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The chromaticity of the graph G, which is join of the tree 7}, and the null graph O, is
studied. We prove that G is chromatically unique if and only if 1 <p < 3,1 < ¢<2;
a graph H and T}, + O, are x-equivalent if and only if H = T}, + Op_1, where T},
is a tree of order p; H and 1), + O, are x-equivalent if and only if H € {T, Iﬁ + O,
T)'.1 + Op-1}, where T; is a tree of order p, T}, is a tree of order p + 1. We also
prove that if p < ¢, then X'(G) = ch/(G) = A(G); it A(G) = |[V(G)| — 1, then
X' (G) = ch/(G) = A(G) if and only if G # K.

Keywords: chromatic number, chromatically equivalent, chromatically unique graph,
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1. Introduction

All graphs considered in the paper are finite undirected graphs without loops or multiple
edges. If G is a graph, then V(G), E(G) (or V and F in short) and G denote its vertex set,
edge set and its complementary graph, respectively. The set of all neighbours of a subset
S C V(G) is denoted by Ng(S) (or N(S) in short). If S = {v}, then N(S) is denoted
by N(v). For a vertex v € V(G), the degree of v is denoted by degq(v) (or deg(v)), it
equals |Ng(v)|. The subgraph of G induced by W C V(G) is denoted by G[W]. Let R be
a subset of edges in G, |R| = r; denote by G — R the graph obtained by deleting all edges
in R from G.

The null graphs and complete graphs of order n are denoted by O,, and K, respectively.
The K3 is called a triangle. Let t1(G), t2(G), and t3(G) be the numbers of triangles, of
induced subgraphs Cjy, and of complete subgraphs K, in GG, respectively. Unless otherwise
indicated, our graph-theoretic terminology follows [1].

An acyclic graph, one not containing any cycles, is called forest. A connected forest is
called a tree, a tree of order n is denoted by T,.

A graph G = (V| FE) is called r-partite graph if V admits a partition into r classes
V =Viuly,U...UV, such that the subgraphs of G induced by V;, i = 1,...,r, are
empty. If r = 2, then G is called bipartite graph, if r = 3, then G is called tripartite graph.
An r-partite graph in which every two vertices from different partition classes are adjacent
is called complete r-partite graph and is denoted by K| vs),...|v;|- The complete r-partite
graph K\V1|,|V2\,...,|VT| with |‘/1| = ’%’ =...= |‘/T| = s is denoted by K;

Let G1 = (V4, E1), G2 = (Va, Es) be two graphs such that V; NV, = @. Their union
G = G1 U Gs has, as expected, V(G) =V, UV, and E(G) = Ey U Es. Their join is denoted
G1 + G5 and consists of G; U G5 and all edges joining V; with V5.

Let Gb = (Vi, Ey), Go = (Va, Ey) be two graphs. We call Gy and Gy isomorphic, and
write G; = G, if there exists a bijection f : V), — V5, with wv € F; if and only if
f(u)f(v) € Ey for all u,v € V.

Let G = (V, E) be a graph and A is a positive integer.
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A X-coloring of G is a bijection f: V(G) — {1,2,..., A} such that f(u) # f(v) for any
adjacent vertices u,v € V(G). The smallest positive integer A such that G has a A-coloring
is called the chromatic number of G and is denoted by x(G). We say that a graph G is
n-chromatic if n = x(G).

Let V(G) = {v1,va, ..., v}, two A-colorings f and ¢ are considered different if and only
if f(vg) # g(vg) for some k € {1,2,...,n}. Let P(G,\) (or simply P(G) if there is no danger
of confusion) denote the number of distinct A-colorings of G. It is well-known that for any
graph G, P(G, \) is a polynomial in A, called the chromatic polynomial of G. The notion
of chromatic polynomials was first introduced by Birkhoff [2] in 1912 as a quantitative
approach to tackle the four-color problem. Two graphs G' and H are called chromatically
equivalent (or, in short, x-equivalent), and we write G ~ H, if P(G,\) = P(H,\).
A graph G is called chromatically unique (x-unique) if G' = G (i.e., G’ is isomorphic to G)
for any graph G’ such that G’ ~ G. For examples, all cycles are y-unique [3]. The notion
of x-unique graphs was first introduced and studied by Chao and Whitehead [4] in 1978.
The readers can see the surveys |3, 5, 6] for more information on y-unique graphs.

