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ONTUMAJILHOE YIIPABJEHUE OJHOCEKTOPHOM YKOHOMMKOMN
IPU CTYYAMHOM U3MEHEHUHA OCHOBHOT' O KAIIUTAJIA
N TPYJOBBIX PECYPCOB

PaccmarpuBaercst 3a1a4a ONTUMAIBHOTO YIIPABJICHHS OTHOCEKTOPHON SKOHOMHKOH IPHU CITydalfHOM M3MEHEHHH (HOH-
JOBOOPY>KEHHOCTH TPYZa U TPYAOBBIX PeCypcoB. B KkadecTBe KpUTEepHs ONTHMAIBHOCTH BEIOMPACTCSI MAKCUMYM CPEeal-
HETO 3HAYeHHs] HETPOM3BOJCTBEHHOTO MOTPEOJICHUS] Ha 3aJaHHOM MEpHOJe IMPOU3BOACTBA. PelieHne mpoBoanuTCs
C ITIOMOIIBIO METOJIa AMHAMHYECKOTO IPOrPaMMHUPOBAHUSL.

KnrodeBble cji0Ba: OZHOCEKTOPHAs SKOHOMFKA; OCHOBHOM KaIlUTall; TPYAOBBIE Pecypchl; (JOHTOBOOPYKEHHOCTH
Tpylia; HEMPOU3BOICTBEHHOE OTPEOIICHNE; ONTUMAIBEHOE YIIPABJICHNE; TMHAMHYIECKOE TPOTrPaMMHUPOBAHUE.

[Ipobnema ynpaBieHus OHOCEKTOPHOIN 3KOHOMHUKOM BocxoauT K [1, 2]. Eif mocBsimeno 6oublioe Ko-
JUYECTBO paboT. B HUX paccMaTpUBArOTCS U PEIIAIOTCS pa3Hble BAPUAHTHI 3a/1a4, B TOM YMCIIE U 33/1a4H OIl-
TUMAJIBHOTO YIIPABJICHHS TAKOH SKOHOMHKOI (CM., Harp.: [3—7]). EcTecTBeHHBIM MPOA0IKEHHEM ITHUX HUCCIIe-
JOBaHWUU SIBISIETCS PEIICHHE 3a7ad C YIETOM KaKHX-THOO CIIy9alHBIX BO3SMYIICHHH, AEUCTBYIOIINUX B TIPO-
1ecce MpoU3BOACTBA.

CocTrosiHUEe OIHOCEKTOPHOI SKOHOMUKHM OIpENeNnsieTcsl IByMs BeIMYMHAMU: OCHOBHBIM KalMTaJIOM U
TPYZIOBBIMH pecypcamu. BooO1ie roBopsi, ©3MEeHeHre OCHOBHOT'O KanuTalla BO BpEMEHH ITPOUCXOJUT ClIydaii-
HBIM 00pa3oM M3-3a TaKuX (HaKTOPOB, KaK CIydaiHbIA HM3HOC OCHOBHBIX POM3BOACTBEHHBIX (POHAOB, IPHOO-
peTeHue HOBBIX (JOHAOB, IIEHA Ha KOTOPBIE 3aBUCHUT OT KypPCOB BaJIIOT, IPOM3BOJACTBEHHASI HEONIPEACIIEHHOCTb,
SKOHOMMYECKAask KOHBIOHKTYpa | T.II. TpyA0OBBIE PECYPCHI TAKXKE MOTYT U3MEHATHCS CIIydaiHbIM 00pa3oM 3a
CUET HIKOHOMUYECKHX (aKTOPOB, a TAKXKE MO JeMOrpapruiIeckuM MpUIHHAM, U3-3a MUTPALIIH HACEJICHHS U T.11.
B [8] Ha ocHOBaHMHM M3YYEHUS CTATUCTUYECKUX JAHHBIX IPUBOAMTCS ONpPEAeTIeHHOe 000CHOBaHUE TOTO, YTO
BIIMSIHUE HK30TE€HHBIX CIy4YalHBIX (PaKTOPOB HA SKOHOMUYECKYIO JMHAMHUKY MOXKHO MOJAEIMPOBAThH MpOLEc-
cOM OpPOYHOBCKOT'O JIBUKEHHUSI.

