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The identification problem for a discrete system with jump parameters is considered. The proposed approach assumes 

the use of estimates constructed using the Kalman extrapolator with estimates of unknown inputs and estimates of 

unknown inputs in model of observation vector. The example is given to illustrate the proposed approach. 
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Estimation and identification problems are relevant for different systems. As an example of such systems, 

one can consider, for example, economic systems [1, 2], energy systems [3, 4], flight systems [5], communi-

cation systems [6, 7]. Such  problems occupy a special place in the problem of fault detection [8–10]. 

In [11], the problem of filtering and simultaneous diagnostics of a jump parameter for discrete systems 

with multiplicative perturbations was considered. In this paper, we consider the problem of simultaneous 

extrapolation and identification of a state with a jump parameter described by a Markov chain, which is in-

cluded in the description of a linear stochastic system. 

The solution was obtained using the separation principle, Kalman extrapolator and the vector of esti-

mates of the unknown input [12–15]. It is proposed to select a filter transmission matrix based on minimizing 

the sum of quadratic forms of estimation errors. The identification problem is solved in the conditions of  

incomplete information about the observation (there is an unknown input in the observation channel model). 

A numerical example of solving the problem of extrapolation and identification of a linear system with 

Markov jump parameter is given. 

 

1. Problem statement 

 

Consider the following linear discrete-time stochastic system with a jump parameter: 

 ( ) ( ) ( )( 1) ( ) ( ) ( ),k k kx k A x k B u k q k     
 0(0) ,x x

 
(1) 

where ( ) R nx k   denotes the state of the system, ( ) Rmu k   denotes the known input, x0 is a random vector,

( )kA  and ( )kB  are matrices of corresponding dimensions; γ γ( )k  is a jumping parameter not available to 

observations (Markov chain with r states 1γ ,..., γr ); ( ) ( )kq k  are random perturbations with characteristics: 

γ( ){ ( )} 0,kq k   

T

γ( ) γ( ) γ( ){ ( ) ( ) | ( ) ( ), } .k k k kjq k q j k k j Q         

Here { }   denotes the mathematical expectation, T  denotes matrix transposition and kj  is Kronecker delta. 

The probability of states of the jump process ( ) {γ( ) },jp k P k j   1,j r  satisfies the equation  

  , ,0

1

( 1) ( ) , (0) , 1, ,
r

j i i j j j

i

p k p k p p p j r


     (2) 
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where ,i jp  is the probability of transition from the state i to the state j for one step, ,0jp  is the initial proba-

bility of the j-th state. 

An observation vector with incomplete information is: 

  γ( ) γ( ) γ( )( ) ( ) ψ( ) ( ),k k ky k S x k H k v k  
 

(3) 

where ψ( )k  is an unknown input, γ( )kH  is a matrix, γ( ) ( )kv k  is the Gaussian random sequence independent  

of ( ) 0( ), and ( )kq k x k   with characteristics: γ( ){ ( )} 0,kv k   T

γ( ) γ( ) γ( ){ ( ) ( ) | ( ) ( ), }k k k kjv k v j k k j V        . 

The pair of matrices γ γ,
i i

A S  ( 1, )i r  are detectable. 

It is required to determine the estimate of the parameter ( )k  (identification problem) and find the 

corresponding optimal estimate for the extrapolation of the state vector ˆ( 1)x k   from the observations (3) 

received at time k for the following criterion given in the interval [0, ]k T  

  
T

0

[0, , ] ( ) ( ) | γ(0) γ ,
T

i

k

J T i e k e k


 
   

 
  (4) 

where ˆ( ) ( ) ( )e k x k x k   is the error vector. 

 

2. Insertion of unknown input in model (1) under condition of identification errors γ 

 

If the jump parameter is observed exactly without errors, a classical Kalman extrapolator could be 

used to solve the extrapolation problem. It is not difficult to verify that with identification error ( )k , an ad-

ditional vector of unknown input appears in model (1). 

If the system (1) is in the j-th state (γ = γ )j , but this state is erroneously identified as the i-th ( )j i , 

then equation (1) can be represented as a model with an unknown input: 

 0( 1) ( ) ( ) ( ) ( ), (0) ,i i i ix k A x k Bu k f k q k x x       (5) 

where the unknown input vector is determined by the formula: 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ).i j i j i j if k A A x k B B u k q k q k     
 

(6) 

Here we introduce notations for the matrices γ( ) γ( ) γ( ) γ( ) γ( ) γ( ), , , , ,k k k k k kA B S Q H V  when γ( ) = γik : ,iA ,iB ,iS

,iQ ,i iH V  respectively ( 1,i r ). 

