BECTHWK TOMCHOI0 roCY1APCTBEHHOI0 YHUBEPCUTETA

2019 MatemaTtuka n mexaHuxa Ne 58

UDC 519.2 MSC 62G08; 62G05
DOI 10.17223/19988621/58/2

E.A. Pchelintsev, S.M. Pergamenshchikov

IMPROVED MODEL SELECTION METHOD FOR AN ADAPTIVE
ESTIMATION IN SEMIMARTINGALE REGRESSION MODELS'

This paper considers the problem of robust adaptive efficient estimating of a peri-
odic function in a continuous time regression model with the dependent noises
given by a general square integrable semimartingale with a conditionally Gaussian
distribution. An example of such noise is the non-Gaussian Ornstein—Uhlenbeck—
Lévy processes. An adaptive model selection procedure, based on the improved
weighted least square estimates, is proposed. Under some conditions on the noise
distribution, sharp oracle inequality for the robust risk has been proved and the
robust efficiency of the model selection procedure has been established. The nu-
merical analysis results are given.
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1. Introduction

Consider a regression model in continuous time
dy, =S(t)dt+de,, 0<t<n, (1.1)
where S is an unknown 1-periodic R — R function, S € L,[0,1], (§,),.,, is an unob-

servable noise which is a square integrated semimartingale with the values in the Sko-
rokhod space D[0,#] such that, for any function ffrom L,[0,1], the stochastic integral

L(f) =] f(s)de, (1.2)
0
has the following properties
Eyl,(f)=0 and B, (f) <o [ f2(s)ds (1.3)
0

Here E, denotes the expectation with respect to the distribution O of the noise process
(& )o<s<, On the space D[0,n], K >0 is some positive constant depending on the distri-

bution Q. The noise distribution Q is unknown and assumed to belong to some prob-
ability family O, specified below. Note that the semimartingale regression models in
continuous time were introduced by Konev and Pergamenshchikov in [8, 9] for the sig-
nal estimation problems. It should be noted also that the class of the noise processes
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(&,),5 satisfying conditions (1.3) is rather wide and comprises, in particular, the Lévy

processes which are used in different applied problems (see [2], for details). Moreover,
as is shown in Section 2, non-Gaussian Ornstein—Uhlenbeck-based models enter this
class.

The problem is to estimate the unknown function S in the model (1.1) on the basis of

observations (, . In this paper we use the quadratic risk, i.e. for any estimate S

)OStSn
we set

A

Ro($,.5) =Eqs[S, S| and [ = jsz (t)dr (1.4)
0

where Eg g stands the expectation with respect to the distribution Py of the process in
(1.1) with a fixed distribution Q of the noise (&, and a given function S. Moreo-

ver, in the case when the distribution Q is unknown we use also the robust risk

R*(S,,8) = sup Ry (S,.S). (1.5)
0eg,

The goal of this paper is to develop the adaptive robust efficient model selection
method for the regression (1.1) with dependent noises having conditionally Gaussian
distribution using the improved estimation approach. This paper proposes the shrinkage
least squares estimates which enable us to improve the non-asymptotic estimation accu-
racy. For the first time such idea was proposed by Fourdrinier and Pergamenshchikov in
[4] for regression models in discrete time and by Konev and Pergamenshchikov in [10]
for Gaussian regression models in continuous time. We develop these methods for the
general semimartingale regression models in continuous time. It should be noted that for
the conditionally Gaussian regression models we cannot use the well-known improved
estimators proposed in [7] for Gaussian or spherically symmetric observations. To apply
the improved estimation methods to the non-Gaussian regression models in continuous
time one needs to use the modifications of the well-known James — Stein estimators
proposed in [13, 14] for parametric estimation problems and developed in [16, 18]. We
develop the new analytical tools which allow one to obtain the sharp non-asymptotic
oracle inequalities for robust risks under general conditions on the distribution of the
noise in the model (1.1). This method enables us to treat both the cases of dependent
and independent observations from the same standpoint, it does not assume the knowl-
edge of the noise distribution and leads to the efficient estimation procedure with re-
spect to the risk (1.5). The validity of the conditions, imposed on the noise in the equa-
tion (1.1) is verified for a non-Gaussian Ornstein—Uhlenbeck process.

