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[IpejicraBien ajropuT™M, OCHOBaHHBIH HA MOJMHOMAX XOJIJIa, JIJisi OBICTPOro yMHOXKE-
HUS 3JIEMEHTOB B KOHEYHBIX JIBYIIOPOXKJICHHBIX TPYIIIaX MIePUOIa MATh.

KimroueBble ciioBa: nepuoduueckas 2pynna, cobupamesvHvill npouece, MoAUHOMDL
Xoana.

BBenenue

[Iycts By(2,5, k) — MakcuMmajibHash KOHeUHAasl JIBYHOPOXKIGHHAs OepHCANIoBa IPYIIa
nepuojia 5 CTyNeHN HUIbIHOTeHTHOCTH k. B janHoM Kiacce rpyin HauboOJIbINeH siBJISIeTCsT
rpynna By(2,5,12), nopsaaok koropoit pasen 53 [1]. s kaxoit uz By(2, 5, k) usBecTHbI
PC-npencrasnenusi (Power Commutator presentation [2, 3|), KOTOpble HECJIOKHO IOy~
YUTh, UCIIOJb3Ysl CUCTEMY KOMIbIOTepHOi airebpbl GAP. [ljs uccieqoBanus pasinmaHbx
cpoiictB By(2,5, k), nanmpumep Takux, Kak (yHKIUS pocra win guamerp Ksiam rpymnibr,
9acTO TPEOyeTCsi BBIYUCISATH IPOU3BeIeHNs €€ 3jeMeHToB. Ilycrs af’ ... a*" u ai' ... a¥% —

JIBa [IPOU3BOJIbHBIX 3JieMeHTa B rpymme By(2,5, k), 3anmcanHblXx B KOMMYTATOPHOM BHJIE.
Torna nx nmpomsBesieHNe PABHO

1

1 ITn Yn . %1 Zn
a/l...a/n al...a/n —CLl...CL

o

OcHOBOI 1151 HAXOXK JIeHUsT KO9DDUIMEHTOB 2; ABJIgeTCs coOMpaTesbHbI mporecce |2, 3],
KOTOPBII peajm3oBaH B cucremax KommbioTepHoit agmredpsl GAP 1 MAGMA. Oxrako 310
HE eJIMHCTBEHHBIA CII0COO JIJIsi BHIYUC/IEHUS IPOM3BEIEHMI 9/1IeMEeHTOB I'pyIbl. B pabore
®. Xomra [4] mokazamo, 9To 2; HPEICTABIAIOT CO0OI HOJHHOMUATILHDIE (DYHKINN (B HAIIEM
ciydae HaJl oJieM Zs ), 3aBUCSIIIE OT TIEPEMEHHBIX L1, . . . , LTj, Y1, - - - , Yi, KOTOPBIE HAZBIBAIOT
ceituac monmaoMamu Xosta. Cornacuo [4],

2 =2 + Y+ 0T, T, Y, Yie1)-

Y. Cumc B [5] aHoHCHPOBAJI, UTO BBIYUCIIII YKA3aHHBIE TOJHHOMUAIbHBIE DYHKIIUH, OJI-
HaKO OHU TaK M He OBbLIM HUTJE OIyOJIMKOBaHbI. Kpome Toro, aBropam He yIaJOCh HaWTH
KOMIIbIOTE€PHBIE IIPOTPAMMBI, B KOTOPBIX Peait30BaH METOJI IIOJTMHOMOB XOJLIa JIJIsT BHIUNC-
JIEHUS TTPOU3BEJIEHUN JIEMEHTOB TpyIIbl. /[j1s BocnosiHeHNd yKaszaHHOro mpobesia B Ha-
crodineil paboTe MTPUBEJICHO TIOJIPOOHOE ONMUCAHUE AJTOPUTMA JIJId BBIYUC/IEHUS TTOJTMHOMOB
Xosta B rpynnax By(2, 5, k). [ToauHOMBI 2; Hafi/IeHBbI IPU TOMOIIN MAITMHHBIX BHIYUCICHUIT
B cucreme KomibioTepHoii anredbpsl MATLAB, mocse dero mostydenubie OpMyJibl peaJin-
30BaHbl B BUJIE OTJEIbHON MporpamMMbl Ha a3bike Cu. CpaBHeHNE CKOPOCTH BBIYUCICHUS
okosio 10? nmpouseeiennit ciry4aiino BRIGPAHHBIX 3JIEMEHTOB B Kax10ii u3 rpynn By(2, 5, k)

