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CTAILIMOHAPHOE PACHPEJEJEHUE B IPOCTEMIIEN RQ-CUCTEME
MACCOBOI'O OBCJIYKUBAHUA

Paboma evinoanena npu yacmuunoil Qunancogoii nooodepacke ponoa PODHU (npoexm Ne 17-07-00177).

Pabora nmocesiiieHa BHIYUCICHHUIO IPEAETbHOTO pacipeaeleHns B MOJIEIN OqHOKaHaNbHOH RQ-cucTeMsl B mpeamnono-
KEHHH, YTO HHTCHCUBHOCTH BXOJHOTO IIOTOKA 1 0OCITYKMBAaHHUS 3aBHUCST OT YHCIIA 3aIBOK HA OpOHUTE. DTH BEIYHUCICHUS
OCHOBaHBI Ha PEIICHUH CHCTEMBI CTAllMOHAPHBIX ypaBHeHHH Konmoroposa—YenmeHa Juist porecca, OMUCHIBAIONIETO
RQ-cucremy, u mnpenensHOM paclpenereHHH Ipoliecca THOSIH U POXKACHUS ¢ MPOU3BOJIBHBIMI HHTEHCUBHOCTSIMU
THOeNN U POXKIICHUSL.

KuoueBble cioBa: RQ-cucrema; npouecc rudeny M poxxXAeHUs; CTallioHapHble ypaBHeHus Komvoroposa—YenmeHa.

B monorpaduu [1] npuBenen noapoOHsIA 0030p pe3yasTaToB 1Mo pacueTy RQ-cuctem maccoBoro 00-
cinyxuBaHus. MccnenoBanue CTaOMIBHOCTH CIYYalHBIX MPOIIECCOB, OMMCHIBarOIMUX RQ-cucTemsl, mpose-
neHo B [2, 3]. B [4] u nocnenyromux paboTtax ucciempoBanue RQ-crcteM mpomomkeHo B HApPaBICHUN MX
ACUMIITOTHYECKOT0 aHanu3a. OHAKO OCTAIOTCS HE BIIOJIHE UCCIICAOBAHHBIMU BO3MOXXHOCTH TOYHOTO BBIYHC-
JIEHUS CTAIIMOHAPHOTO pacmpeAeNieHus B pa3nuyHbIX RQ-crcremax, 0COOCHHO €CIM WX XapaKTePUCTHKH
3aBUCAT OT YKCJIa 3aBOK Ha OpOUTE.

Hacrosimas paboTa mocesiieHa MOMCKY TOYHBIX PEUICHHUN 3TOH 3a/Ja4yd B CHMBOJIBHOM BHJIE JIJISL OT-
JnenbHbIX Mogeneld RQ-cuctem. B ee ocHoBe nexar cranimoHapHele ypaBHeHus KonmoropoBa—YenmMena amst
MapKOBCKHX IPOIIECCOB, OMUCHIBAIONINX RQ-crcTembl. [|jist IOMCKa 3TUX PEIICHUI UCIIONB3YIOTCS U3BECTHBIC
CTallMOHApHBIE paclpeeNIeHHs MPOIeCCOB THOeNH U pokaeHwus [5]. C moMonisio Noay4eHHbBIX (opMy yaa-
€TCS TIOJYYUTh HEOOXOIUMBIE YCIIOBHSI CYIIECTBOBAHUS CTAllMOHAPHBIX pachpeneseHnii B RQ-cucremax u
MOCTPOUTH aHATOTH KOI(PUIIMEHTOB 3arpy3Ky B HUX.