The rest of the paper is organized as follows. In the next Section 2, we describe the
Ornstein—Uhlenbeck process as the example of a semimartingale noise in the model
(1.1). In Section 3 we construct the shrinkage weighted least squares estimates and
study the improvement effect. In Section 4 we construct the model selection procedure
on the basis of improved weighted least squares estimates and state the main results in
the form of oracle inequalities for the quadratic risk (1.4) and the robust risk (1.5). In
Section 5 it is shown that the proposed model selection procedure for estimating S in
(1.1) is asymptotically efficient with respect to the robust risk (1.5). In Section 6 we il-
lustrate the performance of the proposed model selection procedure through numerical
simulations. Section 7 gives the proofs of the main results.

)OStSn
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2. Ornstein—Uhlenbeck—Lévy process

Now we consider the noise process (§,),s, in (1.1) defined by a non-Gaussian Orn-

stein—Uhlenbeck process with the Lévy subordinator. Such processes are used in the fi-
nancial Black—Scholes type markets with jumps (see, for example, [1], and the refer-
ences therein). Let the noise process in (1.1) obey the equations

d§, =ag,dt+du,, §,=0, Q.1
u, =ow,+0,z, and z;, = x*(u—fi),, 2.2)

where (w,) ., is a standard Brownian motion, p(ds dx) is a jump measure with de-

0
terministic compensator fi(ds dx)=ds[I(dx), I1(-) is a Lévy measure, i.e. some posi-

tive measure on R. =R\ {0} (see, for example, in [3]), such that
l_[(xz):l and H(x8)<oo. (2.3)
We use the notation H(|x|m) = IR |»[" T1(dy). Note that the Lévy measure IT(R. )

could be equal to +oo. We use * for the stochastic integrals with respect to random
measures, 1.€.

t
xx(p—i), = [ [ y(u—fi)(ds,dy)
0 R
Moreover, we assume that the nuisance parameters a<0, g, and p, satisfy the condi-
tions

—-a <a£0,0<g£912 anch:Qf+922£g*, (2.4)

max —
where the bounds a,,,,, ¢ and ¢ are functions of n, i.e. a,, =a,, (1), 0=o and
¢ = gz such that for any 6 >0

lim n%a,, (n)=0, liminfn®o >0 and limn°¢, =0. (2.5)
n—»o n—o0 =n n—»w

We denote by O, the family of all distributions of process (1.1) — (2.1) on the Sko-
rokhod space D[0,n] satisfying the conditions (2.4) and (2.5). It should be noted that, in
view of Corollary 7.2 in [17], the condition (1.3) for the process (2.1) holds with
Ky =20,.

Note also that the process (2.1) is conditionally Gaussian square integrable semi-
martingale with respect to c-algebra & =c{z,, >0} which is generated by the jump

process (z,),s, definedin (2.2.).

3. Improved estimation

For estimating the unknown function S in (1.1) we will consider it's Fourier expan-
sion. Let (¢ j )j>1 be an orthonormal basis in L, [0,1] . We extend these functions peri-

odically on R, i.e. ¢;(¢)=¢;(¢+1) forany reR.
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B,) Assume that the basis functions are uniformly bounded, i.e. for some con-
stant ¢* > 1, which may be depend on n,

sup sup |¢; ()¢ <oo. (3.1)

1< j<n 0<<1

\4
B,) Assume that there exist some dy> 7 and a >1 such that

1 d
1 * v *
sup —J.CDd Wdav<a, ®,;(v)=max,,, Zd)j (t)(l)j (t=v)|. (3.2)
dzd, 4 =l
For example, we can take the trigonometric basis defined as Tr;, = 1,

Tr; (1) = \/Ecos((ojt) for even j and Tr,(7) = x/zsin((ojt) for odd j = 2, where the fre-
quency o; = 2n[j/2] and [x] denotes integer part of x. As is shown in Lemma Al in