!Pabora Bemosmena npu dunamcoBoil nopiepskke rpanta POOU (ko mpoexta Ne 10-01-00509-a).
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[TOKA3aJ10, ITO METO/I IMOJTUHOMOB XO0JLIa UMeeT 3HAUUTEIbHOE IIPEUMYIIECTBO Iepe1 coou-
paTeJIbHBIM IIpolleccoM. B cpejineM MCIIOJIb30BaHUEe ITOJIMHOMOB ITO3BOJISIET TOJIYYUTDH ITPO-
U3BeJIEHNE JIBYX 9JIEMEHTOB IPYIIbI Ha MopsaloK (T.e. B 10 pa3) GbicTpee cOOMpPATETBHOIO
IIpoIIecca.

[Ipu ommcanum ajiroputMa orpaHudnmMcs ciaydaamu k < 4. Inag k > 4 moJIuHOMBI BbI-
YUCIAIOTCS aHAJIOTUYHO, OJIHAKO UX BBIBOJ 3aHUMAET 3HAYUTE/ILHO OOJIbIIE MecTa, UTO JIe-
JIAET HEBO3MOYKHBIM IIPOBEPUTH J0KA3ATETbCTBO «BPYUHYIO». [[0TMHOMBI )1t HANOOJIBITIETO
caydasd k = 12 cozepzKaT TakKe IMOJUHOMBI JIJIsi BCeX JIPYTUX k M 3aHUMAIOT 42 CTpPAHUITHI
TEKCTa, BCJIEJICTBHUE Yero B paboTe He MPUBOIATCA. VX MOXKHO JIETKO IOJIyYUTh, CBA3aBIIICH
C aBTOPaMH I10 3JIEKTPOHHOI 1mouTe.

N3 onmcanus aJiropuTMa, IMPUBEJAEHHOTO JlaJiee, CJIeLyeT

Teopema 1. Ilycth aj'...a” u aj'...aY" — 1Ba UPOU3BOJIBHBIX JIEMEHTA B IPYIIIIE

By(2,5, k), 3anucanubix B kKomMyTatoptom sujie, tjie k € Nu k < 4. Torga ux npousse/ienue
paBHO aj'...al" -ay'...a¥ = ai'...aZ", e z; € Zs— nojmHOMBI XOJUIA, 3a/1aBAaeMble

dbopmymamu (1), (2) npu k=1, (1)-(3) upu k =2, (1)-(5) npu k =3 u (1)~(8) upu k = 4:

z1 = X1+ Y, (1)
29 = X9 + Y2, (2)
z3 = T3 + Y3 + Ta¥1; (3)
Zy = T4+ Yg + T2 (3421) + T31; (4)

4]
Z5 = T + Y5 + Tolryo + ( 5 )y1 + Z3Y2; (5)
2 = Xg + Y + T2 (%1) + T3 (y21) + T4} (6)

x

27 = T7 + Y7 + T (%)Zn + ( 22) (1,/21) + T3y1y2 + Tayo + T5y1; (7)

x T
zg = Tg + Ys + Tal1 <y22> + < 22> Y1y2 + ( 32> Y1+ 73 (y;) + T5Yo. (8)

Onwucanme ajgropurma

Borancsimm mosmmrombr Xosuta Jyist rpymst By(2, 5,4). Paboras ¢ manHoit rpymmoii, as-
TOMATUYIECKH TIOJIyIUM TIOJIMHOMBI jijist Tpytit By(2,5,1), By(2,5,2) u By(2,5,3), mosromy
HET HEOOXO/IMMOCTHU OTJIEJIHbHO pacCcMaTpuBaTh 3Tu ciaydan. [Ipu k£ < 4 kommyTaTopsl, Bec
KOTOPBIX 00JIbINE K, HE pACCMATPUBAIOTCS, IIOCKOJIbKY OHU PABHbBI €JIMHUIIE IPYIIIIBI 110 OIIpe-
JIeJIEHHIO.

Banummem PC-nipescrasienue rpymust By(2,5,4) cormnacho [1].

KommyTatopsr Beca 1:

a1, Qg — O0OpA3yIOIIHe I'PYIIIHL.
KommyTaTopsr Beca 2:

a3 = [CLQ, al].
KommyTaTopsr Beca 3:

as = lag, a1] = [ag, ar, a1,

as = lag, az] = [az, a1, as].

