, N11, N12, N21, N22, 1, N) = P{k(t) = 0, |(t, N) = |, nll(t, N) = Naa, nlz(t, N) = Ny, n21(t, N) = Npi,
N22(t, N) = N22} — BepoSTHOCTH TOTO, YTO B MOMEHT BpeMeHH t JIMHUS CBOOOIHA U K 3TOMY MOMEHTY K CUCTEME
obpatuock | 3assBOK U3 BHELIIHETO HCTOYHUKA, N11 3asIBOK 00PATHIIOCH ISl TIOBTOPHOTO O0CITYKMBaHHUS C Iep-
BOH (pa3wl Ha MEPBYIO, Ni2 3aBOK 0OPATHIIOCH C MTEPBOH (ha3bl Ha BTOPYIO, N21 3aABOK 00OPATHUIIOCH TIOBTOPHO K
mepBoi aze mocie oOCIyKUBaHMS Ha BTOPOil (haze, Ny, 3asBOK MOBTOPHO O0OpaTHIIOCH KO BTOPOH (haze cu-
CTeMBI TIociIe 00CTYKUBaHUS HA BTOPOH (ha3e CHCTEMBI,

— Pk(|, N11, N12, N21, N22, Z, t, N) = P{k(t) =K, |(t, N) =, n11(t, N) = N1, nlz(t, N) = N1, n21(t, N) = Ny,
N2a(t, N) = Ny, z(t) < z}, k = 1, 2, — BepOATHOCTH TOTO, YTO B MOMEHT BpeMmeHH t 3auHsTa K-s1 pasza cucremsr,
K 9TOMY MOMEHTY K CHCTEeMe 00paTWiIioch | 3aBOK W3 BHEIIHETO HCTOYHHKA, Ni1 3asIBOK 0OPATHIIOCH JUIS O~
BTOPHOTO OOCITYy’KMBaHUS ¢ TIEpBOH (ha3bl HA MEPBYIO, Ni2 3aIBOK 0OpATHIIOCH C MEepBOU (pa3bl HA BTOPYIO,
N21 3asBOK 0OPATUIIOCH MOBTOPHO K MepBO# (ha3e mociie 00CayKUBaHUs Ha BTOPOi (ase, N2 3asiBOK MOBTOPHO
00paTmIIOCh KO BTOPOI (ha3e CUCTEMBI MOCIIE 00CITy)KUBaHHS Ha BTOPOi (pa3e CUCTEMBI, U OCTaTOYHOE BpeMs
06CHy)KI/IBaHI/I$I 3asBKH, HaXOHHmeﬁCﬂ B CUCTEME, MCHBbIIIEC Z.

Jlnst pacpenenenus BepostHocTel MmHoromepuoro mpoiiecca {K(t), I(t, N), nia(t, N), nio(t, N), nai(t, N),
N22(t, N), z(t)} cocTaBum npsimyto cucremy auddepeHumanbapix ypaBaeHuin Konmoroposa.

8Po(l iy Ny Ny, Ny N) apl(l My Nyps Ny nzzlo!t’ N) i

ot =(1—I’11—I‘12) P
+1-ty — 1) D2l le 00T L 0, V) @
aPl(I'nll’nIZ’nZI’nZZ’Z't’N):apl(linll’n12’n21’n22’Z't’N)_
ot 0z
—apl(l’n“’nlz’n”’nzz’o’t’N)+£PO(I—1,n11,n12,n21,n22,t,N)Bl(z)+
oz N
oP(,n,-1n,,n,n,,0¢tN ok (,n,,n,,n,-1n,,01t N
+r1181(z) 1( 11 122 21 22 )+I‘21Bl(2) 2( 1107712 ;12 22 ), (5)
aPz(I,nll,nlz,n21,n22,z,t,N)=aPz(I,nll,nlz,nﬂ,nzz,z,t,N)_
ot oz
_aPZ(Ilnll'n12'n217n22’01t’N)+r1282(2)8pl(|’n11’n12 _1,n21,n22,0,t,N)+
oz oz
+1,,B,(2) oP, (I,nll,nlz,ngl,n22 -1,0,t,N) . (6)
z

HauanpHabie yciioBus st cucteMsl (4)—(6) 3amuiieM B BHIIE:
T 0, ecnu [ >0,n, >0,n, >0,n, >0,n,, >0,
o (1 My N5, 50,15, 0, )_R N l=n. =N. =N =n.. =0
o(N), ecm I =ny; =n, =n, =ny, =0,
0, ec | > 0,n, >0,n,, >0,n, >0,n,, >0,
F’k(l,nll,nlz,n21,n22,2,0,N)=
R.(z,N),ecr | =n; =n, =n, =n,, =0, k=1,2,

rie Ro(N), Ri(z, N), R2(z, N) — crarmonapHoe pacrpeaeiicHie BEpPOITHOCTEH 3aHATOCTH (a3 B OXHOTHHERHON
CMO, ymnoBIeTBOPSIIOIIECE YCIOBHIO HOPMUPOBKH:

Ry(N)+ R (o0,N) + R, (o0,N) =1.
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Baenem cieayronue (byHKI_II/II/IZ
gO (X’ yll! y121 y21’ yzz’t! N ) = Z Z Z Z Z X y ”12 '21%1 252 ay (l nll’nlzlnzllnzz’t! N) )
1=0 n;; =01y, =0n,,=0ny, =0

0 0

Oy (X yn,ylz,yﬂ,yzz,z,t,N : Z Z ZXI Y Yo YoE - Po(lng, Ny gy gy, 2,6 N) k=1, 2,

1=0 ny;=0n;,=0ny =0n,,=0
Torma, u3 ypaBuenwuii (4)-(6) ciemyer, 9To 3TH QYHKINH YIOBIETBOPSIOT YPaBHEHUIM
0000 Yos: Yso You Yo LN) _ g 0010 Yass Vi Yo Yo OLN)
ot 0z
a Xl ) ) Ll 1 Ol t! N )\’
2) g2( Y ylZaZyZl Yz ) _Wgo(xa yll’y12’y21’y22’t’N) J (7)

09y (X% Y110 Y120 You: Y20, 6 N) — 093 (X i1 Vi1 Yor Yoo 6 N)
ot oz
~00:(X Yags Yio» Your ¥, 0st, N)
0z

r,y,,B, (2) 29 Yan Vg Van, ¥ O N)

+(1-r, -,

+NXB 1 (2) 9o (X, Yags Yz Yars Yoo, ' N) +

az 1y,,B,(2) 29 Y Y1zéz/21v Y22, O.LN) ®)

009, (X, Yigs Yios Yors Va0, 2,6, N) _ 00, (X, Y11 Yaos Yor Yao: 2,6, N) _
ot 0z

_09,(X Y11 Yios Your Y2p 0,8, N) 091 (*, Yi1 Yo Yor, Y22, O.LN)
oz 0z

X! ) i) L) ) O! tl N

( yll ylZ yZl y22 ) . (9)
oz

Havansubie ycnoBust s cuctemsl (7)-(9) umerot Bu:

9o (X, Y115 Y121 Y215 ¥22,0,N) =Ry (N) ,

9k (X Ya1: Y120 Y21, ¥22,2,0,N) =R (z,N) , k=1, 2.
B pab6ore [22] moka3aHo, 94TO

+1,,Y1,B,(2)

0
+15,Y5,B,(2) g

Al-n, .
Ri(z,N) = j(l B, (u)du,
Aor,
Rz(z,r\l):N T! (1-B,(v))dv,

rae r:(l_rll)(l r22) PR
Torna
Al
R,(N)=1-R (0,N) = R,(o0,N) = 1_W =[@-ru)b, +1,b,],

rae b1 u b, — Maremarnueckue oxumaHus BpeMeHH OOCIYXHMBaHHs Ha TEPBOil U BTOPOH (ha3ax COOTBET-
CTBEHHO.
Pemenwne cuctems! ypaBaenuit (7)—(9) Oynem uckath B BH/IE:

1 _
go(x,yn,ylz,yzyyzz.t,N)=1—WF0(><, Vi1 Yios Yaur Yoo o £) +O(N72) (10)

1 _
Ok (Xa Yi1s Y121 Yo1, Y22, 2,4, N)=NFk(x, Y115 Y125 Y211 Y22+ Z,t) + O(N 2) k=1,2, (11)

rne Fo(*), Fi() u F2() — HekoTopble ¢pyHKIMY, He 3aBucsime oT N.
[loncrasuB Beipaxenus (10), (11) B cucremy (7)—(9), noiaydnm cucreMy ypaBHeHH 17151 GyHKUmi Fo(-)
nF(), k=1,2:
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OF (X Yiy, Vi Yau: Yoo 1) =h—(1-

h,— rlz) fl(x! Y1 Yio s Yors yzzyt) -

ot
—(—1y =) F,(X Vi35 Yios Yar» Yoo ) (12)
IR (X, ¥i1s Yo Yous Yoo, Z,1) _ OF (X, Yi1, Vo1 Your Yoo, Z,1) +AXB,(2) +
ot oz
+(62Y1B1(2) =) .06 Yaa,s Yazs You, Voo ) + 10 Yu By (2) £ 06 Vi, Vi Vs Vo 1) (13)
0 £,(X, Yius Yo Yous Yoo 2, 1) _ 0 £,(X, Yi1s Yz Yous Yoo 2, 1) 4
ot oz
(2 Y228, (2) =1) T5(X Va1, a2 Yar, Yoz o 1) + 2 Y22B5(2) £ (X0 Vaas Yz, Vins Voo 1) (14)
10 T, (X i Yoo Vo Vo 1) = Yo ylazz’ Yo Y O) =g 5,
C HaYaJIbHBIMH YCIOBHAMHU:
Fo (X Y11 Y12+ Va1, ¥22,0) =N - (1= Ry (N)),, (15)
Fe (X, Y111 Y121 Yo1: ¥22,0) =N - R (z,N) » k=12 (16)

Pemras nuddepenumansapie ypaBaenus (13) u (14) B 4acTHBIX TPOU3BOTHBIX IIEPBOTO MOPSIAKA, HAliIeM
By dynkuuit Fi(X, Y1, Yi2, Yar, Y22, Z, t) 1 Fa(X, Y11, Y12, Y21, Y22, Z, 1):

Z+t

FLOG Vi i Yo Yo 20 = =0 ) [ (- B @)U+ [I0B 2 +-9)+

+(r11y1181(z +1- S) _1) fl(X, yn, y121 y211 y22 ) S) + r21y2lB1(Z +t— S) fz (X1 yn, ylz’ yzlv y22 ’ S)]dS ’ (17)

by z+t
B (X Yiar Yizr Yar: Yoo 221) = T P J. (1-B,(v))dv +
0
t
+J.[I‘12 Yi2B, (Z+t=8) (X, Vur Vi Yo Yoo 8) + (1Yo By (2 48 =8) =1) F,(X, Vig, Vi Yo Yo SIS . (18)
0

W3 ypasuenus (12) Hecnoxuo HaiiT BuI GyHKuuu Fo(X, Y11, Y12, Yo1, Y22, 1):
1-r,

I
Fo (X, Y11 Y121 Yors yzz’t) :7“|:Tb1 +lTZb2 +t:|+

t t
_(1_ M- rlz)j fl(xi Yiur Yi20 Yo yzz,s)ds - (1_ K — rzz)_[ fz (X, Y10 Y121 You1 Yoo S)dS : (19)
0 0
Toraa, yuntsiBag (10), (11), nomygaem

1
9(X, Yiur Yios Yous Voo Z,6,N) :1_ﬁFo(y111 Yizs Yor1 Yoo t) +

1 1 _
+N Fl(yll’ Y21 Yo1 Yoo Z’t) +N Fz(yn' Y121 Yors y22121t) +0(N 2) : (20)

[Ipu z —oo BeIpakenns (17), (18) mpumyT BUA:

A
Fl(x! Y111 Y121 Yors Y22at) = F(l_ r22)b1 +AXt +
t t
#(RaYis =) [ £206 Yoss Yior Yor, Yoo S)IS + 1Yo [ £, 0 Yass i Yors Vs )OS
0 0
A
F (X Va1 Yoo Yo, Yoo o) = F b, +
t t
Y [ £106 Yirs Yo Yo Yoo $)S + (1 Voo =) [ £506 Vg, Vg Yo, Yz )
0 0
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Torna, yaursiBas (20), mpomsBoasmast GyHKius g(X, Yi1, Y12, Ya1, Y22, t, N) MHOrOMepHOTO CiIydaifHOTO Ipo-
mecca {I(t, N), nua(t, N), nia(t, N), nau(t, N), n2o(t, N)} B aByxda3Hoit o1HOIHHEHHON CHCTEME C TOBTOPHBIMHU
oOpateHusIMH K (pa3zam UMeeT BUI;

9(X, Y11 Y120 Vo1, Y22, 1, N) =

1 t
:1+W‘{(X—1)M +[r11(y11 =D +1,(Y12 —1)” f1 (X Y115 Y125 Vo1, Vo2, 8)ds +
0

t
+[r21(Y21—1)+ Mo (Y20 —1)]J f, (%, Y111Y12'Y2laY22,$)d5}+0(N_2) :
0

YTO COBIAIAET C BRIpAKEHHEM (3) TEOPEMBI.

Jlst HaxosKieHns Hen3BeCcTHRIX MyHKImit f1(X, Y11, Y12, Vo1, Yoo, ) 1 fo(X, Va1, Y12, Va1, Y22, t) ipoauddepen-
upyem pasenctsa (17) u (18) u paccmorpum ux npu Z = 0. IToryyrM CHCTEMY HHTETPAIbHBIX YPABHEHHH IS
bynukumit fi(X, Yi1, Y12, Y21, Y22, t) 1 fo(X, Y11, Y12, Y21, Y22, 1):

(% yn,yu,ym,yzz,t>=X[(1‘—f2)(1—81<t>)+x81(t)}+

t t

+ﬁ1ylljb1(t =) T, 06 Yigs Yig s Yous Vap S)OS + r215/21_'.131(t =), (X, Y11 Yio1 Yar1 Yop: S)OS (21)

0 0

r
£, (X, Yo, Yz Yors Yoo 1) = 7‘1?2(1_ Bz(t))"‘

t t
+h, Y12J.b2 (t =), (X Yir1 Yios Yar, ¥op S)AS + rzzyzz.[bz (t =), (% Yirs Yizs Yar, Y22, S)OS (22)
0 0

rae ba(t) u bo(t) — mmoTHOCTE pactpeneseHnst BpeMeHr 00CTyKMBaHUS Ha IIEPBO M BTOPOii (hazax COOTBET-
CTBEHHO.

Pemenne cuctemMbl HWHTErpalbHBIX ypaBHeHUH (21)—(22) OTHOCHUTENHPHO HEW3BECTHHIX (DYHKIHI
f1(X, Ya1, Y12, Y21, Y22, t) 1 f2(X, Y11, Y12, Y21, Y22, t) MOKHO HaiiTH, HCTIONB3Ys peoOpazoBanue Dypre—Cruirheca
BUJIA:

Ooaf Xa ] L] ] ,t .OL
O (0 %, Y11, Y12, Vo1, Y22) = | % Yy y; Yav Y22 )eJ tdt =
0

= (€7 Fi (%, Y11, Va2, You, Y2ou 1) K= 1, 2.
0

Torna u3 cucremsl ypaBaeHHH (21)—(22) MOXHO NOITYyYUTh cucTeMy Uit GyHKIMH Q1(Q, X, Y11, Y12, Y21, Y22) U
P2(0L, X, Y11, Y12, Y21, Y22):
(1, Y1,B, () = 1), (0 X, Vg Yios Yars Yoo ) + Ty Yar By (000, (0 X, Yigs Vins Yors Vop ) =

A .
= —?(XI‘ —(@=ry)(ry Yy, —1) + r12"213/21) B, (o), (23)
121285 ()0, (04 X, Vg1 Yios Yars Vo) + (2 Y22 By (00) = 1), (0 X, Vi, Yios Yo ¥ap) =
A .
= _?( P (1_ r22)y12 +I, (rzz Y2 _l)) Bz (a) ) (24)

B, (1)
ot
Pemrast cucremy (23)—(24), momyuum Beipakenus (1) u (2) s ynkouid @i(o, X, Yi1, Y12, Yo1, Y22) 1

20, X, Y11, Y12, Y21, Y22), onipeaenstorune Bua GyHKmi f1(X, Yi1, Y2, Va1, Y22, t) 1 f2(X, Y11, Y12, Va1, Y22, t).
Teopema nokaszaHa.

rae By (a) = e*dt = [e'b (t)dt , k = 1,2
0 0
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4. UccnenoBanue aByx¢paznoii CMO ¢ HeorpaHHYeHHBIM YHCJI0M NPUOOPOB
U MOBTOPHBLIMH 00paIlleHUSIMH HA Ka)K10# ¢ase

OmnpenenuM COBMECTHYIO MTPOU3BOIAIIYIO (DYHKITHIO MHOTOMepHOTOo mporiecca {I(t), nia(t), nia(t), nau(t),
N22(t)}, OMKCHIBAIOIIETO MOTOKH B JBYX(a3HOMN CHCTEME C HEOTPAHWUICHHBIM YHCIIOM JIMHUH ¥ TIOBTOPHBIMU
obpallleHUsIMH Ha KaX10# (ase, B BUJIE:

o0 o0 o0 o0 o0 I
G(X1 yll’ y12’ y21’ y22't) :Z Z Z Z Z X yﬁl 1n§z ;il ;52 ’ P(I!nll’nIZ’n21’n22!t)-
1=0 1y, =0 ny, =0y =0ny, =0

Torna, B CHTy HE3aBUCUMOCTH OJIHOJHHEHHBIX CHCTEM, PACCMOTPEHHBIX BBIIIIE, MPOU3BOIAIIAS (YHKIIUSI
G(X, Y11, Y12, Y21, Y22, 1) ollpenensieTcs BEIpaKEHHEM

G(X! yll' y12’ y21’ y22’t) = ’!llgzog()(’ yll’ ylZ’ y21’ y22't’ N)N =

. 1 t
= lim (1+ﬁ’{()(—1)“+[r11(y11 =1 +15(Ya2 =D]J F1(X Va1 Va2, You, Yoz, S)ds +
0

N —o

N

t
+[r21(Y21 “D+ryu(Y2 _1)“ 2 (X, Va1, Yi2s Ya1s Y2 5)d5}+0(N_2)
0
t
= exp{(x =DM+ Ry (Y12 =) + B2 (Vo =D]] f1(X Va1, Yio0 Y1, Va2, S)dS +
0

t
+[r21(Y21 =D+ 1Y —1)“ 2 (X, Y11, Y12, Vo1 Y22,3)d5} .
0

Tak Kak COBMeCTHast IPOM3BO/IAIIAs (PYHKIMS MHOTOMEPHOTO PACIIPEIEIICHUS BEPOSITHOCTEN Ipolecca
{I(t), n1a(t), n12(t), Nas(t), N22(t)} He paBHA POU3BENCHUIO IPOU3BOIAIINX (DYHKIMIA OJHOMEPHBIX pacipejie-
JIEHUH, TO OYEBHIHO, YTO MOTOKH HE SBISOTCH HE3aBUCUMBIMH, [TOITOMY aHAJIM3 TAKMX [TOTOKOB TPEOYET MX
COBMECTHOTO PACCMOTPEHHSI.

3akiaouyenue

B HacTosmielt paboTe paccMOTpeHa MaTeMaTH4decKasi MOJIellb 00CITy)KUBAHHUS 3asBOK B HEOHOPOTHOM
nByxdasHoit cucreme maccoBoro oociyxuBanus M/Gl/co — Gl/co ¢ BO3MOXKHOCTBIO TIOBTOPHOTO 0OpaIieHus
3asBKH K JII000H (hase crucTeMbl. MeTo10M NpeeIbHOM IEKOMITO3UIINH TOTYYEHO aHATUTHIECKOE BBIPAXKCHUE
JUIsL TPOU3BOIAIIEH (DYHKIIMH MHOTOMEPHOT'O IOTOKA 00palleHni 3asBOK K ¢azaM cucteMsl. [loryueHHoe BbI-
pakeHHe MOXKET ObITh HCIIONIB30BaHO IS ONPEIEIICHHUs BEpOATHOCTHBIX XapaKTepPUCTUK KOMIIOHEHT paccMmar-
pUBa€MOro MHOrOMEPHOI'O TTOTOKA.

[TomyueHHBIE PE3yNIBTaTHl MOTYT OBITH UCIIOIB30BAHBI ISl aHAJTM3a IOTOKOB B Pa3JIMYHBIX COIIMAILHO-
SKOHOMHMYECKHX CHUCTEMaX, IJIe MMEEeT MECTO MOBTOPHOE OOpalleHre KIMEHTOB K CUCTEME MPH Pa3IMUHBIX
YCIIOBHSIX, HAIIPUMEP B TOPTOBBIX MJIM CTPAXOBBIX KOMIIAHHSX, a TAK)KE B TEXHUUECKHX CUCTEMAax pacipesie-
JICHHOW 00pa0OTKHU OOJBIINX JaHHBIX U O0JaYHBIX CEPBUCAX.
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Shklennik M.A., Moiseev A.N. (2018) ANALYSIS OF CUSTOMERS FLOWS IN THE INFINITE-SERVER QUEUEING TANDEM
WITH FEEDBACK. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie vychislitelnaja tehnika i informatika [Tomsk State
University Journal of Control and Computer Science]. 45. pp. 48-58

DOI: 10.17223/19988605/45/6

The paper presents the study of a two-stage infinite-server queueing system with feedback. The arrival process is a stationary
Poisson process with the rate equals to A. Service times at the first stage are independent and identically distributed (i.i.d.) with an
arbitrary distribution function Bi(x). After a completion of the service at the first stage, the customer may return back to the first stage
for a new service with the probability ri1 or it may move to the second stage with the probability ri2 or it may leave the system with
the probability (1 — ri1 — ri2). Service times at the second stage are i.i.d. with an arbitrary distribution function Bz(x). When the service
at the second stage is completed, the customer may return to the first stage with the probability r2: or it may get a new service at the
second stage with the probability r2 or it may leave the system with the probability (1 — r21 — r22).

The problem is to study multidimensional stochastic process describing the flows of requests in the system.

The method of limiting decomposition is used for the study. We divide the arrival process in the considered tandem into N inde-
pendent processes according to a polynomial scheme with identical probabilities. As the rate of the original arrivals was equal to A,
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then the intensity of each generated Poisson process will be equal to A/N. After that we construct a single-line tandem for each of these
arrival processes to serve their customers. The considered single-line two-stage queueing tandem is a system with loses, that is,
the customers arrived during a period of any stage busyness are not servicing (they are lost). The total probability characteristics of
the independent one-line systems constructed in this way coincide with the corresponding characteristics of the original infinite-server
system if N — oo.

It is shown that the generating function of multidimensional stochastic process {I(t), nu(t), niz2(t), n21(t), n22(t)} is as follows:

t
G(X, Y11, Y12: Y1, Yoo, 1) = eXp{(X _1)M + ['11()’11 =D +1n,(Y12 _1)“ £106 Y115 Y125 Va1, Y22,8)0S +
0

t
[er(yZl =1 +15(Y —1)]({ £2(X, Y110 Y12+ Yars YszS)dS} )

where for functions fu(x, y11, Y12, Y21, y22, t), k = 1, 2 analytic expressions of Fourier-Stieltjes transformations are obtained.

The obtained results can be used for the analysis of flows in different social and economic systems, where there is a repeated
circulation of customers to the system under different conditions, for example, in trading or insurance companies, as well as in technical
systems for distributed processing of big data and cloud services.