1. OcHOBHBIE pe3yJIbTaThI

Crienys [4], paccmorpum RQ-crctemy, onuceiBaemyto mapkoBckum mporeccom (K(t),i(t)), roei(t) —
4rcino 3asBOK Ha opbute RQ-cucremsl, K(t) xapakrepusyer cocTosiHHE OOCIY)KHBAIOLIETO YCTPOMCTBA:
k(t) =1, ecinu ycTpoiicTBO 0OCIy:KHBaeT oyepeaHyto 3asBKy, K(t) =0, eciu OHO M0 KAKUM-THOO NPHINHAM
npoctanBaer. Ecian npubop cBoGO/ICH, TO HHTCHCHBHOCTh YXO/a 3asBKU C OPOHMTHI paBHA G; W 3aBHCHT OT
4pcia 3asBoK | Ha opbute, oy = 0. Ecam nmpubop 3aHAT, TO MHTEHCUBHOCTH YXO/a 3asBKH C OPOMTHI paBHA
HYJIIO (3asIBKa MTHOBEHHO YXOJIUT C OPOUTHI U BO3BpAIaeTcsi Ha Hee). IHTeHCHMBHOCTD 00CITyKUBAHUS 3asIBKH
Ha pudOpe paBHa |, a MHTCHCHBHOCTH BXOJHOIO ITyaCCOHOBCKOTO MOTOKA paBHa A;, rae i1>0 — gucio
3asiBOK Ha opoOwuTe.

B pabore paccMaTpHBAarOTCS BE MOJIEIM yXOja 3asiBOK ¢ OpOUTHL: ©; =0, o; =io, i>0. Ilepsas

MOJICJIb MPEIoJIaraet, 4To Ha opouTe (OpMHUPYETCS OUePeIb 3asBOK, JKIYIIHUX IIEPEeX0/1a Ha Ipubop, a yiuTu
Ha TIpuOOp MOXKET TOJIBKO IepBas 3asiBKa odepedu. Bropas mojenp mpeanoiaraer, 4To BCE 3asBKU Ha
opOUTEe HE3aBHUCUMO JAPYr OT Apyra MOTYT MepedTd Ha mpubop. s Takux moneseii BBIBOASITCS SBHbBIC
(hopMyIBI BEIYHCIICHUS CTAIIMOHAPHBIX BEPOSTHOCTEH W HEOOXOIMUMBIC YCIOBUS CYIIECTBOBAHUS ITHX
BEPOSITHOCTEH.

93



I Huyuaweunu, M.A. Ocunosa

O603HauUM
(s + 0 4o i
ai:?\.|(7\4|+0|),yi:7\4|+0|, |20, p():ly piznmv i>o0.
Hi Ui I=1 O
IIycts p(k,i), k,i=0,1,..., mpexensroe pacupenenenue npouecca (K(t),i(t)), t=0.

Teopema 1. [Ipedenvroe pacnpedenenue P(K,i) yoosremeopsiem pasencmeam
. -1
p(0,i) = p(0,0)p;, p(1,i) = p(0,i)y;,i=0, p(0,0) {_Zopi (1+Yi):| : 1)
1=
Ecnu maprosckuii npoyecc (k(t),i(t)), t>0, saeraemca speoouveckum, mo

%Pi (I+7;) <. )

/Jlokazamenscmeo. llepexonHble WHTEHCHBHOCTH RQ-cucTeMBl ¢ OmHUM  OOCTYKHBAIOIINM
YCTPOKCTBOM ONpPEAENSIIOTCS puc. 1.

Puc. 1. I'pad nepexoqubix nHTEHCUBHOCTEH RQ-crcTeMbl
Fig. 1. Transient RQ-system intensity graph

Bemmumem cucremy ypaBHeHui Konmoropoa—UernMeHa ansi JaHHOHW CHCTEMBI OOCITY:KWBaHHS,
WCTIONB3YS puc. 1:

