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I'' 4. CapputauHosa

3KCTPEMAJIBHOE YIIPABJIEHHME JJIS1 OJJHOI'O ®YHKIIMOHAJIA
HA KJACCAX AHAJIMTUYECKUX ®YHKIIUIA

HccnenoBanusi, npoBeAEHHBIE B JaHHOW paboTe, OTHOCATCS K I€OMETPHYECKOM
TeopuH (QPyHKIHH KOMIIEKCHOTO NMEPEMEHHOT0. A UMEHHO, MPOIOIDKAETCSI pele-
HHE SKCTPEMATBHOH 3aJadll O HaXOXKACHWU YIPABISIONMX (YyHKIUH B ypaBHe-
Hun JI€BHEpa, MPUBOIAIMINX K TPAaHUYHBIM (PYHKIHSIM CHCTEMBI (yHKIHOHAJIOB,
3aBUCAIINX OT 3HAUCHMS (QYHKIMH U e€ NPON3BOJHON B (PUKCHPOBAHHOH TOUKE,
Ha HEKOTOPBIX KJIAcCax OJHOJMCTHEIX (DYHKIHH.

KnroueBble cioBa: cpanuunas @ynkyus, Kiacc 2010MOP@HBIX OOHOIUCHIHBIX
@yHryuil, MaKxcumaibHoe 3HaveHue QyHKYUoHand, MUHUMAIbHOe 3HaveHue QyHK-
yuonana, ypasnenue JIéenepa, skcmpemanvHas ynpasiaiowas QyHKyus.

3aja4a 0 HaX0XKJCHUH MHOXKECTBA 3HAYCHUI (YHKIIMOHAIIOB, 3aBUCSIIUX OT 3Haye-
HUS QYHKIUH U €€ IPOU3BOIHBIX B (PMKCHPOBAHHON TOUKE, SIBJSIETCS KJIACCUUECKOH 3a-
Jladeil TeOMETPHYECKOi TeopuH (DYHKIMH KOMIUIEKCHOTO IepeMeHHoro. IlogoOHbMu
(yHKIMOHATIaMU 3aHUMAINCh Takue aBTophl, kak JI. bubepbax, [.'M. T'omysun, U.E.
bazunesuy, I1.I1. Kydapes, U.A. Anekcanapos u apyrue. [l MccieaoBaHuil UCTIONb-
30Bajics, CpeAM MPOYMX, METOJ MapaMeTpUUIecKux mpenacraBieHuil JIEBHepa, B ocHOBE
KOTOpOT'O JISKUT OOBIKHOBEHHOE MuddepeHnnanisHoe ypaBHEHHE, B YaCTHOM cClly4ae
ypaBHeHue JIéBHepa.

IIycts S — Kimace roaoMOPQHBIX OXHONHMCTHEIX B €IUHHYHOM Kpyre E ={z: |z| <1}
¢bynxuuit f(z), Hopmuposanusix ycnosusamu f(0) =0, f(0) = 1. Ilycts S, (p=1.2,...) —
ToJKJIace kKiacca S QyHKIHH, 00Ianalomux p-KpaTHOW CHMMETpHel BpalleHus OTHO-
CHUTEJIFHO HYJI, T.€. TAKUX, UYTO

S Wy
fle P zl=e P f(z), k=12,....,p—1.
INoaxnacc S, BbLAENAETCS B CAMOCTOATEIBHBIN Kiace QyHKIUM, mpuuém S;=S.
Paccmotpum ypasuenue JI€BHepa
dc(z,t w? (t)+¢?(z,t
G B T (L 23 R 0
dt w(1)=¢"(z1)
|z <1, 0<t<oo,

B KOTOPOM yIpasisitorast GyHKus W(t), [W(t)| = 1, sBisieTcst HenpepbIBHON MM KyCOY-

HO-HernpepbiBHON Ha [0,00). @yHkimu f(z)= lime'g(z,T), KOTOpble MBI Ha3bIBaEM
T—>0

npelenabHbIMU I pellieHui ypaBHeHus JIEBHepa, 00pa3yroT IUIOTHBIN IOAKIACC Kiac-
cas,.

