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YIIPABJIEHUE TUHAMUYECKUMU CUCTEMAMHA

CONTROL OF DYNAMICAL SYSTEMS

Hayunas cratbs
YK 517.977.56
doi: 10.17223/19988605/61/1

OO0 oxHOM TUCKPETHOM 3a7a4e yIIPaBJIeHNs, ONMMCbIBAeMOH PAa3HOCTHBIM YPABHEHHEM
THNa BoabTeppa u HerJIaIKUM KpUTepHeM KayecTBa

MaxHnypa ¥Y3eup Kkbi3bl Ublpaxosa
Hnemumym cucmem ynpasnenus HAH Azepbaiioscana, Baxy, Azepbaiioxcan, mahnuraciraqova@gmail.com

AHHoOTamms. PaccmarpuBaercs 3ajaya ONTHMAIbHOTO YIPaBJIEHUsS IPOLIECCaMM, ONUCHIBacMas HEIUHEHHBIM
Pa3sHOCTHBIM ypaBHEHHEM Tuma BoibTeppa U HETNaaKuM KpHTepHeM KadecTBa. JloKa3aHBI HEOOXOIMMBIEC YCIOBHS
ONTUMAJIBHOCTY B TEPMHHAX NIPOU3BOJHBIX IO HampasieHUsAM. OTIeIbHO U3ydeHa 3a1aua Ha MUHUMakc. [loxydenst
JVUCKPETHBIC aHAIOTH MPUHIUIIA MAKCUMUHA 1 JINHEApHU30BaHHOTO MPUHIIUIIA MAKCHMHUHA.

KnioueBbie ciioBa: pasHOCTHOE ypaBHEHHE, HEITaIKHH (DyHKIHOHAN, IPON3BOIHAS MO HAIPABICHUIO, HEOOXO-
JVIMO€ yCJIOBHE ONTUMAIBbHOCTH, AOIYCTUMOE YIpaBJIeHUE, 3ajaua Ha MUHIUMAKC, IPUHIIUI MAKCUMHHA

Jna yumuposanusa: YsipaxoBa M.Y. O6 oHON IMCKPETHOH 3a7a4ye yIpaBlIeHNUs, ONMCHIBAEMON Pa3HOCTHBIM ypaB-
HeHueM Tuna Bonbreppa 1 Hernaakum KputepueM Kadectsa // BectHuk TOMCKOTO rocyjapcTBEHHOTO YHUBEPCUTETA.
VrpasieHune, BEIYUCIUTENbHAS TEXHHKA U nHpopMaTrka. 2022. Ne 61. C. 4-11. doi: 10.17223/19988605/61/1

Original article
doi: 10.17223/19988605/61/1

On the one discrete control problem described by Volterra type difference equation
and non-smooth quality criterion

Mahnura U. Chirakhova
National Academy of Sciences of Azerbaijan, Institute of Control Systems, Baku, Azerbaijan mahnuraciragova@gmail.com

Abstract. The work devoted to study of one optimal control problem described by a system of nonlinear Volterra
type difference equations, with a non-smooth quality functional assuming that the quality functional satisfies the Lipschis
condition and has directional derivatives.

Using method based on linearization of equation of process under several of assumptions necessary conditions of
optimality in terms of derivatives in direction are established.

The minimax control problems has been separately considered. That is that problem of finding the minimum value
of the functional of the type maximum (problem by minimax). Using the derivative formula in a direction of the function
of maximum type under the assumption of the convexity of the analogue of the set of permissible velocities, the neces-
sary condition of optimality of the type of the maximum principle is proved. In the case of the convexity of the control
domain, an analogue of the linearized principle of maximum is proved.

Keywords: difference equation; non-smooth functional; directional derivative; necessary optimality condition;
admissible control; problem of minimax; maximin principle

© M.VY. Usipaxosa, 2022
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B pa6ote [1] u3yueHa ojHa 3a/1a4a ONTUMAIBHOTO yIIPABJICHHS, OMUChIBAEMasi CHCTEMOW Pa3HOCTHBIX
ypaBHeHUH Tuna BosbTeppa ¢ riagkuM TepMHHAIBHBIM KPUTEPHEM KadecTBa, JOKa3aH psii HEOOXOIMMBIX
YCJIOBHI ONTHMaNbHOCTU THUNA npuHimna Makcumyma JI.C. [ToHTpsIruHa U TakKe MCCIeNOBaH Ciaydail ux
BBIpOXKICHUS [2-5].

B paborte [6] ycTaHOBIICH psiZi HEOOXOAUMBIX YCIOBHUIA JJIsl CYIIECTBOBAHUS CEIIOBOM TOUKH.

B npemnaraemoii pabote u3yuaeTcs cirydail HerJagkoro (pyHKIHOHAIA KadecTBa. JJokazaHbl HEOOX0-
JIMMBIE YCIIOBUSI ONITHMAJIBHOCTH B TEPMHUHAX MTPOM3BOIHBIX 10 HATIPABICHUSIM.

OtaenpHO U3yYeHa 3aa4a Ha MUHHMAKC.

1. IHocranoBKa 3a1a4u

Iycts T ={t,,t, +1,...,t,} — 3agaHHBIA AUCKPETHBIH 0Tpe3ok BpeMmenn, U — R" — 3amanHoe HemycToe

A OTrpaHUYEHHOE MHOXECTBO, U (t) — r-MepHas JUCKpETHas yrnpaBisitoniast GyHKUUS, YIOBICTBOPSIONIAs
OI'PaHUYECHUIO

u(t)eU, teT, @

KOTOPYIO Ha30BEM JIONYCTUMBIM yrpaBiieHueM, a dO(X) — 3amaHHas cKaysspHasi QyHKIUS, YIOBICTBOPSIOIIAS

ycnoBuio JIMnmuna u UMeroiias IpOU3BOAHbIC MO JIIOOOMY HAaIIPaBIICHHUIO.
[Ipeanonoxxum, 4To ympaBiasieMblil IPOLIECC OMUCHIBACTCS CUCTEMOM HEIMHEHHBIX PAa3HOCTHBIX ypaB-
HeHuii Tuna BonsTeppa

X(t):if(t,t,x(r),u(r)),teT. 2

1=ty
3necy f (t,r,X,U) — 3aJaHHas N-MepHasi BEKTOP-(QYHKIMsA, HenpepbiBHAs 10 (X, U) ¢ YaCTHBIMU TPOU3BOJI-

HBIMH TI0 X TipH Beex (t, 7).
3ajaua ONTHMAJIBHOTO YIPABJICHHS 3aKII0YAaCTCs B HAXOXKICHHMH MHHUMAIBHOTO 3HAYCHHUSI TEPMH-
HAJIBHOTO (PYHKIIMOHAIIA

S(u)=o(x(t,)) 3)
mipu orpannueHusx (1), (2).
Jlonycrumoe ynpapienre U(t), AOCTaBISIONee MHHAMANBbHOE 3HaueHHe (yHKIHOHaTy (3) mpu

orpaanyenusx (1), (2), Ha3pIBaeTCSI ONTUMAJIHHBIM YITPABICHUEM.

2. Heo0xoauMble yCJI0BHSI ONTHMAJIBHOCTH B TEPMUHAX NPOU3BOAHBIX 110 HANPABJIEHUAM

IIycTs (u (t), X(t)) — (JMKCHPOBAHHBIN JOMYCTUMBIN MPOIIECC, MHOKECTBO
f(tonx(®)U)={a:o="f(t1,x(x)V),veU} (4)
BBINYKJIO 1IpH Beex (t,7), a € €[0,1) — mpou3BOIBHOE YUCIIO.
Yepes X(t;€) 0003HaYMM MMPOU3BOJILHOE JJOIYCTUMOE YIIPABJICHHE, TAKOE YTO

X(t;g) = i f(t,7,x(t;€),u(t;e)) = Zt:[(l—s)f (tT.x(me)u(r)) |+ Zt:gf (t,7,x(5;),v()), (5)

1=ty 1=ty 1=ty
rzae V(t) — Ipou3BONBHOE AOMYCTHMOE YIIPaBJICHHUE.

OTO BO3MOXXKHO B CHIIY BEIITYKJIOCTH MHOXKECTBA (4).
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BBenem o0o3HayeHnE:

_ ox(t; )

y(t) (6)

e=0
"3 (5), B CHUIIY YCJIOBI/Iﬁ TIAAKOCTHU, HAJIOXKCHHBIX Ha IMMPAaBYI0 YaCThb YpPaBHCHUA (2), CJICOYECT, YTO BCK-
TOp'(byHKHI/I}l y(t), onpeaeaeMan (bOpMy.]'IOﬁ (6), SABJIIACTCA PCHICHUCM YPABHCHHA B BapUaluigX

t
y(t) = Z[ f (6o x(2),u(2) y(©) +( F (67 x(2),v(1) -  (t,.x(x).u(x))) |- (7)
N3 (6) sicHO, uTO
X(t;€) = x(t) + ey(t) +o(e;t). (8)
Breruncnnm crienimanpHOe npupaiienne QyHKIMOHaNa KadecTsa (3), COOTBETCTBYIOIIEE JTOITYCTHMBIM
ynpasieausm U(t: g), u(t).
HNmeem

S(u(tie)) - S (u®) =@ (x(t;2)) - D (x(t,)) =[ D(x(t,) +ey(t,) +0o(t;;)) -
—(x(t)+ay(t)) ][ @(x(6) +ay(w) - @ (x(t)) |
Io npexmonoxennio Gyukmms @ (x) ymoBiaerBopsiet ycnosuio Jlummmma. [TosToMy momydaem, 4To
| @(x(t,)+2y(t,) +0(e))—D(x(t,) +ey(t,))| <0,(e). (10)

Hanee, ucronb3ys onpeaesieHIe IPOU3BOAHOM MO HANPaBICHUAM, I10JIy4aeM, 4TO

6(1)(x(t1))
oy(t,)

Ecnu npenmonarats, uto gomycrumoe yrpasienue U(t) onrumanshoe, To u3 (11), ydutsiBas coot-

(9)

D(x(t,)+ey(t))-d(x(t,))=¢ +0,(g). (11)

nvomeHus (10), (11), momrygaem
oD (x(t,))
oy(t)

+0,(g) 20. (12)

U3 sToro HepaBeHcTBa cleyeT
Teopema 1. Eciin MHOXECTBO (4) BBIIYKIIOE, TO ISt ONTUMATLHOCTH I0MycTUMOro ynpasnenus U(t)

HE00X0IMMO, YTOOBI HEPABEHCTBO

M >0 (13)
oy(4)

BBIIIOJIHSJIOCH [ BCEX V(t) eU, teT.

HepapenctBo (13) siBiasieTcs oOIIMM HEOOXOIUMBIM YCIIOBUEM ONTHMAILHOCTH M HOCUT HESIBHBIN Xa-
pakrep.

[epeiinemM Kk KOHKPETU3AIUY ITOJTYIEHHOTO HEOOXOIMMOTO YCIOBUS ONITUMAIBHOCTH.

YpaBHEHUE B BapualusixX SBISETCS JUHEHHBIM HEOJIHOPOJHBIM Pa3HOCTHBIM ypaBHeHUEM. W3 pe3yib-
TaToB pabot [7, 8] caenyer, uro pemeHue Y(t) ypaBHEHHS B BApHALIUAXK JOMYCKAET MPEACTABICHUE

y(t) = Zt:( f(t, 7, x(r),v(r)) - f (t,7, X(T),U(‘E)))—

1=ty

S STRED)(F (65X (S) - f (£,5,X(5),U(S))),

1=ty s=ty

(14)

rae R(t,t) (nxn) — marpuyHas GyHKIHS, SBISIONIASACS PELICHHEM MAaTPHYHOTO Pa3HOCTHOTO YpaBHEHHS

R(t,7) =iR(t,s)( f,(s.t.x(),u®)) - f, (n.t,x@),u®)).t, <t<
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Ilo ananorum c [7, 8] MOKHO MOKa3aTh, YTO MaTpuuHas GyHKuus R(t,t) ABIseTcs Takke pemeHHeM

YpaBHEHUA
R(t,7) = i( f, (1.5,%(s),u(s))R(s,7) - f, (T.t,x(t),u(t))). (15)

C MOMOIIBIO JUCKPETHOTO aHamora TeopeMbl Oyounu (cMm., Hamp.: [8]) mpencrapnenue (14) mpeobpa-
3yeTcs K BUAY:

y(t) :Zt:[( f(to,x(0), V(1)) - f (t,7,x(1),u(r)))-
r e (16)
=Y R(tS)(f (s, t.x(0). V(1)) - f (S,t,X(t),u(t)))}.

ITomoxxum

L(v) = (f (t,t,x@®V() - F (1, x(0,u(0)))-

1=ty

S RE, ) (f (1t XOVE) - f (1t x(0),u)).

1=ty

17)

C yuerom (13), (17) Teopema 1 MoxkeT OBITh ChOpMyTHpPOBaHA B BUJE:
Teopema 2. Ecii MHOKECTBO (4) BBIIYKJIOE, TO IS ONITUMAILHOCTH JOIyCTUMOro yrpasienus U(t)

B paccMaTpuBaeMoil 3a/1aue He0OX0UMO, 9TOOBI HEPABEHCTBO
od(x
oL (v)

BBIONHsITOCH s Beex V(t)eU, teT.
3. JluHeapu3oBaHHOEe HEOOX0MMOE YCI0BHE ONTHMAILHOCTH

Ipexnonoxum, uro BekTop-pynkums f (t,7,X,u) HenmpepsiBHO-MbGepeHEpyema 110 (X, U), a MHO-

skectBo U BBIITYKJIO. B CUITy CACIIaHHBIX Hpe,[[HOJ'IO)KeHI/Iﬁ MOKHO HAIMCaTh «BO3MYIICHHYH» CUCTEMY BH/JIA:

X(tp) = Zt) f(t, o x(mp),u(t:p)=
t - (19)
=> (1-¢) f (t,7,x(;p), uv(7) + 1—p)u(x)),

=t
rae nel0,1) — npousBosibHOE YKCO, a V(t) — MPOM3BOIBHOE IOMYCTUMOE YITPaBJICHHUE.

[Ipeanonoxum

ox(t;
z(t,v) _ow) (20)
o |
n=0
U3 (19) caenyer, uro z(t,v), ompenensiemoe Qopmynoii (20), sBISETCS pPEIICHUEM CIETYIOIIETO
ypaBHEHUS B BapHaLUX:
t
2(t,v) = Y [ f, (Lo x(0),v(1)) 2(r,v) + £, (t, 7, x(1),u(T) ) (v() —u(x)) |- (21)
=ty
3anumieM criequaibHOE NPUpAIIeHUe KPUTEPHsl KauecTBa, COOTBETCTBYIOLIEE JOIYCTUMBIM YIpaBiie-
HusaMm U(t;p), u(t).

Hmeem
S(u(t;p))—S(u()) =[<D(x(t1)+uz(t1,v) +°(H))—‘D(X(t1)+uz(tl,v)):| _ Mad)(X(H))
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W3 mosry4eHHOro pasnoKeHus ClIeqyeT
Teopema 3. Eciu MuOkecTBO U BBIYKII0, TO JUTsS ONITUMAILHOCTH fomycTMoro yipasnenust U(t) B pac-
cMaTpUBaeMoH 3a7a4de He00OX0IUMO, YTOObI HEPABEHCTBO
oD(x(t,
M > (23)
az(t,,v)

BBIIIOJHSIOCH [Uist Beex V(t)eU, teT.

KonkpeTnsupyem momyueHHOE HEOOX0UMOE YCIIOBUE ONTHMATBLHOCTH.
Pemrenue z(t,v) nmuHeapu3oBaHHOrO ypaBHEHUs (21) MpeacTaBUMO B BHIC

2(tv) = 3 £, (5 X(2),u(0) (v(x) — u(x)) - 22[R(t,s) (s o x@u@)]v@-u@), @4
rae R(t,t) pemenne ypaBuenus (15).
Beens o6o3naueHne

Q(t,7) = f, (1, x(r),u(r))+i[R(t,s) f, (s, t.x(1),u(0) ],

S=T

u3 (24) momy4aem, 4To
z(t,v) = ZQ(t,r)(v(ﬂ:) —u(t)).

CrefioBaTenbHo,

2(t,) = 3 Q(6,1) (V) ~u().
TMomoxum -

)= 3Q(,)(0-uv)

Torma Teopema 3 MoxeT OBITH CHOPMYITHUPOBAHA B BH/IE!
Teopema 4. Eciiu MHOkecTBO U BBINMYKIIO, TO JUIS ONTUMAILHOCTH JOIyCTUMOTO yrpasienus U(t)

B paccMarpuBaeMoi 3aj1aue He0OOX0IMMO, YTOOBI HEPABEHCTBO
0P ( x
(x(t)) 25)
oL, (v)

BBIITOJIHSIJIOCH JUIST BCEX V(t) eU, teT.

4, HeOﬁXO)II/lMOC YdioBu€ ONITUMAJBHOCTHA B 3a/la4€¢ HA MUHUMAKC

PaccmoTpum 3agauy o MUHMMyMe GYHKIMOHAIA TUIIA MAKCUMYM
S(u) =max,, e(x(t,),a), (26)
npu orpannueHusx (1)—(5), rae ¢(X,a) — 3amaHHas, HeNpepbIBHO-IU(GEepeHIpyeMas M0 X CKalspHas

¢gynxuus, A€ R™ — 3amannoe HelycToe n OrpaHMYEHHOE MHOKECTBO.

3a7ayn ONTHUMAIBHOTO YIpaBieHUs ¢ GyHKIHOHAIOM TuMa (26) 0OBIYHO HA3BIBAIOTCS 3aJa4aMd Ha
MuHUMaKC. B paborax [2, 9, 10] npu pa3iuvHbIX MPEAMOIOKECHUSIX U3ydeH Psii CBOWCTB (pyHKIHUI THIA
MaKCHUMyM WJIH X€ MHUHUMYM. B uWacTHOCTH, ycTaHOBIIeHa (opMyna JUis MPOU3BOJHON IO HAIPaBICHUIO
(GyHKUMHE TUIIA MAKCUMYM.

Ucnons3ys nuddepeHunanbHbie CBONCTBAa (QYHKIUA THIIA MAKCUMYM, TOJIyYUM HEOO0XOIMMOE YCIIo-
BHE ONTUMAIBHOCTH B 33]1a4€ Ha MMHHUMAKC.

IMycts U(t) B 3amaue (1)—(5) sABIAETCS ONTUMAIBLHBIM YIIPaBIeHUEM. TOrIa U3 TEOPEMBI 2 MOTYYaeM,

4TO BIOJIb HpOLECCa (u(t), X(t))
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o T eu® )20

[Tycts A(X) — MHOXECTBO MakCUMyMOB (pyHKIHH ((X,a), T.c.
A(L) = fa e A p(x(t), 2) = maxo(x(t), D) | max p(x(t). ).

VuuThbiBasg U3BECTHYIO (HOPMYJy O IPOM3BOAHON MO HAIPABICHHIO (YHKIMH THIA MAKCHMyM (CM.,
Hamp.: [9, 10]), u3 HepaBeHCTBa (18) momyuaem, 4to

O (maxo(x(u). )= max

acA(x(t,))

o (X(ti) a)

) L(v)20. (27)

[IpunuMmas Bo BHUMaHue Boipaxkernue L, (V) u3 (17), HepaBeHCTBO (27) 3aNHCHIBACTCS B BUJC:

B0, a){z( (6t X))~ F (.t X(),u))-

aeA(x(t,)) OX

t - (28)
=Y R, (f (1t XOVE) - f (ntx®)u)) |
BseneM o0o3HaueHus
v, = 2D R, o),
H (t, (1), u(t), w, (1)) =—o,(x(t).a) f (tl,t,x(t),u(t))+_2w;(t)f (Tt x(@®),u()).
Torna HepaBeHCTBO (28) 3aNTUCHIBACTCS B BUJIE!
min _(H (t, (), v(t), v, () - H (t, x(t), u(t), v, (t))) <O. (29)

acA(x(t,))

CdopmynupyeM MoaydeHHBIH pe3ybTar:

Teopema 5. JIj1s1 ONTUMATIBHOCTH JOIyCTUMOTO yipasienus U(t) B paccmarpuaemoit 3amaue (1), (2),
(26) HeoOx0mMMO, 4TOOBI HepaBeHCTBO (29) BBIMOIHSIOCH JJIsl BCEX V(t) eU, teT.

[lepeiimem Temepp K /0Ka3aTeNbCTBY JHMHEAPHU3OBAHHOTO YCJIOBHMS MaKCHUMHHA TIPH BBIMOJTHEHUH
TIPEIOJIOKEHUI TeOpeMBI 3.

ITpu BBIMOIHEHUH YCIIOBHIA TEOPEMBI 3 TOJy4aeM, YTO BIOJIb ONTUMAIBHOTO yrpasieHus U(t) BbImo-
HSIETCS HEPaBEHCTBO

o 200,

acA(x(t,)) OX

L,(v)>0.

VuursiBast BeipaxkeHue L, (V), mocienHee HEpaBEeHCTBO 3alIMCHIBACTCS B BHIC!

op'(x(t),a
aem(%» o'( (tl) )ZQ t1 t V(t) u(t))

s Beex V(t)eU, teT.

CrenoBarenbHo, yuutbiBas Bua (yHKimu [amunbrona [TOHTpsTHHA, TMPHXOAUM K CISAYIOIIEMY
YTBEP)KJICHUIO:

Teopema 6. Eciu muoxxectso U Bbimykioe, a f (t,7,X,U) nmeer Takke 10 U HEHPEPbIBHYKO POU3-
BOJIHYIO, TO JUIsl ONITHMAJILHOCTH JIoIycTiMoro yrpasieHus U(t) B 3amaue (1)—(2), (26) rHeo6xoaumo, 4ToObI
HEpPaBEHCTBO

min H, (t,x(t),u(t), v, (t))(v(t) —u(t)) <0 (30)

acA(x(t)

BBIIIOJIHSIOCH 1is Beex V(t)eU, teT.
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Hepagenctso (30) sBnsiercsi aHaIOrOM JTUHEAPU30BAaHHOTO MPUHIIMIIA MAaKCUMUHA, JOKa3aHHBIA B pa-
6ote [11], s 3aga4u ONTUMATIBHOTO YIpaBIeHUsI OOBIKHOBEHHBIMU AU (epeHIIMANEHBIMU YPaBHEHHSAMHU.

3akiIouyenue

B pabote paccMmaTpuBaeTcs AUCKpETHAS 3afada ONTHMAIBHOTO YIPABICHUS, OMKIChIBaEMasi CUCTEMOR
Pa3HOCTHBIX ypaBHeHU# Bosibreppa u HeauddepenmpyempiM GyHKIMOHANIOM KadecTBa. [lomydeHs! o0mue
HEOOXOIUMBIE YCTIOBUSI ONTUMAIBLHOCTH, KOTOpPBIE OXBaTBHIBAIOT 3aJadyy B MWHHMAaKC, TAKXKE HCIONbB3Ys
nuddepeHInanbHoe CBOUCTBO (YHKIMH MakCHMyMa, AOKa3aHbl HEOOXOOUMBIC YCIOBHS ONTHMAIIbLHOCTH
B (hopMe MPUHIKIA MAKCUMHUHA U JTMHEAPU30BAHHOTO MPUHIIAIIA MAKCUMHHA.
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Baxxneiieli omepanioHHONW XapaKTEPUCTUKON aOOHEHTCKOTO COCOUHEHHS, YIPaBISIEMOTO TpaHC-
MOPTHBIM HPOTOKOJIOM KOMIIBIOTEPHOM CETH, SIBJISIETCS €r0 MPOIyCKHAasi CHOCOOHOCTh. [laHHBINA MOKa3aTesb
B 3HAYUTEJILHONH Mepe ONpeAessieTCs] MHTEHCUBHOCTHIO BHELIHMX 10 OTHOILICHHIO K JAHHOMY COEIMHEHUIO
[IOTOKOB, UMEIOIUX C HUM XOTsI Obl 4acTh oOIiero mapmpyra. TpaguliMOHHOM MOAEIbI0 MHOTO3BEHHOTO
TPAHCTIOPTHOTO COENWHEHUS SBIITIOTCS CETH CHUCTeM MaccoBoro obcmyxkuBanus (CMO). OgHako aHaNMWTHYE-
ckoe uccnenoBanue cereii CMO BO3MOXHO JIMIIb MPU CYHIECTBEHHBIX OTPAHUYEHUSIX HA BXOAHOU IMOTOK,
TUICTIUTUTAHBI 00CTYKMBaHUS TPeOOBAaHUI M KOHKYPEHTHBIN TpapuK OT APyrux aDOHEHTOB, IMEIOIINX XOTS OBl
YacTh OOIIEro MapipyTa C HCCIEIYyEeMbIM COSTUHEHHEM, U Oy(QEepHYI0 €MKOCTh TPaH3UTHBIX Y3J0B. Kpome
TOT0, MOJIENb TPAHCIIOPTHOTO coeArHeHus B Buze ceth CMO He M0o3BOJSeT y4ecTh OCOOCHHOCTH YIIPABIISIO-
IIUX MPOTOKOJBHBIX Mpolieayp. OCHOBHBIM MHAUKATOPOM «BHEIIIHEH) HATPY3KH Ha TPAKT, B KOTOPOM IPOJIO-
KEHO HCCIielyeMoe TPaHCTIOPTHOE COSTMHEHNE, SBIISFOTCS pa3Mephbl OUepeiel iepe] MPOTOKOIBHBIME OJIOKaMu
JaHHBIX pacCMaTpuBAC€MOI'o COCIUHCHUA B TPAH3UTHBLIX Y3JIaX. MOHI/ITOpI/IHI‘ TaKOI'0 MHAWKATOpa IMO3BOJIACT
OLICHUTH PaCIpCACIICHUEC JJIUH Oqepeueﬁ B TPAH3UTHBIX Y3JIaX OT BHCUIHUX IMO OTHOIICHUIO K aHAJIM3UPYyEMO-
MYy COCAMHCHUIO CETEBLIX IMOTOKOB M UCIIOJIB30BATHL ITPU PACUCTE OINCPAIMOHHBIX XapaKTCPUCTHUK COCIUHCHU A
1 BEIOOpE TIPOTOKOJIBHBIX MTApaMETPOB Ha BPEMsI CeaHCa CBSI3U MEXILy 3aJIaHHOW 1Mapoii aDOHEHTOB.

W3BecTHBIE MOACIN ACUMHXPOHHBIX YIIPABJIAIONIUX NPOLCAYP OTACIBHOI'O 3B€HA NEpeaaun JaHHbIX U
TPAHCIIOPTHOTO TPOTOKONA [1—8] OpHEHTHPOBAHBI HA AaHAIHM3 OMEPAMOHHBIX XAPAKTEPUCTUK TPU MOHO-
IIOJIbHOM HMCIIOJIb30BAHHMU KaHAJIOB CBA3HM U HE IO3BOJIAIOT YUUTBIBATHL HATPY3KY Ha pasaCIICMbIC CECTCBLIC
pecypchl, 00ecTeYrBaeMyI0 COCEICTBOM C JPYTUMH BHPTYalbHBIMH COCIMHECHUSIMH, arperupyeMbIMHA Ha
Pa3NMYHBIX yYacTKax MyTH B OTIENBHBIX 3BEHBIX MapIIpyTa 3aJlaHHOr0 aOOHEHTCKOTO COCJMHEHUS, U TPO-
SIBIISIOLIYIOCS B BUJIE «BHEIIHUX) Ouepe/iel B TpaH3UTHBIX y3nax. He nccienoBano BIMsHUE MPEENIbHO Ma-
JIBIX JUIMTENBHOCTEH TalM-ayTa MpH TEPEMEHHOW KpPYroBOW 3ajiepiKKe, OOYCJIOBJICHHON IEPEMEHHOM
Harpy3Kkoil Ha TPAHCIOPTHOM COEAMHEHWH. AHAIU3 MPOLIECCOB YIPABIEHHUS MapaMeTpaMu TPaHCIOPTHOTO
MIPOTOKOJIAa B HArpy>XEHHOM TPAaHCIOPTHOM coenuHeHHH [9—11] BBIMONHEH MpH CYIIECTBEHHBIX OTpaHUYe-
HUAX Ha 3HAYCHHA IIPOTOKOJIBHBIX ITapaMETPOB U XapaKTCPUCTHUK TpaKTa nepeaadn JaHHbIX.

B manHoi#1 paboTe mpemokeHa MaTeMaTHIecKas MOJETh TPAHCIIOPTHOTO COENNHEHUS, YITPABIISIEMOTO
TPAHCIIOPTHBIM ITPOTOKOJIOM B PCKUME CCJICKTUBHOI'O OTKa3a, YYUThIBAIOUIasA KpOME Q)aKTopa HCKaKeHUN
B IPSAMOM M OOpaTHOM TpakTax IepeNadyd JaHHBIX M MEXaHHW3MOB MOBTOPHBIX Iepenad, 00yCIOBICHHBIX
HUCKXEHUSIMH U MCTEUEHUEM TaiiM-ayTa HepreMa OTBETa OT MOJIydaTesisl HOTOKa MHPOPMaLUH, elle U ove-
penn HEHYJEBOM UIMHBI OT «BHELIHHMX» MEKaOOHEHTCKHX COCIUHEHUH Ui AJIUTENbHOCTEH CKBO3ZHOTO
TaliM-ayTa ¢ UHTEPBaJIbHBIMU OIPAHUYECHUSAMHU U OTPAaHUUYECHHUSIMHA CHU3Y.

1. UngukaTopHasi MOJieJIb TPAKTA Nepefavu JAHHBIX

PaCCMOTpI/IM oOMeH MCKOY a6OHeHTaMI/I, COCIUHCHHBIMU MHOT'O3BCHHBIM TPAKTOM IICPEAAUN JaHHBIX.
Hpe,I[HOJ]O)KI/IM, YTO BBIMMOJHAIOTCA CICAYIOIINUEC NOMYIICHUA. V3ib1 TpaKTa COCAMHCHBI NYIUICKCHBIMU KaHa-
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JJaMH CBs3H, HMCIOOIMMH OJMHAKOBOC 6LICTpOHeI>iCTBPIe B 000MX HaIlpaBJICHUSAX. I[HI/IHa TpaKTa, BbIpa>KCHHAsA
B KOJMYECTBC YYAaCTKOB II€pCIIprucMa, paBHaA Dn. O6paTHLII>'I KaHaJl, II0 KOTOPOMY AOCTaBJIAKOTCA MOATBEP-
JKACHHUA OTHPABUTCIIIO O KOPPCKTHOCTH IpHUEMa MOCJICA0BATCIbHOCTU CETMEHTOB JaHHBIX, UMCCT AJIUHY Do.

3amaHbl BEpOATHOCTH HMCKA)KEHHUSI CETMEHTa B KaHaine cBszu ais mpsmoro R,(d),d =1,D, u oGpatHOro
R,(d),d =1,D, HampaBieHuil mepenauyn KaXA0ro y4yacTKa nepernpueMa. Torma JOCTOBEPHOCTH Tepenadn

CECIMCHTOB JAHHBIX BAOJIb TPaKTa OT HICTOYHHUKA J0 agpecaTta U O6paTHO COCTaBAT

D, D,
Fo=T1(1-Ry(d)); F=TT(1-Ro(d)).
d=1 d=1

Bpemst 00paboTKH CETMEHTOB B y3Jax TpakTa OAWHAKOBO. B3amMonelcTByromme aOOHEHTH HMEIOT
HEOTPaHMYCHHBII IIOTOK CErMEHTOB ISl TIepeiaun, a OOMEH BBIIOIHIETCS CETMEHTAMH OJNHAKOBOM JUTHHEI.
[ToaTBepkaeHNS MOMydaTesss 0 KOPPEKTHOCTH TPHEMa IPHHUMAEMBIX TaHHBIX MEPEHOCATCS B CETMEHTax
BCTPEYHOTO MoToKa. [lomaraeM, 4To MOBTOpHAs Mepeaada CETMEHTOB OPraHW30BaHa B COOTBETCTBHU C Ce-
JIEKTUBHOM mporeaypoit otkasa [1]. Canraem, KpoMe TOTO, U4TO MOTEPh CETMEHTOB M3-32 OTCYTCTBUSA Oydep-
HOW TIaMATH B y3JIaX TPaKTa HE IPOUCXOIUT.

3amana ¢yHKusa BepositHocTeld b,,n=0,N TOro, 4ro KaskAblii CETMEHT M3 IOTOKA aHAIN3UPYEMOTO

COCAMHEHHS B TPAH3UTHBIX y3JIaX BCTPETUT ouepens pasmepa N < N, rae N — MakcuManbHBIN pa3Mep ouepe-
I, OTpeesieMbIii EMKOCThIO Oy()epHBIX IyJIOB TPAaH3UTHBIX Y3JIOB. bylnem Ha3biBaTh TakToM BpeMs i, He-
O6XOI[I/IMOG JJIs1 BBIBOJa CETMECHTA B JIMHUIO. Takt OIMpeaCIACTCA CYMMOﬁ BPEMCHU BBIBOJIa CETMCHTA B JIU-
HHUIO, BpPECMCHHU paClpOCTPAHCHUA CUTHAJIA B KaHAJIC CBA3U U BPEMCHU O6pa6OTKI/I CCIrMCHTAa NMPUHUMAIOIUM
y3noM. Taiim-ayT S, BEIpaKEHHBIN B JUTMTEIHLHOCTSX 1, 3ammyckaercs epe/ HayajaoM Mepeaadn MepBoro cer-
MCHTA IIOCJICAOBATCIBHOCTH U (I)I/IKCI/IpyeTCSI JJI1 BCEX CETMCHTOB B IIpEACiax HIMPUHBI OKHA. EY):[GM CUHU-
TaTh, YTO Pa3Mep OKHA YIPABJIIOIIETO MPOTOKONa onpenensercs Bennaunor W, a S > W 3agaer niuresns-
HOCTb TallM-ayTa 0XKHJIaHUs MOATBEPKACHUS KOPPEKTHOCTH JOCTABKU JaHHBIX. OUEBUAHO, YTO CyMMY JUIMH
IpsIMOro ¥ oOpaTHOro TpakToB nepenauu JaHHbIX D =D, + D, MOXHO MHTEpIPETHUPOBATh KaK JJIUTENb-

HOCTb KpYTOBOM 33JIep’KKH B HEHArpy>KEHHOM MOHOITOJIFHO HCIIOJIb3YEMOM TpPaKTe, BRIPAXKEHHYIO B TaKkTax f.
Ilocne nepenaun odepeHOro CErMEHTa IIPOTOKOJ KOIHMPYET €ro B ouepe]b IepellaHHbIX, HO HE MOJATBEp-
YKIEHHBIX JJAHHBIX U 3aIlyCKaeT TaitM-ayT. Kak ToJIbpKO pazmep ouepear CTAaHOBHUTCS PaBHBIM IIMpUHE oKHa W,
YIPaBJISIOMIMKA TPOTOKOJ MIPUOCTAHABINBAET Nepeaady B OKUIAHUN TOyUYEHUS! KBUTAHIIUU WM UCTEUEHUS
TaiiM-ayTa OXuIaHug noATBepxaeHus S. [Ipy nomyyeHnn nNoaATBEPXKACHUS U3 OUYEPeNd yIAISIOTCS CeTMEH-
ThI, AOLIEALINE 10 anpecara 0e3 uckaxeHui. [lo ucreueHnn taiiM-ayra S COOTBETCTBYIOLIMI CErMEHT Mepe-
JaeTcs MOBTOPHO, U TalM-ayT 3aIlyCKaeTcsl BHOBb. Torna BpeMs MOTy4eHHs OTHPaBUTENIEM CKBO3HOM KBHTaH-
LM PacTIpeesIeHO TI0 TeOMETPHUUECKOMY 3aKOHY € MapaMeTpoM Fo 1 JUTMTEIbHOCTBIO TaKTa TUCKpeTH3anui t.
DyHKIIMOHUPOBAaHUE BUPTYaAJIbHOIO COCAMHEHMS, YIPABIIEMOro TPAaHCIIOPTHBIM IPOTOKOJIOM, B HArpy-
KEHHOM MHOTO3BEHHOM TPAaKTe MepeAadn JaHHBIX ¢ OYepelsiMU CETMEHTOB Iepe]] OTHPABISIEMbIMHU TaHHBIMU
WIN TIOATBEPKACHUSIMH MOXKET OBITh ONMCAHO MapKOBH3WPOBAaHHBIM MPOIIECCOM JTMHAMUKU OYepenH Iepe-
TaHHBIX, HO HE TIOATBEP)KJIEHHBIX CETMEHTOB, B KOTOPOM pa3Mep Ouepeny Tepena MPSMBIM Wi 00paTHBIM
MTOTOKOM JIaHHBIX HCCIIEAYEMOTO COENMHEHUS SBISIETCS JOMOTHUTENFHOW IMepeMEeHHO MapKOBCKOTO Mpo-
riecca. B cocrosinuu iert Mapkosa (i, N) HCTOYHUK OTIIPABHUII ITOCIIE0BATEILHOCTh pa3Mepa i—N CerMeHToB,
KOTOpasl B IPOLIECCE NIEPEHOCA B OJHOM U3 3BEHbEB BCTPETUJIA OUEPEb UIMHON N CErMEHTOB. 3HAYEHUSIM

koopauHatel i =0,W +n, n= 0,N cocrosHuil Lemnu MapkoBa COOTBETCTBYIOT KOJIMYECTBO MEPEaHHBIX, HO
HE MOJTBEP)KICHHBIX MTOJIydaTeJIeM CErMEHTOB M BpeMs OT Havajia Iepeadr MocaeI0BaTe/IbHOCTH, a 3Haue-
musm i =W +n+1,S-1 n=0,N — BpeMsi, B TEYCHUE KOTOPOT'O OTIPABUTEINh HE AKTUBEH U OKUIAET IOITY-
YEHUSI KBUTAHITMH O KOPPEKTHOCTH TpHUeMa repeaanHon mocnenoBarenpbHoct 3 W cermenToB. O603HauUM
yepe3 P(i,n), i=0,S-1, n= O,_N, — BEpOATHOCTU cocTosiHUM nenu MapkoBa. Toraa mocienoBaTenbHOCT

MepelaHHbIX, HO HE MOATBEP)KICHHBIX CETMEHTOB JIaHHBIX PAacCMaTPHUBAEMOTO BUPTYaJbHOTO COEAMHEHUS
MIpU OYepeaH HYJIEBOW JUIMHBI PacTeT 4O cocTosHus 1enu MapkoBa ¢ koopanHatamu (D —1,0) c BeposiTHO-
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cThiO by . JlanpHeimuil pocT pasmepa 3Toil MOCIEN0BATENBHOCTH MPOUCXOIUT € BEPOATHOCThIO by(1-F,) .

B cocrostamsx (i,n), i=D—-1+n,S -1, n=0,N, BO3MOXHO MOJy4CHUE OTIPABUTEIIEM KBUTAHINH, H B 3aBH-

CHUMOCTH OT Pe3yJIbTaTOB JOCTABKH OTIPABUTENb MEPEIACT HOBBIC CETMEHTHI (TIPU TOJIOKUTEILHON KBUTAH-
1K) OO0 MOBTOPHO — MCKa)KCHHBIC. [[0CKONIBKY OTIIPABICHHAS MOCIICA0BATECIBHOCTE CETMEHTOB HCCIICye-
MOTO BHPTYJIBHOTO COSJAMHEHHS MOXKET BCTPETUTH OYEpellhb HEHYJICBOW JUTMHBI B JFOO0H MOMEHT mpoiiecca
nepenayn (Ha IyTH TTOCIIEA0BATEIBHOCTH JI0 apecaTa Wil MPY MePEeHoCe MOATBEPKACHUS OTIPABUTEIIO HH-

(hopMaImoHHOr0 MOTOKa), To mepexon u3 cocrtosHus (i,0), i=0,S—2, B cocrosaue (i,n), i=0,5 -2,

n=1,N, NpoHUCXOAUT C BEPOSTHOCTHIO b, .

2. BeposTHocTH cocTossHUIT nenu MapkoBa

O6o3Ha4YUM yepe3 T mepexoaHble BEpOSATHOCTH Lenu Mapkosa, rie (i, N) — KOOpAMHATHI UCXOHO-

ro, a (j, M) — U3MEHEHHOTO COCTOSIHUS Henu. Toraa AMHAMKKY TpoIiecca repeaads HHGOPMAI[HOHHOTO I0-
TOKa B PEXKUME CEIIEKTUBHOTO OTKA3a B Harpy>KEHHOM TPaKTe Mepeaadyu JaHHBIX MOXKHO 3a]1aTh CJIEAYOIIH-
MM 3HAYEHUSIMU NIEPEXOIHBIX BEPOSATHOCTEN:

by,i=0,D—2,n=0; j=i+1,m=0;
by(1-F,),i=D-1,5S-2,n=0; j=i+1m=0;
by,i=0,S-2,n=0; j=i,m=1N;

by Fy. i =D-1W-1,n=0;j=D-1m=0;

byFy. i =V\/,T[)—2,n=0; j=W+D-2-i,m=0;
boF,,i=W +D-1,5-2,n=0;j=0,m=0;
1,i=S-1,n=0,N;j=0,m=0;

1i =m,n=1,_N;j=i+1,m=n;
1-F,,i=D-1+n,S-2,n=LN;j=i+1m=n,
F,i=D-1+nW -1+nn=1N;j=D-1,m=0;

F,,i=W+nW +n+D-2n=1N;j=W +n+D-2-i,m=0;

Fp,i=W +n+D—1,S—2,n=1,_N;j =0,m=0.

PaznooOpa3ue Buia peieHus] CUCTEMbl YPAaBHEHUH PaBHOBECHS JJIsi BEPOSTHOCTEH COCTOSIHUN IIETH
MapkoBa ompenenseTcss COOTHOIICHHSIMH MEXIy NPOTOKOJIbHbIMH Tapamerpamu W, S, oOmeit amuHON
TpakTta (KpyroBoi 3amepxxkoii) D u MmakcumanbHbIM pazmepoM aiauH ouepeneit N. [TocKoibKy AITUTETBHOCTh
TaliM-ayTa JOJDKHA MPEBHILIATh IIMPUHY OKHA, OBITH HE Kopoue KpyroBo# 3anepxku ( S > D ), a taxke mpe-
BBIIIATh BpPEeMs OXKHAAHUS B OYEpEASX M3 MPOTOKOJIBHBIX OJIOKOB JAaHHBIX COMYTCTBYIOIIEro Tpaduka 1o

Haydajla nepeaavyu B TPAH3UTHBIX Yy3JiaX, TO BbIACIISICTCA IIHPOKOC pa3H006pa31/Ie BApPUAHTOB PCLICHUA IJIA
Pa3INYHBIX o0JracTeil U3MEHEHUSI 3HAUYCHUI IIPOTOKOJIbHBIX MMApaMCTPOB U JJINH oqepeaeﬁ. Amnanus mnmpounec-

)

ca repejiavyd B aHATUTHYECKOM BHUJIE ISl TIPOU3BOJIbHBIX 3HAYEHHH MPOTOKOJIBHBIX MTAPAMETPOB B YCIOBHAX
COIIEPHUYECTBA 3a CETEBBIE PECYPCHI BO3MOKEH TOJIBKO B MPEIMOI0KEHHH, YTO «BHEIIIHUE» OUEPEIH HMEIOT
HeHyneByto auuHy (by =0).

3. AHa/1u3 mpouecca nepeaaym ¢ OrpaHMYeHusIMUA CHU3Y Ha UTUTEILHOCTD TailiM-ayTa

PaccmoTpum miporiecc nepenayuu Uit IpOTOKOJIBHBIX TApaMeTPOB, CB3aHHBIX C OOIIEH JITHHOM TpaKTa
U MaKCHMaJIbHBIM pa3MepoM ouepean HepaBencTBamu Bupa W >D, S>D+W + N —1. Cucrema ypaBHe-
HUI paBHOBECHS IIPH STOM 3aIIMCHIBACTCS CIEAYIOMINM 00pa3oM:
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PO.O=FS > PO+ PS-1n): ?)
n=1i=D+W +n-2 n=0

P(i,0)=Fong(D+W+n—2—i,n),i=1,D——2; A3)

"~ N W+n-1
P(D-10)=> > FP(,n); 4)

n=li=D+n-1
P(0,n) =b,P(0,0),n=1N; (5)
P(i,n) = P(i—1,0)+b,P(i,0),i=1,D-1,n =1, N; (6)
P@i,n)=P@i-1n),i=D,D+n-1n=1N; )
P(i,n)=(1-F,)P(i-1n),i=D+n,5-1,n=1N. (8)
Haiinem pemenue panHOW cuctembl ypaBHeHud. CormacHo ypaBHeHHIO (7) TONydaeMm:
Pi,n)=P(D-1n), i=D,D+n-1, n=LN, a u3 (8) umeem: P(i,n)=(1-F,) °"MP(D-1n),
i=D+n,S-1n=LN. C YYETOM JIaHHBIX cooTHomenud u3 (3), (4) ans i=1,D—-1 HaxozuMm

P(i,0)=F,(1—F,)V- % P(D-1m),i=1D-2, P(D-10)= (1— (1- FO)W’D“) % P(D -1,m) . Tloxcras-
m=1

m=1

JIsisl HAWJICHHBIE COOTHOIIEHUS B (6), ¢ yueToM (5) moiydaem

. .. N - I
P(i,n) =h, {P(0,0) +(1- FO)W"‘l(l—(l— F) ) S P(D-1, m)},i =1D-2,n=1N,
m=1

P(D-1,n)=h, [P(O,O) +(1—(1— FO)W‘l) % P(D-1, m)},n =IN.
m=1

Otcrona mocnemoBarenbHo it N=1,N Beipakaem P(D—1,n) depe3 BepOATHOCTH COCTOSIHUI

P(D-1,m),m=n+1N:

b W -1 N
P(D-1n)= n - {P(o,0)+(1—(1—|:0) ) 3 P(D—l,m)},nzl,N.
1-(1-@-F)" ™) X by, m=n+1

m=1

(9)

by P(0,0)
W-1 "

(1_ Fo)

st 3HadeHnit N ot N — 1 1o 1 pekypcHBHO HaxoquM (QYHKIIMOHAIBHBIC BRIPKEHHS JIJIsl BEPOSITHOCTEH CO-

b,P(0,0 —
L\NL, n=1N . Orcrona U3 HalICHHBIX paHee COOT-
(1_ Fo)

HOLICHUI OKOHYATEJIbHO I0Jy4aeM paclpeeeHIe BEpOITHOCTEN COCTOSHUM e MapkoBa

ITpu n = N orcrona npuxoaum k P(D-1,N) = [Toacrapisis manHOE coOTHOIICHHE B (9),

crosumii P(D —1,n) uepe3 P(0,0): P(D-1n)=

- 1-@1-F,)""P1)P(0,0)
P(i,O)=M,i=LD—2; P(D—l,O):( S 1) :
(]-_Fo)I (1_ Fo) B
m=2P09 i 552 n-1N; P(i,n)zm,i=D—1,D+n—1,n=1,_N;
a-F,) A-F )V~
_ i—-D—n+1 I
P(iln):bn(l FO) W 1P(O’O),|=D+n’s_l'n:1'N ’
(1_Fo) B
a U3 yC.HOBI/IS[ HOpMI/IpOBKI/I HaAX0IUM BCpOS[THOCTI) HA4YaJIBHOI'O COCTOSAHUSA
F,-F)V? = N
P(0,0)= ol o) ,tme N=>nb,.
n=1

m=1

1+F,A+N)-1-F,)" +@-F,)"P* {1_ % b, (1- Fo)s_w_m}
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PaccmoTpuM HaiiieHHOE pelleHHe B psAe YacTHBIX CiydaeB. [y JeTepMHHHUpPOBAHHOTO OOPAaTHOTO
tpakta (Fo = 1) mpocTpaHCTBO 3HAYMMBIX COCTOSIHUIA (i, N) 00pa3yeT MI0CKOCTh PaBHOOSIPEHHOTO M0 KOOP/IHHA-

TaMm i 1 N TpeyromsHmka i=D—-1,D—1+n,n=0,N: P(D—1,0)=L_, P(@i,n) = b”_ ,i=D-1,D-1+n,
2+N 2+N
n=1N .
Ilpu HeorpanuueHHON wupuae okHa (W = o) cocrosrus (i, n), i=0,D—-2, n=0,N, sBusrorcs

HeBo3BpatHbMU ( P(i,n) =0) , 1 BEpOATHOCTH COCTOSIHIS Liem MapkoBa IPHHUMAIOT BU:

P(D-10)=— o - pim=—D i _BIDTn-Ln-iN:
1+ F,(1+N) 1+ F,(1+N)
. i—-D-n+1 -
pi,m=200"F) s pinn=IN.
1+F,1+N)

PaccmoTpuMm mpoliece nepefadn JaHHBIX B YCIOBHUSIX HEIOTPY)KEHHOTO COEIWHEHUS, KOT/Ia MIMPHHA
OKHa HE MPEBbIIIAET JTUTENbHOCTH KpyroBoil 3aaepxku (1<W < D), a pasmep TaiiM-ayTa orpaHuyeH CHU3Y
(S=D+W +N —1). Cornacuo (1) cucrema ypaBHEHH# paBHOBECHs, IPUBEICHHAS BBIIIE, M3MEHUTCS Clie-

nyromuM oopaszoMm. Ypaerenus (2), (5), (8) ocranyrces 0e3 usmenenwui, (3) — cnpaBemnuso npu i =1,W -1,

ypaBuenue (4) npumet Bua: P(D—1,0) =0, ypaBHenue (6) — cpaBemuso ais i =1W -1, n =1,N, ypaB-
uHenue (7) —mpu i =W,D+n-1, n= 1,N . Pemenne cucTeMbl YPaBHEHHUI PaBHOBECHSI UMEET BUJL:

b,P(0,0) -
(1_ Fo)i '

2 i=1W-1; P(i,n) = OW-Ln=1N:

(1_ Fo)l

- - _ i-D-n+1 - -
P(i,n) =LO’WO)1J =W -1,D+n-1,n=1N; P(i,n) = by (1= Fo) T lP(O'O),i =D+n,S-1,n=1N,
(1_ Fo) - (1_ Fo) B
a M3 YCJIOBUS HOPMHUPOBKH MOJTyYaeM BEPOSITHOCTh HAYATIBHOTO COCTOSIHUS
Wt
P(0,0) = Rl-F) . (10)
2+F,(D-W +N)-(1-F,)" = 3 b, (1 F,) P
m=1
Ipu Fo = 1 3raunMeiMu 6yayT Tonsko cocrosams P(W —1,0) __ P(i,n) —b—”
pr o YT " D-W+N+2" V7 D-W+N+2'
i=W -1,D+n-1,n=1LN. Heorpannuyennas AnmuTenbHOCTh TaliM-ayTa (S —> 00 ) MPUBOIUT K BEPOATHOCTH
I:o (1_ I:o )W_l

HAYaIbHOTO COCTOSHUS cienyromtero Buma: P(0,0) = . Hns crapr-cTomHoro

2+F,(D-W +N)-@1-F,)"
nportokona (W = 1) pacnipenienenre npuHUMAaeT BU;

P(i,n)=h,P(0,0), i=0,D+n-1L,n=1LN, P(i,n)=b,(1-F,) °"*P(0,0), i=D+n,S-1,n=1N,
F

0

P(0,0) =

NI N S-D+1 .
1+ F,(D+N)= Y b, (1-F,)3 0™

m=1
4. AHaJIM3 mponecca nepeAavyy Npyu HHTEPBAJIBHBIX OTPAHMYEHUSIX HA JJIUTEJNbHOCTh TaiM-ayTa

PaccmoTpuM GyHKIMOHUpPOBAaHUE TPAHCIIOPTHOTO COEAMHEHMS NMPH UHTEPBAIBHBIX OTPaHUYEHHIX Ha
MIPOTOKOJIFHBIE TApAaMETPHl U MAaKCUMAaJIbHBIN pazmep ouepenu Buna: W >D, D+W —-1<S<D+W + N -1,
1<N<D-2 mu6o W=D, W+N+1<S<D+W+N -1, D—-2<N . Ilpu naHHbIX OrpaHUuYEHUsIX ypaB-
Henus (2)—(3) nucxonHol cucteMsl ypaBHeHHH paBHOBecHs (2)—(8) mpeoOpa3yloTcs K BUAY:
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S-D-W+l  S-2 ) N
P0,00=F, > > P@,n)+ > P(S-Ln), (11)
n=l i=D+W+n-2 n=0
) S—D-W+i o
Pi,00=F, > P(D+W+n-2-i,n),i=1,D+W +N-S-1, (12)
n=1
N
P3,0)=F,> P(D+W +n-2-i,n),i=D+W+N-S,D-2. (13)
n=1

U3 ypasuenwii (7), (8), (12), (13), (4) nHaxogum
P@i,n)=P(D-1n),i=D,D+n-1L,n=LN, P(i,n)=(1-F,) P "pP(D-1n), i=D+n,S-L,n=LN,

. Wi 1S—D—W+i
P(,00=F,1-F)""* Y P(D-1m),i=L,D+W +N-S-1,

m=1

. N
P(i,0)=F,A-F)" 'Y P(D-1m),i=D+W +N-S,D-2,

m=1
N
P(D-1,0)= (1— 1- FO)W—'M) S P(D-1m).
m=1
[loxcrasmisis maHHBIE 3aBUCUMOCTH B (6), ¢ yaeToMm (5) momydaem

P(i,n) =bh, {P(O, 0)+(1— I:O)W—i—lstjW+i P(D-1m)—(1- FO)W—ls%W P(D-1,m)—

m=1 m=1
S—D-W +i D N
- Y  P(D-1m)1-F,)*" —m}, i=1,D+W +N-S-1n=1N.
m=S-D-W+1

P(i,n) =b, {P(O, 0)+(@1-F,)V % P(D-1m)-(1- FO)W—ls%W P(D-1,m)—

m=1 m=1
N N
-3 P(D—l,m)(l—FO)S‘D‘m] i=D+W +N-S,D-2,n=1N.
m=S-D-W+1

P(D-1n)=h, {P(0,0) +(1-@- FO)VH)S_%_W P(D-1,m)+

m=1
+ % P(D-1 m)(l—(l—F )S—D—m)} n=LN
1 0 1 — .
m=S-D-W+1

Hanee mocnenoBarenbHo st N=1,S —D-W Beipaxkaem P(D—-1,n) dYepe3 BepOATHOCTH COCTOSHHUH

P(D-1,m), m=n+1N wu nepenucsiBaeM JaHHOE YPaBHCHUE B BHJIC:

POO+(1-A-F)") S PO-1m+ ¥ PO-Lm(1-@-F) ")

P(D-1n)= bn m=n+1 m:S—Dn—W+1 ,
1-(1-@-R)"?) Tb, (14)
m=1
n=1N.
I[Ipu n=S —D—-W otcroaa mpuxoaum K
_ bs p-w N S_D-m
P(D-1,S-D-W)= oW P(0,0)+mzs_%_WﬂP(D—l,m)(l—(l—FO) ) _
1_(1_ Fo) Zl bm
m=,

[Moxcrapnsist nanHoe cootHomienue B (14), nanee mns 3HadeHuit N or S—D—-W —1 g0 1 Haxonum (yHK-
MOHAJIbHBIC BBIpAXEHHsT Uil BepostHocTed coctosHuid P(D-1,n) wepes P(0,0) u P(D -1, m),

m=S-D-W +1, N u ynpomaem ypaBuenue (14) no
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N
bn[P(0,0)+ > P(D_1,m)(1_(1_ FO)S—D—m):|
P(D-1,n)= m=S—D-W+1

S-D.W ! (15)

D
~(1-@-F)" ) X by
m=1
n=LN.
Otcroma mocnemoBatebHO it N=S — D —-W +1, N momydaem

b, {P(0,0)+ % P(D-1, m)(l_(l_ F)50m )}

m=n+1

P(D-1n)= =+ _ .
(@R ) Y by ¥ by (l-a-F)OT)
m=1

m=S-D-W+1
W3 manHOTO cooTHOMIEHHs mocienoBarenbHo it N oT N 1o S—D—-W +1 ¢ yderom (15) okoHua-
TenpHO BhIpakaeM P(D — 1, n) P(D-1,n) uepe3 BeposTHOCTh HauyanmbHOro coctosiaust P(0, 0) u coriacHo

paHee HalCHHBIM 3aBUCUMOCTSIM nonyqaeM BEPOSATHOCTH COCTOSIHI/IfI uenu Mapkosa:

p,0) =L@ T e TS b Y b (—F,)S 0,
m=1 m=1 Mm=S-D-W+1 (16)
i=L,D+W +N—-S—1.
P(i,O)_P(OO)F(l F)W 7, i—=D+W+N-S5,D-2,

P(0,0 (17)

P(D-1,0)= )(1 @-F)" ),
P(O,n):P(O O)bn, n=1LN, (18)

P(i,n):P(O’O)b{(l o z S bm(l—Fo)SDm]

M=S—D-W +i+1 (19)

i=,D+W+N-S-1, n=1N,
P(i,n):@bn(l—ﬁ,)w—‘—l, i=D+W+N-S,D-2, n=1N, (20)
P(i,n)zmbn, i=D-1,D+n-1, n=LN, (21)
P(i,n):@bn(l—lzo)‘@-”“, i=D+n,S—1, n=1N. (22)

Bep0$ITHOCTI> Ha4aJIbHOI'O COCTOSAHUAA, HaﬁﬂeHHaH H3 yCJIOBUS HOPMHPOBKH, UMECT BU/:
P(0,0)=F,E/[1+ F,(1+N) + (@)Y P+ -

_%bm(l_ Fo)S_D+1_m_(l_ Fo)W S73:7Wbm_(1_ Fo(D+W+N _S)) % bm(l— FO)S_D_m:|.

m=1 m=1 m=S—-D-W+1

HetpynHo yoenmuThbes B TOM, 4TO JJAHHOE paclipe/ielieHHe CIINBASTCS € TIONYYEHHBIM paHee pacipese-
JICHWEM JUISL OTPaHUYEHHUI CHU3Y Ha JJIMTENbHOCTh TaiiM-ayTa mpu S=D+W + N —1.

[Ipoananu3upyem nporuecc HHPOPMALMOHHOTO MIEPEHOCA B TPAHCIIOPTHOM COEAMHEHUH IIPH pa3Mepe
CKOJIB3AIIIET0 OKHA, HE TPEBBIINAIOIIEM UTMTEIBHOCTD KpyroBoi 3anepxku (W < D), n nHTEepBaNbHBIX OrpaHu-
YeHUSX Ha JUIUTEILHOCTHh TaliM-ayTa W MaKCUMAaIbHBIN pasMep ouepernu Buma D+W —1<S<D+W +N -1,
1<N<W —2. Ilpu gaHHbBIX YCIOBUSX ypaBHeHHE (2) MCXOIHOH cHUCTeMbl ypaBHeHH paBHOBecus (2)—(8)

S-D-W+1 -2 N
npeobpasyrorca k P(0,0)=F, > > P@i,n)+ > P(S-1n). Ypasuenne (3) mepeonpemensercs
n=l  i=D+W+n-2 n=0

cootnHomeaussMu  (12) u (13). Ilpu stom ypaBHeHuwe (13) chpaBeanMBO Ui MHOXKECTBA HWHIEKCOB
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i=D+W +N-S,W —1. Ypasuenue (4) npunumaer Bua P(D —1,0) =0, ypaBHenue (6) BBITIONHSICTCS JIsS

i=1W -1, n=1 N, ypaBuenue (7) — gt i =W,D+n—-1, n=1 N . CranmoHapHbIC BEPOSTHOCTH COCTOSHHIA
nenu MapkoBa, ONKMCHIBAEMOW JAHHBIMU YPABHEHUSIMH, C TOYHOCTBIO JI0 BEPOSITHOCTH HAYaIbHOTO COCTOSHUS

npuHuMaroT Bua (16)—(22), o Beipaskenus (17) u (20) cnpaBeanussl 11t uaaekcoB i =D +W + N —-S,W -1,

a(21l)—gna i =W —1,D+n—-1. CoracHo yCIIOBHIO HOPMHUPOBKH HAYAIEHOE COCTOSIHUE OTPENEIISIETCS CO-
OTHOIICHUEM
oo S-D+1 w S W N S-D-m+1
P(0,0)=F, E/{2+FO(D—W+N)—me(1—FO) T _1-F)Y Y by Y b,A-F)>™ }
m=1 m=1 m=S-D-W+1

[Mpu S=D+W + N —1 nannoe coornomenue s P(0,0) cosmanaer c (10).

Haiinem BepostHOCTH cocTosiHUM Leny MapkoBa ripu orpanndeHusx W > D, D+W —1<S <W + N +1,
D-2<N<W-2 mu6o W>D, D+N+1<S<W+N+1, W—-2<N . B nanssix ycnoBusix ypaBHeHue (2)

HCXOJHON CHCTEMbI YpaBHEHUH JIOKaIbHOTr0 paBHOBecHs npuHumaet Buf (11), ypasuenue (3) — Bun (12), Ho
S-W-1 W+n-1

JIsl MHOXeCTBa coctosiui i=1,D—-2, a ypasmenue (4) — Bun P(D-1,0)= > > FP@,n)+
n=l i=D+n-1

N  S-2
+ > > F,P(i,n). Ipuauun noucka pelieHus MOJyYEHHON CHCTEMBI ypaBHEHHUH IOBTOPSET MOCIIE-
n=S-Wi=D+n-1
JOBAaTEIbHOCTh AEMCTBUMN I pacCMOTpEeHHbIX paHee orpannyeHuit W >D, D+W -1<S<D+W + N —1,
1<N<D-2. Toraa BepoTHOCTH COCTOSHUH IETIH MapKOBa MPUHUMAIOT BUI!

P(O 0) —D-W+i
E

P(i,0)= —=—=F,(1-F,)""~ -’ 2 b,, i=1,D-2;

P(D-1,0)= P(OO){l L-F - D+1S§I:l b, — %Wbm(l F)SDm}

P(i,n)=P(g’O) {(1 F V™ -ia® z b + % bm(l—FO)S‘D‘m] i=0,D-2, n=LN;

m=S—-D-W +i+1

,, i=D-1,D+n-1, n=LN;

P(i,n):@b

P(i,n) =@bn(1— F) ™ i=D+n,S-1, n=1N;

_ S-W-2 S-D-W N
P(O’O):FOE/|:1+ Fo(1+N)+(1_ Fo)W_D+1 Z bm_(l_ FO)W Z bm_ me(l— FO)S_D_m_
m=1 m=1

m=1
S-W-2 S—D-m N S Dom S-W-1 S D
- X by(-F) +F|(D-1) Y b,A-F) + Y  (D+W-S—-m),(1-F,) +
m=S-D-W +1 m=S-W m=S—-D-W+2

m=1

+ % b, (1—F,)5 ™ +b (1- Fo)le:| .

[lepeiiieM K NOHCKY BEpOSTHOCTEH cOCTOSHMM Lenu MapkoBa mnpu orpanuueHusix W=D,
D+W -1<S<D+N+1, W—-2<N . Ilpu atom ypaBHenue (2) ucxomnoi cucrems (2)—(8) mpumer Bux (11),

ypaBuenue (3) — Bun (12) mis MHOKecTBa uHAEKcoB | =1,D —2, a ypasuenus (4), (7), (8) npeodpasyroTcs

COOTBCTCTBEHHO K BUIY:

S-W-1 W4n-1 ) S-D_1 S-2 )
P(D-1,0)= > > RPN+ 2 > F,P@3,n);
n=l i=D+n-1 n=S-W i=D+n-1

P@i,n)=P(i-1,n), i=D,D+n-1, n=,S-D-1,i=D,S-1, n=S-D,N;
P(G,n)=Q1-FK)P(@-1Ln), i=D+n,S-1, n=1,S-D-1.
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BeimonHss nmocneoBaTeIbHOCTh PaHee PACCMOTPEHHBIX MPeoOpa30BaHUil Al BEPOSITHOCTEH COCTOS-
HUU nenu MapkoBa, nojgydaem

S—D-W+i
pi,0="COF Ry S b, i=LD 2
m=1
S-D-1 15 D-W S—D-1 5
- 2 bnrd- Fo)"” PIRLIED? by, (L— )50
m=S—D-W +1
S-D-1 S_W-1 S-D-1
P(D—l,O):m Z bm_(l_Fo)W*DH Z bm Z bm(l F)S D-m ;
m=1 m=1 m=S-W
-D-1 S—D-W+i S—-D-1
P(i’n):m 1- Z b +(1 F)W -i-1 Z bm+ Z bm(l_Fo)S—D—m ,
m=1 m= m=S—D-W +i+1
i=0,D-2, n=1N;
P(i,n)=mbn, i=D-1,D+n-1, n=1,S-D-1; i=D-1,S-1, n=S-D,N;
e

P(i,n)=@bn(1— F) ™ i=D+nS-1, n=1,5S-D-1.

