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NPUKNAOHAA OANCKPETHAA MATEMATUKA

2021 TeopeTunyeckme OCHOBbLI NMPUKJIALHON OUCKPETHOW MaTeMaTUKN
TEOPETNYECKNE OCHOBBI
ITPNKJIAJIHON JIMCKPETHOUN MATEMATUKN
VK 519.161

JABONYHDBIE PEINTEHN A
JJI5 BOJIBIIINUX CUCTEM JIMHEVUHBIX YPABHEHUU!

A. B. CenusepcroB

Ne 52

Hremumym npobaem nepedavu ungopmayuu um. A. A. Xapxesuua Poccutickoti axademuu Hayx,

2. Mocxea, Poccus

[TonsiTne reHeprYecKoll BBIUYUCIUTEIBHON CJIOXKHOCTH DPACHPOCTPAHEHO HA ODOOIIEH-
HbIE PErMCTPOBBIE MAIIMHBI HaJl yIIOPSJI0UYEHHBIM 110JeM. B 3ToM ciiydae malvHa Ha
KazKJIOM BXOJIE OCTAHABIMBACTCS U [OYTH Ha KaZKJIOM BXOJIE JaéT COJePIKATEe/IbHbIH OT-
BET, HO MOZKET OTKA3aThCsl OT BBIUUC/ICHHS! [TOCPE/ICTBOM SIBHOT'O YBEJIOMJICHHsI 06 9TOM,
MHBIME CJIOBAMH, CYIIECTBYET 0CO00E HEONPEIETIEHHOE COCTOsTHIE OCTAaHOBKY. IIpu sToM
MalllHa He JiesaeT ommboK. [IpeyioxkeH reHepuaeckuit aJropuT™ HOJIMHOMAATIBHOIO
BpPEMeHHU J[JIsl PACIO3HABAHUSI CHCTEM JIMHEHHBIX ypaBHeHUil 6e3 Kakoro-ambo JBOMY-
HOT'O DEIeHUs], KOIVIa YNCJIO0 YDaBHEHUi m OJIM3KO K 9UHC/ly HEM3BECTHLIX n. Boee
TOYHO — TpeOyeTCsl BBIIOJHEHNE J[BYX yCJIoBUil. Bo-1epBbIX, BHIIOJHEHO HEPABEHCTBO
2n = (n—m+1)(n—m+2). Takue cucTeMbl HA3BIBAIOTCST OOIBIINMHE, TOCKOJIBKY THCJIO
ypaBHeHHi GJIN3KO K YHC/Iy HEM3BECTHBIX. BO-BTODPBIX, BBIIOJHEHBI HEKOTODbIE IIPE/I-
HOJIOKEHUsT OOIIHOCTH CUCTeMBbl ypaBHeHuit. Ham 1mogxon ocHOBaH Ha MOKMCKE IMOJIO-
JKUTEJILHO OIIPEJICJIEHHOl KBa/IpaTHIHO GOPMBI Cpejii MHOYKeCTBa (POPM, 3aBUCSIIIX
or mapamerpoB. C 1pyroii CTOpOHBI, HaiiJieH KOHTPIPHMED, TOKA3BIBAIONINI Helpu-
MEHHMOCTb 9TOI'O METOJ[a JIJIsi IPOBEPKU OTCYTCTBHsI JBOMYIHOIO DEIIEHUSI Y OJHOTO
yDABHEHUSI.

KitroueBbie ciioBa: deouuroe pewerue, AunetHoe ypasrerue, 0000w eHHaA pezucmpo-
8AS MAUUHA, BLLYUCAUMEAOHAL CAOACHOCTIVD.
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BINARY SOLUTIONS TO LARGE SYSTEMS OF LINEAR EQUATIONS

A.V. Seliverstov

Institute for Information Transmission Problems of the Russian Academy of Sciences
(Kharkevich Institute), Moscow, Russia

E-mail: slvstv@Qiitp.ru

The concept of generic computational complexity has been extended to generalized
register machines over an ordered field. In this case, the machine halts at every input
and gives a meaningful answer at almost every input, but it can abandon the calcu-
lation using explicit notification, that is, there exists the vague halting state. Note
that the machine does not make any error. A generic polynomial time algorithm is

'Hcenenopanme puImosmeno mpu ¢uHancoBoil momaepxke PODHU, mpoext Ne 18-29-13037.



6 A. B. Cenunsepctos

proposed to recognize systems of linear equations without any binary solution, when
the number of equations m is close to the number of unknowns n. More precisely, two
conditions are required. Firstly, the inequality 2n > (n — m + 1)(n — m + 2) holds.
Such systems are called large because the number of equations is close to the number
of unknowns. Secondly, some assumptions of generality of the system of equations are
fulfilled. Our approach is based on finding a positive definite quadratic form among
the set of forms that depend on parameters. On the other hand, a counterexample has
been found, whicht shows the inapplicability of this method for checking the absence
of any binary solution to one equation.

Keywords: binary solution, linear equation, generalized register machine, computa-
tional complezity.

BBegenue

3aj1a1a 0 CyIeCcTBOBAHNN JBOMTHOIO PEIeHNs] Y CUCTEeMbI JIMTHEHHBIX YPABHEHU C PAIi-
oHasbHBIME KO3 dunmentamu NP-nosnas |1, ciencreue 18.1b, 1.2, ¢.397|, ona cBoguTcst
3a IMOJIMHOMUAJIbHOE BpeMs K 3aJa4e O CyIIeCTBOBAHUN JIBOUYHOTO PEIeHHs OHOrO JIMHE-
Horo ypasuenus. lnoria mosydaercs ypaBHeHHUE C MeJIbIMUA KOdhdDUImeHTamm, OJTU3KIMI K
Hys1io |2]. Ecom inaeiinoe ypaBHeHne nMeer 1esibie Ko3GQUIUEHTBI, IbH MOJLYJIN JTOCTATOTHO
MaJIbI, TO TIOUCK JIBOUTHOTO PEIIEHUsI JIJIsT 3TOr0 YPaBHEHUsI OBICTPO BBITIOTHSIETCS METOIOM
JIMHAMITYECKOro mporpamMvuposanus [1,3-5]. B ciayuae orcyrerBus orpanndenuii Ha Kosd-
dunmenTe! JJId MOUCKa JIBOUYHOTO PENIEHUs OJIHOIO JIMHEIHOr0 YpaBHEHUs OT 1 HEU3BECT-
HBIX [1PEJIJIOZKEHBI JIETEPMIHIUPOBAHHBIH aJITOPUTM, UCHOJIL3YIONINI SKCIIOHEHITNAIbHOE BPe-
ms poly(n)2%°" u skcrnoneHnuaIbHy0 aMATh poly(n)2%2°"
rOPUTM, UCIIO/Ib3YIoNuit Gosbiee Bpems poly (n)20:867

, & TAKXKE BEPOATHOCTHBII aJI-
, HO TIOJIMHOMUAJIbHYIO TTaMsTh |6, 7].
['uroresa 0 BBICOKO# BBIYUC/IMTEBHON CJI0XKHOCTH 9TO 3aJadi COIJIACYeTCs ¢ OIEHKaMU
cTerneHeil MHOIMOYJIEHOB, HEOOXOMMMBIX JJIs JI0KA3aTeILCTBA OTCYTCTBUS JBOMYHOTO PeIIe-
Hust ocpescTBoM Positivstellensatz [8|. s 6imskoii 3agaun Equal-Subset-Sum, koropast
sKBuBaJieHTHA 1ToucKy (—1,0, 1)-pemniennst JIMHERHOTO ypaBHEHNUsT, U3BECTHBI JIETEPMUHUPO-
BaHHBII aIropuT™ ¢ BpemeneM pa6orhl poly(n)3%5", a Tak:ke BEpOSTHOCTHBII aJrOpUTM,
Jarormit orBeT 3a BpeMs poly(n)1,7088" ¢ BbICOKOI BEPOSITHOCTHIO |9)].

[TocpeacTBOM UCKIIIOUEHUST TIEPEMEHHBIX MMOMCK JIBOUYHOIO PEIIeHUs] CUCTEMBI U3 170 JIU-
HEHHO He3aBUCUMBIX JIMHEHHBIX ypaBHEHUI OT N HEM3BECTHBIX CBOAUTCSA K IapaJlieIbHOM
POBEPKE TPOJIOJIZKAEMOCTH JIBOMYHBIX PEIIEHI OJIHOTO JINHEHHOTO ypaBHeHust oT (n — m)
HEM3BECTHBIX JIO JIBOMYHOIO PEIeHNs] CHCTEMbl ypaBHeHW orT n Hem3BecTHBIX. CreoBa-
TeJIbHO, NCXO/HAS 3aJ/lada paspelmMa 3a MOJUHOMUAAIBHOE BpeMsi, KOTJIa PA3HOCTb MEXK Y
YUCJIOM HEM3BECTHBIX M YKCJIOM JIMHEHHO HE3aBUCUMBIX YpaBHEHUN orpaHudeHa yHKIenR
Bujia n — m = O(logn). B sroit pabore Mbl paccMOTpuM CiIydaii, KOTa pPasHOCTh YHUCIIA
HEM3BECTHBIX N M YUCJIa YPABHEHUI 1M OrpaHndeHa CBEPXY CPaBHUTEILHO OBICTPO PACTYIIeH
dbyskuumeit Buga n —m = O(y/n) U BBIIOJHEHO HEKOTOPOE IIPEJIIIOI0KEHNE OOIIHOCTHU JIJIst
cucTeMbl ypaBHeHniA. Tak y/IydilneHnbl paHee oIy YeHHbIe OLEHKHU, HO IIPEJIJIOXKEHHbBII MeTO,
B 00IIIeM cjiydae Oecriosie3eH JIjisi OJIHOIO yPABHEHUS.

s muorux NP-1oHBIX 3aa9 TaKyKe U3BECTHBI 3BPUCTUYECKHE AJITOPUTMbI, pabora-
IOIIe TP JIOIOJHUTE/ILHBIX orpanndennsx. Hanpumep, niusa sagaun 3-SAT o Bbimosnu-
voctu 3-KH® npu J0moMHUTETEHOM YCIOBUM, KOTJIA YHUCIO 3JIEMEHTAPHBIX M3 bIOHKITAN
B 3-KH® or n mepemenubix orpanmdeno cuudy dyuknueil suga poly(logn)ny/n, cymie-
CTBYET aJIFOPUTM MOJIMHOMUATHLHOIO BPEMEHU, KOTOPbIii Jijist GOJIBINOi Jom caydaes (mpu
JI060M (DUKCHPOBAHHOM 3HAYEHUH 1) Pacro3Haér HesbinosHumocTs 3-KHO® [10, 11].
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Bosee cunbublit pesynbrar uzsecter st 3agaqu NAE-3-SAT. 31ech npoBepsiercs cytiie-
CTBOBAHME ONEHKU 1 OYJIEBBIX IEPEMEHHBIX, IIPU KOTOPOil KazK 1ad JeMeHTapHas U3 bIOHK-
nug B 3-KH® comepkuT Kak MCTUHHBIN, TaK W JIO?KHBIN JuTepasbl. [Ipu momosHurebnomM

YCJ10BHUH, KOT' JJa IUCJIO 3JIEMEHTAPHBIX ,ZLI/I3’])IOHKL[I/II'71 B 3-KH® IIPEBLIIITACT ?’I”L, cyaiecrsyeT

AJICOPUTM MOJTMHOMHUAJIBLHOTO BPEMEHU, KOTOPbIii j1jist 60JIbII0# 101 ciiydaes (Ipu JIE0O0M
(bUKCUPOBAHHOM 3HAYEHUU N ), CTPEMSIIIEHCs] K eJIMHUIIE ¢ DOCTOM 1, PACIIO3HAET OTCYTCTBUE
perrernst 12].

1. BoprunciaureapHasi MOJeJib

OrneHuBast BBIYUCIUTEIBHYIO CJIO0KHOCTH, MBI paccMaTpuBaeM OOOOIIEHHBIE PETHCTPO-
BbIe MAIMHBI HaJ yrnopgaodenubiM nonem (K, 0,1, 4+, —, x, ()71, <, =), Koropoe BjIOXKeHO
B 10JIe BelecTBeHHBIX wrces [13]. Has mosrem BerecTBeHHBIX THCesT TaKas MOJIEh BBIUHC-
nennit m3BectHa Kak BSS-mamuna [14]. Dsementer mons K Oy/ieM Ha3bIBATH YUCIAMH, HO
MOKHO PacCMaTpPHBATDL JIIOObIe YIIOpAIOUeHHbIe Hosd. 3aech v ' = 1, xorma x # 0, u
nonosaureabio 071 = 0. Kaskiplit peructp colepzKuT uuciao us noid K. Mamuna nmeer
TaK>Ke MHJIEKCHbIE PErUCTPHI, CoJIepKalllie HeOTPHUIATeIbHBIE TeJIble YNC/Ia. 3a OJUH Iar
MallliHa JITOO BBIIOJIHSIET OIepalliio HaJ HHICKCHBIMUA PErUCTPpaMU, JIU0O KOIMPYET THCIIO
U3 OJTHOTO PErucTpa B JIPYToit, JubO 3amucbiBaeT B peructp koucrtaunty 0 win 1, jmbo BbI-
YUCJISIET CYMMY, PA3HOCTb WJIU MPOU3BEJIEHUe JIBYX UHCE/ B PErnCTpax, JIMOO BBIYUCTISIET
obpaTHOEe YUCJI0 K 3alIMCAHHOMY B PErHCTp, JIUOO BBINOJIHAET CPABHEHUE JIBYX YUCE] B pe-
rucrpax. [Ipu 5ToM HOMEpa UCIOIB3YyeMbIX PETUCTPOB XPAHATCS B WHJIEKCHBIX PErHCTPAaX,
HaJl KOTOPBIME ITPOU3BOISATCS OObIUHBIE ollepalini. Bpemst paboThl MOJIMHOMHAAIBHOE, €CIIN
o0I1iee 9UC/I0 OMEPAInii, BBITIOIHIEMbBIX MAITUHON JI0 OCTAHOBKM, OIPAHUYEHO MHOT'OIEHOM
OT YHUCJIa PETUCTPOB, 3aHSITHIX BXOJAOM. B HaUa/IbHBIIT MOMEHT BPEMEHU 9TO YUCJIO 3AIIUCAHO
B HYJIEBOM HHJIEKCHOM DPErucTpe, a JPyrue WHJEKCHbIE PErUCTPhI cojiepyKaT Hy/n. Tak »xKe
OTIPEJIETISIIOTCS HeJIeTePMUHIPOBaHHBIE 0000IEHHBIE PErnCTPOBBIe Mammuubl. Heerepmunn-
POBaHHBII IITar COCTOUT B 3allUCU B YKa3aHHBIN PEruCcTp HOBOI'O YMC/Ia U3 1oJid K, KoTopoe
He OBLJIO0 BBIYUCICHO HAa TPEIbIIYIINX MArax.

l'oBopst Meree popMaIbHO, paccMaTpruBasi 0O0OIIEHHBIE PETUCTPOBBIE MAIIIMHBI, MBI OTIe-
HUBaeM apupMETHICCKyIo CI0KHOCTh. C Jpyroif CTOPOHBI, BLIMUC/ICHASA Ha OOOOMEHHBIX
PEruCTPOBBIX MAIIMHAX TECHO CBA3aHBI C METOJIAMH aJIredpPandecKoil reOMeTpun Hal IPo-
U3BOJILHBIME ajirebpandeckumu crpykrypamu [15]. Haj mosiem, BHIYHCIUMBIM 38 [MOJTHMHO-
MUAJbHOE BPEMsl, TOJIMHOMUAJIbHAST BBIYUC/IUMOCTD Ha O0ODIIEHHON PErncTpOBOil MAInHEe
He BJIEUYET MOJIMHOMUAIBLHO OIPAHNIEHHY0 OUTOBYIO CJI0KHOCTE [16, 17]. g sToro pomos-
HUTEJIFHO TpedyeTcsi, YTOObI Ha KasK/IOM Iare 3alliCaHHble B PErMCTPax IUCIa UMEIN I0-
JITHOMHAJILHO OIPAHUYEHHYIO JITUHY 3allMCH. DTO OrpaHuveHue cyiiecTBenno. Harmpumep,
BO3BEJIEHIE PAIMOHAILHOTO Yncia B creredb n Tpedyer jmimb O(logn) ymuoxkennit. OHa-
KO B 00IIIEeM Cjlydae JIJIMHA, JIBOUYHOM 3aIlliucu pe3y/ibTaTa He OrpaHudeHa cBepxy (pyHKIueit
tuma poly(logn). C apyroit cTopoHBI, TPYJTHO yKa3aTh MHUHUMAJBHOE UHCIO YMHOKEHHUI,
HeoOXOIMMOe /1T BBIYUCJIEHNST TAKOTO YHCJIa ONTUMAJbHBIM criocobom [18].

11t TIOJIOZKUTEJIBHOTO IEJI0T0 9rucia k dppasa «IOoUTH BCe IOCIeI0BATEILHOCTHA U3 k 11-
cesl» 0003HAYAET «BCE YNCJIEHHBIE OIEHKN Kk ITepeMeHHbIX, HA KOTOPBIX KaK-TO (PUKCUPOBaH-
HBIIl MHOTOUJIEH MOJIOYKUTEJIHHOI CTelleHn OT k mepeMeHHBIX He obpalrnaercs B HyJsib» [19].
MHorowien 0TOXJIECTBIISETCS C TOCIEI0BATE/IBHOCTHIO IUC/IOBBIX KOI(DMUIINEHTOB, BKJITIO-
vas HyJIeBble 3HAYEHUsI, NCIO/Ib3Ysl (PMKCHPOBAHHOE MOHOMHUAJIBHOE yTopsiaodenne. Tak xe
C TIOCJIEJIOBATEILHOCTSAME YUCE/T OTOXKJIECTBIIAIOTCA CUCTEMbI YPABHEHUN M MaTPHILbI, UbH
9JIEMEHTBI YIIOPSI0IUBAIOTCA B 3aBUCUMOCTH OT KOHTEKCTA.
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Mpi paccmarpuBaeM MalllMHBI, KOTOPbIE MOTYT JIABATh HEONPEJIEIEHHBIN pe3y/ibraT —
OTKa3 OT Bbruucjenns. Ho npuHuMast wim oTBeprast BXo/I, MalllinHa He orubdaercs. Pacemor-
puM O0OODIEHHYIO PETUCTPOBYIO MAITUHY HaJI YIIOPSIOYEHHBIM ITOJIEM C TPEeMs COCTOSTHSI-
MM OCTaHOBKH, 0003HaYaeMbIMH depe3 ACCEPT, REJECT u VAGUE. B cocrogaun ACCEPT
MAaIlliHa TPUHUMAET BXOJI, B COCTOAHUUA REJECT — OTBepraer BXOJ, B COCTOAHUA VAGUE —
OTKa3bIBAETCH JATh CojiepKaTe/ibHbIil 0TBeT. [lo anajorun ¢ OObLIYTHBIME FeHEPUIECKUME BbI-
aucsennsiMu [20-23] 06001EHAAsT perncTpoBas MaIINHA HA3BIBACTCS 2eHEPUYECKOT, KOTIA
BBIITOJTHEHBI J[Ba, YCJIOBUsT: 1) MAITHHA OCTAHABIMBAETCS Ha KAXKIOM BXOJIE U 2) JIJIs KazK[0r0
[TOJIOYKUTETHHOT'O TI€JIOTO YNCIa Kk 1 JIJIS TIOYTH BCEX BXOJIOB, KaXKJIbIIl M3 KOTOPBIX 3aHUMa-
€T POBHO k DPErucTpoB, MalllMHa MIPUHUMAET WJIA OTBEPraeT BXOJ, HO He OCTAHABJINBAETCS
B cOCTOSHUNA VAGUE. AHAJIOTUYIHO ONPEIE/IAIOTCS TeHEPUIECKUE MAITUHBI, BHITUC/ISIIONIIE
HETPUBHAJIBHBIN BBIXOJ B perucrpax. Kcim mMalmua ocTaHOBUIACH B COCTOTHUU VAGUE, TO
BAIMCAHHBIN B PErHCTPaX BBIXOJ MPU3HAETCS OeceMbicieHHbIM. OIHAKO i J1Io0oro k u
JUTS TIOUTH BCEX BXOJOB, KayKJIbI M3 KOTOPBIX 3aHUMAaeT POBHO k PErUCTPOB, MaIllMHa He
MIPUXOJUT B COCTOsiHNE VAGUE.

Ha mosiem BeriecTBEHHBIX YMCET MHOYXKECTBO BXOJIOB, Ha, KOTOPOM T'eHepudieckasi 0000-
IMEHHAST PErMCTPOBas MAIlMHA OCTAHABJIUBAETCH B COCTOSHUN VAGUE, UMEeT Mepy HYJIb.
[TosToMy Takwme MAIIMHBI CIYZKAT AHAJOIOM OOBITHBIX T€HEPUIECKUX aJIOPUTMOB.

YacTo yc/ioBreM BBIYUCINMOCTH CJIYKAT OIPAHNYIeHNe Ha PAHT MaTPHUILLL. B obmem ciry-
Yae CTeleHb JIeTePMUHATAIBLHOTO MHOrOOOpas3us (HaJ[ MoJeM KOMILIEKCHBIX YHCe/T) MOXKET
OYeHb OBICTPO PACTH NPU yBeJMIeHUN pa3Mepa (IpaMoyrosibHoi) mMarpuib [24]. Ojnako
HAJT JIMHEIHO YTOPSI0OYEeHHBIM I0JIEM BEPXHss I'DaHuiia k Ha PAHT MATPUIILI BhIPAYKAETCS
obpareHneM B HYJIb CYMMbI KBaJIPaTOB MHUHOPOB IMOPsijika k. DTO MHOIOWIEH cTerneHn 2k
OT 3JIEMEHTOB MaTPUIIHI.

Hns ancen n w r < n pasr (r X n)-MaTpuibl paBeH I TOIJA U TOJBKO TOTJA, KOIJA
OTJIMYEH OT HYyJIs HEKOTOPBIfI MHOTOWJIEH CTENeHW 27 OT 3JeMeHTOB Marpuilbl. [Ipu sTom
JIOCTATOYHBIM YCJIOBUEM, KOTOPOE BBIIIOJIHEHO JIJIsl IOYTU BCEX TAKUX MATPUIL, CIIYKHUT OT-
JInYue OT HyJIsi OJHOTO U3 MUHOPOB TOPSIJIKA I, PABHOT'O MHOT'OYJICHY CTEIICHH 7.

Cortacuo kpurepuio CurbBecTpa, CHMMETPUIHAST MATPUIIA TIOJIOKUATETHHO OIpeIeIeHa
TOTJIa ¥ TOJIBKO TOTJI&, KOTJIa BCE €6 YIJIOBble MUHOPBI Ay mosox)uTebHbie. O1peienTesb
MAaTPUIBI HAJT TIoJieM K BBIYKCIIsIeTCsS 00OOIIEHHON PErMCTPOBON MAITMHON 3a MOJMHOMU-
aJibHOe BpeMs. [1j1st TpOBEPKU MOJI0KUTETBHOMN OIIPEIeIEHHOCTU YHCJIOBOI MATPUIIBI YI00HO
ucnoJib3oBaTh Takke LDU-pazioxkenne, Ubsi BBIYUCIUTEIbHAS CI0KHOCTD UMEET TOT K€
HOPSIJIOK, YTO U JJIsi MATPUIHOIO yMHOXKeHus [25].

2. OcHoOBHBIE PE3YJILTATHI

JL1st KazK10ro HATYPaJbHOTO YUCIa 1 PACCMOTPUM N-MepHoe apPUHHOE ITPOCTPAHCTBO
a1 nojieM K ¢ pukcnpoBannoii cucreMoit KoopimHat. Touka, KaxKaas KoopJAuHaTa KOTOpOi
pasra 0 win 1, HaseiBaercs (0, 1)-Toukoii. [Tonck GuHApHOTO perieHnsi CUCTEMbI JIMHEHHBIX
ypaBHeHuil sKBuBajenTer moucky (0, 1)-rouku, nanumperTHON addUHHOMY TOIIPOCTPaH-
cTBy. MHOrO4/IEH BTOPOI CTEIeHM, KOTOPBIil paBeH JIMHEHHON KOMOMHAIUM MHOT'OYJIEHOB
Bujia T (r,—1), obpamaercs B Hysb B Kaxk10ii (0, 1)-rouke. ['omorennsanueii Takoro MHOTO-
JJIeHa CJIYKUT JINHEHAs KOMOUHAIMS KB IPATUIHBIX (OPM BUIA Ty (T — o), T Yepes To
obo3HaveHa HOBas mepeMenHas. Takne KBagpaTudnbie (POPMBI CJIY2KAT JIJId cepTU(MUKAIIIN
OTCYTCTBUSA JIBOUIHBIX PEIICHUIA.

Addunnoe mpocTpaHCTBO BJIOXKEHO B IPOEKTUBHOE MTPOCTPAHCTBO € OTHOPOIHBIME KO-
opauHatamu (xg : -+ : ). lpn a # 0 jauneiitnas dopma axg onpeseiiser GECKOHETHO



ZBonyHbie peluenns s 60NbLWNX CUCTEM NNHENHBIX YPaBHEHUI 9

YIAJAEHHYIO MHIEPIIOCKOCTh B IIPOEKTUBHOM IIpocTpancTBe. Addunnoe mpocTpancTBo Co-
OTBETCTBYET 3HAUYEHUIO Xy = 1.

Teopema 1. laubl HATypaIbHbIE THCIA N U S, [T KOTOPBIX BBIIIOJHEHO HEPABEHCTBO
2n > (s+1)(s+2). sz nourn kazxgoro nabopa us (n — s) guneusx dopm £ (xo, - - , )
JIUIS UHJIEKCOB j > S HallJlyTcs Takue 3HAYeHUd KOI(DPUITMEHTOB Aj, YTO OyJIeT IMOJIOXKH-
TeJIbHO OIpe/ieieHa KBajpaTndHas (hopMa

> k(e — o) + > Ajli(4; — o)
k=1

j=s+1

OT TIEPEMEHHBIX I, ..., Ly_s. DOJIEE TOrO, 3HAYECHUS ITUX KOIDPUINECHTOB BBITUCISIOTCS
reHepUIeCcKoi 0OODIIEHHON PErMCTPOBO MAIIIMHOM 38 TOJTUHOMUAIBHOE BPEMs. DTa Malll-
Ha MOYKET OCTAaHOBUTLCHA B COCTOAHUN VAGUE JIMIIb HA TAKOM BXOJIe, Ha KOTOPOM oOparlra-
eTcsd B Hy/Ib HEKOTODBIN MHOTOWIEH CTeleHn He Bble (s + 1)(s + 2) or koaddunnentos
JTUHERHBIX dhopM ;.

oxa3zameavcmeo. loctaTodnHo HaflTu 3HAYEHUSA A1, ..., Ay, IPU KOTOPBIX BBITOJI-
HEHO PABEHCTBO MHOTOUJIEHOB

> Metr(rr — x0) + Do Nyl — o) = Y i
=1 j=st1 k=0

DTOT HAOOP 3HAYEHHUI CJIYXKHUT PeIieHueM HEOJIHOPOJIHON CUCTEeMbI JIMHEWHBIX ypaBHEHUI
OT M HEU3BECTHBIX Af, . .., A,, B KOTOPOI YUC/I0 ypaBHEeHH paBHo s+1. Oboznatdmm yepes £y,
koabdunmentsr muneitnoit popmbl £; = Lioxo+. . .+ {51 KoaddurmenTts: npun monomax 3
OTIPEJIETISIOT JIJI HEM3BECTHBIX A1, ..., A, HEOJHOPOJHOE YpaBHEHHE

i Cio(Ljo —1)A; = 1. (1)

Jj=s+1

Kosaddbunuentsr npu monomax 4, rae 1 < k < s, maor s ypasaenuit

Jj=s+1

KosdpdbunmenTsr nmpu MmoHOMAaX Tpxg, re 1 < k < s, 1aloT S ypaBHEHMIA

=X+ >, (200 —1)A; = 0. (3)

Jj=s+1

Kosdpdunmentor mpu Mmonomax xxx;, riae 1 < ¢ < k < s, Jal0T ypaBHEHU

n
> Ll = 0. (4)
j=s+1
O6o3HaUUM Yepe3 r YUCI0 yPaBHEHWUI OT HEU3BECTHBIX Aj, ..., Ay, KOTOPOE COCTaBJISET
r=—=(s4+ 1)(s +2) < n. JloctaToYHbIM YCJOBUEM CYIIIECTBOBAHUS PEINEHUS CJIYZKUT T10JI-

2

HBIIl paHT MATPUILI TAKOW cucTeMbl. /[jIst 9TOro M0CTATOYHO OT/IMYMS OT HYJIsl OJTHOTO U3
MHUHOPOB A, TIOPSAJKa I 9TOM (7 X Nn)-MaTPHUIbl, KOTOPBI CJIYKUT MHOTOYJIEHOM CTEIeHH I
OT 3JIEMEHTOB MATPHIIBL. DJIEMEHT MATPUIBI — 3TO (BOOOIIE MOBOPsI, HEOHOPOJHBIN) MHO-
rOWIeH CTEIeHH He BBIIIEe BTOPOii 0T Koaddunuentos smHeltnbx dhopMm £;. CraesoBareabHo,
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MHHOP A, — 9T0 MHOTOWIEH 0T K03(DDUIHEHTOB JTHHEAHBIX (HOpM {;, CTEleHb KOTOPOro He
npesbimaer 2r = (s + 1)(s + 2). g 3aBepiienus 10Ka3aTeIbCTBA HY?KHO 1TOKAa3aTh, ITO
9TOT MHOIOYJIEH HE PABEH HYJIIO TOXKJIECCTBEHHO.

O6o3Haunm 1epes c(i, k) Homep mapel unjekcos (i, k), 1 < i < k < s, npuHIMaOmuii

sHavenud ot 1 1o r — s — 1. Paccmorpum nabop mmHeiHBIX dopM (; = 5%o + x; + zp, TIE
npu s + 1 < j < r — 1 unjekcol cBs3anbl ypasuenueM j = s + ¢(i, k). Ilpu j = r nosaraem

l, = %0 ITpu j > r nmonaraem ¢; = 0.

1
Ypasuenue (1) npuaEMaer Buj —Z()\S“ + ...+ \;) = 1. YpaBHenus tuna (2) npusHu-

matoT B Ay +4X; =1, tne 1 <k < suj=s+c(k k). Ypasuenus tuna (3) IpHHIMAIOT
Bt — A, = 0, e 1 < k < s. Cruta/ipiBast COOTBETCTBYIOIINE YpaBHeHust THIOB (2) u (3),
nosydnM ypasaenus tuna 4\; = 1, tne 1 <k <su j= s+ c(k, k). Ypasuenns tuna (4)
npuanMaloT Bug A =0, e 1 <i <k <suj=s+c(i, k).
Urak, npu BoIOpaHHBIX JHHeHHBIX dopmax ¢; mogcucrema 6e3 ypasaenus (1) sxsusa-
JIEHTHa CHCTEeMe yPaBHEHUIl, KayKjoe U3 KOTOPBIX 3aBUCUT OT OJIHON M3 IIEPEMEHHBIX A,
., Ar—1 0e3 moBTopenuii. Yucsio srux ypasHenuii pasuo r — 1. CiejioBaTesibHO, 9Ta CU-
cTeMa MMeeT eJIMHCTBEHHOe perieHne. TakzKe CyIecTByer eJIMHCTBEHHOe 3HAYeHUe A, IPU
KOTOPOM 3TO DeIlleHne MpoJoJzKaercs 10 pernennst ypapuenns (1). Ilpu n > r 3navenus
Ari1y « -+, Ay MOTYT OBITH JIIOOBIMU. [I03TOMY COOTBETCTBYIOIIAs MATPUILA UMEET TIOJIHbBIM
paHr 7, a €€ yrjaoBoil MUHOD A, OTJIUYeH OT Hy/Is. W

3ameuanue 1. Ha nosem panuonaibabix dnces (Q OuroBas BEIYUCTUTETbHAS CJIOXK-
HOCTD ITOUCKA KOIPMPUITMEHTOB A1, . .., A\, TaKXKe MOJMHOMHUAJIHLHO OTPAHUYEHA, TTOCKOIBKY
3a/1a4a CBOJIUTCA K PEHICHUIO CHCTEMbI JIMHEHHBIX ypaBHenwuil. [Ipu sTom cymmapHbIii pas-
Mep JIBOMYHBIX 3alliCell Yncesl Ha IPOMEeXKYTOUHBIX IaraxX BbIYUCIEHUs OrpaHNYeH MHOTO-
YJIEHOM OT JITMHBL BXojia |1, Teopema 3.3, 1. 1, ¢. 55]. BoJiee Toro, Tak nojrydaercst renepude-
CKHUil aJITOPUTM TIOJIMHOMHUAJIBHOIO BPEMEHHU B CMbICJIe onpejesiernst u3 pabor [20-23]. Ec-
JIN Ha BXOJI IOCTYTAIOT PaIlMOHAJIbHbIE YUC/Ia, YbW JIJIUNHBI JIBOMYHBIX 3alUcell OrpaHNYIeHbI
CBEPXY MHOTOUYJIEHOM poly(n), TO BepXHsisi OIEHKa JIOJIN T€X BXOJOB, Ha KOTOPBIX MAIITHA
OCTAHABJIMBAETCsI B COCTOSTHUN VAGUE, nostydaercst u3 jemmbl [IIBapria — Sumnmesns [26].

Teopema 2. [l J1100bIX HATYPAJIBHBIX YHUCEJ 1L U S, YJIOBJIETBOPAIONINX HEPABEHCTBY
2n > (s+1)(s + 2), u yrs movTn Kazkaoro Habopa (n — s) muaeitHbIx dhopMm 4;(zg, - -+ , T5)
JUT MTHJEKCOB j > § reHepudecKas 00OOIIEHHAS PErncTpoBas MallllHa 33 MOJIMHOMUAIBHOE
BpeMsl Pacro3Haér orcyrcrsue Kakoi-iu6o (0, 1)-rouku, uHimpenTHoi adduaHOMY MOJI-
IPOCTPAHCTBY, 33JaHHOMY CHCTeMOl ypasuenuit x; = (;(1,xy, -+, xs) /I HHIEKCOB j > .
Bosee Toro, sTa marmHa MOYXKET OCTAHOBUTHCS B COCTOSHUU VAGUE JIAIIb HA TAKOM BXOJIE,
Ha KOTOPOM ofpalaercsi B HyJIlb HEKOTOPBIl MHOTOUJIeH cTeneHn He Boime (s+ 1)(s+2) or
K03 duImenTos uHeRHBIX hopM ;.

Jloxaszameavcmeo. CoracHo Teopeme 1, reHepuyeckasi 0OOOIIEHHAS PErUCTPOBAS
MallliHa 32 IOJIMHOMUAJILHOE BPEMs BBIYUC/IAET TaKue KOIPPUITMEHTBI i, ..., A,, 9TO
[IpU 3HAYEHUN [TepEMEHHOI Ty = 1 BBIOJTHEHO PABEHCTBO

k=1

j=s+1 k=1

DTOT MHOIOYJIEH HHUTIe He obpamaercs B Hy/ab. OIHAKO OH JOJKEH oOpaliaThbcs B HYJIb
B kax0it (0, 1)-rouke, npuna/exarieii abGUHHOMY MOAIIPOCTPAHCTBY, OIPEIEITEMOMY
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cucremoit ypasuennit x; = (;(1,xy,...,xs) s ungexcos j > s. Ciie1oBaTe/IbHO, TAKOH OT-
BET CJI’KHUT TOJTBEepXK/IeHneM, 9To Hukakas (0, 1)-Touka He nmpuHa uieRuT 3T0My adduH-
HOMY TIOJIIPOCTpaHCcTBY. MHatwe mammba ocTaHaBIMBaeTcss B cocTossHUU VAGUE. OrtieHka
CTEIIeHN MHOT'OYJIeHA, OOpAIAIoNIerocs pu 9TOM B HYJIb, COBIAJIAET C OIEHKOIN n3 Teope-
MBI 1. m

Teopema 3. Cymecrsyer Takoe 4ucao € > 0, 94TO I JIOOBIX 9HCE]T (v U Y U3 HH-
repBajia (1 — e, 1+ &) u jyist J00BIX wmcea 5, A\, A2 # A3 KBajgpaTudHas (opMa oT TpEx
HepEeMeHHBIX T, T1 U Ty, PaBHA

1 1
Mz1(xy — xo) + Aoxa(we — ) + A3 | ary + Py — §’yw0 axr, + Bry — 57:50 -0 |,

He ObIBAET IMOJIOYKUTEJIHHO OIpeIeIeHA.
Zloxazamenvcmeo. llpu a = [ = v = 1 marpuna ['ecce kBaipaTraHoit (hopMbI paBHA
3
5)\3 —)\1 — 2)\3 —)\2 — 2)\3
-\ — 23 20 42X 2)\3
—Ay — 2)3 2)\3 20 + 2)3

Eé yrioBoit Munop BTOporo nopsika Ay = — A A3 — A2 — \2 He NpUHUMAET T10JI0AKUTEIbHBIX
snadenuii. B obmem ciaydae

B2 = M) (L +2) =27 = 2) = X = (g0)?

(0%
HpI/I MaJIbIX 3HaYCHUAX £ BbIIIO/JIHECHLI HEPpAaBEHCTBA

8

—2<Gﬂ+m—m—2<0
!

[TosToMmy yryoBO#t MEHOD BTOPOTO TOPSIIKA HEe IIPUHUMAET MOJI0KUTEIbHBIX 3HadeHuit. Cre-

JIoBaTesIbHO, 9Ta MaTpuila [ecce (1 cooTBercTBYIOMAst KBaapaTudnas (Gopma) He ObIBaeT

IIOJIOXKUTEJILHO OIIpejiesieHa HU IPH KaKNX 3HAYEHUAX KOIPMUIHEHTOB A1, Ao U A3. B

3. O6cyxaenue

Teopembl 1 1 3 UMEIOT sICHBIN F€OMETPUIECKUI CMBICJI HAJT ITOJIEM BEIIECTBEHHBIX TUCE.
O tHOPOTHBIE KOOPMHATHI B TPOEKTUBHOM ITPOCTPAHCTBE HUT/IE He 0OPAIAIOTCA B HYJIb OJ-
HoBpemeHHO. CJie/IoBaTETLHO, TOJIOXKUTETBLHO OINPE/IeIEHHAs KBaipaTuinas gopma 3a/1a-
€T B IPOEKTUBHOM IIPOCTPAHCTBE ajredpandeckoe MHOXKECTBO 0€3 BEIeCTBEHHBIX TOUEK —
MHUMBII 3jutuiconl. Een ke kBajiparudHasi (hopMa He SBJISETCS 3HAKOOIIPEIe/IEHHO, TO
oHa oOpalaeTcd B Hy/Ib B HEKOTOPOIl BEIIECTBEHHON TOYKE MPOEKTHUBHOTO ITPOCTPAHCTBA.
DTa TOUYKA MOXKET OBITh OECKOHETHO YIAJEHHOW, TO €CTh He MpUHaIekRaTh adduaHOMY
IIPOCTPAHCTRY.

[lpu n = 3 mw s = 1 u3 Teopembl 1 ciiefyer, 4TO HpsMas OOINErO IOJOKEHUs
B R? He mepecekaeT HEKOTOPYIO HOBEPXHOCTL BTOPOIO IIOPsKa, IIPOXOJAILYIO depes Bee
(0, 1)-TouKn. DTO BBIIOJIHEHO W /I IIPOEKTUBHOIO 3aMBIKAHIS.

CoriacHo TeopeMe 3, Kazkjgasl MPOCKTUBHAas IJIOCKOCThL B RP?, 3amammas ypaBHEHU-

eM T3 = axy + fry — 5’71’0, e o =~ 1 u v & 1, nepecekaeT B BelIECTBEHHBIX TOYKAX

KasKJIyI0 TIOBEPXHOCTH BTOPOIO MOpsijika, npoxosiyio depe3 Bee (0, 1)-roukn adbdunrnoro
IIPOCTPAHCTBA, B KOTOPOM Xy = 1. Takme IJI0OCKOCTH COOTBETCTBYIOT HEITYCTOMY OTKPBITOMY
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(B aHAJIMTHYECKOIl TOIIOJIOTUI) MHOXKECTBY B IPOCTpaHCTBE mapaMeTpoB. Ciel0BaTeIbHo,
yeqoBue 2n > (s + 1)(s + 2) B Teopeme 1 Hesb3st 0c1abuTh pH N = 3.

[IpoBepsiemoe TreHEPUYIECKUM aJITOPUTMOM B JIOKA3aTEIbCTBE TEOPEMBI 1 JOCTATOTHOE
YCJIOBUE MOXKHO OC/IaOUTh, ecii He TpeboBaTh OBICTPOIl BBIYUCIUMOCTH HCKOMBIX KO3(]-
durmeHToB Ay, ..., \,. C Apyroit cTOpoHbI, €C/ii He BBIYUCIATH, & HEJETEPMUHUPOBAHHO
yrajaTth 3T KoM UIMEHTHI, TO 32 MOJIUHOMUAJIBHOE BPEMsI MOXKHO IIPOBEPUTD, OyIeT Jin
oIy YeHHasl KBaJpaTudHas (popMa MOJI0KATEIbHO onpeeieHa. [loaToMy MeHbIIe 0TKa30B
OT BBIYHUCJIEHHUSI MOYKeT 00ecIeunTh HeJeTepMUHUPOBaHHas ODOOIIEHHAS PErucTpoBasi Ma-
IMIIHA HaJ[ yHOpsAodeHHbIM 1ojieM. OiHaKO TeopeMa 3 MOKA3bIBAET, 9TO W B 9TOM CJIydae
OTCYTCTBUE DeIIeHust Aq, ..., A\, He o3Hauaer orcyrcrsus (0, 1)-Touku, npuHaIexKaeit
JIAHHOMY TIOJIIIPOCTPAHCTRBY.

JleTrepMUHUPOBAHHBIN PFeHEPUIECKHUI aJITOPUTM B TeopeMe 2 MO0 KOPPEKTHO PACIIO3HA-
éT OTCYTCTBHE JIBOMYHOIO PeIleHHsI Y OOJIBIION CUCTEMbI YpaBHEHH, JTuO0 TaéT Heolpe-
nenénnbiii orBeT. C APYroif CTOPOHBI, TBOMYHOE pEIeHre MOYKHO NCKATh OMHAPHBIM ITOUC-
KOM, IIPOBEPsSA 9TUM aJITOPUTMOM OTCYTCTBHUE JIBOMYHBIX PEIIEHUI MPHU OIEHKAaX HEKOTO-
pbIX nepemenHbiX. Hampumep, ecim npu mexoropoit (0, 1)-orenke onHON 3 mepeMeHHBIX
CUCTeMa He UMEeEeT JBOMYHOIO PEIIeHMs, TO UNC/I0 HEU3BECTHBIX yMeHbInaeTcsa. O1HaKko mpu
HeOIpeJIeIEHHOM OTBeTe TpebyeTcsl IpoBepKa HOBBIX rumores. IlosaTomy B XymmeMm ciaydae
Tpebyercd 1epedop OOJIBIIIOr0 YUC/Ia THUIOTE3 JIaXKe JIJId CUCTEM, BKJIIOYAIOIIMX MHOTO JIM-
HEHO He3aBUCHMBIX ypaBHeHwuit. Teopema 2 He MO3BOJIMIA TaKXKe YIyUIIUTh PE3yIbTaThl O
poimoHuMocTH 3-KH®. Xors obe zamadan 3-SAT u NAE-3-SAT cBoasgTcs K MOUCKY IBO-
WYHBIX PEIIeHuil y CHCTeMbl JTUHEHHBIX YpaBHEHH, B MHTEPECHBIX CIyYasX UUCI0 JTUHEHHO
HE3aBUCHMbBIX YPaBHEHMIT OKA3bIBAETCsI 3HAUNTEILHO MEHBIIIE UNCJIa IePEeMEHHbIX.

Anroputm B Teopeme 2 HeJIb3sI TPUMEHUTH JIJIsT IPOBEPKU CYIIECTBOBAHUS JTBOMTHOIO
pelennsi y OJHOro JIMHEHOTO ypaBHeHus. Teopema 3 moTBep:K1aeT 9TO Ipu n = 3.

3akJiroueHue

[TonsTre reHepUvIecKOro aJiIropuTMa PacpoCTpaHeHo Ha 0OOOIIEHHBIE PETUCTPOBLIE Ma-
IIMHBI HAJT YIOPSIOYeHHBIM 110J1eM. [Ipeioxken reHepuyaecKuii ajropuTM MOJHHOMHUATBHO-
IO BpEMEHN JIJIsl PACIO3HABAHUS CHCTEM JIMHEHHBIX ypaBHEHUiT 6e3 KaKOro-JIn00 JIBOMTHO-
IO pellenus, KOrja YUCJI0 YPABHEHHUN M ¥ THCIO HEM3BECTHDBIX 7 CBA3AHBI HEPABEHCTBOM
2n > (n —m+ 1)(n —m + 2). DTOT AITOPUTM PACIIO3HABAHUS CJIYKHUT JJist 0O0OCHOBAHUS
9BPUCTUIECKOIO METO/[a IMOUCKA JIBOMTHOIO PEIIeHNsT TaKoi cucreMbl ypaaeruil. OHaKO
B XYJIIIIEM CJIydae TOUCK JIBOMTHOIO PEIIeHUsT OCTAETCS BBIYUCIUTETHHO TPY/IHON 3a/1a4eil.
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The purpose of this survey is to give some picture of what is known about algorithmic
and decision problems in the theory of solvable groups. We will provide a number
of references to various results, which are presented without proof. Naturally, the
choice of the material reported on reflects the author’s interests and many worthy
contributions to the field will unfortunately go without mentioning. In addition to
achievements in solving classical algorithmic problems, the survey presents results on
other issues. Attention is paid to various aspects of modern theory related to the
complexity of algorithms, their practical implementation, random choice, asymptotic
properties. Results are given on various issues related to mathematical logic and
model theory. In particular, a special section of the survey is devoted to elementary
and universal theories of solvable groups. Special attention is paid to algorithmic ques-
tions regarding rational subsets of groups. Results on algorithmic problems related
to homomorphisms, automorphisms, and endomorphisms of groups are presented in
sufficient detail.

Keywords: solvable groups, algorithmic and decision problems, algorithms.

