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3AJAYA XOJBMI'PEHA JJ11 MHOT'OMEPHOI'O 3JUIMIITUYECKOT'O
YPABHEHWSA C IBYMSA CUHT'YJIAPHBIMU KOOOPUIIUNEHTAMU

OCHOBHBIE KpaeBble 3aJadud U JBYMEPHOTO W TPEXMEPHOTO SIIMITUYECKHX
YpaBHEHHH ¢ IBYMS CHHTYJSIPHBIMH KO3(dUIMCHTaMI B KOHEYHOH M OecKoHed-
HOM o0JIacTsIX W3ydyalnch MHOTMMH aBTOPAaMHM, OJHAKO HCCIIEAOBAaHHE 3aJadud
XoJbpMIpeHa OrpaHHYMBAaJIOCh JIBYMEPHBIM cirydaeM. Hacrosimas pabota mocBs-
LIeHa HaXOXKICHUIO €JUHCTBEHHOI'O peIleHHs 3afadd XOJbMIPEHa AJIsI MHOIO-
MEPHOTO 3JUTMITHYECKOTO YPABHEHUS C ABYMsI CHHTYJIAPHBIMH KO3 dHUIIEeHTaMu
B 00J1acTH, OTPAaHMYECHHON B OJJHOM 4eTBepTH HpocTpaHcTBa. Mcmons3ys cBoiicT-
Ba OJHOTO U3 (PyHZAaMEHTANBHBIX pEUIeHHH, mocTpoeHa (yHKIMs ['puHa 1 ¢ mo-
MOIIBIO M3BECTHOH (hOpMyIIBI pa3ioxKeHHs AT THIepPreoMeTpHIecKoi (yHKIUH
Amrmens OT ABYX IEPEMEHHBIX pelIeHHe IOCTaBJICHHOH 3aJadd B KOHEYHOH 00-
JIACTH, OTPAaHUYCHHON C BYyMs NEPHEHAUKYIIPHBIMU TUIEPIIOCKOCTIMU U YeT-
BEPTHI0 MHOTOMEPHOH c(epbl, Haii/IeHO B SIBHOM BHIIE.

KiioueBble ClI0Ba: MHO2OMEPHOE DNIUNMUYECKOE YPABHEHUE C O8YMA CUHYIAD-
HulMU  KOdhpuyuenmamu, 3adaua Xonvmependa, (OYHOAMEHMATbHOE peuleHue;
gopmyna I'aycca — Ocmpoepadckoeo, ¢pynxyus I puna.

W3BecTHO, 4TO TeopHsl KpaeBhIX 33j1a4 JUIsl BHIPOXKIAIONIMXCS YPaBHEHUI 1 ypaBHe-
HUH C CHHTYJIAPHBIMH KO3((GHUINEHTAMH SBISIETCS OAHUM M3 IIEHTPAJIBHBIX Pa3/elioB
COBPEMEHHOW TEOPHH ypaBHEHHH B YaCTHBIX IIPON3BOIHBIX, KOTOPEIE BCTPEYAIOTCS ITPH
peLIeHN MHOTHX Ba)KHBIX BOIIPOCOB TPHKJIAIHOTO Xapakrepa [1, 2]. Ilogpobuyro 6u6-
nrorpaduio M M3JIOKEHUH HCCIIEOBAaHUN OCHOBHBIX KPaeBBIX 331ad JUIS BBIPOXKIAIO-
IMUXCS YPaBHEHHWH DPa3IMYHOTO THUIIA, B YaCTHOCTH JUIA JBYMEPHBIX JIUIMNTHIECKUX
ypaBHEHHI C CHHTYJIAPHBIME KO3 PHUIHEHTaMU, MOKHO HalTH B MOHOTpadusax [3—5].

HccnenoBannio KpaeBbIX 3a/a4 JJIs MHOTOMEPHBIX (00Jiee IBYMEPHBIX) JUIHIITHYE-
CKUX YPaBHEHHUH C CHHTYJSIPHBIMU KO3((QHUIIMEHTAMH MOCBAIIEHO CPABHUTEIHHO Majo
pabot. Kak u3BecTHO, Ul AJUIMNTHYECKOTO YPABHEHHUSI C OJHUM CHHIYJISIPHBIM KO-
(unreHTOM B KOHEYHOH 00JIaCTH PaccMaTPUBAIOTCS JIBE OCHOBHBIE (KJIACCHUECKHE) 3a-
nmauau: 3amava Jupuxie u 3amada N (XoapMrpeHa, mo UMEHU YUYEHOTO, BIIEPBBIC HCCIIe-
JIOBABILIETO TaKylo 3amady jjist ypaBHeHus Jlammaca). B 1937 rony C. Aroctunemum [6]
paccmoTpen 3anady Aupuxie ajsl TpEXMEpHOTO YPaBHEHHUS C OJJHUM CHHTYJISIPHBIM KO-
¢ punmeHToM

