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K TEOPUU TPOCTPAHCTBEHHOM BPAXUCTOXPOHBI

IMpuBoxutcs obmuit BuA QyHKIMOHANA U 3aa4d O OPaxWCTOXPOHE B CIydae
N-MEpPHOTO €BKJIUA0BOrO MpocTpaHcTBa. C MOMOIIbIO OCHOBHBIX IPUHIIUIIOB Ba-
PHAIMOHHOTO HMCYMCIICHUS IIONydeHa cucteMa I (epeHInaTbHbIX YpaBHEHHH,
HO3BOJIAIOIIAs HAUTH GopMalibHOE pellieHHe MOCTaBIeHHO! 3anaun. Haiineno na-
paMeTpu4ecKoe pelleHHe CUCTEMBl YPaBHEHUH B TPEXMEPHOM U n-MEPHOM CIIy-
qasX. AHAIUTUYECKH U YHCIEHHO JIOKA3aHO, YTO B MPOCTPAHCTBEHHOM CIydae,
TaK ke, KaK U B IIByXMEPHOM, JIMHUEH HanOBICTPEHIeTo CKaThIBaHUS OyJeT IIo-
CKasl KpHBas, 9TO MOATBEPKAAETCS TpadUIecKON WILTIOCTPAIMEeH IOIydIeHHBIX
pelieHuit.

KiroueBble cioBa: mpexmepuas 6paxucmoxpoua, n-mepHuiil ciyyail, QyHKyuo-
HAJL, SKCMPEMATb.

Bo Bcex M3BECTHBIX HaM ITyOJIMKAIMSIX, KACAIONIMXCS aHAIM3a 331ad, TaK WM HHAYe
CBSI3aHHBIX C OpaxHWCTOXPOHOM, pedb BCerga BeIeTCs O IBYXMEpHOW 3ajgade (CM.,
K IpuMepy, paboTsl [1-7] u moHOTpaduio [8]) 3a uckirroueHreM padoTsI [9], B KOTOpOi
OBLT PacCMOTPEH TPEXMEPHBIH CITydail Bpallaomieicss OpaxucTOXpPOHBL.

B 3TOM KOpPOTKOM COOOIIEHUU MBI IIPOBEAEM NOIPOOHOE HCCIEA0BAHUE B TOM CIIy-
Jae, Korga OpaxHCTOXpOHa MHOTOMEpHas, HO BHadane MOAPOOHO OCTaHOBHMCS Ha
TPEXMEPHOM CJIydae MpH YCIOBUH, YTO KOOPAWHATHI ),z SIBISIFOTCS HE3aBHCUMBIMU H

MOT'YT 3aBUCETH JIUIIb OT TpeTLeﬁ KOOPAUHATEI X, KaK OT IapaMeTpa.
HpI/I OTOM COBEPUICHHO MOHATHO, YTO T'€OMETPUS >Ken06a, 10 KOTOPOMY CKAaTbIBACT-
CsI TEJIO Maccou m , IMECT abCOIIOTHO MIPOU3BOJIbHYIO OPUCHTANIO B IPOCTPAHCTBC.

PeiieHue u aHAJIM3 3a1a4M B 3-M€pHOM ciay4dae

B pamkax mocraBieHHOH 3amauu OOIIUi (QYHKIMOHAI B pe3yibraTe OyaeT MMeTh

BIIOJTHE O‘IeBHHHLIﬁ BUA
X ' I
dt{y,z} = J. P X,
X

rae ot — HUHTCPBAJI BPECMCHU B YCJIOBHUAX CKATBIBAHWHU TEJl1d, g — YCKOPCHHUEC CHUJIbI THA-

M

JKECTH, h— MaKCHUMaJlbHasl BBICOTA Teja Haj 3eMIIeH.
C nenblo pemeHns MOCTaBIEHHOH 3aJaull yA00HO BOCHOJIB30BAaTHCS YPaBHEHUSIMA
Oiinepa — Jlarpanxka [10], KoTopble UMEIOT BUJ
d
F,——F, =0,
Todx 7
4 @)
F,—-F. =0,
dx
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N +y'2 +27?
Vh-z