[17], these functions satisfy the condition B,) with d, = inf{d >7:5+Ind <d} and

a=(1-e"™)/(4a,,,) -
We write the Fourier expansion of the unknown function S in the form

S(1)=20,, (1)
j=1
where the corresponding Fourier coefficients
1
0, =(8.0,)=[S(1)9, (1)t (3.3)
0
can be estimated as
n 17
0,, =0 (t)y,. (3.4)
%

We replace the differential S(¢)dt by the stochastic observed differential dy,. In view of
(1.1), one obtains

0. =0+ ! —L

Jsn J ﬁ&j,n’ EJj,n_\/;[n(d)j) (35)

and /,(¢,) is given in (1.2). As in [11], we define a class of weighted least squares es-

timates for S(¢) as
n
S, = ZY(j)e_/,n(I’j (3.6)
j=1

with the weights v = (v(/)) R” which belong to some finite set I" from [0,1]".

I<j<n €
We put
n
v =card(I') and | I |.= max Zy(j) , 3.7
yell °—
j=1
where card(I') is the number of the vectors y in I'. In the sequel we assume that all
vectors from I' satisfies the following condition.
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D,) Assume that for any vector y € T there exists some fixed integer d = d(y) such
that the first d components of the vector are equal to one, i.e. Y(j) =1 for 1 <j < d for
any yel .

D,) There exists ny =1 such that for any n>n, there exists a o-field &, for which

the random vector %d’n = (& j’n) is the &, -conditionally Gaussian in R* with the

1<j<d
covariance matrix

G, =(EGn&jn | 9))es jeq (3.8)
and for some nonrandom constant [, >0
inf (G, —h,. (G))>1 as., (3.9)

0eQ,
where A, (A) is the maximal eigenvalue of the matrix A.

As is shown in Proposition 7.11 in [17], the condition D,) holds for the non-
Gaussian Ornstein—Uhlenbeck-based model (1.1) — (2.1) with l: =0, (d-6)/2 and
d>d,.

Further we will use the improved estimation method proposed for parametric models
in [14] for the first d Fourier coefficients in (3.5). To this end we set én = (éj’n i< j<d -

d
In the sequel we will use the norm |x|§ = zlx? for any vector x = (x ; )lsjsd from RY .
=
Now we define the shrinkage estimators as
05, =(1-2())8,,. (3.10)
with g(j)= (cn /18, |d )l{lsjgd} ; 1, is the indicator of the set 4,
c ;
=, K« = SUP K.
" (rn +\/d1<*/n)n 0<0, ¢
The positive parameter r: is such that
lim 7, =o0and lim n %, =0 (3.11)
n—w n—>0
forany 6>0.
Now we introduce a new class of shrinkage weighted least squares estimates for S as
S;=2.1(1)87,9; - (3.12)
j=1

Let Ay (S)=R, (S;,S )—RQ (Sy,S) denote the difference of quadratic risks of the

estimates (3.12) and (3.6).
Theorem 3.1. Assume that the conditions D) — D,) hold. Then for any n > n,

sup sup A, (S)<-—c;. (3.13)
0¢4, |sl<r,

Remark 3.1. The inequality (3.13) shows that for any n>n, the estimate (3.12) out-
performs non-asymptotically the estimate (3.6) in mean square accuracy.
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4. Model selection

This Section gives the construction of a model selection procedure for estimating a
function S in (1.1) on the basis of improved weighted least square estimates and states
the sharp oracle inequality for the robust risk of proposed procedure.

The model selection procedure for the unknown function S in (1.1) will be con-

structed on the basis of a family of estimates (S;‘ ) .
ye

The performance of any estimate S; will be measured by the empirical squared
error

Err, (1) =[5 5[

In order to obtain a good estimate, we have to formulate the rule for choosing a weight
vector yeI in (3.12). It is obvious, that the best way is to minimize the empirical

squared error with respect to y. Making use of the estimate definition (3.12) and the
Fourier transformation of S imply