20,

Uy Tl TU -i-x—uxl =0, 0<2a <1,
1

B o0yacTH, OrpaHUYEHHOH B ModympocTpaHcTBe x; >0, ogHako B 1949 rony

M.H. Onesckuit [7] o6Hapyxw1 ommOKy B uccienoBanuax C. ATOCTHHEIUTH U OOBIBHIT
B SBHOM BHJE peIIeHHe 3a1a4un [Iupuxie B MHOTOMEPHOM HoJymiape aist Ooiee 00-
I1[er0 MHOTOMEPHOT'0 ypaBHEHHS

n 2

zuxx +ﬂ”x =0, 0<2a, <1, m=2, (1)
k*k 1

k=1 X
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a pelleHue 3aaul XoJbMIpeHa Ajs ypaBHeHus (1) B moiymiape HalJeHO COBCEM He-
naBHo [8]. B pabote [9] moctpoeHsl (yHIaMeHTanbHble pemieHust ypaBHeHus (1) u
HalileHbl pemieHus BHemHUX 3anad [Jupuxie u HeliMana B OeCKOHEWHOW oOnacTu (B
noxynpocTpancTse x; > 0). B Hacrosimiee Bpems U3BeCTHBI (DyHIaMEHTaJIbHbIE pelle-

Hus [10, 11] mms MHOrOMepHOTO ypaBHEHHUS | elbMronbpia ¢ OJHIM CHHTYJISPHBIM KO-
s dunreHToM

” 2
Sy, +tu, +hu=0,0<20, <1, heR, m22.
k=1 X

Crenyer OTMETHTb, YTO B IByMEPHOM ciiydae ()yHIaMeHTalIbHbBIC PEIICHUs ypaBHe-
Hus (1) ObUIM U3BECTHBI €1 B MEPBOil MOJIOBUHE MPOIIIOr0 CTOJETHS U OHH YCIEIIHO
MCIIOJIb30BaHbI MPU PELICHUH OCHOBHBIX KPAeBbIX 33Jad U MMOCTPOCHUH TEOPHHU MOTEH-
uana s atoro ypaBHenus [3—5]. Kpome toro, pabora [12] nocesimieHa MccienoBa-
HUIO 33724l TPUKOMH ISl TPEXMEPHOTO YPaBHEHHUS! CMEIIAHHOTO THIA C OHUM CHH-
TYJISAPHBIM KO3 QHUIIUEHTOM.

PaccmoTpum ypaBHEHHE

n 2a 2a

) (1 o | ) ~

Hu:';z (u)= E Uy g, Uy +—1, +hu=0 (H)
k=1 X X3

2+ . — . o
B obmactu R, ={x:x, >0,x, >0},tme x:=(x,...,x,,), m>2; o;,0, 1 A— neiicTBU-
TenbHbIE YKcia, npudeM 0 < 2a,,20, <1.

I[Ipu A =0 ¢yHgamenTanpHple penieHust ypaBHeHus (H ) B ciydasx m=2 u
m =3 noctpoensl B pabotax [13] u [14] coOTBETCTBEHHO, a IPH HAIUYUU A U TPH
mo60it pasmepHOCTH ypaBHeHUS — B [15]. Oka3pIBaercs, Bce yHIaMEHTAIBHEIE pellie-
Hus ypaBHeHus ( H ) nmpu A =0 BBIpaKarOTCs Yepe3 THUIepreoMeTpudeckre (GpyHKIHH
Ammens AByX mepeMeHHBIX. Vcmons3ys m3BecTHYI0 GopMyiry pa3inokeHus [16] QpyHk-
Ui Amnmens mo rumepreoMmerpudeckuM ¢yHKmuaM laycca, B ciydae m=2u A =0
penIeHsl  OCHOBHBIE KpaeBble 33j1aun Juist ypaBHenus ( H ) B koHewHoii [17] n Gecko-
HeuHoi [18,19] obmacTsx, a B TpexmepHoM ciydae (m =3, A =0) 3amaun Jupuxie u
Jupuxne — HeiimaHa ucciieoBaHbI UMb B KOHEUHOH oOmactu [14, 20]. OtMeTnM, 9T0
B paborax [21-24] wccienoBaHBl MOTCHIUAIBI JBOMHOTO CJIOS Ui ypaBHEHHS

H2O (1) =0,

010
HenaBno nosiBuiick pabotsl [25, 26], B KOTOPBIX MOCTPOSHBI U UCCIIEAOBaHbI (yH-
JTaMEHTAJIbHBIE PELICHUs JUIs CIeIyIOINX MHOTOMEPHBIX ypaBHEHHH ['enpMmronsiia c
TpeMsi 1 0oJiee CHHTYJISIPHBIME K03 dHIIMeHTaMU