p(ovo)xo = p(l’o)M01 (3)
PO, +07) = p(L,i)w;, 1>0, (4)
P(1,0)(2q +Ho) = P(0,0)A, + p(0,1)oy, ()
P(L ) + ) = p(0,1)2; + p(0,i+1)oi,y + p(L,i—1)Ai4,1>0. (6)
U3 dbopmymner (3) Haxogum:
p(1.0) = p(0.0) 2. ™
Ho
U3 popmyinel (4) momyyaem:
p(Li) = p(0.) 2% >0, 8)
U3 dbopmyn (5), (7) cnenyer, uto
p(0,0) 220 H0) = 0,01, + p(O.1)o,
Ho
1 3HAYUT
PO, = p0,0) 2021, ©
0
U3 popmy (6), (8) cnenyer, uto
p(O, i)(M+ci j = p(0,i+1)0,,, + p(0,i—1) MiPiat o) (10)
i Hi1
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[epermnmenm dopmymst (7) — (10) B Buze:
p(o’o)ao = p(ovl)cl’ p(01 i)(o'i +Gi) = p(Ovl +1)Gi+1 + p(o’ i _1)0(1—1’ i>0, (11)
p(1,i) = p(0,i)y;, i=0. (12)

Torma u3 popmyn (11), (12) (em.: [5. T'n. 7, § 4]) cnenyroT paBenctra (1). Takum 06pa3om, eCiid MApKOBCKHit
npouecc (K(t),i(t)), t >0, sproguueckuii, To BHIIOIHAETCS HEPABEHCTBO (2).

CaencrBue. Eciu maprosckuti npoyecc (K(t),i(t)), t=0, ssraemca speoouueckum, mo, ucnonvzys

pezyavbmamol cmamwu [6], ModicHo dokazame, umo cmayuoHapHvle nyaccoH08CKUe ROMOKU 3A60K, YXOOSUUX
u3 RQ-cucmemvl, nocmynarowux ¢ opoumsl Ha C80O0O0HIL NPUOOP, NOCMYNAOWUX HA OPOUMY, UMeEOm
cedyrouue UHMEHCUBHOCHIL:

A= i) (L, A, = io PO,i);, Ag = io p(L iy,

2. Ilpumepsni

Mopaens 1. Paccmotpum BBeieHHy0 B [ 7] Monenb RQ - cuctemsl:
A=A, W =W, 120, o;=0, 1>0,0,=0.

W3 teopemsl 1 cnenyer, uto

1
o
D(O,O):{lﬂ’o +(1+Y)G_O(J , P(1,0) = p(0,0)y,, (13)
i-1
o oy a o N
p(orl) - p(oao)?(gj ) p(lvl) - p(OlI)Y! 1> 0; (14)
rue
AL+ A+ ag(a) " . A2 A
OLiEOL:M, P = :_01 pI:_O[_j , 1>0, Og=—, Yo =—, pO:]__
n u c\o u u

CrenoBarensHO, B cooTBeTcTBUM ¢ Gopmynamu (13), (14) HEOOXOAUMBIM yCIOBHEM 3PTOJUYHOCTH
npornecca (K(t),i(t)), t >0, sBusercst cooTHOLICHHE

—=——— = —+—<1. (15)
B [3] nokazano, uTo HepaBeHCTBO (15) SBISETCS JOCTATOYHBIM YCIOBAEM 3PTOAMYHOCTH MapKOBCKOTO
nporecca (K(t),i(t)), t=>0.
Mogeasn 2. PaccMOTpuM Teneph €Iie OJUH MHTEPECHBIM IJI1 MPUI0KEHUH YacTHBIM ciydaid, KOTrja
Ai =\, W =, o; =ic [7]. B atom ciiydae

Iy i
Po =1 yo=—, pi =H(

L i>0, (16)

W o o

Al-1) 22 J A+
+ , Y =
n 1=1

Y BBITIOJHAIOTCS paBeHcTBa (1).
o0
Uccnenyem ycimoBue (2) cxomumoctu psima . pi(1+7v;), sBusromeecss HEOOXOAUMBIMH JUIS
i=0
sproauuHocTu MapkoBckoro mporecca (K(t),i(t)), t>0.3tor psaa cxomures Torga M TOJBKO TOTA, KOrja

0 ) i i — 2 0 i i
Zyipizzkﬂcn Mi-1) A7 :.ZKHGH&(LL}[&_lD-
i=1 izt o=l wlo ) iz poo=p I\o