B nacrosmeit padote 3a1a4a ONTUMAIBEHOTO YIIPABICHUS 0JTHOCEKTOPHON 3KOHOMHUKOMN MPHU CITy4aitHOM
W3MEHEHUH OCHOBHOTO KanuTajia ¥ TPYAOBBIX PECYPCOB PELIeHa B IPOrpaMMHO# (hopMe, MOTyIeHbI HOpMYJIbI
JUISi MOMEHTOB TIEPEKIIIOYCHHUS YIPABJICHHUS U MOJTyYeHa OLIEHKAa MaKCHMAJIbHOI'O CPEAHEro 3HauYeHHs Henpo-
W3BOJICTBEHHOT'O MOTPEOICHHUS.

1. ITocTanoBKa 3agaun

CocTosiHEEe SKOHOMHUKH ompeessieTcs cienyrommmu Bennunnamu: K(t) — ocroBHo# kamutan, L(t) —
TpymoBeie pecypehl, C(t) — HePOU3BOACTBEHHOE MTOTPEOIIEHIE, a TAKKe PON3BOACTBeHHOM pyrkmuei Y(K, L).
3nauenue Y(K, L) ecTp BasoBBIN MPOIYKT, IPOU3BEIICHHBIN B euHuIly BpemenH, T.e. Y(K, L)At — BanoBsIit
MIPOAYKT, IPOU3BEJCHHBIN 3a BpeMsi At. YacTs aToro nponaykra IAt = UYAL uzeT Ha yBeIMUYeHHE OCHOBHOTO
Kanuraia, a 9actb SAt = (1 — u)YAt — Ha yBennueHue Herpou3BoacTBeHHOTo norpedienus C(t). Takum 00-
pa3oM, YIpaBIsIONIAM MApaMETPOM 3JIECh SBISETCS KOAPGUIMEHT U, ONpeIeIISIFONIUIA JI0JIF0 BaJIOBOTO TPO-
NyKTa, KOTOpasi UJIET Ha YBEJIMYCHUE OCHOBHOTO KanuTana. [Ipu atom

O<u<l 1)

B pesynbraTe B IeTEpMUHUPOBAHHOM CITydae M3MEHEHHE SKOHOMUKH BO BPEMEHU OMKCHIBACTCS YPaB-

HEHUSIMH [6]
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K =uY (K,L)-AK(t), K(0)=K, >0,
C=pC+(1-u)Y(K,L), C(0)=0, (2)
L=vL,L(0)=L,,
rae A (> 0) — koad dpurpent amoprusanuu, p (> 0) — HopMa AUCKOHTUPOBAHUS, V — TEMIT K3MEHEHHS TPYAOBBIX
pecypcoB.

Jlns manbHeitero uccinenoBanus BBoAsTcs nepemennbie: K(t) = K(t)/L(t) — donmoBoopy KeHHOCTH
Tpyaa, c(t) = C(t)/L(t) — HempousBoACTBEHHOE MOTPEOICHIE, MPUXOISAIINECS HA OJHOTO PAOOTHHKA, U HYHK-
must F(K) = Y/L — npousBoauTenbHOCTh Tpyaa. JJist 3TUX MEepEeMEHHBIX HAa OCHOBAHHH (2) MOKHO MOJYYHUTh
ypaBHEHUS

k =—pk +UuF k), k(0) =k,
¢=dc+(1-u)F(k), c(0)=0,

rae W=A+V, d=p-—Vv. llanee OyneM cuurath, uTo L =A +V>0 u 0 = p —V > 0. DTO 03HAYALT, YTO ECIIU

()

TPYAOBBIE pecypchl Bo3pacTatoT (V > 0), To TeMIT X pOCTa HE MOXKET MPEBBIIIATH HOPMY JUCKOHTHPOBAHHUS .
Ecnu tpynosele pecypcebl yosiBatoT (V < 0), TO TeMIT UX YObIBAaHHS HE MOXKET MTPEBHIIATH KOG PHUIUEHT aMop-
TH3alK A. MlHaue BOSHUKAIOT «IK30THUECKUE) BAPHUAHTHI.

