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AHHoTaums. CTporo aHAINTHYECKH MOKA3aHO, YTO yYEeT COOCTBEHHOTO BpAlEHHUs Tella,
MOPOXIAIONIEro cuily MarHyca, CyliecTBeHHO BimsieT Ha GopMy OpaxucToxpoHsl. C ro-
MOII[BIO METOJIOB YUCIICHHOTO MHTEIPUPOBAaHMS NPHUBEJICHBI Pa3IMYHbIe BUBI JeOpMHu-
POBaHHBIX OPaXHCTOXPOH, 00A3aHHBIX yUeTy 3TOro 3 QeKTa.
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Abstract. This paper studies the effect of the rotational motion of a body on the trajectory
of its fastest descent into the gravity field. The body is considered as a ball rotating about
its instantaneous axis, which is perpendicular to the pattern, with a variable angular
frequency. The rotation of the ball creates a vortex flow that induces the highest pressure
at the top of the ball and the least pressure at the bottom. Thus, the Magnus force (down-
force), which is opposed to the reaction force of a trough, occurs. It provides an "anti-
lifting" effect resulting in strong changes in the brachistochrone shape. Based on the
fundamental principle of dynamics, a general vector equation of motion is obtained in
the form of projections on a moving basis represented as unit vectors of the tangent and
normal to the trajectory of the motion. A parametric solution to the equations describing
the shape of the trough in Cartesian coordinates is obtained in the absence of dissipative
forces. It follows from the resulting solution that the Magnus effect is most noticeable
only for massive bodies of long radius. Using the numerical integration methods, various
shapes of the deformed brachistochrone are presented as a result of the Magnus effect.
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BBenenne

Bompoc, KoTopoMy MOCBsIIICHa HACTOsIAs paboTa (Kak u mpenplayime cratbu [1-3]),
OTHOCHUTCS K KJIACCHYECKHM IPo0JIeMaM MEXaHUKH, CBSI3aHHBIM C BBISICHEHHUEM BITUSHUS
Ha (GopMy OpPaxMCTOXPOHBI PA3IUYHBIX BHEITHUX (PU3MYECKHX (haKTOPOB, MPHBOSIIMX
K ee CyLIeCTBeHHOHU aedopmanuu. Panee ObUIO pacCMOTPEHO BIMSHUE HA TPAEKTOPHUIO
JBIDKEHUS TAaKUX MPUPOJHBIX MPOSIBICHUM, KaK CHUIIBI CyXOr0 M BS3KOI'O CONPOTHBIIE-
HUSL, IEHTPOOEKHBIE CHJIBI, CBSI3aHHBIE C BpallleHHeM OpaxUCTOXPOHBI, U T.11.

B HacrosimieM cooOLIEHUHM MBI MPOJOIDKMM HM3YUeHHE BIHSHHS Ha ee GopMy pe-
3yJabTaTa BO3JCHUCTBUSI BHELIHHUX MPHPOAHBIX (PAKTOPOB M MPOAHAIH3HPYEM BO3MOXK-
HOe M3MEHEHHeE Xenoda Mpu ydeTe COOCTBEHHOTO BPALleHNUs Tela, KOTOPOe MBI BEIOEpeM
B (opMe mapa (WM CIUIOHIHOTO JIMCKA), KATSIIErocs Mmoj| ISHCTBHEM CHIIBI TSDKECTH.
3agady OyzmeM pemath 0e3 ydeTa IMPOCKaNb3bIBaHHS, HO C YYETOM €ro COOCTBEHHOTO
MOMEHTa MHEPLIHUHU, a TAKKE C YIETOM CHJIbI MarHyca, KOTOpas Mmpu 3TOM HNPOABIIACTCA
BIIOJIHE €CTECTBEHHBIM 00Pa30OM.