 

3. Extrapolator synthesis 

 

To solve the problem of extrapolation of the state vector on a step and estimating the unknown input, 

we use the model representation in the form (5), the information from the observation (3), and a separation 

principle. This means that we first constructed the estimate of vector ˆ( 1)x k   on the assumption that the vec-

tor ( )f k  and the value of the jump parameter γ( )k  are known, then constructed vectors of estimates ˆ ( )f k  

and γ̂( ),k  on the assumption that the state vector of estimates ˆ( )x k  is known. 

We define the vector ˆ( )x k  using the Kalman extrapolator: 

 0
ˆ ˆˆ ˆ ˆ ˆ( 1) ( ) ( ) ( )( ( ) ( ) ψ( )), (0) ,i i i i ix k A x k f k K k y k S x k H k x x        (7) 

where ( )iK k  ( 1,i r ) are transfer matrices of the extrapolator, which we define from the minimum of a cri-

terion (4) for [0, ]k T . 

The analytic expressions for the matrices  are determined from the following theorem. 

Theorem. Let there exist positive definite matrices iN  ( 1,i r ) that are a solution to the Cauchy  

problem: 

( )iK k
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,

1

T T

0

( 1) ( ( ) )( ( ))

( ( ) ) ( ) ( ) , (0) .

r

i i i i i j j

j

i i i i i i i i

N k A K k S p N k

A K k S Q K k V K k N N



   

    


 (8) 

Then the optimal matrices ( )iK k  are determined as follows:  

 
1

, ,

1 1

( ) ( ( )) [ ( ( )) ] .
n r

i i i j j i i i j j i i

j j

K k A p N k S S p N k S V  

 

    (9) 

Proof. We represent criterion (4) as a sum 

  
0

[0, , ] tr ( ),
T

i

k

J T i N k


  (10) 

where tr is the trace operation, matrices ( ) M{ ( ) ( ) |iN k e k e k   γ }i   
( 1,i r ) are determined from equa-

tion (8).  

Introduce the Lyapunov function: 

 ( , ( )) tr ( ) tr [ ( ) ( ) ( )] ( ),
T

i i i i i i i i

t k

W k N k N k Q K t V K t t L t



     (11) 

where ( ) 0i t   are some matrices. 

Additionally, we assume that there exist matrices ( ) 0iL t  , satisfying the equations: 

 ,

1

( ) ( ( ) ) ( ( 1))( ( ) ) , ( ) , 1, ,
r

T

i i i i i j j i i i i

j

L k A K k S p L k A K k S I L T H i r


        (12) 

where I is an unit matrix, H > 0 is some matrix. 

Let us sum over , 1k t T   the finite differences of the function ( , ( ))iW k N k , taking into account 

formula (12):  
1 1

( , ( )) [ ( 1, ( 1))
T T

i i

k t k t

W k N k W k N k
 

 

     
1

( , ( ))] tr[ ( 1) ( 1)
T

i i i

k t

W k N k N k L k




     

 ( ) ( ) [ ( ) ( ) ( )] ( )].i i i i i i i iN k L k Q K k V K k k L k     (13) 

On the other hand, this expression can be represented as follows: 
1

( , ( )) ( 1, ( 1)) ( , ( )) ...
T

i i i

k t

W k N k W t N t W t N t




       

( , ( )) ( 1, ( 1)) tr ( ) ( )i i i iW T N T W T N T N T L T       

 
1

tr ( ) ( ) tr [ ( ) ( ) ( )] ( ).
T

i i i i i i i i

k t

N t L t Q K k V K k k L k






     (14) 

Add to the formula (10) the difference of the right-hand sides (13) and (14). Given that this difference 

is zero, then criterion (10) will take the form: 
1 1

0 0

[0, , ] tr ( ) tr ( ) ( )
T T

i i i

k k

J T i N k N k L k
 

 

     

 
1

T

,

0 1

tr [( ( ) )( ( ))( ( ) )
T n

i i i i j j i i i

k j

A K k S p N k A K k S


 

   
T( ) ( ) ] ( 1).i i i i iQ K k V K k L k    (15) 

Applying the rules of differentiating the trace function from the matrix [15], we calculate the deriva-

tives 
1 1

0 0

[0, , ]
{ tr ( ) tr ( ) ( )

( ) ( )