An edge coloring of a graph G can be defined similarly. Namely, an edge A-coloring of a
graph G is a mapping f : E(G) — {1,2,... A} such that two adjacent edges have distinct
images. The chromatic indez of G, denoted by x'(G), is the smallest positive integer A such
that G has an edge A-coloring. In 1964, Vizing [7] proved that x'(G) is equal to either A(G)
or A(G) + 1, where A(G) is the maximum degree of G. A graph G is said to be Class one
(resp., Class two) if x'(G) = A(G) (resp., A(G) + 1). For examples, all cycles C,, with n
even are Class one; all cycles C,, with n odd are Class two. Let (L(e))ccr(e) be a family of
sets. We call an edge coloring f of G with f(e) € L(e) for all e € E(G) a list edge coloring
from the lists L(e). The least integer k such that G has an edge coloring from any family
of lists of size k is the list-chromatic index of G and is denoted by ch/(G). The idea of list
colorings of graphs is due independently to V. G. Vizing [8] and to P. Erdos, A. L. Rubin,
and H. Taylor [9].

In [10] we have characterized chromatically uniqueness of the graph K% + Oy, in [11]| we
have characterized chromatically uniqueness of the graph G = K3 + K., and in 6] we have
determined chromatic index and characterized chromatically uniqueness split graphs.

In this paper, we study the chromaticity of G, which is join of the tree 7}, and the null
graph O,. We prove that G is chromatically unique if and only if 1 <p < 3,1 < ¢ < 2;
H and T, + O, are x-equivalent if and only if H = T) + O, 1, where T} is a tree of
order p; H and T, + O, are x-equivalent if and only if H € {T} + O,, T}, + O, 1}, where
T}, is a tree of order p, T}, is a tree of order p + 1. We also prove that if p < ¢, then
X' (G) = ch/(G) = A(G); if A(G) = |V(G)| — 1, then x'(G) = ch'(G) = A(G) if and only if
G # K.

2. Vertex colorings

For a graph G and a positive integer k, a partition {A;, As, ..., Ax} of V(G) is called a
k-independent partition in G if each A; is a non-empty independent set of G. Let a(G, k)
denote the number of k-independent partitions in G. Hence, P(G,\) = > a(G,k)(N)g,

1<k<n
where (M) = AXA—=1)...(A=k+1).
The polynomial o(G,z) = Y. (G, k)z" is called the o-polynomial of G.
1<k<n
The polynomial h(G,z) = 3. oG, k)a* is called the adjoint polynomial of G.
1<k<n

Let K, be the vertex gluing of K, and K.



The chromaticity of the join of tree and null graph 95

For convenience, denote o(G,x) by o(G), h(G, x) by h(G), and G = H by G = H. The
following lemmas will be used to prove our main results.

Lemma 1 [3|. If G = K, is the complete graph on n vertices, then x(G) = n and G
is x-unique.

Lemma 2. If G = K, ...,

Lemma 3 [12|. Let G and H be two y-equivalent graphs. Then
V(G| = [V(H)I;
|E(G)] = [E(H)];

)
(ii)
(i) x(G) = x(H);
(iv) G is connected if and only if H is connected,;
(v)

)

)

)

n, 18 the complete r-partite graph, then x(G) = r.

G is 2-connected if and only if H is 2-connected;
t(G) =t (H);
to(G) — 2t3(G) = to(H) — 2t3(H);
a(G, k) = a(H, k) for each k =1,2,...
Lemma 4 [12].
(i) All trees of the same order are x-equivalent. Further, the graph G of order n is a
tree if and only if P(G,\) = A(A — 1)1
(ii) A tree T,, is x-unique if and only if 1 < n < 3;
(iii) If G =1, is a tree of order n, then x(G) = 2.
Lemma 5 [11|. The graph G = KJ" + K, is x-unique.
Lemma 6 [13|. Let G and H be two disjoint graphs. Then
(i) o(G+ H,z) =0(G,x)0(H,x);
(ii) h(GUH,z) = h(G,z)h(H, ).
Lemma 7 [14]. Let G and H be two graphs. Then
(i) P(G,A\)=P(H,)) if and only if o(G,z) = o(H, x);
(ii) P(G,\) = P(H,\) if and only if h(G,z) = h(H,x).
Lemma 8. If p > 2, then x(7, + O,) = 3.
Proof. If p > 2, then the complete graph K3 is a subgraph of G = T,+0,. So x(G) > 3.
Let V(G) = V41 U V4 is a partition of V(G) such that G[Vi] = T, G[V2] = O,. The graph
G[V1] is a tree, by (iii) of Lemma 4, G[V1] has a coloring f; using two colors 1, 2. Set mapping

