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I'.III. HuuuamBuim

MOYTHU JETEPMAHUPOBAHHBIN PEXKAM B OJJTHOKAHAJIbHOM CUCTEME
MACCOBOI'O OBCJIYKUBAHUA

OueHUBaeTCS BIHMSHWE MajbIX CIydallHBIX BO3MYLICHHII Ha (YHKIMOHMPOBAaHHE JCTCPMUHUPOBAHHOW OTKPBITOIL
CHCTEMBI MacCOBOTO OOCITY)XHBAaHHS B PESKUME OOJIbLION 3arpy3ku. JIoka3aHO, 4TO B 3aBUCHMOCTH OT 3HA4YCHHUS He-
KOTOPOro HapaMeTpa, ONPEIENIOero MajJocTh CIy4aiiHoH (uIykTyaruu oT kod(@dHIHeHTa 3arpy3KH, IpeAeIbHOe
pacnpezieNieHle BpEMEHH OKHIAaHUS CXOJUTCS K HYJIIO WIM K OECKOHEUHOCTH. BennunHa 3HaueHus mapamerpa, Ipu
KOTOPOM IIPOMCXOJHUT HEePeXoJ] OT HyJs K OECKOHEYHOCTH, ONPENesseTcss MaKCUMAIBHOM TSIKECTBIO XBOCTOB pac-
Ipe/IeIeHUH BpeMeHH 00CIYKMBaHUs 1 HHTEPBAJIOM MEKIY IPUXOI0M 3asBOK.

KuroueBsbie ciioBa: cucrema obcmyxuanus GlGl1loo; moutn neTepMUHHPOBAHHBIA PEXXUM; BpeMsl OXKUAAHKS Hadasla
00CITy)KUBaHHS; PACTIPEICICHNUS C TSDKEIBIMU XBOCTAMHU; PEXKUM OOJIBLION 3arpy3KH.

JleTepMUHIPOBAaHHBIE MOJIEIN MacCOBOTO OOCITYKMBaHHS yIOOHBI JUIS OMMCAHUS TIPOU3BOJICTBECHHBIX
MPOLIECCOB, MPOXOIAIINX 10 ompenesieHHoMy Trpaduky. IIporeccsl 00cIyKUBaHUS B AETCPMHHUPOBAHHBIX
CUCTEMax, KaK MPaBWIIO, SBIAIOTCS IMUKIMYECKUMH (cM., Hamnp.: [1]). OganM n3 Hambollee MHTEPECHBIX pe-
KUMOB (DYHKIIHMOHUPOBAHHS MOYTH JIETEPMUHAPOBAHHBIX CHCTEM OOCITYKUBAHUS SBISACTCS PEKUM OOJIBIION
3arpy3ku. Hanpumep, oHOKaHaJIbHAs CHCTEMa MacCOBOTO OOCIY)KHBAHHMS CO CITyYaiHBIMH BO3MYIICHHSIMH
MMeeT B pexxuMe OOJBIIO 3arpy3Ku, Kak IMpaBuiIo, OOJIBIIYIO OYepeb, a IETEPMUHUPOBAHHAS OJJHOKAHAIIb-
Hasl CHCTeMa MacCOBOTO OOCITYy)KHBaHHS B peXrMe OOJBINON 3arpy3KH ouepeaun He uMmeer. [1oaToMy HHTe-
PECHO OLIEHUTH BIMSIHUE MAJIbIX CIYYaiHBIX BO3MYILIEHUN Ha JE€TEPMUHUPOBAHHBIE HAIPYKEHHBIE PEKUMBI
¢dyHkunonupoBanus. OcoOblil HHTEpEC 3/1eCh MPEACTABISIOT CUCTEMbI 00CITYKHUBAHUS, Y KOTOPBIX BpeMeHa
O6CHy)I(I/IBaHI/IH U HUHTCPBAJIBI MCKAY NPUXOAOM 3aidBOK HMCIOT (byHKHI/II/I pacrnpeaciacHusa € TAXKCIbIMU,
B 4aCTHOCTH CTCIICHHBIMH, XBOCTaMHU. B pa60Te YCTaHABJIMBACTCA MEPEXO] OT BPEMCH OXHJAAHUA, CTPEMSA-
IIuXcsa K 6CCKOHC‘-IHOCTI/I, K BpEMCHaM OXHUJAAaHUA, CTPEMALNIUMCA K HYJIO0, B 3aBUCUMOCTH OT ITOKa3aTeCJIsd
CTETICHHU, OIIPEICIISIFOIIEIO pa3Mep ClydaiiHON (IIyKTyalluy.

