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O KUIACCE ABYXMEPHBIX 'EOJE3NYECKUX KPUBBIX
B ITOJIE CHJIBI TSIKECTH

[TomyueHa cucTeMa HENUHEWHBIX TU(BQEPeHIMANbHBIX YPaBHEHHH, ONUCHIBAIO-
1iasi CEMENCTBO I'€0Ie3UYECKUX JIMHUM B IByXMEPHOM ClIy4ae, XapaKTepUu3yeMbIX
HOJIAPHBIMHM KOOPAMHATAaMU, IIPU y4yeTe NEHCTBHU KaK CHIIbI TSUKECTH, TaK U JHC-
cunaTUBHBIX cujl. HaiiieHo uucneHnHoe perieHue 3Toi CUCTEMBbI ypaBHEHHI B yc-
JIOBUSAX, KOTZla IeHCTBYET OfHA TOJIBKO cuia TskecTH. [lokazaHo cymiecTBeHHOE
OTJINYME HaNJEHHOTO CEMEHCTBA JIMHMM, ONMHMCBHIBAIONIMX KpaTdaiIlIne paccTos-
HHS B HECBKJIMJIOBOM IIPOCTPAHCTBE, OT Cllydas CBOOOJHOTO JIBM)KEHHS TeN B IO-
JIe CUJIBI TSDKECTHU, KOTJa TPACKTOPUsI ABMXKEHMS INPECTaBiIAeT co00i OOBIYHYIO
napaboIy B €BKIHI0BOM.

KuroueBrble ciioBa: 260()63141166’1('(1}1, meH30p PuMaHa, OuHamuyeckue YPAaBHEeHU:.

[Tpu pewennn Gospioro Kinacca (PU3MUECKUX 3a/a4 W3 o0JacTell MEXaHMKH, TH-
POAMHAMUKH, TEOPUU YIPYTOCTH, OOIIEH TEOPUH OTHOCHTEIHLHOCTH M Jp., BCETr/a BbI-
OuparoTcs Takue KOBapHaHTHBIE MPeoOpa3oBaHUA KOOPIUHAT, KOTOPHIE MO3BOJISIOT Ca-
MBIM PallMOHAJIBHBIM CIOCOOOM HaXOAWTH PELICHHE MOCTaBJICHHBIX mpobieM. B 3roif
CBSI3M, UMEIOIIEeH MpsIMOe OTHOIIEHHE HEMOCPEICTBEHHO K Halllel 3ajaue, HaJo OTMe-
TUTb, YTO NPU U3YUYEHHUU AMHAMHUKH JIFOOOT0 KPUBOJIMHEWHOTO IBU)KEHHS B €KapPTOBOM
cHcTeMe KOOpAMHAT Bcerna ya00HO MepeiTH K MOABMKHOMY 0a3ucy Ha camoW Tpaek-
TOpuu ABIKEHUS (cM. paboThl [1-3]). DTOT mOaX0A MO3BOJISET pEIaTh ONpeaeIeHHBIN
KJIacC TUHAMUYECKHX 33/a4 BECbMa PallMOHAJIBHBIM METOJIOM, MO3BOJISIOIINM YUYHUTHI-
BaTh JIIOObIE CHJIBI COITPOTUBIIEHHS (CM. pHC. 1, N300paKEeHHBIN B IEKAPTOBBIX KOOP.IH-
HaTtax X—) , Il OKa3aHa KPUBOJMHEHHAsI TPAEKTOPHS JABMKEHUS, IPE/ICTABISIONIAs

co0oii B 00IIeM cilyyae HEKOTOPYIO M30THYTYIO JIMHHIO, ()OpMa KOTOPOH HaxXxOAWUTCS B
paMKax y»ke KOHKPETHO IIOCTaBJICHHOW 33/1a4N).

