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PEAKTAHCBI U CACCENITAHCBI MEXAHUYECKUX CUCTEM

Llens mccieoBaHMs COCTOUT B pa3padOTKe CYIIECTBEHHO KOMITAKTHBIX METOIOB
pacueTra MEXaHMYECKUX CUCTEM IIPU FApMOHMYECKHX CHIIOBBIX BO3JIEHCTBUAX I
YCTaHOBUBIIUXCS PEXXUMOB. IIpy peleHun UCIoIb30BaHbl MOJX0/Ibl, IPUMEHsE-
MBbI€ JJI1 pacdera 3jeKTpudeckux ueneil. [IpencraBieHre rapMOHUYECKUX BENU-
YHUH B BUJIE BPALIAIOIIUXCS BEKTOPOB B KOMIIJIEKCHOH IIOCKOCTH U ONepanuii ¢
UX KOMIUIEKCHBIMH aMIUIUTYJaMHU MO3BOJSI€T MHOTOKPAaTHO OOJErYHTh pacueT
MEXaHHYECKUX CHCTeM. KiroueByro posib B IPENIOKEHHOM METOJE UTPAIOT Me-
XaHUYECKHE PEaKTaHC, PE3NCTAHC M MMIIEJAHC U MapauIeIbHOTO COSTHMHCHUS
noTpebuTeNne MeXaHNIeCKOH MOITHOCTH U CACCEeNTaHC, KOHAAKTAHC U aJMUTAHC
— JUI IOCJIEI0BATENIBHOTO.

KuiroueBble c10Ba: peakmanc, pe3ucmanc, UMneOanc, caccenmanc, KOHOAKMatc,
aomumanc.

Kraccuueckoe perreHue 3a1ad, CBI3aHHBIX C PACUETOM CKOPOCTEH M peakIui sJie-
MEHTOB CIIO)KHBIX MEXaHHYECKHX CHCTEM IIPH TapMOHHYECKOM CHIIOBOM BO3ZCHCTBHY,
3aKJII0YACTCS B COCTABICHUHM M MHTETPHPOBAHHU CHCTeM MU (GepeHINaNbHBIX ypaBHe-
HUH 1 SBIAETCS TOCTATOYHO TPOMO3IKUM H TPYAOeMKHM [1, 2].

B GonpuimHCTBE CIly4aeB MHTEPEC OTPaHUYMBACTCS yCTAHOBUBIIMMCS PEKIMOM.

Llenb uMccinenoBaHUsl COCTOMT B pa3pabOTKe CYNIECTBEHHO KOMITAKTHBIX METOJIOB
pacdeTa CUCTEM JId YCTAHOBUBLINXCA PEKUMOB.

IIpu pemieHnn UCOIB30BaHbl METO/BI, IPUMEHAEMBIE JUIsl pacueTa 3JIEKTPUUECKUX
LeTeH.

IlapannenbHoe coeqHeHNe MOTpe0UTe el MeXaHNYeCKOI MOIHOCTH

ToYKY MPUIOKEHUS CHIT K TOTPEOUTEISIM MEXaHIHYECKOU MOIIHOCTH (puc. 1) obia-
JIAI0T €IMHON CKOPOCTBIO
v=Vsinwt. 1

Puc. 1. [TapannensHoe coeauHeHne
Fig. 1. Parallel connection
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CuJibl, IPUIOKCHHBIC K HHEPTHOMY Telly, YIPYroMy 3JIEMEHTY U AeMidepy, CoOT-
BETCTBEHHO PaBHBI

S =mﬂ=mecosc0t; 2)
dt
k
f, =—kx=k|vdt =——V cosot ; (€))
0}
|, =rv=rVsinot. 4

CyMMapHaH Chjia, pa3BUBacMasi UICTOYHUKOM CHUJIOBOTO TapMOHHWYECKOIO BO3,Z[€I>1CT-
BUsI, paBHA

f=f. i+ :V[(mm—kjcoscot+rsinmt} =
)

=V(mo—kjw)* +r? mo— ko cos of + 4
J(mo—k/o) +r J(mo—k/o) +r?