OmnuitieM paboTy OJHOKAHAIBEHON CHCTEMBI MaccoBOro obcayxuBanus G|G|1l|co mocmemoBarenbHO-
CTBIO BPEMCH OXKHJaHUA Ha4daia 06CJ'Iy)KI/IBaHI/IHZ

W,q = max(0,w; +n; — ). @
3nech Ti — HHTEpBaI Mexay npuxozaoM i-if u (i + 1)-i 3asBku, MT; =a, a m; — Bpems 00CiIy)KuBaHUS i-i
3asBkH, M1); = b. TIpeanonoxum, 4To pa3HOCTh
N T = e +etA, 2)
rac AO’Al" .. — TOCJICA0OBATCIILHOCTh HE3aBUCHUMBIX OJWHAKOBO PACHPEACIICHHBIX CHy‘IaﬁHBIX BCIINYHH,
MA; =0.

B pexume OombIol 3arpy3ku, Koraa Kod(QQUIMEHT 3arpy3kKu p = — OJIM30K K €IWHHIE, TOJO0KH-
a

TenpHbIA mapameTp € = (l—p)a sBisercs manbiM: €<<1. Benuunna o >0 xapakTepu3yeT CKOPOCTh YObI-

BaHUS CJIy4aliHbIX BO3MYILIEHHUH C YBEITMUEHUEM 3arpy3KH.
B cuity u3BeCTHBIX pe3ybTaTOB /ISl OJTHOKAHAJIBHOW CHCTEMBI MaccoBoro oocmyxuBanus G|G|1| oo

(cm., Hamp.: [2. ['n. 1, §3]) mapkoBckast uens W,, i1 >0, Buna (1), (2) umeer npu € >0, o >0 craunonapHoe

pacnpeznencHue
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limP(w; >t) = PW, (¢) >1), 1 >0, 3)

Wa(8)=SUp{0,iZ(T]j—TJ-), i20}=sup{0,i(—8+s°‘AJ—), iZO}.

i=0 i=0
OCHOBHOM 3a7aueil 3TO 3aMETKH SIBJISIETCS] aHaJM3 CIa00H CXOMUMOCTH = paclpeleNeH sl ClyJaii-
Hoit Benmmumnbl W, (¢) npu € — 0. Jloka3piBaeTcs, YTO NPU YBEIMYECHUH O IPOMCXOJUT CMEHA MPEICIBHOTO

1 1
cootHomenuss W, => oo, o < —, Ha npezenpHoe cooTHomenne W, =0, o> —. 31ech v XapakTepusyerT Ia-
v v

pameTp CTEeTeHHOro yObIBaHUS OoJiee TSHKEIOro W3 XBOCTOB PacIpeeieHnii BpeMeH OOCITy)XKHBaHUSA U WH-
TEPBAJIOB MEXK]TY MIPUXOJIOM 3a5BOK.

1. TpenBapuTeabHBIE CBEIEHHUS

Teopema 1. IlycTh mpu HEKOTOPBIX MONOKUTEIBHBIX IMOCTOAHHBIX [3, C <oco clpaBeAIMBO HepaBEH-

ctBo M |A; |2+ﬁ£ c. Torma mis nro6oro t>0 cnpaBemMBO NpezeabHoe cooTHomIeHue [3. 1. V, Teopembl
3.1, 3.2] (cm. Takxke: [4-8])
limP(sW, >t) =e2"9, (4)
e—0

B ciyyae cymecrBoBaHus NmpH HEKOTOpoM (>0 KOHEYHOrO HKCIOHEHIMAIbHOro MoMeHTa M exp(uA,)
0oJee JeTaabHOE PACCMOTPEHHE ATOTO MPEAeIFHOTO COOTHOIICHHS MpoBeAeHo B [2. ['m. 4, Teopema 19].
Teopema 2. IIpenmnonoxum, 4To HpH HEKOTOpHIX 1<v <2 h, >0 BBIOJHAIOTCS COOTHOLICHHS
Piny>y)~hy ", P(yy>y)=0(P(n, >Y)), y > Torma mis moboro y>0 crnpasemiusa dhopmyna [3.
Theorem 5.1, Formulas (5.12)—(5.15)]
imP(A, (&Wo /b>Y) =R, 4(y). ©)