Hano cka3zarp, 4To IpH HamnMCaHWUM AMHAMUYECKUX YPaBHEHUH ABMKEHUs Tela B
MOJISIPHBIX KOOpAWHATAaX 7(¢) B paMKax 3aJadd, MPOMLTIOCTPHPOBAHHON Ha pucC. 1, ee

pelIeHne KadeCTBEHHO HIUEM He OyJIeT OTIAMYATHCS OT PELICHUH, IPUBEICHHBIX B YIIO-
MSIHYTBIX BBIIIE paboTax. DTOT (aKT 3acTaBHI HAC MPEANOTIOXKHUTD, UTO B CIydae mepe-
XOZa OT AWHAMHUYECKUX YPAaBHEHHUI NBIDKCHUS, 3alIMCAHHBIX JJISI IUIOCKOTO JEKapTOBa
MIPOCTPAHCTBA, B KOTOPOM CBEPTKA T€H30pa KPHBM3HBI Pumana R paBHa HyIIO, B KpH-
BOE IPOCTPAHCTBO, B KOTOpoM R # (0, IMHAMHUYECKHE YPaBHEHUs IBMKCHUS KadecT-
BEHHO IOBOJBHO CHJIBHO M3MEHATCA (CM. HIDKe). FIMEHHO molsToMy, Ha Hall B3TJIAA,
OoupIIol MHTEpec OyIeT MPeNCTaBIATh cOOOH BBIBOA AWHAMUYECKHX YpPaBHEHUMH,
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Puc. 1. Cxemarmueckoe n300pa’keHHE TEOMETPHM 3aIadu:
r =ix+ jy — paamyc-BeKTOp, NPOBEICHHBIN U3 Hayajga KOop-
JMHAT B IPOM3BOJIbHYIO TOUKY HabroneHus M, i, j — eAMHUY-
HBIE OPTHI B HAIPaBIEHUH OCEH X, ) COOTBETCTBEHHO; M, T —
MTHOBEHHBI OpPTOTOHANBHBIA 0a3zuc B TeKylled Touke M;
g — YCKOPEHHE CHIIBI TSDKECTH; R — pajinyc KPHBU3HBI TPaeK-
TOpUU B TOUKE M. YCIOBHO X(, X; — HAYAJIO U KOHEL] TPAEKTO-
puH, ¢ — MOJIAPHBIN YIroJ.

Fig. 1. Schematic of the problem geometry. r =ix+ jy is the
radius vector drawn from the coordinate origin to an arbitrary
observation point M; i and j are the unitary vectors in the di-
rections of the x and y axes, respectively; n, T are the instanta-
neous orthogonal basis at the current point M; and g is the ac-
celeration of gravity. R is the radius of the trajectory curvature
at the point M. Conventionally, x, and x; are the beginning and
the end of the trajectory and ¢ is the polar angle.

1. YpaBHeHUs TMHAMUKH NMPH IBUKEHUH TeJia
N0 reo/ie3M4eCcKoii JMHAHU B IByXMEPHOM ciIy4ae

I COIJIacHO, HanpuMep, [4, 5] NoJUUHSIETCS YPaBHEHUIO
t

ey
ds? Mo ds ds ’

IMOJYUYCHHBIX B pPUMaHOBOM ABYXMCPHOM MNPOCTPAHCTBE Jid Ciiydas ABUXKXCHUU TEJia C
Maccoii m 1o reoaemquKOﬁ JIMHWUU, IPU YUCTE CUJI COIIPOTUBJICHUSA U CUJIBI TS?KECTH.

B mponecce ee perieHus Mbl OyZeM UCIOIb30BaTh BEChbMa yA00HBIE B 3TOM CIIydae I10-
JISIpHBIE KOOPIUHATHL 7, .

dr
Teomesnueckast TMHUS TS KOHTPABAPHAHTHOTO BEKTOpa V :d_ ¢ KOMITIOHEHTaMHU
t

(M
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Te ds — DIIEMEHT JUIMHBI TPACKTOPHUH, a IO TOBTOPSIOIIMMCS UHIIEKCAM 37IeCh U Jlaliee
HoApasyMeBaeTcst cymmuposanue. ', — cumBoa Kpucrodderns Broporo poxa [4].

Ero cBsase ¢ cumBonoM Kpucroddens nepsoro pona I'y; onpenensercs NpoCThIM

JIMHENHBIM COOTHOIIEHHEM [ 21 = g”l"sk, , TIe g’k — KOHTpPaBapUaHTHBIA METPUYECKUN
Ter3op. OH onpenenseTcs COOTHOICHUEM
- ox, ox,
a cumBou Kpucrodderst mepBoro pojia onpeaessiercs Kak
ox, 0%x,

Ty =0 S5
M oxd axkox!