BeposiTHOCTh HaYaTBHOTO COCTOSIHUSI HE TIPUBOANM H3-3a €€ TPOMO3AKOCTH.
5. JocTynHasi 10J10ca NPONYCKAHUS TPAHCIOPTHOIO COeIMHEHUS

[IpomnyckHast ctocOOHOCTH TPAHCTIOPTHOTO COSAWHEHHMS B YCIOBHAX CONEPHHUYECTBA MOTOKOB Pas3yiny-
HBIX KOPPECIIOHIUPYIOUINX a0OHEHTOB 3a IOJIOCY MPOITyCKaHUsSl TPaKTa Mepeladd NaHHBIX ONpEeAessieTcs
KaK OTHOILIEHHE CPEeIHEro 00beMa TaHHBIX, IepeJaBacMbIX MEKIY ABYMsI IOCIEAOBATEIbHBIMU ITOTyYESHUS-
MU KBUTaHIIMH, K CpelHEMY BpeMeHH NOoJydeHus KBuTaHmmu [4, 5, 8]. Bkiag B ObICTpOIEHCTBHE BUPTYallb-
HOTO COEIMHEHMs NAloT T€ COCTOSHMA Lenu MapkoBa, AJisi KOTOPBIX BO3MOKHO IOJTY4YE€HHE KBUTAHLHH.
HopmupoBanHast Ha eIMHUILY TIPOITyCKHAsI CIOCOOHOCTh BUPTYaJIbHOTO COSJIMHEHHSI B HATPYKCHHOM TPaKTe
OTIpe/IeTISIETCSI OTHOIIEHUEM CPEHET0 KOJIMYECTBa CETMEHTOB JIAHHBIX, TIepeAaBaeMbIX OTIIPABUTENEM MEXK-
Ny TIOCTYIUIEHUSIMH JBYX TIOCJEIOBATEIbHBIX KBUTAHIMN, K CPEIHEMY BPEMEHH MEXIY IOCTYIUIEHUSIMHU

KBHUTAHIIUH, BBIPOKEHHOMY B KOJMYECTBE MHTEpBalIoB janurtenbHoctd 1 Z(W,S) =V / T . I[lockonbKy KBH-

TaHIIMHA TIEPEHOCATCS B KAKIOM CETMEHTE HE3aBHCHMO U TOCTYMHAIOT K OTIPABHUTENIO0 KaXAbIA TakT t mpu
YCIIOBHH, YTO OHU HE MCKaXXCHBI HA MyTH JUIMHBI D OT mosy4aress A0 OTHpaBUTeIss HHOOPMAIIMOHHOTO 10-
TOKa, TO CpeaHee BpPEeMsI MEXy MPUXOJaMU KBUTAHIIMA PaCcIpelesIiCeHO M0 T€OMETPHIECKOMY 3aKOHY C Ia-

pamerpom Fo u cocrasut: T =1/F,. Cpeanuil 06beM mepenaBacMbIX MEXIy MOCTYIUICHHUSIMH KBHTAHIHIA

AaHHBIX C y4€TOM TOI'O, 4YTO Ka)K,Z[LIﬁ CETMCHT HCCIIEAYEMOIO0 COCAUHCHUA C BCPOATHOCTBHIO bn,n =1, N

BCTpeYaeT ouepeab pazMepa N M AaeT BKIaA B 00BbEM MepedaHHOW HHQPOpMAIuH, OOpaTHO MPOMOPIHO-
HAJbHBIA BenmuuuHe N+ 1, 3amaercs o000OIIEHHEM COOTHOIIEHWS, TMpHUBEJACHHOT0O B padore [11]:

— W+2D-2+n_ - — _ _
V=>— > IP(Ln)+ > WP(l,n) |. Benmuursl | u W onpeaensrores CpeHUM KOJIMYE-
n-0N+1[ 1-2D"14n I=W+2D-1+n

CTBOM CErMEHTOB, JOCTHTIIMX ajpecaTa NpU CEIEKTUBHOM IMpoLelype MOBTOpa MCKAKEHHBIX CETMEHTOB:
I =(1-D-n+2)F,, W =WF,. Toria 3aBUCHMOCTb TIPOIyCKHO}1 CTIOCOGHOCTH BUPTYAILHOTO COEMHEHHUS
oT npotokonbHbIX mapamerpos (W, S), xapakrepuctuk nepenatomiero Tpakra (D, Fn, Fo) u Harpy3ouHbix

napaMeTpoB Ha COSTMHUTEIBHBIN My Th MOPOXKIAEMBIX CONIEpHUYAIOIMMHU aboHeHTamu (b,,n =1, N ) npumer

1 [w+2D-2+n s-1
Bug Z(W,S)=F,F,x Z— >  (-2D+2-n)P(l,n)+W > P(l,n) . Orcrona mis npous-
n-oN+1| 1=2D"14n |I=W +2D-1+n

BOJIbHOM mupuHbI okHA TTpu S > D +W + N —1 okoHYaTenpHO moryyaeM
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N
> b, 1[1— (1-F,)" -WF,(1-F,)*° "]
n=. n+ .
F L - . , W<D;
24F,(D-W+N)-(1-F)" -> b, (1-F,)> "

Zc(\N’S):

MZ

1Ry )
F g N
1+ F(N+)+(1-F,)" - @-F)" - >b,@-F,)* "

" [1-(1-F,)" -WF,@1-F,)* "]

n+

I
JuN

, W=D.

J1a nHTepBaIBHBIX OTPAHWYCHUN HA JUIMTEIHHOCTH TaitM-ayta D+W —1<S<D+W + N -1 u pa3z-
Mepa odepeneit coneparkoB 1< N <D-—2 OpicTpoaelicTBHe TPaHCIIOPTHOTO COETUHEHUSI B KOHKYPEHTHON
cpeze nepenavyn JaHHBIX COCTaBHT

N S-D-W+1
ZC(WaS): Fn{Foz(l_(l_ FO)W_D+1)+an - z bn1|:(1_ Fo)W +WF0(1_ FO)S_D_n+l:|_
n=1 n=1 +

- % b1 F ) P14+ F,(S-D- n+1)]}/{1+|:0(1+N)+(1—F0)W‘D+1—(1—FO)W—%bn(l—Fo)S-D-”“}
n=1

n=s-D-w+2N+1

B ciyuae abcomoTHO HagexHoro odpatHoro kaHana (Fo = 1) mocTymHas moioca mponmycKaHus TPAaHCTIOPT-
Horo coequuaeHus npu W < D B 3HaunTEeNBbHOI Mepe onpeaenseTcss OJM30CThI0 IMUPHHBI OKHA K JTUTEIEHO-

cru kpyrosoit 3anepxku Z (W,S) = ) EN i g nbil ,a s W> D — unBapuantia x D Z (W, S) =
=5 N { i } Heorpannuennas murensHOCTh TaiiM-ayTa (S —o0) npu W < D mpuBoauT k 3aBu-
CHMOCTH BHJIA:
F (1-(-F,)" )zN“an
Z,W ) = 2

2+F(D-W +N)-(1-F)""'

F N
a JUTsl HEOTPaHUYEHHO BO3PACTAIOIIECH NIMPUHBI OKHA TToiydaeM Z (00,00) = ———— Z
1+F,(N +1) = n

® nN=4 W N=3 A N=16

0,200

0100 -

0,050 -

0,000
2

Puc. 1. 3aBucumocts IIOCTyl'[HOI7I TIOJIOCHI IPOIMYCKaHUA OT HIMPUHBI OKHA IIPHU PAaBHOMEPHOM paClpeACICHUN NJIIUHBI OUE€PEIN
qutst pasnuaebix 3HadeHuid N, D = 20, Fo = Fn = 0.7 1 HeorpannueHHOM pa3mepe TaiiM-ayTa
Fig. 1. Dependence of the available bandwidth on the window width with a uniform distribution of the queue length for different
values of N, D = 20, Fo = Fn = 0.7 and an unlimited timeout size
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Puc. 2. 3aBucuMocTh TOCTYIHOI MOJIOCH! MPOITYCKAHMS OT JOCTOBEPHOCTH MEPEAavH JaHHBIX IPH HEOTPaHMYCHHOW IIMPUHE OKHA,
D =20, Fo = Fn = F, paBHOMepHOM pacripezesieHnH (a) U pa3InIHbIX 3HAYEHHUSIX IapameTpa P yceueHHOro reoMeTpiHyeckoro
pacnpenenenus Al ouepenu st N = 8 (b)

Fig. 2. Dependence of the available bandwidth on the reliability of data transmission with an unlimited window width,

D =20, Fo = Fn = F, uniform distribution (a) and various values of the parameter P of the truncated geometric distribution
of the queue length for N =8 (b)

UuncneHHBIN aHaMU3 MTOKa3bIBACT, YTO JOCTYIHAS TPAHCIIOPTHOMY COEIUHEHHIO M0J0ca MPOIyCKaHUs
it W > D mpakTHyeckd WHBapUaHTHA K JUTHTEIBHOCTH KPYTOBOH 3a/IepKKH, OIyTUMO CHIUXKAsICh OT 00Jia-
ctu HacwimeHus npu W=D u F, <1. B ciiyuae W <D noctynHas nojoca IpoIlyCKaHUsI HEJOTpyKeHa
1 3QQeKTUBHAS CKOPOCTH MEpeaaydl MaHHBIX 3HAYUTENsHO cHIbKaeTcs (puc. 1). C pocToM KOHKYpEHIIHU
MeXy aDOHEHTaMHU 3a TI0JIOCY HPOITyCKaHUs TPaKTa Nepeladyn JaHHBIX CPEIHUH pa3Mep oueped YBeITudu-
BaeTCs U CKOPOCTh HH(OPMALIMOHHOTO NepeHoca OBICTPO nanaet (puc. 2).

6. Bb100p 3HaYeHNii MPOTOKOJIbHBIX MAPAMETPOB

[TockosibKy TIOKa3aTelb MPOMYCKHON CIOCOOHOCTH NPU HEOTPAHUYCHHOM POCTE MPOTOKOJIBHBIX
napameTpoB pazmepa okHa (W) u [UIMTENBHOCTH TalM-ayTa OKHJAHUS KBUTAHIWU (S) MMEeT 3aBHCUMOCTb
B BUJIC KPUBOU C HACBIIIEHUEM, TO OYJEM MCKAaTh MX PAllMOHAJILHBIC 3HAYCHUSI 3 YCIOBHS 3aJIaHHOTO YPOB-
HS TIOTEHIIMAIBHON MPOIYCKHON CIOCOOHOCTH B JiBa 3Tama. B cuity TOro, 9TO MPOTOKOJIBHBIE ITapamMeTphl
CBsI3aHbI HepaBeHCTBOM S > W, Ha IepBOM 3Tare OnpeeiieTcsl pallMOHaIbHBIN pazmep okHa W, U3 yCIIOBUS
Z(W,,0) =Y, Z(,0), a Ha BTOPOM 3Tale — palHOHANbHas IJIUTEJBbHOCTh TalM-ayTa So M3 YCIOBUS

ZW,,S,)=YsZW,,©) =Y, YsZ(0,0) . 3mech Y, <1 u y; <1 — 3aganHble ypOBHH MPOIyCKHON CIIOCOOHO-

ctu 1o koopauaatam W u S coorBerctBenHo. Ilpy W=D, S>D+W + N —1 aHanuTu4eckue COOTHOILE-
HUS 7151 pallMOHAJIbHBIX 3HAYEHUH TapaMeTpOB IPUHUMAIOT BUJL:

(- y)A+F A+ N))(Fo2 +ib”](1— F)°

1 =N+l
W°:|(1 F)In N |
nl—r, , — D-1 — h
F02(1+yw(1—F°D l)+|:0(1+|\|))+(yw+(1—Fo) (1_yW+F°(1+N))nZ:;‘n+1
S :;In(l—F)D‘l y[1+F, L+ N)+(A-F)" P = (- F)"™ || F? + D)
° lin(l-F) ° ° ° ° ° Sn+l

N1 W, . bn 2 W, —D+1 SR bn
—(1+F0(1+N))(1—(1—F0)o)zm—ﬁ (1-a-F) )} W,F, (1+ F@+N))> -

n=1 n=1 (n +1) Fon
N b N b
_ F2 + n n ,
y( o Z 1]2 Fon

n=1 n+ n=1
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rae || O3Ha4aeT OKPYIJICHUE 10 OOJIBIIEro Leioro, Y =Y, Y. s HeZorpy>KeHHOT0 TPaHCTIOPTHOTO COEJIH-

Henus (W < D) u3 ycnoBus Z(W, S,) =y, Z(W,0) onpezensercs paluoHalbHas JUIMTEIbHOCTD TaiiM-ayTa

. 1-y)1- F)D1(2+F(D W +N)-(1-F,)" )Z ‘

n1 N
ey

0 =

+1
In N &
In(l_Fo) WFO(2+ FO(D—W'FN)_(]-_ FO)W)Z(n 1)(1 F) ys (1 FO) )z

3akiIouyenue

[IpoBenen ananm3 mporecca COMEPHUYECTBa WH(POPMAIMOHHBIX MMOTOKOB PA3IMYHBIX MEXaOOHEHT-
CKHMX COEIMHEHMI 3a MOJI0CY MPOIYCKAHMS pa3IesieMbIX Y4acTKOB yTH. [IpeasioxkeHa MHAUKaTOpHAs MOJIEIb
TPaHCIOPTHOTO COEIMHEHUS, KOHKYPHUPYIOLIETO 3a MOJIOCY MPOIMYCKaHUA OTJEIbHBIX YYaCTKOB MaplIpyTa,
B BUJIE IBYMEPHOW 1end MapkoBa ¢ AUCKPETHBIM BPEMEHEM, ONMMCHIBAIOIIECH AMHAMUKY OY€peIr OTIPaB-
JICHHBIX, HO HE MOJTBEP)KIACHHBIX MPOTOKOJIBHBIX OJOKOB JaHHBIX. [lojyueHO pacmpesenieHue COCTOSHUMN
neny MapkoBa MpH pa3iIMn4HbIX YCIOBUSAX (YHKIIMOHUPOBAHUS TPAHCIIOPTHOTO coeanHeHus. Hailinensr ana-
JIUTUYECKUAE 3aBUCUMOCTH OBICTPOJCHCTBHS TPAHCIIOPTHOI'O COCIUHCHHS JUIS PA3IMYHBIX COOTHOLICHHM
MEXIy NapaMeTpaMy TPaHCIOPTHOTO MPOTOKOJIA, XapaKTEPUCTUKAMU CETEBBIX KAHAJIIOB M HArpy304YHBIMU
napaMeTpamu. YHCIICHHbIE MCCIEIOBAHUS JOCTYIMHOM MOJIOCHI MPOMYCKaHHUsS TPAHCIOPTHOTO COEAUHEHUS
B CEJICKTHBHOM pEXHMME IMOBTOPHOHM IMepeiadyu IMOKasajiu, YTO CKOPOCTh Iepeiadyd MEXAy abOHEHTaMu
OTIpeIeNIsIeTCS JOCTOBEPHOCTRIO TMEepeiayn JaHHBIX, paclpelesieHHeM JJIMH o4epeiell MPOTOKOIBHBIX 010-
KOB B TPaH3UTHBIX y3/1aX U COOTHOLICHUEM MEXAY JJIUTEIbHOCTHIO KPYTOBOM 3aJIEPKKU U LIMPUHON OKHA.
W3 ycnoBus 3aJaHHOTO YPOBHSI TTOTECHITHAILHOM MPOIMYCKHOMN CITOCOOHOCTH HaWJICHBI aHATMTUYCCKUE 3aBH-
CHMOCTH pallMOHAJIbHBIX 3HAYEHUW MPOTOKOJIBHBIX MapaMeTpoB. HampapiieHHeM NallbHEUIIMX HCCIea0Ba-
HUN HEO0OXOJMMO BBIIACIUTH 3a7auy aHain3a 3()(OEKTUBHOCTH MPUMEHEHHS MPOLEAYP MPSIMON KOPPEKIIUU
OIIMOOK HA YPOBHE TPAHCIIOPTHOT'O MPOTOKOJIA TP KOHKYPESHTHOM KCIIOJIb30BAHUH CETEBhIX KAHAJIOB CBSI3U.

CHnucoOK HCTOYHHKOB

1. Borycnasckuii JI.b. Ynpasnenue motrokamu gaHHBIX B ceTsix OBM. M. : DHeproatomusaart, 1984. 168 c.

. Gelenbe E., Labetoulle J., Pugolle G. Performance evaluation of the HDLC protocol // Comput. Networks. 1978. V. 2. P. 409-415.

3. boposuxun E.A., Koporaece U.A. AHanu3 GyHKIMOHUPOBaHUS U onThMu3aius npotokosa HDLC // ABTomaTnka W BBIYHCIH-
TenbHAS TexHnKa. 1993. Ne 2. C. 47-51.

4. Cymenko C.II. AHanuTHYecKHe MOJENN aCHHXPOHHBIX MPOLEAYp YIPaBJICHUs 3BEHOM IepeadH JaHHBIX // ABTOMaTHKa M BbI-
yuciuTeNnbHas Texarka. 1988. Ne 2. C. 32-40.

5. Kokmener B.B., Cymenko C.I1. Ananu3 ObICTPOACHCTBHS aCHHXPOHHOW MPOLEAYPHI YIPABICHUS 3BCHOM MEpeaadyn TaHHBIX //
Beraucnurensusie Texgonorun. 2008. T. 13, Ne 5. C. 61-65.

6. Herrero R. Modeling and comparative analysis of Forward Error Correction in the context of multipath redundancy // Telecom-
munication Systems. Modelling, Analysis, Design and Management. 2017. V. 65 (4). P. 783-794.

7. Ilpucryna I1.B., Cymenko C.I1., Muxees I1.A., Moucees A.H. Aranu3 s¢¢exTuBHOCTH NPSIMON KOPPEKIUH OMMOOK HA YPOBHE
TPaHCIOPTHOTO NpOoTOKOIIa / ABTOMaTHKa u Teaemexanuka. 2022. Ne 7. C. 59-81.

8. Kokmenes B.B., Muxees I1.A., Cymenko C.I1. CpaBHHTEIbHBIH aHATN3 OBICTPOJEHCTBUS CEIEKTUBHOTO U TPYIIIIOBOTO PEKIMOB

N

HOBTOpA TPAHCIIOPTHOTO MPOTOKOJA // ABTOMaTHKa U Tenemexanuka. 2017. Ne 2. C. 65-81.

9. Ewald N.L., Kemp A.H. Analytical Model of TCP New Reno through CTMC // Computer Performance Engineering. Proc.
6th European Performance Engineering Workshop. EPEW 2009. London, UK, July 9-10. 2009. P. 183-196.

10. Padhye J., Firoiu V., Towsley D.F., Kurose J.F. Modeling TCP Reno Performance: A Simple Model and Its Empirical Validation //
IEEE/ACM Transactions on Networking. 2000. V. 8 (2). P. 133-145.

11. KoxmeneB B.B., Muxees II.A., Cymenko C.II. AHanu3 celeKTUBHOTO PEXMMa TPAHCIIOPTHOTO HPOTOKOJA B HAIPYXEHHOM
TpaKTE Nepeaain NJaHHBIX // Bectauk Tomckoro TOCyJapCTBEHHOTO YHHUBEPCUTETA. anaBneHHe, BBIYHUCIIUTCIIbHAA TCXHUKA U
uHdopmaruka. 2013. Ne 3 (24). C. 78-94.

References

1. Boguslavsky, L.B. (1984) Upravlenie potokami dannykh v setyakh EVM [Control of Data Flows in Computer Networks].
Moscow: Energoatomizdat.

24



Muxeeg I1.4., [1000yonvuii B.B., [Ipucmyna I1.B. u op. Beicmpodeiticmsue mpancnopmuoz2o npomoxoaa

2. Gelenbe, E., Labetoulle, J. & Pugolle, G. (1978) Performance evaluation of the HDLC protocol. Computer Networks. 2. pp. 409-415.

3. Borovikhin, E.A. & Korotaev, I.A. (1993) Analiz funktsionirovaniya i optimizatsiya protokola HDLC [Analysis of the functioning
and optimization of the HDLC protocol]. Avtomatika i vychislitel'naya tekhnika — Automation and Computer Science. 2. pp. 47-51.

4. Sushchenko, S.P. (1988) Analiticheskie modeli asinkhronnykh protsedur upravleniya zvenom peredachi dannykh [Analytical
models of asynchronous control procedures for a data transmission link]. Avtomatika i vychislitel'naya tekhnika — Automation
and Computer Science. 2. pp. 32-40.

5. Kokshenev, V.V. & Sushchenko, S.P. (2008) Analiz bystrodeystviya asinkhronnoy protsedury upravleniya zvenom peredachi
dannykh [Analysis of the speed of an asynchronous control procedure for a data transmission link]. Computational Technologies.
13(5). pp. 61-65.

6. Herrero, R. (2017) Modeling and comparative analysis of Forward Error Correction in the context of multipath redundancy. Tele-
communication Systems. Modelling, Analysis, Design and Management. 65(4). pp. 783-794. DOI: 10.1007/s11235-016-0267-y

7. Pristupa, P.V., Sushchenko, S.P., Mikheev, P.A. & Moiseev, A.N. (2022) Efficiency Analysis of the Forward Error Correction
at the Transport Protocol Level. Automation and Remote Control. 83(7). pp. 1059-1077. DOI: 10.1134/S0005117922070049

8. Kokshenev, V.V., Mikheev, P.A. & Sushchnenko, S.P. (2017) Comparative analysis of the performance of selective and group
repeat transmission models in a transport protocol. Automation and Remote Control. 78(2). pp. 247-261. DOI:
10.1134/S0005117917020059

9. Ewald, N.L., Andrew, H. & Kemp, A.H. (2009) Analytical Model of TCP New Reno through CTMC. Computer Performance
Engineering. Proc. of the 6th European Performance Engineering Workshop, EPEW-2009. London, UK, July 9-10. pp. 183-196.

10. Padhye, J., Firoiu, V., Towsley, D.F. & Kurose, J.F. (2000) Modeling TCP Reno Performance: A Simple Model and Its Empirical
Validation. IEEE/ACM Transactions on Networking. 8(2). April. pp. 133-145.

11. Kokshenev, V.V., Mikheev, P.A. & Sushchenko, S.P. (2013) Transport protocol selective acknowledgements analysis in loaded
transmission data path. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie, vychislitel'naya tekhnika i informatika —
Tomsk State University Journal of Control and Computer Science. 3(24). pp. 78-94.

Hudpopmayusa 06 asmopax:

MuxeeB I[IaBea AnapeeBHY — KaHANAAT TEXHUYECKHX HAYK, BEAYIIHH NPOrpaMMHCT Kadeapsl NpukiIagHoi nudopmatuku MHCTH-
TyTa NPHUKIAJHON MAaTeMaTHKH M KOMIIBIOTCPHBIX Hayk HallMOHaJbHOTO HCCIIENOBATENbCKOT0 TOMCKOrO TOCYIapcTBEHHOTO YHH-
Bepcurera (Tomck, Poceust). E-mail: doka.patrick@gmail.com

Honnyoustii Bacuiuii BacuibseBuy — npogeccop, TOKTOp TEXHHYECKUX HAyK, mpodeccop Kadeapsl MpUKIagHOi HHOOPMATHKU
WHcTHTyTa IPUKIaJHOW MaTeMaTHKH W KOMITBIOTEPHBIX Hayk HallMoHaNIBbHOTO McClienoBaTenbeKoro TOMCKOro TocyaapCTBEHHOTO
yuausepcutera (Tomck, Poceust). E-mail: vvpoddubny@gmail.com

IIpucryna IaBea BUKTOPOBHY — accuCTeHT Kadeaps! MpHUKIaaHON HHpopMaTuKy VHCTHTYTa NPUKIATHON MaTeMaTHKU ¥ KOMITb-
IOTEepHBIX Hayk HaumoHansHOrO ¥HcciemoBaresibeckoro Tomckoro rocyaapcrBenHoro ynuBepcutera (Tomck, Poccus). E-mail:
pristupa@gmail.com

Cymenko Cepreii IletpoBuu — mpodeccop, TOKTOp TEXHHYECKHX HayK, 3aBeAyIOlIMil Kadeapod NpUKIagHOH HHPOPMATHKH
WHCTUTYTA TIPUKIIAJHON MaTeMaTHKH M KOMIBIOTEPHBIX Hayk HallMOHaNIbHOrO HCClieNoBaTeNbCKOro TOMCKOTro rocyapCTBEHHOTO
YHUBEPCHUTETA, BEAYIIMH HaydHbIH coTpynHuK ToMmckoro ¢uimana deneparbHOr0 HCCISA0BATEIbCKOTO HEHTPa NHHOPMAIIMOHHBIX
1 BaHCIUTENbHBIX TexHomorui (Tomck, Poccust). E-mail: ssp.inf.tsu@gmail.com

Kapum Iemanr Xacan — acrimpanT kadeapbl NpUKIaaHOH nHpopMaTrku VHCTHTYTA IPUKIIAHOM MaTEMAaTHKU M KOMITBIOTEPHBIX HAYK
HaroHansHOro necienoBatesibekoro ToMckoro rocyaaperseHHoro yausepeurera (Tomck, Pocerst). E-mail: peshangkarimov@gmail.com

Bknao aemopos: ece asmoput coenanu IxeusaneHmHmulii 6K1a0 6 ROO2OMOGKY nyoauKayuu. A6mopel 3aa61410m 06 omcymcmeuu
Kongpiukma unmepecos.

Information about the authors:

Mikheev Pavel A. (Candidate of Technical Sciences, National Research Tomsk State University, Tomsk, Russian Federation).
E-mail: doka.patrick@gmail.com

Poddubny Vasiliy V. (Doctor of Technical Sciences, Professor, National Research Tomsk State University, Tomsk, Russian Federa-
tion). E-mail: vvpoddubny@gmail.com

Pristupa Pavel V. (Assistant, National Research Tomsk State University, Tomsk, Russian Federation). E-mail: pristupa@gmail.com
Suschenko Sergey P. (Doctor of Technical Sciences, Professor, National Research Tomsk State University, Tomsk Branch
of the Federal Research Center for Information and Computational Technologies, Tomsk, Russian Federation). E-mail:
ssp.inf.tsu@gmail.com

Karim Peshang Kh. (Post-graduate Student, National Research Tomsk State University, Tomsk, Russian Federation). E-mail:
peshangkarimov@gmail.com

Contribution of the authors: the authors contributed equally to this article. The authors declare no conflicts of interests.
Tlocmynuna 6 pedaxyuro 16.08.2022; npunsma x nybauxayuu 29.11.2022

Received 16.08.2022; accepted for publication 29.11.2022

25


mailto:peshangkarimov@gmail.com
mailto:ssp.inf.tsu@gmail.com
mailto:peshangkarimov@gmail.com

BECTHHUK TOMCKOI'O I'OCYIAAPCTBEHHOI'O YHUBEPCUTETA
2022 VYnpasrenue, BBIMUCIUTEIbHAS TEXHUKA U UH(POpMaTHUKa Ne 61
Tomsk State University Journal of Control and Computer Science

OBPABOTKA UHOOPMAIIUAN

DATA PROCESSING

Original article
doi: 10.17223/19988605/61/3

Asymptotic properties of modified empirical Kac processes
under general random censorship model

Abdurakhim A. Abdushukurov!, Gulnoz S. Sayfulloyeva?

! Moscow State University named after M.V.Lomonosov, Tashkent Branch, Tashkent, Uzbekistan, a_abdushukurov@rambler.ru
2 Navoi State Pedagogical Institute, Navoi, Uzbekistan, sayfullayevagulnoz@gmail.com

Abstract. In this paper, we consider a general random censorship model and prove asymptotic properties of modi-
fied empirical Kac processes. This model includes such important special cases as random censorship on the right and
competing risks model. Our results use strong approximation method. Cumulative hazard processes also investigated
in a similar manner in the general setting.

Keywords: censored data; empirical estimates; Kac estimate; strong approximation; Gaussian process

For citation: Abdushukurov, A.A., Sayfulloyeva, G.S. (2022) Asymptotic properties of modified empirical Kac pro-
cesses under general random censorship model. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie,
vychislitelnaja tehnika i informatika — Tomsk State University Journal of Control and Computer Science. 61. pp. 26-36.
doi: 10.17223/19988605/61/3

Hayunas cratbs
YK 519.2
doi: 10.17223/19988605/61/3

ACMMITOTHYECKHE CBOIICTBAa MOAM(UIIUPOBAHHBIX IMIIMPUYECKUX npoueccoB Kana
B 0011€ei MOJIeJIH CJIy4aiiHOT0 LIEeH3YPUPOBAHUSA

AGaypaxum AxmenoBud Adaymykyposl, I'yanos Caiidgyanoesna Caiidysioesa’

! Tawxenmeruii puruan Mockosckozo 2ocyoapemeentozo ynusepcumema um. M.B. Jlomonocoea, Tawxenm, Y3oexucman,
a_abdushukurov@rambler.ru
2 Hagoutickuti 2ocyoapcmeeniviii nedazozudeckuii uncmumym, Hasou, Ysbexucman, sayfullayevagulnoz@gmail.com

Annotanusi. PaccmarpuBaercst o0mass MoJenb CIy4aifHOro EeH3ypHUpOBaHUs, BKIOUYaromas B ceds
MOJIETIN CIIy4aifHOTO IIeH3ypHPOBaHMS CIIPaBa U KOHKYPUPYIOLINX PUCKOB. B Hell ompeneneHsl aMIUpH-
yeckue nporeccsl Kama n onpenenensl ux Moaudukammy. Takke UCCIeA0BaHb KyMYJISITUBHBIE TPOIECCHI
pHCKa C J0Ka3aTeIbCTBOM CBOMCTB CHIIBHOH allipOKCHMAIHH I10CIIeI0BATEIbHOCTSIMH I'ayCCOBCKUX ITPO-
LIECCOB.

KiroueBble cjioBa: IICH3YpHPOBaHHBIE JaHHBIC; IMIMPHUYECKHE OICHKM; oleHka Kama; cmipHas
aNIpOKCUMAIINs; TayCCOBCKHE IPOLECCHI

© A.A. Abdushukurov, G.S. Sayfulloyeva, 2022


mailto:a_abdushukurov@rambler.ru
mailto:a_abdushukurov@rambler.ru

Abdushukurov, A.A., Sayfulloyeva, G.S. Asymptotic properties of modified empirical Kac processes

Jna yumuposanua. AOxymykypoB A.A., Caiipymnoea I'.C. AcumnroTndyeckue cBoicTBa MOAW(PHUIMPOBAHHBIX
SIMITMpHYEcKNX InponeccoB Kama B obmeit Momenu cirydaiiHoro nensypuposanus // BectHuk Tomckoro rocymap-

CTBEHHOTO YHHBEPCHUTETa. YTPaBJICHHE, BHIUHCIUTENbHAS TeXHUKAa W nH(opmaruka. 2022. Ne 61. C. 26-36. doi:
10.17223/19988605/61/3

The empirical distribution function has been widely used as an estimator for the distribution function
of the elements of a random sample. It is not, however, appropriate when the observations are incomplete.
Developing the corresponding theory of convergence of considered empirical and concentrated processes to
a Gaussian process has been obtained by many scientists. A generalization of these results for the case of
competing risks or when present various types of censorship considered by authors [see, for example, [1-3]].
These results have numerous statistical application in areas such as medical follow-up studies, life testing,
actuarial sciences and demography (see, also, [4—6]). A general scheme of random censorship was considered
by authors includes an competing risks model and random censoring from both sides.

1. Mathematical model

Let Z be a real random variable (r.v.) with distribution function (d.f.) H(x)=P(Z<x), xeR. For
a fixed integer k>1 let AP, ..., A% be pairwise disjoint random events, and define the subdistribution func-
tions H(x;i)=P(Z<x,AV), ie3={1,..,k}. Suppose that when observing Z we are interested in the joint
behaviour of the pairs (2,A"), ie3. Let {(z;,A®,..., A), j=>1} be a sequence of independent replicas
of the (Z,AY,...,A%) defined on some probability space {Q, A,P}. We assume throughout that the func-
tions H(x),H(x;1),....H(x;k) are continuous. Let H,(x) denote the ordinary empirical d.f. of Z,,...,Z,

and introduce the empirical sub d.f. H, (x;i), ie 3
Hn(x;i)zﬁznl‘ﬁ(j”l(zj SX), (x;i)eRxS,
=
where R =[-o0;00], 8\ =1 (A}i)) is an indicator of event A" and
H, (1) +...+ Hn(X?k)=%Z| (Zj SX)z H,(x), xeR,

is the ordinary empirical d.f. Properties of many biometrical estimates depends on limit behaviours of pro-
posed empirical statistics.

The following results are a straightforward consequences of exponential inequality of Dvoretzky-
Kiefer-Wolfowits with exactly constant D = 2 from [7, 8]:

Forall n=12,... and ¢>0:

(1+¢) 1 v
P sup|Hn(x)—H(x)|>[ .ﬂ} <on ), (1)
[X|<c0 2 n
and
12
P sup|Hn(x;i)—H(x;i)|>2(@Io%j <4n~ o) )
‘X‘<oo
A crucial role is played the vector-valued empirical process
—k+1

fa, ()= (1), (1) (1), t=(t0t) <R

where

af]o)(x)zx/ﬁ(Hn(x)—H(x)), al (x) =\/ﬁ(Hn(x;i)—H(x;i)), ie3.
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The results of our approximation theorems presented here is, quite naturally, the approximation theo-
rems of Komlos—Major-Tusnady’s, for the ordinary empirical process with the approximation with the rate

of order n*?logn. We will construct the approximation Gaussian processes in terms of Wiener sequences.

The following theorem of Burke-Csorgé-Horvath [9, 10] is an extended analogue of Komlos—Major—
Tusnéady’s result [11, 12].

Theorem A [9, 10]. If the underlying probability space {Q,A,P} is rich enough, then one can

define k+1 sequences of Gaussian processes B\ (x),B”(x),..,B" (x) such that for a,(t) and

B, (1)=(B (%),BY (%), B (%)), t=(ty,-t, ), we have n

{e< a,(t)-B,(t) e >n7%(M(Iogn)+ Z)}S K exp(-Az), (3)

for all real z, where M =(2k +1)A, K=(2k+1)A, and L =A,/(2k+1) with A, A, and A, are absolute
constants. Moreover, B, itself is a (k-+1) dimensional vector-valued Gaussian process having the same

covariance structure as the vector a,(t), namely EB!(x)=0, (x,i)eRxJI=3Iu{0} and for any
ijed, i#], x,yeﬁ-
W (B (y)=min{H (x),H (y)} =H (x)-H (y),
()BS' (y)=min{H (x;i),H (y:i)} = H (i) H (y3i),
EB,(])(X)Br(,)(y)=—H(x;i)-H(y;j),

EBL” (x)BY (y)=min{H (x;i),H (y: i)}~ H (x)-H (y;i).

Note that in proving of theorem A (theorem 3.1 in [10]) authors constructed sequence of two —

(4)

parametrical Gaussian processes @(O)(x;n),@(z)(x;n),...,Q(k)(x;n) such that for a,(t) and
@(t;n)=(@(O)(x;n),...,(@(k)(x;n)), teR™ the following its Borel-Cantelly consequence of approxima-

tion have used
k+l as
( }/Iog nj

D
where Q(t;n) isthe (k +1) dimensional vector-valued Gaussian process that Q(t;n)=n"?a, (t). Hence

EQ" (xn)=0, (xi)eRxJ

an ()20

sup
te Rk+l

andforany i,je3, i#j, x,yeR:

EQ (xn)Q" (y;m)=min(n,m){min{H (x),H (y)} =H (x)H (y

~~—

3

E@(O)(x;n)Q(O)(y;m)zmin(n,m){min{H (x;i),H(y; )} H(x)H (y,l)} -
EQ“)(x;n)Q“)(y;m)zmin(n,m){min{H (x:1),H (y;i)}=H (xi)H (y; j)}
EQY (x;n)Q (y;m)=—min(n,m)H (xi)-H (y; ).
Observe that {Q(i),i € 5} are Kiefer processes and they satisfying the distributional equality
Q" (xn)=w " (H (xi)in)—H (i)W (L), (6)

i . . . . . i)
where {W v (yin), 0<y<ln>lie S} itself are two-parametrical Wiener processes with EW' (y;n)=0 and
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Ew" (y;n)Wm (u;m)=min(n,m)min(y,u), ie3.
It is important to note that though Kiefer processes {Q(”,i eS} are dependent processes, but corre-
sponding Wiener processes are independent. Indeed, from proof of theorem A are follows that
D

QY (xn)=K(H(x1);n),
@(2)(x;n)2K(H (x2)-H (+oo;1);n)— K(H (+oo;1);n),

Q(i)(x;n)iK(H(X;i)+H(+oo;1)~l—...+H(-l—oo;i—l);n)—K(H(+oo;1)+...+H(+oo;i—1);n), ie3,
where H (+o0;i)=limH (x;i), H(+o0;1)+...+H (+o0;k)=1.

X1 +o0

The Kiefer processes {K(y;n), 0<y<], n21} are represented through two-parametrical Wiener

processes {W(y; n), 0<y<i n 21} by distributional equality

{K(y;n), 0<y<\y, nzl}z{w(y;n)—yw(];n), 0<y<i, nzl}. (7)
Consequently, in view of (6) and (7) the Wiener process {W“),i € S} also admits representations for
all (X;i)eﬁxﬁ:
D

W (H (x1);n)=W (H (x;1);n),

W (H (x;2);n)2W(H (X;2)+ H (+00;1);n) =W (H (+00;1);n),

W(i)(H (x;i);n)iw (H (X;1)+H (+o0; —1);n)—W (H (+90;1) + ...+ H (+o0;1 —1);n).
Now by directly calculations of covariance of processes {W(i) e S} it is easy to believing on its independency.

This paper further structured as follows. In section 1 we introduce the classical Kac processes analogues
and their modifications. For its we prove approximation results. Then in section 2 we propose corresponding
estimators of hazard functions. For them we also prove approximation results.

2. Kac processes under general censoring

Authors [9] proved the general theorems to obtain approximation for the usual empirical and corre-
sponding cumulative hazard estimates by Gaussian processes for the competing risk generalizations. We
prove these results for a corresponding Kac-type processes.

Following of [12] we introduce the modified empirical d.f. of Kac by the following way. Along with

sequence {Zj, j 21} on a probability space {Q, AP} consider also a sequence {v,,n>1} of r.v.-s having
Poisson distribution with parameter Ev,=n, n=12,... Assume throughout that the two sequences

{Z i 21} and {v,,n>1} are independent. Kac’s empirical d.f. is

29



O6pabomka ungopmayuu | Data processing

while the empirical sub-d.f. one is

o Az sk Al e, i v, 2tas,
H, (xi)=<n43
0,ie3 if v,=0as,
with H) (x1)+...+ H (x;k)=H, (x) forall x e R. Here we suppose that sequence {v,,n>1} is independent
of random vectors {(Zj,S(jl) ..... S(jk)), j 21}, where 3! =|(A§i)). Note that statistics H, (x;i) (consequently

also H, (x)) are unbiased estimators of H (x;i), i € I (consequently also of H (x)):

E(H:(x;i))z%E{iE[igs) 1(z, gx)},vn :m}z

m=1 k=1
:%E{iE[igs) 1(Z <x) v, :m]P(vn :m)}:
m=1 k=1
1& > n"e™"
=EmZ=;H(x,|)mP(vn=m)=EH(x,|)mZ=‘1m- ——
=H(xi)e™ y n—:H(x;i), (xi)eRx3
m=0 m!

Consequently,

processes.
Theorem 1. If the underlying probability space {Q, A, P} is rich enough, then one can define k +1 se-

quences of Gaussian processes W' (x),W"” (x),..,w (x) such that for a:(t):(am)* (t,),a"" (t,),...al" (¢, ))

n n n n

and W, (t) =(Wn(°) (t,) WO (1), W (tk)), t=(ty,t,....t, ), we have

P{sup

teR

n

510w, (0 > Cn Hlogn <K, ®

where r>2 isan arbitrary integer, C" =C"(r)-depends only on r and K" is an absolute constant. Moreover,
W, (t) itself is a (k+1)-dimensional vector-valued Gaussian process with expectation EW."(x)=0,
(xi)eRxJ andforany i, je3, i#j, x,yeR:
EWS ()W, (y)=min{H (x),H (y)},
EWn(i)(x)Wn“)(y)zmin{H(x;i),H(y;j)}, (9)
EW (x)W (y)= min{H (x;i),H (y)}

The basic relation between a, (t) and a; (t) is the following easily checked identity

a,(x)= VF“aS‘n)(x)JrH(x;i)(V”_n), ie3 (10)

n

Hence the approximating sequence have respectively the form

W (x) =B (x)+H (x;i)W*(n), ie3,

“ &
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where Bﬁin)(x) is a Poisson indexed Brownian bridge type process of Teorem A and {W(*)(x), XZO} is
. —\ D - —

a Wiener process. Easy to verify that {Wn(')(x), (x;i)e RxS}:{W*(H (xi)).(x.i)e Rxs}. The proof of

Teorem 1 is coincides with the proof of theorem 1 of Stute in [13] hence it is omitted.

In so far as lim H, (x)=H, (+x) = Y0 then by Stirlings formula
X+ n

P(vn=n)=P(H;(+oo):1):nnr?!n:\/Zlm(lJro(l)), n — oo,
and
p(H;(+oo)>1):p(vn>n):§1”kke!”:o(l), n— oo,

Thus H, (x) with positive probability t, be greater than 1. In order to avoid these undesirable properties, we
propose following modifications of Kac statistics:
Ha(x)=1-(1-H; (x))1 (H; (x)<1), xeR,
Hn(x;i)zl—(l— H:(x;i))l (H:(x;i)<1), (x;i)e@xs.
The following inequalities are useful in investigating of Kac processes.
Theorem 2. Let {v,,n>1} be a sequence of Poisson r.v.-s with Ev, =n. Then for any ¢>0 such that

(11)

n,_ ¢ (12)
logn  8(1+¢/3)
we have
1(e V2
P - =| =nl <2n™™, 13
(|vn n|>2(2nognj j n (13)
logn ">
P[sup|H:(x;i)—H(x;i)|>2[822 ) Js4n“€W, ie3, (14)
‘X‘<rx}
logn\?
P[sup Hn(x;i)—H(x;i)‘>2[822 j Js4n4‘gw, e, (15)
‘X‘<oo

where w=[16(1+ e/3)]_1.
Proof. Let v,,v,,... be a sequence of Poisson r.v.-s with Ey, =1 for all k=1,2,... Then
k
n n 0 et
Sy =V, —v= Z(Vk -1 :Zak and  Eexp(tg,)=e"exp(ty,) :exp(—(t +1))Z% :exp{e‘ —(t +1)}'
k=1 k=1 k=0 H

Using Taylor expansion for e', we get

Eexp(tgk)zexp{ut +%+\y(t)—(t +1)}=exp{§+\|/(t)},

3
where \u(t)z%exp(et), 0<B<1. Estimate y(t) taking into account that t*<t® under 0<t<1:

3 2 2
\y(t)s%eSe%. Thus, Eexp(tgk)zexp{%(ng}, 0<t<1.

The following result (theorem from [14]) is necessary for our further investigations.
Lemma 1 [14]. Let {&,,n>1} be a sequence of independent r.v.-s with E§, =0, n=12,.... Sup-
pose that U,A,,..., A, positive real numbers such that
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Eexp(t&k)<exp( At ) for k=12,..,n [t|<U. (16)

Let A=X, +..+A,. Then

2

2exp L ,if 0<z<AU,
2A

P(le,+..+&|22)< y
2exp(—7z), if z>AU.

1/2

1/2
Letinlemmal A, =1+¢/3, U =1, z =%(§nlog n) , then we obtain (13). Here 0<z :%(%nlog nj <

<(1+e/3)n=AU. Consider probability in (14). By total probability formula

. elogn v
H (x:i)—H(xi)|>2 =
[iﬂgl x)-2 250 J

12
=P| sup|H, (x;i (x;i) +—ZS Z[SIOan /vn>n P(v,>n)
X<z ) Py} 2n
elogn "
+P| sup[H (x;i)- -= Z 8V1(2Z, <x) 2( g j /vn£n P(v, <n)<
[x|<eo NS 2n
12 max(n,v,) 12
.\ (€logn 1 (i (slognj
<PsuHX|HX|> + P| sup|— 01 (Z, <x)| > <
{x<g| (i) ( 2n ) J \x\<gnk:min%;vn)+1 Ma =) =,
_4e Vn - n| € Iog n v —4g —4we —4wg H ~
<2n 4+ P |> > <27 4207 <407 1e S,
n n

where we applied (2) and (13) that proves (14). Let’s define T" = inf {X: Hn (i) =1},i €3 If x>TY and

v, >n, then Ha(xi)=1and H (xi)—H(xi)>H (xi)—H, (xi)>0. Then assuming v, >n, we obtain

Ho (1)~ H (i) - {max[supw ()= H (x:i)], sup Hn(x;i)—H(x;i)H}s

sup

‘X‘<oo

X< T szg)

17)

s{max{ilimH:(X;i)—H (X;i)|,ilifl))|H:(x;i)—H (X;i)q}:

Under v, <n, itis obvious that Ha(x;i)=H,(xi), forall (xi)eRx3.
Now taking into account last two relations, total probability formula and (14) we obtain (15). Theo-
rem 2 is proved.

Let an(t):(aﬁo)(to),a(nl)(tl),...,aqu)(tk)), where a(no)(x)zx/ﬁ(Hn(x)—H(x)), a(ni)(x)zx/ﬁ(Hn(x;i)—

-H (x; |)) (x; i) eRx 3. We shall prove an approximation theorem of the vector-valued modified empirical

(xi)-H (x;i)|, ied.

‘X‘<oo

Kac process an (t) by the appropriate Gaussian vector-valued process W, (t),t cR"™ from theorem 2.
Theorem 3. Let {T,,n>1} be a numerical sequence satisfying, for each n, the condition
T, <T, =inf {x:H(x)=1} <oo such that
12
m[n{P(A('))—H(Tn,i)}zl—H(Tn)zz(HOgn] . (18)

ie3 2wn
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If for any £>0 condition (12) hold, then on a probability space of theorem 2 one can define k +1 sequences
of mean zero Gaussian processes W,”) (x),Wn(l) (x),...,Wn(k) (x) with the covariance structure (9) such that for

an (t) and W, (t) = (W, (1), W, (). W, (1)) we have

n
P< sup
te(—o;T, [

where K is an absolute constant, C =C(e) and B =min(r,ew) forany £>0.
Proof. It is easy to seen that probability in (19) can be estimated by sum

k i .
P{sup a, (x)-W.© (x)‘ >Cn ™ log n} +> P(sup ay (x)-w (x)‘ >Cn ™ log nj =Qy, +0,,. (20)
X<T, i=1 X<T,

Taking into account that for any x<T,, H,(x)<H,(T,) and if H (T,)<1, then ay’ (x)= afqo)*(x) and by
formula of total probability

(k+1)

an (t)-W, (t)

>Cn? log n} <Kn™P, (19)

0, < P[sup

X<T,

a(no)(x)—Wn(o)(x)‘ >Cn 2 log n/Hn*( J )>1)<

< P(sup

X<T,

al% (x)-W,* (x )‘>Cn ylogn}rP( )>1)<
(21)
T

<K +P(H,(T,)-H(T,)>1-H(T,))<

<Kn‘r+P{sup|H H(X)|>(rlognJ Js Ln™",

[x|<0 2wn

where we have used theorem 1 and analogue of (14) for H; —H, L=K" +4. Analogously,
k ) K -
Z (SUp Wn(')(x)‘ >Cn 2 log nj+ZP(H:(Tn;i) S p(Am))S
x<T, -
W (x )‘ >Cn2 Iogn}LZP(sup

‘X‘<oo

+kP(|V v, 2(‘”"’"”) J<k|_n-f+2kn-‘”,

k
<> P(sup

= x<T,

" (x )—Wn(i)(x)‘ >Cnlog nj+ (22)

n 2wn

where we also have used inequalities (13), (15) and theorem 1. Now from (21) and (22) follows (19). Theo-
rem 3 is proved.

3. Estimation of hazard function

In many practical situations, when we are interested in the joint behaviors of the pairs
{(Z,A(i)), ieS}, a crucial role is played by the so-called cumulative hazard functions
. . . X
{S(')(x)zexp(—z\(')(x)), ieS}, where A" (x) is the i-th hazard function ( [ = | J:
—0 (—o0ix]
B ]5 dH (u;i)

S 1-H(u) ’

with A® (x)+...+ Al (x):A(x):J dHH(;J)) is the corresponding hazard function of d.f. H (x).
—H(u
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Consider two important special cases of considered generalized censorship model:
a) Let {X,,X,,...} be a sequence of independent r.v.-s with common continuous d.f. F. These are

censored on the right by {Y,,Y,,...} a sequence of independent r.v.-s, independent of the X — sequence, with
common continuous d.f. G. One can only observe the sequence of pairs {(Zk,Sk),kzl,_n}, where

Zj:min(xj,Yj) and 5,=8" is the indicator of event AJ.:AE”:{ZJ.:XJ.}. In this case

k=2, 1-H(x)=(1-F(x))(1-G(x)), H(x;l)zjo(l—G(u))dF(u), thus  S®(x)=5(x)=1-F(x).

The useful special case when 1—G(x)=(1— F(x))ﬁ, B >0, which corresponds to independence of r.v.-s
Z;and 3;,j>1.

b) For k>1 consider independent sequences {Yl(i),Yz“),...} (i =1,...,k) of independent r.v.-s with
common continuous d.f. F and let Z, = min(Yj(l),...,Yj(k)). One observes the sequences {(Zj,és(ji)),i =1,_k} ,
j=1

where 8\ is the indicator of the event A}”:{zj =Yj(‘)}. This is the competing risks model with

sU(x)=1-FY(x), ie%.
Define the natural Kac-type estimator

of AY(x), ie3. Let WS)(x)=\/ﬁ(AS)(x)—A(i)(x)), ie3 is an Kac-type hazard process and
W, (1) = (W (&), Wi (1)), t= (Lt )y Yo () =(Y,? (1), Y (t,)) corresponding vector process with

0 () «WO (u)dH (u;i)+ w(x) ~ «W (u)dH (u) -
R T TR e

and {W(O)(x),w(”(x) ..... Wn(k)(x)} are Wiener processes with the covariance structure (9). Then for

EYV (x)YO (y)=C(x,y),
where X,y <T, =inf {x:H(x)=1} <o,
n>

Theorem 4. Let {T_,n>1} be a numerical sequence satisfying for each n, the condition T, <T,, such

that
2 2
L>max{32 W, —n 2rb, Zgb } (23)
logn w
where b, =(1-H(T, ))_1, £>0, r>2. Then on a probability space of theorem 2
P( sup [w, (t)-Y, (t)||(k) > r(n)j <kd,n?, (24)
te(—oo;T, ]k)
where r(n)=d.b?n*?logn, ®,=d,(e,r), @, - (absolute) constants.
Proof. It is enough to prove that for each i€ J
P(sup(wﬁi)(x)—Yn“)(x)) > r(n)jsqnlnﬁ. (25)
X<T,
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For difference we have representation for each i € 3:

W ()= YO (x) = N _
" ()= (0= W) ()
_i(ag')(u)—wn(')(u JoH ] ()] ok (ui) )

L3 (1-H(u)) S (1=H (u)) (1-Ha(u))

(0) (i)
b ardal W) &g
J;(l—H(u))(l—Hn(u)) ;R”()

For sum RY (x)+R.) (x)+R. (x) using (15) and (19) we have

4 .
P(sup > RY(x)|>3Cn*logn +en™"*b; log nj£3Kn“‘ +2Ln™" §(3K +2L)n‘ﬁ, ie3. (26)
XSTn m=1
Rewrite R\ as
© () : , _
_ X (an (u)) d(H (u;i)—H (u;i) x o) (1) _a —
9= L e ) ) R,

% (1—H(u)2(1—Hn(u)) % (1-H () .
Then by (15) for ie 3
ﬁ&'ﬂ(x)

P(sup > 2en b’ log nJ <2Ln™™<2Ln (28)

X<T,

There exists an absolute constant A such that

X<T,

P(sup Rl (x)‘ >3An"*b? log n] <P(H,(T,)>1)+

(29)

+P| supn™¥? j'

u
3An"Y2p?| <Ln™" ,
S AT I B

so that for any x<T,,H (x)<H (T,) and if H,(T,)<1 then H,(xi)<H,(T,) and hence

ay (x)=al""(x) for ie3. It is enough to estimate probability p,. According to proof of theorem 1 in [13],

supposing a” (x) = /v, (H: (x)=H(x)), a(x)=\lv, (H. (xi)—H(xi)), ie3 and using representa-
tion (10), we have proved the theorem 4.

Conclusion

We consider Kac processes in a general censorship scheme, including competing risks model and ran-
dom censoring from both sides. Our results uses strong approximation method. Cumulative hazard processes
also investigated in a similar manner in the general setting. In paper we obtain corresponding approximation
results for ordinary empirical processes, for a Kac processes and their modifications and for hazard processes.

All results are new and have approximation rates of order n™* logn.
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OnHUM U3 MarucTpaibHBIX HalpaBJIEHUH Pa3BUTHS TEXHOJIOTHI 00paOOTKH MPOCTPAHCTBEHHBIX JaH-
HBIX SIBJISICTCS INPUMEHEHHWE METOJOB IeOCTATUCTHYECKOTO aHalIn3a Ui OLEHKH HX HPOCTPAHCTBEHHO-
BPEMEHHOH aHU30TPOIINH B Pa3IMUHBIX IPUKJIAIHBIX 00JIACTIX HAYKH U TEXHUKH. BmecTe ¢ TeM, Kk mpumepy,
JNeTePMUHUCTUYECKNE MOJEIN U METObl IPOCTPAHCTBCHHON MHTEPIOLMH, KPUKUHIA U KOKPUKUHTA, MO-
JEeTUPOBAHUS NPOCTPAHCTBEHHOM HEONPEAEICHHOCTH MPEINONaraloT HENpPEepbIBHOCTh BPEMEHHBIX PSALOB
JAHHBIX, CHHXPOHHO PETHCTPUPYEMBIX IIPOCTPAHCTBEHHO paclpeleIeHHBIMY UCTOYHUKAMH JaHHBIX (reoze-
3udecKuMu omopHbIME myHKTamu) [1. C. 50]. OxHako HECOBEPIIEHCTBO HCIIONB3YEMOTO ISl PeTrHCTPaIiH
MIPOCTPAHCTBEHHBIX AAHHBIX MH(OPMALMOHHO-U3MEPUTEIBHOTO 000pyIOBaHUs, COOM B KaHalax Iepenadu
nHpopMaLuy, 00yCIOBICHHbIE TPUYMHAMH PA3IMYHON HNPUPOABL, a TAKXKe OLIMOKU, BHI3BAHHbBIE YEJIOBEUE-
CKUM (aKTOpOM, IPUBOIAT K TOMY, YTO B HACTOALICE BpeMsl IPAKTUIECKU HE CYIECTBYET HCTOYHUKOB JaH-
HBIX, TAPAHTUPYIOMINX UX OecrepeOoHYI0 pEeruCTPaInio.

Spxum npumepoM 0003HaYEHHON MPOOIIEMBI SIBISIOTCA Ha3eMHbIE MATHUTHBIC 00CEPBATOPUH U BapH-
allMOHHbIE CTaHLUHU, KOTOPbIE B PEXKHMME PEabHOI0 BPEMEHM OCYILECTBISIOT PETUCTPALMIO MAapaMeTpPOB
MarHUTHOTO MOJIA 3eMiH U ero Bapuanuid. [Ipu 3ToM npoBeaeHHbIE aBTOPaMy UCCIEIO0BaHUS OKA3aIIH, YTO
TOZIOBBIE apXUBBI COOTBETCTBYIOLIMX I'€OMAarHUTHBIX HaOMoAeHHUH comepxar oT 22,36 mo 35,12% mpomy-
LICHHBIX 3HAYEHUH, YTO KpalHe HEraTUBHO CKa3bIBaeTCs Ha paboTe MH(MOPMALMOHHBIX CUCTEM, (PYHKIHO-
HHPOBAHHUE KOTOPBIX OCHOBAHO Ha MPUMEHEHHUH YKa3aHHbBIX T€ONPOCTPAHCTBEHHBIX TaHHBIX [2. P. 627].

[Ipencrasisiercs 1enecooOpa3HbIM OTMETHTh, YTO B CHIIy psAa MPUYUH (IIPEUMYIIECTBEHHO 3KOHO-
MHYECKOTO XapakKTepa) PelIuTh MpobJeMy COBEPIICHCTBOBAHUEM TEXHHUYECKOTO 00ECTIEYCHHUSI N3MEPUTEIh-
HOTO (M PErUCTPAIMOHHOTO) Mpoliecca He MPEACTaBISIETCST BO3MOXKHBIM, TaK )K€ Kak M HUBEIIMPOBATh Hera-
TUBHOE BO3/ICHCTBUE YEIIOBEUECKOTO (hakTopa. B 3Toi CBsI3M HEOOXO/MMa M aKTyasibHa pa3paboTKa MojXxo/1a,
MO3BOJISIFOIETO BOCCTAHOBUTH BPEMEHHBIE PSIbI POCTPAHCTBEHHBIX JJAHHBIX C TOYHOCTBIO, 3HAYEHUE KOTO-
POl TOMHKHO OBITh MAaKCUMAIBHO MPHUOIMKEHO K 3HAUCHHIO, PEriJaMeHTHPYEMOMY JEHCTBYIOIINMH B COOT-
BETCTBYIOIIIEH MPHUKIAJAHONW OOJIACTH AEATENILHOCTH CTaHIapTaMu, CrelU(PUKAUsIMA U PEKOMEHIAIUSIMU.
Tak, x mpuMmepy, B cIy4ae TeOMarHUTHBIX JJAHHBIX B KAYECTBE TAKOTO JIOKYMEHTA MOXET OBITh HCIIOIb30Ba-
na cnenndukarms IAGA (International Association of Geomagnetism and Aeronomy — MesxkayHapoaHas
accolyaiys TeoMarneTu3ma 1 aspoHomui) [3. P. 9], koTopast onpezenser 10MyCTUMYIO OIIUOKY MPU peru-
CTpalli¥ TapaMeTpOB FEOMarHUTHOTO IOJIS M ero Bapuauuii He Oonee 1 HT .

B HacTrosiiee Bpems IIMPOKO M3BECTHBI METO/bI BOCCTAHOBJICHHUSI BPEMEHHBIX PSIOB JaHHBIX, 00ec-
MEYNBAIOIINE C HEKOTOPOW TOYHOCTHIO MMITYyTAIMI0 HEJOCTAFOIIUX €AMHUYHBIX 3HAUYEHHWH M HeNbIX (par-
MeHTOB. K mpuMepy, Ut eTMHAYHBIX 3HAYSHUH 4acTO MPUMEHSETCS CTIIA)KUBaHHE BPEMEHHOTO Psifia METO-
JIOM CKOJIB3SIIEH cpellHei, Iperoaraiomiee 3aMeHy OTCYTCTBYIONIETO (hparMeHTa JaHHBIX YCPEIHEHHBIM
3HAYEHUEM COCEJHHX I10 OTHOIIEHWIO K HeMy ayieMeHToB [4. P. 137]. [Ipu Tex ke yclIoBUSX MOXKET OBITh
MpUMEHEHa JIMHEeWHAsI WHTEPIIOJISIH, OCHOBaHHAs Ha Moa00pe 3aJ]aHHOTO ypaBHEHUEM MPSIMOW MOJIMHOMA
MepPBO# cTereHr Ha 0a3e M3BECTHBIX 3HAUYCHUIH YPOBHS BPEMEHHOTO psijia TeOMarHUTHBIX JaHHbIX [4. P. 137].
s 6onee AMMHHEBIX (ParMEHTOB M3BECTHHI PEIICHUs, OCHOBAaHHbBIE HAa MoJeNu aBToperpeccuu (AR) mepsoro
Mopsi/IKa, KOTopasi 00ecreynBaeT BO3MOKHOCTh IPOTHO3UPOBAHUST OTCYTCTBYIONIUX (ParMEHTOB BPEeMEHHO-
ro psifa Ha OCHOBAHWM IMPEALIECTBYIOIMX eMy 3HadeHuil [4. P. 141]. AHanoruyHo Iuis ATUTEIBHBIX (par-
MEHTOB MOKET OBITh NPHMEHEHa HMHTErPUPOBAaHHAs MOJENb aBTOPETPECCHH — CKOJB3SILETO CPEAHEro
(ARIMA), koTopasi oOecrieunBaeT JIy4Iyko 10 CpaBHEHHIO ¢ AR MeTpHKy KadecTBa MpOrHO3UPOBaHHS MPO-
MYIIEHHOTO ()parMeHTa 3a cyeT ruOKoi mapamerpusaimu o0padoTku JaHHbIX [4. P. 142].

Bwmecte ¢ Tem aHanu3 3¢)(heKTUBHOCTH MEPEYNCICHHBIX METOI0B BOCCTAHOBJICHUS] BPEMEHHBIX PSI0B
TE€OMarHUTHBIX JaHHBIX (ObUT mpoaHanu3upoBaH 10-MUHYTHBIM (parMeHT) MOKa3ajdl HEBO3MOXKHOCTH HX
MPUMEHEHHUS! B COOTBETCTBYIOIIMX HH(OPMAIIMOHHBIX CHCTEMax BBHY BO3HHUKHOBEHMS OIIUOKH, MPEBBHI-
maroIeit qonycrumoe crnenudukanusmu 3nadenne B 1 v [5. P. 1062]. K npumepy, MeTon ckonb3simeit
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cpeaHeit obecreynBaeT CPEeAHEKBAAPATHUECKYIO OMIMOKY BOoCCTaHOBICHUS AaHHBIX 1,3 HTn. Meron nuHei-
HOW MHTEPHOJISIIMU XOPOIIO MOKa3an ce0sl IpU BOCCTAHOBJICHWH €IMHUYHBIX MPOIYCKOB (CpeIHEKBaApaTu-
yeckas ommoOka cocrasmia 0,03 HT1), HO mpH yBeNMYEHNUH BOCCTaHaBIMBacMoro (parmenta 10 10 3HaueHni
BEJIMYMHA CpelHeKBaApaTuieckoi ommoOku npesbicuna 1,43 aTa. Mogenu AR u ARIMA Ttakxke mokaszanu
XOpOILIME Pe3ynbTaThl Ha HEOONMBIINX (parMeHTax, 00ecleurnB BOCCTAHOBICHUE 5-MUHYTHOTO (hparMeHTa
¢ mpuemieMoil To4HocThio B 0,7 HTJ, HO pU yBENMYSHUH UMIYTHpyeMoro ()parMeHTa OomuoOKa Bo3pocia
no 1,8 uTm.

[Ipu 3TOM Ba)KHO OTMETUTH, YTO M3BECTHBIE METOJbI BOCCTAHOBIICHHUS BPEMEHHBIX PSIOB MPOCTPaH-
CTBEHHBIX JIaHHBIX HUKAK HE YYUTHIBAIOT XapaKTepHBIE AJISl MPOLECCOB OCOOCHHOCTH CTATUCTUYECKUX M JH-
TPONMHHBIX XapaKTEePUCTUK, 0e3 MOHMMaHUs KOTOPBIX 3aTPYJHHUTENIbHA OLIEHKA COOTBETCTBYIOIIMX Iapa-
METPOB B KOHTEKCTE BHEUIHUX AJIS HUX (hakTopoB. B yacTHOCTH, pW BOCCTAHOBIEHUH I'€OMarHUTHBIX JaH-
HBIX 1I€7IeCO00pa3HO YUWTHIBATh HEJACTEPMUHHPOBAHHYIO 3aBUCHMOCTb XapakTepa W3MEHEHHUsS MapamMeTpoB
MarHUTHOTO TOJISI OT COCTOSIHUSI MArHUTOC(EPHI B COOTBETCTBYIOIINIA MOMEHT BpeMeHH. Kpome Toro, Baxk-
HOW XapaKTEPHUCTHUKOW SIBIISICTCS] MPOCTPAHCTBEHHAS] aHM30TPOIHS ITapaMETPOB TEOMAarHUTHOTO TOJIS U €ro
BapHaNuii, 4TO TaKKe SIBISIETCS OJHUM M3 KPUTEPHEB, KOTOphIe HEOOXOIMMO YYUTHIBATh B IPOIECCE BOC-
CTaQHOBJICHHS BPEMEHHBIX PSIIOB.

1. KJ'IaCTepI/I?oaIII/IH HCTOYHUKOB MPOCTPAHCTBCHHBIX JaAHHBIX
Ha OCHOBE UX KOPPECJIANUOHHBIX U 3HTp0HHI71HBIX XapaKTEePUCTUK

B ocHoBe mpeanaraemMoro noaxoja K BOCCTAHOBJICHUIO BPEMEHHBIX PSJIOB MPOCTPAHCTBEHHBIX JaH-
HBIX JIGKHT OICHKAa B3aMMHOTO PACIIOJIOKEHHS WX HCTOYHUKOB. B 3TO# CcBsi3u mpemiaraercs oObEAMHATD
B TpyNIbl (KJIAaCTepbl) HICTOYHUKH JIAHHBIX, KOTOpPHIC MO0 CBOMM IapaMeTpaM IMPOCTPaHCTBEHHOH KOppes-
1Y, a TAKXKE B3aUMHON HH(OPMAIIUK MOTYT CUUTATHCS YCIOBHO OJIM3KUMHU.