Hemepmunuposannas 3a0aua: B TEUCHUE 3aJaAHHOTO KOHEYHOT'O IUTAHUPYEMOT0 IIEPHO/1a IIPOU3BOJICTBA
[0, T naiiTu Takoe ynpasienue U(t) ¢ yuerom (1) amst ypaBuenwuit (3), mpu koropoMm Benuuuna c(7) Makcu-
MaJbHa.

B cToxacTiueckoM ciydae 0JJHOCEKTOPHAs SKOHOMHKA OMUCHIBACTCS YPaBHEHUSIMH

K =uY (K,L) = AK (1) + o, K& (1), K(0)=K, >0,

C=pC+(1-u)Y(K,L), C(0)=0, 4)
L=vL+o L& (1),L(0)=L, >0.
3neck Ex(t) u &L (t) — cTangapTHBIE HE3aBUCHMBIE MEKTY COOO0¥ OesIble TayCCOBCKHUE IIyMBbI, Gk i GL— COOTBET-
CTByIOIIHE KOIPPHUIIHEHTHI BOJATHILHOCTH. Takoe BKIIOUEHHE B MOJICIb CIIyYalHBIX BO3JIEHCTBHIA J0CTa-
TOYHO TPAJUITHOHHO B 9KOHOMHMKO-MaTeMaTHIeCKuX 3aa4yax [8—11].

W3 (4) ¢ momoripio Gpopmysibl ITO MOKHO MOIYYNTh ypaBHEHHUS UTst hoHmoBoOpyx)eHHOCTH K = K/L 1
HETPOU3BOACTBEHHOTO roTpebenus ¢ = C/L:

K =—pk + UF (K)to k& (1) o KE (1), k(0) =Ko,
¢=38c+(1-u)F(k)—o,CE (1), c(0)=0.

3mech L= A +V + okoL —o1%, 8 = p—V + o1, ko = KolLo, F(k) = Y/L —11pou3BoauTensHOCTD Tpy/aa (BalTOBbIi

()

MPOAYKT HA OAHOro paboTHHKa). [lanee npeamonaraercs, uro u>0u 6 > 0.

Cmoxacmuueckas 3a0aua: B TeUEHHE 3aJaHHOr0 uHTepBasna BpeMenH [0, 7] HalWTH Takoe ynpaBieHUE
u(t) c yaerom (1) st ypaBHenwuii (5), mpu KOTOPOM cpeiHee 3HaYeHUe BeMUUHBI ¢(7) MaKCHMaIIBHO.

Jlanee GyneT MCTIONB30BaThCs POU3BOICTBeHHas QyHkuusa Ko66a—/lyrnaca Y(K, L) = AKL, rne 4 —
MacmTad Temra npousBoJcTBa (4 > 0), o — KO3 PUIMEHT 3TaCTHYHOCTH 110 OCHOBHBIM QoHam, f =1 — o —
K03((QUIMEHT IIAaCTUYHOCTH IO TPYAOBBIM pecypcam (a, B > 0, o+ f = 1). Torna F(k) = Y/L = AK®. IIpexnno-
naraercs, yro nepemenssie K, L, C u, cienoBarensHo, K U C ITOCTYMHBI M3MEPEHHIO B KaXIbIi MOMEHT
BpPEMEHH.