Keywords: infinite-server queueing tandem; feedback; generation function; method of limiting decomposition.
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PEHIEHUE NNPUKJIAJIHBIX 3AJAY B CUCTEME
MHAPAJUIEJIBHOI'O TIPOI'PAMMMUWPOBAHUS ACHHEKT

OKcrnepuMeHTalbHasl CUCTEMA MapauIeIbHOTO NMPOTPaMMHUPOBAHUS ACIEKT NMpeHa3HadeHa A HCCIIeOBAaHUS HO-
BBIX ()OPM IIpEJCTaBICHNS AITOPHUTMOB M METOJIOB 3aJaHMs YIpPaBJICHUS B MapaUIe]bHBIX IporpaMmax. B cratee
KPaTKO PacCMOTPEHBI APXUTEKTypa CHCTEMBI ACIIEKT, OCOOEHHOCTH S3bIKa IIPOTPaMMHPOBAHUS ACIIEKT, pe3ylIbTaThl
HNPUMEHEHHSI CUCTEMBI ACIIEKT JUIS PEIIeHNs 3aa4 pa3I0KeHNsI MATPHIIBI, CTATHCTHIECKOTO MOJIEIIMPOBAHUS METO-
oM Monre-Kapiio u MoJennpoBaHus METOJIOM «4aCTHIIBI-B-sTUSHKaX .

KnrodeBble cjioBa: cucTeMa MapaulebHOTO MPOTPaMMHPOBAHHSA ACIEKT; (parMeHTHPOBAHHOE MPOTPaMMHPOBa-
HHE; IPEACTABICHNE aITOPUTMOB C BBICOKOH CTENEHBIO HETIPOLIEAYPHOCTH.

CoBpeMeHHBIE CYNIEpKOMIIBIOTEPHI UMEIOT CI0KHYIO apXUTEeKTypy. OHHM COCTOSAT U3 OTPOMHOTO KOJIH-
YeCcTBa BHIYMCIUTENBHBIX Y3JI0B, HAa KaXKJ0OM U3 KOTOPBIX €CTh HECKOJIBKO MPOIIECCOPOB, KaXk/IbIi Mpolieccop
COJEP>KUT HECKOJIBKO si7iep. AKTUBHO BHEAPSAIOTCS THOPUAHBIE CUCTEMBI, T/I€ B IOTIOJIHEHHE K OCHOBHBIM ITPO-
LeccopaM HUCIOJIb3YIOTCA rpaduuecKue yCKOpUTENH, clieuain3upoBanHble Berauciaurenu tuna Cell B.E.,
Matrix2000 unu Intel Xeon Phi, Berauciutenu na 6aze ASIC u PLD. CtpeMutenbsHbli Iporpecc B HCIOIb-
30BaHUM Mapajlien3Ma anmnapaTHoil 4acThl0 MPHUBEN K OOJBIIOMY Pa3pbIiBy MEKAY MPENOCTaBISEeMbIMU
pecypcaMy U BO3MOXHOCTSIMH 1O MX 3P (PEKTUBHOMY HCIOJB30BAaHHUIO C ITOMOIIBIO MMEIOLINXCS CPEACTB
paspaboTku.

Jiist mpeoponieHust 3Toro paspbiBa B Poccun 1 3a py0ekoM BeyTcsl aKTHBHBIE HCCIIEAOBAHMS 110 CO3/a-
HUIO CPEJICTB apaJuIeNIbHOTO MPOTrpaMMHUPOBaHHsI BRICOKOTO YpoBHs. K Hanbomnee n3BecTHBIM pOCCUHCKHM TPO-
eKTaM MOXHO oTHecTH cuctemy OpenTS [1] (MucTuTyT porpaMmmubix cucteM uM. A K. Aiinamassina PAH),
cucremsl DVM [2] u HOPMA [3] (MucTHTYT ipuKIagHoi MmatemMatuku uMm. M.B. Kenasima), s3erk mpC [4]
(MuctutyT cucremHoro nporpammupoBanus uM. B.I1. IBanuukosa), cuctemy SFP [S] (MHCTHTYT cCUCTEM MH-
dopmaruku um. A.I1. Epmosa), s3s1k [Tudarop [6] (Cubupckuii dpenepanbhblii yauBepcutet), cucremy JIBOP
[7] (FOxHbIi (enepanbHblil YHUBEPCUTET), KOMIUIEKC JJIsl MapajieabHOro mporpammupoBanus Graphplus
templet [8] (Camapckwuii TOCYIapCTBEHHBIM a3pOKOCMUYECKHUH YHUBEPCHUTET). Pe3yabTaThl 3THX HCCIIEI0Ba-
HUHM MOKAa3bIBAIOT, YTO CO3/IaHME YHUBEPCAIBHON CHUCTEMBI MapauIeIbHOIO NMPOrPaMMHUPOBAHUS BBICOKOTO
YPOBHSI TPYJHO AOCTHXHMO — CIMIIKOM BBICOKa clieliM(prKa OTAETbHBIX HMpeAMETHbIX obsacteld. [ToaTomy
TpedyeTcs JanbHenIee n3y4eHHe Clenuali3ipOBaHHbBIX CIIOCOO0B MPEACTABICHHUS aJlrOPUTMOB.

B craTtee npencraBneHsl pe3yabTaThl HCCIEA0BAaHUM pEIIeHN psiia IPUKJIAIHBIX 3a/1a4 B CUCTEME Ia-
PaAJUIETBHOTO MPOrPaMMHUPOBAaHUSA ACHEKT. ACHEKT — 3TO SKCIIEpUMEHTaNIbHAs CHCTeMa, pa3padaTbiBacMas B
WHcTrTyTe BEIUMCINTENBFHON MaTeMaTuky 1 MaTemMaTndeckoi reodusuku CO PAH u npennasHauennas ajst
HCCIIEI0BaHMS HOBBIX ()OPM MPEACTABIICHHS AJITOPUTMOB U METOJIOB 3a/IaHMsI YIIPABJICHUS B apaJlIeTIbHOMI
mporpamme. B cTatbe KpaTko pacCMOTPEHBI apXUTEKTYPa CHCTEMBI ACIIEKT, 0COOEHHOCTH SI3bIKa TPOrpaMMHU-
poBaHHA ACHEKT, pe3yabTaThl IPUMEHEHHS CUCTEMBI ACIEKT /sl pernenus 3afgaun LU-pasnoxkenns marpuil,
3a]]aud OIICHKH MAaTeMaTHYECKHX OXHJAHWW aJJTATHBHBIX ()YHKIIMOHAIOB OT TPAEKTOPHH TU(PPY3NOHHBIX
MIPOLIECCOB M 3a/1a4¥ O B3aMMOJEWCTBHUU KOPOTKOTO JIA3€PHOTO UMITYJIbCa C MIa3MOW METOIOM «JaCTHUIIBI-
B-TYEHKaX».
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1. Cucrema napanielbHOT0 NPOrpaMMHUPOBAHUS ACIIEKT

B ocHoBe cucTembl MapaniensHOro NporpaMMUpoBaHus AcriekT [9] nexar acCHHXpOHHAs! MOJIeb BbI-
YHCJICHUH C yNpaBICHUEM Ha OCHOBE CTPOTrOro 4acTHyHoro nopszaka [10] u ¢pparMeHTHpOBaHHOE MPOTpaM-
mupoBanue [ 11] kak cnoco0 pa3paboTku mapajulenbHBIX IPOrpaMM. APXUTEKTYPHO crucTeMa ACTIEKT COCTOUT
U3 TPAHCIATOPA C A3bIKa ACHEKT U UCTIONTHUTENbHOM MOACUCTEMBL.

CyTb (parMeHTUPOBaHHOTO IPOTPaMMHUPOBAHUS 3aKII0YAETCS B MIPEICTABICHUN allTOPUTMAa PELICHUS
3aJla4y¥ B BUJIC MHOXECTBA (hpacmermos 0aHHbIX U MHOXKECTBA (hpacmenmos kooa. DparMeHT Koaa nojaydyaer
Ha BXOJ HA0OP BXOIHBIX (PparMeHTOB JaHHBIX, HA OCHOBE KOTOPBIX BEIYUCISIET HA0OP BEIXOTHBIX parMeHTOB
nanHbix. [ToncranoBka ()parMeHTOB JaHHBIX B KaYECTBE MapaMeTpoB (hparMeHTa Koja Ha3bIBAeTCsl npuMeHe-
Huem (hparMeHTa KoJa K ¢pparMeHTaM JaHHBIX (OJUH M TOT ke (parMeHT KOJla MOYKET IMPUMEHSThCS K pas-
JUYHBIM (parMeHTaM JaHHbIX). COBOKYIHOCTh ()parMEeHTa KOAa M €r0 BXOJHBIX M BBIXOIHBIX (hparMeHTOB
JAHHBIX Ha3BIBACTCS hpacmenmom gviuucienuli. Ha MHOKeCTBe ()parMEeHTOB BBIYMCIICHUH 33/1a€TCs YacTU4-
HBIH MOPSIIOK, T.€. MHOXKECTBO OTPaHUYCHHUI Ha MOPSJOK BBHIIOIHEHUS (hparMeHToB (yIpaBJeHue).

Jlnst peanu3anyy (parMEHTHPOBAHHOTO MTPOTPAMMHUPOBAHMS Ha TIPAKTUKE pa3paboTaH s3BIK yIpaBiie-
HUS BBIYUCICHUSAMA ActiekT [12]. B Hem ¢parmMeHTsI KoJja 1 ()parMeHTHI JaHHBIX 3aIMCHIBAIOTCS Ha CyIIe-
CTBYIOIIEM TIPOIEAYPHOM S3bIKE MPOrPaMMHUPOBAHHS (B HACTOSIEE BpeMs MOAICPKUBAETCS TOIBKO C++),
a (parMeHTH! BBIYMCICHUI M YaCTHYHBIA MOPSJOK WX HCIIONHEHUS 3aJal0TCSl CPEICTBAMH SI3bIKa ACIICKT.
®dparmMeHTHI BBIYUCICHUH, U KOTOPBIX 3aBUCUMOCTH SIBHO HE 331aHBI, PACCMATPHBAIOTCS KaK HE3aBUCHMBIE.
[Monpo6nas napopManus o ciocobax 3a1aHus YIIPABICHUS B SA3bIKe ACTeKT npuBeeHa B [ 13].

dparmeHTHpOBaHHAS TIPOrpaMMa Mpeodpas3yeTcs TPAHCIATOPOM s3bIKa ACIIEKT B KOJ Ha si3bIke C++ 1
BKJIFOYAETCS B OJHOMMEHHBIN KJIacc, KOTOPBIH MPeI0CTaBIsieT HHTepdeiic i 1o0aBIeHns] (parMeHTOB BBI-
YHCJICHU B 0OYepe/Ib NCTIONHEHHS, a TAK)KEe OCYIIECTBISIET YIeT HEOOXOANMBIX ITapaMeTpoB (KOJTHMIECTBO HC-
MIOJTHSAEMBIX (PParMEeHTOB, KOJIMYECTBO TOTOBBIX K HCIIONIHEHUIO parMeHToB u Ap.). s kaxkaoro ¢pparmenTa
JaHHBIX CO3J1aeTCS OTJCIBHBIN THII, C UCTIOJIL30BAaHHEM KOTOPOTO OOBSIBIISIOTCS TaHHBIE 33/1a4H (TIepeMEHHbIE
kiacca). s kaxzmoro gparMeHTa Koja reHepupyeTcss MEeTOoJ] Kjlacca, a TakkKe JIBE TIePEMEHHBIX: PU3HAK
3aBepIICHHS ¥ IEPEMEHHAs CHHXPOHH3ALIH.

HcnonauTenbHas mojacucreMa ACIeKT COCTOHUT U3 Habopa GyHKIMOHAIBHBIX MOIYJICH: MEHEIDKEp T0-
TOKOB (YIIPaBIISIET pacipeiesieHneM padoThl MEeX Ty poLieccopaMu (SpaMu); oOparaeTcs 3a o9epeHON mop-
el paboThl K TUIAHUPOBIIMKY ), MEHEKEP MaMATH (YIPaBisieT pacupeielieHHeM aMsITH B CHCTEME, OCy-
IIECTBIISICT €¢ BbleNeHne / 0CBOOOKICHUE TS ouepeiell i pparMeHTHPOBAHHBIX MPOTPAMM ), IIAHUPOBIIUK
(ympaBisier HaOOpOM NMPUOPHUTH3UPOBAHHBIX OYEpe/ieH, peain30BaHHBIX B BUJIE MOHHTOPOB;, HMEET CIIOXK-
HoCcTh tianupoBanus O(1)).

2. Paznoxxenne MmaTpuIy

Ha mpumepe 3a1a4n pasioxeHue KBaapaTHoi Marpuiipl A B ipoussenerue marpuil L u U (LU-pasno-
JKCHHUS) PACCMOTPUM MPUMEHEHHE (hparMeHTHPOBAHHOI'O ITPOIPAMMHUPOBAHMUS VISl PEILICHHS YNCIICHHBIX 3a/1a4.
IMocTanoBka 3agaun. ITycts umeercs matpuria A = (@), i = 1...N, j = 1...N. Ee pasnoxenue B Buie
A = LU, rae L = (l;}) — amkusist TpeyronbHas matpuiia, a U = (Ujj) — BepXHsisi TpEyroJibHasi MaTPHIIA C SAUHH-
[IaMH Ha TJIABHOW JWaroHaM, MOKET OBITh BRIYUCIICHO TI0 (hopmymam [14]:
Iij =g _Zizilikukj (ix]), (1)
1 i1 i<i 2
Uj —E(aij =2l ) (1<), (2)
@parMenTanus aaropurMa. Marpuia A coOupaercs u3 GpparMeHTOB JaHHBIX (moamatpuir) Afi][j].
Boigensiorcs yerbipe pparmenta kona F1, F2, F3 u F4. Ilepsoiii ¢hparmeHT kojga oOpabaTeiBaeT hparMeHThI
JTAHHBIX, PACIIOJIOKEHHBIC Ha IJIABHOMN JuaroHaiy MaTpuilsl A, mo gopmynam (1) u (2); BTopoii — pparMeHTsI
JIAHHBIX CIpaBa OT JHaroHABHBIX 371eMeHTOB 10 Gopmyie (1); TpeTnit — pparMeHTHI JaHHBIX ITOJ1 THarOHANb-
HBIMHM 3JIEMEHTaMH 110 popmyiie (2); 4eTBEPThIH MePeCUYNTHIBAECT BHYTPEHHIOW MaTpuily 1o gopmye (3):
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Xij = _glikukj ) (3)

Brruncnennst oprannzytotcs mo maram. [lepBbrii mar moka3zas Ha puc. 1. KBagpatsr oroOpaxarot dpar-
MEHTHI IaHHBIX. BHYTpHM KaXk[Toro KBapaTa yKa3aHo, KaKoW 3K3eMIUISIp ()parMeHTa BBIYHCIEHH ero 0opada-
ThIBaeT. CTpenkaMu 0TOOpakeHbI 3aBUCHMOCTH MEXIY dK3eMIUIIpaMu (GparMeHTOB BBRIYUCIICHUH, a udpa B
LIEHTPE MOKA3bIBACT NOPSAOK UCTIOTHEHUS K3EMILISPOB.

[lepBBIM 3amyckaeTcs Ha HCIOJIHEHUE 3K3eMIuIsap ¢parmeHTa peruucicauii G1[0] (mpumenenue ¢par-
MeHTa koja F1 k ¢parmenty nannaeix A[0][0]), mocne yero mapauieabHO MOTYT HCIOIHSATHCS 3K3EMILISPBI
G2[0][1], G2[0]]2], G3[1][0] u G3[2][0]. JIroO0i1 13 3K3EMIUISIPOB C MOPSIKOM HCIIOJIHCHUS 3 MOXKET Ha4aTh
WCIIOJTHEHME, KaK TOJILKO 3aBepIaTcs 00a SK3eMIUIspa, OT KOTOPBIX OH 3aBucuT. Hanpumep, G4[0][1][2] mo-
JKeT HavaTh ucnonHenue nociue 3asepurenus G3[1][0] u G2[0][2].

G1[0] | G2[0][1] G2[0][2]
1 2 2

ao][1]12]

G

c,3[1][5ﬁ G4[0][1]H]

2 3 3
63[2)10], Gafo)2][1] G4[][2][2]
2 3 3

T LT L

Puc. 1. [1epsrit mar Beraucnenus: LU-pa3nosxeHns MaTpuisr A

Bonee nogpoOHO pemenne 3agaun LU-paznoxenuss MaTpunbl pazoupaercs B [11]. TexcT nporpammbl
LU-pa3nosxeHust MaTpuIlbl Ha S3bIKE MTPOrpaMMHUPOBaHHS ACIIEKT MOXHO Haiith B [13].

Pe3ysbTaThl 3KciepuMeHTa. B kauecTBe npuMepa paccMoTpuM pelieHue 3aaa4un o LU-paznoxennn
BemiecTBeHHON Matpuibl pazmepa 5 040 x 5040 mpu pasmepe ¢parmenta maHHbix 90 X 90 Ha cucteme
HP ProLiant DL580 G5 (4 nporeccopa Intel Xeon X7350, 16 sinep, 256 I'6aiitr RAM). Pe3yibratsl npeacras-
neHsl B Tabu. 1.

Tabnuma 1
Pe3yabTaThl N13MepeHuii NPON3BOANTEILHOCTH MPOrpaMMbl peleHus 3axauu o LU-pasnoxennn
XapaxteprcTika Konuuectso snep
1 2 4 8 16
Bpewms cuera, ¢ 31,01 15,6 7,93 4,13 2,35
Yckopenue 1 1,99 3,91 7,51 13,2

AcTeKT-TiporpaMmma JeMOHCTPUPYET MPAKTHYECKH JIMHEWHOE YCKOPEHHUE, YTo 00bscHSeTCs pparmen-
THUPOBAHHBIM IPEJICTABICHUEM ANTOPUTMA, 33 CUET KOTOPOro JJocTHraeTcs boinee 3dhexTuBHOE HCIONb30Ba-
HUe Kau-namsarty. [1o 3Toit e npuurHe GparMeHTHPOBAHHBIA KOJI JIydIlle MaclITa0upyeTCsl.

3. Meroa MonTte-Kapio

CraTucTuyeckoe MOJISIMPOBAHUE ABIISETCS OJHUM M3 YHUCIIEHHBIX METOJIOB PEIIEHUS MaTEMaTHYECKUX
33J1a4, IpU KOTOPOM HMCKOMBIE BEJIMYMHBI MPEACTABISIIOTCS BEPOATHOCTHBIMHM XapaKTEPUCTUKAMHU KakKoro-
100 SBJIEHUS U MPHUOIMKEHHO OIPENEISIOTCA MyTeM HaOMI0eHHs 32 MOBEJCHUEM MOJIENN 3TOTO SBICHUS
[15]. 3amaun cTaTUCTHYECKOTO MOJIEIIMPOBAHNUS, KaK MPABUIIO, TPEOYIOT OOJBIINX BHIYUCIUTENBHBIX PECYp-
COB, ITOCKOJIbKY B CPE/IHEM BBIOOPOYHOE 3HAUCHHUE MOYKET JIOIT0 BBIYUCIIATHCS M / HIIH U3 COOOpaKEeHHI TOY-
HOCTH HE00XOIMMO MOAEIUPOBATH OOJBIIOE YHUCIIO BEHIOOPOUYHBIX pearu3alii.
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Paccmotpum 3a1ady oneHKH MaTeMAaTUIECKUX OKUAAHUHN aIITUTHBHBIX (DYHKITOHAIOB OT TPAEKTOPHUit
¢ Gy3UOHHBIX MPOLIECCOB, MPEACTABISIONINX COO0N MHTETrpalibl IO HEKOTOPHIM MaJIbIM 001aCTSIM PaCIIU-
peHHoro (a3oBoro MpOCTPAHCTBA OT KOHLEHTpaluu TpaekTopuiit [16]. Ha ee mpumepe MOXKHO IIPOCIEINTE,
KaK B CHCTEMe ACIEKT pean3yOTCs alTOPUTMEBI, KOTOPBIE MOXKHO (hparMeHTHPOBAThH Ha OOJBIIOE YHCIIO HEe-
3aBUCHMBIX ()ParMeHTOB BBIUYUCIICHUH.

IMocTranoBka 3apaum. [lycts TpexmepHsIil 1uQGy3HOHHBIN MTpotiece Y( ) 3a1aH CHCTEMON CTOXacTHYe-
ckux nuddepeHInaNbHBIX YpaBHEHUH B cMbicie MTo:

dy(t) = a(y(©)dt +b(y()dw(t) , 0<t<T, y(©0) =vy,, (4)
rae a(y) — TpexMepHas BekTopHast GpyHkuus, b(y) — marpuynas gynkuus pazmeproctu 3 x 3, w(t) — Tpexmep-
HBII BUHEPOBCKUI IPOLECC, Yo — CITy4alHbII BEKTOD.

MopenrpoBaHue TPASKTOPHIA CHCTEMHEI (4) BBITOTHACTCS ¢ IIOMOIIIBIO MeToIa Dijepa:

Yoo =Y+ Ata(y) +VAtb(y)E =01, ... n,

rae Yi — YMCIICHHOE PEIleHHe CHCTeMBbI (4) B y3iie ti paBHOMEPHOW CETKH C MOCTOSHHBIM miaroM At = T/n,
a {&} — mocnenoBaTenbHOCTh HE3aBUCUMBIX MEXIy CO00# HOPMAJIbHBIX CITY4ailHbIX BEKTOPOB C HE3aBHCH-
MBIMH B COBOKYITHOCTH KOMIIOHEHTaMH, UMCIOIIIMHU CTaHAapTHOE HOPMAaIBHOE paclpeieiiCHue.

[TycTh HEOOXOIMMO BBIYHCIIUTD TOJIHYIO KOHIIEHTpaluio auddy3uonnsix tpackropuii O(T, yc) Bo Bpe-
MeHHOM uHTepBaiie [0, T| B HEKOTOPOil ynaneHHOH OT HCTOYHHKA Touke Y. [Ipu nmepexoje k mpuOImKkeHHOR
OLICHKE TOYHBIC AU(PY3UOHHBIE TPACKTOPUH 3aMEHUM TPHOIMKEHHBIMU TPACKTOPUSAMH Depa, a TOUKY Y —
mapoM ()¢ Manoro paguyca fc ¢ LEHTPOM B TOuke Yc. Torga OyaeM MMeTh CIEAYHOIIYI0 CTaTUCTHYECKYIO
OLIEHKY:

O(T,y,) = ESp =EX a(y)At.

rae oY) = xQc(Y)/Ve, Ve — 00BeMm trapa Q.

®parmenTanus ajaroputma. PazodbeM Bc€ mpOCTpaHCTBO MOJAETHPYEMBIX TPAaeKTOPH Ha M oOa-
creid. Toraa BxoaHbie pparMeHTHI JaHHBIX — 3TO HaYaIbHbIE 3HAUEHHs [eHEPaTOpa CIIyYailHbIX YHCEll B KaX-
J0M 00J1acTH, BEIXOJHBIE (PparMeHThl JaHHBIX — 3HAYCHUE KOHLCHTPALMK B KaXKJ0H 00JacTy.

@dparMeHTOB KOJ1a HEOOXOJMMO JIBa: MIEPBbI BBIYUCIISICT KOHIICHTPAIMIO B MHTepBase [j'm, (j + 1):m — 1]
(31€Ch j — HOMEp YacTh MPOCTPAHCTBA MOJICTMPOBAHKS), @ BTOPOM OCYILECTBISIET CJI0KEHUE BCEX KOHIICHTPA-
[UH, MOMYYCHHBIX Ha KaXJOW OOJAacCTH MPOCTPAaHCTBA MOJICIMPOBAHMS, U BBIYMCICHHE OKOHYATEIHLHOTO
pe3yibTrara.