HE CyIIIECTBEH, M MBI €70 YUYUTHIBATH HE OyIeM.

rae ¢pyskums F = . 3ameTuM, 9TO B CHIIY JHHEHHOCTH ypaBHEHHH (2)

MHOXXHTCIIb

1
V2g
U3 BepxHETO ypaBHEHUS CHCTEMBI (2) CIIeyeT, 94TO
Fy' =C, =const , 3)
a HIOKHEe, B CUITy HE3aBUCUMOCTH TOIBIHTEIPATIbHOM QYHKIHH OT X , 1aeT
!
F-Z'F.=C,, 4
rae C, — KOHCTaHTa MHTEIPUPOBaHMUS.

[Tocne mpoCTHIX BBIYUCIEHUN IPUXOIUM K CIEIYIOIIEH CUCTEME YpaBHEHUI:

y'= Clx/h:\11+y’2 +2%,
1+ y? = CNh—z1+y? + 2%,

C
IMogenwB nx Opyr Ha Apyra U BBOIS HOBYIO KOHCTaHTY A = C—l , IPUXO/INM K COOT-

&)

HOIIIEHHIO
1+ y'2 e
Y G

=4, (6)

rae A = const .
Orcrofa cpasy ke cleyeT pelieHnue

y=ax+b, @)

A 4%
rue a = 5 - T —1,a b— KOHCTaHTa HHTETPUPOBAHUS.

3aMeHsis B BEDXHEM YPaBHEHUH CUCTEMBI (5) MPOU3BOAHYI0 V' Ha d , HOIyYaeM

=CVh-zV1+d> +2"* . ®)
VYpaBHeHue (8) TPHBHATIBHO PEIIACTCS C TIOMOIIBIO TOJICTAHOBKU

=V1+a® tgP, )

T/Ie yTIIoBas MepeMeHHas 3 mpeacTaBisieT coboil mapaMeTp.

B pesynpTaTe IpoCcTOro MHTErpUpPOBAHUS HEMEUICHHO HAXOIUM peIeHHEe ypaBHe-
HUA (8) B mapaMeTpHUIecKOM BUIE

1+a?
z=h———cos’f. (10)

1

IMockonbky cormacHo (9), dz =V1+ a’ tgB dx, To oTCIOa CEMyeT, 9TO

cth—d[}

x=C+ \/_J.
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rae C; — KOHCTaHTa MHTErpupoBaHMs. B pesynpTaTe moactaHoBku crofa (10) mpuxo-

V1+ad?

x:C3+C—]2(B+%sin2B). (11)

JUM K CJICAYIONIEMY PCIICHUIO:

Takum o6pazom, codupas pemenus (7), (10) u (11) B equHyro cucreMy, Hoiydaem
pelIeHue 3a1a41 0 TIPOCTPAHCTBEHHOH OpPaXUCTOXPOHE B BUIE

/1 2
x=Cy 4t (B+%sin2ﬁj,
1
y=ax+b, (12)
1442
z=h- +a2 (1+cos2p)
1
Bei6upast kKoHCTaHTY C12 B BUJIE
1+a*
Cl = : 13
i ) (13)
BMecTO (12) Haxoaum
x=Cy+ h B+lsin2[3 ,
3 > )
I+a
y=ax+b, (14)

z Z%(I—COSZB).

Cunras, HaKOHeII, YTO OPaxUCTOXPOHA «IIPUBSA3aHA» K Ha4alTy KOOPIUHAT, TOIYIUM
b=C; =0, 1 perieHne CTAHOBUTCS BIOJTHE KOMITAKTHBIM:

X

= %(B+%sin2ﬁj,
+a

ah ( 1.
y= B+—sm2Bj, (15)
V1+a® 2

z :2(1—0052[3).