KommyTatopsr Beca 4:

g = [CL4, Cll] = [CLQ, ai,dn, al],
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a7 = las, a1] = [ag, a1, az, ai],

asg = [Clg,, CLQ] = [CLQ, ai, ag, ag].
CHmcok onpeae/gonnx cCOOTHOIMeHu R /11s1 6a3MCHBIX KOMMYTATOPOB:
a? =1 (1 <i<8), [ag, a1] = as, [as, a1] = a4, [as, as] = as, a4, a1] = ag,
[a4,a2] = ar, [CL4,(I3] = ]_, [a5,a1] = ar, [CL5,CL2] = as, [a5,a3] = ]_, [a5,a4] = 1,
lag, a1] = 1, [ag, as] = 1, [ag, a3] = 1, [as, aq4] = 1, [ag, a5] = 1, [az,a1] = 1,
[CL7,(12] - 1a [a7aa3] = 17 [a7aa4] = 17 [(I7,CL5] - 17 [a77a6] = 17 [&87(11] = 17
lag, az] = 1, [ag, as] = 1, [as, as] = 1, [as, as] = 1, [as, as] = 1, [as, a7] = 1.
Takum obpaszom,

30(2;574) = <a1,a2,a3,a4,a5’a6,a7,a8 \ R>-

Ka}K,ZH:Jﬁ QJIEMEHT I'PDYIIIILI BbIpazKa€TCd €INMHCTBEHHbBIM o6pa30M B BuJe HOPpMaJIbHOI'O
KOMMYTaTOPHOI'O CJIOBa:

Tl X2 T3 T4 X5 TG L7 T8
Vg € By(2,5,4) g =ai'a3*a3z*aiaz’agta; ag®, x; € Ls.

Unorga 6yaem nucats g = (1, ..., Ts).

st Toro uTobbl onpeneanTh PYHKIMKA Z;, CHAYaa HEOOXOAUMO BLIYUC/IUTL IIPOU3BE-
JIEHUs B a? af mag Beex 1 <1 < j <8, x,y =1,2,3,4. s napsr (j,1) Tpebyercs 1o
16 3HAYeHUsIM TPOU3BEJCHUN (Y, X) HANTH WHTEPIOJSIIHOHHBIA MTOJTMHOM [T KAyKJI0r0 U3
8 KOMMYTaTOPOB.

Haumem ¢ nepsoro ciryuas al af:

aya; = (1,1,1,0,0,0,0,0), aa] = (2,1,2,1,0,0,0,0),
asa® = (3,1,3,3,0,1,0,0), aia] = (4,1,4,1,0,4,0,0),
asa; = (1,2,2,0,1,0,0,0), a3a}=(2,2,4,2,2,0,1,0),
asa’ = (3,2,1,1,3,2,3,0), a3a] = (4,2,3,2,4,3,1,0),
asa; = (1,3,3,0,3,0,0,1), ala]=(2,3,1,3,1,0,3,2),
asa’ = (3,3,4,4,4,3,4,3), asa] = (4,3,2,3,2,2,3,4),
asa; = (1,4,4,0,1,0,0,4), asal = (2,4,3,4,2,0,1,3),
ajad = (3,4,2,2,3,4,3,2), aja] = (4,4,1,4,4,1,1,1).
Sammirem - 0 -
ala? =aalal Y alt TV gfs )

4 4

riue fr (12) (z,y) = > > By,2Py? — HeKOTOPbIE TIOIMHOMBI HaJl TIofeM Zs. [l ux onpeerne-
p=1q=1

HUS BBITOJTHUM WHTEPIOIAINIO I8 KaxXKJI0To KomMyTaTopa r = 3,4, ..., 8.

1,2 . .
s HAXOXKIeHU fﬁ )(x,y) Tpedyercs PEeNuTb CUCTEMY JIMHEHHBIX YpaBHEHUN Ha]T
YKa3aHHBIM I10JIEM:

Zl Z 5;q$pyq Z;Jx7 T,y = ]-7 27 37 47 (9)
p=1lg=

rje 2Y? —3HaveHune r-ro KoMMyTaTopa Jyist napsl (y,x). lannas cucrema nmeer 16 mepe-
MEHHBIX U COCTOUT u3 16 ypaBHeHMUil.
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1,2