f:V(@G) —{1,2,3}

such that f(v) = fi(v) if v € V4, f(v) = 3 if v € V4. Then f is a 3-coloring of G, i.e.,
X(G) < 3. Thus, x(G) =3. =

Theorem 1. G =7T,+ O, is x-unique if and only if 1 <p < 3,1 < g<2.
Proof. First we prove the necessity. Suppose that G = T, + O, is x-unique. Suppose
the contrary, that p > 4. Set G! = (K' U I', F') with

K' = {vi,v9, ..., 0}, I' = {uy, ug, ..., u,}t,

E' = {vvg,vyvs, ..., vvp U{vuy i =1,2,...p,5 = 1,2,...q}.
Set G? = (K*U I?, E?) with

K?* = {v,v9,...,0,}, I ={up,ug,...,u,},

E? = {v1v, 0903, .. ., vy 0} U{vguy ti=1,2,...p, 5 =1,2,...q}.
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By (i) of Lemma 4, (i) of Lemma 6, and (i) of Lemma 7, it follows that
P(G',\) = P(G*,)\) = P(G, \).
It is not difficult to see that
A(G") = max{deg(u) : u € V(G")} = deg(v;) =p+q—1

and
A(G?*) = max{deg(u) : u € V(G*)} = max{p, ¢ + 2}.

If ¢ > 2, then max{p,q+ 2} < p+ ¢ — 1, it follows that A(G?) < A(G'). So G' % G? and
(G is not y-unique, a contradiction.
If g =1, then A(G?) = A(G') = p. Tt is not difficult to see that

Hu € V(G") : degei(u) = p}| =2 and |{u € V(G?) :degg(u) = p}| = 1.
It follows that G' 2 G? and G is not y-unique, a contradiction. Thus, 1 < p < 3.
Suppose that ¢ > 3. For p = 3, we set G = (K3 U I, E?) with
Ksz{U17027U3}7 I3I{U1,UQ,...,UQ},
E? = {0109, vovs} U{vu; 11 =1,2,3,j=1,2,...q},
and set G* = (K* U I, E*) with
K4:{'U1,U2,U3}, I4I{u17u27"'7uq}7
E* = {vouy, ugtig, ugus, - . ., Ug_ g} U {v1vs, vovs} U {oyuj, vau; 0 j = 1,2,...,q}.

It is not difficult to see that G = G® = T3 + O, and G* = T,;1 + Os. By (i) of Lemma 4,
(i) of Lemma 6, and (i) of Lemma 7, we have

o(G*z2) = o(Ty+ 0y z) =
= o0
= 0

= 0

|
Q

|
)
!
+
o
=
q
—~
o)
g
=
|

= o(G*x).
It follows that P(G3,\) = P(G*, ). Otherwise,

A(G?) = max{deg(u) : u € V(G®)} = deg(vy) = ¢ + 2,
A(G*Y) = max{deg(u) : u € V(G*)} = deg(v;) = deg(v3) = ¢ + 1.
So G3 2 G* and G is not y-unique, a contradiction.

For p = 2, we set G® = (K5 U I°, E°) with

K® = {v;,v0}, I°={uy,ug,..., u,},
E? ={vw} U{vu; i =1,2,7=1,2,...q},
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and set G® = (KU I%, E°) with

KGZ{UDUZ}y ]6:{u17u27"'auq}7

E° = {wouy, uyuy, ugus, . . . Ug—1Ug F U{vvet U{vu; 7 =1,2,...¢}.
It is clear that P(G®,\) = P(GS,\) and

H{u € V(G®) : deges(u) = ¢+ 1} = [{v1, 02} = 2,
{u € V(G®) : degg(u) = g + 1} = [} = 1.