Brr, ()= 27 (7)(07,,) ~221())95,0, + 207 (.1
j=I1 Jj= Jj=l

Since the Fourier coefficients (6 ]-)‘ are unknown, the weight coefficients (y )
J 7 j>1 J 7 =1

cannot be found by minimizing this quantity. To circumvent this difficulty one needs to

replace the terms 6;,16 ; by their estimators ) - Weset

. .~ 6

9., =026 -—" (4.2)
n

Jsn J.nj.n

where 6, is the estimate for the noise variance of o, = EQEjn which we choose in the
following form
n R . 1 n
- 2
&,= Y i, and i, :;J.d)j(t)dyt. (4.3)
j=[«/;]+1 0

For this change in the empirical squared error, one has to pay some penalty. Thus, one
comes to the cost function of the form

< . * 2 < A\ Q -
L () =27 ()(05,) -2 1), +pB, (1), (4.4)
J=1 J=1
where p is some positive constant, FA; () is the penalty term defined as
- 6)1 |Y|’21
b (v)= — (4.5)

Substituting the weight coefficients, minimizing the cost function
y" =agrmin, J, (v) (4.6)
in (3.12) leads to the improved model selection procedure
St = S;* . 4.7
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It will be noted that y* exists because I is a finite set. If the minimizing sequence y"
in (4.6) is not unique, one can take any minimizer.

To prove the sharp oracle inequality, the following conditions will be needed for the
family Q, of distributions of the noise (&,),s, in (1.1). Namely, we need to impose

some stability conditions for the noise Fourier transform sequence (é in )1</<n intro-
duced in [15].
C,) There exists a proxy variance 6, >0 such that for any € >0
L ,(Q) <
lim =220, Ly, (Q) =Y B}, — gl (4.8)
men j=1 '
C,) Assume that for any € >0
L,,(0) g ’
: 2,n _ _ 2 2
m = =0, L.,(©@)= sup Ey (Z;xj (S )J ' (49)
X|= Jj=

Theorem 4.1. If the conditions Cy) and C,) hold for the distribution Q of the process
(&,);s0 in (1.1), then, for any n>1 and 0 < p < 1/2, the risk (1.4) of estimate (4.7) for S

satisfies the oracle inequality

, 1+5p . . B,(©Q)
Ry (S".8)< 1tpp‘§£?RQ(S"’S)+p—n’ (4.10)

where B,(Q)=U, (Q)(1+ IT'lk Ey |6, —0p |) and the coefficient U, (Q) is such that

forany €>0
1imU”—@=0.

€

@11

n—>x0 n

In the case, when the value of So in C;) is known, one can take G, = g - Then

ol
B(n)=—2"", 4.12)

and we can rewrite the oracle inequality (4.10) with B,,(Q)=U,,(Q) . Now we study the

estimate (4.3). To obtain the oracle inequality for the robust risk (1.5) we need some ad-
ditional condition on the distribution family Q,. We set

g* = g; = sup G, . (4.13)
QEQH

CT) Assume that the limit equations (4.8) — (4.9) hold uniformly in Q€ Q, and

¢ /n® =0 as n—ow forany £>0.
Now we impose some conditions on the set of the weight coefficients I".
C,) Assume that the set T is such that v/n® —0 and |T | /n"***
n— oo forany €>0.

—>0 as
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As is shown in [17], both conditions CT) and C;) hold for the model (1.1) with

Ornstein—Uhlenbeck noise process (2.1). Using Proposition 4.2 from [17] we can obtain
the following result.

Theorem 4.2. Assume that the conditions CT) and C;) hold and the function S(¢) is
continuously differentiable. Then the robust risk (1.5) of the estimate (4.7) satisfies the
oracle inequality, for any n>2 and 0<p<1/2,

1+5p

R, (5%.8)< minR:(S;,S)+pinBj‘, (1+11S17).

l—p yel

where the term BZ has the property (4.11).