[Tokaxkem Ha TpuMepe 8-T0 KOMMYTaTOPa HAXO0KICHHE fé )(x, y). J1jist KpaTKOCTH BMe-
8 yx

cro f3,, Oysem mucats [y,. Honcrasus B cucremy (9) Bee 3HaveHus 25, MOy TUM

1111111111111111 B 0
2 423 421342134131 Ba1 0
3 4324312431241 21 P12 0
414 4141414141141 P31 0
2 242 432431431311 B2z 0
4331112222 444331 B3 0
1 3241423234143 21 B 0
3213422134421 34°71 Bl |0
3343423421421 211 Bas | |1
1 2341432324142 31 B4 2
422 1113333444221 Baz 3
2 3124331244312 4°1 B33 4
4 41 4144141141411 B2a 4
3 1224343121244 31 B3 3
2 1334242131344 2°1 B34 2
1 441 114444111441 \Bu 1

Panr marputisr cucrembr paBen 16, T09TOMY OHa UMEET €/IMHCTBEHHOE perenue 11 = 2,
B2 = 2, P13 = 1, Bce ocrasbuble Ko3hdunmenTs paBabl Hy 0. CriegoBaTe/bHO,

FE @, y) = 22y + 209 + 9.

1,2

AHaornIHbIM 00pPa30M BBIYHC/ISIIOTCSA BCE MTOJIMHOMBI fr( )(:1:, y). Ilepeuncium ux:
(1,2) -

fi (@) ==,

2(1’2) (,y) =y,
P2 (2, y) = 2y,
X
F (@, y) = 2xy + 32%y = (2) Y,
FEN @, y) = 20y + 3ay® =« (Z) ,
i
FE N (@, y) = 20y + 227y + 2By = <3> Y,
e
FE2 (@) = day + 2y? + 2y + da%y? = (2> (‘Z) :

f§1’2) (z,y) = 22y + 22y° + 2y = @ (g)

Takum obpaszom,

= (es) (0 ())+)
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Yy x.
Bropaga napa aj af:

Y

xX.
Tperba mapa aj aj:

a3a2
a3a2
a3a2
a3a2
a3a2
a3a2
a3a2

a3a2

= (1,0,1,1,0,0,0,0),
=(3,0,1,3,0,3,0,0),
= (1,0,2,2,0,0,0,0),
=(3,0,2,1,0,1,0,0),
=(1,0,3,3,0,0,0,0),
=(3,0,3,4,0,4,0,0),
= (1,0,4,4,0,0,0,0),
=(3,0,4,2,0,2,0,0),

~ o~ o~ o~ o~ o~ —

a3a1

(0,1,1,0,1,0,0,0),
(0,3,1,0,3,0,0,3),
(0,1,2,0,2,0,0,0),
(0,3,2,0,1,0,0,1),
(0,1,3,0,3,0,0,0),
(0,3,3,0,4,0,0,4),
(0,1,4,0,4,0,0,0),
(0,3,4,0,2,0,0,2),

>—Al\> »—lﬂ> H[\') »—A4> »—\[\3 >—A,;> ,_.[\p

wu; OOQJ QJOJ C»JI\D OJM w»—‘ w»—l

a3a1

a3a2
a3a2
a3a2
a3a2
a3 2
a3a2
a3a2

a3a2

(2,0,1,2,0,1,0,0),
= (4,0,1,4,0,1,0,0),
= (2,0,2,4,0,2,0,0),
= (4,0,2,3,0,2,0,0),
(2,0,3,1,0,3,0,0),
= (4,0,3,2,0,3,0,0),
(2,0,4,3,0,4,0,0),
(4,0,4,1,0,4,0,0);

= (xaoay>$y>07 2xy + 3w y,0,0)

(0,2,1,0,2,0,0,1),
(0,4,1,0,4,0,0, 1),
(0,2,2,0,4,0,0,2),
(0,4,2,0,3,0,0,2),
=(0,2,3,0,1,0,0,3),
(0,4,3,0,2,0,0,3),
(0,2,4,0,3,0,0,4),
(0,4,4,0,1,0,0,4):

a4 ay = (0,z,y,0,7y,0,0,2zy + 32%y).

e Y x.
HYerpépras napa ay ai:

o} =
oo =
o
v -
o =
a4a1

aja; =

(1,0,0,1,0,1,0,0),
(3,0,0,1,0,3,0,0),
(1,0,0,2,0,2,0,0),
=(3,0,0,2,0,1,0,0),
(1,0,0,3,0,3,0,0),
(3,0,0,3,0,4,0,0),
(1,0,0,4,0,4,0,0),
(3,0,0,4,0,2,0,0),

a4 ay

a4a1

a4a1

a4a1

a4a1

a4a1

a4a1

=(2,0,0,1,0,2,0,0),
(4,0,0,1,0,4,0,0),
(2,0,0,2,0,4,0,0),
(4,0,0,2,0,3,0,0
(2,0,0,3,0,1,0,0
(4,0,0,3,0,2,0,0),