@DparMeHThl BBIYUCICHUH TOJTyYaroTCs IPUMEHEHHEM (parMeHTa KoJia IEpBOro THIA K KaXKIOMY BXO.I-
HOMY (parMeHTy JaHHBIX. Tak Kak MOJETUpyeMbIe peai3aluy He 3aBUCST IPYT OT APYra, IOTOKOBOE YIpaB-
JICHHE MEXIy 3TUMH (parMeHTaMH BBIYMCIICHUH OTCYTCTBYeT. Bce parMeHThI BBIYMCICHUI IEpBOTO THUIIA
JIOJKHBI BBITIOJTHUTRCS JI0 Havyalla HCIIOHEHUsI (PparMeHTa BEIYUCIICHHSI BTOPOTO THTIA.

Pe3ysabTaThl dKcnepuMeHTa. B xadecTBe nmpuMepa paccMOTpUM cucTeMy (4) Ha BpEeMEHHOM WHTEp-
Basie [0, 10] ¢ mocTosiHHBIM BekTopoM cHoca a = (0, 0,5, 0,5)", enuruunoil Mmatpuueit muddysuu b = |, mapom
Q¢ pamuyca re= 0,1 c mearpom B Touke Ye = (8, 0, 0) 1 HyJIeBbIM HaYaIBHEIM ycioBueM Yo = 0 [17]. [lnst meTona
Diinepa nmonoxkum At = 1072,

Tab6nuuma 2
Pe3yabTaThl N3MepeHHii MPOU3BOANTEIbHOCTH NPOrPaMMBbI OIIEHKH MaTeMaTH4YeCKHX 0KHIaHUI
aJIUTHBHBIX (PYHKIIMOHAIOB OT TpaeKTopuii 1updy3HbIx nponeccoB metonom Monre-KapJio

Konuuectso siep
XapaxkTepucTHka
1 2 4 8 16
Bpewms cuera, C 23 805,50 12 051,00 5 939,00 2990,00 1510,68
Yckopenue 1 1,97 4 7,96 15,75

! Texcr mocnenoBatenbHOM MporpaMMe! 65T ipeiocTaBier M.A. Mapuerko, UBMuMI™ CO PAH.
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Pesynbratel m3mepennit Ha cucteme HP ProLiant DL580 G5 anst 64 000 000 cMomenupoBaHHBIX Tpa-
eKTOpHH MpUBEACHB! B Tabm. 2. BUIHO, YTO yCKOpEeHHE MPAKTHYECKH JIMHEHHOE, YTO JOCTHUraeTCs 3a CUeT
HE3aBUCHMOTO pacyera KOHIICHTPAIIMU B KaKIOM HHTEPBAJe, a TAKXKE XOPOIICH JIOKaIbHOCTH JAHHBIX, HC-
MOJIE3YEMBIX B XOJI pacyeTa.

Orta 3a7a4a, TPUBHAIBHAS C TOYKH 3PEHUS pacmapajieHBaHusA, TEM HE MEHEe TMMOKa3bIBACT, UTO caMa
cHCTeMa MPOrpaMMHUPOBaHKsT ACHEKT HE BHOCHT CYIIECTBEHHBIX 3a/IEPXKEK M He TPeOyeT CYIIECTBEHHBIX
HAKJIaHBIX PACXOIOB Ha MCIOJIHEHUE ()ParMEeHTOB.

4. MeTox 4acTHILI-B-T4YeiKaX

Mertoapl 4acTul, Kak ¥ KOHEYHO-Pa3HOCTHBIE METOABI, 00Pa3yroT 0COOYIO IPYyIIly BBIYHCIUTEIbHBIX
ITOPUTMOB, OO BETMHEHHBIX CIOCOOOM JTUCKPETH3ALMU HCXOIHOW MaTemMaTiuaeckoi 3anaun [18]. x npume-
HEHUE IHUPOKO PACTIPOCTPAHEHO IS PEIICHUS CTIOXKHBIX (PU3NIECKHX 3a7ad (Hampumep, 3a1aq Gpusuku oec-
CTOJKHOBUTEILHON HJIa?,MI)I). BreraucnurenbpHas CJIOKHOCTD MEeToAa O6’b$ICH$IeTC$I OrpOMHBIM KOJIMYECTBOM
YaCTHLl, HEOOXOJUMBIX IS OJYYEHHUs Pe3yIbTaTOB C XOPOLIEH TOYHOCTHIO.

PaccMotpum penienne 3a1aun 0 B3aMMOAEHCTBUN KOPOTKOTO J1a3epHOT0 UMITYJIbCA C MIa3MOM METOI0M
«4acTUIIBI-B-s4eiikax»? [19]. OHa 03BOJIAET OLEHUTh IPUMEHEHHE CUCTEMBI ACHEKT /ISl pElleHHs J0CTATOUYHO
CJIO’KHOM 3a/1a4M YHCJIIEHHOT'O MOJEIMPOBAHMS, BKIIOYAIOIIECH B ce0s1 HECKOJIBKO PA3JIMYHBIX aJrOPUTMOB.

IMocTanoBka 3apaun. B oGnactu, nMeromeit GopMy napamienenunena, HaxoauTcs Gposbra, mpencTas-
JsieMasi TOHKUAM ClIoeM Iuia3Mel. 111a3ma cocToUT U3 35IeKTPOHOB M HOHOB OJHOTO THIA. JIazepHbIil UMITyIIbC
(B BUJC MAKECTa JICKTPOMAroHUTHLIX BOJIH pa3HH‘IHOI>i AMIIIUTY bl 1 Honxpmaunn) BXOOUT 4€PE3 NOBEPXHOCTH
napaienenuIiea, B3auMoIeCTBYET ¢ (hOJIbroil, YaCTHYHO OTPaXkasch M MPOXOs yepes3 Hee.

OnwuceiBaeMbIN (PU3HMUECKUN TIPOIIECC MPEACTABIIETCS YpaBHEHHAMHU BriacoBa J1st HOHOB 1 3JIEKTPOHOB:

of, of,, - o
IR =0 R 2, (E = BD,
KOTOPBIC JOIMOJHAKOTCA YPAaBHCHUAMU Makcaeimia JJIA SJICKTPHUYECKOT0O U MArHUTHOT' O noJjiei:

rotl§=@]+l8—E,
c c ot

rotE:—lE,
c ot

divE =4np,
divB=0.

-

B cBo10 ouepeib, IIIOTHOCTD 3apsijia P U IVIOTHOCTh TOKa | ompeaensoTes u3 QyHKIMiA pacipeese-

HMsI HOHOB U DJICKTPOHOB:

1=20, f..vav,

=20 fidV.

31ech MHACKCHI | M € 0003HAYAIOT TUIT YaCTHIL (MOHBI U 3JIEKTPOHBI); Jie — 3aps; fie — GyHKIMS pacnpenere-
HUS YacTHll.

B HauanbHBI MOMEHT BPEMEHH YaCTHUI[BI PACIIOIaralTcs B 00J1aCTH Xo < X < Xo + & ¥ 00pa3ytoT TOHKYHO
¢donbry (& = A, roe A — IJIMHA BOJHBI JIA3€PHOIO UMITyJbca). M3BeCTHBI IMHEHHBIE pa3Mephl U aMIUIUTYIa
BOJIH JIA3€PHOTO UMITYJIbca. 3aj[aHa TUIOTHOCTH ia3Mbl. CKOPOCTH YacTHUI], KOMIIOHEHTHI HaIpshKEHHOCTEH
3JIEKTPUYECKOTO ¥ MAarHUTHOTO TIOJIel paBHBI HYJIIO.

MeTo/1bl ¥ aJITOPUTMBI PEILICHUS, a TAKXKE TUCKPETU3AIIMs 3aauH JIeTaIbHO OIUCaHbl B padote [19].

2 TeKCT NOCTENOBATENBHON TTPOTrpaMMbI ObUT TpetocTaiier B.A. Brmkossiv, UBMuMI™ CO PAH.
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dparmMeHTalUs ANrOpUTMA. 3HAYCHUST KOMIIOHEHT HAMPSHKEHHOCTH 3JICKTPUUECKOTO U MATHUTHOTO
MOJIeH, a TakXKe MIOTHOCTH 3apsaa U TOKa TUCKPETH30BaHbI Ha OJUHAKOBBIX (BO3MOXKHO, CABHHYTHIX BO Bpe-
MEHM M IIPOCTPAHCTBE) CETKAX, KaKIas U3 KOTOPHIX coOMpaercst U3 (hparMeHTOB JaHHBIX pasmepa fi x fi x fi.
HNudopmarus 060 BCeX yacTHIAX XPAHHUTCA B MacCcHBe (pparMeHTOB AaHHBIX Mo fj wacTwil B Kaxmom
¢dparmenre.

OnuH mar MoJIeTUPOBAHUS BBIMOJIHAETCS C TIOMOIIIBIO MATH A-TIPOrpamMM, KOTOPBIE COJIepKaT Mo He-
CKOJIbKO (DParMEeHTOB KO/a U BBIYMCIISAIOT MATHUTHOE T0JIe (Be A-TIpOrpamMMsl), TOK, SJEKTPUUECKOE TIOIe U
MePEBIKCHHUE YACTHII. BhIUMCIeHNE IICKTPOMArHUTHBIX TOJICH U TOKA MO KaXKJIOMY U3MEPEHHIO BBITIOJHS-
eTcs OT/AENbHBIMU (hparMeHTamMu koja. OTAenbHbIe PparMeHThl Koja 00pabaThIBalOT BXOXKICHHE UMITYIhCA
B MIPOCTPAHCTBO MOJICITUPOBAHUS W PAHUIIBI 3TOr0 MpocTpaHcTBa. VcrnonmHenne A-mporpaMM MpPOUCXOIUT
MOCJIeIOBATENILHO, BECh TTAPAIUICIH3M COCPEOTOUYCH BHYTPH.

dparMeHThl BHIYHCICHHUN TTONYUYar0TCsl TpUMEHEeHHeM (parMeHTOB KOJa K COOTBETCTBYIONIUM (hpar-
MEHTaM JIaHHBIX CETKHU (JIEKTPOMArHUTHBIC TOJIS U TOK) JTHO0 K ()parMeHTaM JIaHHBIX MacCHUBa YacTHII.

Pe3ysbTaThl 3KCIEpUMeHTa. B kadecTBe mpuMepa pacCMOTPHM pEIIEHHE 3aJaud CO CIEAYIONIMMHU
napamerpamu. DoJIbra pacroiokeHa Ha paCCTOSIHUHU 16 THH BOJTHBI JIA3€PHOTO UMITYJIbCA A OT JICBOTO Kpast
o0acTu. AMIUIATYJIA Ja3epHOr0 UMIyJbca paBHa 20, aiuHa U mmpuHa umiyiibea — 30A u 100 cooTBet-
cTBeHHO. BpemenHoit mar t cocraBnser 0,01, gucio dacTuil ogHOTO 3apsiia B sueiike — 32, o0iee 9ncio
gactuil — 10 485 760. O6nacts pasaenena Ha 40 x 40 x 1 sueek, pa3mep npocTpaHcTBa — S x 5 x (0,125,

Pesynprarer m3mMepeHmii Ha cepBepe 1abopaTOpuu CHHTE3a MapauieldbHbIX mporpamm UBMuMI™ CO
PAH pans 5 maro MoaenupoBaHusl IPUBEACHBI B Ta0. 3.

Tabnuma 3
Pe3yabTaThl N13MepeHUii NPOM3BOANTEILHOCTH NPOrPaMMBbl MOeTUPOBAHNUS B3aHMOJeCTBUS
KOPOTKOIO0 JIA3ePHOI0 HMITYJIbCa ¢ MIA3MOii MeTO10M YaCTHIIbI-B-s14eiiKkax
XapaxrepHcTaxa Konuuectso sinep
1 2 4 8 16
Bpewms cuera, 6e3 HT 21,92 11,03 6,14 3,48 H/1
VYckopenue, 6e3 HT 1 1,99 3,57 6,30 H/1
Bpewms cueta, c HT 21,92 18,68 10,0 51 3,57

Oco0eHHOCTb 331241 COCTOUT B TOM, YTO pacueT 3JIeKTPOMAarHUTHBIX I10JIel paciapalieIuBaeTCs XyKe
(M3-3a MHTEHCUBHOTO JIOCTYIIA K MIAMSITH), YeM pacueT IBMKeHUs yactull. [loaroMy yem OoJiblle 4acTHIl Uc-
MOJIB3YETCsI IPU MOJETMPOBAHUH, TEM JIyUllle TI0Ka3aTellb yCKOpeHus. B To jke Bpemst Oorblliee KOTHMYECTBO
YaCTHIl IPUBOAUT K JIy4IIEeH TOYHOCTH.

3akiarouyenue

B cTaTtbe pacCMOTPEHO MPUMEHEHHE CHCTEMBI TTAPaLIEIbHOTO IPOTPAMMHUPOBAHUS ACIIEKT TS perie-
HUS psi/ia MPAKTHYECKUX 33/1a4 YUCIICHHOTO MojieaupoBanus. [TokasaHo, 4To eciiv 3a1a4a J0MyCKaeT XOpoIiee
pacnapajie/iiBaHie, oHa MOXKET ObITh 3()()EKTUBHO pealin30BaHa B CUCTEME ACIEKT 0e3 CYyIICCTBEHHBIX
HAKJTaIHBIX PACXO/IOB HA OPTaHU3AIHUI0 UCTIOTHEHUS (JPArMEHTOB BBIYMCIICHHH.

Pe3ynbTaThl U3MEpEHHS MPOU3BOIUTEILHOCTH (PAarMEHTHPOBAHHBIX MPOTPAMM IMOATBEPAMIN THUIIO-
Te3y MCCIIEeI0BAHUS: TI0 BHICOKOYPOBHEBOMY (hparMEHTHPOBAHHOMY TIPEICTABICHHIO aJITOPUTMA TS BHIOpaH-
HOW TIpeIMETHOI 0077aCTH BO3MOXHA aBTOMATHYECKAs ITeHepalns J0CTATOYHO 3 PEKTUBHBIX MaPaIIEIbHBIX
MIPOTPaMM.
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Arykov S.B. (2018) SOLUTION OF APPLIED PROBLEMS IN THE PARALLEL PROGRAMMING SYSTEM ASPECT. Vestnik
Tomskogo gosudarstvennogo universiteta. Upravlenie vychislitelnaja tehnika i informatika [ Tomsk State University Journal of Control
and Computer Science]. 45. pp. 59-67

DOI: 10.17223/19988605/45/7

Modern supercomputers have a complex heterogeneous architecture, which can include in various combinations CPU, GPU, DSP,
ASIC, PLD, etc. It is difficult to efficiently use all these hardware resources with the available software tools for developing parallel
programs, therefore further development of automated high-level parallel programming systems is an actual task.

Programming system Aspect is an experimental system of parallel programming developed at the Institute of Computational Math-
ematics and Mathematical Geophysics of the Siberian Branch of the Russian Academy of Sciences and designed to study new forms
of representation of algorithms and methods for specifying control in a parallel programs. It is based on an asynchronous model of
computation controlled by strict partial order and fragmented programming as a way of developing parallel programs. System Aspect
consists of a translator from the Aspect language and the executive subsystem.

The essence of the fragmented programming is to represent an algorithm and its implementing program as a set of data fragments
and code fragments. In the course of execution, the fragmented structure of a program is kept.

Each code fragment is supplied with a set of input data fragments (formal parameters) used to compute output data fragments. The
substitution of data fragments as parameters into a code fragment is referred to as applying a code fragment to data fragments (the same
code fragment may be applied to different data fragments). The code fragment with its input and output data fragments constitutes
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a computation fragment. On the set of computation fragments, a partial order (control scheme) is defined. The resulting program is
created from such computation fragments.

Aspect language for computations control was developed to implement fragmented programming on practice. In that language,
code fragments and data fragments are defined in existing procedural programming language (currently only C++ is supported), while
special constructs are used to define computation fragments and dependencies between them. The construction of control scheme is
based on two key features: strict partial order and explicit support of massive control schemes. Computation fragments that do not have
explicitly specified dependencies are considered independent and can be executed simultaneously.

Fragmented algorithms for solving LU-matrix decomposition problem, estimating the mathematical expectations of additive func-
tionals from the trajectories of diffusion processes problem, and the interaction of a short laser impulse with plasma by the “particle-
in-cell” method were developed and implemented in the Aspect system.

The results of experiments on the HP ProLiant DL580 G5 shared memory system (4 Intel Xeon X7350 processors, 16 cores,
256 GB RAM) showed that due to the locality of the data fragments and the efficient use of cache memory, fragmented programs allow
achieving acceleration, close to linear, and provide good scalability. Experiments also showed that Aspect system does not introduce
significant delays and does not require significant overhead for the execution of fragmented program.

Fragmentation of the algorithm may require its significant modification, and, therefore, cannot be performed automatically. This
is a price for the good properties of fragmented programs.

Keywords: parallel programming system Aspect; technology of fragmented programming; representation of algorithms with high de-
gree of nonprocedurality.

ARYKOV Sergey Borisovich (Candidate of Physics and Mathematics, Associate Professor, Institute of Computational Mathematics and
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CLASSIFICATION OF AUDIO SAMPLES BY CONVOLUTIONAL
NETWORKS IN AUDIOBEEHIVE MONITORING

In the investigation, we consider the problem of classification of audio samples resulting from the audio beehive
monitoring. Audio beehive monitoring is a key component of electronic beehive monitoring (EBM) that can potentially
automate the identification of various stressors for honeybee colonies. We propose to use convolutional neural networks
(ConvNets) and compare developed ConvNets in classifying audio samples from electronic beehive monitors deployed
in live beehives. As a result, samples are placed in one of the three non-overlapping categories: bee buzzing (B), cricket
chirping (C), and ambient noise (N). We show that ConvNets trained to classify raw audio samples perform slightly
better than ConvNets trained to classify spectrogram images of audio samples. We demonstrate that ConvNets can
successfully operate in situ on low voltage devices such as the credit card size raspberry pi computer.

Keywords: deep learning; machine learning; convolutional neural networks; audio classification; audio processing;
electronic beehive monitoring.

Beekeepers ascertain the state of their honey bee colonies by listening to them, because bee buzzing
carries information on colony behavior and phenology. While experienced beekeepers can tell audio changes
in sounds produced by stressed colonies, they may not always be able to determine the exact causes of
the changes without hive inspections. Unfortunately, hive inspections can be quite invasive in that they disrupt
the life cycle of bee colonies and put additional stress on the bees.

Audio beehive monitoring is a key component of EBM that attracts considerable research and develop-
ment effort, because honey bees generate specific sounds when exposed to stressors such as failing queens,
predatory mites and airborne toxicants. Bromenschenk et al. [1] designed a system for profiling acoustic sig-
natures of honeybee colonies, analyzing these signatures, and identifying various stressors for the colonies
from this analysis. A foam insulated microphone probe assembly is inserted through a hole drilled in the back
of the upper super of a Langstroth hive that consists of two supers. The probe’s microphone is connected via
a microphone amplifier to a computer with an audio card and audio processing software that performs the Fast
Fourier Transform (FFT) of captured wav files. The frequency spectrum is processed into a running average
and an overall average to associate sound spectra with acoustic variations. In an experiment, bee colonies
treated with naptha, ammonia, or toluene produced statistically different acoustic signatures.

Ferrari et al. [2] assembled a system for monitoring swarm sounds in beehives. The system consists of
a microphone, a temperature sensor, and a humidity sensor placed in a beehive and connected to a computer
in a nearby barn via underground cables. In a field experiment, the sounds were recorded at a sample rate of
2 kHz and analyzed with Matlab. The researchers monitored three beehives for 270 hours and observed that
swarming was indicated by an increase of the buzzing frequency at about 110 Hz with a peak at 300 Hz when
the swarm left the hive. Another finding was that a swarming period correlated with a rise in temperature from
33" C to 35° C with a temperature drop to 32° C at the actual time of swarming.

Mezquida and Martinez [3] developed a distributed audio monitoring system for apiaries. The system
consists of nodes and wireless sensor units with one node per apiary and one sensor unit per hive. A node is
an embedded solar-powered computer. A sensor unit consists of an omnidirectional microphone and a temper-
ature sensor. Sensor units are placed at the bottom of each hive protected by a grid to prevent propolization.
The system was tested in an apiary of 15 Langstroth hives where up to 10 hives were monitored continuously
by taking 8 second audio samples every hour with a sampling rate of 6,250 Hz. The timestamped frequency
spectra obtained with Fourier transform and temperature data were logged in a SQL database from May 2008
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to April 2009. The researchers reported that sound volume and sound intensity at medium and low frequencies
showed no identifiable daily patterns in the winter but exhibited distinguishable daily patterns in the spring.

Kulyukin et al. [4] designed an algorithm for digitizing bee buzzing signals with harmonic intervals into
A440 piano note sequences to obtain symbolic representations of audio signals over specific time periods.
When viewed as a time series, such sequences correlate with other timestamped data such as estimates of bee
traffic levels or temperatures [5]. The note range detected by the proposed algorithm on 3421.52MB of
30-second wav files contained the first four octaves, with the lowest note being AO and the highest note being
F#4. In a 24-hour period, the peaks in the frequency counts started in the first octave (D1), shifted higher to
C3 and C#3 in the third octave, and returned back to the first octave at the end of the selected time period.
Several notes in the fourth octave, e.g., F#4 and C#4, were also detected but their frequency counts were
substantially lower than those of the peaks in the first three octaves.

Ramsey et al. [6] presented a method to analyze and identify honeybee swarming events through a com-
putational analysis of acoustic vibrations captured with accelerometers placed on outside walls of hives.
The researchers placed two accelerometers on the outer walls of two Langstroth hives with Apis mellifera
honey bees, one accelerometer per hive. A cavity was drilled in the center of the back wall of each hive. Both
hives were located in close proximity to each other and approximately 10 meters away from a house with a PC
running a Linux distribution. The accelerometers were placed in the cavities and connected to a dual channel
conditioner placed between the hives and encased in a waterproof acrylic box. The conditioner was coupled
to the indoor PC with two coaxial cables through which the captured vibration samples were saved on the PC’s
hard disk. An ad hoc roof was placed above both hives to control for vibrations caused by rain drops.
The vibration samples, each one hour long, were logged from April to June 2009. Averaged frequency spectra
were computed for a frequency resolution of 20 Hz and an averaging time of 510 seconds. The spectra were
combined into one day long spectrograms which were analyzed with the Principal Component Analysis (PCA)
for feature extraction. The witnessed swarming events were juxtaposed with the corresponding spectrograms
and were found to exhibit a unique set of features.

In this article, we contribute to the body of research on audio beehive monitoring by designing and
evaluating ConvNets that classify audio samples from microphones located above landing pads of Langstroth
beehives. The proposed audio processing methods are applicable to any audio samples obtained from micro-
phones placed inside or outside beehives. To ensure the replicability of our findings reported in this article we
have made public our source code [7] and our curated dataset of 9110 audio samples [8].

1. Materials and methods

Hardware. All audio data were captured by BeePi, a multi-sensor electronic beehive monitoring system
we designed and built in 2014. A BeePi monitor consists of a raspberry pi computer, a miniature camera,
a microphone splitter, 3 or 4 microphones connected to the splitter, a solar panel, a temperature sensor,
a battery, and a hardware clock. The solar version of BeePi is shown in Fig 1. All hardware components, except
for solar panels, are placed in a Langstroth super (see Fig 2). The solar panel is placed either on top of or next
to a beehive, as shown in Fig 1. We used the Pi Model B+ 512MB RAM models, Pi T-Cobblers, half-size
breadboards, waterproof DS18B20 digital temperature sensors, and Pi cameras. For solar harvesting, we used
the Renogy 50 watts 12 Volts monocrystalline solar panels, Renogy 10 Amp PWM solar charge controllers,
and Renogy 10ft 10AWG solar adaptor kits. For power storage, we used two types of rechargeable batteries:
the UPG 12V 12Ah F2 lead acid AGM deep cycle battery and the Anker Astro E7 26800mAh battery. Each
BeePi unit is equipped with four Neewer 3.5mm mini lapel microphones that are placed either above the land-
ing pad or embedded in beehive walls. In this study, the microphones were placed 10cm above the landing pad
with two microphones on each side, as shown in Fig 3.