2

I'I€ KOBAapHaHTHBIC KOOPAWHATHI X; 3aJal0TCsI Hp606pa30BaHI/IﬂMI/I X, =X, (xk) .

B paccMmaTpruBaeMOM HamH ciydae MOJISIPHOM CHCTEMBI KOOPIUHAT OHA UMEIOT IIPO-
CTOH BU]I

X, =rcos@, X, =rsing 3)
C DJIEMEHTOM JUTNHBI
ds* =dr* +r*do*. “
Paznenus (4) Ha KBagpaT dJeMEHTa BpeMEHU dr* , Haxogum

V=92 %)

1€ KOHTpaBapUaHTHBIC KOMIIOHCHTBI CKOPOCTU €CTh
VvVi=i v =rp, 6)
a TOYKa TPAAWUIIMOHHO O03HadaeT quddepeHnupoBanue mo BpeMeHn. C y4eToM oI CH-
JIBI TSDKECTH YPaBHEHUS Te0JIe3HYECKOI JIMHIK HECKOIBKO BUIOU3MEHSIOTCS, U CorJiac-
HO ypaBHeHMIO (1), MBI IMeeM B 3TOM CiIy4ae CIIEAyIOIIHe ypaBHEHHS IS BEKTOpa

;dx!
CKOpoCcTH V' =——:
dt

i _ i
dl+l"’k,vkvl =g +—, (7
dt m

rae g' — COCTaBJISIONIME YCKOPEHHUs CBOOOIHOTO MAJCHUS B IBYXMEPHOM IIPOCTPAHCT-

Be 7,0, a F' — cocraBinsrone HEKOTOPoi cuibl (cM. Hioke). Ilpu monydenuu (7) B

ypaBHeHuH (1) OBLJIO yYTEHO JHHEWHOE COOTHOIICHUE ds =vdt. Ecmu ¢ yueToMm cka-
3aHHOTO 3amucaTh ypaBHEHHUs (7) MO KOMITOHEHTaM, TO JIETKO IMTOJYYHTE CIEAYIOUIYIO
CHCTEMY:
p
D A i
mq, (®)
p? +Fflvkvl =g° +F7.



8 C.0. Mnagkos, C.b. borjanosa

HerpyaHo mokasaTh, 4TO OTJIMYHBIE OT HYJIsI KOMIIOHEHTHI cuMBoiia Kpucrodderns
OyIyT TONBKO CIIEAYIOIIHE:

1

4 1
roo_ — ¢ _17¢ — — —
Too =Trgp == Tl =10 =Trg =T = 9)

C yuetoM (9) u (6), a TaxKke paBeHCTBA V; = v om3 (8) MTOJTyJaeTcsl HCKOMasi CUCTEMa

YpaBHEHHUI
F
F—r¢* = gsingp——Lsinvy,
m
10

d, . .. F (10)
—(rd)+2rp=—gcosp——Ccosy,
dt m

rac F'fr MmpeacTaBJIACT co0oit cuity 06mero COIIPOTUBJICHUSA (CyXOI‘O U BA3KOI'O, KaK 3TO

caenano, HampuMmep, B pabdorax [1, 3]) mpu ycIOBUH, YTO ABIKCHHE MPOUCXOIUT IO
Te0JIe3NYECKO), a yroll Y = o — ¢ (cm. puc. 1).

PackpsiBas B (10) mpon3BoIHYI0, HAXOJIUM C YYETOM CKa3aHHOTO

F
F—r¢* = gsing+—cos(a—),
" an
o Fy .
r§+3r¢ =—gcosp——sin (o —@).
m

Yro KacaeTcs CuiIbl conporusienus Fy., urypupyromeil B ypaBHeHusax (10) u (11),

BBEJIEM €€ TakXKe, KaK 3TO ClIenaHo U B pabote [3], To ecTh mo dopmyie
i _ ik sk i
F'=k"N" + k', (12)

rnue kl’k — KOMIIOHEHTHI TEH30pa CyXOro TpeHHs, k, — KO3((QUIMEHT BSI3KOTO TPEHHS,
N' — KOMIIOHEHTBI CHJIBI PEAKIIMHU, KOTOPBIE HAXOMATCS KaK
!