Ha naganpHOM 3STare npejcTaBUM MHOXKECTBO MCTOYHUKOB JAHHBIX MOCPEICTBOM BBIPaKEHUH B CO-
OTBETCTBUU C cuctemMoit akcuoM Llepmeno—Dpankens [6]:

A= (aq,ay,...,ay), (1)
IJle B MHTEHCHOHAILHOM ONHCAHWH 8; — TPyNIa, 00beJUHSIONAss KICTOYHHKH MPOCTPAHCTBEHHBIX JaHHBIX
(m1st 3aJaHHOM TIpeIMETHOM 001aCTH, HAPUMEP, TEOMAarHUTHEIE JAHHBIE) 110 BCEMY MHPY.

['pynmbl HCTOYHUKOB JAaHHBIX HA HAYalbHOM O3Tare JACISTCS Ha INI0OANbHYIO, pETHOHANBHBIC H JIO-
KaJIbHbIC B 3aBUCHUMOCTH OT KOHKPETHOW NMPUKIAIHOW 3a/a4d, JUIi HUX HPUMEHSIOTCS COOTBETCTBYIOIINE
JIaHHBIE:

A= (A9,A7,AY, A9 = (df,..,a]), A" =(a], ..,a}), A' =(a}, ..., a}), (2)
rae A9, A", A' — rnoGanbHas, perHoHATbHAS U TOKAIbHAS TPYIIB HCTOUYHHKOB JAHHBIX COOTBETCTBEHHO.

['pymnmbl HCTOYHUKOB JIaHHBIX 00Jiee HU3KOTO YPOBHS MOTYT PE/ICTABIISATH COOOH MOJMHOXKECTBA OJ1-
HOW WJIM HECKOJBKHUX TPYIN 00Jiee BHICOKOTO YPOBHSI, YTO B TEPMHHAX JIOTIOTHEHUH MHOXKECTB MOXKET OBITh
MpeICTaBICHO KaK

A=AV (A'/AT) U (A"/A9), ©)
'€ JONOJIHEHUE (Al /AT) 3a/1aHO DJIIEMEHTAMH MHOKeCTBa A', He BXOIAIIUMH BO MHOKECTBO A', a JomoJI-
nenne (A"/A9) 3amano snementamu MHOxectBa A%, He Bxomsmmmu Bo MHOkecTBO A'. Ilpu stom
A9 D AT, AT o AL

Ha nocnegyromem sTare UCTOUHUKH JAaHHBIX, OTHOCSIIMECS K OJHOW M TOW e MPOCTPAaHCTBEHHOMH
rpymnne (Kiaacrepy), MOABEPraroTcs AONOTHUTENFHOMY arperdpoBaHUIO0 Ha OCHOBAHHMHM COOTBETCTBYIOIIMX
TEOPETUKO-UHPOPMALMOHHBIX XapaKTepUCTUK. JJIsl 3TOro aHamM3upyeTcsl MpOCTPaHCTBEHHOE pacipezese-
HHE MHPOPMALIMOHHBIX XapaKTEPHCTHK COOTBETCTBYIOIMX MMPOCTPAHCTBEHHBIX JAHHBIX ISl OLIEHKH CTEHEHH
CBSI3HOCTH BPEMEHHBIX PSI0B IaHHBIX C Pa3IMYHOHN reorpaduueckoi npuss3koil. KiroueBoii xapakTepucTu-
KO 371ech siBisiercst mH(popMarmonHast suTponus (3HTponus Lllennona) H(X), onpenensiemast corimacHo BbI-
paxenuto [7. P. 104]:

H(X) = ¥i=1p; log,p;, (4)
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rZie Pi — BEPOSTHOCTH HAOIIOIEHHS 3HAYCHUS X, X — BpEMEHHOM PsiJi IPOCTPaHCTBEHHBIX JaHHBIX, IPEICTAB-
JICHHBI COBOKYITHOCTBIO 3HAYEHUH X1,.. ., Xn.

CornacHo BeIpakeHHIO (4) PHTPOIHNS SBISETCS YCPETHEHHON XapaKTEPUCTHUKOW COOOIIEHUsI — MaTe-
MaTHYECKHM OXHIAHUEM pacTpeeIeHus CIIy4alHONW BETHYHMHBI i1, I2,...In, /1€ Ik — UTEpanus HaOIHOICHUI
COOTBETCTBYIOILETO MapameTpa (coaep)kaTesbHasi / aTpuOyTUBHASL COCTABIIIONIAs aHATIM3UPYEMBIX IIPOCTPAH-
CTBEHHBIX JIaHHBIX). SIBISAACH B ONpeneNeHHON CTeNeHH MEPOH paccestHus, HH(pOpMaMoHHasl SHTPOIUS 110~
no0Ha IUCTIEPCHH, HO HE 3aBHCUT OT THIA PACHPEACTICHUS U XapaKTepU3yeTcsl YHUBEPCANbHOCTBIO U aJ/Iu-
TUBHOCTBIO. Kpome Toro, sHTpomus, B OTIMYKE, K IPUMEPY, OT KOPPEISILUH, XapaKTepUu3yeT Jr00yi0, B TOM
Yrciie HEIMHEHHYIO, CBSI3b IEPEMEHHBIX.

BooOrie roBopsi, unpopmanmonHast 3utponus lllennona, mo onpexnenenuto [7. P. 104], konuyecTBeH-
HO XapakTepu3yeT MPOU3BOJBHOE paclpeleleHre Kakoro-nmiubo mapameTpa mpouecca. Ecnu Bo BHemHeil
CpeZie WM B CaMOM HCCIIeyeMO# CUCTeMe MPOUCXOIT Kaknue-Tiu00 W3MEHEHHs], TO 3TO MIPUBOAUT K HU3Me-
HEHMIO paclpeesieHus ee napamerpoB. B aTom cmbicne nadopmanmonnas surponus LllenHoHa MOXeT pac-
CMaTpHUBAThHCS KaK (PYHKLHS COCTOSIHUSI CHCTEMBI, ITIOCKOJIbKY KOJMUECTBEHHO OIMCHIBAET MEpPYy HEOIpene-
JICHHOCTH 3HAYEHUI ITAPaMETPOB, XapaKTepu3yroIux cucremy [7. P. 104].

AHanu3 B3aMMHBIX SHTPOIUIHBIX XapaKTEPUCTHK CTaBUT CBOEH LIENbIO BBISABICHHWE CTATHCTHUYECKH
3HAYMMBIX 3aBHCHUMOCTEH NMPOM3BOJIBLHOIO BHIA MEXKAY MPHUPALICHUSIMH [ap BPEMEHHBIX psinoB. Yem Gonee
OTIAJICHbl APYT OT Ipyra B IPOCTPAHCTBE BPEMEHHBIC Psiibl, TEM MEHEE BBIPAXKECHBI UX B3aUMHBIC TEOPETH-
KO-HH(OPMALMOHHBIE XapaKTEPUCTHUKH.

IIpu 5TOM OCHOBHOM KOJIMYECTBEHHOW MEPOM B3aUMHBIX 3HTPOIUNWHBIX XapaKTEPUCTHUK SBJIIETCS B3a-
nmHasg uadopmanus (Mutual Information), kotopast, cornacuo [8. P. 31], sBnsiercsi Mepoii B3aUMHOH 3aBH-
CHUMOCTH MEXIy AByMs nepeMeHHbIMUA. OHa KBaHTU(QUIIUPYET KOJIMYECTBO MHPOpMaIyH (1o Mepe XapTin
[8. P. 31]), monmy4eHHOE OT OHOW BETMYMHBI TIPH HAOIIOACHUU IPYTOM:

1Y) = Ty Sy e ) loga 5 500 ©)
rae P(Xi)) — BEpOSTHOCTh MOSIBICHUs 3HAUeHUs Xi B Touke X, P(Yj) — BEPOSTHOCTh MOSIBJICHHS 3HAYCHHS Y
B Touke Y, P(Xi, Yj) — BEPOSATHOCTh COBMECTHOTO MOSIBIICHHUSI 3HAYCHHH X; B TOUKe X U 3HaYeHus Yj B Touke Y

BeposiTHOCTHBIE cocTaBIsOIIME HHOOPMAIIMOHHOW SHTPOIIMH MOTYT OBITh HHTEPIIPETUPOBAHBI TAKUM
00pa3oM, 4TO 4eM MEHbIIE BEPOSTHOCTD MOSBICHUS KAaKOTr0-TH00 3HAYCHHS HCCIEAYEMOTO aTpUOYTHBHOTO
napamerpa, TeM OOJIbIIYI0 HEOMPEACTCHHOCTE CHUIMAET PETUCTPHUPYIOIIEE €ro MOsIBICHHE COOOIICHUS U TEM
Oounbiie nHGopMau oHO HeceT. IHbIMU crioBamu, 1o ¢popmyiie bpummosna H + | = 1.

[Ipu stoMm, cornacuo [7. P. 104; 8. P. 31], mig cTaTUCTHYECKN HE3aBUCHMBIX BBIOOPOK YCIIOBHBIE JH-
tporuu H(X/Y) u H(Y/X) He nepecekarorcsi. B npoTHBHOM cily4ae IUIOMIAIb UX TIEPECEUCHUs XapaKTepu3yeT
Mepy B3aMMHOW MH(pOpMalWU MeXaAy HUMHU. Yem Oombllle BelMYMHA B3aUMHON MH(OpMAaIMu, TeM TecHee
CBsI3b U MEHbIIIE BEMUUHA yCa0BHOM sHTpormu H(X/Y).

Ilo pesynpraTam aHanu3a BEIWYMHBI B3aMMHOW MH(GOPMAaLUN BHYTPH NPOCTPAHCTBEHHOTO Kjacrepa
MOTYT BBIIEISATHCSA JONOTHUTENbHBIE TPYIIIbI, IPECTABICHHbBIE HCTOYHUKAMU JaHHBIX ¢ HanboJjee CHIIbHON
CBs3pI0. B mTOre OcymiecTBiseTcsl AEKOMIO3UIMS MCXOJHOTO KilacTepa Ha JAOYEPHHUE MPOCTPAHCTBEHHBIC
KJIaCTEPbI C COOTBETCTBYIOIIMMH NCTOUHUKAMH JAHHBIX.

Ha mocnenyromem 3Tare npogomKaeTcsl aHaInu3 BhIIEICHHBIX MPOCTPAHCTBEHHBIX KJIACTEPOB UCTOY-
HUKOB JIaHHBIX HA MPEAMET OLIEHKH CBS3BIBAIOLIETO WX KOPPEJSLUOHHOrO mapamerpa — koadduuuenra
WHPOPMAITMOHHON KOPPEISIIH, KOTOPBIN ONMPEAETSIETCS COTIACHO BBIPAKEHHIO

R(X,Y) =1 — e 2IXV) @)
rae 1(X, Y) — Mepa B3auMHO# HHGOPMAIIMH JUTS BEIOOPOK JTAHHBIX, CHHXPOHHO 3apETHCTPUPOBAHHBIX HCTOY-
HUKamMu X 1 Y.

CaoiicTBa B3aMMHOM WH(POPMALIUH JUTSI ICTOYHUKOB JNAaHHBIX X ¥ Y MOIHOCTHIO ONPEAEIISIFOT CBOMCTBA
WHPOPMAITMOHHOTO KOA(PPHUIMEHTA KOPPEIISIINH, TOKa3bIBask CBSI3b MEXK/[y COOTBETCTBYIOIINM HCTOYHHKAMU
NaHHbIX. Tak, K IpUMepy, JJIsl HE3aBUCUMBIX UCTOYHHKOB JIAHHBIX (HE3aBHCUMBIX KaK JPYT OT Jpyra, TaK u
OT HEeKOTOpbIX BHEMHKUX (akTopo) R(X, Y) = 0.
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3nmech npencTaBusieTcs Helecoo0pa3sHbIM OTMETHTD, YTO 3HAYeHUST U HHPOPMAIIOHHOM SHTPONUH (Ha
OCHOBaHUM KOTOPOH paccUMThIBaeTCs B3aMMHasi HH(popManus), 1 HHPOPMAITMOHHON KOPpEJun i Hu3u-
YeCcKH Ccriel()UYHBIX BEJIMUMH SBJISIOTCSI OCHOBaHHEM AJIsl (POpMYIIMpOBaHUsI CyKIESHUH O IPOCTPAHCTBEHHOH
OJHOPOAHOCTH (PU3NUECKUX MPOLECCOB, AaHHBIE O KOTOPHIX CHHXPOHHO 3apETMCTPHUPOBAHBI HCTOYHUKAMHU
X 1 Y. Kpome Toro, mepeuncieHHbIe TapaMeTpbl B COBOKYITHOCTH MOTYT OBITh HCIOJB30BaHBI B Ka4eCTBE
WH/INKATOPa, CBUIIETEILCTBYIOIIETO O COIIOCTABUMOM M3MEHEHNH BelMW4YrH X U Y B pe3yJbTaTe OJMHAKOBOTO
BO3ACUCTBHS SK30T€HHBIX (aKTOPOB.

[ony4enusle 3Ha4eHus1 KO3QPULMEHTa HHPOPMALMOHHON KOPPEISILMKA HUCIOIB3YIOTCS IS OCTeqy-
IoLIel IEKOMITO3UIMU KaXJ0T0 MPOCTPAHCTBEHHOTO KiacTepa. B kakayto rpymmy AOMONHUTEIHHO BhIJeE-
JISIIOTCS. UCTOYHUKHM JTAaHHBIX C HamOoJiee CHMIIBHOW CBSI3bIO C TOYKM 3PEHUS MOMAapHON WHPOPMAIMOHHON
KOPPEJSIHY.

[Ipennonaraercst, YT0 UCTOYHUKU AaHHBIX, MPEACTABICHHBIE B OJHOM MPOCTPAHCTBEHHOM KJlacTepe,
MOTYT OBITh HCIIOJIB30BAHBI [l YACTUYHOT'O B3aMMHOTO MH(QOPMAIIMOHHOTO Pe3epBUPOBAHMS, a TAKKE MPHU-
MEHEHBI B COCTaBE M3BECTHBIX CTATUCTHUCCKHX MOJENEeH JUIi BOCCTAHOBIJICHMS HEIOCTAIOIINX 3HAYCHUI
COOTBETCTBYIOIIMX BPEMEHHBIX psioB. OTHAKO W3BECTHO, YTO MPOOIEMa MPOCTPAHCTBEHHON aBTOKOPpENs-
MM, YKa3bIBAIONIas Ha TIPOCTPAHCTBEHHYIO 3aBHCUMOCTh HCTOYHHKOB JaHHBIX, MOXKET BHECTH CYIIECTBEH-
HBIE UCKAKECHUS B TPOIETYPY NPUMEHEHHUS CTAHAAPTHBIX CTAaTUCTUYECKHX METOJOB, NMPEIIOIarafonux 3a-
BHCUMOCTh Mexay HaOmoaeHusMu [9. C. 330]. Tak, k npuMepy, He KOMICHCUPYIOIIUI TPOCTPAHCTBEHHYIO
3aBUCHMOCTbD PErpeCCHOHHBIN aHAN3 MOKET COIIPOBOXKIATHCS HEYCTOHYMBBIMU OIICHKAaMH TApaMEeTPOB, YTO
CIOCOOHO MPUBECTH K HEAOCTOBEPHBIM PE3yiIbTaTaM MPOBOJUMBIX TecToB 3HaunMocTH [9. C. 339].

JUIst ICKITIOYEHHMST TIPOCTPAHCTBEHHOM aBTOKOPPEIALMH HEOOXOIMMO BBECTH PACUeT JOMOIHHUTEIBHOTO
re0CTaTHCTUYECKOTO TIapaMeTpa, KOTOPBIN TOKa3bIBAaeT, HOCAT JIM CITyYalHBIN XapakTep BHEUIHHE MPOIECCHI /
(baxTopsl, ONpenensIonye JaHHbIe, PETHCTPUPYEMbIE MTPOCTPAHCTBEHHO PACHpEIeICHHBIMH HCTOYHHKAMH.
C 9To¥1 1eNbI0 BBIIBHTACTCS HYJIEBasl TUIIOTE3a, COTTIACHO KOTOPOH MPOCTPAHCTBEHHBIE MPOLIECCHI, 00YCIOBIH-
BAIOIIMe aHAIN3UPYyEMbIe TIPOCTPAHCTBEHHbIC JIAaHHBIE, HOCAT CIy4alHbId Xapakrep. s monrBepxkaeHus /
OIIPOBEPIKEHUS TAHHOW HYJICBOM THITOTE3bI JUISl KaXKIOW Maphl MPOCTPAHCTBEHHBIX OOBEKTOB (MCTOYHUKOB
JaHHBIX) PACCYUTHIBACTCS 3HAUECHHE III00AILHOTO NHEKca MopaHa.

B o100t cBsI3u npu 00pabOTKE TeonpoCTPaHCTBEHHBIX JAHHBIX HEOOXOIMMO YUYHTBHIBATH IapaMeTphl
HNPOCTPAHCTBEHHOM HEOAHOPOJHOCTH M POCTPAHCTBEHHON 3aBUCHMOCTH MCTOYHHUKOB JaHHbIX [10]:

I = ZiZjWij(xi_ﬂ)(xj_ﬂ), ®)
Yilxi—p)?

rae lc — uagexc Mopasa, Xi, Xj — 3Ha4€HHs apamMeTpa X B IPOCTPAHCTBEHHBIX TOYKAX | U |, |L — CpejHee 3Ha-
YeHHe mapaMeTpa X, W — 9KCIIepTHBII BeCOBOM Kod(HUImeHT.

B 3aBucumoctu ot cootHomenus 3Hauennii g u I(E) (rme mis n touek I(E) = — 1/(n — 1)) Bo3amoxHO
OIIPEIEIUTh, SIBJISIFOTCS JIM 3HAYCHUS B COCEIHUX MPOCTPAHCTBEHHBIX perrnoHax moaooubMu (Ig > I(g)), ot-
myatrorumucs (le < 1(E)) mim pacrionoxkeHusiMu ciay4daitabiM o6pasoM (lg = I1(E)), u olleHHTh 3aBHCHMOCTH
OIMCHIBAEMOT'0 MPOIIEcca OT IK30I€HHBIX (DaKTOPOB

3HadyeHne uHAEKca MopaHa MOXKET OBbITh MCIIOJIB30BAHO Ul YTOYHEHHUS IMOJyYEHHBIX Ha Mpelie-
CTBYIOLIMX 3Tanax MPOCTPAaHCTBEHHBIX KJIACTEPOB. JlaHHBIE, CHHXPOHHO PErHCTPUPYEMbIE TEPPUTOPHUATBHO
pacrnpeeieHHbIMA UCTOYHUKAMH, TPAAULUOHHO M3MEPSIIOTCS C TOMOIIBI0 MHTEPBAIbHBIX HKOJINYECTBEH-
HBIX IKan. [lpuHUMas BO BHMMaHHME WX T'€ONPOCTPAHCTBEHHYIO IMPHUBA3KY, TECHOTA CBS3U MEXAY HUMHU
MOJKET OBITh OmpezaesicHa Ha OCHOBaHUM aHaJN3a MPOCTPAHCTBEHHON HEOJHOPOIHOCTH M MPOCTPAHCTBEH-
HOW 3aBHCHUMOCTH, 4TO, B CBOIO OUE€pPE/Ib, MIPE/IOaracT HaIuIie MPOCTPAHCTBECHHOHN Koppensuu (Toio-

JKUTEJIPHON WIJTH OTPHUIIATEIbHOMN) MEXIY MPOCTPAHCTBEHHBIMK HAOIFOACHUIMH, YTO M MOKA3bIBAET MHJICKC
Mopana.

Lenecoobpa3Ho 3aMETHUTh, YTO JUIS KOPPEKTHOTO pacdera koddduimenTa nmpocTpaHCTBEHHOW aBTO-
KOPPEJISIIIMY, a TAKXKe MEePEUNCIICHHBIX TEOPETHKO-UH(POPMAIIMOHHBIX XapaKTEPUCTHK HEOOXOAUMO, YTOOBI
KOJIMYECTBO 3HAYEHUH, CHHXPOHHO 3apPETrHCTPUPOBAHHBIX B HMCCICIYEMBIX PACIpPEICIICHHBIX HCTOYHHKAX
naHHbIX X U Y, ObLJIO OJMHAKOBBIM, MCCJEIyeMble BPEMEHHBIC Psijibl OT X M Y ObLIM pacIipeaesieHbl HOp-
MaJIbHO ¥ M3MEPEHBI B MHTEPBAIBHOHN IIKaJie WM mikaie oTHomeHui [10]. YcraHoBIEHO, YTO COBOKYITHOE
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MIPUMCHCHUC TeOpCTI/IKO-HH(pOpMaIII/IOHHI)IX U TCOCTATUCTUYCCKUX XaAPAKTCPUCTUK HCTOYHUKOB HdAaHHBIX
MO3BOJISICT UCKIIFOYUTD JIOKHYIO IMMPOCTPAHCTBCHHYIO aBTOKOPPEIIAIUI0, KOTOPAasA MOXKET BHCCTH CYIICCTBCH-
HBIC HUCKAXXCHHA B C(bOpMyj'II/IpOBaHHI)IC Ha UX OCHOBC BBIBOJbI.

2. Onucanue NpeaaraeMoro mojaxoaa

Pestomupys onmcanne NpuBEACHHBIX BBILIE METOAOB U MOJENel TEOPETHKO-UHPOPMAIIMOHHOTO U Te0-
CTaTUCTUYECKOTO aHaJIM3a, MPEeACTABISIETCS 11e1eco00pa3sHbIM 0000IIEHHOE NIPEACTABICHUE IPEIaracMoro
[0/IX0J]a K BOCCTAaHOBJIEHHMIO BPEMEHHBIX PsIOB MPOCTPAHCTBEHHBIX JaHHBIX. [Ipoleaype ummyranuu mpo-
MYUICHHBIX (PparMeHTOB BPEMEHHBIX PSIOB MPOCTPAHCTBEHHBIX NAHHBIX MPEIIIECTBYET COCTaBICHHE Tak
Ha3bIBAEMOTO JIOBEPUTENILHOIO MEPEYHsI PEe3epBHBIX I'e0e3UUeCKUX MYHKTOB. [IpencTaBneHHble B cocTaBe
MOCJIEJHETO MCTOYHHMKM JAHHBIX SIBIAIOTCSA OCHOBOW NJIsi BOCCTaHOBJIEHHS BPEMEHHOTO psiia MpPOCTpaH-
CTBEHHBIX JAHHBIX, OTHOCSIIUXCA K aHAIU3UPYEMOMY MCTOYHHKY JaHHBIX. B cilyuae CHIIBHOM Koppemsiu-
OHHOH CBs3M HauOosee ONM3KHUK MO JOBEPUTENBHOMY CIIMCKY MCTOYHHMK JAHHBIX MOXKET HMCIOJIb30BATHCS
B Ka4eCTBE PE3EPBHOIO ISl AHATU3UPYEMOr0. 3aMeHa IIPOIYCKOB HCXOAHOTO BPEMEHHOTO psija HOPMaIu30-
BaHHBIMH JaHHBIMHU PE3€PBHOIO MCTOYHMKA JAHHBIX HA OCHOBE JOBEPHUTEIBHOTO CIMCKA BBIOIHAETCS IO-
CPEACTBOM COIOCTaBJICHHUS BPEMEHHBIX HHJIEKCOB U YCTaHOBJICHUSI COOTBETCTBHUS MEXAYy HUMH. BpIOpaHHbIiH
(parMeHT pe3epBHOIO BPEMEHHOI'0 psiia KOMHUPYETCs MOA COOTBETCTBYIOIIME BPEMEHHbIC HHICKCHI BOCCTa-
HaBJIMBAEMOT0 Psi/ia, 3aMEHSS B HEM OOHapy>KEHHBIE ITPOITYCKH.

BaxHo 0TMETHTB, YTO NOJTyYEHHBIE B X0J€ NPUMEHEHHs METOJa MHPOPMALMOHHOTO PE3EPBUPOBAHUS
pe3yabTaThl BOCCTAHOBJICHUS NaHHBIX, KaK MPABUJIO, SIBISIOTCS CMELICHHBIMU U MOTOMY JOJKHBI OBITH arl-
MIPOKCUMHMPOBAHbl OTHOCHTEIBHO HM3BECTHBIX COCEIHUX IPOMYIIEHHOMY (parMeHTy 3HAaYeHHH ypOBHEH
BpeMEHHOTO psina. Hopmanusanus HaHHBIX BBINOJHSETCS MOCPEACTBOM METOAA HAaUMEHBIINX KBaApaTOB U
MPEINOJIaraeT BEIYUCIICHHE 3HAYCHHI KO PUITMEHTOB JTMHEHHON 3aBUCHMOCTH JBYX MaccuBoB [11. P. 56].

CocTaBiieHue JOBEPUTEIBHOIO CHHMCKAa MCTOYHUKOB JAAHHBIX — MHOTOATAMHBIN MPOLECC MOCIEN0Ba-
TEJIBbHOM MPOCTPAHCTBEHHON KIIACTEPU3ALUU OMOPHBIX reoie3ndeckux NyHkToB [12, 13]. Ha nawanpHOM
JTare NPOCTPAHCTBEHHBIE KIAcTePbl (POPMHUPYIOTCS B COOTBETCTBUH CO CleUU(UKON MpeAMETHOH obiacTi
WM TPUKIATHON 3aJaud, i1 KOTOPOM HCIOJB3YIOTCS COOTBETCTBYIOIME BPEMEHHBIE PSAABI MPOCTPAH-
CTBEHHBIX JaHHbBIX. Tak, pacrpeneneHHble HCTOYHUKN AAHHBIX MOTYT OBITh M3HAYAJIBHO KJIACTEPHU30BaHBI,
K IIPUMEPY, N0 CBOEH BEIOMCTBEHHOW NPUHAIUIEKHOCTH, HCIOIb3yeMONH MH(OPMAIMOHHO-U3MEPUTENBEHON
TE€XHHKE, TEPPUTOPUAIIBHOMY pactpenesieHnto u mp. Ilpu atom nomyckaeTcss Hamu4ue Kak €AMHCTBEHHOIO
rJ100aJIBHOTO IPOCTPAHCTBEHHOTO KJIACTEPa, KOTOPBIM MPEACTABIEH BCEMH JOCTYIHBIMU UCTOYHUKAMU JaH-
HBIX, TAK 1 MHO>KECTBA JIOKAJIbHBIX M PETHOHAIBHBIX MPOCTPAHCTBEHHBIX KJIACTEPOB, KaXIbIH M3 KOTOPBIX
CEMaHTHYECKHU OTJINYAeTCA OT OCTAJIbHBIX.

Ha nocnenyromem 3tane OTAEIbHO pacCMaTpUBAETCS KaKIbl U3 BBIAEICHHBIX PaHEE IIPOCTPaH-
CTBEHHBIX KJIacTepoB. OcyIiecTBIseTCcsS JEKOMITO3UIUS MPOCTPAHCTBEHHOTO KJIacTepa Ha BIOXKEHHbIE Kia-
CTEpBI, KAXKJIBII 13 KOTOPHIX, B CBOIO OYepE/Ib, MPEJCTABICH NCTOYHUKAMHY JIAHHBIX, HanOoJiee OJIM3KUMH T10
CBOHIM TE€OPETHUKO-WH(POPMAIIMOHHBIM XapaKTepUCTUKaM. J{JIsl 3TOro MOMapHo I BCEX HCTOYHUKOB JTAHHBIX
B COOTBETCTBYIOIIIEM IMPOCTPAHCTBEHHOM KJIaCTEpe IMOCIEIOBATEIILHO PACCUUTHIBAIOTCS 3HAYEHUsI MHQOP-
MarroHHo# 3HTpornny llleHHoHa 1 B3auMHOM nH(OpManmu. J[7s1 UCTOYHUKOB JIAHHBIX C HAMITYYIIIUM TIOKa-
3aTeNIIMU 110 B3aUMHOM HH(pOpManuu GOpPMUPYIOTCS HOBBIC BKJIIOYAIOIIME WX MMPOCTPAHCTBEHHBIC KilacTe-
peL. [Ipu aTOM, KaK U B ciTyyae IMpEeANIeCTBYIONIUX STANOB KJIACTepU3allii, BO3MOKHBI CUTYaIllH, KOT/a KJia-
CTep MpPEeICTaBIeH €JUHCTBEHHBIM MCTOYHHWKOM JAHHBIX, JJII KOTOPOTO HE OBLIM OOHApPYKEHBI «OIMU3KHE»
K HEMY WHBIE T€0JIe3NIeCKHEe MyHKTHI.

Hanee Juist BBIZIGTICHHBIX TIPOCTPAHCTBEHHBIX KJIACTEPOB OCYIECTBISIETCS MOTAPHBINA aHAIN3 KO3 Qu-
IUeHTa WH)OPMAIIMOHHOW KOPPENAIMU, B TOM YKCIEC HAa OCHOBAHWW paHee PacCUYMTAHHOTO 3HAYCHUS II0
B3aMIMHOM MH(pOPMAINH MEXKIY TEMH e UCTOYHUKAMHU JTAaHHBIX. Pe3ynbpTaTel Takoro aHaam3a TakkKe MO3BO-
JISIFOT BHYTPH KJIACTEPOB BBIIEIUTH NCTOYHHUKH TaHHBIX C HAN0OJIee CHIIbHON KOPPESIIUOHHON CBS3BIO, UTO,
B CBOIO OYE€PE.b, ABISAETCS OCHOBOM JUIsl (POPMUPOBAHUS HOBBIX IIPOCTPAHCTBEHHBIX KIACTEPOB MPHU JEKOM-
MO3ULUY HCXOTHOTO.
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Ha CJICAYIOIICM HIare morapHoO aHAJIM3HUPYIOTCA MapaMCTpPhL HpOCTpaHCTBeHHOﬁ HCOOAHOPOAHOCTHU U
HpOCTpaHCTBeHHOﬁ 3aBUCUMOCTU UCTOYHHUKOB JAaHHBIX BHYTPHU KJIACTCPOB, C(bOpMHpOBaHHI)IX Ha mOpceamie-
CTBYIOLICM JTallC, I 4CTr0 paCCYUTHIBACTCA 3HAUCHUEC UHICKCA MopaHa 10 COOTBECTCTBYIOIIIUM BPECMECHHBIM
pdaaam MmpoCTPaHCTBECHHLIX NJaHHBIX. HpI/I 9TOM BBIABJIIIOTCA TC OIMMOPHBIC I'COAC3UUCCKUC ITYHKTBI U3 UCXOI-
HOI'0O MHOKE€CTBA, Bapyvallui B JAHHLIX KOTOPBIX ONPCACIAIOTCSA OJHUMH U TCMHU K€ BHCIIHUMU (baKTOpaMI/I.
B PE3YJIbTATEC BLINOJHACTCA KOPPCKTUPOBKA MOJYYCHHBIX paHEC MPOCTPAHCTBCHHBIX KJIACTCPOB. Henocpen-
CTBCHHO IIPU BOCCTAHOBJICHUH BPEMCHHBIX PAAOB OMNPCACIACTCA NPHUHAAICIKHOCTh aHAJIM3UPYEMOI'O UCTOY-
HUKa JAaHHBIX COOTBETCTBYIOIIEMY IPOCTPAHCTBCHHOMY KIJIACTCPY, HA OCHOBAHWH 4Y€r0 KaK HCIIOCPCACTBECHHO
H)IeHTH(bPIHPIpyCTCH I[OBCpI/ITCHI)HHﬁ CIIMCOK OIIOPHBIX I'€OAC3UYCCKHUX IYHKTOB C Yy4YCTOM 0003HaYEHHEIX
3HTpOl'IPII>iHI:IX 1 ICOCTATUCTUYCCKUX XAPAKTCPUCTHK, TaK U OINPCACIACTCA TOT UCTOYHHK JAaHHBIX, KOTOpBIfI
MOJKET OBITh PacCMOTPCH B KA4Y€CTBE PE3CPBHOIO.

3. Ananau3 3¢ peKTHBHOCTH NPeIT0KEHHOT0 MOIX0Aa

Ouenka 3(p(QEKTUBHOCTH NPEIOKEHHOTO MMOIX0Ja BOCCTAHOBJICHUS BPEMEHHBIX PSIOB MPOCTpPaH-
CTBEHHBIX JAaHHBIX OblTa BHINOJHEHA HA MIPUMEPE FOJOBBIX aPXMBOB T'€OMArHUTHBIX JaHHBIX, PETHCTPHPYE-
MBIX MIPOCTPAHCTBEHHO pacIpeeIeHHBIMA MarHUTHBIMH 00CepBaTOPHSIMU M BapUAMOHHBIMU CTAHIIUSIMU.
PaccmarpuBatotcst parMeHTB OJHOMEPHOTO BPEMEHHOTO Psa MPOCTPAHCTBEHHBIX TaHHBIX, KOTOPHIE Xa-
paKTepU3yIOT MUHYTHBIC HAOMIOACHUS BapHALlMii TOPH30HTAIBHON COCTABIISIOIICH BEKTOpa T€OMAarHUTHOTO
moist (BH, #Tm). B kauecTBe aHanm3npyeMoro NCTOYHHKA TaHHBIX ObLIa BEIOpaHa MarHWTHAs 00CepBaTOpHS
DOU (Dourbes) rio6anproii cetu marautHbix odcepBaropuii INTERMAGNET (apxuB cBOOOIHO pacipo-
CTpaHseTCs U IOCTYIIEH 1Mo ajapecy https:/intermagnet.org) [14. P. 2; 15. P. 110].

MHokecTBO 0o0cepBaTopuil paccMaTpUBaeMOW CETH OBLIO MOABEPTHYTO MPOIEAYPHl MHOTOSTAITHON
MPOCTPAHCTBEHHOH KJIacTepu3anuu. J{JIsi 3TOro Ha Ha4aIbHOM 3Tare ONpPENeNIIOTCS B3aUMHBIE SHTPOIHHI-
HBIE XapaKTEPUCTHKN UTEPALIMOHHOTO MONAPHOTO CPaBHEHHsSI OCHOBHOTO MCTOYHHMKA JJAHHBIX C KAKIBIM J10-
CTYITHBIM B INIOOATBHOM TPYIIIie UCTOYHUKOM JIAaHHBIX, HA OCHOBaHHH KOTOPOTO aHAIM3UPYIOTCS HH(pOpMa-
roHHas dHTporus llleHHOHa, ycIOBHAas SHTPONHMS M OCHOBHOW IIOKa3aTellb — B3aMMHas HH(MOPMAIHS.
B pesynbrare ais r100anbHOr0 MHOKECTBA UCTOYHUKOB JIAHHBIX, C(OOPMHUPOBAHHOTO HA MPEABIIYIIEM IIIa-
re, opMUpyeTCss MHOKECTBO, KOTOPOE, C OJTHOI CTOPOHBI, BKIIIOYAET B Ce0s1 aHATM3UPYEMBII ONIOPHBIN Ieo-
ne3ndeckuit myHKT DOU, a ¢ apyroit — COACpKUT MCTOYHHKH JAHHBIX, [TOKA3aBIINE MaKCUMAIIbHBIC HIIH
ONM3KHe K HUM 3HAYEeHUs SHTPONHMUHBIX XapaKTEPUCTHUK (TPEUMYILECTBEHHO PacCMATPUBAIOTCS 3HAYCHUS
B3aMMHON WH(pOpManun).

Hampumep, U1 reOMarHUTHBIX JAHHBIX B JOBEPUTENBHBIA CIIHCOK ITOIAIal0T MarHUTHBIE 00CepBaToO-
pHUH ¥ BapUAIMOHHBIC CTAHIIMU C OJM3KUMU K €UHHUIE TTOKA3aTeIIMU B3aUMHON MH(pOpMaIK U YCIOBHOR
SHTPOIHUH, CO 3HAYCHUSIMHI UHPOPMAIIMOHHON SHTPOIHH, OTIHYatommUMucs He Oonee yem Ha 0,01, a Takxke
OTHOCSIIIMECS K OJJHON MPOCTPAHCTBEHHOM TPYIITIE U OMHMChIBAEMbBIE, KaK MPABUIIO, OJHUM CTATHCTHYECKUM
3aKOHOM pacIIpe/ieTICHUs.

[MpumeuarenbHO, 4TO pacueT HHPOPMAIIMOHHOHN dHTpormH [1leHHoHa JuTs Kaxmoro Habopa reoMarHuT-
HBIX JIaHHBIX TTOKA3aJl, YTO HAMMEHbIIIAsi HEONPEICTICHHOCTh HAOIF0IaeTCsl B paifone cpemHux mupot (46,9° N).
[Tpu 3TOM BHTpOMNHS BO3pacTaeT MO HANpPaBICHHIO K HU3KUM IIUPOTaM pHc. 1). AHATIOTHYHBIE HCCIIE0Ba-
HUS, IPOBEJICHHBIE ISl IPYTUX 3HAYEHHH MIMPOT, TIOKa3ald TOBTOPSIEMOCTh TOyYSHHBIX 3aBHCUMOCTEH U
MOJITBEPAMIN pe3yNbTaThl aHanuza. dusndeckoe OOBICHEHHE MOMYYCHHBIX PE3YJIbTATOB TEOPETHKO-
WH(POPMAIMOHHOTO aHaJIK3a 3aKJII0YaeTcsl B TOM, YTO 3HAYCHHUS TapaMeTPOB T€OMAarHUTHOTO TIOJISl ¥ €r0 Ba-
pHanuii Ha CpeHUX HIMPOTaX 3aBUCAT OT HaMMEHbIEro KojwdectBa (hakrtopos. [Ipu 3TOM 1O Mepe mnpu-
OMKEHMS K DKBATOPY W IOJIFOCaM YHCIIO (aKTOPOB, BIHUSIONIMX HA Pe3yJIbTaThl HAONOICHUH, BO3pACcTaeT,
YTO MIPUBOJUT K POCTY HEONPENEIEHHOCTH JIAHHBIX O COCTOSIHUM T€OMAarHUTHOT'O TIOJISl U €T0 BapHalnui, HO
MOBBIIIAET UH(POPMATHBHOCTh KKIOH HTEpallMd TeOMarHUTHOTO MOHUTOpWHTa. [IpyM 3TOM yCTaHOBIIEHO,
YTO B IpejesiaX OJHOrO IHUPOTHOTO JHANa30Ha SHTPOITUITHBIC XapaKTEPUCTUKH MarHUTHBIX 0OcepBaTOpuil
MOYTH Hen3MeHHbI. DU3NYECKUI CMBICIT MTOMYYEHHBIX Pe3yJIbTaTOB MOXHO WHTEPIIPETUPOBATH TaKuM 00pa-
30M, YTO Ha 3HAYCHUS MapaMeTPOB F€OMArHUTHOTO TIOJI M €r0 Bapualuii B Mpejienax OJHOTO MIHPOTHOTO
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JMana3oHa OKa3bIBAIOT BIMSHUE OJHU M TE K€ BHEHIHWE (PAKTOPHI (MIM UX COBOKYMHOCTH), YTO MPUBOAUT
K OTHOCUTENFHON HEM3MEHHOCTH HH(OPMAIIMOHHOW SHTPOIIMU C H3MEHEHHEM reorpaduieckoil JONTOTHI.

Kpome Toro, npu ananuse 3Ha4eHUS! yCIOBHOW SHTPOMUH OBIJIO YCTAHOBJIEHO €TO YBETUUEHHE 10 Me-
pe MPOCTPAHCTBEHHOTO YIaJeHHs aHAIM3UPYEeMOT0 WCTOYHHKA JAHHBIX OT OCHOBHOTO (B AaHHOM cCilydae
DOU). Ananornynas TeHaeHIus Oblia oOHapyKeHa M NPU aHAIM3€ 3HAYCHUH B3aMMHOW MH(pOpManuu s
nap UCTOYHUKOB T€OMAarHUTHBIX JaHHBIX.

Latitude Dependence of the Entropy Longitude Dependence of the Mutual Information
A
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Puc. 1. llupoTHas 1 JONATOTHASA 3aBHCUMOCTH YHTPOIHUHBIX XapaKTEPUCTUK T€OMAarHUTHBIX JaHHBIX
(a — uadopmarmonnas surponus [llenHona, b — B3aumHuast uHpopMarms)
Fig. 1. Latitudinal and longitude dependences of entropy characteristics of geomagnetic data
(a— Shannon information entropy, b — mutual information)

Ha nocnenyrommem stare st chopMIpOBaHHOTO MTPOCTPAHCTBEHHOTO KilacTepa ¢ ooceparopueir DOU
BBITIOJIHACTCS aHAN3 MH(POPMAIMOHHON Koppersuud. [Ipy 3ToM ocymecTBisieTcss HTepaonHas o0paboTka
JIaHHBIX TTOCPEJCTBOM IIONAPHOTO CPaBHEHHs BXOSIIMX B KJIACTEP ONOPHBIX I'e0JE3MYECKHX MyHKTOB M TOTO
WCTOYHHKA JIAaHHBIX, JJIsI KOTOPOTO HEOOXOMMO BHITIOJHUTH BOCCTaHOBJIEHHE BpeMeHHoro psima (DOU). B pe-
3yJbTaTe TOJTYYEHO TOMHOKECTBO B COCTaBE MCXOJHOTO NMPOCTPAHCTBEHHOTO KJIACTEpa, VISl KOTOPOTro OBbLTH
JOCTUTHYTBI HAWITy4IlINE MTOKa3aTeny NHPOPMAIMOHHON KOPPEISIUH. AHAJIN3 MPOCTPAHCTBEHHON OTHOPOJIHO-
CTH COOTBETCTBYIOIINX NCTOYHMKOB JIAHHBIX MOKA3aJl, 4TO CHOPMHUPOBAHHBIN KJIacTep SBISETCS KOPPEKTHBIM.

[IpencraBieHHbIEe B OKOHYATEIBHO CPOPMUPOBAHHOM KIJIACTEPE MCTOYHHMKH JIAHHBIX 00pa3yloT JOBe-
putensHbIi cimcok it DOU. JlanHbIe B CIMCKE PaHKUPYIOTCS IO CBOMM SHTPONHHHBIM M KOPPEISIIMOH-
HBIM XapakTepucThKaM. [IpoBeeHHbIC BBIYHCIUTENBHBIE YKCIIEPUMEHTHI MOKA3aJld, YTO JIAaHHBIE, 3aperu-
crpupoBanHbie craninueir DOUrbes, nawaydmm o0pa3oM KOPPETHPYIOT ¢ HaOIIOAEHHSIMH 00CcepBaTOpUH
MAV (3a uccnemyemslii Tox1). ITO TO3BOJISET CAEIATH BBIBOJ, YTO Uil PEKOHCTPYKIHMH MCKOMOI'O BpEMEH-
HOTO psJia TEOMarHWTHBIX JaHHBIX oOcepatopuio MAV MOXXHO Ha3HAUUTH PE3EpPBHOM CTaHmuel (mpu
YCIIOBUH HAJIHYHS TAHHBIX 32 COOTBETCTBYIOLIMI BPEMEHHOM MHTEPBAII).

—11.01 —— OpuruHanbHble AaHHbIE
---- BocCTaHOBNEHHbIe AaHHble

=115

-12.0

BF, HTn

-12.5

-13.0
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uT

Puc. 2. Pe3yJILTaTLI BOCCTAHOBJICHUS IO-MI/IHyTHOI‘O Q)paFMeHTa BPEMCHHOTI'O psaJia TCOMarHuTHBIX JaHHBIX
Fig. 2. Results of recovery of a 10-minute fragment of the time series of geomagnetic data
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Bopobvesa I'.P., Bopobveg A.B. [100x00 Kk 60CCMAHOGIEHUIO BPEMEHHBIX PLO06 NPOCMPAHCMEEHHBIX OAHHBLX

JanpHeHmmid aHaIM3 TOKa3ajl, YTO MPUMEHEHHE METOola WH()OPMAITMOHHOTO PE3CPBHPOBAHUS IS
BOCCTaHOBJIEHUA 10-MUHYTHOrO MPOMyCKa B SKCIEPUMEHTATILHOM BPEMEHHOM PAAY XapaKTepU3yeTcs cpell-
HEKBaJpaTHUECKON ommokoi co 3HadeHmeM ~ 0,036 HIn, 9TO B IICIIOM MEHBIIE pPeriIaMeHTHPOBAHHOMN
cneundukanmeit / crangaprom IAGA-2002 morpemrHocTy 1J1s U3MEPEHHUH TapaMeTpOB T€OMarHUTHOTO OIS
u ero Bapuanuii (~1 u#Tn) (puc. 2).

3akiIouyenue

B nacrosme#t pabote npemiaraeTcs MOBBICUTH A3PPEKTHBHOCTH UCTIONB3YEMbIX NCTOYHHKAMH TaHHBIX
TEXHUYECKUX CHCTEM PETHCTPAIlH ¢ TIOMOIIHI0 HH(POPMAIIMOHHOTO PE3ePBUPOBAHHUS, KOTOPOE TPEAIIOIaracT
WCTIONIb30BaHME JAOMOTHUTEIHHBIX JAHHBIX, BRICTYNAIOMINX B KAYECTBE BCIIOMOTATEeNFHBIX. BEIOOD B MONB3Y
MeToJ1a UH(OPMAITMOHHOTO PEe3epBUPOBAaHUS OOYCIIOBJICH B HAUOOJIBIICH CTEIICHU TEM, YTO B OOJILIIIMHCTBE
M3BECTHBIX CITy4aeB, KOT/Ia OTKa3 B pa0d0Te TEXHUIECKOH CHCTEMBI IPUBOANT K MOTEPE TN UCKAKCHHIO HH-
(dbopMmaruu (0OpabaThiBacMOI JIOKAIBHO WIIHM MEPEIaBacMON M0 KaHaJlaM CBSI3H), TIOBBIIICHUE HAJICKHOCTH
JOCTUTAETCSl TIPEUMYIIECTBEHHO MOCPEICTBOM HH()OPMAIMOHHOTO pe3epBUpOBaHMs. B Hacrosmee Bpems
MeTO 1 MH()OPMAIIMOHHOTO PEe3CPBUPOBAHUS aKTHBHO UCIIOJIL3YETCS B CUCTEMaX YIIPABJICHUS U CBS3H, UH(OP-
MAaIlMOHHBIX, U3MEPHUTEIBHBIX M BBIYUCIIUTEIIBHBIX CUCTEMaxX cOopa U 00pabOTKH MH(POPMAIIMK U TTO3BOJISIET
TTOBBICHTH HA/IKHOCTh TEXHUYECKOM CHCTEMBI PETUCTPALMH JaHHBIX TIPU HEIOCTATOYHOW HAJCKHOCTH HOCH-
Telel nH(opMaIuY, HEBO3MOKHOCTH BO30OHOBJICHUS MH(OPMAIIMH C ITIOMOIIIBIO TIEPBUYHBIX HCTOYHUKOB U T.]I.

Ha ocHOBaHMM miepednciIeHHBIX XapaKTEPUCTUK U OCOOSHHOCTEN MeTo/1a HHPOPMAIIMOHHOTO Pe3epBUPO-
BaHUs Kak criocoba MOBBIIICHHS HAAEKHOCTH TEXHIYECKHUX CHCTEM, O0SCIIEUMBAIOIINX JAHHBIMK CHCTEMBI IO -
JEPKKU TIPUHSTHS PElIeHAH, B paboTe MPEUIOKEH METOI BOCCTAHOBIICHUSI BPEMEHHBIX PsIOB. MeTon mperno-
JlaraeT OmpeJelicHne HanOoJiee BEPOSTHBIX 3HAUCHUN TOCPEICTBOM (DOPMHPOBAHHUS JTOBEPUTEIBHOIO CIACKA
WCTOYHHUKOB JAHHBIX Ha OCHOBAaHWH OIIEHKH IMPOCTPAHCTBEHHON T'eTEPOTeHHOCTH M 3aBUCHMOCTH CHHXPOHHO
PETUCTPUPYEMBIX JTAHHBIX, & TAKKE CPAaBHUTEIBHOM OIICHKU COOTBETCTBYIOINUX (DPAarMEHTOB BPEMEHHBIX PSJIOB
T€OMAarHUTHBIX JIaHHBIX, 3aPETUCTPUPOBAHHBIX B MOMEHT BPEMEHH, TIPEIIECTBYIONIHIA BOCCTAHABINBAEMOMY.

B X071¢ IpOBECHHBIX BBIYMCIUTEIBHBIX SKCIIEPUMEHTOB JIJIi TEOMAarHUTHBIX JTAHHBIX OBLIO YCTaHOB-
JIEHO, YTO TIPUMEHEHHE MPEIOKEHHOTO TOAX0/1a TTO3BOJISET BOCCTAHABINBATE BPEMEHHBIE PS/IBI C TOYHO-
ctbio 0,01-0,5 uT1, 4TO He MPEBBIMIACT JOMYCTUMOMN BEIIMYMHBI OITMOKH T'€OMArHUTHBIX U3MEPEHHIA.
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OueHuBaHUe METOJI0M MOMEHTOB NNApaMeTPa PABHOMEPHOI'0 pacnpe/aeeHus
AJMTEJHbHOCTH HEMPO/1J1eBaI0IIerocs cJay4aiilHOro MepTBOro BpeMeHn
B PEKYPPEHTHOM MOJYCHHXPOHHOM MOTOKe COOBITHII B 00111eM B 0CO00M CJIydasx

Aunekcanap MuxaiiioBuu Fopuenl, Anna BacuiabeBHa Berkuna?

L2 Tomexuii 2ocyoapcmeennviil ynugepcumem, Tomexk, Poccust
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2 anyavetkina@gmail.com

AnHoTanus. Vccnenyercs momyCHHXPOHHBINA OTOK COOBITHI, OTHOCSIIUICS K KIACCy ABAXIBI CTOXaCTHYECKUX
MIOTOKOB COOBITHH. DYyHKIIMOHMPOBAaHUE IOTOKA PAacCMAaTPUBACTCS B YCIOBUSAX HEHPOAJIEBAOIIEIOCs CIydaifHOro
MEPTBOTO BPEMEHH, PACTIPEENIEHHOTO TI0 PaBHOMEPHOMY 3akoHy Ha orpeske [0, T']. PaccmarpuBaercst 4acTHBINH
ciydail (h)yHKIMOHHMPOBAHUS IOJYCHHXPOHHOTO IIOTOKA COOBITHH, KOTJa Takoil IOTOK SIBISI€TCS PEKypPpPEHTHBIM,
B 00IIEM B 0COGOM CITy4asx COOTHOIIEHHUS €T0 TapamMeTpoB. [IPOM3BONUTCS OlEHHBAHKE TIapaMeTpa T+ PaBHOMEPHOTO
pacnpesieneHys JTMTEbHOCTH HETPOJIEBAOIIEroCcs CIy4aifHOro MEpPTBOrO BPEMEHM METOAOM MOMEHTOB. IIpHBo-
JITCA pe3yabTaThl CTATUCTUYECKUX HKCIIEPUMEHTOB, IOKA3bIBAIOLINE aJeKBATHOCTD ITOJYYEHHBIX OLIEHOK.

KuiroueBble cj10Ba: peKyppeHTHBIN OTyCHHXPOHHBIA MOTOK COOBITHIA; HETPOAJIEBAIOIIEECs CITydaililHOE MEPTBOE
BpeMs; OLICHKA IlapaMeTpa; MEeTOJ MOMEHTOB

na yumuposanusn: I'opue A.M., Berkuna A.B. OnieHnBaHue METOJ0M MOMEHTOB MapaMeTpa paBHOMEPHOI'O pac-
Npe/IeNieH sl AIUTENHOCTH HEMPOIEBAOIIETOCS CIIy4ailHOrO MEPTBOTO BPEMEHH B PEKYPPEHTHOM IOJTyCHHXPOHHOM
NoToke coObITHII B 001eM 1 ocoboM cirydasx / BectHuk ToMcKOro rocyapcTBEHHOTO yHHUBEPCUTETA. Y IpaBJieHHe,
BBIYHCIIUTENbHAS TeXHUKA 1 HHpopmaTuka. 2022. Ne 61. C. 47-60. doi: 10.17223/19988605/61/5
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Estimation by method of moments of the parameter of the uniform distribution

of the duration of unextendable random dead time in recurrent semi-synchronous

events flow in general and special case

Alexander M. Gortsev?!, Anna V. Vetkina?

1.2 Tomsk State University, Tomsk, Russian Federation
L a-gortsev@mail.ru
2 anyavetkina@gmail.com

Abstract. The paper describes recurrent semi-synchronous events flow with p = 1 that is a common mathematical
model of information flows of messages operating in telecommunication and information-computing networks, and
that belongs to the class of doubly stochastic event flows. A general and special cases are considered. Operation of
the flow is considered with random unextendable dead time that has uniform distribution on the interval [0, T*]. Parame-
ter T” of the dead time is estimated using the method of moments. Results of statistical experiments are presented.

Mathematical expectation of the duration of t — the interval between adjacent events of the observed flow — is
given for the general case by the formula

*

M(rlT*):T—+ ! %2 + A ) ! (l—ef(xl+“2)T*),T*>0;
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© A.M. I'opues, A.B. Berkuna, 2022



O6pabomka ungopmayuu | Data processing

and for special case:

* 2
M(r|T*):%+%+K 2 { G2 } i*(l—e’(W“Z)T ) T">0.
1 M(Arog) [ MM tay) | T

The estimate T* is found numerically from the equation of moments M(t|T")=C, C=(1/ n)i (tea —t)
k=1

where t,t,, ... ,t,,; are moments of occurrence of events in the observed flow. Value C is found using simulation
modeling of the observed flow. Analysis of the numerical results shows that in the sense of the introduced criterion
V(T") (sample variance of the estimate T "), an increase in the parameter T has a negative effect on the quality of
estimates T, that is quite natural: increasing the parameter T* leads to an increase in the number of lost events of the
initial flow.

According to the results of the research, there are the following conclusions: 1) it is shown analytically that the
equation of moments has a unique solution; 2) the results of simulation modelling show that the quality of the esti-

mates in the sense of the introduced criterion (sample variance of the estimate T ") is quite satisfactory, and the bias

of estimates T relative to the true value of parameter T* doesn’t exceed hundredths of values.
Keywords: recurrent semi-synchronous events flow; unextendable random dead time; uniform distribution; esti-
mation of the parameter; method of moments

For citation: Gortsev, A.M., Vetkina, A.V. (2022) Estimation by method of moments of the parameter of the uniform
distribution of the duration of unextendable random dead time in recurrent semi-synchronous events flow in general
and special case. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie, vychislitelnaja tehnika i informatika —
Tomsk State University Journal of Control and Computer Science. 61. pp. 47-60. doi: 10.17223/19988605/61/5

B COBpeMEHHBIX TEICKOMMYHHKAIIMOHHBIX cHUcTeMax [1, 2] BXomsiiue MOTOKU COOBITUI HamOoJjee
a/ICKBaTHO OIUCBHIBAIOT JBAXKABI CTOXACTUYECKUE MOTOKH COOBITHI — MOTOKH, Y KOTOPBIX CIyYailHBIMHU SIB-
JISTIOTCSE MOMEHTBI HACTYTIJICHUS! COOBITUI U MHTEHCUBHOCTH. 1103TOMY HcclieoBaHHe ABaXIIbl CTOXACTHYE-
CKHUX MOTOKOB SIBJIICTCS aKTyalibHOM 3ajaueii. B o0reM cityuae JBaXIbl CTOXaCTHYSCKUE MOTOKH COOBITHH
SIBIISIIOTCSA KOPPEJIMPOBAaHHBIMU TTOTOKaMH [2].

JIBaXk/IbI cTOXacCTHUECKHE MOTOKM JEIISATCS Ha JIBa KJlacca: MEepPBbIil Kacc COCTABISIOT IOTOKH, COMPO-
BOXKJIAIOIINI TIpo1iecc (MHTEHCHBHOCTH) KOTOPBIX €CTh HEMPEePBIBHBIN CITydaiHbIi nporecc [3, 4]; BTOpoi —
MOTOKH, CONPOBOXKIAIOIIUM MpoLecc (MHTEHCUBHOCTb) KOTOPBIX €CTh KYCOYHO-TIOCTOSIHHBIA CIy4alHBIN
HPOIECC ¢ KOHEUHBIM (IIPOM3BOJIBHBIM) YHCIIOM COCTOSIHUI [3, 6].

B 3aBucuMocTH OT TOro, KaKMM 00pa3oM MPOUCXOIUT MEPEX0] WHTEHCUBHOCTH U3 COCTOSHHS B CO-
CTOSIHHE, BBIICISETCS TPU TUMA ABAXKIbl CTOXaCTHYECKUX MOTOKOB: 1) CHHXPOHHBIE MIOTOKH (IIOTOKH, y KO-
TOPBIX COCTOSIHUE CONPOBOXKIAIOLIETO IMIPOIecca MEHSETCS B CllydailHble MOMEHTHI BPEMEHH, SIBIISIOIINECS
MOMEHTaMHU HacTyIuieHus! coObIThii) [7—10]; 2) acHHXpOHHBIE TTOTOKHU (ITOTOKH, ¥ KOTOPBIX TEPEXO U3 CO-
CTOSIHHS B COCTOSIHME COIPOBOXKJIAIOIIETO MPOoIlecca NPOUCXOAUT B CIydaifHble MOMEHTHI BPEMEHH U HE 3a-
BHCHUT OT MOMEHTOB HacTyruieHus: coObiTHil) [11-14]; 3) moXyCHHXpOHHBIE IOTOKHU (TIOTOKH, Y KOTOPBIX OIHA
4acTh COCTOSIHUI COMPOBOXIAIOIIETO MPOLecca MEHSIETCS B MOMEHTBI HACTYIUIEHHsI COOBITHI MOTOKA, APY-
ras 4acTh COCTOSIHUI CONPOBOK/JIAIOIIETO MPOIECCa MEHSETCS B IPOU3BOJIbHBIE MOMEHTHI BPEMEHH, HE CBA-
3aHHBIE C MOMEHTaMH HACTYIUIEHHs COOBITHI oTOoKa) [15-18].

Ha mpaktrke 4acTo mMpUXOAUTCS MMETHb JENO C MOTOKaMH, Y KOTOPBIX HE BCE COOBITHS JOCTYITHBI
HabmoneHuo. Kak npaBuiio, npuurHONH HEHAOIIOJAEMOCTH CITY>KUT MEPTBOE BPEMsI PETUCTPUPYIOIIUX MPHU-
60poB [19], nopoxnaemMoe 3aperucTpUPOBaHHBIM COOBITHEM, TaK YTO APYTHE COOBITHS, HACTYNHUBIINE B 3TOT
nepuoJi, TepstoTcs. Peructpupyromye mpuOOpsl MPH 3TOM JENATCS Ha JIBa BHAA: C HENPOJUICBAIOIIMMCS
MEpPTBBIM BPEMEHEM U IpojyIeBatouMcsi. Kpome Toro, 1IMTeNbHOCTE MEPTBOIO BPEMEHH MOXKET OBITh Kak
JETEPMUHUPOBAHHOM BEJTMYMHON, OTMHAKOBOM AJIs1 BCeX COOBITHH, TaK U CIyYaiHON C TeM MM UHBIM 3aKOHOM
pacripeniesieHust. B peabHBIX perucTpUpyYIONINX YCTPOMCTBAaX BETMUMHA U XapaKTep MEPTBOTO BPEMEHH 3aBU-
CSIT OT MHOTHUX (DaKTOPOB, MPHUUEM PETUCTPHUPYIOLIHE TPUOOPHI 00JIa1aI0T 3HAYEHUEM JUTUTETIHHOCTH MEPTBOTO
BPEMEHH, OI'PaHUYEHHBIM CBEpPXY HEKOTOpOW BenuunHOM. Ilepexons K ciydailHOMy MEpTBOMY BpPEMEHU
[19], BIIOJTHE €CTECTBEHHO pacCMaTPUBATh €TI0 PACTIPEICIICHIE KaK PABHOMEPHOE Ha HEKOTOPOM OTPE3KE.
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B manHoii paboTe uccieayeTcs MOTyCHHXPOHHBIA TBAXKIBI CTOXaCTUYECKHIA TIOTOK COOBITHI C HHTEH-
CHBHOCTBIO, SIBIISIOLIENCS KyCOYHO-TIOCTOSTHHBIM CITy4aiHBIM MPOLIECCOM C ABYMsI cocTosiHUsIMU. Ha mapametp
[IOTOKA HAKJIAAbIBAETCSl yCIOBUE, TAKOE YTO HMCXOIHBIN KOPPEIMPOBAHHBIN MOTOK BBIPOXKIACTCS B PEKyp-
peHTHBIA. PaccmarpuBaeTcs aBa ciydast GyHKIMOHUPOBAHUS TAKOTO MOTOKA: OO U ocoOblid. [Ipou3Bo-
JTUTCSI OLICHUBAHUE MapaMeTpa JUTUTENBHOCTH CITy4aliHOrO MEPTBOTO BPEMEHH, PACIIPEIENIEHHOTO TI0 paBHOMEp-
HOMY 3aKOHy. [ 3TOro BBIBOOMTCS aHAIUTHYECKass (OpMysIa MAaTEMaTU4ECKOro OXHMIOAHUS AJIUTEIBHOCTH
WHTEpBaIa MEKAY COCETHUMHU COOBITUSIMHU HAOJIIOaeMOT0 MMOTOKA W HAXOAMTCS OLIEHKa Mapamerpa paBHO-
MEPHOTO paclpeesIeHus] IUTEIbHOCTH HEIPOUIEBAOIIEroCs CIIy4yailHOr0o MEPTBOIO BPEMEHHU € HCIIOJIb30-
BaHUEM ypaBHEHHS MOMEHTOB. C TIOMOIIBbIO MMOCTPOSHHOW MMHUTAIIMOHHON MOJenn HaOloJaeMoro moToka
peanu3yroTcsl CTaTUCTUYECKUE DKCIIEPUMEHTHI [T IIOITy4eHHsI YMCICHHBIX Pe3yIbTaTOB OLIEHUBAHUS.

1. MaremaTruuyeckasi MoJeJIb HA0100aeMoro nmoroxa. IlocranoBka 3agauu

PaccmarpuBaeTcsi CTallMOHAPHBINA PEKUM (YHKIIMOHUPOBAHHS TTOJYCHHXPOHHOTO JIBaXKIIbl CTOXACTHU-
YECKOro TMOTOKa COOBITHI, COMPOBOMXIAFOIIHI MpoliecC (MHTEHCUBHOCTB) KOTOPOTO €CTh KYCOYHO-TIOCTOSTHHBIN
CTallMOHAPHBIN ciTydaiiHblil mpouecc A1) ¢ aByms coctossHusIME S1 B Sp. ByieM roBopUTh, YTO UIMEET MECTO
MepBOe COCTOsTHUE Tporiecca (rmotoka) S1, ecan A(L) = A1, U, HA0OOPOT, UMEET MECTO BTOPOE COCTOSIHHE TIPO-
necca (nmoroka) Sz, ecmu A(t) = A2 (A, >A,>0). Ecim uMeer MecTo mepBoe COCTOSHHE Iporecca Si, TO

B TEUCHHE BPEMEHHOr0 HHTepBana, korjaa A(t) = A1, MOCTymaeT myacCOHOBCKHIA IOTOK COOBITHIA C HHTCHCHB-
HOCTBIO A1. Eciii mMeeT MecTo BTopoe cocTosiHUE Ipoliecca Sz, TO B TeUEHHE BPEMEHHOT'0 HHTEpBaja, Korjaa
Mt) = A2, moCTymaeT MmyacCOHOBCKHI TIOTOK COOBITHIA C HHTCHCHBHOCTBIO A2. Ilepexo/r U3 cocTosHuS Sy Tpo-
necca A(t) B coctosiHuE S BO3MOKEH TOJIBKO B MOMEHT HACTYIUICHHsI COOBITHSI (CBOHCTBO CHHXPOHHOCTH
HIOTOKA), TIPU 9TOM 3TOT MEPEXOJ OCYLIECTBISETCS C BEPOSITHOCTBIO P (C BepositHOCTBIO 1 — P mporecc A(t)
ocraercs B coctosHuH S1). [lepexon 3 cocrosaus S; mporecca A(t) B cocTosHUE S1 MOXKET OCYIIECTBIATHCS
B MPOM3BOJIHBI MOMEHT BPEMEHH, HE CBA3aHHBI C MOMEHTOM HACTYIUIEHHS COOBITHS (CBOWCTBO aCHHXPOH-
HOCTH 1oTOKa). [IpH 5TOM MMTeNnbHOCTH MpedbIBaHus mporecca A(t) BO BTOPOM COCTOSIHUM €CTh CIydaifHas

—o,t

BEJIMYMHA, PACIIPEICIICHHAs 10 3KCIIOHEHIMAILHOMY 3akoHy F(t)=1—e %2, t>0, rae a2 — UHTCHCUBHOCTD

CMEHBI cOCTOsiHUA Sy Ha S1. Tak Kak mepexoji U3 BTOPOrO COCTOSHHS B IEPBOE HE NMPHUBSI3aH K MOMEHTY
HACTYIUJICHUSI COOBITHS BO BTOPOM COCTOSIHHH, TO MOTOK HA3bIBACTCS MOJYCHHXPOHHBIM JIBAXKIbI CTOXACTH-
YeCKMM MMOTOKOM COOBITHH. B ciemaHHbIX mpeanonokeHusx ML) — cKpbIThiii MapkoBckuit mporece (Mt) —
MPUHIUITHATEHO HEHAOTIOaEMbIN MPOIIECC; HAOII0IAEMBIMHE SBJISIFOTCS. TOJTBKO MOMEHTBI HACTYIUICHHSI CO-
OBITHI TOTOKA).