mo—k/o

sin o¢

IlycTs ¢ = arctg

-
Toraa f =Vy(mo—k/o) +r* (sin@cos ot + cos sin o) =
=V\(mo—k/w)’ +r? sin(ot +¢) = F sin(of + ¢). 6)

Oto m3BecTHas (hOpMyJa BEIHYKACHHBIX KOJICOAHWH, AJISI MONyYeHHs] KOTOPOH He
MOTPeOOBATIOCH COCTABITE U peaTh AU hepeHInanIbHOe ypaBHEHHE.
AMIIUTY1a CyMMapHOW CHIIbI

(&)

F=Vz, @)

rae z=y(mo—-kjw)’ +r* [kr-c]. )

B 1873 r. MaxkcBemt BBeX NEPBYIO (U3 ABYX) CHCTEMY DIIEKTPO-MEXaHUIECKAX aHa-
JIOTHH:

- (ckopocth) V' = I (TOK),

- (cuna) F = U (HanpspkeHue),

- (Macca) m = L (MHIyKTHBHOCTB),

- (koo dunment ynpyrocti) k = 1/C (C — eMKOCTB),

- (ko3 PHUIHEHT BA3KOTO COMPOTHBIICHHS) = R (CONPOTHBIICHUE).

B 1919 r. BebcTep BBen B MEXaHUKY 3aMMCTBOBAHHOE W3 DIIEKTPOTEXHHUKH ITOHITHE
0 MEXaHMUYECKHX pEaKTaHCaX, SBJSIONIMXCS AHAIOTaMH DJIEKTPHUYECKUX PEAKTUBHBIX
CONPOTHUBIICHUH:

- (unepmuwiil peaxmanc) ®m = ©L (HHIYKTHBHOE COTPOTUBIICHHUE),

- (ynpyeuii peakmanc) k/o = 1/(0C) (eMKOCTHOE COTIPOTHBIICHHE).

B cooTBeTcTBHM C TpeACTaBIEHHON CHCTEMOM aHAJOTHi BBIpakeHHe (7) IyalbHO
3akoHy OMa [/ y4acTKa 3JIEKTPHUIECKON [IeTTH

U=17,

rae Z = \/ [oL-1/(oC )]2 +R* — nonsoe conpotupenue. Cle10BATENHHO, BHIPAKEHHE

(8) — aro mexanuyeckuii umnedanc (impedance), Kak B CHIIy JyaJlbHOTO COOTBETCTBHS,
TaK W MOTOMY, YTO B €r0 COCTaB BXOJAT HHEPTHBIA M YIIPYTHH peaKkTaHCHI.



66 W1 Monos

Mexanuueckuii peakmanc (reactance) paBeH

X=mo——.
®
[pu x =0 mnoxyuyaercs m3BectHas popmyna o =+/k/m . Vimeer mecto pesonanc
cun [3]. Ecim mpu aToM 7 =0, To n z =0 . OU3HYECKHIA CMBICT STOTO COCTOUT B TOM,
YTO CHCTEMa HE OKAa3bIBACT COMPOTHBJICHUS BHEUTHEMY CHIIOBOMY TapMOHHYCCKOMY
BO3JICHCTBHIO.
Jis eqmHOOOpa3ns TSPMUHOIOTHN BEIHYHMHA 7 B TaTbHEHIIIEM HA3bIBACTCS MEXAHU-
yeckum pezucmancom (resistance).

KommiiekcHoe npeacraBjeHue NMpU napajajieibHOM COeIUHECHUH.

ITo aHAIOTHHU ¢ DIEKTPOTEXHUKON TapMOHMYECKYIO BEJIMUMHY MOXKHO IPEACTABHUTD
B BUJIE
a = Asin(wt + @) = Im[ 4€" 9],
roe Ae' e _ BPAIIAIOIINICS B KOMIUIEKCHOM TTOCKOCTH BEKTOP.