HamomuuM, 4to cyth 3Toro sddexra 3akiodaercs B JOMOIHUTEIHLHOM BO3JCH-
CTBHUH Ha TEJIO CUJIBI, HOPOKIAEMOI COOCTBEHHBIM BpalleHHeM. J[eficTBuTensHO, ecnu
HMMEETCsl KaTAILMKCA ap, TO OH JOJDKEH XapaKTepU30BaThCsl CBOEH 4acTOTOM Bpalle-

HHS , 9TO €CTECTBEHHBIM 0OPA30M MPHBOIHT, BO-TIEPBEIX, K MOSBICHUIO JOMOTHHA-
. . Jo’
TENbHOM YHEPrHH, KOTOPYIO MOXHO 3alncaTh Kak E ==+ TAC MOMCHT HHepLH1

2 .
uig mapa J = gmaz, M — ero mMacca, & — paguyc, BO-BTOPBIX, JONOIHUTEIFHON CHIIBI,

JEUCTBYIOLIEH MEpIEeHIUKYISIPHO TPASKTOPHH JIBWXKEHHUS U MPEICTaBISIONIeH U3 ceds
cuity Marnyca Fy. OHa onpenensercst B BUie BEKTOPHOTO MIPOM3BEACHUS (CM., HATp.:

[4-16]):
Fy =km[Vxo], @)

roe k = Pe , Pc — INIOTHOCTB OKPY’KAIOIIET0 KOHTHHYYMa, p — INIOTHOCTb II1apa, M — ero

Macca, V — pe3yIbTUpYIoast CKOpoCTh, CBA3aHHAS C TPAGKTOPUEH IBIKEHUS COOTHO-
wenneM V =F, e KOHel BekTopa I (1) ONMCHIBAaeT MHTEPECYIOLLYH0 HAC TPAEKTO-
PHIO JBIDKECHUSL.
®opmyny (1) s manpHEHIIET0 NCIOTF30BaHUS YIOOHO MEepenicaTh B BUIE:

Fu =km[Vxo]=kmoV[txk]=-kmoVn, ®)
I7ie T — €AUHUYHBIN BEKTOp KacaTeIbHOW, HAIIPABICHHBIN BJIONb TPAGKTOPHH JIBIKE-
Hus, K — eIMHUYHBIA BEKTOP 1O HANPABJICHUIO YaCTOTHI BPAILICHHUS, T.C. MEPICHIUKY-
JISIPHBINA TUIOCKOCTH PHC. 1, N — eAMHIYHBIN BEKTOP HOpMANHX K Tpaekropuu. Kak BugHO

3 Gopmynsl (2), ciuma Marayca HampaBlieHa IPOTHB CHITBI PEaKIiH, JEHCTBYIOMIEH CO
CTOpOHBI Jkeo0a Ha TeJo.

88



nadkoe C.0., boedarosa C.b. O enusHuu Ha hopmy bpaxucmoxpoHb! ahhekma MaeHyca

Puc. 1. CxemaTndyeckoe H300paKeHHEe MOCTAHOBKH 3a1a4k
Fig. 1. Schematic representation of the problem formulation

Hanee, nockonbky cuiaa Marnyca (1) nuHelHa MO IUIOTHOCTH KOHTHHYyMa, TO
¢ (hopMasIbHON TOUKHU 3pEHHS HaM HEOOXOOUMO Y4ecTb U CHIy cOnpoTuBieHUs: CTOK-
ca, TaK)Ke JIMHEHHYIO 10 TUIOTHOCTH.

B cBeTe BhINIECKAa3aHHOTO MBI MOXXEM TEIEPb 3anucaTh MOJHYK0 CUCTEMY YpaBHE-
HI/Iﬁ, ITO3BOJIAIOIIUX HalTH aHAJTUTHYECKOE pEeHICHUEC 3a1a91 O BOBMOXHOM U3MEHCHUU
(opMbI OpaxucToXpoHbI ¢ yueroM 3¢ddexra Marnyca.