R X2

L 20 20 20
Zu”_ +—Lu +2y +—3ux3 +\u =0,
il
i=1 X X X3

o 20,
! —
z Uy +x—uxl_ +hu =0,
i=1 i
rae  o,..,0, H A—JaelcTBUTeNbHBIE yncia, npuueM 0<2o, <1, k=1,2,...,n.
Hacrosimast paboTa mocBsIIeHa UCCIICIOBAHUIO 331a49X XOIBMIPEHA IS yPaBHEHHUS
u 2 2a.
(m,0) (,\ . % 2, _
HW ()= u b+, =0, m22,0<20,,20, <1, )
k=1 1 2

B KOHEYHOI OJIHOCBSI3HOM 00JIACTH, OTPAaHHYCHHOI B R,ff.
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1. [TocTanoBKa n CIUMHCTBEHHOCTD PCIICHUA 3aJaYN

Mycts Qc R2' — obnacts, orpanuyenHas naByms obnactsmu D, ={x: x, =0,
0<x,<ay, —b, <x;,<¢,, k=3, m}, D,={x: x,=0, 0<x,<a,, —b, <x,<c,

k=3, m} U TOBEPXHOCThIO S, KOTopas nepecekaerca ¢ D, wum D,, r11e

a;,a,,b,,c, =const >0, k=3, m Jlunuu nepeceyenus o6o3HauuM uepes [, = SN D, u
l,=SND,.. IlosepxHocts S mnepecekaer ocu Ox; U Ox, mpu x;=a>0 u
X, =b >0 COOTBETCTBEHHO.
Baezem cnemyromue o603HaYeHUs:
X =(%,X5, X450 X, ) ER, 1, Xy =(X,%3,X4..,X,,) ER,, 13
dx = dxdx,...dx,,, d¥ =dx,dxdx,..dx,, dX, =dxdxdx,..dx,;
0_ 0_
x; =(0,%y,%5,...,X,, ) €R,, x5 =(x,0,%3,...,x,, ) ER,,

3agaua Xoasmrpena. Haiitu B obnactu Q perymsipHoe peurenue u(Xx) ypaBHe-

HUA (2), yIOBIETBOPSIOIIEE yCIOBUIM

o ou(x; oy .
2‘% =v,(%), % €D,; 3)
X x=0
o, Ou(x; .
22% =v,(%,), X, €D,; )
Xy X, =0
ulg =¢(x), xeS, (5)

roe v (%), v,(%,) u ¢(x) — 3amanHble HenpepbIBHBIC (QYHKINH, IpHIeM (yHKINHA
v, (%) 1 v, (X,) Moryr obpamarscs B 6ECKOHEUHOCTH MOPSIKA MEHbIIe, 4eM 1— 20, 1
1-2a, Ha kpasix obnacteil D; u D, COOTBETCTBEHHO.

JlokaxkeM eJMHCTBEHHOCTb PELICHNS OCTaBICHHOH 3a1a4u. J{JIs 3TOro paccMOTpUM
TOXIECTBO

20; 20, (m,0) (m,0) S 20, 20, ow Ou
x5 | uH " (W)= wH " (u) | =D —| " %" | u——w—
L o0y o0 d L d d
k=1 9% Xk Xk
WnTerpupyem o0e gyacTu MOCIETHETo TOKIECTBA M0 007acTu €2, pacIoNoXeHHOH B
R,i* 1 TONTB3yAchk Gpopmynoii ['aycca — OcTporpaackoro, moxyInm

J.xlzal 20y |: H(m 0) (W) H(m 0) (u):| dx =

m
2 2 ow ou
—I Y23 || u——w— |cos(n,x, ) |dT, (6)
k 1L\ Ox O
rae I' — rpaHudHast TOBEPXHOCTH 061acTH ), 1 — BHELIHSST HOPMaJIb K oBepxHOCTH I
HetpyaHo y6eauThes B CIPaBeITHBOCTH CIIEAYIOLIETO PaBeHCTBA:

2
20, 20, (m 0) [ 22 | Ou w2 20, Ou_

'f X xy tuH ) (u)dx —j Y —|dx+ ZI XU dx.

Q o\ Ox k= 1Q X
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[Mycts u — pemenue ypaBHenus (2). [Ipumenss onsts ¢popmyny aycca — Ocrpo-
TPaJICKOTO0, MOTYINM

m 2
_|.xlz°“x§°‘2 Z[;—u] dx = J.x]zalxgazq)(S)Z—ZdS—i-

Q k=1\ O S
+Jl v, (% )u(xlo )d)?l + Jl XUy, (%, )u(xg )d)?z ) 7
D, D,

Ecmu Temeps paccMOTpeTs ONHOPOTHBIM Ciydail 3amadum  XoiIbMIpeHa (T.e.
¢o(x)=0, v(x)=0, v(%,)=0), To u3 (7) nomyyaercs

J.xlza] x§a2 Z(ﬁ_uj dx =0.