N'=mn'| —+gcosa |, (13)
p

rae p— MTHOBEHHBIN paanycC KpUBU3HBI TPACKTOPUH.

3amMeTuM, 4TO OMHCAHHUE JBMKEHUS TENa MO PEabHOM TUIOCKOH JIMHKUHU, ypaBHEHHE
KOTOPOW MBI XOTHM HAMTH W3 YCIOBHS TOTO, Y4TO €€ JJIMHA B KPUBOJIUHEHHOM MpO-
CTPAHCTBE SIBISICTCSI HAUMEHBIIICH, TO €CTh T'€0e3MUECKOM, CYIIECTBEHHO OTINYACTCS
OT 3amadn 0 OpaxMCTOXpOHE, pemeHHoil B padote [1], rme ¢hopma KpHuBOH HIeTcs u3
MHOTO YCJIOBHS, & UMEHHO M3 YCJIOBHS MUHMMAJILHOCTU BpeMEHH CKaThiBaHHs. [OHST-
HO, YTO 711 00enX 3a/1a4 Kiacc TPACKTOPHUI IBIKEHUS OyeT aOCOTIOTHO Pa3HbIM.

B HaACTOAILLEM COO6I.[ICHI/II/I MBI HE 6y}1eM YUUTBIBATE JUCCUIIATUBHYIO COCTAaBJIAIO-
IIyI0, @ OCTAHOBHMCS Ha aHanu3e OoJjiee MPOCTOi CUTyaluH, KOT/ia CUiia COIPOTHBIIE-

HHS OTCYTCTBYET, TO ecTh F' =0.
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2. AHaIM3 ypaBHeHUIi M MX pelleHUe

VYpasuenus (11) npu 3TOM CyIIECTBEHHO YNPOCTATCS, H MbI ITOJIYYHM TOT/Ia

if'—r(bz =gsing, (14)
r¢+3rp=—-gcoso.

Eme pa3 momuepkHeM, yTo peuieHHe ypaBHeHHH (14) mo3BoiseT HalWTH 3aBUCH-
MOCTh 7 (), OHUCHIBAIOLIYIO HauboIee KOPOTKUI IyTh, II0 KOTOPOMY IOJKHO IIepe-
MEIIAaThCS TENO B YCIOBHUSX JEHCTBHUSA TOJNBKO CHIIBI TSHKECTH, HO MPH YCIOBHH, YTO
paccMaTpuBacMoe HaMH IPOCTPAHCTBO HCKPUBIIEHO, IOTOMY YTO B MIPOTHBHOM CITydae
Bce cumBouibl Kpructoddens Obun Obl paBHBI HyH0. [1o/1 cCKa3aHHBIM MBI [TOjpa3yMeBa-
eM crnenytomiee. Kak mzBectHo [4, 5], TEpMUH «ITOCKOE MPOCTPAHCTBO» O3HAUYAET pa-
BEHCTBO HYJIIO CKAJIPHON KpUBH3HBEI PuMana, T0 ectb R =Ry, =0, rae R,; — TeH30p

Pumana, onpenensiemsblil kak

.oy, oy, .
llml = axl;n _KI:,[_‘_FZM ;1 - ;s ;in . (15)
[TosTOMYy CBepTKa 10 MHIEKCAM JaeT
S AP A :
R:Rllcki :?ﬁk— ax/]zl + ;cs ii_r;s ik’ (16)

1 coryacHo (9) mony4yaem OTCIO/a, YTO KPUBU3HA

orr  ore )
_ PP re r ® o r  _
R= _8r - o +l"¢(pl"w ! <PI’F<P¢ = _r2 #0. (17)