T T

i i i

k ki i

J T i
N k N k L k

K k K k

 

 

 
  

 
   

1
T

,

0 1

tr [( ( ) )( ( ))( ( ) )
T r

i i i i j j i i i

k j

A K k S p N k A K k S


 

      
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T( ) ( ) ] ( 1)}i i i i iQ K k V K k L k   
1

T

,

ξ 0 1

2[ ( 1) ( ( ))
T r

i i i j j i

j

L k A p N k S


 

     

 
T

,

1

( 1) ( ) ( ( )) ( 1) ( ) ].
r

i i i i j j i i i i

j

L k K k S p N k S L k K k V


     (16) 

Equating this derivative to zero and assuming that each summand over i is equal to zero, we obtain 

formula (9) for determining the matrix Ki(k).  

Now calculate the finite difference of the Lyapunov function 

( , ( )) ( 1, ( 1)) ( , ( ))i i iW k N k W k N k W k N k       

1

tr ( 1) tr [ ( ) ( ) ( )] ( )
T

i i i i i i i

t k

N k Q K t V K t t L t

 

       

tr ( ) tr [ ( ) ( ) ( )] ( )
T

i i i i i i i

t k

N k Q K t V K t t L t



      

 
= tr ( 1) tr ( )i iN k N k   tr[ ( ) ( ) ( )] ( ).i i i i i iQ K k V K k k L k   (17) 

Since the Lyapunov function (11) is positive, and its finite difference (17), specifying the matrices 

( ) 0i t   accordingly, is negative, this guarantees the stability of the extrapolator (7). The theorem is 

proved.  

 

4. Stationary extrapolator 

 

In this case, the optimized criterion has the form 

 
T

0

1
[0, ] lim ( ) ( ) | γ(0) γ ,

T

i
T

k

J i e k e k
T



 
   

 
  (18) 

the transfer matrices iK  are constants and are determined from the following matrices algebraic equations:  

 
T T

,

1

( )( )( ) ( ) ( ) .
r

i i i i i j j i i i i i i i

j

N A K S p N A K S Q K k V K k


     , (19) 

 
1

, ,

1 1

( ) [ ( ) ] .
n r

i i i j j i i i j j i i

j j

K A p N S S p N S V  

 

    (20) 

So, the stationary extrapolator takes the form 

 0
ˆ ˆˆ ˆ ˆ ˆ( 1) ( ) ( ) ( ( ) ( ) ψ( )), (0) .i i i i ix k A x k f k K y k S x k H k x x        (21) 

Note that if there are positive definite solutions ( 1, )iN i r  of the matrices equation (19), then from  

the condition T 0i i i iQ K V K   follows the validity of Theorem 1.6 [17], and this means the stability of the 

stationary extrapolator (21). 

 

5. Unknown input and jump parameter estimation 

 

As an algorithm for estimating an unknown input ˆ ( )if k  and iψ̂ ( )k  we will use LSM-estimates; in this 

case, an estimate can be constructed on the basis of minimizing the additional criterions [12] under the as-

sumption that the value of the jump parameter is known ( γ = γi ): 

  
21

2 2

1

1

ˆ(ψ( )) ( ) ( )) ψ( 1) ,
k

t WW
t

G k y t S x t t


     (22) 

  
1 2

2 2

2

1

ˆ ˆ( ( )) ( ) ( ) ( ( 1) ( 1) ( 1)) ( 1) ,
k

i i i i i i iW W
t

G f k y t H t S A x t B u t f t f t


            (23) 

where 1 2 1 2, , ,W W W W  are positive definite weight matrices. 
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In (23), the estimate ˆ ( )t  ( 1,t k ) is determined by minimizing the criterion (22): 

 1

1 2 1
ˆ ˆ( ) ( ) [ ( ) ( )].i i i ik H W H W H W y k S x k     

 
(24) 

Minimizing (23), we obtain estimates of the unknown input: 

 1

1 2 1
ˆ ˆ ˆ( ) ( ) [ ( ) ( ) ( ( 1) ( 1))] , 1, ,i i i i i i i i if k S W S W S W y k H k S A x k B u k i r          

 
(25) 

The identification algorithm for the parameter ( )k  uses a smoothed estimate of the norm of the un-

known input (24) and it is constructed by the method of exponential smoothing: 

 ˆ( , 1) ( ) (1 ) ( , ), 1, ,ii k f k i k i r         (26) 

where α is the specified smoothing factor. Next, the value i is determined, for which the smoothed value of 

the norm ( , )i k  will be minimal. This number i will give an estimate of the jump parameter ˆ ( ).i k
 

 

6. Numerical simulation 

 

Consider the problem of modeling a filter for the discrete-time stochastic system with two-

dimensional state vector, 3-mode Markovian jump parameter γ(k) 1 2 3(γ 1, γ 2, γ 3)    with the transition 

probability matrix 

 ,

0,4 0,2 0,4

[ ] 0,3 0,5 0,2

0,3 0,3 0,4

i jp

 
 

  
 
 

  

The simulation was performed on a time interval k[0, 400].  