Q k=1\ OX

Ortcrona crexyert, uto u(x)=0 B Q. TeM caMbIM JOKa3aHa eAMHCTBEHHOCTb pe-

LIeHUs 3a1a4i XO0JIbMIPeHa.

2. CylHeCTBOBaHI/Ie pelieHus 3aaauu Xo.m,MrpeHa

CymecTBoBaHHE pelleHus 3a1ayd XOJbMIPEHa MOKakKeM MeTofoM (yHKuuu
I'puna. Jlng 3TOro MHONOXKUM, 4TO @ =a,=b, =c,, k=3,m, u § sBngerca
4eTBepThI0 cdephl ¢ IEHTpPOM B Hayajle KOOpAMHAT M pagdycoM R, T.e.

S = {x x> 0,x, > 0,60 4. 4+x2 = Rz}. Kpome Toro, ajs onpeneneHHOCTH HON0XKUM

m>2.

Onpeneaenne. @yuxyueti I puna 3aqaun XoapMIpeHa Ul ypaBHEHHs (2) Ha3bIBa-
ercst pyHKIms G, (x;§), yIOBIECTBOPSIOMIAs CICAYIOLMM YCIOBHSIM:

1) BHyTpH oOnactn ), KpoMe TOUKH &, 3Ta (YHKIHS €CTh PEryJIsipHOE pelIeHHe

ypaBHeHH (2);
2) OHa YIOBJIECTBOPSIET YCIOBHSIM

(Xf“‘ 6G0(x;§)j _o, (xj“z 6G0(x;<§)j
x=0

=0, Gy(x; =0; 8
o . (58 ®)

X, =0
3) QpyHKIMS MOKET OBITH Ipe/ICTaBIEeHa B BUJIE
G (x:8) = qo (x:8) +wy (%:€), &)
e g, (x;&) — GyHnamenTanbHOe peliieHre ypaBHeHs (2), onpeaenenHoe Gopmysoit [15]:
q0(x;8) = Yo’”_ZBOFz (Bosy,05:204,20,5561,0,),
T'(Bo)T ()T ()

m 2Bg—m
Bo=——-1+0,+0a,, y,=2"° , (10)
72 b 7T (20,)T(20,)
2 2
7 4x,§, r 4x,&,
E=(8,.,8,); oy=1-L=—"LL 5, =1-2 =-"22
( 1 ) 1 2 2 2 2 e

m m

VZZZ(xk_ék)z’V,-2=(xi+§i)2+ Z (xk—ék)z, i=12,
k=1

k=Lk=i
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2 (a), [(bl)k (bz)l
Fy(a,by,by5¢p,¢05%,y) = z e (o)
Ko KM (e), (),

— THIIEpreoMeTpuyeckas GyHKuus Amnmesst IByX HepeMeHHbIX [27], a (K)V €CTh CHM-
I'(k+v)
['(x)

¢yukuus. 3necs w, (x;&) — perymsipHoe peieHne ypaBHeHus (2) Besae BHyTpu ) .
HetpynHo Bugets, uto

ERREEN N e
ox, 3420 0ox,

[Moctpoenne ¢yHkuuu I'puHa CBOIUTCS K HAaXOKACHHIO €€ PEryJpHON 4YacTu
w, (x;&), xortopas B cuty (8) u (9) ZOIKHA YIOBICTBOPHTH YCIOBHSIM

2 owy (x;€) __[ 2 0y (x;8)
: ox x=0 1 o

[xzaz W, (x§§)j :—£x2“2 0q, (x§§)j
: 0x, 120 : 0ox,

Just obnactu €, orpaHr4eHHOM miockocTaMu x; =0, x, =0 1 ueTBepTHIO Chepsl S,

Xy x+y < L gaey #0,-1,-2,....

Bon Iloxrammepa: (x), =1, (k) = ,veN, N:=={1,2,..}; I'(z) — ramma-

X,=0

b

x=0

> Wo (XQE.»)|S =4 (X;é)ls :

X, =0

dyrxmusa ['prra 3agaun XorbMIrpeHa nMeeT BUJ

Gy (x%:€) =gy (X;é)—@]wo q0(%:€).