CraButcs 3ajada BBLAENUTH ynpapisitomue QyHKIUU B ypaBHeHuM JIEBHepa, mpu-
BOJIAIINE K TaK HA3bIBAEMbIM I'PaHUYHBIM (DYHKIUSAM CUCTEMBI (h)YHKIIMOHATIOB
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n|f'(z)|, arg f'(z n|f(Z)| ar. /(2) n|f(Z)| ar f(Z)}
R e R e e

Ha Kj1accax S U S, T.e. K QyHKIUAM, BHOCSIIUM IPaHUYHbIE TOUYKU B 00JIaCTh 3HAUEHUH
9THX (YHKIMOHAIOB, OOHAPYXHUTh 3aKOHOMEPHOCTH. JTa 3ajgada ObLIa pemieHa s
arg f'(z) Ha xiacce S W.A. AnexcannposbiM U A.M. AnexcanapossiM [1], Ha kiacce S,
(p=23,...) . Canpuraunosoit [2], mana In|f(z)| Ha xmaccax S u S, (p=2,3,...)
I'. . Cagpuraunosoii [3, 4].
/)
z

B HacTosmelt pabore 3amada perraercst s pyHKuoHana / = 1In Ha KJaccax

Sus,.
Bremonanm Hag ypaBHeHueM (1) HekoTopblie mpeodpa3oBanus. byxzem nmers

P P

lﬁ:_]_le(g_;_Ej :_L

G d‘c H/’ _gp G dT H/’ _gp

:> 1 d(etg) 2 d(lnerg) S

erc_’ drt B up_gl’ drt - Mp_gp'
[IpoMHTErprpOBaB MOCIEAHEE PABEHCTBO 110 T, 0<T< 00, TIOIyYHM
1nf(z) :—2T ¢’ (27) dt 2)
z o b (1)=¢"(27)
rie f(z)eS,.
f(2)

MHoecTBO 3HaueHH (yHKIHOHaa In HE 3aBHCHT OT arg z , o3TOMY Jajee

z
Oynem cuntatbz=r, 0 <r< 1.
Beeném 0003HaucHUS

ls(r ol =p(r.7), s(ro)u(r)=p(r7)(r.7). ®)
Torna ypaBaenue JIéBHepa (1) mociie HEKOTOPBIX MPEOOPa30BAHUIT IPUMET BHT
ding(r,t)  1+p”(r,7)y" (r,7)
drt __l—pp(r,t)yp(r,t).
W3 3TOr0 paBeHCTBa ClielyeT, YTo
dinp(r,t)  1-p*”
dt |1_ppyp|2

“

Z_dargg(r,r) Z_Pp (yp —fp)
dr |1_ppyp|2 ’

&)

PaBenctBo (2) ¢ yuérom 0603HaueHHi (3) mpeodpa3yercs K BHIY

QPP
lnf(r):—Z Py dt.

7 Ol_ppyp

3aMeHUM B IOCIIEHEM MHTErpalie T Ha p, HCIoNb3ysl popmyity (4), KoTopasi CBUAETEIb-
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crByer 00 yobiBanuu dynkiuu p(t), npuuém p(r,0)=r, limp(r,t)=0. Torga
T—>0

lnf(r)zzr NN -_|1_ppyp|2 dp:_zj.pplyp(l—ppyp)dp:
0

rool=pty? 1-p 1-p?”

p
IomoxxuB B IMOJIYUYCHHOM HUHTETpAJIC p = (l—j 5 6y;[eM UMETh
+S

1
1 1
1HM:——J.y”§——ln(1—r2"), 6)
r Py S D
1-r?
rae o= . 3amenuM B (6) dQyHKIHIO ¥(7,s) HAa BEUICCTBEHHO3HAYHYIO (DYHKITHIO
I+r

1

t(r,s) mo opmymne y = (ﬁ]p . Homyurm
1—t

L2 .1
1HM=lJ"t2_1£_l1n(1_r2”)+£ tzﬁ.
r pLt'+ls p P l+t" s

o

Takum 00pazom,

o]0

:%j.g(s,t)ds—%ln(l—rzp), (M

£-11

41 s

Venosue g'(s,f) = 0 gaér #(s) = 0 u #(s) = oo.

