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XAPAKTEPU3AIINA BUEKTUBHBIX APN-OTOBPA>KEHUN
B TEPMINHAX PACCTOAHNA ME2K/1Y ITIOAI'PYIIIIAMN
CUMMETPUYECKO! I'PYIIIIEI

A.P. Bejios

Hpocarascruti 2ocydapemeennviti yrusepcumem um. 11 I. Jemudosa, 2. SHpocaasas, Poccus

E-mail: ashmedey@gmail.com

Nsyuarorcs buektusabie APN-oToOpaXkeHus, 3a/JaHHbIe HA KOHETHOM I10JI€ I6THOMI Xa-
pakTepuctuku. CBOHCTBO OMEKTUBHOIO oToOpaskeHust ObITh APN-oTOOpaskeHnemM BbI-
parkaercs B TEPMUHAX PACCTOAHUS XIMMUHIA, MEXKY IMOAIPYIIAMU CHMMETPUIECKOM
rpynnsl. Ilpeaiosked HOBBIN OAXOM K HOCTpoeHNI0 6unekTuBHBIX APN-oToOparkeHmii:
3aja4a rocrpoennst APN-mepecTaHOBKH CBejieHa K IIOMCKY IOJAIPYIIIBI CHMMETpUYIE-
CKOIi I'DYIIIBI, KOTOPasi JajeKa (B CMBICJIe PACCTOSIHUS XOMMUHTA) OT IPYIIIIbI CIBUTOB
KOHEYHOTO THOJIA [Fon, U PEIIeHnIo CUCTEMbI YPaBHEHUI COPSIZKEHUS.

Kimrouesbie ciioBa: A PN-omobpasicenue, nepecmanoska, CUMMEMPUUECKGA 2PYNNa,
paccmosnue Xommunaa.

CHARACTERIZATION OF APN-PERMUTATIONS IN TERMS
OF HAMMING DISTANCE BETWEEN SUBGROUPS
OF SYMMETRIC GROUP

A.R. Belov

P. G. Demidov Yaroslavl State University, Yaroslavl, Russia

In the paper, we give a characterization of APN-permutations in terms of the Hamming
distance between subgroups of the symmetric group. Let

T = {10 € S(Fon) : @ € Fon &V € Fon (10(z) =z + a)}.

Then permutation m € S(Fgn) is APN if and only if d(7,7") = 2" — 2, where T" =
= 1.T-7 and d(T,T") is the Hamming distance between subgroups T, 7" < S(Fan ).
Using this characterization, a new approach to the construction of APN-permutations
is proposed: the problem of constructing an APN-permutation is reduced to finding a
suitable group 7" and solving the simultaneous conjugation problem 7' = z~! - T" - z.
To find suitable groups 7", a combinatorial approach is used, which consists in con-
structing some graph G(T') associated with the group 7' and searching in that graph
for a maximum independent sets. Let 7" = (11, 72,...,7,). Then d((r;),T) = 2" — 2 if
and only if a set of transpositions in decomposition of 7; is a maximum independent
set in G(T'). We have listed all maximum independent sets in the graph G(T') associ-
ated with the translation group T of the field Fy4. In this case the group T cannot be
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constructed. Thus we have obtained the well-known result about the non-existence of
APN permutations in Fya. APN-permutations in the field Fys are classified by listing
all possible candidates for the group 7”: there are 8 possible groups.

Keywords: APN mapping, permutation, symmetric group, Hamming distance, si-
multaneous conjugacy.

BBegenne

O/HO U3 XapaKTEPUCTUK HEJIMHEHHBIX 3JIEMEHTOB OJIOUHBIX MudPOB, KOTOpas obecrie-
YUBAET YCTONYMBOCTD K HEKOTOPBIM METOJIaM aHaJIn3a, siBJIdeTcs duddepenyuasvhas pas-
nomeprocmy [1]. OrobpakeHusi, 0bJIaIal0INe ONTUMAIBHON T dDepeHIna bHON paBHO-
MEPHOCTBIO, HA3BIBAIOTCI NOYMU COBEPULEHHO HeauHelHbmu omobpascenuamu nim APN-
0MobpastceHUAMU.

Onpenenenune 1. Orobparkenue
f : ]an — ]FQn
naspiBaerca A PN-omobpasicenuem, ecmm st Bcex a € Fi, u b € Fon ypaBuenue

fle+a) = flx) =0

nMeeT He 0oJiee JABYX PEIICHMUIT.

[Ipobsiema cymectBoBanust 6uekTuBHBIX APN-oTOOpaskeHuit Ha CeroHsIIIHUI JeHb He
pemtena. 3Bectro, uro st moseit Fon, moe n = 2,4, Takux oTOOparKeHuii He CyIIeCTBY-
et [2|. Ilepbim mpumepom APN-mepecranoBKE Jiist 1os1eil 9€THON pasMEpHOCTH ObLiIa T1e-
pecTaHOBKa, MOCTpoeHHast B pabore [3| ais n = 6. s Apyrux 9éTHBIX 3HaYeHHi n > 6
BOIIPOC OCTAETCSI OTKPBITHIM.

Jnsa xapakrepuzanun APN-cBoiicTBa OymeM MCIOIB30BATH MTOHATUE PACCTOAHUS XIM-
MuHza mescdy nepecmanoskamu. Ilyctsb () — KOHETHOE MHOXKECTBO U3 1 3JIeMeHTOB, S()) —
cuMMeTpuYecKasl rpyiia Ha ().

Onpepesienne 2. Paccmoanuem Xommunea mescdy nepecmanoskamu f,g € S(€)
Ha3bIBAETCSI

d(f,9) = Hz € Q: f(z) # g(=)}.

Onpepenenne 3. Paccmoanuem Xommunza meocdy nodepynnamu G,G" < S(Q) na-
3bIBAaE€TCHA

d(G,G") = min d(g,q").
.¢) = min dlo.q)
g'eG"\{e}

YrBepxkaenne 1. Ilycrs passoxkenune nepecranoBok f,g € S(€) B mpoussejeHme
HE3aBUCUMBIX ITUKJIOB UMeeT BU/L

f=wi. .. wem o Ty, g=wW1...Ws01...0y,
rJie T, W;, 0; — TPAHCIO3UIUHN U T; 7# 0; g Beex 4, j. Torga
d(f,g9) =n —2s — |fix(f) N fix(g)],

rae fix(m) = {x € Q: w(x) = «}.
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1. XapakTtepu3sarnus 6uektTuBHbIX APN-oTobpakeHunii

JIr060it s7eMenT 1ot « € Fon ompesiesisier OMEKTUBHOE OTOOParKeHMe
T i Fon — Fon, =+ 2+ a.

MHuozxkecTBO Beex Takux orobpaxkenuii T = {7, : @ € Fon} 0bpazyer moarpyriy cuMMeTpu-
geckoif rpymibst S(Fan). OTmernm mpocreiinue cBoiictBa rpymmbr 1
1) T cocTout U3 MepecTaHOBOK MOPsiIKa 2;
2) kaxkzag mepecranoBka 7 € T\ {e} He nuMeer HEMONBUKHBIX TOYEK;
3) kaxkmas nepecranoBka T € T\ {e} packiiajpiBaercsi B IPOM3BEICHIE HE3aBUCHMBIX
IIMKJIOB CJIEJTYIONTUM 00Pa30M:

T = (a1a2)(a3a4) e (Oézn—loQ"),

e a;, ¢t = 1,...,2" — pasjmvaHble 3JIeMeHThI 11051 Fon;
4) rpymma T nzoMopdHaA TPAMOMY [TPOU3BEIEHUIO 1 IIMKJIXIECKIX TPYII HOPsiIKa 2.
Eciu {eq, eq, ..., e, } —HekoTOpBIi 6aszuc Fon Ha Fy, To B KavecTBe 06pas3yomux rpyii-
bl 7' MOXKHO B34Th IEPECTAHOBKU T, Teys - - - 5 Te,, -
CaoiicrBo 6uekTHBHOrO OoToOpaxkenusi f 6bITh APN-oTOOparkenneM MOXKHO BBIPA3UTh
Jepe3 MeTPUIECKNe OTHOIIEHNS MEXKIY JIEMEHTAaMHU COIPSIZKEHHBIX TPYIIIL.

VrBepxkaenune 2. Ilepecranoska f € S(Fan) aBiserca APN-oTobpakenuem Torna n
TOJIKO TOTJIA, KOTJIa
AT, T =2" — 2,
rne 7" = f~+-T-f.
ZLloxazameavcmeo. Ilycts f : Fon — Fon —OuexktuBaoe APN-orobpaxkenue. Torma
10 OIIPEJIEJIEHIIO YPABHEHIE

fle+a)—flz)=0
nMeeT He Oosiee JBYX penteHnit Js Bcex a € Fy, m b € Fan. DTO ypaBHEHNE MOXKHO ITepe-
[IACATh B BUJIE

flx+a)= f(z)+0.

Ecsim nocmorpers Ha f Kak Ha sstemeHT rpymibl S(Fan ), To B 9TOM ypaBHEHHN CJI€BA CTOUT
[IPOM3BEJICHIE TIEPECTAHOBOK T, U f, a crpaa — npoussesenne f u 7,. C yuérom 3TOrO
ypaBHEHIE MOYKHO 3allucaTh B BHUJIE

[7a - f(2) = [f - m] (), (1)

rie 4depes f - g obo3HAUAETCs [IPOU3BEJIEHNE TIepecTaHoBoK f u ¢ [4], omnpenenénnoe 110
npasuiy [f - g](z) = g(f(x)). Jomuoxus obe yactu ypasnenus (1) ciesa na f~!, nosyunm

[f7 7o fl(@) = 7(2).

[Ipu Takom mpeobpaz’OBaHUM YHCJIO PEIEeHUil He N3MEHUIOCH.
Beeném obosnadenne 7. = f~1 - 7, f. Torjga ypaBneHne npuMeT OKOHYATETLHBINH BH

7o(7) = (), (2)

rjie B JIEBOW YacTH Ha I JieficTByeT lepectaHoBka u3 1”7, a B IpaBoil — OJUH U3 CJBUIOB
rpyuunst 1. Ilycts my,, — wmciio pernennii ypasuenuns (2). Torma

Map = 2" — d(Tc/w Tb)‘
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Tak Kak 10 ycaoBUIO M, < 2, To d(7,,7,) = 2" — 2. HepaBencrso BepHO Jyist BCeX T, €
eT'\{e} umn €T\ {e}, asnaunr, d(T,7") > 2" — 2.

Tak Kak [epecTanoBKU T, U Tj, CONPSKEHBI, OHI NMEIOT OJIMHAKOBYIO IIUKJIOBYIO CTPYK-
Typy. Beimumem passioykenne B IpoOM3BejicHIE HE3aBUCHMBIX ITUKJIOB MEPECTAHOBKU T, W
BCEX MePecTaHOBOK T'PYIIILI 1

/
Tg =01...09n,

T €,

To = T1,2...T2n-1 29,

Ton = Ty on ... Ton—1 on.

Bee Tpancnosunun m; ; pazandnsl. Vx kommrdectso paBHo (27— 1)2"~1 gro coBnajaer ¢ unc-
JIOM BCEBO3MOKHBIX TPAHCIIO3UIINI, COCTABJIEHHBIX U3 2" 3/IeMEeHTOB 1O Fon. 3HATNT, 7151
000§ TPAHCIO3UIUN 0; U3 PA3JIOXKEHUs T, HAUJETCS SIeMEHT Tj, JJIS KOTOPOro 0; = T ;.
Kpowme Toro, ¢; — euHCTBeHHASA TPAHCIO3UINS U3 PA3JIOKEHUS T,, KOTOPask BCTPEUAeTCs
B passiozkenuu 7;. I[losromy, ncnonssysa yrsepkaenue 1, nosydaem

d(rl, 7)) =2"—2.1-0=2"—2.

Buaunt, d(7,7") = 2" — 2.
O6parno, nycrs d(7,7") = 2" — 2. Ecian upeamnonoxuts, aro f He sapiasgercs APN-
[IEPECTAHOBKOIA, TO mostydnM iyt Hekoropeix 7, € 17\ {e} u 7, € T'\ {e} paccrosune

(7, 7) =2" —mgy < 2" — 2,
470 nporusopednt yeiaosuo d(T,7") =2" — 2. =

2. KombOuHaTopHbIii moaxo 1 K noctpoenuto APN-niepectaHoBOK

Ucnonb3yst 1moydeHHy0 XapaKTepU3aIiio, MOXKHO IPEJJIOKUATE CJIEJIYIONUI TO/IX0]T
K nocrpoernto APN-niepectanoBok:

1) Haitru noprpynmny 77 < S(Fan), usomopdryto rpymme capuros 1, jis KOTOPOit
d(T,T") = 2"—2. Dra noArpyIa J0JzKHA YI0BJIETBOPATH cBoiicTBaM 1-4 rpyrmst 7.

2) Haiitu Takyio conpsratoryio nepectaioBky f € S(Fan), uto T = f~1.T - f.
JL1st 9TOTO HYKHO PENIUTh CUCTEMY ypaBHEHHiT comnpsikenus. JloctaTrodHo mckarhb
COIIPSATAIONIYIO MEePECTAHOBKY, KOTOpas MEPEBOAUT OOpa3yIoIue OJHOI T'PYIIIbI B
obpagyrtorue Japyroit rpymmbl. TakuM oOpa3oMm, cucrema COCTOUT W3 N yPABHEHUI
COTIPSI?KEHNS.

OcHOBHas CII0YKHOCTD 3/1€Ch 3aKII0YAeTCd B IOUCKe Hoaxoisieit rpymnst 17, s pe-
IIEHUsT BTOPOI 38/1a91 MOXKHO BOCIIOJIb30BATHCS OJHUM U3 AJITOPUTMOB PENIeHUs TOI00HBIX
cucrem [5-7).

IIpumep 1. Ilycts n = 3 u nose Fys 3aman0 KopHeM o nojgunoma x° + 2 + 1. Torma
eCM KasKJIOMY 3JIeMEeHTY TIOJA G + a10 + a2 TOCTaBUTL B COOTBETCTBHUE IIEJIOE UHCIIO

aop + a12 + a»2%, To rpynna T COCTOUT M3 CJIe/LyIONINX 3JIeMEeHTOB!

71 = (01)(23)(45)(67); m = (02)(13)(46)(57);

73 = (03)(12)(47)(56); 4 = (04)(15)(26)(37);

75 = (05)(14)(27)(36); 76 = (06)(17)(24)(35);
77 = (07)(16)(25)(34).
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B kauecrse T’ BO3bMEM TDYIIIY U3 CJIELYIONIUX 3JIEMEHTOB:

71 = (01)(27)(34)(56); 72 = (07)(12)(35)(46);

7y = (02)(17)(36)(45); 74 = (03)(14)(26)(57);

74 = (04)(13)(25)(67); 74 = (05)(16)(24)(37);
7 = (06)(15)(23)(47).

Tna neé d(T,T") = 23 — 2 = 6. Ecin MBI HaiiiéM oToOpaskeHue, KOTOpoe COIpPszKeHneM
nepesogur 1" B8 1", T0 ono Oyiaer uckoMmbiM OuekTuBHLIM APN-oT0Oparkenuem. s sToro
JIOCTATOYHO HATH 0TOOparKeHne, KOTOPOe IMEePEBOIUT MHOXKECTBO ITOPOXKIAIOIINX IIEPECTa-
HOBOK I'PyIIIbl 1T’ B MHOXKECTBO HMOPOXKIAIONIUX IPyHIbl 1”7, T. €. peluTh ypaBHeHre

b {r, 72, 1a} - x = {7, 79, T4 }-

Homycrum, 910 mcKoMasi mepecTaHoBKa f TEPEeBOAUT T) B Ty, T2 B T4, T4 B 74 u f(0) =
= 0. Tornma tpancrnosunus (01) momkna nepexonnts B (01), (02) — B (07), a Tpancro3nmus
(04) — B (05). Orcroma f(1) =1, f(2) =7, f(4) = 5. Ucnonb3ys 911 JAHHBIE, TTOJIY 9a€M, 9TO
(23) mosmkna mepexoauthb B (27), (45) —B (56), (46) —B (35). Buaunt, f(3) = 2, f(5) = 6,
f(6) = 3. Hakonen, tpancnosurus (67) momkaa nepexoquts B (34), orkyna f(7) = 4.
ckomasi epecTaloBKa paBHA

f= 01234567
~\01 7256 3 4)°
B npumepe 1 jis nocrpoenus rpynnsl 77 ucnosb3osana n3sectnas APN-mepecranoBka:

T' =inv ! T -inv,

rie inv = (2,5)(3,6)(4, 7) — nepecranoka obparenns B nose Fos. Ho xak mocrponts T
6e3 ucnosbzoBanus u3secTHbIXx APN-niepecranoBok?
MOKHO TIOTIBITATHCS OCTPOUTD TPYIILy 17, UCIOIb3Ysl CELYIONLYI0 CTPATETrnIO:

1) wnaiitn uasosmonuio 7' € S(Fan) 6e3 menopsmkHbIX ToueK ¢ yeiaosuem d(T (7)) =
=2
2) mocrpouts (7') mo rpyuust (7',74, 74, ..., 7)), usomopduoit T n HaxodAIIElCa Ha
paccrogunu 2" — 2 oT Heé.
[TepeBeiém mepByIO TO3a0ady Ha 36K Teopun rpados. Oupejgenum rpad G = (V) E)
cJetyomum oopasom: V — MHOKECTBO BCeBO3MOXKHBIX TpaHcrnosuiwit u3 S(Fan); (vy, vg) €
€ E <= v 1 vy 3aBUCHMBI WK V] U Uy BXOJAT B PA3JIO’KEHHE HEKOTOPOro capura 7 € 1.

ITpumep 2. s rpymibsr ¢BuroB u3 npumepa 1 gactb rpada G, cOOTBETCTBYOMAS
CBUTAM Ty, T3, Ts, IpUBesieHa Ha puc. 1. Pédpa uépHoro 1mBera 0OYCIOB/IEHBI BXOXKIEHIEM
TPAHCIIO3UIINI B Pa3JI0yKEHUE CJABUIOB Ty, T3, Ts, & IIBETHBIE pEOpPa — 3aBUCUMOCTBIO TPAHC-
TTO3UITAN.
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Puc. 1

Vreepxkaenne 3. Ilycrb 77 = wy ... w1 € S(FY) — unBosmornus 6€3 HEMOIBUKHBIX
TOYEK; w; — He3apucuMble Tpancnosunun (i = 1,...,2" 1), Torma ycnoeue d({7'),T) =
= 2"—2 BBIIOJHEHO TOIJIA ¥ TOJBKO TOTJA, KO/ MHOKECTBO BEPIINH {wi, . ..,Won—1} sB-
JIsieTcsi HanbOJIbITUM HE3aBUCUMbBIM MHOXKeCTBOM B rpade G.

Zloxaszameavcmeo. Ciienyer u3 onpejnenenus rpada G u yrBepxKiaeHus 1. m

JLst ocTpoeHusT BCEX MOXOJIANINX WHBOJIIOINMI MOXKHO BOCIIOJIB30BATHCS aJrOPUTMOM
[IEPEIUCTICHIST MAKCUMAJIbHBIX HE3ABUCUMbBIX ITTOIMHOYKECTB, CPE/Ii KOTOPBIX HYZKHO BbI-
6parhb Hanbosbme. B pabore 8] mpeioxKen ajropuT™ pereHusi STOM 3a/1adu, MMl
catoxkHOCTD O(vep), Tie v, e, j4 — YUCI0 BEPIIUH, PE6Ep U MAKCUMAJILHBIX HE3ABUCUMBIX MHO-
’KecTB B Tpade cooTercTBenHo. B annoM ciaydae rpad G umeer v = (2" —1)2""1 pepumn
u apjstercs d-peryaapubiM, riae d = (2771 — 1) + 2(2" — 2). TTosToMy YHCIIO BEpITMH PABHO
e=wvd/2 =5-2""3(2" — 2)(2" — 1). IlapameTp j MOXKHO I'Py6O OIEHUTH CBEPXY KOJIMYe-
cTBOM HesaBucHMbIX MHOXKecTB i(G) B rpade G. B pabore 9] nana onenka na i(G) mis
d-peryspHbIX rpadoB:

Z(G) < (2d+1 . 1)v/2d.

[lepeuncienne Bcex BO3MOXKHBIX MHBOJIIOIUI BO3MOXKHO JIUIb IIpK 3HadYeHusX n < 5. Tax,
JIg n = 4 9ucI0 MaKCHUMAJIbLHBIX HE3aBUCHUMBIX MHOXKECTB B rpade pasno py = 1390080,
cpesin KoTopbix nmeercd 167040 HaubOIbIITNIX.

[Iycrs unBosonus 7' yxke nocrpoena. Joctpoum eé no rpymmetr (7/,75,... 7)) = T.
Ob6pa3zyrormue 3Toi TPYIIIBI CJIelyeT NCKATh CPEIN WHBOJIIONMI 663 HEITOJIBUKHBIX TOYEK ¢,

JJ1g KOTOPBIX BBIIIOJTHEHBI CJACAYIONINE JBa YCJIOBHA:

1) g xommyTupyer ¢ 7', T.e. g7'g7l = 7/;
2) pasJyioKeHHe ¢ B IPOM3BEJIEHNe HE3aBUCUMBIX IUKJIOB 0Opa3yeT HanboJbliiee He3a-

BHCHMOE MHOYXKecTBO B rpade G.

HO,ZLC‘{I/ITaeM KOJINYECTBO BCEBO3MOXKHBIX MHBOJIOIUN ¢, JIJId KOTOPBIX BBIIIOJHEHO IIep-
BOE yCJIOBHE. Obo3HaunM MHOXKECTBO TaKHUX g 4depes3 C(T/). HyCTI) pa3JiozKeHune 7/ umeer
B,

T = (al, bl) ce (a2n—1, bgn—l).
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Torna u3 yciosug 1 ciaemxyer

979" = (9(a1),9(b1)) - . (g(azi—1), g(bonr)) = 7/,

T. €. ¢ IIepeMeIuBaeT IUKJIBI 7' 1ist J11000it Tpancnosumn (a;, b;) HalAGTCS Apyras TPaHCc-
nosunus (a;,b;), Takas, 1ro g(a;) = aj, g(b;)) = b; wm g(a;) = b;, g(b;) = a;. Takum
06pazoM, JIs HOCTPOCHUA BCEBO3MOXKHBIX HHBOMONMHA ¢ nocrarodno Ca, 1Ca, i ,...C5
criocobamu pa3ObUTh Ha Hapbl TPAHCIO3UIINN U3 PA3JIOKEHHUs T/, & 3aTeM JIJId KazKJI0ro Ba-
puanTa 2"? crnocobamu BhIOpaTh 3uaveHus g(a;), g(b;), 1 < i < 2" 1. IMomyqaem

C(r)] = 22C2, R, CE.

Cpemn Bcex g € C(7') Hy’KHO OCTaBUTH TOJIBKO T€, KOTOPbIE YJIOBJIETBOPSIOT YCJIOBUIO 2.
O6o3HaunM MHOXKeCTBO Takux uuBosonuit yepes MC(7'). lnst mocrpoenust rpymmsr T’
ocTayioch BbIOparh n — 1 obpadyomux 7, ...,7, € MC(7'). Takoii crnocob mocTpoeHust
rpymibl 77 BO3MOXKEH st HeDOJIBIIX 3HaYeHui n < 5.

[Tpuseém pesyabTaThl BHIYUCIUTEIbHBIX IKCIIEPUMEHTOB jijist n = 3,4. B ciaydae n = 3
rpad G umeer 56 HauOOJIBIUX HE3ABUCUMbIX MHOYKECTB. KazK/10My HE3aBUCHMOMY MHOKe-
CTBY COOTBeTCTBYeT nuBOJIONUS 7', /17151 Kortopoit |C(7)] = 12, |MC(7')| = 6. Ilo xaxmomy
muoxkectBy MC(7') BoccranasimBaercs rpymmna 1. Takum o6pasoM Moy deHbl BCe BOCEMb
IPYIII, YJIOBJETBOPSIONINX YCJIOBUSIM YTBEPXKIEHUSA 2:

Ty = ((01)(25)(37)(46), (02)(15)(36)(47), (06)(14)(23)(57));
Ty = ((01)(27)(35)(46), (06)(14)(25)(37), (07)(12)(36)(45));
T3 = ((01)(26)(34)(57), (02)(16)(35)(47), (07)(15)(24)(36));
Ty = ((01)(24)(36)(57), (06)(13)(25)(47), (07)(15)(23)(46));
T5 = ((01)(26)(35)(47), (02)(16)(37)(45), (07)(14)(23)(56));
Ts = ((01)(25)(36)(47), (03)(16)(24)(57), (07)(14)(26)(35));
T7 = ((01)(24)(37)(56), (03)(17)(25)(46), (06)(15)(27)(34));
Ty = ((01)(27)(34)(56), (06)(15)(23)(47), (07)(12)(35)(46)).

Cpemn 8! = 40320 mepecranoBok umeercss 10752 APN-mepecranoBok, KoTOpbie pa30u-
BalOTCS HA BOCEMb KJIACCOB KBUBajeHTHOCTH: Kakias APN-nepecranoBka siBisercs pe-
MIEHHeM OJHON M3 BOCHMHU CHCTeM ypasHeHmil compsukenns 1; = - T - xz. Ina n = 4
rpad G nmeer 167040 HanbOIBITIX HE3ABUCUMBIX MHOKECTB. [Ipn 9TOM /17151 KarK 1010 He3a-
BHCHMOI'O MHOXKECTBa M COOTBETCTBYyIOmIeil nuBosorn 7 Boinoansiercs |C(7)| = 1680,
|IMC(7")] = 0, aro coorBercTBYeT M3BeCTHOMY pesyibrary [2| o mecymecrsoBanun APN-
[IEPECTAHOBOK JIJisd N = 4.

3akJiroueHue

B pabore npencrapien crnocob xapakrepusarun 6umeKTuBHbIX APN-oTo6pazkenuii ¢ mo-
MOIIBI0O METPUYIECKUX OTHOIIEHUN MEXKIY dJeMEHTaMH CONPsKEHHBIX rpytil. [Ipemioxen
OJIX0JT K TocTpoeHuto ouekTuBHbIX APN-orobpazkenwmii: 3aja4a cBeJieHa K TIOUCKY T'PYTI-
ubt 17 crenuaabHOrO BUJIA M PEMIeHHIo ypabHenus conpaxenusa 17 = x~1 - T -z, rne T —
rpytma ¢IBUroB mouis Fon. [lebio qanbHeRmmux uceieIoBannii B 9TOM HAIIPABJICHUH sIBJIS-
ercs usydenue 3a1a9u 3PpEPEKTUBHOIO IOCTPOEHUs IPpybl 1.
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N3zy4atorcs sKCcIoHEHIMAIbHBIE TPe0dpa30BaHus, AHCTBYIONINE HA MHOYKECTBE BCEX
BEKTOPOB 3aJaHHON JIJIMHBI Ha/T TPOCTBIM oJieM. J[7Tst HuX UCcCeIyoTcsa CTelleHb HeJTu-
HEIHOCTH, Pa3HOCTHasA U JUHEeHHas XapaKTEePUCTUKU.
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PAZHOCTNHAA TAPAKMEPUCTNUKG, AUHETHAA TAPAKMEPUCTIUKA.