[Tocne kaxa0ro 3aperucTPUPOBAHHOTO COOBITHS B MOMEHT BPeMEHH tk HACTyNaeT MepuoJ]i MEpPTBOTO
BpPEMEHU CITy4aiiHOHN JTUTEIBHOCTH, KOTOPBIH MOPOXKIACTCS STHM COOBITHEM, TaK YTO JAPYTHE COOBITHS HC-
XOJTHOTO ITOTOKA, HACTYIHBIIKE B TEYCHHUE STOrO IEPUOJa MEPTBOI'O BPEMEHHM, HEAOCTYITHBI HAOJIIOICHUIO
M HE BBI3BIBAIOT €r0 MPOJICHUs (HEMpoaieBamomeecs MepTBoe BpeMs). [IpuHuMaeTcs, 4To ciiydyaiHas -
TEJIbHOCTh MEPTBOTO BPEMEHM paclpelceHa 110 PaBHOMEPHOMY 3aKOHY C IUIOTHOCTBIO BEPOSITHOCTH

p(T)=1/ T*, rae T — 3HaueHue JUIMTEINBHOCTH MepTBOro Bpemenu, 0 <T <T".

HUccnenyercst yacTHbIM ciydail pyHKIMOHMPOBAHHS MTOJYCHHXPOHHOTO MOTOKA COOBITHH, Korga p = 1,
T.€. TaKOH TOTOK, KOTOPBIH MPH KaXKJIOM HACTYIJICHHMH COOBITHS B TIEPBOM COCTOSIHUM MTHOBEHHO IIE€PEXO-
JTUT BO BTOpoe. [IpH BBITOJIHEHNH TaHHOTO YCIIOBUS MCXO/AHBIN MOTOK, JEHCTBYIOLINN B YCIOBUAX JI€TEPMU-
HUPOBAHHOTO MEPTBOTO BPEMEHH, CTAHOBUTCSA PEKYPPEHTHBIM TTOTOKOM:

rae p(t|T) — IIOTHOCTH BEPOSTHOCTH 3HAYCHHIT JTHTEILHOCTH HHTEPBAIA MEXK/Ly COCEAHHMH COOBITHAMM
B IIOJIyCUHXPOHHOM IIOTOKE, p(rl, T, |T) — COBMeCTHas IIOTHOCTH BepositHocTH [20. C. 254].

Bwmecre ¢ Tem paccmaTpuBaloTCs OOIMIMIA K OCOOBIH Cllydan COOTHOIICHHS MTapaMeTPOB JAHHOTO MOTO-
Ka: Korma A —A, —o, #0 mkorma A —A, —a, =0.
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Bo3MoxHBIIT BApHAHT BO3HUKAIOIICH CUTYallMU MPUBEJICH Ha puc. 1, rae S1 U Sy — COCTOSIHUS CITydaii-
Horo nporecca A(t); Bpemennas ochb (0, t) — 0cb MOMEHTOB HACTYIUICHHSI HAOJIIOJAEMbIX COOBITHI B MOMEH-
Thl BpeMeHu 1, t,, ...; Bpemennas ock (0, t¥) — ock HacTymienus coOBITHI B MOMEHTHI BPEMEHH

) . (@ N .
tl( ), tz( ), ... B1iepBoM (S1) cocTostHum nporiecca A(t), Ha KOTOPO# Takke yKa3aHbl 3HAUCHUS JUTUTEILHOCTEH

1 1
Tl( ), Tz( ), ... MEpPTBBIX BPEMEH, MTOPOKIAEMBIX HAONIOIaeMBIMUA COOBITHAMH ITOTOKA; aHAJIOTHYHO ISl Bpe-

menHoii ocu (0, t?); GenbiMu Kpy’kkaMu 0603Ha4YeHbl HAOIIOAEMbIE COOBITHS, YEPHBIMU — HEHAOIIOIAEMEIE,
IITPHXOBKOM — HEPHO/Ibl MEPTBOIO BPEMEHH; TpaekTopus mpouecca A(t) npusssana k Bpemennoii ocu (0, t0),

7o)

=0 —

5
AV ®

1
0 i £

(1)
T

sl

o

2)

A

f 1y t3 1y ty tg t7

Puc. 1. ®opmupoBanue HaOM0OaEMOT0 IOTOKA COOBITHI
Fig. 1. Formation of the observed event flow

Lenu nanHo# paboTHI:
1. Ha ocHoBaHMM BBIOOPKM MOMEHTOB HACTYIUIEHHs COObITHH 1,1,,...,t, HaOIIOZaeMbIX MOTOKOB

B 001IeM U 0co00oM ciiydasix Ha BpemeHHOM uHTepBase (0, Tm), rae Tm — BpeMs HAOJIOJICHUS 3@ TTOTOKOM
(t, <T,, ), OLEHUTH APAMETP PAaBHOMEPHOTO PACIIPECIICHUs JUTNTSIBHOCTH HEIPOJUICBAFOIIErOCs CITyYaii-

HOTO MEPTBOTO BpEMEHH T .

2. UccnenoBate omeHKy T uIst 00IIero M 0co0oro ciay4aeB paccMaTpuBaeMoro moroka. s atoro
MPOBECTU CTATHCTUYECKHE DKCIEPUMEHTHI, YCTAHABIMBAIOIINE CTAI[MOHAPHBIN PEXUM U OMPEENIIOIINe
CBOWCTBA MOJTyYEHHBIX OIICHOK.

2. YpaBHelme MOMCHTOB JJId OLICHUBAHUA IMapaMeTpa T*

Beenem ty =t —t,, k=12,..., — 3HaUCHHE JUIUTEIBHOCTH K-TO HHTEpBaIa MEXIY COCEAHHMH CO-
ObITHsAMU HabmrogaeMoro noroka (t, >0). Tak kak paccMaTpuBaeTCs CTalMOHAPHBINA PEKUM (YHKIIMOHU-

pOBaHHUs HAOJFO1aEMOT0 MOTOKA, TO TUNIOTHOCTh BEPOSTHOCTH 3HAYCHUI UIMTEIBHOCTH K-ro MHTEpBasa ecTh
p(t) = p(tr), ©=0, s mrodoro K, T.e. MOMEHT HacTyIIeHHs: COOBITUS ecTh T = 0.

JI1st OLIEHKH HEW3BECTHOIO MapameTpa T PaBHOMEPHOIO PACIpPENENEHHs [UIUTENLHOCTH CITy9aiiHOTrO
HEMPOAJIEBAIONIETOCS MEPTBOTO BPEMEHH HCTOJIB3YeTCs MeToJ MOMeHTOB [21]. Jlnst 3Toro HaxoauTcs Teo-
peTHYeCKHi MOMEHT — MaTeMaTH4eCKOe OXHIAaHUE CIy4JailHONH BEeNWYHMHBI T (IUINTEIBHOCTh WHTEpBajia

* 3
MEX]Ty COCEHUMH COOBITHAMU B HabOromaemMoM notoke) M (t|T ), mocie yero MM-onieHka napamerpa T

*
HAXOJUTCS YHCIEHHO U3 ypaBHeHus MoMmeHToB M(T|T )=C, rme C - BbIOOpouYHOE CpefHee,

n *
C=@1/n)X v, t =t 4 —t >0, sBusromeecs oneHkoi MateMaTnyeckoro oxuganus M (t|T ).

U3 pabotel [20] uMeeM, 4TO MIOTHOCTh BEPOATHOCTH 3HAYCHHUHN JTUTEILHOCTH UHTEPBAJIA MEXKIY CO-
CeIHUMH COOBITUSIMH B TIOJIYCHHXPOHHOM IOTOKE, (PYHKIIMOHHPYIOIIEM B YCIOBHSAX HEMPOJIEBAIOIIETOCS
MEPTBOTO BpeMEHHU (PUKCHPOBAHHON UTUTEILHOCTH T, B OOIIEM ClTydae UMeeT BU!
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T 0, 0<1<T, .
T =

P(=IT) y(T)?»lefkl(PT)+(1—y(T))(oc2+7»2)e’(°‘2+7‘2)(1*T), >T, @
e (1) oy (M =hp =0ty =2P) |, p(A—%,) oty %0 T, — cenc

(Mp+ay) (A=, —ay) (1-p)r, (o, +x2)e(klp+az)T

HbIE UHTEPBaJIbl MEXy HaOI0JaeMbIMU COOBITUSAMHU. {151 000OLIEHHOTO MOTyCHHXPOHHOIO NIOTOKA COOBI-
THUH C HEMNpOJUICBAIOLUIMMCS MEPTBBIM BpeMeHeM (UKCUPOBAHHON AIMTENBHOCTH 1 B 0COOOM Cilydae
M —A, —a, =0 crnpaBeanuBbl HOPMYIIbI

p(tIT)=

0,0<t<T,

(24— (1-8)my (T) (1= 2y (x-T)) Je 1), 22T,

phy — 5[ (1= p+3p)~y (1- p) [1 g loar i)l }
My +[ 0 (1 p+8p)~2y (L p) Je e P

0 — BEpPOSATHOCTh MHUIIMUPOBAHUS JOTIOJHUTEILHOTO COOBITHS MPH mepexoe mporiecca AMt) u3 BToporo co-
crosiHud B iepBoe (0<3<1).

(2)

o A
rae m,(T)=m, - [ n2(0|T)] (09T ,1T2=(XF_)|_—1WL,7T2(O|T)=
2t PN

[ToguepkHEeM, YTO BHECEHHE HENPOJUICBAIONIETOCS CIIyYaiHOTO MEPTBOTO BPEMEHH B MaTeMaThye-
CKYIO MOJEJIb HOJyCHHXPOHHOTO MOTOKa COOBITHI MOXKET TOJNBKO M3MEHHTH (B MEHBIIYIO WIH OOJBIIYIO
CTOPOHY) KOPPEISAIHMIO B TIOTOKE M0 CPABHEHHUIO C CHTyalueil oTcyTcTBHs MepTBoro Bpemenn (T° = 0) mu6o
C CHTyanuel HaIn9usl JeTepMUHUPOBAHHOTO MepTBoro Bpemeru (T > 0), HO He yCTPaHUTH €€ MOJHOCTHIO.

Torna nckomast ITOTHOCTH BEPOSITHOCTH P(T) MPUMET BUJ

p()= [ p(xT)dT =] p(T)p(x|T)dT,
M M

rae p(t,T) — coBMecTHas MIOTHOCTh BEPOSATHOCTH 3HA4YeHW T M T, yCIOBHAS IIOTHOCTH BEPOSITHOCTH
p(t|T) ompenensiercst BuipaskerussMu (1) u (2) miast 06Iero u 0coboro cirydaeift COOTBETCTBEHHO TIPH MO-
cTaHoBKe mapaMeTpoB P = 1 u & = 0; paBHoMepHas wrotHocts P(T) ompenenena B pasaene 1; (T) — obacTs

WHTETPUPOBaHMS 3HAUEHUH CITydaiiHON BETMUMHBI — JUTUTEIbHOCTH HETIPOJICBAIOIIETOCS CIIy4aiiHOTO MepT-
BOro BpeMeHH. OTMETHM, YTO BHECEHHE HEIPOAJICBAIOLIETOCS CIIy4aiiHOrO MEPTBOIO BpEeMEHH B MaTeMartu-
YEeCKYI0 MOJIEJIb JUIS Clly4asi pEeKyppEeHTHOTo MoToka, korza p = 1 u 8 = 0, ocraBiseT HabI0AaeMBbIil TOTOK
B KJIacCe PEKYPPEHTHBIX IIOTOKOB.

OO0nacTp 3HaYEHHUH CITyYailHOW BEIMYMHBI MEPTBOTO BPEMEHH MPECTaBIIsiET cOO0H 00bEeMHEHNE ABYX

obmacreif, korma 0<t<T wmkorma t>T , HO3TOMY BBIpaXXEHHUE IS TUIOTHOCTH P(T) UMEET CIE YOI BUJI:

p.(t) =] p(T)p(x|T)dT, 0<t<T",
p(x) = . ©)

*

Py (1) = (I) p(M)p(t|T)dT, =T .

oxcrassis Boipaxkerne (1) mpu p = 1 8 (3) u yuntsBast, aro p(T)=1/T , 0<T <T s obmero

cayqas Ay —A, —o, # 0, HaxoAUM
pl (T) — T_:I'*{l_ek]_’f _e—(M+0LZ)‘E +e—(7\,2+a2)‘r} , 0<rt <T*, (4)
pZ (T) = T_];{e_xl‘r [_1+ C3 ele* + C4 e—OLZT* :| —+ e_(}\'2+a2 )T |:_1+ C3e_(7"1_7\«2 )T* + C4e(7\2+az )T* :|}, T 2 T*, (5)

ot (A +0tp) C,= M(M—2s) _
(M +0) (A =Ry —ay)’ (M +ay) (A =2y —0y)

rae C3=—
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AmnanoruuHo noacTasisis Beipaxenue (2) B (3) npu p = 1, § = 0 11 ocoboro ciaydast A, —A, —o, =0,

HAaXOIUM
pl(r)zT—l*{l—Ze‘”lTJre(““2)1}, 0<t<T, (6)
pz(—l:):i*e_kl‘lT -2+ 1+ﬂ(T—T*) ele*_F 1_ﬂ(’t—T*) e—(sz* , TZT*. (7)
T A +ay MAo,

*
OTMeTI/IM, 49TO U I 0611161"0, n o ocoboro ClIydad pacCMaTpuBacMoOro moToka B TOYKE T =T BHI-

o * *
nonHsAercss paBeHCTBO ABYX otHocted  Py(T )=p,(T' ) © HEpaBeHCTBO HX MPOU3BOIHBIX

p (T *) =p, (T *) , T.¢. pyHKIs P(T) ABIACTCS HEMPEPHIBHOM 1 B TOUKe T=T HMEET H3IIOM.

[To onpeneneHn0 MATEMaTUYECKOTO OXHUJIAHUS CIydaliHOW BEJIMYWHBI T — JJIUTSILHOCTH MHTEpBAJIA
MEXIy JIBYMS COCCJIHMMH COOBITHSAMM HaOJI0AaeMOro IoToka — ¢ yderoM ¢opmyasl (3) uMmeeM

M(t|T") = [ wp,(t)dt+ | tp,(t)dt. [loacTasnss crosa MIOTHOCTH BEPOATHOCTH Pa(T), P2(T), ONPEIETEHHBIE
0 T
B (4), (5) mis oOriero ciydvasi, HAXOAUM

*

. A —A _ *\
ME Ty Tt 2 %l L 2) i*(l—e (avoa)T ),T >0.  (8)
2 Moy M(Atop) MM +ay) (A +ay) T
Haiee, moacrasisis popmyisl (6), (7) aiast ocoboro ciaydasi, HAXOAUM
* 2

MEIT)=T sl % | % i*(l—e*(kl*“zﬁ*), T>0. 9)
2 A M(Mtoay) | A(Mtay)| T

AHATHTHYCCKH T0Ka3aHO, 4TO MaTeMatnueckoe oxumanne M (t|T”), ompenemsemoe dopmymoit (8)
JUIst o01ero cirydas u hopmylioit (9) st ocoboro ciydasi, IBISETCS Bo3pacTaroniei pyHKIued nepeMeHHON
(mapamerpa) T (T~ >0). U3 storo ciexyer, 4to ypaBHeHue MoMenToB M (1| T")=C nMeeT exuHCTBEHHOE
perieHre. YpaBHEHHE MOMEHTOB MOYKET HE UMETh PEUICHHS TOJIBKO B OJHOM €IHHCTBEHHOM Cllydae, KOT/ia
C<M(t|T" =0), Torna npuHUMaeTcs T =0. IIpu 3TOM OIIEHKH, TOTyYaeMbIe METOJIOM MOMEHTOB, SIBJISI-

IOTCA COCTOATCIIBHBIMA (BLIHOJ'IHGHBI YCJIO0BUS TECOPEMBI O COCTOATCIIBHOCTU OLICHOK [21])
3. Pe3y.]'[bTaTI)I CTATUCTUHYCCKHUX IKCIICPUMEHTOB JIl HaﬁﬂlOZ]aeMOl"O MmOoTOKA

JIst yCTaHOBJICHHST CTAIIHOHAPHOTO PEXKUMa M OTPE/ICICHHUS CBOMCTB HalICHHBIX OI[EHOK MPOBEICHBI
CTaTUCTUYCCKUC SKCIICPHUMCHTHI.

Tepeswviii cmamucmuueckuti SKkcnepumenm (YCmaHosienue CMayuoHapHo20 pexcuma). Beuto moaydeHo
100 peanuzarnmii (N = 100) ©MHUTAIMOHHOM MOJIEIN HAOJIIOJAEMOT0 ITOTOKA JIs O0IIEro U 0CO00ro Cliydacn

mpu T =13 u T =50, 100, ..., 1 500. [lanee 11t Kaxmoro Habopa mapamerpos 6buto moydero 100 perre-

HUH ypaBHEHHsS MOMEHTOB METOJOM TIpOCTOit nrepammu mpu € = 0,0001, AT =0,001. Kaxzoe i-e perenie

ecTb 3HaueHme oueHky T;, i=1,...,100, napamerpa T . 3amaHHbII HAGOP MTAPAMETPOB IS PEKYPPEHTHOTO
MOJIYCHHXPOHHOT'O IOTOKa B 00111eM city4ae: A1 =2, A2 = 1, a2 = 0,2; B ocobom ciydae: A1 =2, 42 = 1,8, 02 =0,2.
Ha ocHOBaHMM TIOJNyYEHHBIX JAHHBIX BBIYHUCISUICH BBIOOPOYHOE CpEIHEE HCKOMBIX OIICHOK
A A% 1 N Ak AL Ak 1 N A%k *\ 2 *
M (T )=W_21Ti U ux BeiOopounas Bapuarwms V (T )=N_21(Ti —-T )°, rne T" — uU3BECTHOE W3 MMHUTAIH-
= i=

OHHOM MOJIeIM 3HaYEeHUE ITapaMeTpa.
B Tabn. 1 npuBeaeHsI pe3yibTaThl Ui OOLIETO CiTydas HaOoaeMoro notoka npu T = 1. B mepBoii
CTpOKE TaONHUIBI YKa3aHO BpPEeMsI MOJAEIUPOBaHHUA Tm (Bpems HaOmogeHus 3a norokom) (Tm = 50, 100, ...,

2 000 ez BpeMeHHm); BO BTOPOii M TPeTheil cTpokax — Beibopounoe cpenree M (T u BbiGopouHas Bapuarus
V(T') ma T =1.
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Tabnumna 1
YucaeHHbIE PE3yIbTATEI IEPBOT0 CTATHCTHYECKOT0 JKCHepUMenTa Juist T° = 1, o0umii coayqaii
Tm 50 100 150 200 250 300 350 400 450 500

M (T") 0,9628 1,1062 1,108 1,2059 1,1562 1,0810 1,1997 0,9151 1,1594 1,0282
V(T") 9,8829 1,7811 0,5607 0,5945 0,5632 0,6084 0,6523 0,3512 0,3633 0,4652
550 600 650 700 750 800 850 900 950 1000 1050
0,9341 1,0573 1,0133 1,0789 1,0381 1,0684 0,9962 0,9714 1,0331 1,0255 0,9910
0,4155 0,2409 0,2246 0,2367 0,1766 0,1648 0,1976 0,1366 0,1361 0,1256 0,1571
1100 1150 1200 1250 1300 1350 1400 1450 1500 1550 1600
1,0189 1,0316 1,0252 1,0204 1,0178 1,0246 1,0394 0,9830 0,9875 1,0169 0,9991
0,1034 0,1100 0,1342 0,0964 0,1271 0,0946 0,1037 0,1179 0,1085 0,0997 0,0796

1650 1700 1750 1800 1850 1900 1950 2000

1,0007 1,0256 0,9533 1,0344 1,0140 1,0293 1,0153 0,9892

0,0642 0,0661 0,0840 0,0770 0,0807 0,0635 0,0909 0,0696

o A Ak AL Ak
st HarnsigHOCTH Ha puc. 2 U 3 nmpuBeaeHsl rpaduku 3asucumocted M (T ) u V(T ) or 3HaueHus

BPEMEHH MOJEIUPOBAHKSA T 11 T = 1, IOCTPOEHHBIE 110 JaHHBIM Ta6. 1.

Ny . . . . . . . . . -
=1
122} 4
114} 4
1.06 . * -
0.08F . : 4
Ug 1 |. 1 1 1 1 1 1
0 200 400 600 800 1:10° 12:410° 14x10° 1.6x10° 1.8x10° T
Puc. 2. [padux 3asucumoct M (T”) ot T mpu T* = 1 B oGmem cyuae
Fig. 2. Plot of M (7") versus Tm with T" = 1 in general case
I‘}(f*) w T T T T T T T
T =1
8 —
6 —
4 i
2 -
= -
- - - - - -
0 1 T 1 - bl - ] - s | = - ) a8 - - - -
400 600 800 1=10°  12¢10° 14=10°  1.6<10° 1.8<10° Im

Puc. 3. I'paduk 3aBUCHMOCTH V(f"*) or Tmnipu T" = 1 B 06LIEM Cityuae

Fig. 3. Plot of V(™) versus Tm with T* = 1 in general case

B Ta0u1. 2 npuBeIeHbI PE3yIBTAThI 1711 00IIEro ciyyast HabmroaaemMoro notoka npu T = 3. CTpykTypa

TabJ. 2 aHAJIOTHYHA CTPYKType Tadi. 1.
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Tabnuma 2
YucaeHHbIE Pe3yIbTATEI IEPBOT0 CTATHCTHYECKOT0 JKCIEpUMEnTa Juist T° = 3, o0umii coyqaii
Tm 50 100 150 200 250 300 350 400 450 500
M (T7) 3,1570 | 2,8336 | 3,3744 | 3,0769 | 3,0023 | 28782 | 3,1557 | 3,0098 | 2,9714 | 2,9456
V(T) 23,089 6,4750 2,5065 2,3764 1,6844 1,0933 1,6212 1,2113 0,8877 0,8757
550 600 650 700 750 800 850 900 950 1000 1050
2,9310 3,1351 3,0106 2,9751 2,9633 2,9780 3,1098 2,9862 3,0876 3,0449 2,9822
0,5920 0,6786 0,7178 0,5904 0,4972 0,4203 0,5318 0,5243 0,3918 0,3930 0,4549
1100 1150 1200 1250 1300 1350 1400 1450 1500 1550 1600
2,9933 2,9860 2,9937 2,9608 2,9516 3,0190 3,0104 2,9546 2,9979 3,0287 2,9543
0,3848 0,3413 0,4107 0,3657 0,3227 0,3035 0,2829 0,2885 0,2738 0,2367 0,2568
1650 1700 1750 1800 1850 1900 1950 2 000
2,9897 2,9656 3,0635 2,9404 3,0245 2,9945 2,9154 2,9995
0,2090 0,2899 0,2852 0,2508 0,2480 0,1882 0,1711 0,1858

Ha puc. 4 u 5 npuBenens! rpadukn 3aucumocteir M (T7) u V(T™) or BpeMenn MoxenmupoBasust Tn

1 T = 3, OCTPOEHHBIE 110 JaHHBIM Tad1. 2.

J},d.k) i T T T T T T T T :
=3

3.04r

ta

=1

[
T

1.2<10° 1.4x10°

400 600 800 110° 1.6<10° 1.8x10° T

Puc. 4. [padux 3asucumoct M (T”) ot T mpu T* = 3 B oGmenm cyuae

Fig. 4. Plot of M (7") versus Tm with T" = 3 in general case

I:'(j"‘) T T T

400 600 800 1210° 12410° 14210° 16<10°  1.8«10° Tom

Puc.5. I'pauk 3asucumoct V (I™) ot Tm npu T* = 3 B 061iem ciyJae

Fig. 5. Plot of V(T™) versus Tm with T* = 3 in general case

W3 ananm3a pe3ynbTaToB MEPBOTO CTATUCTUYECKOTO 3KCIIEPUMEHTA CIEAYET, UYTO AJISi PEKypPEHTHOTO
MOJYCHXPOHHOTO TIOTOKA COOBITHH B 00IIEM CITydae CIpaBeUIuBO:
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1) crammoHapHbBIH pexuM (QyHKIMOHUPOBAHUS MIOTOKA yCTaHABIMBaeTcs mpu T, >1600 ex. BpemeHw,

~ Ak
TaK Kak BbIOOpouHOE cpenHee M (7T ) cTpemuTCs K IOCTOSHHOMY 3HA4eHUIO, Korna T, >1600 ex. BpemeHu;

Ak o o o Ak Ak *
2) oumenka T SBIIETCS CMEIICHHOM OLIEHKOM; MpHuMHOM cMmemenns omeHkd T (T <T ) orHocH-

TEJIbHO UCTMHHOTO T (M3BECTHOrO M3 MMHTALMOHHON MOJEIM) SBISETCS TO, YTO 3HAYEHHUS CIyd4aiHOIO
MEPTBOTro BpeMeHHU I COCPENOTOUEHBI OKOJIO TeopeTHUecKoro cpeanero (T/2).

Pe3ysbTaThl IEPBOr0 CTATUCTHYECKOTO SKCIEPUMEHTA IS 0COOO0ro Cilydas IPUBENEHBI B Ta0d. 3, 4
s T =1uT =3 cOOTBETCTBEHHO, a Takke Ha puc. 6, 7u 8,9 11 T =1u T = 3 COOTBETCTBEHHO.

Tabnuna 3
Ync/aeHHbIE Pe3yIbTATEI IKCIIEPHMEHTa ISt T~ = 1, 0co0bIil caryuaii
Tm 50 100 150 200 250 300 350 400 450 500
M (i’*) 0,9133 0,9025 0,9058 0,8939 0,9135 0,9120 0,9102 0,8962 0,9076 0,9105
\7(7A’*) 0,0370 0,0236 0,0176 0,0139 0,0140 0,0144 0,0120 0,0114 0,012 0,0128
550 600 650 700 750 800 850 900 950 1000 1050
0,8989 0,9081 0,911 0,9011 0,9073 0,9012 0,9050 0,9046 0,9019 0,9043 0,9040
0,0115 0,0131 0,0100 0,0108 0,0106 0,0114 0,0100 0,0108 0,0104 0,0103 0,0105
1100 1150 1200 1250 1300 1350 1400 1450 1500 1550 1600
0,9031 0,9048 0,9055 0,9043 0,8792 0,9039 0,9048 0,9049 0,9040 0,9029 0,9046
0,0106 0,0091 0,0105 0,0105 0,0184 0,0101 0,0100 0,0099 0,0098 0,0099 0,0101
1650 1700 1750 1800 1850 1900 1950 2 000
0,9032 0,9038 0,9042 0,9050 0,9044 0,9042 0,9030 0,9053
0,0098 0,0095 0,0099 0,0103 0,0098 0,0097 0,0099 0,0101
(T T T T T T T T T T
T =1
oo ° to. .
0.007} ) * ) . .
0001} ’ . . ° -
0.896 ‘ .
[]Sg 1 1 1 1 1 1 1 1 1
0 200 400 600 800 1x10° 1210 14100 1.6210° 1810 T
Puc. 6. Tpadux 3aucumoct M (T) or Tmnpu T* = 1 B 0co6oM cirydae
Fig. 6. Plot of M (T") versus Tm with T* = 1 in special case
]r_f'(f‘*) T T T T T T T T T
. T =1
0.031 .
0.02F .
0.01F : ) I R . . i
0 200 400 600 800 1x10°  12x10° 14%10°  1.6<10°  1.8<10° T

Puc. 7. I'paduk 3aBUCHMOCTH V(f"*) ot Tmpu T™ = 1 B 0cobom ciyuae

Fig. 7. Plot of V(™) versus Tm with T* = 1 in special case

55



Obpabomxka ungpopmayuu | Data processing

Tabnuna 4
YncaeHHbIE PE3yIbTATEI IKCIIEPHMEHTa ISt T~ = 3, 0co0bIii caayuaii
Tm 50 100 150 200 250 300 350 400 450 500
M (T") 2,9409 2,9383 2,9173 2,8994 2,9050 2,9087 2,9050 2,9146 2,9075 2,9096
V(T 0,1629 0,0890 0,0537 0,0484 0,0359 0,0350 0,0356 0,0283 0,0186 0,0262
550 600 650 700 750 800 850 900 950 1000 1050

2,9019 2,8999 2,9134 2,9057 2,9028 2,9063 2,9125 2,9011 2,9013 2,9032 2,9070

0,0218 0,0198 0,0219 0,0185 0,0218 | 0,0181 0,0190 0,0162 0,0175 0,0163 0,0155

1100 1150 1200 1250 1300 1350 1400 1450 1500 1550 1600

2,9070 2,9056 2,9038 2,9107 | 2,8707 2,9058 2,9043 2,9023 2,9037 2,9013 2,9058

0,0151 0,0144 0,0163 0,0164 0,0244 0,0144 0,0138 0,0129 0,0147 0,0131 0,0163

1650 1700 1750 1800 1850 1900 1950 2000
2,9049 2,9109 2,9028 2,9065 2,9033 2,9048 2,9070 2,9101
0,0125 0,0144 0,0138 0,0118 0,0128 0,0128 0,0130 0,0121

MTh .
T =3
20300 ]
20080 -
29161 R -
2.005F . . ' . b o . 1
2 804 . . . . . . !
0 200 400 600 800 1<10° 1.2410° 1410 1.6<10° 18107 T
Puc. 8. [padux 3aucumoct M () or Tmnpu T* = 3 B 0co6oM cirydae
Fig. 8. Plot of M (T") versus Tm with T* = 3 in special case
':r E T T T T T T T T T
(T o3
L]
0.03F B
L]
0.02F B
-
- - -
- -
" . " . .
001k - * . - L - - - - ™ - o |
| | 1 | | | 1 | * |
0 200 400 600 800 1107 12¢10°  14x10°  16<10° 18100  Tm

Puc.9. [paduk sasucumoctn V (T7) ot Tmmpu T* = 3 B ocoGom ciydae

Fig. 9. Plot of V(7™) versus T with T* = 3 in special case

AHaJIOrM4HO 111 0cO00T0 CIydas paccMaTpHUBaeMoOro IOTOKa CIEAYET, YTo:
1) craumoHapHsIil peskuM (GYHKIIMOHMPOBAHUS TOTOKA yCTaHaBIMBaeTcs npu T,, >1300 en. BpemeHy;

2) oueHka T" sSBIsICTCS CMEIICHHOM OLEHKOIA.
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Bmopoii cmamucmuueckuil sKcnepumenm (ucciedosanue enusnus napamempa T Ha Kauecmso oye-
HOK). BTOpOH cTaTHCTUUECKUI SKCIEPUMEHT MOCTaBJICH MPH (PUKCHPOBAHHOM BPEMEHH MOJICIIMPOBAHMS,
PaBHOM BpPEMEHH YCTaHOBJICHUS CTALIMOHAPHOTO PEKMMA, TOIyUYeHHOMY U3 IEPBOTO CTATHCTUYECKOTO KC-
nepumMenTa. Bapsupyer mapamerp T' =1, 2, 3, 4, 5 ocranbHble HapaMeTphl IPUHAMAKOTCS TAKMMH Ke, KaK 1
B IIEPBOM DKCIIEPHMEHTE.

PesynpTaThl BTOPOro CTaATUCTUUECKOTO SKCIIEPUMEHTA AJIsl OOILETOo CiIydasi pacCMaTpUBAaeMOTO MOTOKa
npuBenensl B 1a01. 5 (Tm = 1 600 en. Bpemenn).

Tabnuuma 5
YuciieHHbIE Pe3yJIbTATHI BTOPOr0 CTATHCTHYECKOI0 IKCIIEPUMEHTA, 001Iuii c1y4aii
T 1 2 3 4 5
M (T") 0,9085 1,9106 2,91 3,9152 4,9104
V(T") 0,0106 0,0106 0,016 0,0247 0,0413

Ha prc. 10, 11 npuBemens! rpaduKi 3aBHCHMOCTH BBIGOpodHOro cpemnero M (7°) u BBIGOpOUHOI

BapHaIH \7(f'*) ot mapametpa T" =1, 2, 3, 4, 5, OCTpOEHHBIE MO JaHHBIM Ta0I. 5.

M . . . . 5 (I : . . . .
4r - n -
0.04 ]
3k . 4
0.03F b
2r - 7 -
0.02F b
1F - 7 .
0 L L | 1 1 0.01 L] ] 1 1 1
1 2 3 4 5 T 1 2 3 4 51

Puc. 10. Tpacuk 3aBucumoct M (T") ot T" B 06wmem ciaydae Puc. 11. Tpacux 3asucumoctu V (I”) or T" B obuwem ciyuae

Fig. 10. Plot of M (7") versus T” in general case Fig. 11. Plot of V(™) versus T” in general case

Pe3ysbTaThl BTOPOr0 CTATHCTHYECKOTrO IKCIIEPUMEHTA Ul 0cO0Oro Cilydvasi MpUBEICHBI B Tabn. 6
(Tm =1 300 en. BpemeHnn), a Takxke Ha puc. 12, 13.

Tab6nuuma 6
‘-Inc.nenm,le pe3yJIbTaTbl BTOpOFO CTATUCTHYECKOI O SKCHepI/IMeHTa, OCOﬁl)Iﬁ C.Hy‘laf/i
T 1 2 3 4 5

M (T") 0,8761 1,8795 2,886 3,8805 4,8837

V(1) 0,0185 0,0187 0,0265 0,0350 0,0512

M . . . . . P . . . . :
4k . . 0.05F f A
3t . - 0.04r 8
2 . . 0.03F .
., . 0.02F . 8

1 1 1 1 1 001 1 1 1 1 1
0 1 2 3 4 5 I 1 2 3 4 5 T

Puc. 12. Tpadux 3aucumoct M (T”) or T* B o6miem ciryuae Puc. 13. Tpadux 3aucumoctr V(T™) or T* B o6mem ciydae

Fig. 12. Plot of M (T") versus 7" in general case Fig. 13. Plot of V(") versus 7" in general case
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JlaHHBII AKCIIEPUMEHT AEMOHCTPHPYET TOT (DAKT, UYTO NPH yYBEIWICHUH 3HAYCHUI MMapaMeTpa paBHOMEp-
HOTO PAacIIpeieJeHHs] MEPTBOIO BPEMEHHU T yBEIMYMBAETCS BHIOOPOUHAS BAPHALMsS OLEHKH. JTO OOBICHS-
€TCsl TEM, YTO MPH OOJBIIMX 3HAYECHUAX T YBEIMIUBACTCS YHMCIO MOTEPSHHBIX COOBITUH MCXOJHOTO TIOTOKA
U, KaK CIIEJICTBUE, YXYIIIAETCS KAYECTBO OLCHUBAHMUS.

3akiaouenne

B manHO#1 paboTe paccMOTpeH PEeKYpPpPEHTHBIN MTOTyCHHXPOHHBIN ABAYKIBI CTOXaCTHYECKHAN TTOTOK CO-
ObITHII B 00IIEM U 0COOOM CIIy4asix COOTHOUICHHS €r0 MapaMeTPOB C HEMPOJJICBAIOIIUMCS CIyYaiHBIM
MEPTBBIM BPEMEHEM, pacTpeAesIeHHBIM 110 PABHOMEPHOMY 3aKOHY.

AHanmutudecku moydeHsl hopmynel (4), (5), ompemensionyie MIOTHOCTh BEPOSTHOCTH 3HAYEHHI
JUTUTETBHOCTH UHTEPBAJa MKy COCEHUMHU COOBITUSMU B HAOJIFOIaEMOM MMOTOKE MPH CITYYaliHOM MEPTBOM
BpeMEHHU Al obuiero cimydas Ay —A, —o, #0 u a”anoruunsle Qopmyisl (6), (7) amnst ocoboro ciyuas

A —A, —a, =0; BeBeieHbl GopMydsl (8), (9) I MaTeMaTUYECKOTO OXKMIAHUS ATUTEILHOCTH UHTEpBAlla

MEX/Ty COCETHUMH COOBITHSAMH TSI OOIIETO  0COO0T0 CITydasi COOTBETCTBEHHO.

MeTo0M MOMEHTOB HaiIeHbI cocToATeabHbIe MM-oleHKH napamMeTpa T paBHOMEPHOTO pacrpee-
JICHUS ITUTEIFHOCTH CIIY9aifHOTO MEPTBOTO BPEMEHH; TIOJTYUYCHHBIE OIEHKH SKCIEPUMEHTAIIEHO HCCIIeI0Ba-
HbI HA Ka4y€CTBO. HpI/IBeIleHHble PE3YIbTaThl YHMCJIICHHBIX PACUCTOB YKA3bIBAOT Ha MNPHUEMIIEMOC KauCCTBO
OLICHHBAHMSI.
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¢byHKumit pacnpenenenus. s 3TOro npeiaraeTcs HOBBIH ITOIXO0J, OCHOBAHHBIH Ha IOHSATHU PACcIpeAeNICHNs] BTO-
poro nopsaxa. [t YMCIeHHBIX peanu3andi onepanuii HaJ paclpeAeeHUsIMUA BTOPOTO HOPSAKA IPUMEHSIOTCS Be-
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Abstract. The article considers methods for studying the uncertainties of probabilistic estimates of empirical
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Ioctpoenne sMnmprvecknx GyHKIMI pacnpenereHus NPaKTHUeCKH He ObIBAeT TOUYHBIM; OHO COIIPOBOXK-
JaeTcsl OIMOKaMH, YTO IPUBOJUT K HEONPEAEIEHHOCTH BEPOSATHOCTHBIX OLIEHOK. HeTouHbIe BEpOSTHOCTH —
OJIMH U3 UCTOYHUKOB BEPOATHOCTEH BTOpOro mnopsijaka. [IpeamnonoxuM, 4To y Hac ecTh OLEHKa BeposATHOCTH P
Hekoero coObITHsl. Koraa Mel MokeM oneHuTh rpanunbl P; < P < P, MOXXHO roBOpuTh 00 MHTEpPBAJIBLHON
orieHKe BeposiTHOcTU P. Takne uHTEpBaIbHbBIE OLEHKH AJISl THCTOIPAMM MPUBOIAT K MHTEPBAIBHBIM TUCTO-
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rpammam. B Tex ciydasix, korzaa 1y P cymiecTByeT BEpOSTHOCTHAS OLIEHKA, MOYKHO TOBOPUTH O BEPOSITHO-
CTH BTOPOTO mopsiaka. Takum 00pa3om, BEpOSTHOCTH BTOPOTO MOPSAKA — STO BEPOSITHOCTHBIE OLICHKH CaMHX
BEPOSITHOCTEM.

Hnst paboTel C HEOMpeleNeHHBIMH BEPOSTHOCTAMHU CYIIECTBYET HECKOJIbKO moaxomoB [1]. Oamu
U3 PacHpOCTPAaHEHHBIX METOJIOB PabOTHI C HEONPEACICHHBIMHE BEPOSTHOCTSIMU — UCTIONb30BaHue P-box [2].
P-box npencrasinsier codoii nHTEpBaibHY0 QyHKIHMIO pactnpeaenenus (Fi(X) < F(X) < Fa(x)).

B pabote [3] moka3aHO MCHONB30BaHHE HEONPECICHHBIX BEPOSATHOCTEH B MH)KEHEPHBIX pacyeTrax.
[Ipu sToM mpeamonaraercsi, YTO MPH CTOXACTHUYECKOM MOJCITUPOBAHWUHU JUIS BXOAHBIX JaHHBIX W3BECTHBI
ceMelcTBa pacmpeesieHHid. BXxoaHble naHHbBIE TSI MOACIMPOBAaHUs BHIOMPAIOTCS CIIyYaiiHBIM 00pazoM M3
9THX CEMEWCTB, fanee meronoM Monrte-Kapio nmponsBoguTcs cToxacThdeckoe MojenupoBaHue. BaxHo
OTMETHTH, YTO MpPU PabOTe C HEOMpeneJeHHBIMH BEPOSTHOCTSAMHU CYIIECTBEHHBIM IMPETSTCTBUEM SIBISCTCS
orcyTcTBHE 3P PEKTUBHBIX apu(PMETHIESCKUX OTEepaLuii.

OnHuM U3 NOJIX0M0B, MOAEIUPYIOUIUX HEOIPEAEICHHOCTh BEPOSITHOCTHBIX OLIEHOK, CTaJI0 UCIOJIb30-
BaHHE BEPOSTHOCTEH BTOporo mopsiaka. B padote [4] ans mpeacTaBieHNs BEPOSITHOCTEH BTOPOTO MOPSAIKA
MPEATI0KEHO HOBOE MOHATHE THCTOIPAMMBI BTOPOTO MopsiaKa. [IpruMeneHne BBIYMCIUTEIBHOTO BEPOSITHOCTHO-
IO aHaJIK3a MO3BOJIMJIO PAa3BUTh MICIO Jajiee HA OCHOBE MPUMEHEHHsI KyCOYHO-TIOJIMHOMHAIBHBIX MOJeNel [ 5,
6]. Jns 9icneHHBIX pean3annii oTepanyii HaJl paclpeeIeHusIMA BTOPOTO TIOPSIIKA B CTaThe paccMaTprBa-
€Tcs HOBBIM ITOJXOJ, OCHOBAHHBIA HAa MCIIOJIb30BAaHUM BEPOSTHOCTHBIX PACIIMPEHUI MX MapaMeTpHU30BaH-
HBIX NIPEACTABICHUM.

Crenyer OTMETUTh AaBHUM M YCTOMUYMBBIA MHTEPEC K BEPOSITHOCTSAM BTOPOrO MOPSIKA B Pa3IMYHBIX
o0acTax, BKItodas npuHstre pemiernii [7, 8]. Cpenn pycCKOS3BIYHBIX MOHOTpaQuii, TOCBSIIIEHHBIX METO-
IaM paboThI C HEOTPEAEIEHHOCTSIMHU, MOXKHO BBIZeNnTh padboTsl O.U. Yixkra-Pebposa [9].

1. BeposSITHOCTHBIE pacIIMpPeHust

OcHOBa BBIYHCIUTENHFHOTO BEPOSITHOCTHOTO aHAIIM3a — YHCIIEHHBIE apu(MeTHYecKue Orepanuy Hal
(GYHKIUSAME TUIOTHOCTEH BEPOSITHOCTEH M BEPOSATHOCTHBIC pacIiupeHusi (IIOCTPOSHHE 3aKOHOB pacrpeserie-
HUM QYHKIUA CTy4aliHBIX apryMeHTOB). DYHKIMHU TIIOTHOCTH BEPOSATHOCTH CIyYalHBIX BETHUYUH X, Y, Z Oy-
JeM 0003Ha4YaTh MOJYKUPHBIM GOHTOM X, Y, Z. Torna GyHKIMS MIOTHOCTH BEPOSITHOCTH Z CITyYaiHOW BeJH-
gnHbl Z = X * Y, *e{+,—,-,/}, 3anuckiBaercs B BUuEe Z = X * V.

Paccmotpum 3amauy onpejelieHuss 3aKOHA paclpeleneHrs (GYyHKIMA HECKOJbKUX CIIy4alHBIX apry-
MEHTOB.

Ilycts (x,,x,,...,X,) — CHCTeMa CIy4alHBIX HENPEPHIBHBIX MEPEMEHHBIX C COBMECTHOW (yHKIHEH

IUIOTHOCTH BEPOSITHOCTH p(X,, X,, ..., X, ) . CiydaiiHas nepemeHHas Z

z=f(x,x,,....x,),
rae pynkmus f :R" —> R.

Onpeneienne 1. Bynem rosoputs, yro ciyvaiitnas Gyrakius f: R" — R sBisiercst BEpOSITHOCTHBIM
npoopkeHneM BemectBeHnor Gynkiuu f : R" — R Ha MmHOkectBe D < R", eciiu f(x) = f(X) s Bcex
TOYEYHBIX aprymeHToB X € D.

Onpenenenne 2. Crnyqaitnas pyraxmus f: R” — R HasbiBaeTCs BEPOATHOCTHBIM PaCITUPEHHEM BEIIle-
creennoit pyukiuu f : R" — R wa muoxectse D < R", eciiu ona

(1) stBIIsIeTCsI BEpOSATHOCTHBIM mpogosnkenueM f Ha D,
(i1) pyHKIMS MWIOTHOCTH BeposTHOCTH T coBmaaeT ¢ GpyHKIMEH IIIOTHOCTH BEPOSITHOCTH Z CIIy4aitHOM
BEJIMYWHBI Z:

z=f(x,%,,....X,).
Takum 06pa3oM, Mbl MOXKEM 3aITHCATh
Z= T (Xp-w Xn)-
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B Tex ciydasx, Korjga HaJlo ykazaTh HEIOCPECTBEHHO 3HAUCHHE TJIOTHOCTH BeposiTHOCTH f B HEeKoTO-
poti Touke &, OyaeM UCTONIb30BaTh 0003HAUYECHHUE

2(8) = (X Xn)(E)

Teopema 1 [10]. ITycts (x;,...,x,) — ciydaiinbie BenmuauHbl U f (X;,..., X,) — BEPOSATHOCTHOE PaCIIIH-
penue f(x,,x,,...,x,), A7 Bcex BeulecTBeHHbIX { ynkuus f (¢, X,,...,X,) — BEpOATHOCTHOE pacIIupeHHe

f(tx,,...,x,) . Torna

(s X )@ = [ X (0 F (1 X0 X, )N

2. PacnipenesieHusi BTOPOro nopsiika

B BepositHOcTHOM mipoctpancTBe (Q, F, P) cnyyaiiHbIil ipoIriece MpeAcTaBiseT co0ol Habop Cirydai-

HBIX BEJTMYUH

{a(x,m),x e D,m € Q}.
Tepmun «ciyuaiiHoe moje» 0ObBIYHO OTHOCHTCS K CIIy4ailHOMY Ipoleccy, IPUHUMAIOIIEMY 3HaUCHHS B €B-
xmaosoM npoctpancTse R, d = 1, 2, 3. CirywaiiHoe oJe MOXXHO TTIOCMOTPETh ABYMsl CIIOCOOAMMU:

— nist pukcupoBanHoro X € D, a(x,-) sBisiercst ciyvaitHON BETMYHHOM B €2;

— st hukcupoBantnoro @€, a(-, ®) sABIAETCS peanu3anen ciydainoro moss B D.

Onpenenenne 3. Pacnipenenenue Broporo nopsaaka f@ — ciyuaitnoe none f(X, ), Xe D,meQ, 3a-
nanHoe Ha DR, rae (Q, F, P) — BepositHOCTHOE mpocTpaHcTBO. OOMaaeT CACAYIOUIMMH CBOMCTBAMH:
st pukcupoBannoro ® €, f(-,w) sBusercs Gpynkuueii pacrnpenenenus .

B Tex ciyuwasix, Korza Juist pacupeneneHuit Broporo nopsiaka fi, f,(-,0) — ¢pyHkunm motHOCTH Bepo-
STHOCTH, JJIsl pacrpeielIeHHd BTOPOTO MOPsAKa MOYKHO ONPEACTUTh apuPMETHIESCKUE OTIePaIIrH.

Onpenenenne 4. Onepaiuu Hajl pachpeeeHusMu BToporo nopsaka. Iycrs @, g

— pacnpene-
JieHus BToporo nopsiaka, (Qr, Fr, Pr), (Qq, Fg, Pg) — COOTBETCTBEHHO UX BEPOSITHOCTHBIE MPOCTpaHCTBA. To-

raa pesynsrat onepamuu TP *g®  *e{+,—,-,/}, — pacnpenenenne Broporo nopsnka F
FG,o)={fC,0)*9(,0) [(0,,0,) €Q,},

e (Q+, Fx, [Px) — BepOATHOCTHOE MPOCTPAHCTBO, Q, =Q( x Q.

PaccmoTpuM mpuMep TOCTPOEHUSI KYCOYHO-TIOJTMHOMHAIBHOTO TMPEJCTABICHUS Ul paclpeaeieHus
Broporo nopsaxa. Ilycte (§;,...&,), N =9, — BeIOOpKa cily4yaiiHON BeaM4YMHBI X ¢ QyHKLIUEH pacnpeaeneHus

F(t),t€[0,2]. Hanee z, = F(§;),i =1,...,n. 3ameTuM, 4to z;,i =1...,n — paBHOMEPHO pacIpe/ielIeHHbIE CITy-
vaitaeie Besmunnbl Ha otpeske [0, 1]. Eciu z, <z, <...<z , torma Z, — K-st mOpsiAKOBasi CTATHCTHKA U Ma-

temarmdeckoe oxumanue [Ez, 1=k/(n+1).

Ha puc. 1 npencrapnena GyHKIUS pacrpe/ielieHus] BTOPOro MopsiiKa, alpoKCUMUPYIOIIas pacrpee-
JIEHUS] KyCOYHO-JIMHEMHBIX UHTEPIIOISILUI pacipenenennii MpsuHa—XoJsuia TpeTbel CTEeNeHu, IOCTPOCHHAS Ha
BBIOOpPKE CITydaifHOW BETMYMHBI pa3MepHOCTH 9. ['0ryOble TMHNUY — IITIOTHOCTH BEPOATHOCTH CIYYaiHOM Ky-
COYHO-TMHENHHON QyHKIMK. KpacHas nmuHUs — ToYHAsE QYHKIUS pacrpeesieHus. 3eJeHble TMHUN — TPAHUIIbI
95%-Hol K0BEpUTEILHON 00JIaCTH.

@OyHKIHSA TUIOTHOCTH BEPOSITHOCTH €CTh MPOU3BOIHAS OT PYHKIINHU PaCIPEaEICHNUS

f(x) =F'(x),
ClIeZIOBATEIIbHO, MTPOU3BOIHAS OT (QYHKIIMHU pacrpe/ielieHiss BTOpOro mopsijaka Oyner QyHKIHeH MIoTHOCTH
BEPOSITHOCTH BTOPOI'O MOPsIJIKA.

[Ipou3BoHAS OT KyCOUHO-JIMHEHHOM (DYHKIIMU — KyCOUHO-TIOCTOsIHHAS (yHKIUs. Ha puc. 2 npusenen

[IPUMEP KYCOYHO-TIOCTOSIHHOM (YHKIMH — (PYHKIUH IUIOTHOCTH BEPOSITHOCTU BTOPOTO MOpsAnKa (HageKHON
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oueHku ¢.m.B.). KpacHas nuHus — TouHas (QyHKUMS MIIOTHOCTH BeposiTHOCTH. CHMHHME JMHUH — (QYHKLIUH
IUTOTHOCTHU BEPOSITHOCTH HaJICKHOM OLICHKH, TOCTPOSHHOM Ha BHIOOPKE CITy4aiiHOW BEJIMYMHBI pa3MEPHOCTH 9.

Puc. 1. Pacnpenenenue BToporo nopsjaka, annpokcumupyouee pacupenenenue Mpsuna—Xoina TpeTbeit cTeneHu
Fig.1. Second order distribution, approximating the Irwin-Hall distribution of the third degree

A

- B A
/ e =

<l ;J,J‘,L,L-,L;L,L,L,L - -
04 s g e

0.7 0
Puc. 2. (DyHKIII/IH IJIOTHOCTH BEPOATHOCTHU BTOPOI'O IMOPAIKA
Fig. 2. Second order probability density function

Janee OyzneM UCIOIB30BaTh SPMUTOBBI KyOnueckue cruiaiHsl S u Touku (X;,i/(n+1)) g mocrpoe-
HHS armpoKCHMAanui QYHKIMK pacrpeaeieHus F:
X* /2, x [0,1],
X(2-x/2)-1, xe[L2],
S(0)=0, S'(0)=0, S@) =1 S') =0,
S(x) = fv(x—1) + mw(x —1) +v(x —2).
v(x) = ( x| -D*(2| x| +1), w(x)=x(x|-D)?*

n

2. (s(&)~2z)" +a s"|;—> min,

i=1

F(x)=

Ay =h,
rie Bektop Y= (f,m)". 3nauenne mapamerpa o BBIOMpANOCh TakMM 00pasoM, 4TOOBI KOHCTaHTHI f, M
OIIpEe/IeIsUIM MOHOTOHHBIN CIUIAalH; JIETKO BHIETh, 4yTo Touka (f, M) nomkHa nexats BHYTpPHU TPEYTOJIBHOM
obnactu ¢ BepmmHoi B Touke (0,5; 1,5) u ocHoBanuem [0; 1]. Ha puc. 3 npuBenens! GyHKUNU MIOTHOCTH
BepoaTHOCTH KoHCcTaHT M u f. Pacnpenenenue BToporo mopsjaka S MOXHO IPEACTaBHTh B Iapamer-

PU30BAHHOM BU/JC
S(x, f,m)= fv(x—1) + mw(x—-1) +v(x—2).
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Puc. 3. OyHKIMHU [UIOTHOCTH BEPOSITHOCTH KOHCTAHT M 1 f
Fig. 3. Probability density functions of constants m and f

JInst HaxokAeHUsT (pYHKIUHU TUIOTHOCTH BEPOSTHOCTH PACIpPEeICHUs] BTOPOro mopsiaka npoaudde-
peHnupyem S:
S'(x, f,m)=f(x-1)+mw(x-1)+Vv'(x—2).
Ha puc. 4 npexacraBieHa GyHKIUS TUIOTHOCTH BEPOSITHOCTH BTOPOTO Mopsiaka. KpacHas nuHusS — Ma-
TEMATUYCCKOEC OXKXHIAaHHEC ES, 3CJICHBIC JIMHUHN — BEPXHUC W HUKXHHUC I'PAHULIBI JOBCPUTCIIHHOI0O MHTCPBAJIa,
CHHUE JIMHAN — QYHKIUH IUIOTHOCTH BEPOSATHOCTH MPU (PUKCHUPOBAHHBIX 3HAUCHHSIX apTyMEHTA.
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Puc. 4. ®yHKIUS MIIOTHOCTH BEPOATHOCTH BTOPOTO MOPSIIKA
Fig. 4. Second order probability density function

Puc. 5. Cymma pacnpezneneHuii BToporo nopsiaxa
Fig. 5. The sum of the second order distributions
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B cuy Toro, 9To pacnpeneneHus BTOPOTO MOPSAIKA MBI IIPEACTaBIsEM B ITapaMEeTPH30BAHHOM BHJIE,
IUTS OTIEpAIMidA HaJl paclpeesIeHUsIMI BTOPOTO MOPAIKA BOCIIONB3YEMCS TEXHUKON BEPOSTHOCTHBIX PACIIH-
penmii. Takum o6pazom, apudmeTrdecKre oneparnuy MOXKHO MIPEICTABUTh KaK BEPOATHOCTHBIE PaCIINPEHHUS
COOTBETCTBYIONIMX (DYHKIMI OT apameTpoB. Ha puc. 5 mokazan pe3ynbTaT CIIOKEHUS JABYX pacipeesieHui
BTOPOTO MOPSIIKA, MPEACTABICHHBIX CIy4ailHBIMU SPMHUTOBBIMU CIUTaiiHamu [6]. KpacHas nuHug — matema-
TUYECKOE OXKUJAAHUE PACTIPEACIICHUS BTOPOTO MOPSIIKa, 3eJICHBIC IMHUU — BEPXHUE U HUKHUE 95%-HbIE N0-
BEPUTEIbHBIC TPAHUIIBI, CHHUC JTMHUN — (PYHKIIUU TUIOTHOCTH BEPOSITHOCTH NP (PUKCHUPOBAHHBIX 3HAUCHUSIX
apryMeHTa.

3. JlocToBepHbIE OlIeHKHU MOKa3aTeseii HaJe:KHOCTH 000py/10BaHNS

B kauecTBe mpuMepa MCIOIB30BaHMs paclpeaelIeHHH BTOPOTro MOPSAKa PACCMOTPUM MOCTPOCHHUE JI0-
CTOBEPHBIX OILICHOK IOKa3aTeliel HaJeKHOCTH 000PYAOBaHUS B YCIOBUSAX MAJIbIX BHIOOPOK CTATUCTUYCCKUX
JaHHbIX 00 oTka3zax. HO}IXO}I OCHOBAH Ha HCIIOJIB30BAaHUU MOPAAKOBBIX CTATUCTUK U CHy‘IaI\/'IHBIX HWHTCPIIO-
JIAIUOHHBIX MHOT'OYWICHOB JUISI IOCTPOCHUS JTOCTOBEPHBIX OIICHOK (DYHKIUI pacrpeaeicHusl.

BepostHOCTh 6e30TKa3HOM paboTh! P(t) — 3TO BEpOSTHOCTH TOTO, YTO B TCUEHHE YKA3aHHOTO BPEMEHHU
paboTHI HE TIPOM30IIeT 0TKa3a. Bpems paOoThI — 3TO MPOJOIDKUTENBHOCTD MM 00heM paboThl. YacToTa oT-
Ka30B — Mepa OTKA30B 3a €AWHUILY BpeMeHU. HacToTa 0TKa30B 3aBUCHUT OT PACHPEAETICHUS OTKA30B, KOTOPOE
MPEACTABISIET COOOH COBOKYIHYIO (QYHKIMIO PaCIpEAEICHUs, ONMCHIBAIOIIYIO BEPOATHOCTh OTKA30B 0 MO-
MEHTa BpeMeHH 1
Pt<&<t+At|t<g) f(t) ()

A(t) = lim = = .
A0 At Pit) 1-F()
3ameruM, uro f(t)=P'(t) u
=P
P(t)
rie P(t) — BeposiTHOCTE 6€30TKa3HO# pabOTHI.
Iycrs (&, &,, ..., &) —cTaTHCTHKa OTKa30B, IOJIy4YeHHAs ONBITHBIM ITyTeM. Torna

—In(z) = [} 1E)de,

rae z; =P(§).
Jnst HaxoxaeHus: A(t) OyeM HCIoIb30BaTh METO HAMMEHBLINX KBaAPaTOB. [IpeicTaBiM ammpoKCH-
maruio A(t) B BHIIE CiTydailHON KycouHO-THHEHHON GyHKmu |(t)

MO =1(t) = i ay; (t),te[0,T],

rae {y;,i=1,..,m} — 0a3uc B IPOCTPAHCTBE KyCOUHO-THHEHHBIX (yHKIMU. Ciexys pabote [5], momrydaem
npubIIMKeHue
MO D ) v In(z,).
=\ =
[ToCKONBKY M3BECTHA COBMECTHAs (DYHKIHUS TUIOTHOCTU BEPOSATHOCTH P(Z,, Z,,...,Z,) , MOKEM MOCTPOUTH BE-
positHocTHOE pactupenue |(t):
I(t)= Z v;(®) |y, In(z)).
I=1 \_j=1
Hpumep. Umeem (§,, &,, ..., &,), N = 29. lIpennonoxum, A(t) umeer BuA:
0,2, t€[0;0,7],

MY =
0,2+12(t-0,7) t>0,7.
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Ha puc. 6 mpuBenena noctoBepHas OleHKa MHTEHCHUBHOCTH OTKa30B MOAEIBHON 3amaun. OTTeHKaMu
CEeporo MnokasaHbl MJIOTHOCTH BEPOSTHOCTU pacHpenelieHus: BToporo nopsjaka. Ha puc. 6 mokasaHa oleHka
¢byHKIMA I0THOCTH BeposiTHOCTH P(t) B MOMEHT Bpemenn t = 1.

0.1} |

Il Il
0 5.10-2 01 0.15 0.2
P(1)

Puc. 6. JlocToBepHast OlleHKa MHTEHCHBHOCTH OTKa30B M BEPOATHOCTH OE€30TKa3HOM pabOTHI
Fig. 6. Reliable assessment of failure rate and probability of failure-free operation

Hcronp3ysi BEpOSTHOCTHOE PACIIMPEHUE A, MO)KHO BBIYMCIIUTH 3HAYCHUS OLECHKH (DYHKIMH IUIOTHO-
ctu BepositHocTH P(t) B 1r000€e Bpemsi. Mcronb3ys oieHKH (GYHKIMU TIOTHOCTH BepositHocTh P(t) B BHIe
CITAHOB, MBI MOJKEM, HAIIPHMED, OLIEHUTh PUCK TOr0, uTO BepositHocTh P(1) > 0,2 mu P(1) < 0,05.

3aka0ueHnne

IIpuMeHeHre KyCOYHO-TIOJMHOMHUAIBHBIX MOJEIEH PACHPENECICHUM BTOPOrO IOPSAKA I03BOJISET
CTPOUTH HaJISKHBIE OLCHKH AMITMPUYECKUX QYHKIMH pacnpeenennii. PaccMoTpeHHbIe TpuMephl YHCIEHHBIX
omnepanuii Hajx pacnpeneIeHHsIMH BTOPOTo MOpPsIKa B 337adyax MOCTPOCHUS OLEHOK HaJIeKHOCTU 000pyno-
BaHUsI B YCJIOBUSX MaJIbIX BHIOOPOK MOJTBEPIKIAIOT 3TOT BHIBOA. JlanbHeliee HCNoap30BaHUE pactpeiesie-
HUI BTOPOTO MOPSIKA MOXET ObITh HAMPABICHO HA OIEHKH PHCKOB, MPUHATHE PEIICHUH, CTOXaCTUYEeCKOe
MOJIEJIMPOBAHUE B YCIOBUAX SMUCTEMUUYECKON HEONPEJECIICHHOCTH.
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OueHka JTMTEJIbHOCTH MEPTBOT0 BpeMeHH B 00001ieHHOM MAP-1ioTOKE COOBITHIT
¢ IBYM#l COCTOSIHUSIMU

Anacracust Baagumuposna Keoal, Tiogmuia AniexceeBna Hexeabckas?®
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AnHoTamms. PaccmarpuBaeTcs 3a/1aua OICHKH JTUTEIBHOCTH MEPTBOTO BpeMeHH B 00001meHHoM MAP-TioTOKE
coOwiTuit (Markovian Arrival Process) ¢ 1ByMst COCTOSIHUSIME METOIOM MOMEHTOB B YCJIOBHSIX HEIPO/UICBAOIETOCS
MEpPTBOTO BPEMEHU (DUKCHPOBAHHOW JITUTEILHOCTH. [IpUBOSTCS SIBHBIC BUBI INIOTHOCTEH BEPOSTHOCTH 3HAYCHUI
JUTUTEIFHOCTH HHTEPBaja MEXy MOMEHTAMH HACTYIUICHHUS COCEIHUX COOBITHI MOTOKA B CITydae KOPPEINPOBAHHOTO
U PEKypPEHTHOTO 3aJaHusl MOTOKOB. DOpMyIHUpPYETCsl aJrOPUTM BBIYMCICHHS OLIEHKH MEPUOa HEHAOII0IaeMOCTH.
[IpuBOIATCS YHCIICHHBIC PE3yAbTATHl PACUCTOB OIICHOK, TOJYYCHHBIX C HMCIOJB30BAaHUEM UMHTAI[HOHHON MOJICTH
IMOTOKA, U UX aHaJIM3.

KnwueBbie cioBa: 0000menHblii MAP-IOTOK COOBITHIA; MIOTHOCTH BEPOSTHOCTH JUIUTEILHOCTH WHTEpBaja
MEXIYy MOMEHTaMH HACTYIUICHHsS COCEIHUX COOBITHH; METOJ MOMEHTOB; OICHKa HEMPOAJICBAIOMIETOCs MEPTBOTO
BpeMeHH (DUKCUPOBAHHOM JUTUTEIBHOCTH; YCIOBUSA PEKYPPEHTHOCTH MOTOKA

/na yumuposanus: Keba A.B., Hexensckas JI.A. OmeHka [UIMTETHHOCTH MEPTBOTO BPEMEHH B O0OOLIICHHOM
MAP-nioToKe cOOBITHIA C IByMsI COCTOSHUAME // BecTHHK TOMCKOTO TOCY1apCTBEHHOTO YHHUBEPCUTETA. Y IIPaBJICHHE,
BBIYHCITUTENbHAS TeXHUKa 1 nHpopMmaruka. 2022. Ne 61. C. 69-80. doi: 10.17223/19988605/61/7
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Estimation of dead time duration in generalized MAP with two states

Anastasiya V. Keba', Ludmila A. Nezhel’skaya®

1.2 Tomsk State University, Tomsk, Russian Federation
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Abstract. The paper deals with a generalized MAP with two states under conditions of partial observability
(unextendable dead time of a fixed duration T). The accompanying random process A(t) of the flow is an unobservable
piecewise constant process with n states: S,, ..., S,. The process A(t) is unobservable in principle, the moments of oc-

currence of events t;, t,,... are observable.