BeePi monitors have so far had four field deployments. The first deployment was in Logan, UT
(Sept. 2014) when one BeePi unit was placed into an empty hive and ran exclusively on solar power for two
weeks. The second deployment was in Garland, UT (Dec. 2014 — Jan. 2015) when one BeePi unit was placed
in a hive with overwintering bees and successfully operated for nine out of the fourteen days of deployment
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exclusively on solar power and collected about 200 MB of data. The third deployment was in North Logan,
UT (Apr. 2016 — Nov. 2016) where four BeePi units were placed into four beehives at two small apiaries and
collected 20GB of data. The fourth deployment was in both Logan and North Logan, UT (Apr. 2017 —
Sept. 2017) when four BeePi units again placed into four beehives at two small apiaries to collect 220GB of
audio, video, and temperature data.

Fig. 1. Deployed BeePi monitor Fig. 2. BeePi hardware components  Fig. 3. Four microphones above a landing pad

Audio Data. The training and testing audio data were captured by two of our four BeePi monitors de-
ployed in Logan, UT and North Logan, UT from April 2017 to September 2017 in four Langstroth beehives
with Italian honey bee colonies. Each monitor saved a 30-second audio wav file every 15 minutes recorded
with the four USB microphones placed 10cm above the beehives’ landing pads and plugged into a raspberry
pi computer. Each 30-second audio sample was segmented into 2-second wav samples with a 1-second overlap,
resulting in 28 2-second wav samples per one 30-second file.

We obtained the ground truth classification by manually labeling 9110 2-second audio samples by lis-
tening to each sample and placing it into one of the three non-overlapping categories: bee buzzing (B), cricket
chirping (C), and ambient noise (N). The B category consisted of the samples where we could hear the buzzing
of bees. The C category consisted of the files where we could hear the chirping of crickets. The N category
included all samples where we could not clearly hear either bee buzzing or cricket chirping. The final labeled
dataset included 3,000 B samples, 3,110 C samples, and 3,000 N samples.

Convolutional Neural Networks. Representation learning is a branch of Al that investigates automatic
acquisition of representations for detection and classification from raw signals. Standard machine learning
techniques are limited in their ability to acquire representations from raw data, because they require consider-
able feature engineering to develop robust feature extractors that convert raw signals into feature vectors used
in classification methods [9]. ConvNets are deep networks designed to acquire multi-layer representations
from raw data. Starting from raw input, each layer is a transformation function that transforms its input to the
one acceptable for the next layer. Many features of these layers are learned automatically by a general purpose
procedure known as backpropagation [10]. Compositions of these transformations emulate complex classifi-
cation functions. ConvNets have been successfully applied to image classification [11, 12], speech recognition
[13], and bioinformatics [14].

In ConvNets, filters of various sizes are convolved with a raw input signal to obtain a stack of filtered
signals. This stack is referred to as the convolutional layer. The convolved signals are normalized. A standard
choice for normalization is the rectified linear units (ReLUs) that convert all negative values to 0’s [15]. This
layer is called the normalization layer. The size of each signal from the convolutional layer or the normalization
layer can be reduced in a pooling layer where a window and a stride are used to shift the window in stride steps
across the input signal retaining the maximum value from each window. The fourth type of layer in a ConvNet
is the fully connected layer (FC) where the stack of processed signals is construed as a 1D vector where each
value is connected via a synapse (a weighted connection that transmits a value from one unit to another)
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to each node in the next layer. In addition to standard layers, ConvNets can have custom layers that implement
arbitrary transformation functions. The architectural features of a ConvNet that cannot be dynamically changed
through backpropagation are called hyperparameters and include the number and size of features in convolu-
tional layers, the window size and stride in maxpooling layers, and the number of neurons in FC layers.

A fundamental research objective of this study is to compare ConvNets trained on spectrograms obtained
through Fourier analysis with ConvNets trained on raw audio data. Toward that end, two ConvNet architec-
tures were designed and trained to handle two types of input signal. The first architecture (SpectConvNet) was
designed to classify spectrogram images. The second architecture (RawConvNet) was designed to classify raw
audio waveforms.

SpectConvNet designed to classify spectrogram images is shown in Fig 4. The input signal is
a 100x100x32 RGB image of the spectrogram of a 2-second wav audio sample. The signal goes through
a 100x100x100 convolutional (Conv-2D) layer with 100 filters and then through a 50x50x100 maxpooling
(Maxpool-2D) layer with a kernel size of 2. The first Maxpool-2D layer is followed by a stack of two Conv-
2D layers with 100 and 200 filters, respectively. The output of the second Conv-2D layer is processed by
a 25x25x200 Maxpool-2D layer with a kernel size of 2 and then by a stack of two fully connected (FC) layers.

The first FC layer has fifty neurons whereas the second FC layer has three neurons corresponding to the
B, C, and N classes. The first FC layer (FC-50) uses the rectified linear unit (ReLU) activation function. To
avoid overfitting, random dropout with a keep probability of 0.5 is applied to the output of the first FC layer.
The second FC layer (FC-3) has the softmax activation function [16]. The softmax function is used to represent
a probability distribution over k different possible outcomes by mapping a k-dimensional vector of arbitrary
real values into another k-dimensional vector whose values are in the range (0,1) that add up to 1. The softmax
function emphasizes the largest values and de-emphasizes the smallest values. Specifically, if X=[x1,...,x] is a
k-dimensional vector, then the softmax function maps each element x; of X to the real value specified in Eq. 1.
The softmax function is used to transform a k-dimensional vector X to a k-dimensional vector Z, as shown in Eq. 2.

S(x)=e" iexj, where1<i<k: (1)
i1
Z=[S(%),S(%)]. )

In multiclass classification, given a sample vector X and its score vector Z, the probability of X belonging
to class j is given in EQ.3, where Z; is the i-th element of Z.
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RawConvNet designed to classify raw audio samples is shown in Fig 5. The input signal to RawConvNet
is a raw audio wav file downsampled to 12 245 kHz and normalized to have a mean of 0 and a variance of 1.
The input signal goes to a 5000%256 Conv-1D layer with 256 filters with a filter size n, where n € {3, 10, 30,
80, 100}, and a stride of 4. To discover the optimal sizes of receptive fields for the convolutional layers,
the following receptive field sizes for both layers were used during training and evaluation: 3x1, 10x1, 30x1,
80x1, and 100x1. The impact of the receptive field’s size on the ConvNet’s performance is described in
the section about the experiments. The output of the Conv-1D layer goes into a 5000%256 batch normalization
layer to reduce internal covariate shift [17]. The normalized output is given to a 1250%256 Maxpool-1D layer
with a kernel size of 4. After the first Maxpool-1D layer the signal goes through a 1250x256 Conv-1D layer
with a stride of 1 the output of which is normalized with another 1250x256 batch normalization layer and
subsequently maxpooled with a 313x256 Maxpool-1D layer. The output of this Maxpool-1D layer is processed
by a 256x1 custom layer that calculates the mean of the tensor along the first axis. A tensor is an n-dimensional
array. For example, a 1D tensor is a vector, a 2D tensor is a matrix, a 3D tensor is a cube, and a 4D tensor is a
vector of cubes, a 5D tensor is a matrix of cubes and so on. The custom layer is designed to calculate the global
average over each feature map, thus reducing each feature map tensor into a single float value.

The output of the custom layer goes into a FC layer with 3 neurons (FC-3) that correspond to the B, C,
and N classes. Both convolutional layers use ReLUs. Each convolutional layer has L, regularization and
a weight decay of 0.001. Batch normalization is applied to the output of each convolutional layer to reduce
the computational costs and accelerate the learning process. Batch normalization forces the activations in fea-
ture maps to have a standard deviation of 1 and a mean of 0. The output of each convolutional layer is a tensor
ofrank 4, i.e., [B, H, W, D], where B is a batch size, HxW is a feature map size, and D is the number of channels
or dimensions. The output of the batch normalization layer is controlled by two parameters that are learned to
best represent the activation of the feature maps.

2. Experiments

Both ConvNet architectures were trained on a Xeon(R) CPU W3565 computer with 5.8GiB of RAM
and 64-bit Ubuntu 14.04 LTS. Both architectures were trained with the Adam optimizer and categorical
cross-entropy [18]. The Adam optimizer is a variant of stochastic gradient descent that can handle sparse
gradients on noisy problems. Both architectures were trained for 100 epochs with a batch size of 128 and
a 70/30 train/test split of the 9110 audio samples described in the section on audio data, which resulted in
6377 audio samples used for training (70% of 9110 audio samples) and 2733 audio samples used for testing
(30% of 9110 audio samples). Table 1 gives the performance results comparing SpectConvNet with RawCon-
vNet with different sizes of the receptive field. The results in the table show that when the validation accuracy
is lowest (98.87%) when the size of the receptive field is 3 and highest (99.93%) when the size of the receptive
field is 80. The runtime per epoch is slowest when the receptive field’s size is 3. Figures 5 and 6 show
the validation loss and accuracy curves for RawConvNet for different receptive field sizes, respectively. As
the number of training epochs increases the validation losses decrease while the validation accuracies increase
for each receptive field size.

Table 1
Performance Summary of Two ConvNet Architectures
Model Name Training Loss Training Acc Validation Loss Validation Acc Runtime per Epoch
Spectrogram ConvNet 0,00619 99,04% 0,00702 99,13% 690 secs
RawConvNet (n = 3) 0,02759 99,24% 0,03046 98,87% 460 secs
RawConvNet (n = 10) 0,01369 99,74% 0,01429 99,60% 462 secs
RawConvNet (n =30) 0,00827 99,91% 0,00679 99,71% 465 secs
RawConvNet (n = 80) 0,00692 99,85% 0,00432 99,93% 462 secs
RawConvNet (n = 100) 0,00456 99,97% 0,00785 99,74% 505 secs
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To estimate the contribution of the custom layer, three deeper models were designed where the custom
layer was replaced with various combinations of FC and convolutional layers. In the first ConvNet
(ConvNet 1), the first three layers and the fifth layer are identical to RawConvNet and the fourth layer is
replaced with an FC layer with 256 neurons. In the second ConvNet (ConvNet 2), the first three layers are
identical to RawConvNet. In layer 4, batch normalization is performed on the output of layer 3 and is given to
layer 5 consisting of an FC layer with 256 neurons with a dropout of 0.5. Layer 6 is identical to the last layer
in RawConvNet and ConvNet 1 and consists of an FC layer with 3 neurons that correspond to the B, C, and N
classes with the softmax activation function. In the third ConvNet (ConvNet 3), the first three layers are iden-
tical as the three layers of ConvNets 1 and 2. In layer 4, the output of layer 3 is convolved with 256 filters with
a filter size of 3 and a stride of 1. In layer 5, batch normalization is performed on the output of layer 4 before
passing it to layer 6 that consists of an FC layer with 256 neurons with a dropout of 0.5. Layer 7 is the same
as in ConvNets 1 and 2. Table 2 gives the results of comparing RawConvNet with ConvNet 1, ConvNet 2, and
ConvNet 2. All four networks were trained for 100 epochs. The results indicate that the validation accuracies
of ConvNets 1, 2, and 3 are slightly lower than the validation accuracy of the custom ConvNet. However,
ConvNets 1, 2, and 3 have substantially higher validation losses. The results indicate that increasing the num-
ber of layers and adding more depth may not necessarily result in higher classification performance.

Table 2
Comparing RawConvNet with ConvNets 1, 2, and 3 after 100 Epochs

Model Name Training Loss Training Acc Validation Loss Validation Acc Runtime per Epoch
RawConvNet (n = 80) 0,00619 99,04% 0,00702 99,13% 690 secs
ConvNet 1 0,02759 99,24% 0,03046 98,87% 460 secs
ConvNet 2 0,01369 99,74% 0,01429 99,60% 462 secs
ConvNet 3 0,00827 99,91% 0,00679 99,71% 465 secs

RawConvNet was persisted in a Python pickle file on the Linux computer where it was trained and then
saved on the sdcard of a raspberry pi 3 model B v1.2. The raspberry pi was powered with a fully charged Anker
Astro E7 26800mAh portable battery.

Two experiments were then performed on the raspberry pi to estimate how feasible it is to do in situ
audio classification with the ConvNet on the raspberry pi. Two hundred thirty second raw audio samples from
the audio data set were placed in a local folder on the pi computer. In the first experiment, a script was imple-
mented in Python 2.7 to run every 15 minutes. The script would load RawConvNet from the pickle file, load
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an audio sample from the local folder, split it into non-overlapping two second segments, and classify each
two second segment with RawConvNet. In the first experiment, the fully charged battery supported audio
classification for 40 hours during which 162 30-second samples were processed. It took the algorithm, on
average, 13.66 seconds to process one 30-second audio sample.

In the second experiment, the script was modified to process four 30-second audio files once every
60 minutes to estimate whether a batch approach to in situ audio classification would result in better power
efficiency, because the persisted ConvNet would be loaded into memory only once per every four thirty second
audio samples. In the second experiment, the fully charged Anker battery supported audio classification for
43 hours during which 172 thirty second audio samples were processed. It took the algorithm 37.68 seconds,
on average, to classify a batch of four 30-second audio sample, which results in 9.42 seconds per a 30-second
audio sample.

3. Conclusion

Our experiments indicate that that it is possible to build ConvNets that classify raw audio samples
as well as ConvNets that classify audio samples by converting them into spectrograms. On our data set of
9110 audio samples, RawConvNet, our ConvNet trained to classify raw audio samples, achieved a validation
accuracy of 99.93%, which is slightly higher than the validation accuracy of 99.13% achieved by
SpectConvNet, our ConvNet trained to classify spectrograms. While it may be possible to experiment with
different ConvNet architectures to improve the validation accuracy of SpectConvNet, the validation accuracy
of 99.93% achieved by RawConvNet does not leave much room for improvement.

We investigated whether making ConvNets deeper by adding more layers results in a higher classifica-
tion performance than a single custom layer. Our experiments suggest that adding more layers to ConvNets
does not necessarily improve classification performance. Thus, deeper is not necessarily better. Specifically,
our experimental results show that, on our data set, RawConvNet, a shallower ConvNet with a single custom
layer, achieved a higher validation accuracy (99.93%) than each of the validation accuracies of the three deeper
ConvNets without a custom layer (i.e., 97.59%, 98.21%, 98.02%). Our experiments show that RawConvNet
also achieved a validation loss (0.00432), which is smaller than each of the validation losses of three ConvNets
without a custom layer (i.e., 0.57427, 0.59022, 0.59429). This empirical evidence suggests that ConvNets
trained to classify raw audio samples perform slightly better than ConvNets trained to classify spectrogram
images of audio samples.

The deeper ConvNets required more time and consequently more power for training. Thus, RawConv-
Net took, on average, 462 seconds per epoch for training whereas ConvNets 1, 2, and 3 took, on average,
545 seconds, 532 seconds, and 610 seconds, respectively.
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B pabote pemraercs 3amaya knaccupUKauuy ayuodaiinos, MOTydeHHBIX B pe3yJabTaTe ayAHOMOHHTOPUHIA ITYEIHHBIX YJIbEB.
AyIHOMOHHUTOPHHT YJIbsl SIBIISIETCS KITIOUYEBBIM KOMIIOHEHTOM 3JIEKTPOHHOTO MOHHTOPHHTA YIIbEB, C TIOMOIIBIO KOTOPOTO MOTEHIH-
aJIbHO MOYKHO aBTOMATH3MPOBAaTh HACHTU(DHKAIIMIO Pa3IMYHBIX CTPECCOBBIX (PaKTOPOB IS MUEIMHBIX cemeill. [Ipemnaraercst ncmnomnb-
30BaTh CBEPTOYHBIE HEHPOHHBIE CETH, KOTOPBIE CPABHUBAIOTCS 110 KAYECTBY KilaccuuKanuy 00pa3IioB 3ByKa OT CUCTEM JIEKTPOHHOTO
MOHHUTOPHHTA YJIbEB, PA3BEPHYTHIX B KUBBIX YIIbiX. B pe3ynbrare (ailibl OTHOCATCS K OJHOH M3 TPEeX HeMepeceKatoIHXcsl KaTerOpHiA:
xyxokanue maen (B), crpexor cBepukoB (C) u mym (N). Ilokazano, 9to cetn, oOydeHHbIE i Knaccu(UKAIMA HEOOPaOOTaHHBIX
aynuodaiiios, tyudiie, yeM ceTH, 00ydeHHBbIE Ul KilacCH(HUKALMU crieKTporpaMM. IIpoieMOHCTpHUpOBaHa ycrenHas pabora ceteit
in situ Ha HU3KOBOJIBTHBIX YCTPOMCTBAX, TAKHX KaK KOMIIBIOTED raspberry pi.

Kirogessie coBa: rirybokoe 00ydeHne; CBEpTOUHbIE HEHPOHHBIE CETH; KiIaccH(uKkanus ayano; o0padoTKa ayAHo; SIeKTPOHHBIH MO-
HUTOPHHT ITYETHHBIX YIIbEB.
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UHTEJUJIEKTYAJIbHBIN TIPOTPAMMHBIA MHCTPYMEHTAPUI
JIJISI MOATOTOBKH HOBOCTHBIX TEJIEBU3UOHHBIX TIPOTPAMM

Ha ocHoBe cTpykTypu3amun 6uzHec-nporieccos Tenepanuokommannn [ TPK «Ypam» paspaboTaHsl oaXox U cpeicTBa
ABTOMATH3allMM, KOTOPBIC MO3BOJIMIM MOBBICUTH 3()()EKTHBHOCTh MPOHM3BOACTBA HOBOCTHBIX TEJIECBM3HOHHBIX IPO-
rpamm noutu Ha 70%. Pemena npo6iemMa He0OOXOANMOCTH MOBTOPHOTO BBOJIA JJAHHBIX 32 CUET KOHCTPYKTOpA MHTEP-
(elicoB, aBTOMaTU3MPOBAH NPOIIECC HAIOXKEHHS TpadMKi Ha BUJEO, CO31aH 00pabOTIMK POJIMKOB ISl IPHBEACHHS
3ByKa M BHJIEO K CAMHBIM cTaHmapTaM. Ui apXuBaluy BHAEO U 3G (EKTUBHOrO MOUCKaA B apXuBe pa3paboTaHa CH-
cTeMa, KOTOpasi BBIIOJNHSACT aBTOMATHYECKOE PACIIO3HABAHHE BHCON300PKCHUH C IIOMOIIBIO HEHPOHHBIX ceTeil Ha
OCHOBE MaIIMHHOTO 00y4YeHHS.

KnroueBbie cioBa: TV-TeXHOJOTHH; aBTOMaTH3alMsl OM3HEC-TIPOIIECCOB; KOHCTPYKTOP HHTEp(deiicoB; HaJOKEHHE
rpa)MKu Ha BUCO; HEHPOHHBIE CETH; PACTIO3HABAHHUE BUICOM300PaKCHHUH.

[ToaroroBka mporpamm B COBpEMEHHOW TE€JIEBU3NOHHOW KOMITAHWH OTIMYAETCS OONBIION CI0XKHOCTBIO,
TPYJAOEMKOCTBIO, TUHAMUYHOCTBIO U CJ1a00M CTeNeHb0 aBToMaTu3aiuu. [Ipu pa3paboTke MeTUHHON POTyK-
UM 33/1CHCTBYETCS 0OJBIIOE KOJIMYECTBO COTPYAHNUKOB — PEXUCCEPHI, PEIAKTOPBI, KOPPECTIOHACHTHI, XYA0XK-
HUKU-TpadUKH, MOHTaXepbl. Bce OHM B3auMoJeCTBYeT B CIOXHOH HMH(POPMALMOHHOW Cpejie, MHOTHE
neicTBUs He (OpMa30BaHbl, YeJI0BEUECKUH (DaKTOp BIMAET HA BPeMs M Ka4eCTBO NMPOU3BOJCTBA. TOJBKO
CTPYKTYpH3aIHs U aBTOMATH3aIUs OU3HEC-TTPOIIECCOB MOXKET TOBBICUTH () (HDEKTHBHOCTH pabOThI M YIyUIIUTh
o0l111ee KauecTBO BBITYCKAEMOT0 KOHTEHTA.

YHHBepCaIbHBIX pEelIeHHI 0 aBTOMaTH3aIK paboT Ha TEIEBUICHHH, B YACTHOCTH [T IPOU3BOCTBA
HOBOCTHBIX IPOTPaMM, Ha CETOAHSIIHUI JEHb HE CYIIECTBYET. boiiee Toro, Mpoueccsl ABISIFOTCS JOCTaTOYHO
3aKpPBITHIMH, Y3KOHAMPaBIEHHBIMH, TPeOYIOT OOIBIINX TpyAo3aTpar. B kauecTBe aHAIOTOB aBTOMAaTH3alMU
MOKHO Ha3BaTh CHCTEMY Ipou3BojicTBa HOBocTel NewsNet [1], B KOTOpoii peanr3oBaHbI cpe/icTBa pabOThI
C JICHTaMH B €IMHOM TIPOCTPAHCTBE s OOMeHa HH(pOpMaIel U OoIydeHHs JOCTyIa K Me/Ina apXuBy Telle-
kaHana. OTkpbITast yHHBepcanbHas cuctema Cinegy News [2] ans aBTOMaTH3MpOBAaHHOTO MPOM3BOJACTBA U
BBIIYCKa HOBOCTEH COJIEPKUT HHTETPUPOBAHHBIE MEX/TY COO0 MOIYIIH 3alTMCH BXOISAIINX HOBOCTHBIX MIOTO-
KOB M IOCTYNAOIUX BUAECOCKKETOB, BEPCTKH CH’KETOB U BBIITYCKOB HOBOCTEW. BhICOKOaBTOMATH3MPOBaH-
HBIM SIBJIIETCS TaK)Ke HOBOCTHOE IpoM3B0IcTBO B cpene Media Backbone Hive ot Sony [3]. Onnako uHTe-
JIeKTyaJIbHbIEe (DYHKIMH B HA3BaHHBIX pecypcax He peann30BaHbl.

B nannoit paboTe Ha MpuMepe OJHON U3 BEIyIIHUX TEICBU3MOHHBIX KoMIaHuil CBepUTOBCKON 00ia-
ctu — I'TPK «Ypan» — nokasaHo, Kak MHOTHE CTPAaTETHUYECKH BakKHbIE OM3HEC-TIPOIECCH MO0 MOATOTOBKE
HOBOCTHBIX MPOTpaMM OBIJIM COKPAIIEHBI II0 BPEMEHH B IECATKH pa3 C yIyUIIEHHEM KauyecTBa BBHITOJIHEHUS
3aga4. PaboTta BhIMONHAIACE HA OCHOBE TILATEIHLHOTO aHAIM3a BCEX BBIMOJIHAEMBIX paOOT MO MPOU3BOACTBY
MeJra MPOAYKINK 1Mo Metoauke [4]. B pesymprate Oblia mocTpoeHa moapoOHas cxema OM3HeC-TIPOIECCOB
aHaJIOTHYHO TOMY, KaK 3TO c/ieiaHo B pabote [5]. Bece mponeccr! Oblin KinaccupUIMpOBaHbI Ha IOy CKAOLIHE
MOJTHYIO WJTM YaCTHYHYIO aBTOMATH3AIIHIO, & TAKXKE BBIICICHBI HeaBTOMaTU3upyeMbie GyHKnuu. Cxema He
MPUBOIUTCS B CHITY OOJIBIIOro 00beMa, ObUIH BBIACIICHBI, PEAIN30BaHbI U OIMCAHbI 1ajee aBTOMaTH3UPOBaH-
HBI€ MTPOLIECCHI.