PROPERTIES OF EXPONENTIAL TRANSFORMATIONS
OF FINITE FIELD

A.A. Gruba

Certification Research Center, Moscow, Russia

We consider exponential transformations acting on the set V,,(p) of all vectors of
length n over a prime field Py = GF(p) (p is a prime number). For every element
v € P = GF(p") with a minimal polynomial F'(x) of degree n over the field Py,
consider the mapping § : P — P, where §(0) = 0 and if z # 0, then §(z) = 7@,
o:P —{0,1,...,p" — 1} is a mapping that matches each element = € P with the
number o(z) = zo+pr1+...+p"Ty_1, x = (To, ..., Ty_1) is given by its coordinates in
the basis « of the vector space Pp,. Transformation s = 771.5.5¢, where 7 : P — V,,(p)
matches z € P to its set of coordinates in the basis o of Pp, and the mapping » : P —
V,.(p) matches x to its set of coordinates in the dual basis 3 of the basis «;, is called an
exponential transformation. We prove estimates for the degree of nonlinearity for an
exponential transformation s: (p—1) (n — [log,(n + 1)]) < degs < n(p—1)—1, where
[2] is the minimum integer greater or equal to z. It is proved that degs = n(p—1)—1
if and only if the system ~/(y — 1), (v/(y — 1))2,...,(v/(y — 1))P" " is a basis of
the vector space Pp,. We also study some properties of the linear and differential
characteristics of the transformation s.

Keywords: finite fields, linear recurrence, difference characteristic, linear characte-
ristic.

BBenenue

B pa6ore [1]| npemiozken 1 u3ydeH KJace SKCHOHEHIUAIBHBIX TIOJICTAHOBOK, JIEHCTBYO-
X Ha MHOKECTBE BCEeX JIBOMYHBIX BEKTOPOB 3aJaHHOI JIJINHBL. /IaHHbIE IOJCTAaHOBKU ObI-
JIM KCIIOJTB30BAHbI DK OCTPOeHUH S-60KCOB B ajroputMe 6s1ounoro mudposanus BelT [2].
KoopnuraTtable (DYHKINN TOACTAHOBOK 3a/Jal0TCSA C UCHOJIb30BAHNEM OTPE3KOB JIMHEITHBIX
pekyppeHTHBIX TocsenoBaressrocteil (JIPIT) max morem GF(2) us aByx siemenTos.
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B nammoit pabote uccieayorcs Oojiee OO K/1ace SKCIIOHEHIINAIBHBIX IIpeodpa3oBa-
HUM, JTENCTBYIONUX HA MHOXKECTBE BCEX BEKTOPOB 33/ IaHHOU JIJIMHBI HAJL TIOJIEeM GF(p), rie
p— 1poctoe uncyo. HacTh pe3yabTaroB paboTel 1] yaaéres 0600IUTh Ha Mpe/I0KEeHHBII
KJIacC IIpeodbpas3soBaHMil.

[Tosrygennbl BepxHsisd M HUXKHsISI ONEHKU CTeNeHN HeTMHENHOCTH SKCITOHEHITNATLHBIX TIpe-
obpa3oBaHMil, IPUBEIEHBI YCIOBUS JOCTUXKUMOCTH IOy YeHHOM BepXHEHl OIeHKH, JOKA3aHbI
JIOCTUZKMMBbIE BEPXHUE U HUKHIE OIEHKH PA3HOCTHON XapaKTepucTuku. st oleHKu JnHei-
HOII XapaKTepUCTUKU, KoTopast cOpMYyINpOBaHa B ACHMITOTHIECKOM Buje B pabore [3],
V/12JI0Ch BBIYUC/IUTH TOYHbIE 3HAUEHNS] KOHCTAHT.

1. OnpenelsieHne 3KCIIOHEHINAJIBHBIX ITPE0Opa30BaHU
IIycrs p € N—npocroe uncio, Py = GF(p) = {0,1,...,p — 1} — nojie u3 p 371€MeHTOB,
P = GF(p™) — ero pacmmpenne crerneau n = 2, V,,(p) = P} — MHOKeCTBO BCEX N-MEPHbBIX
) 0
P-UIHBIX BeKTOPOB. /s Kazk oro 6asuca oo = (v, . . . , (v, 1) BEKTOPHOTO TIpocTpaHcTBa Ppy
pacemorpum otobpazkenue T : P — V, (p), meficTByionee Ha KaxKblil sjeMeHT © € P 1o
[IPaBUITY

7(x) = (T, 1, -+, Tp1),
e r = Toog + ...+ Tp_10_1, x; € Py, 1 = 0,1,...,p — 1, T.e. T comocrapjisieT KaxK-
JIOMy 3JIeMeHTy x© € P ero mabop kKoopjumnar B 0Oaszuce «. Paccmorpum orobpazkenue
o: P — {0,1,...,p" — 1}, conocrasJsitomiee KazKjIoMy 3JeMeHTy © € P ¢ Koop/uHaTa-

MH X = (Zg, ..., Tp_1) TACIO

o(x) =x0+pry+... +p" o,

Beesigm oboznavenue v = 7! - o, T.e. orobpaxenue v : Vi (p) — {0,1,...,p" — 1} como-

CTaBJIAeT KayKJOMY BEKTODY BeJNIHHY
v(x) = v(T0,. .., Tp_1) =T+ pr1+ ..+ D" 1, X € V().

Jlutst KaxK10ro s1eMenTa 7y 1moJis P, uMeromnero MuHUMaJIbHbIA MHOTOUYIeH F'(x) crenenu n
HaJ1 tosieM Py, paccMorpum mpeobpasoBanue S : P — P, 3ajlaHHOe paBeHCTBaMU

. 0, ecsm x = 0,
S(ZL‘) = o(z) (1)
7@ ecim x € P\ {0}.

[IpeobpazoBanue § OHO3HAYHO 33/ IAETC JIEMEHTOM Y U OA3UCOM (.

ConocraBuM TipeobpazoBaHuio §, omnpejiejéHHOMYy paseHcTBoM (1), mpeoGpasoBanue s
Ha MHOXKecTBe Vi, (p). Ilycrs tr = trﬁo — dyHKIUA «ciesly u3 1nojs P B nomamosne Py, ompe-
JlesiéHHast pu Bcex * € P mo mpasuiy tr(z) = o+ 2P + ... + 2", OBo3HAMNM Uepe3
B = (Bo, ..., n1) 6azuc, ABOICTBEHHBI K Oa3UCy v, T. €. YAOBICTBOPSIONINIT YCIOBUIO

0, ecmaui # 7,
tr(aiﬁj) =

1, ecm i =j.

Takoii 6asuc cymecrByer u HaxoiurTcesi ojpnHosHadno |[4]. Onpemenum  orobparkenue
» : P — V,(p), Koropoe comocrap/iser KaxKJIOMy 3JeMeHTy & € P ero Habop KoOpauHAT

(Yo, - - - Yn—1) B Oazmce G:

%(I’) = (y07 s 7yn—1)a T = yOBO +... .+ yn—lﬁn—l-
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[Iyctb 2¢; — - KoopjuHaTHas yHKIMA orobpaxKenus s, ¢ = 0,1,...,n — 1. B cuny -
HelHOCTH (DYHKITUU <«CJIEJ[» UMeeM

n—1
tr(a;z) =tr | oy Zo yiB;i | = Zo yjtr(auf;) = yi = s(x). (2)
]:

[TpeobpaszoBanue s Ha MHOXKeCTBe V;,(p), OIpee/IEHHOE 0 TPABUILY

6y,ILeM Ha3bIBaTb 9KCNOHEHUUAANDHDIM npeo6pa306anueM.

VYrBepxkaenne 1. [la scex x € V,(p) \ {0}
s(x) = 3 (7"™) = (tr(agy"™), ..., tr(an_17"™)).

oxazamenvcmeo. llyctb s; — i-9 KoopauHaTHAA (PYHKIMS TPEoOpa3oBaHus S, TJie
i=0,1,...,n— 1. Torna B cuny pasercts (2) u (3) aua seex x € V,,(p) \ {0} umeem

si(x) = %i(§(7*1(x))) = %Z.(,yo(Tﬂ(x))) — %i<’)/v(x)) — tr(&ﬁv(x))‘

VrBepxkieaue 1 jjokazaHo. B

YVcTaHOBUM CBSI3b KCIOHEHIINAIbHBIX mpeobpaszoBannii ¢ JIPIT wam monem Fy. Bribepem
6asuc ug, Uy, - . ., U,_1 npocrpancrea Lp (F') Beex JIPIT nax nmosem Py ¢ Xxapakrepucrude-
ckuM MuorowienoM F'(x) [4-6|. Ilpexcrasum JIPIT u;, j = 0,1,...,n—1, c ucnons3osamuem
byurim «ceny [4-6]:

u;(i) = tr(0;7"), i > 0. (4)

Bnech 0; — onHO3HAUHO OmpeneséHubIi siement o P. Ilycrs (0) — HyseBas mocsteioBa-
TeJIbHOCTh. 3aMETUM, UTO JIJIsl BCEX Cq, . - . , C_1 € Py cooTHOIIEHNE Cotig+. . .+Cp 11y 1 = (0)
pasHOCHIBHO yeaoBuio tr((cofly + . .. + cp_10,-1)7") = 0 m1s Beex ¢ > 0, a 3T, B CBOIO 04e-
pe/ib, o3HadaeT, 910 coby+. ..+ ¢, 10,1 = 0. Takum obpasom, uyg, . . . , U,_1 — OA3UC BEKTOP-
HOro TpocTpancTa Lp, (F') Torma u ToiapKo Toraa, Korma by, . . ., 0, 1 — 6a3uc BEKTOPHOTO
npocrpancTBa Pp,. 3agajaum orobpakenue 7 : Py — PJ', nelicTByiolee 10 IPaBUILY, YKa-
3aHHOMY B Ta0JI. 1.

Tabnuma 1

Zo T Ly —2 Tp—1 ﬂ_(an s 7$71—1)

0 0 0 0 0

1 0 0 0 (up(0), ..., un—1(0))

2 0 0 0 (up(1), ..., un—1(1))
p—1 0 0 0 (uo(p—2), ..., un—1(p — 2))

0 1 0 0 (wo(p—1),...,up—1(p—1))
p—1]p=—1|...|p=1]p—1] (u@"—2), .., up1(p" —2))

AprymeHTBl X B TaO/IMIE TEPEUUCIISIOTCS B JIEKCUKOTPAQUIECKOM MOPsiJIKe (B HOPSIIKE
Bo3pacranus Besnant v(x)). Ecim muorowien F(x) siBjiseTcst IPUMUTUBHBIM HAJT 110JieM Py,
TO cpefr BeKTOPOB (ug(4), ..., up—1(2)), © = 0,1,...,p" — 2, HOABIAIOTCS BCE HEHYJIEBBIE
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BeKTOPBI u3 V,(p), npuaém poBHO 110 omHOMY pasy |7, 8|, u orobparkenue 7 gBJIsIeTCs TOJI-
CTAHOBKOI Ha MHOXKecTBe V(D).

Beibepem 6y = gy, ...,0,-1 = a,_17, tae @ = (a,...,Q,_1) —6a3uC BEKTOPHOTO
npocrpanctBa Pp,. fcuo, uro 6 = (6y,...,0, 1) Takke sBisercs 6A3MCOM TPOCTPAH-
crBa Pp,. Coracuo paBeHCTBY (4) U yTBEPKJIEHHIO 1, JiIs j-#i KOOpAMHATHON (DYHKIUY T},
7=0,1,...,n— 1, upeobpa3oBaHusa T UMEEM

mj(x) = u;(v(x) = 1) = tr(0;7"97") = tr(a;y"®) = 5(x), x € Vu(p) \ {0},

Takum obpazom, s = 7. IIpu bUKCHPOBAHHOM 7y ¥ IPOU3BOJILHOM BBIGOpE 6A3UCOB (v MHO-
JKECTBO BCEX 9KCIOHCHIMAILHBIX IIPEOOPa30BaHmil COBIIAIAET ¢ MHOXKECTBOM BCEX IIpeobpa-
30BaHUil T, COOTBETCTBYOIMUX BeeM Gasucam  BeKTOpHOro pocrpancTBa Pp, (Wwiu, 910 T0
JKe caMoe, BCceM 6asmcam g, Ui, . . . , U, 1 Tpoctpanctsa Lp, (F)).

YrBepxkKaeHue 2. Yuciao Bcex SKCIOHEHIMAJbHBIX IIpeoOpa3oBaHUil Ha MHOXKe-
cree V,,(p) nHaxomurest o hopmyste

L0 =D =)0 =) S

e pu— dbyuknug Mebuyca.

oxaszameavcmeo. Tlpu dukcnpoBaHHOM KOPHE 7y HEIPUBOIMMOIO MHOTOUIeHa F'(x)

YUCJIO SKCIIOHEHIINAIBHBIX MpeoOpa30BaHmil paBHO YUCIY 0a3MCOB BEKTOPHOT'O ITPOCTPAH-

crBa Lp, (F):

" =1@" —p)...(0" —p" ).

Eciu BbiOpars Jpyroit Kopenb ' MuOrowiena F(x), To moaydnM Takoil ke KJacc mpeod-
paszoBamuii, uTo u npu BuIOOpE teMenTa Y. [Ipn pazIMaHbIX HEMPUBOIMMBIX MHOTOYICHAX
F\(x) u Fy(x) Bemonueno Lp, (Fy) N Lp,(F2) = {(0)} [4, 6]. Ocraérca sameruts [4, 6], aTo0
YUCJI0 HEMPUBOMMBIX MHOTOYJIEHOB CTEIeHU N HaJl IoJieM Py paBHO

1
= > ().
n din

VTBepxKieHne 2 JJ0Ka3aHo. W

2. CreneHb HEJIMHEMHOCTU 3KCHOHEHIIUAJILHBIX IIPeodpa3oBaHmii

Pacemorpum crenenb HesmueiiHocTn deg s IKCIOHEHIUAIBHOrO HpeobpasoBanus (3).
Omna Beraucssiercs (9] mo dopmyiie

deg s = min deg(aoso(o, ..., Tn—1) + ... + Gpn-1Sn—1(T0, ..., Tn—
577 (ot EVa ({0} 8(a0so(To 1) 15n-1(20 1))

U paBHa MUHUMAJIbHON W3 CTerneHeil MHOrOYIEHOB (ajarebpamvecKu HOPMAJBHBIX (DOPM)
BCEX HETPUBUAJIBHBIX JIMHEHHBIX KOMOMHAIMI KOOPIMHATHBIX (PYHKIUHN S, . . ., Sp_1 TPEOO-
pa30BaHUA S.

[Iycrs F(x) — HeNPUBOAUMBI MHOTOUJIEH CTENEHH T HaJ ToJeM Py ¢ [eproIoM
T(F) [4, 6], pasubim (p" —1)/d, rie d — HeKOTOPBIi tesTenb qncaa p — 1; v — KOpeHb MHO-
rowrena F'(z) B pacmupenun P. Pacemorpum menynesyio JIPIT u ¢ xapakrepucruaecknm
muorowienoM F'(z) mag mosem Fy. Ioctponm dyuknuio f(zo, ..., Tn-1) = fu(Zo,. .., Tn_1)
110 IIPABUJIY, YKa3aHHOMY B TabJI. 2.
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Tadbnauma 2

o 1 T2 | Tp-1 | f(Zo,- -, Tno1)
0 0 0 0
1 0 0 0 u(0)
2 0 0 0 u(l)
p—1 0 0 0 u(p —2)
0 1 0 0 u(p —1)
p—1|p—1|...|p—1|p—1 u(p™ — 2)
O6o3naunm vepes B, (F') mHO)KecTBO Beex DyHKIWA f,,(Xq, ..., Ty 1), TAe U Tpoderaer
BCcé MHOKecTBO HeHy/1eBbix JIPII mat mosiem Py ¢ xapakTepucTHIecKuM MHOro4IeHoM F ().
dAcno, aro |B,(F)| = |Lp,(F)\(0)| = p™ — 1. YuursiBas coBIaJEHNAEC IKCIOHEHIHAIbHBIX

1peoOpa3oBaHuii ¢ IpeodPa30BaHUSIMU, ITOCTPOeHHBIMI Ha ocHOBe JIPII, mosyunm

degs = min deg f.
gs= min gf

Takum obpazom, HeoOXoaUMO M3y4unTh BeqmanHy deg f. PaccMoTrpum MHOTOWIEH, 3a/1a10-
it bysxiyo f(xg, ..., T, 1) € By(F):

f(m()a"'axn—l) — Z C(a)g}gou_‘rzﬂ;—ll‘

a=(ag,+,an—1)€EVn(p)

O6o3znaunm gepes b = (p—1,...,p— 1) BeKTOp, Yy KOTOPOTO BCE KOOPJIMHATHI PABHBI p — 1.
Torga C(b) — kosddumment B Morounene bynkmun f € B, (F) npn monome 25 .. 2P~}

VYrBepxkaeuune 3. g moboit dyukmun f, € B, (F) semonneno C'(b) = 0. B gacr-
HOCTH, JJIs1 9KCIOHEHIUATIBHOIO MPeobpa3oBaHus S, ONPE/IEIEHHOIO PABEHCTBOM (3), clpa-
BeyInBO HepaBeHcTBO degs < n(p — 1) — 1.

Hoxaszameavcmeo. Ilycrs f = f,. Cormacuo [10],

C(b) =— > flag,...,an—1) = —(u(0) +u(l) + ... +u(p"” — 2)).

Tax xak T'(F) = (p" — 1)/d, T0
C(b) =—d(u(0) +u(l)+...+u(T(F)—-1)).

[ycrs u(i) = tr(ay'), e a € P, v — xopenb Muorowiena F(z) B nmose P, i > 0. I[loayuum

T(F VT(F ) —1
C(b) = —d (tr(a) + tr(ay) + ... + tr (ay" 1)) = —dtx (a—1> _
’y _
MyJIBTHILIHKATHBHBIH 100K ord v siementa 7 pasen T(F), crenosarensno, v/ ) = 1,

a suaqnt, C'(b) =0. m

IIycrs k € {0,1,...,n — 1}. O6oznaunm depes
br=p-1,....p—Lp—2,p—1,...,p—=1)=(bo,...,bp_1)

BEKTOD, Yy KOTOporo by, = p — 2, a ocrajabHble KoopauHarbl paBubl p — 1. Torma C(by) —
K03 durenT B MHOTOUIEHE, 3ajaomeM dbyakiuo f € B, (F), npu MoHoMe

p—1 1 p—2 p—1
Lo k

p— D p—1
C Ty Ty T Ty
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Teopema 1. Ilycrs u € Lp, (F), u(i) = tr(av’), tne i > 0, a € P, 7y — KOpeHb MHOTO-
wiena F'(z) B moste P. Torma mis moboit dyukiun f = f, € B, (F) BepHO paBeHCTBO

pnfkfl
C(bk)ztr<a7—1(%) >,k;:O,1,...,n—1.
v —

Zloxazamenvcmaeo.

O6o3naunmM 4epe3 P MyJIbTUIIMKATHBHYIO TDYIIy OIS F.
Coranacho [10], nmeem

C(by) = — 2 apf(a) =— > 2 f(a)

a=(ag,...,a,_1)EPF ap Py

A0y s Ak — 1,0k} 15--,an—1E€F0
p—l pk:_lpnflfk_l

==2J X X ulsp"t4gpT T+ 1),
=1 s=0 =0
Tak kak u(i) = tr(avy’), i > 0, T0

k:_l pn—l—k_l

p_l .p n—k_ nflfk_’_'_l
O =—x iy L tr(ayy o),
J:

s=0 =0

B cuny smmnelinocTn GyHKIUN «CJI€/1» TOJIYIUM

C(by) =

p_l pk_l _ . L pn—l—k . 1
- Z] Z tr ay_l,ysp" kg jpn—1—k ,7— B
e\ P
pil ' S <7p ) —1
= — j tr a/y_ ,y _
” y-1 -1

Tax kak ord~y gemut p" — 1, To 4?" = . Bnaunur,
p—1 pnflfk' o 1 —
Clby) = — 3 tr [ jay ' g )
j=1 =1

~ S n) o~ o~ oAt =1
Iycrs 7 = 47" " O603HATIM Sé)=7+72+...+7n=77

. PaccmoTpum cymmy

p—1 S 5 _
S=> ¥ =9+2¥+...+(p-17""

Jj=1

dcno, uro S = Sép_l) + ?S,%p_m +...+ ﬁpfzsg). Torna

Ayt —1 A1 _ LR N
S—’yt—+fy(fyt—)+...+7p3<’yz >+’yp27—
y—1 -1 v

1
= T (@ =)+ ) o )+ ()
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CienoBaTesbHO,

n—k—1 n—k—1

_ —1 f}/p - 1 7p _ pnfkfl p .
C(bg) = —tr (a’y o (o 1)2 <1 <7 ) ) =
n—1—k
_ 1
= tr (afy —,ypn_k_l — 1) :
pn—k—l
C(bk) = tr (CL")/_l <%) ) .

Vreepxkaenue 4. s kaxioit byukiun f € B, (F) pasercrso deg f = n(p—1)—1
UMEET MECTO TOIJa U TOJBKO TOrJA, KOTJIa CHCTeMa

Takum obpaszom,

Teopema 1 jj0ka3ana. B

n—1

() )

ABJIsIeTCs 0A3MCOM BEKTOPHOT'O IIPOCTPAHCTBA Fp,.

Zloxazameasvcmeo. Ob6osznadaum depe3 P* mysnprunimkaruBayto rpytiy moss P. [o-

JgoxkuM g k=0,1,...,n—1
k

,y p
%:(7—1) '

Coryiacao Teopeme 1, joKa3biBaeMblil (paKT paBHOCUJIEH TOMY, UTO JIJisd Bcex & € P*

(tr(x7o), tr(x71), .. ., tr(x¥,—1)) # 0. (6)
[Iycts x = (xg, ..., T, 1) — KOOPJAUHATHL djIeMeHTa T B Gasuce a, Ay = (a(()k), e ,a;k_)l) —
KOODJMHATHI djteMeHTa Yk, k = 0,1,...,n — 1, B 6asuce 8 = (By, 1, ..., Pn_1), KOTOPHIil

sIBJIETCS JIBOMICTBEHHBIM K Oa3ucy «. Torma

n—1 n—1 (k) n—1 (k)
tr (29,) = tr | 3wy > a; B | = Y @ x = Ayt
i=0 j=0 i=0

[IycTn
Ay

An—l nxn

Torja coorHoriexre (6) PaBHOCHIBLHO HEPABEHCTBY Azt # 0F. Takum o6pasoM, paBeH-
crBo (6) uMeer MecTo Jyist Beex & € P* Toria u TOJIBLKO TOTJIA, Korjia Marpuiia A obparnva
HaJ1 ojieM Py, To ecth cucrema BekTopos (5) JmHEHO He3aBHCHMa. B cBOIO odepe/ib, 9TO
PaBHOCHJILHO TOMY, UTO CHCTEMA

k

p
(Ll) Ck=0,1,....n—1,
f‘y_

aBJIgeTcd 0a3ucoM BEKTOPHOTI'O IIPOCTPaHCTBa PPO' |
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CaencrBue 1. Jljis 9KCIOHEHIMAIBLHOTO NPeOOPa30BaHUs S, ONPEIETEHHOIO PABEH-
crBoM (3), deg s = n(p—1)— 1 Torma u TOJBKO TOIIA, KOrja cucreMa (5) sBisiercs 6a3ucom
BEKTOPHOTI'O ITpOCTpaHCcTBa Fp.

VYrBepxkaenue 5. Ilycrs 6 = v/(y—1), ne 7 — KOpeHb HEIPUBOJAUMOTO MHOIOUIEHA
crerern n Hajl nojeM Fy. Torma § — KopeHb HEIPUBOAMMOIO MHOIOUJIEHA CTEIeHU N.

oxasameavcmeo. Paccmorpum mg p, () — MUHIMAJIBHBIA MHOTOYICH SJEMEHTA O
uaJ nosem Py. Ilycrs k = deg mgs p,(x). Corumacuo [6], k — nHanmenbInee HaTypaIbHOE TUCIIO,

Takoe, ITO
k

v v\
v—1 y—1) 7

k k k
Te. (¥ —1) = 4P (y — 1), a 3Hauut, v = ¥ . Tak Kak y— KOPeHb HEMPUBOUMOIO
MHOTOYJIEHA CTEIIEHH 7, HAUMEHbIIIee IUCI0 k ¢ TAaKUM YCJIOBAEM PAaBHO 7. M

[IpuBe1éM HIKHIOIO OTIEHKY CTENEHU HEJIMHEWHOCTH SKCIOHEHITMAIBLHOTO TTpeodpa3oBa-
HUS.

Teopema 2. Ilycrb F(z) — HenpuBOMMBINH MHOTOUJIEH cTereHn n Hajl mojeM FPy. To-
raa s Beex fo, € B, (F') mMeeT MeCcTo HEpaBEeHCTBO

deg fu = (p—1) (n— [log,(n+1)]),

rje [z ] — MUHUMAJIBLHOE [EJI0e TUCII0, KOTOPOe GoJIbIe Jubo paBHO z. B 4acTHOCTH, 1115t 9KC-
HOHEHIMA/ILHOIO TIPe0OpPa30BaHUsl S, OPEIEJIEHHOIO PABEHCTBOM (3), CIIpaBe/InBa OIeHKA

degs > (p—1) (n — [log,(n+1)]).

Zloxazameavcmeo. llycrs f = f,, tme u— JIPII ¢ xapakrepucrudeckuM MHOTOUTE-
oM F'(x). Torma u(i) = tr(5v'), i > 0, f € P*, 1 BBIITOJHEHBI COOTHOIICHHU

F(0) =0, F(x) = ulv(x) ~1) = tx (57°97) , x £ 0.

Tlooxkum
1

—1, ecim n 9éTHOE.

, €CJIi N HEYETHOE,

E =

p—1
Torma B cuty Toro, uro [[ s = p — 1 (mod p) [6], mast Beex X = (2o, ..., Tp-1) € Va(p)

s=1
CIIpaBeIJINBO PaBCHCTBO

n—1

n—1p—1

Fx) = tr [ By 3 ) e (597 T1 TG — ),

[Iycts v; = ’ypi, 1=0,1,...,n — 1, 3na4nr,
1 . 1 n—1p—1
fx) =tr (By o) Fetr (BT L (=)
IIycrs j € {0,1,...,n—1}. g Bcex s € By oboznadnm depes f;’J bYHKIIUIO, Oy YCHHYTO

u3 f dpukcanmeii mepeMeHHOMl Tj 3HAYEHHEM S:

f(l'o, ce ,xj_l,s,xj-i—l; cee 7'I7l—1) = ;j'
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Paccmorpum oneparop A; B3ATHS CyMMBI BCEX SJI€MEHTOB Loy Py 110 IepeMeHHOI z;
B dyuknuu f, T.e.