So G® 2 G% and G is not y-unique, a contradiction.
If p=1, then G is a tree T,, with n = ¢+ 1 > 4. By (ii) of Lemma 4, G is not y-unique,
a contradiction.
Now we prove the sufficiency. If p =1 and ¢ = 1, then G = K, if p =2 and ¢ = 1, then
G = K3. By Lemma 1, GG is y-unique.
If p=1and ¢ =2, then G = T3. By (ii) of Lemma 4, G is x-unique.
Ifp=2and g=2or p=3and ¢=1, then G = K} + Ky, if p =3 and ¢ = 2, then
G = K2 + K,. By Lemma 5, G is x-unique. m
Theorem 2.
(i) H and T}, + O, are x-equivalent if and only if H =T, + O,_1, where T} is a tree
of order p;
(ii) H and T, + O, are x-equivalent if and only if H € {T, 4+ O,, T, ; + O,_1}, where T}
is a tree of order p, T}, is a tree of order p + 1.

Proof. 1f p = 2, then, by Theorem 1, T}, + O,_; and T}, + O, are x-unique. It follows
that the theorem is obviously true. Hence we may assume that p > 3.

Suppose that H and G = T, + O, are x-equivalent, where p — 1 < ¢ < p. By (iii)
of Lemma 3 and Lemma 8, x(H) = 3. So H is a tripartite graph. We may assume that
D =K,p.and R = {ej,e,...,e.} C E(D) such that H = D — R and a < b < c. It is clear
that

r=|E(D)— |E(H)|=|E(D)|—|E(G)|=ab+ac+bc—pg—p+1

and
atb+c=[V(D)|=I[V(H)| =|V(G)|=p+q

Denote by t1(e;) the number of triangles containing the edge e; in D for every i = 1,2,...,r.
It is not difficult to see that t;(e;) < ¢ for every i = 1,2,...,r. Then

ti(H) = t1(D) —re,

and the equality holds only if ¢1(e;) = ¢ for every i = 1,2,... 7.
By (vi) of Lemma 3, t,(G) = t;1(H), it follows that

t1(D) — t1(G) = t1(D) — t1(H) < re.
Since t1(D) = abe, t1(G) = (p — 1)q, we have

fle) = t(D)—t(G) —re=
= abc—(p—1)g— (ab+ac+bc—pg—p+1)c=
= abc—(p—1)g—[ab+ (p+q—c)c—pg—p+1]c=
— (- De—ptDie—q) <0,
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By p>3and p—1 < ¢q < p, it follows that ¢ > (p + ¢)/3 > 1. Let {V4, V5, V3} be the
3-independent partition in H such that |Vi| = a, |V2| = b, |V3] = ¢. It is not difficult to see
that if f(c) = 0, then ¢;(e;) = ¢ for every i = 1,2,...,7, so edge e; € R has one end vertex
in V; and another end vertex in V3. It follows that H = H[V; U Vo] + O,

(i) If g =p—1, then G = T,4 O,_;. In this case, f(c) = (c—=1)(c—p+1)* =0, f(c) =
if and only if c=p—1. So t1(e;) =c=p—1foreveryi=1,2,...,7r. By (i) of Lemma 6
and (i) of Lemma 7, we have

o(H,z) = o(HVIUWV|+O0p1,2) =
= H[Vi UV, z)o (Op—lax):

T) =
T,+0p_1,2) =

,:L’) ( p— 1,ZE).

|
Q
Q

|
Q

I
Q

(
(
(G,
(
(

= 0

3

It follows that o(H[V; U V3], z) = o(T},x). So P(H[V; U Vs, \) = P(T,,\). By (i) of
Lemma 4, H[V; U V5] =T}, where T} is a tree of order p. Thus, H =T, + O,_;.

It is not difficult to see that if H = T + O,_1, then P(H,\) = P(T, + O, 1, A).

(i) If g = p, then G =T, + O,. So f(c) <Oifand only if p—1 < ¢ < p, f(2) =0if and
only if c = p — 1 or ¢ = p. Now we consider separately two cases.