1. Introduction

Awareness of the algebraic nature of many important concepts of topology and function
theory in the 1880s led to the formation of a combinatorial group theory. Groups, already
represented in the works of F. Klein, H. Poincare and other mathematicians, gained the
right to independence after W. Dick discovered a universal way to define them using
generators and defining relations [50]. H. Poincare [198, 199] established the first contacts
between combinatorial topology and group theory. He introduced the fundamental groups
of manifolds into consideration, while at the same time finitely defined groups of finite
simplicial complexes were distinguished as effective objects. E.S. Fedorov [58] discovered
a remarkable application of groups to the geometry of crystals. F. Klein proposed in his
inaugural lecture in 1872 at the University of Erlangen (Germany) the famous Erlangen
program, classifying geometries by their basic symmetry groups [106]. This program is an
influential synthesis of much of the mathematics of the time.

It turned out that many important topology problems are algorithmic in nature. At the
very beginning of the twentieth century, the basic algorithmic problems were formulated for
a class of finitely defined groups. The word problem was posed by M. Dehn [42]: s there an
algorithm that, from two arbitrary group words from the generating elements of the group,
determines whether they define the same element of the group? H. Tietze [250] developed
the Tietze transformations for group presentations, and was the first to pose the group
isomorphism problem: Is there an algorithm that finds out, from two arbitrary finite group

'Hcenenopanme BuImosaHeno npu ¢uHancosoit nogmepxke PODU B paMkax HaydHOro mpoexTa Ne 20-

11-50063.
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assignments by generating elements and defining relations, whether these assignments define
isomorphic groups?

From the very beginning, combinatorial group theory was closely intertwined with
computability theory. We are currently seeing many new successful interactions between
group theory and computer science. Complexity theory and automata theory began to play
more important role in the group theory, especially in the algorithmic directions. Questions
of random choice and asymptotic properties of groups have acquired significant importance.
On the other hand, various mathematical fields such as algebraic cryptography and data
compression have led to new questions in group theory.

More than thirty-five years ago, the author, together with V.N. Remeslennikov,
published the survey [210], devoted to the algorithmic and model-theoretic questions
in group theory. The survey is widespread, its objective was to give a fairly complete
description of group-theoretic results of an algorithmic nature in their historical
development, as well as to present the methods of model-theoretical research in group
theory. These two lines of research are closely interrelated and have a common focus, as
they seek to answer one general question: what properties and characteristics of groups can
be effectively identified? Some aspects of this research are reflected in {152, 186].

The content of the papers [186, 210] and the monograph [152]
is largely due to the significantly increased interest in research in
combinatorial group theory at that time. This area was formed in
the 60-70s of the twentieth century. Two monographs with the same
title “Combinatorial group theory” written by W. Magnus, A. Karrass
and D. Solitar [132], and by R. Lyndon and P. Shupp [125] played
a significant role in its formation. The title of [132| has a subtitle
“Representation of groups in terms of generators and relations”. These
monographs laid the foundations for combinatorial group theory as one of the most actively
developing areas of group theory and mathematics in general in the following decades
to our time. Both monographs were translated into Russian and subsequently reprinted
several times. W. Magnus et al.’s book focuses on representing groups in terms of generators
and defining relations. The authors consider free constructions: free groups and products,
free amalgamated products, Higman — Neumann — Neumann (HNN) extensions. The term
“combinatorial” itself arose from the frequent and significant use of combinatorial methods.
The book touched on algorithmic problems, from the classic Dehn problems to problems
that only arose at that time. The value of the book [132] for the further development of the
combinatorial group theory is very great. It is a tutorial, a problem source, and a research
sample.

The book [125] is clearly an important contribution to the mathematical literature.
It contains proof of Whitehead’s theorems and related theorems by J. McCool, proof of the
Karrass — Solitar theorem on subgroups of free products with one amalgamated subgroup
by Nielsen methods and its obvious promise applications. It also contains discussion of
cohomology, graph-theoretical connections, discussion of HNN extensions, elegant treatment
of one-relator groups, proof of the Higman embedding theorem, connections with logic, the
use of van Kampen diagrams and the consideration of small cancellation theory and its
applications are very good advances.

The history of combinatorial group theory is described by W. Magnus and B. Chandler
in [34]. Results on combinatorial algebra are presented in the monograph by L. A. Bokut
and G. P. Kukin [32]. O. Kharlampovich and M. Sapir presented in [103] a survey of results
on algorithmic problems in varieties of algebraic systems.

V. N. Remeslennikov
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The origins of the theory of solvable (some authors use the term “soluble”) groups go back
to the first half of the nineteenth century, when Evariste Galois determined a necessary and
sufficient condition for a polynomial to be solvable by radicals, thereby solving a problem
standing for 350 years. His work laid the foundations for Galois theory and group theory, two
major branches of abstract algebra. He realized that the algebraic solution to a polynomial
equation is related to the structure of a group of permutations associated with the roots of
the polynomial, the Galois group of the polynomial. He found that an equation could be
solved in radicals if one can find a series of subgroups of its Galois group, each one normal
in its successor with abelian quotient, or its Galois group is solvable.

This proved to be a fertile approach, which later mathematicians
adapted to many other fields of mathematics besides the theory of
equations to which Galois originally applied it. The achievements
of Galois theory stimulated intensive study of permutation groups,
and indeed in the early stages of its development, group theory was
preoccupied almost exclusively with finite groups.

However, under the influence of geometry, topology, and the
theory of differential equations, there arose a pressing need to consider
infinite groups of transformations. The theory of infinite groups began
to develop in the 20s of the twentieth century. Free groups first arose in the study of
hyperbolic geometry, as examples of Fuchsian groups (discrete groups acting by isometries
on the hyperbolic plane). The algebraic study of free groups was initiated by Jakob Nielsen
in 1920s, who gave them their name and established many of their basic properties [179, 180].
Otto Schreier published an algebraic proof of the Nielsen — Schreier theorem in [243]. Max
Dehn realized the connection of groups with topology, and obtained the first proof of the
Nielsen — Schreier theorem [42]. Kurt Reidemeister included a comprehensive treatment of
free groups in [204] and in his book [205], the first monograph on combinatorial group
theory and topology. Parametric groups made their appearance in the works of S. Lie [114].

In the 1930s of the twentieth ccentury, Wilhelm Magnus invented the connection between
the lower central series of free groups and free Lie algebras (see [133]).

From the Preface of [133]: “Magnus has had such a profound
influence on combinatorial group theory because many of his ideas,
startingly and strikingly simple, have provided not only deep insights
into a very difficult subject but also powerful methods for dealing with
these difficulties. His ideas have also found application in topology,
K-theory, the theory of Lie and associative algebras, computational
complexity, and also in logic. The expert in group theory, however, will
be astonished to find that this reprinting of Magnus’ papers contains
a very large amount of very important work on diffraction problems
and related topics in analysis. Indeed Magnus is one of the very few Wilhelm Magnus
mathematicians who has done significant work in two completely different fields. There is a
large number of mathematicians who know Magnus for his work in analysis but are totally
unaware of his work in group theory. His books, his teaching, his many doctoral students,
his effect on the thinking of his colleagues both in private conversation and in seminars
have also helped to establish him as a mathematician of the first rank and enriched the
mathematical community.” — G. Baumslag and B. Chandler.

Intensive research on solvable groups began in the 30s of the twentieth century. This
research was initiated by P. Hall, who just completed his great sequence of papers on finite
solvable groups [83]. His PhD-student K. A. Hirsch published a sequence of five papers 85—

FEvariste Galois
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89|, where he introduced and investigated polycyclic groups. From the very beginning it
became clear that the theory of infinite solvable groups needs in some original methods
of studying. It turned out later that the methods come from ring theory, matrix group
theory and homological algebra. Thus, the theory of infinite solvable groups has a broader
connection in algebra.

In 1950s A.I. Mal’cev established the basic theory of solvable
matrix groups [141]. He also invented the notion of a rank and
investigated solvable groups of finite rank [139]. He showed the
undecidability of the elementary theory of finite groups, of free
nilpotent groups, of free soluble groups and many others. This
Mal’cev’s works determined the perspective direction of research for

many years.

At the same time, P. Hall made a significant contribution to the
development of the theory of soluble groups. Namely, he published a
series of papers [78—82| on finitely generated solvable and nilpotent
groups. In these papers, he proved a number of results that are
important in theory and determine further research in this area.

Since that time the solvable group theory became one of the
central topics in group theory.

Solvable groups are interesting not only in and of themselves. They
are an effective tool for investigating more general objects of group
theory. Suffice it to recall the Sylow subgroups, solvable radicals,
Borel subgroups and so on. Below we give two examples of the results
obtained by passing to solvable factor groups.

The following result was proposed by M. Dehn and proved by his student, W. Magnus,
in his doctoral thesis (see [129]). It is well-known as the freedom theorem of Magnus or

The Freiheitssatz: Let

A. I Mal’cev is a great

mathematician known
for his fundamental achi-
evements in algebra and
mathematical logic. He
is one of the founders
of the general theory of
algebraic systems and
model theory and the
founder of the Siberian
School of Algebra and
Logic.

G=(r1,...,2p:7)

be a group presentation given by n generators x; and a single cyclically reduced relator r.
If x1 appears in r, then the subgroup of G generated by xo,...,x, is a free group, freely
generated by xa, ..., x,.

Magnus’ method of proof of the Freiheitssatz relies on free amalgamation products of
groups. This method initiated the use of these products in the study of infinite discrete
groups.

N.S. Romanovskii used a different approach in his proving the generalized freedom
theorem for groups with several relations (solution of the Lyndon problem) [217]: Let the
group

G=(r1,...,%,:7T1,...,Tm)

have deficiency d = n—m > 0. Then there exist a subset of d of the given generators which
freely generates a subgroup of GG isomorphic to Fy. A similar assertion was also proved for
groups defined by generators and relations in varieties of solvable and nilpotent groups and
pro-p groups. He essentially used solvable groups as a tool for these proofs.

In [228], the author proved that the automorphism group of the free pro-p group F,(p)
of rank r > 2 is topologically infinitely generated. A similar assertion was also proved for
free profinite groups F, and for free metabelian pro-p groups M, (p). His methods of proofs
are also related to solvable groups.
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The modern theory of solvable groups is presented in the monograph [113]| by
J.C. Lennox and D. J.S. Robinson. See also the author’s monograph [239]|. The theory of
nilpotent groups is presented in the lectures [9] by G. Baumslag and [82] by P. Hall.

The main object of research in the monograph by E.I. Timoshenko [256] — free
groups in varieties of solvable groups and their universal theories. In addition, groups
of automorphisms and semigroups of endomorphisms of solvable groups are described. A
significant part of the results belongs to the author of the monograph.

Algebraic geometry over groups arose in the mid-90s of the twentieth century in the
works of B.I. Plotkin [194, 195] on the one hand and in the works of G.Baumslag,
V.N. Remeslennikov, A. G. Myasnikov and O. G. Kharlampovich [17, 168, 101, 102] on the
other. The current state of algebraic geometry over groups and more generally over algebraic
systems is presented in [196, 197|, and in [41].

2. Algorithmic problems

In the very beginning of the twentieth century M. Dehn and H. Titze proposed the
following three algorithmic problems:

— The word problem (Dehn [42]): Given a group presentation G = (X : R) and words
w(X),u(X) in the alphabet X determine if w(X) =g u(X).

— The conjugacy problem (Dehn [42]): Given a group presentation G = (X : R) and
words w(X),u(X) in the alphabet X determine if there exists some g(X) such that
9(X) " w(X)g(X) =q u(X).

— The isomorphism problem (Tietze [250]): Given two group presentations G = (X : R)
and H = (Y : S) determine if they define isomorphic groups.

Subsequently, the following problem began to be added to this list of problems:

— The subgroup membership problem: Given a group presentation G = (X : R) and a
finite set of words ¢g(X),w1(X),...,wg(X) in the alphabet X find out whether or not
9(X) € gp(wi(X), ..., wp(X)).

The subgroup membership problem is often called the generalized word problem or simply

the membership problem in the literature of combinatorial group theory.

Until the 1950s of the twentieth century only positive results could
be obtained since totally new methods were needed even to state
the problem of finding a group with unsoluble word problem with
the formal precision. In particular, W. Magnus published in [130] a
complete proof of the solution of the word problem for the class of
one-relator groups.

The proof of the algorithmic undecidability of the word problem
p in the class of all finitely defined groups, obtained by Petr Sergeevich

Novikov in 1952 is one of the best results in algorithmic group theory
and mathematics in general.

Theorem 1 (P.S. Novikov [187, 188]). There exists a finitely presented group G such
that the word problem for G is undecidable.

A wonderful example of P.S. Novikov was of fundamental importance for further
research on algorithmic issues in group theory. Obviously conjugacy and membership
problems are also unsolvable in the class of finitely presented groups.

W.W. Boone gave in [33] an independent proof of Novikov’s result. See [267] for some
other results on the word problem in groups.

Maz Dehn
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Let us especially note the importance of the work of S.1. Adian [1], in which a number
of algorithmic problems are solved. In particular, he showed the undecidability of the
isomorphism problem in the class of finitely defined groups. S.I. Adian in some his proofs
based on the idea of the following Markov property.

Markov Property: An abstract property P of finitely presented groups is a Markov
property if there are two finitely presented groups Gt and G~ such that
— G has property P;

— (G~ cannot be embedded as a subgroup in any finitely presentable group with property P.

Theorem 2 (S.I. Adian [1]). If P is a Markov property of finitely presented groups,
then P is not recursively recognisable.

Therefore, the following properties of finitely defined groups are not recognized
recursively, namely: to be trivial (finite, abelian, nilpotent, solvable, free, torsion-free, or
residually finite) group, having a solvable word problem, and so on.

M. O. Rabin [201] proved similar results, which are now called the Adian — Rabin
theorem.

S.I. Adian and V. G. Durnev [2] presented a detailed survey of results concerning the
main decision problems of group theory and semigroup theory. They discuss results on the
word problem, isomorphism problem, recognition problems, and other algorithmic questions
related to them. The classical theorems of A.A. Markov and E.L. Post, P.S. Novikov,
S.I. Adian and M. O. Rabin, G. Higman, W. Magnus, and R.C. Lyndon are given with
complete proofs.

Further in the paper, we do not present here other results of algorithmic theory
pertaining to classes of groups other than solvable.

For simplicity, we will simplify expressions, speaking not about group representations,
but about groups, not about words in the generators of a given representation, but about
group elements, etc.

After the obtained negative results on the solvability of algorithmic problems in the
class of all finitely defined groups, the interest of researchers was turned to various classes
of groups. The methods of assigning groups have expanded. The algorithmic problems
themselves became more diverse. Algorithmic problems of the following two types began to
be considered:

— Decision problems: Given a property P and an object O, find out whether or not the
object O has the property P.

— Search problems: Given the property P and the information “QO satisfies P”, find out at
least one specific implementation of P to O.

For example, if we know that elements w and w are conjugate in the group G, the search
problem is to find a conjugating element g € G such that ¢ twg = u.

The issues of solvability of search problems are especially important for applications and
algorithms used in practice. For theory and practical applications, the complexity of the
algorithms is essential. At present, the issues of the complexity of algorithms, in particular —
computational complexity, have become of paramount importance. There is a huge amount
of research in this area. Some results related to the complexity of algorithms for solvable
groups will be touched upon in this review.

Friendly definitions:

— Sol = solvable groups;
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— ThAlg(Sol) — Algorithmic theory of Sol = Information about Sol-groups, their elements,
subgroups, subsets, structure, etc., that can, in principle at least, be obtained by machine
computation, namely Turing machines, automata, computers, and so on.

Relative presentation in the variety £:
G=(r1,...,x,: {ry: A€ A} L).

That is
G=F(X,£)/ncl{ry: X € A},

where F'(X, £) is a free group in the variety £ with basis X = {x1,...,z,}, and A is finite
or, more generally, recursive enumerable set.
Presentation by generators:

G:gp(gla"'7gn) < Ga

where G is some bigger group, for example, G = G L,,(K), the general linear (matrix) group
over K, or G = 7((S), the fundamental group of a topological space S.
Presentation by action:
G = Aut(H),

where H is some other group (more generally, some structure), or
G=m 1(5 ),

where S is some topological space.
(Classical algorithmic problems:
For a group G:
— The word problem (WP): w =17
— The conjugacy problem (CP): g : g lwg = u?
— The membership problem (MP): w € H < G?
For a class of groups C:
— The isomorphism problem (IP): G ~ H?
We also highlight the following two problems concerning automorphisms and

homomorphisms, which can also be considered classical because of their high importance.
The first problem is formulated for an arbitrary group G:

— The automorphic conjugacy problem (J.H.C. Whitehead [266]): Is there an algorithm
that finds out from two arbitrary group words from the generating elements of the group,
do they determine automorphically conjugate elements of the group? In other words, is
there an automorphism of a group that takes one of the given elements to another?

The automorphism problem for a free group F, of rank r was algorithmically solved by
J.H. C. Whitehead himself in a classic 1936 paper [266] and his solution came to be known
as Whitehead’s algorithm. This proof was topological.

Subsequently, E.S. Rapaport [202] and later, based on her work, P.J. Higgins and
R.C. Lyndon in [84] gave a purely combinatorial and algebraic re-interpretation of
Whitehead’s algorithm. The exposition of Whitehead’s algorithm in the book of R. Lyndon
and P. Schupp [125] is based on this combinatorial approach.

In 1946, Emil Post [200] invented the following
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The Post correspondence problem (PCP). Given an alphabet X, an instance of PCP is
a finite set of pairs of strings (g;, h;), where 1 < i < s, over X. A solution to this instance
is a sequence of selections i1, iy, ... (repetition is possible) such that

9i19is - - - G, = hilhiz CIE hzn

Is an effective procedure answering for any instance on the question: Does a solution
exist for this instance?

It was also proved in [200] that PCP in the classical setting is unsolvable.

This gives rise to a more general definition often found in the literature, according to
which any two homomorphisms «, § with a common domain F' and a common codomain G
form an instance of the Post correspondence problem, which now asks whether there exists
a nonempty word w € F such that a(w) = f(w).

Obviously, PCP can be posed for a free algebraic system F'.

PCP(F): For a pair of endomorphisms «, 5 € End(F), is there a (nontrivial) element
(word) w € F such that a(w) = S(w)?

Moreover, PCP can be formulated for any algebraic system A as follows. Let F'(A) be
a free algebraic system in the variety Var(A) generated by A, and «, 5 : F(A) — A be a
pair of homomorphisms.

PCP(A): Is there a (nontrivial) element (word) w € F(A) such that a(w) = f(w)?

Thus, we can formulate PCP for any group G.

— Let F(G) be a free group in the variety Var(G) generated by G, and «, 5 : F(G) — G
be a pair of homomorphisms. Is there a nontrivial element w € F(G) such that a(w) =
= B(w)?
In this paper we give a special Section 7 devoted to the Post correspondence problem and
its generalizations.
A word u(z) = u(zy,...,x,) in certain variables x = (z1,...,x,) is called an identity in
a group G if under substitution of any sequence g = (g1, . .., g.) of elements of G into u(z) in
place of x we obtain the equality u(g) = 1. In other words, G satisfies the identity u(xz) = 1.
A quasi-identity is an implication of the form u;(z) = 1A ... Au,(z) =1 — u(z) = 1.
The I-theory (Q-theory) of a class C of groups is the totality of all identities (quasi-
identities) that are true on all the groups in C.
A. L. Mal’cev posed in [108] (Question 2.40 (a)) the following identity (quasi-identity)
problem: Does there exist a finitely axiomatizable variety of groups whose [-theory
(@-theory) is non-decidable?

Further decision problems:
For a group G:

— The twisted conjugacy problem (TCP): For endomorphism ¢ € End(G)) and elements
g, | € G to decide whether there exists an element = € G such that ¢(x)g = fz.

— The bi-twisted conjugacy problem (BTCP): For endomorphisms ¢,1 € End(G)) and
elements g, f € G to decide whether there exists an element € G such that ¢(x)g =
— fu(z).

— The generation and presentation problem (GPP):
Find generators or presentation of a subgroup, centralizer, an automorphism group, etc.

— The equation problem (EqP):

Jzy ... Fzy (w(z, ..o @) = 1)7
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— The endomorphism (automorphism) problem (EndoP or AutoP):

Jp € End(G) (Aut(G))(¢(9) = f)?

For a class C of groups:
— The epimorphism problem (EpiP): 3o € Hom(G, H) (p(G) = H)?
Recall that a group G is called residually finite if for each nontrivial element g € G there

exists a finite group K and a homomorphism ¢ : G — K such that ¢(g) # 1. A. 1. Mal’cev
proved that every finitely presented residually finite group G has the decidable WP [142].

3. Finitely generated nilpotent and polycyclic groups

In his series of papers [78 - 72| P. Hall established a remarkable connection between the
theory of polycyclic groups and commutative algebra.

He noted that, since the class of finitely presented groups is closed
under extensions, polycyclic groups are finitely presented. These
groups satisfies max, the maximal condition for subgroups, and they
admit many other nice properties.

A.I Mal'cev [142] showed that residual finiteness of some
recursive enumerable property P of a group G implies decidability
of P in (G. Subsequently, many proofs of the solvability of algorithmic
problems were based on the corresponding finite residuality.

Philip Hall Classical decision problems. Positive solutions:

— M.F. Newman [178]: the conjugacy problem is solvable for any finitely generated
nilpotent group.

— S. Blackburn [31]: every finitely generated nilpotent group G is conjugacy separable, i.e.,
residually finite with respect to the conjugacy property. In other words, for every pair
g, [ € G of elements that are not conjugate in G there is a homomorphism p: G — K
onto finite group K for which u(g), u(f) are not conjugate in K.

— V. N. Remeslennikov [206] and E. Formanek [59]: every polycyclic group is conjugacy
separable. Therefore, the conjugacy problem for any polycyclic group is decidable.

Let Fin(G) denote the set of isomorphism classes of finite quotients of the group G. Two
groups G and H are said to have the same finite quotients if Fin(G) = Fin(H ). Obviously,
for a finitely generated abelian group A we have Fin(A) = {A}. G. A. Noskov proved that
Fin(M) = {M} for any free metabelian group M [184].

P.F. Pickel constructed infinitely many nonisomorphic finitely presented metabelian
groups with the same finite quotients, using modules over a suitably chosen ring [193].
These groups also give an example of infinitely many nonisomorphic split extensions of a
fixed finitely presented metabelian group by a fixed finite abelian group, all having the same
finite quotients. G. Baumslag proved that there exists non-isomorphic meta-cyclic groups G
and H for which Fin(G) = Fin(H) [10].

F. Grunewald and P. Zalesskii introduced in [72] a notion of a genus g(C, G) for a class
of groups C and G € C. It consists of isomorphism classes of groups from C having the
same profinite completion as G. They showed finiteness results for ¢(C,G) for several
important families of groups including finitely generated virtually free groups. They also
developed formulas for the number of elements in ¢(C,G) in various cases. By these they
found interesting examples where g(C, G) contains only one element.

Let G be a finitely generated group. By G we denote the profinite completion of G,
G and G have the same finite quotients. The key result to formalize the precise connection
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between the collection of finite quotients of G and those of G is the following. Suppose that
G and H are finitely generated abstract groups. Then G and H are isomorphic if and only
if Fin(G) = Fin(H). This is basically proved in [47]. A. W. Reid [203] introduced the mild
difference in the statement by emploing the great result by N. Nikolov and D. Segal [182]
to replace topological isomorphism with isomorphism.

Now we list the known positive results on the Isomorphism problem for the classes N
and P of finitely generated nilpotent and polycyclic groups, respectively:

— P.F. Pickel [192] proved that the genus of every finitely generated nilpotent group N
is finite. Consequencly, the isomorphism problem to a fixed finitely generated nilpotent
group NN is decidable.

— F. Grunewald, P.F. Pickel, and D. Segal [69] established that every g(PF)-class of
polycyclic-by-finite groups is the union of finitely many isomorphism classes.

— F. Grunewald and D. Segal [70, 71] constructed some rather general algorithms, which
can (in theory) be applied in diverse situations. In particular, they gave an algorithm
that solves the isomorphism problem for finitely generated nilpotent groups.

— R.A. Sarkisjan [241, 242| independently solved the isomorphism problem for finitely
generated nilpotent groups under certain conditions, the validity of which was not known
at that time. Later it turned out that the condition is met.

Theorem 3 (D. Segal [244]). There is an algorithm which does the following: given a
finitely presented virtually polycyclic group G, given elements a4, ..., a,, b, ..., b, of G, and
given finitely generated subgroups Ai,...,A,,, Bi,...,B,, of G, it decides whether there
exists an automorphism « of G such that a(a;) = b; (and «(4;) = B;) fori =1,...,n, and
7=1,....,m.

As a consequence of this statement, we obtain that the isomorphism problem for the
class of virtually polycyclic groups is decidable. Indeed, the solvability of the classical
isomorphism problem for virtually polycyclic groups is an immediate consequence of
Theorem 3: For any pair of groups A and B we can write down a presentation for G = Ax B,
and observe that A ~ B if and only if there exists an automorphism « of G with a(A) = B.

The Further decision problems. Positive and negative solutions:

— V. A. Roman’kov [231] proved that TCP is solvable for any polycyclic group. He also
proved in [225] that EqP and EndoP are not solvable for free nilpotent groups of class
= 9.

— V.N. Remeslennikov [208| established that EpiP is not solvable for the variety 91y of
nilpotent groups of class > 2.

Theorem 4 (G. Baumslag, F. B. Cannonito, D. J.S. Robinson, and D. Segal [12]).

Let G = (x1,...,x,|71,...,7m) be a presentation of a polycyclic group. Then there is a
uniform algorithm which, when given a finite subset U of GG, produces a finite presentation of
gp(U). Hence we can efficiently find a polycyclic presentation of G, the Hirsch number h(G),
the Fitting (Fitt(G)) and Frattini (Fratt(G)) subgroups, the center C(G), decide if G is
torsion-free, and so on.

For nilpotent groups, an algorithm to solve the conjugacy problems for subgroups is
described in [115].

G. Baumslag, C. F. Miller III, and G. Ostheimer [16] described an algorithm for deciding
whether or not a given finitely generated torsion-free nilpotent group is decomposable as
the direct product of nontrivial subgroups.
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Let O be a binomial ring, i.e., an integral domain containing the ring of integers Z and
containing with every element A all binomial coefficients
()\) AA=1)---(A=n+1)

n) = o , neN.

P. Hall [82] itroduced the class of nilpotent O-power groups.
M.I. Kargapolov et al. [95] solved in a uniform way various
algorithmic problems for O-power groups: word, conjugacy, and
membership problems, determination of the O-periodic part, determination
of intersection of two O-subgroups, and description of the O-
subgroups in terms of generators and defining relations. Note, that in
the case O = Z we have the usual nilpotent groups.

See other results the O-power groups and its generalizations in  Gilbert Baumslag, an
[4, 111, 134, 135], etc. outstanding mathemati-

cian and great enthusi-

4. Metabelian groups

ast of solvable groups

P. Hall [78] proved that every finitely generated metabelian group G SIS MEn (the
maximal property for normal subgroups). Therefore, G is finitely defined in the variety 2>
of all metabelian groups.

The basis of any finitely generated metabelian group G is its commutant G’, which can
be considered as a module over a finitely generated commutative group ring Z[G/G"]. Since
this ring is Noetherian, G’ as a module is finitely generated. Therefore, there exists a finite
description of the commutant G, despite the fact that it is not always finitely generated as
a subgroup. The following theorem is of fundamental importance.

Theorem 5 (G. Baumslag, F. B. Cannonito, and D. J.S. Robinson [11]). There is an
algorithm that, given a finitely generated metabelian group G' by generating elements and
defining relations, finds a finite representation of Z|G/G']-module G’.

Corollary 1. This statement has a number of consequences. There is an algorithm,
that:

1) finds the center of C(G) and its finite representation, an algorithm that finds a
finite set of elements whose normal closure in the group coincides with the Fitting
subgroup Fitt(G);

2) determines the presence of nontrivial elements of finite order, which determines the
order for a given element, determines all possible finite orders of elements of a group;

3) ascertaining the conjugacy of two sets of group elements (using one of Noskov’s
lemmas);

4) finding the Frattini subgroup Fratt(G).

On the whole, this allows us to speak of a satisfactory basic algorithmic theory of finitely
generated metabelian groups.

W. Magnus invented his famous Magnus embedding, which became a very efficient
instrument in the theory of solvable groups.

The Classical decision problems. Positive solutions:

— WP: P. Hall [81] proved that every finitely generated abelian-by-nilpotent group is
residually finite. In particular, finitely generated metabelian groups are always residually
finite. Since every finitely generated metabelian group G is finitely presented in A2,
therefore, the word problem is decidable in G.
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— E.I Timoshenko presented in [253| a direct algorithm that solves the word problem in

an arbitrary finitely generated metabelian group.

CP: G. A. Noskov [183] proved that the conjugacy problem is decidable in an arbitrary
finitely generated metabelian group.

MP: N.S. Romanovskii [216] proved that the membership problem is decidable in an
arbitrary finitely generated metabelian group. In [218], he proved that the membership
problem is decidable in an arbitrary abelian-by-nilpotent group.

M.I. Kargapolov and E.I. Timoshenko [96] proved that in general case a finitely
generated metabelian group is not conjugate separable.

5. Solvable groups of arbitrary length
The Classical decision problems. Positive solutions:
O. Kharlampovich [98]: The WP is decidable in any subvariety of 9%,2(. (Consequently
R. Bieri and R. Strebel [27| proved that every finitely presented group G € M2 is
residually finite.)
C.K. Gupta and N.S. Romanovskii [222]: Any polynilpotent group with a single
primitive defining relation has a decidable word problem.
The Classical decision problems. Negative solutions:
V.N. Remeslennikov [207] constructed an example of a group finitely defined in the

variety 2A° with an unsolvable word problem. In addition, a finitely defined in 21* group G
and a finitely generated subgroup H < G were given, such that the membership problem

with respect to H is unsolvable.

Theorem 6 (O. Kharlampovich [97]). There is a finitely presented solvable group G of
class 3 in which WP is undecidable. More exactly, G' can be chosen in the centrally-nilpotent
of class 2-by-abelian variety Z9,2 defined by identity [[[x1, x2|, [3, z4]], [5, z6]], y] = 1 [99].

Thus, WP is unsolvable in the variety 9152.

O. Kharlampovich demonstrated how results of M. Minsky from
recursion theory works in constructing counter examples in the
solvable group theory.

Subsequently, this was proved in a different way by G. Baumslag,
D. Gildenhuys, and R. Strebel [13, 14]. They constructed a finitely
presented solvable of class 3 group G and a recursive set of words
Wi, ..., Wy, ... in generators of G such that w? = 1 with p a prime
and w; € C(G) for which there is no algorithm to decide if a given w;
equals the identity in GG. This group can also be used to show that

Olga Kharlampovich

the IP is undecidable in the finitely presented solvable groups of class 3.
In [27], R. Bieri and R. Strebel constructed for every finitely generated Z@-module A,
where () is a finitely generated abelian group of torsion-free rank n, a subset of the unit
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sphere S"~! C R™. This subset is equivalent to the set of equivalence classes [v] of valuations
(homomorphisms) v : @ — RT. One can attach to every finitely generated -module A the
set

Y4 ={[v] : A isfinitely generated over @, },

where @, = {g € @ : v(g) > 0}. In [27], the relations between geometric properties of ¥4
and algebraic properties of A are investigated. In particular, this invariant determines which
metabelian groups are finitely presented. For generalizations of concepts and results of the
paper [27] see |28, 26].

In [15], an algorithm is presented which decides for a free metabeliab group (or, more
generally, for the wreath product of two free abelian groups) whether the intersection of two
finitely generated subgroups is finitely generated or trivial. The existence of an algorithm
that solves this question for metabelian groups in general is unknown.

Free solvable groups of finite ranks
The Classical decision problems. Positive and negative solutions:

— M. I Kargapolov and V.N. Remeslennikov [94| proved that the conjugacy problem
is solvable for any free solvable group. V.N. Remeslennikov and V.G. Sokolov [211]
established that any free solvable group is conjugacy separable.

— U.U. Umirbaev [261]| constructed an example of a group G with undecidable word
problem which is finitely presented in a variety of solvable groups &3 of class > 3.
This group G is defined by the relations from the last commutator subgroup of the
corresponduing free solvable group. Early S. A. Agalakov [3| proved that there are a
finitely generated not finitely separated subgroups in each non-abelian free solvable
group of class d > 3.

The identity problem for the class of solvable groups was solved by Yu.G. Kleiman
[104, 105].

Theorem 7 (Yu.G. Kleiman [104, 105]). There exists a finitely based variety of
groups ® C A7 in whose free noncyclic groups the equality problem (hence also the identity
problem) is unsolvable. Furthermore, it is possible to find a word v(x) such that there exists

no algorithm for determining whether or not an arbitrary identity u(z) = 1 follows from
v(z) = 1.

Fox derivatives

For a given positive integer r and for the free group F, with basis {fi,..., f.} the Fox
derivatives are defined as follows.

For j = 1,...,r, the (left) Fox derivative associated with f; is the linear map
D; : Z|F,] — Z[F,] satisfying the conditions

D;(f;) =1,D;(fi) =0 for i# j
D;(uv) = Dj(u) +uD;(v) for all u,v € F,.

Obviously, an element u € F, is trivial if and only if D;(u) =0 for alli =1,...,r. Also
note that for an arbitrary element g of F,, and every j = 1,...,n, D;(¢7') = =g 'D;(g).
An introduction to the theory of the Fox derivatives and possible applications of them can
be found in 239, 256].

The trivialization homomorphism ¢ : Z[F,] — Z is defined on the generators of F,, by
fie=1for all i =1,...,r and extended linearly to the group ring ZF,,.

The Fox derivatives appear in another setting as well. Let AF, denote the fundamental
ideal of the group ring Z[F,]. It is a free left Z[F,]-module with a free basis consisting of
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{fi—1,...,f, — 1}. This it leads us to the following formula which is called the main
tdentity for the Fox derivatives:

r

2. Di(a)(fi =1) = a —ae,

=1

where o € ZF,.. Conversely, if for any element f € F, and «; € Z[F,] we have equality

;Oéi(fi -)=f-1

)

then D;(f) =a; fori=1,...,r.

Let M, = F,/F] be a free metabelian group of rank r and A, = M,/M] ~ F,/F]
be a free abelian group of rank r. Further, denote by 7 : M, — A,, ' : F, — A, and
7" . F. — M, the canonical epimorphisms. Let {ay,...,a,} and {z1,..., 2.} be the bases
for A, and M, obtained by 7’ and n”. The maps 7, 7’ and 7" can be extended linearly to
T LM, — ZA,, 7 : ZF, — ZA, and 7" : ZF, — ZM,. The kernels of 7’ and «” are the
ideals of ZF, generated by the elements v — 1 with u € F and u € F, respectively.

For every j = 1,...,r the free Fox derivative D; induces a linear map d; : ZM, — ZA,.
These maps also are called the free Fox derivatives.

Magnus embedding

One of the most powerful approaches to study free solvable groups is via the Magnus
embedding. Originally W. Magnus established in [131] an embedding of a group G of type
F,/R' into the group M (G, T,) = %; 71;
free module over Z|[F,] with basis {t1, ..., t,}. This map is called the Magnus embedding. The
finiteness restriction on G can be easily eliminated (see [77]). Also the Magnus embedding
can be naturally extended to G — M(G,T) where G is a group of the type F/R', and
G = F/R. Here F' = F},| has a basis { f\|\ € A} of arbitrary cardinality |A|, and the free
module 7" = Tj,| over ZG has a basis {ty|A € A}. In the following usually A = {1,...,7},
and F = F,.

A. L. Shmel’kin [246] (see [109]) interpreted the Magnus theorem as an embedding S of
the group G in the wreath product W = A,wrG in the following way.

Let

) , where G = F, /R is a finite group, and 7, is a

G F.—W
be defined by the map

B(fi)=a; - u(f;) fori=1,... r,
where p @ F, — G is the canonical epimorphism, and {ai,...,a,} is the basis of A,
corresponding to the basis {fi,..., f..} for F,.
Then by the Magnus theorem, ker(B) = R, hence [ induces an embedding 5 : G — W.
Recall that W is isomorphic to M(G,T,). The embedding 3 above is defined in this

setting by the map
s = (905,

where 1/ : F, — G is the canonical epimorphism.
Easy to prove that every matrix A € 5(G) has the form
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where f' = p/(f) is arbitrary element of G, 7i : G — G is the canonical epimorphism, and
d; are the induced free Fox derivatives with values in ZG.

It turned out (see [8, 211] for metabelian case and [30]) that the group G is well embedded
in M(G,T,). Namely, the image of G in M(G,T,) under the Magnus embedding can be
described as follows.

A matrix

1 its
A= zoaiti ) o M(G,T))
0 1

belongs to the image 3(G) if and only if

T

> ailp(fi) =1) = 0.

=1

Therefore, a matrix

iti
A9 2@ e M(G,T))
0 1

belongs to the image 3(G) if and only if

éaxu(fi) g1

6. Equations

Solvability problem for equations in various classes of groups has been actively
researched for many years. First general results on equations in groups appeared in the 1960s
in the works of R. Lyndon [122-124] and A.I. Mal’cev [144]. In the 1970s G.S. Makanin
[137, 138| proved the solvability of the systems equations for free monoids and free groups.
In recent years, significant progress has been made in the computational complexity and
structure of solution sets.

For a general survey of the current state of the theory of solvability
of equations and systems of equations in groups, see the observing
paper by the author [232] and his monograph [239].

The Diophantine problem in a group G is the task to determine
whether or not a given finite system of equations with constants in G
has a solution in G. This problem is decidable if there is an algorithm
that given a finite system E of equations with constants in G decides
whether or not F has a solution in G.

R. C. Lyndon

Equations in nilpotent groups

Denote by N the class of all nilpotent groups. As above 1. denotes the variety of all
nilpotent groups of class < c¢. In particular O1; coincides with the class 2 of all abelian
groups.

A. 1. Mal’cev [140] proved that any equation of the form z™ = g where g is an element
of a torsion-free nilpotent group G € ., m € N, has a solution in some torsion-free
nilpotent group H € M., H > G. Moreover, there is a divisible torsion-free nilpotent group
G € M., least by inclusion, containing the group G. Such a group G is uniquely defined up
to isomorphism and is called the Mal’cev completion of G.

Clearly every abelian group embeds into a divisible abelian group.



Algorithmic theory of solvable groups 31

Since every finitely generated nilpotent group G € 9. embeds into a direct product of
a torsion-free nilpotent group Gy and a finite direct product [[ G, of finite p-groups G,
p

(p are primes) also of class ¢, every equation of the form =™ = g, as above, has a solution

in a some nilpotent overgroup H of G. Indeed, we can embed Gy in a torsion-free complete

nilpotent group H, keeping the class ¢ by [140], and embed every p-group G, into a finite

p-group H, containing a solution of the considering equation. Note that we need only to

extend G, with roots of equations of the form 2" = g,. Then we set H = Hy x [] H,. But
p

in general, H has class greater than c. Therefore, any finitely generated nilpotent group can
be embedded into a divisible nilpotent group.
A system of m = k equations is called unimodular if the matrix consisting of the sums
of exponentials of the unknowns with which they enter the equations, has determinant 1.
A.L. Shmel’kin [247] established that any unimodular system of equations over a
nilpotent group G has an unique solution in G.

Theorem 8 (V. A. Roman’kov [225, 226]). The following statements hold:

— Let N, be a free nilpotent group of rank r > 2 and class ¢ > 9 with basis {zy,...,z,}.
Then there is an algorithm which for every Diophantine equation D((j,...,(,) = 0
gives a split equation g(z1, ..., 2,) = f over the group N, . that has a solution in N, . if
and only if D((3,...,(,) = 0 has a solution in integers. An element f can be chosen in
the subgroup gp(zi, z2) of N,.

— Let M, be the free metabelian group of rank r > 2 with basis {z1,...,x,}. Then there
is an algorithm which for every Diophantine equation D((y,...,(,) = 0 gives a split
equation g(z1,...,2,) = f over group M, that has a solution in M, if and only if
D((i,...,¢,) = 0 has a solution in integers. An element f can be chosen in subgroup
gp(zy, xq) of M,.

Therefore, the equation problem for any free nilpotent group N, ., r = 2, ¢ > 9, or free
metabelian group M,., r > 2, is algorithmically undecidable.

The method of interpretation of Diophantine equations in free nilpotent and free
metabelian groups has been used in a row forthcoming papers. N.N. Repin applied this
method for studying the solvability of equations in nilpotent groups.

We record a number results by N.N. Repin on recognizing the solvability of equations
in nilpotent groups, see [213, 214]:

— For every finitely generated nilpotent group of class two the problem of recognizing the
solvability of one-variable equations is decidable.

— There is a finitely generated nilpotent group of class 3 in which the problem of
recognizing the solvability of one-variable equations is undecidable.

— For every free nilpotent group NV, . of rank r > 600 and class ¢ > 3 the problem of
recognizing the solvability of equations is udecidable.

— For every free nilpotent group N,.. of rank r > 2 and class ¢ > 5 - 10'° the problem of
recognizing the solvability of one-variable equations is undecidable.

In another setting, the interpretation of Diophantine equations was used by
Yu. G. Kleiman to prove that the identity problem is undecidable for some relatively free
solvable groups (see Theorem 7 above).

Theorem 9 (V. A. Roman’kov [236]). For every Diophantine polynomial D((, ..., (,)
there exists a finitely generated nilpotent group G of class 2 with the following property.
For every equation of the form D((3,...,(,) = ¢, ¢ € Z, there is an element u = u(c) € G
such that u is a commutator in G (in other words, the equation [z, y] = u is solvable in G),
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if and only if the equation D((y,...,(,) = c is decidable over Z. The group G and each
element u(c) can be effectively constructed. By the famous Matijasevich’s theorem there is
a Diophantine polynomial D for which the equation problem is undecidable for the class of
equations of the form {D = ¢ : ¢ € Z}. Therefore, the commutator problem is undecidable
for G.

Moreover, G is the first example of a finitely generated nilpotent group with undecidable
equation problem for the class of quadratic equations. In [236], a finitely generated nilpotent
group H of class 2 is also presented for which the endomorphism problem is undecidable.
It also has been proved that the retract problem (i.e., question whether the given finitely
generated subgroup is a retract of the whole group) is undecidable for the class of finitely
generated 2-step nilpotent groups. On the other hand, there is an algorithm which for a
given element u € N, o determines whether or not u is a commutator.

A.G. Makanin proved in [136] that every split equation w(xq,...,2x) =g, g € G, over

a finitely generated torsion-free nilpotent group G, where w(zy,...,z,) does not belong
to the derived subgroup F(X)', i.e., w(xy,...,xx) is a non-commutator word, is finitely
approximable.

In [49], M. Duchin et al. show that there exists an algorithm to decide any single equation
in the Heisenberg group. The method works for all nilpotent groups of class 2 with rank-one
derived subgroup, which includes the higher Heisenberg groups.

Equations in metabelian case

The metabelian Baumslag — Solitar groups are defined by one-relator presentations
BS(1,k) = (a,b|b~tab = a*), where k € N. If k = 1, then BS(1,1) is free abelian of
rank 2, so the Diophantine problem in this group is decidable (it reduces to solving finite
systems of linear equations over the ring of integers Z).

O. Kharlampovich, L. Lopéz and A. Myasnikov proved in [100]) that the Diophantine
problem is decidable in G = AwrZ, where A is a finitely generated abelian group. Equations
in the Baumslag — Solitar group BS(1, k) are also decidable.

I. Lysenok and A. Ushakov [126] proved that the equation problem for spherical
quadratic equations in free metabelian groups is solvable and, moreover, NP-complete.
E.I. Timoshenko [258] proved the first (solvability) result by using the Magnus embedding.

By the spherical quadratic equation over group G with unknowns X = {x1,..., 2, ...}
one means an equation of the form

n

-1
[[z; cixi=1, ¢ €G.
i=1

V.N. Remeslennikov and N.S. Romanovskii [209] study into algebraic geometry over a
non-commutative u-group G, that is, a finitely generated metabelian group whose universal
theory is the same as is one for a free metabelian group of rank at least two. They present
the construction for a u-product G2 = G 0 Gy of two u-groups G; and G2, and prove that
G2 is also a u-group and that every u-group, which contains GG; and G5 and is generated
by these, is a homomorphic image of GG 5. They prove that the coordinate group of an affine
space G™ is equal to G o M,,. In [209] irreducible algebraic sets in G are treated for the case
where G is a free metabelian group or wreath product of two free abelian groups of finite
ranks.

Interpretation of Diophantine equations

The author [225, 226 derived the undecidability of EqP and EndoP in the classes of free
nilpotent and free metabelian groups. He based on the famous results by Yu. V. Matijasevich
on undecidability of the Diophantine problem [148, 149|.
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He proved that if N = N, . is the free nilpotent group of sufficiently large rank r and class
¢ 2 9, then for any Diophantine polynomial D(z1, ..., z2,) € Z[z1, ..., z,], we can effectively
construct two elements g, f € N such, that there is an endomorphism ¢ € End(NV) that
o(g) = [ if and only if the equation D(zi,...,2,) = ¢, where ¢ € Z, has a solution
in Z. Moreover, if such ¢ exists, we can effectively find it if and only if we can effectively
solve the corresponding Diophantine equation. We can also fix the left side of equation
D(z,...,2,) = c to obtain non-decidable class of Diophantine equations. Hence, we can
fix the element g above to obtain non-decidability of the EqP and EndoP in N. The second
element f we choose in a specific cyclic subgroup.

By definition, the relation matriz M (G) of the presentation G = (1, ..., 2, : 71, ..., Tm)
is an integral m x n matrix whose 7j-th entry is the sum of the exponents of the x;’s that
occur in r;. Recall, that a matrix is said to have full rank if its rank equals the largest
possible for a matrix of the same dimensions, which is the lesser of the number of rows and
columns.

The authors of [64] study metabelian groups G given by a full rank finite presentations
(T1, .. T 71y, s A% in the variety A%, They prove that G is a product of a free
metabelian subgroup of rank max(0,n — m) and a virtually abelian normal subgroup, and
that if m < n—2, then the Diophantine problem for GG is undecidable, while it is decidable if
m > n. They also prove that if m < n—1, then, in any direct decomposition of GG, all factors,
except one, are virtually abelian. Since finite presentations have full rank asymptotically
almost surely, metabelian groups finitely presented in the variety of metabelian groups
satisfy all the aforementioned properties asymptotically almost surely.

7. Post correspondence problem

Different versions of PCP

There are the bounded versions of PCP. We consider two sorts of a bound: the bound
on the solution length n (BPCPg(n)) and the bound on the size s (BPCP(s)).