2. Pemienye cToxacTH4ecKoi 3a1auu

Jia pemreHus 3aadu MCTONB3YyEM METOJ| AMHAMHUYECKOTO MpoTrpaMMHUpoBaHMsI. BeenmeMm (GyHKIHIO
Bennmmana s(K, C; t, T) — cpeanee 3nauenvie BenuuuHbl ¢(7) MPH YCIOBUH, YTO TPOIIECC TPOJODKAETCS Ha WH-
tepBasie Bpemenu [t, 7 ¢ HayanpHbiMU ycnoBusiMu K(t) =K u ¢(t) = ¢, u Ha 3TOM HHTEepBasie MPUMEHSIETCS
ONITHMAJIbHOE yTipaBiicHue. J{s1 3Tol GyHKIMHA MOKHO 3amucaTh ypaBHeHUe bemmvana [12]:
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os(k,c;t,T) as(k,c;t,T) as(k,c:t,T)
———— = max [———>(uF(k) —pk) + ————=(8c + (1 —u)F (k)) + q(k,c)],
o OSU(t)ﬂ[ K (UF (k) — pk) o~ (6c+(1-u)F (k) +a(k,c)] ©)
3mech
os(k,c;t, T 2s(k,c:t,T 2(k ¢t T
)kzs(_“;’)Mka@S( GAT) L ozce (K GLT) -
ok okaoc 2 oc

910 YpaBHCHHME NETCPMHUHMPOBAHHOE, 4 C 1 k- MMPOCTO apryMCHThBI (bYHKLII/II/I. U3 ero PCHICHUA TTOTYYACTCA

1
q(k,c)= Z(GK +o|

pelieHue 3aa4n. YpaBHeHue (6) nepenuiieM B BUe:

os(k,c;t,T) s
- ———)uF(k k—+— dc+F(k))+q(k,c
ot 0<u(t)_1[(6k oc ) ()—n ok ( (k)) +a(k,c)l, ®)
MakcumyM mpaBoit 4acTu ATOro ypaBHEHUS 110 U ¢ yueToM (1) qocturaercs mpu
( 0s 05
1, ecmm —>—,

ok aoc

0s 05
u(t)=4qu,., ecan PR )

0s as

0, ecmu ==

L ok 6c

3mech Uoc — Tak Ha3zpiBaeMoe ocoboe yrpasienue [13,14], kotopoe OyneT onpeneneHo Huxe. BpemeHnHoi y4a-
CTOK, [I€ UCIIOJIb3YETCSl 0CO00€ yIpaBiIeHUE, HA3bIBACTCSI MATHCTPAJIbIO.

MOXHO IOIMyCTUTb, YTO €CIK KO3()(HUIHMEHTH! Gk M OL MaJbl, TO PELICHUE CTOXaCTUYECKOH 3anauu Oy-
JeT OJM3KO K peIIeHHIO IeTepMUHUPOBAaHHOM 3anaun. [locneanss 3aa4ya ¢ HOMOLIbIO MPUHIMIIA MAKCUMyMa
[onTtpsirnHa opo6HO peniena B [6]. [lomyuenHOe perieHre cocTouT B ToM, 4To nHTepBan [0, T] Toukamu 1y
uty (0 <t1<t,<T) pasbuBaercsa ua tpu unrepsaia: [0, t1], [t1, t2] u [t2, T]. Unrepsan [0, t1] cooTBeTCTBYET
BBIXO/Ty Ha MarucTpaiib, HHTEepBa [t1, 2] — MarucTpanu (eciv oHa CYIIECTBYET), HHTEPBAT [t2, 7] — 3aKimoun-
TeNIbHOMY 3TaIty (cxomy ¢ Maructpanu). Ha maructpanu K = Koc = const, npuuem

oA k
kica = ' uoc = M_ (10)
o+ F
IManee paccmaTpuBaetcsi ocHOBHOM BapuanT, koraa K(0) < Koc 1 Ha natepsaie [0, t1] u = 1. Ha 3axmo-
yuTeabHOM MHTEpBaE [tz, 7] U = 0. [Ipu 3TOM mpeamonaraercs, uTo nepuo npoussoactea [0, 7] 1ocTaToyHo

BenHK. TakuMm 00pa3oM, CTPYKTypa ONTUMAIBHOTO YIPaBICHHS HMEET BUJL
1 mpm O<t<t,
ut)=<uy, mpu t<t<t,, (12)
0 mpm t,<t<T.