Brimonnennas apromaruzanus OuzHec-npoueccos B TV-KOMIaHUM HOCTPOEHA HA MIPUHIMIAX MOIYIIb-
HOCTH, UHTEPAaKTUBHOCTH, MACIITA0UPYyEeMOCTH, YTO CYIIECTBEHHO COKPATHIIO YHMCIIO OIMMOOK MPH TOATO-
TOBKE HOBOCTHBIX IPOTPaMM U 3HAYUTEIBHO MOBBICHIO 3()()EKTUBHOCTH pabovero mpouecca.
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1. KoncTpykrop unrepdeiicos 1/l HAJI0KEeHUs TEKCTOB HA BU1€OPOTUKH

Kommanus 'TPK «Ypam» npon3BoanT HOBOCTHBIE TEJIEBU3HOHHBIE TPOrPaMMBI IS IBYX TEJICKaHAIOB!
«Poccus 1» — 12 BeimyckoB B neHb u «Poccus 24» — 2 Beillycka B IeHb, 0a30Basi rpad)ika Ha KaHatax UMeeT
pasnuusblid popmat. s CI0KETOB MPUXOTUTCA TOTOBUTH MHOXKECTBO MH(POPMALIMOHHBIX POJIHUKOB, POJIIMKU
JUISL JaHHBIX TEJIEKaHAIOB TAKXKE UMEIOT Psi/i CYHIECTBEHHBIX OTIIMYHM, 7Sl X CO3JaHus UCTIONB3YIOTCS Pa3-
HBIE TIPOEKTHI U, COOTBETCTBEHHO, pa3Hble mabioHbl. MMeercs mopsaka 10 BumoB HHPOPMAIMOHHBIX POJIH-
KOB, K IPUMEPY TEKCTHI ¢ (POTO 1 O3 HUX, TPaHCISALH 3BYKa ¢ GoTo 1 6e3 POTO, aHOHCHI, IPOMO U Ip. Takum
00pa3zom, 00beM U pa3HOOOpa3ne MPOU3BOIUMON €KETHEBHO MEIUMHON MPOAYKIIMH OTPOMHBI, Ha €€ MPOH3-
BOJICTBO YXOAHUT B CPEAHEM JIO TISITH YEIOBEKO-4aCcOB B JIeHb, MHOTHE OTIEPALIMU HOCSAT PYTHHHBIN XapakTep U
JeNatoTCs BPYUHYIO.

Jist aBTOMaTU3aMK JaHHOTO BHJIa paboT, B YaCTHOCTH BBO/IAa TEKCTa B MHOTOOOpAa3HbIE IA0JIOHBI PO-
JIUKOB, OBLT pa3paboTaH KOHCTPYKTOP HHTEP(EHCOB, MO3BOIUBIINN YHHOUIIUPOBATH ACHCTBHS ITOJIB30BATEIS.
WHCcTpyMeHT MO3BOJISET AJIs BBOAA AAHHBIX CO3/1aBaTh HHTEP(ENHCH U3 TUIIOBBIX IPYIIN U IaHENEH, conepxa-
LIMX BCE 3JIEMEHTHI IPpa)HueCcKOoro MoJIb30BaTeIbCKOr0 HHTEpdeiica. DTo 4eKOOKC A1l yIpaBICHU MapaMeT-
POM C ABYMsI COCTOSIHUSIMH, PaJUOKHOIIKA JJIs1 BEIOOpa OIHON OIIUM U3 MIPEeJOoNpeaeIeHHOro Habopa, BbIa-
JArOLINM CIMCOK JUI BBIOOPa OJJHOTO U3 HECKOJIBKHX 3apaHee ONpeeIeHHbIX 3HaUeHUH apaMeTpa, Haaluch
(static text), mose BBoza (dynamic text) st BBoAa HeOOIBIIOr0 00beMa TeKeTa 6e3 mepeHoca CTPOK, BKIIAIKa
(tabs), koTopasi MO3BOJISIET B OKHE MPHIOKCHHUS MEPEKII0YAaThC MEXKIY HECKONBKHMH (popMamu, KHOIKA,
«HaKaTHe» Ha KOTOPYIO IPUBOIUT K HEKOTOPOMY ACHCTBHIO U3 3arOTOBJICHHBIX I1a0JIOHOB WM BBIIOJTHEHHIO
MOJIb30BATEIICKOTO CKPHUIITA.

[Ipu ucnons30BaHNUH JaHHBIX UHTEP(EICOB MOIB30BATEINb IOIY4aeT BO3SMOKHOCTh MHOTOKPATHO MPH-
MEHSTh eTMHOO0Opa3HbIe yI00HBIe ()OPMBI AJIS BBOJIA IAHHBIX B ITPOEKT (paHee BBOA HE ObLT YHU(DHUITUPOBAH),
a TaKKe UMIOPTHPOBATH U KCIIOPTUPOBATH X depe3 XML.

TexHosorus peanu3anuy JAHHOTO HHCTPYMEHTAa OIUpAaeTcs Ha BO3MOKHOCTH nporpammbl Adobe After
Effects, npeanazHaueHHOHN A1 pelaKTUPOBAHUS BUAEO U JTUHAMHUYECKUX M300paKEHUH, MPUMEHEeHHs 1uQ-
POBBIX BHIe03peKToB U np. JaHHas mporpaMma ABisieTcs e (pakTo NpOMBILUIEHHBIM CTaHAAPTOM JUIS IIPO-
M3BOJICTBA MEAMHHON NPOAYKIIUH Ha TEICBUACHUH.

Koncrpykrop peanmzoBan B cpene Adobe ExtendScript Toolkit CC, koTopasi oGecrieunBaeT 10CTyI K
MHOT0()YHKIIMOHAIBHBIM CPEJICTBAM pa3paOOTKH U BBIIIOJHEHUSI CKpUNTOB JavaScript 1yist paOoThl HAIPSIMYTO
¢ npunoxeHusiMu Adobe, nognepxuBaromMu ciueHapuu. CreHapuid — 3TO HOCIIEA0BATEIbHOCTh KOMAaH/I,
MPEANHUCHIBAIOLINX MPUIOKEHUIO BBIIOIHUTD MOCIEI0BATEILHOCTD onepaunii. CieHapui MO>KHO HCIOJb30-
BaTh Ul aBTOMATHYECKOTO BBHIIIOJIHEHUS OBTOPSIOMINXCS 3a/1a4, CJIOXKHBIX BBIYMCICHUM, a TAKXKe s BbI-
MOJTHEHUST HEKOTOPBIX (DYHKIIMH, HEMTOCPECTBEHHO HE MPEJICTABICHHBIX B TpagUIecKOM MOJIb30BaTEIbCKOM
uHTepdeiice. CueHapuii, KoTopbiii ncnonb3yetr Adobe, Ha3piBaetcst ExtendScript (JSX), oH siBnsieTcst iualex-
toM JavaScript nim, Tounee, EcmaScript.

Koncrpykrop npezcrasisier coboit JavaScript ¢aiin, koTopsiii Bei3biBaeTcst Hanpsimyto u3 After Effects.
Jis aTOr0 HeoOX0AMMO OTKPBITH ITPOEKT, 3aTeM MeHto File, Scripts, Form constructor.jsx. Koncrpykrop pa-
0oTaeT B JiBa ATala: CHa4yaja MmoJib30BaTelb BEIOUPAET OISl BBOJIA M DJIEMEHTHI YIIPaBJICHUS, a Jaiee MPou3-
BoAMTCS CBsi3ka opmbl 1 poekra After Effects uepes ynpasnsromuii cioii. M3 koHcTpykTOpa hOpMBI COXpa-
HsatoTCs B Gaiel JSX s nanbHEHIIero Ucnojib3oBaHus. Bbei3BaTh GopMy MOXKHO M3 mporpammbl After
Effects uepe3 mento File. @opmbl moaep>kUBalOT BOZMOXKHOCTD BBITPY3KH U 3aTPYy3KH JJaHHBIX B Qaiiin XML,
YTO TI03BOJISIET MCIIONIb30BATh OJIHU JIaHHBIE 0€3 IMOBTOPHOTO BBOJA B HECKONBKUX mMpoekTax Adobe After
Effects, 3HaunTENHHO MOBKIMIAS TPOU3BOAUTEILHOCTD M TIOHIIKAsI PUCK BOSHUKHOBEHUsI oMOKH. [Ipon3Bo-
JUTENBHOCTH pabOT COCTaBHIIA MOPSIKA TPEX YETIOBEKO-4aCOB BMECTO IISATH.

2. MO}Iy.TlI) MOAKJIOYCHHUA TCKCTOBBIX U rpaquecmlx JAHHBIX K Bm[eocl)opMaTy

CymmecTByeT psij 3a1ad, Te aBTOMAaTH3AIUS BBOIA JAaHHBIX B TEKCTOBBIE OIS HepocTaTouHa. Heooxo-
IAMO OOECIICUUTh CIIOKHYIO CBSI3b MEXKIY TOJSIMH B (opMe, COAEpKalled MaHHBIE, ¢ BO3MOXKHOCTBIO
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PETyINpOBaTh MPOIOHKUTENFHOCTh OTOOpaKEHHs HAJIOXKEHHBIX Ha BUACO TpaduKU U TEKCTa, a TaKkKe 3aia-
BaTh KJIIOUEBBIC Kapbl B ponrke. C 3ToH LeNblo pa3padoTaH HHCTPYMEHT, IOCTaTOYHO CIIOKHBIN B HACTPOHKE
U TpeOyIOLIUI B UCTIOIb30BAHUHU TOHUMAaHHS 0a30BbIX MPUHIUIIOB MPOTPAMMHPOBAHHS U JIOTHKH.

OnHa n3 pemaeMbpIX TakuM 00pa3oM 3afiad — MOATrOTOBKA POJIMKOB METeonporHo3a. Kaxasiil BeITyck
HOBOCTEH COAEP)KUT METEONPOrHO3, HaJl CO3JaHUEM KOTOPOro paboTar0T XyAO0KHUKH KOMIIBIOTEPHOH rpa-
¢uku. Ha co3nanne kauecTBEHHOTO IIA0JOHHOIO MPOEKTa MOT0bl YXOAUT IO TPeX MECALEB, CIOAa BXOIIT
CheMKa, 0TOOp, 00paboTKa BUIcoMaTeprania, pa3paboTka KOMITBIOTEPHOH rpaduky u aHuMaItuu. [Iporuo3s mo-
TOJBI PEACTaBIISIET COO0H TEKCTOBbIE U rpadUuecKUe SIEMEHTHI, HaT0KEHHbBIE TIOBEPX (POHOBOTO BHIICOPO-
nka. Kaxaplil eHbp co3aaeTcs 4eThpe BUAA POJIMKOB: YTPEHHS MOT0/1a, TIOro/ia CEeTOIHs, IIOTo/1a 3aBTpa U
CTyAMIHaA MMoroja.

HecMmoTps Ha KayIIyrocst MPOCTOTY, Ta MOBCEIHEBHAs padoTa TpeOyeT OOJNBIIONH KOHIICHTPALUU U
Tpyao3aTpaT. COOTBETCTBYIOLINE OU3HEC-IPOLECCH C HEKOTOPBIMH OTIMYHUSIMHU B Ka>KAOM U3 YETHIPEX BUIOB
MPOTHO3a COACPKAIN CIEAYIOIINE JEHCTBU: TIONydYeHHEe TOKYMEHTa OT TUApoMeTIeHTpa B popmare Word,
KOPPEKTHPOBKA M TIPUBEICHHUE 3TOTO JOKYMEHTa K €JMHOMY BUAY, OTKpbITHE TpoekTta Adobe After Effects
¢ mabI0HOM TTOT0/bI, BBOA AaHHEIX U3 Word B Adobe After Effects, orripaBka Ha peHIep, peHASpHHT U Tiepe-
KOJMPOBaHKE MOJTYICHHOTO BUACOPOIHKA C HCIToNb30BaHueM Koieka QuickTime6 B (aiimoBo# TpaHCKOIWHT -
cucreme Rhozet ProMedia Carbon, ganee oTmpaBka B ceTeBoe XpaHunuiie. Ha moroToBky mporaosa exe-
JTHEBHO YXOJHUJIO MOPSIIKA YETHIPEX YacoB.

Js moBeimenust 3G GeKTHBHOCTH paboThl OBLT peam30BaH MOJYJb TOATOTOBKH BHICOPOIUKOB Me-
teonporHo3a GeneratorXML Ha ocHOBe earHOTO (paiina qaHHBIX 0 orone. Paitn B popmate XML, ymoOHBIN
IUIsL MALIMHHOTO YTEHHUS, COJIEPKHUT BCE HEOOXOAUMBbIE JaHHBIE VI TIOATOTOBKH MH(MOPMALIMOHHBIX 3aCTABOK
MOTO/IbI B TeUeHHe IHs. Yepe3 aproHoMuuHbIN HHTEpdEeic JaHHbIe BBOJSTCS OAHOKPATHO, 6€3 MyOIupoBaHus,
C BOBMOXHOCTBIO PCAAKTHUPOBAHNA UMCIOIIUXCA, B TOM YHCJIC apXHUBHBIX, JaHHBIX. HCHO‘IKEI 6I/I3H€C'HpOHeC-
COB CBeEJIaCh IPU 3TOM JIO JIBYX JIEHCTBHIL: mony4eHue aokymMeHTa Word OT THAPOMETIIEHTPA U BBOJ ATHX
JAaHHBIX B pa3pabOTaHHBIA MOJYJIb MIOATOTOBKH MOTOIbI. 3aTpaunBaeMoe Bpems — 20 MUHYT.

Janee asi M3roTOBJICHHUS POJIMKA HEOOXOMMO CO3/IaTh MHOYKECTBO KITFOUEBBIX KaJIPOB, KOTOPBIE OTpa-
JKAIOT JIF000C U3MEHEHHE COCTOSIHUSA OOBEKTOB Ha BUIACOM300pakeHWH. [l MOIKIIOYCHHUS aHUMAIlUu 0e3
HEOOXOJIMMOCTH CO3/IaHUsI MHOXKECTBA KIIFOYEBBIX KaJIPOB BPYUHYIO OB MCIOJIL30BAH TAKOW HHCTPYMEHT B
Adobe After Effects, kak BbipaxkeH#Hs1. SI3bIK BbIpQKSHHI OCHOBaH Ha CTaHIApPTHOM si3bike JavaScript. Beipa-
YKEHHE UCIIONb3YETCs TSl OLCHKH OJAMHOYHOTO CBOMCTBA CJIOSI B KOHKPETHBIM MOMEHT BPEMEHHU U COOOIIAET
MPUIOKEHHUIO O XapaKTepUCTUKE CBOWCTBA. C MOMOIIBIO BBIPAXKEHUN MOXKHO CO34aBaTh CBSI3U MEXKAY CBOM-
CTBaMHU CJI0S ¥ HCIIOJIb30BaTh KIIFOUEBbIE Kaipbl KOHKPETHOTO CBOWCTBA AJISl CO3/1aHMsI AMHAMUYECKON aHMMa-
UM JPYTHX CIIOEB.

Jist aBTOMaTH3aluK JaHHOTO BUa rpaduku Obul 1o0aBieH mabdaoH (GopMbl Ha TPH JAHS, Ha HEJEIIO,
(hopMHpOBaHHE CYTOYHOTO MPOTHO3a 10 TOPOLYy, pean30BaHa BO3MOXKHOCTb CBA3KH IOJIEH IPYT C IPYIroM,
BO3MOJKHOCTb 3arpy>karh JaHHble U3 IHTEpHETA.

B PE3YIbTATE aBTOMATHU3allKU TPYyAO03aTpaThl IO MOATOTOBKE BUACO C HAJIOKECHUEM JTaHHBIX OT TUAPO-
METIIEHTPA COKPATUIIUCH MTOYTH B YETHIPE pa3a ¥ COCTABIIM HEMHOTHM Ooliee yaca.

3. ABTOMaTH3aIUs 00Pa0OTKH MOATOTOBJEHHBIX BHICOPOJINKOB 10/ 000pyI0BaHHE

Ilo crangapTaM TeneKOMIAHWU BHIEO(AIIIBI JOIKHBI OBITH CTPOTO OIpeeNieHHOro (opMara ¢ KOH-
KPETHBIMHU ITapaMeTpaMH U COOTBETCTBOBATH crieln(UKauu 00opyaoBanus. [locKoNbKy BUEO MOCTYNaeT B
pasnuuHbIX Gopmarax, OblI peann3oBaH 00paObOTYMK FOTOBBIX POJMKOB Ul IEPEKOAMPOBKU BHIACO(AIIOB,
MPUBEACHUS 3BYKa U BUJEO K OOLICTIPHHSATHIM CTaHIAPTaM.

OOpaboTymK BUIEO M 3BYKa MPEICTABISICT U3 ceOsi KOHBepTOp Ha Oasze si3pika Python m Gubmmorexu
FFmpeg nns pabotsl ¢ menuadaiinamu. Konseprop npuarMaet Ha BXxox (ailiiel B 11000M MOAIEP)KUBAEMOM
¢dopmare u ¢ 100BIMU TApaMETPaMu Yepe3 3apaHee 3aJaHHyI0 ManKy. JTa Manka CTAHOBUTCS CHEIHATbHON
cemotpsinieid (Watch Folder) mankoii; r0060ii (aiiin, KOTOpbI OKa3bIBacTCs B HEl, Momnanaet B 00paboTKy.
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[Tpn nonamanny Ha KOHBEPTOP BHACO(ANI CHaYasla COKUMAETCS JI0 3alaHHOTO Pa3peIIeHHs, a TaKKe
npuBOAMT (HOPMY IIHKCEIS K CTaHAapTy, B cirydae ¢ komnanueid [ TPK «Ypam» — PAL DV (720 x 576, Aspect
ratio — 1,07). Hdanee uaer paboTa ¢ YepeCCTPOYHOCTHIO, YCTAHABIMBACTCS HIKHHUI TONyKaap. 3aTeMm
o0OpabaTbiBaeTCs 3BYK: yCTaHABIMBACTCS YacTOTa AUCKpeTu3anuu Sampling rate 48,0 kHz, obuuit ypoBeHs
npousBoauMoro myma npusoautes k 23 LUFS (Loudness Unit relative to Full Scale — exunuia rpomkoctu
OTHOCHUTENBHO MOJTHOMN IIKaJIbl) B COOTBETCTBUHU cO cTaHapToM R-128 EBpomneiickoro BemaTeabHOT0 cor03a
(EBU).

Ha BBIXO#€E KOHBEpTOp BO3BpalIaeT (aiibl, COOTBETCTBYIOIIUE TPEOOBAHUSIM, C TOMETKON O COOTBET-
ctBun. HacTpoiika mapaMeTpoB 00pabOTKH IMPONU3BOIUTCS Yepe3 MPOCTOr IrpadyudecKkuii HHTepdeEric.

Bpems 06paboTku ¢aiinoB ¢ IpuMEHEHHEM KOHBEPTOpa COKPATUIIOCh MTOYTH BABoE: 17 MHUHYT BMECTO
noJydaca.

4. ABTomMaTn4eckoe opMupoBaHNie apXHBa U pacno3HaBaHne H300pakeHuil B Buaeodaiiaax

TB-koMnanuu B mporecce AesITeIbHOCTH CO3al0T OTPOMHOE KOJIMUYECTBO BUAEO KOHTEHTA OT BHIIEO-
CHEMOK JI0 KOMIIBIOTEPHOM I'pahKH, BO MHOTHX CIIy4yasiX 3TH HPOEKTHI MIOAPAa3yMEBaIOT IOBTOPHOE UCIIOJIb-
30BaHue. OpraHu3ylOTCsl apXHUBBI C COOTBETCTBYIOLIUM IITAaTOM COTPYAHHUKOB, KOTOPBIE KaTaJOTH3UPYIOT
MaTepHajbl U IO 3apocaM HPeAOCTaBISIOT AOCTYI. B mensx aBToMaTH3aluy JaHHOTO BHIA JESTEIbHOCTH
pa3paboTaHa cucTeMa, MO3BOJIAIONIAs CTPYKTYPUPOBATh M apXHWBUPOBATH BUICOMATEPHA M BBIMOIHATE €T0
3¢ (heKTUBHBIN TOUCK Ha OCHOBE pPaclio3HaBaHUs N300pakeHnid B Buaeodainax. [Iporecc pacrmo3naBaHus BbI-
MOJTHSIETCS TOCPEICTBOM CBEPTOYHOIN HEHPOHHOM CETH, B IaHHOM CiIydae MpHUMEHsUIach OTKPBITas OUOIHo-
teka Keras [6], HacTpoeHHas Ha pabdOTy € CETAMH IITyOOKOro oOydeHus. B oTiin4rie oT mporpaMMel, OMICcaH-
HOI B pabote [7], Takoii MOJIXO0J] MO3BOJIKII paclo3HaBaTh 0OJICe CIOXKHBIC CIICHBI, HO B paMKax 3aJaHHBIX
KIaccoB. Peanusarus BeIToIHEHa Ha s3bike Python [8].

B ILaHHOﬁ CHUCTECMC aBTOMAaTU3allu IMMOUCKa BUJICO MOKHO BBIJICJIIMNTL TPHU YaCTU:

1) mognepkka Buaeoapxusa: (OHOBOE NPUWIOKEHHE, KOTOPOE IIPHU BHECEHUH B MEPBUYHBIA apXUB HO-
BOTI'0 BUJI€O0 BBIITOJIHSCT €0 o6pa60TKy I10 BBIACJICHUIO KIIFOYEBBIX KaAPOB U ONITUMU3AIUIO,

2) pacrio3HaBaHUE H300paKEHH Ha BUIEO C TIOMOIIIBIO HEHPOHHOMU CETH;

3) COOCTBEHHO TTOUCK, OMIPEACIISIONIUH 110 3aIIPOCy M0JIh30BATE IS HCKOMbIH 00BEKT Ha BUICO U BO3Bpa-
LIAIOLIMHA MYTH K HalJIEHHBIM PEJICBAHTHBIM BHUJCO B apXUBE.

Horoe Maccns
BILIEO APXWMB Buneo OBPABOTKA KITIOUeBEIX
KaJIpoB
3ampoc [~~~
Habop nanHBIX
IIyTs / ¢ ‘L
K (aiimy

Ha6op
MeTadaiiioB  |fe¢—] MeTadaiin

Puc. 1. CtpykTypa cucTeMbl NOJAEPKKHI BUACOAPXUBA U MIOMCKA BUJIEO

4.1. Iloooeprcka sudeoapxuea

®doHoOBOEC MPUIOKCHUC MMOJTYHACT HA BXO/ MAIIKy OTCJIC)KUBAHUA. Ha (1)336 HWHHUIOHAIN3aluy IporpamMmma
MMPOBCPACT COOTBCTCTBUC KAKAOTO BH,I[CO(l)aﬁJIa B MAIIKC C YK€ UMCHOIIMMUCS MCTAJaHHBIMU K 3TUM (bai/’maM.
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[Ipu BBIsSIBIEHUY BUACOdaiiioB 0e3 MeTaJlaHHbBIX, a TAK)KE MPH TOSBICHUH HOBBIX (paiiioB, B MaIke co3qaeTcs
MOTOK I IOCTPOCHUSI COOTBETCTBYIOIIMX JaHHBIX. B MOTOKe opMupyeTcs AoUepHUil mporece, KOTOPbIi
MO3BOJISIET MOJMYYUTh U3 BUACO(aiiia MacCUB KIIFOUEBBIX KaJpoB. Habop KiIroueBbIX KaApOB XPaHUTCS BO Bpe-
MeHHOI namnke. EcTb HeCKoJIbKO crmocoO0B OTAETCHUS BUACO OT IIyMa, BBIIACICHUS pelieBaHTHOW HMHpOpMa-
MK U3 KaJpoB: 1) B3ATh BCE Kaaphbl — KaJp 3a KaapoMm; 2) OpaTh KaxIblid N-i kaxp; 3) OTceHBaTh MyCTHIC,
MOBTOPSIIOIIKECS Kaapbl, OCTaBJsisi HanOojee nHGOpMaTUBHBIE. B MaHHON cucTeMe MCIONb3yeTcs TPEeTHit
noaxoa. MaccuB n300paKeHHUH COKpaIlaeTcs 3a CUET YAAJICHUS CXOKUX MEXAY COO0H U MpOoYuX HE coaep-
KaIUX MOJIe3HOH HHPOpMaIK KaApOB.