The following statements are true:

— BPCPy; is NP-complete [62];

— BPCP,(2) is decidable [51] (but it remains unknown whether the PCP is solvable for
3-6 pairs of words);

— BPCPg(!) for I > 7 is undecidable {150, 151].

Let A be an algebraic system and let F'(A) be a free algebraic system in the variety
Var(A) generated by A. For two arbitrary homomorphisms ¢, 1 € Hom(F'(A), A) the subset

Eqa(p,v) ={a € F(A) : p(a) = ¢(a)}

of F'(A) is said to be the equalizer of ¢ and 1), that is obviously a subsystem of F(A).
The following problem arises: PCP(A): Eqy, (¢, ) # 07

The Post correspondence and related problems for groups

Further we will talk only about groups.

Let G, G be a pair of groups, and let ¢, € Hom(G, G) be a pair of homomorphisms.
We denote by

Eqq(e,v) = {9 € G:¢(9) =v(9)}

the equalizer of ¢ and 4, that is obviously a subgroup of G.

Equalization presentation problem (EPP): Let C be a class of finitely generated groups.
We say that EPP is decidable in C if for any pair of groups G,G € C and any pair of
homomorphisms ¢, ) €Hom (G, G) we can find effectively a presentation of Eqg (e, 1)).
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A form of presentation depends of C. It should be explicit for C. In particular case, when
G =G, ¢, € End(G), we get EPP for G.

FEqualization problem (EP): We say that EP is decidable in the class C if for any pair of
groups G, G € C and any pair of homomorphisms ¢, € Hom(G, G) there is an algorithm
that determines non-triviality of Eqg(p, ).

In particular case, when G = G, ¢, € End(G), we consider EP for G.

Let we formulate the Post correspondence problem PCP(G) for a group G in the
corresponding variety. Namely, when G = F(Var(G)) be a relatively free group in the
variety Var(G), generated by G, we get PCP for G.

PCP(G): Eqg(p,¥) # 17

Generalized equalization problem (GEP). Also, we say that GEP is decidable in the
class C if for any pair of groups G, G € C, any pair of homomorphisms ¢, € Hom(G, G)

and given a nontrivial element v € GG we can decide effectively whether there is g € GG such
that

p(g) =v-1(g).
We consider it as an equation with unknown element g € G.

In particular case, when G = G, ¢ € End(G), ¥ = id, we get TCP for G. If 1y € End(G),
then we get BTCP for G.

The generalized Post correspondence problem (GPCP)
When G = F(Var(Q)) is a relatively free group in the variety Var(G), generated by G,
we get GPCP for G.

GPCP(G): Given a finite sequence of instances (g1, h1), ..., (gs, hs) and element f in G,
determine if there is a word w = w(xy,. .., xs) such that

w(gr,...,gs) = f-w(hy,... hg).

This problem admits the following equivalent formulation. Let F,(G) be a free group of
rank s in Var(G).

GPCP(G): Given a pair ¢, € Hom(Fy(G), G), decide if the solution w € Fy(G) exists

or not of the equation
p(w) = f-p(w).

Now we formulate the hereditary word problem (HWP(G)) in a group G. The following
problem is the strongest form of the word problem in G:

HWP(G): Given a finite set RU{f} of words in generators of G, decide whether or not
f is trivial in the quotient G /ncl(R).

GPCP can be decidable only in a group with decidable HWP.

The following results are proved in [162]. Let G be a finitely generated group. Then:

— HWP(G)) P-time reduces to GPCP(G).
— If G contains F» then GPCP((G) is undecidable.

In [163] the classical knapsack and subset sum problems to arbitrary groups are introduced.
The computational complexity of these new problems were studied. It was shown that these
problems, as well as the bounded submonoid membership problem, are P-time decidable in
hyperbolic groups and give various examples of finitely presented groups where the subset
sum problem is NP-complete.

These problems for a group G are formulated as follows:
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— Knapsack problem (KP): Given g1, ..., gk, g € G, decide if
k
gz[ymw

for some non-negative integers p1, .. ., fig-
— The subset sum problem (SSP): Given ¢, ..., gk, g € G, decide if

k
Q=Q@W
for some €y, ..., ¢, € {£1}.
— Bounded submonoid membership problem (BSMP): Given gy, ...,gx,9 € G and 1™ € N

(in unary), decide if g is equal in G to a product of the form g = [] g;, where i; €

j=1

e{l,...,k} and s < m.

Let G be a finitely generated virtually nilpotent group. Then SSP(G) and BSMP(G),
as well as their search and optimization (with respect to number of factors) variations,
are in P [163]. Every polycyclic non-virtually-nilpotent group has NP-complete subset sum
problem [181].

In [164], a number of algorithmic problems in groups were introduced and studied,
modeled after the classical computational lattice problems. Polynomial time solutions for
a nilpotent group have been given to problems such as finding a subgroup element closest
to a given group element, or finding the shortest nontrivial subgroup element.

Twisted conjugacy problem

Originally the twisted conjugacy problem was posed as following:

Let G be a group, and u,w € G. Given an endomorphism ¢ € End(G), one says that u
and w are {-twisted conjugated, denoted by u ~¢ w, if and only if there exists g € G such
that u = £(g)~! - wg, or equivalently £(g)u = wg. So it is a question if following equation
have a solution ¢ in G-

£(g) u = wg.

The question about &-twisted conjugacy of given elements u,w € G can be reduced to
case where one of the elements is trivial. To do it we change & to ¢ = £ o g, where
ou: g ulgu,g € G, is an inner automorphism. We get

©(g) = vg

for v = v tw.

We consider finitely generated metabelian and polycyclic groups. We have the following
two equations:

and
w(g) = w(g).

Following [11], call a subgroup H of a finitely generated metabelian group M nearly
normal if the intersection H N M’ is a normal subgroup of M.
Then
H =gp(hy,... hy,{v,... o M/
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is a finite description of H.
The following results were presented in the talk of the author [234] (see also [233]).
The first assertion shows that the question of the decidability of GEP (¢(g) = f1¢(g))
under certain assumptions can be transformed into a similar question about the subgroup H
of a finite index in G-

— Let G be any group and let H < G be any subgroup of a finite index in G. Let G be a
group and ¢, ¥ € Hom(G, @). Suppose that the membership problem in H is decidable
for GG. Then, if GEP is decidable for H, it is also decidable for G.

Let us present the main technical results for obtaining solutions of the problems under
consideration in the class of all finitely generated metabelian groups:

— Let G be a group and A be its abelian normal subgroup. Let G = gp(fi,..., f.) be a
finitely generated group and let ¢, : G — G be a pair of homomorphisms such that
G = gp(o(G),¥(G)). For every g € G denote a(g) = ¢(g)(1(g))"!. In particular, denote
a; =a(f;),i=1,...,n.
Suppose that the following assumptions are true:
1) for every g € G one has a(g) € A;
2) the derived subgroup G’ acts identically on A, i.e., [G', A] = 1;
3) G’ < Eqa(p, ), ie., for every g € G’ one has p(g) = 9(g).
Then

Eaa(p, ¥) < ¢ (Colar, ..., an)),

where Cg(ay, ... ,ay,) is the centralizer of the elements a4, ..., a, in G.
Moreover, for every g € ! (Cg(ay,...,a,)) one has a(g) € (1G;
4) hence, if the center (;(G) of G is trivial, then

Eag(e,¥) =¥~ (Calar, - -, an)).

In general case there is a homomorphism

P ¢_1(CG(G1, o ap)) = GG, g = alg),

and
Eqq (e, ) = ker(p).

Let G be a group and A be its abelian normal subgroup. Let G be a group and let
¢,% : G — G be a pair of homomorphisms such that G = gp(p(G), ¥ (G)). Let a(g) =
= ¢(g)(1(g))~". Suppose that the following assumptions are true:
1) for every g € G one has a(g) € A;
2) the derived subgroup G’ acts identically on A, i.e., [G, A] = 1.
Then

a(G') ={a(g) : g € G'}
is a normal subgroup of G.
Moreover, if G’ is generated as a normal subgroup by a set of elements {u; : i € I},
then a(G’) is generated as a normal subgroup by the set {a(u;) : i € I}.

Let all the previous notation and assumptions be satisfied. Let G; = G/a(G), and
G — (G be the standard homomorphism. For simplicity, we do not change the notation for
the compositions ¢ and 1 with this standard homomorphism. Also, we do not change the
designation of the images of elements of G in G;.
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Then
Eq.Gl (907 w) g wil(CGl <a17 s 7an))'
Moreover, if (G = 1, then

Equ (907 1/}) = 1/171(CG1 (a17 s ,Cln)).

Main results for metabelian and polycyclic groups

Theorem 10. Let M be a finitely generated metabelian group, and let M be a finitely
generated metabelian group with generating set {f1,..., f,}. Let N be an abelian normal
subgroup of M, containing M.

Then EPP and EP are solvable for any pair of homomorphisms ¢, € Hom(M, M)
satisfying the assumption that, for any g € M, gp(gy)~! € N. Equalizer Eqy(p,v) is
described as a nearly normal subgroup of M, i.e.,

Ean (e, 0) = gp (hay o by {v1, 0o 02N

where hy, ..., hg,v1,...,v; are given by the algorithm.

Corollary 2. Let M be a finitely generated metabelian group, and let M =
= F'(Var(M)) be a relatively free metabelian group in the variety Var(M) generated by M
with basis {f1,..., fu}, n > 2.

Then PCP is solvable for any pair of instances ¢ = (cy,...,¢,) and d = (di, . .., d,) such
that for the corresponding homomorphisms ¢ : f; — ¢; and ¢ : f; — d;, respectively, one
has a; = o(f;)(W(fi)) P €N, i=1,...,n.

Theorem 11.

1. Let M be a metabelian polycyclic group, and let M be a metabelian polycyclic group
with generating set {f1,..., fu}, n = 2. Then EPP and EP are decidable for any
pair of homomorphisms ¢, of M to M.

2. Let M be a metabelian polycyclic group, and let M = F(Var(M)) be a relatively free
group in the variety Var(M) generated by M with basis {fi,..., fn}, n = 2. Then
PCP,, is decidable for any pair of instances ¢ = (cy,...,¢,),d = (dy,...,d,) € M™.

3. Let M be a finitely generated metabelian group, and let M be a finitely
generated metabelian group generated by fi,..., f,, n = 2. Let N be an abelian
normal subgroup of M, that contains M’. Then GEP is solvable for any pair of
homomorphisms ¢,v¢ € Hom(M, M) and any element a € N such that for any

g € M one has ¢(g)(¥(9))"" = alg) € N.
Corollary 3.

1. Let M be a finitely generated metabelian group and N a normal abelian subgroup

of M containing M’. Let ¢, be a pair of endomorphisms in End(M) such that, for
each g € M, ¢(g)(x(g))~" € N. Then the bi-twisted conjugacy problem is solvable
for o, 1.
In particular, the bi-twisted conjugacy problem is solvable for any pair of
endomorphisms ¢, 1) € End(M ), each of which induces an identical map onto M /M’.
This generalizes the main result of paper [264], where ¢ induces an identical map
onto M /M’ and ¢ = id.

2. Let M be a finitely generated metabelian group, and let M = F(Var(M)) be a
relatively free metabelian group in the variety Var(M) with basis {f1,..., fu}, n > 2.
Let N be an abelian normal subgroup of M, that contains M’.
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Then GPCP,, is decidable for every pair of instances ¢ = (ci,...,¢,),d = (dy,
cdy) €M " such that for the corresponding to these instances homomorphisms
¢,% € Hom(M, M) and every element g € M we have ¢(g)(¢(g))~! = a(g) € N.

Theorem 12. Let M be a metabelian polycyclic group. Let N be an abelian normal
subgroup of M, that contains M’. Let M be a metabelian polycyclic group generated by
fiy---, fn, n = 2. Then GEP is decidable for every pair of homomorphisms ¢ and 1 of M
to M.

Corollary 4. Let M be a polycyclic metabelian group and N be a normal abelian
subgroup of M containing M’. Then the bi-twisted conjugacy problem is solvable for any
pair of endomorphisms ¢, 1) of M. Thus, the bi-twisted conjugacy problem is solvable for M.
This generalize the result [264]| where ¢ is arbitrary endomorphism and ¢ = id.

Theorem 13. Let M be a metabelian polycyclic group, and let M = F(Var(M)) be a
relatively free group in Var(M), n > 2. Then GPCP,, is decidable for any pair of instances
c = (Cl,...,Cn),d: (dl,...,dn) e M™.

Theorem 14. All the problems just considered are solvable in the class of polycyclic
groups.

8. Elementary and universal theories

The elementary theory Th(G) of a group G (or a ring, or an arbitrary structure) in a
language L is the set of all first-order sentences in L that are true in G.

We restrict ourselves to considering only the group-theoretical case. Usually L is the
standard group-theoretic language (-,”!,=,1). Sometimes L includes predicates or other
than 1 constants. If the group A is elementarily equivalent to the group B, i.e., if Th(A) =
= Th(B), then we write A = B.

One of the main results of W. Szmielew [249] is the determination of group theoretic
invariants [(A) which characterize abelian groups A up to elementary equivalence. The
decidability of the theory of abelian groups follows relatively easily from this result:
A = B « I(A) = I(B). More exactly, Th(A) is decidable if the sequence of Szmielew
invariants of A is computable. Finitely generated abelian groups have decidable elementary
theories. This assertion easily carries over to their finite extensions, i.e., almost abelian
finitely generated groups. Two finitely generated abelian groups are elementary equivalent
if and only if they are isomorphic, that is, A= B <> A~ B.

A compretiensive survey of the first-order properties of abelian groups is given by
P. C. Eklof and E. R. Fisher in [54]. Their principal method is the investigation of saturated
abelian groups. They gave a new model-theoretic proof results of Szmielew and obtained
new results on the existence of saturated models of complete theories of abelian groups.
It turned out that elementarily equivalent saturated abelian groups of the same cardinality
are isomorphic.

There are several main results on elementary theories of nilpotent groups. Examples of
finitely generated nilpotent groups with undecidable elementary theories were first given
by A.I. Mal’cev. In his pioneering paper [146], A.I. Mal’cev showed that the ring R with
unity can be defined by first-order formulas in the group UT3(R) of unitriangular matrices
over R (considered as an abstract group). In particular, the ring of integers Z is definable
in the group UT3(Z), which is a free nilpotent of rank 2 and class 2. Yu. L. Ershov [57]
proved that the group UT3((Z)) (hence the ring Z) is definable in any finitely generated
nilpotent group G, which is not virtually abelian. Therefore, the elementary theory of G is
undecidable (see more general statement of theorem 15 below).
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In [143], A.L. Mal’cev proved that the elementary theory of any free solvable group S, 4
of rank r > 2 and class d > 2 is undecidable. All members of the derived series are definable
in S, 4. In [145], he established fundamental results on linear groups. In particular, he proved
the following theorem: Let G =GL (or PGL, SL, PSL), let n,m > 3, and let K and L be
commutative rings of characteristic zero, then GL,,(K) = GL, (L) if and only if m = n and
K = L. In the case of GL and PGL the result holds for n,m > 2.

In [108], M.I. Kargapolov posed the following Question 1.26: Does elementary
equivalence of two finitely generated nilpotent groups imply that they are isomorphic?

In [268], B.I. Zil’ber constructed an example of two finitely
generated nilpotent of class 2 groups that are elementary equivalent
but nonisomorphic.

A.G. Myasnikov in the series of papers [158, 160, 161| studied
the elementary theories of bilinear mappings. In particular, he gave a
description of abstract isomorphisms of bilinear mappings.

If GG is torsion free finitely generated nilpotent group and R is
binomial domain, then G means the P. Hall R-completion of G.

In the papers [164-166] A. G. Myasnikov and V. N. Remeslennikov
proved that the Kargapolov’s conjecture holds “essentially” true in M- 1. Kargapolov was the
the class of nilpotent Q-groups (i.e., divisible torsion-free nilpotent @nitiator of many stu-
groups). Indeed, it turned out that two such groups G and H are dies on solvable groups
elementarily equivalent if their cores G and H are isomorphic and G and algorithms
and H either simultaneously coincide with their cores or they do not. Here the core of G
is uniquely defined as a subgroup G < G such that C(é) < G and G = G x Gy, for some
abelian Q-group Gy. Developing this approach, A. G. Myasnikov described in [157, 159] all
groups elementarily equivalent to a given finitely generated nilpotent K-group G over an
arbitrary field K of characteristic zero.

In a series of papers [22-24| O. V. Belegradek completely characterized groups which are
elementarily equivalent to a unitriangular matrix group UT,,(Z) for n > 3. In particular, he
showed in [23, 24] that there are groups elementarily equivalent to UT,,(Z) which are not
isomorphic to any group of the type UT,(R) as above (he called them quasi-unitriangular

groups).

The paper [174] gives a complete algebraic description
of the groups G that are elementarily equivalent to the
P. Hall completion N¥ of a given free nilpotent group
N of finite rank over an arbitrary binomial domain R.
In particular, all groups elementarily equivalent to a
\ free nilpotent group N of finite rank are characterized.

A. G. Myasnikov F. Oger [189] studied special circumstances under which

elementary equivalence of two finitely generated finite-by-

nilpotent groups implies isomorphism. Finally, F. Oger showed in [190] that two finitely

generated nilpotent groups G and H are elementarily equivalent if and only if they are

essentially isomorphic, i.e., G x Z ~ H x 7Z. However, the full classification problem for
finitely generated nilpotent groups is currently wide open.

A universal formula is a formula which can be written Vz; ...Vx,®(xq,. .., z,) for some
quantifier free formula ®(xy, ..., z,). If it has no free variables, a universal formula is called
a universal sentence. The universal theory Thy(G) of a group G is the set of universal
sentences satisfied by G. If the group G is universally equivalent to the group H, i.e., if
Thy(G) = Thy(H), then we write G =y H.
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Similarly, one can define existential formulae and sentences, and the existential theory
Ths(G) of a group G. Note that two groups which have the same universal theory also have
the same existential theory since the negation of a universal sentence is equivalent to an
existential statement.

It is well known that two nontrivial free abelian groups are universally equivalent.
E.I. Timoshenko [252] established that any two free solvable groups S, and S, 4 of the
same length d > 1 and r,¢ > 2 (in the case d = 1, r,q > 1) are universally equivalent
(Sya =v Sga). This result has been independently proved in [61]. In [252], E.I. Timoshenko
also proved that any two free nilpotent groups N, . and N,. where r # ¢, of the same
class ¢ > 2 are universally equivalent if and only if the following conditions are satisfied:
r,qg=>c—1forc>3;and r,q > 2 for c = 2.

The first example of a finitely generated nilpotent group G,
whose universal theory Thy(G) is undecidable, was constructed by
the author in [227]. This group G is a torsion-free metabelian group
of the nilpotency class 4 with 6 generators.

In [251], E.I. Timoshenko considers the problem of preserving
elementary and universal equivalence under wreath products. His
result is as follows. If the group A is elementarily equivalent to the
group B, and K is a finite group, then the wreath product G = AwrK
is elementarily equivalent to H = Bwr K. Universal equivalence is preserved under wreath
products, that is A; =y Ay, By =y By — AjwrB, =y AswrBs, but elementary equivalence
(in the general case) is not, that is Ay = Ay, By = By /A AjwrB; = Aywr B, [251].

In [35], O. Chapuis proved his remarkable result: The elementary theory of any free
metabelian group is decidable. An explicit description of this theory is given by him in [36].
He also proved that a noncyclic free metabelian group is universally equivalent to the wreath
product of any two nontrivial torsion-free abelian groups.

V. Remeslennikov and R. Stohr [212] characterizated the finitely generated groups in
the quasivariety generated by a noncyclic free metabelian group from three different points
of view: In terms of wreath products, in terms of module theoretic properties of their Fitting
subgroups, and in terms of quasi-identities.

In [37], O. Chapuis proved that the terms of the derived series of a free solvable group
are definable by existential formulae. He used this result to prove that if Hilbert’s 10th
problem has a negative answer for the field of the rationals, then the universal theory of
a noncyclic free solvable group of class > 3 is undecidable. N.S. Romanovskii [221] proved
that a free solvable group of derived length at least 4 has an algorithmically undecidable
universal theory.

E.I. Timoshenko [257] proved that the universal theory of a free polynilpotent group
N, - Neys 22,21, fori=1,...,s—1, ¢; > 2, is undecidable.

The following result has been proved in [254]. Let F'(0) be a free group of a variety U,
approximable by finite p-groups for an infinite sequeuce of primes p. If the subgroup G
of F(0) generates the same variety as F'(0), then G =y, F(0).

In [112], an algebraic characterization of elementary equivalence for polycyclic-by-
finite groups was established. This characterization allowed to give the relations between
their elementary equivalence and the elementary equivalence of the factors in their
decompositions in direct products of indecomposable groups. In particular, it has been
proved that the elementary equivalence of two such groups G = H is equivalent to each of
the following properties: (1) G x---x G (k times G) for an integer k > 1; (2) AxG = Bx H

E.I. Timoshenko



Algorithmic theory of solvable groups 41

for two polycyclic-by-finite groups A, B such that A = B. It is not presently known if (1)
implies G = H for any groups G, H.

N.S. Romanovskii and E.I. Timoshenko found in [223] conditions for the universal
equivalence of the metabelian group G with few relations to the free metabelian group M, of
rank 7. They also proved that if an n-generated solvable group G is elementarily equivalent
to a free solvable group 5,4 of rank r and derived length d, then ford =2ord > 2and n = r,
the groups G and S, are isomorphic. In [260], E.I. Timoshenko studies elementary and
universal theories of relatively free solvable groups in a group signature expanded by one
predicate distinguishing primitive or annihilating systems of elements. In [259], he proved
the following results. Let be the set of all primitive elements of M,. Then there is a countable
set of existential formulas that determines P, however, no finite subset of these formulas
does. He also proved that two elements g, f € M., conjugate by some automorphism of M,
if and only if they satisfy the same existential formulas.

The concept of a rigid (solvable) group was introduced by N.S. Romanovskii about 10
years ago. The rigid group class turned out to be quite interesting and noteworthy. At
present, a number of results have been obtained for it, both group-theoretical and model-
theoretic. Most of these results were obtained by the discoverer of this class. For these
reasons, rigid groups can be called Romanovskii’ groups. A group G is said to be m-rigid,
where m is a natural number, if it has a normal series of the form G = G; > ... >
> Gy > G = 1, whose quotients G /G4 are abelian and are torsion free when treated
as Z|G/G;]-modules. Examples of rigid groups are free soluble groups. A.G. Myasnikov
and N.S. Romanovskii [169] gave a recursive system of universal axioms distinguishing
m-rigid groups in the class of solvable groups of length m. They proved that if G is an
arbitrary m-rigid group, and W is an iterated wreath product of m infinite cyclic groups,
then the universal theories for these groups satisfy the inclusions Thy(W) C Thy(G) C
C Thy(Sym), where r > 2. An J-axiom is given that distinguish among m-rigid groups
those that are universally equivalent to W. An arbitrary m-rigid group embeds in a divisible
decomposed m-rigid group M, the semidirect product of m abelian groups. A recursive
system of axioms distinguishing among M-groups those that are universally equivalent
to M. As a consequence, it is stated that the universal theory of M with constants is
decidable. By contrast, the universal theory of W with constants is undecidable.

Let I' = (X, FE) be a finite simple graph. The right-angled Artin group (in other
terminology, a partially commutative group) G(I'), corresponding to I', has the specification
(X, zy = yx (z,y) € E). If Y is a variety of groups, then the partially commutative U-
group, corresponding to I', has the specification (X, zy = yz (x,y) € E;Q).

The paper |74] proves that two partially commutative metabelian groups have equal
elementary theories if and only if their defining graphs are isomorphic, and that every
partially commutative metabelian group is embeddable in a finitely generated metabelian
group with decidable universal theory. In [224], N.S. Romanovskii and E.I. Timoshenko
proved the following statement: Let the variety 20 contain the variety s, and the finitely
generated group H is elementarily equivalent to the partially free group G = F(I", %), then
G~H.

In [255|, necessary and sufficient conditions are given for two partially commutative
metabelian groups defined by trees to be universally equivalent. In [75], further properties
of partially commutative metabelian groups and of their universal theories are described.
In particular, it is shown that two partially commutative metabelian groups defined by
cycles are universally equivalent if and only if the cycles are isomorphic. It is proved also
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that the metabelian product of two non-trivial free abelian groups is universally equivalent
to any free noncyclic metabelian group.

In [155] some necessary and sufficient conditions of the universal equivalence of the
nilpotent R-groups of class 2 defined by trees, with R a binomial Euclidean ring are
determined. Partially commutative nilpotent metabelian groups are considered in [76].
Universal theories for partially commutative nilpotent metabelian groups are compared:
conditions on defining graphs of two partially commutative nilpotent metabelian groups
are presented which are sufficient for the two groups to have equal universal theories;
conditions on defining graphs of two partially commutative metabelian groups are specified
which are sufficient for the two groups to be universally equivalent; a criterion is given that
decides whether two partially commutative nilpotent metabelian groups defined by trees
are universally equivalent.

A description of solvable groups with solvable elementary theory is known.

Theorem 15 (Yu. L. Ershov [57], N.S. Romanovskii [219], G. A. Noskov [185]).
The elementary theory of a finitely generated solvable group is decidable if and only if
the group is virtually abelian.

The corresponding problem has been posed in [95]. Yu. L. Ershov
proved this statement [57] in the nilpotent case, N.S. Romanovskii
[219] generalized it to the polycyclic case, and finally, G. A. Noskov
[185] established the most general statement for the case of a finitely
generated solvable group.

G. A. Noskov 9. Rational subsets

The class Rat(G) of rational subsets of a group G is the smallest class that contains all
finite subsets of G and that is closed with respect to the following rational operations:
— union = A, B € Rat(G) - AU B € Rat(G);
— product = A, B € Rat(G) — A - B € Rat(G);
— taking the monoid generated by a set (Kleeny operation) = A € Rat(G) — A* =

— (YU [j Al

This concept generalizes the classical notion of a regular subset of the free monoid ..
There is an analogue of Kleene’s theorem on the definition of regular subsets of a free
monoid by finite automata: a subset R of a group G is rational if and only if R is the output
set of a finite automaton over G.
Recall that a finite automaton A over an alphabet ¢ consists of:

— a finite directed graph with edges labeled by elements of ¥;
— a distinguished initial vertex vy;
— a set of final vertices vy, ..., v;.

The language L(A) of the automaton consists of all words labeling a path from the initial
vertex to a final vertex. A language is called rational if it is accepted by some finite
automaton.

For definitions and basic properties of rational subsets in groups, see [66, 67, 235].

By well-known theorem of A. Anissimov and A. W. Seifert [5], a subgroup H of G belongs
to Rat(G) if and only if H is finitely generated.
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Rational submonoids need not be finitely generated. Rational subsets are not in general
closed under complement and intersection.
Rational subset theory has many applications:

— V. Diekert, C. Gutierrez, and C. Hagenah [45] showed solving equations with rational
constraints over free groups is PSPACE-complete.

— V. Diekert and M. Lohrey [46] used this to solve equations and decide the positive theory
for right-angled Artin groups.

— F. Dahmani and V. Guirardel [40] solved equations over hyperbolic groups with special
rational constraints. They gave an algorithm for solving equations and inequations
with rational constraints in virtually free groups. This algorithm is based on E. Rip’s
classification of measured band complexes. Using canonical representatives, they
deduced an algorithm for solving equations and inequations in hyperbolic groups (maybe
with torsion).

— F. Dahmani and J. Groves [39] used rational subsets in their solution to the isomorphism
problem for toral relatively hyperbolic groups.

— The order of g is finite if and only if g=* € {g}*, so decidability of submonoid membership
gives decidability of order.

The rational subset membership problem for a finitely generated group G is the decision
problem, where for a given rational subset A of G and a group element ¢ it is asked whether
g € A.

This section presents a survey on known decidability and undecidability results for
the rational subset membership problem for groups. The membership problems for finitely
generated submonoids and finitely generated subgroups will be discussed as well.

We list some of known results on the rational subset problem.

Positive results:

— (M. Benois [25]). Rational subset membership is decidable for free groups. (The proof
uses an automata theoretic analogue of Stallings folding.)

— (C. Eilenberg and M. P. Schutzenberger [53]). Rational subset membership is decidable
in abelian groups.

— (Z. Grunschlag [73|). Decidability of rational subset membership is a virtual property.
(A property is called virtual if its execution for a subgroup of the finite index entails its
execution on the entire group.)

— (M. Yu. Nedbai [177]). The decidability of rational subset membership passes through
free products.

— (M. Cadilhac, D. Chistikov, and G. Zetzsche [38]). Rational subset membership is
decidable for the Baumslag — Solitar groups BS(1, q) for ¢ > 2.

— (M. Kambites, P.W. Silva, and B. Steinberg [91]|). Decidability of rational subset
membership is preserved by free products with amalgamation and HNN-extensions with
finite edge groups. More generally, if G is a fundamental group of a graph of groups
with finite edge groups and for each vertex group the rational set membership problem
is solvable, then this problem is also solvable for G.

Let C be the smallest class of groups containing the trivial group and closed under:
— taking finitely generated subgroups;
— taking finite index overgroups;

— free products with amalgamation and HNN-extensions with finite edge groups;
— direct product with Z.
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Theorem 16 (M. Lohrey and B. Steinberg [118|). Every group in the class C has
decidable rational subset membership problem.

There is no need to talk about the solvability of the membership problem for finitely
generated submonoids of the group G if the classical problem of the membership for finitely
generated subgroups of the group G is unsolvable. Note that direct products do not preserve
the solvability of the occurrence problem. It was shown by K. A. Mikhailova [154], that the
direct product Fy x F, of two copies of the free group of rank 2 contains a fixed finitely
generated subgroup with an undecidable membership problem. In particular, F5 x Fy has
an undecidable subgroup membership problem. Hence, also the submonoid membership
problem and the rational subset membership problem for F, x F, are undecidable. This
result is remarkable since F, X F; is a very natural group.

The above result of M. Benois cannot be generalized to hyperbolic groups. Indeed,
E. Rips [215] proved the existence of hyperbolic torsion-free groups, in particular, groups
with small cancellation, on which condition C /6 is satisfied, and in which the membership
problem is unsolvable.

Let I' = (X, F) be a finite simple graph. Recall, that the right-angled Artin group
(in other terminology, a partially commutative group) G(I"), corresponding to I', has the
specification (X, zy = yz (z,y) € E). It is said that the graph I'y = (X, E) contains a
induced graph I's if there is a subset of vertices U C V' such that the graph I'y is isomorphic
to the graph (U, EN (U x U)).

The subgroup membership problem is solvable in any group G(I') when the graph
I' does not contain an induced cycle Cy of length 4 [93]. On the other hand, the group
G(Cy) contains the direct product Fy x Fy, therefore, by the above-mentioned theorem of
K. A. Mikhailova, there is a finitely generated subgroup in it with unsolvable membership
problem.

M. Lohrey and B. Steinberg [118] show that the membership problem in a finitely
generated submonoid of a right-angled Artin group is decidable if and only if the
independence graph (commutation graph) is a transitive forest, i.e., it does not contain
induced subgraphs of type C; or P, where P, denotes a straight line segment consisting
of four vertices and three edges. Moreover, in the unsolvable case, one can indicate a fixed
finitely generated submonoid of the group G(I'), the membrtship problem for which is
unsolvable.

It is shown in [118] that membership in rational subsets of wreath products HwrV
with H a finite group and V' a virtually free group is decidable. On the other hand, it is
shown that there exists a fixed finitely generated submonoid in the wreath product ZwrZ
with an undecidable membership problem.

The author proved in [237] that any verbal subset w[G] of a finitely generated nilpotent
group G with respect to a word w of positive exponent is rational. Examples of verbal
subsets of finitely generated metabelian groups that are not rational are given. Recall that
the verbal subset of a group G is the set of all values of the group word w in this group.

Negative results:

— (V. A. Roman’kov [229]). There exists a number r such that the free nilpotent group N, o
of class 2 generated by r elements has an undecidable rational subset membership
problem.

— M. Lohrey and B. Steinberg show in [119|that the free metabelian group M, of rank 2
contains a fixed finitely generated submonoid with an undecidable membership problem.
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This result is shown via a reduction from the membership problem for finitely generated
subsemimodules of free (Z x Z)-modules of finite rank. This considered problem is shown
to be undecidable in by interpreting it as a particular tiling problem of the Euclidean
plane that in turn is shown to be undecidable via a direct encoding of a Turing machine.

— M. Lohrey, B. Steinberg, and G. Zetzsche [120] prove that the submonoid membership
problem is undecidable for ZwrZ.

— U.U. Umirbaev [261] show that the free solvable group S;3 of derived length 3 and
rank 2 has an undecidable subgroup membership problem.

— M. Lohrey [117]| prove that there are numbers n,l > 3 and a sequence of cyclic
subgroups C1, . .., C; of the unitriangular matrix group UT, (Z) over integers such that
the membership problem with respect to the product C} - - - C; is unsolvable.

The submonoid membership problem is the most important fragment of the rational
subset problem. The well-known submonoid membership problem for nilpotent groups was
recently solved by the author.

Theorem 17 (V. A. Roman’kov [240]). There is a finitely generated submonoid M of
a free nilpotent group N, of class [ > 2 of sufficiently large rank r, the membership problem
for which is algorithmically unsolvable.

A. G. Myasnikov and the author [170] established that a verbal subset w[F,| of a free
group F, of finite rank r > 2 is rational in F, if and only if w[F,] = 1 or w[F,| = F,. The last
two cases are easily recognized by the form of the word w. This statement is generalized to
a wide class of free products of groups.

Rational subsets in nilpotent groups were also studied by G.A. Bazhenova [19]. She
proved that the rational subsets of a finitely generated nilpotent group G are a Boolean
algebra if and only if G is virtually abelian. Other results on the characterization of finitely
generated groups G in which the set of rational subsets Rat((G) is a Boolean algebra, that is,
a family of subsets closed under union, intersection, and complement operations are given
in [20, 235, 238|.

See [147] for a connection between the submonoid membership problem for a group G
and the geometric properties of this group.

It is worth noting that the submonoid membership problem of entering for a free abelian
group A, ~ Z" of rank r is related to the following integer linear programming problem:
For a given matrix A €M,, «, and vector b € Z" determine whether there exists a solution
x € N™ of the equation A = b.

In group-theoretic language, this is the submonoid membership problem for the
group A, generated by the rows of the matrix A. It is well known that this version of
the integer linear programming problem belongs to the class of NP-complete problems.
The submonoid membership problem for an arbitrary group is currently considered as a
natural generalization of the problem of integer linear programming. An overview of the
related results can be found in [18].

10. Geodesic problems

The computational complexity of the WP in free solvable groups S, 4, where r > 2 is
the rank and d > 2 is the solvability class of the group, was studied in [171]. Let n be a
length of a word (input) w € S, 4.

It is known that the Magnus embedding of .S, ; into matrices provides a polynomial time
decision algorithm for WP in a fixed group S, 4. Unfortunately, the degree of the polynomial
grows together with d, so the uniform algorithm is not polynomial in d.
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Theorem 18 (A. Myasnikov, V. Roman’kov, A. Ushakov, and A. Vershik [171]).

— The Fox derivatives of elements from S, ; with values in the group ring ZS, 4_; can be
computed in time O(n®rd).

— The WP has time complexity O(rnlog,n) in S5, and O(n®rd) in S, 4 for d > 3.
In [171], the following algorithmic and decision problems were considered:

— The Geodesic problem (GP): Given a word w € F(X), find a word u € F(X) which is
geodesic in G such that w =4 u.

— The Geodesic length problem (GLP): Given a word w € F'(X), find |w|g.

— Bounded geodesic length problem (BGLP): Given a word w € F(X) and an integer k,
decide if a geodesic representative has length < k.

It has been shown that for free metabelian groups (with standard generating sets) BGLP
is NP-complete.

Though GLP seems easier than GP, in practice, to solve GLP one usually solves GP
first, and only then computes the geodesic length. It is an interesting question if there exists
a group G and a finite set X of generators for G relative to which GP is strictly harder
than GLP.

Turing reducibility of the geodesic problems

It has been shown in [171] that a polynomial time solution to any of these problems
implies a polynomial time solution to the next, and each implies a polynomial time solution
to the word problem for the group.

The algorithmic “hardness” of the problems WP, BGLP, GLP, and GP in a given group G
is explained by the following implications: each one is Turing reducible in polynomial time
to the next one in the list:

WP =r, BGLP =<1, GLP =1, GP,
and GP is Turing reducible to WP in exponential time:
GP =rexp WP.

M. Elder and A. Rechnitzer [56] established that GP, GLP and BGLP are polynomial
time and space reducible to each other.

Complexity of the geodesic problems

Recall the concept of time complexity. Let A be an algorithm with inputs from a set .S,
|w| is the size of w € S, TA(w) is the number of steps required for A to stop on the input
w € S, A is in polynomial time if for some polynomial p(z) means T'A(w) < p(|w]).

If G has polynomial growth, i.e., there is a polynomial p(n) such that for each n
cardinality of the ball B,, of radius n in the Cayley graph I'(G, X) is at most p(n), then
one can easily construct this ball B, in polynomial time with an oracle for the WP in G.
It follows that if a group with polynomial growth has WP decidable in polynomial time,
then all the problems above have polynomial time complexity. Observe now, that by famous
Gromov’s theorem finitely generated groups of polynomial growth are virtually nilpotent.
It is also known that the latter have WP decidable in polynomial time (nilpotent finitely
generated groups are linear). These two facts together imply that the GP is polynomial
time decidable in finitely generated virtually nilpotent groups.

On the other hand, there are many groups of exponential growth where GP is decidable
in polynomial time:

— hyperbolic groups — B. A. Epstein et al;
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— the Baumslag — Solitar group (metabelian, non polycyclic of exponential growth)
BS(1,p) = (a,t |t at = aP)

(M. Elder [55]). An algorithm is presented to convert a word of length n in the standard
generators of the solvable Baumslag — Solitar group BS(1, p) into a geodesic word, which
runs in linear time and O(nlogn) space on a random access machine.

In general, if WP in G is polynomially decidable, then BGLP is in the class NP, i.e., it
is decidable in polynomial time by a non-deterministic Turing machine. In this case GLP is
Turing reducible in polynomial time to an NP problem, but we cannot claim the same for
GP. Observe, that BGLP is in NP for any finitely generated metabelian group, since they
have WP decidable in polynomial time.

It might happen though, that WP in a group G is polynomial time decidable, but BGLP
in GG is NP-complete.

W. Parry [191] showed that BGLP is NP-complete in the metabelian group Zowr(Zx7Z),
the wreath product of Z, and Z x Z.

It was claimed by C. Droms, J. Lewin, and H. Servatius [48] that in S, 4 GLP is decidable
in polynomial time. Unfortunately, in this particular case their argument is fallacious.
It turned out [171], that BGLP for M,, r > 2, is NP-complete. Therefore, the search
problems SGP and SGLP are NP-hard in non-abelian M,. To see the NP-completeness, the
authors of [171] constructed a polynomial reduction of the rectilinear Steiner tree problem
to BGLP in M,.

Free solvable groups of finite ranks

The conjugacy problem for S,., d reduces via the Magnus embedding to a similar problem
for A,wrS, 4_1 in time O(n’rd).

The power problem (PP) in a group G:

ImeZ:g" =f.

S. Vassileva [263] proved the following statements.

— The power problem in S, 4 is decidable in time O(nSrd).
— The conjugacy problem has time complexity O(n®rd) in S, 4.

A. Ushakov [262] designed new deterministic and randomized algorithms for computa-
tional problems in free solvable groups. He improved the results of [171, 263], namely, he
proved that:

— There exists a quasi-quadratic time O(n?) deterministic algorithm solving the word
problem in S, 4.

— There exists a quasi-quadratic time O(nQ) deterministic algorithm solving the power
problem in S, 4.

— There exists a quasi-quintic time O(n‘r’) deterministic algorithm solving the conjugacy
problem in S, 4.

These results can be improved further if we grant our machine an access to a random
number generator. But the result in this approach can be incorrect. Fortunately, the
probability of an error is under control: for any fixed polynomial p we can adjust some
internal parameter in the algorithm to guarantee that the probability of an error converges
to 0 as fast as O(1/p(n). In other words, there exists a quasi-linear time O(n) false-
biased randomized algorithm solving the word problem in S, 4. There also exists a quasi-
linear time O(n) unbiased randomized algorithm solving the power problem in S, 4.
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Moreover, there exists a quasi-quartic time O(n4) unbiased randomized algorithm solving
the conjugacy problem in S, 4.

Thus, A. Ushakov [262] proved that the word problem and the power problem can be
solved in quasi-linear time and the conjugacy problem can be solved in quasi-quartic time
by Monte Carlo type algorithms.

The origins of computation group theory date back to the late nineteenth and early
twentieth centuries. Since then, the field has flourished, particularly during the past 30
to 40 years, and today it remains a lively and active branch of mathematics.

The Handbook of Computational Group Theory offers the first complete treatment of
all the fundamental methods and algorithms in CGT presented at a level accessible even
to advanced undergraduate students. It develops the theory of algorithms in full detail
and highlights the connections between the different aspects of CGT and other areas of
computer algebra. While acknowledging the importance of the complexity analysis of CGT
algorithms, the authors’ primary focus is on algorithms that perform well in practice rather
than on those with the best theoretical complexity.

Throughout the book, applications of all the key topics and algorithms to areas both
within and outside of mathematics demonstrate how CGT fits into the wider world
of mathematics and science. The authors include detailed pseudocode for all of the
fundamental algorithms, and provide detailed worked examples that bring the theorems
and algorithms to life.

We assume that practical algorithms work with random data. In numerous of cases
“random” exclude “the worst” case. The Simplex Method is a very good sample of such
algorithm.

Hence, the generic set of data when the algorithm works well became a very important
notion.

It is known [65] that the Dehn function D(G) of a finitely presented group G is recursive
if and only if G has decidable word problem. Moreover, for every finitely presented group G
with Dehn function D(G) there exists a nondeterministic Turing machine M(G) which solves
the word problem in G with time function equivalent to D(n). This machine solves the word
problem in every finitely generated subgroup of G as well. Therefore if a finitely generated
group G is a subgroup of a finitely presented group with polynomial isoperimetric function
then the word problem in G is in NP (i.e., it can be solved by a non-deterministic Turing
machine with polynomial time function

J. C. Birget, A.Y. Olshanskii, E. Rips, and M. V. Sapir [29] obtained a general result on
the connection between the complexity of the Dehn function of a group and the complexity
of the word problem. The word problem of a finitely generated group G is in NP if and only
if this group is a subgroup of a finitely presented group H with polynomial isoperimetric
function. The embedding can be chosen in such a way that G has bounded distortion in H.

There is a natural concept of the averaged Dehn function D,,(G), introduced by
M. Gromov [68]. In [110], E. G. Kukina and the author, answering to the question, posed
in [68], proved that D(A,) is sub-quadratic (remind that D(A,) is quadratic). In [230], the
author answered to the another question posed in [68] on the average Dehn function of a
free nilpotent group. He showed that this function is asymptotically negligible to the Dehn
function in this case.

In [92], I. Kapovich, A.G. Myasnikov, V. Shpilrain, and P. Schupp proposed a generic
approach to the theory of computability and computational complexity. Within the
framework of this approach, the algorithmic problem is considered not on the entire set
of inputs, but on a certain subset of almost all inputs. They showed that for a large class
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of finitely generated groups the generic time complexity of some classical decision problems
from combinatorial group theory, namely the word problem, conjugacy problem and
membership problem, are linear. It turns also out that some classical undecidable problems
are, in fact, strongly undecidable, i.e., they are undecidable on every strongly generic subset
of inputs. A. G. Myasnikov and A. N. Rybalov [172] proved an analog of the Rice theorem for
strongly undecidable problems, which provides plenty of examples of strongly undecidable
problems. To construct strongly undecidable problems, they introduced a method of generic
amplification (an analog of the amplification in complexity theory).

In recent years, interest in the analysis of algorithms from the point of view of complexity
theory and practical feasibility has significantly increased. Substitution groups form the
most developed part of the computational theory of groups. The basis for this was the
corresponding technique for their study, developed by C. Simps back in the 60s of the
twentieth century. M. L. Furst, D. Hopcroft, and E. M. Luks [60] showed that the method
proposed by Simps works in polynomial time. The time-polynomial theory of linear groups
began with a consideration of matrix groups over finite fields. The main problems were the
problems of determining the order of a subgroup given by a finite set of generators, and
the membership problem for a given group. Even in the case of abelian groups, it is not
known how to solve such problems without solving difficult number-theoretic problems, for
example, problems of the discrete logarithm and factorization of numbers. The approach
to finding a solution using a number-theoretic oracle became natural.

Computing in permutation and in matrix groups

Permutation groups is the most developed subdomain in the Computational Group
Theory. Fundamental is a technique first proposed by C. Sims in the 1960’s, see mono-
graph [248]. C. Sims introduced many algorithms for working with permutation groups.
These were among the first algorithms in CAYLEY and GAP. In 1990s nearly linear
algorithms for permutation groups emerged. These are now in GAP and MAGMA. In 2003,
A. Seress published his monograph [245] described the theory behind permutation group
algorithms, including developments based on the classification of finite simple groups.
He gave rigorous complexity estimates, implementation hints, and advanced exercises.
The book fills a significant gap in the symbolic computation literature.

Let G < Sym(Q2), where Q = {wy,...,w,}. The tower

G=GW>.  >G"Y =1,

where G is a pointwise stabilizer of {wy,...,w;_1}, underlines almost all practical
algorithms. It was proved in [60] that a variant of Sims’ method runs in polynomial time.
Now there is the non-substancional polynomial-time library for permutation groups.

Polynomial-time theory of linear groups started with matrix groups over finite fields.
Such group is specified by finite list of generators. The two most basic questions are:

— membership in gp(U);
— the order of the group gp(U).

Even in the case of abelian groups it is not known how to answer these questions
without solving hard number-theoretic problems (factoring and discrete logarithm). So the
reasonable question is whether these problems are decidable in randomized polynomial time
using number theory oracles.

The first algorithms for computing with finite solvable matrix groups were designed by
E. M. Luks [121].

E.M. Luks, L. Babai, R. Beals, A. Seress et al. study this area for last 25-30 years
(see |7]). Let G < GL(n,F,) be a finitely generated matrix group over a finite field F,.
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— One can test in polynomial time whether G is solvable and, if so, whether G is nilpotent.