Now we specify the weight coefficients (y(j)) .., as proposed in [5, 6] for a hetero-

j21
scedastic regression model in discrete time. Firstly, we define the normalizing coeffi-
cient v, =n/¢". Consider a numerical grid of the form

A, = {1,...,k*} X{H ey}
where 7, =ie and m = [1/82] . We assume that the parameters k* >1 and 0 <g<1 are
functions of n, i.e. k" =k"(n) and e=¢(n), such that k"(n) > +o, en)—0,
k*(n)/Inn — 0 and nas(n) — o0 as n—> oo forany &> 0. One can take, for example,
e(n)=1/In(n+1) and k*(n)=+/n(n+1) . For each a = (B, r) e A4, , we introduce the
weight sequence v, = (7, (j))j21 as

Yo (J) = l{ls_/’éd(a)}_'_(l - (j/ma)ﬁ)l{d(a)<j3ma}’

where o, = (1, )", 1y =(B+1)(28+1)/(n*B) and d(e)=[o, /In(a+1)].
We set
=iy, aeAd}. (4.14)
It will be noted that such weight coefficients satisfy the condition Dy).

5. Asymptotic efficiency

In order to study the asymptotic efficiency we define the following functional So-
bolev ball

W, ={feC,’j[0,l]:i"f(")"2 Sr}, (5.1)
i=0

where r > 0 and &k >1 are some unknown parameters, Cﬁ[O,l] is the space of k& times
differentiable 1-periodic functions such that f 0(0) = f D) for any 0<i<k-1. Let
%, denote all estimators §n , 1.e. measurable functions with respect to o{y,, 0<t<n}.
with &, =¢"w,,

In the sequel, we denote by Q" the distribution of the process (y, Vo<

i.e. white noise model with the intensity ¢" .
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Theorem 5.1. Assume that Q" € Q, . The robust risk (1.5) has the following lower
bound

n
n—0 Snezn SeWk‘r

liminf inf v2*/C**D sup R(S,.8) 21, (r).

with 1 (r) = ((2k + r) @ (k7 (m(k +1))) D

We show that this lower bound is sharp in the following sense.
Theorem 5.2. The model selection procedure (4.7), with the weight coefficients
(4.14), satisfies the following upper bound

limsup v,V sup R, (8%, 8) </, (r).

n
n—>0 SeWy

It is clear that these theorems imply the following efficiency property.
Corollary 5.3. Assume that Q" € Q,. Then the model selection procedure (4.7),
with the weight coefficients (4.14), is asymptotically efficient, i.e.

lim v*CHD qup R (S*,S)zlk(r).

n
n—>0
SEWk,r

Theorem 5.1 and Theorem 5.2 are proved in the same way as Theorems 1 and 2 in [9].

6. Monte Carlo simulations

In this section we give the results of numerical simulations to assess the performance
and improvement of the proposed model selection procedure (4.7). We simulate the
model (1.1) with 1-periodic function S of the form

S(t) = tsin(2nt) + 1> (1-1)cos(2nt), 0< <1, (6.1)
and the Ornstein—Uhlenbeck noise process (&,),», defined by the equation

d&, = —&,di+0.5dw, +0.5dz,, z, =Y f;lyj ;

here N, is a homogeneous Poisson process with the intensity A =1 and (YJ )j>1 is i.i.d.

Gaussian (0,1) (see, for example, [12]).
We use the model selection procedure (4.7) with the weights (4.14) in which

kK =100+In(n+1), r.=i/In(n+1), m=[In*(n+1)], ¢ =0.5 and p=G+Inn)?.
We define the empirical risk as

. 2N ~ N
R(S,S):lZEAﬁ(zj) and EAﬁ(z):iZAﬁJ(t),
P j=1 N3

where A, (¢) = S'n (H)—S(t) and A, (1) = S~,l, (1)—S(t) is the deviation for the [-th repli-

cation. In this example we take the frequency of observations p = 100001 and numbers
of replications N = 1000.