Aif= 3 fa).
ajePo
Torma
A'f— Z t —1_x0 Tj—1 Q5 Tjt1 Zn—1 1P _1 n—1 p—1
il = rBYTN I e e ) (S DPete(ByT) TT T (@i —s).
a;EPy i=0,i#j s=1
CrietoBaTeIbHO,
—175?_ 1 To Ti-1_ Tj+l Tp_1
Ajf=tr| By P A e R +
j
1 n—1 p—1 (7)
+(—=1)Petr (B’y‘ ) [T II(zi—s).
i=0,i#j s=1
C apyroit cTOpOHBI,
Aif=> > C(a)xg .. .x?fllc“jx?ff szt =
c€Py a=(ag,...,an—1)EVn(p)
= > % > Cla)zle...a7'ai ot
aj,ceRy AQ5--+s0f—1,85+1;--,an—1€F0 I "

Cupaseineo pasencrso [10]

> o =

c€Py 0, ecan a; < p— 1.

{p—l, ecom a; =p— 1,

Buaunt, eciin A;f aBisercs HeHy1eBoil (DyHKIUeH, TO epeMeHHast Tj; BXOAUT B MHOIO-

wied Gyukmuu f B crenenn p — 1 u Y f(xo,...,%j-1,0;,Tjt1,...,Ty_1) CONEPIKUT BCE
ajGPo

Te cjiaraeMble (HEHYJIEBBIE), KOTOPbIE UMEIOT BH/I

o a L
—Clag, ..., aj_1,p— 1, a541, .., anoy)xf’ a3 i
Crenosarensno, ecim A f — nenynesasa QyHKIUA, TO
deg f = p— 1+ deg(A;f). (8)

[ycrs Ay ... Ay oAy 1 f = g(xo, ..., 25-1), THe k = 0,1,...,n — 1. Cornacuo (7), Gymem
UMeTh

g(.To, B axk’—l) =

%l w1 e (n—k)p PN=TS
=tr | By %oyt | 4+ (1) ctr (7Y T I (zi — s).
Wl e =1 i=0 s=1

Paccmorpum BekTOp

(9(1,0,...,0),...,9(p—1,0,...,0,),9(0,1,0...,0),...,9(p—1,...,p—1)) =
= (w(O),w(l),...,w(pk—Q)),
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rie
p p
. 7’)/k_1 ’yn—l_li) .
w(i) =tr [ By ! , 1> 0.
(> (’y fyk_l ’Ynfl_lﬁy
Tak Kax v, 71,- - -, Yn—1 — KOpHU MHOrOwWIieHa F(z) B mose P, to ordvy; = T(F), i = 0,1,
..,n—11[4,6],

75 —1 7271 —1

Te—1 o1 —1
u nocseioBarebHocTh W sBisiercs JIPIT ¢ xapakrepucruaeckum muorowienom F(x). Ecu
p¥ —1 > n, To moboit orpesox mammabl pF — 1 JIPII w me apasgerca myneseim. Torma ecim
k > [log,(n +1)], To g(xo, ..., Tx_1) — Henynesag dynkmusa. B urore ¢ ucnoib3obaHmeM
HepaBeHCTBa (8) moJry M

£0

deg f > (p—1)(n — k) +degg = (p—1)(n— k) = (p — 1)(n — [log,(n + 1)]).
Teopema 2 jijokazana. B

Jlokazannasi TeopemMa 00OOIAET Ha CJIydail TPOU3BOJILHOTO ITPOCTOTO YHC/IA P U HEIIPH-
BOJIMMOrO MHOrOWIeHa F'(X) cOOTBETCTBYIONLYO TeopeMy u3 paborsl [1].

3. PasHocTHas XapaKTepUCTUKA 3KCIIOHEHIIMAJIbHBIX MOACTAHOBOK
[Tycrb ma MmuOXKecTBe V,,(p) 3amamb! 1Be onepanun * u o, ipuaém (V,(p), x) u (V,,(p), o) —
abeJsieBbl TPYIIbI ¢ HefirpambabiM ssemerToM 0. [l npeobpaszosanust s : Vi, (p) — V,(p),
OIIPEJIETIEHHOrO paBeHCTBOM (3), 1 BEKTOPOB a, b, rjie a # 0, onpeiejnM 9uciio

pab(s) = [{x € Va(p) : s(x xa) = s(x) o b} .

Torna BemmanHy

*,0 - a a
Po(8) apelhaX P b(s)

HA30BEM pasHocmmoli Tapaxmepucmukol Tpeodpa3soBaHua S OTHOCUTEILHO OIEPAIHil * U O,
Pacemorpum wersipe oneparun Ha Vi, (p), onpeenénnble s Beex X,y € V,,(p) no npa-
BIIAM

x@y=7(1"'(x)+7"(y), xoy=7(1"(x)-7"(y),
xBy=v"(v(x)+v(y) modp"), xBy=v"(v(x)—v(y)modp"),

IIPX 3TOM CIIpaBa B II€PBLIX JIBYX pPaBE€HCTBaX OIl€pallui CJIO2KCHHA W BbIYHMTaHUA PacCMaT-
PUBaAIOTCA B II0JIE P, a B IIOCJIEJHUX ABYX — B KOJIbIIE IEJIbIX YUCeJI. OHepa.I_[I/IH O dBJIEeTCA
CHUMMETPUIHON OTHOCUTEIbHO onepalun b, a H— ornocurenbro oneparun H. g mrobo-
ro Bekropa a € V,(p) depes Ha Gyaem o6o3HaUaTh CUMMETPUYHBIN BEKTOD OTHOCHTEIHHO
onepanuu H s BekTopa a. s JokasaTebeTBa CIeayIoNero pe3yabTraTa BOCIOIb3yeMs
METO/IOM, OIMCAHHBIM B pabore [1].

Teopema 3. IlycTb s — 9KCIOHEHIIHAIBHAS [IO/ICTAHOBKA, OLPEICICHHA PABEHCTBOM (3).
Torma
1) ecmmp >3, 10 2 < pma(s) < 3;
2) ecm p =2, 10 2 < pgg(s) < 4, npuaém pge(s) = 4 Torga u TOIBKO TOI/A, KOIJIA
F(x) nemmt xorst ObI OJMH U3 MHOIOYJICHOB BHJIA

2t b1, =12, 2 1 (9)
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Hoxazamenvcmeo. 3BamernM, 410 pge(s) > 2. Heiicrsurenbno, ecin ppe(s) = 1,
TO JUIs BCeX HEHyJeBbIX a € V,(p) orobpaxenue g, : V,(p) — V,(p), AeiicrBytomee 1o
[PABUITY

9a(x) = s(xBa) © s(x),

apisteTcs buekiueii. CiesloBarebHO, puHEMaeT 3Hadenue 0, 9YTo MpOTUBOPEUNT OUEKTHB-
HOCTH TOJCcTaHOBKH S. Sadurcupyem Bekrop a € V,(p) \ {0}. Iycrs v(a) = to. Haiiném
HanboJIbIIee 3HAYEHNE BEJIMIUHEL P, p(S) 1pu Becex b € V, (p). Dra Beauumuna pasHa Hau-
GoJIbIIeMy YuCIy TosBJIeHuit BekTopa b € V,,(p) B MysibruMHOKeCTBe (MHOXKECTBE C HOBTO-
PEHUsIMM)

M(a) = {s(xBa)os(x):xeV,(p)}.

Bamerum, uro MmyabTEMHO)KECTBO M (a) mpu 3amene t = x H a npespamaercs B MysibTH-
MHOZKECTBO

{s(t)os(tBa):teV,(p)}.

Ci1enoBaTeIIbHO, Pab(S) = pPoachb(s). CopaseynBLl paBEeHCTBA
) 8 ,O

M(a) ={s(a)} U{s(Ba)} U{s(xBa)o s(x): x € V,(p), x #0, x #Ha} =
= {5(7" @)} U {300} U {5e(770F) © 5¢(7) s x € Viu(p), x # 0, x £ Ba} =
= (7" @) F U {5(7F) } U ey OO @I mod P 050(009): x€V,, (p), x £ 0, x # Ba} =
= {3(y" @)} U {3e(7" D) } U {ae(y o@D mod ™ _ vy x € V,(p), x # 0, x # Ba} .

PaCCMOTpI/IM MYJIBTUMHOZKECTBO
N(a) = {Wv(a)} U {77}(53)} U {,y(v(x)-&-v(a)) mod p" 'YU(X) = Vm(ﬁ), x #£ 0, x # Ea}.

gIeHo, 9TO pap(s) paBHO umCTy TOsiBAEHUI saemenTa b = (D) cpemy 1eMEHTOB MyJIb-
tumuokectBa N(a). Tak kak v(a) = tp, ro v(Ha) = p™ — to. Ecom t = v(x) n x npobe-
raer Mmuoxkectso V,(p) \ {0,8a}, To mapamerp t npoberaer Bce 3HAUCHUSA U3 MHOMKECTBA
{0,1,...,p" — 1} \ {0,p" — to}. Ecou p > 3, umeem

N(a) = {fyto, 'ypn’to}u{’y“rto—’yt:t:1,2,...,p”—t0—1}u
U{fyttho_’yt:t:pn_t0+1apn_t0+27"'7pn_1}7

IPUYIEM BCE TPU MYJIBTUMHOYKECTBA B 9TOM O0'bEINHEHNUH SIBJISIIOTCS MHOXKecTBaMu. OTciofia
HOJIYIHM, 9TO pme(s) < 3, u 1. 1 jokas3am.

Hokazkem 1.2. Ecm p = 2 u ty = 2"!, 10 MHOKecTBO {7t0,72n*t0} ABJIAETCA MYJIb-
tuMHOKecTBOM. ClieZi0BaTesIblo, pmg(s) < 4, npudéM pgg(s) = 4 Torga u TOILKO TOrjA,
Korjia Haiiyigres takoe uncyio t € {1,2,...,2""1 — 1}, uro BBIIOIHEHO PaBEHCTBO

277,71

_ _t+onl t
o= +
YMHOKUB JIEBYIO U IIPaBYIO YaCTU Ha HEHYJIEBO! JIEMECHT 747 OJIY YUM
277,71 2”71—t
vty +1=0.

DTO 03HAUAET, YTO MUHUMAJBHBIH MHOrOWIEH F(7) 9jeMeHTa y JeJUT HEKOTOPbIi MHOIO-
wieH Buja (9). m
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4. JluneitHasi XapaKTepUCTUKA YKCIOHEHINAJIbHBIX Tpeodpa3oBaHMit

s mo6oro b € Py depes xp 6yaem 0603HavMaTh & JINTUBHLI XapakTep moiad Py [4]:
Xo(x) = e>mbz/p 0 e B,

B nasbreitmem 6y1em ucnosb3osaTh obo3Hadenue x. = x. llycrs f, g : B} — F) — Hexoro-
poie hyukiwn. Oupegesnm K03 dUIeHT Kpocc-Koppesrsiiuu Mexk ity dyukimsamu f u g [11]
PaBEHCTBOM

Gy(f.9) = 2 x(f(x) — g(x)).

xeF

Bseném oboznagenue

C(f,9) del%}dcb(fag)"

O6o3naunm depes (a, X) CKaJspHOe IPOU3BECHNE BeKTOpoB a, X € Pj'. Ilycrs g nmpoberaer
BCcé MHOXKeCTBO a(dUHHBIX PYHKIUN OT n MepeMeHHbIX HaJl ojeM Py, T.e.

g(X) = g($07 s 7xn—1) - <a7 X> +c= Qopxo + a1y +...+ Ap—1Tp—1 + C,

riue dg,...,0a,_1,c € Py. Jluneiinas xapakrepucruka GyHKIUE [ OIpeaeIseTcs 10 pPaBU-
ay [12, 13]
C(f) = max C(f, g) = maxmax|Cy(f, g)|,
g g beP*

0

e MaKCUMyM Oepércs 110 BceM adOUHHBIM (DYHKIUAM ¢ OT N IEPEMEHHBIX.

[Iycrb § — 9KCHOHEHIMAIBHOE TIpeobpasoBaHme, OnpeleJeHHoe paBeHcTBOM (3), S, . . .,
Sp_1 — ero KoopauHaTHble GyHKIMU. Torma JuHeiliHas XapaKTepUCTUKa IIPpeoOpa30BaHUS S
OTIPEJIE/ISIETCST PABEHCTBOM

C(s) = max Clagsg+ ...+ Gp_15p—1).
) (a0,--,an—1)€Va(p)\{0} (doso 15n-1)
Takum obpaszom,
C S) = max C — max maxmax C ’ .
(5 feBn(F) () f€Bn(F) g beR] o(/9)l

[Tpuseném pesysabrar u3 paboThl [3|, KOTOpBIH OBbLI MMOJYUYEH B aCUMITOTUYECKOM BH/IE.
B jokazaTenbeTse Gy1eM HCIIoIb30BaTh 60J1ee y100HbIe 0003HaYeHIS U BLIYUC/IIM 3HAYCHUS
COOTBETCTBYIONMX KOHCTAHT.

Teopema 4. Ilycts T(F) > p™/?n. Torga s mo6oro n B cirydae p > 3 u aasa n > 5,
eciu p = 2, i Kaxkoit pyukiyu f € B, (F) cupaBejyinBa OlEHKa

n/4+1 Sn/a+l /oy 9 1/2
p n p
IC(f)| < + (p7 Mt/ 4 L (F InT(F) + —)) .

nl/2 nl/2 5
Joxaszameavcmeo. Beibepem uncio r € {0,1,...,n — 1}, yaoBrerBopsitoriee Hepa-
BEHCTBaM
pT' < T(F)1/2pn/4n1/2 < p'r'—‘rl. (10)

Takoe aucso Haﬁ,ﬂ‘éTCH 1IPX BBIIOJIHEHNHN HEPaBEHCTBaA

p3n/4n1/2 < pn7
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KOTOPOe UMeeT MECTO BCerjia B ciaydae p > 3 u npu n = 5, ecau p = 2. [lycrs g(x) = agxo+
+...+ap 1T, 1+c¢ 00 ag, ..., an_1,C € Py. Pacemorpum gt dyuakiuu f = f, € B, (F),
coorBercrByIomeit JIPII u, u dynknun g koaddurnmenT Kpocc-Kopperdarun

Co(f9) = > x(f(x) —9(x) =1+C,

xR}
rie
C= > x(fx)-9x)= > xlulvx)—1)—azo—...—a12Zp-1—0),
xeP;\{0} xeP\{0}

v(x) =g+ pry+ ... +p" ;. Torma
= > Xo(—aoxo+ ...+ ar_ 12,1 — €)X
(%0, Irfl)evr(p)

X > xp(u(v(x) —1) —a,x, — ... — ap_12y_1)
(Zryers@n—1)EVn—r(p), x#0

1 CIIpaBe/IJIMBbl paBEHCTBa

C = Cy + C, (11)
rie
Cl = Z Xb(u(v(()?"'707IT7‘--7=7:71—1) - 1) — Ty — ... — Ap—1Tp—1 —C),
(:c,«,...7xn71)EVn,T(p)\{O}
Cy = > Xo(—aoxo — ... — @p_1T,_1 — €)X
(z0,--sxr—1)EVr(p)\{0}
X > Xo(u(v(x) = 1) —apz, — ... — ap_1T5_1),

(Zryees®n—1)EVn—r(p)
ICl < |Ci| +|Cyl, [Ch] <p"7" = 1.

Omnennm Benauny Cy. Vmeem

|Caf < 2.

(20, xr—1)€Vr(p)\{0}

> Xo((u(v(x) —1) —apx, — ... — Ap_1Tp_1)
(xT‘w'ﬂx?‘Lfl)eVn—T'(p)

Ucrnionb3ys vepasencTBo Komu — Bynskosckoro — [IBapiia, moydnm

|Co)? <

Xo((u(v(x) —1) —apx, — ... — @y 125_1)
(ZryeesZn—1)EVn—r(p)

<(p'—1) >

(x0,...,zr—1)€V,(p)\{0}

B CUJIy JUHERHOCTH Cb}/'HKHI/II/I «CJie1» MO2KEM 3alliCaTb

|CZ|2 <pr Z Z Xb (U(U(X) — 1)— 7;1 ail‘i—U(’U(xl) _ 1)—|— nil CL#E;) ,

(ZQyeees Tp_1)E (..., Typ_1), i=r
VP GINO} (s 1)V 1 (p)

e X' = (zo, ..., Tp1, 20, ..., 2l _1). OTCiONA
|Col? < p" > Xo (u(v(x) = 1) —u(v(x’) = 1))|.
[CTIEN Tp_1) (:Co,...,xr_l)evr(p)\{o}
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/ /
ry e

Ecmn (..., xq-1) = (x

Xo (w(v(x) = 1) —u(v(x) = 1)) =p" = 1.
(20,2 1) EVi ()\ {0}

Ecmm (2, ..., xp-1) # (2], ...,2,_,), TO 3HAKN

u(v(x) =1) —u(v(x') =1), (2o, ., 2,-1) € V;(p) \ {0}

IPEJICTABJIAIOT OO0t 3HAKH Toce0BaTebHoCTH W = iy — x°u, rae t,s € NU{0} u t # s.
Bes orpammtenns obmgoctn cauraeM, 1to t > s u t < T'(F) — 1. IlocieroBarenbrocts w
spaisiercst JIPII ¢ xapakrepucrudyeckum MHorouneHom F'(x). B cuty pesepcusnoctun F'(z)
umeer Mecto: w = (0) Torga u Tosbko Torja, Korja (xf — z%)u = (0), 9T0 paBHOCUIILHO
F(x)|(2'—2%) n sxBuBanentro F(x)|(x'*—1). 910 cooTHOIIEHNE HE BLIIOIHSIETCA. SHATUT,
up (T, ..., Tpo1) # (20,..., 2, _|) ¢ ucnosb3oBanmeM HepaBeHCTBA U3 [14-18| nmeem

Xb (u(v(x) = 1) —u(v(x’) = 1))

(20r-r2r—1)EVi(P)\{0} 5

4 9\ ,
< (p InT(F) + —) /2,

CiieoBaTeIbHO,

4 9
Gl <7 W —1)+ 5 (— nT(F) + —) iz | =

(mr,...,xn,1):(m;,...,x:kl) (ZryeyTn—1)

#
— pr(pr . 1)pn—r _I_pr <p2(n—7‘) o pn—r) (_2 IHT(F) + _) pn/Z <

(4 9\ .,
<pn+r +p2n (FIHT(F)‘FE)I) /2'

Cormacno (10), 7 < 3n/4 + (log,n)/2 u r +1 > 3n/4 4 (log,n)/2. Toraa

5n/4+1
2n—r 2n73n/4710gp nl/241 p

P <p — n1/2 , pn+T <pn+3n/4+(logpn)/

2 _ p7n/4n1/2

U CIPABEJJINBO HEPABEHCTBO
5n/4+1 4 9 1/2
’02‘ < (p7n/4n1/2—|—pnT (F lnT(F)—I——)> . (12)
B urore B cuity (11) u (12) umeem
n/4+1 Sn/a+l /oy 9 1/2
|C| <pnT+ (p7n/4n1/2+pnT(—lnT(F)+—)> .
Teopema 4 jiokazana. B

CanencrBue 2. B yciaoBussx TeopeMbl 4 sl 9KCIIOHEHIIMAJILHOTO HPeobpa3oBaHusl,
OIPEJIETIEHHOIO PaBEHCTBOM (3), CIIpaBejInBa, OIEHKA

n/4+1 5n/4+4+1 4 9 1/2
p /4, 1/2 | P = <
|C(s)] < Y R (p s (7?2 lnT(F)+5)) :

[TpaBasi 4YacTb HepaBeHCTBA W3 CJIEJICTBUsSI 2 NpU (PUKCUPOBAHHOM [ HUMeEeT BH/I
(@) (p7”/8n1/4), rje n — 00.
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3akJiroueHue

B pabote paccMoTpeH Kiace SKCIOHEHIIHAJIBHBIX ITPpeodpa3oBaHmii, 0000aonnii Kracc,

u3ydeHHslit B [1]. Ygagoch HalTH BEPXHIO U HUXKHIOIO ONEHKH CTEHEeHH HEJINHEHHOCTH
9KCIOHEHITUABHBIX TTPe00pPa30BaHnil, YCJIAOBUS JOCTUKUMOCTH BEPXHEH OIEHKM, a TaKxKe
OIIEHKH PA3HOCTHONI U JIMHEHHON XapaKTepuCTUK SKCIIOHEHITUAJIbHBIX ITPeodpa30BaHMii.
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[Tycts v — nmocsreioBaTEIbLHOCTD, MOCTpoeHHAass 1o npasuity v(i) = f(uy (i), ..., ug(i)),
1 >0, rue uq,...,up — JUHEHHbIE PEKYPPEHTHBIE MOCIEI0BATEILHOCTA HaJL 1ojieM P
¢ xapakTepucruieckuM muorowreHoMm F(x). Msyuaerca Bemmanna Nj(H,v), paBHas
KOJINUECTBY MOSBJICHUN 371eMeHTOB U3 nojMuoxkecrsa H C P cpenu snementos v(0),

v(1), ..., v(l — 1); nosyueHbl €€ HETPUBUAJIbHBIE OIEHKU CHU3Y U CBEPXY, BbIUHCIIE-
HBI TPAHUIBI JJIsT HEKOTOPBIX MoAMHOXKecTB H. PesynbraTer 0bobImaiorcs Ha cydaii
r-TPaMM.

KuaroueBbie cjoBa: kKoneunvle MOASA, GUABMPYIOWUE 2EHEPAMOPYL, KPUBU3HA OUC-
Kpemmnoti GyHKUUY, AUHETHBLE DEKYPPEHMHBIE NOCAEAOBATNEALHOCTNU, TAPAKMEPY, GOe-
AEBHLT 2pYynn.

THE NUMBER OF OCCURRENCES OF ELEMENTS
FROM A GIVEN SUBSET ON THE COMPLICATION SEGMENTS
OF LINEAR RECURRENCE SEQUENCES

A.S. Tissin

Certification Research Center, LLC, Moscow, Russia

Let v be a sequence constructed by the rule v(i) = f(uy(i),...,ux(i)), ¢ > 0, where
ui,...,u are linear recurrence sequences over the field P with characteristic poly-
nomial F'(z). We study the value N;(H,v), which is equal to the number of occur-
rences of elements from the subset H C P among the elements v(0),v(1),...,v(l—1).
We have obtained non-trivial estimates for the value N;(H,v) and considered spe-
cial cases when the set H is a subgroup of the group P*, H is the set of all prim-
itive elements of the field P. Results are generalized to the case of r-tuples for
the value N;(H,s,v) = [{i € {0,...,1 =1} :v(i+s1) € H,...,v(i+ s,) € H}|, where
s =(s1,...,8) is a set of non-negative integers.

Keywords: finite fields, filter generators, discrete function curvature, linear recur-
rence sequences, characters of abelian group.

BBenenue

ITycte P = GF(q) — KOHEUHOE 1OJIe U3 ¢ SJIEMEHTOB, TJe ¢ = p', p— IPOCTOE HYUCJIO;
F(z) — yaurapHblit peBepcuBHBIH (cTaprimii KosbduImenT papen e — eauHuIe noas P —u
F(0) # 0) muoTOUsIeH cTenenn m Hay nonem P, f 1 PF — P.

ByjeMm n3ydarh 4acTOTHBIE XapaKTEPUCTUKHU MOC/IEI0BATEIBHOCTH U, OCTPOEHHOM 110
PaBHILY

0(i) = f(ur (i), i), ..., ux()), i3 0, (1)
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rae u; = (u;(1))52, — muueiinas pexkyppenrnas nociaegosarensuocts (JIPIT) max momem P

Just Beex J = 1,2, ..., k ¢ xapakTepuctnaeckuM MHOrodenom F(x). B ciaydae, korma uy, ug,

., ug gBagiorca casuramu ogHoit JIPIT w, v sBasercs BBIXOIHO ITOC/IEI0BATETHHOCTHIO
duabTpyomero remeparopa, ycioxusiormnero JIPII w ¢ ucrnonb3oBannem Guabrpyroriei
dyuxiun f.

B pabore usyuaercs sesmmunna Nj(H,v), paBHas KOJUYECTBY MOSBJICHUI 3JIEMEHTOB U3
nomvuoxkecrsa H C P cpeau snementos v(0),v(1),...,v(l —1). B cayuae |H| = 1 qna
[IOCJIEIOBATEILHOCTH ¥, BhIpadAThIBAEMON (DUILTPYIONIUM IeHEPATOPOM, OIEHKH BEJTUYU-
ubl N;(H,v) monydenst B [1]. B ciygae H C P, tne H — moarpymna My/IbTHIUIHKATHBHOM
rpynnbl P UM MHOXKECTBO BCEX NPUMUTHBHBIX 3J1eMeHTOB mojisg P, Beqmaunbr N;(H, u)
just JIPTL u pacemorpennt B paborax [2-5|. Takum o6pasom, paccmaTpuBaeMast IIOCTAHOBKA
33141 gBJIgeTcd 0000IEeHneM paHee M3YYeHHBIX C/IyYaes.

[Tostyuensr HeTpuBnasbhbie oreHkn dactot N;(v, H) mis ciaydaes, kKorjga H — moarpyi-
ma rpynnbl P* u H — MHOXKeCTBO BCeX TPUMHUTHUBHBIX 3J1eMeHTOB 1oJid P. [IpuBeiensr 0606-
IMEHNS 9TUX PE3YIbTATOB JIJIsi YACTOT TOSABIEHUN T-IPaMM.

1. OmeHKM Y4acTOT TOSIBJIEHUI 3JIEMEHTOB Ha oTpe3Kax ycJoxkHenuii JIPII

OrnuiiieM 9acTOTHBIE XAPAKTEPUCTUKU TOCIE0BATEILHOCTH V.

Hazosém cucremy JIPIT wy, us, ..., ux ycTOWIUBON, ecau 1y BceX ay,as,...,ar € P,
KOTOpBIE HE BCe PaBHBI HYJIIO, IOCIEI0BATEIbHOCTH AUy + Aol + . . . + AU UMEIOT OJUH 1
TOT YK€ MUHUMAJIbHBIN MHOTOUYIEH [1].

s kazkjioro ¢ € P paccMOTpUM a IJIMTUBHBIN XapakTep noys P

2wiT¥£%(cx)/p

Xe(z) =€ , T €P

1

rie Py = GF(p); Trp (z) =2 + 2P + ... + '
UsgectHo [6], 9TO rpynia I THBHBIX XapakTepos nosst P umeer Buj {x. : ¢ € P}.
Jns xkaxxoro ¢ = (cq, ..., c,) € P* pacemorpum otobpaskenne . : PF — C*, neitcTBy-
IOIIIEe 110 IIPABHIILY

Xe(X) = Xey (1) Xeo (72) « - - Xep (Th),  THE X = (T1,...,2%) € P*.