— 1If G is solvable, one can also find, for each prime p, the p-part of GG. In the nilpotent
case it is its (unique) Sylow p-subgroup.

— Also, given a solvable G < GL(n,F,) the following problems can be solved: find |G|,
decide the MP with respect to G, find a presentation of GG via generators and defining
relators, find a composition series of GG, et cetera.

For polycyclic groups pe-presentation approach was introduced by B. Eick, D. Kahrobaei,
G. Ostheimer et al. See [52| for definition and basic properties of pc-presentations. Pe-pre-
sentation of a polycyclic group exhibits its polycyclic structure. Pc-presentations allows
efficient computations with the groups they define. In particular, the WP is efficiently
decidable in a group given by a pc-presentation. GAP package polycyclic is designed for
computations with polycyclic groups which are given by a pc-presentations.

Let G be a polycyclic group. Then

G e NAF.

Hence, nilpotent-by-abelian-by finite presentation approach can be applied in this case.

In particular, Bieri — Strebel’s invariant is defined for for this type of groups [28].

The solution of BTCP in a finitely generated metabelian group looks more practical
than the Noskov’s solution in the classical case of the CP. Main feature is that we can
reduce the problem changing the group itself. In the polycyclic case we can start with the
metabelian image G/G" and then use induction relative the structure of a polycyclic group
as above.

A. Garetta et al. [63] introduce a model of random finitely generated, torsion-free
nilpotent groups G of class 2. They prove that for some values of parameters the following
holds asymptotically almost surely:

— The ring of integers Z is definable in G.

— Systems of equations over Z are reducible to systems over G (and hence they are
undecidable).

— The maximal ring of scalars of G is Z.

— (' is indecomposable as a direct product of non-abelian factors.

The similar models of random polycyclic groups and random finitely generated nilpotent
groups of any nilpotency step, possibly with torsion, were also introduced
For matrix groups over infinite fields, we state the following theorem as the first result.

Theorem 19 (V.M. Kopytov [107]). Let G < GL(n,K) be a finitely generated
matrix group over an algebraic number field K. Then the following problems are decidable:

— determine finiteness of G;
— determine solvability of G}
— MP,,; = the membership problem with respect to solvable G.

Most computational problems are known to be decidable for polycyclic matrix groups
over number fields.

The WP and MP can be solved [6], many further structural problems have a practical
solution.

D.F. Holt, B. Eick, and O’Brien published the monograph “The Handbook of
Computational Group Theory” [90]| which offers the first complete treatment of all the
fundamental methods and algorithms in computational group theory. It develops the theory
of algorithms in full detail and highlights the connections between the different aspects of
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computational group theory and other areas of computer algebra. The monograph focused
on algorithms that perform well in practice rather than on those with the best theoretical
complexity.

Some methods are developed for computing with matrix groups defined over a range of
infinite domains.

A. Detinko, B. Eick, and D. L. Flannery [43] gave a practical nilpotent testing algorithm
for finitely generated matrix groups over an infinite field F.

The main algorithms have been implemented in GAP, for groups over Q.

Let F = Q be an algebraic number field. By the celebrated Tits’s theorem a finitely
generated subgroup G < GL(n,Q) either contains a nonabelian free subgroup F or has a
solvable subgroup H of finite index (Tits Alternative).

R. Beals |21] established the following results:

— There is a polynomial time algorithm for deciding which of two conditions of the Tits’s
Alternative holds for a given G.

— Let G has a solvable subgroup H of finite index. Then one is able in polynomial time
to compute a homomorphism ¢ such that ¢(G) is a finite matrix group, and ker(yp) is
solvable.

If, in addition, H is nilpotent, then there is efficient method to compute an encoding of
elements of G.

Nowadays, it is recognized that there are decision and search variations of algorithmic
problems:

— Search word problem (SWP) in G : given w € F(X), such that w =5 1, find a
decomposition w = H g; n]gz, where g; € F(X), r;, € R*".

— Search conjugacy problem (SCP) in G: given two words u,v € F(X), which define
conjugated elements in G, find a conjugator.

— Search membership problem (SMP) in G for a fixed subgroup H < G: given w € F(X)
which belongs to H, find its decomposition as a product of the generators of H.

— Search isomorphism problem (SIP) in a given class C of presentations: given two
presentations in C of isomorphic groups, find an isomorphism.

In [127], it is proved that the basic algorithmic problems (normal forms, conjugacy of
elements, subgroup membership, centralizers, presentation of subgroups, etc.) can be solved
by algorithms running in logarithmic space and quasilinear time. Further, if the problems are
considered in “compressed” form with each input word provided as a straight-line program,
we showed that the problems are solvable in polynomial time. See monograph [116] for
the necessary background and detailed exposition of known results on the compressed
word problem, emphasizing efficient algorithms for the compressed word problem in various
groups.

Basic information about circuit complexity is contained in monograph [265]. This
monograph presents a broad and up-to-date view of the computational complexity theory
of Boolean circuits. The theory of circuit complexity classes is thoroughly developed.

In [176], the authors pushed the complexity of these problems lower, showing that they
may be solved by TC? circuits. In [175], it was shown that the conjugacy problem in a
wreath product AwrB is uniform-TC°-Turing-reducible to the conjugacy problem in the
factors A and B and the power problem in B. Under certain natural conditions, there is
a uniform TC® Turing reduction from the power problem in AwrB to the power problems
of A and B.
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In [128], the authors expand the list of algorithmic problems for nilpotent groups which
may be solved in these low complexity conditions to include several fundamental problems
concerning subgroups. The following algorithmic problems are solved using TC? circuits, or
in logspace and quasilinear time, uniformly in the class of nilpotent groups with bounded
nilpotency class and rank: subgroup conjugacy, computing the normalizer and isolator of a
subgroup, coset intersection, and computing the torsion subgroup. Additionally, if any input
words are provided in compressed form as straight-line programs or in Mal’cev coordinates,
the algorithms run in quartic time.

A.V. Menshov, A.G. Myasnikov, and A.V. Ushakov [153| study the computational
complexity of the fundamental algorithmic problems in finitely generated metabelian
groups. They rewrite and streamline some classical algorithms to fit them into the
framework of Groebner basis. In many cases this reduction can be done in polynomial
time. The algorithmic problems in metabelian groups are classified in terms of logspace and
circuit complexities.
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We show that no orthogonal arrays OA(16A,11,2,4) exist with A = 6 and 7. This
solves an open problem of the NSUCRYPTO Olympiad 2018. Our result allows to
determine the minimum weights of certain higher order correlation-immune Boolean
functions.
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Introduction

In the Fifth International Students’ Olympiad in Cryptography NSUCRYPTO’2018
[1, 2| the following problem was stated. Given three positive integers n, t, and A such that
t < mn, we call a A2 X n binary array (i.e., matrix over the two-element field) a ¢t — (2, n, \)
orthogonal array if in every subset of ¢ columns of the array, every (binary) ¢-tuple appears
in exactly A rows; t is called the strength of this orthogonal array. Find a 4 — (2,11, )
orthogonal array with minimal value of A. So far, the best known answer to this question
is A = 8. Delsarte’s Linear Programming Bound [3, Theorem 4.15 and Table 4.19] implies
A > 6.

In this short note, we use the terminology of the monograph [3] and we denote a
t — (2,n, \) orthogonal array by OA(2'\,n,2,t). The integers N = 2\ and n are called the
number of runs and the number of factors of the array. In an orthogonal array, the same
row can occur multiple times. The orthogonal array is simple, if each row occurs exactly
once.

Our solution to the problem is stated in the following theorem.

Theorem 1. No orthogonal arrays OA(16A,11,2,4) exist with A = 6 and 7.

A Boolean function f: Fy — Fy is correlation-immune of some order ¢ < n (in brief,
t-CI) if fixing at most ¢ of the n input variables zi,...,z, does not change the output
distribution of the function, whatever are the positions chosen for the fixed variables and
the values chosen for them. Equivalently, the support of the function must be a simple
binary orthogonal array of strength ¢ [4, 5]. The weight of a Boolean function is the size of
its support. Low weight ¢-CI Boolean functions have practical importance in cryptography,
since they resist the Siegenthaler attack. Furthermore, t-CI Boolean functions allow reducing
the overhead while keeping the same resistance to side channel attacks; see [5] and the
references therein.

'Support provided from the National Research, Development and Innovation Fund of Hungary, financed
under the 2018-1.2.1-NKP funding scheme, within the SETIT Project 2018-1.2.1-NKP-2018-00004. Partially
supported by NKFITH-OTKA Grants 119687, 115288 and SNN 132625.
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Theorem 1 allows us to determine the minimum weights of ¢*!-order correlation-immune
Boolean functions in n variables,

ne{11,12,13}, te {4,5}.

These values were marked as unknown in [4, Table 2| and [5, Table 2.
We would like to thank Claude Carlet (Paris, France and Bergen, Norway) for his
detailed comments on the previous version of this paper.

1. Proof of the theorem

Our proof uses the results [6—-9|. D. A. Bulutoglu and F. Margot [6] used integer linear
programming (ILP) methods, while the algorithms |7, 8] are based on the systematic study
of the extensions of orthogonal arrays by new columns. Moreover, both approaches must
deal with the isomorphism problem of orthogonal arrays.

Proof of the Theorem 1. From [6, Table 1], [7, Table III] and also [9] we can see that
no OA(96,8,2,4) and no OA(112,7,2,4) exist. We explain the relevant rows of the two
tables. In [6, Table 1] there are 4 columns with the following meanings (see Table 1):

— OA gives the parameters of the classified orthogonal array;

— m' is the number of linearly independent equality constraints of the generated ILP
problem;

— Pmax 1S an upper bound on the maximum number of times a run can appear in an
OA(2'\,n,2,t);

— h is the number of non-isomorphic orthogonal arrays with the given parameters.

Table 1
OA m/ Pmax h
0A(96,8,2,4) | 163 | 2 |0
0A(112,7,2,4) | 99 3 0

From this table we can see that if A = 6 then no orthogonal array exists with n = 8, which
implies that no OA exists with n > 8. Similarly if A = 7 then no orthogonal array exists
with n = 7, thus no OA exists with n > 7.

In |7, Table III| (see also Table 2) orthogonal arrays with strength 4 are included, where

— N gives the run-size of the classified orthogonal array;

— the notation 2% for the factor set means a binary array with a factors;

—  (mayx 18 the maximum number a, such that there exists an OA with N runs and a factors;

— the numbers m,, a € {t + 1,...,amax}, in the last column denote the number of
isomorphism classes of arrays with /N runs and a factors.

Table 2
N | Factor set | amax | Isomorphism classes
96 24 7 4,9.4
112 20 6 4,3

This means that with run-size 96 the maximum number a such that an OA(96,a,2,4)
exists is 7, and with run-size 112 the maximum number a with an existing OA(112,a,2,4)
is6. m

Remark 1. According to [8], the number of isomorphism classes of binary orthogonal
arrays with run-size N = 128, factor-size n = 11, and strength ¢t = 4 is 477. The papers [6, 7|
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claim to achieve the above results within a few seconds. Using SageMath [10], the GLPK
package [11] and the integer linear programming solver SCIP [12], a straightforward
implementation of the formulas of [6] used 51 630s and 481s CPU time for the nonexistence
of OA(96,8,2,4) and OA(112,7,2,4), respectively.

2. Minimum weight of correlation-immune Boolean functions
Using the notation of [3], we denote by F(n,2,t) the minimal number of runs N in
any OA(N,n,2,t) for given values n and t. Theorem 1 says that F'(11,2,4) > 128, and in
fact, equality holds. Let w,; denote the minimum weight of ¢-CI Boolean functions in n
variables. Equivalently, w,; is the minimum number of runs in a simple orthogonal array
with number of factors n and strength ¢. Hence,

F(n,2,t) < wpy. (1)

Suppose A is an OA(N,n, s, t). Asin [3, p. 5|, one can construct an OA(N/s,n—1,s,t—1),
say A’. Clearly, if A is simple then A’ is simple too. This implies

1
F(n_1727t_1> < §F(7’L,27t),

1
wnfl,tfl < sWn,t- (2)

2

We are now able to fill some unknown values of [4, Table 2| and [5, Table 2].

Proposition 1. For the minimum weight of ¢-CI Boolean functions in n variables, we
have

W11,4 = W124 = W134 = W144 = Wis4 = 128; (3)
)

Wils = Wi2s = Wi3s = Wi45 = Wis5 = Wies = 290. (4

Proof. The Nordstrom — Robinson code and also Sloane gives a simple O A(256, 16, 2, 5),
see [1, 13, 14]. Straightforward computation shows that deleting the last 5 columns of it,
the resulting orthogonal array is simple. Hence, w, 5 < 256 for n € {11,...,16}. By (2),
Wna < 128 for n € {10,...,15}. Theorem 1 implies F'(n,2,4) > 128 for n > 11. From (1)
and (2) follow (3) and (4). m
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The process of detecting malicious code by anti-virus systems is considered. The main
part of this process is the procedure for analyzing a file or process. Artificial neural
networks based on the adaptive-resonance theory are proposed to use as a method
of analysis. The graph2vec vectorization algorithm is used to represent the analyzed
program codes in numerical format. Despite the fact that the use of this vectoriza-
tion method ignores the semantic relationships between the sequence of executable
commands, it allows to reduce the analysis time without significant loss of accuracy.
The use of an artificial neural network ART-2m with a hierarchical memory structure
made it possible to reduce the classification time for a malicious file. Reducing the
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classification time allows to set more memory levels and increase the similarity para-
meter, which leads to an improved classification quality. Experiments show that with
this approach to detecting malicious software, similar files can be recognized by both
size and behavior.

Keywords: malware, analysis of portable executable files, control flow graph, vecto-
rization, deobfuscation, artificial neural networks based on adaptive resonance theory,
clustering.

BBegenne

Bpenonocuoe nporpammuoe obecriedenne (BI1O), nponunkaroiree B cucteMy moJib30BaTe-
JIsh, MOXKeT 3aJIeficTBOBaTh pecypchl atakyemoit 9BM B cBoux 1esidx mji IpUBECTH K I1OTe-
pe JIaHHBIX U, CJIEJIOBATEIbHO, YOBITKAM ToJIb3oBaTe el 1 Komuanuii. B [1] npejcrasienst
pesyiabraThl ucciepopanuii yooirkos or BI1O. Ot Bupyca-seimoraresnss WannaCry xkomia-
HUU TIOHECIN TTI0Tepr B 1 MJIP JIOJIJI., & CPEIHErOJI0BbIe YOBITKI OT KHMOEPYTrpo3 00X0IsITCs
bankam B 18,28 mutH 1011, C KarxKIbIM IOJIOM CTOMMOCTD IIOCJIEICTBUIN IIPOBEIEHNsT KIOep-
arak pactér, K 2018 . [2] cpeHsis cTOMMOCTH MHIMEHTA JIJIs KPYITHON KOMITAHUH BBIPOCJIA
Ha 24 % (¢ 992 Thic. gosur. jio 1,23 MutH J10J1L.), a Jijig MaJIoro u cpejnero ousneca — ua 38 %
(c 88 10 120 ThIC. JIOJUI.) TIO CPABHEHUIO C TpPeAbLAyIuM rojgoM. C pocToM yrpo3 pacTér
cnoxuocth onpenenerus BIIO. Bee wame npu pactnpocrpanenun BIIO 3moyMmbliiiieHHUKT
puderatoT K MeTOIaM COKPBITHSI er0 MPUCYTCTBUS JINOO K METOJIaM COIUAJIbHON MHYKEeHe-
pun [3].

OcHoBHBIM UHCTpPYMeHTOM 1IpHu BhigBIeHnn BIIO saBigercs crernuajm3upoBaHHOE TPO-
rpaMMHOe obecliedeHne — aHTUBUPYC. ZlapoM JTF000ro aHTUBUPYCA SIBJIAETCA MOMIY/Ib aHa-
ym3a daityioB u mnporeccoB. OHu 6a3UPYIOTCS HA CUTHATYPHOM ¥ 9BPUCTUYUECKOM METOJAX
BBISIBJIEHHS 3JI0BPEJTHOTO TIPOrPAMMHOTO 00eCIIeTeH s

Henocrarkom curHaTypHoro anajausa 4| sBisercs HEBOSMOXKHOCTH BbISIBJIEHHsI HOBOTO
U 3aMaCKUPOBAHHOIO IporpaMmuoro obecrnedenus. Pazpaborauku BIIO npuberator K cire-
JYIOIIMM CII0co00aM MaCKHPOBKU UCIOJHIEMbBIX KOIOB:

1) mmdposanue [5);

2) camomouduranus [6[;

3) ynakoeka |7, 8|;

4) obdyckanus kozga |9, 10].

Obdyckanus mpeacTapisgeT coboil mporece JJo0aBIeHnusT NHCTPYKIUM, He N3MEHAIOITIX
GYHKIIMOHAIBHOCTH IIPOTPAMMBI, HO M3MEHSIIONINX €€ pa3Mepbl U YBEJIUINBAIOMINX CJI0K-
HOCTH IIOHUMAaHHS aHaJU3UPyeMbIX MHCTPYyKIuil. lajee paccmMoTpen mporiecc jieoddycka-
K C TEJIBIO YIIPOCTUTD IIPOIECC 00PAbOTKN UCXOTHOTO KOJIA.

B oryimame oT curHaTypHOIrO aHaIM3a, IBPUCTHUECKUN UCIOIB3YETCS IPHU BbISBJICHIT
nensBectHoro panee BIIO. OCHOBHBIM HTPUHIIAIIOM sIBJISICTCS HAXOXKJIEHUE OTKJIOHEHUS T10-
BeJeHHUsI ITPOrPaMMbl OT HOPMAJIBHOI'O COCTOSHUsI. [lepCIIeKTUBHBIM ITOIXOJ0M B IOCTPOE-
nun cucrem onpepesnerns BIIO apisiercst ucnomb30Bafne B HUX NCKYCCTBEHHBIX HEHPOHHBIX
cereit (MHC) [11].

NHC npuamMaeT Ha BXOJ YUCIOBBIE BEKTOPHI JAHHBIX, JJIsI IOy YeHUsS KOTOPBIX UCIIOJI-
usembit ko BITO moxHO npejictaButh B Buie rpada noroka yrnpasienus (I'TIY) [12]. Ta-
Kas CTPYKTYPHU3AIHS UCIOJTHIEMOTO KOJIa IIO3BOJ/IsIeT CPABHUBATD BEPIINHBI APYT C JIPYTIOM
U BBISBJISTH CPEIM HUX YHHUKaJbHBbIE. J[1s1 cpaBHeHUsT rpadOBBIX CTPYKTYP MPUMEHSIETCS
asroput™m graph2vec [13], mosBosgonuii onucars rpad BEKTOPOM THCE.
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B pabore [14]| ananusupyercs nakoriennasi Bo BpeMs Boinosaerust BIIO nndopmanust,
BKJIIOYAIOIIAs CeTeBON TpaduK, HHCTPYKIIUU IIEHTPAIBHOIO IIPOIECCOPA, JIaAMIIbI OI€PATHB-
noit mamatu. Asropsr ncnosb3yior MHC Koxonena, 0CHOBHBIM HEJIOCTATKOM KOTOPOI siB-
JisieTcs HeoOXOIMMOCTh 3HATh 3apaHee YHCJIO KJIaCTEPOB.

B [15] paccmarpuBaercsi OCIeI0BATENLHOCTh BbI30Ba cucTeMHbIX API-byukimii y
500 ucnosiasiembix aitios. [Ipu kiraccudukanum Moy IeHHbIX JJAHHBIX HECKOJILKIMUI KJIaC-
cuduKaTOpaMu JIYUIIyI0O TOYHOCTh OOHApYyKEHUs MOKa3aJ HAUBHBIN OalleCOBCKUIT KJIaCCU-
duxarop. Ho oH He 1103BOJISIET BBISB/ISATH HOBBIE BUIbI paHee Hen3BecTHOro BIIO.

B macrosmee Bpems cyrecTByIoT paziandabie apxuTeKTypbl MHC, obmumM HejocTaTKOM
KOTODBIX SIBJISETCS] HEOOXOMMOCTD IIPOBOJIUTH TIepeodyueHne, BO3HUKAIOIIEee Mpu J100aBe-
HUU HOBOI'O 00pa3a, HeJIOCTATOYHAS IIJIACTUIHOCTD U HEBO3MOXKHOCTD JI000yYEHUS B PEXKUME
bYHKIMOHNPOBaHUSA. DTOT HEJIOCTATOK MpeoiosieH B [16] mpu paszpaborke UHC na ocHoBe
aJanTuBHON pesoHaHcHO Teopun (APT).

B pabore pemaercs mupobiema BoigBiaenns BIIO wa ocmoBe MHC amanTusHO-
PE30HAHCHON TEOPUU C MePAPXUIECKONW CTPYKTYPOIl HAaMATHU ITyTEM BBITIOJHEHUS CJIeIyIO-
IIUX IAroB:

1) neobdyckarust Koja,;

) nocrpoenne T'TIY;
) BexTopmzarusa ['IIV;
) kuaaccudurarust BITO no T'TLV.

=W N

1. /dleobdyckarusi Koma

ObObekTamMyu aHaM3a ABJILAIOTCS 3AITyIIEHHBIH MIPOIECC, JIaMIl €ro MaMsATH, UCIOJIHSe-
Mot daitn mim PE-daiin (Portable Executable, «mepeHocumblit ncmosiHsgeMbIit» ), KOTOPbIE
JI3acceMOTUPYIOTCS JIJIsl U3ydeHus u JiajbHeiineit obpadborku. Ha mepBom mare mpoms-
BojiuTCst Jleobdyckarus Koja. Merojabl aHans3a npu J1eoddycKaimuyn mporpaMMHOrO KOJa
OBbIBAIOT: CHHTAKCHYECKIE, CTaTHIeCKUe, CTATHCTHIecKne, auHamudeckue [17]. B pabore uc-
[OJIB3YETCS METOJ[ CTATHYECKOr0 aHaJIN3a: OYMCTKA KOJIa MPOUCXOIUT 0e3 ero BBIIOJIHEHUS
C yJaJeHueM 3apaHee Olpee/IeHHBIX BbIPaKeHUl:

1) KOMaHJIbI NOp, IPEJIICHIBAIOIIEH HUYEro He Je/IaTh;

2) napubIX KoMaH <push, pop>, <inc, dec>, <dec, inc>, onepaHjaMu KOTOPbIX $B-
JIAIOTCS PErUCTPhI, HE MCIOJIL3yeMble B KOJE, 3aK/II0YCHHOM MEXK/y JaHHON Iapoit
KOMaH/I;

3) paBHO3HAYHBIE MHCTPYKIMU Xor <operand>,<operand>, mov <operand>,0, eciu
Cpey MHCTPYKIINN, 3aKII0OUEHHBIX MeXKIy 3TUMHU JAByMs, <operand> He OBLT yIIO-
MAHYT;

4) Gecrosie3Hble MHCTPYKIMU: or <operand>,<operand>; mov <operand>,<operand>;

5) KoMaHJBI JJorudeckoro capura (shr, shl u T. 11.), add, sub, BTopoit omepas;; KOTOPbIX
paBeH HYJIIO;

6) He WMeroIIasi CMbICIa apa WHCTPYKIuii xchng <operandl>,<operand2> u xchng
<operand2>,<operandl>, ecJu WX OIepaHJbI He OBLIN YHOMSIHYTBHI MEXKJIy HUMU,
U Jp.

PacemorpuMm nipumep geodgyckanum ¢ieIyomnero uCroHsaeMoro Kojia:

401000 sub esp,1C

401003 inc edx

401004 mov eax,ss:[esp+20]
401008 mov eax,ds:[eax]

=W N =
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40100A mov eax,ds:[eax]
40100C cmp eax,C0000091
401012 ja 401060

401018 cmp eax,C000008D
40101E dec edx

10 40101F shr eax,O0

11 401022 jae 401079

12 401028 cmp eax,C0000005
13 40102E add edx,O

14 401031 jne 4010FO0

15 401037 nop

16 401038 mov ebx,ebx

17 40103A nop

©O© 00 ~J & Ot

[Tocsie neobdyckalum B JaHHOM IIpUMEpPE 3HAYUMBIMU OCTAHYTCHA TOJBKO CJIEJIYIOIIIe
CTPOKHU KOJIA:

401000 sub esp,1C

401004 mov eax,ss:[esp+20]
401008 mov eax,ds:[eax]
40100A mov eax,ds:[eax]
40100C cmp eax,C0000091
401012 ja 401060

401018 cmp eax,C000008D
401022 jae 401079

401028 cmp eax,C0000005
401031 jne 4010FO

© 00 O Ot W N

—
s}

Brorin yrasiensr ciesytonme KOMaH/bE: rmonapHbie oneparuu 401003 inc edx, 40101E
dec edx, Tak KakK B KOJle, 3aK/JI0YEHHOM MEXKJIy HUMU, PETUCTPa edX WU €ro COCTABJIAIO-
mux (dh, dl) we Haiijeno; 40101F shr eax,0; 40102E add edx,0; 401038 mov ebx,ebx,
KOTOpble HE U3MEHAIOT 3HaueHHue I11ePBOI'0 OllepaH/ia, CJeJI0BATeJbHO, He UMEIOT CMbIC/IA;
401037 nop, 40103A nop — He3HAYAIHAE OIEPAITAMN.

2. lloctrpoenune I'IlY

Ha cienytomem mare Boinosiasiercss moctpoenne [TTY. [Ipeobpasosanmbiit ko pa3du-
BaeTcd Ha 06a30Bble OJIOKU, KaxKJIOMy U3 KOTOpPbIX coorBercTByeT Bepiuna ['IIY. bazosbie
010K (POPMUPYIOTCS TIPHU TTOCIEI0OBATE/IHHOM aHAIN3e KOJla U HEe COoJIep:KaT B cebe KOMaH]T
yIpaBjeHus MOTOKOM. TaknM 06pa3oM, BEPITMHY MOYKHO ITPEJICTABUTH HAOOPOM KOMAaH/I, U3
KOTOPBIX COCTOUT 0A30BbIil OJIOK, COOTBETCTBYIONIMIT TeKymeil Beprune. [lepemada ympas-
JIEHUS TTIOTOKOM U KOHEII BEPIIUHBI OIPEJIEJIAIOTCS CJIETYIOIIMMU TUITAMI KOMAH]T;:

1) GesycsioBHble: jmp, call, rje jmp —5TO KOMaHJA, MPUBOJAINAS JIUIIb B OIHY Bep-

muHy, a call paboTaer 1o NPUHIIUITY YCIOBHBIX KOMAaHJ IT€PeJIain YIIPABJIEHUS;

2) yciioBHBIE: je, jz W JIpyrue, MOAPa3yMeBAIOIINe Mepexo/] B BEPIIUHY 10 YCJOBUIO,

[P €r0 HEBBITIOJTHEHUN TIEPEX0J] Ha CJIEYIONLYI0 KOMaH/y 3a JAHHOW;
3) KOMaH/IbI yIIpABJIEHHs IMKJIOM: loop, loope, loopz 1 JApyrue, paboTarolue Mo IpuH-
[IAITY KOMAaH/I YCJIOBHOM Ilepeiadn yIIpaBIeHusl.

[Ipoanamm3upyeM ydacToOK KOJa, IOJYUeHHBIH Ha npeabiaymeM mare. Cpemau Habopa
I/IHCprKHI/Iﬁ MOZKHO BBLAEJIUTL TPpU BEPIIUMHBI, 3aKaHINBaIOIUECA YCJIOBHBIMU KOMaH/JIaMn
nepefiadn ynpaniaenus: ja 401060, jae 401079, jne 4010F0. I'IIY nna 3amanHOrO yvact-
Ka IPOrpaMMbl IIPEJICTaBIeH Ha puc. 1, rje MoKa3aHO, YTO BEPIINH, COAEP:KAIINX aIpeca
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401060, 401079, 4010F0, B KOJie HE BCTPEYEHO, IIO9TOMY CUMBOJIAME «?77» OTMEUEHbI HEU3-
BECTHBIE KOMAH/IbI, KOTOPbIE CKPBITHI 3a COOTBETCTBYMOIUMHU agpecamu. CremaoBaTesbHO,
epexoJl B 3TU BEPUIUHBI, PACIIOJIOKEHHBIE BHE PACCMATPUBAEMOI'O KOJa, MOKHO OTMETUTH
KaK IIepexoJ] B HeJJOCTUKUMbIe: —1.

1.401000 sub esp,1C
401004 mov eax,ss:[esp+20]
401008 mov eax,ds:[eax]
40100A mov eax,ds:[eax]
40100C cmp eax,C0000091

RN

{2. 401018 cmp eax,C000008D ’ ‘ 401060 ??7? ’

‘ 3.401028 cmp eax,C0000005 ’ ‘ 401079 ??? ’

4010F0 2?7

Puc. 1. T'IIY moporpammbl

3. BekTopuzaiuga I'ITY

[Tocsie BBITIOIHEHUS TIpOIecca JieobdycKauu Koja u coctapieHus mo nemy I'ITY neob-
XOJIUMO TIOJIYIATh BEKTOPHOE IpejicTaBieHune rpada. KaxKayio BepHinHy MOXKHO OINHUCATh
BEKTOPOM KOJIMYECTB ITIOBTOPEHU acceMOJIEPHBIX KOMAaH/I JJIsi apXUTEeKTypbl X86-64, 13 Ko-
TOPBIX OHa cocTouT. ITocse cpaBHEHUsT IOy YeHHBIX BEKTOPOB TPEOYeTCS ONpe e nTh YHU-
KaJIbHbIE€ BEPINUHBI U MOJYIUTh BeKTOpHOE 1pejcTanenue ['TTY.

[IpencraBum B KadecTBe ajadaBuTa KOMaH HAOOp UHCTPYKIUHN, UCIIOIL3YEMbI B apXu-
TekType x86-64. Jl1s1 npumepa aadaBUT COCTOUT U3 KOMaH/I, YIIOMSHYTBIX B KOJIe: sub, mov,
cmp u Jip.; W; — BEKTOp KOJMYECTB MOBTOPEHMI KOMAH], 0003HAYAIONINI (-0 BEPIITUHY:

Wl = (1737 1)7 W2 = W3 = (anv 1)

Yuukaababix Bepmun B 3ToM ['IIY n = 2. Kaxmoit ynukabsHoit BepimHe mTpucBanBaeTcst
6unapublit BekTop V' B = (vby, ..., vb,), OMMHAKOBBIN 7T MOBTOPSIONIMXCS BEPIIIH; B HEM
vb; = 1, rae ¢ — NOpSIKOBBI HOMED YHUKAJIHHOU BEPIIMHBI, OCTAIbHBIE 1 — 1 371eMeHTOB

sanoJHsoTcs Hyaamu. s wamero npumepa V By = (1,0), VBy = V By = (0,1).
3
Bekrop, onmceiatonuii nanuyto nporpammy: V = YV B; = (1,2). Bekropuzanus I'ITY
i=1
U3 IIpUMepa, MPeJICTaBIeHa Ha PUC. 2, T/Ie HATJIAIHO OTOOPaXKeHbl TIePEX0/Ibl MEXKTy BEPIIu-
namu, BekTopbl Wi, V; ¢ = 1,2, 3, onmceIBaionye COOTBETCTBYIONINE BEPITUHBI, & TaKXKe

[TOJTy YeHHBIN PE3YIbTUPYIONIN BEKTOP V' JIJIsd JTJAHHOM ITPOrPaMMBI.



74 4. T. byxanos, B. M. lMonsikos, M. A. PeabkuHa

Wy ={1,3,1},

AndasuT: sub,

mov, cmp
Ws ={0, 0; 1},
VB, =0,
W3=1{0,0,1},

VB3 ={0, 1} -~

Puc. 2. Bexropuzarmua I'ITYV

4. Pazpaborka kjaccudukaTopa Ha OCHOBe aJalTUBHO-PE30HAHCHOI Teopuu
C Mepapxm4ecKoil CTPYKTypoii naMaTHu

MNHC na ocaoBe APT gBjsiercst caMOOpPraHU3yIOMIEHCsT CeThIO, MO3BOJISIONIENH B peab-
HOM BpPEMEHH DeIaTh 3aJa4di KJIACTEPU3AINN U PACIIO3HABAHUS BXO/IHBIX 00pa30B 0e3 yuu-
resiga. [puamun paborer THC APT ocHoBaH Ha HaXOXKIEHHH COOTBETCTBHUSI MEXKY BOCXO-
JIATIUM CUTHAJIOM U OYKUJIAEMBIM HUCXOJIATIIM.

B MTHC APT-2 ¢ HempepbIBHBIMU BXOJIHBIMU CHUTHAJIAMU OBbLTH BBISIBJIEHBI HEJIOCTaT-
KW, CBA3aHHbIE C HU3KOI CKOPOCTBIO €€ PadOThI B IPOIECcCe PACIO3HABAHUSA 0OPa30B IpPU
6oJIbIIOM 0ObEME aHAIM3UPYEMBIX JaHHbIX. [[s pernenust s1oii mpobsiembl B pabore [18]
npejcraBiaeHa Moandukaiusg cetu APT-2m, nmeromas JIpeBOBUIHYIO CTPYKTYPY HaMITH
C PEKYPPEHTHO U3MEHSIONUMCS ITapaMeTPOM CXOJICTBA JIJIs KayKJIOT'O YPOBHS B JepeBe.

Ha puc. 3 nupejcrasiena cerb APT-2m, kotopas cocrout us noseit Fy, Fb, a Takke 10J1s1
cxojcrBa (G, TIPEICTABIEHHOTO HADOPOM MApaMeTpOB CXojcTBa Riter; s KaXKiaoro ypoB-

ud ¢, e ¢ = 1,...,max_level; maxr _level — obiiiee KOJIMIECTBO BCEX YPOBHEH IMaMATH.
Yout
F2
G

V= (Vg s V)
Puc. 3. Cxema APT-2m

Hcnonb3oBanne ceTn ¢ MHOTOYPOBHEBOU CTPYKTYPOU TAMATH TO3BOJIAET BBITOJIHATD
IIOMCK aKTHUBHOI'O HeiipoHa ObIcTpee, YeM HUCIIOJIb30BaHUE KJIACCHYECKON CTPYKTYPhI CeTH
APT-2 [16]. IIpoBepka Ha COOTBETCTBIE MPOMCXOIUT TOJBKO MEXK/IY TeMHU HeHPOHAMI, KOTO-
pble CBA3aHbI ¢ HefipoHaMu HizKesexkaimx yposHeii. [Ipn Boigsienun BITO sto mosBosster
YMEHBIINTH BpeMs MJIEHTU(MUKAINA ¥ HAXOXKICHUS 3aBUCHMOCTEH MEXKIY YK€ CYIIeCTBY-
IO MMM O6pa3aMI/I B IIaMATH U IIOJaHHBIMHM Ha BXOI.
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5. UccnenoBanue KavectBa onpejeiienus BITO

[IpoBegeHbI 9KCIEPUMEHTDI 110 MOJIECTUPOBAHIIO CUTYAIINH BBISBICHUS CXOJICTBA MEXKLY
BIIO, ucxonubiv daiiiom (UP) u UD, 3apaxkénnsiv srum BITO. Daitamu jyist sxcmepu-
MEHTOB TIOCTy KU rporpamma moctpoenns: 'Y B kagecrse BIIO, nporpamma, peammsy-
formas npuHiun paborsl ART-2m B kadectBe 1P, m mporpamMma, KoTopast MpeICTaBISIET
«ckyetiky» BITO u U®, B kauecTBe 3apazkénnoro V®D. /lannble 3KCIIEpUMEHTOB OTOOParKe-
HBI B TabJs1. 1 u 2.

Tabauma 1
VcxoaHble JaHHbIE SKcnepuMeHTa 1

Paszmep Obree Komuaectso
Tun daitra HCIIOJIHSIEMOT'O KOJIMYIEeCTBO YHUKAaJIbHBIX
KOJIa, KbailT BepmiuH B I'ITY BEPIINH
BIIO 202 1596 443
no 160 1256 417
Sapax€uublit daita 363 2851 558

Brrxogmeie BeKTope! V), onuChIBaIONIEE IPOIPAMMBI, COCTOAT U3 N = 558 3JIEMEHTOB U
UMEIOT CJIEJIYIONMUI BU/T:

Vi = (1,98,115,44,1,...,0,0,0),
Vo = (1,98,88,46,1,...,1,1,0),
V3 = (1,196, 203,90, 2,206, . ..,1,0,1).

Hauanbubrit mapamerp cxojcrsa Riter; = 0,8. 3Hadenne mapaMeTpoB CXOJICTBA PA3JINY-
HBIX YPOBHEH olpejesdercd CelyIolell peKyppPeHTHON 3aBUCUMOCTBIO:

Riter;y1 = Riter; + 0,7(1 — Riter;), i1=1,...,max_level.
[Ipu max_level = 8 mapaMeTpbl CXOJICTBA JIjI YPOBHEH PaBHbI
0,8, 0,94, 0,982, 0,9946, 0,99838, 0,999514, 0,999854, 0,999956.

SHauenne mapamerpa cxojacrBa Riter; = 0,8 ObLI0 BRIOpAHO 3MINPUYECKH HA OCHOBE JIAH-
ubix [16|. IIpu 3Havennn napamerpa cxojicrsa > 0,8 mojydeHre HOBBIX KJIACCOB 006pa30B
IIPOUCXO/IUT ¢ OOJIBINENl BEPOATHOCTDHIO.

[Tamsars npejcraBisier HAOOP MATPHIL BECOBBIX KOIDMUIMEHTOB (2) JIJIs KaXKJI0I0 YPOB-
He nepapxun [18]; z-Beca [y1s1 KaxK0ro 06pas3a BBIUUCIISIOTCS CJIELYOMIM 06pa3oM:

1) obydveHmne BeCOB HOBOTO HEHPOHA C HOMEPOM M

Sk

m °

=d-u;, i1=1,...,n, k=1,...,max_level,

rae u; — JieMeHThl cjosi U, BXojgdiero B coctas 1o Fi; k— ypoBeHb Hepapxuu;
2) 1000yUeHne BECOB HEHPOHA-TIOOEIUTEIISI ¢ HOMEPOM oy

Zimﬂxi = Zimaxi +d(1 - d) <1UZd o Zimaxi> ’ Z = ]" A 7n'

B XO/Zle dKCIIEpUMEeHTa JIJId IIPpOorpaMM IIOJIyY€HbI CJICYIOIIre BecCa:
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1) z-eca BIIO:

1.1. 2F. = 0,00364339, 0,357052, 0,41899, ..., 0, 0; k = 1,...,max_level,
m=1,i=1,...,n;
2) z-Beca NO:
2.1. 2F. = 0,0788018, 0,772257, 0,782974, ..., 0,00456469, 0; k = 1,...,4,
m=1,1=1,...,n;
2.2. zk. =0, 00456469 0,44734, 0,401693, ..., 0,00456469, 0; &k = 5,...,
mazr_level, m=2,1=1,...,n;
3) z-Beca 3apazkéHHOrO daiira:
3.1. 2k, = 0,00925834, 1,11188, 1,13624, ..., 0,004153, 0,00208738; k =
=1,....4m=1,i=1,...,n;
3.2. zF. = 0,00540287, 0,734044, 0,805019, ..., 0, 0,00208738; k = 5, m = 1,
1=1,...,n;
3.3. zF. = 0,00208738, 0,409127, 0,423739, ..., 0, 0,00208738; k = 6, ...,
maxr_level, m=3,1=1,...,n.

Ha puc. 4 npeacrapiena mamsats APT-2m cern B Bue ApeBOBUIHON CTPYKTYPhI. BHYT-
pU y3JI0B 3alliCaHbl KOOPAMHATHI BEPIINH B JEKAPTOBOI CUCTEME. DTO IO3BOJISAET IIPOCIIe-
JIATH 3aBUCUMOCTb MEXK Iy 00beKTaMU MCCJIeI0BaHU: TIOC/Ie «3apaskeHust» VP craj moxox

na BIIO.

WcxopHbin dann 4,2 52

IO O O O OSOSO

3apaE&HHbIN NCxodHbIN dann
Puc. 4. Crpykrypa namstn APT-2m (skcnepument 1)

Kak Bumno u3 puc. 4, zapaxénnnii IO moxoxk ua BIIO ¢ mapamerpom cxoxectn
Riters = 0,99838, a BIIO —na U® ¢ Ritery, = 0,9946.

B Tabn. 2 npeicraBiensl JanHbIe /s SKCIEPUMEHTOB, PE3YILTATHI KOTOPBIX U300parke-
bl Ha puc. H-8. ObHapyzKeHo, UTO 3apaxkKEHHbIH daiti Oosibile MoX0XK Ha daili, pazMep
KoToporo oOosbiie. [losyuennsie rpadbl mokasbiaioT, 910 VD mnepecTtaéT OBITH MOXOXKUM
Ha ceddA. Bbuin ncnob30BaHbl YeThbipe THila (GailjioB SKBUBAJECHTHBIX Pa3MEPOB.

W3 puc. 5 Bugno, uro D2 noxox #Ha BIIO ¢ mapamerpom cxoxkectu Riters = 0,99838,
a 3apak€éuubiit ¢aitn2 —na D2 ¢ Riterg = 0,999514.
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Tabnuma 2
Ucxonuble maHHBIE YKCIIEPUMEHTOB 2—5

O6rree Ha qaro
DKCIEPUMEHT Pasmep uc- kosmaectBo | Kommyectso botbITIe
Ne i/ Tun daiina TTOJTHSIEMOT'O BEPIUH VHUKAJTHHBIX TIOXO2K
KOJ1a, KOaiT B I'IIY BEPIIUH 3aparKEHHbII
daiir
BIIO 202 1596 443
2 nNo2 204 1693 417 +
SaparkEHHbIIT 406 3288 506
daitn2
BIIO 202 1596 443
3 nNo3 228 1700 427 -+
SaparkEHHbIIT 431 3295 560
daiinl
BIIO2 204 1693 417 +
4 no 160 1256 417
SaparkEHHbIIIT 365 2948 540
daitd
BIIO2 204 1693 417
5 o3 228 1700 427 +
Sapak€HHbII 432 3392 548
daitnd

3apaxéHHbli pann2

WcxoaHbin dann2

()

Ha puc. 6 mokazano, uro NP3 nmoxoxx wHa BIIO ¢ mapamerpom cxoxecru Ritery, = 0,9946,

)
)
)

Puc. 5. Pesynbrars! sxcrepuMerTa 2

a 3apak€Hublit daitd —na D3 ¢ Riterg = 0,999514.

Bapax&éHHblin dain3 @ G
52 2

BMoO 1.1 m 3.1 m 51

WcxogHbiin dpain3

Puc. 6. PesynbraTs! skcnepuMenTa 3
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N3 puc. 7 Bugno, uro 3apaxkénunbiit daitid moxoxk Ha BIIO2 ¢ mapamerpom cxoxectu
Riters = 0,99838, a U® —ua BIIO2 ¢ Riter, = 0,9946.

WcxoaHbin dann

BMo2 11 @

Puc. 7. Pesynbrars! skcnepumenTa 4

Ha puc. 8 nokazano, yro U®3 moxox nHa BIIO2 ¢ mapamerpom cxoxectn Ritery, =
= 0,9946, a 3apazkenubiit daitnh —ua UDP3 ¢ Riters; = 0,99838.

3apaxéHHblii paiin5

MexonHbiin channd

BMo2 1.1 m 3,1 41 Q 6,1 71

Puc. 8. PesynbraTs! sxcrepuMenTa H

Pesynbrarhl 9KCIEPpUMEHTOB TOKA3BIBAIOT, UTO Korja pasmep M®P mpesbimraeT pasmep
BPEJIOHOCHOTO, 3aparKEHHBIH (haiiy O0JIbIle TTOX0XK Ha UCXOJIHBI. B 9TOM ciydae Jijis 1o-
BBIIIEHUS TOYHOCTH TPeOyeTcs BBECTH JIONOJHHUTEIbHBIN ypOBeHb aMdaATu. deMm OoJibiie
YPOBHEI, TeM BBIIIE MapaMeTp CXOACTBa Riter n TOYHOCTh KJIaCCU(DUKAIIIH.

g omenku kadectBa Kiaaccudurarun (6e3 yuéra dakropa pasmepa daiiaa n 1oam
BXOJIHBIX JIAHHBIX B KOHEYHOM (aiisie) IpoBeIeHbl JOTOJHATEIbHBIE SKCIIEPUMEHTHI.

6. NUccraenoBanme kavectBa Kiaccudukanuu APT-2m npu ananuze daiiiion
CXOXKWUX pa3MepoB

B TabJ1. 3 mpejicraBiieHbl TapaMeTPhl UCXOIHBIX JAHHBIX IKCIIEPUMEHTA — IMTPUJIOKEHI I
u ux Mopudukanumii (o Yerbipe MOIUMUKAIIIN JIJIS KAZKI0T0 TPUIOKEHNUS ).