Beranciu B (7) maTerpan npu #(s) =0, IpUXOONM K MHUHHMAIBHOMY 3HAYEHHUIO

1 M [5].

1“—2/,, dbyskuronana In
(1 +rP )

BoccranoBuM Li(T), COOTBETCTBYIOINIYI0O MUHUMYMY (GyHKITMOHANA I. [Tpn ¢ = 0 nme-
em y = 1" TIpounTterpupoBas mpy Takux y ypaBHeHHe (4) ¢ HAYATBHBIM yCIOBHEM
p(r,0) = r, momyuyaem

rae g(s,t)=

WErEEa
p(r7)= 4K, (r)e " ’

p d ar ,
rie K, (r) =r—2. Vpasuenue (5) npu y = 1'% npunumaer sux M: 0.

(1+rp) dt

C yuérom HauanpHOTO ycnmoBus arg ¢(r,0) = 0 mHaxomum arg ¢(r,1) = 0.
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IMockonbky momyumnu ¢(r,t) = p(r,t), To u3 hopmyi (3) ciemyer, 9To U = 17 u co-

oTBeTCTBeHHO L = 1'” — 3KCTpeManbHble yHpaBisiomue GyHKIHH, JaIOmue (yHKIHO-
Haiy / MUHEMYM.
. 1/p .
Wurerpuposanue ypasHenus JIésHepa (1) ¢ =17 naér pemmenne
1

(-Vax@er) |
4K, (z)e " '

OﬂHO?,Ha‘IHaH BCTBb q)yHKIII/II/I q BI)I6I/IpaeTCSI B COOTBCTCTBHU C YCIIOBUEM

s(z1)=

§(z,1) =€ z+.... Oynkums f(z)=lime'c(z,1)= €S8, sBIAETCS rpaHuy-
T—>00

2/p
(1+zp )
HOU (DYHKIMEH OTHOCUTENHHO (YHKIMOHANA [, Ha KOTOPOH (DYHKIMOHAN JOCTHraeT
CBOCTO MUHUMAJIBHOT'O 3HAYCHMUSL.

Beruncnus Teneps nHTErpan B (7) mpu ¢ = 0o, IPUXOAUM K MAaKCHMaJILHOMY 3Haye-

M‘ [5].
r

1
HUIO In———— dyHKumonana In
2/p
()
Boccranosum Li(T), cOOTBETCTBYIONYIO MakcumMyMy (yHknnonana /. Ilpu ¢ = oo mo-

nyaaem y = (—1)"”. Unrerpuposanue ypaBuenus (4) ¢ TAKHMH y M HAYATHHBIM YCIOBH-
em p(r, 0) = r maér pemenne

< =

(l—\/l+4K2(r)e_pT )2

r,T) = ,
p(r.7) 4K, (r)e "

PP
e K,(r)=———.

> - YpaBHEHHE (5) mpu y=(-1)"" ¢ wavanbHEIM ycrOBHEM
1-r?

arg ¢(r,0) =0 maér arg ¢(r,01)=0. Takum oOpazom, u3 ¢opmyn (3) cremyer, dTO
w=(=1)"? — skcTpeManbHble yIpaBIsONIEe (YHKIMH, MPHBOAALME K MAKCHMYMY
¢yHKIMOHANA /.
Ipounrerpuposas ypasrenne Jiésuepa (1) ¢ w = (—1)"”, nomyuaem
1

(1—1/1+41<2(z)e‘m )2 ,

4K, (z)e "

s(z1)=

Torma f(z)=lime'c(z,1)= €S, — rpanndHas GyHKIMA 11t GyHKUHOHA-
T—>0

(l_zp)Z/p

na [, Ha KOTOpo# (PyHKIMOHAJ TOCTUraeT CBOET0 MaKCHMyMa.

WTtak, sKcTpeMasibHble YIpaBisiomuye GYHKINH, TPUBOSIINE K TPAHUYHBIM 3Haye-
HUAM (yHKIMOHANA / Ha Kiacce S, HaliIeHsL.

[MTonoxus Be3ne p = 1, HaliAéM dKCTpeMalbHbIE yrpasistone GyHkuny i GpyHK-
nuoHana / Ha knacce S. Tak, i = | NpUBOAUT K MUHUMAJIBbHOMY 3HAUEHHIO, a L= —1 — K
MaKCHMaJIbHOMY 3Ha4€HHIO JaHHOTO (pyHKIMOHAA.
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Jlo6aBuMm, 4TO SKCTpeMalbHbIe yIpaBiieHus: Ha kiacce S, (p = 1,2,...) s GyHKIHO-
f(2)

z

Hana In OKa3bIBAIOTCS TAKUMHU K€, Kak | 11 pyHKnuoHana In|f'(z)| [3, 4].
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Cratbst noctynuia 17.11.2013 r.