_ _ _ _ 2
roe p2=§12+<:§+...+§51, E_,I(Z:,l,...é;m), Z:,k:fj_zé;k'

Ilycts & € Q. BripeskeM u3 obiacti Q m-MEpHBIH Iap MaJIoro pajuyca € C IeH-
TPOM B TOYke & M OCTaBIIyIOCS 4acThb (2 o0Oo3HaumM depe3 ., a gepes C, —
m-MepHYyIo cdepy BeIpe3aHHOro mapa. Mcmonssys popmyiy (6), moryaum

an 6n
C, S

_I Vi (321))‘;0t2 Gy (xl(]Qi)dil - I Va (le)xlml Gy (xg;é)dfz' an

Dy D,

B paBenctse (11) coBepmum npenenbHblid nepexon npu € — 0. IIpensapurensHo
mpeodpasyem JieByto 4acthb (11) B BHIE CyMMBI TPEX HHTETPAJIOB:

2 2 oG, Ou
1= j “lx“Z[ no G, a: dC, =1, +1,+1,, (12)

rIe

0
I, = 'f xlzu‘ xgazuo(x)wdg,
c n

3
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0 oq, (x,E
1= —[5j [ g 208 g,
p o on

3

0
13 _ J' 1x2(x2G ( E_,) uO(x)
CS
Ucnone3ys Gopmyny auddepeHInpoBaHus IS THIIEPreOMETPUICCKAX (YHKIIHN
Arnmnens
0" F, (a,by,by;¢;,¢36,,0,) _

i8]
001067

_ (a),'+j (bl )i (b2) i

@) (@) LF,(a+i+j,b +i,b, + ji¢; +i,cy + j;6,,06,) (13)
1i\*2/;

U CMEKHOEC COOTHOILICHUEC

b b
6, —~F (a+1,b,+1,b,;¢, +1,¢,;6,,6, )+ 6y = F, (a+1,b,,b, +l;¢,,¢, +1;6,,0, ) =

G )
=F, (a+Lb,,b,;c;,¢5;0,,6,)—F, (a,b,by;¢,,¢,56,,0,) , (14)
BBIYUCIIIM TIPOU3BOAHYIO 110 BHEUTHEH HOPMAJIH K rpaHuIe odmacta  dopmymoi
Z %o cos(n,x; ). (15)
k
6 ox
=1 0%
94, 94, .

[Tonpo6HO OocTaHOBUMCS HA BBIYHCIEHHH —— M —— . JIeHCTBUTENBHO, UCTIONB3YS

X X

1 2

dopmyny nuddepentuposanus (13), nonyuum
94, -2By-2
F ~2Bovo (% —&;)r Po Fy (Bo»ay023204,20,561,05 ) =
1
2BoYo (% _51)”_2%_2 ;_lchz (1+Bg, 1+ 0y, ap31+ 20y, 20,506,0, ) -
o

~2Bovo (% — &1)’”_2&0 a GzF (1+Bg, 0y, 1+ 0y 20,14 20,5504,0, ),
2
0q,

52_25070 (xz _éz)r_ZBO_ZFz (Bo,al302;2(11,2(12;01302)_
2

—2B4Y0 (%, = ﬁz)r_zﬁo 20 GIF (1+Bg, 1+ oy, 0p31+ 20y, 20,506,065 ) -
1

B2 O
“2Bovo (xy =&, ) r P02 2—202F2 (1+Bg, 0y, 1+ 055204, 1+ 20,;6,,0,).
)
OTcrofa B CHITy CMEKHOTO cooTHOIIeHus (14) OyneM umeTh
oq

6_x0 =-2B4Yo (% —§ )”_ZBO_ZFz (1+Bg» 0y, 09520, 20,561,065 ) =
1

“2Bovolyr T E, (14Bg. 1+ oy, 00314 20,2055 64,0, ) 5 (16)
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oq 2B,
ax_o =-2ByYo (%, —&)r 2Bo 2F2 (1+Bg, 0y, 053204,20,;0,,0,)
2
—2BOVO§2r_ZB°_2F2 (1+Bg, 0y, 1+ 0y5 204,14+ 20,556,060, ). 17)
AHAJIOTUYHO BBIYMCIISIOTCS IPOM3BOIHBIE TI0 IEPEMEHHBIM X3, Xy, ..., X,
0 2B
&cﬂ =-2BoYo (x; — &) o 2Fz (1+Bg, 0y, 055 20,20,5301,6,), 3<k<m. (I8)
k

Toncrasisis (16) — (18) B (15), momydrM HCKOMYIO HOPMATBHYTO TIPOU3BOTHYIO

2q, (x, - Ol
%40 (x,58) =2Byvor P F, (14, 0y, 0,3 201, 200, )—|:1n—} -
on onl r

“2Bovor P2 Fy (148, 1+ 0y, 0y 14 20, 20,5564, 0, ) cos (15X, ) —

—2Bo-2

207" &, F, (14By, 0y, 1+ 05520, 1+ 20,5 6,,06, ) cos (n;x, ). 19)

AHAIOTUYHO BBIYMCISETCS] MPOM3BOIHAS 110 HOPMAJH U OT QPyHKINH ¢ (x; é) :

a4, (x,g)

_ _ _ .0 1
=2ByYo" 2B"Fz (1+Bg. 0y, 05520,,20,:6,,0, )—[ln:}—
on on

»
—2[30«/0__230_251F (1+Bg, 1+ 0y, 0551+ 20,,20,;6,,6, ) cos(n;x, ) —
“2Bovor PTPELF, (148, 04,1+ 0y 205,14 20,,35,,5, ) cos (13, ), (20)

rac

R YV m R2 )
Fiz :(x[+p—2§l-] + Z '[xk —p—zékj . i:1,2.