[IepBas nnporpamma ex socket 1 BwimosiasgeT oTkpbiTe udp socket /s Becex unrepdetii-
COB cHCTeMBbI M IpuéM maHHbIX. Momndukarus ex socket 2. IMOMHMO 3TOro, BBITOJIHSIET
3aIlMCh NPUHATBIX JAHHBIX B haityi, ex socket 3 — BBIBOJ IMOJIYYEHHBIX JAHHBIX Ha KOH-
coJib, ex_socket 4 mo3BoJisieT BBIOpaTH (hailyl Jiisd 3aliCh U 3alUCaTh TPUHITHIE JaHHDIE.
Bropasa nporpamma ex qe 1 mojydaer oT 1OJIb30BaTEst KOIPDUIMEHTH KBAIPATHOTO
ypaBHEHMs U HaXO/INT ero KOpHHU. B kadecTBe Mo ukanuit ex ge 2, ex_ e 3 NCIIOIb30-
BaHbI [IPOrPAMMbI, KOTOPBIE OTJINIAIOTCSI BBIBOJIOM Pe3yJibTara (KOHCOIb, daiin), aex qe 4
COJIEPKUT BBOJ, 3HAUYECHUI HE depe3 KOHCOJIb, a depe3 aiil.
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Tadbauma 3
HcxoaHble JaHHbIE 3KCIIEPUMEHTAa

Paszmep Ob1mee KOTMIECTBO Kosmaectso

Qaitn HCIIOJIHIEMOTO Bepmun B I'ITY YHHAKAJIbHBIX
KO/1a, KOaitT BEPIUH

ex_ socket 1 86,7 499 192
ex socket 2 89,7 481 199
ex_socket 3 91,2 489 202
ex socket 4 89,8 480 205
ex qe 1 139,2 601 269
ex_ qe_ 2 135.,5 616 274
ex _qge 3 135,5 627 278
ex qe 4 135,9 613 281

W3 puc.9, rme npejicrapieHo jepeBo namstu Kiaccupukaropa APT-2m T'ITY daii-
JIOB, OIUCAHHBLIX B TabJI. 3, BUIHO, UTO MOJAUMDUKAIMN PA3HBIX MPOTPAMM IPUBEJH K CO-
3JIAHUIO0 PA3JIMIHBIX IOJJIEPEBHEB Ha HAYaJbHBLIX ypoBHAX. lIporpammbr ex socket 2 m
ex socket 3 cxoxmu 110 MOBeJIEHUIO, 00€ UCIOJIL3YIOT TTOTOKH JIJTs TIepeadn JaHHbIX, TOTb-
KO OJTH& U3 HUX UCIIOJIb3YeT (hailIoBBIil IIOTOK, JIPyras — IOTOK BbIBOJIA. Pe3ybraTh! IpoBe-
JIEHHOT'O 9KCIIEPUMEHTA TOKA3BIBAIOT, UTO P CXOXKHUX pasMepax (daiiia Ha KauecTBO KJiac-
cudpukanuu BimsgeT ero cojepkanne. Pasmepst daitiioB ex e 2 wumex e 3 COBIAJIAIOT, HO
obriee kosimaectBo Bepiind [TV u yHukaabubix Bepriud pazianduo. Cjie0BaTe/ibHO, pas3-
Mep dailsa mMeeT KOCBEHHOE 3HaUYeHUe JIjI OlPEJIe/IeHIs CXOKeCcTH (pailjioB, a OCHOBHBIM
rnapamMeTpoM saBJgroTcs Bepmunbl ['TIY.

ex qe 4
ex_qge 3
ex_qge 2

ex_qge 1
ex_socket 4

— ex_socket 2

/ ex_socket 1

S

Puc. 9. Hepeso namsaru knaccudukaropa APT2-m

7. UccnemoBanme BpeMeHHBIX XapaKTepucTuk npu omnpeaeineHnu BITO

Ananu3 BpeMeHn, 3aTpadrnBaeMoro Ha BEKTOPU3AIINIO, rpejicTaBieH Ha puc. 10. L ske-
nepuMeHTa, ObLIO B3sTO HATH (aitjioB pasmepos 100 k6aiir (comepxkur 4458 uncTpyKuii),
200 (9361), 300 (13898), 500 (23446) u 1000 x6aiiT (46234 wHCTPYKIWMIL).
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Pasmep daiiia, k6aHT

Puc. 10. Bpewmsi, 3aTpatunBaeMoe Ha BEKTOPU3AIINIO (PANIOB PA3IUIHBIX PA3MEPOB

Jlnst aHa/M3a CKOPOCTU PACIIO3HABAHUS 0OPA30B Ha BXOJ CETU OBLIM IOJAHBI M =
= 100, 500, 1000, 1500, 2000, 2500 yHUKaJIBHBIX 00pa30B, nMmerorux 100 Bxoa0B. B x0/1€ 9KC-
nepuMeHTa ucrosib3oBano 10 o6pa3os, HoMepa N; KOTOPBIX BBIYUC/IAIOTCH 110 (popMyJie

Nl :A, Ni+1:Ni+ A, 7;:1,...,9, A= m/lO

Cpemnee BpeMs pacio3HaBaHUsi obpasa mpeacTaBaIeHo Ha puc. 11.

e
=
]

35,7

— — o] 2 (V] [¥8]
[=] 7] [=] ] (=] h
1 L L 1 L L

CpejHee BpeMs pacio3HaBaHUA 00pasa, Mc
Lh
1

S

100 500 1000 1500 2000 2500
KommuectBo 06pa3oB

Puc. 11. Cpennee Bpems paciio3HaBaHusi obpasa

['pacdukn HATJISAIHO JIEMOHCTPUPYIOT OBICTPOIEHCTBIE KAK MOJLYJIS IIPOrPAMMHOI0 00€eC-
IeveHnsd, HallpaBjieHHoro Ha BekTopusaruio ['IIY ucrogHsemMoro Koja, Tak u MOLYJIs, pe-
amzyiomero ART-2m. I3 pesyabraToB BHIHO, 9TO BpeMsl Ha aHaIU3 U BEKTOPHU3AIIIO
UCIIOJIHAEMOTO (paiijia 3HAYUTETLHO MIPEBBINIACT BPeMsl Ha KJIACCU(DUKAIUIO.

3akJiroueHue

[IpoBeénnnie uccienoBanus nokasasau, 9ro npumenenne NHC APT-2m st obHapy-
xeunst BIIO, a Tak»Ke BBISBJICHHUS CXOXKECTH MEXKJIY COXPAHEHHBIMU OOpa3aMu U HOBBIMU
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JaéT BBICOKHE Pe3yJIbTaThl: paclio3HaBaHe WU J00aB/IeHre HepOoHa IIPOUCXOINT B CPEJI-
HeM 3a 18 Mc 3a CUéT APEeBOBUIHON Oprann3anun namsaTi. biaromapst ucmonb3oparmio NHC
PacCMOTPEHHON apXUTEKTYPhl MOXKHO BBIABJIATH CXOXKECTH MEXKJIy 00pa3aMu, IMOJAHHLIMU
Ha, BXOJI CETU, U 3aTeM KCIIOJIH30BaTh 9TH JaHHBIE JJId JlajibHeliero anajmsa. [lomyaenne
HOBOI'O 00Opa3sa IMPOMCXOJUT B Ipejesax 1 c.

HO,ZLXO,ZL, I/ICHOJII:;ByeMbIﬁ B BEKTOpHU3allUM IIPOIrpaMMbl, HE€ YYUTbIBa€T CEMAHTUYICCKHNE

CBSI3U MEYKJIy BEPIIUHAMM, TIOSTOMY /ISl TOBBINIEHUS TOYHOCTH IIPEJIaracTcs 3aMEHUTD
MOJTY/Tb BEKTOPU3AIMU BEPIUH Ha BeKTopu3aruio pédep ['TIY.
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IMPUEMBI OIIMCAHNS MOJEJIN YIIPABJIEHIS JOCTYIIOM OCCH
ASTRA LINUX SPECIAL EDITION HA ®OPMAJINSOBAHHOM
A3BIKE METO/JA Event-B JIJISI OBECIIEYEHIUS EE BEPUOUKAIIN
NMHCTPYMEHTAMMN Rodin 1 ProB

I1. H. Hepstaun, M. A. JIleonosa
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PaccmarpuBatorcs mpuéMbl 110 IOPAOOTKE OIUCAHHUS MOJIEIN YIPABJICHUS TOCTY-
[IOM OTE€YEeCTBEHHON 3allMIIEHHON OIEpPAIMOHHON CHCTEMbI CIIENUAILHOrO HasHade-
nusi Astra Linux Special Edition (MPOCJI [III-monenn) B dopmanmusoBasHoil HOTa-
mun (Ha GopMaIn30BaHHOM si3bIKe Meroja Event-B), ocHoBaHHBIE HA MCHIOIB30BAHUM
HECKOJIBKUX F.HO6a.HbHI)IX TUIIOB, pa3Jae/IeHun O6H_[I/IX TOTaJIbHBIX (byHKI_[I/Iﬁ Ha 9aCTHBbIE
TOTaIbHbIE (DYHKIMH U COKPAIIEHUH YHCIa HHBAPUAHTOB M OXPAHHBIX YCIOBUI COOBI-
THUi, IIPeIIoIaraolyX Iepebop MOAMHOXKECTB HEKOTOPOI'0 MHOXKeCTBa. PesyibraTom
X IPUMEHEHHsI CTaJI0 yIPOIIEHNE aBTOMATU3UPOBAHHON JIeyKTUBHON BepUUKAINH
MOJIEJIA C IIpUMeHeHreM HHcTpyMeHTa Rodin m eé amanraiusi K BepuUKAIUU C KC-
MI0JIb30BAHNEM HHCTPYMEHTa IpoBepku mojesteit ProB. /lamnnbie mpuéMbl MOTYyT OBITH
[IOJIE3HBI IIPU pa3paboTKe JAPYTrUX MOJe/eil yIpaB/JIeHus JOCTYIIOM 1 UX BePU(PUKAIII
C IIpUMEHCHNEM COOTBeTCTByIOH_[I/IX I/IHCprMeHTOB.

KuaroueBbie ciioBa: modeav ynpasietus 00Cmymnom, 0edykmueHnas 6epuduraus,
Event-B, Rodin, memod nposepkxu modeneti, ProB.
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THE TECHNIQUES OF FORMALIZATION OF OS ASTRA LINUX
SPECIAL EDITION ACCESS CONTROL MODEL USING Event-B
FORMAL METHOD FOR VERIFICATION USING Rodin AND ProB

P.N. Devyanin, M. A. Leonova
RusBITech-Astra, Moscow, Russia

E-mail: pdevyanin@astralinux.ru, mleonova@astralinux.ru

The paper presents techniques to specification access control model of OS Astra Linux
Special Edition (the MROSL DP-model) in the formalized notation (formalized using
the Event-B formal method), that are based on the use of several global types, separa-
tion of general total functions into specific total functions, reduction in the number of
invariants and guard of events, which iterate over subsets of a certain set. The result
of using these techniques was the simplification of automated deductive verification of
formalized notation using the Rodin tool and adaptation of the model to verification
by model checking formalized notation using the ProB tool. These techniques can
be useful in development of the MROSL DP-model, and also in development of other
access control models and verification using appropriate tools.

Keywords: access control model, deductive verification, Fvent-B, Rodin, model
checking, ProB.
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1. AHasin3 npuéMoB, UCIOJIb3YIOIUXCs [AJisi NEPAPXUIECKOTO MPEACTABJIEHUST
MPOCJI All-monenu u eé BepuduKanum

Bepudukarus mojienn ypasjieHns JOCTYIIOM OT€IeCTBEHHO 3aIMUIIEHHON OTIePaIlnoH-
HOit cucremsl crienmasbaoro HaszHadenns (OCCH) Astra Linux Special Edition |1, 2| Heo6-
XOJIUMa Kak Jijid nmpuMenerns B ocHoBe paszpaborku OCCH may4uno 000CHOBAHHBIX TEXHO-
JIoTuil, Tak u Jj1sd obecriedenus Boinonenus npu ceprudukanun OCCH tpeboBanuit Bbic-
IIIET0 TIEPBOT'O yPOBHS J0Bepus coryiacHo yTep:kIeHHbIM [Ipukazom OCTIK Poccun Ne 76
ot 02.06.2020 «TpeboBanusaMm 110 6€30MACHOCTH WHMOPMAIUHU, YCTAHABIUBAIONINX YPOBHU
JIOBEpHsT K CPeJICTBAM TEXHUYIECKON 3aIuThl HHPOPMAINKA U CPEJICTBAM ObecriedeHns 0e3-
onacHoCTH WH(MOPMAIMOHHBIX TEXHOJIOrHiT» [3].

[IpeBbIcUBIIMIT TATHCOT CTPAHUI] OOBLEM OIMHUCAHUS MOJEN, Ha3bIBAEMO MaHIATHON
cymuoctHo-posieBoit JIII-mozesbio 6e3omacHoCcT yipaBjieHus JOCTYIIOM U UH(MOPMAIMOH-
ueivMu otokamu B OC cemeiicta Linux (coxpam@énno MPOCJI [All-momensio) [4, 5], na
sI3bIKe, IPUHATOM B MaTeMaTHKe (B MaTeMaTHIeCKON HOTAIu), MOTPebGOBAJ OMCKA MMy Teil
MOBBINIIEHUs Y(PHEKTUBHOCTH pa3pabOTKU, IPOBEPKU KOPPEKTHOCTH M OTCYTCTBHS OIMIUOOK
B caMoit Mojiesin. Haii/leHHbIM 371eCh pellieHneM CTaJI IePeBO/I OIICAHU MOJIeS N Ha popMa-
JIM30BAHHBIN s3bIK MeTosia Event-B (B dopmasmsoBannyio Hotanuio) (6] u eé aBromarusu-
poBaHHas Jie/lyKTHBHas Bepudukanus ¢ npumeHenneM nacrpymenta Rodin [7]. Ilpu sTom
snemerTaM, 3aaomuM B pamrax MPOCJI JIl1-momenu cocrosianst cucremsl, B (hopmasin-
30BAHHOIl HOTAIINU CTABSITCS B COOTBeTCTBUE repeMennble Event-B, npasumam mepexoma n3
COCTOSIHMIT B cocTosiHUS — coObITusd Event-B, a mHBapuaHTbI Ha IepeMeHHbIE ONMUCBHIBAIOT
cBoiicTBa BHyTpeHHel coryiacoannocTu vj1ementos MPOCT ITT-momenn [8]. B pesysbrare
npu nomoru nncrpyMenta Rodin jokazeiBaercs, 4To Ji000i 1Eepexo U3 COCTOSHUS B CO-
cTosinue, 33 JaHHbIil coObITusiMu Event-B, coxpaHnsier Bce nHBapUAHTBI COCTOSHUS, ITO 03~
BOJISIeT yOEINThCA B KOPPEKTHOCTHU OIMCAHUST MOJIEIN U JIOKA3aTh BHIMIOJIHEHNE B €€ paMKax
ycJIOBIl 6€30IMacHOCTH CUCTEMBI.

B To ke Bpems#, HECMOTpPs Ha JOCTUTHYTBIE ¢ MOMeHTa Hadasja B 2012r1. paspaboTku
MPOCJI JIlI-monenu pesynbrars: 1o eé dhopmuposanuio u Baenpenuto B8 OCCH, ona mpo-
JIOJIZKAET PA3BUBATHLCA U JIOPA0ATHIBATHCH JJIsI, ¢ OJIHON CTOPOHBI, YIETa B MOJIE/IN U3MEHEe-
Huit, BHOCUMBIX B MexaHu3Mbl 3amuTbl OCCH, a ¢ apyroit — jyist co3/1aHus Ha TePCIeKTHBY
yesosuit Jisg BriodeHns B OCCH HOBBIX MeXaHU3MOB 3allUThl UM PACIIHPEHUS OXBATHI-
BaeMbix nmu kommonenT OCCH. Hampumep, B Mojeb ObLin 100aBJIEHBI 3allpeliaioniue
posm (T.e. poJiM, HAJMYUE TPaB JOCTyIa y KOTOPBIX He paspeliaer, a, Hao0opoT, 3ampe-
MAeT TPeOCTaBIeHNne CYyObEeKT-CeCCHsIM COOTBETCTBYMOMuUX mocTynoB) [9]. Takke B Heé
OBLIM BKJIIOYEHBI 9JIEMEHTHI, TO3BOJIAIONINE MOIEIMPOBATH YIIPABJIEHNE JTOCTYIIOM IIITATHON
CVYB/ PostgreSQL [10].

Takum 0O6pa3oM, CJIOKHOCTH U IMOCTOSTHHOE Pa3BUTHE MOJIETN O0YCJIOBUJIO TOCTAHOBKY
3aJIa9M 10 UCCJIEJIOBAHUIO M IMOUCKY MPUEMOB, HAIIPABJIEHHBIX, BO-IIEPBBIX, HA COIJIACOBAH-
noe onucanuss MPOCJI dll-monenn B mMaremarndeckoir u (GpoOpMaJIM30BAHHON HOTAIUAX
C TEJIBI0 yYIE€Ta MOCTOSHHO BHOCHUMBIX B MOJIE/Ib M3MEHEHUI; BO-BTOPBIX, Ha COKPAIIECHUE
3aTpadnBaeMbIX Ha e€ BepnUKAIIIO PeCyPCOB, a UMEHHO: YIIPOIEeHNe e yKTUBHOI Bepu-
dukamum Mozem ¢ IpuMeHEHNEM IOJIEPKUBAIOIIET0 A3bIK MeToia Event-B nncrpymenTta
Rodin n aBroMaTn3mpoBaHHOE BBISBJIEHUE MPU ITOM BO3MOXKHBIX OIIMOOK WJIM UX JyOsIu-
pOBaHUs; B-TPEThUX, Ha obecriedeHre 60Jiee TOUHOTO COOTBETCTBUS MOJIE/IN €€ pean3aIun
HerocpeacTBeHHO B nmporpamMmuoM koge OCCH.

Ocnopotii iyt Toucka myTeit corytacopanuoro onucannsg MPOCJI JII1-momenn B maTema-
THYECKOI 1 (hOPMATM30BAaHHON HOTAIMAX, 8 TaK¥Ke «ITPUOJIMZKEHUT» STOTO OMUCAHUS K Pe-
asmmsary Mojiesin B iporpamMmMmuoM Kojie OCCH cras nepexo/1 n3 eé MOHOJIMTHOTO B Uepap-
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xuaeckoe npegcrasienue [4, 11|. Jna OCCH B uepapxudeckom mpejcrasieanu MPOC/I
HIT-momerm mverores gerwipe yposast (st CYBJI PostgreSQL cdopmupoBasbl oT/ie/1bHbIE
AHAJIONMIHbIE YeThIPE YPOBHS):

— 1epsblii (6a30BbIil) — MOJIEIH CUCTEMBI POJIEBOTO (JIUNCKPEIMOHHOI0) YIIPABJICHUS JIOCTY-
OM;

— BTOPOH — MOJIE/Ib CUCTEMBI POJIEBOTO YIIPABJICHHUA JIOCTYIOM M MAHIATHOIO KOHTPOJIS
1[eJIOCTHOCTH;

— TpeTuil — MOJIEIb CHCTEMbI POJIEBOIO yIIPABJIEHUS JIOCTYIIOM, MAHATHOIO KOHTPOJIA 11e-
JIOCTHOCTH ¥ MaHJIATHOI'O YIIPABJIEHHsI JIOCTYIIOM TOJBKO ¢ HH(POPMAIMOHHBIMU TOTOKA~
MU 110 TTaMATH;

—  "9eTBEPTHI — MOJIE/Ib CUCTEMbI POJIEBOTO YIIPABJICHUS JOCTYIIOM, MAHIATHOI'O KOHTPOJISA
[[eJIOCTHOCTH U MAH/IATHOTO YIIPABJIEHUSI JOCTYIIOM ¢ HH(MOPMAIMOHHBIME TOTOKAMHU 110
HAMATH ¥ 110 BPEMEHH.

AHAJIOTTYIHO TIPU ONMCAHUHU MOJIETN Ha (hOPMAIM30BAHHOM si3bike MeToma Event-B mc-
[OJIb3YeTCsl TEXHUKA MOIIAroBoro yrounenus (refinement) [12|, korjga BMecTo co3aanus Mo-
HOJINTHO crenuduKalun yTOIHEHNE MO3BOJIAET Pa3pabaThIBATh CEPUIO CBI3aHHBIX MEXK-
Jty coboit crierudukaiuii, rje Kaxkiaas MOCTIeyIonast CrelunduKaIus B CePUH ABJIAETCS
YTOYHEHUEM TPEJbLIYIUX. TakuM oopaszoM, B (hOPMAJM30BAHHON HOTAIIMU MOJETb TaK-
JKe TIPEJICTABJIAETCST Y€ThIPbMSI COOTBETCTBYIOIUMUI OTTUCAHUIO B MATEMATUIECKON HOTAIUN
ypoBHsaMu yrounenuit [8|. TIpu sTom cam mepexos Ha IpUMEHEHHE MOIArOBOTO YTOIHEHMUST
CTaJI CYIIECTBEHHDBIM IIIArOM B PA3BUTUU TEXHOJIOTHI U TPAKTUIECKUX TPUEMOB Pa3zpaboTKu
MPOCIJI JIII-momenu u e€ jie/ilyKTUBHON BepupUKAIUN.

Opnnako Hakortenne onbita onucaraus MPOCJI JIII-momnenun B MmaTemaTudeckoit u ¢pop-
MaJIM30BAHHON HOTAIUSX, €€ JIeIlyKTUBHOW BepuUKAIUU TTOKA3AJI0 HAJUYINE CYIECTBEH-
HBIX HEJOCTATKOB Y MCIIOJIB30BABIIMXC I 9TOro moaxoos [13]. Bo-mepBbix, 10 Hesa-
BHUCHMOE JIPDYT OT JIPyTa OIMUCAHUE JIEMEHTOB MOJIE/N JjI PA3JIMIHBIX BHUJIOB YIIPABICHUS
JIOCTYIIOM, BO-BTOPBIX, MHOIOKPATHOE JIyOJTMPOBAHNE OJINHAKOBBIX YCJIOBUI UX BBITTOJTHEHUSI,
HE COOTBETCTBYIOIEE PEAJM3AINHU ITPOBEPOK ITUX YCJIOBUI HEIIOCPE/ICTBEHHO B IIPOTIPAMM-
nom Kojie OCCH, B-TpeTbux, CJI02KHOCTD 100aBIEHUS YPOBHEH YTOTHEHUI, MOETHUPYIOIINX
Bzanmoeiicteytomue ¢ OCCH cucrembr (nanpumep, CYB/L PostgreSQL).

s yerpanenns: 9TUX HEJIOCTATKOB, KOTOPbIe HAOOJIee CYIIECTBEHHDI It (DOpMaJII30-
BaHHON HOTAIWMH, B [13| peioxKeHo Iorudeckn 06 beJIMHUTD IIPOBEPKH YCIOBUIA, 38 [aHHBIX
JIJI MAHJIATHBIX YIPABJICHUS JOCTYIIOM, KOHTPOJISA HEJOCTHOCTU W POJIEBOIO YIIPABJICHUS
JIOCTYTIOM, YJIyYIIUTh CTPYKTYPY IPUMEHEHHBIX [P 9TOM 3JIEMEHTOB HOTaruu. Kpowme Toro,
JIJIs TToBBINIeHns KadecTrBa onucanus n Bepudukarmn MPOCJI III-moxenun B dpopmannszo-
BaHHOI HOTAITNH, PACIITUPEHUS CIIEKTPA TPUMEHAEMBIX JIJIS 9TOTO METOJ/IOB M HHCTPYMEHTOB,
MOJIC/TUPOBAHUSI ¥ B MEPCIEKTUBE ABTOMATH3UPOBAHHOIO TECTUPOBAHUSA HA COOTBETCTBUE
9TOH MOJIe/ I €€ peaim3aIiui HeIIOCPEJICTBEHHO B IIPOIPAMMHOM KOJIe 1 HACTPOKax KOH(U-
ryparnun mMexaumsma yipasjenus jpoctynom OCCH B Hacrosiiee BpeMst OCYIIECTBIISIETCS
BepuUKAIIUsS MOJIEIH C MCIIOJb30BaAHNEM WHCTPYMeHTa poBepku Mojeseii ProB [14].

Kaxk mokaszas onbIT, ucrosb3yemble ProB (Kak u JApyruMu WHCTPYMEHTAMHU POBEPKH
MOJIeJielt) aJropuTMbl Hepebopa 3HAYeHUH SJIeMEHTOB BepudUIUpyeMoil MOJeIn U, Kak
cJIeJICTBUE, HAJUYIUe MpobJ/IeMbl KOMOMHATOPHOI'O B3PbIBA B OOJIBIINHCTBE CJIYyYaeB TaKIKe
TpeOyIoT T0pabOTKM OIHMCAHUSA MOJENH B (opMam30BaHHON HOoTaruu. 1o ecTb HEKOTO-
poie criocobbr mpesicrasienus MPOCJI HIl-monenmn Ha dopMaym30BaHHON sA3bIKE METOJIA
Event-B, ycnemmo ncnosib3oBasiimecs mpu e€ e/ lyKTUBHOM BepuUKAIINN THCTPYMEHTOM
Rodin, okazajmmch HEpUTOHBIME JIJId IPUMEHEHUs HHCTpyMeHTa ProB, Tak Kak mpuBou-
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JIN K 3aBEPIIEHUIO ero paboThl ¢ OMMOKOi Bujia timeout, BHI3BAHHOI IIPEBBIIEHUEM YCTa~
HOBJIEHHOT'O JIJIsI BBITIOJTHEHUST 1IePeOOPHBIX aJTOPUTMOB HHTEpBaja BpemeHu. [Ipu sTom
B X0/1€ 9KCIIEPUMEHTOB 110 MHOTOKPATHOMY YBEJIMYEHNIO 3HAUEHUs TAHHOTO HWHTEPBAaJIa Bpe-
MEHU Pe3yJIbTaT OCTABAJICS OJHUM WM TeM YKe, U3 Yero OBLI CJieJIaH BBIBOJ, UTO IpobJieMa He
B 3a/laBaeMOM MHTEpBaJie, a B TOM, 4TO HHCTpyMeHT ProB cranmkuBaercs 1o cyTu ¢ nepas-
pemmMoni yid Hero 3aJiadei.

K npupojgmuMm k ommbKaM Buja timeout criocobamM MOXKHO OTHECTH HMCIIOJIb30BaHHUE
J7Is1 GOJIBIIMHCTBA 9JIEMEHTOB MOjIesn (CyObeKT-CeCCHil, CYIHOCTEl, PoJIelt U JIp.) €IMHOrO
riobasibHoro tutia. K rakum tumam B popMain3oBaHHOM si3bike MeTosa Event-B orHocsTea
3a/laBaeMble B KOHTEKCTe (context) Hecymume MHOXKecTBa (carrier sets) [6]. IIpu onucanun
9JIEMEHTOB MOJIEJIM B KOHTEKCTe Win Mamuue (machine) ¢ UCIOJB30BAHUEM KOHKDPETHO-
ro rI00aJIbHOrO THUIA 33JaI0TCs €ro IMOJMHOYXKECTBA, HAIpUMEp s obJiacTeil 3HaYeHUT 1
onpejienenus dyuknuii. [Ipu srom uncrpymentamu Rodin u, aro ocobenno Bazkuo, ProB
KasK/IBII 9JIeMeHT MOJIEIN TPeICTABIAeTCs Ha OCHOBE MMEHHO ero TJI00AJIbHOTO THIIA, a He
UCIOJIB3YEMBIX TIPU OIHMCAHUYU STOTO SJIEMEHTa MTOJMHOMXKECTB IVI00ATBbHOIO THIIA, KOTOPbIE
JUUTS YIIPOIIEHUs JIeIyKTUBHOM BepudUKaIuu aBTOPaMy ObLIO MPEJJIOKEHO HCIIOJIb30BATh
B KadectBe moaTunoB [13| (moxrumamu 6yjeM Ha3bIBATh IIOJIMHOKECTBA [VIOOAJIBHOTO TH-
1a, JIJIst KarKJ0i Iapbl KOTOPBIX OHU JTHOO HE IepeceKaroTcs, JIM0O OJUH IOATUIl BKIIOYAET
JIPYTOIi TIOATHUII TTAPBI; TOATUIIBI TO3BOJISIIOT BBITIOJIHATE HaJ HUMU OTlepaliun 00'be IMHEeHN I,
nepecevyenusi, pasHocTu, JornoyHenus ). [losromy uncrpymentom ProB mepebop snauennit
9JIEMEHTOB MOJIEJIN TIPEJIITOJIOKUTE/IHLHO BBIMOTHAETCA Ha, MHOXKECTBE BCEX BO3MOXKHBIX 3Ha-
YeHuil 1106 IbHOTO TUIIA STOrO djieMenTa. Takum oOpa3oM, MpU MPOBEPKE MHCTPYMEHTOM
ProB BbinosiHeHust mHBApUAHTOB (invariants) Wiad OXpaHHBIX ycjoBuil (guards wim grd)
cobbITHil (events) MOJe/M Ha TaAKUX MHOYKECTBAX 3HAYCHUIT [VIOOATHHBIX THUIIOB BBITOJIHSI-
eTcd 1epedop JIEMEHTOB 00JIacTell OIpeie/IeHns I 3HAYeHNs (DYHKITU, & eCJIi TTPU STOM
UCIIOJIB30BAHbI MTOJIMHOYKECTBA COOTBETCTBYIONIUX ObJiacTeil, TO U ux mepedop.

B pesysnbrare juisi ycrpamenusi ommbku Buja timeout wu Bepudukaruun MPOCJI
JII-monenun nncrpymMeHTOM IpoBepKHu Mojiesieir ProB mnipejicrasienune mojenn na gopma-
JIM30BaHHOM s3bIKe MeTojta Event-B 6b110 mopaborano asropamu. /[jist sToro pazpadoranbl
7 anpoOMPOBaHBI [IBa NpUEMa, OCHOBAHHBIE HA WCIOJIH30BAHUU, BO-TIEPBBIX, HECKOJIBKUX
rJI00aJTbHBIX TUIIOB M YaCTHBIX TOTAJIbHBIX (DYHKIHIl, BO-BTOPBIX, Ha COKPAIEHUU YHCIIa
MHBAPUAHTOB M OXPAHHBIX YCJIOBUIA, IIPEJIIOIAraoNUX 1epedop MOMHOXKECTB HEKOTOPOTO
MHO2KeCTBa. PaccMOTpuM U MpoaHau3upyeM 3TU TPUEMbI 110/IpodHee.

2. Ncnoap30BaHne HECKOJIBKUX TJIO0AJIBHBIX TUIIOB M YaCTHBIX TOTAJIbHBIX
byukImii
B MPOCJI [AIl-momenu Jiyjisi €PBOTO ypoBHS (POJIEBOrO yIPABJIEHUs JOCTYIIOM) [4]
B hopMam30BaHHO HOTAINH, OIICAHHON B [13], 3a7aH0 deThipe r106aIbHBIX THIIA:

— Names — MHOXKeCTBO JOIYCTUMBIX UMEH CYITHOCTEH, POJIeil, 3aIpemaronyuX 1 aJMIHI-
CTPATUBHBIX POJIE;

— Accesses — MHOXKECTBO BUJIOB JIOCTYIIA;

— AccessRights — MHOXKeCTBO BHUJIOB IIPaB JIOCTYIIA;

— Union — MHOXKeCTBO, BKJIFOUAIOIIEe BCE OCTATbHBIE SJIEMEHTHI MOJIE/H (CyObeKT-CecCh,
CYIITHOCTH, POJI U T. JI.).

JL7st yMEHbIIIeHIs MOIITHOCTH MHOYKECTBA, Ha, KOTOPOM BeJIETCH Iepedop 3HadYeHU 1e-
MEHTOB, aBTOpaMHU IPEJJIaraeTcsd MPUEM IO Pa3JIe/ICHUIO TaM, TJie 9TO BO3MOXKHO, OOIIEro
100/ THHOTO THTIA HA HECKOJIBKO IVI00a/IbHBIX TUIIOB. [T0CKO/IBKY HaT II00AEHBIME TUIIAMUI
IpaBUJIaMu sI3bIKa MeTojia Event-B He momyckarorces onepainy oObeIMHEHUs, IEPeCceIeHus,



lNpuémel onucanus mogenn ynpasneHus goctynom Astra Linux Special Edition 87

Pa3HOCTH, JIONOJTHEHUsT (KaKue-Iub0 JIOMOTHUTEIbHbIE OPPAHUIEHUST HA 9TH MHOYXKECTBA MO-
I'yT OBITH 3a/[aHBl AKCUOMAMU — ALI0MS WA aTM), TO B IIEPBYIO OUepeIb TPeOYeTCsl IpoaHa-
JIM3UPOBATL Ha IIPpeIMET BOSMOXKHOCTU BHECECHUSI I/IBMeHeHI/Iﬁ, HeO6XO,[[I/IMbIX Ipu pas3jaeJrie-
HUM 00IIero r/106aJIbHOr0 TUIIA, BCe KOMIIOHEHTBI KOHTEKCTOB U MaIluH Mojiestn. K ux quciry
OTHOCSTCS: HECYIIe MHOYKECTBa, KOHCTAHTHI (constants), akcuoMbl, riepeMentble (variables
WM var), MHBAPUAHTHI, COOBITUS, BKJIIOUAs UX HapaMeTphl (parameters), OXpaHHBIE yCJIO-
Bus u JeictBus (action wmm act).

B pesynbrare aHasmsa HIPUHSTO peEIIeHHE O pasjieileHnn o0IIero riodbajbHOTO THUIla
Union, B KOTOPBII BXOJMJIM TOJTHUIILI CYITHOCTEH, poJieil, cyObeKT-ceccrii, yIEéTHBIX 3a-
nuceit moJib3oBaTe e, Ha HECKOJIbKO I/I00aIbHBIX THIIOB:

— EntitiesU — nyis cymiHoCTEI;

— RolesU — i poaieit, 3anpemaronux 1 aJMIHICTPATUBHBIX POJICIi;
— SubjectsU — nisa cyObeKT-ceccuit;

— UsersU — jjist y9ETHBIX 3alliCeil 110JIb30BaTe e,

[Ipu sTOM 3a/1aHNe HECKOTBLKNX IVI00AJbHBIX TUIOB HE HCKJIIOYAET MCIOIB30BAHUS MX
noATumoB (cM. JUCTHHT 1). DTO CBA3AHO € TEM, UTO IPU IMPUMEHEHUHN ITIOJTUIIOB €CTh DS
onucaHHbIX B [13] npenmytiects, B ToM dunciie: 60Jiee CHOE MOJIEJIUPOBAHUE COOTBETCTBYIO-
IUX 3JIEMEHTOB MOJIEJN B (pOPMaN30BaHHON HOTAIMK, pacmupenne Bo3Moxkuoctu Rodin
10 TTPOBEPKE KOPPEKTHOCTH MX UCIOJIb30BaHUs, JIyUIasd CTPYKTYPUPOBAHHOCTD U IIPUCIIO-
COOJIEHHOCTb MOJIEJIN K JI00ABJIEHUIO HOBBIX YPOBHEH YTOUHEHUI WM MOAMMUKAIIAN CYIIle-
CTBYIOIINX.

1 sets

2 UsersU, SubjectsU, EntitiesU, RolesU, Names, Accesses,
AccessRights

3 axioms

4 UsersUIsFinite: finite (UsersU)

5 SubjectsUIsFinite: finite(SubjectsU)

6 EntitiesUIsFinite: finite (EntitiesU)

7 RolesUIsFinite: finite(RolesU)

8 NamesIsFinite: finite(Names)

9 EntitiesUPartition: partition(EntitiesU, ObjectsU,
ContainersU)

10 RolesUPartition: partition(RolesU, AdmRolesU, OrdRolesU,
NRolesU)

JIncrunr 1. BagaHI/Ie [JIODAJILHBIX TUIIOB C UCIIOJIL30BAHUEM IIOATHUIIOB

Kpowme Toro, B dhopmamzoBanuoil HOTAIMN, TpeICTaBIeH Ol B |8, HeKoTOpbIe (DyHK-
[N PeATTM30BBIBAIICH HECKOJILKIMU OXPaHHBIME yCIoBUsIMU (grd) B GOJIBIIHHCTBE COOBI-
THIi, BKJIIOYas COOBITUS TOJIyUeHUs JOCTYIIOB K CYITHOCTSIM WJIM POJISIM, U3MEHEHUs MPaB
JocTyna poseit u psje jpyrux. Takoe mnpejcraBienue (GyHKIUN 00J1a/1aeT PSJIOM HEJI0-
CTATKOB, [IPOAHAJIM3UPOBAHHBIX B [13], B TOM 4YHCIIE: «TPOMO3JKOCTDY U TPY/JHOIHTAEMOCTE
OXPaHHBIX YCJIOBUI, N3-3a Y€r0 B HUX JIETKO HE 3aMETUTh OIMIUOKU; TIOBTOPEHUE ITUX «I'PO-
MO3JIKIX» YCJIOBUIl B HECKOJIBKUX COOBITHSX, YTO MOYKET JIyOJUPOBATH YK€ JIOMYIIEHHYIO
OIMMOKY WJIM BHECTU HOBYIO IIPU PEIAKTUPOBAHUY YCJIOBUS J7IT KOHKPETHOTO COOBITHS; BO3-
MOKHOE HECOOTBETCTBUE OXPAHHOI'0 YCJIOBHS 10 CyTH TOMY, KaK aHaJIOTMYHbIE IIPOBEPKH pe-
aym3ytores B Mexaumnsme yrpasienns goctyiiom OCCH. B ¢Bsi3u ¢ aTum mpeijioKeH moixo
10 TIPEJICTABICHUIO (DYHKINIT MATEMATHIECKOI HOTAIMU B BUJIe TOTAIbHBIX DyHKIW (total
function) B hopMaTM30BAHHON HOTAIUHI, COCTOAIINX U3 JBYX BHUJIOB WHBAPUAHTOB:
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—  UMBAPUGHM-TUNG, 330NN 00JIaCTH OIpeIe/eHIs U 3HadeHUsT (DYHKIINN;
—  UHBAPUAHM-UCTNUHHOCTUY, 3AJAIONIUH YCIOBUS UCTUHHOCTH (DYHKIMH I 9JIEMEHTOB
eé obJracTu oIpeie/IeHus.

Jlnst kaxkmoit byHKIMY WHBAPUAHT-TUIA JIOJIZKEH OBITH OJIMH, TaK KaK 00JIacTU Olpe-
JIeJIEHUsT U 3HAYEHUsl 33Jal0TCs OJIHO3HAYHO, 8 WHBAPUAHTOB-UCTUHHOCTU MOXKET OBITh
HECKOJIbKO, TaK KaK JIJI PA3HBIX 3JIEMEHTOB O0JIACTHU OIpeJIeIeHIsT BO3MOXKHBI PA3/INIHbBIE
YCJIOBHSI UCTUHHOCTU 3HAYEHUSA TOTATBHON (DyHKITUN.

Hamnpumep, B popmannzoBannoit Hotarun Mojean ucnosbdyerca Check Right — Totaib-
Hasi (PYHKIMS HAJMYUs TIPAB JIOCTYIIA, TapaMeTpaMi KOTOPOH SBJISIOTCS CyObeKT-CecCcus,
CYITHOCTD (POJIb WK CyOBEKT-CECCUsT) U IPABO JOCTYIIA, & 3HAYCHUEM — MHOXKECTBO TEKY-
MUX y CyObeKT-cecCru poJieil, IMEIOIUX 33/ [AHHOe IPABO JOCTYIIA K CYIIHOCTH (POJIH HJIH
cyOBeKT-ceccn).

[Ipu ucnop3oBarny B hOPMATU30BAHHON HOTAIMH MOJIEJN OOIIEro ri100aIbHOTO THITA
Union uasapuant-tuna Check RightType toranbuoit pyukunu Check Right, cornacuo [13],
UMeJT BUJI, IPEJICTAB/ICHHBIN B JINCTUHTE 2.

CheckRightType:
CheckRight € (Subjects <> (Entities U Roles U Subjects <> AccessRights)) —
P(Roles)
CheckRightFuncE:
V s,e,ar,r - s € Subjects A e € Entities A ar € AccessRights A r € Roles =
(r € CheckRight({s + {e — ar}}) < r +— ReadA € SubjectAdmAccesses(s) A
e — ar € RoleRights(r))
CheckRightFuncR:
Vs,e,ar,r - s € Subjects A e € Roles A ar € AccessRights A r € Roles =
(r € CheckRight({s + {e — ar}}) < r + ReadA € SubjectAdmAccesses(s) A
r € AdmRoles A e — ar € RoleAdmRights(r))
CheckRightFuncS1:
Vs,e,ar,r - s € Subjects A e € Subjects A ar € AccessRights A
r € OrdRoles U AdmRoles =
(r € CheckRight({s + {e — ar}}) < r + ReadA € SubjectAdmAccesses(s) A
ar = Own A r = SubjectOwner(e))
CheckRightFuncS2:
Vs,e,ar,r - s € Subjects A e € Subjects A ar € AccessRights A r € NRoles =
(r € CheckRight({s — {e — ar}}) & r — ReadA € SubjectAdmAccesses(s) A
ar = Own A r € SubjectNOwners(e))

Jluctunr 2. HBapuaHT-THIIA U WHBAPUAHTHI-UCTUHHOCTH ToTaabHON (pyHrmuu Check Right

Opmnako mpu paszeaeHun o6imero riobdaabHoro tumna Union Ha T1I00aJbHBIE THUIIBI
EntitiesU, RolesU, SubjectsU un UsersU, a ciemoBaTebHO, HEBO3MOKHOCTU 00beIU-
HEHNUS WX IIOJMHOXKECTB, CTaJI0 HEOOXOIMMBIM pasjie/ieHre 00JacTU oIpejeneHns (yHK-
i Check Right. B urore 3amatorcs cieyromue Tpu 9acTHbIE TOTadbHble (DYHKIWMA (J1-
cTHHT 3):

— CheckRight E — dyukius HaaIu4us IpaB J0CTYIIA Y CYObEKT-CeCCUH K CYITHOCTH;
— CheckRight R — dbyHKIUS HAJTUYIUS [IpaB JOCTYIIA Y CYOBEKT-CeCCUN K POJIH;
— CheckRightS — dyukiusa Haamaus mMpaB J0CTyIa ¥ CyObeKT-CeCCUU K CyObeKT-CeCCHH.

CheckRightEType:
CheckRightE € Subjects x Entities X AccessRights — P(Roles)
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CheckRightEFunc:
Vs,e,ar,r - s € Subjects A e € Entities A ar € AccessRights A r € Roles =
(r € CheckRightE(s + e +— ar) < r +— ReadA € SubjectAdmAccesses(s) A
e — ar € RoleRights(r))
CheckRightRType:
CheckRightR € Subjects X Roles X AccessRights — [P(AdmRoles)
CheckRightRFunc:
Vs,e,ar,r - s € Subjects A e € Roles A ar € AccessRights A r € AdmRoles =
(r € CheckRightR(s +— e — ar) < r +— ReadA € SubjectAdmAccesses(s) A
e — ar € RoleAdmRights(r))
CheckRightSType:
CheckRightS € Subjects X Subjects x {0wn} — P(Roles)
CheckRightSFuncl:
Vs,e,r - s € Subjects A e € Subjects A r € OrdRoles U AdmRoles =
(r € CheckRightS(s + e — 0Own) < r — ReadA € SubjectAdmAccesses(s) A
r € SubjectOwner(e))
CheckRightSFunc2:
Vs,e,r - s € Subjects A e € Subjects A r € NRoles =
(r € CheckRightS(s — e + Own) < r +— ReadA € SubjectAdmAccesses(s) A
r € SubjectNOwners(e))

Jluctunr 3. 3ajanue vactubix Toragabubix dyukiuit Check Right EE, Check Right R
u CheckRightS

[Ipuém o pazgenennto obieit ToranbHoit dyukmuu Check Right Ha dacTHBIE HEOOXO-
JIAM HE TOJIBKO JIJIsT KOPPEKTHOT'O MX 38 IaHUsI IIPH MCIIOJIb30BAHUN HECKOJIBKUX TJI00ATbHBIX
tunoB. Pasznesnenue (Tam, Tjie 9T0 BO3MOXKHO) Ha HellepeceKarolnecss MHOXKeCTBa, 0bJ1acTeil
orpeJie/ieHnsT U 3HadeHus (DyHKIUNA U 3a/[aHre HA HUX OTJEIbHBIX (DYHKIUH O3BOJISAET
YIIPOCTUTb UX IMEPEOIPeIeIeHIsT B COOBITUSIX, TI/le MPOU3BOIUTCA MepedOp 3HAYEHU dJ1e-
MEHTOB 3TUX ObJacTeil.

Hanpumep, npu mepeonpenenernn dyukinun CheckRight [13] B cobbitun cosmaHust
cyObekT-ceccneit oobekTa create object (mmucTwHT 4) OTHENBHBIM OXPAHHBIM YCJIOBHEM
(grd25) 6b110 HEOOXOAMMO ISt BeeX CyObeKT-ceccuii s, cymiHocTeil (KpoMe co3/aBaeMoro
obbekTa object), poseit, cyObeKT-ceccuii € 1 BUJIOB IIPaB JOCTYIIA ar 3HAYEHIe HOBOi (hyHK-
unn checkRight 3agath ero nmosropenuem ot ucxoanoit ¢pyukimuun CheckRight. Ilpu sTom
npu pabore mncrpymenta ProB neobxoamMo nepebpaTh 3HAUEHUs JIEMEHTOB Bcell 00s1a-
cru onpenenennst (Entities U Roles U Subjects), Torja Kak M3MeHEHHUs] BHOCSTCS TOJBKO
B MHOYKECTBO cyImHocTeit Fntities nobasienneM B Heé HOBOTO oObekTa. [Ipn ucnos3oBanme
tpéx pyuknuit CheckRightE, CheckRightR w CheckRightS neobxoaumMo miepeonpesesie-
uue Tosibko pyukiuu CheckRightE (juctunr 5), a cjie0BaTeIbHO, COKPAIAETCsl Iepedop
3HAYCHUN 3JICMEHTOB.

grd24:
checkRight € (Subjects <+ ((Entities U {object}) U Roles U Subjects
<> AccessRights)) — P(Roles)
grd25:
Vs,e,ar-s€Subjects A e € Entities U Roles U Subjects A ar € AccessRights
= checkRight({s +— {e — ar}}) = CheckRight({s — {e — ar}})
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grd26:

Vs,ar,r - s € Subjects A ar € AccessRights A r € Roles A

r — ReadA ¢ SubjectAdmAccesses(s) = r ¢ checkRight({s — {object — ar}})
grd27:

Vs,ar,r - s € Subjects A ar € AccessRights A r € Roles A

r — ReadA € SubjectAdmAccesses(s) =

(r € checkRight({s +— {object — ar}}) < object — ar € roleRights(r))
act8:

CheckRight := checkRight

Jluctunr 4. Ilepeonpenenenne Torasnbuont dyukiuu CheckRight B cobbiTun create object

grd20:
checkRightE € Subjects x (Entities U {object}) X AccessRights — P(Roles)
grd21:
Vs,e,ar - s € Subjects A e € Entities A ar € AccessRights =
checkRightE(s + e +— ar) = CheckRightE(s +— e — ar)
grd22:
Vs,ar,r - s € Subjects A ar € AccessRights A r € Roles =
(r € checkRightE(s — object — ar) < r +— ReadA € SubjectAdmAccesses(s) A
object — ar € roleRights(r))
actv:
CheckRightE := checkRightE

Jluctunr 5. Ilepeonpenesnenne dactaoit TorajibHoit pyukiuu CheckRightE B cobbITHm
create_object

JlommoTHUTE TbHBIM PENMYIIIECTBOM UCIIOIb30BAHUS TaCTHBIX TOTAIbHBIX (OYHKIINN B3a-
MeH ODOIIUX SABJISIETCT BO3MOYKHOCTE OoJiee JeTaJIbHOIO UX 3aaHusl, 9TO TaKXKe COKPAIIaeT
mepebop 3HadeHuit 3jemMeHToB. CpaBHUM, HAIPUMED, MHBAPUAHTHI-UCTHHHOCTU (OYHKIU
CheckRight u CheckRightS (em. muctunru 2 u 3). Cormacao MPOCJI All-momenn, cy6b-
eKT-CecCHsi C TOMOIIBIO TEKYIIel PoJin MOXKET 00/IaJIaTh K JIPYTroil CyObeKT-CeCCHH TOJIb-
KO IIPaBOM JI0CTYyTa Biajenusi own, (Own), HO, UCIOJB3Ysl OOILYI0 TOTAJLHYIO (DYHKIIUIO
Check Right, HeoGxouMo TakzKe 3a/1aBaTh 3HaUeHUs (DYHKIUYU (IyCTOe MHOXKECTBO) ¥ JIJIs
OCTaJIbHBIX IIPaB J0CTYIIA, COOTBeTCTBEeHHO ProB mpu sToM Oyner coBepiiarh J0M0THITEIb-
HbI tepebop. C mpuMeHeHneM JacTHBIX TOTAJbHBIX (DYHKIMI Ha 3Talle 3aaHus MHBAPU-
anta-tuna s CheckRightS cooTBeTcTByIOIEe MO OTpaHUYeHHe Ha MpaBa JOCTYIa
cyObEKT-cecCun K CyObeKT-CEeCCUH HaKJIaJbIBaeTCs 0ojiee TOIHO.