Table 1 gives the values for the sample risks of the improved estimate (4.7) and the
model selection procedure based on the weighted LSE (3.15) from [11] for different
numbers of observation period n. Table 2 gives the values for the sample risks of the
model selection procedure based on the weighted LSE (3.15) from [11] and it’s im-
proved version for different numbers of observation period 7.
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Table 1
The sample quadratic risks for different optimal y
n 100 200 500 1000
R(S.5) 0.0289 0.0089 0.0021 0.0011
E(Sy,S) 0.0457 0.0216 0.0133 0.0098
R(5;.5)/R(S-.8) 1.6 2.4 6.3 8.9
Table 2
The sample quadratic risks for same optimal ¥
n 100 200 500 1000
E(S;,S) 0.0391 0.0159 0.0098 0.0066
ﬁ(ﬁQ,S) 0.0457 0.0216 0.0133 0.0098
R(S,.8)/R(S;,5) 1.2 1.4 1.3 1.5

Remark 6.1. Figures 1 and 2 show the behaviour of the procedures (3.6) and (4.7)
depending on the values of observation periods n. The bold line is the function (6.1), the
continuous line is the model selection procedure based on the least squares estimators
S and the dashed line is the improved model selection procedure S*. From the Table 2
for the same y with various observations numbers n one can conclude that theoretical
result on the improvement effect (3.13) is confirmed by the numerical simulations.
Moreover, for the proposed shrinkage procedure, Table 1 and Figures 1, 2, we can con-
clude that the gain is considerable for non-large n.

0.4 . ; . . y . . : .

—1 . . : : . N . s .

0 0.2 0.4 0.6 0.8 1

Fig. 1. Behavior of the regression function and its estimates for n = 500
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12 . . . . . ) ) . .
0 0.2 0.4 0.6 0.8 1

Fig. 2. Behavior of the regression function and its estimates for n = 1000

7. Proofs
7.1. Proof of Theorem 3.1. Consider the quadratic error of the estimates (3.12)

v(;)e,n— ) Z(Y(J)Gjn— _-)2+ Z (Y(J')éj,n—e.f)z

Jj=1 j=d+1

n R 4 A ;
= ;(Y(j)ej,n -0; )2 +ep-2¢, Y. (ej’n _ej)éL

j=d+1 nilg

D>

<[5, =S ez =26, 3 (6,,-0,)1,6,)

Jj=d+1
where 1;(x)=x; /|x], for x=(x;)c;c € R“. Therefore the risk for the improved es-
timator S; can be represented as
Ry (57:5)=Ro(S,5)+c; QSZ(J"_ M
j=d+1
where [;, = E(lj (én)(éj’n -6, )|§n ) Now, taking into account that the vector

(9 )i< i<q 18 the & -conditionally Gaussian in R? with mean é:(e Vi< i<y and
1<j<d J/1<j<d

J.n

covariance matrix n_'G .» We obtain
j S0 (x-0;)p(x| G,)dx.

Here p(x| &) is the conditional distribution density of the vector 6, , i.e
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p(x| )= —(x‘e)'Gf(x‘e)].

1
exp
(27:)“'/2 \JdetG,, { 2

Changing the variables by u = G,"? (x—8) yields

b= )d/zZ & [ T G0 exp[ I "“J (7.1)

where T, (u) =1, (G1/2u+6) and g; denotes (i/)-th element of G}/z . Furthermore,

integrating by parts, the integral /; , can be rewritten as

d d oL,
ZZZE[gjlgkl ()1, |g,,]
1=1 k=1 6uk "

Now, taking into account that z'4z <2 (4)|z|* and the condition D,), we obtain
that

G, 0.G,0 1
AQ(S):ci_zanQ,Sb e—

W_ 3"JS03 —2cnl:n71EQ’S "é " .
n d n d

Recall, that the prime denotes the transposition. Moreover, in view of the Jensen ine-
quality, we can estimate the last expectation from below as

Eo.s ([6.], )71 =Egs ("é* n |, )71 2 (6], +n"*Eg s 2], )71

Now we note that the condition (1.3) implies that

EysE, ||2 <Ked.

n

So, for ||S||2 < r:

Eos ([6,])" = (s +dx-/n) "

s

[
and therefore Ap(S)= ¢l —2¢, A<

n(r:+\/d1<*/n)n "
Hence Theorem 3.1.