We denote 1, = t,,, —t,, T, > 0, is the value of the kth interval duration between events of the observed flow t, and
t.., k=1,2, ... Due to the fact that the flow operates in a stationary mode, then for the probability density of values t,
it is true p{(t,) = p;(1), 1, >0, for any k > 1. This allows, without loss of generality, to set the moment of occurrence
of the event t, equal to zero or, which is the same, the moment the event occurs is t = 0.

It is necessary to use the method of moments to estimate the parameter 7 in generalized MAP with two states
(we assume n = 2) at an arbitrary time instant t, provided that the realization of the time intervals between events
Ty, ..y Ty 1S KnOwn of the observed flow on the interval (0,t), where t = 0 is the moment of occurrence of the event,
T is the end of observation, m is the number of observed events over the time interval (0,t). It is assumed that A(t) is
stationary. The estimation of the parameter T is carried out both in the correlated case of setting the flow under study,
and in the recurrent one, the recurrence condition is determined from the analytical expression of the joint probability
density pr(t;, t,) of the duration of two adjacent intervals between the moments of the occurrence of events.
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In the paper we present an explicit form of the probability density parameters of the interval duration between
events in generalized MAP with two states in the case of correlated and recurrent flows specification. The method
of moments is used to find estimate of the duration of the unobservable period T. The algorithm were implemented
by C# programming language in the Visual Studio 2015. Statistical experiments were conducted on the simulation
model of the flow in order to establish the quality of the results obtained by evaluating the duration of the dead time T.
The numerical results of these experiments are given in the paper and illustrate an acceptable estimate that does not
contradict the physical interpretation.

Keywords: generalized MAP; probability density of the values of the interval duration between the moments of
the events occurrence; method of moments; estimation of unextendible dead time of a fixed duration; flow recurrence
conditions

For citation: Keba, A.V., Nezhel’skaya, L.A. (2022) Estimation of dead time duration in generalized MAP with two
states. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie, vychislitelnaja tehnika i informatika — Tomsk
State University Journal of Control and Computer Science. 61. pp. 69-80. doi: 10.17223/19988605/61/7

PaccmatpuBaetcs 0000meHHbI MAP-I0TOK COOBITHIA, OTHOCSAIIMICS K KJIACCY JBAXKIBI CTOXACTHYC-
CKUX TMOTOKOB coObiTHH [1-3]. M3y4yaemblii MOTOK MpeacTaBiseT COOOH aJeKBaTHYH MaTeMaTHUECKYHO
MOJIEJIb PEANTBHBIX MMOTOKOB CIIyYaHHBIX COOBITHH B TEJICKOMMYHUKAIIMOHHBIX CHCTEMaX, CITyTHHKOBBIX Ce-
TSX CBSI3U U TJIOOANBHBIX KOMITBIOTEPHBIX CETAX; COMPOBOXAAIOMIMK TPOIECC MOTOKAa €CTh KyCOYHO-
MOCTOSIHHBIN CIIyYalHBIN MPOIECC ¢ KOHCUHBIM YHCIIOM COCTOSHIUIMA [4—7].

B peanpHBIX cUTyalusIx mapamMeTpsl, ONpeesSoIne IOTOK COOBITUH, THO0 U3BECTHBI YaCTUYHO, JIH-
00 BOOOILIE HEM3BECTHBI, TMO0 U3MEHSIOTCS cO BpeMeHeM. [loaTomMy mpu aHanu3e IBa)Ibl CTOXaCTUYECKUX
MIOTOKOB COOBITHH BBIJEJISIOT JBa OCHOBHBIX KJlacca 3ajad, 0a30i Uil KOTOPBIX CIy’KaT MOMEHTHI BpEMEHHU
HACTYIUICHHS COOBITHI B TIOTOKE: 1) OIleHMBaHWE COCTOSHHI TOTOKa coObITHi [8—11]; 2) onennBaHue mapa-
MeTpoB noToka [12—15]. 3agada, perraeMasi B HACTOSIIEH CTaThe, OTHOCUTCS KO BTOPOMY KJlaccy 3aad.

[Ipu pemieHny nepevyrcieHHBIX 3a1ad CICAyeT YYUTHIBATH BO3MOXHBIC HCKaXawouue (GpakTopsl, Cy-
LIECTBEHHO BIMAIOLINE HA Ka4yecTBO oLeHUBaHus. OIHUM U3 TakuX (PaKTOPOB SIBISIETCS MEPTBOE BpeMsl pe-
THCTPUPYIOMHUX TIprOopoB [16—18], mopokaaemMoe KaXIbIM 3aperuCTPUPOBAHHBIM COOBITHEM: TTOCIIEYIOIIHE
COOBITHSI MCXOIHOIO IOTOKA, HACTYMHUBIIME B TEUEHHE IEPHOJA MEPTBOIO BPEMEHH, HEIOCTYHHBI VIS
HaOmonenus. Takoil a3ddext xapakrepeH 111 OONBIIMHCTBA pealibHBIX cucTeM. lIpeamnonaraercs, 4yro nepuos
HEHAOJIF0ITaeMOCTH TIOTOKA UMeET (PUKCHPOBAHHYIO JUTHTEIbHOCTD T [19].

B manHO#1 paboTte ocymiecTBisieTcs uccienoBanne 0006menHoro MAP-notoka coObITHIA C ABYMS CO-
CTOSHUSIMU B YCJIOBUSIX YaCTHYHOW HalOmogaeMocTH. B obmiem cityyae OBaskAbl CTOXaCTHUECKHE MOTOKH
COOBITHH, B TOM YHCJIE U paccMaTpuBaeMblii 000011eHHbI MAP-TIOTOK, SBISIOTCS KOPPEIHMPOBAHHBIME TI0-
TOKaMH; B paboTe Ha OCHOBAaHUH SIBHOTO BH/Ia COBMECTHOM IJIOTHOCTH BEPOATHOCTH JIBYX CMEKHBIX HHTEP-
BaJIOB MEXy MOMEHTaMHU HACTYIUICHHUS COOBITHI BBIMMCHIBAIOTCS YCJIOBHS PEKYPPEHTHOCTH paccMaTpuBa-
eMmoro mnortoka. IIpemmaraercst SBHBI BHJ IUIOTHOCTH BEPOSITHOCTH 3HAYEHUM AJMTENBHOCTH WHTEpBaja
MEXy MOMEHTaMH HACTYIUIEHHUS COOBITHH MOTOKA B ClIyyae KaK KOPPETUPOBAHHOIO, TaK U PEKYPPEHTHOIO
3aaHus MOTOKOB. [IprBONATCS YNCIICHHBIE Pe3yIbTaThl OLIEHUBAHUS NIEproJa HEHAOII01aeMOCTH COCETHUX
COOBITHIT UCCIIeyeMOro TOTOKA. JIaHHAsI CTAaThs SABJISETCS HEMOCPEICTBEHHBIM pa3BUTHEM padot [20—22].

1. TocTanoBKa 3agaun

Uccnenyercs 0600meHHbii MAP-I0TOK COOBITHIA ¢ IPOU3BOJILHBIM YHCIOM COCTOSHUE (anee — mo-
TOK), (PpYHKIMOHHUPYIONIUI B YCTaHOBUBIIEMCS (CTamMoHapHOM) pekume. CONMpOBOXKIAIONIMA CITyYaiHbIH
nporecc Mt) u3ydaeMoro moToka MpecTaBIsieT co00i KyCOYHO-TOCTOSIHHBIN MPUHIUIUATIBHO HEHAOI0/1ae-
MBIH Iporece ¢ N coctostHUAMU: Sy, ..., S.. [Tomaraercs, aro mpu A(t) = A, umeer mecto i-e coctosHue (S;),
i=1n, nponecca A(t). IIpum stom A, >A,>..>% >0. HabmogaeMbIMu SBISIOTCS MOMEHTBHI BPEMEHH
HACTYIUIEHUS COOBITHI MOTOKa t, L. ..

GOyHKIMS pacrpeaeieHus CIydyaiiHOW BEIMYUHBI — JUTUTENBHOCTH NpeObiBaHus mpouecca AMt) B co-

. At . —
CTOSIHUH S; — ABJIAETCS SKCIIOHEHIIHAIbHOM: Fi (t)=1-e " ,t>0, i=1n.B MOMEHT OKOHYAHHs COCTOSIHHS S,

70
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npouecc Mt) mepexoAuT 13 coCTosHMSA S; B COCTOsHUE S; ¢ BepOSATHOCTBIO P (A[A;) ¢ HacTyruienneM cobbITHs

[IOTOKA WU C BEPOSITHOCTHIO Po(kj|ki) 0e3 HACTYIUICHUsI COOBITHS MOTOKA, i, j =1,n . OTMeTHM, 4TO JJIsI BBE-
v n n . —
JEHHBIX BEPOATHOCTEMN CIIPaBEIHBO Elpo (r i |ki )+ j;lPl (n j |xi) =1,i=1n.

brnoynas MaTpuna HHGUHUTE3UMANBHBIX XapakTepucTUK [19] mponecca A(t) umeet Bun D = ||Dy|D,||:

E-P0u)) ARG ARG
5 JaPy (1) —xz(l—PO(x2|k2)) AP [y)
0 ,
APy (A0 POl =R
PO PR AP [Ry)

xzpl(x1|x2) xzpl(x2|x2) xzpl(xn|x2)

MoPL O A PG R PR JR) i

XN

Kaxxnoe 3aperncTprupoBaHHOE COOBITHE TIOTOKA CO3JAeT MEPUO HEeHAOII0JaeMOCTH (PUKCUPOBAHHOM
JUTUTEFHOCTH (MEPTBOE BpEMs), B TEUCHHUE KOTOPOTO APYTHe COOBITHS NCXOJHOTO MOTOKA HEAOCTYITHBI JUIS
HaOIoIeHNs (TEPSAIOTCS); KPOME TOTO, COOBITHS, HACTYITUBIIME B TeUEHUE MEPHOAa MEPTBOTO BPEMEHH, HE
BBI3BIBAIOT €TI0 NPOJICHUs (HempouieBaromieecs MepTBoe Bpems). [lepBoe HacTymuBIIee mocie mepruoja
MEpTBOTO BPEMEHHU COOBITHE ITOTOKA CHOBA CO3/1aeT MEPHO MEPTBOTO BPEMEHH JUTUTEILHOCTH T U T.1I.

B kadecTBe WiLTIOCTpaIMK Ha puc. | puBeeHa OHA M3 peanu3anuii nmpoiecca A(t) 1 HabIr01aeMOro

HOTOKa, TAe A; — 3HaueHue mporecca Mt) B coctostHuu S;, i =1,n; ITPUXOBKOH 0003HAYEHBI MEPHOIbI
MEpPTBOTO BpeMeHH; coObiTusa 0000meHHoro MAP-moToKa, HEAOCTYyIHBIE HAOIIOJCHUIO, OTMEUYEHBI
YepHBIMU KpYKKamu; t;, 1, ... — MOMEHTBI BpEMEHU HACTYIJIEHHs COOBITUI B HA0JII01aEMOM MOTOKE.
Mt , ) )
; P P A D P (2 1)
1 . Eﬁ E
- Pl(/“'z ".'“2,) 1< !
o 7T ~ilp oy~ ~ |1
o LAl R HE
3 P =<0 i - ~ |
A = [ = )
1 o 1 ] — o~ '
2 ! < = VA = (
O I I R Do =~ -
. o - ' '
/'”n-l H o E i i i It E E |
4 o o P <t ! 1
S I B A b i ! PR
[ A b A ! b
A b oo b S I 2 I '
i [ | ' [ i ' [ '
1% T N R R A R L
D P Peanp’zaum;{ n;poqe'c-c-a'}-,('f) PR '
e S U SR RS S SN
b ! ' b . o I ! :
v O0o0mEHHET MAP-IIOTOK COOEITHIT ¢ 71 COCTOSHILIMIT |
:m,f a : ; ; : - t
i 1 (C'xema CO3TAHILT MEPTBOTO BPEMEHIT : '
L ! : | A i i ;
fy l s f s s & ’

HadmogaeMeIll moToK COORITIIN

Puc. 1. Peammzanus 0600menHoro MAP-motoka coOBITHI ¢ IPOM3BOIIEHBIM YHCIOM COCTOSTHUI
B YCJIOBHSIX HEMPOJICBAIONIETOCSI MEPTBOTO BPEMEHH [UTUTEIBHOCTH T
Fig. 1. Realization of Generalized MAP with an arbitrary number of states under conditions of
unextendible dead time of duration T
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3ameuanue 1. Beenenue Bepostaoctu Py(A|k;) #0, i =1,n, nepexona nponecca Mt) u3 cocrosHus S;
B COCTOsIHHE S; 6€3 HAaCTYyIUIEHHs COOBITUS MPUBOIAUT K 0000IIeHUI0 K1accuyeckoro MAP-moToka ¢ mpous-

BOJILHBIM YHCJIOM COCTOSTHHH.

YrBep:knenue 1. s 0606menHoro MAP-notoka coObITHiA ¢ N cocTosTHUAMHE Tipotiece A(t) siBisieTcs
CKPBITBIM MapKOBCKHM ITPOLIECCOM.

Lenb paboThl 3akitouaeTcs B PEIICHUN 3a]]a4d OLICHUBAHMS MEPHOa HEHAOII0IaeMOCTH JUISl CITydast
KaK KOPPEIMPOBAHHOTO, TaK ¥ I PeKYPPEHTHOTO 3amaHus 0600menHoro MAP-moToka coOsITrii ¢ ABYyMS
COCTOSIHUSIMU W B aHAJIM3€ MOJyYeHHBIX OLeHOK. OIeHKa HaXOIUTCS METOAOM MOMEHTOB Ha OCHOBAHUH I10-
JY4eHHOU NMPH UMUTALMOHHOM MOJIEIMPOBAHHUHU MTOTOKA BBIOOPKH IOCIIEA0BATEIbHBIX MOMEHTOB HACTYTIJIE-
HMs coObITHIA 1, ...,1, , HAa uHTepBane HabmoaeHus (0,t); O<t <...<t, <t.

2. Bua n10THOCTH BepPOSITHOCTH VIMTEIbHOCTH HHTEPBAJIA MEMKIY COCEAHUMM COOBITHAMU
B KOpPpeJIUpPOBaHHOM 00001eHHOM MAP-10TOKE NNPH HENMOJIHOI HAa0II0aeMOCTH

O6o3naunm 1, =t,,, —t,, 1, =20, — 3HAUCHHUE UTUTEILHOCTH K-TO MHTEpBaIa MEXKIY COCEIHUMH CO-
ObITHSIME HaOmonaemoro nortoka t, u t,, k=1, 2, ... [l14 NIOTHOCTU BEpOSATHOCTU 3HAYCHUH T, BCIEI-
CTBUE (PYHKLIMOHUPOBAHMS OTOKA B CTALHOHAPHOM PEXHME CIIPaBeAnuBo P, (t,)= p;(t), t=0, npu mro-
6oM Kk >1, yro nmo3BoJsgeT 6e3 orpaHUUEHNs OOIHOCTH HOJIOKUTH MOMEHT HACTYIIEHUS! COOBITUS t, paBHBIM

HYJIIO WM, 4TO TO K€ CaMO€, MOMEHT HaCTYIUIeHHUs coObITUS ecTh T=0.
YrBep:xkaenne 2. IlocnenoBarenpHOCTh 1,1,,... MOPOXKIAET BIOKEHHYIO 10 MOMEHTaM BPEMEHH

HACTYIUTCHHS COOBITHIA Iterb Mapkosa {A(t,)} .

Teopema 1. B 0606mennom MAP-ioToKe, (QDYHKIIMOHUPYIOMIEM B YCIIOBHUSIX HEMPOIEBAIOIIETOCS
MCPTBOT'O BPEMCHU, IJIOTHOCTH BEPOATHOCTHU pT (‘E) AJIATCIIbHOCTH MHTCPBajia MCXKAY COCCAHUMU CcOOBITH-

SIMH UIMEET BUI;
0, 0<t<T,

Pr (%) :{y(T)zlezl(”) +(1-y(T))z,e =",  1>T,
(T) = Z, _;\‘lnl(T)[Pl(}\‘lp\'l)—i_ P, |7"1)]_7‘2n2 (T)I:Plo\'l P‘z)"‘ P, P“z)]
Z,-1,
T(T)=m, —[ni - (O|T):|e’aT ,i1=12, 1)
_ 7‘1 (1_ I:)o (7‘1|7\'1))+ )‘2 (1_ Po(kz P“z)) + \/6

1,2 2 1
D =[ %, (1= Py 1) =y (1= Py o)) |+ 420, P (1, DR G [1).

0<z,<1z,,
IZIe YCIIOBHBIE CTAllMOHApPHBIE BEPOATHOCTHU ni(O|T) Toro, uto mpomecc A(t) B MOMeHT BpemeHnu T=0

HaxoauTCsa B COCTOSHUU Si’ i= 1, 2, npu yCJIOBHH, YTO B ,Z[aHHI:IfI MOMCHT BpPEMCHU HACTYIIUJIO COOBITHE

Ha6n}0;[aeMor 0 IMOTOKa, MOPOAWB NEPUOA MEPTBOI'O0 BPEMCHHU JJIUTCIIBHOCTH T, OIpPEACIIAOTCA BbIPAKCHUAMUN
Do+ (P — Pay) (1-€7°7) P+, (P — Py ) (1-€7)
Pio+ Por + (P — P) (1-€7") P+ Py + (P — Py ) (1-€7)

BEpOATHOCTH Iepexoja Py , I, ] =1, 2, npeACTaBIAIOTCS B BUJIC
o = P4 1) (1= Py (0, [1,) ) + Py (A M) R 1) |
" (1-RO)) (1RO 1)) - R (u )R O 1)

n1(0|T)= , n2(0|T)=

(2)
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_ Pl(?vi P‘z) (1_ I:)o (}“1|7\'1)) + F)o (7\'1|}‘*2)P1(7"i |7“1)
P T R (R ) R ) R )

2

>op=1,i=12;

j=1

anpHopHbIe (PUHANBHBIC BEPOSITHOCTU T; COCTOAHMIL S;, | = 1, 2, 1 BeIMUNHA & paBHBI COOTBETCTBEHHO
Ay (B (A ) + R [1,)) M (RO ) +R(L ) &
T, = , T, = ,ZTci:l,
a a i1 3

az}“l(Po(kzp\‘l) +R(, |7‘1))+7“2 (Po(x1|7“2)+ R, |7‘2))-

/lokazamenscmeo 0OCHOBaHO Ha MPUMEHEHHUU CBOMCTB BJIOXKEHHOM 1ienu MapkoBa U 371eCh HE MPUBO-
JUTCSI BBUITY TPOMO3JIKOCTH BBIKIIA/IOK.

3. Bua n10THOCTH BepPOSITHOCTH VIMTEIbHOCTH HHTEPBAJIA MEHKIY COCEAHUMM COOBITHAMU
B peKyppeHTHOM 00001ieHHOM MAP-n10TOKE NPU HENOJIHOH HA0II01aeMOCTH

Hycts (t,t.;), (teite,) — 1Ba CMEKHBIX MHTEpBAIA, JUTHTEILHOCTH KOTOPEIX €CTh T, =t —t, H
Ty =t,» —t,; COOTBETCTBEHHO, T,,T,,, >0; HX PACIOJOKEHUE HA BPEMEHHOH OCH B CHILY CTALMOHAPHO-
cT moTtoka npousBonbHo. Torxa, momaras k =1, Gyaem paccMaTpHBath JBa COCEIHHX nHTepBana (t,t,),
(t,,t;) ¢ COOTBETCTBYHOIIMMH 3HAYCHHMSMH IMTENbHOCTEH T, =t,—t, u 7, =t,—t,, 1,7, 20. [Ipu sTOM
7, =0 COOTBETCTBYET MOMEHTY t1 HACTYIUIEHHs COOBITHS HAOIIOJAEMOrO TIOTOKa, @ T, =0 COOTBETCTBYET

MOMEHTY t, HACTyIJIEHHS CIIeAYIOMEro coobITrs NoToka. C ydyeToM (yHKIIMOHMPOBAHUS [TOTOKA B YCIIOBHAX

HETIPOJUIEBAIONIErOCs MEPTBOTO BPEMEHH JUIUTENBHOCTH JIBYX CMEKHBIX WHTepBanoB ecth T, =T +t®,
1, =T +t?, rue t* — 3Hauenne nMTENEHOCTH MHTEPBATA MEKTY COOTBETCTBYIOIIMMH MOMEHTOM OKOHYA-
HHUS MEPTBOTO BPEMEHH M MOMEHTOM HACTYIUIEHHs CJIEIyIOIEro codbitus Hadmomaemoro noroka, t" >0,
| =1,2. CoBMecTHas IIIOTHOCTB BEPOATHOCTH TIPU 3TOM €CThb P (T,,T,), Ty, T, 0.

Teopema 2. B 0006menHoM MAP-110TOKE B yCIOBUSX HEMOTHOH HaOII0aeMOCTH (TIPH HAJTMYHH He-
MPOJUIEBAOIIETOCS MEPTBOTO BpEMEHH (PMKCUPOBAHHOM JITIUTENILHOCTH) COBMECTHAS TJIOTHOCTH BEPOSTHOCTH
p; (t,,T,) ABYX COCEIHUX UHTEPBAIOB UMEET BUJI:

0, 0<t,<T,1,20,
0, 7,20,0<1,<T,
7\‘17\'2 —-aT
D, (Tla'fz): Py (Tl) P (Tz)+ 2.2, Y(T)(l_Y(T))e X )
X[ P (A M) P Ry [hg) = POy [R,)R(R, 1) ] 7,7, 2T,
X(21621(t(1)T) _ Zze—zz(t(”—T) ) (Zlezl(t(z)T) _ Zzezz(t(Z)T)),

rae y(T), 21, 22, p; (1), K=1,2, (npu t=1,) onpexeneus B (1); Benuunna a onpezaenena B (3).

Jlokaszamenbcmeo 31eCh HE IPUBOJUTCS BCIEACTBAE TPOMO3IKOCTH BBIKIIAJIOK.
Ha ocHoBaHWM TONy4YeHHOW aHaIMTH4eCKOW (opMynbl (4) COBMECTHOHM IUIOTHOCTH BEPOSITHOCTH

p; (t,,7,) BbiMmeM ycnosue pexyppentHoctu: P (A |A)P.(A,|A,) = B(A, [A,)R.(A,[A,) =0. Torna Beipa-
JKEHUE ISl TNIOTHOCTH BEPOATHOCTH Py (r) JUTUTEIIFHOCTH MHTEPBaIa MEXIY COCEAHUMHU COOBITUSIMH B (1)

npeobOpasyeTcst K BUILY:
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0, 0<t<T,
Pr (1) = v(M)ze 2 +(1-y(T))z,e =", 12T,
y(T) = Z, _xlnla-)[Pl(XlP‘l)"' R, |7“1):|_7‘2ﬂ:2 (T)I:Pl(}\‘l P‘z)"' R, P‘z):l , 5)
=4
. (T)=m —[Tti - pji]e"aT, iL,j=12,i=]j,
rae Z1, Z2 onpezenensl B (1), BepostHoctu nepexona Pij, I, j = 1, 2, — B (2), Benuuuusl 7, 1 =1, 2, a—B (3).

JIBa 1pyrue ycioBust peKyppeHTHOCTH, BbiTeKatomue u3 Beipaxkernns y(T)(1-v(T))=0, manee He pac-

CMaTPHUBAIOTCA, TaK KaK IPH WX BRITOTHEHUH 00001meHHBIH MAP-TTOTOK COOBITHI CTAHOBUTCS TIPOCTEHTITFIM.
4. YpaBHeHHs] MOMEHTOB U Pe3yJbTaThl YHCIEHHBIX PacCieToB

JI151 OLIEHKH TIapamMeTpa MOTOKA — JUINTENEHOCTH MEPTBOTO BPEMEHH — UCTIONB3YETCS METO/L MOMEHTOB.

—2,(c-T —2, (=T
BBezieM B paCCMOTPEHHE BBIOOPKY Ty, ..., Ty, ; 13 pacnpenencrnst P (t)=y(T)ze * " +(1-y(T))z,e =7,
7> 0, 3aBUCSIIETO OT HEM3BECTHOrO Tapamerpa T. B cuily GIM30CTH TEOPETUYECKOH M OMIMPHYECKOI

(YHKIMI pacnpenesieHusi, T.e. HEOTPAHUYCHHOTO COJMKCHUS UX 3HAYCHUH MpH N — 00, CICAYET OXKHJIATh
OJIM30CTH UX YUCIIOBBIX XapaKTEPUCTHK — MOMEHTOB OJHOTO M TOTO K€ Topsaka. TeopeTudeckuil Hayalb-

0
HBIM MOMeHT 1-ro nopsaka Mt = I Tp; (t)d T 6aM30K K COOTBETCTBYIOIEMY BEIOOPOUHOMY MOMEHTY — CTa-
T

1 m-1
tuctuke C, = —Zrk , rae 1, = t,,,—{, — 3HaYeHHe NIUTEIBHOCTU MEXKIY MOMEHTaMH {, u t,,, HacTyIIe-
T k=l

HUs coObiTull B 00001eHHOM MAP-nioTOKe coObITHH. TakuM 00pa3oMm, i OIICHKH MmapaMmerpa | HeoOXo-
AUMO UMETh YPaBHCHUC MOMCHTOB BHUJIA.
M;t=C,. (6)

BerInonHss MHTErpUpOBaHUE JIEBOH YacTH (6), HAX0IUM

M= [x(v(M)ze 0" +(1-y(T))z,e = 7 )de=T +vz_(r) + —1_ZY(T) =C,,
T 1 2

rae y(T) ompenenena B (1) mist koppenupoBarHHOTO 00001meHHOr0o MAP-T1I0TOKA, B (5) — A pEeKYpPPEHTHOTO

0000mmennoro MAP-moToka.

IToguepkHeM, YTO pelICHWE YPaBHEHHWH MOMEHTOB BO3MOYKHO TOJBKO YHCICHHO; B JAaHHOH pabore
peuIeHusl YypaBHEHU MOMEHTOB HAXOATCS C IPUMEHEHUEM METOJIA IIPOCTOM UTEpaLiy.

OTMeTHM, 4TO TIPU BBIOPAHHBIX MapaMeTpax KOPPeIHpPOBaHHOTO JIMOO PEKYPPEHTHOI'O TOTOKOB, Kak
ITOKA3bIBAKOT pe3yanaTLI YUCJICHHBIX E)KCHepI/IMeHTOB, HpI/IBe):[eHHBIe HHXKC, MAaTEMATUYCCKOC OXUIAHHUC MTT

ecTb Bo3pacTaromas GyHKuus nepemenHol (mapamerpa) 7, T > 0. BeneacTBue 3T0oro Kakaoe U3 ypaBHEHUH
MOMEHTOB UMEET €IMHCTBEHHOE PELICHHE.

A

C nenblo MoJTy4eHHs] YHCICHHBIX PE3YJIbTaTOB pa3paboTaH alrOpUTM BRIYMCICHUS OLEHKH T (perie-
HHE ypaBHEHMS MOMEHTOB (6)) M MOCTPOCHA UMHTAIMOHHAS MoJeTs 0006menHoro MAP-ioToka coObITHi
C IIByMsI COCTOSIHUSIMH B YCIIOBHUSIX HETPO/IJIEBAIOIIETOCS MEPTBOTO BpeMeHHU. OCHOBONH MMHTAI[MOHHOW MO-
JIeNTU SIBJISIFOTCS IATYMKHU TICEBJIOCITYYalHBIX Yrcen M MeToa oOpaTHbIX QyHKiui [23]. Ha mepBom stare
pacdeTa OCYyIIECTBIISICTCS UMHUTAIMOHHOE MojaenupoBanue o6o0merHoro MAP-moToka COOBITHS ¢ IBYMS
COCTOSIHUSIMU C TEM, YTOOBI OIY4UTh CTAaTUCTUKY C, Ha OCHOBE BHIOOPKH MOMEHTOB BPEMEHU HACTYIIJICHUS

coObITHii t, ..., t . Ha BTOpoM 3Tamne pacuera BbIUMCISAETCSA OLEHKA T .

Jns kaxxaoi peanvzanvy HaleHbl OLIEHKA TV v=1N , HA OCHOBaHHUM KOTOPBIX BBIYMCIIEHBI BbI-

A A N A ~ A N A
6opounoe cpeanee M (T) = %ZT(V’ u BbIOOpoYHas Bapuamus V (T) = %Z(T ® —T)2

v=l v=l
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B nepBoM u BTOpOM SKCIIEpUMEHTaX OyleM pacCMaTpUBaTh CIydail KOPPEIMPOBAHHOTO 3a/IaHus I10-
TOKa, a B SKCIICPUMEHTE 3 MCCIIeAyeM BIIMSIHHE BpEMEHH MOJICIIMPOBAHUS Ha OIICHKY MEpPHOa HeHa0Ito1ae-
MOCTH B Cllydyae PEKYpPpPEHTHOTO 3aJaHUs TOTOKA; YCIOBHE PEKYPPEHTHOCTH MPH 3TOM OMPEICICHO Kak
P )R (A, 1) = B [2,)R (2, [2,) = 0.
Okcnepumenm 1. DOUKCUPYIOTCS YHUCIO COCTOSHMHA N =2, KOJWYECTBO OIBITOB (peanu3ariuii)
N =1 000, muTeTbHOCTh MEPTBOTO BpeMeHH T = 1, 3HadeHus A, = 25, A, = 10 nponecca A(t) 1 nepexoxHbie

BEPOSATHOCTH, MPECTABICHHEIC B Ta0I. 1.

[enpro JAHHOTO AKCIIEPUMEHTA SIBIISICTCSI HAXOXKICHAE BPEMEHHOTO WHTEPBaia YCTAaHOBJICHHS CTallnO-
HapHOTO peknMa (QYHKIIMOHUPOBaHUS 0000meHHoro MAP-I0TOKa COOBITHS C IByMsI COCTOSIHASIMU B yCJIO-
BHUSIX HETIPOJUICBAIOIIETOCSI MEPTBOTO BpEMEHHU (PUKCUPOBAHHOM JITUTEIILHOCTH B CITydae 3aJIaHUs TApaMeTPOB
U1 KOPPEIMPOBAHHOTO MOTOKA MM, MHBIMU CJIOBAMH, YCTAHOBJIEHME 3aBucuMocTeit M (T), V(T) or mmu-

TEeIbHOCTH BpeMeHU MozenupoBanus T, tae T, € {100; 200; ...; 1 500}.

PesynbpTathl epBOro CTATUCTHYECKOTO SKCIICPUMEHTA MTPECTaBIICHBI B Ta0J. 2 1 Ha pHC. 2.

3HaueHHs IEPEXOTHBIX BEPOSITHOCTE KOPPEJINPOBAHHOT0 0006meHHoro MAP-noToka co0bITHIt
¢ IBYMsl COCTOSIHMSIMHM B paMKax 1-ro M 2-ro CTATHCTHYECKHX IKCIIEPUMEHTOB

Py(A1J2y) = 0,05

Py(A,JAy) = 0,05

P,(Ax) =0,15

P,(A,JA) =0,75

0.959
£ 0,954
S 0,949
0.944

A
V(T)* 104

— D B I

OO

IS

Py(A,A,) = 0,05

Py(%,1\,) = 0,05

P,(AJA;) = 0,75

P,(A,lA;) = 0,15

Pe3yabTaThl 1-ro cTaTHCTHYECKOTO IKCIIEPUMEHTA

Tn 100 200 300 400 500
M (T) 0,9445 | 0,9497 | 09515 | 0,9523 | 0,9529
V(T)x10* | 29,8556 | 24,3601 | 22,6321 | 21,8365 | 21,3135
Tn 600 700 800 900 1000
M (T) 0,9531 | 0,9534 | 0,9536 | 0,9538 | 0,9539
V(T)x10* | 21,0447 | 20,7491 | 20,6081 | 20,4755 | 20,3541
Tn 1100 | 1200 | 1300 | 1400 | 1500
M (T) 0,9540 | 0,9541 | 0,9541 | 0,9542 | 0,9542
V(T)x10* | 20,2591 | 20,1868 | 20,1356 | 20,0653 | 20,0202
o o o ° o o o} o} e} o
o]
(o]
100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500
(o}
(o]
o o °

100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500
3HadcHAS BpPEMCHH MOJACIIHPOBAHHA T,

(o] (o]

o o

o o

m

Puc. 2. Tpaduk sasucumoctn M (T), V(T)x10* or snauenus T,
Fig. 2. M(T), V(T)x10" as functions of T,,

Tabnuma 1

Tabnuma 2
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W3 ananu3a 4MCICHHBIX pe3yIbTaTOB, MPUBEACHHBIX HA PHC. 2, CICAYET, YTO UMEET MECTO CMEICHHE
OLICHOK OTHOCHUTEJIBHO MCXOJHBIX 3HAYCHUH OIIEHMBAaEMbIX IAPaMETPOB, OJHAKO BapHallUsl CTPEMHTCS K Onn3-
KOMY K HYJIIO YHCIY, T.C. METOJIMKA OLICHUBAHUS KAYECTBEHHA, M TOJYYCHHYIO OILICHKY MOXKHO MPHHUMATh
32 HCTHHHYIO C JOCTaTOYHO MaJIOH MOTPEIIHOCTHI0. AHANN3 MPEACTABICHHBIX B Ta0Jl. 2 pe3ybTaToB DKCIIe-
pHMEHTa MPHUBOIUT K YTBEPIKIACHHIO O 3aBUCHMOCTHU IOJy4aeMbIX OLICHOK OT BPEMECHU MOJCIUPOBAHMS,
a UIMEHHO: C YBEIMYCHHEM 3HaueHUs | BBIOOPOYHBIE CPEJHUE U BHIOOPOUHAs BapHAIUs CTAOUIH3UPYIOTCA
npu T,, > 500, 4To 00BsICHSIETCS KOHLETIMEH METO1a MOMEHTOB.

Ikcnepumenm 2. OUKCUPYIOTCS YUCIO cocTostHUNA N = 2, konmdecTtBo ombIToB N = 1 000, 3HaueHne
BpeMeHH MozenupoBanus T,, = 1 000, 3Hauenus A, = 25, A, = 10 npouecca A(t) u nepexoHble BEPOSTHOCTH,
MIpeACTaBICHHBIC B TA0M. 1.

B paMkax S5KCIIEPUMEHTa MCCIEMYIOTCS 3aBUCUMOCTH M (T), V(T) OT HM3MEHEHHs JUIMTENLHOCTH
meptBoro Bpemenu T, rae T € {0,5; 0,6; ...; 1,9}.

PesynpTaThl BTOPOro CTATHCTHUECKOT'O KCIIEPUMEHTA MpeICTaBleHbI B Tabu. 3 1 Ha puc. 3.

Pesynprarel Tabn. 3 ykaspIBalOT Ha TO, YTO YBEIMYCHHUE JJTUTEIBHOCTH MEPTBOTO BpeMeHU I BieyeTr
yBEJINYEHHE BEIOOPOUHOMN BapHAaIlK OILICHKH. DTO OOBSICHICTCS TEM, YTO NPU YBEIIMUCHUHU 3HaueHUs T yBe-
JUYUBACTCS IEPUO]] HEHAOTIOAaeMOCTH MTOTOKA, YTO MPUBOJUT K YBEIMYCHHUIO YHCIIA TIOTEPSIHHBIX COOBITHI
U, KaK CJIEJICTBUE, K YXYyIICHUIO KayecTBa ollcHWBaHuA. OLEHKH TaKKe MOIyYaroTcss CMEIIEHHBIMU, O YeM

CBHJICTENBCTBYIOT MOJTyYEHHBIE PE3YJIbTaThl st M (T) .

Tabnuma 3
PeSyJ]bTaTbl 2-ro CTATHCTHYECKOI0 IKCNIEPUMEHTA
T 0,5 0,6 0,7 08 0,9
M (T) 0,4551 | 05547 | 06546 | 0,7542 | 0,8538
V(T)x10* | 19,7215 | 20,0124 | 19,9936 | 20,2736 | 20,5286
T 1,0 11 1,2 13 1,4
M (T) 09539 | 1,0533 | 1,1533 | 1,2527 | 1,3523
V(T)x10* | 20,3396 | 20,7526 | 20,7149 | 21,1622 | 21,4898
T 15 1,6 17 18 1,9
M (T) 1,4521 | 15515 | 1,6507 | 1,7508 | 1,8505
V(T)x10* | 21,6761 | 21,9654 | 22,6457 | 22,4818 | 22,7099
23
o 22 o ° °
=21 o ©° °
i) o © o ° °
& 20 o o o
19

05 06 07 08 09 1 LT 1,2 1,3 14 15 16 1,7 1,8 19
3HaueHus JUTUTENBHOCTH MEPTBOTO BpeMeHH T
Puc. 3. I'paduk 3aBHCHMOCTH V(f )x10* ot 3HageHns T

Fig. 3. V(T)x10* as functions of T

3ameuanue 2. B ciyuae KoppeaupoBaHHOIO 3a1aHusi 00001eHHoro MAP-noroka coObITHii TOBOPUTH
0 COCTOSITEJIFHOCTH MOJIy4aeMbIX METOIOM MOMEHTOB OILIEHOK HE MPE/ICTABISETCS BO3MOKHbBIM [24, 25].

Ikcnepumenm 3. GUKCUPYIOTCS YUCIO cocTostHMMA N = 2, kKoiumdecTBo onbiToB N =1 000, mouTens-
HOCTh MEpTBOTO BpeMeHH T =1, 3HaueHust A, =25, A, =10 nporecca A(t) u mepexoJHbIe BEpPOSTHOCTH,
IpeJCTaBlIcHHbIE B Ta0n. 4. 3HaueHMs JUIMTEIBHOCTH MOJENMPOBAHUA | M3MEHAIOTCA B JHMAala3oHe
T,, € {100; 200; ...; 1 500}.

PGSYJ'H:TaTBI TPETHET0 CTATUCTUUCCKOI'O OKCIICPUMECHTA NPCACTABJICHLI B Tab. 5 1 Ha puc. 4,
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Taonuma 4
3HaYeHNs MEPEXOAHBIX BEPOSITHOCTEl peKyppeHTHOro 0600menHoro MAP-noToka co6bITHii
€ ABYMsI COCTOSIHUSIMU B PAMKAaX 3-T0 CTATHCTHYECKOT0 IKCIIEPUMEHTA
Po(hAy) = 0,05 | Py(Ayfh,) = 0,05
Po(A,Jx) = 0,05 | Py(A,2,) = 0,05
P2 A) =0,45 | P,(A,A,) = 0,45
P,(A,JA) = 0,45 | P;(A,]A,) = 0,45
Tabauma 5

Pe3yJ’l]>TaT]>l 3-ro CTaTHCTHYECKOTO IKCNIEPpUMEHTA

Tn 100 200 300 400 500
M (T) 0,9451 | 0,9504 | 0,9521 | 0,9529 | 0,9535
)x10* | 29,1964 | 23,7264 | 22,0135 | 21,2357 | 20,7416

Tn 600 700 800 900 1000
M (T) 0,9538 | 0,9541 | 0,9543 | 0,9544 | 0,9545
V(T)x10* | 20,3976 | 20,1648 | 19,9875 | 19,8844 | 19,7622

Tn 1100 1200 1300 1400 1500

M (T) 0,9546 | 0,9547 | 0,9548 | 0,9548 | 0,9549
V(T)x10* | 19,6881 | 19,5981 | 19,5555 | 19,4938 | 19,4513

0.959
o o o (o]
<€0,954 o o ©° © o o ©o o ©
= 0.949 °
0944 ©
100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500
30
22w °
=26
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o> %g L < S e = e *

100 200 300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500
3HaueHHsl BpeMEeHH MOJIeTHpOBaHus 7,

m

Puc. 4. Tpaduk 3asucumoctn M (T), V(T)x10* ot sHauenns T

Fig. 4. M(T), V(T)x10* as functions of T,,

U3 rpaduka, npuBeneHHOro Ha puc. 4, CIEAYeT, YTO CTAIMOHAPHBIA PEKUM (PYHKIIMOHUPOBAHUS
Ha0o1aeMoro noToka ycranapiaupaercs npu T > 500. ITonyuennsle onenku napamerpa 7' ABISAIOTCS CMe-
HIICHHBIMU.

3ameuanue 3. B ciydyae peKyppeHTHOTO 3ajanust 0000meHHoro MAP-otoka coOBITHI OTICHKH SIB-
JSIOTCS COCTOSITENIbHBIMH, TaK Kak IOCJIEIOBATeNIbHOCTD Ty, ..., T, ; IPEJCTABIAET COOON B3aMMHO HE3aBU-

CHMBIE ClTyuaiiHble BEIMYMHBI, KOHEUHBIN TeopeTHYecKuil MOMEHT M, T cyliecTByeT, U ypaBHEHHE MOMEH-
TOB (6) UMEET eNMHCTBEHHOE penreHue [25].

3axkiao4yeHue
B nanHO¥ cTaThe paccMOTpeH KOPPEIMPOBAaHHBIN M peKyppeHTHbIH 0000mennbid MAP-oTok coObI-

THH C ABYMS COCTOAHUAMU B YCJIOBHUAX HCIIPOAJICBAIOLICTOCA MCPTBOI'O BpEMCHU (bHKCHpOB&HHOfI JJIATCIIb-
HocTHu T. HpI/IBe,Z[eHBI SIBHBIC BHJBI IUIOTHOCTEH BCPOATHOCTU 3HAYCHUI JJIATCIBHOCTHU HWHTCPBAJla MCKIY

7
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COCEIHMMH cOOBITHSIMU 00001meHHOro MAP-moToka coObIThii 11t KoppenupoBanHoro (1) u pekkypeHTHOro (5)

CllydacB 3aJaHis TOTOKOB. METOXOM MOMEHTOB HAii[IeHA OLCHKA mapamerpa 1 . AITOpPHTM BBIYHCICHHS
OTICHKY peasln30BaH Ha si3bIke mporpammupoBanus C# B cpene Visual Studio 2015. IIpoBenens! cratucTrde-
CKHE JKCIIEPUMEHTBI, YKa3bIBaIOIIUEe HA PabOTOCMOCOOHOCTh alropuTMa OIEHKH MapameTpa T v mpuemiie-
MO€ Ka4eCTBO MOJTY4aeMbIX OIICHOK.
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Digital approaches to creation of new methods and algorithms of identification and control of dynamic
systems lead to necessity of use discrete in time dynamic equations [1]. For dynamic systems the main problem
at the analysis and syntheses methods of identification, control, optimization, stability [2-10] is the calculation
of sensitivity functions and sensitivity coefficients (SC). The first-order sensitivity characteristics mostly are
used. Later on we shall examine only SC of the first-order.

The SC are components of vector gradient from quality functional according to parameters and the
sensitivity functional connects the first variation of quality functional with variations of variable and constant
parameters.

Consider a vector output y(t) of dynamic object model under discrete time t [0,1,..., N +1] implicit-
ly depending on vector constant o parameters and generalized 1(a) functional constructed on a basis of
y(t) under t €[0,1,...,N +1] and on o. parameters:

I(a) = fo(y(N +1), y(N), ..., y(@), y(0), o) = fo () .
SC with respect to constant o parameters are called a gradient from I(a) on o:

(dl(a)/da)" =V, 1 (o). SC are a coefficients of single-line relationship between the first variation of func-
tional 8,1 (o) and the variations do. of constant parameters o :

m

5a|(a)=(Vu|(a))Tda=%dazsza

j .
i1 0

The direct method of SC calculation inevitably requires a solution of cumbersome sensitivity equations
to sensitivity functions W (t) . For instance, for functional 1(a;) we have following SC vector (row vector):

di(o) _ '\'Z*iafo(-,oc)W(,()Jr ofy (o) .
doo = oy(t) oa.
Here W(t) is the matrix of single-line relationship of the first variation of dynamic model output with pa-
rameter variations: 8y(t) =W (t)da . For obtaining the matrix W (t) it is necessary to decide bulky system
equations — sensitivity equations. The j-th column of matrix W(t) is made of the sensitivity functions
oy(t)/da; with respect to component o ; of vector o . They satisfy a vector equation (if y is a vector)

resulting from dynamic model (for y ) by derivation on a parameter o ;.

For variable parameters such method essentially becomes complicated and practically is not applicable.

Application of the variation approach allows fundamentally to simplify process of calculation of SC
concerning variable and constant parameters. To this problem it is devoted given paper for the dynamic
systems described by generalized difference equations with distributed memory on phase coordinates and
variable parameters. The nonlinear quality functional also has a generalized form.

Variational method [6] makes possible to simplify the process of determination of conjugate equations
and formulas of account of SC. On the basis of this method it is an extension of quality functional by means
of inclusion into it dynamic equations of object with use of Lagrange’s multipliers and obtaining the first
variation of extended functional on phase coordinates of object and on interesting parameters. Dynamic
equations for Lagrange’s multipliers are obtained due to set equal to a zero (in the first variation of extended
functional) the functions before the variations of phase coordinates. Given simplification first variation of
extended functional brings at presence in the right part only parameter variations, i.e. it is got the sensitivity
functional according to concerning parameters.

It is proved that both methods to calculation of SC (either with use of Lagrange's functions or with use
of sensitivity functions) yield the same result, but the first method it is essential more simple in the computing
relation.

1. Problem definition

We suppose that the dynamic object is described by system of generalized non-linear difference equa-
tions [1, 5]
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yt+D)=~f(y(@),..,y@®,y();al(t),..,a@),a0);at), t=0,1..., N, 1)
y(0) =y, (ar).
Here: y is a vector-column of phase coordinates; a(t), o are a vector-columns of interesting variable and
constant parameters; f(-), y,(c) are known continuously differentiated limited nonlinear vector-functions.
The quality of functioning of system it is characterised of generalized nonlinear functional
I(a,a0)=f,(Y(N+1),..,y@D),y(0);a (N +1),..,&@),a 0);a), (2
depending from values of all phase coordinates and variable parameters: y(t),a(t),t=N+1,...,1,0, and
from o . The conditions for function f,(-) are the same as for functions f (-), y,(c).

With the purpose of simplification of appropriate deductions with preservation of a generality in all
transformations (1), (2) there are two vectors of parameters a(t), o . If in the equations (1), (2) parameters

are different then it is possible formally to unit them in two vectors a(t),a , to use obtained outcomes and
then to make appropriate simplifications, taking into account a structure of a vectors a(t),o. .
By obtaining of results the obvious designations:
f=f(y@),..,y@,y@);a(),..,a@,a©);at), t=0,1...,N, (3)
fo()=f(y(N+1), ...,y @),y (0);& (N +1), ... ,a (1),6 (0); ),
are used.

In difference from other papers devoted to calculation of SC in given paper the generalized difference
model (1) and generalized nonlinear functional (2) are used. In the previous papers of functions f(t) and

f,(-) also were nonlinear, bat they contained the linear operator of summation, for example

f(t)thK(t,y(s),&(s),oc,s), t=0,12,..., N, y(0)=y,(a),

N+1

fo() = Z fo (y(®), (), aut)

The index t in functions f (t) also reflects not only obvious dependence on step number, but also that

the kind of functions from a step to a step can change.
Is shown also that the variation method allows to receive the SC in relation to variable and constant
parameters:

~ . \Fa(a,0) ~. 0@, a)
3 (a,a)—g—a& o e =5 = da @)
V. (o)< &) a0 T t=0,12 ... ,N,N +1
a(t) ' adl(t) adml (t) ’ 1 Ly oeeey NG y

@)  d@w)
oa, oo '

Let's receive the conjugate equations for calculation of Lagrange’s multipliers and on the basis of them
formulas for calculation of the SC.

Val(d,oc)z{

my

2. Principal results

Complement a quality functional (2) by restrictions-equalities (1) by means of Lagrange’s multipliers
Alt), t=0,1, 2, ..., N+1 (column vectors) and get the extended functional

I =1(a,a)+ ZXT t+D)[-yt+D) + f () ]+AT(0)[-y(0) + yo(a)]. (5)

Functional (5) complies with 1(a,a) when (1) is fulfilled.
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We calculate the first variation of extended functional, caused by a variation of phase coordinates and
also a variation of variables and constant parameters:

8 =381+81+8 |_NZ+T ol NZ d (t)+ﬂda (6)
oo ay(t) =0 oo
Here:
_ afo(') AT o() T
Syl{ay(NJrl) A(N+l)}dy(N+1)+2{ O X(t)}dy(t)Jr (7
P 1)6f((t;dy()
We apply the equation
t=Ns=N

ZZA(t 5) = ZZA(S t), (8
t=0 s=0

which has been received in [10] by calculation of SC for dinamice systems, described by more simple
difference equations also with the distributed memory on phase coordinates and variable parameters. The
proof of correctness of (8) equality is realized by an mathematical induction method.

For summand ZZKT(t +1) af(( ; dy(s) in variation 8 | the equality (8) has the following form:

N t (t) t=N s=N ( )
AT(t+1 d AT(s+1 dy(t 9
;Z;, (t+ )ay()Y(S) ;Z (S+)ay()Y() (9)
Then
_ 6fo () AT
5,1 _{—ay(N D A (N +1)}dy(N +1)+ (10)
S KO T of (s)
A (t A 1 dy(t
DR G
Derivatives standing in the formula (10) before variations of phase coordinates look like:
ol :_A‘T( + )+ afo(') , (11)
y(N+1) oy(N +1)
ol T T or(s) , o0
— =" A N-1,...,10.
O T T
From equality to zero of these derivatives we receive the equations for Lagrange’s multipliers:
T _ afo ()
A"(N +1)_—6y(N D’ (12)
8f a(s) ()

AT AT =N,N-1...,10.
®= Z D50 v

These equations are decided in the opposite direction changes of an independent integer t variable.
Let's receive now formulas of SC calculation.

In the equations (in (6)) for o6;1, 8,1 the SC concerning variables and constant parameters look like:
a a0
oa(N +1) da(N +1)’

a0 zN: 2T (s +1)6f(5) =N,N-1,...10,

oa(t) oa(t) = aa(t)
ol
da
This result is more common in relatlon to approprlate results of monograph [5] and paper [10].

(13)

af () ZKT(t+1)%+kT(O)—dygéa).
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At reception SC (13) it was used the variations (6) of extended functional (5).

We prove equivalence of sensitivity coefficients for initial (2) and extended (5) functionals.

We take extended functional, presented in the formula (5). Before A'() in brackets there are the dy-
namic equations of the object which has been written down in the form of the equations of equality type.
Hence, values of functions in brackets are always equal to zero.

Let's calculate from both parts of the previous equation derivatives in the beginning on a vector of
constant oo parameters:

a _al (&,cx)+
oo oo,
&XT(HD{_WQ(HD zgfy (“iw (5)+ “S)} xT(O){—wa(ondygia)]

Before A"(:) now there are sensitivity equations for a matrix of sensitivity functions. These equations are
written down as in the form of restrictions of equality type. Values of functions in brackets also are always
equal to zero.

Hence, SC rather both for initial functional and for its extended variant have identical values.

For reception of the sensitivity equations it is necessary in equations (1) to impose a condition of
differentiability for f(t) on phase coordinates and on considered parameters. On o parameters should
be differentiated initial functions y, (o) .

It is possible tu receive the same result and for SC on relation to variable parameters. The sensitivity
equations for each fixed value of argument of variable parameters a(j), j=0,1,...,N +1 have more complex
form. They demand special consideration. Important that such sensitivity equations are objectively exist.

Ecnu npu popmuponun (yHKIIMOHAJIA Ka4ecTBa Pa0OThl CUCTEMbI HCIIOIL3YETCS JOIOJHUTEIbHBIN
npeo6pa30BaTeﬂL (I)a3OBBIX KOOpAUHAT, TO H606XO,E[I/IMO Y4C€CTb MOACIIb 3TOI'0 U3MEPUTCIBHOTO YCT‘poﬁCTBa

At additional use of model of the measuring device it is necessary to make changes to problem state-
ment:

(&, 0)=f,(M(N +1), ..., n(@D),n (0);& (N +1), ...,a (2),6 (0);0) = £, () ;
n(t) =n(y(),a(t),o,t), t=0,1,2,..., N+1.
In the received results it is necessary to execute small replacements:

M oy () 51]_('[) :
oy(t) on() oy(v)
f (-
2&0—8 to replace on 2;8 2;8 228
of, () oo () 57 o () On(t)
— toreplaceon —>=+ ;an(t) oo

3. Examples

Example 1. We consider that in dynamic system there is a memory on phase coordinates, but there is
no memory on variable parameters, i.e.:
f)=f(y@),...y@®,y(@©)a(t),ot), t=01...,N. (14)
Indicator of quality of system work is the same.
Structures of the conjugate equations (12) and SC (13) for constant parameters remain, but structure
SC (13) for variable parameters becomes simpler:
oo () V) 3O of (t)
6&(t) aa(t) oa(t )

=N,N-1...,1,0.
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Example 2. In mathematical model of dynamic system there is no additional memory on phase coor-
dinates, but there is a memory on variable parameters. At this variant
f@)=f(y@)sa@),..,a@,a@)at), t=01...,N. (15)
The indicator of a quality functional of system has the same appearance (2).
The structure of the conjugate equations (12) becomes simpler:
XT(N +1): 8fo(‘) XT() XT(I+1)af(t) of ()
Y(N+1)’ oy(t) 8y(t)
The SC structures (13) for variables and constant parameters remain.
Example 3. In dynamic system there is no additional memory on phase coordinates and on variable
parameters. Then

=N,N-1,...,1,0.

f)=f(yt)a)sot), t=01...,N, (16)
but a quality functional of system has the same appearance (2).
In this variant the conjugate equations and SC to variable parameters become more simple:

AN +1) =—00 sy carern T O L 6O N1 10
Oy(N+1)’ 8y(t) oy(t)’
O M0 s 1)‘%(0 t=N,N-1,....10.
oa(t)  oaft) 26i(t)

The SC to constant parameters remain former (13).
Conclusion

On the basis of a variation method the problem of effective calculation of SC for multivariate non-
linear dynamic systems described by the generalized difference equations with the distributed memory on
phase coordinates and variable parameters is solved. The quality of functioning of systems it is characterized
of generalized nonlinear functional (2) too. Variables and constant parameters are present at object model,
at model of the measuring device and at generalized quality functional for system.

At the heart of SC calculation the decision of the difference equations of object model in a forward
direction of time and obtained difference equations for Lagrange's multipliers in the opposite direction
of time lies.

It is proved that both methods to calculation of SC (with use of Lagrange's functions or with use of
sensitivity functions) yield the same result, but the first method it is essential more simple in the computing
relation.

Results of present paper are applicable at design of high-precision systems and devices.

It is possible generalization of the received results on the dynamic systems described by. interconnected
difference the ordinary equations and generalized equations with the distributed memory in time on phase
coordinates and on variable parameters.
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AunHortaums. Ilpennaraercss IJisi pacHo3HABaHMS JOPOJKHBIX 3HAKOB HCIIOJB30BaTh AHCAMOJIb CBEPTOYHBIX
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B coBpemeHHOM Mupe HACHTUGUKALMA PA3IMYHBIX JOPOXKHBIX 3HAKOB SIBJISETCSI YacThIO CHUCTEMBI
nomoru Boautenio (CIIB, ADAS — Advanced Driver-Assistance System) [1], a Takxe cucteM OeCHUIOTHO-
ro ympaBlieHHs aBToMoOmieM. MHorme mepenoBble KommaHuu, Takue kak Google, Uber, Tesla Motors,
Volkswagen, Hyundai, NVIDIA, Baidu, BeqyT akTHBHYIO AESTETHHOCTD IO PEaJH3AIH M TECTHPOBAHUIO
mono6ubIx cucrem. Hanpumep, B 'epmannn, Kutae, CILIA GecnmmoTHbIE aBTOMOOHIIN YK€ HCTIONB3YIOTCS
B KAQ4eCTBE TaKCH U JUIA TPY30IE€PEBO30K HA JNAIbHUE PaccTOSHUA. 1103TOMy MOYKHO TOBOPHUTH 00 aKTyallb-
HOCTH JAaHHOW 3amaud. /|11 MCHONBb30BaHUS MONOOHBIX CHCTEM B PEAIbHBIX JOPOKHBIX YCIOBHUSIX OHH
JOJDKHBI OBITh YCTOMUMBBIMH K BIMSHHUIO Ha Ka4eCTBO PACIO3HABAHMS PA3IMYHBIX (PAKTOPOB CPEIbl, TAKHX
KaK JOXIb, CHET, TYMaH, pa3MbITHE U 3arps3HEHHUE JIMH3bI yCTPOICTBA BUIE03aXBaTa.

[Ipobnemartuke pacrno3HaBaHUS U JIOKAJIU3ALKUU JOPOXKHBIX 3HAKOB IOCBSILIECHO HEMAJIOE KOJUYECTBO
HAYYHBIX pa0oT. {7 3THX 1enel HCIONb3YIOTCS pa3InYHbIe alTrOPUTMBIL, ETalbHbIH 0030p KOTOPHIX Mpe-
cTaBJieH B [1, 2]. PaccMoTpuM KiacCHUYECKUE aJITOPUTMBI, KOTOPhIE OCHOBBIBAIOTCS Ha I[BETE U (hopMe U300-
pakenust. KauecTBo pacro3HaBaHUsl y METOJOB I[BETOBOW CETMEHTAIIMM MOXKET 3aBUCETh OT BBHIOPaHHOTO
LBETOBOTO MPOCTPAHCTBA: K pUMepy, B padote [3] oOHapyKEHO, YTO UCIOIB30BaHNE [[BETOBOTO MPOCTPaH-
crBa Hue-Saturation-Intensivity (HSI; oTTeHOK—HaCHIIIECHHOCTh—MHTECHCHBHOCTD) YIyYIAeT KauyecTBO pac-
MO3HABaHUs TI0 CPABHEHHIO C pe3yJIbTaTaMH, OTY4YeHHBIMH Ha IBETOBOM mpocTpancTtBe RGB B pabote [4].
ABTOpBI UCCIICIOBAHUH [5, 6] yCTAaHOBHITH, YTO MPUMEHEHHE 1IBETOBBIX mpocTpanctB YCOCr u YUV Taxoke
JlaeT MpUeMIIeMOe KadyecTBO pacno3HaBaHus. OJHAKO TaKWe METOIbI OUeHb YyBCTBUTEIBHBI K M3MEHEHHIO
OCBEIICHUS, UTO SIBJISIETCS BAXKHBIM (DAKTOPOM TNPH UX MPUMEHEHUH B PEAIbHBIX YCIOBHSIX: paclo3HaBaHUE
JOJDKHO OBITh KOPPEKTHBIM ISl pa3HOTO BPEMEHH CyTOK. Ecnmu oOpaTuThcs K METOJaM CerMEHTAIMH 110
(dopme, TO TOCTATOYHO PacTIPOCTPAHEHHBIM METOJIOM SIBJISIETCS JieTeKTop Tpanul] Kennu [7-9], a Takxke kac-
kag Xaapa [10], O6picTpeie Tpanchopmanuu Dypee [11], rucrorpamMma OpUEeHTHPOBAHHBIX TPAJIUEHTOB [S].
[IpumeneHne METOIOB cerMeHTaIuy 1o hopme M300pakeHHs KOHKPETHO K Paco3HABAHUIO JIOPOKHBIX 3HAKOB
JOCTaTOYHO 3aTPYIHUTEIBHO, MOCKOJIBKY pa3Mepbl M MacITa0bl 3HAKa 3aBUCAT OT €r0 YAaJeHHOCTH OT
yCTpoicTBa 3axBara Buieo. CHTYaIHIO YCIOKHSIET €lIe U TO, YTO 3HAK MOXKET OBITh MEPEKPHIT IPYTUM 00BEK-
ToM. CieqoBareibHO, MOYKHO TIPUITH K BBIBOJY, YTO HE CYIIECTBYET KAKOTO-TO KOHKPETHOro criocoda Kade-
CTBEHHOTO OIpe/IeNICHHsI HAWTY4IIero KiaccuuKaropa Juis 3aa4u paclio3HaBaHUs JOPOKHBIX 3HAKOB.

HenaBHue mccnenoBanus B 00JacTH MAIIMHHOTO OOYYEHHUs! MPUBEIH K CO3/IaHUIO WHHOBAIIMOHHBIX
TIOIXO/IOB K PEIICHUIO JAHHOM 3a71aun. ABTOPHI padoTHI [12] peacTaBuiiu apXUTEKTypPy CETH, TO3BOJIIONMIEH
OJTHOBPEMEHHO BBIYUCIIATH U JIOKAJIM30BaTh Y4aCTOK, HA KOTOPOM pacIoioxkKeH 3Hak. B pabote [13] aBTopsr
MOLUIM JAJblIe M PasAeiWid JIOKAIM3alUI0 M PAClO3HAaBaHWE 3HAKa HA JIBE OT/AENbHBIE HE3aBHCHUMBIE
HelpoceTH: B Ka4ecTBE JIOKAJIM3aTopa BeICTyNaeT rudpuanas apxurekrypa SegU-Net, coznanHas Ha OCHOBE
nByx apxutekTyp — SegNet [14] u U-Net [15], a ans pacno3HaBaHHs KJIACCOB JOPOKHBIX 3HAKOB HCIONbB3Y-
etca apxurekrypa VGG16 [16]. [Janee aBrops! B pamMkax padoTsl [17] pemmny MoguuuupoBaTh CBOH 1Mo
X0, 100aBUB yNydIlIeHHE H300paXCHUS B KAUEeCTBE OTIEJIbHBIX 3TanoB: kinaccudurarop Ha VGG16 obyuen
Ha pacro3HaBaHWE MMOTOJHBIX YCJIOBHM, €ClM MOTOJHAas CUTyauusl TpeOyeT HOpMalu3aluu (CHET, TOXKAb,
TyMaH), TO H300pa’keHHe NPOXOANUT Yepe3 TeHEePaTHBHO-COCTS3aTEIbHYIO CETh, KOTOpas MPUBOAUT n300pa-
KEeHre K BUIy 0e3 IUIOXUX MOTOIHBIX YCIOBH, U mocie 3Toro cetb SegU-Net gokanusyer obnactu JOpox-
HBIX 3HaKOB M PACIO3HAET UX.

st ToKanu3alyMy M pacro3HaBaHUsl OOBEKTOB Ha M300paKEHUAX MCHONB3YIOTCS JBa BUIA apXUTEK-
Typ: OJHOATAITHBIE U IByX3TalHble. B IByX3TalHbBIX apXUTEKTypax MPUMEHSIOTCS JIBE€ CETH: OJIHA JJIs JIOKa-
JU3alMU 00JIaCTH PacloNioKeHUs1 00bEKTa, a BTOpasi AJIsl paclio3HaBaHMs €ro Kiacca. B oHO3TalHbBIX apXu-
TeKTypax 00a JeHCTBUs MPOU3BOAATCA OAHOHN ceThio. B pabote [18] mpuBoaMTCS CpaBHEHHE HECKOIBKUX
apxuTekTyp HeiipocereBbix aerekropos: Faster R-CNN, R-FCN, Mask R-CNN, YOLO, SSD; u3 cpaBHeHus
MOKHO CZENaTh BBIBOJ, 4TO apxuTekTypa Faster R-CNN o6nagaet BICOKOW TOYHOCTBIO, HO HU3KOW CKOPO-
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CTBbIO paboThl, mpu 3ToM anroputMbl cemericTBa YOLO o0mamaioT camMoil BRICOKOM CKOPOCTBIO, IPH 3TOM
TOYHOCTH pabOTHI UyTh HUXKE alIbTCPHATHUB.

OnHUM U3 CYIIECTBEHHBIX HEIOCTATKOB B JIAHHBIX PabOTax SBISETCS HEOOXOOUMOCTh OOYUEHHsS CETH
Ha OoJiblioM o0beMe oOyuaroriei BeiOopku. K Tomy ke ckopocth pacrnosnaBanus y YOLO ropasno Beliie
MpeUIOKEHHOH aBTOpaMu apxuTekTypbl SegU-Net.

Lens sxe gaHHOM pabOTHI — pean3anus HeHpoceTeBoro aHcamOIIs, T0O00HOTO peann3oBaHHOMY B [17],
¢ 3ameHoit tokaym3atopa ¢ SegU-Net na YOLO v4 [19]. Takxke s yMeHbIIICHHS CKOPOCTH OOYYEHHUS TIPE]I-
JIOKEHO YAANsATh 00J1acTH U300pakeHus], He CoJlepKallie HUKaKuX 3HaKkoB. [lomydeHsl creayromme pesyb-
TaThl: ToYHOCTH paboTel YOLO V4 okazanack B cpeiHeM Ha 5% HIKE 10 KaKIOMY THITY TIOTOJHBIX YCIIOBHI,
9T0 000CHOBAaHO HEMOJIHOH 00y4Yaroleil BEIOOpKOH B JAHHOM HCCJICAOBAaHUM B OTIIMUKE OT uccienoBanus [17].
[Tpwm 3TOM CKOPOCTH YBENIUYMIIACH 10 13 KaJipOB B CEKYHIy TIO CPaBHEHUIO ¢ 3 KaJpaMu B CEKyHy B padote [17].
Taxoke 3a cuer oTceueHus obnacTell 6e3 JOPOKHBIX 3HAKOB Ha M300paKEHUU yIaJloCh TOOUTHCS YMEHBIICHUS
o0beMa oOy4atoliell BBIOOPKH B JIBa pasa 110 CpaBHEHUIO ¢ UccienoBanuem [13].