[Tpurumas Bo BHuManue (19), nepenuinem uHterpain /; B BUIE

[ _J' 204 2(12 ( )aQO(x é) [4+15+[6;

C,

&

rac

- 0 1
1, =2ByY, I X0 uy (x)r P F, (1+B0,a1,(12;2(1,,2(12;01,02)a—n{ln;} dc,,
C

€

Is==2Bv, J. X2 2wy () PE By (14 1+ 0,0y 314 20,20, 564,06, )cos (23X, )dC,
C

€

T ==2Bgvo [ 275 g (x)r P28, By (1B 0y, 14+ 0320, 14 205 36,6, )eos (5, ) dC,
C,

€
B nnTerpane /, mepexoauM B 0000IIEHHYIO CEPHIECKYIO CHCTEMY KOOPIHHAT

x=§+ed, ..., x, =, +ed,,
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rie ®, =cosg;, D, =sin@, cosq,, O, =sin@, sinQ, cosQ;, ...,
@, , =singQ,sing,...sing,,_,cose,_,, O, =sing,sing,...singp,,_,sing,,_,
[e20,0<¢,<m,..0<¢, ,<n0<¢,_ <2x]

Torma MBI UMeeM

2n n n
14 = 2B0Y0872B0 e '[ d(\Dmfl J. Sil’l (pm72d(|)m72 J‘ Sil’lz (Pm,3d(|)m,3
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BaTeNbHO (HOPMYITy pasioxenus [16]
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F(a,b;c;z)=(1 —z)_bF(c—a,b;c;Ll) ,
7
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2 2

g £
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Hg T2

(a)k () &
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. Do, —
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£—0
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MyJly CyMMUpoBaHus [27]
[(c)T(c—a-b)

Flabe) = T e=p)

, Re(c—a—b)>0,
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['(200)0(20,)T(m/2)
T(0y)T (o ) T(14Bg) -

lim s F () = (26,) 7 (28,) @
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HerpynHo BBIUKCIUTB, YTO

T n n n m/2

. . 2n
J. de,,_, J.sm (pm_zd(pm_z“.sm2 Qy_3dP 3.0 J. sin” 2 ,dop, =———.  (22)
0 0 0 0 I(m/2)

ITpunumMas Bo BHuManue (21) u (22), a Tarxke uMes B BUy 3HaueHus B,uy,(cM.
dhopmyny (10)), momyurm

lim7, =u(§). (23)
e—>0
AHaJTOTUYHEIM 00pPa30M MOXKHO JTOKa3aTh, 4TO
lim/s =lim/, = lim [, = lim/; = 0. (24)
e—0 e-0 £-0 £—-0

Taxum o6pasowm, B cuiy (12), (23) u (24) neBast yactb paBeHcTBa (11) mpu nepexoxe
K npegeny € — 0 crana u3BeCTHOIL:

lim 7 = lim j 2 202 [uo %G, -G, Oy }dCS =u, (8). (25)
£—>0 £—0 on on

Temeps 3aiiMemcs mpaBoit 9acTeio paBeHcTBa (11). PaccmoTpum uHTETpan
Q; 02 aG b
[ ) CE) s
n

N

-2 _ 2 —2_.2 —2_2
[Mockonbky Ha cepe S BBINOMHAIOTCA paBEHCTBA 7~ =r", 71" =K, 75 =15,
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6GO (x,é)
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IToxcraBuB Temneps (25) u (26) B popmyiny (11), moaydwm perreHne 3agadu X0oabM-
rpeHa ¢ ycnoBusami (3) — (5) it ypaBHeHus (2) B IBHOM BUJIE:
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20, 0> 01520109 0,015,200 RN
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_ m
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®opmyna (27), a ¢ Heil U Bce J0Ka3aTenbCTBO, Tpedyer, uToObl m > 2. OpHako
tdopmyna (27) BepHa U [t m = 2.
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Takum oOpa3oM, ToKa3zaHa
Teopema. CymiecTByeT eIMHCTBEHHOE pelIeHUE 3a1a4i XOJIbMIPEHa C yCIOBUSIMHA
(3) — (5) nns ypasHenwust (2) mpu m > 2 ¥ 0HO npeacTasisiercs: popmynoii (27).
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Fundamental solutions of the two-dimensional elliptic equation were known in the first half of
the last century and they were successfully used in solving the basic boundary value problems and
constructing the theory of potential for this equation. Relatively few papers have been devoted to
the study of boundary value problems for multidimensional (greater than two-dimensional)
elliptic equations with singular coefficients. For example, main boundary value problems for two-
dimensional and three-dimensional elliptic equations with two singular coefficients in finite and
infinite domains have been studied by many authors; however, the study of the Holmgren
problem was limited to the two-dimensional case. This work is devoted to finding a unique
solution to the Holmgren problem for a multidimensional elliptic equation with two singular
coefficients in a quarter of a ball. Using the “abc” method, the uniqueness for the solution of the
Holmgren problem is proved. Applying the method of Green’s function, we are able to find the
solution of the problem in an explicit form. Moreover, the decomposition formula, formula of
differentiation, and some adjacent relations for Appell’s hypergeometric functions were used in
order to find the explicit solution for the formulated problem.