T Pt=P@...®P c:c€ Pk}6|
orjia rpyIia XapakTepoB IPYIIIIbI @ ...® P umeer Bun {x.: C } (6]

k
Onpeemmm oTobpazkenue i, : P¥ — C*, rae ¢ € P, paBencrsom

pe(x) = x(f(x)), x€ P (2)

PaziozkuM oTobpaszkenue i, 110 6azucy XapakTepos rpymisl PF:

pe(x) = 22 v (e)xe(x). (3)

cepk

UsgectHo (7], uTo X
Vue(€) = = 20 pre(¥)Xe(X), (4)

g XE Pk
rJie Y. — XapakTep, COIPSKEHHbI XapakTepy Xec.
st kazk 1oro peBepcuBHOro Muorowiena F'(x) crenenn m u nepuoga T'(F') va monem P
onpesesanM napamerp C)(F') ciaeayromuMn paBeHCTBAMU:

4 9
— InT(F) + = ) gm/2 l<T(F
o < d (EWTE) + 2 ), et <),

(¢" — T(F))1/2 , ecmn | = T(F).
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JIemma 1 [1]. Ilycrs F(x) — peBepcuBHBII MHOTOWIEH HaJl ToJieM P crereHn m ¢ 1e-
puogom T'(F'). Torma mis kaxkmnoit JIPIL w ¢ MurnMaibHBIM MHOTOWIEHOM F'(T) U KazK/10ro
| < T(F) BbINOJHEHO HEPABEHCTBO

<w<z’>>\ <a(p),

rJie X, — IPOU3BOJIbHBI HETPUBHAJBHBINA (¢ # () aJINTUBHBIH XapakTep moJist P.
Kpususnoit dynknun f : PP — P nasosém cieytontyio seaunny [8]:
o(f) =max 3 [y (c)].
el ccpk
st HemmycToro mojaMuoKecTBa H 1osist P BBeiéM obo3HavueHne

> xelh)]

heH

»(H) = max

ceEP*

Cuieyiomast TeopeMa, yCTaHABINBAET JIJI KasKJIOr0 HATYDPAJILHOrO | ONEHKY BeJMIUHbI
Ni(H,v)={i €{0,...,1—1}:v(i) € H}|.

O6oznauum uepes f~1(H) nommblit mpoobpas MuoKecTBa H 1ipn jieifictun otobpaskenust f.

Teopema 1. Ilycrs F(r)— peBepCHBHBIII MHOTOWIEH CTElEHM m HaJ, mojeMm P =
= GF(q), ui,us,...,u; — ycroitunBas cucrema JIPII ¢ xapakrepucruieckuM MHOroOUIIE-
HoM F(x), v— mocsemoBaTebHOCTD, onpeenénnas o npasuay (1). Torma mus soboro
Hemycroro nojMuokecrBa H C P npu | < T'(F') cipaBe/yinBa OIeHKA

Ni(H,v) — |71 & < Lo (HCP).

g

oxaszameavecmaeo. V3 cooTHOIIEHNST OPTONOHAJIBHOCTH JIJIsT XapaKTepoB [6] mosryamm

1, =0,
_CEDXC( )_{O, x;éO

Tora cripaBe//InBbI paBeHCTBA

Ni(H, >h§liz§);;xc<<> >=§;h§lw>§xc<v<m.

BroiiesimMm oT/1e/IbHO claraeMoe, COOTBETCTBYIOIIee ciaydato ¢ = 0:

Ni(H,v) = |H|+ zzxcuiz::xc(v(i)).

q c£0 heH
Tak kax v(i) = f(u1(7), uz(i), ... ,uk(z’)), TO
Ni(H,0) - - |H| = ¢ 2P xc<h>§)xc<f<u1<i>,u2<i>, i) =
-1 ) z(h)i;{l)uc(ul@),uz@» (i) =
= PRl >z 5 (e (). i) () =

—LT S RE 5 vl

c;éO heH i=0 cc Pk
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rie ue(i) = crug(i) + cous(i) + ... + cpug(i), i = 0; X = Xe — KAHOHUYECKUIl aJI/INTUBHBIIT
xapaxkTep 1oJis P.
Boiemm oTieibHO ciiaraeMoe, COOTBeTCTBYIomee ciaydaio ¢ = 0:
[H| 1 -1 -1 .
— == Z > Xe(h) - v (0 )+ > 20 Xe(h) 22 20 v (€)x(ue().

NZ<H7 U) -
q d c£0 heH i=0 q c£0 heH i=0 c£0
Beeém obosnauenue
l|H| -1
0(H) = —— —Z > Xelh) 32 v, (0).
q q c£0 heH i=0
Nsyunm orgensuo 6 (H). B cuy Toro, aro v,,(0) = 1, nomytnm
1 =
o(H) = =2 > Xe(h) 3 v (0).
4 ceP heH i=0
Hasee, ucniosibsyst popmyity (4), 3anummem
1
o(H) = =2 > Xc(h )Z > tie(b).
4 ceP heH ¥ peph

Torna, cornacHo (2) U COOTHOIIEHUIO OPTONOHAJBHOCTH XapaKTepoB, OyeM NMEeTh

5(H)= ql S Y ) Y x(cf(b»:# Sy Y x<c<f<b>—h>>=§|fl<H>|.

ceEP heH be Pk cEP heH be Pk
CienoBaTesbHO,
L. =1 .
N ) = | = 215 5 R0 T ) T (el <
q c£0 he H c£0 i=0
(5)
q— — .
< —max | Y Xu(h) 3 v (e) Simg x(ue())] -
q #0 |\hen c£0

Baeném oboznauenue

Re = ¢ # OpepXe(h)e # Ocgotiu (€)c # 0iZpx (ue(7)).

Samerum, 910 J1s Jitoboro ¢ € P* BepHO

-1 -1
[Rel = | 22 Xe(h) 22 v (€) 20 x(ue()| = | 22 Xe(h)| | 22 vue(€) 20 x(ue(d))] <
heH c#0 1=0 heH c#0 1=0
-1 . -1 '
AH) (5 101 ) 1[5 0] < ) o) a2 )]
c#£0 c#0 |i=o c#0 |i=o
Torna u3 ycroitauoctu cucrembl JIPII uy, us, ..., u; 1 JeMMbI 1 OJIy9UM, 9TO

-1

> x(uc(i))

=0

| Be| < s(H)o(f) max

< x#(H)o(f) - Ci(F).

Takum o6paszom, cormacuo (5), OyaeM IMeTh

<L me(n) aiF).

Ni(H,v) ——|f H)|| < .

Teopema 1 nokazana. m

Sameuanue 1. U3 reopemsl 1 npu |H| = 1 mosyuum onenky u3z pabors [1].
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2. IlpunoxkeHusi pe3yjbTaTOB AJisI HEKOTOPBIX IIOJMHOXKeCTB

[IpuBeném n3BecTHBIE OIEHKU BeJnanH s (H ), ClpaBeIuBble IPU OPEIEICHHOM BBIOO-
pe H u yrounsioniye TpuBuaibHyto onesky »(H) < |H]|.
Jlemma 2 [4]. Tlycrs d— nenurens g — 1, H — MHOXKeCTBO Beex 3/1eMEHTOB BHJa a?,

rje a € P. Torpa myist Besmmunnbl »(H) cupaBejjinBa OleHKa

»(H) < %(\/a—i— 1).

HermocpeicrBenno u3 jieMMbl 2 1 TeOpeMbl 1 TIOIY9IUM CJIEJTYIONTUI PE3YJIHTAT.

Caenctsue 1. Ilycrs d gemut ¢ — 1 mw H — MHOXKECTBO BCeX 3JeMEHTOB BHIa a’, rie

a € P, TOr/la B YCJIOBUAX TE€OPEMbI 1 BBITTIOSIHEHO

L[ _[d=1)(/a+1)q-1

Ni(H, ) = [/ ()] ] < . ;

Ci(F)a(f)-

JIemma 3 [4]. Tlycrs d genur ¢ — 1 u H — noarpymna rpynibs P* ) uMeromast mopsijiok

(¢ —1)/d, Torma
d—1 +1
%< H ) < %

U3 nemMmbl 3 1 TeoOpEMbI 1 BEITEKAET

CaencrBue 2. Ilycts d nenur ¢—1 u H — noarpyiira rpynnsl P* ) uMmeromas mopsijioK
(¢ — 1)/d, Torpa B ycjoBusax TeopeMbl 1 BBIOJTHEHO
l (d=1)/g+1q—1

)| 5| < 7 ;

Ni(H,v) — |7 Ci(F)a(f).

JaJiee paccMOTPUM 3818y O KOJIMYECTBE IPUMUTHBHBIX 9JIEMEHTOB Ha OTPE3Kax I10C/Ie-
JIOBaTEbHOCTH v. JIjIst 9TOr0 MoHaI00aTCs HEKOTOPhIE BCIIOMOTaTe/IbHbIe CBOHCTBA (yHK-
i Mébnyca 1 [3)].

JIlemma 4 [3]. dna Bcex n € N BepHO paBecTBO

dln d n

rie p — dbyHknus ditaepa.
JIlemma 5 [3]. ng Bcex n € N cinpaBeyinBo paBeHCTBO
% u(d)] =

rae S — KOJIMYECTBO PA3JIMYIHBIX IIPOCTBIX YHCEJI B KAHOHUYIECKOM Da3JIO2KEHUU YUCJIa 1.

Teopema 2. Ilycrs B yciaoBusx TeopeMbl 1 H — MHOXKECTBO BCEX IMPUMUTUBHBIX dJIe-
MeHTOB noJis P u f — chamancupoBanHoe 0TOOparKeHue, TOr/1a

lolg—=1)| _q—1_,
. < NG 2°Ci(F)o(f),

rae s — KOJIMYEeCTBO Pa3/IMYHBIX IIPOCTLIX ,ZLGJIHTQIIGﬁ qucJja q — 1.

NZ(H,U) —
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Hoxazameavcmeo. st kaxjioro penuress n ducia ¢ — 1 oboznadum uepes M;(n)
KOJIMIECTBO 9J1eMeHTOB ¢ € P* cpeau 3uakoB v(0),v(1),...,v(l — 1), IMEONUX MyJIbTHILIN-
KaTUBHBIN 1opsi/ioK ord ¢ = n. Paccmorpum gmcio

> My(d).

dln

OHO paBHO KOJIMYECTBY JIEMEHTOB ¢ € P* takux, uro ¢" = e B rpymime P*, T.e. 3/;1leMeHTOB
U3 TPYIIIHI <7(q*1)/ ”>, rJie Y — IPUMHUTHBHBIN dj1eMeHT 1oJid P. OTcroma moryanm

> Mi(d) =Vi((g = 1)/n),

dln

rae Vi((g —1)/n) — kommiecrso anementos ¢ € P* cpenu v(0),v(1),...,v(l — 1), mmerommx
B a9 D" q € P*. Tlpumenus dbopmyiy obpamienns Mébuyca, momrymm

Mi(n) =3 u(d)Vi((g — 1)d/n).

d|n

B wactHoCTH,

Ni(H,v) = Mq—1) = dEl)“(dWl(d)'

IIycte H; — MHOMKECTBO Bcex 3i1eMeHToB Buia a’, a € P*. Torma, coriacHo CIeicTBHIO 2,

Vi(d) = u-%w%wﬁ_l

Ci(F)a(f),

rze 03 — HexoTopoe JeiicTBuTesbHoe uncio |0y < /q. Torma momyumm

Ni(H,0) = 5| (H (@) + L G o) ld)

a” q)(q—1) dl(g—1)
Tak kak f — cbanancupoBanHoe oToOpazKeHue, Jjis JI000ro d Moy IuM

-1
£ (Ha)| = ¢ Hal = "=

Orcrona, UCIoab3ysl cOAJTaHCUPOBAHHOCTD f W Pe3y/abTaThl JeMM 4 u 5, mMmeeM

Ni(H, v) - Wq‘ 2l < - ~Ci(F)o(f) oo DIl <
(4-1)va -1
SC(F)o(f)———— d)] = —=2°C(F)o(f).
SAR)e(N=— 77 5 ] =2 GF) o (/)

Teopema 2 jiokazana. B

[Mosyuennbie B 1. 2 onerku dactor N;(H,v) 0606IIAIT COOTBETCTBYIOIINE PE3YIHTATHI
pabor [1, 2, 7,9, 10].
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3. O60061menue Ha ciry4vail r-rpamm

st nabopa s = (S1,...,S,) HEJbIX HEOTPUIATE/IBHBIX YHUCEJ U HEILYyCTOrO MOJMHOKE-
crBa H C P jj1g KaxKJI0ro HATYyPAJILHOTO [ PACCMOTPUM BEJTUIUHY

Ni(H,s,v)=|{i €{0,....,0—1}:v(i+s)€H,...,v(i+s,) € H}.

[Tycrb w — nocseioBaresibHocTh Hagt mojeM P u k € Ny = NU {0}.
O6o3HaunM depe3 T¥w caBur 1MoCcIIe10BATEILHOCTH W Ha k IITAroB BJIEBO, T. €.

2*w = (w(k),w(k +1),...).

B nasnbreiinem 6yieM paccMaTpUBATh CUTYAIHIO, KOTJIa HAOOp 8 = (81, Sa, .. ., S;) YJAOBIIE-
TBOPAET yCI0BUIO, 9To cucrema JIPII

g, 2, U, L 2 U, L 2 L, T U, (6)
YCTOMYMBA.
JIemma 6 [1]. Ilycts x — KaHOHWYeCKHil aJIMTHBHBIN Xapakrep moia P = GF(q),
21y, 2r € P, 1. — oTODpazKeHue, ompe/iesiéHHoe cootTHorenneM (2), riue ¢ € P. Torya
1 _ _
m f 1(2’1)‘ |f 1<Zr>‘ = Z X(—6121 — "'_CTZT)V,U«cl(O)"'V,ucT(O)'
q c=(c1,...,cr)EPT

HenocpeictBerHO M3 JIeMMBI 6 ciiemxyeT

Jlemma 7. B ycnoBuax jseMMbl 6 1715 JTI060T0 HelrycToro nmogMmuoxkecrsa H C P crpa-
B€/IJTNBO PaBEHCTBO

S =YY Aeahi— = b, (0). v, (0)

q hi,e.hr€P c1,...icr€P

Teopema 3. Ilycrs F(z) — yHuTapHBIN pEeBEPCUBHBI MHOTOYJIEH CTEIICHHU 1M HAJ| [0~
nem P = GF(q), v — mocienoBarenbHOCTD, yaoBiaerBopsiomnias pasencry (1). Torma ecin
HaboOp s BhIOpaH Tak, 4rto cucreMa (6) ycroitumBa, To jmias Beex | < T(F') cupaseniuba

. o (%(H)a<f)(qq: D+ -1

l
Wi, = | ) o

Jloxaszamenvcmeo. CrpaBenmBO PaBEHCTBO

Nits0) = (25 T xablits) i) (55 wallits) - h).

i=0 \4 c1eP heH q c.eP h.€cH

Orcrosia 6y1em nMeThb

1 -1 ‘ ‘
NI(H>S>U) = o Z Z X(_Ch) ZX(CIU(Z+31))"'X(CTU(Z+ST))>
4" c=(c1,....cr)EP" h=(hy,....hy)EH" i=0
riech = (c1,...,¢.)(h1, ..., h) = cthi+. . .+c h,. Boimenss ciaaraemoe, cooTBeTCTBYIOIIEE
cayqaio (c1,...,¢.) = (0,...,0) = 0, mosyuanm

Ly S (aypye),

4" cepr\{o} heH"
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riue
-1

Di(c) = > x(crv(i + s1)) ... x(cv(i + s,)).

=0

O6o3naunm depes ||c|| Bec (KomuecTBo HEHYJIEBBIX KOOpAMHAT) BeKTOpa ¢ € P'. Torma

[ 1 T
Ni(H,s,v) — |H["— = o Z > >, x(=ch)D(c). (7)
q d=1heH" ce PT\{0},||c||=d
[Iycrs BekTOp € = (€4, ..., Cr) € P" uMeer Bec d, HEHYJIEBBIE SJIEMEHTBI B HEM CTOSIT Ha Me-
cTax ji, ..., jq U BBIIOJHEHO PDABEHCTBO Cj, = V1,...,C;, = V4. Torga mis Dj(c), ucnoib3yst

paBeHCTBO (2), oIy dnM

Di(c) = l_zl,u%(ul(i +51), . up(t 4 51)) ooy, (ur (2 + 80), - uk (3 4 Sa))-

=0

C yuérom (3) zanumem

Dy(c) = Z > vm(al)xal(ul(wsl),...,uk(¢+sl>))...

=0 al€Pk

( gjk V'uwd ad)Xag (u1(i + Sq), - k(i+sd))>.

ad

Torna
-1

Di(e) = 20 v, (@) v, (aa) 3o X(war .. aa (1)),

317...,ad€Pk 1=0

THE Wa, ... .aq — HIOCJIEAOBATE/IBHOCTD Hal IIOJIEM P, JIEMEHTDI KOTOpOfI OIIpeaeJICHbI JJIg BCEX

BEKTO _ ( (1) (1)> _ ( (d) (d)>
posBa; = (a;’,...,a; ),...,aqa = (a; ,...,a, ) PaBEHCTBOM

N (1) : 1) ;
Way...aq(®) = ay ur(i 4+ s1) + ... +ap ug(i +s1) + ...
d . a . .
..+a§ )u1(2+sd)+...+a,(€)uk(z+sd), 1> 0.
Tak kak cucrema (6) ycrofiumBa HaJ mojieM P, TO MUHUMAJBHBIH MHOTOWICH IOCTIE/I0-
BATEJIBHOCTH Wa,  a, DPaBeH F(x), KpoMme ciaydas, Korja a; = ... = aqg = 0. Boyzesnus
OTIEIBHO 3TOT CJIyYail, MOy InM

Dy(c) =1-v,,(0)...v,,,(0) + Dj(c),

rie
-1
* _ .
Di(e) = > v, (A1) v, (aa) D X(Way....a4(2)),
(a1,...,aq)#0 =0
rJie CyMMUPOBaHUe [IPOU3BOIUTCS 110 BeeM HabopaMm (ay, ..., a4), B KOTOPBIX XOTs Obl OJIUH
U3 BEKTOPOB aj, . .., aq HEHYJIEBOW.

[MoncraBus Dy(c) B cooTHOmEeHuE (7), MOXKEM 3aIICaTh

Ni(H, s,v) — 6(H) =%i S Y w(—ch)Di(e), (8)

—1 ceP”, heHT
llcl|=d
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rae
Tl .
G(H)=H["—+—=> > > x(=chy,, (0)...v,, (0).
q q" d=1 ﬁf\f:ré heH"

st erauctenus §;(H) Bocmosb3yeMest JTeMMOit 7 1 paBeHcTBOM v, (0) = 1:

ol [
O(H) = [H"— 14,(0) .. 1 (0)+— - > x(=ch)y,, (0)... 1, (0) =
q ~~ 4" heH" cePm\{0}

; ©)
— Ly S ey (0).. 1 (0) = %Ifl(H)IT-

q" heHr cepPr

13 gemmsr 1 g Dj(¢) mosmydanm

DI <C(F) > |, (@)l [, (ad)] <

(ai,...,aq)#0

<GE( T e, @)l) - (2 Ju,@a)l) < CUE)(F)

a;€Pk agc€Pk

Tora, ucnons3ys coornomtenus (8), (9) u onenky (10), 6yaem umernb

N R R
Ni(H,s,v) = —=|f'(H)| —,,Z >
e T d=1cerr,

5 x(—ch>\cl<F>a<f>d. (1)

heH™

IIycts ¢ = (¢1,...,¢,) € P7, |c|=ducy, #0,...,¢,, #0, Torna

> X(—Ch)‘ |5 ek o X o) <
heH™ hoy €H by JEH
Z X( Cy “/1) .- Z X( Cra 'Yd) < %(H)d-
hoy €H hvdeH
YdauThIBast, 9TO KOJIMIECTBO BEKTOPOB € € P takux, 4uto ||c|| = d, paBHO (2) (q— 1) u3

nepasencTsa (11) mosy«nm

1

< 21 ( )<q _ 1>d%<H>dol<F>o<f>d .

qr

[
Ni(H,s,v) = Wlffl( ) <

Teopema 3 jokazana. B

Ormerum, 9To ipu r = 1 OIEHKA TEOPEeMbI 3 COBIIAJIAET € OIEHKOI 13 TeopeMbl 1. Takmm
00pa3oM, MoJIydeHo 0O00IIeHe TeOpeMbI 1 Ha CJIydail r-TPaMM.
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PaccmarpuBaiorcest ¢cmocoObl HMOBBINIEHUST TPOU3BOANTEIFHOCTH KPATKAX HEMHTEPaK-
TUBHBIX apr'yMEHTOB C HYJIEBBIM Pa3IIallleHHeM Ha OCHOBE IOJTMHOMUAILHBIX HAOOPOB
C UCIOJIb30BAHUEM PA3JINIHBIX BBIUYUCIUTEIbHBIX METO0B. [IpoBOINTCS CpaBHUTEb-
HBIIT aHaJN3 ITPOTOKOJIOB IO pa3MepaM TJIABHBIX CCBIJIOYHBIX CTPOK M JIOKA3aTeIbCTB
JOCTOBEPHOCTH BBIYHMCJIEHUH, 3aTpaTaM (GOPMUPOBAHUS J0KA3aTEIbCTB U UX Bepudu-
KaIlnm.

KiroueBnlie cJioBa: Kpamyrue HEUHMEPAKIMUBHHIE APeYMEHITIDL, TLOBBIUUEHUE NPOU3EO-
dumeﬂbﬂocmu, aHaAu3 npouseo&umeﬂbﬁocmu, pasmep ny6,/Lu%Hum napamempoe.

WAYS TO IMPROVE THE PERFORMANCE OF ZERO-KNOWLEDGE
SUCCINCT NON-INTERACTIVEARGUMENTS OF KNOWLEDGE
AND THE ANALYSIS OF THE RUSULTS ACHIEVED

[. V. Martynenkov
JSC «KVANT-TELECOM>», Moscow, Russia

We consider ways to improve the performance of zero-knowledge succinct non-
interactive argument of knowledge (zk-SNARK) based on polynomial sets, such as
quadratic arithmetic programs (QAP), square arithmetic programs (SAP), quadratic
span programs (QSP), square span programs (SSP), quadratic polynomial programs
(QPP), etc. To improve the performance of zk-SNARK, batch data processing me-
thods, various modifications of exponentiation problems, bilinear pairings based on
elliptic curves, etc. are used. A comparative analysis of the complexity of the com-
mon reference strings formation, the construction and verification of the calculations
reliability proofs, as well as the sizes of common reference strings and proofs has been
carried out.

Keywords: succinct non-interactive arguments, performance improvement, perfor-
mance analysis, size of public parameters.

BBeaenue

PaccmarpuBatoTcest criocoObI TOBBITIIEHUS IPOU3BOIUTETLHOCTH KPATKUX HEMHTEPaKTHB-
HBIX apr'yMeHTOB C HYJIeBBIM pasIvialleHueM. /lajee ncnosb3yeTcs HANMEHOBAHUE <«IIPOTO-
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kost zk-SNARK>» cornacuo [1]. [IpeacraBiieHo nmpuMeHeH#e KIIOUEBBIX /GECKIIOUEBBIX XeIll-
yHKINMI, TO3BOJISIONINX BBIIOJHATh BEePUMUKAINIO JOKA3ATEIbCTB C 3aTpaTaMu, He3a-
BUCUMBIMU OT pa3Mepa BBOJIa/BbIBOJIa, HO € U3JEPKKAMHU Ha JIAHKeCTbl. BbIcTpojieii-
CTBHE MOKET TOBBIMATHCS 38 CIET OoJtee a1anTHpOBaHHBIX K mpoTokotaM zk-SNARK xer-
dbyHKIHMit Ha 1 TpoCcThIM mosteM (2, 3| mwin Ha pemérkax [4-6], kak npeacrasieno B |7]. [loss-
JISIETCST KOMIIPOMECC M€Ky CJIOXKHOCTBIO BBIUMC/IEHUI JOKA3BIBAIOIIEro U BepudUKaTopa,
BJIAJICIONIETO CEKPETHBIMU 3HAYCHUSIMU, OIPE/IEISIeMbIfl XeIUPOBAHIEM YACTH OTKPBITOTO
BXO/1a.

Jnst meneHus TOJIMHOMOB MOYKET HCIIOJIb30BATHCS MHOTOTOYETHAsT OTeHKa U WHTEePIIO-
asnus (8, 9], a 11t yMHOYKeHUs: — MHOXKeCTBEHHOE Bo3BejieHne B crenenb |10, 11| Ha ocrose
TabJImI TPOMEXKYTOUHbIX cTeneneii u jap. [11-14]. Crpykrypuble cBoiicTBa HAOOPA MOJIUHO-
MOB B BUjie KBaJ[paTuiHbIX apudmerndeckux mnporpamm (Quadratic Arithmetic Program,
QAP) [15] mpe/mosiaratoT HaJIUIHe HYJIE€BBIX MHOIOWJIEHOB, MO3BOJISIIOIINX COKPATUTD Pa3-
Mep Kuttoueii [14]. OTebHOr0 BHUMAHWST 3aCTy KUBAIOT COKPAITIEHNE pa3Mepa JTOKa3aTe b-
CTBa M acMMMeTpUYHOe OuuHelHoe criapuBaHue [16] ¢ KOMIOHEHTaMU JI0KA3aTeIbCTB U3
pasubIx Tpymi [17].

[IpuBojgTcst npuMepbl pa3ie/ieHus IyOINTHBIX TAPAMETPOB TJIABHOW CCHLIOYHONW CTPO-
ki (Common Reference String, CRS) Ha 60siee KOMIaKTHBIE 9aCTH, GOPMUPYEMBIE OT/ICITb-
HO JIIsl JIoKasbIBaromux u Bepudukaropos nporokosos zk-SNARK [15, 17, 18]. Ha npume-
pe mporokosioB zk-SNARK u3 [19] npejcrasiena nakerHas BepuduKaIysi [0Ka3aTebCTB,
siBJIAtoIascs 6osee 3pHEKTUBHON KOMIIOHOBKOI YacTeil JI0Ka3aTe/IbCTB /I YMEHbITEHUSI
CJIOYKHOCTH BbluncjeHuii. OrMedeHbl pabOThI, UCIHOJIb3YIONNE 00beInHeHne Habopa JT0Ka-
3aTebeTB MPoToK0JI0B zZk-SNARK B 0/1HO 3aK/II0UnTEIHHOE T0KA3ATETHCTBO.