INonaras B mpenensHOM ciiydae @ =0, IpUXOAUM K MapaMeTPUUECKUM ypaBHEHUSIM
OOBIYHOM IByXMEPHOM OpaXHUCTOXPOHBI

x= h(ﬁ+lsin2[3),
A (16)
z ZE(I—COSZB).

ITonaras B ypaBHeHusx (15), Hanpumep, a =~/3, noxydaem
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h\/—(

B+lsm 2[3)

x :E(B+%sin2ﬁj,

an

z ZE(I—COSZB).

W3 pemrennii (17) BUOHO, YTO HA TUIOCKOCTSX X—z M y—z OyIyT HaOmoaTbes

TUIMYHBIE JIByXMEPHBbIE OPaxHCTOXPOHBI, TOJBKO HA IJIOCKOCTH ) —z aMIUIMTyIa Oy-

ner B V3 pa3 6oubiire (cM. puc. 1).
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Puc. 1. Pemenus cucremsr (17): nunaus [ mo-
cTpoeHa B npeamonoxkenui, uto =1 a =13,
h=1, a=415.
[apamerp ¢ mpuHagiexur cermenty [0,37]

Fig. 1. Solutions to system (17): line [
corresponds to a case of h=1, a=+3 and
line 2, to a case of h=1, a=v15. The
parameter ¢ belongs to the interval of [0,37]
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Puc. 2. TIpoekunm Ha MIOCKOCTH XOY Tpex

TIPOCTPAHCTBEHHBIX OPaXUCTOXPOH: JHHUS [ —
MPOEKIUs. OpaxXHCTOXPOHBI C IapaMeTpamMu

h=1, a=3; mmus 2 — h=1, a=415;
mamms 3 — h=1, a =80 s t €[0;3n]
Fig.2. Projections of three nonpolar

brachistochrones on the plane xoy : line /

corresponds to a  brachistochrone at
h=1, a=+3, line 2, at h=1, a=+15, and
line 3,at h=1, a=+80 for t e [0;3m]

n-MepHbIii cay4dait

PaccMoTpuM Tereps citydaii 7-MepHOTO eBKIHIOBOTO IPOCTPAHCTBA. B aTOM ciydae

¢ynkuronan (1) qomkeH OBITH 3aMEHEH Ha

dt{x} =

e BEKTOpP X = (X,,X5,...X, ) .

J-\/l+x2 )

dx, , (18)

—
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B cooTBercTBUU C ypaBHeHHIMH Jiinepa — Jlarpamka moiydaeM B pe3yJbTare ciie-
JYIOIIYIO CUCTEMY ypaBHEHHMI:

xy =C\Jh—x, \/1+x2 + x4 .x
Xy =Cy\lh—x, \/1+x2 x4+ .x (19)

2
1+ x +x57 .+ x2, =C, \Jh— )cn\/1+x2 + x4

Jlemnst mowIeHHO BEpXHUE 11— 2 ypaBHEHUsS APYT Ha JApyra, HAXOAUM

Xy _ G
=—=aq,
x G
!
xn G
=—=a,,
. C
Xy 3
’
X C
2o, (20)
' C 3
X5 4
................... ,
xn G
' - ~—“m—4-
xm 2 Cm—3

rae m >4, a koapdunuent a, =1.