AMS Mathematical Subject Classification: 35A08, 35J25, 35J70, 35J75
Tuhtasin G. ERGASHEV (Candidate of Physics and Mathematics, V.I. Romanovskiy Institute of
Mathematics, Tashkent, Uzbekistan), E-mail: ertuhtasin@mail.ru

Nigora J. KOMILOVA (Fergana State University, Fergana, Uzbekistan).
E-mail: nigora.komilova@bk.ru



58 TI.I". 3prawes, H./. Komunnosa

REFERENCES

1. Bers L. (1958) Mathematical Aspects of Subsonic and Transonic Gas Dynamics. New York:
Dover Publications Inc.

2. Frankl F.I. (1973) Izbrannye trudy po gazovoy dinamike [Selected works on gas dynamics].
Moscow: Nauka.

3. Smirnov M.M. (1966) Vyrozhdayushchiesya ellipticheskie i giperbolicheskie uravneniya
[Degenerate elliptic and hyperbolic equations]. Moscow: Nauka.

4. Gilbert R. (1969) Function Theoretic Methods in Partial Differential Equations. New York,
London: Academic Press.

5. Bitsadze A.V. (1981) Nekotorye klassy uravneniy v chastnykh proizvodnykh [Some classes of

partial differential equations]. Moscow: Nauka.

1

6. Agostinelli C. (1937) Integrazione dell’equazione differenziale u,, +u,, +u,, +x u, = f e

problema analogo a quello di Dirichlet per un campo emisferico. Atti della Accademia
Nazionale dei Lincei. 6(26). pp. 7-8.
7. Olevskii M.N. (1949) Resheniya zadachi Dirikhle, otnosyashyeysya k uravneniyu

Au+ px, lux” = f dlya polusfericheskoy oblasti [Dirichlet problem solutions related to the

equation Au+ px, I”x,, = f for a hemispherical region]. Doklady Akademii nauk SSSR —

Reports of the Academy of Sciences of USSR. 64(6). pp.767-770.

8. Ergashev T.G. (2019) Zadacha Kholmgrena dlya mnogomernogo ellipticheskogo uravneniya
s odnim singulyarnym koeffitsiyentom [Holmgren problem for a multidimensional elliptic
equation with one singular coefficient]. Byulleten’ Instituta matematiki — Bulletin of the
Institute of Mathematics. 2. pp. 23-32.

9. Salakhiddinov M.S., Hasanov A. (2007) K teorii mnogomernogo uravneniya Gellerstedta [On
the theory of the multidimensional Gellerstedt equation]. Uzbekskiy matematicheskiy zhurnal
— Uzbek Mathematical Journal. 3. pp. 95-109.

10. Urinov A.K. (2006) Fundamental'nye resheniya dlya nekotorykh uravneniy ellipticheskogo
tipa s singulyarnymi koeffitsientami [On fundamental solutions for the some type of the
elliptic ~equations with singular coefficients]. Nauchnyy vestnik Ferganskogo
gosudarstvennogo universiteta — Scientific Records of the Fergana State University. 1. pp. 5-11.

11. Mavlyaviev R.M., Garipov [.B. (2017) Fundamental solution of multidimensional
axisymmetric Helmholtz equation. Complex variables and elliptic equations. 62(3). pp. 287—
296. http://dx.doi.org/10.1080/17476933.2016.1218853.

12. Nazipov L.T. (2011) Solution of the special Tricomi problem for a singular mixed-type
equation by the method of integral equations. Russian Mathematics. 55(3). pp. 61-76. DOI:
10.3103/S1066369X1103008X.

13. Salakhiddinov M.S., Hasanov A. (1979) Ob odnoy kraevoy zadache dlya obobshennogo
uravneniya Trikomi [On a boundary value problem for the generalized Tricomi equation].
Izvestiya Akademii Nauk UzSSR. Ser. fiz.-mat. nauk — Bulletin of the Academy of Sciences of
the Uzbek SSR. Ser. of phys. and math. sciences. 6. pp. 29-33.