3necy R,;(Y), Yy =0, — HekoTopoe npezensHoe pactpenenenue (KosaiaeHko) (cM., Hanp.: [4]), sBisrorueecs

HEMPEPHIBHON (PYHKIIMEH U yIOBIETBOPSIONIEE COOTHOIICHHUSM:

[edR, 4 (y) = ——,r>0,
1+r
0 n(v-1) _ 1 _
1R, ()= T ol = FEEDERD oy ) y

B cBow ouepens, A, (e) mpu nHexotopom C>0 [3. Formulas (4.21)—(4.24)] ynosnerBopsier hopmyie
A, (e) ~ e g 0.
Teopema 3. IIpennonoxum, yTo Hpu HEKOTOPbIX 1<v <2, g >0 BHINOIHAIOTCS COOTHOLICHUS

P(t,>y)~g,y", P(n,>y)=0(P(t,>Y)), y >0 Toraa aus nm06oro y>0 BBIIOIHAETCS COOTHOIICHUE
[Ibid. Formula (7.5), Theorem 7.1]
lim P{A, (e, /2> Y} = exp(-y). (6)

B cBor ouepens, mHOkuUTENb A (€) mpu Hekotopom d >0 [Ibid. Formula (7.5)] ynoBnerBopsier ¢popmyne
A, (e) ~de"" ™M g >0.

2. ®opMyJIMPOBKA U 10KA3aTEJbCTBO OCHOBHBIX Pe3yJIbTATOB

Iycerts {a(x),0<x<1} — ceMeicTBO HEOTPUIIATEIBHBIX CIYyYaHBIX BEIWYHMH, TaKHX 4TO

P(a(x) <o) =1,0< x <1. Toraa cupaBeUIUBHI CICAYIOIINE YTBEPKICHUS.
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Jlemma 1. [TycTb XBOCTBI pachpeelicHHs CIyYaiHbIX BETHYUH a(X) YIOBIECTBOPSIOT COOTHOIICHHUSIM
P(a(x)>y) > A(y),x—>0,y>0, rae A(y) — HenpepbiBHas u HeBospactatomas ¢yukius, A(0)=1,
A(Y) >0, y > 0. Torma cipaBeyTiBO MPEEIbHOE COOTHOLICHHUE

P(b(x)a(x) > y) > A(y), x>0,y >0, ()
B koTopoM b(X) >0, 0 < X < X;, npu HeKoTOpoM X, <1, mpuuem b(x) -1, X — 0.

/Jlokazamenscmeo. JleiictBurensHo, 1 moboro 0<y<oo  chopaBemIMBO  COOTHOIICHHE
P(b(x)a(x) > y) = P(a(x) > yb'(x)). 3adukcupyem O0<y<oo, y>0, Hu, HONB3YSICH HEMPEPHIBHOCTEHIO
¢ynxmmn A(y), ompenenum J, (y,Yy) >0, Takoe 49To

ly=yl<&,(r.y) =1 AlY) = AlY) <.
ITo Tak onpenenennomy d,(y,y) u ycnosuro b(X) -1, X — 0, moxHO onpenenuts J,(y,y) >0, Takoe 4To
0<x<3,(y,y)=|yb ™ (X)— y|<&,(y,Y) , ¥ 3HAUMT BBIMONHAETCA COOTHOIIEHHE
0<x<38,(y,y) =|P(a(x) > yb™ (x)) = A(Y)) I=| P(o(x)a(x) > y) — A(y) I< v.

®opmyina (6) fokaszaHa.
Jlemma 2. [TycTp BBINOJHSIOTCS yCIOBUS JeMMBI 1, Toraa ams todoro Yy >0 copaBeminBo mpeaesb-

HOE COOTHOIIICHUE
P(c(x)b(x)a(x) >y) »1,x—>0,y>0, (8)

B KoTopoM C(X) >0, 0 < X < X,, Tpu HEKOTOPOM X, <1, mpuaem C(X) — oo, X — 0.