1. OcHOBHBIE ypaBHEHHS.

Takum o0pa3om, ¢ yueToM ¢GopMyinbl (2) UIMeeM COrjacHO BTOpoMy 3akoHy Hpro-
TOHA

mV =mg+F, +F, —kmoVn ®3)
rae § — yCKOpEHHE CHIIBI TSDKECTH, a €ro pasjioKeHHEe 0 MOABIKHOMY 0azucy TN
UMeEeT BUI;

g=g(tsina+ncosa), 4)
F, =N =—-uNt, 5)
3MeCh [l — TEH3OPHBIH KO3(DDHUIIMEHT TPEHHUS, | — OOUIETIPHHATOS 0O03HAUCHHE KOI(-

¢unmenra tpenus, N — cuia peakuuu xenooda.
Cuia Ctokca

F, =—-6maVr. (6)
[Mockonbky yckopeHue B 6a3zuce T—N UMeeT BHII:
2
v:vﬂv?n, @)
1O ¢ yuetoM (4)—(7) BekTopHOE ypaBHEHHE (3) CTAHOBUTCS TAKHAM:
2
V1+V—n:g('rsinoc+ncosoc)+ﬂn—¥t—k(oVn, 8)
R m T
I BBEJICHO BPEMSI pellaKcaliiu
1 6mna
- _oma )
T m

[IpoexTupys ypaBHeHHE (8) Ha 0a3UC T, MBI aBTOMAaTHYECKH MPUXOIUM K IBYM
CJIEIYIOIM yPaBHEHUSIM
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Vzgsina—ﬂ—x,
m

2 (10)
\%
N = m[?— g com+kcoV].

3amernM, 4TO BepxHee ypaBHeHue B cucteme (10) mpencrasisier coboil cien-
CTBHEC 3aKOHA COXPAHCHHs IMOJNHOW CYMMAapHOW MOIIHOCTH cucTeMbl (cMm.: [17]),
u O0bu1a yureHa Gopmyna (5). HikHee ypaBHEeHHE MpencTaBisieT co00H HOMHYO CHITY
peakuuyu xenoda. B cooTBETCTBUM C anropuTMOM, HaMedeHHbIM B paborax [1, 2],

noJjiara€m, 4To
2

%z—g cosa+koV. (11)

CrenoBartenbHO, CHITy peakiu jkenoba ¢ yuyeroM ¢opmyist (11) MOXKHO BBIYUCIHTS,
UCXOJS U3 CIEYIOLIEro OOLIEeTO BhIPasKeHUS:

N =2mg (I(Q)Tv—cosaj. (12)
ITonnas xe cucrema ypaBHeHui ¢ yaeroM (10) u (11) cranoBUTCA Takoii:
V= gsina—ﬂ—x,
m T (13)

2
VF:—g cosa+koV.

2. Ananu3 ypaBHenuii (13) npu oTCYTCTBHH IHCCUNIATHBHBIX CHJI

Ecnu npeneOpeyb cuiiaMu COIIPOTUBIICHHSI U BCHIOMHUTb, 4T0 V = R4, TO ypaBHe-
Hus (10) cymiecTBeHHO yIPOCTSTCS, M MBI TOTYIUM

{V: gsina,

. (14)
Va=-gcosa+koV.

\Y
Tak kak ® =—, r7e a — paguyc mapa, To, pa3/ie/iuB BepXHee ypaBHEHHE HA HIXK-
a

Hee W BBOJS HOBYIO (DYHKLIHIO

p=cosa, (15)
MIPUXOUM K JINHEHHOMY YPaBHEHHIO
, kV
p-P__EY (16)
\V ag
,_ dp
rIae =—,
P dv
Ero pewenue nmeer Bum;
2
p=005a=ClV—kV , @an
ag

rae C1 — KOHCTAHTa UHTCTPUPOBAHU.
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U3 (16) momyunm