4.2, Pacno3naeanue u3oopa)xceHuil Ha 6uoeo

Ha ocHoBe mMaccuBa n300paskeHHid TOTOBUTCSI HA0Op AaHHBIX (batch) asis aHamM3a HEWPOHHOH CETHIO.
N306paskeHus KnacCUDUIMPYIOTCS TpeMsi MOACIsMHE: 1) BbIZieJIeHHE 00BEKTa Ha H300paKeHUH; 2) OTIpeeie-
HHE MeCTa BHYTPH WY BHE TIOMEIIeHHS; 3) pacrio3HaBaHie BpeMeHu roga. Mogens (model), ocHOBHas cTpyk-
Typa naHHbIX Keras, — 3T0 cnoco6 opranuzanuu cioe. [IpocTeimmM THITOM MOJENH SBISETCS MOCIe10Ba-
TeNbHAs MoJIelNb (sequential model), mrHeitHast COBOKYITHOCTB CIIOEB, KOTOPAsk M UCTIONB3YETCS B JAHHOM CITY-
qae. Korza ceTb coepsKuT HEeCKOIBKO CKPBITHIX CIIOEB, OHA IPHOOPETaeT CHOCOOHOCTH CaM000y9aThCs U BBI-
JETSTH KIFOUeBbIe MPU3HAKU, KOTOPBIE HAMIYYIINM 00pa30M OIHCHIBAIOT BXOJHbIE TaHHBIE. OTIMYHTEIFHOE
cBoiicTBO Keras, koTopoe BBIAESET ero u3 Apyrux (ppeiimBopkoB (Hanpumep, TansorFlow), — 3To aBTomMaru-
YeCKHI pacdeT pa3MepoB CIOEB: JOCTATOYHO yKa3aTh TOJIBKO Pa3MEPHOCTH BXOJHOTO ciios, a Keras aBToma-
THYECKU TIPOMHUIHANN3UPYET BCE OCTAIBHBIC CIIOH.

Jis o0ydeHHs Kax 10 MOJIeN HEMPOHHOM CETH HCTIONIF30BAIOCH IT0 TpH Habopa n300pakeHui: Habop
nmaHHbBIX 17 00ydenus (mopsaka 20 000 m3o6paxkeHwit); HAOOP JAHHBIX TSl IPOBEPKH (OI[EHKA KadecTBa 00y-
yeHus ceTH B npouecce o0ydenus — 10 000 m3o0paxkeHwit); HabOp JaHHBIX U TECTHPOBAHUS (OIIEHKA Kade-
cTBa mocie 3aBepinenus ooydenus — 5 000 uzoOpakenutit). [l 3arpy3ku n3o0paxkenuii B Keras ucmonb3y-
10TCS TeHeparopsl m3o0paxenuii (ImageDataGenerator), KOTOpbIE MO3BOJISIOT aBTOMAaTHYECKH 3arpykaTh
N300pakeHNs C TUCKA B MAaMATh KOMIIBIOTEPA, IPeoOpa3oBhIBaTh X B B[, HeoOXoauMblil Keras, u nmepena-
BaTh B MOJIEITb.

[TepBast Mozienb ceTH OTBEYAET 3a ONpe/eIeHNe Kiacca, K KOTOPOMY OTHOCHTCS M300paXKeHHE MO BUJTY
00BEKTOB Ha HEM: YEJIOBEK, aBTOMOOMIIb, KoMibioTep U T.14. (Label Detection). Keras mo3Bomnsier He Toinbpko 00y-
9aTh TTyOOKHe HEHPOHHBIE CETH, HO M COJICPIKHT HECKOJIBKO TOTOBBIX, IPEIBAPUTEIHFHO 00YUYEHHBIX CeTeil, KO-
TOpPBIE MOXKHO HCIIOJIB30BaTh, HE TPATS BPeMs M pecypchl Ha 0OyYeHHE, TaK Ha3bIBAEMbIi MIEPEHOC 00y4YeHHUs
(transfer learning). Bonbras gacTe cereil mpeaHa3HaueHa ISl PACIIO3HABAHUS OOBEKTOB HA M300pPKEHUSIX U3
KpayJICOpPCHHTOBOM 0a3bl aHHbIX ImageNet [9], conepkaneii 6onee 14 MitH n300pakeHNH, IPUBS3aHHBIX K Ce-
MaHTHYECKOMY Te3aypycy aHrmickux cymectButenbHbix WordNet. [1iis pacnioznaBanus npumensuiace VGG16
— cBepTouHas ceTh u3 16 crmoeB. CeTh COCTOUT U3 ABYX YacTe: MepBas 4acTh BBIJEISET XapaKTepHbIe TPU3HAKU
B M300paKEHUH, a BTOPast OTBEYACT 3a KilacCU(HKAIMIO 00bEeKTa 10 3TUM MpHu3HakaM. Ha BbIxoje ceTh BbIIaeT
BEpOSITHOCTH TOTO (B popMmare one hot encoding), 4To Ha N300PAKEHUH TOT WJIH MHOM Kilacc 00bEKTa.

Btopast Mozenb ceTu mpencTaBisieT co0oi OMHAPHBIA KIaCCH(PUKATOP, KOTOPHIH OIMpPEaesseT MEeCTO
CheMKH BHYTpH WiH cHapyxu nomenierus (Indoor / Outdoor) u comepsxur 10 croes (8 st BeIIEIEHNS TIPH-
3HAKOB M 2 s Kiaccudukamnuu). [IpuauMaet Ha BXoJ u300pakeHre pasMepom 224 x 224 mukcena ¢ TpeMs
kananamu RGB. Hcnonssyer ontumusatop Adam (adaptive moment estimation), coderaeT B cebe HICHO
HAKOIIJICHUS! IBKEHUS U UJIeto Ooliee c1aboro OOHOBICHHS BECOB JIJISI THITMYHBIX IPU3HAKOB.

TpeThst MOACIHB CETH pa3IudacT BpeMs rojia CbeMKH (Season). Mozenb cocTouT u3 13 ci1oeB BeIIeIESHUS
npu3HakoB cetd VGG16 mumtoc 3 ciost knaccupukaiui. XapakKTePUCTHKH BXOJHOIO H300paKeHUs Kak B
MPEbIIYIIEM CITy4ae.

JlaHHBIE TIO KaJipaM YCpPEIHSIOTCS. BBISBISIOTCS JOMHHUPYIOIIME W HawOosee BeposTHbIE 00pasbl.
W3 nmonyueHHBIX CBeleHUN (GopMHUpyeTcs MeTadaiisl, KOTOPbIH COACPKHT: X31I (aitsia, OOy MPOIOJIKK-
TENIBHOCTh BUeO(daiia, KOTUIECTBO PEIEBAHTHBIX KaJIpOB, CHAPYX W / BHYTPH MOMEIICHUS, BpeMs Troja,
10-200 nanboJjee BEpOSITHBIX OOBEKTOB.
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4.3. ITouck

[IpunoxeHne moucKa NperocTaBiIieT HHTepdenc ¢ BOSMOKHOCTHIO (PUIBTPOBAHMS 1O KIFOUEBBIM Xa-
paKTEepUCTUKAM, TTOJYYEHHBIM B pe3yJibTaTe padoThl BTOPOil U TpeThel Mosenei (3uma / eto, ynuna / mome-
LICHUE), U TIOUCK 0 MeTKaM B MeTadaiine. [Iporpamma oObeanHsieT cBeaeHus o (ainax B 3a1aHHOH Marnke,
[IOCJIE Yero MPOMU3BOIUT MOMCK I10 3TUM JaHHBIM. Jlajee BBIBOJUT MPEBBIO COOTBETCTBYIOIIUX 3aIIPOCy BH-
neo¢aiiyioB B IOPSAKE PEIEBAHTHOCTH C OMMCAHUEM JPYTHX UMEIOLIMXCs 00pa3oB B 9THX BHAcO(aiiax.

JlaHHas1 cucTemMa MO3BOJIMJIA CYIIECTBEHHO COKPATUTh BPEMS IIOMCKA B BUICOAPXUBE U ONIEPATHUBHO I10-
Jy4aTh AOCTYI K BUACO3AMUCSIM HE3aBUCUMO OT KOJIMUeCTBa (ailyioB B apXUBE.

3akiaouenne

[IpencraBieHHas MHTEIJICKTyalbHas CUCTEMa aBTOMAaTH3alUM MOATOTOBKH HOBOCTHBIX TEJIEBU3UOH-
HBIX TPOTpaMM BHEclla MHOXKECTBEHHBbIE M3MEHEeHUsi B OmzHec-mporecchl TV-kommanuu ['TPK «Ypamn».
Hapsiny ¢ onucanHBIMEU YeTHIPHMsI HHCTPYMEHTaMHU ObLT pa3paboTaH psia APYTHX MPOTpaMM: sl TOJTOTOBKH
MIPOMO-POJIMKOB, U3TOTOBJICHUSI HHPOrpaguku u ap. IIporpammHusIid Ko cocTaBui mopsiaka 20 ThIC. CTPOK,
ObUIH pa3paboTaHbI CIOBApH 0a3 JaHHBIX CYMMapHBIM 00beMOM 0oJiee 16 ThIC. CTPOK.

[locne BHEAPEHUS! CUCTEMBI OBUIM MPOBEACHBI U3MEPEHHS BPEMEHH, 3aTPAau€HHOTO Ha MPOU3BOJICTBO
MeIUANpPOIYKIUU A0 M TOC]e aBTOMAaTU3alllK 10 BCEM BUAAaM Mpou3BoAcTBa. OOIIas SKOHOMHUSI BPEMEHH
B JieHb cocTaBmia 320 MUHYT: BMeCTO 557 MUHYT CTajio yXoAauTh 236, T.e. 68% sKoHOMHUHU. YITy4IIHIIOCH
Ka4ecTBO MaTepHaliOB, YMEHBIIMIOCH KOJIMYECTBO OIIMOOK 32 cueT yA0OHBIX HHTep(eiicoB BBOJA TaHHBIX U
OTCYTCTBUS AYOJIMPYIOLIUX MPOIECCOB.
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Based on the structuring of business processes of the TV and Radio Company "GTRK Ural”, automation tools have been
developed that have significantly increased the efficiency of the production of news programs.

The designer of interfaces was developed and introduced, due to what the problem of necessity of repeated data input is solved.
The constructor is a JavaScript file that is called directly from Adobe After Effects and works in two stages: the user constructs input
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fields and interface controls, then the Adobe After Effects form and project are linked through the control layer, saving to JSX files
and further use.

The management tools of the already prepared media products have been implemented. So, for the development and filling of
computer graphics templates in the preparation of weather forecast videos, automation technology was used based on the expressions
and scenarios of the Adobe After Effects program and the toolkit for overlaying graphics on the video image was created. The weather
forecast generator module generates a common weather data file in XML format based on hydrometeorological information. The file,
convenient for machine reading, contains all the necessary data for the preparation of weather information posters during the day.
Through the ergonomic interface, data are entered once, without duplication, with the ability to edit existing, including archived, data.
At the same time, the chain of business processes instead of six actions before automation was reduced to two actions: obtaining
a Word document from the hydrometeorological center and entering this data into the developed module, which takes about 20 minutes
a day instead of the previous 4 hours.

The converter for ready-made clips has been created to bring sound and video to unified standards, working through a special
interface written in Python.

With a view to efficiently structuring and archiving video material and subsequent search in the archive, it was developed the
system that allows to automate processes of recognizing the contents of video files using neural networks based on machine learning.
The recognition process is performed by means of a convolutional neural network, an open Keras library was used, tuned to work with
deep learning networks. Images are classified according to three models: Label Detection, a VGG16 convolutional network of 16 layers
was used for recognition; the definition of a place inside or outside the room (Indoor / Outdoor); Season recognition, the model consists
of 13 layers of VGG16 network feature highlighting plus 3 layers for classification.

After the introduction of the system in the working process, the time spent on the production of media products before and after
automation was measured for all types of production. The total time savings per day was 320 minutes: instead of 557 minutes 236 were
spent, i.e., 68% time savings. The quality of materials was improved, the number of errors was reduced due to convenient data entry
interfaces and the absence of duplicate processes.

Keywords: TV-technology; overlay graphics on video; neural networks; recognition of video images.
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10.B. IlorTocun

MAPAJLIEJBHAS JEKOMIIO3UIUSA CUCTEMbBI YACTUYHBIX BYJIEBBIX ®YHKIIUA

[pennmaraercs MOAXOA K PEIICHHUIO 3371a9l MHOTOOJIOYHON MapajlieIbHOM JEKOMITO3UIIMN CUCTEMbI YaCTHYHBIX OyJie-
BbIX (yHKIui. [lonxon npeamnonaraet HHTEpBAILHOE MPEACTABICHNE 3aJaHHON CHCTEMBI B BU/IE TAPHI TPOUYHBIX MaT-
PHII ¥ TIOCJIEAYIONIEEe PACCMOTPEHUE TpadoB OPTOrOHATBHOCTH CTPOK YKa3aHHBIX MATPHIl M CBOJMT JAHHYIO 3a/1a9y
K HaXOXKICHHIO KpaT4daWInero MOKPHITHS MHOXKECTBA pedep omHOro rpada MOTHBIMH ABYAOIBHBIMH HOATpadaMu
(buknukamu) apyroro rpada. OnucaHo 1Ba METOJa PEIICHHUS pacCMaTPUBAaEcMOM 3a/1auu, HCIONB3YIOIINX Mpejarae-
MBIH ITOAXOI.

KioueBsble cjioBa: cucTeMa YaCTHYHBIX OyJIEBBIX (QYHKIIHIA; TPOUYHAS MATPHUIA; TIONHBINA IBYIOIBHBINA oArpad.

[Mon nekommo3uIMelt cucTeMbl OyJIEBBIX QYHKIMI TOHUMAETCS €€ TMPEICTABICHNE B BUIE CYNIEPIIO3H-
LUK IBYX WK OoJiee cucTeM (QYHKIMHA, KaX/1asi U3 KOTOPBIX B HEKOTOPOM CMBICIIE TIPOIIE UCXOJHOM CHCTEMBI.
3amada JEKOMIO3UIMH OYyJIeBbIX (DYHKIWH SBISETCSI OAHOW M3 BaYKHBIX U CIOXKHBIX 3a/1a4 M3 00JIaCTH JIOTHU-
YEeCKOT0 MPOEKTUPOBAHUS, €€ YCIIEIIHOE PEIICHNE HETOCPEICTBEHHO BIHSIET Ha Ka4eCTBO M CTOMMOCTH TPO-
EKTHPYEMBIX IUPPOBBIX YCTPOUCTB. J[eKOMITO3HIINSI CUCTEMBI OyNEBBIX (PYHKIIUI, OMTUCHIBAIOIICH TOBEACHUE
HEKOTOPOTO TUCKPETHOTO YCTPOMCTBA, BEIET K Pa30OMEHHUIO ero Ha OTHIENbHbIC OJIOKH, 4TO 00JieryaeT Jiaib-
HEWIIIYI0 MPOIIeAypY JIOTHYecKoro cuHTe3a. Kak mokasano B padotax [1, 2], maHHO# 3a/1aue MOCBSIICHO 3Ha-
YUTENBHOE KOJHYECTBO CTAaTel, 0JJHAKO BOMPOC enle Tpedyer uccnenosanuii [3]. B HacTosmeit cratbe pac-
CMaTpHBaeTCs 3aj1aua JEKOMIO3HIIUN CUCTEMBI OYJIEBBIX (PYHKIHMI B CIIEIyOIIEH TOCTAaHOBKE.

3agaHa cucTeMa YaCcTHUYHBIX (HE TIOJHOCTBHIO OMpEJeNIeHHBIX) OyJeBBIX (DYHKIUA B BUIE BEKTOPHON
bynximu f(X) = (fi(X), f2(X), ..., fu(X)), Tae KoMIoHeHTaMU BekTOpa X = (X1, X2, ..., Xn) SIBISIOTCS OYJICBBI TIEpe-
MEHHbIE, CocTaBstome MHOKecTBO X. TpeOyercs Haiitu cyneprnosunuio f(X) < @(91(z1), 92(22), ..., 9(zK)),
rAe 21, Z, ..., Zx — BEKTOPHBIE IIEPEMEHHBIE, KOMITOHEHTAMH KOTOPBIX CIYXaT COOTBETCTBEHHO IMEPEMEHHBIC
U3 TOAMHOXECTB Z1, Zo, ..., Zx (BO3MOXHO, mepecekaronmxcs) MaoxkecTBa X = {X1, X2, ..., Xn}, @ CHMBOJ <
0003HaYaeT OTHOIICHHUE PEeaTU3aIiy, T. €. 3HAYCHHUS KOMIIOHEHT ®1, (2, ..., P BEKTOPHOU (DYHKITUU @ COBIMA-
JIAl0T CO 3HAYCHUSAMH KOMIOHEHT (yHkimu f Besse, rue 3T 3Ha4YeHUs! onpezesieHbl. [Ipu 3TOM MOIIHOCTD
|Zi| (Ii=1,2,...,K) nomkHa ObITh OrpaHHYEHA HEKOTOPOW 33JaHHON BEJIMYMHOHN p, a YUCI0 K TODKHO OBITH
MUHHMAJIBHBIM M MECHBIIINM, YeM 7. YKa3aHHas JIEKOMITO3HIIUS ONPENIENSIeT CTPYKTYPY JIOTHYECKON CXEMBI,
MmoKa3aHHyro Ha puc. 1. Takoi BUI JEKOMITO3UIMH Ha3BaH MHO20004HOU napaiienvHol 0ekomnosuyuet [4].
[MogoOHast 3axaua npu K = 2 pemanack B crarbe [5].

f(x) |
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Puc. 1. CtpykTypa JOru4ecKoi cXemMbl
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B mopasnsromemM GONBIIMHCTBE MyOMMKAINI, paCCMAaTPUBAIOIINX 337ady EKOMIIO3UIIUU OYIIEeBBIX
(dhyHKIMA, TOAMHOXKECTBA Z1, Z, ..., Zx CUNTAIOTCS 3aiaHHbIMU [2, 4, 6, 7]. Bonpocy moucka Takux 1o JMHO-
YKECTB, IPU KOTOPBIX CYIIECTBYET COOTBETCTBYIOIIAS AEKOMITO3UITHS, TTOCBSIIEHO HE TAK MHOTO ITyOTHKAITHIA.
Cpenu paboT, Tie paccMaTpUBaeTCsl IaHHBIN BOIIPOC, MOKHO Ha3BaTh padoThl [8—13]. B nanHoii cTathe npen-
JlaraeTcs MoAX0/I, He TPeOyIoINi KOHKPETHOTO 33/IaHuUs IOJAMHOXECTB Z1, Z», ..., Zx. ETo MOXHO paccMaTpu-
BaTh KaK JaJbHEHIIIee pa3BUTHE TIOIX0a, IPEACTaBICHHOTO B pabore [14].

1. Onucanue moaxoaa

[Ipennaraemplii TOAXO/ K PELICHUIO AaHHOHK 3a1a4K TpeOyeT MHTEPBaIbHOTO 3a/IaHHsI CUCTEMBbI YaCTHY-
HBIX OyneBbix QyHKui [3] — B Buge mapsl TpondHbix matpuil X, F pasmeproctu | x n u | x m coorser-
ctBeHHO. CTONOIBI MaTpUIbl X COOTBETCTBYIOT MEPEMEHHBIM X1, X2, ..., Xn, & CTONOIBI MaTpulsl F — QyHK-
st f1(X), f2(X), ..., fx(X). CTpoka matpuisl X npencTaBiseT HHTEpBaj OyJieBa MPOCTPAHCTBA, & COOTBETCTBY-
IolIas e cTpoka mMarpuibl F — 3HaueHus GyHKIMA Ha 3ToM nHTEpBane. CUMBOI «—» B i-i CTpOKE H |-M
crobiie MaTpuisl F 03Ha4yaeT, 4to i-ii HHTEpBaI He UCTIONb3yeTCs AuIst 3aaanus GyHkimu fj(X). Ctpoku mart-
punl X u F uMeroT einHy0 HyMepaluro.

Paccmotpum rpadst Gx = (V, Ex) u Gr = (V, Ef), rae MHOKeCTBO BepiiuH V SIBISIETCS MHOKECTBOM 00-
mMX HOMepoB cTpok Matpull X u F, a MHOXkecTBa pebep Ex u Er sBIstOTCS MHOKECTBaMU TTap HOMEPOB Op-
TOTOHAJIBHBIX CTPOK MaTpul X u F cooTBeTcTBEHHO. [IBE CTPOKM TPOMYHONW MaTpPUIBl OPTOrOHAIBHBI, €CITU
HMMEETCS CTOJIOEI, Y KOTOPOTO B OJTHOM U3 3TUX CTPOK PACIIOIOKEH HOJb, a B Apyroi — eaunuia [3]. Cuctema
(hyHKIMIT 3a1aHa KOPPEKTHO ¢ rmoMortbio Matpull X u F, ecnmu Er ¢ Ex, T.e. GF sBiIsieTcss OCTOBHBIM MOATPA-
¢om rpada Gx.

3ameuanue. Jlro6as mapa marpuir (X, F) ykazaHHOTO BHIa MOXET pacCMaTpUBAThCS Kak MpeacTaBlie-
HUE HEKOTOPOW CHUCTEMBI YaCTUYHBIX OyneBbIX (pyHKumH, ecnu rpad Gr sBIsSETCS OCTOBHBIM MoArpagom
rpada Gx.

Kaxnmomy pebpy u3 wMHOXecTBa Ex mnpumucaHo MHOXKECTBO TEPEMEHHBIX M3 MHOXECTBa
X ={X1, X2, ..., Xn}, IO KOTOPBIM COOTBETCTBYIOI[HE CTPOKH OPTOrOHANIBHBL [IOJHOMY IBYIONBHOMY MOJI-
rpady, win b6ukiuxe, rpadpa Gx NPUIMIIEM MHOXKECTBO NMEPEMEHHBIX M3 X, B3ATBHIX MO OIHON U3 KaXKIOTO
peOpa, npuHaIIeKaero JaHHoi Oukiinke. BUKITNKY Ha30BeM donycmumou, €Cad YUCIIO MPUITMCAHHBIX el
MEPEMEHHBIX HE TIPEBBIIIACT p U €CITU OHA COACPIKUT XOTs ObI 0JTHO peOpo U3 MHOKeCTBa EF.