BekTopbl B KOMIUIEKCHOH TUIOCKOCTH HPUHATO M300paxaTh I HyJI€BOTO MOMEHTa
BpemeHu. [Ipn 3ToM BenmmunHa

A" = 4 = 4

Ha3bIBAETCS KOMNAEKCHOU aAMIIUMYOOIL.
B cooTBetcTBUM ¢ 3TUM BBIpakeHHE (1) MOKHO TIPEICTABUTH B BUJIC

v=Vsinot = Im(Ve™),

L]
V=ve.
®dopwmya (2) moka3sIBaeT, 4To f,, onepexaeT mo ¢ase v Ha /2. Ciej0BaTeNbHO,

F, =moVe

S

=X, Vv R
i

rae x,, =ome % =iom )
— MHEPTHBIA PeakTaHC B KOMILUIEKCHOM MPE/ICTABICHUH.

Han koMIJIeKCHBIME BeTHYHHAMHE, HE SBISFOLIMMUCS H300pPKCHUSIMA CHHYCOU/IBI,
TOYKA HE CTABUTCS, TAKUE BEIMYUHBI ITOTUEPKUBAIOTCS.

KomMrinekcHast aMIuInTy1a HHEPTHOM CHITBI paBHA

. T

T .
I— . 1—
0
F, =ome 2Ve"” =omVe 2 .

AmnanoruyHo, ¢ yuetoMm (3) u (4)

. k L] ,E .
L =——Ve?2=xT,
®
rae X, = _£315 :Eeﬂf :_iﬁ (10)
® ® ®

— YOpPYTUH PEAKTAHC;

— pe3ucTaHc.
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KomriekcHble aMIUTUTY 1B yIPYTOM M PE3UCTUBHON CHJI COOTBETCTBEHHO PABHEI

L LN
L =—c¢ el =L pe 2
® ®
L] L] 0 0
F =rV=re'Ve".

a MCXaHNYCCKHUE PCAKTAHC U UMIICTAHC

Moyns MEXaHHIeCKOTO UMIIeIaHCca coBmanaer c (8):

[ 2
Z= r2+(moo—£) .
®

Ero ¢as3a pasHa (5). Takum obpazom,
z=27".

CyMMapHaH CuJjia, pa3BUBacMasi UICTOYHUKOM CHUJIOBOT'O TapMOHHUYECCKOTI'O BO3}I€I>1CT-

BUSI, paBHA
L] L] .

F=zV=2Ve", (1)
YTO COOTBETCTBYET (6).

Mpumep 1. F=100¢° H, o=2paag/c, m=10kr, k=20kr-c>, r=7kr-c .
HaiiTi cKOpOCTh M COCTABIISIOLIIE CHIIBI B yCTAHOBHBLIEMCSI PEXKHME.

i90° i90° 1
x, =ome” =20e”" xr-c,

ko0 _i90° _
== =10e" kr-c'.

(O]
Z=lr? +(x, —x, ) =72 +(20-10)* =12.207 kr-c”".
=55°,

X

X, —X
@ =arctg "% — arctg
r

=7 =12,207¢" kr-c'.
(12)

z
; i0
F_ %_550 ~8,192¢7% m.c™',
z 12,207¢

206" -8,192¢7% =163,846¢>°° H
X, V =107 .8,192¢ 7% =81,923¢ """ H,

E =rV =7¢"-8,192¢" =57344¢ " H.
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W.1T. lTonos
Pazymeercs,

F,+F,+F, =163,846¢"> +81,923¢"'*" +57,344¢ 7> =100¢" (H) = F .
oOBeMHee.

u3 puMepa 1 npezncrasneHa Ha puc. 2.

Knaccuueckuii pacuer Mo CpaBHEHHIO C MPUMEPOM | HECOM3MEPHMO CIIOXKHEE H
Bekropnast quarpamma (He SBJISIETCS HEOOXOJAUMOM YacThiO pacyueTa) JUls BEUUUH

Puc. 2. BexTopHas 1rarpaMma Ipy HapawienbHOM COSTHHEHNN

Fig. 2. Vector diagram for parallel connection

Pe3onanc cua
JIEHHBIM MTPUMEPOM.