@DaKTHYECKU MOTYyYaeTCs, YTO PELIeHHe JeTePMHUHUPOBAHHON 3aa4K CBOJMTCS K HAXOXKACHHUIO 3HAUCHHH {1
u t2. MOXHO NPEeIOIOKHUTE, YTO B CTOXaCTHYECKOM CIIy4ae NP JOCTaTOYHO MAJIBIX KOY(PPHUIUCHTAX OK U OL
peuienue OyaeT OJM3KO K PEIICHUIO JeTePMUHUPOBAHHOW 331a4H, T.€. CTPYKTYpa ONTHMAIEHOTO YIPABICHHS
nmeeT BuA (11). Takum oO6pazom, peleHne cToXacTHYECKOH 3aau TaK)Ke CBOJUTCA K HAXOXKISHHUIO 3HAYe-
Huii t1 u to.

Pemrenne ypasaerus (8) Haunem ¢ mpasoro konma. O6o3uaunm uepes Si(K, C;t, T), sa(k, ¢; 1, T), ss(k, ¢; t, T)
¢yukunu bemnmmana, ecian MoMeHT t oTHOCHTCs K maTepBanam [0, t1], [t t2], [tz, 7] coorBeTcTBeHHO. O6GO3HA-
gyum taroke Ki = K(ti) u ¢i = c(ti), i = 1, 2.
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3. Cxox ¢ MarucTpaau

Ha unrepsaie [t2, T] u = 0. [Tostomy ypaBHeHue (8) IpHHAMAET BUI:

0s;(k,c;t, T) 0s;(k,c;t,T) os3(k,c;t,T)
- =—pk + dc+ F (k) +qck,c),
P il * = ( (k) +a(k,c) (12)
s3(k,c;T,T)=c.
[Tonp3ysch METOIOM pa3AeiIeHUs NEPEMEHHBIX, €T0 PELICHUE 6yz[eM HCKaTh B BUJE.
s3(k,Cit, T) =ce®™ ™V + F(K)wy (t,T), (13)

rae Ws(t, T) — uckomast hynkims, npudem takas, 4ro Ws(7, T) = 0. IToacrasmsist (13) B (7) u (12) u cokparast
MOJ00HBIE ClTaraeMble, MOIy4acM

—F (K)Viy (t,T) = —pkF '(k)wy (1, T) + T VF (k) + %ckzF "(K)Wy(t,T),

rae 6= (0}2< + GE )/2. YuuteiBas, 4T0
F(k) = Ak, F'(k) = aAk*t = aF(k)/k, F"(K) = oo — 1)Ak* 2 = —aBF(K)/K?,
U3 MOCIIETHEr0 MOJIydaeM
—F(k)Vig (L, T) = —apF (KW (t, T) — afoF (Kwa (t,T) + F(k)e* ™.
Coxkparus 3nech Ha F(K), mpuxomum K ypaBHEHHUIO
Vg (t, T) =0 (1, T) +eT ™, wy(T,T) =0,
rae 0 = po + afo. [TapameTp 6 MOXXHO Ha3BaTh 000OIIEHHBIM KO3()PHUIIMEHTOM BOIATHILHOCTHU. Permenue mo-

CJICHEr0 YPaBHEHHS MPUMET BUJ:

S(T—t) _ —0(T—1)

e

wa(t.7)= 5+0

(14)

4. Maructpanb

Ha marucrpanu ypaBHenue (8) mpuHUMaeT BHUI
_osp(k,cit,T) _ —ukai
ot ok
CornacHo (4) Ha uHTepBase [t1, t2] HOKHO BBITOIHATHCS yCIOBUE
0s,(k,c;t,T) _ 0s,(k,c;t,T)
&k e
Pemrenue ypaBHenus (15) Oyaem uckarthb B BHIIE:
s,(k,Cit,T) =(c+H(k)eX ™ +B, (17)
rae H(K) — uckomas ¢yHkuus, B — kakas-To koHcTanta. [loacrapnss (17) B (7) u (15), cokpamas na €37 i
MPUBOJIS TOAOOHBIE YJICHBI, TTOJTyYaeM