7.2. Proof of Theorem 4.1. Substituting (4. 4) in (4.1) yields for any

r, (v) = J(v)+22v(1)( PP . 9,,19,)+||S||2—pf’n(v)~ (12)

LS}

Now we set L(y)= Z;Y(j),

B, (v):ilv(j)(EQai,n ~oy). By, (y)=ilv(j)%j,n,

M(y)= (ZY(J)G &, and By, (v)= (Zv(f)g(f)e,né,n
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Taking into account the definition (4.5), we can rewrite (7.2) as

B, (1)=7(1)+2% 2 1 (5) 4200 (1)+ 28, (1)
Bz,n(V)

with ¥ =y/ly|,. Let v5 =(v((/)),, be a fixed sequence in T and v" be as in (4.6).

+24/P, (v)

~2B,, (v)+[SI> -pB, (v) (73)

Substituting y, and y* in (7.3), we consider the difference

Err, (1)~ Err, (v9) € 222" L (x)+2M (x)+ = Bln(x)+21/P
)Bz,n(Yo)

GQl’l

- 24P, (v ~2By,(v")+2B;,, (v0)=pB, (1) +PE, (1o),

where x=v —y,. Note that L(x)<2|T|, and |Bl,n (x)| <L, (Q). Applying the ele-

mentary inequality

2|ab| < ea® +¢7'b? (7.4)
with any € >0, we get
B,, n B,
o7 22D <oy 1)+ 22 D) <oy ) £
oo eon
£ _ 2 =\, p2 (=2
where B, = T:llz((Bz’” (v)+B5, (y ))

with y* = (yi )1< - Note that from the definition of function L, , (Q) in the condition
<j<n >

C,) it follows that

EQB; < Z (EQB22,n (7) + EQB22,11 (72 )) < 2VL2,n (Q) (75)

vell

Moreover, by the same argument one can estimate the term B; , . Note that

(7.6)

S |=Q*

Zgy ()8 =c;

where c: = nmax Therefore by the Cauchy—Schwarz inequality, we can estimate

yell Cp-
the term B, (y) as

1/2
8, ()< [z (j)aiJ Do, (o0, (7))

So, applying the elementary inequality (7.4) with some arbitrary € > 0, we have

%

C *
2|B3,n (Y)| < SPn (Y)+ SG;n (GQ + BZ )
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Using the bounds, one has

R 41T, Y 2
Errn ('Y )SEI’I’,, ('Y())+ L(x)+2M(x)+;Ll,n (Q)

+§Gc_Qn(GQ Bz)+§GB—Qn+2aP( v )+2¢P, (v0) PP, (1) +PE, (va).

Setting € = p/4 and substituting p = 1 (where it is possible) we have

EIT” (y*) < Errn (Y0)+

16(c" +1)(c, + B (s p
e ”—sw>+§a<w+%w>~

+ 2M(x)+ L1 (9)

Moreover, taking into account here that

)_Pn(Yo)|S| |

n
and that p <1/2, we obtain that

Err, (y*)SErrn (vo)+ 6n|"'21\4(x)"'2141,n Q)
n

16(c" +1)(c, + B,
o 2 ® 3
+ el )—EFL(V )+ 2P, (vo). (7.7)
pogn 2 2
Now we estimate the third term in the right-hand side if this inequality. Firstly, we note that
2|M (x)| <e||S, | L (7.8)
ne
where S, = Zj:l x;0,0, and
. M?
Z =sup " (2x)‘
xely |15,

with the set I, =I'—v,,. Using Proposition 7.1 from [17], we can obtain that for any

fixed x = (x;);<g €RY.

2 S

EM? (x)= EZ, (S) GQ" 1§ GQZ g2 (7.9)

and therefore "< z ni” (x) (7.10)
i ISP

The norm “S;k - S; “ can be estimated from below as

*

S*
¥

Z(X(J)+B(J))9,

Yo x

+2ix(j)ﬁ(j)é§,
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where B(/) =7, (/)g;(vo)—v(/)g; (v). Therefore, in view of (3.5),

Is.I° 03

< —2M(x2)—2jii;x(j)[3(j)éj6j —%Y(x),

where Y(y)= ijly( J)B(J )é]E;/ Note that the first term in this inequality can be es-

timated as
* i nMZ x2
2M(x2) <e|ls,|P A and Z, = sup#
ne xehy S|
Note that, similarly to (7.10) one can estimate the last term as
EQZI* SopVv.