(
(

Y

2,0,0,4,0,3,0,0),

)
)
)
),
)
)
)
4,0,0,4,0,1,0,0);

= (.I', O>0>y,079€y,0,0).
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Yy x.
IIaTaa nmapa aj a3:

a4a2
a4a2
CL4®2
a4a2
a4a2
a4a2
a4a2

a4a2

(0,1,0,1,0,0,1,0),
(0,3,0,1,0,0,3,0),
(0,1,0,2,0,0,2,0),
(0,3,0,2,0,0,1,0),
(0,1,0,3,0,0,3,0),
(0,3,0,3,0,0,4,0),
(0,1,0,4,0,0,4,0),
(0,3,0,4,0,0,2,0),

a4a2

a4a2
a4a2
a4a2
a4a2
a4a2
a4@2
a4a2

a4a2

(0,2,0,1,0,0,2,0),
(0,4,0,1,0,0,4,0),
(0,2,0,2,0,0,4,0),
(0,4,0,2,0,0,3,0),
(0,2,0,3,0,0,1,0),
(0,4,0,3,0,0,2,0),
(0,2,0,4,0,0,3,0),
(0,4,0,4,0,0,1,0);

(0,2,0,y,0,0,zy,0).

Mlecras napa aj ai. KoMMyTaTopbl a4 U a3 II€peCTAaHOBOYHBI, IOITOMY af @i = a} aj.
Y .
Tenreps paccmoTpum az af:

=(1,0,0,0,1,0,1,0),
=(3,0,0,0,1,0,3,0),
= (1,0,0,0,2,0,2,0),
=(3,0,0,0,2,0,1,0),
= (1,0,0,0,3,0,3,0),
=(3,0,0,0,3,0,4,0),
= (1,0,0,0,4,0,4,0),
=(3,0,0,0,4,0,2,0),

a5a1

a2
ay
e
1=
a2
1
o
ay =
a2
1=
o
1=
a2
ay
aza; =

1
as
1
asa
2
asa
2
as
3
asa
3
asa
4
as
4
5

(2,0,0,0,1,0,2,0),
= (4,0,0,0,1,0,4,0),
(2,0,0,0,2,0,4,0),
= (4,0,0,0,2,0,3,0),
=(2,0,0,0,3,0,1,0),
=(4,0,0,0,3,0,2,0),
(2,0,0,0,4,0,3,0),
(4,0,0,0,4,0,1,0);

- (x7 07 07 07 y? 07 xy? 0)'

U1 HakoHer, [OCIe/(HsIs HeIlePECTAHOBOYHAS TIapa af al:

a5a2
a5a2
a5a2
a5a2
a5a2
a5a2
a5a2

a5a2

(0,1,0,0,1,0,0,1),
(0,3,0,0,1,0,0,3),
(0,1,0,0,2,0,0,2),
(0,3,0,0,2,0,0,1
(0,1,0,0,3,0,0,3),
(0,3,0,0,3,0,0,4),
(0,1,0,0,4,0,0,4),
(0,3,0,0,4,0,0,2),

)
)
),
)
)
)

a5a2
a5a2
a5a2
a5a2
a5a2
a5a2
a5a2

a5a2

(0,2,0,0,1,0,0,2),
(0,4,0,0,1,0,0,4),
(0,2,0,0,2,0,0,4),
(0,4,0,0,2,0,0,3),
(0,2,0,0,3,0,0,1)
(0,4,0,0,3,0,0,2),
(0,2,0,0,4,0,0,3),
(0,4,0,0,4,0,0,1);

Y

afad = (0,2,0,0,v,0,0, zy).

Bce ocraBmuecs mapbl a? ai IepecTaHOBOYHBI, T. €. a? ai = ay af;.
Taxum obpazom, mMeeM TOJIHBII HAOOP COOTHOIIEHUIT JIJIsT OCYIIECTBJIEHUST COOMPATETh-

aa—aaa

HOI'O IIponecca B aHaJIUTUICCKOM BHJIEC:

“]R Y) fujkwy)

J J+1 a]+2

8

<i<j<

Y

Y1

T1
[Tomp3ysics (10), MOKeM BBIMHCJIUTH Mpom3BeaeHUE aj . ..ag" - ai' .

[Tocste BBIIOTHEHNST JAHHON HPOIEyphl HailxéM Bee z; (1)—(8).
Teopema j1oKa3ana.

8.

Yys
- ag

zZ1
—al .o

(10)

28
.ag’.
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