1. HeiipocereBoii ancaM0Jib
1.1. Onucanue nooxooa

[IpennoxeHHbI TOAXO0 pacTiO3HABAHUS JOPOKHBIX 3HAKOB COCTOUT U3 TPEX apXUTEKTYP HEUPOHHBIX
CeTeil, KaXk/asi 3 KOTOPBIX BBITIONHSET OTIENbHBIN Habop aevictBuil. [lepBriii Moaynp — KiaccupukaTop
MTOTO/IHBIX YCIIOBU, OTBEYAIOIINI 33 paclOo3HABaHHWE THIIA MOTOMHBIX YCIOBHHA Ha M300paskeHUH. Bropoi
MOJIyJIb OTBEUAET 32 yJaJIeHUe IUIOXUX MMOTOMHBIX YCIOBHU Ha M300paKeHUH, T.€. 32 PUBEACHNE €r0 K BUIY
0e3 uioxux ycnouid. HakoHern, TpeTuil MOAYNIb — JIOKaJIM3allUsl U pacloO3HaBaHUE JTOPOKHBIX 3HAKOB Ha
n300paKeHHN.

AJTOpUTM TaHHOTO HEHPOCETEBOTO aHCAMOIIS:

1. UcxonHoe n3o0pakeHue nepeaaeTes Kiaccu(ukaTopy MoroaHbIX YCIOBHM.

2. Ecnu xi1accugukaTopoM OmpeersieTcsi OHO U3 YXYALIAONIUX ITOTOIHBIX yCIOBUH, TO M300paxe-
HUE TPOITYCKAETCs Yepe3 MOAYJIb yIAIeHUS TUIOXUX IMTOTOAHBIX YCIOBHHA.

3. PesynpTupyrolnee M300pakeHUe MOJAeTCs Ha BXOJ JIOKAINU3aTopa JIOPOKHBIX 3HAKOB, U B Cllydae
WX HAJIWYHS JOKAIU3aTOP BO3BpAIaeT nX orpaHHunBarone npsmoyroiapaukn (bounding box) ¢ TounocTsio
pacrno3HaBaHUA JJI KaXkI0TO TaKOTO MPSIMOYTOJIbHHUKA.

Jlyis IpoBepKu KadecTBa 0OyUeHHUs] HEHPOHHBIX CETEH B 00JIACTH PACIIO3HABAHUS JOPOIKHBIX 3HAKOB
CYIIIECTBYIOT CIIEIHabHBIe HAOOpHI AaHHBIX, Takue kKak GTSDB [20], BelgiumTS [21]. Oanako B JaHHBIX
HabOpax HeT JIOCTATOYHOTO KOJINYECTBA MOTO/IHBIX YCIIOBUH, HA KOTOPBIX MOXKHO OBLIO OBl 00YUYHTH HEHpPOCETh
0€3 MPUMEHEHHUsI METOJIOB ayrMeHTaIUK 00ydJaroiel BEIOOPKH [22] (KOTOphIe B CBOIO OYEpE/ib TOXKE HE Ia-
PAHTHUPYIOT TOJTHOTY JAHHBIX), s 00yueHusi. YToObI MPeo10JIeTh 3TO OrpaHuueHue, B padote [23] aBTOpHI
peanu3oBaiu HabOp JAaHHBIX, COCTOSIINN U3 BUACOPSIOB C JOOABICHHBIMH MTOTOJHBIMH YCIOBHUSIMH, BIIHS-
FOLIMMH Ha KaueCTBO paclo3HaBaHus u300pakeHus. Habop cocTouT U3 AByX MoaHa0opoB u3 49 BUACOPSIOB
B Ka)XJIOM: OJMH Ha0Op — 3TO peajbHasi CheMKa M3 aBTOMOOWJIS, BTOPOH — CheMKa B BUPTYaJTbHOW CMOJIEIH-
pOBaHHO# cpefie. B pamkax manHON pabOTHI HCIIONIB3YETCs TOIBKO TIEPBasi YacTh TAaHHOTO Habopa, CHATAs U3
pEaNbHOTO aBTOMOOHIIS.

1.2. Mooynw Knaccugpuxayuu naioxux no200HbIX YC108UTL

KnaccudukaTopoM moroassix yciioBuili Beictymaer cetb VGG19 [16], npenoOydyeHHas Ha Habope
nanHeix ImageNet u oOydennas na HaGope ganHeix CURE-TSD myrtem Mertona «repenadd oOydeHHs»
(transfer learning). Naes «mepenaun oOyueHUs» 3aKIFOYACTCSI B MCIOIB30BAHUH CBOWCTB CBEPTOYHBIX Ce-
Tel: Takue CEeTH Ha KaKJIOM IOCIENYIONIeM CJIOe PACIO3HAIOT Bce OoJiee CIOXKHbBIE (parMeHThI, HalpuMep
Ha HEerTyOOKHUX CIIOSIX CETh Paclio3HAeT YIJIbI, Kpasi, IpocThie (opMbl, Ha OoJiee rTyOOKHX CIOSX — MPOCThIE
¢durypsl u T.1. Takum 00pa3oM, Bcs HHPOPMALIHS O MPU3HAKAX H300PaKEHUN XpaHUTCS B 16 CBEPTOYHBIX
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CIIOSIX, a 0000IIeHUs] — B TpeX IMOJHOCBSA3ZHBIX BBIXOAHBIX ciosX. ClenoBaTesibHO, OOYUYEHHUIO HOAJIEKAT
TOJIBKO MOCJIETHHUE TPH CJI0S1; OCTaJIbHbIC 00YYECHHUIO HE TIOJJIeKAT.

OKCHEepUMEHTATBHBIM ITyTEM YCTAaHOBJICHO, YTO Pa3pelleHus] BXOJHOTO N300paskeHus B 224 x 224 nuk-
cellsl JOCTaTOYHO JUIS TOYHOCTH Paclio3HaBaHUs MOTOAHBIX ycioBuil 6omee 99%. [losTomy Ha BXxoj ceTH
MO/IAI0TCS U300paKCHHS, YMECHBIIICHHBIE JI0 pa3Mepa 224 X 224 nukcens; KaxJIoMy U300paxKeHHUI0 COOTBET-
CTBYET METKa C MOroAHbIMHU ycioBusaMu: O — Xopomue yciuoBusi, oT 1 10 6 — yxyamaromue ycioBus. Mo-
Ioynb oOy4aercst Ha 15 smoxax oOydenusi. Ecnu ommbOka o0y4yeHus He YMEHBIIAETCS B TEUECHHE TPEX 30X,
IIar ONTHMHU3aTOpa YMEHBIIIASTCSl HANIOJIOBUHY (HaYalbHBIN 1ar ontumusatopa pasex 0,0001).

1.3. Mooynb Hopmanuzayuu naioxXux HO200HbBIX YCA06ULL

Jns uenedt HopManu3auuy MOTYT HOJONTH TaKHE apXUTEKTYpPhl, KAK CBEPTOYHBINA aBTOSHKOIEP U re-
HEPAaTUBHO-COCTs3aTeabHas ceTh. OJTHAKO CBEPTOYHBIA aBTORHKOJIEP HEIPUMEHHUM JIsl IAaHHOM paOOThI, IMO-
CKOJIBKY €r0 OCHOBHOE Ha3HAueHHE — HE YITydllIeHHEe N300paKeHNs, a 3BJICUCHHE MTPU3HAKOB U3 TIOCIIETHETO.
HOC—)TOMy AJI1 HOpMaJiu3alun 1/1306pa>1<eH1/1${ IMPUMCHSCTCA I'CHCPATUBHO-COCTA3ATCIIbHAsA CETh.

ApXUTEKTypa COCTOMT U3 JBYX CeTel: reHeparopa U JUCKpuUMUHaATopa. ['eHeparop — 3To ceTh, reHe-
pupyomas n300paXeHus ¢ IIyMOM, KOTOpBIE MOJIAIOTCS Ha BXOJ JAUCKPUMHUHATOPA, KOTOPBIH, B CBOIO OYe-
peab, YYUTCA «OTACIATH» 3allyMJICHHBIC 1/1306pa>1<eH1/1;1 OT HC3AlIYMJICHHBIX U TEM CaMbIM YIAJIATh HIYM
u3 nzo0pakeHus. Tomonorust ceTu reHepaTopa U AUCKPUMUHATOPA COOTBETCTBYET HCIOJIB3YyeMOH B pabo-
Te [17].

[Ipu oOyueHnH TaHHOM apXUTEKTYpPhI UCTIONB3YETCs PE3yNIbTAaT CyMMBI ABYX (DYHKIMH OMIMOKH, MPH-
BEJICHHBIX aBTOpaMu B padote [17].

[epBast — 370 QyHKIMS TOTEPH C UCTIOJIL30BAHUEM CpeHEl aOCOMIOTHOM OMMOKN

C WH

1
Livasserstein =mk§0 Eogo Rijk _Tijk‘i (1)

rae H u W — BricoTa n mmuprHa n3obpaxkenus, C — KOIHMYeCTBO KaHaoB M300paxeHus, R u T — pekoHCTpy-
HUPOBaHHOE CETHhIO U OPUTHMHAJIbHOE M300pa’keHHE COOTBETCTBEHHO. CMBICT MCIIOIB30BAHUS HIMEHHO TaKOH
¢dbysakun (1) BMecTo HanboJee 9acTo UCTONB3yeMOH (DYHKITMH CPETHEKBAIPATHUECKOM OIMOKH B TOM, UYTO,
Kak oOHapykeHO B pabote [24], nocneansas HaknanpBaeT 3PQeKT pasMbITHA Ha M300paskeHHe, U3-3a YEeTOo
HellpoceTh He MOXKET ONpPEAENUTh Ha HeM Mejkue aeranu. [lpumenenue ¢yHKuuu cpeaHedl abCOMOTHON
OmuOKY [25] maeT mydnine pe3yibTaThl IPH PEKOHCTPYKIIUK MENKHX JIeTaneld n300pakeHusl.
Bropas — 310 Tak Ha3piBaeMas epuenTUBHas QPyHKIHS TOTEPh

1 C WH
Lperceptive :W*C Z Z Z ‘(P(R)Ijk _(p(T)ijk" (2)

k=0 j=0i=0
rre o(R) u ¢(T) — npusHaku n3zo0paskeHus1, U3BJICUCHHBIE U3 ceapMmoro cios cetn VGG16, npenoOyuen-

Holl Ha HaOope maHHBIX IMageNet, s peKOHCTPYHPOBAaHHOTO M OPUTMHAILHOTO n300pakeHus. OcHOBHAs
Uzes TaKoro MOJAX0/a C UCIIOJIb30BaHNEM (YHKUUH (2) 3aKIII0YaeTcsl B TOM, YTO HEOOXOIMMO MaKCHUMAaIbHO
COXpaHHUTh MHPOPMAILMIO O MEJIKUX YacTAX JOPOKHBIX 3HAKOB, a BHYTPEHHHE CJIOM NpenoOyYeHHOH CeTH
VGG16 yxe conepxar HeOOXOAMMYIO HaM HH(POPMALIMIO O TAKUX MIPU3HAKAX, KaK YIJIbl, Kpas H T.II.

[Ipu oOyuennn Momyiist BEIOMparoTcst 1Ba paBHbBIX (parmenta pazmepoM 1 024 x 1 024 nukcens ¢ AByX
BEPXHHUX YIJIOB KaXJ0ro nzobpakeHus. OOOCHOBaHME TaKOro MOAXOJa NpUBEneHO B pa3a. 2. OO0yyeHue
npousBouTcs Ha 30 s10Xax; B CIydae €clid B TEUEHHE TPEX 310X HET KaUEeCTBEHHOIO YIIyUIIEHHs OLIMOKU
CeTH, TO War 00y4eHHs ONITUMHU3aTOpa COKpaIlaeTcs BABoe (HauanbHbli mwar pasex 0,0001).

1.4. Mooynw noxanuzayuu u pacno3HaA6aAHUA 00POIHCHBIX 3HAKOE
HpI/IHHI/IH 06y‘ICHI/I$I MOAYJId JIOKaJIUW3allMh W pPacCIiO3HaBaHUA JOPOKHBIX 3HAKOB Ha apXUTEKTYpE

YOLO v4 [19] cx0%K ¢ MPUHIUMIOM OOydYSHHS MOJYJIS HOPMAJIM3allMy: Ha BXOJ MOCTYIAOT JBa PaBHBIX
¢parmenTa 1024 x 1 024 nukcens o ABYM BEPXHHMM yriiaM u3oOpakeHus. OOydeHHEe MPOM3BOIUTCS Ha
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4 000 smoxax: Takoe OOJIbIIOE KOJIMYECTBO OOOCHOBAHO CaMOM apXUTEKTypOW CETH, MOCKOIBKY KayKaoe
M300pakeHHe MPOXOJHUT Yepe3 HECKOJIBKO STaloB 00pabOTKH.

2. AHaJIM3 Ha0opa TaHHBIX, HCIO0JIL3YEeMOro AJIsl 00y4YeHus MoayJaei

B xauectBe HaOopa gaHHBIX BeicTymaeT Habop ganHeix CURE-TSD, npeacraBmstonmii cob6oit Habop
u3 49 Bugeopsnos no 300 kanpos B KaxxaoM. J{i1g kaxaoro Buaeopsiaa ects o 70 gparMeHTOB ¢ HAHECEHHBI-
MU 3 exTaMu, YTOObI CMOJECTHPOBATh TUIOXHE MOTOAHBIC YCIOBHS: 14 MOTOMHBIX YCIIOBHM C MATHIO YPOBHSI-
MU YXyIIIEHU KQKIOTO yCIOBUs. B paMKax TaHHOTO MCCIe0BaHUS OTOOpaHbI TONBKO TaKue, KOTOpbIe BCTpe-
YalTCs B peaNIbHBIX YCIOBUSX: JOXK/Ib, CHET, TYMaH, 3arpsiI3HEHUE U Pa3MbITHE JIMH3BI, U CHATHIC B PeajbHOM
aBTOMOOWIIE; BUACOPSIbI, CHITHIE B CMOJICTIMPOBAHHOW cpelie, B TaHHOM paboTe He paccMmatpuBarorcs. Kaxnoe
U3 MOTOJHBIX YCIOBUH TakKe MOApa3AeisieTCs Ha MSATh YPOBHEH: Ha MEPBOM XOPOLIO PAa3IUYUMBI TIOUTH BCE
3HaKM (IIOTOJHBIE YCTIOBUSI IOYTH HE BIMSIOT Ha KAYECTBO PAClO3HABAHUS), HA TIOCIICIHEM e 3HAKH, HAXOMS-
LIMeCst BIAJH, MPAKTUUECKH MOJTHOCTHIO HEBUIHBL. TakuMm 00pa3oMm, i1t pacrio3HaBaHUsS HEOOXOAUMO HCIONb-
30BaTh M0 26 BUACOPSIOB IS KOXKI0T0 (hparMeHTa CHATOrO BUCO, B 001IeH ciiokHocTh 1 274 pparmenTa.

Heo0xonumo Takke MpUHUMATh BO BHUMAaHHE YTOJI HAKJIIOHA KaMephl OTHOCUTENBHO JIOPOTH: OT 3TOTO
3aBHCHT, KaKasl 4acTh N300paKeHUs! IEHCTBUTEIIFHO HECET B ceOe MOJIEe3HYI0 Harpy3Ky, a CKOJIBKO MUKCENeH
HUKOTAa He OyJeT 3aAeHCTBOBAHO IpH pacrno3HaBaHWU. COOTBETCTBEHHO, OOJIbILIAs YacTh 3HAKOB PACIOO-
JKeHa Ha rpaBoi 9acTu, o ocu OY o0macTy muKceneil 3HaKOB IMEIOT HOpMaJbHOE PacIipeleieHre U PacIio-
JIO’KEHBI B OCHOBHOM B 00JIacTH OT HYJs 10 646 nukceneid. CliegoBaTenbHO, TPHU TAKOM yTIIe HAKIIOHA KaMephl
MOKHO OTceub ouTH 52% ot Bcelt o0macTu n300paxeHns 0e3 TOTepH TOYHOCTH PACTIO3HABAHUS.

Taxoke BBISIBICHO, YTO Ha OJHOM KaJpe MOXKET PacIoJiaraTthCsi OT OAHOTO JI0 IISITU 3HAKOB C PaccTos-
HUEM MEXIy HUMH, npesblmaromuM 1 024 nukcens. 3To rOBOPUT O TOM, YTO METOJI, KOTOPBIN UCIIOJIB3YIOT
aBTOpHI B cTaTthe [17] (BbIOOpKa ¢parmenta m3oopaxenus pasmepom 1 024 x 1024 mukcens caydailHBIM
00pa3oM), MOXKeT ObITh IPUMEHEH TOJBKO B CHTYALlMH, KOTJa Ha H300pakeHHH €CTh He 0oJiee OHOTr0-ABYX
3HAKOB M OHH rapaHTHPOBAHHO OyIyT HaXOIUTbCA B of1HOM (pparmente. CneaoBaTeabHO, 3TO BIIOJHE MOTJIO
OKa3aTb HETaTUBHOE BIIMSHHUE HA TOYHOCTh PAacHo3HaBaHMs 3HAKOB. C Ipyroil cTOpoHsl, aBTOPHI cTaThu [13]
st o0yuenust cetn SegU-Net BoiOuparot uetbipe pparmenta pazmepom 1024 x 1 024 nmukcens myrem 00-
PE3KU U300paKEHUsI 110 YETBIPEM yIJIaM (BEPXHHUM M HIDKHUM).

MuHMMaNIbHAs HIMPHHA 3HAKA, HA KOTOPOM 00y4YaeTcs JIOKAJIN3aTOp AOPOKHBIX 3HAKOB, PaBHA BOCH-
MH, MakCHMaibHas ke cocrasisier 246. CnenoBaTenbHO, MUHUMAJIBHBINA pasMep (parMeHTa, Ha KOTOPOM
MOKHO OOYYUTBH BTOPOH U TPETHIA MOIYTH, MOKeT ObITh 512 mmm 1 024 (256 He Oepercst n3-3a BO3MOXKHOU
norepyu UHGOpPMAIMK O Kpasx 3Haka). Paszmep ¢parmMeHTa NOKEH OBITH KPAaTeH ABYM, NMOCKOJIBKY B MHOM
cllyyae BO3MOXKHA IOTeps] HHPOPMAaLMK O KOHTEKCTE M300pakeHUs! IPU ONepalMyd MaKC-IIyJIMHIa BO BHYT-
PEHHHUX CJI0sIX CBepTO4YHOH ceTH [13]. YMeHbIneHne pa3Mepa (parmenTa 10 512 nukceneil COKpaTuT pasmep
CeTH, HO HE COKPAaTUT BpeMs 0OydeHHs, OITOMY pa3Mep (parmeHta oOydeHHUs] B paMKax TaHHOH paboThI
BbIOpaH paBHbIM 1 024 x 1 024 mukcens.

3. Pe3yabTaThl TECTHPOBAHUS

OO0y4eHre MpOM3BOAMIOCH C MCIIONIB30BAHNEM CIEIYIOIINX BBIYUCIUTENBHBIX PECYPCOB: MPOLIECCOP
Intel® Xeon® Gold 6226R, Buneokapra Nvidia RTX 3090, o6bem onepaTuBHO# namsti 64 T'B.

[To TeXHUYECKUM OrpaHUYECHUSIM B paMKax JJaHHOW paboThI 00y4aromias BEIOOpKa OrpaHHYCHA TOIBKO
nepBeiMu 20 Buaeopsinamu. s mpeaoTBpamieHus nepeodydenus: 00yJaromas, TeCToBas M BaJuIallMOHHAS
BBIOOpKH cocTOsT U3 16, 2 1 2 pparMeHTOB COOTBETCTBEHHO.

TouHocTh O0y4YeHHs KJIacCH(pHUKATOpa MOTOAHBIX YCIOBUN HAa BaJHMIAIMOHHON BBIOOpKE COCTaBHIIA
99,54%. OmmOKKM pacrio3HaBaHUsI BOZHUKAIOT MPH PACIIO3HABAHWH JIOXK/S M Pa3MBITUS JIMH3bI HA MEPBOM
YPOBHE, YTO B IIEJIOM SABJISIETCS MMPUEMIIEMBIM PE3YyJIbTaTOM. ABTOPHI apXUTEKTYpHI [17] momyumnn pe3yib-
Tat B 99,89%; Takoe BECOMOE pacXOXKJIEHHE MOKHO 00OCHOBATh TEM, YTO aBTOPHI HCIIOIH30BAIH BCIO 00Y-
YaroIyI0 BEIOOPKY, COCTOAIIYIO U3 49 BHIe0hparMeHTOB, I 00y4YeHUs aHCaMOIsl.
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PesynpTarel paboTel MOIYJIsl HOPMAM3AMH W JIOKAJTU3AUK AJS KOKIOTO THMA MOTOTHBIX YCIOBUH
Ha BaJMJAllMOHHOW BBIOOpPKE (B cTondue «IlomydyeHnHas») mo cpaBHEHHUIO ¢ TOMyYeHHBIMU B padote [17] (B
cTonbie «ITaloHHAsD) MPUBEICHEBI B TaOJIHIIE.

TouHOCTH MOAYJIl HOPMAJIM3AUH U JIOKAJIU3AllUU 10POKHBIX 3HAKOB

VYcnosue YpoBeHb [Tonyuennas DranoHHas
be3 moxux ycnoBuii — 95,91 99,02
1 97,28 98,15
2 97,41 97,72
Joxns 3 97,41 97,38
4 96,17 96,88
5 96,05 96,03
1 96,67 98,95
2 96,42 98,24
CHer 3 96,54 98,57
4 96,42 96,04
5 93,29 94,94
1 95,99 98,55
2 94,81 98,56
3arps3HeHHE JIUH3BI 3 94,19 98,33
4 92,58 97,94
5 92,11 97,33
1 96,30 98,62
2 95,19 98,51
PasMeITHE JIMH3BI 3 94,45 98,22
4 93,99 97,57
5 93,12 97,31
1 95,68 98,31
2 94,08 98,76
Tyman 3 93,71 98,85
4 93,02 98,38
5 92,83 97,74

"3 PE3YyIbTAaTOB BUAHO, YTO TOYHOCTH O6yquI/IH Ha TOroJHbLIX YCJIOBHAX, KOTOPBLIC NEPCKPLIBAIOT
YacTh 3HaKa (JIOK/b, CHET), COMOCTaBHMa C STaJJOHHOH, OJJHAKO Ha OCTAIBLHBIX YCIOBHAX TOYHOCTh MEHbIIE
B cpeaHeM Ha 5%. OTo MOHO 00BsICHUTH TeM, 4To YOLO v4 HeMHOTO XyXKe crpaBisieTcs ¢ 60jiee MEIKHMHU
JIIEMEHTAaMH Ha M300paKeHHH W HE BCErJa MOXKET C BBICOKOH TOYHOCTBIO PACMO3HATH MENKUE JIeTalld Ha
00JIBIIIOM Y/IaJICHUH OT 3HaKa.

B pabote [17] ckopocTs paboThl Bcero ancamOist B cpeHeM paBHa 2,79 kaapoB B cekyHAy. [Ipu wuc-
0JIb30BaHUHU MOAM(PUIIMPOBAHHOTO aHCAMOJIsi CKOPOCTh pa0OThI yBeJIMYeHA 10 12,76 KaJpOB B CEKYHILY.

3akiIouyenue

B nmanHO# cTaThe MpenCcTaBlieH HEHPOCETeBOW aHCaMOJIb, SIBJISIONIMIACS MoauduKamein padotsr [17],
yIAYYIIaoMMi CKOPOCTh PabOThl POOACTHOrO METOAA PAcIO3HABaHMS, a TAKXKe COKPAIIAIOIINA CKOPOCTh
00yYeHHUsI C COXPAaHEHHWEM BBICOKOW TOYHOCTH PACIIO3HABAHMS 32 CUET yJalleHHs U3 Ha0Opa JaHHBIX 4acTU
n300paKeHNH, KOTOphle HEe TPEJICTaBISIIOT MMOJIe3HON Harpy3ku. Kitaccudukarop moroJHbIX yCIOBHIA Ompe-
JIeIISIeT, HY’)KHO JIM yIy4IlaTh U300pakeHue: B ciiydae HeoOX0AUMOCTH B paboTy MOJKII0YaeTCs HelpoceTh
Juis yiydiienus: nzoopaxenus. Hetipocers YOLO v4 nmokanusyeT o0iacTh 3HaKa U pacrio3HaeT ero Kiacc:
WCTIONb30BaHKe JTaHHO# HelipoceTn BMecTo cBsizku SegU-Net u VGG 16 paer BRIMTPHIIT B CKOPOCTH Paciio-
3HaBaHMs KJacCU(UKATOpa IIPU MOTEpe TOYHOCTU PAcHO3HaBaHUs B 5% IIpU TaKUX YCIIOBUAX, KaK TyMaH,
pasMbITHE U 3arps3HeHne THH3bl. O0y4YeHHbIE HeHPOCETH MOTYT UCTIONB30BaThCs M HA POCCUHCKUX JIOpOTaXx,
MOCKOJIBKY BUJICOPS/IbI B 00ydYaroleil BhIOOpKe ObUIM CHATHI B Benbruu, rie NBUKEHHE MPaBOCTOPOHHEE,
a 3HaKHU CXOXKH C POCCUMUCKUMU.
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[Ipu 3TOM MaHHBINA TOIXOMA K PACIIO3HABAHHIO MPUMEHUM U K CMEXHBIM 3aJjadaM: HalpuMep, K pacro-

3HABAaHWIO TOCHOMEPOB aBTOMOOWIICH HJIM ONPENEIICHUI0 Ha MPOE3KEH YacTH JFOJICH, MepeceKaroIuXx Ipo-
€3XKYIO YacTh B HETIOJIOKCHHOM MECTE, /IS TIPEOTBPAICHHS aBAPUIHBIX CHTYAITHA.
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IlepeuynciieHHe CHMMETPUYHBIX OKepPeTui
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AHHoTanus. PaccmaTpuBaeTcs 3aada epednciIeH:s] CHMMETPUYIHBIX oxepenuil. C MOMOIIbI0 pa3paboTaHHOTO
aITOPUTMa MHOXKECTBO OXKEPEIHi ¢ 3aJaHHBIMU paclpeneleHHsIMH OyCHH W 3aIaHHOW JUIMHBI PacIIeIuIieTcs] Ha
MHOXECTBa CUMMETPUUHBIX 1 HECUMMETPUYHBIX OXkepeiuil. PaccMaTpuBaroTcs 3epKajibHasi CUMMETPUS U €€ MOAU-
¢duKauu — axupanbHas M XHpaidbHas. BBoawuTcs kimaccuUKaIMs oKepenui Mo THIAM M KiaccaM CHMMETPHUH.
YTOYHAIOTCS pe3ynbTaThl SIKOBEHKO Ul MOJICUeTa MOLTHOCTH KIIAaCCOB CUMMETpUH. PaccMaTpuBaroTCs MPUI0KEHUS
MOTy4EeHHOH KIacCH(UKAINY K aHAIHN3y BOCBMUCTHUILIHNN — OXKepelIril AIHHBI 8, CPeu KOTOPBIX BBIAEISIOTCS TBEp-
nple GOpMBI — TPHOJIET, CHIMJIMAHA, OKTaBa M JAPYrHe, a TaKKe MHBIE CUMMETPHUYHBIE BOCHBMUCTHUIIHEIE CTPOQHI,
BCTPEYAIOIIUECS B IPAKTUKE CTUXOCIIOKEHHS.

KuroueBsbie ci10Ba: oxepenbe; HepednciieHue CHMMETPUYHBIX 0XKEepesnii; rpyIna CMMMETpHIt; cTpoda

Jna yumuposanusn: I'puropses 0./l [lepeuncnenne cuMMeTpuuHBIX oxepenuid // Bectank Tomckoro rocynmap-
CTBEHHOT'O YHHBEPCHTETA. YTpaBJeHHE, BHIUMCIUTEIbHAS TeXHUKA 1 nHpopMmaruka. 2022. Ne 61. C. 97-107. doi:
10.17223/19988605/61/10

Original article
doi: 10.17223/19988605/61/10

Enumeration of symmetrical necklaces

Yury D. Grigoriev
Electrotechnical University “LETI”, St. Petersburg, Russian Federation, yuri_grigoriev@mail.ru

Abstract. The problem of the symmetrical stanzas enumeration, whose models are necklaces or simple cycles
of a given length, is considered. The automorphisms of the necklace symmetry group form a dihedral group, whose
action on the set of necklaces allows us to distribute them over orbits. With help of a specially developed algorithm,
the orbits are divided into sets of symmetric and asymmetric necklaces, while the symmetrical necklaces are classified
into types and classes of symmetry. Mirror or axial symmetry, as well as its variants, achiral and chiral symmetries,
are considered. Analytical results are given for calculating the cardinality of symmetry classes (of representative
graphs) belonging to the same type of symmetry.

Applications of the resulting classification to the analysis of octets, for which various rhyming schemes are used
as a attribute of symmetry, are considered. The analysis of the applicability of symmetrical stanzas in the practice of
versification has been carried out. It is shown that within the framework of the proposed approach, all known hard
forms of versification for octets, such as the triolet, siciliane, octave, and others, are symmetrical; examples of rarely
used symmetrical stanzas are listed, indicating the possible reasons for this phenomenon. The possibility of using the
proposed approach in the problem of choosing the rhythmic profile of a stanza, which generates the symmetry of the
rhythm, is shown.
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3amaya 00 oKepelbe SBISCTCS OAHON M3 XOPOIIO M3BECTHRIX B QUCKpeTHOM MaTtemartuke [1. C. 246; 2.
C. 212]. Ha ee nmpumepe HarisimHO JEMOHCTPHPYETCS OJMH U3 TAKUX KOHCTPYKTUBHBIX METOJIOB TEOPHUH TPYIII,
KaK JIeACTBHE HEKOTOPOU TPpYMIbl cUMMeTpuil G = <X, *> Ha 3aJaHHOe MHOXecTBO oxepenuii [3. C. 301].

OCHOBHOM BOIIPOC, KOTOPHIH BCTACT NPH HCCIICIOBAHUN CHMMETPUN OXKEpEHil, 3aKITI0YaeTCs] HE CTOJBKO
B UX noOc4ene B HEKOTOPOM MHOKECTBE, CKOJIFKO B MX PEANBHOM nepeuiciienuy — TOCTPOSHUH alropuTMa
TIOJIYYeHHs OKepenuii B sBHOM BHne [4]. B paccmaTpmBaeMoM ciydae MBI CTaJKHBaeMcs ¢ (heHOMEHOM
TaK Ha3bIBAEMOW XUPAIBHOCTH — PA3HOBUIHOCTHIO CUMMETPHUH, HE COBHAAAIOUIEN C OCEBOM CUMMETpPUEH.
XHpanpbHOCTh KaK aTpUOyT MHOTHUX CIIOXHBIX CHCTEM SBIAETCS OOBEKTOM HM3ydeHHs B oOIIeill Teopuu
cummerpun [5—7], opranmueckoit xumuu [8, 9], kpucramnorpaduu [10] 1 MHOTHUX APYTUX HAYYHBIX AMC-
IUTUIAHAX.

Lenb cTaThu — paccCMOTPEHHE aJTOPUTMUYECKOTO MOJIX0Ja K PEUICHHUIO 33/1a4ll MEePEUrCICHNs CUM-
METPUYHBIX OXKEpEJINi U MepeHeCeHUe ee Ha TEOPHUIO MOITHYECKUX CTPYKTYpP — CTPO(), MOJIENSIMH KOTOPBIX
CITy’KaT oxepelbs. Takoe MoJeTupoBaHre O3BOJISIET HE TOIBKO BBISIBUTH CHMMETPHH MO3TUYECKUX CTPO,
HO U PacUIMPHUTh WX KIACCU(UKAIMIO 38 CYET BHECCHUS B HEE PA3IMYHBIX MPU3HAKOB CUMMETPUH THIIA TIpa-
BUJIa aJIbTEPHAHCA WM TIpaBWia ckpemieHus pupmuueckux nenei [11. C. 195]. Ora 3anaya sBiaseTcs TeM
OoJiee akTyalbHOH, YTO poOJIeMa aHATUTHYECKOTO TIEPEUUCIICHHS CHMMETPUYHBIX OKEPEIINil B SIBHOM BHJIC
Ha CETOAHAIIHUHN JICHh OCTAETCS B MIOJIHOM 00beME HEPEIIeHHOH.

1. I[TocTanoBKa 3agaun

B [12. C. 14, 18] Obu1a npeyioxkeHa MoJielb CTPOPUIECKUX CTPYKTYP B BHJIE KOJIBIEBBIX JAUATPAMM,
nnn odicepenuii [1. C. 246]. Takoe npeacTaBiaeHue MO3BOIAET 3)(HEKTUBHO UCCIEI0BATh CBOMCTBA TIOATHYE-
CKOHM CTPOdBI C IO3UIMH CHMMETPUH TIPH YCIIOBUH, YTO B KaUeCTBE MPU3HAKOB CUMMETPHHU CTPOQBI paccMmar-
PHUBAIOTCSI TOJILKO TaKUE, KOTOPBIE JIOMYCKAIOT CTPOTYIO (hopMalu3almio, — CHCTEMbI PH(MOBOK, CIOTOBBIH
00BEM CTUXOB, PUTMUYECKUN TPOPUIIH U T.11.

Paccmotpum cruxotBopenne A. biioka «Ha 30B meteneit» [13. C. 165]. Cucrema puMoBKH ero
ctpodsl IV cOOTBETCTBYET CUMMETPUYHOMY OKepelibio abeb aded (cM. Hibke: puc. 3, oxepesbe 2 B Ta0. 2),
IJIe OJIMHAKOBBIMU OYKBaMH 0003HAUEHBI 3BEHbSI COOTBETCTBYIOIIMX PUPMHUUSCKUX TIETICH:

Ha 30B MeTeJtei
v’
W mMrna 3anomuna pyku,
3anoMusa pyKy BBBICh.
Trl onmycTumna ouu,
W MBI TOHECTHCE.
W HaBcTpedy BcTaBaliu HOBBIE 3BYKHU:
Jlerenu cHera,
Haeraromei Houn
3BeHenu pora.

OTa BOCEMHUCTHINHAS CTpoa CUMMETpUYHA, U BCe ObI XOPOIIO, HO JEJIO B TOM, YTO 37IECh S OCY-
IIECTBIISIO TIOJIOT — HAa CaMoM Jielie Y biioka /1Ba mocieqHux cTuxa nepecTaBlieHbl MecTaMu. B pesynbrare
ATOr0 CUMMETPHS HapyIIaeTCs, U BCE HAIIM KPACHBBIE PACCYXICHHUsS pyliaTcs. Bo3HUKaeT BOIIPOC: MOXKET,
Biiok Ha 1ojico3HaTEeIbHOM YPOBHE CTPEMHIICS K CUMMETPHH M IPOCTO OINHMOCS B YePEAOBAHUH JABYX IIO-
cnemanx ctuxoB? O mpuBeACHUH CTPo(d K CHMMETpHH TOBOPHUTCS B [14], Tae, B 9aCTHOCTH, aHATU3UPYETCS
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OTKJIOHCHUC OT CUMMETPHUU B CTUXOTBOPCHUU I[ Mepe)KKOBCKOFO «MapT» 1 BBICKA3bIBACTCA MPCAIOJIOKE-
HUC, YTO B 3TOM CTUXOTBOPCHUU B006Hle mponmymeH OAuH CTUx, Hapyma}omnﬁ CUMMETPULO.

o r
B crarbe pemraercst BONpoc, CKOJIbKO CHMMETPUYHBIX (M1, My, ... , Mr)-0XKeperil JUTHHBI N, ZH m =n,

CYIIECTBYET TP 3aJaHHOM pacrpeeneHud ero 6ycur (M, — uucio GycuH I -ro usera). [{Bera Oycun npu-
MEHHTENBHO K CTHUXOCIOXKEHHUIO OMPENCISIOT cucTeMy pU(MOBKH M PAacCMATPUBAIOTCS KakK MPHU3HAK CHUM-
Mmetpuu cTpodsl. Tak, BapuaHTy Biioka COOTBETCTBYeT HecuMMETpUUHOe (2, 2, 2, 2)-0)keperbe, a mocie ero
PEKOHCTPYKIMH (BTOPOH BapHaHT) — CAMMETPHUYHOE, XOTSI B 000OUX CIyJasX pacupenereHne OyCHH OHO U
TO Ke. 3ajjaua AITOPUTMHYECKOTO MOJICUETA, IEPEUHUCIICHUS ¥ aHATIM3a CHMMETPHYHBIX OXKEPEITUi JUTHHBI N
WJUTIOCTPUPYETCS B CTAThE Ha MIPUMEPE 8-CTHIITHBIX CTPO(.

2. CHMMeTpHYHBIE 0KepeJibsi

[Iycte T — MHOXecTBO oxepesnuii X €T , B KOTOPOM OIPEesieHO OTHOLICHUE SKBUBAJICHTHOCTH ~,
G — muoxectBO onepatopoB g €G, g:T —>T,1e. gxeT, GxG —>G — KOMIO3ULUS ONEPATOPOB, OTHO-

CUTENHEHO KOTOpoii G sABIIsIeTCs TPYIION, B 00IIeM ciTydae HeabeIeBoi.
2.1. Cummempusn

ITycts G neiictByer Ha X T, mpu stom ¢,(g,X) =(0,09,)X, €X=X. Oxepenbe X<T Ha3bIBaeTCA
CUMMEMPUYHbIM, €CITH CYIIECTBYET OIepaTop ( #€ Takoi, uto gx~X. Metpusyem MHOxecTBO T. IlycTs
d(X, y) — unciio HecoBmagaromMx OycuH oxxepenuid X, Y € T , B3ATBIX B MOPSAIKE CIACIOBAHUS. DTO H3BECT-

Hoe paccrostnue Xemmunra [15. C. 52], ucnonb3yemoe AJisi CTPOK OJUHAKOBOW JIMHBI JIFOOBIX I-WYHBIX al-
¢aButoB. OueBUAHO, OXepeabe X €T CUMMETPUYHO TOra W TOJBKO TOrJa, KOT/a CYLIECTBYET 3JEMEHT
g #=e Ttakoif, uto d(gx, X) =0. B cBs3u ¢ 3TUM Takue onepaTopsl § Ha3bIBAIOTCA U30MEempusimu. ITO OIpe-

JieJICHNE CUMMETPUYHOCTH SKBUBAJICHTHO MPEIbIAYILEMY.
Bompoc o komryectBe N(My, ... , M) OpOUT, HHAYHPYEMbIX ISHCTBUEM HA MHOKECTBO T Kakoi-Ii00

rpynnsl G, pemraeTcs ¢ moMouIbio JieMMbl bepHcaiina. OgHako Ha BOIPOC O TOM, CKOJIBKO CYILIECTBYET CUM-

METPUYHBIX OpOUT (OpOUT, CoepKaLNX CHMMETPHYHBIE OXKepenibs), iemMma bepHcaiina oTBera He AaeT.

2.2. Ilpeocmasumenvhwie cpagut

Paccrosinue p(a,b) mexay neyms OycuHamu @ u b oxepenbs X ompenenuM Kak Iellb HAWMEHbIIICH
JUTHHEI, cBsi3bIBaroIyo a u b. Kpome Toro, sicio uto st V a,b: p(a,b) €{1,2,...,[n/2]}. Hampumep, nust
coceqHuX y370B @ u b umeem p(a, b) =1. Jlerko npoeputs uto p(@, b) — merpuka [16. C. 42].

ComoctaBum (Mg, My, ... , My)-okepensio X e T mmHb N cnemyronryto (N, N — ()-aurarpammy H ¢ n Bep-
LIMHAMU U N — (| peOpamMu — OTpe3KaMH1 MPSIMBIX JIMHUM: (2) BEPIIMHBI JUarpaMMbl H orpeaenym Kak BEpIINHBI
MPaBUWIBHOTO N-yroyibHUKa; (0) pedpa H — kak 3BeHBs ' KOMIIOHEHT CBSI3HOCTHU JUIMHBI M;, 00pa3yromue 1e-
1 HAMMEHbLIESH JJTMHBI (€CIIH M; = 2, TO IoJIaraeM, YTo Lelb COCTOUT U3 OJHOTO 3BEHA); (B) (| — KOJIMYECTBO
KoopauHaT M, paBHbIX 2. Tak, ecnu paccmarpuBaercs (3, 3, 2)-oxkepenbe, To N = 8, r = 3, q = 1. Cnemosa-
TEJBHO, OKEPENBIO X comoctasiseTcs (8, 7)-muarpamma H, comepkartas 8 Bepruna u 7 pebep, 00pasyromnmx
3 KOMITOHEHTHI CBsi3HOCTH. Pebpa muarpammbl H nipu x n300pakeHHH Ha TIOCKOCTH MOTYT TIepeceKaThes,
HO TOYKM HMX TmepecedeHusi BepummHamu H He siBistrorcs. Omwmcannas (N, N — )-Auarpamma OJHO3HAYHO
omnpenesnsieT oxepenabe X €T u oTiamyaercss oT 00bIYHOrO ompenenceHus (N, N — g)-rpada Juib JOMONHH-
TeNbHBIM TpeOoBanueM (a). Takas nuarpamma HasBana B [12. C. 21] npeocmasumenvuvim epagom cummeT-
PUYHOTO OXepenbsi X. ITOT rpad OylneM cUUTaTh HETIOMEUSHHBIM.

Kaxnprii rpadg H numeer rpynmny asromopdusmos I' = I'(H), coctosuryro u3 nsomoppusmon H Ha cedst
[16. C. 311]. Cpeau n! nmepectaHOBOK N y3110B H TONBKO 2N EpECTAaHOBOK SIBIISIOTCS U30METPUSMH B CMBIC-
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ae MeTpuku p(-,-) . JlaHHBIC H30METPUH COXPAHIIOT WHBApHaHTHBIMU N(N — 1)/2 paccTosiHuUil MEXIY y3namu
rpada H. OueBrIHO, 3TO BpAILICHUS U 3ePKaTbHBIC OTPAKCHUS, KOTOPBIC B COBOKYITHOCTH 00Pa3ytoT TPYIITy
IMdIpa
D, ={s,t:s" =t* =(st)* =€},
rae S — BpalleHue Ha yroi 2m/n, t — orpaxenue. [TockosbKy ganee mpenMeToM Hallero uHrepeca OyayT
BOCHMHCTHIIIHS, KPATKO OXapaKTepu3yeM cBoWcTBa cummeTpuil rpymmbl Dg [7]. Jlist 3TOr0 BRIAEIAM B HEil
noarpyniy G* u ee nononsenne G- =G\G":
G'={s*":i=0,..,3}, G ={s"*,t*':i=0,..,3,j=0,.,7}.

I'pynma G" =G’ — kommytanT Dg, ipu stom G/G' = D, . 3ometpun g € G™ — 310 Bpamenus. [lononHeHue

G~ =G\G" rpymnmoii He siBIAsieTCs, HO, Kak U G*, COCTOUT U3 00BETUHEHHS KJIACCOB COMPSHKEHHOCTH TPYII-
bl Ds, u3 HUX Ba MHOXKecTBa — S,, S, € G~ — NpeACTaBIAIOT 0COObIH HHTEpEC:
S, ={t, ts*, ts*, ts°}, S, ={ts, ts°, ts°, ts'}.

MHOKeCTBO S1 CONEPKHUT OTpaKEHUS] OTHOCHTENILHO AWAaroHajel MpaBHIbHOTO 8-yrompHuKa. Mx
MOKHO NPEACTABUTL B BHU/C KOMHOSI/IHI/Iﬁ OTpa)KeHI/Iﬁ OTHOCHUTEJIBHO OCeH CUMMCTPHH, MTPOXOAAIINX YCPE3
CepeUHbI CTOPOH 8-yrOJNIbHUKA, W BpalleHUH. MHOXECTBO Sy — 3TO OTPAKEHHUS OTHOCHTEIBHO OCEH CHM-
METpPUH, MPOXOJAIMINX Yepe3 CepelrHbl MPOTUBOMOIOKHBIX CTOPOH 8-YrOJbHHMKA. DTH OTPAKEHHS HEJb3s
MOJYYHUTh C MOMOIINBI0 KOMIIO3UIUN OTpaXKeHWH, MpUHAAISKAIUX S1, U MOCIeAyomux BpameHuid. Oba
MHOJKECTBA TPH JIFOOOM N = 2M coaepkaT OJAWHAKOBOE YHCIIO 3MeMeHTOB. CyIecTBOBaHHE MHOXECTB S1 H
S2 — UICTOYHHK axupaabHOU M XUPaThbHONW CHMMETPHH OKEPEITHil.

2.3. Xupanvnocmo

C NOHATHEM CHUMMETPHUHU TECHO CBs3aH ()eHOMEH xupaibHocTH. CornacHo yiopay KenbBuHy, Kiiaccu-
YECKOE OIpPE/ISIICHUE XUPAIbHOCTU 3BYUYHT TaK: «51 Ha3bIBaro JIFOOYIO0 TEOMETPUYECKYIO QUTYpYy WIH TPYIIITY
TOUEK XUPATbHOU W TOBOPIO, YTO OHA OOJIAZIAET XUPATbHOCHbIO, €CIT €€ OTPAKECHUE B UJICATHFHO TUIOCKOM
3epKajie He MOXET OBbITh MEPEHECEHO TaK, YTOOBI OHO COBIANIO C HEto camoin» [7]. [[pUMEHHUTENIFHO K HAIIUM
0003HaYEHUSAM 3TO OlpeeneHrne GopMyIupyeTcs CleIyromuM o0pa3oM: oxepense X €T XxupanvbHo, eciu
OHO HEIKBUBAJICHTHO (OTHOCUTEIBHO BpaIlleHHH) CBOEMY 3epKaAIbHOMY OTpakeHHo Y = @(X) . B mpotusHOM

cllydae OXepembe X axupanvho, T.e. X ~ ¢(X) . Mcxons u3 3Toro onpenesieHns: axupajibHOCTh TPaKTyeTCs Kak

WCKa)KeHHasl 3epKajbHasi CUMMETpPHUs, a XUPAJIHHOCTh O3HA4aeT OTCYTCTBHE 3€pKaJbHONW cUMMeTpuu. Takum
00pa3oM, aXHpaIbHOCTh U XHUPATBHOCTH SBIISIOTCS XapaKTePUCTHIECKUMH CBOMCTBaMU MHOXECTB S1, Sz € Dy .

KomOunaropras npobiiemMa Mepednciens XUpalbHbIX 00beKTOB B R? cBsi3aHa ¢ mpobnemoii mepe-
YHCIeHUsT aBTOMOP(U3MOB 2-T0 nopsiaka rpymmsl cummerpuit G [5. C. 278]. ITockonbKy rpymmoii aBToMop-
bu3MoB okepenbst Kak npocroro (N, n)-mpkia [2. C. 26] aBusercs rpymma qudapa D, coneprkainas orpa-
XKEHHs, T.€. aBTOMOP(U3MBI TIOPAIKA 2, TO B MHOXKECTBE 1 KaKIO€ OKEPEIbe a CONMPOBOXKIAET IBOMCTBEH-
HBII eMy 25eMeHT b, oOpasyrommii ¢ HUM sHanmuomepryro napy (a, b), mpu 3TOM SHaHTHOMEpHI & U b mpu-
Ha/JIeKaT pa3sHbIM opouTam. B mpunokeHusx 3tot ¢akTt xopouro usBecteH [8. C. 63]. OueBHIHO TaKxKe, YTO
€CIT OXKepesibe a aXxupajbHo, T.e. & ~ ¢(a) , To 3HaHTHOMephI & U b = p(a) npuHamIexar oHOM opOuTe.

[lepeuncienHble BUABI CHMMETPUN MOTYT UMETh Pa3HbIM MOPSIOK, T.€. MpeAcTaBuTeIbHbIe Tpadsr H
MOTYT UMETh HECKOJIBKO OCe CHMMETPHH TOTO MIJIM MHOTO TOpsiAKa. B CBA3M ¢ ’THM BO3MOKHBI CIIEIYIOIINE
munvsl cummeTpuit [K, 1]:

[k,0], [k.k], [O,1], [0,0], k,1=>1,

rne k>0 — mopsiok 3epKaibHOM MM axupalbHOU cummerpud, | >0 — MopsaoK XUpaabHOH CHMMETPHHU.
AXxupainbHas CHMMETPHUSI MOXET BCTPEUYAaThCs TOJBKO B COYETAHHU C OCEBOM, mpu 3ToMm Bcerma K=1>0.
Ecmm k=1=0, To 0oXepemnbe MO ONpeAeIeHHI0 HeCHMMeTpUdHO. K 3TOMy ciydaro n3 4ucTO aaropuTMHYe-
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CKUX COOOpa’keHMH OyAeM OTHOCHUTh M LIEHTPAJIbHYI) CHMMETPUIO — BpAICHHE BOKPYT TOYKH, KOTOPOE
MOYHO MPEICTABUTh KaK KOMITO3MIIMIO JBYX 3epKabHbIX cummeTpwuii [16. C. 52-56].

OnHOMY M TOMY K€ TUILy CHMMETPHH MOXKET COOTBETCTBOBATh HECKOJIBKO KiaccoB cummerpuu. Ilog
OKEepeNbsSIMU pa3HbIX KJIacCOB, MPUHAICKAUIMMA OAHOMY THUIY CHMMETpPUH, IOHUMAIOTCSl OKepelibsi, Tpa-
¢b1 H xotopsix m3oMopdusl [2. C. 24], HO HE MOTYT OBITh IIEPEBEACHBI APYT B Apyra HUKaKUM JIBHKCHUEM
(coBurom, BpalieHHEM, OTPasKEHHEM HMJIM UX KOMIO3ULUAMHM), T.€. KAKUM-TH00 H30METPHUECKUM Ipeodpa-
3oBanueM [18. C. 278]. Oxepenbsi, KOTOPbIE MOTYT OBITh IIEPEBEACHBI OHO B JPYroe HEKOTOPBIM JABHKCHU-
€M, Ha30BEM KOHepyIHmHbiMu. Takue oxepelnbsi IPUHAAISKAT OTHOMY KJIacCy CHMMETPHHU.

Ipumep 1. Ha puc. 1, 2 npeacraBieHa 3HaHTHOMEPHAs Mapa XUPAJIbHBIX OXKEPEIHH, MPEICTABIIIO-
mas ctpodst | u Il ctuxotBopenns A. Iymkuna «Ocenb». CTpodbl OTINYAIOTCS TeM, YTo B HUX A. [lymikun
MEHSET MECTaMH MYXCKHE U KeHCKHe pru(MbI. AHATIOTHYHO TTOCTPOEHBI B MOCIeayomue napsl ctpod. Ca-
MU Ke CTPO(BI MPEACTaBIAIOT 3HAMEHUTYIO TBepIyto popmy — okTaBy [11. C. 172]. Eif coOTBETCTBYEeT CHM-
metpus [0, 1].

o= @ EELLE 0
Puc. 1. A. Ilynikus. OceHb («OKTSAOPD YK HACTYITHIL. .. »). Puc. 2. A. Ilymkun. Ocenb («Teneps Mos mopa. .. »).
Crpoda I: abab abcc (oxepenne 11 B Tabm. 1) Crpoda Il: baba bacc (oxepense 11 B tabm. 1)
Fig. 1. A. Pushkin. Autumn («October has already come...». Fig. 2. A. Pushkin. Autumn («Now is my time...».
The stanza |: abcb adcd (necklace 11 in the table 1) The stanza |1: abcd cabd (necklace 11 in the table 1)

3. Ilepeuncienne oxepeanii

AHATUTHYECKHUI MOJICUET YHCIa TIPE/ICTABUTENBHBIX TpadoB SBISETCS HEPEUICHHOW B O0IIEM CiTydae
33]13'—1612. HeKOTOpoe IMPOJABMKCHUE B €€ PCHICHUN MOXXHO IMOJTYYUTh B YaCTHBIX ClIydasaX, UCIIOJIb3Yys JIEMMY
bepHcaiina.

Teopema 1. KonngectBo N. (2, n—2) mpexacraBurenbHbIX rpados (2, N — 2)-oxepennii paBHO

N.(2,n-2)=[n/2]. @
Hokazamenscmeo. Ilycte ¢(x) — dynkums Ditnepa [19. C. 28], P(k, 1) =(k +1)}/k!l! — 6Gunomuans-
Hbiil k03bpunuent, HOJ (k,1) — HanOombmmii obmmii aenurens nenbix gucen K u |. CormacHo nemme

bepHcaiina konmudecTBo opouT (2, N — 2)-oxxepenuii paBHO

No(2n-2)=n" > o(d)P(2/d,(n-2)/d), (2)

d[HOZ(2, n-2)
rne d =1, 2 wim d = 1 B ciiydasix 4€THOrO M HEYETHOTO N COOTBETCTBEHHO. PaccMaTpuBasi 3TH ciydau OT-
JICJIBHO, a 3aTeM OOBeIUHsIS IMOJIyYeHHbIH pe3yibrarT B oauH, noiaydaeM Ng(2,n—2) =[n/2]. C npyroii

CTOPOHBI, OYEBHIHO, YTO KOHIPYIHTHBIMH SIBIISIFOTCSL TOJIBKO TE OXKepelibsi, paccrosiaust p(a,b) =1, 2, ...,[n/2]

Mexay OycMHamu & ¥ D KOTOPBIX OJJHOTO L[BETa COBMANAlOT. M3 reoMeTpuuecKkux cOOOpaKCHUi CIeayerT,
9TO JUIs JIIOOBIX 3THX 3HaYeHuil p(a,b) manHBIe Oxkepenbs cumMeTpuyHbL. [lockonbKy Bee (2, N — 2)-oxkepenbs

HE3aBHCHMO OT X JJIMHBI SBIIIOTCS 3epKabHO CHMMETPHYHBIMH, 3T0 03Ha4aeT, 94to N (2, n—2) = N, (2, n—2),

T.€. CIIPaBEIIUBO PaBeHCTBO (1).
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3aaua MepeyrciIeHNs TPEACTABUTENbHBIX rpadoB Kak 3a1ada o (M1, My, ... , My)-0XkKepebax B 00IeM
Buje paccmarpuBanack J[.M. Skosenko [20]. B atoit pabote ¢ onopoii Ha temmy bepHcaiina copmynupo-
BAaHO HECKOJIbKO PE3YJBTATOB IS CIydaeB YETHOIO U HeueTHOro N. OgHako mpoBepKa mokaszaia, 4To He Bce
OHH SIBJISIFOTCSI BepHbIMU. [lociie yTOYHEHHMST HEKOTOPBIX €€ YTBEPXKACHUN MOXET ObITh C(HOpMyJTUpOBaHA

cleayromas

Teopema 2. [Tyctb X — (M1, My, ... , My)-oxepenbe MHEL N, P(M1, My, ... , M;) — TOJIXHOMHAIBHBIH
k03¢ ¢unment, Nc(my, Mz, ... , My) — KOJIUYECTBO MPEACTABUTEIBHBIX IPpadoB OxKepelbs X. MeT mMecTo
CIICTYIOLINE YTBEPKICHHUS:

P1. ITycte n HewetHo. Toraa ecnu cpeau uucen My, My, ... , My TOJIBKO OJHO HEYETHO, & BCE OCTAJb-
HBIC MTOTIAPHO Pa3JIUYHbI U YETHBI, TO

Ne (M, m,,...,m)=P ([m/2],[m,/2],...,[m /2]). ©)

P2. Ilycts n uetHo. Toraa ecinu Bce uuciaa My, My, ... , My YSTHBI U MOMAPHO Pa3JIUYHbI, TO UMEET Me-

cto (3).

Joxazamenvcmeo TeopeMsl 2 1o ananoruu ¢ [20].

3amauy nepeunciIeHus oKepesuii B 001eM Buje TeopeMa 2 He pemraet. B cBsi3u ¢ atum B [12] paspa-
00TaH yHUBEpPCAIBHBIN aJrOPUTM NEPEUNCIICHHUS MPEACTABUTENBHBIX Ipad)oB, HA OCHOBE KOTOPOTO COCTaB-
JIEHBI OOIIUpPHBIE TAOIUIBI CAMMETPUYHBIX oxepenuit [12. Tabm. 2.6-2.15]. K coxxanenuro, onucanue anro-
putMma nepeurcnenns B [12. C. 23-25] HemocTaTOYHO KOHCTPYKTUBHO JIJIST BOBMOYKHOCTH €T'0 MPOTrPaMMHOM
peanu3anuu, 4To PaKTUIECKHd O3HAYaeT yTpaTy 3TOro ajJropuTMa.

Pa3paGorannsiit Hamu B cpene MAPLE anroputm nepedynciieHus OTHOCUTCA K MepeOOpHOMY THITY.
Bcenencrue 3toro on tpedyeT OOJbIIMX 3aTpaT MAIIMHHOIO BPEMEHH U Ha JAHHBIH MOMEHT HE JaeT BO3-
MOKHOCTH peIIaTh 3aa4u OOJNBIION pasMepHOCcTH. OTMETHM, 4TO pe3ynbTathl, momydeHHsie JI.I . IlopTepom
U C MOMOILBIO HAIIETO aJrOPUTMa 10 N = 8 BKIIIOYUTENBHO, TIOJIHOCTHIO COBIAALOT.

4. IlepeyucjieHue CMMMETPUH BOCbMUCTUIINH
Bocbmucmuuie — ofiHa U3 caMbIX PacIpOCTPAHEHHBIX U CEMaHTHYECKH HeWTpanbHbIX ctpod [11. C. 172].

PazHooOpasue Takux crpod ompeaessieTcsl MIMPOKOH BO3MOXHOCTBIO pa3OMEeHMsl Yuciia 8 Ha cilaraeMble,
HETPUBHAJIbHBIE U3 KOTOPBIX UMEIOT BUJ:

8=6+2
=5+3=4+4
=3+3+2=4424+2=242+2+2 (4)

U3 (4) cnenyer, 4to cymiecTByeT 6 BUAOB §-CTHIIHBIX CTPO( co cxeMaMu prU(PMOBKH Ha JIBe, TPU U YETHIpE
pudmel. B Tabn. 1 mpeacraBieHbl CBOJHBIE JaHHBIE O CUMMETPUYHBIX OXKEpelbsiX JJIUHBI 8 Ha JBE W TPU

PUPMEL.

Tabnuma 1
Mepeuyenn cummerpuii (K, 1)- u (K, |, m)-oxepennit
Cummertpuu (K, 1)-oxepennii Cummetpuu (K, |, m)-oxepenuit
(6,2) | (5, 3) (4, 4) (3,3,2) 4,2,2)
1 [1,0] | aaaa aabb aaab bbbb [1, 0] aaab babb [1,0] aaab cbcb [1, 0] aaaa beeb
2 [1,0] | aaaaabab abaa abab [1,1] aaaa bbbb [1,0] abab acbc [1, 0] aaab cacb
3 [1,0] | aaaaabba aaba abab [1,1] aaba bbab [1,1] aaac bbbc [1, 0] aaba acbhc
4 [1,0] | aaab aaab [2,2] aabb aabb [1,1] abac babc [1, 0] acca baab
5 [4, 4] abab abab [0, 1] aaab bbcc [1, 1] aabb aacc
6 [0, 1] aaab abbb [0, 1] aaba bbcc [1, 1] aabc aach
7 [0, 1] abba abab [0, 1] aabb acch [1, 1] abab acac
8 [0, 1] aabb cabc [2, 2] abac abac
9 [0, 1] aabb cbac [0, 1] aaaa bbcc
10 [0, 1] aabc abbc [0, 1] aaaa bche
11 [0, 1] abab abcc [0, 1] aaab bacc
12 [0, 1] abab cabc [0, 1] aaab cabc
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OkoHuyaHue Tabm. 1

Cummerpui (K, 1)-oxepennii Cummetpuu (K, |, m)-oxepernuit
(6,2) | (5, 3) (4, 4) (3,3,2) 4,2,2)
13 [0, 1] abab cbhac [0, 1] abab bcbc
14 [0, 1] aaba chac
15 [0, 2] aabc aabc
Nc 4 3 7 13 15
No 4 7 10 70 54
P 28 56 70 560 420

Tpumeuanue. Nc — KONTHYECTBO CHMMETPHYHBIX okepenuid, No — kommuectBo opout, P = P(K, I) — Bcero oxepenuii.

[osicHum mocneqHI00 CTpoKy B Tabm. 1, Hanpumep uucio 420. OpOuUTHL B 3aBUCUMOCTH OT CUMMET-
pHUH OXEepeJHi ColepKaT pasHoe YHCIIO oxepenuidl. B manHom ciydae tpu (4, 2, 2)-opOUTBI coaepkar 1o
4 oxepenbpa, a ocTalbHble — Mo §, uro B Hrore ngaet (54—3)x8+3x4=420 oxepenuii. Cummerpun

(2, 2, 2, 2)-oxxepenuii npuBeACHBI TA0. 2 ¥ Ta0MI. 3 COOTBETCTBEHHO.

Tabnuma 2
Iepeuens cummetpuii (2, 2, 2, 2)-oxepesanii
Tum Kiacc Tom Kunacc
Osxepenbe Pupmonka Osxepenbe Pugpmoska
1 [1,1] abba cddc CcC 9 [0, 1] aabc cdbd
2 [1, 1] abac dbdc 10 [0, 1] abac dbcd
3 [0, 1] aabb cddc AC 11 [0, 2] aabc ddbc
4 [0, 1] abab cddc BC — Hoa11b 12 [0, 2] abcd achd
5 [0, 1] abcd bdac 13 [0, 2] abab cdcd BB
6 [0, 1] aabc bdcd 14 [0, 4] aabb ccdd AA
7 [0, 1] aabc dbcd 15 [0, 4] abca dchd
8 [0, 1] aabb cdcd AB 16 [0, 8] abcd abcd

Tpumeuanue. Pudmosku B katpene: A — cmexnast aabb, B — nmepexpectrast abab, C — oxsarnas abba.

[Mosicaum Ta6i. 2. Yucno (2, 2, 2, 2)-oepennii 1 COOTBETCTBYOIIEE UM YUCIO OPOUT COTJIACHO JIeM-
Mme bepHcaiiza COOTBETCTBEHHO PAaBHBI:
P(2,2,2,2)=2520, No(2,2,2,2)=2318.
Cpenu 318 opout 312 cocrosT u3 8 oxepenuit, a 6 — u3 4, T. e. (318—-6)x8+6x4=2520 oxepenwii.
B paccmarpuBaemom ciyuae 48 oxepenuii 06pasyrot kiace [0, 0] HecHMMETPHYHBIX 0XKEPEIIHii, a OCTABIIIH-
ecs B 16 kmaccax 318—-48=270 cuMMETPUYHBIX 0KEpENUi paclpeeNaioTCs Mo MATH TUIIaM CUMMETPUHU
coriacHo Taoi. 3.