From here it follows that, for any 0 <e <1,

1 " o 2
S|P <— x(H)B(j)P 0, ——=T(x)|. 7.11
Js.J 1_8( > BUR, <>J (.11)
Further we note that the property (7.6) yields
T R A R o)
ZB (j)ejgzzgy (J)ej+2zg“/o (J)ej SE. (7.12)
=l j=1 Jj=1

Given |x( /)| <1 and using the inequality (7.4), we get that for any & >0

<ol P+ 2
ne

2 ix(j)ﬁ(j)é,ﬁj

To estimate the last in the right hand of (7.11) we use first the Cauchy-Schwartz ine-
quality and then the bound (7.12), i.e.

2 S ] [ivzmaﬁj

: (O'Q +B;)
SGQ}’Z '

s

<eP, (v)+8—2v (J)&; <ep, (v)+

Therefore,
2¢" (GQ + B;)

SGQ}’I

TN oG R (1) +o (r0) +

Combining all these bounds in (7.11), we obtain that
2 6c: c+B,
&i(or5)

eon

75 e s
ZLylsh -8
Y

S
" " l e| ne Yo

+eB, (v")+2R, (vo) |

Using (7.8) and this bound
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S:* —S;U ’ SZ(Err ( )+Err (yo))
we have
pa(eyelt 2o 2B S ) €00 ) 2y gy

n(l-g)e 1-¢ noy(l-g) l-¢'
Choosing here € < p/2 <1/2 we have that

2(Z"+ 7)) 2e(Err, (v )+ Err,(v,)) 12¢,(c,+B5
(7 7) 2s(Em () B 12605

2w ()<= - p +&(B,(v")+ P, (19))-
From here and (7.7), it follows that
B, (v') < 11+8 (Vo) + n(lc—Q3s)Gn " iL(i—(sf))
28<1+Cn)(GQ+Bz) 2(Z*+ Zl*)+2pp;l(y0)
p(1-3¢)no,, n(1-3¢) 1-3¢

Choosing here ¢ =p/3 and estimating (1- p)_] by 2 where this is possible, we get

Errn(y*) ;rpp/fE (vo)+

T ln(Q)

56(1+CZ)(GQ+B§)+4(Z + Zl)+2an (7o)

+
pnc, n 1-p
Taking the expectation and using the upper bound for P, (y,) in Lemma 7.1 with e=p
yields
1+5 U,, 12|T.E,lo,-6,
Ro(S".8)< PR, (S .8)+—22+ I Eolop =6,|
I-p np n

where Uy, =4L,,(Q)+56(1+c, )(2L,, (Q)v+1)+2c,. Since this inequality holds

for each y, € A, this implies Theorem 4.1.

7.3. Property of Penalty term

Lemma 7.1. Forany n>1, yel'and 0 <e<1

EBm (), & (7.13)
1-¢ ne(l-g)

Proof. By the definition of Err, () one has

Err, (1) = z(yme,n—ej)z =ily(j>((e”;»,n ~0,)+(r(j)-18, )

ﬁ (,n—e_,-)2+ilv(j)<y(j)—1)e_;<e§,n—e_f)-

P ()<
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By the condition B,) and the definition (3.10) we obtain that the last term in the sum

can be replaced as
ilv(J)(v(j)—l)e,f (67.,-0;)= iv(f)(v(f)—l)ej (8,,-9;):

ie. Ez;l,zly(j)(y(j) -1)0; (Oj’n - Gj) =0 and, therefore, taking into account the defi-
nition (4.12), we obtain that

Er, (1)2 X 1(7) E(0),, -6, ) =iv<j)2E[%—gy(j>éjJ

>F, (y)—%l@iv(j)2 & (10,8, (1-0)8, (1)~ EY. & (/).

j=1 j=1
The inequality (7.6) implies the bound (7.13). Hence Lemma 7.1.
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