[IpescraBien cpaBHUTEMBHBIH aHaiamn3 nporokoiaoB zk-SNARK [7-9, 12-15, 17, 18,
20-36] mo pasmepam CRS u Jj0Ka3aTe16CTB JJOCTOBEPHOCTH BBIUUCIEHHH, & TAKKE M0 CJIOK-
HOCTSIM BBIMMCJIEHUN JOKA3bIBAIOIINX U BEPUPUKATOPOB.

1. CoocoObl ipuMeHeHus Xeni-QyHKITnii

Bepudurupyenmbie soraucienns (Verifiable Computation, VC) [20] mpeaasaatdens! st
JIBYCTOPOHHET0 BbIYHCIeHNsT (DYHKIUI 110 9aCTHBIM BXOAHBIM janubiM. CornacHo [37], B cxe-
Max VC He3aBHCHMO OT JIMHBL BBOJIA f () BBIBOJL JIOKA3BIBAIONIETO MOYKET JOMOJHATEIHHO
cokpararbes. s aToro Bmecro f(x) ucnomnbsytores kiouesble dyukimun MAC(f(z)).
B pesysbrare BepuduKaius CTaHOBUTCH HE3aBHCHUMOI OT JIJIMHBI BBOJIA/BBIBOJIA, OJHAKO
BOBHUKAIOT U3JIEPKKU BepuUKaTopa Ha BeIucaeHue xer-pyukimu. Ha cropone Bepudu-
KaTopa JiIsi MOJTOTOBKU BXOJIHBIX JIAHHBIX aCHMMETPHYHbIE KpUlTorpaduieckie mpeobpa-
30BaHUsI OCTAIOTCS TTPEKHIMU.

Boruncienusi Bepudukaropa npotokoios zk-SNARK [15, 38| suneitubt 110 pasmepy or-
KPBITOrO BXOJIa U C OCHOBHBIME 3aTPaTaMi Ha BeIYucaeHue ¢U»(%) rie g — mopoxparommit
9JIEMEHT TPYIIbL, Uin(S) = > apvy(x) — cymMMa MHOTOUIEHOB M3 COCTABA MOJHMHOMHAJIb-

kElin

Horo Habopa QAP wm nporpamm kBajparuanoro nuanasona (Quadratic Span Programs,
QSP) [15]; s — cekperHas Touka. Bbramcienume cokpamaercs 3a CY6T MPUMEHEHHUsS Xelll-
dbyukim H s nosmydernst nmocrostiHoro mo pasmepy u' = H(u). Snadenne u’ cranosut-
Cs1 HOBBIM OTKPBITBHIM BXOJIOM, & U — YaCTbI0 CEKpeTa W, 3HAHHEe KOTOPOTO JIOKA3bIBAETCSI.
O/iHaKO XeIMpOBaHUe YBEJIMINBACT O0BEM BBIYUC/IEHUIl JIOKA3BIBAIOIIETO, TaK KaK BIIO-
CJIJICTBUY JIOTIOJIHUTEJIbHO Heobxonnmo Bepudurmposars U = H(u). Kommpomuce mex-
JIy BBIYUCJICHUSIMU JIOKA3BIBAIOIIETO ¥ BEPUMUKATOPA OIPEIE/ISEeTCs XEIMUPOBAHIEM YaCTH
BXOJIHBIX JIAHHBIX U.
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B ciayuae mporokosa zk-SNARK ¢ dukcupoBanubivm Bepudukaropom (Designated
Verifier, DV) [15, 38| Bepudukarop Bmajeer cexperamu «, [y, 3, € Z;, 10 KOTO-
peIM ¢ mcrosb3oBanmeM ¢Umid(®) g@() ¢hs) o crocoben cdopMupoBaTh YaCTh JIOKa3a-
TEJIBCTBA. SHAYCHUA Umid(s), w(s), h(s) TakxkKe OCHOBAHBI Ha IOJHHOMUAIBLHBIX HabOpax
QAP/QSP [15]. IlosToMy MOKa3bIBAIONIHMIT MOYKET IPUMEHHTH Oojiee JTAKOHHYHBIE JOKa-
3aTe/beTBa 3a cuérT xema D = H(g¥Wmia(s) gaw(s) gah(s) gBovmia(s)+Buw(s)) y ornpasuTs
™ o= (g”mid(s),g“’(s),gh(s),D). 3areM Bepu@UKATOD BBIBOJIUT AHAJOIUYHDLIE HEJIOCTAIO-
e 3HaYEHUsd, MPOBepsieT coBliajenne ¢ D u npoBouT Bepu@UKAIUIO JTOKA3ATEIbCTBA
o6braubIM criocobom. st mporokoaa DV zk-SNARK [39, 40| xem-dyHKImn Ha3HATAIOTCST
BepuduKaTopaMu Ha drare pOpMUpPOBaHUA MyOMnIHbIX mapaMerpoB B Buge CRS.

Kpowme Toro, xer-byHkimn Hat 601bIM TpocThiM mosieM, HanpumMep « POSEIDON» [2]
wim xem Ilegepcena [3], ucnosb3yemble Jiis JOKa3aTeIbCTBA 3HAHKS IPOOOPa3a, JIydlie
ajanTupoBanbl K mpotokojiaMm zk-SNARK 110 cpaBHEHHIO ¢ KJIACCHYECKUME CXEMaMU, 34
CUI6T Wero MOBBIMAIOT UX OblcTpoeiicTBre. Bapuant [3] orobpaxkaer mociie/[0BaTeIbHOCTD
OUT B CKATYIO TOUKY Ha SJUIMITHICCKOI KpuBoil. B [13] Boraucisiercs xsm Mepkia ¢ nc-
nosib3oBanreM SHA-1, B 1o Bpems Kak B [7]| xem-dyHKIMs OCHOBaHA Ha PEIIETKe

h(x,y) = Lx + Ry mod ¢, (1)

e LR € Zlgxm; x,y € {1,...,N}™ [41]. B cBsa3u co cBOICTBOM aJTATHBHOTO TOMOMOD-
dbusma gannoit xem-dyukuun gaiizkect d(S) mosydenHoro xemnr-jepesa Mepkia MoxkeT
BbIpaKaThCs B BUJIE

d(8) = 2. 8[i]f(#) mod g, (2)

rie f(i) € {0,1}™ — dbyuxuuma nnmekca i Kak «qactuaHas merkas [42]; S[i] — BexTop B 10-
3UNUK ¢ KaK CKaIAp B Z,. Jlail/zKecTsl BEKTOPOB Kpardaflmux myTeil 7] BbIUHCIAIOTCS
¢ ucnosib3oBanueM (1) u (2), KOTOpble BMECTE ¢ TPeABAPUTEIHHO BBITHCICHHBIMI PACCTO-
sHugaMu 1 myTamu obpabareiBatorcs HMAC, a 3atem nepearoTcsi Ha BBIYUCICHUE CEPBEPY
B HEJIOBEpeHHOI cpejie. [l Bcex BEKTOPOB pa3HOil JTMHBI, XPAHAINX IPEIBAPUTETHHO BbI-
YHCJIEHHBIE PACCTOSTHUSI, CTPOUTCS JTOKa3aTebeTBo nporokosa zk-SNARK [13]. Bosmox-
HBIM HEJIOCTATKOM TIOJIX0/I0B |7] mo cpaBHeHuio ¢ [13] aBisercs yBesndenne pasmepa JI0Ka-
3aresibcTBa. Pasmep jokasaresbera cxeMbl |13] cocrapisier 288 Gaiir. lokasarenscrso 7]
cozepkut 256-6urHbrii (32 6aitta) HMAC 1yis kKaxkoro pebpa rpada ¢ KpaTdaiiimmM 1wy TéM,
[OITOMY pas3Mep JI0Ka3aTebCTBa IPOIHOPIHOHAJICH KOJIMIeCTBY Takux pédep |R|. B obrem
ciydae JI0Ka3aTesbeTBo |7| cocrapisier |R| x 32+ 288 Gaiit. [Ipumeps! kpunrorpadudecknx
AJITOPUTMOB Ha PENIéTKax MpeJcTaBieHsl B [4-6.

Hanpumep, nporokos zk-SNARK [43]| erpourcss Ha ocHOBE CUMMETPUYHBIX Xell-(DyHK-
Ui U cXeM 00s13aTeILCTB, ObeclednBasl «IMOCTKBAHTOBYO» 3amutTy. B [44] upescrasiena
HOBasl cxema 00s3aTe/IbCTB JIId TOJUHOMOB HaJi KOHEIHBIMU IOJISME, UCIOJIb3YIONAs T1e-
JIOUNCJICHHBIE [IPEJICTaBIeHsI MHOTOUIEHOB U TPYII Hen3BecTHOro mopsizika (Diophantine
Argument of Knowledge, «<DARK>). B o6miem Busie ypasaenue P(ay, ..., Gy, X1, ..., Tp) =0
¢ TIapaMeTpaMu dj, .. ., 0, U HEU3BECTHBIMU T1,. .., Ty, CIATACTCA PA3PEIIMMBIM MDA JIaH-
HBIX (1, . . . , Ay, €CJIU CYIIECTBYIOT HAOOPHI YUCEN L1, . . . , Ly, IPU KOTOPBIX PABEHCTBO BEPHO.
B [|44] npencrasiieno npeobpa3oBaHie HHTEPAKTHBHBIX JT0OKA3ATEIbCTB B HEHHTEPAKTUBHBIE
na ocHoBe «DARK>» st mporokosa zk-SNARK «Supersonicy» ¢ ¢dopmupoannem CRS 6e3
cekperHbIx 3Ha4denuii. [Iporokos zk-SNARK «Ligero» [45] rakxke dopmupyer CRS 6e3 cek-
PETHBIX 3HAYEHU, UCIOIB3YEeT MIPOU3BOJIbHBIE Xell-(DYHKIINU, CUMMETPUYHbIE TPUMUTUABBI
1 1peobpasyeTcs B HEMHTEPAKTUBHDIN pexkum 3puctukoit Puara — [MTamupa [46].
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2. CriocoObI BBIIOJTHEHUS ajJiredpamvyecKnx onepanuii

B obmem cityuae aaropurvbl (hopMUPOBaHUS KJIIOUEH U JI0KA3aTE/ILCTB IIPOTOKOJIOB ZK-
SNARK umeror BeicOKHE KpUITOTpadpuieckne HAK/IaTHbIE PACXO/IbI, TAK KAK BBIIOJTHICTCS
3HAYMUTE/IbHOE KOJTMIECTBO BO3BeIeHNi B cTeniedb B rpynmnax G u Gs.

Hanpumep, mokazaresnscrBo nporokosa zk-SNARK [15, 38| cocrour u3 cemu siemen-
TOB rpynnsl. Beibupatorcs ciaydaitasie 0, .., 0, € F, 32 c4éT KOTOPBIX «MaCKUPYIOTCS»
Via(®) = ia (@) + Doy (@), 0 (2) = w(w) + 0, (x), H(1) = Vg (@0’ () /1(x). Vemomssy-
10TCs cityvaitaeie o, (3, 8, € F. Jlokazare/ibcTBO NIpUHUMAET BU/L

!
Umid’

/
w’

T, Ty) =

_ (gv;nid(s)’gw’(s)7gh’(s)’gow;nid(s)’gaw’(s)’gah’(s)’gﬁvvl’nid(s)—kﬁww’(s))'

o '
™= (m Moy s Ty 5T

(3)

Cornacho [15], B mokazaresnberse (3) m3-3a cTpyKTypbl MHOrOUIeHOB QAP /QSP 3HaveHms
vo(x) + D apvp(z) m wo(z) + > bpwg(z) MoryT BerUmCHsITHC B oste F 3a jmHeitHOE 1HCIIO
k k

oneparuit, uckiodasg h(z). C IMOMOIIBI0 MHOIOTOYEYHOI OIEHKH ¥ MHTeproaanmu |8, 9]
qactaoe h(z) = (vo(x) + Y arve(z)) (wo(z) + Y brwi(x)) /t(z) Moxer BBIMHCTATBCS CO
k k

caoxkHOCTBIO O(s - poly(log(s))) n KBaAPATUIHBIM BBIUHUCICHAEM JOKA3ATEILCTBA 7.

B [13] seMOHCTPUPYIOTCST MOXO/bI MOBBIMIEHUs TPOU3BOJAUTEIBHOCTH, KOTOPBIE B/
forcst obrmuvu 11t TpoToKoJI0B zZk-SNARK. TTopork marormmmit 9/1eMeHT IPYTIIBbI § BO3SBOINTCS
B 9KCIOHEHTBI, YTO YCKOPSETCsI METOJIOM MHOXKECTBEHHOIO BO3BejleHUsl B crernenb |10, 11],
OCHOBAHHBIM Ha, TOCTPOEHUH Tab/IUIL IIPOMEZKYTOIHBIX cTeneneii. Takum o6pa3oM, BHIYHCIe-
nue JoKasbBaomero suaa ¢°) = [ ¢ Tpebyer ucnonbsosanud gi, . . ., gm € G u creneneit

€1,...,6m € Z NIt HEKOTOPOTO 603151H0Fo m. B 1aHHOM cjydae NpuUMeHHMa TeXHUKa, I10-
CTpOeHHUsT HeDOJIBITON TabJIMIbI cTeleHell 11 KaxKI0il mapbl ocHoBanuit. Hampumep, s
[IEPBBIX JIBYX OCHOBAHUII C OKHOM pasmepa 1, UCIOJIb3ysl OJHO YMHOXKEHUE, BBIUUC/ISIIOTCS
192,99, 9%, 93, 91,95, g1, ga}. Barem paccmarpuBaroTcs crapiue GUTBI €1 U €, YKa3bIBalo-
I[Fie Ha 3HaYeHue B TabJ/InIe, KOTOPOe YMHOYKAETCS HA «HAKOIHUTEby. Bee mapbl OCHOBAHU
IPOXOJISAT aHAJIOTUYHYIO IIPOIEJYPY, HOCJIe Yero «HAKOIUTe b» BO3BOJUTCS B KBaJIpaT JIjis
nepexojia Ha cyie/lytonuii yposenb. Takne TaOJIUILI MOTYT yBEJIMIATH TPOU3BOUTEILHOCTD
B 3-4 paza [13]. na g € G seruucienue koprexkeit (g%, ..., g% ) BBIIOJHAETCA CTAHIAPT-
HO¥ TEXHUKOI IPeIBapPUTEIbHOIO BHIYUCIEHUST TabJINIl CTeleHe.

st octe yrotero ucosb3oBanus Bepudukaropam mporokosioB zk-SNARK mneseco-
06pa3sHO CTPOUTH JIOJATOBPEMEHHBIE TabIUIBI CTelleHelt TOPOXKIAIONIIX 9JIeMEeHTOB ¢' 1 CeK-
peTHBIX Touek s/ B poHoBoM peskume. JloKazbiBaonuii BbIYUC/IAeT HoJuHOM A (Z), KOTOpbIit
MOYKET XPaHUThCsI B BuJle olleHKu oT KopHeil QAP /QSP u np. s sToro BeIBOIUTCS TO-
oM p(x), a 3aTeM B OTKpbITOM Bujie (6e3 kpunrorpaduyueckux mpeodpasoBaHuii) jiist
nostydenus: h(x) BBIIOJHSIETCS JIeJIEHHEe MOJMHOMOB, 9TO YCKOPSIETCSI YMHOXKEHHEM Ha OC-
HOBe OpicTporo npeobpasosanns Pypbe (BIID) co craoxuocthio O(nlogn) n amropurmom
HOJIMHOMUAJIBHON UHTeproJsiiuy [47| /st OCTPOeHNsT JTBOUIHOIO JlepeBa MOJUHOMOB CO
coxnoctbio O(nlog®n). Jlns yckopenus Beraucienuii h(x) TOKa3bIBAIONIH TAK/Ke MOKET
XPaHUTh He COepsKalllie CeKPeTOB Tab/INIIbI BO3BEIEHNs B CTEIIEHb U ITOJIMHOMUAIBLHOE Je-
PEBO, KOTOPbI€ IOTEHIMAILHO MOIYT IIePeIaBaThCs MKy Pa3HbIMU JOKA3bIBAIOIIIMU.

B mporokone zk-SNARK [14] ucnionbsyiorest crpykrypabie coiicrBa QAP u3 apudme-
TUYECKUX CXeM, COKpAINAoNue pa3Mep KJYa JOKA3bIBAIOIIEro, KOTOPBIi (hopMUpyeTcs
Ha OCHOBe mopoxKgatoriero saemerta P rpynnsl Gy mwm Gy n ckamspoB aq,...,q, € F
JUtst Bbraucaenuss aq P ..., a, P. Apudmernueckas cxema C' ¢ m nposogamu (Wires) u d
earmwisimu (Gates) mpeobpasyercss B QAP pasmepa m cremenu d. lanee crposgres Tpu
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marpunsl A, B, C € Fm+)xd xonupyiomue Tonosornio cxemer C: j-e cronbusr A /B ko-
JIUPYIOTCSL JIEBBIMU /TIPABBIMU BXOJIAMU J-I'O JIOPUYECKOTO 3jieMeHTa, a j-e cTosonbl C —

BBIXOJIAMHU JIOTWYecKuX v1eMeHToB, j € {1,...,d}. Paccmarpusaerca S C F kak MHOKe-
crBo pasmepa d, Z(z) = [[(z —w) u mua @ € {1,...,m} nonmunom A; — pacumpenne
wes

HU3KOMN cTenenn i-it crpoku A. Anajormdano omnpenesnstorcesa B;, C;. [lpumedarensHo, 110
B |14] ormeuaercs nasmaue HyseBbix crpok Marpur] A, B, C, cooTBeTCTBYONIUX HYJIEBBIM
muoroueHaM. Hampumep, ecyin i-it 1poBoJi HUKOI/a HE MMeeT HeHYJIeBOI'O 3HAYEHUs B Ka-
YeCTBE JIEBOTO BXOJIa BEHTUJIsI, TO i-s1 CTPOKA A sBJisieTcst HYJIeBOi, modtoMy A; — Hy/eBoit
MHOTOYJIEH. DTOT (DAKT HCIOJIB3YETCs JIJIsT COKPAIEHUsST pasMepa KJIda JT0Ka3aTe/IbCTBa
3a CYET YMEHBIIIEHNsT KOJTMIeCTBA HEHYJIEBbIX MHOIOWIEHOB B MaTpuriax [14], 4ro cHmxkaer
CTOMMOCTH BBIYUCJIEHMUIA.

B nporokosax zk-SNARK [12, 13| st BbIUHCIEHUs JOKA3ATENBCTB 7 UCHOJIB3YIOTCST
YHUBEPCAJIbHBIE MYJIbTUCKAJPHBIE yMHOKeHUsT. B mporokoste zk-SNARK [14] nokaseiBato-
muit ucnosb3yer BekTop @ € F4Tl 5 puge kosdbdunmentos Muorounena-vacraoro h(x)
crenenn d mwmn o = (1,8,01,00,03) € F™ g ciyuaitnbix 0y, 02,03 € F. B nepsom
caydae Q MPEJICTABISETCH CIyYallHbIM, MOITOMY MOYKET HCIIOJIb30BATHLCH aJIrOpuT™M boc-
Kocrepa [11] u3-3a Menbiux TpeboBanuii K naMsatu. Bo BTOPOM cJiydae S 3aBUCHT OT BBOJIA
cxembl C(x,a) u popmuposaress apudmerndeckux cxem C'; rjie X — OTKPBITHII BXOJI; a —
CEeKPETHBI BXOJ, 3HAHUE KOTOPOIrO JIOKa3bIBaeTcs. Termeph < MOXKET cojiep:KaTh S C J0-
[TOJTHUTEIbHBIMI 3j1eMeHTaMu. CeKpeT s paccMaTpPUBAETCs KaK CIIMCOK 3HAYEHUT TPOBOJIOB
cxembl C' Tpu BblUMC/IeHNH Ha (X,a). PaspsHocTh MpOBOJIOB 3aBUCHT OT BBIGOpa mepe-
MEHHOI THIta 0allT, CJIOBO U T.JI., & IPOU3BOJUTEILHOCTD MOBBIIIAETCA TPEIBAPUTETHHOMN
IPYIIUPOBKON 3JIEMEHTOB U3 (¢ 110 THIIAM JIAHHBIX U IpUMeHeHneM Metoga [11].

JlomoTHUTETbHBIN BKJIaJ] B OBICTPO/IEHCTBIE MOXKET BHECTH aCUMMETPUIHOE OuInHeii-
noe cunapuBanue € : G; X Gy — Gp, rne Gy — «bazoBasi» TpyIITa TOUYEK SJTHITHICCKON
kpusoit [16], a Gy — rpynma Touexk ssutnnTHdeckoil KpuBoii «kpydenus» [16] u Gy # Go.
Omneparun HaJ1 «6a30BOI» KPUBOIl BBIIOIHSAIOTCA ObicTpee. Ecin oanu n3 BXo0B OyHKIUN
OMJIMHEIHOTO criapuBaHus (PUKCUPOBAH, IPUMEHSIOTCH METO/IbI IIPEIBAPUTETLHOTO BhITHC-
nenus [48-50|, umeitno cxoxkme ¢ makerHoil Bepudukanueit [19]. Boranciamrensisie Mero-
JIBI, 0DecIevInBaloIe TPON3BOUTEIbHOE ODUIMHEHOE ClIapUBaHNe, TaKyKe MPeICTaAB/IeHbBI
B [51-60|. Hampumep, TOKa3bIBAIOIIII MOXKET BBIYUCIISITH gfﬁ(s) HaJT KPUBON «KPYIeHUS»,
a ocTaJbHble 3HavYeHus — HaJ| «b6a30Boit» KpuBoil. Takas acuMMeTpHUs MPEIIIOIAraeT, 9To
9JIEMEHT TI0JIT MOXKET OTOOPaXKaThCd B BUJIE 3HAUEHUS IIEPBOIi, BTOPOW WM 0OEUX I'PYIII.
BosMmozkHO ncIosb30Banme COKpaIEHHoro npeodbpasosamus Teitta [61, 62| st ssmnnrutde-
ckoit kpuBoit E nazn F, ms npocroro uncia ¢ ¢ rpymnamu (Gy, Go, Gr), sxBUBa/IeHTHBIME
noxrpymnam 8 (E(F,), E(FF), F?.) cooTBeTCTBeHHO. DIMNTHYECKHe KPUBbIE, y100HbIE 1151
OWJIMHEITHOTO ClIapuBaHUs, UMEIOT pa3Mep 3JeMeHTOB Ipynibl (i MeHbIIHil, YeM pa3Mep
ssiemenToB rpynbl Gy [63]. Tlosromy B iporokose zk-SNARK [17] ay1st noBbiienust ipouns-
BoguresbHocTt A, C € Gy u B € Gy. Beibop rpyiiir 11o3Boisier rubKo HaCTpanBaTh YPOBEHD
BAIUIIEHHOCTH U TTPOU3BO/IUTETLHOCTU OIEPAITNT.

OTmenbHO CTOUT OOPATUTh BHUMAHWE HA MMOTEHIUAIHHYIO BO3MOMKHOCTH COKPAITEHUS
pasMepa jiokazaresibeTB. Hampumep, mo cpashenuio ¢ nporokosiom zk-SNARK [17] wa oc-
noBe QAP w3 apudmerndyeckux cxem ¢ BBIXOJOM B BHje Habopa OUT U JOKA3ATEIbCTBOM
u3 Tpéx ssemenToB 1oJisi tpoTokos zk-SNARK [18| na ocnose SSP u3 siormueckux cxem
C BBIXOJIOM OJINH OUT MMeeT JOKA3aTeIbCTBO W3 JIBYX JIEMEHTOB 1oJjisd. Jlokazare/sibcTBO
nporokosia zk-SNARK [17] Takzke coKpalnaeTcst 10 JAByX 3JIEMEHTOB TOJIsI 3a CUET Meper-
CBIBAHWS CXEMbBI C MCIOJIb30BaHUEM TOJBKO BEHTHJIEHl BO3BeJeHUS B KBajpar. /leranbHee,
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KazKJIblil 3/1eMeHT yMHOXKeHus a - b = c mepenuceiBaercs Kak (a + b)? — (a — b)? = 4e.
Eciu ucnob3yroTest TOJIBKO 97IEMEHTBI BO3BEIEHUs B KBaJIpaT, TO mojaunHomMbl QAP, coor-
BETCTBYIOIINE JIEBBIM ¥ MIPABBIM BXOJaM JIOTHIECKUX JI€MEeHTOB, paBHbI (u;(x) = v;(x) s
BCeX 7). 3adUKCHPOBAB 3HAYMEHNUs CEKPETHBIX PAHIOMU3ATOPOB I' = § € Z,, OTBEIAIONINX 32
BBeJIEHUE CBOMCTBA HYJIEBOI'O PA3IJIAIECHUS, W MCIIOJIb3ys KOMIIOHEHTBI KJII0Ua BepuuKa-
mmn 3, € Z,, popmupyem B = A+ — « [17]. TIosTOMYy HEOOGXOAMMO MOCTPOUTH TOJBKO
JBa sjeMenTa gokaszareaberBa A u C [17]. OpHako ONMMCAHHBIA METOJ| MOYXKET Y/IBOUThH
KOJTMIeCTBO BEHTHUJIEH U TpeOyeT JOTOJHUTETBHBIX TTPOBOIOB JJI BBITUTAHUST KBAIPATOB.
[Tosromy ymenbItenune pasMepa J0Ka3aTeIbCTBA CBA3ZAHO C JIOTOJTHUTETLHBIMEI BBIUUCIH-
TEJIbHBIMU 3aTPATAMH.

