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AHAJIN3 B3AUMOJIEMCTBUS TEJ BPAIIIEHUS C BAJIKOM,
COOTBETCTBYIOHIEI MOJEJHN KEJIbBUHA

PaccmarpuBaetcs 3aa4a O BIMSHAU JABMKYLIErOCS IHCKA HA TMPOIOJIBHBIE KOJIe-
Ganust Gasku, cooTBercTByomel monenu Kenssuna. [octpoeno uaterpomudde-
pEHIMABHOE YpaBHEHHE JABHKCHUS JIUCKA, B KOTOPOM aKTHUBHAS JIBIKYIIAs CHJIa
Y UMITYJIBCHI SIBIISIOTCS CHIIOBBIME (pakTopaMu. [IprMeHsist MeTO1 pa3ieieHusl me-
PEMEHHBIX M PacCMaTpUBasi MaTepUATbHBIC MAapaMeTPhl OalKu, pelIeHHs 00pa3o-
BaHHOI CHCTeMBl MHTErpoanQdepeHInalbHbIX YpaBHEHHH OBbUTM HaWIEHBI MpU
MOMOIIIM MHTErPaJbHOro mpeodpasoBanus Jlaruaca. Ha ocHOBaHMH YHCICHHOTO
MOJENUPOBaHHSI YCTAHOBICHO, YTO HMMEET MECTO aBTOKOJICOATENbHBIH PEXUM
JIBHKEHUS OAJIKH.

KiioueBble cioBa: mooens Kenveuna, npooonvHuie Koaebamus, uHmezpaibHoe
npeobpazosanue Jlannaca, unmezpooughgepenyuanvhvie ypagHeHus

CoBpeMeHHas TeXHUKA ¥ TEXHOJOTHS TPEIBSIBISIOT BRICOKHE TPEOOBAHHUS K PEOIIO-
THYECKO# Mozenn TBEpaoro Tena. HeoOxommmo, 9ToOBI MOMIENh peallbHO OTpaxkasa Io-
BEJICHUE Tejla IPHU CTaTUYECKOM U JUHAMMYECKOM Harpy>KeHusix. B cBs3u ¢ 3TuMm B
MPAKTUKY pacu€Ta KOHCTPYKIMI M TEXHOJOTUYECKHUX MPOIECCOB BCE yallle BHEAPSIOTCS
MaTeMaTHYECKUEe MOJIENH, TaKhe, Kak Mojaeab MakcBeiia, (Gu3nveckas MOJCIb BsI3KO-
MJIACTUYHOTO TeJa, Mojienb Doiirra, bepHynu, KOTOpble YUUTHIBAIOT CBOMCTBA KOHCT-
PYKIIMOHHBIX MaTepHuanioB. Bo MHOroM 3ToMy crmocoOCTBYeT OypHOE Pa3BUTHE BBIYKC-
JIUTENIbHON TEXHUKHU M BBIUYMCIMTEILHOW MaTeMaTUKH, KOTOpPbIE TO3BOJISIOT JIOBOJIUTH
pelIeHre CIOXKHBIX HEJIMHEHHBIX TUHAMHUYECKUX 3a7au A0 KOHEUHOTO YHCIEHHOTO pe-
3yabTara [1-8].

ITocTaHoBKa 3aga4u

[TpoBeneM aHANK3 BIMSHUS CHJIOBOTO B3aMMOJICUCTBHUS JABHIKYIIETOCS OJHOPOIHOTO
JCcKa 1O Oajike, HAJICNCHHOW pPEOJOrMYeCKUMH CBOWCTBAMH B COOTBETCTBHE C
moaensio KemseuHa [9—13].
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Puc. 1.Cuctema 0THOPOJHOTO JAUCKA M OATKH
Fig. 1. Uniform disk and beam system
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HanpsbkeHHO-1e(opMupyeMoe cOCTOsIHUE OalTKi B MHTErPaIbHOM PEIaKCallHOHHOM
BHUJIE BBIPA)KAaETCsI PAaBEHCTBOM

o(x,1) = E, | &(x,1)— j R(t—1)e(x,)dr |, (1)
0

rae R(f—1) — Aapo penakcaluy CUibl; £ — IJIMTENbHBIA MOy yIPyrocTH Ha pac-
TshKeHUe; €(X,1) — OTHOCHUTENbHOE yIunHeHne; H (f) — akTHBHAs CHJIA.