Takum 00pa3oM, HMeeTCs CIeAYIoIIee PEKYPPEHTHOE COOTHOLICHHE:

Xy = , (21)
A4
/I YHCIIO 71 TOIYMHSAETCS HEPABEHCTBY
4<m<n+2. (22)

IToncrasnsas Teneps (21) B HUKHee ypaBHeHHE cucTeMHl (19), HeMeaIeHHO oTyva-
€M TaKoe ypaBHEHHUE:

2 2 /2 2 2
X X X X
) 2 2 2 ”
1+ x5 St —C Wh—x, 1+x +_+_2"'+T+xn .
az 4y anfl as  ay ap
12 2 2
Wmn 1+g,% =C,_\h—x,\1+ g, xy +x,, (23)
1 1 1
rae g1 =1+—2+—2...+2—21.
4 A4 s

YunTeIBas BepxHEe ypaBHEHHE cucTeMbl (19), MpUXoanM K 3aMKHYTOH CHCTEME M3
JIBYX ypaBHEHHH, & IMECHHO

r_ 2 ”2
xy = C\h—x,\1+ g, 1%y +x,7,

1+ gnfl)cé2 =C, \Jh—x,1+ gnflxé2 + x;lz.

(24
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Pemenne 3Toil cuCTeMBI TOYHO Takoe ke, Kak u cuctemsl (5). [ToaTomy, nenst mo-
YJICHHO YpaBHEHUS IPYT Ha pyra, OyIeM HMETh

Xy e 1

1+gn—1x£2 Cn—l Py

Otkyna x, =4

n—1

x+B, (25)
rie B— KoHcTaHTa MHTErPHPOBAHMS, a HOBBII KO3 (pUIIIEHT
[ 2
— Pn1 “N Pu-i _4gn—l (26)
2g n—1
[ToaTOMy 13 HM)KHETO YpaBHEHUS CUCTEMBI (24) MOTyYuM

l+g, 42, =CJh—x, J1+ g, Ar +x* (27)

Cogeprtas 3/1eCh TOJICTAHOBKY

X, =41+ gn_]Af_] g0, (28)

1+g, A2 )cos’ @

xn:h—( 1 21) . (29)
G

[TosToMy cormacHo (28), momydaem

Jl+g, A 1.
#(9+—sm29)+c, (30)
G 2
rae C — KOHCTAaHTa HHTETPUPOBAHHUS.
W, 3raunt, cormacuo (25) u3 (21) ciexyer, 9to

A

n—1

HaXoIumM

X

A B
_ “In—1
X3 = X +—,
9 q
A B
_ ‘a1
X, = X +—,
a a
A B
_ “In—1
Xs =——x +—, 31
as as
.......................... R
A B
_ ‘-l
X, =——x +
an—?a an—3

Perrenus (29) — (31) oTBeyaroT Ha BOmpoc O GhopMe OPaxHCTOXPOHBI B MHOTOMEP-
HOM cJIy4ae.

3akjao4uenue

B 3akiroueHue oTMETUM:

1. [lano pemeHue 3amaun 0 OpaXHMCTOXPOHE B A-MEPHOM cllydae M, Kak IpHUMep,
MPUBOJMTCS MOJPOOHOE PEIICHHE sl TPEXMEPHOT'0 CITydasi.

2. OTMeuYeHO TPUHIUITNAIBFHOE OTJINYME MHOTOMEPHOH OpaxMCTOXPOHBI OT KIIacCH-
YECKOH IBYXMEPHOM.
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In this paper, a solution to the problem of the motion of a brachistochrone in the n-
dimensional Euclidean space is firstly presented. The very first formulation of the problem in a
two-dimensional case was proposed by J. Bernoulli in 1696. It represented an analytical
description of the trajectory for the fastest rolling down under gravitational force only. Thereafter,
a number of problems devoted to a brachistochrone were considered with account for
gravitational forces, dry and viscous drag forces, and a possible variation in the mass of a moving
body.

Analytical solution to the formulated problem is presented in details by an example of the
body moving along a brachistochrone in three-dimensional Cartesian coordinates. The obtained
parametric solution is confirmed by a graphical interpretation of the calculated result. The
formulated problem is solved for an ideal case when drag forces are neglected. If dry and viscous
friction forces are taken into account, the plane shape of the brachistochrone remains the same,
while the analysis of the solution becomes more complicated. When, for example, a side air flow
is taken into account, the plane curve is replaced by a three-dimensional brachistochrone.
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