Jlokazamenscmeo. JleiictBurenpHo, mnsi  moboro  Y,0<y<oo cHopaBemINBO COOTHOIICHHE
P(c(x)b(x)a(x) > y) = Pa(x) > yc " (x)b™(x)). 3adukcupyem y>0 u, momssysach Tem, uto A(y) sBusercs
HemnpepbIBHOW (yHKuuel B Touke 0, ompemenum J,(y) >0, takoe uro Yy'<5,(y) = A(y') >1—y. U3 ompe-
neneHuit kiaaccoB ¢pynkuuid B, C ciemyer, 9rto mo 3amaHHbM Y >0,y MoxHO momoOpath Takoe 9J,(Y,Y),
gto X <3,(y,y) = yb ™ (X)c(X) < 8,(y) , u 3HAunT

X <38,(y,y) = P(a(x) > yb ™ (x)c(x)) = P(c(x)b(x)a(x) > y) >1-.

®opmyina (7) nokaszaHa.

Jlemma 3. TlycTh BBINOJHSIOTCS yCIIOBHS jieMM 1, 2, Toraa st iodoro Yy >0 crpaBeinBoO npejieb-

HOE COOTHOIIEHHE
P(d(x)b(X)a(x)>y) —>0,x—0,y>0, €)]
B koTopoM d(X) >0, 0 < X < X3, mpu HEKOTOpoM X, <1, mpudem d(x) -0, x - 0.

Jokazamenvcmeo.  [leiictBurenbHo, s Joboro 0<y<oo  chOpaBeIMBO  COOTHOIICHHE
P(c(x)b(x)a(x) > y) = P(a(x) > yc*(x)b2(x)). 3apuxcupyem >0 u, mnOmB3yich TEM, UTO
A(y) >0,y >, ompenemum J.(y) >0, takoe uto Y'>d.(y) = A(y') <y. U3 ompenenenumii kiaccos
¢yukuuii B, D cienyer, uyro mo 3amaHHeM Y >0,y MoxHO mnomoOpare Takoe O4(y,y), UTO
X< (y,y) = yb(x)c(x) > d5(y) , u 3HaUMT

X <85 (v, y) = P(a(x) > yb™ (x)d " (x)) = P(d (x)b(x)a(x) > y) <.
dopmymna (8) nokaszana.

Teopema 4. IlycTh CrpaBeUIUBBI yCIOBUS TeOpeMbl | U cilydailHas BEIWYMHA 1| YAOBJIETBOPSET
coorromennio P(M>t)=e2/Y. Torna B oaHOKAHAIBHON CHCTEME MAcCOBOTO obcnyxkuBanns G|G|1|oo
BBITTOJIHAIOTCA CICAYIOIINE TPCACIIBHBIC COOTHOIICHUSA !

400, 0<a <1/ 2,
W, (e) =>m, a=1/2, (10)
0, a>1/2.
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,Zlomls'ameﬂbcmso. HyCTL CIIpaBCAJIUBO YCJ'IOBI/IC
0<a<l. (11)

Torna W, (€) moxxHo npexncrasuts B Bune W, (g) = 82(171VV0’L (g), rme
i
W, (e) = g sup{O, (e + Aj), 12 O}.
i=0
U3 popmyi (2)~(4) HETPYIHO MOIYUUTh, YTO
limPW, () >t)=e?d, t>0. (12)
e—0

Beenem cnenyromme ob6osnauenus: W, =a(e), A(y) = e 2% Yro6mr HOJIYYUTh TIEPBOE COOTHOIIICHUE

20-1

B ¢opmyine (10), mocTtaToyHO BOCHOJIB30BAaThCS JIeMMOH 2, monaras C(g) =g — oo, € —>0. Bropoe

cootHomerne B Qopmyrne (10) cnemyer m3 dopmynsr (12). Ilocnemnee cootHomenne B ¢dopmyne (10)

20-1

BbITekaeT u3 jJeMMel 3 ipu d(g) =€~ — 0, € > 0. IIycts Tenepsr 1<o.. B atom ciyuae mpu £ <1 cmpa-

BEJIMBO C BEPOATHOCTHIO €IMHHIIA HEPABEHCTBO!