2k 2k k

B mpenenpHBIX crydasx oTcrona uMeeM, eciim K — 0, To

2
v &30 _J(Clagj _agcosa (18)

cosa  kcos?a
V%

C, Clag

(19)
Hamomuaum, uto coso <0, MOCKONBKY g <o<mn.Ecmmxe a—0, 10
V ~ f_ag cosa _ (20)
k
Hanee, B cuiy onpeeneHuit
x=Vcosa,
y=-Vsina,

¢ yueroM oOrierd ¢popmyinsl (18) mpuXoauM K CleayouieMy napaMeTpuieckoMy pe-
HICHUIO

X = a _T (1—;}050@@
ks J1-%cosa '
’ (21)
a‘f 1 .
y=h-—— (l——jsm ada,
k (;[ Jl-icosa
rae h — BpicoTa maaeHus 1 BBeeH Oe3pa3MepHbIil mapaMeTp
A= Az'k . (22)
C’ag
YuTeHo Takxke, uTo
2 da
dt (23)

- _Q_g \/1—7»008(1 '

3aMeTnM, UTO B MPEETIbHOM Cllydae, Korjaa paauyc mapa a —> oo A —>0 (1.e. map
HE KaTHUTCS, a TPOCTO CKOJB3UT MO kenody), pemenne (21) BEIpoKAAaETCS B CIEAYIO-
LIYIO CUCTEMY:

aft 1 ar ¢
X=—||1-————|cosada ~ —— | cos* ado. =
k;[[ Jl—kcomj Zk;[
1

1. 1.

=——=| -0, +=sin20——=sin2a, |,
aC; 2 2

(24)

o

y=h-2]

1
10—
k %( Jl—kcowj

= h+%J‘COSaSinada:.h—
2k

Ao

sinado ~

> (cos” o —cos” ).
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Puc. 2. 3aBucumocts Y(X) mis ciydast A = 0.01 (Gonbioii paguyc tesa)
Fig. 2. Dependence y(x) for A = 0.01 (a long radius of the body)
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Puc. 3. ®opma 6paxuctoxponsl st crydas A = 0.1
Fig. 3. Brachistochrone shape at A = 0.1
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Puc. 4. M3meHeHne ¢popMbl OpaXHCTOXPOHBI NIPH JAJIBHEHIIIEM YMEHBIIEHUH pajnyca Teia
utst caydast A = 0.75
Fig. 4. Brachistochrone shape variation with a further decrease in the radius of the body
atA=0.75
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Puc. 5. ®opma 6paxucTOXpPOHBI ISl CPABHUTENBHO HEOOMBIIIOro Tena, A = 5
Fig. 5. Brachistochrone shape for a relatively small body at A =5
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T
Kak BugHO 13 (24), MBI IPMILIK K YPAaBHEHHIO OPaXHUCTOXPOHHI (U1 HEE oL, = > ).

UucneHHoe penieHue ypaBHeHuUH (21) st pa3IMyHbIX 3HAUYSHUH mapaMerpa A, Ipoul-
JIIOCTPUPOBAaHOE pHUC. 2—5, NMOKa3biBaer, 4yro BiusHHE dddekra Marnyca Ha dopmy
OpaxUCTOXPOHBI CYIIECTBEHHO BO3pAcTaeT ¢ yMEHBIIEHHEM pa3Mepa CKaThIBAIOLIErocs

Tena. HauanbHble yenous BeiGpanst B Buje: a.(0)= o, = g, V(0)=0.

3akiaouenue

B 3akimoueHne pabOThI BBIJICTHM HECKOIBKO OCHOBHBIX MOMEHTOB.

1. Tlomydena obuas cucTeMa ypaBHEHHMI, YIUTHIBAIOIIAs BIMSHIE HA YPaBHEHHUS
JBIKeHust s dexra Marnyca.

2. TIpoBeseH aHATU3 MOMYYSHHBIX YPABHCHHH W HAHICHO WX YHCICHHOE PEIlICHHE
JUISl pa3JINYHBIX 3HAUEHUH rmapamerpa A.

3. [ana rpaduueckasi WJUTFOCTPAIIUS YHUCICHHOTO PEIICHUS.
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