Case 1: ¢=p. We have

o(H,x) = oHWUVW|+0,,z)=

(H[Vi U V3], 2)0(Op, ) =
(G,2) =
(
(

= 0

Il
Q

Il
Q

TP + Op7 l’)
TP7 l‘) (Opa l’)

= 0

It follows that o(H[Vy U Va],x) = o(T,,x). So P(H[V; U Va|,\) = P(T,,\). By (i) of
Lemma 4, H[V; U V5] =T}, where T} is a tree of order p. Thus, H =T, + O,
Case 2: ¢c=p—1. We have

o(H,z) = o(HVIUV]+Op_y,2) =

= o(HV1UVa], )0 (O0p-1, ) =
) =
+ Oy, x) =
)0 (O, ) =
1+Op 1, T )U(O {L‘)
Ole) ( p—1,T ) ( )
O1,2)0 (O, )0 (Op-1, 7) =
Ol—f-op,l') (Op_l,l‘):

= 0(Tp1,2)0(0p1, @)

(I | |
9 9 9 9 9
S @ = Q

|
Q

(
(
(G,
(
(
(
(
(
= o'(
(7,
It follows that o(H[V; U Va],2) = o(Tpi1,2). So P(H[Vi UVA],A) = P(Th1, A). By (i) of

Lemma 4, H[V; UV, =T, where T}, | is a tree of order p+1. Thus, H =T, +O,_;. It
is not difficult to see that if H € {T} + O,, T, + Op_1}, then P(H, /\) P(T,+O,,)\). =
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3. Edge colorings
We need the following lemmas 9-13 to prove our results.
Lemma 9 [15|. Every bipartite graph G satisfies x'(G) = A(G).
Lemma 10 [15]. ¢h/(G) = x/(G) for all graphs G.
Lemma 11 [15|. Every bipartite graph G satisfies ch/(G) = x'(G).
Lemma 12 [16]. If G is a graph of order 2n + 1 and A(G) = 2n, then G is Class one
if and only if |E(G)| > n.
Lemma 13 [12]. If G =T, is a tree of order n, then |E(G)| =n — 1.

Theorem 3. If p < ¢, then graph G =T, + O, satisfies

(i) X'(G) = A(G);

(i) ch'(G) = A(Q).

Proof. Let V(G) = Vi UV, is a partition of V(G) such that G[Vi] = T, G[V2] = O,,
Vi ={v1,v9,...,0}, Vo = {ug,ug, ..., u,}. Set Gy = G[V4] and Gy = G — E(G[V4]). It is
not difficult to see that G and (5 are bipartite graphs, A(Gz) = ¢ = degg, (v) for every
vertex v € V; and A(G) = A(Gh) + A(G2) = A(Gy) + ¢ = deg(v) for some vertex v € V].

(i) By (iii) of Lemma 4, x(G1) = 2, so (G is a bipartite graph. By Lemma 9, G; has an
edge coloring f; using A(G1) colors 1,2,...,A(G1). Again by Lemma 9, G5 has an edge
coloring fo using A(G3) = ¢ colors A(Gy) + 1,...,A(Gy) + ¢. Since A(G) = deg(v) for
some vertex v € V7, it is clear that the mapping

fEG) = A{1,2,...,A(G1),A(Gy) + 1,...,A(Gy) + ¢}

)
such that f(e) = fi(e) if e € E(G;) and f(e) = fa(e)
Since A(G) = A(G1) + ¢, it follows that }'(G) = A(G

(ii) By Lemma 10 and (i), we have ch/(G) > A(G) = A(G1) + q. Now we prove that
ch'(G) < A(G). Let L(e) be the lists of colors of e € E(G) such that |L(e)| = A(G).

Let Li(e) C L(e) such that |L;(e)] = A(G) for every e € E(G1). Since GG is a bipartite
graph, by Lemma 9 and Lemma 11, there exists g; being a list edge coloring of G; with the
lists of colors Lq(e) for every e € E(G1).