B nononnenue x BBIICCKA3aHHOMY O PE€30HAHCE CHUJI MOKHO OTPAaHUYUTLCSA YUC-

Mpumep 2. [Tycts k = 40 kr-c . OcTanbHble JaHHBIE — U3 TpuMepa 1. [ToTpeGuTeny
MEXaHUYECKOW MOLTHOCTH COEUHEHBI NapaeabHo.

-1

>

x, =20 xr-c

Kr-c’l,

- F100° 0

=2 00‘_300 ~14,286¢" m-c,
z 7

F, =x,V=20""14,286¢"" =285,72¢"" H,
F, =x,V =20 -14,286¢'" =285,72¢" H,

E =rV =7¢"-14,286¢" =100¢"" H
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Pazymeercs,

F, +F,+F, =28572¢"" +285,72¢" +100¢'” =100 H=F = F, .

Bekropras quarpamMMa JUIs BEIWYMH W3 IpUMepa 2 IpeacTaBieHa Ha puc. 3. Peak-

TUBHBIE CHIIbl F, ¥ [, (TepMMH 3aMMCTBOBAH U3 DJIEKTPOTEXHUKH) CYIIECTBEHHO

BbILIC, YEM B IIPUMEPE 1.

A7,
F
> »
K, g
F, (F'k - F'mJ
v

Puc. 3. BexropHas quarpaMMa pe3oHaHCa CHII
Fig. 3. Vector diagram of force resonance
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IMocienoBaTeabHOE cCOeTUHEHHNE
norpedouTesIeil MeXaHNYeCKOH MOITHOCTH

Ko BceM moTpeGHUTEsIM MEXaHUIECKOH MOIITHOCTH (PHC. 4) IPHIOKEHA eUHAs CUITa
f =Fcoswt.

k

m
Puc. 4. [TocienoBaTenbHOE COCTMHEHUE
Fig. 4. Serial connection

CKOpOCTH HHEPTHOTO TEJIa M M3MEHEHUs pa3MepoB YIPYToro IeMeHTa H Aemidepa
COOTBETCTBEHHO PaBHBI

v, :i.[fdt:isinc)t; (13)
m om
yo =l LA OF G (14)
k dt kdt k

vl’

=—COoS W’ .
r

z (15)
;

CKOpOCTB IITOKAa UCTOYHHUKA CUIIOBOTO TapMOHUYIECKOTO BO3JICUCTBHS

V=V, +Vv, +V, = F{(L—gjsinmt+lcoswt} = F\/[l/(wm)—o)/k]2 +(1/r)? x
om k r

[ Y(om) - ok sin f + Yr cos ot |;
JI/@m —o/k +(/r) J@m—o/kl +(/r)

o= arctg 1/(wm)—w/k

1/r ’

v= F\/[l/(com) —/k]* +(1/r)? (sin @sin ot + cos pcos wr) =

2
= F\/[l/(mm) —o/k]* +(1/r)* cos(ot — @) = V cos(wt — ).
Ot0 QopMysa BEIHYXICHHBIX KOJeOaHUH IPU MOCIEI0BAaTEIbHOM COCIUHEHHUH T10-
TpeOuTeNe MeXaHUIeCKOW MOIITHOCTH, JUTS TTOJYyYeHHST KOTOPOii He MOTpeOOBaIoCk CO-

CTaBIIATH U pemath auddepeHuanrsHoe ypaBHEHHE.
AMIUIUTY1a CyMMapHO# CKOPOCTH paBHa

V=Fy,

v = [/ (om)—o/k] +(1/r) . (16)
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[pu 1/(wm)—w/k =0 Taxxke nonyyaercs uzBectHas Gopmyna o =~/k/m . Umeer

MECTO pe3oHanc ckopocmeti [3], Ipu KOTOPOM TOUKA MPUIIOKEHUS CHJIBI K CUCTEME YII-
PYTHIA 3JIEMEHT — MHEPTHOE TEJIO HEMOABKXKHA, IIPH 3TOM CaMH 10 ce0e MHEPTHOE TEJIO
W yOpyruil 3JeMEHT coBepiiaioT kosebanus. Eciau gononuurensHo 1/7r=0, 10 u
y =0 . ®u3uveckuii CMBICI 3TOTO COCTOHUT B TOM, UYTO CHCTEMa OKa3bIBaeT OCCKOHEUHO