WuterpoanddepeHinanbHoe ypaBHEHNE 3alUIIEM B CIECTYIOIIEM BHIE:

t 2 [’s]
0%u(x,t o*u(x,t O“u(x,t H
(2’ ) _ 2 (2’ )—IER(I—I)—(Z’ ) gz +— > 8(t—kr). Q)
at ax ax F k=

3neck & — dynkums [Jupaxa, a Takke 3a1aAUMCS HAUYaJIbHBIMA U TPaHUYHBIMHU YCIIO-
BUAMH, OIIMCHIBAIOIIUMHU HpO,IIOJ'ILHLIC KOHe6aHI/IH KOHCOJILHOH 6am<1/1 B cnyqae JXKECT-
KOro SaerHHCHI/I}I JIEBOT'O KOHIIa 6aJIKI/IZ

au(z )

u(0,1) =0, =0; 3

6u(x 0)

u(x,0)= f,(x), = /(). “4)

Pertenue wHTerpoauddepeHnuansHoro ypaBueHus (2) ¢ HavaJbHBIMH M TPAHUY-
HBIMH YCJIOBUSIMH HaiileM B BHJIE CyMMBI IBYX GYHKIUH u(x,t) = v(x,t)+ w(x,t).

OyHkms v(x,f) YIOBIETBOPSET OJHOPOIHOMY YPaBHEHHIO, COOTBETCTBYIOIIEMY
ypaBHEHHIO (2) ¥ 3aJaHHBIM TPAHUYHBIM U HaYallbHBIM YCIOBUSAM, a QyHKIHI W(X,t)

JIOJDKHA YIOBJIETBOPATH HEOAHOPOTHOMY ypaBHEHHIO (2).
Haiinem perienne o1HOPOAHOIO YpaBHEHUS.
[Tpumenss metox @ypbe K COOTBETCTBYIOIIEMY YpaBHEHHUIO (2) MPHUXOIUM K Cie-
JAYIOHIUM BBIPpAXKCHUAM:
2
®
X"+ —X=0; )
c

T+ (T- j R(t—1)T(1)d1)=0. (6)
0

YpaBreHue (5) IMeeT pelnreHue
.o ®
X =Csin—x+Dcos—x
c c
YunteiBasg cnenuuKy 3aKperuIeHHs] KOHIIOB OallKW, HAXOIM
o ol
D=0,C—cos—=0.
c c
YacToTHOE YpaBHEHUE MPUHUMAET BH]T
!/

cos—=0.
c
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Kophu 3Toro ypaBHeHUs
O ok (k=1,2..). 0)
c 2

Jnsa pemienns uHTErpoaudGepeHInaIbHOTO YpaBHEeHHUS (6) IPUMEHUM HHTETPalb-
Hoe npeodpasoBanue Jlamnacca

T(s)+T (), L{T ()} =T(s), L{T(t)} = s°T(s) = [ sT(0)+ T(0) ],

! _ 8
L{(j R — r)T(r)dt} =T(s)T(s). ®
0
YuurteiBas, 4To
= E-E, 1
T(S) - nEl l+s E
n
HaiiteM m300pakaronIyto (GyHKIIHIO
[ST(0) +T(O)](l+sj
T(s)= 2 : 9
(s) = e ©

S+ o+ 2
n E n

3nmecy 7(0) — mawampHas koopauHarta, 71(0)- HagambHas CKOPOCTh. IS YHCICHHOTO

anammsa npusaaTo 7(0) =35,7(0) =0. Jna HaXOXASHUS OpUTHHANIA MCIIOJIB3YEeM BTO-
pYI0 TeopeMy pa3loXKeHHUs, NpeABApUTEIbHO, OINPEICIUB KOPHHU 3HAMEHaTems
D1> D2 » P3 BBIPAKEHUS:

p =-0,015, p, =—0,00249-9,9, p; =—0,00249+9,9i.