For every i = 1,2,...,p, the subgraph induced by the edges of G; incident with v;
is denoted by Gi(v;). It is clear that |g1(G1(v;))] < A(Gy). For every i = 1,2,...,p, j =
=1,2,...,¢q,set L'(vju;) = L(viu;)\g1(G1(v;)). It follows that |L'(viu,)| = A(G)—A(Gy) =
= ¢q. Let Lo(viu;) € L'(v;u;) such that |Lo(viu,)| = A(Gs) = ¢ for every i = 1,2,...,p,
j=1,2,...,q. By Lemma 11, there exists g being a list edge coloring of G5 with the lists
of colors Lo(v;u;) for every i = 1,2,...,p, j = 1,2,...,q. Let g be the edge coloring of G
such that g(e) = gi(e) if e € E(G1) and g(e) = go(e) if e € E(G3). Then g is a list edge
coloring of G with the lists of colors L(e) for every e € E(G), i.e., ch'(G) < A(G). Thus,
ch(G)=A(G). m

Theorem 4. Let G =T, + O, be a graph with A(G) =p+ ¢ — 1. Then

if e € E(G,) is an edge coloring of G.
)-
) =

X'(G) = ch'(G) = A(G)

if and only if G # Kj.

Proof. Let V(G) = V4 UV, is a partition of V(G) such that G[Vi] = T, G[Va] = O,,
Vi =A{vr,va, ... 0.}, Vo = {ug,us, ..., u.}. Set Gy = G[Vi] and Gy = G — E(G[V4]). Tt is
not difficult to see that G and G9 are bipartite graphs and A(G) = p+ g — 1 = deg(v) for
some vertex v € Vj. It follows that A(Gy) =p — 1.
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Suppose that x'(G) = ch/(G) = A(G). We have chi’'(K3) = ch/(K3) = 3. So G # K.

Now suppose that G # Kj. If p < ¢, then by Theorem 3, \'(G) = ch'(G) = A(G).
So we may assume that p > ¢. If p = 2, then ¢ = 1, so G = K3, a contradiction. It follows
that p > 3. Without loss of generality we may assume that A(G1) = degg, (v1), so A(G) =
= deg(vy). Since A(Gy) = p—1, it is not difficult to see that E(G;) = {v1v2, v1vs, ..., v10,}.
We consider separately two cases.

Case 1: p=q+1.

If ¢ =1, then p = 2, so G = K3, a contradiction. So we may assume that ¢ > 2.
By Lemma 13, it is not difficult to see that |E(G)| = ¢*> — q. Since ¢ > 2, it follows that
|E(G)| > q. By Lemma 12, G is Class one.

By Lemma 10, ch/(G) > x'(G) = A(G). Let L(e) be the lists of colors of e € E(G) such
that |L(e)| = A(G). Set G5 = G — E(G[{va, v, ...,v,} UV,]) and G4 = G[{va,vs,...,0,} U
U V3]. Tt is clear that G5 and G4 are bipartite graphs with A(G3) = deg(v;) = A(G) and
A(G4) = q. By Lemma 9 and Lemma 11, there exists g3 being a list edge coloring of G3
with the lists of colors L(e) for every e € E(G3). Forevery i =2,3,...,p,7=1,2,...,¢, set
L'(viuj) = L(viuj) \{g3(v1v;), g3(v1u;) }. It follows that |L'(v;u;)| > A(G)—2 =p+q—3 > ¢
forevery i =2,3,...,p, 7 =1,2,...,q. Let Ly(v;u;) C L'(v;u;) such that |Ls(v;u;)| = ¢ for
every 1 =2,3,...,p,7=1,2,...,q. By Lemma 11, there exists g, being a list edge coloring
of G4 with the lists of colors Lo(v;u;) for every i =2,3,...,p, j =1,2,...,q. Let g be the
edge coloring of G such that g(e) = gs(e) if e € E(G3) and g(e) = gs(e) if e € E(Gy).
Then g is a list edge coloring of G with the lists of colors L(e) for every e € E(G), i.e.,
ch'(G) < A(G). Thus, ch'(G) = A(G).

Case 2: p=>q+2.

It is clear that Gv; U Vo] = T7 ., where T}, is a tree of order q + 1. Therefore, G =
=T,,1+Op_1. Since ¢ +1 < p — 1, by Theorem 3, x'(G) = ch/(G) = A(G). =

Conclusion

The coloring problems are interesting topics in graph theory. Coloring graphs found
application in many practical problems, for example, coding theory or security. Clearly,
to estimate the chromatic as well as the chromatic uniqueness is very important. So far
there have been many research results on this topic for different graph layers. However, the
problem has not been generally solved, and further research is needed. This paper explores
some of the coloring problems with graph G, which is join of the tree 7}, and the null
graph O,, contributes to enriching the research results on the coloring problems.
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