3. COKpaH_[eHI/Ie qucJjia MHBAPHUAHTOB U OXPaHHDbIX yCJIOBI/Iﬁ, IIpearioJararonmnx
Hepe60p IIOAMHO2KECTB HEKOTOPOI'O MHO2KeCTBa

Emé onun npuém, npearaeMblii /1is1 yCTpaHEHUsT OMMMOKN BUIA timeout W yCIEITHOrO
IIpUMeHeHNsI HHCTpyMeHTa mpoepku Mojeseii ProB npu Bepudukaruun MPOCJI JIT1T-mo-
JIeJId, — COKpaIlleHre Yic/ia MHBAPUAHTOB U OXPAHHBIX YCJIOBUM, IIPEIIOIarafonux IPH MC-
nosb3oBaann ProB mepebop mojMHOKECTB HEKOTOPOTO MHOYKECTBA, IIyTEM BBEJICHUS (TaM,
[JIe 9T0 BO3MOXKHO) TOTAJIbHBIX (DYHKIWIA, 3HAYEHUSIMU KOTOPBIX SIBJISIOTCS JIAHHBIE T10]I-
MHOXKecTBa. 11 Takux yHKIWiT OOJIBITMHCTBO UX 3HAUEHNI HE JTOXKHO U3MEHSITHCS B CO-
ObITUSIX, a 3HAYWUT, He HOTPEOYETCs COOTBETCTBYIONIHI Tepebop MOJAMHOXKECTB (HAIPUMED,
BMeCTO Iepebopa MOAMHOYKECTB POJIeil [IJIsT IIOCTPOEHNsT MHOXKECTBaA POJIEil, MOIMHEHHBIX
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HEKOTOPOI pOJIN B HEPAPXUH, MOXKET ObITH 3ajaHa (QyHKIMs IIOTOMKOB POJIeil), nHAUEe WC-
MIOJIb30BaHUe JAHHBIX (DYHKINNE MOXKET YCJI0KHUTH padboty ProB.

s mpuMepa paccMOTPUM U3MEHEeHHe NHBAPUAHTA-UCTUHHOCTH Oy/IeBO# (DYHKITMH J10-
cTyna CyObeKT-CecCHm K CyITHOCTIM B KoHTeltHepax FrecuteContainer, mapamMerpaMu Ko-
TOPOI SABJIAIOTCS CyOBEKT-CECCUsi U CYNIHOCTD, & 3HAYEHUE 10 ONPEJICICHUIO ABJISATCS UC-
TUHHBIM B CJIydae, KOIJla B HepapXuu CyIIHOCTEH CYIeCTBYeT IIyTh K 3aJIaHHOI B ITapaMeT-
pax CyIIHOCTH OT HEKOTOPOI KOPHEBOI CYIIHOCTU-KOHTEHEpa U CyObeKT-CecCHusl depes3 eé
TeKyIIe POJIM MMeeT MMpaBo JIOCTYTa Ha BbinoHeHne execute, (Execute) Ko BceM CyIHO-
CTSIM-KOHTEeHepaM, U3 KOTOPBIX COCTOUT JAHHBIN ITyTh, U, HA0OOPOT, HE UMEET 3aIIPeIaio-
meit poJin, o0J1aaoIIel IpaBoM J0CTyIa execute, (Execute) XOTsI OBbI K OJTHOM CYITHOCTH-
KOHTeliHepy 3roro myTtu. B dbopmainzoBantoii Hotanuu, onucanuoii B [13|, nannas dbyHk-
sl peJicTaBjieHa B Buje Totajibhuoil dbyukiuu ExecuteContainer (nucrunr 6).

ExecuteContainerType:
ExecuteContainer € (Subjects <> Entities) — BOOL

ExecuteContainerFunc:
Vs,e - s € Subjects A e € Entities = (ExecuteContainer({s — e}) = TRUE &
(JE, ¢ - E C Containers A Root ¢ E A ((e € dom(EntityNames) A
c €dom(EntityNames(e)) A Parent[E]JU{c} = EU{Root}) V (E = @ A e = Root))
A (Yo - o € E U {Root} = (Ir - r € CheckRight({s — {o — Execute}}) A
CheckRight ({s +— {o — Execute}}) C OrdRoles U AdmRoles))))

Jluctunr 6. 3amanue Toranpuoit byuknuun FrecuteContainer

B unBapuanre-ucrunnoctu dbyukiun (ErecuteContainer Func) tpebyercs CyIiecTBo-
BaHUE IIOJMHOYKECTBA MHOXKECTBa CYIIHOCTEH-KOHTeiHEpOB F, MpejcTaB/IsIonero coboi
IIyTh K CYITHOCTU € OT HEKOTOPOW KOPHEBOIl cymHocTH-KOHTelHepa Root. IIpu Bepudu-
Kallui MOJEJIN C HCIoJIb3oBaHneM ProB B coObITHSX, I/le IPOMCXOIUT II€peolpeiesieHne
dbyukmuun ErecuteContainer, THCTPYMEHTY HEOOXOJIMMO IS KarKJIOH CYITHOCTU e HaifiThn
JIaHHOE TOJIMHOXKeCTBO FE myTém mepebopa IMOJIMHOXKECTB MHOXKECTBa IJI00AJBHOIO THUIA
Union.

JlarrOro mepebopa MOKHO u3bexKaTh, 3a1aB ornebHO (byuknuio CPath, 3HadeHnem
KOTOPOI#1 JijIsl CYIIIHOCTU-KOHTEHEPa ¢ SIBJISIETCs IIYyTh 10 HEE€ OT KOPHEBOI CYNTHOCTHU-KOH-
TeiiHepa, BKJIIOYAs CaMy CYIIHOCTb-KOHTelHep ¢ (smcTuHr 7).

CPathType:
CPath € Containers — P1(Containers)
CPathi:
V¢ - ¢ € Containers = (¢ = Root A CPath(c) = {Root}) V
(c # Root A {c,Root} C CPath(c) A CPath(c) = CPath(Parent(c)) U {c})
NoCyclesForContainers:
Vcl,c2 - ¢l € Containers A c2 € Containers A c2 € CPath(cl) A cl # c2 =
cl ¢ CPath(c2)

Jlucrunr 7. Saganune ToraabHoil byukmun C Path

OTa (DYHKIUS IePeoIIPeIe/IsieTCsl TOJBKO B COOBITHAX CO3/aHUsI CYIITHOCTH-KOHTEHepa
create _container n ynajaenud cymnHoctu delete entity, mpu 9TOM UCKJIIOYAETCs 1epedop
HOJIMHOYKECTB MHOKecTBa Tyiobasibaoro tuma EntitiesU (ynkunsa CPath 6buia 3a1ana
nocJie pasesieHus oomiero riobasbHoro Tua Union), Tak KAk N3MEHEHHs] BHOCATCS OJTHO-
3HATHO JI/IsT KOHKPETHO# CYyIIHOCTHU-KOHTEeHepa:
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[pPU CO3J@HUK CYIIHOCTH-KOHTefiHepa (KaTaJsora) container B CyIIHOCTH-KOHTEiHepe
(katasore) parent: C' Path(container) = C Path(parent) U {container};

IpY yJaJeHHU CYIIHOCTH-KOHTeiiHepa (KaTasora) container B COOBITHH IIPOUCXOJHT
[pOBEPKa TOrO, YTO OHA HE COJEPXKHUT B cebe JAPYIuX CYIIHOCTe (Karajor sBJsieTcs
IYCTBIM), & 3HAYWT, container UPUHAJIEXKUT TOIbKO MHOXKecTBY C'Path(container) u
[POCTO MCKJII0YAETCs U3 06J1acTH onpeieerns (hyHKIUH.

[Ipn ucnonbzoBanmu ¢pyuknun C' Path naBapuant-ucruaroctn hyukiun ErecuteContainer

nMeeT BUI, Hpe,ZLCTaBHeHHbIﬁ B JIUCTUHTE 8.

ExecuteContainerFunc:

Vs,e - s € Subjects A e € Entities = (ExecuteContainer(s — e) = TRUE &

e =

Root V (e # Root A (dc - ¢ € Containers A ¢ € dom(EntityNames(e)) A

(Vo-0 € CPath(c) = CheckRightE(s+ o+ Execute) € P1(0rdRoles UAdmRoles)))))

Jluctunr 8. MlHBapuaHT-UCTHHHOCTH TOTaJbHOU GyHKINE FrecuteContainer ¢ UCIOIb30BAHIEM

rorasbHOM pyuknuu CPath

[Ipu nepeonpenenenun dyukiun FrecuteContainer m HAXOXKJIEHUU €€ 3HAYEHUS JIJIs

cyObEKT-CeCCUM S U CYITHOCTH € BMECTO Iiepebopa IOJIMHOXKECTB MHOXKECTBa, IJ100aIbHO-
ro tuna Union Jid HAXOXKJIEHUS IyTH JIO CYNTHOCTU € UCIOJIb3yeTcd 3HadeHue (pyHKIUN
CPath(p), rie p gBASETCS CYNTHOCTHIO-KOHTEHHEPOM — POJIUTEJIEM CYIITHOCTH €.

4. Anpobarus npeJioyKeHHbIX ITPUEMOB

Ornucannble MPUEMBI TIPOIILIU AITPOOAINIO 1TpU BepuduKaryun nHecTpyMeHToM ProB mep-

BOro ypoBHs (ypoBHs poJieBoro ynpasierus jgoctynom) MPOCJI All-momenn B dopmasiu-
30BaHHOl HOoTalwu. Be3 ucro/b30Banus STUX NPUEMOB OIMUOKA BHJa timeout BO3HUKAJIA
B CJIEJLYIONIHX JIBYX CJIyJasx.

[lepBblit corydait — npu nonbITKe HHCTPpyMeHTOM ProB mHaxoxkiennst MHOXKeCTBa yI0BJIe-

TBOPAIONINX OXPAHHBIM YCJIOBUAM 3HAYEHUIT TAPAMETPOB JIJIsI COOBITHIT, B KOTOPBIX HECKOJTb-
KO OXPaHHBIX ycjioBuii (grd) npejmosaraiy nepebop MOMHOKECTB HEKOTOPOTO MHOKECTBA
(HampuMep, B cOOBITHN cO3/aHust cyObekT-ceccun create subject) (puc. 1).

Bropoit ciydait —mpu 3ajiaHun yTOYHEHHOTO JjId uHCTpyMeHTa ProB kontekcra Mo-

qesin (BbinosiHennu creruaabHoro cobeitust SETUP  CONTEXT, ocyinecTBIISIIONEro nHi-
[UAJIN3AIAI0 HAYATBLHOTO COCTOSIHUSI CUCTEMbI B paMkax mogesn) (puc. 2). Csg3aHO 910
¢ TeM, 9TO JijIs BepUUKAIMNA MOJIEIH ¢ ucnosib3oBarneM ProB (B otmmuane ot Rodin, mis
KOTOPOTO HEOOXOIMMO JIJTsT KarKJ0r0 TJI0DAILHOTO THUIIA 38/1aTh TOJIHKO YCJIOBHE €r0 KOHed-
HOCTH) B KOHTEKCTe TPeOyeTcsl SIBHO yKa3aTh MOITHOCTH KayKJ0r0 MHOYKECTBa 100 IbHOTO
THUIIA, 9YTO Ha IPAKTUKE 9acTO siBJIgeTcsd CJa0KHOM 3ajadeit. C oHOI CTOPOHBI, MOIIHOCTH
KaxKJ0r0 TaKOTO MHOXKECTBa, KeJIaTeJIbHO 3a/JaTh JOCTATOYHON I MPUOIUKEHUsT MOJIE-
gn B dpopmasmsoBannoil Hotaruu K peanbHoit OCCH, a mMeHHO: BK/IIOUEHNsT B HENO BCEX
BasKHBIX C TOYKN 3PeHus 0e30MacHOCTH KOMIIOHEHT cucTeMbl. Hampumep, MHOXKECTBO CyTII-
HocTel TyiobasibHoro THita, EntitiesU 10/2KHO BKJIIOYATh KOPHEBOM KaTaJsor (ailjioBoit cu-
crembl («/»), Karasor, rae Haxogarca napamerpel OCCH («/etc/»), momarmuuii Karasor
nosb3oBaresist («/home/») u ap. C apyroit cTOPOHBI, HPUXOIUTCS YINTHIBATH HAKJIAIbIBA~
eMble caMUM HHCTPYMeHTOM ProB orpanmueHus 1mo ero mpom3BOIUTEILHOCTA BBHUILY TOTO,
YTO IIPH YBEJIUIEHNN MOITHOCTH MHOYKECTB IJI0OAIBHBIX TUIIOB YBEJIUINBAETCA 1 BBIIOJIHIE-
MBI THCTPYMEHTOM I1epedop 3HAYCHH 3JIEMEHTOB JJAHHBIX MHOYKECTB, YTO MOYKET IIPUBECTU
K KOMOMHaTOPHOMY B3pBIBY U 3aBepiieHuio paborsl ProB ¢ ommbkoit Bujia timeout.
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5 Events 3 | =g
Checks * T3 ~0b 2 @ & v«

Event Parameter(s)

@delete_role

@create_hard_link_role
©delete_hard_link_role
P rename_entity (x35)
©rename_role

Union21, Names2, Names1, Root, SRoot

©read_container_entity
©read_container_role
©get_entity_attr
@get_subject_attr
©get_role_attr
P-set_container_attr (x2)

P create._first_subject (x35)
@create_subject
©delete_subject

Root, TRUE, SRoot
Sl

E Event-B Explorer &3 [/ Rodin Problems
] |o
v 15 dp-modelS

» @ 1-C-RBAC-ProB

» @ 1-C-RBAC

» §% 1-M-RBAC

b & Test2

BE&EE ¥ =0

[ State & | [ LTL Counter-Example F+B =5
Name Value Previous value
v 1-C-RBAC

) {ARol! EntitiesAR  EntitiesAR,|  RolesAR,SubjectsAR, UsersAR L
CommonRole Union11 Union11

CommonRoles
ContainersU

{Unien11,Union17}
{Root,Union25,Unior

{Union11,Union17}
{Root,Union25,Union26,Union27,Union28}

DBUnion %] @
EntitiesU {Root,Union21,Unior {Root,Union21,Union22,Union23,Union24,Union25,Union26,
NRolesU (4] (<]
OSUnion {ARolesAR,EntitiesAR {ARolesAR, EntitiesAR, LowUser,NRolesAR,RedUser,RolesAR,Rol
ObjectsU {Union21,Union22,U {Union21,Union22,Union23,Union24,Union29}
OrdRolesU {Union11,Union13,U {Union11,Union13,Unioen16,Union17,Union30,Union31,Unior
RolesU {ARolesAR,EntitiesAR {; ,EntitiesAR,|  RolesAR,SubjectsAR, UsersAR L
SpecialAd {ARolesAR,EntitiesAR {  EntitiesAR,  RolesAR, Subj R,UsersAR}
SubjectsU {SRoot,Union18,Unic {SRoot,Union18,Union19}
UserRoles {(LowUser~{Union1: {(LowUser~{Union12,Union13}),(RedUser~{Union14,Union1
UsersU {LowUser,RedUser} {LowUser,RedUser}
¥ 1-C-RBAC-ProB
LUAdmRole Union12 Union12
LUOrdRole Union13 Union13
PredefinedEl {ARol EntitiesAR {/ ,EntitiesAR, LowUser,NRolesAR RedUser,RolesAR,Ror
PredefinedRols {ARol LEntitiesAR {/ .EntitiesAR, \RolesAR SubjectsAR, UsersAR L
RUAdmRoleH Union14 Union14
RUAdmRoleL Union15 Union15
RUOrdRole Union16 Union16
v« 1-M-RBAC

dmRol; {ARolesAR,EntitiesAR {;  EntitiesAR,| .RolesAR, SubjectsAR, UsersAR, U

* CheckRight {(SRoot~ARolesAR* {(SRoot-ARolesAR~Read{Union15}).(SRoot~ARolesAR-
Constraint 1« ) (Enti {(. (Entiti ( (RolesAR—D),(
Containers {Root} {Root}
Direct A TRUE), (E {(. TRUE).( TRUE),( TRUE), (Rolt

Puc. 1. Omubka Buja timeout jyis cobbitus create subject

O Events &

Checks % ~lr ~ & «

Event Parameter(s)

= g

vE Name

~ 1-C-RBAC

O State ¥ [ LTL Counter-Example

ProB Problem

X An Error occured

Reason:

A timeout occured when finding constants. Typically this means, that your axioms are
too complicated for automatical solving. You might create an animation refinement
using the context menu to help ProB finding a solution.

Ignore

b Event-B Explorer SS]L':;' Rodin Problems

| @
¥ == dp-model5

» &3 1-C-RBAC-ProB

» @ 1-C-RBAC
» @ 1-M-RBAC

Value

[ History £ | [ Event
1-M-RBAC

grant_rights({Execute},

create_object({(SRoot|-
access_write_entity(Rot
INITIALISATION
SETUP_CONTEXT
(uninitialised state)

Puc. 2. Omubka Busa timeout npu BenoJiHeHUU crenuaibaoro cooeirus SETUP CONTEXT

B pesysbrare mcrosnb30BaHus ONMMCAHHBIX MMPUEMOB B PACCMOTPEHHBIX JIBYX CJIydasx
ObLTa ycTpaHneHna omunbOKa Buja timeout. Bo-1epBbix, cTaji0 BOSMOXKHBIM BBIIOJHUTH JIIO-
0oe cobBITHE MOJEe/IN, TaK KakK JIJIsi HEro ajropurMamMu uHcTpyMmenta ProB 3a mpuemite-
MO€ BpeMs IIPOUCXOJIUT MepedOp U HAXOXKJIEHUe MHOYKECTBa 3HAYEHU, yJIOBJIETBOPIIONINX
OXPaHHBIM YCJIOBUAM COOBITHS (TIPUMED Pe3yJIbTaTOB BBIIOJHEHNsI COObITUS create subject
OpuBesIEH Ha puc. 3). Bo-BTOPBIX, CTAJIO YCIENIHBIM BBIIOJHEHNE CHEIUAJbLHOTO COOBITUST
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SETUP CONTEXT upu 6oJibllieM 9ucje 3JeMeHTOB Bepuduimpyemoit mogesm. Eciun pa-
Hee Ha Pa3BEPHYTOM aBTOPaMM CTEH/JIe JJAaHHOE COOBITHE BBIIIOJIHAIOCH 0€3 OIMMOKN MaKCH-
MyM mpu 20 3j1eMeHTax B KayKJI0M cocTosiauu cucreMbl (st card(Union) = 20), ato ode-
BYJTHO HEJOCTATOTHO JIJIsT aJIEKBATHOTO MOJIETUPOBAHNST OCHOBHBIX BayKHBIX C TOUKN 3PEHUST
6esonacuoctu Komronent OCCH, To ¢ wmcrionib3oBanneM MpeiozKeHHbIX ITPUEMOB 00IIIee
YHCJIO 9JIEMEHTOB yBeananiaoch Jo 68 (st card(UsersU) = 10, card(EntitiesU) = 18,
card(RolesU) = 30 u card(SubjectsU) = 10).

[T Events 22 = 0

Checks ~ T

b v

@ =

Event Parameter(s)

Srename_role
@read_container_entity
@read_container_role
Qget_entity_attr
Qget_subject_attr
Qget_role_attr
set_container_attr (x2) Root, TRUE, SRoo
etz e |
-]

create_first_subject (x8)

create_subject (x4)
Sdelete_subject

[ State 8  [J LTL Counter-Example

Name Value

RoleAdmRights
RoleName
RoleRights
Roles

SParent @
SharedC {(Root—>TRUE)}
SharedR

SubjectAccesses {(SRootr{(RootWri

+ @ =0

Previous value

{(ARolesAR~{(ARole: {{ARolesAR~{(ARolesAR~Execute),(ARolesAR~Own),(Enti
{(ARolesAR~Names: {(ARolesAR~Names22),(EntitiesAR~=Names21),(NRolesAR!
{(ARolesAR=D),(Ent {(ARolesAR~@),(EntitiesAR~D),(NRolesAR~@),(RolesA
{ARolesAR, EntitiesAR {ARolesAR,EntitiesAR NRolesAR,RolesAR,SubjectsAR, Users,

@
{(Root—TRUE)}

{(ARolesAR~TRUE),(I {(ARolesAR~TRUE),(EntitiesAR-TRUE),(NRolesAR-TRUE),(

{(SRootr{(Root=WriteA)})}

SubjectAdmAccesses {(SRootr{(RolesU7+ {(SRoot—{(RolesU7-ReadA),(RolesU7-WriteA),(RolesU11

SubjectNOwners {(SRoot—@)}

SubjectOwner {(SRoot>{RolesU12}

{(SRoot-@)}
{(SRoot~{RolesU12})}

[ History 2 | [] Eve

1-M-RBAC

create_object({(SRoo
access_write_entity(F
INITIALISATION
SETUP_CONTEXT
(uninitialised state)

SubjectUser {(SRoot>RedUser)}

{SRoot}

{(SRoot~RedUser)}
{SRoot}

k' Event-B Explorer £ ! Rodin Problems

BeEE ~ Subjects

UserAccs {LowUser,RedUser} {LowUser,RedUser}
= UserAdmRole {(LowUser—RolesUg {(LowUserrRolesU8),(RedUser>RolesU11)}
~ & dp-model> UserOrdRole {(LowUser~RolesU9’ {{LowUser~RolesU9),(RedUser~RolesU12)}
» @ 1-C-RBAC-ProB v Formulas
» @ 1-C-RBAC

variables
i

» = Initialisation

constants

sets

»

»

»

P  invariants I T
P axioms I T
»

event guards

Invariants ok No event errors detected

Puc. 3. BoamoxkHOCTD BbITIOJTHEHUST COOBITUS create subject

3akJiroueHue

B nacrosimeit pabore Ha OCHOBE OIIBITa UCIIOJIb30BaHUsl WHCTPYMEHTa ITPOBEPKU MOJIE-
seit ProB s Bepudukanum mojgenn yupasierus gocrymnom npombinuiennoit OCCH Astra
Linux Special Edition (MPOCJI JAll-mozenn) B hopmainzoBarnoit HoTanuu (Ha hpopMasin-
30BaHHOM $I3bIKe MeToja Event-B) ormetdeno, 4ro B GOIBIIMHCTBE CIIyIacB pealn30BaHHbIE
B ProB asropurmbr iepebopa 3Hauennit smeMeHToB BepudunupyeMoii Mogen (1, Kak cJie/i-
CTBUe, HAJMIKE TTPOOJIeMbl KOMOUHATOPHOTO B3PBIBA) TPEGYIOT JOPAOOTKHU OMUCAHUS MOJIE-
Jin B (popMaIM30BaAHHON HOTAIMU. B 11epByio odepesb 3TO CBA3aHO ¢ TEM, 9TO HEKOTOPbIe
CIIOCOOBI IIPEJICTABICHUS MOJIEJIH, YCIEITHO UCIIOIb30BaBIINECs IIPU €€ e IyKTUBHON Bepu-
dukanun mHCTpyMeHTOM Rodin, okazainch HEIPUTOMHBIMUI s IPUMEHEHUsI HHCTPYMEHTa,
ProB.

[Ipennoxkennbie mpuéMel o gopadborke onucanus MPOCJI JIII-monenn B dopmaimso-
BAHHON HOTAIMH, & UMEHHO HCIIOJIb30BaHUE HECKOJIBKUX TJIOOAJLHBIX THUIIOB, pa3jeieHne
O0IIUX TOTAJBHBIX (DYHKIINI Ha YacTHBIE TOTAJIbHBbIE (DYHKIIMU W COKPAIEHNe YUCIa WH-
BapUAHTOB U OXPAHHBIX YCIOBUI COOBITUI, TIPEIIIOIATAIONINX 1ePeDOP MOJMHOKECTB HEKO-
TOPOTO MHOYKECTBA, CO3JIAI0T YCJIOBHS JIJIsi COTJIACOBAHHON BepUMUKAINN OINUCAHUS BCEX
BOCBMHU YPOBHEH MOJIETM HHCTPYMEHTOM TIpoBepku Mojieseit ProB n nacTpyMenToM memyK-
TuBHOI Bepudukamun Rodin. DTu npuéMbl TakykKe MOTYT OBITH IOJIE3HBI IIPU pa3paboTKe
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Jipyrux hopMaIbHBIX MOJEsIel yIpaBIeHus JIOCTYIIOM U WX BepudUKaIUu ¢ IPUMEHEHUEM
COOTBETCTBYIOIIUX WHCTPYMEHTOB.
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BBenenue

[TonsgiTne NPUMUTUBHOCTU M3HAYAIBLHO OBLIO CHOPMYJIUPOBAHO JIJIsi KBAIPATHBIX MaT-
puri B pabore [1]. Eciau paccMarpuBaTh KBaJpaTHYIO MaTPUILy KaK MATPHILY CMEKHOCTH
rpada, To MoHATHE TPUMUTUBHOCTU €CTECTBEHHBIM 0Opa30oM mepeHocuTcd Ha rpadbl. Ha-
IMOMHUM HeOOXOMMbIe orpe/iesienns. HeorpuarebHas KBajpaTHas MaTpuiia A Ha3biBa-
eTcs NPUMUMuUGHoT, eCIM CyIMIeCTBYeT HaTypaabHoe t, Takoe, uro A’ momoxnrensna. Mn-
HUMAJIHLHOE TAKOe 3HAYeHUe ¢ Ha3bIBaeTCs akcnonermom marpurst A [1].

Bepmuna v moctukuma u3 BEpIIUHBL 4 38 ¢ > 1 MIArOB, €C/IM CYIIECTBYET MOCJIEI0BA~
TesibHOCTD pébep (MapmpyT) {u, wy}, {wy, wa}, ..., {wi_1,v}. Ecam A — marpura cmexuo-
cru rpada G = (V, a), T0 TOCTHKUMOCTH BEPIIUHBI U U3 BEPINUHBL U4 3a  [IAr0B 03HAYAET,
YTO Ha ME€PecevYeHnr CTPOKH U CTOJIOIA, COOTBETCTBYIONINX BEPIIUHAM U U U COOTBETCTBEH-
no, B Mmarpune A’ crour 1.

I'pad G HazBIBAECTCI NPUMUMUBHDILM, €CJTH CYTIIECTBYET HATYPAJIbHOE ¢, TAKOE, ITO MEZK-
Jty Jiroboit napoii Bepius rpada G cyiecTByeT MapIipyT JJIMHbI ¢ (HHAaYe POBOPs, B MaTPU-
ne A' Bce ssemenThl pasabl 1). MuHnMaIbHOE TaKoe 3HAYEHUE ¢ HA3BIBAETCH IKCTLOHEHIMOM
rpada G u obosnauaercs exp(G). [lpumurusabie rpadbl IPeJICTABISIIOT OOJIBIION HHTEPEC
KaK ¢ TEOPETUYECKOl, TaK U ¢ MPAKTUYECKOH Touek 3penus [2-5|. Psu pabor mocssién
HCCJIeIOBAHUIO SKCIIOHEHTOB OJTHOPOJHBIX MPUMHUTHBHBIX MaTpuil [6-8|; paccmarpuBaembie
B 3TUX paboTax MaTpHUIlbl COOTBETCTBYIOT oprpadam. B nannoit pabore Mbl OyjieM paccMaT-
pUBaTh KCIIOHEHTHI HEOPUEHTUPOBAHHBIX OJTHOPOJIHBIX rpados. Hamomuamm, ato 0dHopood-
Howv (Wi pe2yaaprvim) rpadoM TOpsIKa k Ha3bIBAETCsI MPOCTONH HEOPHEHTUPOBAHHBII
rpad, Bce BEpIINHBI KOTOPOTO UMEIOT cTernenb k. MHOXKeCTBO n-BepITUHHBIX OHOPOIHBIX
rpados nopaika k Oymzem oboznadaThd R, k.

B [8] uccremyercs Bonpoc o MurMMasbHOM wncse Jayr (pébep) y oprpados (rpados)
C 9KCIIOHEHTOM, paBHBIM 2. B wacTHOCTH, /1/1 HEOPHMEHTUPOBAHHBIX IpadOB ¢ IKCIIOHEH-
TOM 2 MHHHMAaJbHOE 4ncyo pébep ectb (3n — 3)/2 miaa meuérnoro n u (3n —2)/2 s
gérHoro n. B [6] mokazaHo, 9To OJHOPO/IHBIE OpUEHTHPOBaHHbBIE Tpadbl Mopsijika k (crere-
HU UCXOJIa ¥ 3aX0Jia KarKJION BEepIIUHBI PaBHBI k) ¢ 9KCIIOHEHTOM, PABHBIM 2, CyIIECTBYIOT
[PU CJICIYIONINX 3HATCHUSIX N

E+1<n<2k-1.

Ecnu pacemarpuBaTh KaxKoe pedbpo HEOPUEHTHPOBAHHOIO rpada Kak Mmapy BCTPEUHbIX
JIyT, TO OJIHOPOJHBIN HEOPUEHTUPOBAHHBIN I'pad MOpsika k MOKHO CYUTATH OJHOPOIHBLIM
OpHMEHTUPOBaHHBIM rpadom mopsiiaka 2k. Torma omeHka Jjisi HEOPUEHTHPOBAHHBLIX IpadoB
HpI/IHI/IlVIaeT BT

kE+1<n<4k - 1.

Huxusas onenka mocturaercs Jiist MOJHBIX rpadoB K,. Yepes np, 0603HaINM MaKCHMAJIb-
HOe YUCJIO BEPIINH B IPUMUTUBHOM OJHOPOHOM rpade nopsiyika k ¢ skcnonenTom 2. B |9
paccMaTpUBaIOTCs OJHOPOHbIE Tpadbl ¢ auamerpoM 2. Hamomuuwm, aro duamempom d(G)
cBs13HOTO rpada (G HA3BIBAETCS MaKCUMAJIbHOE U3 PACCTOSHUN MEXKJIy BCEME MapaMu Bep-
mua G. Yepes ny aBropsl [9] 0603HAYMIN MAKCHMAJBHOE YHCJIO BEPIIHH B OJHOPOIHOM
rpade nopgka k u jokazanu, uto 5(k — 1) < np < k? 4+ 1, a Takske HallIM TOYHOE 3Ha-
genne ng st k = 2,3,4: ng = 5, ng = 10, ng = 15. OgeBugno, 9T0 Npp < ng. C yaérom
oreHky u3 6] mosyvaem, 4To
kE+1<np, <4k —1.

Takum obpazom, npy < 7, npy < 11, npy < 15. Tak Kak npr < ng, TO HOJIyYaeM JIydIne
oleHKH: npy < H, np3 < 10. Leapb ganHONi pabOTHI — HOJIYYINTb TOYHbIE 3HAYEHUSI.
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1. OcHoOBHBIE PEe3yJIbTATHI

OueBuiHO, 9TO OO0 MPUMUTUBHBIN rpad ABJsgeTCs CBA3HBIM. ['padbl ¢ uncaom Bep-
UH N < 3 He SBJIAIOTCA MPUMUTUBHBIME, TIO9TOMY Jajiee paccMaTpuBaeM rpadbl ¢ 9UC/IOM
Beprmd n > 3. Hukn aymasr 3 6y/eM HasbiBaTh TpeyroabHuKOM. Hepes ¢(G) obozHaunm
obxear rpacda G, TO ecTb HAMMEHBIIYIO U3 JINH IUKJI0B rpada G. Tak Kak B HEOpHEHTH-
POBaHHBIX I'padax HeT MmeTesIb, TO IPUMUTUBHBIX I'PpadOB ¢ SKCIIOHEHTOM, PABHBIM 1, He Cy-
mectByer, 1o ectb exp(G) > 1. Hac GymyT unrepecoBats ojHoposnbie rpadsbl ¢ exp(G) = 2.
Ouesuino, uro puamerp takux rpados d(G) < 2, 0JHAKO 9TO YCJIOBHE HE SABJISIETCS JIOCTa-
TOYHBIM.

Teopema 1. ['pad G ¢ anciiom Bepuiun n > 3 gBJIsIeTCs IPUMUTUBHBIM ¢ exp(G) = 2
TOrJIa U TOJIBKO Tora, Korja d(G) < 2 u kaxoe pebpo rpada G BXOAUT B TPEYTOJbHUK.

Loxazameavcmeo. Heobdxomumocts. [lycts G — npumuTuBHbBIl rpad ¢ YUCIOM Bep-
mwmH n > 3 u exp(G) = 2. PaccMoTpuM J[Be TPOM3BOJILHBIE PA3TMYHBIE BEPIIUHBI U, V.
Mexk 1y HUME €CTh IyTh JJIMHBL 2, CJIEIOBATEIBHO, SKCIEHTPUCUTET STUX BEPIIUH HE IIpe-
Bocxout 2. B cmity mpousBosibHOCTH BBIOOpa BeprinH noaydaeM, uro d(G) < 2. Bamernw,
qro d(G) = 1 rosbko st moaHoro rpada. [oubiii n-pepmmuubi rpad K, sasiasercs
OJTHOPOJTHBIM MOPsiZIKA 1 — 1 U IPUMUTUBHBIM € SKCIOHEHTOM exp(K,) = 2.

PaccmoTpuM jiBe mpon3BO/IbHBIE CMEXKHbBIE BEPIIUHBI U, V. MexK 1y HUMU JIOJI2KEeH ObITh
IyTh JUIMHBL 2, KOTOPBI He MOXKET cosiepKaTh pedpo (u, v). Cie1oBaTesbHO, €CTh OTINIHAST
OT % ¥ v BepIINHA W, CMeXKHast ¢ u 1 v. TakuM 06pa3om, pebpo (1, v) BXOAUT B TPEYTOJIHHIUK,
00pa30BaHHBIN BEPITUHAMY U, U U W.

Hocrarounocrs. Ilycrs d(G) < 2 u kaxkgoe pebpo rpada G BXOAUT B TPEYrOJbHUK.
Torna rpad G cBs3HBIN U, 0YEBUIHO, B HEM €CTb MapIIPYT JJIUHBI 2 U3 JIIOOOH BEPITUHBI
B camy cebs. [Tokarkem, 9T0 Takoil MApIIPyT €CTh U MEXK/Ly JIIOOBIMU JIBYMSI Pa3IHIHBIMI
BeprmHamu v u v. Tak kak d(G) < 2, 10 d(u,v) < 2. Ecam BepuuHb! u # v HECMEKHBI, TO
MezK/ly HIMHU HeT MapIIpyTa JJIMHBI 1, cJIe10BaTebHO, €CTh MapPIIPyT JJIUHBI 2.

Eciii BepmuHbl © U U CMEXKHBI, TO 10 YCJIOBUIO pebpo (u,v) BXOAUT B TPEYrOJIbHUK,
CJIe/IOBATE/IbHO, €CTh OTJINYHALA OT U U ¥ BEPIINHA W, CMEXKHAs C U U U, TOJIydaeM MapIipyT
JUIMHBI 2: uwv. A

CaencrBue 1. Ilycrs G —upumurusssiii rpad c¢ exp(G) = 2. Torga ero obxsar
9(G) = 3.

B janHOit paboTe wmccieyeM ClIeyIoNuii BOIPOC: KAKoe MaKCHMAJIbHOE YUCJIO Bep-
[IUH NP MOXKET OBITh y MPUMUTUBHOTO OJHOPOIHOTO I'pacda mopsjka k ¢ SKCIOHEHTOM
exp(G) = 27

Jlerko 3ameTuTh, 4TO JIIO6OH TOMHBIH Tpad K, npu n > 2 gBIAETCS NPUMATUBHBIM U
exp(K,) = 2. Tak kak kaxjoe pebpo npumutusHoro rpada G ¢ exp(G) = 2 BXoauT B Tpe-
YIOJIbHUK, CTelleHb Beex BepiinH rpada G He Huxke 2. OKa3blBaeTCsl, ONEHKY MUHUMAJIb-
HOfT cTereHn BepIH rpad OB ¢ SKCIIOHEHTOM, PaBHBIM 2, MOYKHO MOBBICUTH. B [8] mosyden
CJIEJIYIONIHI Pe3yJIbTaT: Jjisi HEOPUEHTUPOBAHHBIX IPadoOB ¢ SKCIIOHEHTOM 2 MUHUMAJLHOE
qncsio pébep ectb (3n — 3)/2 s veuérrnoro n u (3n — 2)/2 nust wérroro n. O4YeBUIHO, UTO
nosHblil rpad K3 ABISETCH PEryaspHbIM IOpAJKa 2 W HPUMUTUBHBIM C SKCIHOHEHTOM 2.
C y4éTom 3TOro moJiyvuaem

Teopema 2. np, = 3.

CaencrBue 2. Cpenu perynapHeix rpados 7, o Toapko rpad K3 nMeeT SKCIIOHEHT,
paBHBII 2.
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C sipyroii croponbl, Kybudeckue rpadubl (To ecTh perysspHble rpadbl mopsaaka 3) cojuep-
Kar 3n/2 pébep u yIOBIETBOPSIOT YCIOBHIO U3 paboTel [8]. O HAKO MOJIyUeH cJiety ol
pesy/IbTaT:

Teopema 3. np3 = 4.

Zlokxaszameavcmeo. OueBuHO, 9TO MOJHBIH rpad Ky AB/IseTCA PEryasapHbIM TOPs/I-
Ka 3 U MIPUMUTUBHBIM C SKCIIOHEHTOM 2.

[Iycrs G — npumuTuBHbI KyOudeckuii n-peprmusnbiii rpad ¢ exp(G) = 2 u n > 4.
[To crencrBuio 2 obxBar rpada G pasen 3. Paccmorpum npousBoibHBIH TpeyroibHuK B G:
{uy,ug,us}. Tax kak rpad G KyOGUUIeCKUii, TO BEpIINHA U1, KDOMEe BEPIINH Uy U U3, CMEXKHA
emé ¢ ofHol BepimHOi w. Pacemorpum pebpo (ug,w). ITo Teopeme 1 310 pebpo T0IKHO
BXO/IUTH B TPeyroJibHUK. Tak Kak KpoMe w BePIINHA U] CMeXKHa TOJIbKO C BEPIITMHAMU U
U Uz, TO W JOJIZKHA OBITH CMEXKHA C OJHON W3 HuX. Kcjm BeprimHa w CMEXKHA U C U, U
¢ uz, To nosydaem rpad K. He orpanmuuBast obiiHocTH, Oy/1eM CUATATh, YTO BEPIITUHA, W
CMEXKHA C Up, HO HecMekHa ¢ uz. ClieoBaTeIbHO, BEPIINHA W CMEYKHA eIné ¢ HeKOTOPOit
BEPIINHOM v, OTJINIHON OT U1, us U uz. CHOBa 10 Teopeme 1 pebpo (w, v) JOIKHO BXOJUTDH
B HEKOTODPBII Tpeyroibuuk. OHako BeplimHa w, KPpOMe v, CMEXKHa TOJIBKO C Uy U Usg, a
BEpIINHA U ¢ HUMH CMEYXKHOI ObITh HEe MOYKET, TaK KaK BEPIIUHBI U U U UMEIOT CTEIeHb 3,
IPUYIEM CMEXKHBI MeK/ 1y co00it u ¢ Bepmuuamu w u uz. [logyawmu nporuBopetne. B

CaencrBue 3. Cpeau perynapHeix rpados I, 3 Toabpko rpad K4 nMeeT SKCIIOHEHT,
paBHBII 2.

Jlaee mepeiiiéM K MCCIEIOBAHUIO OMKBAJIPATHBIX I'PAdOB, TO €CTh OJHOPOIHBIX I'Da-
dbos R, 4 nopsanka 4.

2. BukBaaparabie rpadbl

Corunacho orerke [6], npy < 15. Corenytormast Teopema J1aéT OIEHKY, XY/IIYIo /71 rpadoB
¢ GOJIBIIMM Kk, HO JIy9IIyIO JJIsl HAIIErO CJIydasi, 9eM OIeHKa u3 [6].

Jlemma 1. Jlna ogaopoanbix rpadoB mopsijika k cipaBeimBo

npr < k* — k 4+ 1 upn wérnom k;
<

np < k? — k upu meaérHOM k.

Zloxazameavcmeo. Ilyctb G — NpUMWTHUBHBIA n-BepIIMHHBI rpad mopsaka k
¢ exp(GG) = 2. Boibepem pou3BOIBHYIO BEPIHHY ¥ M PACIOIOKAM BCE OCTAJbHBIE BEPIIU-
HBI [10 PACCTOSTHUIO OT BEPIIUHBI U: HA HYJIEBOM yPOBHE — BEPIINHA ¥, Ha [I€PBOM YPOBHE —
BEPIIMHBI, CMEXKHBIE C V; BCE OCTAJbHBbIE BEPIIUHBI — Ha BTOPOM YPOBHE.

Tak Kak Bce BepIIMHBI UMEIOT CTENEHb K, BEPIIUH HA MEPBOM yPOBHE OyJieT B TOYHO-
ctu k. O6o3HAYTUM UX V1, . . . , V. PACCMOTPUM TPOU3BOILHYIO U3 STUX BEPINNH, HATIPUMED V1.
[To reopeme 1 pebpo {v, v1} JOMKHO BXOJUTH B TPEYTOJIBHUK, TO €CTh JOJIZKHA ObITH BEPIIIU-
Ha w, cMeXKHas ¢ v U ¢ vy. OJHAKO BCe BEPIIUHBI, CMEXKHBIE C U, PACIIOJIOKEHBI HA TIEPBOM
YPOBHE, CJIEJIOBATEIBLHO, W — 3TO OJHA U3 BEPIIUH Vs, . .., V. TaKuM oOpa3oM, KaxKjad u3
BEPIIUH vy, . ..,V CMEXKHAa 110 KpailHell Mepe ¢ OJHON BEpIINHON U3 9TOr0 Ke CIIUCKA.

Ecim k 9éTHO, TO y IPON3BOJILHON BEPIIUHBI ¥; TIEPBOI'O YPOBHSA OJHO PeOPO UJIET K BEp-
IIHE v, eé OHO pedPOo — K OJIHON U3 BEPIIUH IIEPBOrO YPOBHS, a ocTajbHbie k — 2 pebpa
MOT'YT UJITH K BEPIITIHAM BTOPOTO ypoBHs. Torma Ha mocsieieM ypoBHe MozKeT ObITh k(k—2)
pepmun. Beero nosmydaem npy < 1+ &k + k(k —2) =k* —k + 1.

Ecym k HedéTHo, TO, KaK U B IEPBOM CJIydae, MOXKEM COeTUHUTEL peédpamu k— 1 Bepriuny,
a OCTaBINascd BepIIrHa OyJIeT CMeKHa C OJIHOW W3 yKe HCIOJIb30BaHHbIX. l[losTomMy Ha
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BTOpOM ypoBHE MOKeT ObITh (k—1)(k—2)+ (k—3) = k* — 2k — 1 Bepuun. Beero mosrydaem
npr <1+k+k —-2k—1=k -k =

st Manbix 3Hadennii k nemma 1 gaér ouenku npy < 3, nps < 6, npy < 13, 9o mydme
OIEHOK, TIOJIYYEeHHBIX 110 HepaBeHCTBY U3 paborsl [6]. Iist nps memma 1 gaér onenky 20, a
u3 [6] mosyuaercs onenka 18. KomibiorepHblil 9KcriepuMenT mokasas, 9to nps = 16 [10].

Teopema 4. npy = 11.

Aoxazamenvcmeo. Ilo nemme 1 npy < 13. Ilokaxkem, uro npu n = 13 u 12 ne
CyIIeCTBYeT IPUMUTHBHOTO OukBajpaTHoro rpada G ¢ exp(G) = 2. Pacemorpum Kazk iblit
caydail OTJIeTbHO U MOIPOOyeM IMOCTPOUTD I'pad ¢ HYXKHBIMHI CBOHCTBaMU.

Canyaait 1: n = 13. IIpeanonoxum, uro G — NIPUMUTUBHBII OMKBaIpaTHBINH Ipad
c exp(G) = 2. PacrnosioykumM BepIUHBL [0 YPOBHSM, KakK B JI0Ka3aTeJbCTBE JeMMbl 1. s
yobcTBa OyjieM jesiaTh yKJIaJIKy, HadWHAsl C BEPIIUHBI 1, a CMEXKHbIe C Hell BepITUHbI
obozravanMm 2, 3, 4 u 5 (puc. 1).

Puc. 1. Yknagka sepmma 13-seprmuaaOro rpada

Y mac ocraércd cBobosa B J100aBIEHUN PEOEp MEXKJy BepIINHAMHU BTOPOIO YPOBHS.
PaccmorpuMm Be cMexKHBIE BEPIIMHBI M3 IEPBOI'O M BTOPOI'O YpPOBHEl, Hampumep 2 u 6.
I[To Teopeme 1 pebpo (2,6) MOJIKHO BXOJAUTH B TPEYTOJBHUK, CJIEJ0BATEIHHO, BEPIIHHBI 6
n'7 JOJIZKHDBI 6BITb CMEZKHBI. AHaJIOFI/ILIHO, CMEZKHBbIMU II0 HeO6XOﬂI/HVIOCTI/I 6y;LYT BEPIINHDBI

8u 9,10 u 11, 12 n 13 (puc. 2).