Janee. B ToM ciiyuae, korjga pemiaeTcs 3ajada O JIBM)KEHHH TeJla IMOJ| IeUCTBHUEM
CHJIBI TSDKECTH, HO B OOBIUHOM MOJISIPHOM cucTeMe KOOPAMHAT, TO MPEIBapUTENLHO HX

yZI0OHO 3amucaTh B A€KapTOBBIX KOOpAMHATAX B Buje X; =X =0, ¥, =y =—g, a 3arem

MIOJICTaBHUTh Clojia mpeoOpasoBanus (3). B pesynbrare Mbl mojy4aem jBa ypaBHEHHS,
KOTOpBIE TTOCTIE MMPOCTHIX apU(YMETHIECKHUX JCHCTBHUIH, CBI3aHHBIX CO CII0KEHHEM M BbI-
YUTaHWEM UX C IIPEABAPUTEIHHBIM JOMHOKEHHUEM Ha SIN@ U cOS @, OyIoyT UMETh BHJ

if'—r(\b2 =gsinQ, (18)
r+2r@ =—gcosq.

Kak BuanM, pasHuna MexIy HIDKHUMH ypaBHeHusMu cucteM (14) u (18) BecpMma
BenuKa (OHU OTIUYAIOTCS MHOXKHUTESIME 2 U 3). Takum 00pa3oM, B KPUBOM MTPOCTPAH-
CTBE NPU JBH)KCHUH IO TEOJC3UYCCKON B IMOJIE OJHOW TOJILKO CHIIBI TSDKECTH (opma
TPaeKTOPUH IPH CBOOOTHOM JIBUKEHHH OYAET HOBOJBHO CHIILHO OTJIIMYATHCS OT OObIY-
HOM 1apaboJibl B €BKIMOBOM IIPOCTPAHCTBE.

B ToM citydae, ecnu cuiia TSDKECTH OTCYTCTBYET, TO IpaBasi yacTh ypaBHeHuit (14)
JIOJDKHA OBITH ITOJIOXKEHA PaBHOW HYJIIO, M pelleHHe OyneT BIOJHE €CTeCTBEHHBIM, a
UMEHHO 7 =@ =0, TO eCcTh, KaK U JIOJDKHO OBITh, TEJIO CTOMT HA MECTE B TOUKE C KOOp-

nuHatamu M, = M (7,,¢,) -
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Jnist uucnenHoro pemienus ypasHenuit (14) ynooHo BBectu Ge3pazmepHble (hyHKIUH

r o R Y
U=—, V=0 (rne a— HEKOTOpHI JUHEHHBIH pa3Mep) U Oe3pa3MepHbIH apryMeHT
a

T= 0)01 , TAC 9aCTOTa Mg = 4 § .
a

B pesynbrate ypaBaenus (14) mpeoOpa3yioTcs B TaKHe:

U'-Ur? =sinV, (19)
Uv"+3U0V'=-cosV,
T/Ie «IITPUX» 03HavaeT Au(depeHupoBaHme o 0e3pazMepHOMY T .
J1nist HavaNnbHBIX YCIOBHH, BEIODAHHBIX B BUJIE
U(0)=0, ¥(0)=0, U'(0)=4, V'(0)=B, (20)

B pe3yJIbTaTe YMCICHHOTO MHTETPUpOBaHMs ypaBHeHUiH (19) momydarorcst mapaMeTpH-
geckue 3aBucumoctd U(t), V(1), a Takke MCKOMasi TPaeKTOPHSI TeOAE3HYCCKOH B

MOJIC CUJIBI TSAXKCECTHU, MTPOUJIITFOCTPUPOBAHHBIC PHUC. 2wu3.

6_

14

Puc. 2. INapamerpraeckue 3aBucumoctd x(t) —kp. I, y(t) —xp. 2
npu HadanbHeIX yenosusx x(0) =1, y(0) =0, x'(0) =0, y'(0) =1
Fig. 2. Parametric dependences (1) x(t), (2) y(t)
at initial conditions x(0)=1,(0)=0,x'(0)=0,'(0)=1
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Puc. 3. Tpaexropus reoZie3u4ecKoil B 1oJie CHIIbI TSKECTH
npu HadanbHbIX yenosusx x(0) =1,y(0)=0,x'(0)=0,)'(0) =1
Fig. 3. Trajectory of the geodesic line in the field of the force of gravity
under the initial conditions x(0)=1,(0)=0,x'(0)=0,)'(0)=1