Tabnuma 3
Pacnpenenenune cummerpuii (2, 2, 2, 2)-oxkepenuii mo THIAM H KJaccam
Tun cummerpuun
[1,1] [0,1] [0, 2] [0, 4] [0, 8] [0, 0]
Koi-Bo kimaccos 2 8 3 2 1 Beero
MoIHOCTh KiIacca 12 24 12 6 6 48
Koun-Bo oxepenuit 2x12 8§ x24 3x12 2%X6 1x6 48 318

5. Oskepeiibsl, ONUCHIBAIOLIUE METPHYECKHI MPO(UIBL cTPOPBI

Bynem paccmaTtpuBaTh pUTM KaK CUCTEMY PACIIOJIOKEHUS YApEHUH Ha CHIIbHBIX CIIOTOBBIX TIO3HIIUSX
metpa [21. C. 109]. Ilycts 3aganubiii pazmep ctpodsl — 4-cTonHbli sm0. [logcuntaeM, CKOIBKO pa3 CTOST
yIapeHusi Ha CUIILHBIX CJIOTaX Ka)JIOro CTHXa, U KaKOH MPOIEHT 3TO COCTABIISIET OT OOIIETo YKkcia N CTHXOB
B cTpode. DTOT MPOLIEHTHBIN psiji 00pasyeT pummuyeckuti npoguns nauHon ctpodsl [11. C. 90]. Tak kak Ha
nocneanen crome 3to Bcerna 100%, To 4-10 cromy majee BOOOINE MCKIOYAEM W3 PACCMOTPEHHUS U 3a1aeM
purMHYecKuil Tpoduib BEKTOPOM P € R3. B cooTBeTCTBAM C 5THM BO3MOXKHDI LIECTH Pa3IMYHBIX PUMMU-

yeckux ¢popm 4-cTorHoOro IMOa:
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2=010, 3=011, 4=100, 5=101, 6=110, 7=111 (5)
(dbopma 1=001 HuKOrIA HE BCTPEUALTCsI), TJC SAUHHIIBI — 3TO CTOIIBI, HECYIIIUE YIapCHUE.
Hac Oyzner mHTepecoBaTh 3aBUCMMOCTH MEXIY P M pacHpeciicHHEM YHUCIa PUTMUYECKHX (opM

X=(X,, X3, ..., X;) € R®, mpeacrapnsommx crpody. OT B3aMMHOTO pacroioxkeHus B CTpode PUTMHYECKUX (POPM

puT™MUYeckuit ipoduib P He 3aBucUT. ClieOBATENBHO, OJUH M TOT e MPOQUIL MOXKET JJOCTUTaThCs KaK Ha
CUMMETPUYHBIX, TAK U HA HECUMMETPHUYHBIX OXKepebsiX. Jsi 0THO3HAYHOTO ONpEeeNICHHsT pACTIPEICICHUsI
(X5, X5, -+, X;) IIECTH PUTMHYECKUX (OPM, HEOOXOIUMO 3aJaTh MECTh HE3ABUCHMBIX ypaBHeHHH. [Tonoxum

A=F’, B=F/,C=F’, D=FF,, E=FF,, F=F,F, (6)
rie FF; = < F.F > — cKaJspHble ponssesieHns B R", F,. — BekTop-cTonGen HKTOB Ha i-i cTorme.
Teopema 3. Pacnipenenenue X = (X,, X, ..., X;) PUTMUUECKUX (pOpM 4-CTONMHOrO sIMOA UMEET B
X,=B-C-D+E, x3=C-E, Xx,=A-C-D+F,
Xs=C—-F, X¢=C+D-E-F, x;=-C+E+F. (7)
Jokazamenscmeo. O6o3naunm y =(n, A B,C,D,E,F)eR’. U3 (5), (6) u ToxzaecTBa X, + X, +...+ X, =N
npuxoauM K paBeHcTBY QX =Yy, Qe R™ . Iockonsky A+B—D=n, To, HCKI04as KOOPAUHATY N U3 Y,
MoxeM 3anucath X =S¢, rae SeR*®, y = (AB,C,D,E,F) eR®, a X onpenensiercs cornacho (7), npu

aToM Matpuibl Q U S HMET BU:

111111 01-1-110
001111 001010
110011 10-1-1 01

Q= 010101 S= 00100-1
000011 001111
000101 00-1011
010001

IIpumep. 2. PaccmoTpuM J1Ba TIEpBBIX KaTpeHa CTUXOTBOpeHUs bioka «f Obl1 cMyIlieHHBIH U Bece-
abiit... » [13. C. 188]:

| I

S1 OBLT CMYIIICHHBIH U BECEITBI. JKuBBIM OrHEM pa3beIUHUIIO
Hac pamrisr cBeTIIO€ KOJIBIIO,
U my3pika mpeobpazuina

U 00okria TBOE JIHULIO.

MeHs npa3HuiI TBOM TEMHBIN LIETK,
Korma TBO 3aHaBeC TAKENbIiI
Pa3nBunyIncs — tearp yMoIK.

B coBokynHoCTH Oy[ieM paccMaTpHBaTh 1Ba STHUX YETBEPOCTHINNA KaK 8-CTUILHYIO cTpody abed caeb.
Purmuueckoe none FF,F,, pacnpenenenne X =(X,, X, ..., X;) € R® purmudeckux Gpopm n puTMuHdECKHit

npoduits (6) UMEIOT BUIL:

Cruxu Oxepenbe FiF2Fs dopma [Tpoduib

1 a 110 X2=2 A=4
2 b 011 X3=2 B=6
3 c 010 Xa=1 c=3
4 d 101 Xs=1 D=2
5 c 010 X6 = 2 E=1
6 a 110 x7=0 F=2
7 e 100

8 b 011

Pasenctsa (7) nerko mposepstotes. (2, 2, 2, 1, 1)-oxepenbe abed caeb, omuchiBaroriee JaHayo ctpody,
HecUMMETPUYHO. Eciii, 0HAaKO, BBIMOJHUTH HECIOXKHYIO PEKOHCTPYKIIMIO, 8 UMEHHO 3aMEHHTh PUTMHUYC-
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ckue Gopmel ctuxoB 7 1 8 Ha 3 = 011 u 5 = 101 cootBercTBeHHO, TO Mpodmwis P =(A,B,C) uzmenurcs
¢ (4,6,3), Ha (4,6,4), a oxepenbe X mpeodpasyercs k (2, 2, 2, 2)-suny abed cabd u ctaHeT CUMMETPHYHBIM

(puc. 4; oxepenbe 10 B Tabm. 2). Takum 0Opa3om, BUANM, KaK IIPH U3MECHEHUH PUTMHYECKOTO TIPOGHIIST U3-
MEHSIETCSI CHMMETPHSI O3KEPENbs PUTMA.

A euaa 1 mn e EEaa Enaa fen 0a EEae R ee s B, L
Mmoo = e o o
‘ -
Puc. 3. A. brok. Ha 30B MeTeneit (peKOHCTPYKIHS ). Puc. 4. A. Brok. «f 6vin cmywennsiii u secenviii. ... » (PEKOHCTPYKIIHS).
Crpoda abeb aded (oxepense 2 B Tabu. 2) Crpoda abed cabd (oxepenbe 10 B Tab. 2)
Fig. 3. A. Block. To the call of the blizzards (reconsruction).  Fig. 4. A. Block. «I was confused and cheerful... » (reconsruction).
The stanza abcb adcd (necklace 2 in the table 2) The stanza abcd cabd (necklace 10 in the table 2)

HecoBmanenne xomupoBOK okepenuii B Tabn. 2 ¢ yKa3aHHBIMH B T€KCTE W Ha pHC. 3, 4 HE HOIDKHO
cmymath. C TOYHOCTBIO 10 0003HAYECHUI M HaYaJIbHOM TOUKH OTCYETa Ha KPYroBbIX JUarpaMmax 3Td KOAu-
POBKM 3KBUBaJIICHTHBI. [locnennee cBS3aHO C TeM, YTO KaXKIO€ OXKEpeJibe Ha CaMOM JIeNie NpPEeACTaBIIsIeT
KJlacc cTpod ¢ OHOM W TOH ke cucTeMol pu(MOBKH, HO C N pa3HBIMH ToukaMu orcyera. C mMaTemarnde-
CKOM TOYKHM 3PEHUS MBI IMe€eM 37iecb N SKBUBAJICHTHBIX OXKEPEIHH, & C TOUKH 3PEHUs 033U — N pazIny-
HBIX BAPHAHTOB CTPO(bI, KOTOPBIE MOTYT CHJIBHO OTJIMYATHCS B IUIAHE CTETUYECKOTO BOCIIPUSTHSL.

3akiIouyeHue

B craThe npuBeneHb HEKOTOPBIE PE3yIbTAaThl IEPEUUCICHUS OXKEPEIHNI € MOMOIIBI0 pa3paboTaHHOTro
anroputMa. Ha ocHOBe 3THX Pe3yNbTaTOB MPEJIOKEHBI MOIX0AbI K (POPMaTbHOMY aHAIN3Y CTUXOTBOPHBIX
TEKCTOB Ha OCHOBE CTEP)KHEBOTO MPUHIIUIIA CTUXOCIOKEHU — CHMMETpHHU. I IPUHATOTO B Ka4eCTBE MO-
nenmu cTpodbl TOHATHS OXKEpeibs MpeIIoKeHa KiIacCU(pHUKAIUS CHMMETPHUYHBIX OXKEPelIHd MO THIaM MU
KJIaccaM, KOTOpasi yBsi3aHa CO CBOICTBaMU TpyMIIbl aBTOMOPGHU3MOB 1pocToro 1ukia. Iloryyena 6omnee Tou-
Hasi GOPMYIIMPOBKA TeOpeMbl SIKOBEHKO IS MOJICYETa MOIIHOCTH KJIACCOB CUMMETpUH. [lepeurciensl cum-
METpPUYHBIE OXKEpeJbs JAJIWHBI 8 ¢ pUPMEHHBIMU LiensiMU JUIMHBL 2, 3 u 4. Ha s3pike oxxepenuii HaiijeHa
CBSI3b pacrpe/ieNieHus] PUTMUYECKUX (HOPM 4-CTOITHOTO SIMOa ¢ pUTMHUYECKHM TpoduiieM cTpoQsl.
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The evolution of Information and Communication technology over the past few decades has resulted
in the emergence of Internet of Things (1oT) and Smart Everything concepts. These concepts are generally
based on the integration of physical and information components, and on the interconnections between them.
Such an integration became known as Cyber-Physical Systems (CPSs) [1]. An example of a CPS is an au-
tonomous monitoring system that has a sensor component (e.g., camera) and a video processing component
(e.g., Machine Learning classifier) that performs video classification and pattern recognition operations.

Reputation and Trust models usually find their application in the systems whose elements communicate
directly with each other and are essentially decentralized. An example of such systems is peer-to-peer (P2P)
computer networks, where there no central server and the nodes communicate directly with each other [2].
For the nodes of P2P networks, it can be extremely important to evaluate the information received from oth-
ers in order to choose their further actions within the network (e.g., packets forwarding towards a final desti-
nation). In VANETS, the communication between AVs and infrastructure roadside units are also decentralized,
and can be considered as a P2P network [3]. There are various models for man aging such networks and
practical examples of their application [4].

Reputation and Trust indicators can be implemented and calculated in different ways in the context of
computer systems. Generally, most of them define some quantitative indicators to evaluate how trustworthy
is the agent by the other agents. Mui, Mohtashemi, and Halberstadt define Reputation as an indicator that an
agent creates through their previous actions [5]. The Trust indicator, in this case, is a subjective expectation
one agent has about another agent’s future actions based on the history of their interactions.

The application of Reputation and Trust-based approach to AVs intergroup communication allows to
improve its security and safety [6, 7]. However, Reputation and Trust approach has a substantial drawback.
Let us consider two cases: AV’s group initialization moment, when the agents do not have any information
on the previous actions of each other; and when a new agent joins to an already existing AVs group, and the
group participants also do not have any information about the new agent’s previous actions. In these two
cases, the initial Reputation indicator value cannot be calculated based on the previous actions or “correct-
ness” of the transmitted data be the agents. In these scenarios, the Reputation initial value is initialized as
a constant (e.g., 0.5 in [6]). This initial constant initialization allows the potential adversarial or failed agent
to transmit “incorrect” before their Reputation will drop below the acceptable threshold.

To address this drawback, an approach based on Data Quality (DQ) concept was proposed [8]. This
solution allows to use such data source’s characteristics as accuracy and security to calculate the initial
Reputation value. This solution allows to rely on not only subjective evaluation of the agent’s Reputation by
the other agents, but also on the objective parameters based on the agent’s hardware components. Agents DQ
value depends on how “well” their sensors and devices are working at the evaluation moments: if there any
failures or deviations from normal, the DQ value will be decreased [8]. However, the methods on deriving
these data source’s parameters to calculate DQ value are highly scenario-specific and under-researched [9].
An approach partially related to evaluating of the robotic device’s hardware characteristics was presented in [10].
The authors proposed to consider various probability-dependent parameters in the robotic device’s control
strategy, for example, a failure rate of the robotic device’s subsystem. Such an approach has motivated us to
investigate and develop probability-dependent parameters based on AV’s device characteristics to calculate
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DQ values. We base our metrics on the reliability theory [11], which considers the probability of the sys-
tem’s components operation failures. We assume that the “correctness” of the data transmitted by the agents
is related to this probability. The less reliable the agent’s components, the lower its Reputation value should
be initialized, and otherwise. This approach allows us to obtain objective basis for the initial Reputation
calculation, which previous models lack [6, 12].

We incorporate the terms of failure, time between failure, and probability of failure-free operation into
the initial Reputation value calculus. We incorporate these terms into the previously developed Reputation
and Trust approach to calculate the initial Reputation value based on AV’s hardware reliability characteris-
tics. This solution allows to rely real physical AVs characteristics with the probability of “incorrect” data
production and transmission. To test the proposed approach, we verify it on a well-known real-world hard-
ware 10T components. The contribution of this paper is twofold. First, we provide a theoretical reliability
based approach to calculate the AV’s initial Reputation value. The approach allows to rely the hardware
characteristics and the data produced by an AV model based on these hardware. In addition, we verify
the proposed approach implementation on the intersection management problem with a software simulation.
The initial Reputation values for the software simulation are based on the real-world device collected hard-
ware characteristics.

1. Initial Reputation Calculus
1.1. System Description

Let us define a group of AVs represented by the agents of decentralized network. The agents are able
to communicate directly with each other according to the P2P network communication model [2]. The data
agents exchange consist of their final destination and agent’s current condition (e.g., current location, energy
resource, etc.). The main objective of the agents’ group is to safely traverse the intersection [6, 13].

We assume, that each agent’s architecture includes several sub-systems, the failure of which affect the
reliability agent’s reliability. Such sub-systems depend on the agent’s functionality and architecture. Below
we provide some examples of such sub-systems.

— Communication sub-system. If an agent is disconnected from the communication channel or its com-
munication sub-system fails, it becomes unable to update or transmit “correct” information to other agents.

— The agent’s computing sub-system is responsible for the agent’s decision-making. If it fails, the
information transmitted by the agent cannot be considered as reliable.

— Sensing sub-system for obtaining data from the environment (e.g., camera, radar, or other sensors).
Failure of this sub-system leads to the obtaining of “incorrect” data from the environment and its transmis-
sion to other agents.

Based on the probabilities of these sub-systems’ failure, we propose to evaluate the agent’s initial
Reputation value. To formalize these probabilities, we employ the exponential distribution law [11. P. 86].
In our case, we assume that the sub-systems’ failures are constantly distributed, can occurred in a random manner,
and are not caused by the deterioration or aging of the agent’s parts. If the agent’s components are deteriorated,
it will be necessary to use a different distribution, but the basic calculation principle will not change.

1.2. Initial Reputation Calculus

Here we define failure probabilities and other terms according to [11]. Probability of failure during
the sub-system operation time t can be defined as (1).

F(t)=1-¢e", (1)
where A is a constant failure rate, and e is an exponential distribution.
From (1) we can derive the equation for failure-free operation during time t (2)

P(t)=1- F(t) =e™". (2)
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The parameter A can be calculated according to (3)

1
A=—, ®)
TO
where To is the mean time between failures. It is calculated as (4).
N .
To-2HL, @
i m;

where:

— N is the total number of sub-system’s components for which the indicator is calculated,

— tjis the operating time of the i-th sub-system’s element;

— m; is the number of failures of the i-th sub-system’s element for the entire operation period.

For the i-th agent, as the initial Reputation value Rqi, we consider the probability of its non-failure
operation Pg;. Let each i-th agent is composed of a set of sub-systems: Sei = {s1, . . ., Sm}, and Pj(t) is the
probability of non-failure operation of the j-th subsystem of the i-th agent during the time t, which can be
calculated as (5).

Ri()=¢"", 5)
where A is the corresponding parameter of the i-th agent’s j-th sub-system. According to (3) failure rate for
(5) can be calculated according to (6).

1

R
ij

: (6)

where TOij is the mean time between failures of the i-th agent’s j-th subsystem. Further, according to the [11.

P. 120-124], we need to calculate the probability of failure-free operation for the combination of these sub-
systems, which is an entire agent. To do this, we need to consider how the agent sub-systems are interrelated
in terms of failures. If the sub-systems are connected in such a way, that the failure of any of them leads to
the failure of the entire system, then it can be referred to a serial connection. In another case, the sub-systems
are connected in a parallel manner. For such a connection, the probability of failure-free operation during the
required time to considering (6) can be calculated as (7).

P, = 1R (t), @)
j=1

where m is the total number of the agent’s sub-systems; and to is the required operating time.
After that, the value calculated as (7)) can be incorporated into the Reputation calculus instead of R
value, described in [6]. The modified initial Reputation value can be calculated as (8):

TR () + Xha li, 1 > 0.5
TRy (to) + Tk I — (Ry —e7 47, 1, <05,

— >t 1y, is the sum of Truth values for the previous iterations [6];

— R is the Reputation value on previous iteration;

— It is the Truth value on current iteration.

From the developed calculus, the following points can be derived.

1) Every Reputation model has its penalty system, when the agents with low reputation are punished
in some way. Usually they are excluded from further group communication [6]. If any of the agent’s sub-System
is initially considered faulty (the probability of its failure-free operation is close or equal to zero), then the agent’s
Reputation will also be close to 0. Therefore, this agent will be excluded from the group communication after
the first Reputation evaluation round. Such a scenario is true only if the sub-systems are connected serially.
This means that if the key agent’s sub-systems fail, the agent is excluded from the group communication.

2) The proposed initial Reputation value calculation approach sets a specified quality bar for all
agent’s sub-systems and their components. So, for example, if we have three serially connected sub-systems,

(8)

t
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then to obtain an initial Reputation value of 0,5, the reliability indicators of the sub-systems should be about 0,8.
With the increase in the sub-systems number, the requirements for these indicators will increase too.

3) The values obtained with (8) are always in the [0, 1] interval, as the probability of a random event is
also lies in this interval.

One can see that the initial Reputation value is based on the sub-system’s uptime, as we are considering
the probability of uptime for a certain time t. This is justified by the fact that when the system is required
to work longer, we will obviously impose higher requirements on the agents’ reliability. Let us suppose that
we have a group of agents, each of which with a high probability will not fail for an hour of real time. Then,
we can employ these agents in a system that should run for half an hour. However, these agents are not
enough reliable for a system that needs to run for 6 hours, for example. This fact allows us to clarify the value
of the initial agent’s Reputation of agents, depending on the user and/or application requirements.

2. Empirical Study
2.1. Experimental setup

To verify the proposed reliability-based Reputation calculation approach, we conduct an empirical
study. First, we employ real hardware components of the AV’s models developed for our previous study [6]
to calculate their reliability values. Then, we integrate the developed reliability-based calculus in our inter-
section management simulation environment, and compare the effectiveness with the traditional constant
Reputation value initialization.

Each agent has the following subsystems:

— Computing sub-system, which is a small on-board computer used by the agent for decision-making
and evaluation of the received information.

— The controller sub-system, which is used to provide connectivity between the computing and other
sub-systems.

— The communication sub-system, used by an agent to transmit and receive information from other
group participants.

— The ultrasonic rangefinder (URF) sub-system, which is used to avoid obstacles while driving.

— The vision sub-system (on-board camera), that the agent needs for localization and mapping.

Each of these sub-systems has its reliability indicator, which depends on the probability of failure-free
operation for a given time. Let us assume that the agent should work without failures within 30 minutes.
Such a minor time interval is chosen in the consideration of the widely available and cheap hardware com-
ponents, employed in this study. We assume, that each of the defined sub-system’s depends on a particular
hardware component that corresponding to this sub-system. The employed AV model’s hardware compo-
nents are listed below.

1) Raspberry Pi 3 single-board computer, which serves as the computing sub system. It directly
receives the data from an on-board camera, and from the communication sub-system via Arduino Nano;

2) Arduino Nano is connected to the URF and communication sub-system, and serves as a controller
sub-system;

3) NRF24L01 serves as a communication sub-system. It is connected to Arduino Nano via SPI;

4) URF sub-system is connected to the Arduino Nano digital outputs;

5) RaspiCam is chosen as the AV’s on-board camera, and it serves as the vision sub-system. It is con-
nected with the computing sub-system, which processes the obtained image via OpenCV.

In Fig. 1 connection between hardware components is presented.

For this empirical study, we use two previously developed AV’s models with two single sets of
components, listed above. We ran these two models to drive through the intersections on our testbed [6] for
30 minutes, and monitored their sub-system’s failures. Usually, it is possible to determine quite accurately
that one of the agent’s sub-systems has failed, as, depending on the subsystem, the agent can start to transmit
meaningless data or stops updating information about their actions. According to the obtained results, we

112



Melnikov T.Y., Chuprov S.S., Lazarev E.A. et al. Improving reputation and trust-based approach with reliability indicators

calculated the reliability indicators for both sets, which are presented in Table 1. Based on the 7 and 8, and
assuming that all sub-systems are connected in series, we calculated the new initial Reputation value for two
sets of sub-systems. These values are also presented in Table 1.

=<device>>
Raspi Cam

' Image from camera
Use

v

<<device>>
Raspberry Pi 3

Commands and data to transmit | /\
Use U;;e N
H Data from communication sub-system
A4
<<device=>>
Arduino Nano e Use- -«

Distance to the obstacle

Recieved data
Data to transmit

=<device>>
NRF24L01

<<device>>
Ultrasonic Range Finders

Fig. 1. Hardware connection UML-diagram

Table 1

Reliability values for the studied real hardware components

Hardware component First set Second set
Raspberry Pi 3 0,98 0,95
NRF24L01 0,94 0,90
Arduino Nano 0,82 0,70
Camera 0,97 0,89
Rangefinders 0,94 0,85
Reliability value 0,68 0,45

2.2. Software Simulation Assumptions

Since we have a limited number of AVs models, we leveraged the software simulator for the AVs in-
tersection management system [14]. We used the Reputation values obtained with the hardware components
to initialize agents’ Reputation indicators. Let us assume that about half of the agents in the system have sub-
systems’ reliability indicators higher than 0,5, and the other half have lower than 0,5.

The simulation parameters can be represented as follows.

1) Two groups of experiments were conducted: with the constant Reputation initialization (0,5); and
based on the calculated reliability characteristics.

2) In both experiment groups, there were two sub-groups: for each values calculated based on the studied
hardware set.

3) A group of 20 agents operates in the system. The main objective of the agent is to safely and opti-
mally traverse the intersection. Detailed simulation environment description is provided in [14, 15].

4) 1000 iterations of the simulation are conducted for each sub-group.
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5) Initially agents in the group have different reliability indicators for their sub systems. To avoid
setting the same reliability values for different agents, we took values from Table 1 and randomly distribute
it over the agents. As we studied two hardware sets, we divided our agents into two sub-groups of 10 partici-
pants: with initially more reliable components, and with less reliable ones. The reliability values are initialized
in the range of 0,65 — 0,72 for the first sub-group, and in the range of 0,42 — 0,45 for the second set.

6) Agents’ sub-systems can fail in the operation process with a probability corresponding to the expo-
nential distribution law. The parameter A for a given distribution law is obtained from the reliability indicators
of agent sub-systems. After sub-system fails agent starts transmitting “incorrect” data. Data is considered
“incorrect” when it does not represent the real condition of the agent or surrounding environment,

7) Agents are able to determine when one of their subsystem fails.

8) The assumed uptime for all agent’s subsystems is set to 30 minutes, and every 30 seconds agents
communicate with each other and perform one round of the Reputation values calculation.

9) When agent’s Reputation drops below the 0,3 threshold, they are excluded from the group commu-
nication.

2.3. Results

As an evaluation criteria, we considered the following ones: average time Tayg and its standard devia-
tion o7 of the agents’ operation during the experiment; and the average time required to exclude failed agent
from the group communication Terr avg and its standard deviation ot er. Moreover, to investigate the effect
of reliability-based Reputation indicators affect the operation time of the agents. To address this question,
we calculate the linear correlation coefficient between the time spent by agents in the system and their initial
reputation value ryep. The empirical study results are represented in Table 2.

Table 2
Empirical study results
Initial Reputation calculus Components’ set Tavg, SEC oT, Sec Terr_avg, SEC GT_err, SEC
- First set 1453 387 827 701
Realibility-based Second set 1030 395 602 554
First set 1374 417 787 744
Constant-based (0,5) Second set 1081 431 643 600

In Fig. 2 The relationship between the agent's initial Reputation value and the time of agent's operation
in the system is presented.
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Fig. 2. The relationship between the agent's initial Reputation value and the time of agent's operation in the system
(dots — initial Reputation and time values, orange line — linear regression)

As one can see from the obtained results, the employment of reliability indicators allows to slightly
decrease average time to exclude agents that provide “incorrect” data due to sub-systems failures. The linear
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correlation coefficient between the overall average agent’s operation time (calculated based on both sub-groups),
and initial reliability indicator is rvep = 0,97, which can be interpreted as a strong relationship between the
initial reliability indicators and the agent’s operation time. Moreover, it can be seen that in all cases with
reliability indicators, the standard deviation de creases. This can be interpreted by the fact that all agents are
initially divided into two groups according to the initialized Reputation values. Thus, the spread of values
both for the time spent in the system and for the agent’s exclusion from the group communication decreased.

The results on correlation allows us to say that with reliability indicators it becomes possible to predict
the average time of how long the agent with a specified reliability value will operate in the system. With the
traditional Reputation initialization approach, such prediction is impossible, as there is no objective indica-
tors can be used. In addition, reliability-based approach allows to reduce the time to exclude a failed agent
from the group communication.

Conclusion

In this paper, we proposed to integrate reliability indicators to improve Reputation and Trust-based
approach for AVs intergroup communication. Reputation and Trust models have found its implementation to
enhance security in VANETS. However, these models has a substantial security gap — they rely on retrospective
actions of the agent, and the initial Reputation value are usually set as a constant. In our preliminary research,
we developed various approaches to address this issue [8, 12], but the direct relationships between the “cor-
rectness” of the data produced by the AVs and its hardware components were not considered in those studies.
In this study, we employ reliability indicators to assess the AVs hardware parameters and to use these pa-
rameters to define initial Reputation value. We lever aged terms and models from the reliability theory and
integrated them into the initial Reputation value calculus. Furthermore, to verify the reliability-based
approach, we conducted an empirical study, We employed two real-world AVs models, developed in our
preliminary intersection management research, and used its hardware components to empirically obtain
reliability indicators. Furthermore, we conducted a set of software simulations to investigate the effect of the
developed calculus against tradition Reputation initialization. The results showed that in the reliability-based
approach the initial reliability indicator and the agents operation time are strongly correlated with each other
(0,94). In addition, the approach allowed to decrease the time for exclusion failed agents’ from the intergroup
communication.
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HeiipoHnHbie ceT HaxoIAT aKTUBHOE NMPHMEHEHHE B Pa3HOOOPA3HBIX MHTEIUIEKTYAJIBHBIX CHCTEMax
JUI 3ajiad, pelieHne KOTOPBIX KJIACCUYECKUMHU METOAAaMU SIBJIAETCS TPYJOEMKHUM WM AK€ HEBO3MOXKHBIM.
Cpenu Takux 3amad — oOpabOTKa €CTECTBEHHOTO S3bIKa, KIacCH(pUKalusa M paclo3HaBaHue o0pasoB, mpe-
JUKTUBHBIA aHanmu3 U MHorue apyrue. OJTHUM M3 KIIOYEBBIX HEAOCTATKOB HEMPOHHBIX CETEH SIBISIETCS BBI-
COKasl BBIYMCIUTENbHAS CIOXKHOCTb. OCOOCHHO 3TO XapaKTepHO I aKTMBHO NMPUMEHSEMBIX CBEPTOUHBIX
HEHPOHHBIX ceTell, pa3Mep KOTOPBIX ceifdac JOCTUTraeT COTEH MUJINApI0B MmapaMeTpos [1].

Hist 53¢ deKTHBHOTO NpUMEHEHHsI HEHPOHHBIX CETe B MAJIOMOIIHBIX aBTOHOMHBIX CHCTeMax (Harpu-
Mep, CEHCOPHBIEC CETH, MOOMIIbHBIE CETH) TPeOYIOTCs pa3padoTKa CHEeHaTU3UPOBAHHBIX alllapaTHBIX yCKO-
puTenel 1 TOHKas aJlanTanys IPUMEHAEMBIX alrfOPUTMOB.

CymecTByeT MHOXECTBO pa0bOT Ha TeMy ONTHMHU3AIMK allllapaTHOTO M aJTOPUTMUYECKOro odecreye-
HUS CHCTEM MalIMHHOTO OOy4YEeHHMs Il MAJTOMOIIHBIX YCTPOWCTB. B KauecTBe pa3BUTHsI anmapaTHOro odec-
MeYeHns] OOBIYHO MPEJIaraeTcsl 3aMeHa MOIIHBIX, HO DHEPro3aTpaTHhIX rpauyecKux MpoLeccopoB Ha Ooiee
a¢dextuBabiec FPGA u ASIC [2-5]. [Ipu 3TOM OCyIIECTBIsAETCS aganTanus alrOPUTMOB MO 0COOCHHOCTH
KOHKPETHOM apXUTEKTYphl Il 3¢ PEKTUBHOTO MCIOIb30BaHMUS BEIYUCIUTEIBHBIX PECYPCOB. 3a4acTyIO TaKkKe
MIPOU3BOIUTCS KOMIIPOMUCCHOE YXY/IIEHHE HEKOTOPBIX XaPAKTEPUCTUK MCXOJHOW MOJENHU ISl YMEHbBIICHUS
BBIYHCIUTENBHOU cinokHOCTH. K mpumepy, B [6, 7] mpeniaraeTcsi mepexoa K YUciIaM MEHBIIEH TOYHOCTH,
a B [8, 9] — monHas OGuHapu3aus curHainos. B padore [10] paccmaTpuBaeTcs yMEHbBIIEHUE CIIOKHOCTHA CETH
yepe3 yCTpaHEHUE YacTH BHYTPEHHUX CBSI3EH — pa3psyKeHUE CETH.

Hannast paboTa NOCBSILEHa aCHEKTaM IIOCTPOEHHSI NIEPECTParBAEMBbIX YCKOPHUTENICH ISl peaan3anuu
HEHPOHHBIX CEeTe Ha OCHOBE KOHLEMIMH MEPECTParBAEMBbIX BBIYHMCIUTENbHBIX cpel. [JaHHbIH moaxon ot-
KpBIBa€T HOBBIE BO3MOXKHOCTH JUISl peaiM3allii HEHPOCETEBIX allTOPUTMOB, B TOM YHCJIE C TOYKU 3PEHUS
MOBBIILIEHUS KaYECTBEHHBIX XapaKTepuUcTUK. OMHUM M3 KJIIOUYEBBIX BOIIPOCOB INPOECKTUPOBAHUS YCKOPUTEIS
Ha TepecTpamBaeMbIX cCpelax SBIsieTcs peanm3anusi (yHKIHMA aKTUBAIlMM HeHpoHOB. B manHOW pabote
MIPEIUIOKEH BapHaHT peasd3alliy Ha MEePecTPauBacMbIX BBIYMCIMTENIBHBIX Cpelax ONHOM M3 Haubonee mo-
MyJSIPHBIX QYHKIMNA aKTUBALUK — CHTMOHMTHOH.

1. /lunaMu4vecKkH nepecTpanBaeMble YCKOPUTEIU HelipOHHBIX ceTeil

HckyccTBeHHBIC HEMPOHHBIE CETH MPEJCTABISIOT COOON MAaTEMATHYECKYIO MOJICNb BHIYHCITUTELHON
CHCTEMbI, UMHTHPYIOIICH CTPYKTYpYy ¥ 0a30Bble MPUHIIMITBI (QYHKITUOHUPOBAHUS OHOIOTMYECKUX HEHPOHHBIX
ceteil. B kiaccuyeckoit apXuTeKType HCKYCCTBEHHOM CETH HEMPOHBI PACIIPENIeNICHBI B HECKOJIBKO ClloeB (puc. 1).
Kax/iplif HeWpOH BBIMOJHSIET MPOCTYI0 QYHKIMIO: CYMMHUPYET 3HAYCHHUST HA BCEX CBOMX BXOJaX, T0OABJISCT
K HUM COOCTBEHHOE 3HAUCHUE CMEIICHUSI U MPUMEHSIET K pe3yJIbTaTy 33JaHHy0 (QYHKIUIO aKTHBAIMH (pHC. 2).
[Tomy4yeHHBINH pe3yNbTaT MEepeaacTCsl HEMpOHaM CICAYIOIIETO CII0s, YMHOXKasICh Ha Bec cBsizu [11].
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Puc. 1. [lonHOCBsI3HAsA CeTh NMPSIMOTO PACHIPOCTPAHEHUS C ABYMsI CKPBITHIMHU CIIOSMU
Fig. 1. A fully connected direct distribution network with two hidden layers
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Puc. 2. CTpykTypa HCKYCCTBEHHOTO HEHpOHA C TpeMs BXOJaMHU
Fig. 2. The structure of an artificial neuron with three inputs

OyHKIMS aKTUBALUU HEHpPOHA — HENMHEIHAs (QYHKIMS OJHOIO apryMEHTa, KOTOpas IPUBOJUT B3Be-
LICHHYI0 CYMMY BXOJIOB HEHPOHa K HEKOTOPOMY pacmpezeneHnio. Ha npakTike mpUMEHSIOTCS pa3iuuHbIe
(YHKLNY aKTHBAIlMM B 3aBUCMOCTHU OT Ha3HAYCHUS CJIOS U peIlaeMoil ceThio 3a1aun. B 3amavax knaccudu-
Kallud B HEMPOHAX CKPBITHIX CIIOEB 3a4acTyI0 HMCIONB3yeTcs GyHKmusa akTuBanuu RelL U, a Ha BBIXOZHOM
ciioe — curMouaHas QyHKUUSA. DTO MO3BOJISAET MOITYYUTh HA BBIXOJE CETH PE3YJIBTAT B BHIE BEPOSTHOCTH
MIPUHAAJICKHOCTH O0bEKTa LEJIEBOMY Kiaccy. Vcronp30BaHue B CUTMOUIHON (QYHKIMH ONEpaLUid JeIeHUs
U BO3BEACHUS B MPOU3BOJIbHYIO CTEIICHb YCIIOKHSET €€ pealu3alfio, B CBSI3U C YeM IPUMEHSIOTCS Pasiind-
HBIE CIIOCOOBI ajanTanuy U yrpoinerns. B nanHoi paborte curmongHas ¢yHKIms OyneT 3aMeHeHa ee Ky-
COYHO-JIMHEWHOHN anmnpoKCUMALIUEH.

Breapenne riayO0oKkux HEMPOHHBIX CETE€l B pealibHbIE CUCTEMBI NPUBOIUT K HEOOXOOUMOCTH IpUME-
HEHMS CHELHANBHBIX BBIYUCIUTENBHBIX YCTPOICTB. bombiioe KOJINYECTBO OJHOTHIIHBIX BBIYMCICHUH Jaske
Ha COBPEMEHHBIX LIEHTPAIbHBIX MPOLECCOpax TpeOyeT 3HaUUTEIbHBIX 3aTpaT BPEMEHH U 3Hepruu. B mocnen-
HHUE rofibl HAbUpaeT MOIMYJIAPHOCTh UCIIOJIb30BaHUE TMOPHIHBIX CHUCTEM, I'Zle IPUMEHSIOTCS OJHOBPEMEHHO
LEHTPaJIbHBIN MPOILIECCOP U CIEeNHUATM3UPOBAHHBIN MOJ 3a7adyd MAIIUHHOTO 00y4eHwus corporieccop [12].
bnaronaps pacnpeneneHuio 3a1a4 MeXAy LEHTPaIbHBIM IPOLECCOPOM M CONPOLIECCOPOM TaKHE CHCTEMBI
JOCTaTOYHO 3(PPEKTUBHO CHPABIIOTCSA C IIUPOKUM KiaccoM 3agad. Ho mpu sToMm coxpansiercs: mpodiema
Y3KOM HaIpaBJIEHHOCTH conpoueccopoB. OIHUM U3 CIOCOOOB YCTPaHEHUs TAKOTO OTPAHUUYCHHMS SBIISETCS
MPUMEHEHUE TUHAMUYECKH IIePECTPAUBACMBbIX aNMapaTHbIX YCKOPUTEICH.

OTaMInTENHHON 0COOEHHOCTHIO JUHAMUYECKH MEPECTPaNBaEMbIX YCKOPUTENIEH SBIAETCS CIIOCOOHOCTh
MEHSATh BHYTPEHHIOIO CTPYKTYPY B Mipoliecce QYHKIIMOHUPOBAHHMS JIJIsl U3MEHEHHS PeaIM3yeMOi MOJICTH CETH.
WNHpiMu crioBaMU, OJTHO U TO Y€ BBIYMCIUTEIHHOE YCTPOICTBO B pa3Hble MOMEHTHI BPEMEHH MOXKET peau-
30BbIBaTh HEHPOHHBIE CETH MPUHLIUITHAIEHO PA3HBIX APXUTEKTYP. DTO JAAaeT CIEAYIONINe IPEUMYIIecTBa:

— CIIOCOOHOCTH MCIIOJIB30BAaTh pa3Hble apXUTEKTYpPhl HEHPOHHBIX ceTell 0e3 M3MEHEHHUs anmnapaTHOH
0a3er;

— MOAJEPIKKY Pa3IMYHBIX MOJIEICH CeTH JUIsl Pa3IMYHbIX PeKUMOB (QYHKIMOHUPOBAHUS (K pUMEpY,
MCIIOJIb30BAHKE B PEKUME OXKHIAHUS MCHEE TOYHOM, HO SKOHOMHOM MOJIENN);

— TOJIEPKKY YAAJIEHHONW HACTPONKH W MOAM(MDHUKAINN PEANH3yEMBIX alTOPUTMOB, YTO MOXKET OBITh
OYeHb TI0JE3HO, KOTJa OTCYTCTBYET anmpuopHas uHpopManus, HeoOXxonuMas AJsl MOATOTOBKH LIEIEBOH MO-
JIENT CeTH, WIIN KOTJa YCIOBUS (PYHKIIMOHNPOBAHHS N3MEHUYNBHL;

— BO3MOKHOCTb BOCCTaHOBJIEHUSI pabOTOCIIOCOOHOCTH YCTPOMCTBA IOCPEICTBOM H3MEHEHHs CTPYK-
TYpbI BBIYHCIUTENS U TIepepacipeesieHus BRIYUCICHUA 0 HEMOBPEXKIEHHBIM yJacTKaM.

Ha nannbIit MOMEHT pa3palaThIBalOTCA pa3IUYHbIE TTOAXOAbI K MIOCTPOCHUIO TIEPECTPAUBAEMBIX YCKO-
puteneii. B [13] mpeqmaraercsa nepapxudeckasi «MHOTOTPAHYJIbHAS» apXUTEKTypa Ha OCHOBE pa3JesIeMOit
neiiponnoii ceru (Bisection Neural Network), momyckarorasi HeckoJIbKO ypoBHEH HacTpoiiku. Padota [14]
[Ipe/ularaeT peaqu3aluio NepecTpauBaeMOCTH ITOCPEICTBOM BbIIEIEHUSI HEKOTOPOIo KOJIMUYECTBA peKOHDU-
TYPHUPYEMBIX HEHPOHOB, KOTOPBIE MOTYT CBOOOJHO TepepaclpenesiThCs MEXIY CKPBITHIMU CIOSMHU CETH.
B nanHo# pabote aBTOpamu mpezyiaraeTcst ocTpoeHHe TUHAMHYECKH TIepecTpanBaeMbIX YCKOPHTENeH Ha oc-
HOBE KOHLICIIIUY IIEPECTPauBaEMbIX BBIYUCIUTEIIBHBIX CPE.
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2. IlepecTpanBaemMble BHIYUCIUTETbHbIE CPeAbI

[lepectpauBaemble BbruncnutensHble cpepl (IIBC) — matemarnyeckass Mojenb IIMPOKOIO Kiacca
BBIYUCITUTEIBHBIX YCTPOMCTB, OCHOBAaHHBIX Ha HJEe OPraHW30BAaHHOTO COBMECTHOTO (YHKIHOHHPOBAaHUS
0OJBIIOT0 KOJMYECTBA OAHOTUIIHBIX, OTHOCUTEIFHO MPOCTHIX BBIYMCIUTENBHBIX 3JieMeHToB (BD), pacnono-
KEHHBIX B BUJIE€ PETYJSIPHOM PEIEeTKH U MOMAPHO COEANHEHHBIX C COCEAHUMHU BBIYMCIUTENBHBIMU 3JIEMEH-
tamu [15, 16]. Kaxnaprit BD MoxkeT ObITh HE3aBUCHMO HACTPOCH MPH MOMOIIY BHEIIHETO YIPABIISIOIICTO
CUTHaJla Ha OJHY OTEpaluio U3 HEKOTOPOro MpenonpeaesieHHoro 6asuca. OpraHn3oBaHHOE (PYHKIIMOHHPO-
BaHHE OOJIBIIOTO KOJMYECTBA BHIUMCIUTEINCH O3BOJISET pealn30BaTh HA CPEE CIOKHBIE alTOPUTMBI 00pa-
00oTkHu. TakuM 00pa3oM, BEIYMCIUTENBHBIE BO3SMOXXHOCTH MIEPECTPAaUBACMON Cpeibl OTPaHUUMBAIOTCS KOJH-
YEeCTBOM DJIEMEHTOB U 3aJaHHBIM 0a3MCcOM OIepanuii.

B ob6mem ciayuae [IBC moxkeT numeTs BO mpon3BoiabHOM GOPMEI B OBITH OJJHO-, IBYX- U TPEXMEPHO.
B nanHoii pabore OyayT paccMaTpHBaThCsl IByMEpHBIE CpeAbl ¢ KBaapaTHeiMu BD. Takum oOpazom, Kax-
IBIA HeTpaHUYHBIA BD OyneT coennHeH ¢ YeThIpbMS COCETHIMH diieMeHTamu (puc. 3).
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Puc. 3. IlepectpanBaemast BEIUUCIUTENbHAs Cpea
Fig. 3. Reconfigurable computing environment

OnHOI U3 BaKHBIX 33/1a4 NIPH IPOCKTUPOBAHNH YCKOPHUTEJICH SBIIAETCS YMEHBILICHUE JBIKECHHS JaHHbBIX
BHYTPH CHCTEMBI B CBSI3U C CHJIBHBIM BIIMSTHHEM Ha OBICTPOJEHCTBUE W SHepronoTpedienue. B nensx cHu-
KEHUSI IOTOKA TAHHBIX UX CTapatoTcs 3(Q(PEeKTUBHO MEPENCIIONb30BaTh. BRIIEISIOT YeThIpe OCHOBHBIE CTpa-
TErnu NEePercIoNb30BaHuUs TaHHBIX: (PUKCALUS BECOB, BXOJ0B, BBIX00B U cTpoK [17]. IIpu ¢pukcaunn Beco
Kaxaplii BD XpaHuT coOCTBEHHOE 3HAYEHUE BECA U UCIONB3YET €ro Ul KaXXI0ro MOCTYIAIOMIEr0 BXOIHOTO
curHana. Oukcanysi BXOA0B NOJAPa3yMeBaeT, YTO Kaxkablii BD XpaHuT ¢parMeHT BXOAHOTO CUrHaja, a 3Ha-
YEeHHE BECOB IOCTYMAET Ha BXOJ dyieMeHTa. /i (puKcanny BBIXOJOB XapaKTEpHO IMOLIArOBOE HAKOIUIEHHUE
B Kax10M BD ero npoMexyTOUYHBIX pe3ysbTaToB (IOIyCyMM) JI0 TOMyYeHHUs] KOHEUYHOTO pe3ynbTara. B ycko-
putessix ¢ pukcanuen CTpok Kaxaplii B XpaHUT CTpOKY JaHHBIX M 3HaYCHUE Beca U MOCIIeI0BATEIbHO pac-
CUMTBIBAET HECKOJBKO NMPOMEXKYTOUHBIX PE3YyJIbTaTOB MOCPEICTBOM YMHOKEHHS BEKTOPOB B IJIABAIOLIEM
okHe [18]. [lpennaraemas HaMu MOJIENb YCKOPHUTEIS UCIIOIb3YET THOPHIHYIO CTPATETHIO MIEPEHCIIONB30BAHUS
(taba. 1). Ilpu 06paboTKe BXOJHOrO curHajia OOJBIIOro pa3Mepa UCIOoJb3yeTcs (PuKcanus BECOB, a B OCTallb-
HBIX CLIEHApUsIX MEPEeUcCIiONb30BaHne HE HCHOjb3yeTcsa. OTCyTCTBHE MEPEUCIONb30BaHUS KOMIICHCUPYETCS
3aMBbIKaHHEM BCEX BBIYMCIICHWH BHYTPH Cpellbl M KOHBeHepu3auueil. biarogapst ToMmy, 4To BCe BBIYHMCICHUS
OCYIIECTBIISIFOTCS. BHYTPH CPEIbl, OTCYTCTBYeT HEOOXOIMMOCTh BBOJIa / BBIBOJIA MPOMEKYTOUHBIX PE3yJIbTa-
TOB, YCTPaHSIOTCS HaKJIagHbIE PACXOAbl HAa OOpalleHne K BHEUTHEH TaMsATH U IPYTUM MOAYJISIM.
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Ta6bnuma 1

CpaBHeHHe aDXUTEKTYP YCKOpPHUTe/Ieil HA 0CHOBE OIHOPOHBIX Cpel

XapakTepucTika

TPU systolic array [19]

Eyeriss [18]

[Ipennoxennas monenb

BeraucnuTeapHbIN 2I€MEHT

8-6uroBbii MAC

16-6uroBsnit MAC ¢ MomymsiMu
HaMSTH ¥ HaKOIUIEHHEM IIPO-

16-0MTOBBII 3JIEMEHT
C OJIEPKKOM 7 aTOMapHBIX

MEXYTOUHBIX Pe3yJIbTaTOB orepanui
ITamsite BD Her 448KB SRAM + 72KB Reg 21 6ur
Pazmep BO OdeHb Mabli Kpynusrii Cpennuit

KonngecTBo BeIUKCIUTED- O4eHb MHOTO: Maro: MHoro,
HBIX 3JIEMEHTOB 256 x 256 = 65 536 12 x 14 =168 3aBHCHUT OT 332491
[lepectpauBaemocts BO Her Her Jda

3amaya OAHOPOIHOM Cpeabl

MatpuyHoe yMHOXKEHHE

Matpru4yHoe yMHOXEHHE

TToHBIN IIUKIT BEIYUCIIEHUI

Crparerus nepeucnonb3o-
BaHUS JAHHBIX

®dukcanys BeCOB

dukcanus CTpok

I'nbpunHas (pukcamus Becos MO0
OTCYTCTBHE NEPEHUCIIOIb30BAHUS)

Mecto xpaHeHus mpome-
XKYTOUYHBIX PE3yIbTaTOB

Bydep

Bydep

BO

TlocTobOpaboTka (akTHBa-
s, CyOTUCKPETU3AIINA)

OTaenbHbI 010K

OTnenbHbI 010K

Buytpu cpenst

B oTnmume oT HEKOTOPHIX anmbTepHATHBHBIX perreHuit [13, 18], mpemmaraemas HaMH apXUTEKTypa

YCKOPUTENS OCHOBAaHA HA MPHHIIMIIE MPENEIbHON aTOMapHOCTH BBIYMCIUTEIBHBIX JIEMEHTOB. DTO O3HAYaeT,
gyro BD mMeroT mpocToe cTpoeHue, a 6a3uc ornepanyii BKIF0YaeT MUHIMAIIEHO HEOOXOIUMOE YUCIIO OTIEPAITHi.
3T0 MO3BOJIsET 1OOUTHCS BHICOKOH CTENEHH T'MOKOCTU CPEbl U JOIMYCKAaeT TOHKYIO HACTPOMKY MapaMeTpoB
peanu3yeMol MoJenu. AHaJIN3 KIACCUYECKUX CETeH MPSMOTrO PaclpOCTPaHEHHs MO3BOJMI BBIACIUTDH Clie-
Oylolmuid 0a3uc omepaluil: «MCTOYHUK CHUTHAla», «Iepefada CUrHajla», «yYMHOXKEHHE C HAKOILJICHUEM),
«ReLUy, «curmongay [20]. C ux TOMOIIBIO KaXKIBI HEHPOH CETH MOXKET OBITh MPEJICTABIICH B BUE IIEMOYKH
n3 Heckonmbkux BO (puc. 4) [21]. [InnHa niemodky onpenenseT KOIMIeCTBO BXOAOB, YTO TTO3BOIISIET CO31aBaTh

HelipoH mo6oi koHurypaunu. Paspaborannas moaens BO onepupyer 16-OuTHbIME unciaMu ¢ GUKCHPO-
BaHHOM 3aIATOM.

w1 @—>
x1 @—>

W2 @——>
X2 @—>

w3 @—>»
X3 @——>

b @

b [?G) %G) %G) f
X1 X2 x3

Puc. 4. Peanuzauus HeiipoHa Ha BBIYMCIUTEIBHBIX JJIEMEHTAX CPEbI
Fig. 4. Implementation of a neuron on computational elements of the environment

st mopaep:kaHus pean3anny ryOOKUX HEHPOHHBIX CeTel 1 o0ecrieueHus] KOHBeHepHoil 00paboTKn
B pa3padaThIBa€MYIO BBIUMCIUTEIBHYIO CPEIy 3aJI0KEH MEXaHW3M MHOTOTAKTHOW 00pabOTKM CUrHaja Io-
CPEICTBOM BHYTPEHHEro 3auukinBanus [22]. OH 3akiitodaeTcs B pa30OMEHUN Cpeibl HA HECKOJIBKO CETMEHTOB,
KaKIBI U3 KOTOPBIX peau3yeT OJUH M3 cl0eB ceTd. CUrHal, NepeMeIasch 0 CErMEHTY, HE TOJIBKO Mpo-
XOAUT HEOOXOaUMYI0 00paboTKy, HO M pa3BOpauMBAcTCsl B HANpPaBJICHUH CIEAYIOIIEro cerMeHra (puc. 5).
[lo mepe ABMW)XKEHHUS CUTHAla CETMEHTHI AMHAMUYECKH NEPECTPAUBAIOTCS Ha PEaM3ALMI0 MOCIEAYOLINX
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cioeB ceTu. Takas apXUTEKTypa TO3BOJISET Pean30BaTh HAa CPEC CETh MPOU3BOILHON TITyOHHBI. CBs3aHHBIC
C MHOTOTaKTHOM 00pa0O0TKOM MOTEpH MPOU3BOAUTEIBHOCTH MOTYT OBITh YACTUYHO YCTPAHEHBI TP MTOMOIIU
KOHBeHepu3anuu. J[7s 4eThIpeXyTrobHON CPe/ibl C YETHIPhMsI CETMEHTaMH MOYHO Ha KaXJIOM TaKTe Iepe-
CTpauBaTh OJIUH CETMEHT, a Ha TPEX JPYTUX MPOU3BOJIUTH 00PAOOTKY TPEX CMEIIEHHBIX JAPYT OTHOCHTEIBHO
JpyTra Ha OJIMH TaKT BXOJHBIX CHTHAJIOB. Peann3aiys MHOTOTaKTHON 00paboTku TpeOyeT 100aBiIeHus B Oa3uc
oreparyu «QpUKcaIys» s XpaHeHHUs MPOMEKYTOUYHOTO pe3ybTara MEXIy cerMeHTaMu cpeibl. DyHKIus
MOBOpOTa curnana Ha 90° 3amokeHa B ONEPALNI0 «YMHOXKEHHUE C HAKOIUICHHUEM).

out1 out2
A A

in1

in2

in3

> - » o » < e
>

input 1st hidden layer 2nd hidden layer  output

-
<

b31b32

Puc. 5. Peanu3anns MHOTOTakTHOW 00pabOTKH CHTHAJa Ha CETMEHTHPOBAHHOH cpere
Fig. 5. Implementation of multi-step signal processing in a segmented environment

Jpyrum HenoCTaTKOM MHOTIOTAKTHOW peayIM3aluy SIBJISETCS OIPAHUYEHUE MAKCHMAJIBHO IOJIEPIKU-
BaeMOT0 pa3Mepa CJIOsl B CBSI3M C CErMEHTHPOBaHHEM cpeflbl. [ pemenns 3Toil mpodiieMbl MOXKET OBITH
WCTIONIB30BaH ENbHBIN pekuM (QYHKIIMOHUPOBAHUS, KOT/A JUIS pealli3aldd CIIOSl CETH HMCIOJIb3YyeTCs BCS
TUIOIAAb cpenbl. JlaHHbI pexuM TpeOyeT MPUMEHEHHS JTOTIOJIHUTEIbHOM BHENIHEH (OTHOCUTEIHHO CPEIbl)
MaMsATH U KOHTpOJIJIepa MapHIpyTHU3allii BXOAHOTO cUrHana (puc. 6).

-
signal ]
—> C P Layer N

Puc. 6. CTpyKkTypa yCKOpHUTENIs B pexxuMe 6e3 CerMeHTUPOBAHUS
Fig. 6. Accelerator structure in non-segmentation mode

Bpemennast cuMynsiiiusi HEHPOHOB, BBITIONHEHHBIX COTJIACHO OOO3HAYCHHBIM IPHUHIIMIIAM, TTOKa3alia
MpUeMJIEMbIE PE3YJIbTaThl BpeMeHHOW cumysinid. OHaKO OJHAa W3 0a30BBIX ONEpaIUii — CUTMOWIHAS
(yHKIHS aKTHBAIMKM — B M3HAYAIBHOM BUJC SBIISETCS 3HAYUTEIHHO 0O0Jiee TPYIOEMKOW, YTO MPUBOJMUT K
0O0JIBIIION IJIOIIAIN KAXKIOTO BEIYMCIUTEIBLHOIO JJIEMEHTA U X HU3KOMY OBICTPOACHCTBUIO.
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Puc. 7. CurmounaHas QpyHKUNS aKTUBALUU
Fig. 7. Sigmoid activation function

I'paduk 1 MaTeMaTHvecKkoe BBIPAKEHHE CUTMOUIIBI (€€ TaKyKe HA3bIBAIOT JIOTHCTUUECKOW (YHKIUEH)
npuBeneHbl Ha puc. 7. [IpumeHeHne npemsiokeHHOW B [23] KyCOYHO-TMHEHHOM anmmpoKCUMAaIM OTYacTH
pelnraet npooyieMy, HO OIepanus Mo-MPeKHEMY OCTAaeTCsl CaMOM TPYI0eMKOW BO Bceit monenu BD. B cBszu
C 9THM B JIaHHOHU paboTe paccMaTpuBaeTCs pacnpeaeieHHas pealn3amnns CAIrMOUIBI Ha OJTHOPOJHBIX CpeiaXx.

3. PacnipenesieHHasi peaju3auus CATMOMIHON GyHKIIUM aKTHUBAIIUA

Pacnipenenennast peanuzaius onupaeTcs Ha BO3MOXKHOCTh HE3aBUCUMOI'O pacueTa 3HAUCHUM Ha pas-
HBIX MHTEpBaJaX anmpoKCUMAIIUU. ITO MO3BOJIAET PACIPEICTUTh BEIUUCICHUS HHTEPBAIOB MEXKAY Pa3HBIMU
BBIYUCIUTEILHBIMHU 3JIEMEHTaMU. BJIOK BBIYHCIUTENBHBIX AJIEMEHTOB CPEMIbl, COOTBETCTBYIOIIHI pacipene-
JIGHHOH peaan3aliy CUTMOU/IBI, IPEACTABJICH Ha pHC. 8.

input gate_key output

>
-- >

for input =5 .
. T

1

. 1
provides value { ' —Gate— U

, :

1

b1 O—P:MAC—-P:Gate — U

' 1
X% ox x|
1
1

1
b9 —>MAC—>Gate — U

———
——

b2 —MAC—>Gate — U

T

b1 —MAC—>Gate—> U

“ 1
it
limits gates' input { !

computes values
for each subrange A
from -6 to 5

1
to max value 5 5 1 MIN U 0
' 1
1
input :;:Xé apply same value to
fractional part of gate
inputs

Puc. 8. Pacnipenenénnas peanusanusi CMTMOU/IbI
Fig. 8. Distributed implementation of sigmoid

Jlist HarJsTHOCTH MCTIONb3yeTes 1BeToBast AuddepeHuanus onepamuii: 3eIeHblH — «ICTOYHHUK CHUT-
Haa», KpaCHbIﬁ — «KMUHUMYM JIBYX YUCEID», JKEIITBIA — «YMHOXCHUE C HAKOIIJICHUEM» (HepBBIﬁ MHOXUTCIIb
IIOCTYIIa€T HAa HWKHUI BXOJ DJIEMEHTA, BTOPOM XPAHUTCS BO BHYTPEHHEH NaMATH AJIEMEHTA, aKKyMYJIUpPYy-
OIIee 3HAYCHUE MTOCTYIIACT Ha JICBBIA BXOM), CHHHI — «3aTBOP», (PHOJICTOBBIN — «00beanHeHHE». Kak BUIHO,

123



Hupopmamura u npoepammuposanue | Informatics and programming

JUTSL PeaTU3aIuyl Paclpeie]ICHHON CUTMOUIBI ObUI0 HEOOXOAMMO BBECTH B 0a3MC HECKOJILKO HOBBIX OIEpa-
N — K(MUHUMYM», «3aTBOP» U «o0beauHeHue». Ha JaHHBII MOMEHT 3TH OIEpaIlMU HCIIOJIB3YIOTCS TOJIBKO
JUISE CUTMOMJIbI, HO OHU MOTYT OBITh IEPEHCIIONB30BaHbI I peaU3aluy APYTuX (QYHKIUN, MO3TOMY HX
BBEJICHUE B 0a3uC orepanui 1enecoodpasHo.

Oneparust «3aTBOP» UCIOJIB3YETCS JIJIsl OTPaHUUYCHUs PaCIPOCTPAaHEHUS CUTHANA B 3aBUCUMOCTH OT
MOCTYMAOIIET0 Ha BXO-KIIOY 3HA4YCHUs. Ha mpencTaBiIeHHON cxeMe BXOJ-KIIOY PACIOJIOXKEH Ha HUKHEU
IPaHu 3JEMEHTa, & YIPABIISEMbI CUTHAN TIOCTYIAST HA JICBBIA BXO. 3aTBOP CpPAaBHUBAET MOCTYMAIOIICE HA
BXOJI 3HAYCHHE KIII0YA U, €CIIM OH COBITAJIACT C 3AJI0’KCHHBIM BO BHYTPCHHIOIO MAMSATh 3JICMCHTA 3HAUCHUEM,
MPOITyCKaeT BXOJHOM curHai uepe3 ceOs (cieBa HampaBo). B mpoTHBHOM cilyuae Ha BBIXOJIC 3JIEMEHTa
(cipaBa) OynmeT 16-OuTHBIN HOMb. 3HAUYCHUE KIIFOYA TIEPEIacTCs BBEPX IPYTHM AJIEMEHTaM-3aTBOpaM He3a-
BHCHMO OT CpadaThIBaHUs TEKYIIETo 3aTBopa. TakuM o0pa3oM, y BceX 3aTBOPOB, UCH BHYTPEHHHI mapameTp
HE COBIIAJacT CO MOCTYIAIIINM 3HAUCHHUEM KITFOUa, BBIXO]] OyIEeT paBeH HYJIIO.

Kak ObU10 TIOKa3aHO paHee, MPH CPABHEHWH BXOJHOTO CHUTHAJIA C y3JIaMHU alllPOKCUMAIIUU HAC MHTE-
pecyeT TONBKO IieNas 4acTh 4rcia. B TO ke Bpems omepanus «3aTBOpP» OCYIIECTBISET CpaBHEHHE KITI0Ya
LETUKOM. JTO HEOOXOIUMO IS MEPEUCIIONb30BaHMs ONEpalliy B APYTUX 3a]adax, A€ CPAaBHEHHS TOJIBKO
[IEJION YacTH Yrciia MOXKET ObITh HeoCTaTOUHO. [l pa3pemieHust 3TOr0 MPOTHBOPEYHS UCTIONB3yeTCS HUXK-
HsIS TIapa BBRIYHCIUTENHHBIX 31eMeHTOB «key shifty u «oOweamaenney. OHM OCYIIECTBIAIOT JOTOJHUATENb-
HOE CMeIlleHHe 3HAa4YeHHs KJIF04a — Bce OWTHI poOHOHN yacTw (Mianamive 8 OWUT KITF04a) YCTaHABIWBAIOTCS
PaBHBIMH €WHUIIE.

Oneparust 00beqUHEHNS 3aKIt0YaeTcs B mpuMeHeHnr nooutoBoro MJIM k BxoguasiM curHanmaMm. OHa
MTO3BOIISIET OOBEIUHAUTH MPOMEKYTOYHbIE PE3ybTaThl, OJYYCHHbIE HAa Pa3HBIX WHTEPBaJlaX ampOKCHMa-
uu (BBIXOJHBIC 3HAYEHHSI 3JIEMEHTOB-3aTBOPOB), B KOHEUHBIN pe3ynbTar. Tarke omeparusi UCHOIb3yeTCs
JUTSL OCYIIIECTBIICHUS CIIBUTA KITFOYA.

MUHUMYM HCITONB3YETCS ISl OTPaHIUYSHISI MAaKCUMAIILHOTO 3HAYECHUS Kifoda. B mpuHsATOM anropur-
M€ anmnpOKCUMAIIMH BCEM 3HAYCHUSM apryMeHTa CBBIINIE 5 COOTBETCTBYeT 3HaueHHe QyHkumu 1. [Tostomy
MHO’KECTBO TIPOBEPOK Y3JIOB OT 5 70 127 MOXXHO 3aMEHHTH OTpaHWYEHHEM KITF0Ya 3HAaYSHHEeM 5 U OJTHUM
CpaBHEHHUEM C 3TUM 3HaueHueM. /{151 3HaueHuit ot —128 10 —5 1ONOJHUTENBHOM JOTUKU HE PEAYCMOTPEHO,
TaK KaK Ha TOM JHara3oHe 3HaueHne (QyHKIUN paBHO 0, YTO COOTBETCTBYET HAXOXJIECHUIO BCEX 3aTBOPOB
B 3aKPBITOM COCTOSIHHU.

Takum oOpa3zom, Ha peanH3alHi0 PACIpPENeIeHHON CUTMOUIbI TpeOyeTcs 48 BBIYUCIUTENHHBIX DIle-
MEHTOB.

4. Cumyasinust pa3padoTaHHBIX MOeJIeil

J7st cpaBHEHUSI NPEIUIOKEHHON peann3aiii CHrMOUIHON QyHKIMY Oblia pa3paboTaHa MOJIEb BHIYUCIIH-
TEJILHOTO 2JIEMEHTa Ha si3bIKe omnucaHus ammaparypsl Verilog. Paspaborannbiii Verilog-mMonysib BKIIOYaeT
BECh OMHCaHHBIN 0a3uc omeparwii BD. O1ieHMBaINCh IBE XapaKTePUCTUKH MPEAIOKEHHBIX MOTYJIEH — pa3mep
Ha cpejie (B IorHYecKuXx eMenTax, JID) u OvicTpoaeiicteue. [TonydeHHbIe pe3yabTaThl MPUBEICHBI B Ta0M. 2.

Tab6nuuma 2
Pe3ysibTaThl IKCIIEPUMEHTOB
. Pasmep HauGounbmas AGc. omubka AGc ommbka
Peanu3zanus [Tonueit pazmep, JID .
saeiikm, JID 3a/IepXKKa, HC CpeHsIst Makc.
PacripesieneHHas 13175 296 18,5 4e3 le?

Jiist ouieHKH pa3mepa ObLT OCYILIECTBIEH CHHTE3 MoAyns B cpeae Quartus Prime (Bepcus 20.1.0, coop-
ka 711 ot 06.05.2020 SJ Edition) nnst ycrpoiictBa Cyclone V SCGXFCIE7F35C8. B Hactpoiikax cuHTe3a
OTKIIFOUEHO Hcnojb3oBanue DSP 610koB. J{i1st 3aMThl BceX BHYTPEHHUX MMOJMOJTYJICH OT yIaleHus B Mpo-
1ecce ONTUMHM3AIMK TpUMeHsach Verilog-nupekrusa synthesis keep.

Junst ananu3a OBICTPOJICHCTBUS MCIIONB30BAJICS BCTPOCHHBIM B cpefy Quartus mHcTpyMeHT Timing
Analyzer cootBercTBYMOIIEH Bepcun. Cumysaius npoucxoauina B pexkume Fast 1000mV 0C mocpeactom
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oTpeieNICHHs] HanOOoIbIIeH 3aIePIKKH MEX /Ty BXOJIOM H BBIXOJIOM HccaeayeMoro Moayis. O6a Moaysst ObLTd
MPEIBAPUTEILHO CKOH(PHUTYPUPOBAHBI, T.€. BPeMsI MIEPEHACTPONKH siYSEK HE BKIIOYCHO B PE3YyJIbTAThl U3ME-
peHus.

[TockoabKy B CTPYKTYpEe OJHOPOIHBIX CPEJNl CYIIECTBYIOT JBYCTOPOHHHE CBSI3H MEXIY COCETHHUMU
3JICMEHTaMH, TIPU BPEMEHHOW CHUMYJISIIIMUA PACIpeNIeICHHON peanu3anuu Timing Analyzer oOHapyxuBaer
MeTJIM KOMOMHAITMOHHOM JIOTUKU. J[71s1 yCTpaHeHUs 3TOH MpoOJIeMbl HA MOMEHT U3MEPECHUS OBICTPOACHCTBUS
pacnpezieieHHON pealn3aluy ObUTH OTKITFOUCHBI HEUCIIONIBb3YEMbIC COCTUHEHHSI MEX Ty OTACIbHBIMU BD.