00JIBIIOE COMMPOTUBJICHHUA BHCHIHEMY CHJIOBOMY T'apMOHHUYECKOMY BO3ZICI>1CTBPIIO,
BCJICACTBUEC YCTO LITOK UCTOYHHUKA CHUJIOBOI'O0 IapMOHHUYECKOI'O BO3}.'[€I>10TBI/I$I HCIIOABU-
JKCH, XOTs UHEPTHOC TCJIO U pryFI/Iﬁ 3JICMCHT COBECpLIAIOT KoJe0aHusI.

KommiekcHoe npeacraBjJIeHUE IPHU MOCJIEA0BATECIbHOM COCANHECHUN
HOp?[Z[OK paCCY)KI[eHI/Iﬁ AHAJIOTUYCH NPCACTABJICHHOMY BBIIIC:

f = Fcosot = Re(Fe'™),

b

L 17
F=Fe?.
®opwmymna (13) mokasbeiBaer, 9To v, OTCTaeT 1o Qase fHa /2. CiaemoBaTenbHO,
. 1 g 1 .
n=——Fe?=—F=b F,
wm L
1 i 1 1
bm =—e 2 = —]— =
om om X,

— unepmHuulll caccenmanc (susceptance) B KOMIUIEKCHOM IPE/ICTABICHHH.
KommiekcHast aMIIUTyJa HHEPTHOH CKOPOCTH paBHA

. 1 = T )
V =—e 2Fe?=—o7F¢"

wm om

Amnanorngso, ¢ yuerom (14) u (15)
v=Cpr Loy p,
k X

o> o 1

h=2e2=i2-—

ok ko x,

— YOpPYTUH CacCEeNTaHC.
KoMIiekcHple aMIUTMTYABl YIPYrOM M PE3UCTHUBHOM CKOPOCTEH COOTBETCTBEHHO
paBHBI

v, 0.2 R.2 ngei“,
k

1 . . I'E

= F=gF=gFe?,
r

1
£§=8=—
- r

— mexanuyeckuii konoaxmanc (conductance).
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Mexanuueckuil caccenmanc paBeH
o 1)1
R
k om
Mexanuueckuii aomumanc (admittance)
o 1
y=g+b= g+(———je 2
k om

Moyh MEXaHUYEeCKOTO aaMuTaHca copmanaet ¢ (16):

P T - (2L

¢ = arctg———o b =b, arcth = arctg {(mco - k/w)L} R
g g mk

y =Y.

CyMMapHasi CKOpOCTh PaBHA CKOPOCTH IIITOKA UCTOYHUKA CUIIOBOTO TaPMOHUYECKO-
IO BO3JEHCTBHS

. . ; i i((P+E)
V=yF=Ye%Fe?=YFe 2. 17)
IIpumep 3. J{ns naHHbIX npuMepa | HallTH Bce CKOPOCTH B YCTAaHOBUBIIEMCS pe-
JKHUME.
b, =x,"=5102¢"" xr" -c,
b o=x"=10-107"" xr'-c,
g=r"=14,286-107 kr " -c.

=Jg?+(b -b,) :\/(14,286-10"2)2+(10-10"2—5~10‘2)2 =15,135-102 xr ' -¢

b, —b, 10-107%-5-107
=arctg——" =arctg————=19,29°,
¢ g g 14,286~10’2

y=Ye® =15,135-10 7" ko~

I;:X 7 =15,135-102¢1%° 100 = 15,1356 m-c !,
) =b, F=5-107¢".100=5¢™" -,
V.k =b F F=10-102¢ 100 = 10£™" Moc!
V.r =g1:7 =14,286-1072-100 =14,286 M-c ™.
Pazymeercs,

V. +V,+V. =57 +10e™ +14,286 =15,135¢"*" m-c™' = V.
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Kraccuueckuii pacyer Mo CpaBHEHHIO ¢ MPUMEPOM 3 HECOU3MEPHUMO CIOXKHEE U
o0beMHee.