Kax BuaHO U3 puc. 3, 3aBUCHMOCTb V(X) JOBOJNBHO CHIBHO OTJIHYAETCSI OT OObIU-

HOM mapaGoJibl, OMUCHIBAIONIEH CBOOOIHOE IBMXKEHHME Tela B IMOJE CHIIBI TAKECTH,
OpPOIIEHHOrO MO/l HEKOTOPHIM YIJIOM K TOPU3OHTY.
Haiinennas 3aBucumocts r (@) (U (V')) npencraiasier co0o0if HCKOMYIO KpaTdaii-

IIYI0 TPAeKTOPHUIO B KPUBOM IPOCTPAHCTBE B IOJIE€ CHUIIBI TSHKECTH, YpaBHEHUE KOTOPOH
MOJKHO ITOJTyYUTh TOJIBKO U3 pemreHus auddepennnansaoro ypasuenus (1) wmm (14),
HO He u3 (18).

3aka4yenue

Taxum o6pa3om, B JaHHOMH padoTe:

1. OnucaHo ABMKEHHE MaTEpUAILHOIO Tela, ABMDKYILErocs MO IreoJe3nuecKon Iu-
HUH B KPUBOM JIByXMEPHOM IPOCTPAHCTBE MOJA ACUCTBHEM OJHON TOJIBKO CHUIBI TSXKeE-
CTH, ¥ TIOKa3aHO, 4TO €€ ()opMa CYIIECTBEHHO OTIIMYALTCS OT MapaboIMIecKoii;

2. HaiiieHO 9rCICHHOE pelIeHHe MOMYYCHHOW CHCTEMbI HeJTMHEHHBIX TU(PepeHITH-
IBHBIX YPaBHEHUH W MPOWIIIOCTPUPOBAHO MX PEIICHHE B JEKAPTOBBIX KOOpAWHATAX
(cwm. puc. 3). Kak BumHO U3 3TOTO0 rpaduka, MpUBEICHHAS 3aBHCHUMOCTD WILTIOCTPUPYET
€€ CHIIbHOE OTKJIOHEHHE OT MapaboJMYecKoi KPHBOHM, XapaKTepHOH I Cilydasl CBO-
60HOTO MajieHns TeJla B MOJIe CHIIBI TSHKECTH B €BKJIMIOBOM ITPOCTPAHCTBE.
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Gladkov S.O., Bogdanova S.B.(2019) ON THE CLASS OF TWO-DIMENSIONAL GEODESIC
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In this paper, without using methods of variational calculus, the problem of finding a geodesic
in a curved space with respect to gravitational and dissipative forces was solved. Solving it, we
use the most convenient polar coordinates 7,¢. The basic assumption relies on the fact that dy-

namical motion equations written in curvilinear coordinates in which the Riemann curvature R is
different from zero rather strongly differ from similar equations in the case of a flat space.

To obtain the required equation of a geodesic arc, a contravariant vector of the velocity
o odx . . . . . .
V= . was introduced. For this vector, with regard to all active forces, the following equation
t

was solved:
av' i . F!
N =g,
dt m

g' are acceleration components of the gravitational force of the two-dimensional »—¢ space, and
the dissipative force is

F'=k'N* + k',
klik are tensor components of the dry friction, k, is the coefficient of the viscous friction, and

N’ are the force components.
Provided that the scalar curvature of Riemann is different from zero,

arr, are 2
_ PP _ e L B A A
Rt = I T, T Ty =5 #0,

a nonlinear system of differential equations governing the required geodesic was obtained in the
polar coordinates » and ¢:

F;
i —r¢? = gsing+—Lcos(a— @),
m

.. .. F .
rd+37p = —gcosp——Lsin (o — ),
m
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where r=|r|=|ix+ jy| is the length of the radius-vector drawn from the origin of coordinates to
the observation point M lying on the geodesic line y = y(x), ¢ is the polar angle of the refer-

ence point, and a is the acute angle between the tangent drawn to the point of M and to axis of
abscissas.
The analytical and numerical solutions of this system in the absence of the resistance forces,

Le. Fj; =0, showed the great difference between the found geodesic and the parabola typical for

the case of free fall of bodies in the gravitational field in Euclidean space.
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