3. Pa3zpenenne myOaMYHBIX MapaMeTPOB IVIABHOM CCHIJIOYHOI CTPOKU

B mporokonax zk-SNARK [15, 18] skoHOMEST pecypcoB IOCTHrAeTCsT 3a CYET TIpeIBAPH-
; t ; t
TesbHOro Bhraucienus Ha6opos {g7 % Visr ) ¢t u {g" Wy i) rae vi(2), t(z) — muoroO-
yiensl QAP /QSP; s — cekpernast Touka; [, — pa3psHOCTh OTKPBITOTO BXOJIA; 1, — pa3ps/i-
HOCTb CEKPETHOrO BXoja. /i OleHKH MHOrOWIeHa-4acTHOrO h(Z) B M-KOPHAX T, ..., Tm
m
nesesoro nosmaoMa t(x) = [[(z — r;) mokasbiBaomuii MOXKET IPUMEHSITh JIUCKPETHOE MPe-
i=1
obpazoBanne Pypre, Kak npejcraBieHo B [18]. B pesysibraTe moBbIeHe MPOU3BOINTE b
Hoctu nporokosa zk-SNARK [18] mocruraercs momndukamnumein CRS nokassiBatomiero:

op= <T’ G1,Ga, Gr, €, 91, 92, {gfi(s)}mm {g;i(s)}mu, {gfvi(s)}mu,
S _ l/.(s) s
g g5 g8 At ) Y e Y gt ),Q),

Ly
vo(s)+ 2 aivi(s)
Bepudurkarop nporokona zk-SNARK [18]| seraucisier V =g, V., 1 uposo-

T Bepudukamnmio, upu 3tom nojgHags CRS 3amensiercst KoMmakTHBIM BapuaHToM C [, + 6
9JIEMEHTAMU TPYTIIIBL:

oy = (Ta Gh GQu GT; €, 91, {gi)Z(S)}iu:m 92, gg(S)J géu géﬂ)

Ecmu CRS dopmvupyercs BepuduraTtopoM, TO 3a CUET 3HAHUS TPUMEHIEMBIX CEKPETOB,
Harpumep [ u T B [18], citoxKHOCTD BepudUKaINK JOTOJHUTETBHO COKPAITIATCSI € TOMOIIBIO
COOTBETCTBYIOIIUX MTPEIBAPUTEHHBIX BHIYUCIECHU.

Hpyrum npumepom sigisgercs mpotokost zk-SNARK [17], B koTopom ecyin Kazkiblii BeH-
THJIb COEJIUHEH C IIOCTOSHHBIM YHCJIOM IIPOBOJIOB, TO Habop QAP aBiserca pazpekeHHbIM, &
CJIOZKHOCTD BhIUmcenus juueitnoit — O(n), rae n = deg(t(x)), uin 3aBUCUT OT IHapamMeTpa
6ezonacnoctu. [lpu srom jyist ¢ = 1, ..., n BBIIOJHAIOTCS CJIELYIONINE OIMEHKH OJUHOMOB:

m m m m m m
Z aiui(rq) = Z ;U q, Z az’%‘(rq) = Z a;V; g, Z aiwi(rq) = Z a;Wj q- (4)
i=0 i=0 i=0 i=0 i=0 i=0

Ecau rq,...,7, —KopHU t(x) IpPH MOJAXOIAINEM IPOCTOM p, TO h(x) BBIYHCISIETCS C
ucnosb3oBanneM BIID B Z, 3a O(nlogn) oueparuit. Berancienne xosddunnenros B (4)
BO3MOXKHO 32 cuér BIID, Ha 0CHOBE KOTODBIX JIOKA3bIBAIOIINIT BbINOIHSET M + 3n — [, + 3
Bo3Bejiennii B creneb B Gy, n+1—B Gq. C yBenmdenuem napamerpa (ypoBHst) 6e301acHO-
CTU TIOPSAJIOK IPYIIT PACTET U BO3BEJIEHNUE B CTEIIEHb CTAHOBUTCA TPY/03aTpaTHee. B Takom

caydae CRS [17]

o1 = O‘?ﬂaéa {xl ?;017{(5u1(x) +Owi(x) +wi(£))/’7 214:07 oy — xz‘ n—1
= ({(ﬁum Fann(e) +wi(@))/5), 1, {2t (2)/ > 2= (B0 {atin) ©)
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pacimpsiercss TakuMu daeMentamu  [u;(x)]q, [vi(z)]1, [wi(z)]e mna ¢ € {1,...,m} upm
[zi(2)]; = g;i(x), aro A u B sokazarenscrsa w [17], a umenno

m m

A=a+ ) aux) +rs, B=5+3 awiz) + s,
3 )
C= <':zz+1 a;(Bui(x) + awvi(z) + w;(x)) + h(x)t(x)) /6 + As+ Br — rsd,

m m
CTAHOBUTCS BO3MOYKHBIM CTPOUTH 63 BbruncaeHusi Koadbdurmenros » | a;u;(z) u Y a;v;(x)

i=0 i=0
U TI0CJIE/IYIOIIEro BO3BeJIeHNs B cTeneHb. B pesyibrare B ciaydae QSP/SSP kosdbdurmen-
tol a; € {0,1} pacmupsror CRS u jokaspIBaoIinii MOXKeT BBIIOJIHUTH 1M YMHOMKEHUIT JIst
Kaxk 101t KomrnoneHTsl A u B. Moandunuposannas CRS, npeamonararorias 6osiee ObicTpoe
BBIYUCJICHNE JI0KA3aTeIbCTB, hopMupyercsd n3 ucxomuoit CRS, mosromy cBoiicTBa 3aru-
MEHHOCTH MTPOTOKOJIA He Hapyimatores [17].

Kpowme Toro, Bepudukaropy mnporokoia zk-SNARK [17] ue tpebyerca nonnast CRS (5).
Jocrarouno 3uarh [, + 2 3mementoB Gq, Tpu ssemenTta Gy u ogun saement Gr. B mannom
caydae hopMHUpOBaHue Kiodueil mpeobpasyercs K Buiy (op,oy,T) < Setup(R) ¢ KOMIIO-
HEHTOM

Buy(x) + avy(x) + wi(x)} }lu

v i=0

oy — <p, G1,Ga, Gr e, [1], { { [z, s, 812 [amT) @

Bepudukanus moarBepKIaeT, 9To J0Ka3aTeabCTBO (6) COCTOMT M3 TPEX KOPPEKTHBIX
anemenToB A, B, C:

(A - (Bl = [al: - (B + S5 [ﬁ“*@*a”*”*%ﬂl e+ [Ch - [0

=0 K

Bepudukarop Beraucisier [, Bo3Besennii B crenedb B Gy, psi/i yMHOXKeHUN 1 Tpu OMJIH-
HeHbIX ClapuBaHus, rjie npejmnoiaraercd, 9to [af]r = [a]; - [f]2 npeasapurenbHo Bbrumc-
nsiores B oy (7).

4. IlakerHas Bepudukanusa J0Ka3aTeJIbCTB

[Takernas Bepudukamnusa yckopsier padbory mporokosoB zk-SNARK. Hampumep, i

Bcex mporokoioB zk-SNARK [19] Bmecro mpoepku P pasencts Buma X; = Y, s
i € [1,..., P] Bepudurarop MOKeT CreHEPHPOBATE CIydaitusle 7; € Z, miaai € [1,..., P—1],
P—1 P—1

a 3areM nposeputhb pasercTBo [| X Xp = [[ V" Yp. Ecin X; u Y; numeror nmoaxosiryo
i=1 i=1
CTPYKTYPY, TO IIaKeTHasi BepuUKaIys SKOHOMUT pecypcbl. Hanpumep, ecoin X; = e(U;, V),

pP—1 pP—1

rie V ue 3aBucut or ¢, To npu Beraucsenun [[ X7 Xp =e ( [ U Up,V | Beinonusiercs
i=1 i=1

oHO GusmHeiiHOe criapuBanue u (P — 1) Bo3BeseHUit B CTEECHb.

B [19] npezcraBieHo nsaTh BUJIOB HAKETHON BePHQPUKAIN, COOTBETCTBYIOMINX PA3HBIM
npotokosiaM zk-SNARK. Ucnone3ytoTcs cirydaiiHble ceKpeTHbIE 3HAUEHH X, 7Y, 0 € Z,. 3Ha-
YeHUs BUJIA T;; SBJIAIOTCS paHee cOPMIPOBAHHBIME JoKa3aTeIbcTBamu [19).

ITakerHas Bepudukanmus J0CTOBEPHOCTU 00s3aTeabCTB. [IpoBepka BhITIOIHEHNS
pasercTs Bua e(A;1, g3) = e(g1, A)p) ms i € [1,..., P] tpebyer 2P GuinHeHbIX criapuBa-
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P P
uuit. [Takernas sepeus [] e(Ai1, g9)™ = [] e(g1, Ajy)™ win emé npoussoauTesbHee:
i=1 i=1

P P
Ti A7) — VTi
e(H i1792) =€ 91>| |Ai2 )
i=1

i=1

upu 7; € Z, u Tp = 1 Tpebyer nByX OmimHEHHBIX crapuBauii, 1o 1 x (P — 1) Bo3BeeHni
B creredb B Gy m Gy juIs JieBoil u mpaBoii dacTeii.
ITakerHasi Bepudukanusi JOKa3aTEJIHLCTB 3HAHUS PE3y/IbTATA IIPOU3BE/ICHUSI.
Ecsu Bepudukarop nosnydaer P jokazarenbets m; = ((Ag, A)), (Bit, Bh), (Cit, Cl), To na-
) Z .

upHast Bepudukainus ypasnennit e(Ay1, BY) = e(gy, CL)e(m:, g37™) tpeGyer 3P 6ununeii-
n

ubIx cnapusanuit. Torya pacemarpusaerca Z(X) = [[(X — w'™!) = X™ — 1 — ejuncrsen-
i=1

HBIIl MHOTOUJIEH n-if crenenu, jiyis kotoporo Z(w' 1) = 0 npu ¢ € [1,...,n|, n nakerHas

BepCust

P
I e(An, BL)™ = (gb 11 %) (H e ng ))
i=1 '
Tpebyer TosibkO (P + 2) GuimHeitHbIx criapuBanuii, 1 X P Bo3Besenuii B crenenb B Gy,

no 1 x (P — 1) Boseenenuit B crenerb B Gy u Gp. Eciim A;; = A; dukcuposano, to 3a
p Ti
c4YéT m3MeHeHus nepBoro npeobpasosanus Ha e | Ay, [ B BBITHC/IEHUsT COKPAITAIOTCST
1, 72 p 10T,
i=1
JI0 TPEX OumHerHbIX crapuBanuii, 1 X (P — 1) Bo3senennii B crenenb B Gy u 2 X (P — 1)
Bo3Bejiennii B crenenb B Gy. Ciyuaii dukcuposanuoro Bj, = By aHajiorudes.
ITakeTHasi Bepudukaius J0KA3aTE€IbCTB 3HAHUS HI/IKJII/I‘leCKOFO C/IBUTA BEK-
topa. Ecrm sepuduxarop nosmydaer P nokazaTenbeTs m=(m;, T )=((Ai1, A)), (Bi1, B)),
TO HamBHagd Bepudukanud Tpedyer 4P ounmmHeiinbix criapuBanuii. [lakernas Bepcus

P 2P op
T Ti 0% — Ti i 0Z(x)Z*
@(an 1 (Bama)". g} <X>) ( HW‘S) (H gy <X>)

i=P+1 i=P+1

Tpebyer Tpu buimHeiiHbIX crapuBaaus, 1 X (P — 1) u 1 x (2P — 1) Bo3BeseHuil B cremneHb
B Gy, 1 X P Bo3Benennii B crenenb B (5o.

ITakerHas BepuduKanus OOKA3aTEJLCTB 3HAHUS CyMMbI 3JIEMEHTOB MHO-
2kecTB. [Iporokos zk-SNARK nokazarebcTBa 3HAHUST CYyMMBI 9JIEMEHTOB, BXOJIAIINX B KO-
HeYHOe MHOXKECTBO, paccMarpuBaeT Takoit Habop S = ((S1,...,5,),s) upu S;, s € Z,, js

n
koroporo cyimecrsyer Bekrop b € {0,1}" u BbinosHsiercss paBeHcTBO » |, S;b; = s. Jlokasbl-
i=1
BAETCsl 3HAHUE OTKPbITHs 00g3aTesbeTBa (B, By) K BEKTOPY b, IpU KOTOPOM BBIIIOJIHSIETCST
YKa3aHHOE PAaBEHCTBO.

Taxkum o6pasoM, Bepudukarop remepupyer ciydaiiaeie 7;, ¢ € {1,...,8}, 76 = 173 = 1,

u crpout [;(X) = [J((X — w1 /(w™ — w/™1)) — i-it Gasucnpii Muorowren Jlarpamxa,
J#1

ABJISIONIUIICS €IMHCTBEHHBIM MHOTOUJIEHOM cTereHn n — 1, jjist kotoporo [;(w'™') = 1 u

(w3 ™) = 0 npu j # i. Beimosnsercs /1Be NPOBEPKHU:

e(BICP D, g3)e((Bi/g1)™(S1)™, BY)e((gy ™)™, D3 /(93" ™V)*) =
= 6(917B;T10;(T2+T5)D373) (7T1 Ty Ty 79;Z(X))7

T s 02 Z T z*
e(m (D1 Crmsn )™, 65" ) = el(g )7, mi)e(DF, 65" 7H).
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B pesymbrare Tpebyercst TOJBKO BOCEMb OUTMHERHBIX ClIApUBaHUiL, 2 X 3 1 2 X 2 BO3BeIeHU
B crenedb B (31, TpU JONOJTHUTEIHLHBIX BO3BeJeHus B crenedb B (Gi, 1 X 3 Bo3BemeHuit
B crenenb B Gy 1 0IHO jonoOHATENbHOE BO3BeIeHNEe B creneHb B Ga.

ITakeTHast Bepudukanusa JOKa3aTeJIbCTB MIPUHAJIE2KHOCTH AUana3ony. B mpo-
tokojie zk-SNARK moarBep:kaeHnst IpUHAIIEKHOCTH 3JIEMEHTa OOIIEIOCTYITHOMY JIHa-
nasony [L,..., H| nokaswiBaercs 3HaHue OTKpbITHs obsg3aresnberBa (Ap, A) K 3HAUEHUIO
a € [L,...,H]|. 910 Gyner o3Hauarh, uto mybaudnbiit Bxoj (Aj, AJ) KOPPEKTHO NpPUBS-
3aH K BEKTOpY a ¢ a3 = a u a; = 0 jgst ¢ > 1. Jwmanazon [L,..., H] MOXHO 3aMeHHUTH
Ha [0,..., H — L], a 3areM ucro/ib30BaTh roMOMOp(dHbIE CBOWCTBA cXeMbl (hOPMUPOBAHHUST
00s3aTeIbCTB, YTOOBI 100aBUTh L K 3aduKkcupoBanHoMy 3HadeHuio. [losromy mpesmorara-
ercd, uro juanason pased [0,..., H] npu H > 1. JlanHblil BApUAHT IIOX0XK HA MPOTOKOJT
zk-SNARK 1okazaresbcTBa 3HAHUST CyMMBI 9JIEMEHTOB, BXOIAIINX B KOHEYHOE MHOYKECTBO,
rJie JOMOJHUTEIbHO (bukcupyercst 3Hadenue a € [0, ..., H] u ucmosb3yercs paspeKeHHbIil
BekTop S ¢ S; = [(H + 2771) /2], lokasbiBaeTs, uto jijist obazarensbets (Ap, AY) 3adukcn-

n
POBAHHOI'O 3HAYEHUsI @ BBITIOJHAETCS PaBeHCTBO » | S;b; = a.
i=1

Taxkum o6pasom, Bepudukarop remepupyer ciaydaiinsie 7;, 1 € {0,...,8}, 76 = 73 = 1,
1 BBITIOJIHAET AB€ IIPOBEPKMU:

(AP B CTDY, g7) e(gr ™ (B1/g1)™(S})™, BY) e((g )™, D /A}) =
= e(g1, AT°C3 T DY) e(n gy, g3 ),

(5 (D /Cims)™, a7 ™) = e((g7 ) 7w3y) e( D, g7 7 ).

B pesynbraTe TpebOyeTcs TOJILKO BOCEMb OMJIMHEHHBIX criapuBanmii, 1 X 4, 2 x 3 mw 1 X 2
BO3BeJleHnil B crenenb B (g1, Tpu JIONOJHUTETHLHBIX BO3BeJeHUs B crenenb B G, 1 X 3
BO3BeJleHuil B crenenb B (j.

B |21] upencrasien mporokosn zk-SNARK «Dorys ¢ mybamaabiv dopmuposarmem CRS
0€e3 UCIOIb30BAHNS CEKPETHBIX 3HAYUEHU I, KOTOPBIN CTPOUT JIOKA3ATE/IHCTBA 3HAHUST PE3Y/Ib-
TaTa CONPSI’KEHNsT BEKTOPOB JBYX IPYIII U UCIIOIB3YeT CXEMY JT0KA3aTeIbCTB HA OCHOBE TIpe-
obpazosanus Puara — [Mlamupa [46]. TIporokos Takke 06beUHIET JOKA3ATEIHCTBA B A~
KET, MOBbIIIasl IPOU3BOUTEIbHOCTD Bepudukanuu. Kpome Toro, mponsBojuTeibHocTh [21]
JIOCTUTAETCS 38 CIET CUMMETPHUH COOOIIEHUN U KJTIOUel, IPUMEHAEMBIX 1 (POPMUPOBAHUS
JIOKa3aTe/IbCTB: eciu coobrienne npunapiekut (g1, To K104 1 (GOPMUPOBAHUS JTOKA3a-
TeJIbCTBa MpUHAIEXKUT (o, 1 HAOOOPOT.

5. PekypcuBHasi KOMIIO3UIIUS JI0KA3aTeJIbCTB

O6beuaeHne TEenoYKn JoKa3aTeabcTB TpoToKoIoB zk-SNARK B onHO 3ak/rodnTe b-
HOE JI0KA3aTeThCTBO, KOTOPOE MMEEeT pasMep W CJIOKHOCTH BepuUKaIuu, aHaJOTUIHbIE
OT/IEJTBHBIM JIOKA3aTeTbCTBAM, SIBJISIETCS BayKHOW XapaKTEPUCTUKON CHCTEM JTOCTOBEPHBIX
Beranciaennit. Hanpumep, nporokos zk-SNARK [64] nipejicrasisier passurue wjeii mosrar-
HBIX BBIYUCJIEHU ¢ BepuduKarueii pe3ybraToB Ha KazKI0M IIPOMEKYTOYHOM miare (HHKpe-
MEHTHBIE JIOKa3bIBaeMble Bbraucjienus ) [65—67| ¢ mpou3BoJIbHBIM KOMIIOHEHTHBIM ITPOTOKO-
aom zk-SNARK, nanpumep (8, 9] u ap. Ilpumensiercss peKypcuBHash KOMIIO3UIIUS TTPOTO-
kosia zk-SNARK ¢ pukcnpoBaHHBIM KOJIMIECTBOM IIIAroB, UTO COKPAIIAET TPYI03aTPATHI
Ha ¢dopmupoBanne CRS 3a c4éT €€ MOBTOPHOIO HCIOJIB30BaHUs. B pesysbrare moHATHE
zk-SNARK pacmmpsiercst 10 pacmupegesiénnoit cpeapl. [locae KaxKaoro srama BBIBOIUTCS
TEeKyIllee COCTOSIHNE U JOKA3aTeIbCTBO €r0 KOPPEKTHOCTH, a8 BBIUNC/IEHUS IIPEICTABIISIOTCS
B BUJI€ OPUEHTUPOBAHHBIX AIIMK/IMIECKUX IpadoB, pa3BOpPaAINBAIONINXCS BO BpeMenn. B KoH-
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1ie rernoukn BepudukaTop nporokosa zk-SNARK mosryuaer einmHcTBEHHOE JTOKA3ATETHCTBO
JIOCTOBEPHOCTHU BCEX IMAroB.

[Tporokosn zk-SNARK «FRACTAL» [68] mpeacraBisier HOBYIO METOJOJOIHIO PEKYD-
CUBHOM KOMIIO3UITNHN JOKa3aTeIbCTB ¢ mybanmanbiM dopmupoBannem CRS 6e3 ncmosb3oBa-
HUSI CEKPETHBIX 3HaUYeHuil. Z1poM cxeMbl sBJIsIeTCst TOCTKBAHTOBBIN TTPOTOKONT zk-SNARK
¢ cucremoit orpanndennii panra 1 (Rank-1 Constraint System, R1CS). Tlomo6uo [69, 70],
cxema [68] Takxke ucnosb3yer Kol Pua — Comomona mpu pabore ¢ R1CS u nocrpoennn
BEPOSITHOCTHO-ITPOBEPSIEMBIX JIOKA3aTETHCTB.

[Tporokosbr zk-SNARK' cemeiictBa «Spartan» [71] Takzxke dhopmupyor CRS 6e3 wnc-
[TOJTb30BAHUsT CEKPETHBIX 3HadeHwWit. B dwactHocTu, peanmzarmsi mporokosa zk-SNARK
«Halo» [72] npejicraBisier peKypCuBHY 0 KOMIIO3UIIUIO JIOKA3ATEIbCTB, B KOTOPOIi Jjist IPyTI-
ne G mpocToro mopsaxa p, caydaiimoro sektopa G € G¢, d € Z, smavennit r, H € G,
kodbdunuenros a; € F,, aprsomuxcsa aienamn i-it crenenn QAP-nosmmoma p(X), dop-
mupyercsa CRS B Buge o = (G,F,, G, H), a cxema GopMuUpOBaHHs 00A3aTEILCTB UMEET
CJEAYIOUII BUAJI:

Com(o,p(X);r) =(a,G) + [r]H.

Baech (a,G) = agGy + a1G1 + asGs + ... — CKalsgpHOe MPOM3BEJIeHNe BEKTOPOB; [r|H —
r-KpaTHOE CJIOYKEHUe TOYKN JLUINIITUIECKO KPUBOil. B KadecTBe CeKpeTOB BHICTYTIAIOT &, 7.

Ucrounuk [73] o6ob6maer koncrpykimo «Halo» [72|, mpomoskast passurue pexypcus-
HBIX JIOKA3aTeIbCTB C HCIIOJIb30BAHUEM KOMIIAKTHBIX CXeM 00S3aTeTbCTB JJIs JOKAa3aTe b
CTBa JIOCTOBEPHOCTU ONEHKH TIOJIMHOMOB B ceKpeTHbIX Toukax. «Halo Infinite» [73] memon-
CTPUPYET HOBYIO METOJIOJIOTUIO MTOCTPOEHUs CUCTEM JIOKa3aTe bcTB 3Hanus «Bulletproofs»
6e3 nporokosia zk-SNARK, ucros3yst c¢BoiicTBO arperaruu BHYTPEHHUX JTOKA3aTETbCTB.
Bepcns «Halo Infinite» [73] o0beaumser smueiinbie kKoMOuHAIME 0053aTEILCTB B KPATKOE
00s13aTeIbCTBO, OTKPBIBAEMOE IIPU HEOOXOIUMOCTH].

6. CpaBHUTEJBbHBIl aHAJIN3 MPOU3BOAUTEIbHOCTU MPOTOKOJIOB zk-SNARK

B rabmuie npusesieHo cpasHenue nporokosioB zk-SNARK [7-9, 12-15, 17, 18, 20-36]
mo pa3zmepam CRS m j10Ka3aTe/bCTB, a TaKKe 10 CJ0YKHOCTU BBIYUC/IEHUN TOKA3BIBAIO-
mux n BepuduKaTopos. Vcmonb3yioresd cireyionie 0003HAYeHUsd: 1 — KOJHIECTBO JIOTH-
YEeCKUX IJIEMEHTOB JMCKPETHBIX (DYHKIHi (BeHTHIEH apudMeTniecKoii/ Tornaeckoil cxe-
MbI); A —napamerp Gezomacuoctu; G — pasmep snmementa rpymisr; A, M, E, P —3arparsl
Ha CJIOYKEHUe, YMHOXKEHIEe, BO3BeJIeHNe B CTelleHb U OmjimHeliHoe criapuBanue; [y, Ly, [, —
Pa3psAHOCTh OTKPBITOIO M CEKPETHOI'O BXOJIOB M BBIXOJIA; 1M — KOJUYIECTBO TEPEMEHHBIX
JIICKPETHON (DYHKIHU (TPOBOJIOB apudMeTUIecKoil /IOMHIeCKOi CXeMBbI); 17 — KOJIMIECTBO
9JIEMEHTOB yMHOXKEHUsI JIMCKPETHON (bYHKIMU (apudMeTHIeCKOH /IOrnIeckoii cxembl ); | —
pasMep OTKPBITOTO BXOJla B 3jieMenTax rpyiiibl. [[is nporokosa zk-SNARK [30] va ocrose
nostmHOMUaIbHBIX HabopoB QPP BBemenn! fonoauTEIbHBIE 0003HAYCHUS: ( — KOJTUICCTBO
KopHeii momHoMOB Habopa QPP; v = max {n;} — MakcuMaibHas crerneHb MOJIMHOMOB Ha-

6opa QPP; n; — crenens BoixogHoro noimHoma ¢;(z) nabopa QPP mus i = 1,...,m; m —
KOJIMYECTBO BBIXOHBIX MOJIMHOMOB; T — CJIOKHOCTH BBIYUCIEHHsI BCEX TIOJUHOMOB ¢;(2).

Anayms TabJIuIbI TOKA3BIBAET, YTO C TOUYKM 3PEHIs IPAKTUIECKOH pean3aiun Haunboee
IpUeMIeMBbIME ABIA0TCs TpoToKosbl zZk-SNARK [12-14, 17, 18, 32-35], KoTOpbIE /15 TIPO-
U3BOJIbHBIX JIUCKPETHBIX (PYHKIINN BCEria UMEIOT (PUKCHPOBAHHBIN pasMep J0Ka3aTeIbCTB
U TIOCTOSTHHOE KOJIMYECTBO YpaBHEHUI BepUDUKAIIIH.