MHOXeCTBO NEPEMEHHBIX, NPUIMCHIBAEMBIX OMKIMKE, onpezaessiercs ciexyoomuM obpasom. Ilycts
{Xi, Xj, ..., Xk} — MHOYKECTBO IIEPEMEHHBIX, 10 KOTOPHIM OPTOrOHAJILHBI JIBE CTPOKH, COOTBETCTBYIOIINE peOpy
n3 MHOkecTBa Ex. OOpasyem 35eMeHTapHYI0 JU3BIOHKLHUIO X V Xj V ... V Xk U3 3TUX nepeMeHHbIX. [lomydanm
KOHBIOHKTUBHYIO HOpMalibHYI0 hopmy (KH®), unenamu koTopoii OynyT ykazaHHBIE AU3BIOHKITUH, B3SITHIE 10
BCeM pedpaM, BXOAALIMM B AaHHYI0 OMKIHKy. Ilocie ynaneHns BO3MOKHBIX MOIJIONIAEMBIX 3JIEMEHTAPHBIX
JTM3BIOHKIIMH 1peobpa3yem nonydeHHyto KH®, packpbiB ckoOKH, B TM3BIOHKTHBHYIO HOPMAIbHYIO QOpMy
(AH®). MHOXeCTBO NMEPEMEHHBIX, IPUITUCAHHBIX OMKIIMKE, COCTaBST IEPEMEHHBIE, BXOAAIINE B 3JIEeMEHTAp-
HYI0 KOHBIOHKLMIO MUHAMAJIbHOTO paHra noiaydeHHoi JJHO.

YrBep:knenue. Jins cucreMbl yacTHYHBIX OyieBbIx GyHkumii f(X), 3a1aHHOI TPOMYHBIMU MaTPUIIAMH
X u F, cymectByer peanusytomast ee cyneprno3utiust O(91(z1), 92(22), ..., 9x(zx)), eciu cyIecTByeT NOKphITHE
MHOXecTBa Er momyctumbiMu Oukinkamu rpada Gy, 9uciao KoTopsix K.

[TycTh mony4yeHo ykazaHHOE MOKpBITHE OMKIUKamu By, Bo, ..., By. Kaxnas 6ukmuka B MoxxeT ObITH 3a-
naHa napoit MHOxkecTB BepinH (Vi', Vi), mockosbKy Kaxaas BepiirHa u3 Vi’ cBsizaHa B OMKIIMKe pedpaMu co
Bcemu BepumHamu u3 Vi, Kaknas dynkius gi(zi) 3amaercs marpuiiamu Xi u Fi. Marpura X; sBisieTcss MEHO-
poM Matpuubl X, 00pa3oBaHHOM CTOJIOIaMH, COOTBETCTBYIOIIMMH NIEPEMEHHBIM, IPUIMCAHHBIM OHKIIKE B;.
Marpuna F; cocTouT u3 0gHOT0 CTOJIONA, T/I€ B CTPOKE C HOMEPOM, COOTBETCTBYIOIIUM BepiuHe u3 Vi,
Haxoautcs 0, B CTPOKE ¢ HOMEPOM, COOTBETCTBYIOIIMM Bepuinae u3 Vi”, Haxoautces 1 (mim Hao0opoT), a B
CTPOKE, IJIsT KOTOPO HET COOTBETCTBYIOIINX BepITuH HU B Vi', HU B Vi", HAXOTUTCS CUMBOI «—». BekTopHas
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¢dbyaknua @ 3amaercs marpuramu U u @. Marpuma U cocTouT U3 CTONOIOB, MPEICTABISIFOIIAX MAaTPHUITBI
Fi, Fo, ..., F, a matpuna @ coBnagaet ¢ Matpuiei F. [leiicTBUTENBHO, COTIACHO MIPUBEJCHHOMY BBIIIE 3a-
Medannto napa Matpuil (U, @) MoKeT paccMaTprUBaTHCS KaK MPEICTABICHNE CUCTEMbl YaCTUIHBIX OyIEeBhIX
¢bynkuuii. HetpyaHo BuIeTbh, 4To Jis1 J1I0OOTO 3HAUCHUSI BEKTOPA X, IPOU3BOJIBHO B3STOTO M3 00JacTH Ompe-
nenenust moooit hyukiwu fi 3aganHoi cuctembl, 3HadeHus Gyakuuit @i u fi 6yayT coBmaaars. CienoBaTesbHO,
nmapel Matpuil (X1 F1), (X2 F2), ..., Xk Fx) u (U, @) npeactapisioT KCKOMYIO CYIEPIIO3UIHI0. DTO Tpe-
cTaBJieHHe 00JanaeT W30BITOYHOCTHIO B BHJIC TOBTOPSEMBIX M IMOTJIONIAEMBIX CTPOK B MATPHIIAX, & TAKKE
3HAKOB «—» B OAHOCTONOLOBBIX MaTpulax Fi. Takyto H30BITOYHOCTB JIETKO YCTPAaHUTh, YJAIUB YIOMSHYTHIC
CTPOKH M3 MaTPHII.

2. TouHBIH MeTO]

TouHBIi METO/l, TAPAaHTUPYIOIIUH MUHUMYM Yuciia QYHKIUH B ICKOMOI CYNEepPIO3UIIH, OIICAH B CTa-
The [15] 1 3aKiTF09aeTCs B BHITIOITHEHHH MTPOIECCA, COCTOSIIETO M3 CISAYIOINX ITAIOB.

1. HaxoxaeHue Bcex MaKCUMaIbHBIX JOMYCTUMBIX OMKIHK B rpade Gx. st 3T0ro MOKHO HCIIOJIB30-
BaTh METOJI, IIPEJICTABICHHBIN B padote [16].

2. [NomyueHune kpaT4anIero MOKPeITHUSI MHOXKeCTBa EF HaliIcHHBIMY OMKIMKaMu. ECiii yuciio OUKITHK,
COCTaBIISIIOIINX TMOKPBITHE, HE MEHBIIIE #, TO JJIS 3aJJaHHON CUCTEMBI (DYHKIMH HE CYIIECTBYET HETPUBHAIb-
HOH IEKOMIIO3UILIMH YKa3aHHOTO BUAA.

3. Onpenenenne 0yaeBbix GyHKIHA §1(Z1), 92(22), ..., Ok(zk) ¥ BekTOpHOH QyHKIIUH .

Ha stamne noiayyeHust HOKPHITHS MOKHO MPOJIOJKATE ONTUMHU3ALNIO PELLICHUS, YMEHbIIAS CYMMY YHCEI
KOMITOHEHT BEKTOPOB 71, Z2, ..., Zk. 1Or/a KKyt OWKINKY Halo CHAaOJUTh BECOM B BHJIEC YMCIIA MPUIICAH-
HBIX el MepeMeHHBIX U pelaTh 3a/1ady O B3BEIIEHHOM MOKPHITUH. [Ipu 1oonpeneneHu He OTHOCTHIO OTIpe-
JIEJIEHHBIX OYJIeBBIX (DYHKITHH B MPOIIECCE JEKOMITO3UIMH HEKOTOPEIE IEpEMEHHBIE MOTYT OKa3aThCsl HECYIIIe-
CTBEHHBIMHU apryMeHTaMu. Torja MOXKHO BHIOMpATh BApUAHT C HAUMEHBIINM YUCIIOM CYIIECTBEHHBIX apry-
MEHTOB.

Ipumep 1. ITycts crcTeMa dacTHIHBIX OyneBbix GyHKiwii f(X) 3amana cieayronmMu TpPOUIHBIME MaT-

pHULIAMH:
X X, X3 X4 Xz Xg fi f, f3
1 0 1 0 1 0] 1 0 1] 1
o - - 0 1 —-| 2 -1 1| 2
X=/1 - 1 1 0 1| 3, F=j0 - 0| 3.
01 0 1 1 1| 4 1 1 -] 4
1 - 1 - 1 0|5 - 0 1| 5
o 0 - 1 1 -] 6 1 0 -] 6
Tpebyetcs nonyunts cyneprnozuiuio f(X) < @(91(z1), 92(22), ..., Ox(Zk)) npu MuHEManbHOM K U ymcie p
KOMIIOHEHT Ka)JIOTO U3 BEKTOPOB Z1, Z2, ..., Zk, HE TIPEBBIIIAIOLIEM 3.

I'pad Gx = (V, Ex) c muoxectBoM Bepiimt V = {Vi, Vo, V3, V4, Vs, Ve} TIPEICTAaBUM B BUJIE TIEPEUHS pedep.
B Tabun. 1 npencrasnensl 5ti pedpa u npunrcanasie M nepemenssie. I'pad Ge = (V, EF) umeer To xe MHO-
JKECTBO BEPIIINH, a2 €r0 MHOXKecTBO pebep Er otimuaercs ot Ex TonbKO TeM, 4TO B HEM OTCYTCTBYIOT pedpa
V2V4 U Vs5Ve.

Taonuna 1
PeGpa rpada Gx = (V, Ex) ¢ npunucanHbIMU UM HepeMeHHbIMH
Viv2 V1v3 ViVa ViVe VaV3 VaVa VaVs V2Ve VaVa V3Vs V3Ve VaVs V4Ve Vs5Ve
X1 X4 X5 X6 X1 X2 X3 X4 X6 X1X4 | X1X4X5 X4 X1 X4 X1X3X5 | X5X6 | XLX5 | X1X3X6 X2 X1
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Jnst rpada Gx momydeno 18 MakCHMalIbHBIX JTOIMYCTUMBIX OUMKIHK. VICKOMOE MOKPBITHE COCTABIISIOT
crenyromue Onkiuky ¢ coorsercTByomumMu KHO n JTHO:
{v1, Vs}, {V2, V3, V4, V6}) — X1 (x5 Vv X6) = X1X5V X1 X6,
({V 1, V2, V3, Vs, Vs}, {Ve}) — x1 X2 x4,
{({V1, V2, Va4, Vs, Ve}, {V3}) — (x5V x6) (X1V X5) = X1 X6\ Xs.
[IpencraBieHHble HIKE MaTPHULBI 33JaI0T UCKOMYIO CYTIEPIIO3HIIUIO.

X Xg 9 X X X 9z Xs O3
1 1] 1 1] 1 (1 0 o] 1 0] 1 1] 1 1] 1
0 1| 2 0| 2 0 - 0] 2 0| 2 1] 2 1| 2
Xi=|1 0| 3, F=|0| 3; X2=|1 - 1| 3, F=|0]| 3; Xs=|0| 3, Fs=|0]| 3;
0 1| 4 0| 4 0 1 1| 4 0| 4 1| 4 1| 4
1 1| 5 1] 5 1 - —-| 5 0] 5 1] 5 11 5
|0 1| 6 0] 6 10 0 1| 6 1] 6 1] 6 1] 6
9 09, O P P2 O3
(0 0 1] 1 0 0 1] 1
1 0 1| 2 - 1| 2
u=j1 0 0| 3, ®=|0 - 0] 3.
1 0 1| 4 1 1 —-| 4
0 0 1] 5 - 0 1] 5
1 1 1] 6 10 -] 6

[Tocne ycrpaneHns: H30BITOYHOCTH MONIYYHM CJICTYIOIINE MAaTPHUIBL, TPEICTABISIONINE HCKOMBIE CH-
CTEMBI YaCTHYHBIX OYIEeBBIX (DYHKITHIL:

Xt Xy X4 92
X Xg O 10 0]1 o) 1
X5 93
wo=[t LRt =10 T %2 1% % xe=T1] 1 Ea=[1] 1
0o 1| 2’ 0| 2’ 01 1| 3 0| 3’ H ’ H ’
1 0| 3 0| 3 1 - —| 4 0| 4 o) 2 o2
0 0 1] 5 1] 5
9 92 03 P P2 93
0 0 1] 1 00 1] 1
u=|1 0 1| 2, ®=|1 1 1| 2.
1 0 0| 3 0 - 0] 3
1 1 1] 4 1 0 -] 4

B pesynbrate coBmMecTHO# MuHMMuU3anuu B kinacce JJH® nomydeHHbIX cucteM OyneBbIX QyHKIHHA 1O-
JIy4uM cleayrouie MaTpuunsle npeacrasiaenus [JHO:

Xy Xy X4 X5 9. 9, O3 9. 9, 03 P ¢y O3
= 1 - -1 1 _ 1 0 O ; _ 1 - 1 = 1 0 O .

O 0 1 - 0O 1 O 0o - 0O 1 O

- - -1 0O 0 1 - -1 0O 0 1

[IprMeHeHne oMCcaHHOTO METO/1a HE BCET 1A TPUBEJIET K PEILICHUIO 33Ja4X TPAKTHUECKOM pa3MepHOCTH
3a mpuemsieMoe BpeMs. JlocTHXKUMOI BepXHel rpaHHLel Ynciia BCceX MaKCUMaJIbHBIX OMKIIMK B Tpade siBis-
ercst 2"~ — 1, e n — umcio BepuH rpada, U, KpOME TOTo, 33/1a4a KpaTdaifIlero MoKphITUs HMEET He MOJIH-
HOMHUAJIBHYIO CIIOXHOCTb. DTOT METOJ] CIIEeyeT CUUTaTh OCHOBOMU Ul pa3paOOTKH ABPUCTHYECKHX METOI0B
pemieHus AaHHOH 3axa4yu. ONucaHue OAHOIO U3 HUX IIPEJCTABIICHO Jajee.
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3. DOBpucTHYECKUH MeTOq

[lepBbIM I1arOM Ha IMyTH K PELICHHUIO SIBIIETCS ONIPEeIeHEe HIDKHEH MPaHHLbl YUCiIa OUKIIMK, COCTAB-
JISIIOIIMX KCKOMOE MOKPBITHE, U BbIeneHue 13 rpada G Takoro 4uciia H30IMPOBaHHBIX pedep ¢ HaubOIbIINM
YHCIIOM NPUIMHCAHHBIX IepeMeHHbIX. B moaHoM rpade Ky MOIIHOCTD MOKpBITHS OMKINKamMu pedep rpada He
mensiie, geM | 109z n |, rae [ a |- nemnoe uncno, 6nmxkaitiee ceepxy k a. Ecin B3sTh packpacky BepiuH rpada
GF 1 3aMEHHTH Ka)KJJ0€ MHOKECTBO OJHOLBETHBIX BEPLIMH OJHOHN BEPIINHOMN, COXpaHHUB Bce pedpa, TO MOIIy-
4iM ToNHBI rpad), ckaxeM K,,. Takim o6pasom, BEIICTAM, KaK yKasaHo Bbime, | 109z m | = k usomupoBanHbix
pebep 1 00BSABUM KX HavyaJbHOH COBOKYIHOCTBIO OMKIMK By, By, ..., Br. (Ilockonbky mMeTon HE MpeTeHIyeT
Ha MOJyYeHHE TOYHOTO PELICHHUS, MOYKHO BOCIIONIB30BAThCS MOCIIEI0BATEIbHON pacKpackol rpada, He TapaH-
TUPYIOIEH MUHIMYMa YHCIIa [[BETOB.)

JanpHeWmuii mpolece pelieHus 3a1aun NpeCTaBIIseTcs Kak MOCIe0BaTeIbHOCTD IaroB, Ha KaXKJ0M
U3 KOTOphIX BhIOUpaercs mapa (Vi, Vi), rae Vi ¢ Vi, Vj%, u Bepimmna Vi cesa3ana pebpamu u3 Ex co Bcemu Bep-
mumnamu u3 V;'. Bepmmna Vi BHOcuTes B MHOKecTBO V' (t#S), n Takum 06pa3oM BHOCSTCS HOBbIE pedpa B
oukmuky Bj = (Vit, V). EcTecTBeHHO, Takoe JeHCTBIE UMEET CMBICH, KOT/Ia CPEIH STHX pebep NMeeTcsl XOTs Obl
onHO U3 pedep rpada Gr, HE NPUCYTCTBYIOIICE HU B OJHOM M3 UMEIONUXCS OUKINK. BHECEHHE BEpIIUHBI Vi
B MHOkecTBO V' conmpooskaaercs no6asnenueM B KH®, cooTeTcTByIomyto 6uknuke Bj, s1eMeHTapHBIX
JIU3BIOHKIINH, CBSI3aHHBIX C BHOCUMBIMU pebpamu. [Ipu 3ToM, ecTeCTBEHHO, YIUTHIBACTCSI 3aKOH TOTJIOLICHHUS
(a v b) a=a, uHamgo, uTOOBI H3MEHsIEMAas OMKITHKA OcTaBajiach gomyctumoit. To ects JTH®, monyuaemas pac-
KpbiTHEM ckoOok B KH®, nomxkna comepkaTh XOTs Obl OJJHY 3JI€MEHTAPHYIO KOHBIOHKIIHIO PAaHTa, HE TIPEBBI-
LIAOLIETO P.

Ecnu Takoii napel He CYIIECTBYET, B ICKOMYIO COBOKYITHOCTh BHOCUTCS] HOBasi OMKJIMKA B BUAE OJHOTO
pebpa u3 Er, He npuHaIIeKaIIero Hu OAHON U3 YK€ MOIydeHHbIX OMKIuK. [Iponecc 3akaHunBaeTcs, Korna
Kaxknoe peopo u3 Er okaxercs xots Obl B 01HO# 13 OMKiHK By, By, ..., By

Bri6op mapsr (Vi, V}') oCyIecTBIIsieTCst 0 KpUTEPHsIM, KOTOPbIE IIEPEYHCIICHBI JIaiee B TIOPSIKE MX IIPH-
MEHEHUSI.

1. Muanmym pebep rpada Gr, KOTOpbIe He CMOXKET TOKPBITh OuKinKa Bj (Takoe peOpo cBs3biBaeT napy
BEPILHH, IPUCYTCTBYIOILICH B TOH HJIM IpYyroii goje Oukiuku Bj).

2. MakcuMyM HOBBIX IOKpBIBaeMbIX pebep u3 Er, BBogumbIx B Bj BMecTe ¢ BEpIIHMHOM Vi.

3. HaumeHpmumii MUHUMAIBEHBIA PaHT 3JIEMEHTApPHON KOHBIOHKIINH B COOTBETCTBYIOIICH JJTHD.

4. MakcuMyM 4Hciia 3JIEMEHTapHBIX KOHBIOHKIIMH MUHUMAIBHOTO paHra B cooTBeTcTBytoen JJH.

Ipumep 2. IlycTh cucTeMa yacTHYHBIX OyneBbix GyHkimi f(X) 3amana mMarpuiiamu u3 npumepa 1, u
HAJI0 PEIIUTh Ty K€ 33/1a4y, YTO IMOCTABJICHA B TOM MPHMEpE.

Hwxneit rpanmneit MomHocTH mokpeiTus rpada Gr Ouknukamu siensiercst 2. 13 tabn. 1 Beibupaem nBa
HeTepeceKaronmxcs pedpa ¢ AeMEeHTapHBIMH JIU3BIOHKIIMSAMHA MAaKCUMAaJIbHOTO PaHTa U MOJyYaeM CIeIyIo-
e OUKITMKH:

Bi1= <{V1}, {V4}> — (xl VX2V X3V XaV xe),
By = <{V2}, {V3}> — (xl V X4V X5).

IMapa (Vs, {V4}) mist Bapuanra GpopmupoBanus ouriuku ({Vi, Vs}, {Va}) olleHHBaeTCs MO MPUBEICH-
HBIM KPUTEPHUSIM KaK OJ[HA W3 JIyqmuX. JJedcTBUTeNsHO, pedpo ViVs oTcyTcTBYeT B rpade Gr. Unciio HOBBIX
MOKpBIBaeMbIX pebep BO Bcex ciydasx paBHo exaumbune. CoorerctBytomas KH® wumeer Buj
(x1 v x2Vvx3VvxsVxg)(x1V X3V Xe) U, mpeoOpa3oBaHHas 1O 3aKOHY TOIOMECHUs, coBmagaer ¢ JHD
X1V X3 V X, AMCIOIICH TPH DIIEMEHTAPHBIX KOHBIOHKIIMY paHTa 1. Takum 00pa3zoM, IMeeM Tereph Cieyolne
OMKJTUKH:

B1 = {{v1, vs}, {Va}) — (x1 v x3 \ X8),
B, = <{V2}, {V3}> - (X1 V X4V X5).

Ha cnenyromem mare Beroupaercs mapa (Vo, {Vi, Vs}), ¥ pe3yIpTaTOM CIIEAYIOIIETO IIara sSBISIETCS CO-

BOKYITHOCTH OMKITHIK
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B1 = ({v1, vs}, {V2, Va}) — x1,
By = ({vo}, {vs}) — (x1Vv xaV xs5).
Takoe mociieoBaTeIbHOE BHECCHUE peOep B OMKIIUKH MTPUBOMT K COBOKYITHOCTH OMKITHK
B1 = ({v1, s}, {V2, V3, Va}) — x1,
By = ({Va, Va}, {V3, V6}) —x2 x4 (x1Vv X3V X5).

Pebpo vave Tpada Gr He MOXKET OBITh TOKPBHITO HU OJTHON M3 MOMYYCHHBIX OUKIINK. Y OUKIMKH B2 UMe-
eTCs JIOJIS, COJepIKaIliasi mapy BEPIIHH V3, Ve, @ paciuiupenHas oukiauka B1 = ({V1, Vs, Ve}, {V2, V3, V4}) TOKpBI-
BaeT pedpo ViV, HO HE SBISCTCS TOMYCTHMOM, TaK KaK 3J€MEHTapHbIE KOHBIOHKIIUM B COOTBETCTBYIOIICH
JJH® wmeroT paHry, TpeBbIaronme p = 3. x1X2 Xa (X5 V Xg) = X1 X2 Xa X5 V X1 X2 X4 Xg. 1103TOMY BBOJUM
oukiuky Bs = ({Va}, {Ve}) ¢ aneMeHTapHO# TU3BIOHKIMEH (X1V X5) U J0OaBIIsIeM K Hell pedpo ViVe. B pe3yiib-
TaTe TMOJIy4YaeM CIIEAYIOIIee MOKPhITHE:

B = ({Vl, V5}, {Vz, V3, V4}> —x1(X5 \Y XG) = X1X5V X1 Xs,
Ba = ({V2, Va}, {V3, V6}) —x2 X4 (X1V X3V X5) = X1 X2 X4V X3 X2 X4V X2 X4 X5,
B3 = ({v1, v3}, {V6}) — (x1V x4) (x1V X5) = X1V X4 Xs.