CXOJIUTCS Psif
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o0
HeoOXoIMMBIM YCTIOBUEM CXOJAMMOCTH psiia Y. p;Y;, ABISETCS HEpaBeHCTBO A <. Jlokaxem
i=0

A A
JOCTaTOYHOCTB 3TOr0 ycioBus. [lycts A <, onpenenum L ycmoBuem —| 1+ — |=a <1, Torma
1) c

0 L 0 i .
2 YiPi SH&(]-Jr&) > xHGa'_L < 00,
i=L+1 =11 lo Jiz=lsa

Takum ob6paszom, psan Y. p;(1+v;) cxomurcs mpu A <. ABTOpOM cTaThd [3] B yCTHOM JOKIazie
i=0

OTMECYCHO, YTO HEPABECHCTBO A< W ABIIAETCA JOCTATOYHBIM YCIIOBHUEM SPTOAUIHOCTH MapKOBCKOT'O IpOIICCCa

(k(t),i(D)), t>0.
3akioueHue

OCoOEHHOCTBIO TTOIYYEHHBIX B Pa00OTe Pe3yIbTaTOB SBIISIETCSI BO3MOXKHOCTh PACCUMTHIBATE paclpese-
JICHHE B MapKOBCKO# Monenn RQ-cucteMbl pu 10CTaTOYHO MTPOU3BOJIBHBIX 3aBUCHMOCTSIX HHTEHCUBHOCTEH
BXOIHOTO HOTOKa U OOCITy>KUBaHMS OT YHMCIIa 3asBOK Ha opOHUTEe. DTO MO3BOJIAET PACCMATPUBAThH PA3TIHMYHbIE
MexaHu3Mbl afantauui RQ-cuctemsl K TeKylieMy YHCIy 3asSBOK Ha OpOUTE, a TAKKE CTaBUTh U PELIaTh pas-
JIMYHBIE ONTUMHU3ALMOHHbIE 3a0a4H.
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This paper is devoted to the search for exact solutions of the considered problem in symbolic form for individual models of
RQ-systems. It is basing on the stationary Kolmogorov-Chapman equations for Markov processes describing RQ-systems. With
the help of the obtained formulas, it is possible to obtain the necessary conditions for the existence of stationary distributions in
RQ-systems and to construct analogues of loading coefficients in them.

Consider the RQ-system described by the Markov process (k(t),i(t)), where i(t) is the number of customers in the orbit of the

RQ-system, k(t) characterizes the state of the server, k(t) =1, if it serves the customer, k(t) =0, if it is idle for any reason. If the
server is free, the intensity o; of the withdrawal of the customer from the orbit depends on the number i of customers in orbit o, = 0.

If the server is occupied, the intensity of the withdrawal of the customer from orbit is zero (the customer instantly goes out of orbit
and returns to it). The service intensity of the customer on the server is equal to n;, and the intensity of the input Poisson flow is equal

to A;, where i>0 is the number of customers.
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The paper considers two models of customers leaving the orbit: o; = o, o; =ic, i>0. First model assumes that a queue of

customers waiting for the transition to the server is formed in the orbit, and only the first customer of the queue can go to the server.
The second model assumes that all customers in orbit can independently switch to the server. For these models, explicit formulas for
calculating stationary probabilities and the necessary conditions for the existence of these probabilities are derived.

Denote

o - M +oi) +Gi), ¥i At ,i20, pg =1, p; = ]I'[h, i>0.
i K I=1 G
Assume that p(k,i), k,i=0,1,..., isthe limit distribution of the process (k(t),i(t)), t>0.

Theorem. The limit distribution p(k,i) satisfies the equalities

-1
p(0.i) = p(O,0)py, P(LI) = PQ.i)ys, 120, p(0,0) = Lzopi(mi)} .

If Markov process (k(t),i(t)), t>0, isergodic, then

ipi(l‘* ¥i) < oo

Keywords: RQ-system; process of death and birth; stationary Kolmogorov—Chapman equations.
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