N3mepenune ommOKy anmpoKCUMAIMK OCYIIECTBIIIOCH ITPH OMOIIM TECTOBOTO mpriioxkenus. [Ipuo-
JKEeHHE OepeT CIIy4aiiHOe YHCIIO0 B TUANa30He apoKCHMAIu [—5, 5], OKpyTJISIeT €ro 10 TOYHOCTH 16-0uTHOTO
YHUCJIa, PACCYUTHIBACT 3HAUCHHUE ANPOKCUMAIIMKM B ATOM TOUYKE U CPABHUBAET CO 3HAUCHHUEM HATYypPaIbHOH
CUTMOUJIbI ISl HICXOJHOTO HEOKPYTJIEHHOTO YMCiIa. DKCIepuMeHT nosropsercsa 1e® pas, B pesynbrare uero
OTIPECISIOTCS HAMOObINAS U CPEAHSS A0COTFOTHBIC OIIUOKY.

Pe3ynbrarhl aHATOrMYHBIX MCCIICIOBaHMIA MpuBeneHbl B [24]. Kak BuIHO M3 Tabi. 2, MpeaioKeHHas
peanuzanus CUTMOHMIHOW (YHKIIMA MMEET MPUEMIIEMYIO CPEIHIOK OIMMOKY M BBICOKOE OBICTpOJIEHCTBHE.
OpHako pacrpeneneHHas peanu3aius TpeOyeT 3HAYUTEIHHO OOJIBIIEr0 KOTMIECTBA JIOTHIECKIX HIIEMEHTOB.
DTO CBS3aHO C paclpeiesieHHeM BBIYUCICHUN 10 OONBIIOMY KOJWYECTBY BBIYHCIHTEIHHBIX JIIEMEHTOB,
KKIBIH M3 KOTOPBIX COJEPXUT JIOTHKY BCeX 0a3WCHBIX Omepariiii cpensl. Takke CyImeCTBEHHYIO POJIb UT-
paeT KOMOMHAIIMOHHAS pean3anus apu(pMEeTHIECKIX OMepaluii, 9TO YBEIHIUBAET OBICTPOJICICTBHE 32 CUET
OOJIBIIEH TUTOIAAN MOTYIIEH.

3akiIouyenue

B nanHoii paboTe mpemiokeH crocod peann3anuy KyCOYHO-THHEHHON alpOKCUMAIH CUTMOUIBI Ha
OZTHOPOJHOM cperne. Pacripenenennas peannsanus MMeeT MEHBIIYIO POU3BOJUTEILHOCTE H TPEOyeT 00IIb-
mero Konmdectsa BD, HO CTpoUTCs M3 MPOCTHIX 0a30BBIX ONEpanuii, KOTOPbIE MOTYT OBITH TEPEUCIIONB30-
BaHBI JUIS IPYyTUX 3a/1a4 U 00eCHeunBal0T MEHBIINH pa3Mep oTaenbHoro BD. DkcnepuMeHTh! OKa3ai Bbl-
cokoe ObicTposeiicTere (18,5 HC) ¥ TpUEeMIIEMYIO0 TOYHOCTh (HanOOIbIIas M CPpeaHsS aOCOIIOTHBIE ONMIMOKU
1e? u 4¢3 cooTBeTCTBEHHO). CpaBHEHHE C AHATOTMYHBIMU UCCIIEOBAHUAMHE TTOKA3bIBAET MEPCIEKTHBHOCTh
JaJbHEHIIero H3y4eHus U IPUMEHEHHS pa3pad0TaHHBIX MOJIETICH.

CnucoK HCTOYHNKOB

1. Chen J., Li J., Majumder R. Make every feature binary: A 135B parameter sparse neural network for massively improved search
relevance. 2021. URL: https://www.microsoft.com/en-us/research/blog/make-every-feature-binary-a-135h-parameter-sparse-
neural-network-for-massively-improved-search-relevance/ (accessed: 18.07.2022).

2. Nabavinejad S.M., Reda S., Ebrahimi M. Coordinated Batching and DVFS for DNN Inference on GPU Accelerators // IEEE
Transactions on Parallel and Distributed Systems. 2022. 12 p. URL: https://people.kth.se/~mebr/assets/files/TPDS2022-%20Coor
dinated%20Batching%20and%20DVFS%20for%20DNN%20Inference%200n%20GPU%20Accelerators.pdf (accessed: 18.07.2022).

3. Guo J. et al. AccUDNN: A GPU Memory Efficient Accelerator for Training Ultra-Deep Neural Networks // IEEE 37th Interna-
tional Conference on Computer Design (ICCD). 2019. P. 65-72. doi: 10.1109/ICCD46524.2019.00017

4. Chang K.C., Fan C.P. Cost-Efficient Adaboost-based Face Detection with FPGA Hardware Accelerator // 2019 IEEE International
Conference on Consumer Electronics — Taiwan (ICCE-TW). 2019. P. 1-2.

5. Lee J., He J., Wang K. Neural Networks and FPGA Hardware Accelerators for Millimeter-Wave Radio-over-Fiber Systems //
2020 22nd International Conference on Transparent Optical Networks (ICTON). 2020. P. 1-4.

6. Sakai Y. Quantizaiton for Deep Neural Network Training with 8-bit Dynamic Fixed Point // 2020 7th International Conference on
Soft Computing & Machine Intelligence (ISCMI). 2020. P. 126-130. doi: 10.1109/ISCMI51676.2020.9311563

7. Trusov A., Limonova E., Slugin D., Nikolaev D., Arlazarov V.V. Fast Implementation of 4-bit Convolutional Neural Networks
for Mobile Devices // 2020 25th International Conference on Pattern Recognition (ICPR). 2021. P. 9897-9903. doi:
10.1109/ICPR48806.2021.9412841

8. Liu Z., Zhang H., Su Z., Zhu X. Adaptive Binarization Method for Binary Neural Network // 2021 40th Chinese Control
Conference (CCC). 2021. P. 8123-8127. doi: 10.23919/CCC52363.2021.9549344

9. Zhu B., Al-Ars Z., Hofstee H.P. NASB: Neural Architecture Search for Binary Convolutional Neural Networks // 2020 Interna-
tional Joint Conference on Neural Networks (IJCNN). 2020. P. 1-8. doi: 10.1109/IJCNN48605.2020.9207674

10. Tang Z. et al. Automatic Sparse Connectivity Learning for Neural Networks // IEEE Transactions on Neural Networks and
Learning Systems. 2022. P. 1-15. doi: 10.1109/TNNLS.2022.3141665

125



Hnghopmamura u npoepammuposarnue | Informatics and programming

11.
12.

13.

14.

15.

16

17.

18.

19.

20.

21.

22.

23.

24.

10.

11.
12.

13.

14.

Haykin S. Neural Network: A Comprehensive foundation. Prentice Hall International, 1999. 842 p.

Chajan E., Schulte-Tigges J., Reke M., Ferrein A., Matheis D., Walter T. GPU based model-predictive path control for self-
driving vehicles // 2021 IEEE Intelligent Vehicles Symposium (V). 2021. P. 1243-1248. doi: 10.1109/1VV48863.2021.9575619
Kan Y., Wu M., Zhang R., Nakashima Y. A multi-grained reconfigurable accelerator for approximate computing // IEEE Com-
puter Society Annual Symposium on VVLSI (ISVLSI). 2020. P. 90-95.

Khalil K., Eldash O., Dey D., Kumar A., Bayoumi M. A Novel Reconfigurable Hardware Architecture of Neural Networ // IEEE
62nd International Midwest Symposium on Circuits and Systems (MWSCAS). 2019. P. 618-621.

Shashev D.V., Shidlovskiy S.V. Morphological processing of binary images using reconfigurable computing environments //
Optoelectronics, Instrumentation and Data Processing. 2015. Ne 51. P. 227-233. doi: 10.3103/S8756699015030036

. EBpenroB D.B. OHOpOAHBIC BBIYUCIUTEIbHBIE CHCTEMBI, CTPYKTYPHI U cpefibl. M. : Paauno u cBs3p, 1981. 208 c.

Ghimire D., Kil D., Kim S-h. A Survey on Efficient Convolutional Neural Networks and Hardware Acceleration // MDPI J. Elec-
tronics. 2022. V. 945. P. 1-23.

Chen Y., Krishna T., Emer J.S., Sze V. Eyeriss: An Energy-Efficient Reconfigurable Accelerator for Deep Convolutional Neural
Networks // IEEE J. Solid-State Circuits. 2017. V. 52. P. 127-138.

An in-depth look at Google’s first Tensor Processing Unit (TPU). 2017. URL: https://cloud.google.com/blog/products/ai-
machine-learning/an-in-depth-look-at-googles-first-tensor-processing-unit-tpu (accessed: 18.07.2022).

Shatravin V., Shashev D.V. Designing high performance, power-efficient, reconfigurable compute structures for specialized
applications // Journal of Physics: Conference Series. 2020. V. 1611. P. 1-6.

Shatravin V., Shashev D.V., Shidlovskiy S.V. Applying the Reconfigurable Computing Environment Concept to the Deep Neural
Network Accelerators Development // International Conference on Information Technology (ICIT). 2021. P. 842-845. doi:
10.1109/ICIT52682.2021.9491771

Shatravin V., Shashev D.V., Shidlovskiy S.V. Developing of models of dynamically reconfigurable neural network accelerators
based on homogeneous computing environments // Proc. of the XXIV international scientific conference Distributed Computer
and Communication Networks: Control, Computation, Communications (DCCN). 2021. P. 102-107.

Faiedh H., Gafsi Z., Besbes K. Digital Hardware Implementation of Sigmoid Function and its Derivative for Artificial Neural
Networks // The 13 International Conference on Microelectronics. 2001. P. 189-192.

Pan Z., Gu Z., Jiang X., Zhu G., Ma D. A Modular Approximation Methodology for Efficient Fixed-Point Hardware Implementation
of the Sigmoid Function // IEEE Transactions on Industrial Electronics. 2022. P. 10694-10703. doi: 10.1109/TIE.2022.3146573

References

. Chen, J,, Li, J. & Majumder, R. (2021) Make every feature binary: A 135B parameter sparse neural network for massively im-

proved search relevance. [Online] Available from: https://www.microsoft.com/en-us/research/blog/make-every-feature-binary-a-
135b-parameter-sparse-neural-network-for-massively-improved-search-relevance/ (Accessed: 17th July 2022).

. Nabavinejad, S.M., Reda, S. & Ebrahimi, M. (2022) Coordinated Batching and DVFS for DNN Inference on GPU Accelerators.

IEEE Transactions on Parallel and Distributed Systems. pp. 1-12.

. Guo, J. et al. (2019) AccUDNN: A GPU Memory Efficient Accelerator for Training Ultra-Deep Neural Networks. IEEE

37th International Conference on Computer Design (ICCD). pp. 65-72. DOI: 10.1109/ICCD46524.2019.00017

. Chang, K.C. & Fan, C.P. (2019) Cost-Efficient Adaboost-based Face Detection with FPGA Hardware Accelerator. 2019 IEEE

International Conference on Consumer Electronics — Taiwan (ICCE-TW). pp. 1-2.

. Lee, J,, He, J. & Wang, K. (2020) Neural Networks and FPGA Hardware Accelerators for Millimeter-Wave Radio-over-Fiber

Systems. 22nd International Conference on Transparent Optical Networks (ICTON). pp. 1-4.

. Sakai, Y. (2020) Quantizaiton for Deep Neural Network Training with 8-bit Dynamic Fixed Point. 7th International Conference

on Soft Computing & Machine Intelligence (ISCMI). pp. 126-130. DOI: 10.1109/ISCMI51676.2020.9311563

. Trusov, A., Limonova, E., Slugin, D., Nikolaev, D. & Arlazarov, V.V. (2021) Fast Implementation of 4-bit Convolutional

Neural Networks for Mobile Devices. 25th International Conference on Pattern Recognition (ICPR). pp. 9897-9903. DOI:
10.1109/ICPR48806.2021.9412841

. Liu, Z., Zhang, H., Su, Z. & Zhu, X. (2021) Adaptive Binarization Method for Binary Neural Network. 40th Chinese Control

Conference (CCC). pp. 8123-8127. DOI: 10.23919/CCC52363.2021.9549344

. Zhu, B., Al-Ars, Z. & Hofstee, H.P. (2020) NASB: Neural Architecture Search for Binary Convolutional Neural Networks.

International Joint Conference on Neural Networks (IJCNN). pp. 1-8. DOI: 10.1109/1JCNN48605.2020.9207674

Tang, Z. et al. (2022) Automatic Sparse Connectivity Learning for Neural Networks. IEEE Transactions on Neural Networks and
Learning Systems. pp. 1-15. DOI: 10.1109/TNNLS.2022.3141665

Haykin, S. (1999) Neural Network: A Comprehensive Foundation. Prentice Hall International.

Chajan, E., Schulte-Tigges, J., Reke, M., Ferrein, A., Matheis, D. & Walter, T. (2021) GPU based model-predictive path control
for self-driving vehicles. IEEE Intelligent Vehicles Symposium (1V). pp. 1243-1248. DOI: 10.1109/1V48863.2021.9575619

Kan, Y., Wu, M., Zhang, R. & Nakashima, Y. (2020) A multi-grained reconfigurable accelerator for approximate computing.
IEEE Computer Society Annual Symposium on VLSI (ISVLSI). pp. 90-95.

Khalil, K., Eldash, O., Dey, B., Kumar, A. & Bayoumi, M. (2019) A Novel Reconfigurable Hardware Architecture of Neural
Network. IEEE 62nd International Midwest Symposium on Circuits and Systems (MWSCAS). pp. 618-621.

126



Hlawes /].B., llampasun B.B. Peanusayus cuemouoHou GyuKyuu akmueayuu

15. Shashev, D.V. & Shidlovskiy, S.V. (2015) Morphological processing of binary images using reconfigurable computing environ-
ments. Optoelectronics, Instrumentation and Data Processing. 51. pp. 227-233. DOI: 10.3103/S8756699015030036.

16. Evreinov, E.V. (1981) Odnorodnye vychislitel'nye sistemy, struktury i sredy [Homogeneous computing systems, structures and
environments]. Moscow: Radio i svyaz'.

17. Ghimire, D., Kil, D. & Kim, S-h. (2022) A Survey on Efficient Convolutional Neural Networks and Hardware Acceleration.
MDPI J. Electronics. 945. pp. 1-23.

18. Chen, Y., Krishna, T., Emer, J.S. & Sze, V. (2017) Eyeriss: An Energy-Efficient Reconfigurable Accelerator for Deep Convolu-
tional Neural Networks. IEEE J. Solid-State Circuits. 52. pp. 127-138.

19. TPU. (2017) An in-depth look at Google’s first Tensor Processing Unit (TPU). [Online] Available from:
https://cloud.google.com/blog/products/ai-machine-learning/an-in-depth-look-at-googles-first-tensor-processing-unit-tpu  (Accessed:
17th July 2022).

20. Shatravin, V. & Shashev, D.V. (2020) Designing high performance, power-efficient, reconfigurable compute structures for spe-
cialized applications. Journal of Physics: Conference Series. 1611. pp. 1-6.

21. Shatravin, V., Shashev, D.V. & Shidlovskiy, S.V. (2021) Applying the Reconfigurable Computing Environment Concept to the
Deep Neural Network Accelerators Development. International Conference on Information Technology (ICIT). pp. 842-845.
DOI: 10.1109/ICIT52682.2021.9491771.

22. Shatravin, V., Shashev, D.V. & Shidlovskiy, S.V. (2021) Developing of models of dynamically reconfigurable neural network
accelerators based on homogeneous computing environments. Distributed Computer and Communication Networks: Control,
Computation, Communications (DCCN). Proceedings of the 24th International Conference. pp. 102-107.

23. Faiedh, H., Gafsi, Z. & Besbes, K. (2001) Digital Hardware Implementation of Sigmoid Function and its Derivative for Artificial
Neural Networks. The 13 International Conference on Microelectronics. pp. 189-192.

24. Pan, Z., Gu, Z., Jiang, X., Zhu G. & Ma, D. (2022) A Modular Approximation Methodology for Efficient Fixed-Point Hardware
Implementation of the Sigmoid Function. IEEE Transactions on Industrial Electronics. pp. 10694-10703. DOI:
10.1109/TIE.2022.3146573

Hudpopmanusa 06 asmopax:

Ilames JIMuTpuii BaguMoBHY — KaHIHIAT TEXHUYECKUX HAYK, JOIEHT Kadeapsl YIPaBICHHS KauecTBOM (aKysbTeTa HHHOBAIH-
OHHBIX TEXHOJIOrHI HammoHampHOro HccnenoBaTenbekoro ToMckoro rocymaperBeHnoro yuusepeutera (Tomck, Poccust). E-mail:
dshashev@mail.ru

IlatpaBun Baagnciaas BaaguMupoBud — acniupanT Kadeapsl YIPABICHHs KA4eCTBOM (DaKyIbTeTa HHHOBAIIMOHHBIX TEXHOJIOTHI
HaunonansHOro uccienoBaTenbekoro ToMekoro rocyaapersennoro yuusepceurera (Tomck, Poceust). E-mail: shatravin@stud.tsu.ru

Bknao asmopog: éce agmopul coenanu IK6ueaneHmMHblil 6K1a0 6 NO020MOGKY nyonuxayuu. Agmopul 3as161410m 006 omcymcmeuu
KOHuKma unmepecos.

Information about the authors:
Shashev Dmitriy Vadimovish (Candidate of Technical Sciences, Associate Professor, National Research Tomsk State University,
Tomsk, Russian Federation). E-mail: dshashev@mail.ru

Shatravin Vladislav (Post-graduate Student, National Research Tomsk State University, Tomsk, Russian Federation). E-mail:
shatravin@stud.tsu.ru

Contribution of the authors: the authors contributed equally to this article. The authors declare no conflicts of interests.
Received 06.04.2022; accepted for publication 29.11.2022

Tlocmynuna 6 pedaxyuio 06.04.2022; npunsma x nybonuxayuu 29.11.2022

127



BECTHUK TOMCKOI'O TOCYIAPCTBEHHOI'O YHUBEPCUTETA

2022 VYrpagieHue, BBIYUCIUTENbHAS TEXHUKA U HH(DOpMaTHKa No 61
Tomsk State University Journal of Control and Computer Science

JAUCKPETHBIE ®YHKIIUU U ABTOMATDI

DISCRETE FUNCTION AND AUTOMATONS

Hayuynas craTes
YK 519.7
doi: 10.17223/19988605/61/13

I'padoBbie npeacraBjieHUss MHOKECTB BCeX JT0CTHKMMBIX
peaknuii KOMOMHAIIMOHHOM CXeMBbI

Bukrtop Anekceesnu IIposkun’, Amxena IOpresna Marpocosa®

L2 Tomexuii 2ocyoapemeennwiil ynusepcumem, Tomck, Poccust
! prowkan@mail.ru
2maull@yandex.ru

Annoramms. PaccmarpuBaeTcst 3a1ada NMONYyYeHHsS MHO)KECTBA BCEX JOCTH)KHUMBIX PeakIUi KOMOMHAIMOHHOW
norudeckoit cxembl. Ipemmaraercst anroputM moctpoeruss ROBDD-rpacda, mpeacTaBisionero Bce NOCTHKUMBIC
peaxuuu cxemsl. [Torydaemslii rpad conepnT BHYTpEHHHE BEPLINHbI, KOTOPHIE IOMEUCHBI TOJBKO BEIXOHBIMH IIepe-
MEHHBIMH CXEMBI. AJTOPUTM MOXeT OBITh HCIIOJB30BaH B TeX ciydasx, korna ROBDD-rpag, 3aBucsmmii oT BXoa-
HBIX U BBIXOJIHBIX IIEPEMEHHBIX, HE MOKET OBITH MOCTPOEH H3-32 HKCIIOHCHIMAIBHOTO POCTa KOJINYECTBA BEPILIHH.

KunroueBsbie ci1oBa: xomOuHainonHsie cxeMsl; ROBDD-rpadsl; OyneBbl GyHKIMN

Jlna yumupoeanus: IposkuH B.A., MarpocoBa A.1O. ['padoBrlie npeacTaBiIeHns MHOKECTB BCEX JOCTHKUMBIX peak-
11 KOMOMHAIMOHHOIT cxeMbl // BecTHrK TOMCKOTO rocyaapCTBEHHOTO YHUBEPCHTETA. YTIpaBICHHE, BBIYMCIUTEIbHAS
TexHuKa 1 nHpopmaruka. 2022. Ne 61. C. 128-138. doi: 10.17223/19988605/61/13

Original article
doi: 10.17223/19988605/61/13

Graph representations of the sets of all reachable
reactions of the combinational circuit

Viktor A. Provkint, Anzhela Yu. Matrosova?

L2 Tomsk State University, Tomsk, Russian Federation
! prowkan@mail.ru
2 maull@yandex.ru

Abstract. The problem of obtaining the set of all achievable reactions of a combinational logic circuit is considered.
An algorithm for constructing a ROBDD graph representing all the achievable reactions of the circuit is proposed.
The resulting graph contains internal vertices, which are labeled only with schema output variables. The algorithm
can be used in cases where an ROBDD graph that depends on input and output variables cannot be obtained because
of the exponential growth of the number of vertices.

Keywords: combinational circuits; reduced ordered binary decision diagrams; Boolean functions

For citation: Provkin V.A., Matrosova A.Yu. (2022) Graph representations of the sets of all reachable reactions
of the combinational circuit. Vestnik Tomskogo gosudarstvennogo universiteta. Upravlenie, vychislitelnaja tehnika
i informatika — Tomsk State University Journal of Control and Computer Science. 61. pp. 128-138. doi:
10.17223/19988605/61/13

© B.A. IIposkusn, A.}O. Marpocosa, 2022
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[Ipu permennu psina 3agaq TUArHOCTUKHA W TECTHPOBAHUS JIOTHIECKUX CXEM TMOJIE3HBIMU OKA3bIBAIOTCS
ocoOble (YHKUUH Ui BHYTPEHHHX IIOJIOCOB, KOTOpBIE 3aBHCAT OT HEKOTOPOTO MOJMHOXKECTBA IMpelie-
CTBYIOIIHX TOJFOCOB CXEMBI. DTH (DYHKIMHU SIBIISIOTCS YaCTHYHO ompeaeneHHbIMA. O0IacTh MX OnpeaeneHus
COCTOUT M3 TaKuX HaOOpOB MPEIIECTBYIOIIUX MOJIOCOB, YTO CMEHA 3HAYCHHUSI CHTHajla Ha COOTBETCTBYIO-
meM Habopy BHYTPEHHEM IOJIIOCE BBI3BIBAET CMEHY 3HA4YCHWI CHTHAIOB XOTs OBl HA OJHOM W3 BBIXOJOB
cxeMbl. Takue QYHKITUE MOTYT MCIIOIB30BATHCS I MACKUPOBAHUS HEMCIPABHOCTEH M BPEIOHOCHBIX ITOJI-
cxeMm [1, 2], BepuduKkaum 4acTUYHBIX peanu3anuii cxeMm [3, 4], CTpyKTYpHOTO KogupoBaHus («o0dycka-
i) [5, 6], 3aIUTHI CXeM CO CTPYKTYPHO# U30BITOYHOCTHIO (TpoupoBanue) [7, 8].

Takue QyHKIMH MOTYT BBIYUCISTHCS JHOO C MOMOIIBIO YaCTHYHO ONpeaesIeHHbIX (PYHKIMN BHYTpEH-
HUX TIOJIFOCOB, 3aBUCSIINX OT BXOAOB CXEMBI (007acTh ompeeNeHus] TakuxX (YyHKIHA — MHOXKECTBO TECTO-
BBIX HAOOPOB I OAMHOYHOW KOHCTAHTHOW HEHMCIPABHOCTH B COOTBETCTBYIOMIEM nomtoce) [9, 10], mibo 6e3
WCTIONB30BaHMs TakuxX (QyHKUWA. Bropoii crocod Gornee mpeamodTuTesNieH, TaKk Kak MOCTPOSHHE YaCTUYHO
oTpeeNieHHON (YHKIMHM BHYTPEHHHUX IOIIOCOB, 3aBUCSIICH OT BXOJOB CXEMBI, BOSMOXKHO JaJIeKO HE BCe-
I71a, TTOCKOJIbKY B HEKOTOPBIX ciydasx pasmepsl ROBDD-rpadoB, TpeOyeMbix uist mocTpoeHHus (QYHKINH,
PacTyT SKCMOHEHIIMANBHO. AITOPUTM TOCTPOCHHS, PEAM3YIONINA 3TOT CIoco0, mpuBeneH B padore [11].
Ha nepBoMm 1miare anropuTMa BBIYHCISAETCS MHOXKECTBO HA0OPOB, KOTOPBIE MOTYT TOSIBUTHCS HA HEKOTOPOM
MMOIMHOKECTBE BHYTPEHHHX IOJIOCOB CXEMBIL. JTa 3ajlada SKBHUBAJIECHTHA 33jJaye MOJY4YEHHs] MHOXECTBa
BCEX BO3MOYKHBIX BBIXO/HBIX PEaKIUi HEKOTOPOH M3BECTHON KOMOMHAIIMOHHOMN CXEMBI.

B pabore [11] manHas 3amada perraeTces myTeM mepedbopa BceX BO3MOXKHBIX HAOOPOB (BBIXOIHBIX Peak-
MH Ha TIOJMHOKECTBE TIOJFOCOB) C MTPOBEPKOH MX Ha NOCTIKUMOCTH. [Ipn MackupoBaHWM HEUCTIpaBHOCTEH
YHCJI0 MEPEMEHHBIX, OT KOTOPBIX 3aBUCHT YaCTHYHO OMpeJesieHHass (PYHKIHsS, OOBIYHO TOCTUTAET OJHOTO-
IBYX JECATKOB, U TIOSTOMY IIOJHEIN 1epe®op BEITOIHSIETCS 3a mpuemiieMoe Bpems. OHaKO MpU perieHnn
JIPYTHX 33/1a4, HAPUMEpP TIPY BepUPHUKAINHA YACTHYHBIX PEATH3aAINN JJOTHYECKUX CXEM, YUCIIO TIEPEMEHHBIX
MOJKET JIOCTUTaTh HECKOJIbKUX JIECSITKOB, & YUCIO BOBMOXKHBIX PEaKIMii, KaK U3BECTHO, YBEITMYMBACTCS DKC-
MMOHEHIIMAIBHO C POCTOM YHUCIIa TiepeMeHHBIX. [103TOoMy KelnaTebHO UMETh allfOPUTMEI, KOTOPBIE OTIpejie-
JISIFOT MHOXKECTBO JOCTH)KUMBIX peaklnii cXeMbl O€3 IMOIHOTO 1epedopa M KOMITAKTHO UX MPEACTaBISIOT.

B nannoii pabote npemnmaraercst anroputM noctpoerans ROBDD-rpada, npencrapisironero MHOXe-
CTBO BCEX JOCTIKMMBIX peaknuii KOMOWHAIMOHHOW Jormueckod cxemsbl. [lomydaemsblii rpad comep:Kut
BHYTPEHHHE BEPIINHBI, KOTOPBIE TOMEYEHBI TOJIBKO BBIXOJHBIMU TIEPEMEHHBIMHU CXEMBI. AJITOPUTM Tpe]iia-
raercs MCIIOJIb30BaTh B TeX ciaydasx, korna ROBDD-rpad, 3aBucCSAIIHiA OT BXOJHBIX U BBIXO/JHBIX ITEPEMEH-
HBIX, HE MOKET OBITh ITOCTPOCH M3-3a SKCIIOHEHIIMAILHOTO POCTa KOJIMYECTBA €0 BHYTPEHHUX BEPIIHH.

1. OcHOBHBIE OnpeeieHNs U MOCTAHOBKA 331241

KoMmOuHanmoHHas JIoruveckasi cxema — MOJICNb YCTPOHUCTBA 0e3 mamsITh. Y TaKHX YCTPOMCTB COCTOS-
HUS BBIXOJIOB OJHO3HAYHO OMPEACIAIOTCS HAOOPOM BXOJIHBIX CUTHAJIOB (OYJICBBIM BEKTOPOM Ha MHOXKECTBE
BXOJIHBIX TepeMeHHbIX). COCTOSIHME BBIXOJ0B KOMOMHAI[MOHHOW CXeMbI (0YyJICB BEKTOP Ha MHOMKECTBE BBI-
XOJTHBIX MTEPEMEHHBIX CXEMBbI) IPH MOJIa4€ Ha BXOJIbI ONPEICICHHOr0 Ha0opa Ha3bIBACTCS PEAKIMel CXEMBI
Ha 3TOT BXOJIHOM Ha0Op.
Hampumep, paccMoTpuM KOMOMHAITMOHHYIO cXeMy (puc. 1), peann3yromryto cucteMy OyaeBbIX (DYHKIIUIA:
Y1 = %X V Xg,

Yo = X X5X3,
Y3 = X3V X4V X5,
Ya= X3(X4 4 X5)-
Ecmm Ha Bxombel cxembl moctymnaer Habop 10101, To Ha BBIXOmax cxemsl gocturaercst Habop 1100,
1.e. Habop 1100 sBnsteTcs peakuueil cxeMsl Ha BXoAHOM Habop 10101.

ByiieB BEKTOp B IPOCTPAHCTBE BBIXOJIHBIX NIEPEMEHHBIX HA3bIBAETCS TOCTHKMUMOM peakLUen, eciiu Cylie-
CTBYeT HabOp, pH MoJja4e Ha BXObI KOTOPOTO 3aAaHHBIN OYJIEB BEKTOP HOSBISIETCS] B KAYECTBE PEAKIIUHU CXCMBI.
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X1 X2 X3 X4 X5

M Y2 Y3 Y4
Puc. 1. Ilpumep KOMOMHAITMOHHOM CXEMBI

Fig. 1. Example of combinational circuit

dopmanbHO 33/1a4a MOXKET OBITH ITOCTABJIEHA CIIEAYIONIMM 00pa3oM. MIMeeTcst MHOTOBBIXOHAS KOM-
OuHanmonHas cxema C, peanusyrouas cucremy Oyiesbix GyHkumi f (X, X,....,X,), i=1...,m. TpeGyer-
csl HaiiTh Takoe MHOXecTBo N ={(B1,B2,...,Bm )} < By, uro s kaxgoro (By,B,,....Bn)eN cymecrsyer
HEIyCTOE MHOXECTBO, TAKOe YTO s KakAoro (oy,0y,...,0,)eM  fi(ay,00,...,an)=P;, i=1...,m.
Onementsl MHOXecTBa N = {(Bl,BZ,...,Bm )} —B™ 6ynemM Ha3pIBAaTh JOCTHKMMBIMH PEAKIUSMH CXEMEL.

Mmuoxecteo M = {(ocl,(xz yornr Ol )} cB)  Oymem HasbiBaTh  NONHBIM  MPOOOPA3OM  PEAKLMH

(B1,B2.---Bm ) € N. OTMeTHM, 9TO ISt Pa3iIMYHBIX HAGOPOB (Bi,B%_,...,B}n)e N u (Blz,Bg,...,Bﬁ])e N co-

oTBeTCTBYIONME MHOXKecTBa M! 1 M? He mepecekaroTcs (Mx TepecedeHre 03Hauaio Obl, YTO M0Ja4a OJHOrO
Habopa Ha BXOJIbI CXEMBI IPUBOJIHT K JIBYM Pa3HBIM PEaKIUsIM OJHOBPEMEHHO, YTO HEBO3MOXKHO).

2. Onpenenenue GyHKIUH, coAep:Kalleil HH(POPMAIUIO 0 JOCTHKUMBIX
peaknusix KOMOMHALIMOHHOM CXeMBbI, U ee CBOiicTBA

[lycTh 3aana MHOTOBBIXO/IHAS KOMOMHAIMOHHAs cxeMa C, peanusyromas cucreMy OyJeBbIX (yHK-
wait Y= f (X% %0, X0 ) Vo= fo (X0 Xou X )y ooor Y = fn (X0, X, X, ) . PaceMoTpum crienyroutyro

q)YHKHI/I}O, KOTOpasd 3aBUCUT OT BXOJHBIX U BBIXOJHBIX MIEPEMEHHBIX KOM6I/IH3HI/IOHHOI71 CXCMBI:

m
f(xl,xz,...,xn,yl,yz,...,ym)zi/le[yi ~ f, (xl,xz,...,xn)],

TJie ~ — JJOTH4YecKasl OTepaIysi «IKBUBAICHTHOCTEY. JTa PyHKIHS 00IaaeT ciueTyonMIA CBOHCTBAMHU:

1. Eciiu BMecTO BXOJHBIX NMEPEMEHHBIX MOJCTaBUTh KOHCTaHTHI U3 {0, 1}, To moay4uMm QyHKIHIO,
KOTOpasi MPUHUMAET €AUHIYHOE 3HAUeHNE Ha eIMHCTBEHHOM Habope. DTOT Ha0Op SIBIIAETCS peakinuei cxe-
MBI Ha JIJAaHHBIH BXOJHOH Habop. Ha ocTanbHBIX Habopax moyydeHHas GyHKIWsS IPUHUMAET HYJIeBOE 3HaYe-

nue. [lycts (0y,0,,...,0,, ) — HEKOTOPBIil BXOAHON HaGop, TOrJa CyIIECTBYET OJMH H TOJIBKO OJMH BBIXOJ-
Hoi HaGop (By,B,.---,Bn) Takoi, uro f (o, 0ty,...,0,,By, By By ) =1, mpuuem P, = f (0, 0,,...,0,),
B, =f, (0,00, ), oy By = fry (0, 0y,..0 0 ) . Jlonst Besikoro HaG0pa (vy,¥z,---0Ym ) # (BysBay- B )
f (al,az,...,ocn,yl,yz,...,ym)=O.
2. Eciiu BMECTO BBIXOJHBIX NEPEMEHHBIX MOACTaBUTH KoHCTaHThl 13 {0, 1}, To momyuntcs (yHKIms,

KOTOpad MMpUHUMACT CIMHUYIHOC 3HAUCHNEC Ha BCCX Ha60an, KOTOPBIC 00ecneunBaT MOPOABJIICHUC 3a,[[aHHOﬁ
PCaKlMn Ha BbIXOJAaX CXCMBbI. B 4gactHOM ClIydac, €CJikh 3aJlaHnHasd pCakuud HECAOCTHXXKHUMA, TO MOJYUCHHAsA

¢yHKUMs TOXIecTBeHHO paBHa (. PaccMOTpUM HEKOTOpBIH BBIXOJHOM HabOp (Bl,Bz,...,Bm). Torma
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f(oy,05,0,,B.,B,,---, By ) =1 wist moGoro Habopa (o,,0,,...,a,) Takoro, uro B, = f,(oy,0,,...,0,),
B, =f(0,0,,...,0,), ...y Bn=Tf,(ay0a,...,0,). Ecnmu Takux HaGOpOB HE  CYIIECTBYET, TO

f (o, 0,00, Y =By Y, =Boieees Yo =B ) =0 1st Beex HAGOPOB (0, 0Ly, ..., 0Ly ) -
Jnst monydeHusT BCeX JIOCTHIKMMBIX peakiuid cxembl MOKHO TocTpouth ROBDD-rpad dyHkmmm

f (xl, Xoseeoy Xns Y1s Youeees ym) , TIPUYEM BBIOMpAcM CIICAYIONIHMIA MOPSAIOK MEPEMEHHBIX MPHU HCIIOJIb30BaHUU

dopmynsl pasnoxkenus lllenHona: y,,Y,,..., Y., X, X,,...,X,. Ilomydennslii rpad Oyner obGnanath ciemyro-

LMMU CBOICTBaMU.

YrBep:kaenne 1. Kaxxmas nmpocrast 1ienb, 3aKaHIMBAIONIASACSA B BEpIIMHE co 3HadeHneM 0 1 He comep-
JKalasi BEpIIMH, TOMEYEHHBIX BXOJHBIMH TEPEMEHHBIMH, COOTBETCTBYET HEIOCTHIKHIMOMY HaOopy (BO3-
MO>KHO, HEKOTOPOMY MHO>KE€CTBY HaOOPOB).

Jlokazamenscmeo. KopHeBoii Bepite rpada cooTBEeTCTBYeT GyHKIus f (X1 Xpveeer Xy Yir Yarees Ym ) s
1 ATOW BEpLIMHE MpUIMCaHa nepeMeHHas Yi. IIpu nepexone U3 KOpHEBOW BEPLIMHBI 10 1yTe, IOMEYEHHON
sHayenneM 1 (0), momazaem B BepiumHy, KoTopoil coorserctByeT (yHKms (X, %X, ..., X L Y00 Vo)

(f (X1 Xoreor X030, Yooy Vi ) ). Ota BepinHa oMedeHa nepeMeHHou Y. [lepeitas u3 Hee mo ayre, mIoMeueH-

Hoii 3HayenueM 1 (0), momyyaem (QyHKIHUIO, KOTOpas MOCTpOeHa U3 (PYHKIMH, COOTBETCTBYIOMICH MPEIbIay-
el BepIuIrHe, moacTanoBkoi 3HaueHus 1 (0) B mepeMeHHy0 Y. [IpogomKiM 3TOT mpolece A0 Tex Hop, Mo-
Ka He jpoiineM no 0-KOoHIIEBOHM BeplIMHBI. Tak Kak B LIEMU MPHUCYTCTBYIOT TOJBKO BEPIIUHBI, IOMEYEHHBIE
BBIXOJHBIMH NE€PEMEHHBIMHU, TO 3TO 3HAYMT, YTO MOJCTAHOBKH 3HAYCHHUH BBIOJHSIIMNCH TOJBKO B T€ apry-
MEHTH! (DYHKIIMH, KOTOPbIE COOTBETCTBYIOT BBIXOIHBIM IIEPEMEHHBIM cXeMbl. II0CKOIBKY 1IeIb 3aKaHINBAECTCS

B 0-KoHUEBOH Bepumne, To (01,00, 04, s =By, Y, =By Yo =B ) =0 1 Beex HaGOpoB (o, 0y, ..., 0, )
H, CIeN0BaTeNbHO, HA60D (By,B,,---,B,, ) HEAOCTIKUM.

Yr1Bep:kaenne 2. Kaxmas mpocras 1elb, COAEpKaIias BEpIINHbI, TTOMEUYCHHBIE BXOHBIMU TIEPEMEH-
HBIMHM CXEMBbI, U 3aKaHUYUBAIOIIAsICS B 1-TepMHUHAILHON BepiIuHe rpada, COOTBETCTBYET HEKOTOPOU JAOCTH-
KUMOH pPEaKIIid, MPEICTABIEHHOW BCEMHU BBIXOIHBIMH ITEPEMEHHBIMH CXEMBI, 33 CUET OTPE3Ka IIEIH, CBSI3bI-
BaIOIIEr0 pacCMaTPUBAEMYIO ITPOCTYIO LIEMb C KOPHEM Tpada.

/Jlokazamenvcmeo. Eciv TIpOoHTH TIO OTpe3Ky LENMH W3 KOPHEBOH BEPIIWHBI JIO MEPBOW BEPIIHHEI V
MPOCTOM TN, ITOMEYEHHONW BXOIHOW TIEpEMEHHOH, TO 3TOW BEpIIMHE COIOCTaBIsETCS (QYHKIUS

f (Xl,xz,..., Xor Y1 =B Yo =Borees Yo =[3m) , KOTOpasi MPUHUMAET SIUHUYHOEC 3HAYCHUE HA TaKuX Habopax
(o, 0,...,0, ), MU KOTOPBIX CrpaBetuBbl paerctsa P, = f (o, 0,,...,a,), B, =f, (o, 0,,...,0,), ...,
B, =T, (al,az,...,an). WNupiMu ciioBamu, rpad) ¢ KOPHEM B BEPIIMHE V MPEACTABISICT (YHKIIUIO, SBIISIO-

LIYFOCSI IOJHBIM 1pooGpasom peakuus (B;,B,,....B, ).

HYCTB 3agaHa KOM6I/IH3,I_II/IOHH3,$I cX€Ma, IMMOBCACHHEC KOTOpOfI OITMCBIBACTCs CHC,[[yIOH.IGﬁ Ta6J'II/II_[eI71 nuc-

TUHHOCTH (Tabm. 1).
Tabnumna 1

IIpumMep TadaIuLBI HCTHHHOCTH, ONIMCHIBAIOLIEIH MOBeleHHe KOMOMHAIIMOHHOM cXeMbl

X1 X2 X3 X4 1 2 3
0 0 0 0 1 1
0 0 1 1 1 0
0 0 0 1 0 1
0 0 1 1 0 1 1
0 1 0 o0 1 1 0
0 1 0 1 1 0 1
0 1 1 0 0 1 1
0 1 1 1 1 1 0
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OkoHuyaHue Tabm. 1

X1 X2 X3 x4 |y oy ¥
1 0 0 0 |1 0 1
1 0 0 1 0 1 1
1 0 1 0 |1 1 0
1 0 1 1 1 0 1
1 1 0O 0 |0 1 1
1 1 0 1 1 1 0
1 1 1 0 |1 0 1
1 1 1 1 0 1 1

ROBDD-rpad Gynxumu f (X, X5, X3, X4, Y1, Y, Y3 ) HPEACTABISCTCS CASAYIOLIIM 06pa3zoM (puc. 2).

)2 ()3

Puc. 2. ROBDD-rpad ¢pyukin f (Xl,XZ,X3,X4, Y1, Yo, yg)
Fig. 2. ROBDD of function f (X, X5, Xg, X4, Y1, Y2, Y3)

Bynem nckate B ROBDD-rpade nytn, HaunHaromuecss B KOPHEBOW BEpIIMHE, 0 MEPBOH BEPIINHEL,
IMOMEUeHHOW BXO/HOH nepeMeHHol cxeMmbl. Ha puc. 2 BuaHO, uTO Takux mytei Tpu: 18-16-13-10, 18-16—
15-11 u 18-17-15-12. m conocraBnsrorcs qeondnbie BekTopsl 101, 110 u 011 coorBercTBeHHO. BhInenns
noarpadsl ¢ kopHeBbiMH BepimHamu 10, 11 u 12, moixydaem BXogHble HAOOPHI, MOCTYIJICHHE KOTOPBIX Ha
BXOJIbI CXEMbI IPUBOJIUT K TIOSIBJICHUIO COOTBETCTBYIOIIEH peakiuu Ha Bbixojax. Tak, jus peakinuu 101 ato
Habopsr 0010, 0101, 1000, 1011 u 1110, mns peakiuu 110 — madopsr 0001, 0100, 0111, 1010 u 1101, a mus
peaxmmu 011 — wa6opsr 0000, 0011, 0110, 1001, 1100w 1111.

3. Mogudukanus o6mero anropurma nocrpoedusi ROBDD-rpadga niust noctpoenusi rpaga peakumii

C nomomsto ROBDD-rpada, nocTpoeHHOTo 10 (hyHKIIHA f(Xl,Xz,...,Xn, YirYoreees ym), MOXHO TO-

JIYYHUTh BCE JOCTHXKHMBIC peakiuu cxeMbl. OIHAKO YacTo B 3a7adax TpeOyeTcs HATH TOJBKO TOCTHIKUMBIE
peakIvy CXeMbl, U He TpeOyeTcsl 3HAaTh, KaKHe BXO/HbIC HA0OPHI TAIOT COOTBETCTRBYIOMIME peakiuu. Hampu-
Mep, JUIS MPEIbIAYIIero npuMepa rpad), KOTOPbIA MPEACTABISCT TONBKO JOCTHXUMBIC PEAKI[MHA CXEMBbI, BbI-
TIISUT CIeayronmmM oopa3oM (puc. 3).
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Puc. 3. ROBDD-rpa¢) 1oCTHKUMBIX peaKiuii CXeMbl
Fig. 3. ROBDD of reachable circuit patterns

JtoT Tpad, HA30BEM €ro B JalbHEHIIeM rpaoM JOCTHKUMBIX PEaKIMi, MOydaeTcsi U3 UCXOJHOTO
cnenyromuM obpazom: eciu 1(0)-ayra U3 BepIIMHBI, TTOMEYCHHON BBIXOJHON MEPEMEHHON CXEMBI, BEIET
B BEPIUHHY, IOMEUYECHHYIO BXOJHON IIEPEMEHHOM CXEMBI, TO U3 BEPIIMHBI, IOMEYEHHOMN BBIXOJHOMN IIEPEMEH-
Hol cxemsbl, npoBoauTcs 1(0)-nyra B 1-TepmuHaibHyO BepunHy Tpada. 3arem u3 rpada ynaisiorcs Bce
BEPILUHEI, TIOMEYEHHBIC BXOTHBIMH MEPEMEHHBIMH cXeMbl. Jlanee B rpade BHIMOIHSIOTCS COOTBETCTBYIOIIUE
st ROBDD omnepannu ynpouieHusi.

OueBuiHO, 4TO Tpad JOCTHKUMBIX PEaKklUid COACPKUT CYIIECTBEHHO MEHbIIE BHYTPEHHUX BEPILWH,

gyem rpad ¢pynkuun f (Xl, Xoyeoor Xos Yoo Youeees ym) (7 BepumH BMecTo 19). XoTs rpad HOCTHXKUMBIX peaKui

MOXeT ObITh TmosydeH u3 rpada ¢yukiwmn f (xl, Xoyeoor Xos Yis Yoreees ym), JKEJaTeIbHO UMETh aJTOPUTM €ro

MOCTPOEHHUs €3 MpeBapUTeIbHOTO monydenust rpada dyukiwu f. Takoil arropuT™ MOKET OBITh UCIIOIB30-
BaH B TEX CJIy4asx, KOrJa, HalpuMep, MocTpoeHue rpada GyHKuuu f HEBO3ZMOXKHO H3-3a IKCIIOHEHIHAIBHO-
r'0 pOCTa KOJMYECTBA €0 BEPILUH.

[pennaraemsrii anroput™ nocrpoernsi ROBDD-rpada, npeacraBnsiomnero Bce JOCTHXKUMBIE PEaKIHH
cXeMbl, OCHOBaH Ha anroputme nocrpoenus ROBDD-rpada npoussosbHOM Oyieoi ¢yHkiuu. B rpade
CHayaja BBIMOJHAETCS pa3okKEeHHEe M0 BBIXOJHBIM ITIEPEMEHHBIM CXEMBbI, a 3aT€M I10 €€ BXOAHBIM IepeMeH-
HBIM. MouduKaInys 3TOro aIrOpuTMa OCHOBaHA Ha CIIEAYIOIIEM MpaBHIIe.

[lycts B Tpade myra u3 HEKOTOPOH BEPIIUHBI, TOMEUECHHON BBIXOJHON MEPEMEHHOW CXEMBI, BEIET
B BEPILUMHY, IOMEYEHHYIO BXOJHOW IEpEeMEHHOM cxeMbl. Torna BepuiMHa, IOMEYeHHas: BXOJHOM IepeMeH-

HOM CXeMbl, IpecTaBiseT QyHkipo f (Xl,Xz,...,Xn)z f (Xl,XZ,...,Xn,yl =B, Y, =B, ¥ =Bm), npu4eM
9Ta (YHKLUS HE paBHA TOXKIECTBEHHO HU KOHcTaHTe 0, HU KOHCTaHTe | (Tak Kak B MPOTUBHOM ciydae 3Ta

BepmnHa Obuta Obl 1- miam 0-TepMuHaANBHON BeplIMHOW rpada). Ota (GyHKUMS NPUHUMAET 3HaueHue 1 Ha
TaKuX JIBOMYHBIX BEKTOpaX, 0Jada KOTOPbIX HA BXOAbI CXEMBI IPUBOAUT K IOSBICHHUIO Ha €€ BBIXO/AAX pe-

Ak (Bl,Bz,...,Bm ) Ecnu BaxkHa TONBKO JOCTMKMMOCTH PEAKIIMH, HO HET HEOOXOAUMOCTH 3HAaTh, HA Ka-
KHX BXOJHBIX HA0OPaxX OHA JIOCTUTAETCS, TO 3HAYCHUE (PYHKIIUU

OG0 X X0 ) = T (X0 X000 X0 Y2 = Br Yo =Bosees Y =By

MOJKHO TTOJIOXKHThH PaBHBIM 1. DTO 3Ha4MT, uTO B cooTBeTcTByIoeM ROBDD-rpade NoCTHKUMBIX peakinit
Iyra U3 BEPIIHMHBI, TOMEYEHHOW BBIXOJHOW NMEPEMEHHOMN CXEMBI, TOJIKHA BECTH B | -TepMHHAIBHYIO BEPIIH-
Hy. Ha ocHOBe BhIlIIECKa3aHHOTO MpeIaraeTcs MoCTynaTh CISIYIOIIMM 00pa3oM.

Ecnu B npouecce noctpoenus rpada Ha MHOXKECTBE BXOJHBIX M BBIXOJHBIX IIEPEMEHHBIX OOHapyxke-
HO, 4To (QyHKIMs f npuHUMaeT 3HaueHne 1 Ha HEKOTOpoM Habope, To cooTBeTcTBYrOmas 0- Wi 1-ayra u3
MOCJIeIHEH BEPIIMHBI V, TOMEUEHHON BBIXOJHOM NMEPEMEHHOM CXEMBI, BEJET B |-TEpMUHAIBHYIO BEPLIUHY
rpada peakuuii, a rpad ¢ KOpHEM B BEpLIMHE V, COCTOSAIINN U3 BEPILNH, IOMEYCHHBIX BXOJAHBIMHU MEPEMEH-
HBIMH CXEMBI, yAAJSAETCS.

Ecmu nns pynkuunm f rakoro Habopa He cymiecTByeT, T.€. OHAa TOXJIECTBEHHO PaBHA HYIIIO, TO COOT-
BercTByromas 0- unu 1-nyra u3 BepmiuHs! V BeaeT B 0-TepMUHAIBHYIO BEPIIMHY CTposIIerocs rpaga.
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Jlanee B moxydeHHOM rpade, cocTosAIeM U3 BEpIINH, TOMEUCHHBIX TOJIBKO BBIXOJHBIMH IT€PEMEHHbI-
MM, BBITTOJIHSIOTCS OTIEPaLlK YIPOIIeHUs ¢ 1enbio nonydenuss ROBDD-rpada JoCTHKUMBIX peakiyid.

Yr1Bep:knenue 3. Ecnu a1 1ByX CXeM IPH OJHOM U TOM K€ MOPSIKE Pa3IOKESHUS BBIXOIHBIX Iepe-
MEHHBIX T'padbl TOCTHKHUMBIX PEAKIHMH pPA3INYHBI, TO CXEMBI PEATU3YIOT pa3IHMYHbIE CHCTEMBI OYJIEBBIX

GyHKUIHH.

Joxazamenscmeo cienyet n3 cBoiictB ROBDD-rpa¢oB, MoMy4YeHHBIX MPH OJHOM U TOM XK€ MOPSIKE
pa3oKEHUsI IEPEMEHHBIX.

[Mokaxxem paboTy airoputMma Ha mpumepe. PaccMOTpUM KOMOMHAIIMOHHYIO CXEMY C YEThIPhMS BXO-
JIAMH ¥ TPEeMs BBIXOJIaMU, TIOBEJICHUE KOTOPOH OTMMCHIBACTCS CUCTEMOMN OyNeBBIX (YHKIIUI:

Y3 = f3(x1,x2,x3,x4)=(x1x2 v xlxz)(x3 v x4)v xlxz(x3x4 v x3x4)v X X, (x3 v x4).

Torga dynkIus
f(leX21X3:X4vY1IY2,Y3)=(Y1 ~ fl(X1:X2:X3vX4))(Y2 ~ f2(x1,X2,X3,X4))(y3 - fs(X1’X2’X31X4))=

=y, ~ ((xlx2 v xlxz)(x?,x4 v x3x4)v xlxz(x3 v X4)v xlxz(x3 v x4))}/\

IIycTe mepemMeHHBIE Y1, Y2 U Y3 UMEIOT HOMepa 1, 2 U 3 COOTBETCTBEHHO, MIEPEMEHHBIE X1, X2, X3 U X4 —
HoMepa 4, 5, 6 u 7. UMco BXOAHBIX MEPEMEHHBIX N = 4, YHCII0 BBIXOAHBIX MEPEMEHHBIX M = 3.
Howmep tekytueit nepemennoii | = 1. [Toncrasisem B nepeMeHHyIo Y1 3HaueHue 0:

f (%, X, X3, %4,0, Y5, y3)=[((

X Xp V xlxz)(x3x4 v x3x4)v X1 %o (xs % x4)v X, Xy (x3 v x4))}/\

[Mepexoaum k nepeMeHHoi Y» (I = i + 1 = 2) — moacrapiseM B 9Ty nepeMeHHyo 3HadeHue 0:

f (X1, %2, %3, %4,0,0,¥3) :[((X_lg\/ xlxz)(x_3x4 v X3E)VX_1X2 (X_s\/ X4)V Xlg(x3 VZ))] A

/\[((xlx2 v xlxz)(x3 v X4)v X1 %o (x3 v x4)v X Xp (x3x4 V X3 X, ))J A

/\[YQ, ~ ((X_lg\/ X1X2)(X3 v E)Vx_lxz (X_3X4 v ng)v Xlg(g\/ X4))}-

[Mepexoaum k nepemeHHoi Y3 (i = i + 1 = 3) — moxacrasisieM B 3Ty epeMeHHyI0 3HadeHue 0:

f (X, X2, %g,%,,0,0,0) =[((x_1x_2v xlxz)(x_3x4 v X3X_4)v XX (X_3v X4)v xlg(x3 v Z))} A

/\[((xlx2 v xlxz)(x3 v x4)v X X, (x3x4 v x3x4)v X; X, (x3 v x4)ﬂ.

[Mepexoaum k nepemeHHoi X1 (i = 1 + 1 = 4) — moxcrasisieM B 3Ty epeMeHHYI0 3HadeHue 0:

f(0,%,, %3, %4,0,0,0) =[(x_2(x_3x4 v X3E)v X (x_3v x4))]/\

/\[(x_z(x_3 v x4)v X (% v xj))}[(g(@ v Z) 3 a (x_gx4 v &Z))}
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IMepexoaum k epeMeHHo# X2 (i = i + 1 = 5) — moacrasisiem B 3Ty nepeMeHHyo 3Ha4eHue 0:
IMepexoaum k nepemerHoi X3 (i = i + 1 = 6) — moacrasisieM B 3Ty nepeMeHHy0 3Ha4deHue 0:

f (0,0,0,X4,0,0,0)=0.
[Ipu mopcraHOBKe B MEepeMEeHHYIO X4 U 3HadYeHus 0, u 3HadyeHus 1 3HaueHue Qynkuuu paBuo 0. Ilo-
sTomy pyukimu f (0,0,0, X4,0,O,0) cooTBeTCTBYET O-TepMUHANIbHAS BEPLINHA.
IToacraBasiem B iepeMeHHYIO X3 3HaueHue 1: f (O, 0,1,%,,0,0, O) =X_4X4 =0.
[Ipu moxcraHoBKe B mepeMeHHYIO X4 1 3HaueHus 0, u 3HadeHus 1 3Hauenue Qynkuuu paBHo 0. Ilo-
sTomy pyukiun f (O, 0,1, X4,0,0,0) cooTBeTCTBYET O-TepMHUHANIbHAS BEPLINHA.

CremoBarensHo, ¥ GyHKIuU f (0,0, X3, X4,0,0,0) c00TBeTCTBYET O-TepMUHAIbHAS BEPILIUHA.

Bo3Bpamaemcst k iepeMeHHO# Xz (I = 5) M MOACTABISIEM B 3Ty IIEPEMEHHYIO 3Ha4YCHUE 1:
f (0,1, %3,%4,0,0,0) =(x3 v x4)(x3 v x4)(x3x4 v x3x4).

[TepexoauM K mepeMeHHOM X3 U MOACTaBIsieM B Hee 3HaueHust 0 u 1:
f (0,1,0, X4,O,O,0) =0, f (0,1,1, X4,0,0,0) =0.

Iomyqaem, aro Gpyuxumn f (0,1 X3,%,,0,0,0) coorsetcTByeT O-TepMUHANBHAS BEPIUNHA.

BosBpamaemes K epeMeHHOH Xz: momy4aem, aro f (0,0,X3,%,,0,0,0) = f (0,1,%;,%,,0,0,0)=0. ITo-
stomy pyukiun f (O, X5, X3, %4,0,0, O) TaKKe COOTBETCTBYET (-TepMUHANIbHAS BEPIINHA.

Bo3spamaemcst k iepeMenHo# X1 (I = 4) 1 TOACTABIISIEM B 3Ty TIEPEMEHHYIO 3HaYeHHUE 1:

f (1, X5, X3, X4,0,0,0) =[(x2 (x_3x4 v X3Z)vg(x3 vxj))}/\

/\[(x2 (x_3 VX )V E(x:x4 v @E))}[(xz (x3 v x_4) v E(x: v x4))],

f(1,0,%5,%,,0,0,0) =(x3 vx_4)(x_3x4 v x3x_4)(x_3v x4) =0,

f (1.1,%5,%,,0,0,0) = (x_g)x4 v x3x_4)(x_3v x4)(x3 v x_4) =0.
B pesynbrare nomyaunnn, 9to f (X, X;,%3,%4,0,0,0)=0, 1. e. dynxumn f (X, X5, X3,%4,0,0,0) coor-
BeTcTBYeT (-TepMHHAIbHAS BEPIIMHA.
BepHyBimch k nepeMeHHO# Y3 (i = 3) 1 moJcTaBuB B Hee 3Ha4YeHHE |, TOIYYUM, YTO
f (X1, %0, X3,%4,0,0,1)=0.
Taxum o0pazom, numeeMm
f (X1, X0, X3,%4,0,0,y5)=0.
Teneps BepHEMCs K TiepeMeHHOH Yo (I = 2) u mojicTaBuM B Hee 3HaueHue 1. Jlanee mojacraBuM 3Haue-
uue 0 B mepeMeHHyO Ya. [Tomyunm, uto f (Xl, X9, X3, %4,0,1, 0) =0. IlogcraBum 3Ha4eHUE | B IEPEMEHHYIO Y3:

f (X, X2, %5,%,4,0,1,1) =[((x_1x_2v xlx‘,_)(x_3x4 v x‘O,Z)vx—lx2 (X_3V x4)v xlg(x3 VZ))J A
A[((X_lg v X1X2)(X_3 v X4)V X% (Xs v E) v Xlg(X_Sle v ng))] A

[TepexoauM K MepeMEHHOM X1 — MTOJICTABIIAIEM B ATy IepeMeHHy0 3HaueHue 0:
f(0,%;,%,%,,0,1,1) = [(x_z(x_3x4 v x3x_4) v X, (x_3 v x4))}[(g(x_3 v X, ) v X, (x3 v Z))} A

A (R (56 v %) v 2 (520 v 163 |
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Ioacrasum 3uadenue 0 B nepemennyio Xz: f(0,0,%g,%,,0,1,1) = (X_3X4 v X3X_4)(X_3 v X4)(X3 v Z) .

IMoncraBum 3Hauenue O B mepeMeHHYIO X3: f (0, 0,0,%,, 0,1,1) = X_4 .

IoxcTaBum 3HadeHue | B mepeMeHHylo Xs M momyumm, uro f(0,0,0,0,0,11)=1, t.e. dyHxkumm
f (0,0,0,0,0,1,1) COOTBETCTBYET |-TepMHHAIbHAS BEPIIMHA. DTO 3HAYMT, YTO QPyHKIHIM f (0,0, 0, X4,0,1,1),
f (0,0, X3, x4,0,1,1), f (0, Xy, X3, X4,0,1,1) u f (xl, Xy, X3, X4,0,1,1) TAaK)KE COOTBETCTBYET 1-TepMMHAIbHAS
BepimHa. Panee Mbl monyumi, 9to Gynkiun f (Xl,XZ,X3,X4,O,1,O) cooTBeTcTBYeT O-TepMUHAIBHAS BEP-

mmHa. [Tosromy dyakinun f (Xl, X9, X3,%4,0,1, y3) COOTBETCTBYET BHYTPEHHSISI BEPIIIMHA, IIOMEYEHHAs Tiepe-

MEHHOH Y3, 3 KoTopoi 0-myra Benér B 0-TepMHUHANBHYIO BEpIINHY, a 1-Iyra — B 1-TepMHUHATBHYIO BEpIIIH-
Hy. Jlobasum B ROBDD-rpad Takyto Bepmmny (puc. 4).

1 0
Puc. 4. ROBDD-rpac dynxmmn f (%, %, X3, %4,0,1,Y3) Puc. 5. ROBDD-rpad dynkrmm f (X, X;,X3,%4,0, Y5, Y3)
Fig. 4. ROBDD of function f (x;,X,,%,%,4,0,1,Ys) Fig. 5. ROBDD of function f (x,,X;,X3,%4,0,Y5,Y3)

Panee ™Mbl monydwid, 4to f(Xl,Xz,X3,X4,0,0, y3):0. IosToMy (yHKIUH f(Xl,XZ,X3,X4,0, y2,y3)

COOTBETCTBYET BHYTPCHHSSI BEpIIMHA, TIOMEUYECHHAsl NIEPEMEHHOM Y2, n3 Kotopoi 0-myra Bener B 0-tepmu-
HaJIBHYIO BEpUIMHY, a 1-Iyra — B paHee 100aBICHHYIO BHYTPEHHIOIO BepIIMHY. Tereps rpad mpuMeT B,
Npe/ICTaBICHHbIH Ha puc. 5.

Jlanee noyicTaBuM 3Ha4eHHe | B IIEPEMEHHYIO Y1 U IPOAOIDKHAM paboTy anroput™a. B pesynbrare mo-
mygyaem ROBDD-rpad, nzobpaxeHHsbIit Ha puc. 6.

1 0

Puc. 6. ROBDD-rpad, npeacTapnsromuii Bce JOCTHKIMBIE PEaKIHH
Fig. 6. ROBDD representing all reachable patterns

4. JKkcnepuMeHTAJbLHOE CPAaBHEHHE PAa3MepPOB MOJHOI0 U COKPAIEHHOTr0 rpados
Pa3zpaborana mporpamma, peanusyromasi anroputM. [IpoBeseHo cpaBHeHHE KOJMYECTBAa BEPUINH Tpa-

ba ¢yskumu f u rpada JOCTHIKHUMBIX pEaKIMii CXeMbl Ha KOHTPOJBHBIX MpHMEpax CXeM M3 Habopa
LGSynth89. Pe3ynsTathl cpaBHEHMS IPHUBEAEHBI B Ta0II. 2.
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Tabnuma 2

JKCIepUMeHTAIbHbIE Pe3yJIbTAThI: CPABHEHHE YHC/Ia BEePIIHH B I0JIHOM U COKpallleHHOM rpadax

HazBanue Yucno AOCTUKUMBIX Yucno BepinH Uwucno BepiiuH
Yucmo BXOA0B Yucimo BEIXOIOB . .
CXEMBI peaxuuit B rpade ¢pynkimu f B rpade peaknuii
alu2 10 6 38 736 10
alu4 14 8 146 8174 12
C432 36 7 128 2608 1
X2 10 7 14 107 24

W3 Tabnuupl BUAHO, YTO MpeAsiaraeMblil anroput™ mo3Bodsietr crpoutb ROBDD-rpadsl 1ocTHXUMBIX
pEaKIuii CXeMBI, COJIeprKalllie CyIIeCTBEHHO MEHbIIIE, MHOTAA Ha MOPSIKH, BHYTPEHHUX BEpIIUH, YeM Ipa-
¢bbI cooTBeTCTBYIOIMX (QYHKIMIT f, 3aBUCAIINX OT BXOAHBIX M BHIXOJHBIX IIEPEMEHHBIX CXeMbI. B uactHoCTH,
€CIIM BCe BO3MOXKHBIC JIBOMYHBIC HAOOPHI JOCTIKMMBI Ha BBIXOJAX CXEMBI, TO MOJydYaeTcs rpad peaxuuii,
COCTOSIIIMI M3 OJJHOM TepMUHATIbHOU BepiiuHbl 1 (cxema C432).

3aka0ueHne

[Ipemmoxen anmroputm noctpoernss ROBDD-rpada, mpencrapisromnero MHOXKECTBO BCEX JOCTHKIMBIX
peaknuii KOMOMHAIMOHHOW JIOTHYECKOH CXEMBI, 3aBHCSILETO TOJBKO OT BBIXOJHBIX IEPEMEHHBIX CXEMBI.
[Ipu moctpoennu rpada peakuuii He TpeOyeTcs MOTyUeHHs MPETIOKEHHOTO B paboTe Oojee TpOMO3IKOTO
rpada ¢ynkuuu f, mpencrapistoiieil BXoJHbIe HAOOPHI CXEMBI BMECTE C MOPOKIAEMBIMU UMH PEAKIIHSIMH.
[TpoBezeHO CpaBHEHHE KOJIMYECTBA BeplinH B rpade ¢yHkimu f 1 cooTBeTcTBYIOMIEM rpade peakiuii CXeMbl.
DKCHEepUMEHTHI TOKA3aJIM, YTO HpeIaraeMblid alTOPUTM MTO3BOJISIET CTPOHUTH TPadbl TOCTHKUMBIX PEAKIHH
CXEMbI, 3HAYMTEIILHO 00JIee KOMITAKTHBIE, YeM rpadbl GyHkiuii f.
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