—5H (K) = —ukH '(K) + F(K) + ok2H "(K). (18)

U3 (16) u (17) BugHO, 4TO [T BhINOJIHEHUS yciaoBus (16) Heodxoaumo, utodbl H'(K) = 1. Ecnu mocneanee

+aai§(5c+ F (k) +a(k,c). (15)

(16)

Bemodasiercs, To 1 H''(K) = 0. [Toatomy u3 (18) cnexyer
F —uk

H(k)= 5 (19)
K Beipaskenuro (19) eme pa3 npumenum yciaosue H' = 1. [loayqaem
a-1
H (k) = OAKT —p 1.

Otcrona cnenyet Boipaxkerue (10) anst K = Koe. TTockonbky Ha unTepBase [t1, t2] Koc = const, To u3 (3) npu
ok = oL = 0 cinenyert Boipaxkenue (10) s Uqc.
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KoncranTta B B (17) onpenensiercs u3 ycioBus S2(Kz, ¢2; tz, T) = S3(K2, ¢2; to, T). D10 ciemayer U3 mpuHIUIa
ontumanbHOCcTH bemmMana. [Toxcrasnss crona (13) u (17), monydaem
B=F(k)w(t,, T)-H (kp)e™ 2,
[Toxcrasmss aTo Beipaxenwe B (17), moaydaem OKOHYATENBHO ¢ ydeToM (14)
s (Kt T) =(c+H(K)e™ ™ +(Qlk) ~ H(kp))e ™ —Qkp)e ™, (20)
rie
F k)
k)=——=.
Qk) 0+0
3aMeTHM, uTO B 3TOM BeIpakeHHHN t < t2 1 Ko = Koc.
[TockonbKy MoCHeHEe BEIPAKCHHE 3aBUCUT OT Tapamerpa o, TO €CTeCTBEHHO BBIOPATH €ro TaK, YTOObI
JIOCTUTAJICS MAKCUMYM. BBIYMCITUM MEPBYIO MPOU3BOHYIO U IIPUPABHSIEM €€ K HYJIO:

?% =—3(Q(ky) — H(k,))e*" ™ —6Q(k,)e "7 =0.
2
Otcrona noiydyaem
e—(5+9)(T—t2) _ 6( H (kz) B Q(kZ )) (21)
6Q(k)
n
T-t,=r= 1 In( bQ(k;) ] (22)
5+6  (3(H(ky)—Q(ky))

Takum oOpazom, anrHa UHTEpBania [to, 7] paBHA 3HAYEHUIO Ii3. AHAIM3 BTOPOW MPOU3BOAHON (DYHKIIUU
Syo(K, c; t2, T) mokasbIBaeT, 4To MpH yciaoBuu (21) oHA Beeraa OTpUIATENbHA U, CIIEA0BATEIBHO, 3Ta (BYHKITUSI
nmeeT MakcumyM. [loxcrasmss (21) B (20), momydaeM OKOHYATETHHO

S, (Kt T) = (¢ + H (K))ed TV 1 ¢3T) ?(Q(kz) ~H(ky).

5. BpIxoa Ha MarucTpaJab

Ha unrepsase [0, t1] u = 1. TTosTomy cornacuo (2) HenpoussoacTBeHHoe oTpedienne C(t) = 0. Cie-
nosarenbHO, c(t) = 0 u si(K, ¢; t,t1) = 0. CorsacHoO NPHUHIKIY ONTHMATBHOCTH UMEEM
si(k,cit,T) =5y (k,c;t,44) + s, (kg 34, T) = 5,(ky), 134, T).
3nech ki = Koc 1 ¢1 = 0. Ha untepsaie [0, t1] ypaBHenue (6) iMeeT BHI:
_asl(k,c,t,T) _ os,(k,c;t,T) (F(K)— k) + 5¢ os,(k,c;t,T)
ot ok oc
s (k,c;T,T)=s,(k,c;T,T).