14. Karimov E.T., Nieto J.J. (2011) The Dirichlet problem for a 3D elliptic equation with two
singular coefficients. Computers and Mathematics with Applications. 62. pp. 214-224. DOI:
10.1016/j.camwa.2011.04.068.

15. Ergashev T.G., Hasanov A. (2018) Fundamental solutions of the bi-axially symmetric
Helmbholtz equation. Uzbek Mathematical Journal. 1. pp. 55-64.

16. Burchnall J.L., Chaundy T.W. (1940) Expansions of Appell’s double hypergeometric
functions. Quart. J. Math. (Oxford).11. pp.249-270.

17. Hasanov A. (1982) Ob odnoy smeshannoy zadache dlya uravneniya sgn y|y[" u,, +x”u}y =0

[On a mixed problem for the equation sgn y|y|"u,, +x"u,, =01. Izvestiva Akademii Nauk

UzSSR. Ser. fiz.-mat.nauk — Bulletin of the Academy of Sciences of the Uzbek SSR. Ser. of
phys. and math. sciences. 2. pp. 28-32.



Japaqa Xonsmrpena 48 MHOrOMEPHOI0 3/1/NATHYECKOI 0 yPaBHEHNA 59

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Amanov D. (1984) Nekotorye kraevye zadachi dlya vyrozhdayushchegosya ellipticheskogo
uravneniya v neogranichennoy oblasti [Some boundary value problems for a degenerate
elliptic equation in an unbounded domain]. Izvestiva Akademii Nauk UzSSR. Ser. fiz.-
mat.nauk — Bulletin of the Academy of Sciences of the Uzbek SSR. Ser. of phys. and math.
sciences. 1. pp. 8—13.

Amanov D. (1984) Krayevaya zadacha dlya uravneniya sgny|y["u,, +x"uyv =0

oundary value problem for the equation sgn u_ +x"u, =01 Izvestiva Akademii
A boundary value problem for the equationsgny|y|"u,, "u,, =01]. I iya Akademii

Nauk UzSSR. Ser. fiz.-mat.nauk — Bulletin of the Academy of Sciences of the Uzbek SSR. Ser.
of phys. and math. sciences. 2. pp. 8-10.

Salakhiddinov M.S., Karimov E.T. (2012) Spatial boundary problem with the Dirichlet-
Neumann condition for a singular elliptic equation. Applied Mathematics and Computation.
219. pp. 3469-3476. http://dx.doi.org/10.1016/j.amc.2012.09.013.

Srivastava H.M., Hasanov A., Choi J. (2015) Double-layer potentials for a generalized bi-
axially symmetric Helmholtz equation. Sohag J. Math. 2(1). pp.1-10.

Berdyshev A.S, Hasanov A., Ergashev T.G. (2019) Double-layer potentials for a generalized
bi-axially symmetric Helmholtz equation. II. Complex Variables and Elliptic Equations.
pp. 1-19. https://doi.org/10.1080/17476933.2019.1583219.

Ergashev T.G. (2018) Third double-layer potential for a generalized bi-axially symmetric
Helmholtz equation. Ufa Mathematical Journal. 10(4). pp. 111-121. DOI:10.13108/2018-10-
4-111.

Ergashev T.G. (2017) Chetvertyy potentsial dvoynogo sloya dlya obobshennogo
dvuosesimmetricheskogo uravneniya Gel’mgol’tsa [The fourth double-layer potential for a
generalized biaxially symmetric Helmholtz equation]. Vestnik Tomskogo gosudarstvennogo
universiteta. Matematika I mekhanika — Tomsk State University Journal of Mathematics and
Mechanics. 50. pp. 45-56. DOI 10.17223/19988621/50/4.

Ergashev T.G. (2019) On fundamental solutions for multidimensional Helmholtz equation
with three singular coefficients. Computers and Mathematics with Applications. 77.
pp. 69-76. https://doi.org/10.1016/j.camwa.2018.09.014

Urinov A.K., Ergashev T.G. (2018) Konflyuentnye gipergeometricheskie funksii mnogikh
peremennykh i ikh primenenie k nakhozhdeniyu fundamental’nykh resheniy obobshchennogo
uravneniya Gel’mgol’tsa s singulyarnymi koeffitsiyentami [Confluent hypergeometric
functions of many variables and their application to finding fundamental solutions of the
generalized Helmholtz equation with singular coefficients]. Vestnik Tomskogo
gosudarstvennogo universiteta. Matematika I mekhanika — Tomsk State University Journal of
Mathematics and Mechanics. 55. pp. 45-56. DOI 10.17223/19988621/55/5.

Erdélyi A., Magnus W., Oberhettinger F., Tricomi F.G. (1953) Higher Transcendental
Functions. 1. New York; Toronto; London: McGraw-Hill Book Company.

Received: November 30, 2019