W, () = Sup{O,Zi:(—8+8“Aj), i> 0} < Sup{O,Zi:(—s‘1 +&"A;), i 0} ==¢g"W,

i=0 j=0
i
W = sup{O,Z(—1+ A)) iz 0}.
j=0
Metonamu paGoTHI [2] J1€rk0 yCTaHOBHTB, YTO IIPU BHINOJHEHUWH BBEJCHHBIX paHee OrpaHMYEHHH Ha CITy-
yaiiHple BeaM4uHbl Ay, A,,... ciydaiiHas BeanunHa W sBiseTcss cOOCTBEHHOI ciayuaiinoi Bennunnoi. Ilo-

3TOMY C MOMOIILIO cooTHOmIeHus: € — 0, & — 0 u nemmsbl 3 monmy4yaeM Gpopmyry
limP(W, (e)>y)=0,y>0.

Teopema 4 NOTHOCTHIO OKA3aHA.
Teopema 5. B opHOKaHanmbHOW cucTeMe MaccoBoro oocmyxkuanus G|G|l|co mpu BbIMOTHEHHH

YCJIOBUU TEOPEMBI 2 CIIPaBEJIUBHI CIIEIYIONTUE TPEICIbHBIC COOTHOIICHHUS:
1 1
W, (€) = 4o, OSO{<;, W, (e) =0, ;<oc,s—>0. (12)

Hokazamenscmeo. Ilycts cupasemnuso ycnosue (11). Torma W, (€) MOXHO NpeaCTaBUTh B BHIE

W, (e) = &% "W (e) = e VW, (¢) , rae

W, (c) = €™ sup{o, D (e +4A, )} = gV (g),
=0

W, () = A (e)A, () sup{O, 2(—81“ +A, )}, A (e) = %ﬁa) —1,e->0.

J 4k TCOPEMBI 2 CJICOYCT, YTO
e o, (- )smfo S48 £y R0 y>0
£ j:0

CrnenoBaTensHO, UCTIONB3YA JEeMMY 1, TOTydaeM:

imPOY, () > Y) =R, (y), y>0. (13)

1 .
Mpeanonoxum, uro O0<oa<=. C mnomompio JemMmbl 2, dopmynasl (13) u cooTHomeEHHN
v

AlY) =R, _,(y), c(e)=e*"? 50, &0, momyyaem, uto

limPOW, () > ) =1, y>0, O<a<i, (14)
£ v
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. 1 .
[lepeiinem Teneps k cnyyaro, korga — < o, <1. C nmomoursio nemmsl 3, popmyssl (14) u cooTHOmEHNH
\%

AlY)=R,,(y), d(g)=e*V"P 50, €0, nomnyuaem, 4ro
limPW, >y)=0,y>0. (15)
U3 popmyi (14), (15) cnenyet cootnomienue (12) npu ycnosuu (11).
Crmydait, korga 1< o, UCCleIyeTcsl TOYHO Tak ke, Kak U B Teopeme 4. Teopema 5 mOTHOCTHIO JOKa-

3aHa.
Teopema 6. B omHokananmpHOW cucteme MaccoBoro obcimyxuBanus G|G|l|co mpu BEIIOTHEHHH

YCIIOBUIT T€OpEMBI 3 CTIpaBeIUBHI MIpeaeNbHbIe cOoTHOIeHHS (12).
Jloka3aTensCTBO TEOPEMBI 6 MOUYTH JIOCIOBHO MOBTOPSIET JIOKA3aTENLCTBO TeOPEeMbI 5. ENMHCTBEHHBIM
OTJIMYMEM OT JI0Ka3aTeIbCTBA TeOpeMbI 5 sBisteTcs paseHcTBo A(Y) = exp(—Y).