Boigesnsitorest paborer |15, 30, 31|, koropble Takzke uMeT (GDUKCUPOBAHHBIE Da3MepbI
JokazaTesbeTB. Tem He MeHee c/ioxKHOCTh Bepudukaimu nporokoia zk-SNARK [15] zasu-
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CpaBHUTEJIbHBIN aHAJIN3 Npou3BoAuTeIbHOCTH ITPOTOKO0JIOB Zk-SNARK

\ ITpoTokoa [ CRS | Hokaz-Bo | JlokaspiBawimuii | Bepudukarop |
IZI. Ipor u ap. [22] 0o(1) G O(n) G O(n) E O(n) P
U. I'por u jp. [23] o(1)G O(n) G O(n) E O(n) E
M. D¥6 u jp. [24] o1)G On) G On) E On) E
Jlx. Jlsxenrpn [25] o(1) G 1,20 G n\O0 M n\OW M
1. Tpor [26] omn'’?) G omn'’?) G O(n) M O(n) M
P. xennapo u ap. [20] O(n poly(\)) G 0, G O(n poly(\)) M O(l, poly(N)) M
IZI. Ipor [27] On) G O(n) G O(n) E O(n) M
U. I'por [27] O(n) Fy O(n) Fy O(n) M O(n) M
., . . . O(n) M
2/3 2/3 4/3 M,
U. 'por [§] o(n*?) G O(n*°) G O(n*?) E On2/3) P
X. Jlunmaa [9) nl/3+00 G on*? G On*3) A, n'°W E | 0(n) M,0(n?*") P
X. JIuumaa [28] On) G o) G O(nlogn) F o) P
9. Ben-Caccon u ap. [12] O11n Z?é+ 2) G, 11 G1,1 Go O(n) G1,Gy Oo(l) E,21 P
2
P. Ixxennapo u ap. [15] O(n) G 9G O(n +nlog’n) E o, +1,) E/P
B. ITapuo u ap. [13] O(Mm+ny —20) G 8G O(Tm+ny —2)) B O() E,]11 P
(1+0(1))/2 O(n) M
(1+0(1))/2 1/2 n X )
I1. ®aysu u ap. [29] n G Oo(n'’?) G % O(n2(1 + logn)) M Oni/2) P
o O(2m+n —21) Gy, /
I". Tanesuc u ap. [1§] Olm +n—1) Gy 3G1,1 Gy Om+n-—1) Fy O(l) My,6 P
10. Wkan u ap. [7] O(m) G O(l,) G O(mlogm) E O(l,) E.P
) O(T + dv % Ny
A. Kocba u zp. [30] o(dl) G 8G « (log(dv) +m)) E O(Xiepni) M
as . O(nlog?n) E,
X. Jlunmaa, [31] O(nlogn) G o) G O(nlogn) M O(logn) P
o6m +ny +1) Gy, o6m +ny —1) Eq,
9. Ben-Caccon u ap. [32] O(m) Go 7 G1,1 G2 O(m) B O(l) E1,12 P
K. Kocresuio u ap. [33] O(Mm+ny —20G 8G O(Tm+ny —200 F O() E,J11 P
o B B 6+ 11 P,O(l) M,
M. Bakec u sip. [34] O(1+™m+n-21)G 3+8G OBl+Tm+n—-2) E 01 +1) E
” O(m+2nM) Gy, O(m+3anl) FEq,
I1. Tpor [17 2G,,1G o) EL,3 P
pot [ ] O(nM) GQ 1 2 O(’n]w) E2 ( ) L
" O(m+4nM+5) Gq, O(m+4anl) FEq,
B
W. T'por u 1p. [35] O(2na +3) Go 2 G1,1 Gy O(2na1) Es O(l) E1,6 P
- O6m +ny — 1) Gy, O6m +ny —1) Eq,
9. Ben-Caccon u ap. [14] O(m) G 7G1,1 Gy O(m) B O(l) E1,12 P
. O(4n+ 2) G, O(22n) G, 2 P Gy,
A. Ksesa u ap. [36] 5 G, 13 G1,8 I, O(nlogm) F, O(lu + logn) F,
_ 1 Gr, 1/2 O(logd) M,
Tk, JIn [21] O(610gd) Gr o(d'?) P L p

CHT OT Pa3psiTHOCTEl OTKPBITOTO W CEKPETHOTI'O BXOIOB JINCKPETHON (DyHKINN, B IIPOTOKOJIE
zk-SNARK [31] ciioxkuocTh BepuduKanum 3aBUCUT OT KOJMIECTBA JIOTHIECKUX 3JIEMEHTOB
JIICKPETHON (DYHKINH, & CI0KHOCTH Bepudukanun mporokosa zk-SNARK [30] — or crerme-
Hell TIOJIMHOMOB, COOTBETCTBYIONINX BBIXO/IAM JIMCKPETHON (DyHKIHH.

XapakTepHo, 9TO MHOTHE PACCMOTPEHHBIE TPOTOKOJIBI UMEIOT CTPYKTYPY, YHACIEIOBAH-
HYTO WJIM COOTBETCTBYIONLYIO PA3BUTUIO HCTOPUIECKH OCHOBOITO/IATAIONINX KpUiiTorpadute-
ckux 1poTokosios zk-SNARK [15, 13].

OtesibHOTO BHUMAHUSA 3ac/yKuBaioT nporokosbl zk-SNARK [22] 23], koropsie xapak-
TEPU3YIOTCS MPOCTOTON OIMCAHUS U MOTYT OBITH PEAJM30BAHbI C MEHBIIUMU TPYI03aTpa-
tamu. OJIHAKO y JIAHHBIX ITPOTOKOJIOB Pa3Mep JI0Ka3aTeTbCTB M KOJUIECTBO OMIMHEHHBIX
CIIapUBAHUN TpU BePUMUKAIUME 3aBUCAT JIMHEHHO OT KOJUIECTBA JIOTMIECKUX JIEMEHTOB
jnuckperHoit pyukimu. Borpoc 06 nx moaudukanun st (GUKCHPOBAHUSA paszMepa JI0Ka3ar-
TEJILCTB U KOJINYEeCTBA OMIMHEHHBIX CIIApUBAHUI OCTACTCs OTKPHITHIM. TeM He MeHee B psijie
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ciydaeB npumeHenne nporokosioB zk-SNARK [22, 23] moxkeT okazaThest 1e1ecoobpasHbIM,
HaIpUMep Il JUCKPETHBIX (DYHKIUI ¢ HEOOJIBIITUM KOJIMIECTBOM JIOTUIECKUX 3JIEMEHTOB.

B rabsmmne paccmarpuBatorcs mpotokosibl zk-SNARK 1t hukcupoBaHHBIX HCKpeT-
HbIX GyHKIMIT ¢ popmupoBarrem CRS moBepeHHOI CTOPOHOI ¢ NCIIOJIB30BAaHUEM CEKPETHBIX
3HaveHnii. B KauecTBe cpaBHEHHUS C HUMU IIPUBEIEHBI XapPaKTEPUCTHKH IIPOU3BOINTETHHO-
cru nporokosia zk-SNARK «Marliny [36], KOTOpbI# 0JHOKPATHO CTPOUT YHUBEPCATLHYTO
u obuossisiemyio CRS, BIoc/ie/IcTBUN UCIIOIB3YEMYIO JIJIT PA3JIUYIHBIX JINCKPETHBIX (DYHK-
nwmii. [To anajoruaHbIM cOOOpaXKeHUsAM TPUBEIEHBI XaPaKTEPUCTUKU MTPOU3BOIUTEIHHOCTH
nporokosia zk-SNARK «Dory» [21] nokazaresbcTBa KOPPEKTHOCTH TIPOU3BEIECHUST TOJTHHO-
MOB CTelleHH d, KOTOpbIit He TpebyeT npeaBaputenbroro dopmuposanus CRS goBepennoit
CTOPOHOM € MCIOJIb30BAHUEM CEKPETHBIX 3HAUEHUI.

3akJiroueHue

PaccMoTpenbl 0ocHOBHBIE CTIOCOOBI TOBBITIIEHNST IPOU3BO/INTETHLHOCTH, KOTOPHIE B 3aBUCH-
MOCTH OT KOHCTPYKIIUN MOTYT SIBJIATHCS OOIUMU JJIsT pa3HbIX TpoTokoioB zk-SNARK. Onu
OCHOBaHbBI Ha IIPUMEHEHNN Xell-(bYHKIIN, B TOM ducje 6ojiee aJallTHPOBAHHBIX K PacCMaT-
pHUBaeMbIM IIPOTOKOJIAM [2-6, | MeToax MpOU3BOIUTENHHOTO JesieHnust |8, 9|, yMHOKeHUST 1
BO3Be/IeHNs B crereHb [10-14] siementos MHOXKecTB, pa3jenennn CRS Ha JJaKOHIYHBIE KOM-
nonenTsl [15, 17, 18| ayist nokasbiBaomux u BeprudUKaTOpOB, a TakzKe Ha 6oJsee 3bdeKTuB-
HBIX OGrmHeHbIX criapuBanusx [16, 17]. Axasornuno [18], mokazarenabcTBo npoToKoIa zK-
SNARK [17] MOKeT c2KUMATBCS JI0 JIBYX 9JIEMEHTOB rpyIibl. OTHOCUTEIHLHO MPUMEHEHMsI
Xer-PyHKIUN CYyIIECTBYIOT KOMIIPOMUCCHI MEXKJIY YMEHBIIICHIHEM pa3Mepa J0Ka3aTe/bCTB
U yBeJIMYeHHeM 3aTpar Ha (hOPMUPOBAHKE JIOKA3ATE/IbCTB/BePU(MDUKAIIUIO, YMEHBIIEHUEM
3aTpar Ha (DOPMUPOBAHUE JTOKA3ATEIHCTB U yBeJINUeHNEM 3aTpaT Ha BepudUKAINo, PUK-
calyeil pazMepa OTKPBITOTO BXOJIa W yBEJIUUIEHUEM 3aTPAT Ha BEPUMPUKAIIIO U JIP.

SadukcupoBana BO3MOKHOCTH 00beIMHEHNS IIETIOYKU TPOMEXKYTOUHBIX JIOKA3aTeIbCTB
uporokosio zk-SNARK B o100 3ak/mounTenbaoe JokazaTeabcrso |64, 68, 71-73|. Ha npu-
mepe npotokoiia zk-SNARK [14] mokasanbl cTpyKTYpHBIE CBOHCTBA TOJIMHOMUATIBHOIO Ha-
6opa QAP, xapakTepusyiomuecs HaJIMIUEeM HYJIEBLIX MHOTOUJICHOB, UTO TaKyKe COKpalla-
eT Tpyjao3arpaThl. [IpencraBien MONIHBINT WHCTPYMEHT MAKETHON BepHUKAINN JI0Ka3a-
TesibeTB IPOTOK0JI0B zZk-SNARK [19], 3HAUNTEILHO COKPAITAIONIHI CJIOXKHOCTD BHIYUC/ICHUIT
3a c4éT OoJiee 3PPEKTUBHON IPYIITUPOBKHU 3JIEMEHTOB JIOKA3ATEIbCTB.

Cpasruresbabiii anamms nporokosoB zk-SNARK [7-9, 12-15, 17, 18, 20-36] mnoka-
3aJ1, 9T0 KOHCTpyKIiwn [12-14, 17, 18, 32-35| dbopMupyor JoKazaTeabcTBa (DUKCHPOBAH-
HOTO pasMepa M HUCIHOJB3YIOT MOCTOSHHOE KOJIMYEeCTBO ypaBHEHUI BepudUKAIUU, MTOITO-
My B OOJIbINEll CTENeHN MOJXOJAT I MPAKTU4IecKoil peanusanuu. OTIebHO BbIJIETEHbI
paboter [15, 30, 31| ¢ duKkcupoBaHHBIME PasMepaMé JIOKA3ATEJIbCTB, HO CO CJIOKHOCTBIO
BepuUKAIUU, 3aBUCAIIECH OT BXO/IOB, KOJIMYECTBA JIOTHIECKUX 3JIEMEHTOB U CTeIeHell Io-
JIMHOMOB BBIXOJIOB JucKpeTHbIX dyukmumil. [Iporokoasr zk-SNARK (22, 23| seraenstorcs
IIPOCTOTOM ONMMCAHUS, OJHAKO B 3aBUCHUMOCTH OT KOJIMYECTBA JIOTUIECKUX JIEMEHTOB JIVC-
KPETHBIX (DYHKIINI pa3MepPhl JOKA3aTETLCTB U KOJUIECTBO OMTMHEHBIX CIIADUBAHUIT H3Me-
ustiorcs. ukcupoBanue pasmepa JI0Ka3aTeJbCTB U KOJMYEeCTBA OUTNHEHHBIX CllapuBaHUi
o3BoJuT |22, 23| npuobpectu 6oJiee MUPOKOE PACIIpOCTPaHEHHE. XapaKTEePHO, YTO MHOIHE
pacCMOTpEHHBIE TPOTOKOJIBI UMEIOT CTPYKTYPY, YHACJIEIOBAHHYIO WJIH PA3BUTYIO OT HCTO-
PHYECKH OCHOBOTIOJIAraoIux Kpunrorpadudeckux mporokosos zk-SNARK [13, 15].
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We study the additive differential probabilities adp? of compositions of k — 1 bitwise
XORs. For vectors ol, ... off! e 73, it is defined as the probability of transfor-
mation input differences o', ...,a" to the output difference o**! by the function
'@ ... @ xF, where z,... 2k € 235 and k > 2. It is used for differential crypt-
analysis of symmetric-key primitives, such as Addition-Rotation-XOR, constructions.
Several results which are known for audpg9 are generalized for adp?. Some argument
symmetries are proven for adp?. Recurrence formulas which allow us to reduce the
dimension of the arguments are obtained. All impossible differentials as well as all
differentials of adp? with the probability 1 are found. For even k, it is proven that
max, adp? (al,...,a% = o*1) = adpP(0,...,0,aF 1 — oFF1). Matrices that can

al,..,
be used for efficient calculating adp? are constructed. It is also shown that the cases
of even and odd k differ significantly.

Keywords: ARX, XOR, additive differential probabilities, differential cryptanalysis.

PASHOCTHBIE XAPAKTEPUCTUKUA I10 MOAVJIIO 2" KOMIIO3UIINN
HECKOJIBKUX ITIOBNUTOBbBIX NCKJ/IOYAIOIIINX NJIN

N. A. Cyropmun*, H. A. Komomeer™

* Hosocubupckuti 2ocydapcmeennniti yrnusepcumem, 2. Hosocubupck, Poccus
* Uuemumym mamemamury, um. C.JI. Coboresa CO PAH, 2. Hosocubupck, Poccus

Uccnenyrorest pa3HOCTHBIE XapaKTEPUCTUKHI adp? o momysro 2" xkommosunuu k — 1
nobuToseix XOR. s BexTopos o, ... oft! € Z5 oHM OIpenendioTcsS KaK Bepo-
ATHOCTD IpeobpasoBanns ¢yuknmeit x' @ ... @ ¥ BxomHbx pasmocreit o, ..., o B
BBIXOHYIO pasHocTe ot e !, ... 2F € 75 n k > 2. Jlanaple XapaKTepUCTUKN
HCIIOJIb3YIOTCS IIPU PA3HOCTHOM KPHIITOAHAJN3€ CUMMETPUYHBIX AJITOPUTMOB, B TOM
quciie ARX-KOHCTPYKIINIA, HCITOIB3YIOIIIX TOJIBKO TPH OIIEPAIH: CJI0KEHNE 110 MOJLY-
go 2", nmoburopeiit XOR n mukinndeckmii casur 6uros. Ilokazano, 9To MHOrHME CBOM-
CTBA, U3BECTHBIE JIJIst adpga, 006001IaIoTCs Ha adp? JlokazaHbl CUMMETPHUHU apryMeH-
TOB adp?. [Tosy4gens! pekyppeHTHBIE POPMYJIbI, ITO3BOJISIONINE YMEHLIIUTh Ha 1 pas3-

MEpHOCTH apryMeHToB n. Hail/ieHbl Bce HeCOBMECTHDBIE PA3HOCTH M BCE PA3HOCTH, IIPHU

KOTOPBIX adp? paBua 1. Jlns géraoro k mokasaHo, 9TO max adp?(al, ok
al,..akeZy
— aktl) = audplef((),...,O,Ozk‘*'1 — aF*1). TlocTpoeHbl MATPHIIE, KOTOPBIE MOMKHO

I'The work was carried out within the framework of the state contract of the Sobolev Institute of
Mathematics (project no. FWNF-2022-0018).
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HUCIIOJb30BaTh JJId BBIYUCJICHUS adp? 3a JimHeitHOe 110 N BpeMs. [lokazaHo, 4TO CITy-
qau YETHOrO W HEYETHOTO k CYIECTBEHHO PAa3INIaiOTCH.

Kirouesbie ciioBa: ARX, XOR, pasnocmmbie Tapaxmepucmury, CAOHCEHUE NO MO-
dYa10, PasHOCMHBIT KPUNMOGHANUS.

1. Introduction

Symmetric cryptography is used in many areas in the modern world: for fast data
encryption (block and stream ciphers), for checking data integrity, for creating an electronic
signature (cryptographic hash functions), etc. ARX is one of the constructions being used
to develop these algorithms. All cryptographic primitives of this architecture use only three
operations: addition modulo 2" (Addition, H), circular shift (Rotation, <) and bitwise
addition modulo 2 (XOR, @). Examples of ARX-based ciphers include the block ciphers
FEAL [1], Threefish [2], one of the eSTREAM winners, the stream cipher Salsa20 [3| and
its modification ChaCha20 [4] (it is a part of TLS 1.3), as well as SHA-3 finalists hash
functions BLAKE [5] and Skein [2]. One of the well known problems of ARX ciphers is the
complexity of their differential cryptanalysis.

Differential cryptanalysis is a statistical method for the analysis of symmetric-key
primitives. It was proposed by E. Biham and A. Shamir in [6]. This attack uses pairs of
the input differences AP and output differences AC' with a high probability of ccurrence.
The ordered pair (AP, AC) is called a differential. A common way to find such differential
with a high probability is to construct a differential trail, i.e., a sequence (AP = AX,,
AXy,...,AX,, AC = AX,11), where AXy,...,AX, are some intermediate values that
would occur after some operations. A common technique to construct a differential trail
is to use a “greedy” strategy to pick the intermediate differences AX;,; which have the
highest probability of occurring for fixed AX;. Under some assumptions, we can multiply
all the probabilities of a differential trail and obtain an estimation for the probability of the
differential (AP, AC).

As for ARX ciphers, the difference A is typically one of their basic operations (addition
or XOR). There are also approaches that use other A or even several different A, see,
for instance, [7—10]. If we express the differences using addition modulo 2", the additive
differential probabilities are what we need. For an arbitrary function f : (Z})* — Z3 the
probability adp’(al,...,a* — o1, where o', ..., a1 € Z2, is defined as

1
ﬁ‘{l’lu"ka GZgif(xlﬁﬂal,,..,xkEak) :f<171,~--,$k>5304k+1}’,

However, the probability obtained by “greedy” strategy may be significantly different
from the real one. For instance, even simple composition x & y @ z can produce a high
error. Let us choose the input differences «a, 0, 0 for the first, second and third arguments
respectively. Then the “greedy” strategy gives us

P = adp@(oz, 0— AXl) . adp@(AXl, 0— AXQ)

It is known [11] that maxadp®(a,0 — 7) = adp®(a,0 — «a). Thus, we should choose
y

AX; = o and then AX, = o and obtain the result P = (adp®(a,0 — «))?. At the same
time, the function is symmetric, i.e., we can swap the first and the last arguments without
changing the value/probabilities:

P = adp®(0,0 = AX;) - adp®(AXy, a0 — AXy).
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But adp®(0,0 — 0) = 1 is obviously the maximum value and maxadp®(8,a — 7) =
7’y

= adp®(0,a — a) = adp®(a, 0 — «). In this case, the “greedy” strategy gives us a different
result: P = adp®(a, 0 — «).

Thus, if we apply this for the function ' @22 ® ... ® 2", we obtain two different results:
P = (adp®(a,0 — «))* and P = adp®(a,0 — «). We can make the difference between
them as big as we want by choosing o and k. Similar examples for other compositions can
be found in [12].

One of the possible ways to reduce the error is to use the differential probabilities for
the whole composition z' @ ... @ z*:

1 k k

adpP(al,...,a" = o) = S (o', .. 2" € Z) P’ Br’) =B},
1

i=1 1=

where o!, ..., o1 € Z2. Though it is difficult to meet this operation for large k in real

ciphers, at least x! @ 2% @ 3 is used, for instance, in EDON-R [13].

In this paper, we study the properties of adpy. As a rule, n = 32 is used in ARX
constructions that makes an exhaustive search inefficient. We generalize results obtained
in [11, 14| for adp® = adpy. Symmetries, impossible differentials, maximums, where one
of the arguments is fixed, are considered. All these things are interesting for constructing
differential trails. In [14] a way to compute adp® in linear time multiplying special matrices
was proposed. It was also generalized in [15]. We describe special matrices that can be used
for calculating adpy .

The outline. Section 2 gives us necessary definitions. In Section 3, symmetries of adpy’
are proven (Theorem 1). Section 4 contains recurrence formulas that can be used to reduce
the dimension of the arguments (Theorem 2). All impossible differentials (Theorem 3)
and all differentials with the probability 1 (Theorem 4) are found in Section 5 (see also
Remark 3). Section 6 provides maximums of the adpy, where one of its argument is fixed
and k is even (Theorem 5). In Section 7, matrices that allow us to calculate adpy are
constructed (Theorem 6 and eq. (6)). We note that the cases of even and odd k significantly
differ. Some operations are not symmetries for odd k. The structure of the matrices is a
little bit more complex for odd k. The maximums for odd £ do not generalize the maximums
for k = 2.

2. Definitions

Let Z3 be a vector space of dimension n over a field consisting of two elements. Let
x = (x1,...,2,) and y = (y1,...,Yyn) be elements of Z§. Then x1 and z0 are the vectors
(z1,...,2n,1) and (z1,...,2,,0) from ZJ*! respectively. The bitwise XOR is denoted by
r@y. Also, T = (18 1,...,2,B1) € Z). Wesay that y 2z if y; < z; forall i, 1 <i < n.
We denote the Hamming weight of the vector x by wt(z). We associate the vector x with the
integer £12" 1 +2,2" 2+ . . +x,. Thus, By = (z+y) mod 2", where z and y are considered
as the corresponding integers. Also, —x is the vector from Z7 whose corresponding integer
is —x mod 2".

Additive differential probability of the function f(z',...,2%) =2'®.. . @2k ot ... 2k €

€ 73, for a differential o, ... oft € Z2 is defined as
@ 1 k k+1 1 1 A N T B M R i
adpy (a, ..., 0" = « ):W{x,...,x €Zy PlaBa")=a""HP'}. (1)

=1 =1

Also, we denote adpy by adp®. Hereinafter we assume that k > 2.
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3. Argument symmetries of adp;

Argument symmetries were proven for adp® in [11]. In this Section, we generalize that

result for adpy, k > 3. It is straightforward that we can rearrange o', ..., a* calculating

adpy (o, ..., af — aft1), see the definition of adp} . Let us show that we can rearrange all
1 k+1

a, .. ali

Proposition 1. For any o!,..., o™ € Z2 and j € {1,...,k} the following holds:

adpP(al,...,ad, ... a" = o) = adpl(al,..., " ... " — o).

In other words, adp} is symmetric.

k

Proof. Since we can rearrange the arguments o', ..., o, we can only show that

adpl(al, ..., " = o) = adpl (@™, a?, ..., 0 = ob).
k . . .
Substituting in (1) @' = y!, 2' =y for all i = 2,..., k, we get that
i=1

1
ok

Y

k k
{yl,-u,y"’ € Zy ((@yi) 59a1> e @ (o' By =y153a’““}

=1 =2

which is equivalent to

1 L . ko
ok {yl, O VL /A (Vo == Re e e @(oﬂ By = (Q_;lyl> Eﬂal}‘ :
We have the definition of adpy (a®*1,a?,..., 0% — al). =
Proposition 2. For any o!, ..., o' € Z2 the following holds:
adpf(a',...,a" = o) = adpP (' 2" a?B2" ! a®, ... aF — oFth).

Proof. Tt is not difficult to see that alH2"~! = a®2" ! since the vector 2"~! € Z has 1
only in the most significant position. We can transform the condition from the definition
of adpy:

(@'Br)® (B2 =Bz )Ye2" ' (PHH)@2" ! =
=@ BB (BB =
= ((«'B2"HBE2") @ ((«*B2" ") Ba?).

There is no need to change the terms containing o?,...,o*". m
Proposition 3. For any o!,...,a*"! € Z2 the following holds:
adpP(al,..., " = o) = adp?(—al,..., —a" = —a*™).

Proof. By definition,

1
adp?(al, e gt ozk“) = Sk

k k

{‘Tx’“ €23 @lo Bai) = (@x") Bﬂak*l}‘ -
i=1 i=1

_ 1

2nk

k k
{xl,...,xk EZS:@xi:@(aiaﬂxi)@_akﬂ}‘-

i=1 i=1
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Substituting y* = ' @ o’ for all i = 1,...,k and using 2* = y* @ —a’, we can rewrite the

definition: .

{yl,...,yk €7l P(—a'By) = (éy) E—a’““}‘.

i=1

1
onk

We have got exactly adpy (—at,...,—a¥ — —af*1). =
Proposition 4. For any o!, ..., o*" € Z2 the following holds:
adpf(a',...,a" = ") = adpf (—a', —a?, a®, ... o — oFth).
Proof. First of all, we show that —x =7 H 1 for any x € Z7:
—r=(2"—1—2)B1l=7H1
Therefore, * = —x H —1 and for any y € Z}

ctBHy=—(ByB-1=—-—axB-1H-y=72H—y.

It is easy to see that for any bits x;,y; € Z, the equality x; ® y; = x; @ y; holds. Therefore,
for any z,y € Z7 it holds that T @y = x @ y. Now, we transform the condition from the
definition of adpy:

(Bz)® (*Br?) = (' Bal)® (a2Ba2?) = (—a'Bal) @ (—a’Ba2).
Using y* = ' for i = 1,2, we obtain the following:
(—a'By') @ (—a?By?).
We have got the condition from the definition of adpy (—al, —a? a?,...,a* — oft1). =

Finally, Propositions 1-4 give us the following theorem.
Theorem 1. Let k >2 ot,... ot € Z} and B',..., ¥ € Z%. Then

adp,?(ozl, o ,ozk — akH) = adp?(ﬁl, o ,6’“ — 6’”1)

if 1, ..., B**! are any of the following:

1) B =a % foralli, 1 <i< k+1, where 7 is a permutation on the set {1,...,k+1};
2) for arbitrary S C {1,...,k + 1}, where |S| is even,

Br=a'B2" forallic Sand f'=a' forallic {1,...,k+1}\S;
3) for arbitrary S C {1,...,k+ 1}, where |S| is even,
f'=—a'forallic Sand f'=a'forallic {1,...,k+1}\S;
4) if k is even, for arbitrary S C {1,...,k + 1}

B'=—a'forallic Sand f'=a'forallic {1,...,k+1}\S.
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Proof. The first point directly follows from Proposition 1. To prove the second point,
we just need to apply |S|/2 times Proposition 2 together with the first point. The same
applies to the third point: it is sufficient to use Proposition 4 instead of Proposition 2. Let
us prove the last point. Since k is even, the third point guaranties that

adpy (o, . .. Jaf = M) = adpy (—a', ..., —af — o).
By Proposition 3,
adpy(—at, ..., —a" = o) = adpP(al, ..., " = —a),
which implies that
adpP(al,...,af = o) = adpP(at,..., o — —aF™h).

Applying this equality |S| times together with the first point gives us the last point. m

4. Recurrence formulas for the adp{

The recurrence formulas for the adp® obtained in [11] can be generalized for adpy. Note
that all our further results will use them.

Theorem 2. For all o!,..., o € Z2 k > 2, and a vector of the least significant
bits A € Z5*! the following holds:

1) if wt(A) is odd, then
adpy (o' Ay, ..., 0" Ay = o Api) = 0; (2)

2) if kisodd and A = (1,...,1) = 2¥1 — 1, then

adpy (o' Ay, ..., a" Ay — o™ AL =
1
T ok So adpl (@' B By,..., o B By = "B By ); (3)
Bezlzﬂﬂ7

wt(B) is even

3) otherwise

adpl(a'Ay, ..., a" A, — " Ap) =
1
~ owi(A) > adpg (o' BBy,...,o" BBy — o B Biy). (4)
2 B€Z§+l,
B=A

Note that o' B B; is the addition modulo 27, i.e., o determines n, 1 <i < k+ 1.