IMockonbky Si(k, ¢; t, t1) = const, To ciaaraembm (K, C) MokHO IpeHeOpedb. B pesynbrare momy4yaem ypaBHe-

+q(k,c),

HHUC B YaCTHBIX MMPOU3BOAHBIX IIEPBOT0 MOPAAKA, KOTOPOC MOXKHO peIIaThb MCTOAOM XAPAKTCPUCTUK [15] Co-
OTBETCTBYIOIIME XapaKTCPUCTUYCCKNUEC YPABHCHUS UMCIOT BUI

k =—pk + F k), k(0) = ko,
¢=0oc, ¢c(0)=0.

Orcropa caexnyer, uto ¢(t) = 0, a perieHne MepBOro ypaBHEHUS HMEET BH/I:
kP t) = é 1- e—ﬁu(t—to)) + kge—ﬁu(t—to) .
n
D10 pemieHne noyyaercs B pesynbrare nmoacranoBku: K(t) = exp{y(t) + z(t)}, rae y(t) u z(t) — npousBosbHBIC

(hyHKIUH.
Mowmenr t; onpenensiercs u3 ycaoBus K(t1) = Koo nim
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/—:(1— e Pty 4 kPe P = kP

OTcroma

A— kb
MB A_“koc

Ecmu 0603HaunTh depes ri, r2 u 3 gounHbl uaTepanoB [0, ti], [ti, t2] u [t, 7] coorBeTCTBEHHO

(23)

(ri+r2+r3=T), 1o Iy = t; ompenensercs us (23), rs onpenensercs u3 (22) urp = T — 11 — r3. OTcrona, B 9acT-
HOCTH, HEOOXOIUMO JIJIsl CYLIECTBOBAHUS PACCMATPHUBAEMOT0 PEIICHUs, YTOObI T > r1 + 3. [lonmyuenHoe pe-
IeHre OTHOCHUTCS K cirydaro, koraa K(0) < Koc. AHamorngso MokHO paccMoTpetsh BapuanT, koraa K(0) > Koc.
CoOTBETCTBYIOIIEE PEIICHUE IPUBOAUTH He OyaeM. OTMETHM TOJILKO, YTO B 3TOM Ciiydae Ha uHTepBae [0, 1]
u=0.

3akiIouyenue

B manHO#1 paboTe pemreHa 3aja4a ONTHMAaIBHOTO YIPaBISHHS OJHOCEKTOPHOW SKOHOMHKOW TIPH CITy-
YalilHOM HM3MEHEHHH OCHOBHOI'O KalMTaJla U TPYIOBbIX pecypcoB. IlodydeHo ympaBneHue B mporpaMMHOR

dbopme (4).

[IpoBeneH aHanu3 BAUSHUS CIy4aifHBIX COCTABIISIOIINX, U3 KOTOPOIO CIEAYET, YTO CIIy4aiHbIe COCTaB-
JISIIOIIKE BIMAIOT TOJIBKO Ha JUIMHY WHTEpBana [t, 7, onpenensemyto B (22). 13 naHHO# (hopMyIbl BUAHO, YTO
9Ta JUTHHA YOBIBAET A0 HYJS ¢ pocToM 0000IeHHOTO K03 (pHureHTa BOIATUIHHOCTH G.

MaxkcumanbHOe cpejiHee 3HaYeHHe HEeNPOU3BOACTBEHHOI0 NoTpebienus Ha untepsaie [0,7] cocraBiser

. +y0+90
5(k,0;0,T) =, (k;, 05y, T) = H (k; )& ) 4+ % tZ’T(Q(kz)—H(kz)),

rae K1 = K2 = Koc. [Tpu yBeMUeHUH TTapaMeTpa G 3TO 3HAYCHUE yObIBACT. ITO OOBICHICTCS TEM, YTO NPH yBe-
JMYEHUH G YMeHbLIaeTcsi uHTepBad [z, 7] 1 yBenuuuBaeTcsi uHTEpBad [t1, 12], rae npupocT HeNpoOU3BOACTBEH-
HOTO MOTpeOJICHUs MeHbIIIe, YeM Ha uHTepBaje [tz, 7] (Uoc <1). [Ipu 3TOM HIKHSS TpaHHIIA paBHA

lim s(ky,0;0,T) = H(k;)e ™™,
C—>0
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Paraev Ju.l., Grekova T.l., Poluektova K.O. (2019) OPTIMAL CONTROL OF ONE-SECTOR ECONOMY UNDER RANDOM
VARIATION OF FIXED CAPITAL AND LABOR RESOURCES. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie,
vychislitelnaja tehnika i informatika [Tomsk State University Jounal of Control and Computer Science]. 46. pp. 12-19