Puc. 2. Vkiazka seprmnn 13-eprimanoro rpada (mpojoszkenne)

Paccmorpum Bepimibl Broporo yposHsi. Tak kak exp(G) = 2, MeXJly HeCMe:KHBIMU
BEpIINHAMU JIOJIZKHBI ObITH MapIIpyThl jynHbl 2. Hampumep, or BeprmHbl 6 TO/KHBI Cy-
MMEeCTBOBATh MapIIPYTHI AAUHBI 2 10 BepruH 8, 9, 10, 11, 12 n 13, omHAaKO0 9TO HEBO3MOXKHO,
TaK KaK OCTaJ0Ch TOJBKO JIBa BO3MOXKHBIX PeOpa, WHIINIEHTHBIX BEPIIHHE 6.

Cnyugait 2:n=12. [Ipeanonoxkum, uro G — IPUMUTHBHBII OUKBaIpaTHLIN rpad
c exp(G) = 2. Pacrioyio:kum BepIuHbL IO YPOBHSIM, KaK B IIPeJIbILyeM cirydae. Mbl 10/mK-
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HBI JJOOABUTH MUHUMYM JIBa pedpa MeXKJy BEPIIMHAMU II€PBOrO YPOBHS (CM. JIOKA3ATE b
cTBO JieMMBI 1). Bamernm, 94To ecsm J06aBUTH H0JIee ABYX pEOEP MezK Iy BEPITHHAMU IIEPBOTO
YPOBHS, TO HE XBATUT pEbep I COCAMHEHUS YETHIPEX BEPIIMH IEPBOTrO YPOBHS C CEMbIO
BepIIMHAMEI BTOPOro ypoBHsi. [loaromy BoceMmb pébep OyIyT COEIUHATH BEPINUHBI TIEPBOTO
U BTOPOIO YPOBHENA, T.e. OjjHa BepIINHa BTOPOTO YPOBHSI JOJKHA ObITH CMEXKHA C JIBYMSI
BepIIMHAME TIepBOro ypoBHs. He orpanudnBast 0OIIHOCTH, OCTABUM CBOOOIHBIM OJIHO PEOPO
y BEPIINHBLI 5 U PACCMOTPUM Pa3IMdHble BADUAHTHI COCAMHEHIS BEPIIMHBI 5 ¢ KaKOH-mb0
BeprmHoit 6-11 (puc. 3). Bamerum, uto Beprmuabl MHOXKecTB {6, 7,8,9} u {10, 11} aBasror-
Cs1 TIOJIOOHBIMU, TIOTOMY JIOCTATOYHO PACCMOTPETh COeINHeHne peOPOM BEPIIUHBL H € OJHOI
13 BEPIUH KayKJI0ro MHOXKecTBa. Kak 1 B IpeIbLyIneM ciiydae, o TeopeMe 1 Mbl JIOJIZKHBI
J106aBuUTH péopa Mex 1y Bepmunamu 6 u 7, 8 u 9, 10 u 11.

Puc. 3. Ykinajgka seprmn 12-sepruaaoro rpada

1. Tobasum pebpo (5,9). TTo Teopeme 1 pebpo (5,9) JOZKHO BXOJUTH B TPEYTOJbHUK,
cJIeIoBaTeNIbHO, HE0OXO MO J106aBuTh u pebpo (9, 12). Bepruna 9 Tenepb numeer cremnens 4
(puc.4). Tak kak exp(G) = 2, MeXK/y HECMEXKHBIME BEPIIMHAMHI JIOJIZKHBI OBITH MaPIIPY ThI
JjuHbl 2. Hammpumep, oT BepiuHbl 9 J10/I2KHBL OBITH MapIIpyThI JIMHBL 2 710 BepiuH 6, 7, 10
u 11. YV Hac octaércss BO3MOXKHOCTD JJ00aBUTH TOJILKO JIBa pedpa OT BEPIIUHbI 8 1 jBa pebpa
ot BepmuHbl 12. C yaéToM TeopeMbl 1, TO MOXKHO ¢/ieJlaTh TOJIBKO JIByMs CIIOCOOAMU.

1.1. JTobasiisiem pébpa or Bepiinubl 8 K BepiuuaMm 6 u 7, a OT Bepimunbl 12 — K BEPIIH-
maMm 10 u 11. Ho Toryga ot Bepimuubt 5 He OyaeT MapripyTa JIMHBLI 2 10 BepimuH 6 u 7.

1.2. JTobaBnsgem pébpa ot Bepmuubl 8 K BepmuuaM 10 u 11, a ot Beprmuubl 12 — K Bep-
munaM 6 u 7. [Tocse 3Toro octaéres BO3BMOXKHOCTD COEJIMHUTD JABYMs PEOPAMH BEPITUHBI 6
u 7 ¢ Bepmuaamu 10 u 11, HO 9TO clie/1aTh HEBO3MOXKHO O€3 HapyIIeHUusl TeopeMbl 1.

Puc. 4. Yknagka 12-Bepiuauoro rpada, coeiuHsieM BEPITUHBL 5 1 9

2. Hobasum pebpo (5,11). Tlo Teopeme 1 0OHO JOJIZKHO BXOJUTH B TPEYTOJLHUK, CJIEJIO0-
BaTeIHHO, HEOOXOMMO j100aBuTh U pebpo (11,12). Bepmmua 11 Temepb mmeer cremnens 4
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(puc. 5). Tak kak exp(G) = 2, MeKIy HECMEKHBIME BEPITHHAMU JIOJIZKHBI OBITH MAPIIPYThI
JymmHbl 2. Harmpumep, oT BepImHbI & JIOJIZKHBI ObITH MAaPIIPYTHI JJIMHBL 2 710 BepiuH 6, 7,
8 m 9, HO y Hac ocTaéTcd BO3MOXKHOCTD JIOOABUTHL TOJILKO JIBa pedpa OT BEpPHIUHBI 12, 94TO

HEJI0CTaTOYHO.

Puc. 5. Yknajaka 12-sepruaHoro rpada, coefuHsieM Bepiiuabl 5 u 11
Taxum obpazom, mokazano, uto nps < 12. Ha puc. 6 npusenén 11-seprmunnnii 4-pery-

JIAPHBIN rpad ¢ SKCIOHEHTOM 2: @ — U300pazkKeHune B CTUJIE JI0KA3ATEIbCTBA TEOPEMBI; 6 —

no pabore [11].

A5
sba)

a 6

Puc. 6. 11-Bepmunnbiii peryssipubiit rpad nopsizka 4 ¢ exp(G) = 2.

Teopema 4 jijokazana. B

Dol mpoBeiéH BBIYUC/IUTEIbHBIN SKCIEPUMEHT, B paMKaX KOTOPOI'o HailJeHbl Bce Ou-
kBajipaTHble rpadbl ¢ skcmonerToM 2 [10]. Beero takux rpados 10: mosnsiii rpad K,
omuu 6-Beprmubbiil Tpad Oz + Oy + O, 1Ba T-BEPIIMHHDBIX, JBa 8-BEPIIUHHBIX, TPU
9-BepIIMHHBIX 1 OUH 11-BepIIuHHbIN I'pad, IpecTaB/IeHHbI Ha puc. 6.
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A modification of the distance based on the maximum common subgraph is proposed,
taking into account this factor (each vertex has its own unique number). We determine
a function of graphs G and F as follows: d(G,F) =1 — i_r?ink(\mcs(gmin(ijm), fil/7).

Here |G| denotes the number of vertices in G, |G| =m, |F| =k, m < k; and g; is the
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BBenenue

B nacrositiee Bpems rpadbl HCHOIB3YIOTCH B PA3IUIHBIX 00/IACTAX HAYKU U MOT'YT OBITH
[IOCTPOEHBI 110 pas3HbIM TpuHIunaMm. OMHON u3 3a/a4, KOTOpas BOZHUKAET IIPU OCTPOCHUN
HOOGHBIX MOJIeJIel, SIBJIsIeTCst 3aada cpaBHeHnst n Kiaaccudukamun [1]. Meromnsr, n3sect-
Hble B paMKaxX HallpaBjieHnus graph matching, namm cBoé npumenenue B 06padboTKe n300-
pazkenuii |2], MosiekyssipHoit 6Guostoruu (3], makrmiockonun |4, pacnosnaBanun movyepka [5],
UCCJIeIOBAHUE COTMATIBHBIX ceteit [6], npu amamuze pokymentos 7| u T.x. Ha muOXKecTBe
rpadoB 3aa6Tcs pacCTOAHNE, KOTOPOE IMO3BOJISIET OIMEHNUTD, HACKOJIHLKO T€ WJIU UHBIE CTPYK-
TYPBI TIOXOXKH JIPYT Ha jpyra. Kak nmpasuiio, 9ra GyHKINMS BEIpayKaeT CTelleHb HeTOTHOCTE,
KOTOpbIe BO3HUKAIOT IIPU HaXOXKJAeHnn n3oMopdusma rpados mwim noarpados. [Ipu sTom
B HEKOTODBIX 3aJauax (HAIpPUMEp, IPU CPDABHEHUU TEKCTOB) BAyKHO YUUTHIBATH €INE OJIUH
dakTOp: HyMepaIuio BepIIH.

OpHOlt M3 TaKUX 3aJa4 dABJISIeTCsl aTpuOyIust TekcToB. Hampumep, maHHas mpodsiema
BO3HUKAET IPU aHAJU3€ KOJUIEKIIMU TEKCTOB M3 JIOPEBOJIIOIMOHHBIX KYPHAJIOB «Bpems»
(1861-1863), «Dmnoxa» (1864-1865) u exxenenenpunka «I'paxannny (1873-1874). Ussecr-
HO, uro ®@. M. [Jocroesckuii (Bmecre co ceoum 6parom M. M. JlocToeBeKiM) pelak THPOBAT
U BOBIVIABJISI 3TU KYPHAJIBI, TIO9TOMY YK€ JIABHO BEJLyTCs UCCJIE0BaHUS HA TPEIMET IIPU-
HAJIJIE2KHOCTU €10 Tepy JAHHBIX Mpou3BejieHuil. Bojibiioe Kogn4aecTBo 3TUX crareit omyo-
JINKOBAHO aHOHUMHO, T.e. Jubo 6e3 mojmnucu, JimOo 10T ICeBJOHMMAaMu. BripoyeM, 310 OT-
HOCHUTCS M K CTaThsM, KOTOPbIE UCCJIE/IOBATE/H JIaBHO TpuliuchiBam JlocToeBckoMy, OoJiee
WM MeHee OCHOBBIBASCH HA JIOKYMEHTAJIbHBIX JIAHHDBIX.

Jlns perenus 3a/1a49u aTpUOyIIUU TEKCTOB MOTYT OBITH HCIIOJIb30BAHBI «I'Padbl CHIIb-
HBIX CBs3eii» [8]. MuokecTBO BepImH 11o106HOT0 Tpada — 3T0 MHOZKECTBO IPAMMATHIECKUX
dopM, KOTOpBIE BCTpPEYAIOTCS B TEKCTaX, a PEOpa OTPaXKAIOT <«CUJIBHBIE CBA3U» MEXKLY
BepmHaMu. JIBe BepIIUMHBI v; ¥ U; CBA3aHBI PEOPOM, €C/IM YacToTa BCTPEYaeMOCTH Ila-
PBI TPAMMAaTUYECKUX KJIACCOB OOJIBbINIE WU PaBHA 3aJIJAHHOMY B UCCJIETOBAHUU TTOPOT'OBO-
My 3HaueHuio «. lajee rpamMmmarudeckue (popMbl 1 COOTBETCTBYIOIIUE UM BEPIITUHBI MOTYT
OBITH OTCOPTUPOBAHBI B ITOPAIKE YOBIBAHUS 110 CTEIIEHN UX BCTPEYAEMOCTH B OIPEICTEHHBIX
TekcTax (MM TpyIne TeKCToB). Kpome Toro, eciim BepImuHa He MMeeT WHIMJACHTHBIX PEGep
B pe3yJsibTaTe 0TOpaChIBAHUS «CJIA0BIX» CBA3€il, OHA PACCMATPUBAETCH KaK W30 TMPOBAHHAS
BepmnHa. C TOYKM 3peHs (PUIIOJIOTUN TIPU PACIIO3HABAHUU aBTOPCKOT'O CTUJISI ITHCATEISI
BayKHO HE TOJIBKO HaJMYKMe B KOPIIyCe TeX MJIM MHBIX IPaMMaTHIECKUX KOHCTPYKIIHil, HO 1
MOPSIIOK UX BCTPEYAEMOCTH B TEKCTAX.

B n.1 nannoit paboThl onmcaHbl HECKOJIBKO U3BECTHBIX METPHUK, OCHOBAHHBIX HA MAaK-
cuMaJjibHOM 00meM nojrpade. B 1.2 npemioxkena mojudukanud pacCTOTHUS Ha OCHOBE
MaKCHMATBHOrO 0011ero nojarpada, Koropas yIUThIBAeT YIOPSI0YEHHOCTh BEPIIHH (T.e.
KazKJIOf BEpIIMHE CTABUTCS B COOTBETCTBHE €€ YHUKAJILHBIN MOpsIKoBbIii HoMep). [loka-
3aHO, YTO 9Ta (DYHKIUS YJIOBJIETBOPSIET BCEM CBONCTBAM METPHKHU (HEOTPHUIATEIHLHOCTD,
TOXKJIECTBEHHOCTh, CUMMETPUIHOCTb, HEPABEHCTBO TPEYIOJIbHUKA ).

1. Merpuku Ha MHO>KeCcTBe rpadoB, OCHOBaHHbIE
Ha MaKCUMaJIbHOM 00I11ieM moarpade

OHuM 13 c11ocob0B cpaBHEHUsT IPadOB SIBJISIETCST PACCTOSTHUE Ha OCHOBE MaKCHMAJILHO-
ro obrero nojrpada. MakcumasbabiM 001IM morpadom rpados Gy u Gy 6y1em Ha3bIBATH
rpad mes(Gy, Gy), koropsrit uzomopden G C Gy, G C Gy 1 COIEPKUT MaKCUMAJTbHOE
YUCJIO BEPIIUH.
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O6o3naunm depes |G| aucio Beprun B rpade G. Paccrosiaue MexK 1y HEIyCTBIMU I'pa-
dbamu Gy 1 Go MOXKHO BBIMUCIUTD CJIEYIONIM 00pa3om [9]:

lmes(Gy, Go)|

di (G, Gy) =1 - '
1(Gh, Ga) max(|G4|,|Gsl)

(1)

Paccrosiaue di(G1, Go) npunumaer suadenusi ot 0 o 1 Brirountenbro. Ecmu rpadbr u30-
mMopdubl, 10 di (G, G2) = 0. BameTnm, 9T0, UCXOIs U3 OPEJIEJICHNS, MAKCHMAJIbHBIN OOTITHit
nojarpad mes(Gy, Gy) He 00s13aTe/IbHO YHUKATIEH.

Bropas dbyHKIms Ha 0OCHOBE MaKCHMAIBHOTO 0011ero norpada mpejyroxkena B [10]:

lmes(Gy, Go)|
|G| + |G| — |mes(Gy, Ga)|

dy(G1,Ga) =1 —

Buauenus do(G1, Ga), kak u di (G, Gz), Haxousitest B npejerax or 0 1o 1. Emé oxHo noxoxkee
paccrosinue npejioxkeno B [11], Ho oHo He HOpMaM30BaHO Jyist orpeska [0, 1]:

d3(G1, GQ) == |G1| + |G2| — 2|mCS(G1, Gg)’

Ilpu 3amanun GyHKIMN Ha MHOXKeCTBe I'padoB xearenbho, 4todsl d(G;, G;) yroBie-
TBOPSLJIA CJICLYTOIIMM CBOMCTBAM METPUKH (JjIs1 IPOU3BOJIbHBIX 1, j, k):

1) d(G;,G;) > 0 (HeOTpPUIATEILHOCTD );

2) d(G;,G;) =04 G; = G (TOXKIECTBEHHOCTS);

3) d(G;,G;) =d(Gy,G;) (CI/IMMeTpI/IqHOCTb);

4) d(G;,G;) < d(G;, Gi) + d(G, G;) (HEpaBeHCTBO TPEYTOILHUKA).

B [9] nokazano, uro dhyukiws (1) yaoBaeTBOpsier BceM CBOHCTBAM METPUKH.

2. MeTrpuka Ha OCHOBe MaKCHMMAaJIbHOTO o0Iero mnojarpada
JJisi cpaBHEHUsI TPadOB C YIIOPS0YEeHHBIMI BePIITTHAMA

[Ipu cpaBaennn rpadoB ¢ yIIOPsI0YEHHBIMI BEPITHHAMYI BaXKHO YUUTBIBATH HYMEPAIUIO
Bepiun. [IpegcraBum rpad ¢ ynopsjoueHHBIMEA BEPIIUHAMU B BUJIE TETOYKU TOPOKIAI0-
mUX ero nojarpadoB gi, g2, gs, - - -, m, KAK MOKa3aHO Ha puc.l (m — 4ucjio BepriuH rpa-
da G). Baech rpad g; aBasgercs noarpadom G, KOTOPBIH COMEPKUT BEPITUHBI ¢ HOMEDAMU
or 1 70 ¢ BKJIIOYUTENbHO U Bce peéOpa (G, mHIMIeHTHBbIe 3TUM BepmmHaMm. [loarpad g,

coBnajiaer ¢ rpacdom G.

Puc. 1. Henouka mopoxgamomux rpados s rpada G

[emouky mopoxKaaroImx rpadoB MOKHO pacCMaTpPUBATh KaK YaCTHBIA CIydail JuHa-
mvudeckux rpados [12|. dunammdeckuii rpad mpeicrapisger coboil MOCIEI0BATETLHOCTD
KOHEYHBIX HEB3BEIlIeHHbIX (He BCerja CBs3HBIX) rpadoB g1, 92, g3, - - -, i, - - - , B KOTOPOIi TIe-
PEXO/T K TIOCTIeIyIoNeMy rpady g1 OCYIIECTBIACTCS MPUMEHeHneM onepartunt ¢(g;) = giy1-
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Omeparusi, OCyIIECTBIISIONAs ePexXojl, MOXKeT ObITh KaK MpocToil (yaaienue/ mobasieHme
pebpa, yuajienue/ jobaBjieHe BEPIIUHbI), TaK U CJIOXKHOI (3TO olepalus, KOTOPYI MOYKHO
OIICATh YepeIoBaHIeM MPOCThIX onepairtwii). [locteoBarebHOCTE rpadoB, COCTABIIIONIX
JIMHAMUYIeCKuil rpad, Ha3bIBAIOT TPaeKTOpueil TUHAMIIEeCKOro rpada.

Omnpegennm dbyukiuio Ha rpadax G u F ciepyomum o6pa3oM (IycThb Jijis OlpeIeIEH-
wocru |G| =m, |F| =k, m < k):

Teopema 1. Benuuuna d yjioBjieTBOpgeT BCeM CBOWCTBAM METPUKHU.

loxazameavcmaeo.
a) Jokazkem nepsoe cBoiicTso. Tak Kak KOJIMIECTBO BEPIIHH B I'PADAX min(im) U f; HE
peBoCxXOuT ¢ it @ = 1,..., Kk, T0 |mCS(Gmin(i,m), fi)| < 7, T e.

‘mcs(gmin(i,m)a fz)‘/z < L
Cile0BaTeILHO, CIIPaBEIUBO HEPABEHCTBO

'min <|mCS(gmin(i,m)7 fl)|/l) < L

=1,...,
Torna mosy4uaem

d(G,F)=1— min (|mcs(gminim), fi)|/7) = 0.

i=1,....k

6) Jlokazkem BTOpOE CBOWCTBO.
= Ilycrs d(G, F) = 0. Torga o dopmyie (2)

‘minkumcs(gmin(i,m)a fZ)l/Z) = 1’

i=1,...,

mosromy g ¢ = 1,...,k
‘mcs(gmin(i,m)a fz)‘/@ = 1,

T. €. ‘mcs(gmin(i,m)a fz)‘ 2 1.

C JIPyroil CTOPOHEL, ’mcs<gmin(i,m)7 fl)’ < . HOSTOMY ‘mcs(gmin(i,m)a fl)‘ = 1. HPH t=m
BBIITOJTHSIETCST PABEHCTBO |mes(gy,, fi)| = 4, uTo Bo3MOxKHO TONBKO ecan @ = m. CienoBa-
TeJIbHO, |MCS(Gpm, frn)| = m, T.e. rpadbl G u F u3oMopdHbI.

< Ilyers G = F. Tormam = kumin(i,m) =iqgmi=1,... . k; g, = fimmai=1,... k,
CJIE/TOBATEIILHO, MAKCUMAJIBHBIN 001wl ToArpad nmeer i BepiuH, T.e. [mes(g;, fi)| = ¢ mia
1=1,..., k. Orcroma

i (jmes(gaingian, £i)l/7) = 1,
nosromy d(G, F) = 0.

B) Tperbe cBOMCTBO ClpaBeIINBO, MOCKOIBKY |MCS(Gminim)s fi)| = [MCs(fi; Gmin(im))]
gt =1,...,k.

r) Jokaxem derBéproe cpoiictso. Ilycth H — npoussosibHbIl rpad ¢ ¢ BepuIMHAME.
Heob6xomumo nokazars, uro d(G, F) < d(G,H) + d(H, F'). Paccmorpum tpu ciaydas (1o
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yesoBrio m < k, HO9TOMY BO3MOYKHBI TPU BapUAHTA PACIIOJIOKEHUs ¢ OTHOCUTEJILHO M 1 K:
t<m<km<t<kum<k<t).
Cayuait 1:t<m < k. CornacHo (2), Hag0 JI0Ka3aTh, 9TO

1- Hlllnk(|mcs(gm1n (3,m) fz)|/2) <1l- I{llnm(|mCS(gi, hmm(l,t))|/z)+

20y LA

+1 — min (|mCS(hm1n(zt fl/o).

i=1,....,k

Tak kak rpadsl g;, fi, h; comepxar i BepimH, T.€. |g;| = |fi| = |hi| = 4, BbmOTHIM
CJIEJIYIOTILY IO 3aMEHY:

min(¢,m)s J1 . iahmini
L min (ImCS(g (im) f)l)) <1— min (ImCS(g (¢>)\)>+

i=1,...k maX(|gmin(i7m)|7 |fz| =1y max(|g¢|, |hmin(i7t)|
|mes(Pmingig) s fi)] >
max(|Amingios | fi])

+1 — min (
i=1,....k

[lepeiig oT moncka MUHEMYMa K MaKCUMYMY, TTOJTy UM

min(i,m)y J1 iahmini
T A
=Lk max(|gmin(im) s | fil) )~ i=1m max(|gi, |Pmin(i|)

(1 B |mcs(hmin(i,t)7fi)‘ )
max(|Aumingip |, | fi])

Cornacuo dopmyie (1), mepermiiem HepaBeHCTBO:

4+ max
i=1,...,k

'maxk dl (gmin(i,m)a fz) IlilaX dl (gza hmln(z t)) + HllaX dl (hmin(i,t)a fz) .

7’:17"'7 yeeey

-----

1.1. Ilpeamonoxum, 910 max dq (gmm(Z m)s fi) mocruraercs mpu HEKOTOPOM WHJIEKCE i
k

7 ©

KOTOPBII HAXO/IUTCA Ha I/IHTepBa.He 1 <" < t, rorna

Jnax. Ay (GminGim)s fi) = di(gi=, fir) < di(gis, hir) + di(hi=, fir) <

i=1,...,

< max, di(gi, hi) + max, dy(hs, fi) < ,max d1(Gis Prminie)) + max, dy (hanin(i,t) fi)-
bAs b 1= EARRS) b 7m 1= PARRS
HepaBeHCTBO BBITIOJTHSAETCS, TAK KAK BEJIMINHA 1 YJIOBJIETBOPAET BCEM CBONCTBAM METPUKH,
a rpad h;« cymectByer npu ¢* < t.
1.2. TpeamoioxKmm, 910 max d1(Gmin(i,m), fi) IOCTHTAETCS IPH HEKOTOPOM MHJEKCE 1
k

7 ©

KOTOPBINA HAXOIUTCI Ha HHTepBaJIe t < 1* < m, Toria

Z{ﬂan dl(gmin(i,m)a fi) = dl(gi*a fz‘*) < dl(gz‘*7 ht) + d1(ht, fi*) <

R

< max dl (gza ht) + max d1<ht> fz) S max dl (gza hmm(z t)) + max d1<hmin(i,t)> fz)

i=t+1,....,m =t+1, =1,....m i=1,.

HepasencTBo BbIIOJIHACTCS, TAK KaK BeJIMIUHA dq yIOBIETBOPIET BCEM CBOMCTBAM METPUKHU.
1.3. IlpeamotoxKum, 910 max d1(Gmin(i,m), fi) JIOCTHTAETCS IPH HEKOTOPOM MHJIEKCE 1
k

7 )

KOTODBIil HAXOJINTCS HA, I/IHTepBaJIe m < i* < k, Torua
max d1(Gmin(im)> [i) = d1(gms fir) < di(Gm, Pe) + di (P, fir) < di(Gm, he)+

+  max dl(htafi) < max dl(giahmin(i,t)) + Aman dl(hmin(i,t)afi)'

i=m+1,..., i=1,....,m i=1,...,
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HepapeHncTBO BLIIOIHACTCA, TaK KaK BeJIMUUHA d; yI0BJICTBOPIET BCEM CBOMCTBAM METPUKH.
Cnyuaait 2:m <t < k. Cornacao (2), HaJl0 JI0Ka3aTh, 4TO

1-— . mink(’mcs<gmin(i,m)7 fl>’/2) <1- Z.Enintqmcs(gmin(i,m)a hl)‘/z)—i_

Z:1,...7 e

+1— .mink(|mCS(hmin(i,t)7 fi)l/1).

i=1,...,

Tak xax |g;| = | fi| = |hi| = i, BeIIONHEM cIe/yIOIIYIO 3aMenYy:

min(i,m)y J1 . minimahi
L~ i <|mCS(9 (i;m) f)|><1_ i (|m08(9 (i,m) )|>>+

=1,...k maX(’gmin(i,m)‘7|fi|> =1,...¢ maX(’gmin(i,m)‘7|hi|

( lmes(Pmin(ie), fi)] )
max (| Amin(i,0)|» | fi)

+1 — min
i=1,....k

[lepeitaa oT moncka MIHUMYMa K MaKCUMYMY, TOJIYIAM

' (1 . |mcs(gmin(i,m)7 fz)' ) t (1 . ‘mcs(gmin(@m)’ h’l)‘ ) +

max
maX(|gmin(i,m)‘7 |f2|) maX(’gmin(i,m)|7 |h2|)

=1,
(1 . |mcs(hmin(i,t)afi>‘ >
k

+ max
; max(|rming,p |, | fil)

< max
i=1,...,

i=1,...,
Cornacuo dopmyie (1), mepermiieM HeEpaBEHCTBO TaK:

,man dy (gmin(i,m)a fz) < igaX d; (gmin(i,m)7 hi) + ,man dl(hmin(i,t)a fz)

=1,..., Jeuny =1,...,

2.1. Ilpeamonozkum, 4To max, d1(Gmin(i,m), fi) IOCTHraeTCs IPH HEKOTOPOM HHJIEKCe i*,

i=1,...,

KOTOPBI HaXo/IUTCs Ha mHTepBase 1 < ¢* < m, Torma

max, d1(Gmin(i,m)» fi) = di(gix, fir) < di(gix, his) + di(hyx, fir) < max dy(gi, hi)+

=1,....m

+ max dy(hi, fi) < max, d1 (Gmin(i,m)» hi) + max, dy (haingi,t)> fi)-

HepaBencTBo BBIIOJIHAETCS, TaK KaK BeJIMIUHA dq yIOBIETBOPIET BCEM CBOMCTBAM METPUKH,
a rpad h;« cymecrByer npu iF < m < t.
2.2. Ilpeamoozkum, 9To max, d1(Gmin(i,m)» fi) JlOCTHraeTCs IPH HEKOTOPOM MHJIEKCE 1*,

i=1,...,

KOTOPBI HAXO/IUTCS Ha WHTepBaie m < ¢ < t, Torja

Juax. d1(Gminim)> fi) = di(Gm, fir) < di(Gm, hix) + di(he=, fir) <

i=1,...,

< max  di(gm, hi) + Aimle tdl(hi>fi) < ,{I%aXt dl(gmin(i,m)a h;) + {Illan dl(hmin(i,t)>fi)-

i=m+1,...,t

HepaBeHCTBO BBITIOIHAETCS, TAK KAK BEJTMINHA d1 Y/IOBJIETBOPSET BCEM CBONCTBAM METPUKH,
a rpad h;« cymectByer npu * < t.
2.3. IIpeanonoxkum, 4TO max d1(Gmin(i,m)» fi) lOCTHraeTCs IPU HEKOTOPOM MHJIEKCE 1*,
i=1,...,

KOTOPBIl HAXOUTCA Ha unTepBase t < * < k, Torma

‘Hlan dl(gmin(i,m)a fz) = d1(9m7 fz) < d1(9m7 ht) + d1(ht> fz) < d1(9m, ht)+

i=1,...,

+ zzgéll,x,k dl (hta fz) X iinlaxt dl (gmm(l,m)a hz) + ilnaxk dl (hmln(z,t)a fz)

----- =1,...
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HepaBeHcTBO BBLIIOIHSAETCH, TaK KaK BEJIMIMHA d] YIOBICTBOPIET BCEM CBOMCTBAM METPUKI.
Cayuait 3: m <k <t CorracHo (2), Haj0 J0Ka3aTh, 9TO

1 — min (Jmes(gmingim), fi)] /) <1 = min (Imes(gmingsm), ha)l/1)+

i=1,..., N 7

+1— mlIl (|mCS(h7,,fm1nlk))| )

2y

Tak kax |g;| = | fi| = |hi| = i, BeImONHEM CcIIe/yIOIIYIO 3aMeHYy:

min(z,m)y J1 . minimahi
|~ min (ImCS(g (,)f)|><1_'mm(\m08(g (i.m) )\>+
=1,...k maX(|gmin(i,m)|7|fi|) =1, maX(|gmin(i,m)|7|hi|>

lmes(hi, fingik)] >
+1 — min ( )
i=1,. maX(|h | |fm1nzk)’)

[lepeitsg oT moncka MUHEMYMa K MaKCUMYMY, TTOJTYyIUM

min(i,m)s J2 minimahi
max (1_ |mes(Grmin(im) i) ) < max (1_ |mes(Grmingi,m) i) >+
=1,....k maX(|gmin(i,m)|7 |fz|) i=1,....t maX(|gmin(i,m)|7 |h1|>

hi7 min(s
+ max (1 — mes (A fmingi)| > :
=1t max (|, | fmin(ik)|)

Corytacuo dopmyste (1), mepernuiiemM HEPABEHCTBO TaK:

'Hlan dl (gmin(i,m)a fz) X maXt dl (gmm(z m)s hi ) + ZmaX d1<hl7 fmln(z k )

=1 FARRE]

3.1. IIpenmosoxxum, 9TO max dq (gmm(Z m)» fi) mocruraercs mpu HEKOTOPOM WHJIEKCE i*
i=1,...,k

KOTOPLII HAXOJAUTCA Ha I/IHTepBa.He 1 <" <m, Torna
igllaxk dl (gmin(i,m)7 fz) = dl (gi*> fz*) dl(gl ) h ) + dl(hz ) fz ) X maXm dl (gza h; )+

+i:H113Xm dl(hi7 fi) < iI:nlaXt dl(gmin(i,m)7 hi) + igllaXt dl(hia fmin(i7k))-

HepaBeHncTBo BBITIOTHSIETCS, TAK KAK BEJTMINHA d1 YJIOBJIETBOPAET BCEM CBONCTBAM METPUKH,
a rpad h;« cymectByer npu ¢ < m < t.
3.2. IIpeanonoxxmm, 9TO 'n%axk dy (gmin(i,m), fi) mocruraercs mpu HEKOTOPOM HHJEKCE i,

KOTOPBII HAXOJUTCA Ha uHTEpBaje m < ¢* < k, Torja

max dl(Qmin(i,m);fi) = di(gm, fir) < di(gm, hir) + di(his, fir) <

i=1,....k
< max  di(gm, hi) + max  di(hs, f;) < max di(Gming,m), hi) + max di(hi, fminek))-
i=m—+1,....k i=m—+1,....k i=1,...,t i=1,...,t
HepaBeHCTBO BBITIOJTHAETCS, TAK KAK BEJTMINHA d1 YJIOBJIETBOPSET BCEM CBONCTBAM METPHUKH,
a rpad h;« cymectByer npu F < k < t.
Taxum obpasoM, BestmauHa d YI0BJIETBOPSAET BCEM CBOHCTBAM METPHUKHU. M

Ha puc. 2 uzobpaxensl tpu rpada Gi, G, G3 ¢ pasHoit mymeparueit Bepmun. Pac-
crostaust Mexky HuMu caenytommue: d(Gy, Ge) = 1/3, d(Gh,G3) = d(Ge, G3) = 1/2. Kax
BUJIHO HA PUCYHKE, OTJINYUs B MEPBOH mape rpadoB BO3HUKAIOT HA YPOBHE TPETHETO I10-
poxkgatorero rpada, TorJaa Kak B JByX OCTaJIbHBIX MapaX Pa3Indus BHJIHBI y2Ke HA BTOPOM
YPOBHE.
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Puc. 2. I'padser G1, Go, G3 ¢ pasinuaHOil HyMepalueil BepIH

3akJiroueHue

B pabore paccmorpena 3ajada cpaBHeHnsa n Kiaccudukannu rpados. [Ipemioxkena
dyHKIMA 1719 cpaBHeHUs TpadoB, KOTOpas OCHOBaHA Ha MaKCHMAaJbHOM OOIIEM IOArpa-
de 1 yuanThBaeT yrnopsa0ueHHOCTh BepiinH. JloKka3aHo, 9T0O 3Ta BeJIUYNHA YIOBIETBOPAET
BCeM cBoiicTBaM MeTpuku. Kiraccumiaeckne aJropuTMbl [JIsI IIOMCKA MaKCHMAJIBHOTO OOIIETro
noarpada mes(Gy, Gs) Juist AByX rpadoB OCHOBAHBI HA aJTOPUTME IMOMCKA C BO3BPATOM,
npeioxkerHom MakI'peropom, win Ha MOUCKe MaKCUMaJIbHONW KJIMKH, ITPEIozKeHHOM J]e-
Bu [13]. Tlepsbiii umer Bce BO3MOXKHBIE 001ue norpadbl 1 BHIOMPAET CPe HUX MaKCU-
MaJIbHBIN, BTOPO#l CTPOUT CliennaIbHBII rpad COOTBETCTBUN U B HEM HUIET MAKCUMAJIbHYIO
KJINKY, KOTOpas OIpeesseT MaKCUMaJIbHbIN o0l moarpad. 3aMerum, 4To 00e 3a1a4n
apisitorcst NP-trosabivu. J171s1 mpoBejieHnst BEIYUC/IUTE/IbHBIX 9KCIIEPUMEHTOB ObLII PeaJn30-
BaH aJICOPUTM IIEPBOTO THUIIA, OCYIIECTBIIAIONINI ITOJHbIN 11epebop BO3MOMXKHBIX MOAIPadOB.
[Ipu nozcaére paccTrosumit MexK 1y rpadaMu pa3Hoil pa3MEPHOCTH, TOCTPOCHHBIMU CJIydaii-
HBIM 00pa30M, CBOMCTBA METPHUKHU BBITOJTHIIOTCH.

OrmeruM, 9TO JaHHAA METPHUKA MOXKET ObITh MCIIOJIH30BaHA B PA3INIHBIX 3a/ladax Teo-
pHH paciio3HaBaHusi 00pa30B (HapuMep, [IPU CPABHEHNHN TEKCTOB M M300pazKeHMHit ).
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JINCKPETHAA SAMKHYTAA OJHOYHACTUYHAA

IMEITOYKA KOHTYPOB
II. A. Mpimkuc, A.T. Tarames, M. B. fdmmuna

Mockosckutl a8mMomodusbHO-00PoAHCHBIT 20CYdGPCMEERHBIT METHUNECKUT YHUBEPCUEM,

(MAJIN), 2. Mockea, Poccus

PaccmarpuBaercst jucKperHasi AuHAMUYeCKasl CUCTEMa, Ha3blBaeMasi 3aMKHYTOI Iie-
[OYKO}l KOHTYPOB, KOTOpasi NPHHAJJIEXKHUT KJIACCY KOHTYDHBIX CeTell, BBEJEHHOMY
A.TI. BycraeBbiM. 3aMKHYyTast IerovKa coaepKuT N KOHTYPOB, Ha KaxKJIOM U3 KOTO-
PBIX MMeeTCsl 2m svaeeK U ofHa Jactuna. KoHTyp mMmeer oOIIyIO TOUKY, HA3BIBAEMYIO
Y3JI0M, C KaKJ[bIM M3 JBYX COCE/HMX KOHTYDOB CJI€Ba M CIpaBa. Y3Jbl JIEJST KOH-
Typ Ha JiBe paBHble YacTu. B kKaxkmprit momenT ¢t = 0,1,2,... JacTuIa mepeMeniaeTcs
Ha OJIHY sUeiiKy B 3aJlaHHOM HAIIPABJICHUH, €CJIM HeT 3ajepkeK. Ecim jBe YacTuibl
CTPEMSITCSI Ilepecedb OJUH U TOT Ke y3eJ, TO BO3HHKAET 3aJepKKa. B sToM ciytae
[IePEMEIIAeTCsT TOJIBKO YacTUIA KOHTYPA, PACIIOJIOKEHHOIO CJIeBa OT y3Ja. Beoxurcs
BeJINUNHA ITOTEHINAIBLHOIN 38/[ePXKKH YaCTHI[BI, 3aBHUCAIIAsS OT BDEMEHH U IPHHIMAIO-
mast 3nadennst 0 wiaw 1. Ilpu ¢ > m paBeHcTBO 5TOi BeM9mMHBI 1 03HAYAET, 9TO BpEMsI
JI0 3aJIePXKKH YaCTHIbI He TpeBbiniaer m. CyMMa MOTeHIMATbHbBIX 3a/IePXKEeK BCexX da-
CTHUI] HA3BIBAETCS IOTEHINAIOM 3a/ieprkeK. Hatmnnas ¢ HeKoToporo MoMeHTa BpeMeHH,
COCTOSIHMSI CUCTEMBI IIEPUOJIMIECKH TIOBTOPSIIOTCsS (IIpe/ieibHble IUKIIbl). OTHOIeHne
YHCIIA TePEMEIIEHN T JACTUIbl K [EPHO/Y IHKJ/Ia HA3LIBAETCS CPEHell CKOPOCTHIO Ha-
crunpl. Tokazansl cieytomume reopemsl: 1) [ToreHnman 3ajepkex siBjisieTcst HEBO3pac-
Taromieil byHKImed 0T BpeMeHy, IPUIEéM Ha IIPeeIbHOM IUKIIe 3HAYeHUe HOTEeHINAA
3aJIePKEK HE N3MEHSIeTCs ! PABHO HEOTPHUIIATEILHOMY 1[eJIOMY YuC/Ly He 6osibiie 2N /3.
2) Ecim cpenmsist CKOPOCTD YACTHUIL Ha, IIPEJIE/IBHOM IHKJIe MEHbIIEe 1, TO epuost IuKIIa
(BOBMOXKHO, He siBJIstioInuiicss HanMenbinuM) paseH (m + 1)N. 3) Cpennsist CKOpOCTb
wacrul] paBHa v = 1 — H/((m + 1)N), rne H — noreHnua 3aJepKek Ha IpeIebHOM
mukste. 4) s moboro m cymecrByer N, Takoe, 9TO CYIIECTBYET IIPEJICJIBHBIA UK
¢ moreHnuaIoM 3ajaepxkex H > 0 u, ciremoBaresbHO, CO CpeiHell CKOPOCThIO U < 1.

KiroueBble ciioBa: JUHAMUYECKAA CUCTIEMEA, KOHMYDPHAA CEMb, NPEIEALHBIT UYUKA,
nomenyuan 3adepoicex.
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DISCRETE CLOSED ONE-PARTICLE CHAIN OF CONTOURS
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Moscow, Russia
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A discrete dynamical system called a closed chain of contours is considered. This
system belongs to the class of the contour networks introduced by A.P. Buslaev.
The closed chain contains N contours. There are 2m cells and a particle at each
contour. There are two points on any contour called a node such that each of these
points is common for this contour and one of two adjacent contours located on the left
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and right. The nodes divide each contour into equal parts. At any time ¢t =0,1,2,...
any particle moves onto a cell forward in the prescribed direction. If two particles
simultaneously try to cross the same node, then only the particle of the left contour
moves. The time function is introduced, that is equal to 0 or 1. This function is called
the potential delay of the particle. For t > m, the equality of this function to 1 implies
that the time before the delay of the particle is not greater than m. The sum of all
particles potential delays is called the potential of delays. From a certain moment,
the states of the system are periodically repeated (limit cycles). Suppose the number
of transitions of a particle on the limit cycle is equal to S(7T') and the period is equal
to T. The ratio S(T') to T is called the average velocity of the particle. The following
theorem have been proved. 1) The delay potential is a non-increasing function of
time, and the delay potential does not change in any limit cycle, and the value of the
delay potential is equal to a non-negative integer and does not exceed 2N/3. 2) If the
average velocity of particles is less than 1 for a limit cycle, then the period of the cycle
(this period may not be minimal) is equal to (m + 1)N. 3) The average velocity of
particles is equal to v =1— H/((m + 1)N), where H is the potential of delays on the
limit cycle. 4) For any m, there exists a value N such that there exists a limit cycle
with H > 0 and, therefore, v < 1.

Keywords: dynamical system, contour network, limit cycle, potential of delays.

BBenenue

B pabore paccmarpuBaercs qUCKpeTHAs JIUHAMUYECKAsS CHCTEMA, OTHOCAIIAACT K KJIAC-
Cy KOHTYPHBIX CETel, ITIOABUBIINXCA B PE3yJAbTaTe MOJACJIUPOBAHNA aBTOTPAHCIIOPTHLBIX I10-
TOKOB Ha CJIOXKHBIX YJIMIHO-JOPOKHBIX ceTsx |1, 2| u mosyunsnmx HazBaHue cereii Bycia-
eBa. Takyme KOHTYDHBIE CETH OTPA’KalOT CBOMCTBA MaTeMaTHYECKUX TPAHCIIOPTHBIX MOJIe-
JIefl UMeTh MePUOoJINIecKre TPAeKTOPUN M KOH(JINKTHbIE TOUYKH B ME€PECEUYEHUIX MOTOKOB.
Brnaromapst peryisgpHOCTH CTPYKTYPbI, UCCIEI0BAHNE JTUHAMUYECKUX CHUCTEM TAaKOI'O THUIIA
IIO3BOJIAET MOJYYUTDL COJEpzKaTeIbHbIe aHAJIATUICCKAE PE3YJILTATHI.

Konrypnas cerb COJEP:KUT CUCTEMY KOHTYPOB, IMPUYEM MMEIOTCS TOYKH, OOIIHe I
JIBYX min OoJiee COCETHIX KOHTYPOB. DTH 00IIMe TOUKU Ha3bIBAIOTCsA y3aamu. Paccmarpusa-
IOTCS JINCKPETHBIN M HEITPEPBIBHBIN BapMaHThl KOHTYPHBIX ceTeil. B juckpeTrHoM BapuanTe
KaK/JIblil KOHTYD pa3out Ha sueiiku. B 1000it qUCKpeTHBIIT MOMEHT BpEMEHU KaxK ias sSdeii-
K& MOXKeT ObITh CBOOOJIHA WJIM B Hell HaxoauTcsd dactuiia. PaccMaTpuBaloTcst JTUCKPETHDLIE
KOHTYPHBIE CETU C XapaKTEPOM JIBUXKEHUs JBYX THHIOB. lIpu Tune mBukenus, nHazBamHO-
IO MHJWBUAYAJbHBIM, YaCTUTA HA KazKJIOM ITare nepeMentaeTcsa B HallpaABJICHUN JIBUKECHUS
Ha OJIHY s4eiiKy, eCc/i sdeiiKa BIlepe/i CBOOOJ/IHA, U OCTAETCd Ha MeCTe, €CJIM dTa sveli-
Ka 3aHdATa JApyroil gactureil. Takoe mpaBmiio JIBUKEHUS] aHAJOTUYHO ITPABUITY JIBUZKEHUS
B HCCJICJIOBABIIMXCA PaHee MATEMATHICCKUX MOJENIAX TpaduKa, s KOTOPHIX B CIydae
JIBUZKEHUS TI0 OJTHOMEPHON OECKOHEYHOM 3aMKHYTON PEIETKe ObLIN MOJTyYeHbl aHATUTHIe-
ckue pe3ynbrarhl |3, 4]. TpancropTaast MOIEIb ¢ AHATIOTUIHBIM TUIIOM JIBUXKEHUS, HO OCY-
MIECTBJISIEMBIM Ha JIBYMEPHOIl TOPOUIAIbHOI pemérke, ucciaenosana B [5-8|. Bropoii tun
JIBUZKEHUsI JACTUI B JIMCKPETHBIX KJIACTEPHBIX MOJEsIX BBeJEH B [9] u HasBaH Kjacrep-
ubIiM. [Ipu KjacTepHOM JIBU2KEHUU HAXOJISIINECS B COCEIHUX siuefiKax JaCTHUIbI 00pa3yioT
KJIACTEP M 9THU YACTUIIbI IIEPEMEIAIOTCA OJHOBPEeMeHHO. Jj1s1 HelrpephIBHBIX KOHTYPHBIX Ce-
Teil MPOCTPAHCTBO COCTOSTHUI CUCTEMbI U BpeMs HellpepbIBHLI. 110 KOHTYypaMm HempepbIBHOI
CeTU ABUKYTCA OTPE3KU IMOCTOAHHON JUIMHBI, KOTOPBIE IO aHAJIOTHHU CO CJIy4YaeM JIHACKPEeT-
HOI CUCTEMBI TaKKe Ha3bIBaIOTCH Kiaacrepamu. CKOPOCTb JBUXKEHUS KJacTepa 0e3 ydéra
3a/IepKeK MPUHUMAETCS 3a €JIMHUILy. B KOHTYPHBIX CeTdX IPH ITPOXOXKJIEHUN YaCTUIAMUI
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WA KJIacTepaMy y3JI0B BOSHUKAIOT 3aJI€PXKKHU, 00YCIOBIEHHbIE OIPAHUYEHUEM, B COOTBET-
CTBUHU C KOTOPBIM YaCTHUIBI (KJIACTEphbl) HE MOTYT HPOXOJUTBH Yepe3 y3esl OJHOBPEMEHHO.
OcCHOBHO#1 MCCIeIyeMON XapaKTEePUCTUKON CUCTEMBI SIBJISICTCA CPEIHAsST CKOPOCTD YaCTHIL,
peJIcTaBIstionas coboil cpejiHee pacCTOAHIE, IPOXOAUMOE YACTHUIIEH B €JMHUILY BPEMEHH.
[ToMuMO IpUMEHEHUS TIPU MaTEMAaTHIECKOM MOJeIUpoBaHun Tpaduka, KOHTYPHBIE CETH
MOI'YT MMETb JIDYTUe IIPUIOKEHHs, HAIPUMED OHU MOIYT HMCIOJIB30BATHCS IPHU aHAJN3e
padboThl NHMHOKOMMYHUKAITHOHHBIX CUCTEM.