eP! = ¢ 000297 (659,997 —j5in9,997),

(10)
eP' = 7009291 (0659,997 + isin 9, 99¢).
OO0mmM perneHneM OJJHOPOJHOTO ypaBHEHHUs (6) Oynet pyHKIus
T(t)=Lent 4 22 op2t 15 orat (1)

V1 @) V3
OKoOHYATENbHOE PEIICHUE OJHOPOJHOTO YPaBHEHUS, COOTBETCTBYIOILEE YpaBHE-
HUIO, OTIpe/IeIITIONIEMy CBOOOJHBIE KoeOanus Oanku (2), mpeAcTaBUM B BUIE psiia

- . (2k+1
v =31, (1) sin ZEF D™ (12)
k=0 21
Haiinem pemrenne dyHkmmm w(x,?) .
OyHKOWI0 OyIoeM pa3bICKHBaTh B BHAC psAAa IO COOCTBEHHBIM (YHKIHSIM
in 2k +1Dmx

5 OJHOPOJHOM 3a/1aun

W(x, £) = Zyk(t) sin 2K+ Dmx

k=1

(13)
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3amenss pynknuo w(x,t) psaom (13), 3anumem ypaBHeHue (2) B BUIE

© 2 2 t
me% 1.0 [3t= oy, e [sin 2 G, (4
k=1 0
e G(x,1) = qu(t)sm (2k + v (15)
T 2
1
a9, (1) :%J.G(x,t)sinwdx (16)
0

[IpupasruBas B paznoxenusx (15) u (16) xoaddumueHTs IpH COOCTBEHHBIX (YHK-
IMAX, TONYyYUM ypaBHeHHEe I (QYHKUIUM Y, (f) ¢ HyNeBHIMH HA4yalbHbIMH YCIOBHUS-

i, (0)=0,7,(0)=0:
7,(0+Q7 | 7,0 - [Re—Dv(v)dT | = 4, (). (17
0

Pemenne nnrerpoanddepenmaisaoro ypasHenus (16) OyaeM HaXxoQuTh ¢ IpuMe-
HeHueM npeodOpaszoBanus Jlamnaca. CoctaBuM n300paxkaromiee ypaBHEHHUE:

s () + Q@ ()[1-R() = (1-e ), (18)
= E-E, 1
rae m(s) = 1—21_
nk 1 e
n
JlarumacoBa TpancdopmanTa ypaBHeHus (18) mpuHrMaeT BUI
EIH(l +5)
v =—— s (19)
(P +- 52+ Q%+ 2" )(1-e )
n E n

HauanpHyto QyHKIMIO Haiinem, IpUMEHsISI BTOPYIO TEOpPEMY Pa3JIoKeHHUS:

t

H sin(t,Q e "n —nQcos(t, Q) +sin(¢,Q
ye) = TR 2| e TR LI |
Q E(1+n°Q%) E(1+n° Q%)
T
—Z 5 5 C0s k—Qt |. (20)
k=1 T — T
3akiaouenue

[TpoBenst yKCIEHHBIH aHaM3, MOXKHO CYMTATh, YTO UMEET MECTO aBTOKOJIeOaTelb-
HBII PEXUM JBW)KEHHS Oallkv, HCTOYHUKOM KOTOPOTO SIBJISIOTCS IIEPUOJMYECKHE MM-
MYJIbCHI, TIOPOXKAAaeMble JelbTa-QyHKINeH W BOCHPHHUMAeMble BSI3KOYNPYI'MM MaTe-
pHaroM OajKH.
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Various formulations of the problem of a disk rolling on a plane have been studied by
different researchers. In this paper, the effect of longitudinal oscillations of a beam, caused by the
circular motion of a solid disk along the beam, on the mode of the disk motion is analyzed. Two
versions of properties of a beam material are considered: an elastic beam and a viscoelastic beam
corresponding to the Kelvin rheological model with relaxation and creep properties. The Fourier
method is used as a method of separation of variables in the problem solving. When testing the
beam and assuming its hereditary deformation, the rheological response force is introduced,
which depends on longitudinal strains and their rate. The obtained result is presented as functions
of time, which are adaptable for numerical integration. It is shown that beam oscillations arise
from the disk motion and can be considered as self-oscillations.
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