Consider system (1) with the data: 

1 2

0,65 0,12 0,85 0,1
, ,

0,04 0,52 0,05 0,74
A A

   
    

    
3

0,25 0,03
,

0,02 0,3
A

 
  

 
 

1 2 3

1 0
,

0 1
B B B

 
    

 
1

0,5 0,01 0
( ) , ,

0,7 0 0,02
u k Q

   
    
   

 

2

0,005 0
,

0 0,01
Q

 
  
 

3

0,02 0
.

0 0,02
Q

 
  
   

In the simulation, the unknown input ψ( )k  was set in accordance with the formula:  

0,2 0,01cos( ) ( ) if 150,

( ) 0 if 150 280,

0,2 0,01cos( ) ( ) if 280,

k k i

k i

k k i

  


   
   

 

where τ(k) is a random value ( { ( )} 0,k   { ( ) ( )} 1 kjk j     ).  

The data describing observation vector (3) are as follows: 

 1 2 3 1 1 ,S S S    

1 2 3 1,H H H    1 2 3 0,1.V V V    

Weight matrices of criterion (22) are taken as 

1 2 1 2

0,1 0
1, , 1, 0,1.

0 0,1
W W W W

 
    

   
The extrapolation estimates are calculated according to equations (19)–(21), in which the estimate of 

the unknown input is determined by formula (23). The jump parameter was estimated using the algorithm 

described in Section 6. 

The simulation results are presented in Fig. 1 and 2. These results illustrate the quality of estimation of 

the jump parameter γ(k) and vector x(k). 
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Fig.1. The jump parameter γ(k) and its estimate ˆ( ).k
 

 

Fig. 1 shows that identification errors occur at the moment of changing the value of the jump parameter. 

Using the statistical modeling method (for 100 implementations), the percentage of erroneous esti-

mates of the parameter values γ ( )i k  is 3,28%. 

 

 
 

Fig. 2. Smoothed values of norms φ(i, k) ( 1, 3i  ) 

 

Tables 1 and 2 show the results of comparing the standard errors of deviations of the estimates of the state 

vector x(k) and vector of unknown input f(k) for recurrent extrapolation algorithms using ̂ (k) estimates and 

an extrapolation algorithm that does not use this estimate. Averaging was performed over 100 implementa-

tions. The calculation of the standard errors of the estimate was made according to the formulas ( 1,2)l  : 

2 2

1 1
, ,

ˆˆ( ( ) ( )) ( ( ) ( ))

, .
1 1

N N

l l l l

k k
x l f l

x k x k f k f k

N N

 

 

   
 

 
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T a b l e  1  

Standard errors 
,x l  of state vector x(k) 

Components i With using estimate ˆ ( )k  Without using estimate ˆ ( )k  

1 0,346 0,354 

2 0,273 0,356 

 
T a b l e  2  

Standard errors 
,f l  of input vector f(k) 

Components i With using estimate ˆ ( )k  Without using estimate ˆ ( )k  

1 0,287 0,329 

2 0,186 0,252 

 

The results shown in Tables 1 and 2 show that the construction and use of the unknown input ψ(k) in 

the proposed estimation algorithm can improve the accuracy of the estimation of the vector x(k) and vector 

f(k) that appears when the parameter γ identified with error.  

 

Conclusion 

 

The solution to the problem of synthesizing the extrapolation algorithm and identifying the state of  

a jump parameter included in the description of a linear discrete system is obtained. The problem is solved 

by introducing an unknown input vector into the system model, which appears when the jump identification 

fails. The simulation results confirmed the effectiveness of the proposed algorithm. 
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Рассмотрена задача идентификации в дискретной системе со скачкообразными параметрами. Алгоритм предполагает 

использование оценок, построенных с помощью экстраполятора Калмана с оценками неизвестных входов и оценками 

неизвестных входов в модели вектора наблюдения. Для иллюстрации предлагаемого подхода приведен пример. 
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