OJHMM M3 THUIIOB KOHTYPHBIX CETeil, JIg KOTOPBIX IOJIYYeHbl aHAJINTUYECKUE PE3Yih-
TaThl, SBJIAIOTCS 3aMKHYTBIE U OTKPBITHIE TEINOYKH KOHTYDPOB OJIMHAKOBOM JjmHbI. B 3a-
MKHYTO# IEIOUKe KazKIblii KOHTYP COEIMHEH y3/JIaMU C JBYMsl COCEJIHUME KOHTYPaME, Pac-
[IOJIOYKEHHBIMU CJIEBA U CIIPpaBa OT JAHHOI'O, IPUYEM KarKJIbIii KOHTYP JIEJUTC y3/IaMu Ha
JIBe YacTh paBHON juimHbL. OTKpBITas IENoYKa OTJIMYAETCs OT 3aMKHYTON TeM, 9To Jijist
KpaifHero cjieBa u KpaifHero cripaBa KOHTYPOB MMEETCsl JINIIb 110 OJHOMY cOceaHeMy. Ana-
JIUTUIECKHIE PE3YIbTAThHI MOy IeHbI JJIT 3aMKHYTBIX U OTKPBITBIX HEIOYeK, TAKUX, ITO Ha
KayKJIOM KOHTYpe MMeeTCs JIMIIb OJUH Kjacrep. [loBejeHne OTKPBITBHIX IENOYeK yIAa0Ch
uccsieioBarh 6ojiee mosHO. B [2] yeranosieHo, 94To Jijis HENPEPHIBHONH OTKPBITON MENOYKH,
Ha KaKJIOM KOHTYpe KOTOPOi HAXOJUTCS 110 OJHOMY KOHTYDPY OJMHAKOBOMW JIIsI BCEX KJla-
CTEpOB JJINHBI, CPEJIHAST CKOPOCTD KJIacTepa He 3aBUCUT OT HAYaIbHOI'O COCTOSHUS CHCTEMbI
U OT TOro, Ha KAKOM KOHTYpE HAaXOIUTCdA Kjaacrep. Ilpu jumHe Kiacrepa, He IPEBLIIAIO-
1ieil OJIOBMHBI JJIMHBI KOHTYPAa, HAYMHast ¢ HEKOTOPOIO MOMEHTA, BCE KJIACTEPDI JIBUZKYTCSI
6e3 3aJiepkek (cucTeMa TonajaerT B COCTOSTHUE CBOOOJIHOTO JIBUYKEHUSI, CAMOOPTraHU3aIus)
U, CJIeJIoBaTeIbHO, CKOPOCTh KiacrepoB pasha 1. Ilpu jummne Kiracrepa 6oJIbIne MOJOBUHBI
JUIMHBI KOHTYPa CPeJIHssa CKOpocTh MenbIre 1. Haiigena dpopmyna s 3HaveHus 3T0i CKo-
POCTH 1 UCCIIEI0BAH XapaKTep IOBEeJICHUS CUCTEMbI Ha, PEAJIU3YIOIIEMCs IPEICILHOM IUKJIE,
[PEJICTABJISIIONIEM COOOH IUKINIECKYIO TPAEKTOPUIO B MHOYKECTBE COCTOSTHUI CHCTEMBI.

B [10] paccmarpuBaeTcs JUCKpeTHasi OTKPBITasl [ENOYKa KOHTYDPOB, B KOTOPOii Kia-
cTepbl pa3jimyalorTcs 1o jymue. s ciydaes, Korja JUIMHA JII0OOOTO Kiacrepa He GoJiblie
HOJIOBUHBI JJIMHBI KOHTYPa U KOIJIa JJIMHA JII0O0T0 KJIacTepa MPEBBIIAeT HOJOBUHY JJINHbI
KOHTYDA, MMOJIyIeHbl Pe3y/IbTarhl, aHasjorudubie [2|. B [10] mpuBeeHb! mpuMephl, TOKA3bIBa-
IOIIUe, YTO €CJIU UMEIOTCsI KakK KJIacTephl, JJIMHA KOTOPBIX HE IPEBBIIIAET II0JOBUHY JIJTAHBI
KOHTYPa, TaK U KJIACTePhl JTMHBI, GOJIbINE TI0JJOBUHBI JJTMHLI KOHTYPa, TO B OOIIEM CIydae
CPeJIHsAsI CKOPOCTh KJIacTepa MOXKET 3aBUCETh KaK OT HAYa/IbHOTO COCTOSIHUS CUCTEMbI, TaK
U OT HOMEpa KOHTYPa, Ha KOTOPOM HAXOJUTCSA KJIacTep.

B [11-14] uccemoBanbl AuCKpeTHAsT U HENPEPHIBHAS 3aMKHYTbHIE IIEIIOYKH KOHTYDOB.
B [11] paccmorpena aucKpeTHasi 3aMKHYTasl MEMOYKa, Ha KaXKJOM KOHTYpe KOTODOW MMe-
10TCs JIBe sUeiiku u ojHa JacTuna. JloKaszaHbl yTBEP:KIEHNs, OAPOOHO OIKMCHIBAIOIINAE MO~
BeJICHUE CUCTEMbI, U HailJIeH CIIEKTP 3HAYEHUii Cpe/IHell CKOPOCTH IIPU Pa3JINIHBIX [TPABUIAX
paspeltennst KOH(MJIMKTa, BOSHUKAIOIIETO B CJIydae, eC/Iu JIBE YaCTUIbI COCETHUX KOHTYPOB
IBITAIOTCS OJIHOBPEMEHHO Iiepecedb o0muil y3esn. B gacTHOCTH, [JIsSI JIEBOIIPHOPUTETHOTO
paBua, P KOTOPOM IIPEUMYIIECTBO BCEra IPEI0CTaBIIeTCss YacTHIe, HAXOAIeiics Ha
KOHTYP€, PACIOJIOKEHHOM CJIEBA OT y3J1a, CIEKTP CKOPOCTEH COJEPKUT 3HAUEHHE | U MHO-
JKECTBO 3HAYEHUI MeHbIle 1, uncyio Koropbix pasHo [N/3], rae N — uuciio kourypos. B [12]
UCCJIe/yeTCsl TOBEIeHIEe 3aMKHYTOM TIEMOYKH ¢ TPeMsi WK JBYyMs KoHTypaMmu. [lycts [ — or-
HOIIIEHNe JJINHBI KJIacTepa K JUInHe KoHTypa. Kak nokazano B [12], mpu jro0bix 3uadeHnn [
U HAYAJILHOM COCTOSSHUM CUCTEMBI CPEIHASA CKOPOCTh BCEX KJIACTEPOB OJMHAKOBA, IIPH 3TOM
JUIsl CpeJiHeii CKOpOCTH v BEpHO cJiefytoriee: v = 1 (camoopranusanus), ecym [ < 1/6; v = 1
win 4/(3 + 61) B 3aBUCHMOCTH OT HAYAJBHOIO COCTOSIHUs cucTeMbl, ecan 1/6 < | < 1/2;
v = 0 (KoJsutaric, T. €. HA OJIMH KJIACTED HE MEePEMENaeTcsl, HAUnHas ¢ HEKOTOPOI'O MOMEHTa. ),
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ecaiu | > 1/2. Tlpu 1uciie KOHTYPOB, PABHOM JIBYM, [OBEJIEHIE CUCTEMbI HMEET CYIIECTBEHHO
OoJtee IPOCTOI BHJI, & UMEHHO: CUCTEMa, TOMAIaeT B COCTOsTHAE CBOOOHOTO JIBUKEHUS TIPU
[ < 1/2 u B cocrosinme Kostanca npu [ > 1/2. B [13| nosydens! pe3yabsraTsl, aHATOTHY-
Hble 12|, A1t IMCKPEeTHOrO BapuaHTa 3aMKHYTOM [EMOYKN ¢ JBYMSI UM TPeMsl KOHTYDAMH.
B [14] ayist quckpeTHOl 3aMKHYTOM TIETIOYKH, Ha KasKJIOM KOHTYPe KOTOPOIl HMEIOTCs OJIHO 1
TO Ke Y6THOE YUCJIO0 SUeeK U OJIHA YACTHIA, JTOKA3AHO, UTO JIJIs JTF0O0TO CKOJIb YTIOHO 0OJIb-
[IOT0 YUCJIA sT9eeK Ha KOHTYpe (CKOJIb YIOJHO MaJIOH IJIOTHOCTH YACTHIL) MOYKHO 33J1aTh
YUCI0 KOHTYPOB U HAYAJIBHOE COCTOSTHUE CHCTEMBI TAKUM 00PA30M, 9TO CPeIHSAST CKOPOCTh
gacrur Oyger menbirne 1. B [12] Hapsity ¢ ciMMeTpHYHBIME [IEMOYKAME KOHTYPOB PACCMOT-
pPEeHBbI HEKOTOPBIE YaCTHBIE CITyYau IeMOYKN ¢ HECUMMETPUYHBIM PACIIOJIOKEHNEM Y3JIOB, T. €.
3aMKHYTbIE ¥ OTKDPBITBIE IEIIOYKU, B KOTOPBIX Y3JIbI JIEJST KOHTYD Ha J[BE€ HEOJIMHAKOBDLIE
110 JIJIMHE YaCTH.

B nacrosineit pabore paccMaTpuBaeTCd JIMCKPETHAS 3aMKHYTasd IEIMOYKa, SBJISIONIAACT
006001IeHneM OMHAPHONW 3aMKHYTOH TEMOYKH ¢ JIeBOIPUOPUTETHBIM TIpaBuyioM. Ha Kak oM
KOHTYDE CUCTEMBI MMEIOTCS YETHOEe YHCJIO d49eeK W OJHa JacThlia. PacrnoJararoniuecs Ha
KOHTYPE JIBa y3JIa JIeJIAT KOHTYD Ha 9acTU, COJIEPKAIIIe OJIMHAKOBOE YUC/I0 sueek. Ha Kax-
JIOM TaKTe YacTHUIla [IePEMEIaeTcs Ha d9eiiKy BIIepE/l B HAIPABJIEHUN JIBUKeHUs . Hcjm B
HEKOTOPBIII MOMEHT BPEMEHU JIBE FaCTHUIIbI HAXOJATCS MEepeJl Y3/I0M, TO Ha JIAHHOM Iare
[IePEMEITAeTCs TOJMBKO JacTUIla KOHTYpPa, PaclojiokeHHoro ciesa. [lomydeno meobxommmoe
U JIOCTATOYHOE YCJIOBUE TOTO, YTO 33/[AHHOE COCTOSHIE MPUHAJIEZKUAT MIPEJIETHbHOMY TTUKJITY
cucrembl. HaiijieHO TpaBuIo, MO3BOJILIONIEE BHIYUCUTD CPEJIHIOI0 CKOPOCTh YaCcTHUIl, COOT-
BETCTBYIOIILYIO 9TOMY IIpe/ie/IbHOMY TUKTY. [losydeno mpaBuio, KOTOpoe MO3BOJISIET BHITHC-
JINTH BCE 3HAYEHU, IPUHAJJIEKAIINE CIEKTPY 3HAYCHUI CPETHUX CKOPOCTE TTPU 38/ JaHHBIX
KOJITIECTBAX KOHTYPOB U STUEEK.

B [15] paccmarpuBaeTcst AuHAMUYECKasT CHCTEMA C JUCKPETHBIM BPEMEHEM U KOHEUHbBIM
YUCJIOM COCTOSIHWI, Ha3blBaeMas JUHAMHYECKOW CHCTEMOW OpUEHTAIMil MOJHOro rpada.
[TocTanoBku 3aj1a4 UCCAEIOBAHUS STOW CUCTEMbI U OTHOCSIIUECS K Heil TMOHSATHS UMEIOT
AHAJIOTUU C MOHATHUSIMU, BO3HUKAIONIUMU TIPU MCCJIEIOBAHNNA KOHTYPHBIX ceTeii. Kpome To-
ro, B [15] mpuBomTCs MHTEpPIIPETAINST THHAMIIECKOH CHCTEMbI ¢ KOHEYHBIM UHCJIOM COCTO-
SHUN B BHUJE IOJHOT'O OPHUEHTHPOBAHHOTO rpada. /nckperHas KOHTYpHas CETh SIBJIAETCS
JUHAMUYECKON CUCTEMOU ¢ KOHEYHBIM YUCJIOM COCTOSAHUI, II03TOMY CBA3aHHBIC C 9TON UH-
Tepliperarueil MOHATUs TPUMEHUMBI U K KOHTYDPHBIM CETSIM.

1. Onucanme cucreMbl

[Iycth cucrema cogepxkut N konmypos, umetonux Homepa ¢ = 0,1,..., N — 1. Ha kax-
JIOM KOHTYpe UMeIoTcd 2m Aveex, m > 1, m oaHa wacmuya. JacTuiia MOXKET Iepeme-
maThCd B JIUCKPETHBIE MOMEHTHI BpeMenu ¢ = 0,1,2,... f4yeiiku KOHTypa UMEIOT HOMeEpPa
0,1,...,2m — 1, oHu HyMepyIOTCS B HAIIPABJIEHUN JIBUMKEHUsI YaCTHUIbI (puc. 1).

ByneM roBopuThb, 4TO KOHTYD ¢ CUCTEMbI HAXOUTCS B COCTOSTHUU J, €CJIN YaCTHUIA HAXO-
quTced B guefike ¢ nomepom j, § = 0,1, ..., 2m — 1. KaxK/1pIit KOHTYD UMeeT JiBa COCETHUX —
cJieBa u cipasa. [[Jist KOHTypa i COCeJJHUM CJIeBa ABJISIeTCst KOHTYD i — 1, ciipaBa— i+ 1 (BbI-
yuranue u cioxkenne o moayso N), i =0,1,..., N —1. Cocennue KOHTYDHI i, i + 1 umeror
ObIIYI0 TOUKY, HA3bIBaeMYyIO y3710M (7,7 + 1) (ciioxkenue o mogymo N), 1 =0,1,... N —1,
MIPUYEM 3TOT y3eJI paciiojiaraercd Mexkay ddefikamu 0 m 1 Ha KOHTYpe ¢ 1 MeXKTy ddeiika-
Mu m u m—+ 1 Ha Kourype ¢+ 1. Eciiu B MOMeHT ¢ 9acTHIa HAXOUTCA B A9€iiKe ¢ HOMEPOM 1,
TO B MOMeHT ¢ + 1 gacruia 6yjier HaXoJAUThCsl B g4eiike i + 1 (caokeHue M0 MO0 2m),
€CJIN HeT 3aJIeP:KKH B II€PEMEIEeHNH YaCTHUIIbl. 3aJIEP:KKH 00YCJIOBJIEHBI HEBO3MOYKHOCTHIO
OJIHOBPEMEHHOT'O IIPOXOXKACHUSI JIBYX YaCTHI] Yepe3 OJMH U TOT 2Ke ooIuil y3esa. Eciu B Mo-
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x(0)=(3,0,2) x(1)=(0, 1, 2)

x(2)=(1, 2, 3) x(3)=(2, 3, 0)

Puc. 1. BamxayTas nenouka npu m = 2, N = 3

MeHT ¢ JacTuila KOHTypa i (uwacmuya 1) HaxoauTcs B sideiike 0, a gacrura KOHTypa i + 1
(ciroxkenne 1o Mojtymio N) — B staeiike m, TO MPOU30HIET 3a/IepKKa B IIEPEMEIIEHNN YaCTH-
bl ¢ + 1, a uMeHHO: B MOMeHT t + 1 4gacTtuiia ¢ OyjeT HaxouThcd B 1, a gactura ¢ + 1 —
octaBaThcd B gueitke m, 1 =0,1,..., N — 1.

CocrosiHue cUCTeMbl B MOMEHT t IpejcTaB/isieT coboil BEKTOD

x(t) = (zo(t), z1(t), ..., zNn_1(t)),

rie x;(t) — HoMep siueiiku, B KOTOPOil HAXOAUTCsT YacTuna ¢ B Moment ¢, 4 = 0,1,..., N — 1.
Hauasnbnoe cocrosinme x(0) 3amaéres.
Bynewm ucnonnzoBarh obozHaveHme

IJIe BBIYUTAHUE TTIOHUMAETCS 10 MOJLYJIIO 2m, a BBIYUTAHUE B MHJEKCE — 10 MOJYJIIO V.

PaccmarpuBaemasi cucrema OTHOCHTCH K KJIACCYy KOHTYDHBIX ceTeil, Ha3bIBA€MbBIX 3a-
MEHYMBMY YENOouKaMy KOHTYPOB. KarK/plii KOHTYp 3aMKHYTOH IENOYKN UMeeT JIBa CO-
CEeJHUX — CJIeBa U CIIPaBa, B OTJIMYME OT OTKPLITHIX IEIIOYEK, JJId KOTOPLIX KPaHuil cjieBa
U KpaiHuii cripaBa KOHTYPbI UMEIOT TOJIbKO 110 OJHOMY COCEIHEMY.

2. IlpenenbHble MUKJIIbI, CPEIHASA CKOPOCTb YaCTUII,
COCTOSIHHE CBOOO/IHOT'O JABU>KEHUSI

TaK KaK CuCTeMa JeTEePpMHUHHNPOBaHHad 1 €€ YUCJIO COCTOSTHUI KOHEYHO, Ha4YMHasA C HEKO-
TOpPOI'o MOM€HTa BPEMEHH COCTOAHHA CHUCTEMBI IICPUOJUYICCKU ITOBTOPAIOTCA. HYCTB T—
JJINTEJIbHOCTD IIPpEeAe/JIbHOIO IUKJIa, T. €. IIePpuo/ 3TOr0 IMUKJIa.

[Tycrs S;(t) — uncao nepemenienuii yacTuilsl ¢ B uaTepsase spemern (0,t). Ipemesn

v; = lim Sl—(zf)

t—soo ¢
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Ha3bIBaeTCd CpeJiHeil cKopocThio vacTunsl 4, ¢ = 0,1,..., N — 1. fcno, uro sToT npesen
CYIIECTBYET W PaBeH OTHOIIEHUIO YUCJa IePEeMeNeHnl YaCTUIlbl ¢ B TeUYeHHNe MPeIebHOTO
UKJIa K TEPUOTY.

Kak mokazano B HacTodleil padore, cpegHsss CKOPOCTh YACTUIIBI MOYKET 3aBUCETH OT
HaYaJIbHOTO COCTOSIHUSI CHUCTEMBI, HO CPeJHNEe CKOPOCTH BCEeX HYaCTHIl OJMHAKOBBI. Dyrnem
0003HaYaTh CPEHIOID CKOPOCTH YaCTHUIL Yepes V.

ByneM roBopuTh, 9T0 crucTeMa HAXOJUTCA B MOMEHT BPEMEHH t( B COCTOAHUU CBOOOTHOTO
JIBU2KEHUsI, €CJI B JIFOOOI MOMEHT BpeMeHu t > ty Bce YacTUIlbI IIepeMelaoTcs. FcHo, 910
€CJTM CHCTeMa TIONAIaeT B COCTOsTHIE CBOOOHOTO JIBV2KEHUs, TO U = 1.

3. Ilorennuan 3asep>KeK YacTHI]

Onpenenum GyHKIMUA COCTOSHMS CUCTEMBI, KOTOPBIE OyIeM Ha3bIBATh HOTEHIUAILHOM
3aJIePKKOl 9aCTUIBI U TOTEeHIHAIoOM 3a1epxkek. [lycrs x = (zg,x1,...,2n_1). HazoBém
HOTEHIUATBHON 3a/1epKKOil dacTuiibl @ byHKImio h;(z), rakyio, aro h;(x) = 0, eciu A; # m,
u hi(z) =1, ecmu A; = m.

[ToreHnMAaIOM 3a1ePKEK HA3LIBAETCA (DYHKIIHA

Teopema 1. [l o0bIx t, to, TaKuxX, 9TO t; < t9, BBIIOJHAECTCA HEPABEHCTBO
H{(x(ty)) < H(x(th)).

Jloxazameavcmeo. llpenainonoKum, 9T0 MOMEHT tg— IIEPBbIii MOMEHT BPEMEHH I10-
cJie ty, TaKoil, 9To JIJIsi HEKOTOPOTO 4o BBINOJIHAIOTCS paBeHceTBa N, (to) = 0, hy, (to + 1) = 1,
T.€. B IIPaBOil YaCTU PaBEHCTBA

H(z(t)) = > hi(z(t)) (1)

€CThb cJlaraeMoe, KOTOpoe BO3pacTaeT IIPHU Ilepexojie OT MOMeHTa ty K MoMeHTYy to + 1.
M3Mmenenne 3Ha4YeHUsT MOTEHIINAJILHON 3aJ€PyKKU UaCTHUIIbI g HE MOIJVIO IIPOU30MTH, eCJIu
obe 4acTuImsl 7o U 1o — 1 mepemMecTunch. Ecin Obl gacTuia iy He IepeMecTHIach, TO 3Ha-
JeHne eé MOTEHINAIbHON 3a1epKKH N, (ty) ObLIO OBl PABHO 1, ITO HPOTUBOPETNT IIPEJIIIO-
noxennto. CrieloBaTesibHO, He mepeMecTmiiach dacruna iop — 1. Ho Torma hy,—1(tg) = 1 u
hiy—1(to + 1) = 0. Takum obpazom, KazKI0My cjaraeMoMy B mpaBoii dactu (1), Bospacraio-
IEeMy Ha, eJIMHUILY IIPU Tepexoje OT MOMEHTa g K MOMEHTY to + 1, cooTBeTCTByeT yObIBa-
folree cjraraeMoe ¢ nHjekcoM Ha 1 menbine (Berantanue 1o moayso N). Orciona ciefyer
JIOKa3bIBaeMoe yTBep:KeHre. M

Tabimna noKa3blBaeT COOTBETCTBUE COCTOSTHUM, PAasHOCTEN Ay, OTEHINAJIOB 33/ICPIKEK
(m =2, N = 3) upu nagansuom cocrosanu z(0) mHa puc. 1.

Cocrosans x (t) = (xo(t),z,(t),x,(t)) HEPBBIX YETHIPEX CTPOK TAOJIUIIBI COBIAIAIOT
C COCTOSIHUAIMU CHCTeMbI Ha puc. 1. Bujano, 1ro nukimdecknii Bekrop cocrosuug « (t) cme-
AETCs Ha OJIHY MO3HUIIMIO BIIPABO NpH yBeaudeHun ¢ Ha m + 1 = 3 (eMm. jasee jgemmy 4) u
BO3BPAIIAECTCS K UCXOHOMY COCTOSIHUIO pu yBesmdernu ¢ Ha T = (m + 1) N = 9 — nepuos
IPeJIeIbHOTO KA (CM. Jjajee TeopeMy 5).



120 1. A. Meiwkunc, A. . Tatawes, M. B. SwunHa

t ZTo I i) AO Al AQ ho hl hQ H
0 310 2 1 1 2 010 1 1
1 0 1 2 2 1 1 1 0 0 1
2 1 2 3 2 1 1 1 0 0 1
3 2 3 0 2 1 1 1 0 0 1
4 2 0 1 1 2 1 0 1 0 1
) 3 1 2 1 2 1 0 1 0 1
6 0 2 3 1 2 1 0 1 0|1
7 1 2 0 1 1 2 0 0 1 1
8 2 3 1 1 1 2 0 0 1 1
9=01 3 0 2 1 1 2 0 0 1 1

4. Heobxonmumoe 1 JI0CTaTOYHOE yCJIOBUE MPEObIBAHUSI CUCTEMbBI B COCTOSTHUN
CBOOOHOI'O JIBUXKEHUS

Teopema 2. HeobxoauMBbIM U JIOCTATOYHBIM YCJIOBHEM TOT'O, YTO CUCTEMA HAXOIUTCS
B MOMEHT BPEMEHH B COCTOSTHUHU CBOOOJIHOTO JIBHKEHMUsI, siBjisiercs paBeHcTBo H (z(t)) = 0.

Zloxazameavcmaeo. 3ajiepKKa YaCTUIBI ¢ MOYXKET MPOM30NTU JIUIIbL B CJIydae, eCau
B TEKyNIUil MOMEHT 3Ha4eHHe IMOTEHIMAJILHON 3aJIepKKU ITOH YaCTHUIIbI MOJOXKUTETbBHO.
Ho ecyin morenmmast 3a/iepKK1 B TEKYIINI MOMEHT PABEH HYJIIO, TO OH OyJIeT paBeH HYJIIO 1
B Oy/IyIIeM U, CJIeJIoBATeTbHO, 3a/IepKeK He OyeT. Ecim moTeHnmasr 3a/1epykeK B TEKYIIit
MOMEHT He paBeH (), TO He ITO3/Hee YeM depe3 BpeMs 21m MPOU30HIET 38 /1eprKKa KaKoi-Tnb0
qacTuilbl. Takum 00pa3oM, cucreMa He HAXOJUTCS B COCTOSTHUU CBOOOJTHOTO JIBUKEHUs. M

Teopema 3. HeoOxouMbIM 1 JIOCTATOYHBIM YCJIOBUEM TOT'O, UTO COCTOAHUE CHCTEMBI X
NPUHAJIEKUT TPEJIE/IBHOMY KTy, KOTOPOMY COOTBETCTBYET CKOPOCTb YaCTHUIL, paBHad 1,
siBsisiercst pasenctBo H (x) = 0. Tlepuos 9moro npejieibHOrO IUKIa paBeH 2m.

Jloxazameavcmeo. Eciu cucrema HaxoJUTCS B COCTOSTHUU CBOOOTHOTO JIBUXKEHUSI, TO
COCTOsTHIE TTOBTOPsIeTCs depe3 2m maroB. OTcioia U U3 yTBEPKIEHI TeOPEMBbI 2 0Ty IaeM
yTBepKIeHe TeOpeMbl 3. i

5. HeobxoamMoe u JOCTAaTOYHOE YCJIOBUE MMPUHAAJIE2KHOCTHA COCTOSTHUS
npeJ/iIeJ;IbHOMY IUKJTY CO CpeJiHeil CKOPOCTBHIO YacTHIl MeHbIle 1

r]_—[OKa}KeM CHa4daJla HEKOTOPbIE JIEMMBI.

Jlemma 1. Ecim cucrema He 1oI1ajlaeT B COCTOTHUE CBOOOTHOTO JIBUKEHUS, TO ITPOKC-
XOJIUT OECKOHETHOE THCJIO 3a/IeprKEK KarKJION JacTHIIbI.

Zloxaszamenvcmeo. llpernonoxum, 9To, HAYMHAS ¢ HEKOTOPOI'O MOMEHTa BPeMeH! tg,
3aJIEPYKKU JACTHUIIBI 4o HEe Tpoucxoidar. [lycTs B HEKOTOPBIT MOMEHT t1 ITPOUCXOJIUT II€PBast
nociie to 3ajep:KKa dacTuiel ig + 1 (cioxkenne no moxmyao N). Torma B moment ty + 1
[IOTEHINAIbHAA 3aJeP2KKa YacTUIbl 1o + 1 Oyzger pasua 0. /Ijag Toro 4TobbI Moc/e MOMEH-
Ta BpeMmeHHn t; + 1 mpousoIiia HoBasl 3a/iep:KKa YaCTUIBI i + 1, HeOOXOIMMO, ITOOBI ITOCIE
9TOr0 MOMEHTA IOTEHINAIbHAs 3a/I€P?KKa YaCTUIIBI 19+ 1 CHOBa cTaJjia He paBHOI (. DTO BO3-
MOXKHO JIUIIb B CJIydae, eCJId 1ocjie MOMeHTa t + 1 Tpou30oiIeT 3aeprKKa TacTHILbI 1o, ITO
[IPOTUBOPEYUT Ipe/inosioKennto. CJie10BaTeIbHO, TOCTIe MOMEHTa t 3aJI€PXKEK TaCTUIIbI
19 + 1 He npoucxomut. Takum 0OpazoM, U3 MPEJIOJIOKEHIT 0 KOHETHOCTU YUCTIa 3aJIePIKEK
YACTUIBI g CJIEyeT KOHETHOCTh UNC/Ia 3aJIepKeK JacTuIlbl ig + 1. C MOMOIIBIO0 WHITyKITUT
[IOJIy9aeM, 9TO CHCTeMa, TOIaJIaeT B COCTOHIE CBOOOJIHOIO JIBUKEHUS, UITO IIPOTUBOPEIHUT
YCJIOBHUIO JIEMMbI. W
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Jlemma 2. Eciam B MOMeHT BpeMeHnun t() CHUCTEMa HaXOIUTCA B COCTOAHNN

x(to) = (zo(to), z1(to), -, xn-1(to)),

TaKOM, 4TO JIJId HEKOTOPOI'O ’io BBITIOJIHAIOTCA HEPpaBEHCTBa

A (to) #m —1; (2)
Aiy (to) # m, (3)

TO CYIIECTBYEeT MOMEHT BpemeHu t > tj, TaKOl, YTO B TOT MOMEHT CHUCTEMa II0Ia laeT
B COCTOsTHHE CBODOJTHOTO JIBUZKEHWsI MJIM BBIIOJIHsAeTCs HepaBeHcTBO H (2(t)) < H(x(t))).

Jloxazameavcmeo. Eciu cucrema romnajiaer B COCTOsIHEE CBOOOIHOTO JIBUKEHUST ITPU
HeKoTOpoM t > tg, To H(z(t)) = 0 u nemma cnpasemiuBa. [Ipesmonoxum Temnepb, 9To
cucTeMa HUKOLJA He IONaJaeT B COCTOAHME CBOOOJHOIO JIBMKEHHUs. Torma u3 JieMMbl 1
cieqyer, 9To Oyaer OeCKOHEYHOe KOJIMYeCTBO 3aJeprKEK HaCTUILI 1. BO3bMEM HaMMEHb-
i MOMEHT BpeMeHu t, > tg, IPpU KOTOPOM IPOU3OHIET 3alep:KKa JacTullnl ig. Ho Torma
A (t1) = m # Ay (ty) n, snaant, Besmanna A, (t) usmenniacsk upn ty < ¢ < ty. Y qactn-
1Bl 49 HA TOM HHTEpBaJie BpEMEHHU 3aJIepKeK He ObLI0, mosToMy u3MmeHeHue A, () BbI3BAHO
3aJiepKKaMU JacTullbl ig — 1. Bo3bMéM HanMeHbInii MOMEHT BpeMenu ty € {to, ..., t1}, npu
KOTOPOM IIPOM30MIET 3a1epxKKa dacturpl ig — 1. Torma h;,—1(t2) = 1, hjy—1(to +1) =0 u
sHadeHne h;,_1 ymenbinaercsa. C Apyroif ¢cTOpoHsl, B cuily HepaBeHCTB (2), (3), 0be pasHO-
cru Ay (t2) m Ay (ta + 1) = Ay (t2) + 1 me pasusr m, mosromy hy,(t2) = hi(ta +1) =0
n 3HadeHUe h,;, He yBeamumBaeTcd. V3 mokaszaTeabcTBa TeopeMbl 1 cileslyer, 9TO KaxK]0-
My 3JIEMEHTY h;, BO3pacTalolleMy Ha eJIMHUILY IIPU IIepeXoJe OT MOMEHTa fo K MOMEHTY
ts + 1, coorBercrByer yoObiBaromuii ssement h; 1 (Bbramranue 1o mojyso N). Crenosa-
respho, H(z(te + 1)) < H(z(t2)) < H(x(ty)) n /uis 3aBepIeHns TOKA3aTEIbCTBA, JIEMMBI
HOOCTATOYHO B3sITh t =15+ 1. W

JIlemma 3. Ecau B MoMeHT BpeMmeHH t cHCTeMa HAXOIUTCS B COCTOSTHUN

£L‘(t0) = (l’o(to), Il(to), N ,ZL‘N_l(to))7

TaKOM, 4TO IIPpU HEKOTOPOM io BBITIOJIHAIOTCA yCJIOBUA

hiy(to) = 1, hiy41(to) = 1, (4)
1 < [L’io(tg) < m,

TO JIJIst HEKOTOPOTO MOMeHTa ¢ > t BeinosHsAeTcs HepasercTBo H (z(t)) < H(z(ty)).

Jloxazameavcmeo. BosbmeMm HauMeHBIIHI MOMEHT BpeMeHH ti > ty, IPHU KOTOPOM
xiy(t1) = m. U3 (4) cmenyer, uro x;,_1(t1) = 0 u upu ¢ = t; Tpou30HIET 3a/epKKa da-
CTHIBI 7. Jlerko BUAeTH, 9TO 06€ YacTHUIBI, PACIIOJIOZKEHHBIE HA COCEJIHUX KOHTYpaxX, IpH
t € {to,...,t1} 3amepxkKu He MMeIOT, HOITOMY pasnoctu A, (t) u A; 41(t) u3MeHAT CBOM
3HaUYEHUd ¢ BeJqunauabl m npu t < ¢ty ;o m — 1l um+ 1 nupu t = t; + 1 cooTBeTCTBEHHO.
[Tostyuaem yMmeHbIIeHHe Cpasdy JABYX COCEIHUX djeMeHToB: hy, _1(t1 +1) = 0, h; (t1+1) = 0.
Vcnonb3ys paccyK/ieHnsd, I0J00HbIE PACCyZKICHIAM B JIEMMeE 2, TTOIy4aeM TpebyeMoe Hepa-
BeHCTBO Ipu t =t1 + 1. W

Jlemma 4. IlycTtb cocrosinme

I(to) = (.T()(to), Jfl(to), e ,IN_l(t()))

YAOBJIETBOPLAET CJIEAYIOIMIUM YCJIOBUAM:
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1) smauenue norennuasa 3anepxku H(x(ty)) ne pasuo 0;

2) 1mpwu JI000M 7 BBIOJIHSIETCST OJTHO U3 paBeHCTB A; = m — 1, A; = m;

3) HU JIsl OJTHOTO i( HE BBIMOJIHSIIOTCS OJHOBpeMeHHO 00a ycioBus (3) u (4);

4) He cyIeCTBYeT 3HAYEHHUsI ig, TaKOro, 9ro hi i 1(tg) =1 u 1 < (o) < m — 1.

Toryma 3a m + 1 maroB NUKJINIECKUil BEKTOP COCTOAHUSI CMEIAaeTCsd Ha, OJHY ITO3UIIAIO
BITPaBO.

,ZIO’K?G()’G,me./L'bC?TLBO. Hpe,ZLHOJ'IO}KI/IM, Y9TO BBIIIOJIHAIOTCA CJICAYIOIINE YCJIOBULI:
xz’g—l(tO) =k — m + 1, Ly = kf, Lig+1 = k:—l—m -1

(BbIunTaHMe U cjoxkenue 1mo mMouyio 2m). Torma B Moment to + m + 1 gacruna ig + 1,
coBepIiuB m + 1 IepemMelnenuii, oka3biBaeTcss B sdeiike ¢ HomepoMm k. Takmm obpazowm,
Tigr1(to +m + 1) = z;,(to).

HyCTb BBIIIOJIHAIOTCA YCJIOBUSA

Tip—1=k—m+1, z;y=Fk, zjpp1=k+m, m+1<z<2m—1

(BbrumTaHMe u cjoxKenue 1o Moy 2m). Torga B Mmoment tg + m + 1, coBepuius m mnepe-
MeEIIeHUl, JacTHUIA ¢y OKa3bIBAETCA B sUeiiKe ¢ HOMEPOM K.
[IycTh BBIIOIHAIOTCA YCIOBHS

Tip—1r=m+ 1, ;0 =0, 25011 =m.

Toryma B MoMeHT tg + m + 1, copepmuB m + 1 niepemMertieHunii, 9acTuma g + 1 okasbIBaeTCs
B gdJeiike ¢ HoMepoM 0.
[IycTh BBIIOJTHAIOTCA yCJIOBUSA

Tig—1 =m, x;y =0, Tjo41 =m.

Torma B MmomenT ty + m + 1, coBepiuB m IiepeMelleHnii, YacTura to + 1 OKa3bIBaeTCs B
gdeiike ¢ Homepom 0.

Takum oOpa3oM, yauTbIBasi JJeMMbI 1 U 2, moJiydaeM, UTO IPH BBIIIOJTHEHUU YCJIOBUS
JIEMMBI BEPHBI PaBEHCTBA

$i+1(t0+m+1):$i(t0), ZZO,].,,N—].

(coxenne B unjeKce 1o Moaymio N). B

CrencrBueM JieMMBbI 4 ABJISIETCS CJIeIYOIast

Teopema 4. Cocrosinue CHCTEMBI, YIOBJIETBOPSAOINIee JieMMe 4, TPUHAJIEKUT IIpe-
JIEJIGHOMY IIUKJIY C MEPHOJIOM, sIBJISTIOInMCs jiemresieM aucaa (m + 1)N, u co cpejneit
CKOPOCTbIO, MEHbIIEeH 1.

Jlemma 5. Eciim cocrosinme CUCTEMBI X YJIOBJIETBOPSET YCJIOBUAM 1-3 JeMMbI 4, HO
HE Y/JIOBJIETBOPSET YCJIOBHIO 4 JIeMMBbI 4, TO 3TO COCTOSIHWE He TMPUHAJIEIKUT MPEIeTbHOMY
UK.

Joxaszamenvcmeo. Kak MOXKHO yOEIUTHCHA, TPU BBITOJTHEHUN YCJIOBUS JIEMMBI O
cucrema He 60Jjiee YeM 3a m IMIaroB MO aeT B COCTOSHUE MPEIEILHOTO IUKJIA, Y/IOBIETBO-
PAIOIIETO YCJIOBUIO JIEMMBI 4, OTKY/a CJIEJYET YTBEPXK/ICHUE JIEMMBL 5. B

N3 teopembr 4 u jleMM 2, 3 1 5 TIOIydaeM CJIEJIyIONIee yTBEPK IeHNUE:
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Teopema 5. Cocrosinue cuCTEMbI TPUHAJIEYKUT MIPEJIETBHOMY ITUKJIY CO CPEIHEN CKO-
pOCTBIO, MeHbINEel 1, B TOM U TOJBKO B TOM CJIydae, €CJu TO COCTOTHUE YJIOBJIETBOPSIET
yeqoButo jemmbl 4. Ilepuosn sToro npepesnbHOro mukiia spisercs geanrenem (m + 1)N.

Takum 06pa3oM, epuo IpeIeJIbHOrO MUK/ He npesbimaet (m-+1)N u B obinem ciydae
[PU HEKOTOPBIX HAYAJBHBIX COCTOSHUSIX MOXKeT ObITh MeHbIre (m + 1)NV.

6. Popmysia aJisi cCpeITHE CKOPOCTU YaCTUI]

JlemMma 6. COCTOHHI/IHM, IIpuHa/Jjie2KallluM O/THOMY M TOMY 2K€ IIPEJIC/IbHOMY ITUKIJLY,
COOTBETCTBYET OJHO M TO 2KE€ 3Ha4YCHHUE IIOTCHIHNAJIa 3aJCPrKEK.

Jlemma 6 gByIgeTcs cie/ICTBUEM TeopeMbl 1.

Teopema 6. Ilycrs H —3Hadenue moTeHIHAIA 3aJIEPXKEK, COOTBETCTBYIOIIEE IIpe-
JebHoMy 1Ky, Torma aToMy IpeaebHOMY MUKy COOTBETCTBYET CPEJIHAA CKOPOCTH Ya-
CTHUIL ¥, BBIYHCIAEMas 110 (popmyJie

1 Ll 5}

T T N (5)

Aoxazamenvcmeo. Eciiu H = 0, To B coorBeTcTBUU ¢ Teopemoit 2 umeeM v = 1. IlycTb

H > 1. IIpeamnonoxkum, 9T0 B MOMEHT BPpEMEHH 1 IPOUCXO/IUT 33 I€PyKKaA YaCTHUIIBI ig. B 3TOT

MOMEHT YaCTUIIA tg HAXOIUTCS B SUeike m, a 9acTUIa ¢g—+ 1, B COOTBETCTBUU C TEOPEMOIT b, —

B sueiike 2m — 1. B moment ty + 1 (cioxkenue mo Mojyao N) HOTeHIMATbHAS 3a1ePKKa

YaCTHUIILI 1o MeHdAeT 3HadeHue 1 Ha 3Hadenue 0, a IoTeHIuajbHas 3a1eP2KKa YaCTHUIIBI 19+ 1 —

snadenue ) Ha 3Hadenue 1. B aTor MoMeHT "acTuia 1o + 1 Oymer HaxoauThes B sueiike 0, a

JacTHIIA 1o MO-TIPesKHeMY B g4deiike m. B momeHnT Bpemenu ty + m + 1 gactuna iy oKaxkeTcst

B sueiike 0, a gactuna iy + 1 —B gdeiike m. Ilpousoiinér 3a/iep:KKa JaCTUIBI 1o + 1 ©

3HavYeHrne | IMOTEHIUAJIbLHON 3aJIepXKKU JacTHIbI 1o + 1 mepeiinér gactune ig + 2. Taxkum

00pa3oM, Ha KazK/IbIX MOCJIEIOBATETLHBIX M + 1 TakTax 3ajiep:KuBatoTcd oauH pas H uz N
JaCTHIl, OTKY/a CJIeIyeT YTBEPKIEHUE TeopeMbl 6. |

7. CleKTp CKOpOCTeil JacTuil

st Toro 9To0bI PU 3aJaHHBIX 3HaUYeHnAX N U m HaWTH MHOXKECTBO BO3MOXKHBIX 3HA~
YeHUil cpeJiHeil CKOPOCTH IMTPU PA3IUIHBIX HAaYAJIbHBIX COCTOSTHUAX CUCTEM, HY?KHO, B COOT-
BETCTBUU C TeopeMoil 6, HallTH BO3MOXKHBIE 3HAYeHUsT H 1 JijId KaxKJI0T0 TaKOTO 3HaYeHUsd
IIPOBEPUTH, CYIIECTBYIOT JII BEKTOPhI COCTOSHUSA CO 3HaUEeHUSAMU H, yIOBJIETBOPSIONIMMA
YCJIOBUIO JIEMMBI 4.

TeopeMa 7. HeO6XO,HI/Il\H)IM ycjgaoBueM CyHmieCTBOBaHM{A IIPEAC/IBHOI'O IMHUKJIa C IIOTEH-
oraJiOM 3a/1€P2KEK, paBHBIM H, ABJIAETCA BBIIIOJIHEHUE CJIETYIOIMNX COOTHOIIIEHUIA:

1<H<77
Nm — N+ H = 2m, (6)

rjie paBeHCTBO (6) TIOHUMAETCsI IO MOJLYJTIO 2.

Jloxazameavcmeo. U3 jemmbl 4 ciejyer, 9TO Jijis CYIIIECTBOBAaHUs IIPEJIETHHOIO
[IUKJIa C TIOTEHINATIOM 3a/IepKeK, paBHbIM H | HeoOXo Mo BbIToIHeH:e yestoBust (5) u pa-
BEHCTBA,

Hm+ (N —H)(m—1) =2m

[0 MOJLYJIIO 2m, PABHOCUIBHOTO paBeHCTBY (6). W



124 1. A. Meiwkuc, A. . Tatawes, M. B. SwuHa

8. BuHapHas 3aMKHYyTasl [1eHOvYKa

Hpe,ZLHOIIO}KI/IM, qro m = 1. TOI‘,ZLa, IIPUMCEHHNB U3JI0O2KECHHOE B II. 3 IIPpaBNJIO HaXO2KJICHU A
3HA4YECHUN IIOTEHIMaJIa 3aJepPzKeK, TaKUX, 9TO 9T 3HaYCHHA COOTBETCTBYIOT IIpEAE/IbHBIM

mukstamM, umeem H = 0,2,4,...,2[N/3]. Orciona, ucrosb3yst popmyiay (5), B KOTOPOIi moJia-
raeM m = 1, mojiy9aem, 9To crekTp ckopocreii cogep:kut [N/3] + 1 snavennii v = 1 —k/N,
k=0,1,..., [%], 9TO COOTBETCTBYeT pesysbraram pabors! [11].

3akJrroueHne

[IposeieHo nccaeoBanne TUCKPETHOM IMHAMUYIECKON CUCTEMbI, IPpUHAIJIeKaIeil Kiac-
Cy KOHTYPHBIX cereii ByciraeBa. Dra cucrema mpecraBisieT coOON 3aMKHYTYIO IEMOYKY
KOHTYPOB, Ha KarKJIOM U3 KOTOPBIX UMeeTC IETHOE YUCJIO S9eeK M O/Ha YaCTHIIA.

Haiinenbl npejie/ibHbIE IIUKJIBI CUCTEMBI ¢ COOTBETCTBYIOIIUMHU UM 3HAYEHUAMU CPEJIHEH
CKOPOCTHU JABU2KEHUA YaCTHUIL. Haﬁ,ZLGHO IIpaBMJIO, ITO3BOJIAIONICE HalTH MHO>KECTBO BO3MOZK-
HbIX 3HaQYECHUI cpe/:LHeﬁ CKOPOCTH IIPU Pa3JUIHBIX COCTOAHNAX CUCTEMBI 1 3a/JaHHbIX YUCJIE
KOHTYPOB M YHCJIe d9eeK Ha KOHType. BBeJIEHO MOHATHE MOTEHIHA/IA 3aJIePXKKH, KOTOPOe
WCTIOJIb3YETCs PU aHaJn3e ToBeJIeHns cucTeMbl. [loTeHrnan 3aaepkek mpeJicTaBIsieT co-
00if HEBO3pACTAIOILYI0 BO BpeMeHU (DYHKIUIO COCTOSTHUSA CHCTEMBI, KOTOPas ITOCTOSHHA Ha
npeac/JibHOM IHUKJIEC W PpaBHa HYJIIO JIMIIb B CJIy4dae, KOI'la CHCTeéMa HaXOIUTCdA B COCTOL-
HUHU CBOOOJIHOI'O JIBUKEHUS, T. €. KOIJa Ha IIPeJIe/;IbHOM ITUKJIe BCe JacCTHIbI JIBUXKYTCs Oe3
3aJICPKEK.
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