IMony4yeHHOE TIOKPBITHE OMPECIIACT CICAYIOIINE MATPHUIIBL:

X X5 O X X X 92 X 93
1 1] 1 1] 1 1 0 0] 1 -1 1 1] 1 (1] 1
0 1| 2 0| 2 0 - 0] 2 0| 2 0| 2 - 2
Xi=|1 0| 3, Fr=]0]| 3; X2=|1 - 1| 3, F=|1]| 3; Xs=|1| 3, Fs=|1]| 3;
0 1| 4 0| 4 0 1 1| 4 0| 4 0| 4 - 4
1 1| 5 1| 5 1 - —-| 5 -1 5 1] 5 -1 5
0 1] 6 -] 6 0 0 1| 6 1] 6 0] 6 0] 6
0. 9, G ¢ 02 O3
1 - 1] 1 0 1] 1
0 0 —-| 2 -1 1] 2
u=|o 1 1| 3, ®=|0 - 0| 3.
0 0 —-| 4 1 1 —-| 4
1 - —-| 5 - 0 1] 5
- 1 0] 6 1 0 -| 6

Ycrpanenue U30BITOYHOCTH B 3THX MaTpHULAX JaeT CIEAYIOIIee IPeACTaBIeHHE NOTyYeHHbIX YacTH-
HBIX (pYHKIHIA:

X Xy Xy 9
S I
X1 = 0 1 , F1= 0 ; Xo=|1 - 1| F,=|1]: Xs—[l]Fs—[l};
0 1 1 0 0 0
10 0 0 1 1
01 92 O ¢ ¢ O3
(1 - 1] 0 1]
0 0 - 1 1
U= , ®d= .
0 1 1 0 - 0
1 - - - 0 1
- 1 0] 1 0 -]
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CoBMecTHasE MUHIMH3ANHA TTOTYYeHHBIX QyHKIWH B Kiacce JJH® npuBoanT K ciieqyrommM MaTpud-
HBIM IPEJCTAaBICHUSAM MUHUMaNIbHbIX cucteM JTHO:

Xy Xy X4 X 9. 9, O 9. 9, 03 P ¢y @3
X= 1 - -1 G= 1 0 O ; u=|" 1 O = 1 1 O
- 0 1 - 0O 1 1 0O 0 - 1 0 O
1 - - - 0O 0 1 1 - - 0O 0 1
3akiaouenne

[IpencrasieHo ABa MeTOa PEeLICHHs 3aJa4d MHOTO0JIOYHON MapaljiebHON 1EKOMIIO3UIUN CUCTEMBI
qacTUYHBIX OyneBbIX QyHKIUiA. [IepBrIii MeTO MOTydaeT TOYHOE pelieHHe, T.€. TapaHTUPOBaHO MUHUMAaJb-
HOE YHCIIO OJIOKOB B CTPYKTYPHOM peann3alliy 33JaHHON CHCTeMbI. BTOpoii MeTo1 Tako# rapaHTHH HE JIaeT,
HO MO3BOJISICT pellaTh 3aJady 3HauYMTENbHO ObICTpee, deM mepBbii MeTon. Kak Obulo cka3aHO, TOUHBIN
MCTOA MOKET CIIYXXHUTb OCHOBOI JJIA pa3p360TKI/I APYyrux, 3BpUCTUYCCKUX MECTOOOB, Oosee MMPpUTOAHBIX JJIA
MpakTUYeCKUX 3a1ad. K TakuM METO1aM OTHOCHUTCSI BTOPOM U3 OITUCAaHHBIX METOAOB. TOYHBIN METOJ MOXKET
OBITH UCIOJIL30BAH KaK dTAJIOH JJI1 OICHKH KaueCTBa pemeHI/Iﬁ, MOJIy4a€MbIX 3BPUCTUYCCKUMHU MECTOdAaMU.
HO}I Ka4€CTBOM PCIICHHUA CICAYCT IIOHUMATh OJIM30CTh €70 K MHUHHUMAJIbHOMY PCIICHUIO U MIPOCTOTY IOJIYy-
yaeMbIX GyHKIUH. HeTpyaHO 3aMeTHUTh, YTO MPENCTaBIECHHBIA SBPUCTUUYECKUN METO] TIOMYUYUI peleHue
JUTsL pacCMaTpUBAaEeMOro IMpHUMepa M0 KayecTBY, HE OTIMYAIOIIEMYCSl OT pEIIeHUs], TOTy4YeHHOT0 TOYHBIM
METOJIOM.
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Pottosin Yu.V. (2018) PARALLEL DECOMPOSITION OF A SYSTEM OF PARTIAL BOOLEAN FUNCTIONS. Vestnik Tomskogo
gosudarstvennogo universiteta. Upravlenie vychislitelnaja tehnika i informatika [Tomsk State University Journal of Control and Com-
puter Science]. 45. pp. 83-91

DOI: 10.17223/19988605/45/10

The problem of Boolean functions decomposition is to represent a given system of Boolean functions as a superposition of simpler
Boolean functions. In fact, the implementation of a system of Boolean functions by logical unites, or the synthesis of a combinational
circuit, is reduced to decomposition, in which the obtained superposition includes functions implemented by logical unites.

The decomposition problem is considered in the following statement. Given a system of partial (incompletely specified) Boolean
functions in the vector form, f(x) = (fu(x), f2(x), ..., fa(X)), where the components of the vector x = (X1, X, ..., Xn) are Boolean variables
forming a set X. A superposition f(X) < @(g1(z1), 92(z2), ..., gk(z)) must be found, where the components of the vector zi, i =1, 2, ..., k,
are the variable in the set Zi — X and < denotes the realization relation, i.e., the values of the components of the vector function ¢
coincide with the values of the components of f everywhere they are specified. At that, the cardinality |Zi|, i =1, 2, ..., k, must be
restricted by a given value p, and k must be minimum and less than n. An approach to solving the problem that does not demand the
sets Z1, Z2, ..., Z to be given is described.

The approach uses the interval representation of a system of partial Boolean functions, i.e., in the form of a pair of ternary matrices,
X, F, of dimension | x n and | x m, respectively. The columns of the matrix X correspond to the values xi, Xz, ..., Xn, and the columns
of the matrix F to the functions fi(x), f2(x), ..., fu(X). A row of X gives an interval of Boolean space, and the corresponding row of F
the function values at this interval. The symbol “~” in the i-th row and j-th column of F means that the i-th interval is not used to
specify the function fj(x). The rows of X and F have common numeration.

The graphs Gx = (V, Ex) and Gr = (V, Er) are considered, where V is the set of common numbers of rows of the matrices X and F,
and Ex and Er are the sets of pairs of orthogonal rows of the matrices X and F, respectively. A system of Boolean functions is given
with matrices X and F correctly if Er c Ex, i.e., Gr is a spanned subgraph of Gx. Every edge in Ex is assigned with the variables from
the set X = {xu, Xz, ..., Xn}, according to which the corresponding rows of X are orthogonal. A complete bipartite subgraph (biclique) of
Gx is assigned with the set of variables in X taken one by one from each edge of the biclique. A biclique is called admissible if the
number of variables assigned to it is at most p, and it contains at least one edge in Er.

Let By, B, ..., Bk be bicliques covering the set Er. Any biclique Bi can be given by a pair of vertex sets (Vi Vi”. Every function
0i(zi) of the required superposition is specified by matrices Xi and Fi. The matrix Xi is the minor of X formed by the columns corre-
sponding to the variables assigned to the biclique Bi. The matrix Fi consists of one column, where the element with number corre-
sponding to the vertex in Vi’is 0, and the element with number corresponding to the vertex in Vi”is 1 (or vice versa). The element that
does not correspond to any vertex in Vi’or in Vi”is “~”. The vector function @ is given by matrices U and @®. The matrix U consists of
the columns that are the one-column matrices F1, Fo, ..., Fk, and the matrix @ coincide with F.

Two methods for the considered problem are presented. The first method obtains an exact solution, i.e., the minimal number of
blocks in a structural implementation of the given system of functions is ensured. This method is reduced to that first all maximal
admissible bicliques are found in graph Gx, and then a shortest cover with them of the edges in Er is obtained. The second method is
heuristic one, it does not guarantee the minimal solution, but it allows solving the problem much faster in comparison with the first
one. This method forms bicliques successively, that constitute a cover of the edges of graph Gr finally. The exact method can serve as
a basis for developing other, heuristic methods, more applicable for practical tasks. The second method from the described ones is one
of them. Moreover, the exact method can be used as an etalon for estimating the quality of solutions obtained by heuristic methods.
The quality of the solution must be understood as its closeness to the optimal solution and simplicity of the obtained functions.

Keywords: system of partial Boolean functions; ternary matrix; complete bipartite subgraph.

POTTOSIN Yury Vasilievich. (Candidate of Physics and Mathematics, Associate Professor, United Institute of Informatics Problems,
NAS of Belarus, Minsk, Belarus).

E-mail: pott@newman.bas-net.by

REFERENCES

1. Hassoun, S. & Sasao, T. (2001) Logic Synthesis and Verification. The Springer International Series in Engineering and Computer
Science. Kluwer Academic Publishers.

90



HapaﬂﬂeﬂbH(l}l ()EKOMHOIS’ML{ME cucmembspl 4acmu4Hsvlx 6y/ze@b1x qbyHKumZ

2. Perkowski, M.A. & Grygiel, S. (1995) A Survey of Literature on Functional Decomposition, Version IV (Technical report). Portland,
USA: Portland State University, Department of Electrical Engineering.

3.Yu, F., etal. (2012) An improved functional decomposition method based on FAST and the method of removal and operation.
International Conference on System Science and Engineering (ICSSE). Dalian, China. pp. 487-492. DOI:
10.1109/ICSSE.2012.6257233

4. Zakrevskiy, A.D., Pottosin, Yu.V. & Cheremisinova, L.D. (2007) Logicheskie osnovy proektirovaniya diskretnykh ustroystv [Logical
Fundamentals for Design of Discrete Devices]. Moscow: Fizmatlit.

5. Zakrevskiy, A.D. & Peryshkin, A.E. (2000) Parallel'naya dekompozitsiya sistemy slabo opredelennykh bulevykh funktsiy [Parallel
decomposition of a system of weakly specified Boolean functions]. Logical Design. 5. pp. 59-66.

6. Pottosin, Yu.V. & Shestakov, E.A. (2006) Tablichnye metody dekompozitsii sistem polnost'yu opredelennykh bulevykh funktsiy
[Tabular Methods for Decomposition of Systems of Completely Specified Boolean Functions]. Minsk: Belorusskaya nauka.

7. Bibilo, P.N. (2009) Dekompozitsiya bulevykh funktsiy na osnove resheniya logicheskikh uravneniy [Decomposition of Boolean
Functions Based on Solving Logical Equations]. Minsk: Belorusskaya nauka.

8. Files, C.M. & Perkowski, M.A. (2000) New mutivalued functional decomposition algorithms based on MDDs. IEEE Transactions
on Computer-Aided Design of Integrated Ciruits and Systems. 19(9). pp. 1081-1086.

9. Zakrevskiy, A.D. (2006) Combinatorial search for appropriate partitions in decomposition of Boolean functions. Vestnik Tomskogo
gosudarstvennogo universiteta. Prilozheniye — Tomsk State University Journal. Appendix. 18. pp. 4-9. (In Russian).

10. Pottosin, Yu.V. & Shestakov, E.A. (2011) Application of the ternary matrix cover technique to search for a partition of the set of
arguments in decomposition of Boolean functions. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie, vychislitel'naya
tekhnika i informatika — Tomsk State University Journal of Control and Computer Science. no. 3(16). pp. 100-107. (In Russian).

11. Rawski, M. (2012) Input variable partitioning method for decomposition-based logic synthesis targeted heterogeneous FPGAs.
International Journal of Electronics and Telecommunications. 58(1). pp. 15-20. DOI: 10.2478/v10177-012-0002-x

12. Bibilo, P.N. (2014) Primenenie diagramm dvoichnogo vybora pri sinteze logicheskiy sknem [Application of Binary Decision Dia-
grams to the Synthesis of Logic Circuits]. Minsk: Belorusskaya nauka.

13. Taghavi, A.S., Pottosin, Yu.V. & Arasteh, B. (2015) An input variable partitioning algorithm for functional decomposition of a
system of Boolean functions based on the tabular method. Discrete Applied Mathematics. 185. pp. 208-219. DOI:
10.1016/j.dam.2014.12.013

14. Pottosin, Yu.V. & Shestakov, E.A. (1998) [Decomposition of a system of partial Boolean functions using a complete bipartite
subgraph cover of a graph]. Novye informatsionnye tekhnologii v issledovanii diskretnykh struktur [New Information Technologies
in Investigation of Discrete Structures]. Proc. of the Second All-Russian Conference. Ekaterinburg: Ural Branch of RAS. pp. 185-
189. (In Russian).

15. Pottosin, Yu.V. (2017) A method for multi-block parallel decomposition of a system of partial Boolean functions. Informatika.
3(55). pp. 92-98. (In Russian).

16. Pottosina, S., Pottosin, Yu. & Sedliak, B. (2008) Finding maximal complete bipartite subgraphs in a graph. Journal of Applied
Mathematics. 1(1). pp. 75-81. (In Russian).

91



BECTHHUK TOMCKOI'O I'OCYIAPCTBEHHOI'O YHUBEPCUTETA

2018 Ynpasnenue, BBIYUCIUTEIbHAS TEXHUKA U HUH(DOpMAaTHKa Neo 45

CBEJEHMUS Ob ABTOPAX

APBIKOB Cepreii Bopucopuy — kanauaat GU3NKO-MaTeMaTHYECKUX HAYK, MIAAIINNA HAYIHBIH COTPYIHHUK Ja00OpaTOPHH CHHTE3a Ta-
paJUIeTbHBIX MpOTrpaMM MHCTHTYTa BBIYUCIUTENRHON MaTeMaTHKU M Matemarndeckoit reodusuxu CO PAH; nonent xadenpsr mapai-
JIENBHBIX BBIYUCIUTENBHBIX TeXHONOTHi HOBOCHOMPCKOTO TOCYIapCTBEHHOTO TeXHHUECKOro yHuBepcutera (r. HoBocubupck). E-mail:
arykov@sscc.ru

BYPKATOBCKAS IOaus bBopucoBHa — kaHauIatT pu3nKko-MaTeMaTHICCKUX HAYK, JOICHT OTACICHUS HH)OPMAIMOHHBIX TEXHOIOTHI
WH)KEHEPHOM IIKOJIBI HHPOPMAIIMOHHBIX TEXHOJIOTHI U pOOOTOTEXHUKN HalmoHaIbHOTO HCCIen0BaTenbeKoro ToMCKOTo moJuTeXHuYe-
ckoro yauBepcutera. E-mail: tracey@tpu.ru

TAVIAMAKA ¥Oans BacuibeBHa — JOKTOp (PH3HKO-MATEMATHYECKHX HAyK, TONCHT Ka(eaphl IPHKIATHON HHOOPMATHKH H TCOPHH
BepOsITHOCTEH (hakyibTeTa PU3NKO-MaTeMaTHYECKUX U €CTECTBEHHBIX HayK Poccuiickoro yHnBepcutera qpyx0sI HapooB (I. MockBa).
E-mail: gaydamaka_yuv@rudn.university

TAJIMJIEMCKASI AnacTacusi AJeKCAHAPOBHA — MarHCTPaHT Kadyepsl TEOPHUH BEPOATHOCTSH M MaTeMaTHUeCKOH CTaTHCTHKH
MuctuTyTa NpukiIagHON MaTeMaTUKU U KOMIBIOTEPHBIX Hayk HalnoHanbsHOro ncciaenoBaTenbckoro ToMCKOro rocyiapcTBEHHOTO YHU-
Bepcurera. E-mail: lusta.nastya@mail.ru

JMUTPHUEB IOpnii I'nedoBuY — JIOIEHT, TOKTOp (HU3UKO-MATEMATHUECKIX HAYK, 3aBEAYIOIINIT Kadeapoi TeopeTHueckoil KubepHe-
Tukd HCTUTYTA NPUKIIAAHON MaTeMaTHKH U KOMIIBIOTEPHBIX HayK HallMoHaIBHOTO HCCIe0BaTeabCKoro TOMCKOTO TOCYAapCTBEHHOTO
yuuBepcurera. E-mail: dmit70@mail.ru

JTOMBPOBCKHM Baaxumup BajgenTunoBuY — npodeccop, JOKTOP TEXHAIECKHX HAYK, 3aBeAyFomuil kadeapoil MHOPMAIMOHHBIX
TEXHOJIOTHI U OM3HeC aHANMUTUKU VHCTHTYTa S5KOHOMUKH M MEHeKMeHTa HallMoHaIbHOTO MCCIIeoBaTeNbCKOro ToMCKOro rocyaap-
cTBeHHOTO yHHBepcuTeTa. E-mail: dombrovs@ef.tsu.ru

3AXAPOBA I'antuna bopucoBHa — JIOIEHT, KaHAWJAT TEXHUYECKUX HAYK, BEAYIIUNA HAYYHBIH COTPYIHUK Y PajIbCKOTO rOCy1apCTBEH-
HOTO apXUTEKTYPHO-XYA0KECTBEHHOTO YHUBEPCUTETA; JOIEHT Kadeapbl MOISTHPOBAHUS YIPABIIEMBIX CHCTEM BBICIIeH IKOIIBI SKOHO-
MHKH M MECHE/DKMEHTa YpabcKoro (eaepaibHOro yHuBepcuTeTa uM. nepsoro Ilpesuaenra Poccun B.H. Enbuuna (r. ExarepunOypr).
E-mail: zgh555@gmail.com

KOIUKHWH I'ennamuit MuxaijioBu4 — mpodeccop, JOKTop PH3UKO-MaTeMaTHYECKHX HayK, Mpodeccop Kadenpbl TEOPETHIECKON KH-
OepHeTuky MHCTUTyTa NPHUKIAAHOW MaTeMaTHKH M KOMIBIOTEPHBIX HayK HaloHanpHOro MccienoBaTesbckoro ToMmckoro rocynap-
crBerHoro yauBepcutera. E-mail: kgm@mail.tsu.ru

KYJIOKHWH Baagumup AjlekceeBHY — KaHIUIAT TEXHUYECKUX HAYK, JTOLUEHT Kadeapbl KOMIBIOTEPHBIX HAyK YHHBEPCUTETA IITaTa
FOra (r. Jloran, CHIA). E-mail: vladimir.kulyukin@usu.edu

JINCOBCKAS Exatepuna IOpbeBHa — aciupaHT Kadeapsl TEOPHH BEPOSTHOCTEH W MaTeMaTHYECKOH CTaTUCTHKKM MHCcTHTYyTa IpH-
KIIaJHOH MaTeMaTHKH W KOMIIBIOTEPHBIX Hayk HarmoHampHOTO HcCIenoBaTenbcKoro TOMCKOTO TOCYAapCTBEHHOTO YHHBEPCHUTETA.
E-mail: ekaterina_lisovs@mail.ru

MOMUMCEEB Anexcanap HukosiaeBH4 — JIOLEHT, JOKTOP (PU3UKO-MaTeMaTHIECKUX Hayk, npodeccop kadeapbl mporpaMMHON HHXKe-
HepuM MHCTUTYTa NPUKIIAAHON MaTeMaTUKY U KOMIIBIOTEPHBIX Hayk HalmoHansHOTro HccnenoBareabckoro ToMCKOro rocy1apcTBEHHOTO
yuuBepcurera. E-mail: moiseev.tsu@gmail.com

MYKEPJI)KU Cap6amkut — acnupanT Kadeapsl KOMIBIOTEpHbIX Hayk YHuBepcutera mrara FOrta (r. Jloran, CIIA). E-mail:
sarbajit.mukherjee@aggiemail.usu.edu

HEXEJIbCKAS JIroqmuiia AjekceeBHa — IOLEHT, JOKTOP (PU3HKO-MaTeMaTHIECKHX HayK, podeccop Kadeapsl uccieroBaHus ore-
pauuit UHCcTHTYyTa NpUKIaHOM MaTeMaTUKH U KOMITBIOTEPHBIX Hayk HarronanbsHOro necienoBaresibckoro ToMCKOro rocy1apcTBEHHOTO
yuuBepcurera. E-mail: ludne@mail.ru

OCHUIIOBA Mapuna AHaTO/IbeBHA — KaHANAAT (PU3UKO-MaTeMAaTHIECKUX HayK, JOIEHT Kadeaps! anreOpsl, TEOMETPHU W aHAIN3a
JlanpHeBOCTOUHOTO (hefiepalbHOTO0 YHUBEPCUTETA; HayuHbIH coTpyqHuK MHCcTHTyTa npuknagHoit marematuku JIBO PAH (r. Brnaguso-
crok). E-mail: maol1975@list.ru

MMAIIMHCKAS Tarbsina FOpbeBHa — KaHAUAAT GU3UKO-MAaTEMaTHIECKUX HAaYK, JOIEHT Kadeapsl HHPOPMAIMOHHBIX TEXHOJIOTHH 1
Ou3HeC aHANUTHUKU MHCTUTYTa SKOHOMMKH M MEHEPKMeHTa HalnoHaabHOro ucciaeqoBaTeabckoro ToMCKOro rocyaapcTBEHHOTO yHU-
Bepcurera. E-mail: tatyana.obedko@mail.ru

92



Csedenust 06 agmopax

MNOTTOCHH IOpwuii BacuibeBHY — TOLEHT, KaHIUAAT GU3UKO-MaTeMaTHIECKUX HayK, BEAYIIHI HAyIHBIH COTPYIHHK J1a00paTopuu
JIOTHYECKOTO MpoeKTHpoBaHus OObeJMHEHHOTO HHCTHTYTa Ipo0ieM nHpopmarukn HAH Benapycu (r. Munck, Peciy6uika bBenapycs).
E-mail: pott@newman.bas-net.by

CAMYWMJIOB Koncrantun EBrennesnd — npodeccop, T0OKTOp TEXHHUECKHX HAYK, 3aBEIyIOMMil Kadyeipoii pHKIagHOi HH(OpMA-
THKH U TEOPHUH BEPOSITHOCTEH (haKkynbTeTa HU3NKO-MaTeMaTHIECKUX W €CTECTBEHHBIX HayK Poccuiickoro yHHBepcHuTeTa JpyKOBI Hapo-
108 (r. Mockgsa). E-mail: samuylov_ke@pfur.ru

CUJAOPOBA Exarepnna @uIMNIOBHA — MarHCTPAHT KaeIphl NCCIETOBAHMS ollepanuii IHCTHTyTa IPUKIIaIHONH MaTeMaTHKH X KOM-
MBIOTEPHBIX HayK HalmoHanpHOTo necnenoBaTenbekoro TOMCKOro rocyaapcTseHHoro yausepeurera. E-mail: katusha_sidorova@mail.ru

COPOKHH Muxauna CepreeBHY — MaricTpanT KadeIpbl MOJCIHPOBAHUS YHNPABISEMBIX CHCTEM BBICIIEH IIKOIBI YKOHOMUKHI
U MEHEKMEHTa YpanbCckoro (eaepanbHOro yHuBepcutera uM. mepsoro Ilpesumenta Poccuu B.H. Emsuuna (r. ExatepunOypr).
E-mail: sjfh@yandex.ru

HOUIUAIIBUJIN I'ypamu HlanBoBu4 — npodeccop, TOKTOp HU3NKO-MaTeMAaTHIECKUX HayK, Ipodeccop Kadenprl anredpsl, FeoMeT-
puu 1 aHanu3a J[anbHEeBOCTOYHOTO (heaepaibHOr0 YHUBEPCUTETA, INIABHBIH HAayYHBIH COTPYIHUK MHCTHTYTa MPHKIaJHOW MaTeMaTHKA
JBO PAH (r. Bnagueocrok). E-mail: guram@iam.dvo.ru

IKJEHHUK Mapusi AekcanpoBHa — acCIPaHT KaeIpsl TEOPUHU BEPOSTHOCTEH M MaTeMaTHUeCKOH craTucTuky MHCTHTYTA TIpH-
KIIaJHOH MaTeMaTHKH W KOMIIBIOTEPHBIX HayK HaImoHampHOro HCCIenoBaTenbcKoro TOMCKOTO TOCYZapCTBEHHOTO YHHBEPCHUTETA.
E-mail: Shklennikm@yandex.ru

93



Hay4Hblii s)KypHaJI

BECTHHUK
TOMCKOI'O
I'OCYJAPCTBEHHOI' O
YHUBEPCUTETA

YIIPABJIEHME,
BBIYUCJ/IMTEJIbHASA TEXHUKA
N UTHOOPMATHUKA

TOMSK STATE UNIVERSITY
JOURNAL OF CONTROL AND COMPUTER SCIENCE

2018. Ne 45

Penakrop E.I'. Illymckas
Opurunan-maket E.I'. Hlymckoit
Penakropei-nepeBomguuku: I'.M. Kowmkusn; B.H. 'openunuesa
Huzaiin o6moxku JI.J[. Kpunosoit

[Tognucano k neuatu 14.12.2018 r. ®opmar 60x84/s.
I'apautypa Times. Ycu. neu. 1. 11,2,
Tupax 250 ok3. 3aka3 Ne 3542. [lena cBobGo1HAS.

Jlara Beixoma B cBet 21.12.2018 1.

XKypnaun orriedaran Ha monurpaduaeckom 000pyIOBaHUH
W3narensckoro Jloma TOMCKOTO rocy1apCTBEHHOTO YHUBEPCUTETA
634050, r. Tomck, Jlenuna, 36
Ten. 8(382-2)-52-98-49; 8(382-2)-52-96-75
Caiit: http://publish.tsu.ru; E-mail: rio.tsu@mail.ru