BeKTOpHaH JAuarpamMma il BEJIMYUH U3 IpuMepa 3 npeacTaBjicHa Ha pUC. 5.

.1( ‘:
! v
2% S |
: |
> >
i g
A

Puc. 5. BexropHast tnarpaMma npu nocjaeioBaTeIbHOM COEJUHEHUU
Fig. 5. Vector diagram for serial connection

Pe3onanc ckopocreit

B nomosHeHMe K BBIIECKa3aHHOMY O PE30HAHCE CKOPOCTEH MOYKHO OrpaHWYUTHCS
YHCIIEHHBIM IPUMEPOM.

Ipumep 4. Bce mannsie — u3 npumepa 2. Ilotpedurenn MexaHHIECKOW MOIIHOCTH
COEIMHEHBI TIOCIIEI0BATENBHO.

b, =510 kr ' ¢ s
Y=g=14286-102xr ' -c,
¢=0°,
y=Ye =14,286-102” xr ' -c,

V=yF=14286-10"7-100 =14,286¢" m-c ',
V,=b F=5-1072¢""-100=5¢"" m-c™".
Pazymeercs,

V. +V,+V. =5 +56° +14,286=14,286¢"" m-c”' =V =V,

BexTopHas nuarpaMma A1 BeJIMUUH U3 IpuMepa 4 mpecTaBieHa Ha puc. 6.
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VA
I}
3 <
F v,
A /

Puc. 6. BextopHas quarpaMma pe3oHaHCa CKOPOCTeH
Fig. 6. Vector diagram of velocity resonance

3akjouenue

[IpuMeHeHHe KOMIUIEKCHOTO MPEICTABICHUS I03BOJIMIO IMOJYYUTh CYIIECTBEHHO
0oJiee KOMIIAKTHBIE alreOpanvyecKue METOIbI pacyeTa CIIOKHBIX MEXaHUUECKHX CHCTEM
B YCTaHOBUBIIMXCS PEKUMAaxX M0 CPAaBHEHUIO C KJIACCUUECKHMMH METOAAMHU, OCHOBaH-
HBIMH Ha COCTaBIICHMHM M WHTETPHPOBAaHMU cHCTeM AH((PEepeHINaIbHBIX YpaBHEHUH.
[Ipn 3TOM 00BEM BBIYHMCIEHHH COKpaIlaeTcsi B HECKOJbKO pa3. KioueByro poib B
MIPEATIOKEHHOM METO/IE MTPAl0T MEXaHWYECKHE PEAKTaHC, PE3NCTaHC M MMIEIAHC JUIA
MapaJuIeNbHOTO COCAMHEHHS TOTpeOuTeNell MeXaHMYeCKOH MOIIHOCTH M CacCENTaHC,
KOHJAKTaHC U aIMUTAHC — JUIS TTIOCIIE0BATEIHHOTO.
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The classical solution to the problems associated with calculating the velocities and reactions
of elements of complex mechanical systems under harmonic force consists in the compilation and
integration of systems of differential equations and is rather cumbersome and time-consuming. In
most cases, a steady state is of major interest. The purpose of this study is to develop essentially
compact methods for calculating systems under steady-state conditions. The problem is solved by
the methods which are typically used to calculate electrical circuits. Representation of harmonic
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quantities as rotating vectors in a complex plane and the operations with their complex amplitudes
can greatly facilitate the calculation of arbitrarily complex mechanical systems under harmonic
effects in the steady state. In the proposed method, a key role is played by mechanical reactance,
resistance, and impedance for the parallel connection of consumers of mechanical power, as well
as susceptance, conductance, and admittance for the serial one. At force resonance, the total
reactance of the mechanical system is zero. This means that the system does not exhibit reactive
resistance to the external harmonic force. At velocity resonance, the total susceptibility of the
mechanical system is zero. This means that the system has infinitely high resistance to the
external harmonic force. As a result, the stock of the source of harmonic force is stationary,
although the inert body and the elastic element oscillate.

Igor P. POPOV (Scientific Consultant, High Tech Center, Kurgan, Russian Federation). E-mail:
ip.popow@yandex.ru
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