Sadritdinova G. D. EXTREME CONTROL FOR A FUNCTIONAL ON CLASSES OF ANA-
LYTICAL FUNCTIONS.

Let S be the class of holomorphic univalent functions f{z) normalized by conditions f{0) = 0,
S(0)=1 in a unit circle E={z:|z|<1} functions f{z), rated conditions f{0)=0, f(0)=1. Let S,
(»p=1,2,...)is a subclass of the class S of functions possessing p-multiple symmetry of rotation
with respect to zero, that is, such that
2k ) 2k

f(eTZ =67f(z), k=12,..,p-1.

The subclass S, is distinguished as an independent class of functions, and S;=S.
We consider Loewner's equation
dg(z,t
( ) = —(;(Z,T)
dt

W ()4 (2,0)
W (1) =¢"(z7)
|zZ| <1, 0<t<o,

6(z,0)=z

in which control function p(t), |u(t)|=1, is continuous or piecewise-continuous on [0,00). Func-
tions f(z)=lim e"g(z,t) which we call limiting for solutions of the Loewner equation form a
T—>0

dense subclass of the class S,,.
In this article the problem of finding control functions leading to boundary functions of the
f(2)
z

functional 7/ =In in Loewner's equation on classes S and S, is solved by the parametrical

method.

The set of values of this functional does not depend on arg z therefore, from now on we sup-
posez=r,0<r<1.

Executing some transformations over Loewner's equation, introducing the designations

ls(r. D) =p(r.7), o(r.)i(t)=p(r.7)y(r.7)

and substituting p = G_—S)p and y= (i]p , we have
+5

i—t

In

S(r)

1
:l_[g(s,t)ds —lln(l — ) ,
py P
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2
t"-11 1-r?
where g(s,t)zz—-f, o=-—"_.
“+1 s 1+r?
The condition g'(s,f) =0 yields #(s) =0 and #(s) = «. The solution #(s) =0 leads to extreme
control functions p=1"7, providing a minimum to the studied functional. Function

f(ﬂzm

tional reaches the minimum value. As #(s) =, we find extreme control functions p = (—1)"7,

€S, as applied to the functional /, is a boundary function at which the func-

leading to a maximum of the functional /. The boundary function f(z)= €S, pro-

1-z? )2/p

vides a maximum to the functional /.
Setting everywhere p =1, we find extreme control functions for the functional / on the
class S.

Keywords: Boundary function, class of univalent holomorphic functions, the maximum value of
the functional, minimal value of the functional, Loewner’s equation, extreme control function.

REFERENCES

1. Aleksandrov I.A., Aleksandrov A.I. Ekstremal'nye upravlyayushchie funktsii v uravnenii Lev-
nera v teoreme vrashcheniya (2000) Dokl. Akad. Nauk. V. 371. No 1, pp. 7-9. (in Russian)

2. Sadritdinova G.D. Upravlyayushchie funktsii i argument proizvodnoy (2003) Vestnik Tom-
skogo gosudarstvennogo universiteta. No. 280, pp. 78—80. (in Russian)

3. Sadritdinova G.D. Upravlyayushchie funktsii i modul' proizvodnoy (2007) Vestnik Tomskogo
gosudarstvennogo universiteta. No. 299, pp. 104—105. (in Russian)

4. Sadritdinova G.D. Ekstremal'noe upravlenie dlya modulya proizvodnoy na klasse r-simmet-
richnykh funktsiy (2007) Vestnik Tomskogo gosudarstvennogo universiteta. Matematika i
mekhanika. No 1, pp. 54-57. (in Russian)

5. Aleksandrov I.A. Parametricheskie prodolzheniya v teorii odnolistnykh funktsiy. Moskow,
Nauka Publ., 1976. (in Russian)

SADRITDINOVA Gulnora Dolimdganovna (Candidate of Physics and Mathematics, Assoc. Prof.,
Tomsk State University of Architecture and Building, Tomsk, Russian Federation)

E-mail: dolinal @sibmail.com