3akiIouyenue

Takum o0Opazom, rmpu BEIOpaHHOW B (hopMyJe (2) 3aBHCUMOCTH pa3Mepa CirydailHOH (urykryarun &
OT MaJIOTO TapaMeTpa € BO3MOXKHA CXOAMMOCTb CTAIMOHAPHOTO BpeMeHH oxkuiaHus W, W K HYJIO, HIH

K OeckoHeyHocTH. [IprueM rpanuiia pasaeiaa MeXIy STUMHU JIByMSI BAPUAHTAMH ONPEICISACTCS TapaMETPoOM V,
3aBUCSIINM OT 00Jice TSHKEIOr0 M3 XBOCTOB PaclpeaeeHnil BpeMEHH 00CTYKMBAHHUS 3asBKH M WHTEpBaia
MCXKAY NPHUXOJ0M 3aiaBOK. 9TO 03Ha4acT, 4YTO MMPpU YMCHBUICHUU CTAlITMOHAPHOT'O BPEMCHH OXKXKUAAHHA BAXKHO
YMEHBIIATh paz0dpoc OT CpeAHero y o0eux 3THUX ClydaiHbIX BedWyHH. [1omydeHHBI pe3yapTaT MO3BOJISIET
TOBOPHUTH O HaNMW4YKMK (Ha3oBOrO Mepexoja B CHcTeMe MaccoBoro obcmykuanus tuna G|G|1l|co B pexunme

OOJBIION 3arpy3KH.
Baarogapuocts. ABTop 6marogapur O. bokcma (Onno Boxma) u C.I'. ®occa 3a moMoIis ¢ moiyde-
HHEM HY)KHON MH(pOpMAIMU 10 aCUMITOTHYeCKOMY aHaiu3y cucteMbl G|G|l|oo ¢ TshKenbiMH XBOCTaMHU

pacnpezienieHuil B peskuMe O0JIbIION 3arpy3KH.
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The paper assesses the effect of small random perturbations on the functioning of an almost deterministic single-server queuing
system with power tails of distributions in the high-load mode. It is proved, that depending on the value of the parameter,that deter-
mines the smallness of the random fluctuation, the limit distribution of the waiting time converges to zero or to infinity. The value of
the parameter, at which the transition from zero to infinity cases occurs, is determined by the maximum weight of the tails of the
service time distribution and the intervals between the arrivals of customers distribution.
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Deterministic queuing models are useful for describing production processes that run on a specific schedule. Service processes in
deterministic systems are usually cyclical (see, for example, [1]). One of the most interesting modes of operation of almost determin-
istic service systems is the high load mode. For example, a single-channel queuing system with random disturbances usually has a
large queue in high-load mode. A deterministic single-channel queuing system in high-load mode does not have a queue. Therefore,
it is interesting to evaluate the effect of small random perturbations on deterministic loaded modes of operation. Here queuing sys-
tems have particular interest, where service times and intervals between the arrival of customers have distribution functions with
heavy, in particular, power tails. The paper establishes the transition from waiting times tending to infinity to waiting times tending
to zero, depending on the exponent that determines the size of the random fluctuation.

We describe the operation of a single-server queuing system with a sequence of waiting times for the start of service:

Wi,y = max(0,w +m; — 7). 1)
Here v; is the interval between the arrival of the i-th and (i + 1)-th customers, and Mt; =a, n; is the service time of the i-th cus-

tomer, Mn; =b. Let's assume that the difference
N -1 = —e+e%a, )
where Ay, A,,..., is asequence of independent identically distributed random variables, MA; = 0.

) b . - .
In high load mode, when the load factor p = N is close to one, the positive parameter ¢ = (1—p)a is small: e<1. The value

a. >0 characterizes the rate of decrease of random perturbations with increasing loading.
Due to known results for a single-server queuing systemG|G|1|c (see, for example, [2, Chapter 1, §3]) Markov chain
w;, i>0 of the form (1), (2) has € >0, o >0 a stationary distribution
iIer; P(w; >t) = P(W, >1),t>0, ®3)

W, = sup{O, > (-1 i 20} - sup{O, Y (-e+e"A)), | 20}
j=0 j=0
The main objective of this note is to analyze the weak convergence of the distribution of a random variable W, at € —0. It is proving

. . . . 1 T 1 .
that when increasing a, the change occurs the limit of the ratio W, = o, o < =, to the limit ratio W, = 0, o > —. Here v characterizes
v v

the power-decreasing parameter of the heavier tails of the distributions of service times and intervals between the arrival of customers.
The last relation suggests that instead of the waiting time striving to infinity, when the load factor tends to one, it is possible, on the
contrary, that the waiting time tends to zero. This determines the conditions under which the waiting time and queue in the queuing
system are small in high-load mode.

Keywords: heavy tailed distributions; almost deterministic queuing system; high load regime.
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