DOI: 10.17223/19988605/46/2

The problem of optimal control of one-sector economy under random variation of fixed capital and labor resources is considered.
The state of the economy is characterized by such variables: the fixed capital K(t), the labor resources L(t), the non-productive con-
sumption C(t), and also the production function Y(K, L). In a stochastic case change of these sizes is described by the equations

K =uY (K,L) = AK () + o K& (1), K(0)=K, >0,
C=pC+(1-u)Y(K,L), C(0)=0, o
L=vL+o LE (1),L(0)=L, >0,
where A (= 0) is the depreciation rate, p (> 0) is the discount rate, Ex(t) and EL(t) denote the standard independent white Gaussian noises,
ok and oL are the coefficients of volatility correspondingly. Here u is the control parameter defining the share of the product produced,
which is used to increase in fixed capital. Then size 1 — u defines part of a product which goes on increase in non-productive consump-
tion. It is obvious that 0 <u < 1.
For research variables are entered: k(t) = K(t)/L(t) is the capital-labor ratio and c(t) = C(t)/L(t) — the non-productive consumption
falling on one worker. For these variables on the basis of Ito's formula from (1) the equations turn out
k = —pk + UF (K) + o k& (1) —o k&, (1), k(0) = ko,
¢ =3¢+ (1-u)F(k)—o,C&, (1), c(0)=0.
Here = A +V + okoL —ol?, 8 = p — Vv + o1?, ko = Ko/Lo, F(k) = Y(K, L)/L is the labor productivity (a gross product on one worker).
Further it is supposed that > 0 and & > 0. In this study the production function of Kobb—Douglas is considered, that is Y(K, L) = AK*L?,
where A denotes the scale of rate of production (A > 0), a. is the elasticity coefficient on fixed capital, f is the elasticity coefficient on
labor resources. From here F(k) = Ak It is supposed that the planned period of production [0,T] is given and rather great.

The task consists in finding on the time interval [0, T] for system (2) of such control u(t) satisfying the condition 0 <u <1 at which
the average value of ¢(T) is maximum. This problem is solved by making use of a method of dynamic programming. Bellman's function
s(k,c;t,T) is considered, which is an average value of ¢(T) provided that the process proceeds on the interval [t, T] with initial conditions
k(t) = k and ¢(t) = c. The solution of a task we obtain by solving Bellman's equation.

This solution consists in the fact that the interval [0, T] by the points t1 and t2 (0 < t1 < t2 < T) is divided into three intervals: [0, ti],
[t1, t2], and [t2, 7]. The interval [O, t1] corresponds to the output to the highway, the interval [t1, t2] — to the highway (if it exists),
the interval [t2, 7] — to the final stage (to a descent from the highway). The highway is the time site, where special control uoc is used.
On the highway k = kec = const, and

@

1 _ OA u = pKog
oc T ' Moc T :
d+p F(Koe)

If k(0) < koc, then u = 1 on the interval [0, t1] and u = 0 on the interval [t2, 7]. As a result, it turns out that the control structure is
determined by values of t1 and t2. The moment t: depends only on the initial condition k(0) and doesn't depend on a stochastic compo-
nent. The moment t2 doesn't depend on the initial condition, but depends on the volatility coefficients ok and oL. Thus with growth of
these coefficients the interval length [t2, T] and average value of non-productive consumption decrease.

Keywords: the one-sector economy; fixed capital; labor resources; non-productive consumption; optimal control; dynamic programming.
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