Proof.

1) Let us prove that adpy (a'Ay,...,a* A, — o1 A1) = 0 if wt(A) is odd. First of
all, we define odd(z) = x,,4, for x € Z3™ i.e., odd(x) = 1 if and only if x is odd as integer.
It is clear that odd(z By) = odd(x ® y) = odd(z) & odd(y). By definition,

adpl(a'Ay, ..., a" A, — o AL =

1
2(n+1)k

k k
{xl, Lt ez P BaiA) = Pt B ak“AkHH :

i=1 =1
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Since wt(A) is odd,

odd|( (é(:c i oziAi)> ® (é z' B o/‘”“AkH)) éodd( @ @odd( Y e %Ai = 1.

i=1 i=1 i=1 = i=1
. . 1
It implies that for any z!,..., 2% € Zj*
@(IEZ tH OéZAi) 75 @ x' H ak+1Ak+1.
i=1

i=1

In other words, adpy(a'Ay,...,a"4;, — o1 A,) = 0 since the condition from its
definition cannot be satisfied.
2) Let us prove the equality (3). We rewrite the definition of adpy as

adpf(a'l,..., a1 — o"1) =
1 1 k n A i N i k+1
= SerE || T8 € 7y, al,...,akEZQ.i@l(&lﬁﬂxai): i@lxai Ha 153,
We fix a tuple aj, ..., a;. Using Proposition 1, we rearrange the adp} arguments so that
ap =ay = ... =a; = 0and aj4; = ... = a; = 1 for some j < k. Then we rewrite the

condition from the definition:

E]D(oﬂl EE’Q:N)) st é (Oéil a= Ill) _ <® 20 @ @ T 1) B okt =

i=1 i=j+1 i=j+1
J k ) ,

—<@(oz Hﬂx))@ P («Bz'B1)0 @xZO@ @ 2’1 | Baft.
=1 i=j+1 i=j+1

In the case of even j, we can rewrite the condition from the definition as

§

(ura)oe (G waran)o- (g b ) maman)o

Now look at the corresponding condition from the definition of adpy (a?,...,a’, a1 B 1,
LaPBT = oM E):

P~

1 i=j+1 i=j+1

(o/HEI:c’))O@(é (o/EExiEHl)> (@x ® @ )1530/““1,

EjB(o/Eaxi)EB é ('B2iH1) = (@x ® @ )Hﬂak+1aﬂl,

=1 i=j+1 i=j+1

It is easy to see that if a tuple ', ..., 2" satisfies one of these conditions, then it must also
satisfy the other.
In the case of odd 7, we can rewrite the condition from the definition as

(
(

o

1 i=j+1 =1 i=j+1

(a EEx))lEB(GEKMEBﬂEEl)) :((ééx’@ G?Ll )EE]akJrl)l.

<
I

(aiExi)) 1o ( é (o/EE!acTE!l)) (éx’ ® @ >0EEozk+11,

P~

I
—
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Now look at the corresponding condition from the definition of adpy (a?,...,a’, a1 B 1,
Lol B — of ).

@(a Baz') @ é(aiEExiEl):<®x@ D =z >EEO/“H.

i=j+1 i=j+1

It is easy to see that if a tuple z!, ..., 2" satisfies one of these conditions, then it must also
satisfy the other.

The total number of tuples satisfying the conditions from the definitions for vectors of
dimension n + 1 is 21k adp (a'l,...,a*1 — o**'1), and for vectors of dimension n it
is equal to Q”kadpk( ool — ozk“) For every fixed tuple aq,...,ax, there is a unique
adpy such that z'a; and 2, 1 < i < k, satisfy the corresponding Condltlons Choosing all
possible combinations of a4, ..., a;, we obtain that

n+1 adp ( 1A1, Ce. ,OékAk — ak+1Ak+1) =
= Y 2%adpP(a'@B,...,a* BB, — oL@ Byyy).

Bezs !,
wt(B) is even

We recall that after the rearranging a,...,a; we have the following: By,..., B; must be
zero, Bji1,..., By must be one, and By = 1 if and only if j is even. That is why we
consider only B of even weight. The equality (3) is proven.

3) Now, we prove the equality (4). Since we exclude the previous cases, wt(A) is even

and there exists 7, 1 <7 < k+ 1, such that A; = 0. Using Proposition 1, we rearrange the
arguments of adpy’ so that Ajpr = Ajpo = ... = Ay = 0, where j < k, and A; = ... =
= A; = 1. We rewrite the definition of adpy(a'l,...,a/1,a/*10, ..., a*0 — o*10):
1 1 1.
m{l‘ .I' EZQ, al,...,akEZz.
J ) ) k ) .
P (a1 Brla;) d P (a'0Bx'a;) = (@x a; @ @ r'a; > & 0/“’10}’.
i=1 i=j+1 i=j+1
We also fix the first j elements from the tuple aq,...,ax. Using Proposition 1, we
rearrange the arguments of adp) so that a; = ... =a, =1 and g, = ... = a; = 0 for

some ¢ < j. Then we can rewrite the condition from the definition as

q ' k
P'1Hz2')d P («'1BHz0)d P («'0H 2'a;)
i=1 i=q+1 i=j+1
k
@xl = GD 20 & @ 2'a; | B0,
i=q+1 i=j+1

q J , , k . .

o H ' D o x')1l D o xh)a; =
Dl'BrBL0® P (¢'Ba’)le P (o Ba')
i=1 i=q+1 i=j+1

= éx @,EJB T’ @'é )(@1@ @ al)aaa"f*lo.

i=j+1
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Next, we rewrite it in the following way:
, A J A : k , . J k
(vBzBHl)® @B (oBa")ed @ (o Ba") P 1o P a | =
=1 i=q+1 i=j+1 i=q+1 i=j+1

= (lé;lxiaaa’f“) (§1€B é a)

i=j+1
Let us extract the condition for the least significant bit:
J k q k J
P 1o P a,=P1ld @ a;,which is equivalent to P 1 = 0.
i=q+1 i=j+1 i=1 i=j+1 i=1

It is always satisfied since j = wt(A) is even. Now we consider the transformed condition
without the least significant bit:

a . , J , 4 k 4 , ko
DB BL)G P (B2 P (o'B2h) =Pt @HaF
i=1 i=q+1 i=j+1 i=1

It obviously matches the condition from the definition of
adP?(Oél H 17 s 704q H 17 Oéq+1, e ,Oék — ak+1).

If the tuple ', ..., z¥ satisfies the condition from the definition, then the tuple consisting
of vectors 2’1 for all i, i < ¢, vectors z'0 for all i, ¢ < ¢ < j and vectors z'a; for all
i, j < i < k, also satisfies the condition from the definition of adpy (a'Ay,...,a*4; —
— af Ay y) for all a5, j < i < k. There are 2°77 such solutions. We can also see that
a; B 1 can occur only when A; = 1. The total number of solutions of the conditions from
the definitions for vectors of dimension n 4 1 is 2"+*V* adpf (ot Ay, ..., a* A — aF 1 Ag),
and for vectors of dimension n it is equal to 2"* adp{(a?,...,a* — o). Choosing all
possible combinations of a;, we obtain

2(”+1)kadp?(a1A1, L adk AL > akHAkH) =
= > 2"RokdadpP ('@ By, ...,a" B B, — ot 8 Byyy).
Bezkt!,
B=A

Since j = wt(A), the equality (4) is proven. m

Remark 1. We can extend the recurrence formulas for “empty” o!, ..., o**! ie., for
a'A; € Z3. Tt is sufficient to assume that adpy(&,...,9 — &) = 1. Indeed, we obtain by
the recurrence formulas exactly that adpy (A, ..., Ay — Ap1) =1 <= wt(Ay, ..., Apy1)
is even and adpy (A, ..., Ay = Apy1) =0 <= wt(Ay, ..., Ap) is odd.

Remark 2. Using symmetries from Section 3 and the equality

we can replace a1 with @ for a pair of arguments in the recurrence formulas (and for any
argument if & is even). For instance,

adpy (al,al,al = al) =

1 3 1
= gadpée(a, a,a— ) + Zadpga(a, a,a— a)+ gadp;?(a, a,a — Q).



68 I. A. Sutormin, N. A. Kolomeec

5. Zeros and ones of the adp{

For the purposes of cryptanalysis, it is important to distinguish the set of arguments on
which adpy is equal to zero.

Theorem 3. For any k > 2 and any ol,...,o*! € Z2, the equality adpy (al,...,
af — 1) = 0 holds if and only if there exists i, 1 < i < n, such that (a},..., o) £
# (0,...,0), (a},...,af“) = (0,...,0) for all j, i < j < n, and one of the following
conditions is true:

e k“) has odd weight;

1) the vector (af,..
2) (al,...,a™y=(1,...,1), kisodd, i > 1, and (a} ,,...,a"]) is of odd weight.
1 k

Proof. Let us use 1nduct10n by n. For n = 1, adp{(al,...,a* — of*1), where
al, ... ot € Z,, is equal to 0 if and only if (a!,...,a") is of odd weight. It is the
base of the induction. Suppose that the statement holds for n. Let us prove that it is true

for n+4 1. We represent elements from Z5 ™ as o' Ay,..., a1 Ay, 1, where o, ..., o+ € 7
and A = (Ay,..., Apy1) € ZETL. First of all, we can assume that A # (0,...,0). Indeed,
adpy (a'0,...,a*0 — o**10) = adpy(al,...,af — oFl) by Theorem 2. Moreover, the

statement of the theorem takes it into account. Next, we need to consider three cases.
1) wt(A) is odd. According to Theorem 2, adpy (atAy, ..., afA, — ofF 1AL ) = 0. Tt
proves that the first condition is sufficient.
2) A= (1,...,1) and k is odd. In this case
adpP(a'l,... a1 = ") =

1
=— Y adpf(a'BBy,...,a" BB, — " E Byyy).

k
2 Bezs ™!,
wt(B) is even
The least significant bits of !By, ..., o BBy, ate ol ® By, ..., a1 @ By, . Moreover,
wt(B) is even. Thus, if wt(al, ..., ") is odd, then wt(al @ By, ..., o @ By ) is odd
as well. It means that any of adpy (o' 8 By,...,of B B, — o**' B B,4) is equal to zero

by induction.

Let wt(al,...,a*") be even. Choosing (0,...,0) or (1,1,0,...,0) as B and taking
into account that k& > 2, we obtain that at least one of (al,...,a**!) and (ol ® 1,02 @
a3, ..., af) does not belong to {(0,...,0),(1,...,1)}. Moreover, both of them are of
even weight. It means that at least one of adpy(al, ..., a* — o*1) and adp} (o' B 1,0 B
1,a3,...,aF = o*1) is not zero by induction. Therefore, adpy (a'l,...,a*1 — o*t11) is
not zero as well.

Thus, in this case adp} (a'l,...,a*1 — o#11) is zero if and only if wt(al, ..., k1) is
odd. It proves the correctness of the second condition.

3) wt(A) is even and A ¢ {(0,...,0),(1,...,1)}. In this case

adpl(a'Ay, ..., a" A, — " Ap) =
1
:m Z adp?(alEEBl,...,o/"’EElBk—>ozk+1EEBk+1).
2 Bezht1,
B=A
Without loss of generality we assume that A; = Ay = 1, otherwise we can rearrange
arguments by Theorem 1. Similarly to the prev10us point, at least one of (al, a2, a2, ...,
o) (al@l,a2,a3,. . o), (al, a2 @103, ... af ) and (ol @1,a2®1,a3,. .., okt

is of even weight and does not belong to {(0,...,0),(1,...,1)}. Thus, the corresponding
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adp}’ is not zero by induction. Therefore, adp} (a4, ..., aF A, — o1 A4, 1) is not zero as
well.
It proves that the first condition is necessary, except for the cases A = (0,...,0) and

A=(1,...,1) for odd k. m

Note that the zeros of the function in the case of even k look similar to the zeros
for adp®. The second point appears only for odd k and generates an additional set of zeros.
The arguments on which adpy is equal to 1 are also interesting.

Theorem 4. For any k > 2 and any ol,...,o*! € Z2, the equality adpy (al,...,
of — o#*t1) = 1 holds if and only if the vector (al,...,a’™) has even weight, and one of

the following conditions is true:
1) (al,...,a") =(0,...0) for all i, 2 < i < n;

2) (ad,...,as™) =(1,...,1), kisodd, n > 2, and (a},..., o) = (0,...0) for all 4,

)

3 <1< n.

Proof. Let us use induction by n. For n = 1, adp{(al,...,a* — of*1), where
al, ..., aft € Z,, is equal to 1 if and only if (al,...,a**1) is of even weight. It is the base
of the induction. Suppose that the statement holds for n. Let us prove that it is true for
n + 1. We represent elements from Z3™ as a'A;, ..., a1 A1, where ol ... o**! ¢ Z7
and A = (Ay,..., Apy1) € Z5T Similarly to the proof of Theorem 3, we assume that
A #(0,...,0) (otherwise the statement is true by induction) and consider three cases.

1) wt(A) is odd, which means that adpy (a'A;, ..., %A, — oA, ) =0 # 1.
2) A=(1,...,1) and k is odd. In this case

adpf(a'l,...,a*1 = ") =

1
=0 S adp (@' @B By,...,af B By — o B Byyy),
Bezkt!,

wt(B) is even

which implies that adpy(all,...,a*1 — o**11) = 1 if and only if adp} (o' 8 By, ...,a* B
B By, — o @ By,,) = 1 for all B € ZE*! of even weight.

The least significant bits of o' B By,...,o*" B B, are ol @ By,...,a ™ @ Byy1.
Choosing (0,...,0) or (1,1,0,...,0) as B and taking into account that k > 2, we obtain

that at least one of (al,...,af™) and (ol ® 1,02 @ 1,a2,...,a%) does not belong
to {(0,...,0),(1,...,1)}. In other words, at least one of adpy(al,...,af — o**1) and
adpy (' B 1,02 B 1,03,...,a% — o**1) is not equal to 1 if n > 1 by induction. If n = 1,
then all adpy (o' B8 By,...,a* B By — o*!' B By,,) = adpy(al @ By,...,af & B, —
— o™ @ Byyy) = 1if and only if wt(al,..., o) is even.

Thus, in this case adpy (a'l,...,a*1 — o*"11) = 1 if and only if n = 1 and
wt(al, ..., o) is even. It proves the correctness of the second condition.

3) wt(A) is even and A ¢ {(0,...,0),(1,...,1)}. In this case

adp{(a'Ay, ..., a A, — oA =
1
= sog L adpP(a' B By,...,a" B By — ol 8 Byy).
2 Bezs ™!,
B=A

This means that adpy(alAi,...,a*4, — of*14;,,,) = 1 if and only if adpy(a! B
B B,...,af BB, — " '@l B,,) =1forall B¢ Zg“ such that B < A.
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Without loss of generality we assume that A; = 1, otherwise we can rearrange arguments
by Theorem 1. Next, one of (al, a2, ... af1) and (ol @ 1,a2,...,aF" ) is of odd weight.
Thus, one of adpy(al,...,af — of™1) and adpy (o B 1,02,...,aF — off1) is zero by

Theorem 2 and adpy (a4, ..., ok Ay — o1 A, ) # 1.
Together with the first point, it proves the correctness of the first condition. m

Remark 3. The conditions from Theorems 3 and 4 for a,..., a1 € Z% can be
simplified. Let us define the following pattern symbols for elements of Z4*:

— % means any z € Zot!
— e and d mean any z € Z5! of even and odd weight respectively,
— 0 and 1 mean (0,...,0) and (1,...,1) from Z5*! respectively.

Then adpy (a?, ..., a* — of*t1) = 0 if and only if the vector

((ag,...,af ™), (ad, .o ol th) (5)

nr n

matches
(*,...,%,d,0,...,0) for any k or

(*,...,%,d,1,0,...,0) for odd k.

1) = 1 if and only if the vector (5) matches

Similarly, adpy (a!, ..., af — «
(e,0,...,0) for any k or

(e,1,0,...,0) for odd k.

6. Maximums of the adp

Also, for the purposes of cryptanalysis, the maximum values of adp; are of interest,
where some argument (or arguments) is fixed. In the case of even k, it is not difficult to
show that the maximum of the characteristic, where one its argument is fixed, is similar to
the maximum for k = 2.

Theorem 5. Let k > 2 be even and v € Zj. Then

| max adpl(xt, ..., 2" = 7) = adpP(0,...,0,7 = 7).
xl,..xhEeLy

Proof. Let us use induction by n. If n = 1, adp{ (0,...,0,7 — ) = 1 for any v € Z,,
see Theorem 4. It is the base of the induction.

Next, we assume that adpy(8',...,8% — v) < adp?(0,...,0,y — ~) for any
Bl B85y € ZP. Let o',...,af vy € Z%, A € ZE'. We need to prove that
adpy (@t Ay, ..., aF Ay — yAr) < adpP(0,...,0,7Ar1 — YAr1). We divide the proof
into the following cases.

Case 1. A=(0,...,0). According to Theorem 2, adpy (ol Ay, ..., %A, — YAp1) =
= adp{(al,...,a* — 7) and adpy(0,...,0,7Ars1 — YAr1) = adpy(0,...,0,7 — 7).
Thus, the induction hypothesis provides that adp)(a'4;,...,afAy — ~YAp) <
<adpy(0,...,0,7Akr1 = YAr4).

Case 2. wt(A)is odd. According to Theorem 2, adpy (ol Ay, ..., ok A, — yAr1) = 0.
It proves the induction step.

Case 3. wt(A) is even and Ay = 0. Without loss of generality, we can assume
that Ay = ... = A, = 1 and A,y = ... = Ay = 0, where w = wt(A). Indeed,
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Proposition 1 allows us to rearrange the arguments of adpy. Then, Theorem 2 and the
induction hypothesis give us that

adpl (' Ay, ... a" A, — 70)=2"" 3 adpP(a'BBy,...,a" B B,,a"" ... o* = 7)<
BeLy
< 272" adpp(0,...,0,7 =) = adpg(0,...,0,70 = 70).

Case 4. wt(A) is even and Ag.; = 1. Similarly to the previous case, we assume
without loss of generality that A, = ... = A, = 1 and A,11 = ... = A, = 0, where
w = wt(A) — 1. According to Theorem 2,

adp?(alAla s 7&kAk — ’}/AkJrl) =
=273 Y adpP (! BBy, ..., aY B By, av . aF — yHc) =

c€ZL, BELY
=277 ¥ adpf(a' B By,...,a" BB,,a",. .. af = 9)+
BeZy
+2_w_1 Z adp?(al EB B17 . e 7Oéw Bﬂ Bwy aw+17 ct 7ak - ’y Hﬂ 1>
BeZy

Also, if the vector of the least significant coordinates has odd weight, i.e., wt(B) + ¢ +
+wt(al,...,ak ~,) is odd, then adp (ol B By,...,a” B By, a* " ... af — yHBc) = 0.
It means that at least half of adpy(a! B8 By,...,a% B B,,a%" ... o* — v) are zero and
at least half of adpy (o' B By,...,a% B B,,a%" ... a* — vy @ 1) are zero. At the same
time,

1 1
adp?(O,...,O,’yl — 1) = Zadp?(O,...,O,fy—>7)+Zadp?(0,...,0,7531 —vH1),

since adpy (0,...,0,7 — y@B1) = adp(0,...,0,7y @1 — 7) = 0. Finally, by the induction
hypothesis and due to the least significant vectors of odd weight, we obtain that

271 ST adpP (@' B By, ..., B By, ot af — ) <
BEZY

1
<277 207t adpy(0, -, 0,7 = 9) = Jadpp (0,0, = 7).
Similarly,

271 S adpf (@ B By, ..., B By, ot .o — yB1) <
BezZY

1
<27w71.wal_adp?(o’.__’()’yﬁﬂl%f}/EEl):Zadpf(O,...,O,’yBﬂl%’yEEl).

Thus, adpy (a4, ..., aFA, — 1) < adpP(0,...,0,71 — v1). m

For odd k the maximum looks different.
Corollary 1. For any odd k > 3 and v = 2""! + 2772 € Z? the following holds:

adp (7,7,0,...,0 = 0) <1 =adpi(v,...,7 = 7).

It directly follows from Theorem 4. However, for some cases we can generalize results
of Theorem 5.
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Corollary 2. Let k > 3 be odd. Then for any v € Z3 the following holds:

max  adpy(0,2%,..., 2"t = ) = adp(0,...,0,7 — 7).

zl,...ak—tezy

Indeed, the proof of Theorem 5 is correct for this case since the first argument is zero.
Thus, we will never use the case (1,...,1) in the recurrence formulas which is the only
difference between even and odd k. At the same time, we believe that for an arbitrary

odd k the following holds.
Hypothesis 1. Let £ > 3 be odd and v € Z3. Then

max_adpy (z',...,2" = 7) =adpy(v,...,7 = 7).

zl,...xzkeZl

Note that a problem connected with the values adp®(0,7 — ) can be found in [16].
NSUCRYPTO-2014 [17] also included a problem related to ARX constructions.

7. A matrix approach for calculating adp{

The section is devoted to a generalization of the approach proposed in [14] for calculating
adp?, i.e., adpy. There is also the S-function technique [15], which provides a matrix
calculation algorithm that help to compute values of any S-function (including adpy).
However, it does not allow us to obtain analytic expressions for the matrix elements, as
well as relationship between matrices.

In this section, we will consider a vector space @2k+1 over rationals. We assume that the
coordinates of the vectors from @Qkﬂ start with zero and for coordinate x;2%F + 2,251 +
+. ..+ 24 we use both integer and binary vectors (21, . .., Zx41) representations, x € Zstt.
Let A € ZE™ and k > 2. We define matrices M¥ of size 254! x 2541 in the following way:

2=k if z = A, k is odd and wt(y) is even,
(M), o =27V if wi(x @ A)isevenand y S A <z ® A, (6)
0, otherwise,

where z,y € Z’;“. Similarly to the elements of @Qkﬂ, we use both integer (starting with 0)
and binary vector notations for the matrix indexes.
The next theorem follows from the Theorem 2 and gives us a way to calculate adp; .

Theorem 6. Let k> 2 and o!,..., o*"! € Z2. Then

adp?(al,...,o/“%&k*l):(1,...,1)Mk1 k+1 Mk k+1)(1,0,...,O)T.

(al,.0bt1) (ko

Proof. We use the recurrence formulas obtained in Theorem 2. First of all, we define
1Blm = (B1,. .., Bm) for any § € Z3 and 1 < m < n. Also, [],, B a means [3],, + a mod 2™,

where a € Z,. Let € ZE™'. We apply Theorem 2 to adp{ ([a! i1 By, . .., [0F] s Bay, —
— [ B agg). Let A = (alq,...,af). Then the vector of the least significant

bits of the arguments is x @ A. After applying the recurrence formulas, we obtain a sum of
adp?(“&l]erl B ], By, ..., Hak]m+1 B ] By, — [[ak+1]m+1 B Zpi1)m B Yrs1)
for some y € ZE+! y < 2 @ A. Let us show that

[0 )1 B 23] Bys = [ B (y; ® i - Ay), (7)
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where ¢ = 1,...,k +1 and y < = @& A. Indeed, if (4;,2;) = (a1, 7)) # (1,1), Le,
z;-A; = 0, then the addition of z; to [a],,+1 may change only its least significant bit. Thus,
[ ]mi1 B z)m = [ If (A, 25) = (1,1), then y; = 0 since x; ® A; = 0 and y < = & A.
Thus, [[a]mi1 B 2i]m By = [[0f]mer B 1] =[], B1 = [af],, B (y; ®x; - Ay).

Next, we denote by = - A the vector (1 - Ay, ..., xp1 - Ags1). Let us show that

{y®(z-A):yecZit andy <@ A} ={2€Z" . 20 A<z A} (8)

Indeed, {y @ (- A):ycZi andy <ax @ Ay = {2 € Zi™ . 2@ (v - A) <2 ® A}. At the
same time, 2@ (- A) Rx @A < 20 A xd Asince for any i =1,...,k+ 1 we have
the following: x; # A; (i.e., z; ® A; = 1) implies that both z;® (z;- A;) < land z; & A; < 1
always hold for any z; € Z,; also, x; = A; implies that z; ® (z; - A;) = z; ® A;.

Moreover, the following holds for z = A:

{y® (x-A):y e Zh wt(y) is even} = {z € ZE*! : wt(2) is even}. (9)

It is straightforward since in this case t & A = (1,...,1) and z - A = (0,...,0).

Theorem 2 allows us to express r = adpy ([a!] 1 By, ..., [0 By — [oFFY,, 1 B
B x)41) in the following way:

1) If wt(x @ A) is odd, then r = 0.

2) Ifad®A=(1,...,1) and k is odd, then according to (7) and (9) the following holds:

r=2" Z adp?([@l]m Bz, [ak]m Bz, — [ak—H]m &5 Zk+1)'

z:wt(z) is even

3) Otherwise, due to (7) and (8) we have that

r=27eed Z adp?([al]m Bz, ., [ak]m B 2, — [ak+1]m B Zk:—i—l)'
z: zDA<THA

T

At the same time, we know how the matrix M% transforms the standard basis ¢

(it has 1 in the coordinate = and 0 in all other coordinates) for all x € Z&™': (M%), , is the
y-th coordinate of M%eT where y € Z’;“, which is equal to

27k if v = A, kis odd and wt(y) is even,
27 Vt@®A) - if wi(z @ A) iseven and y © A <1 D A,
0 otherwise.

It is not difficult to see that the mapping M% completely corresponds to the points 1, 2,
and 3. It other words, we can consider it as a “state” transformation: it maps all multipliers of

adpf ([0 ]i1 By, . . ., [0F ] By — [0 Bagyy) (for all 2 € Z5™) to all multipliers

of adpy ([ ], Byr, - - ., [aF]; By — [0*F],, Bygy) (for all y € ZET). Since we start with

adpy (o, ..., af — of*1) it corresponds to the “state” ¢r. Thus, the final multipliers are
Y R

see Remark 1 for the case n = 1. Finally, adpy (o, ..., 0 = o) =(1,...,1) - s. =

Corollary 3. If k is even, then (M%), . = (M})yoazwa, 4,2,y € Z51. It means that
all M% can be obtained from each other using some permutations of rows and columns.

This does not hold for odd k. However, almost the same thing is true: we swap x and
7 @ A columns, after that we swap y and y @ A rows of M} except for the rows A and

1,...,1).
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The proof follows directly from the definition of M¥%. Thus, the difference in recurrence
formulas gives us some difference in the calculation of the adp{ for odd and even k.
Some matrices for £ = 3 are presented bellow:

3 3 3
8 M(O,O,O,O) 8 M(O,O,O,l) 8 M(l,l,l,l)
8002022002202001 0020200020000010 1000000000000000
0002020002000000 0820200220020200 000000000000000O0
0002002000200000 0020000000000000 00000000000000O0O
0002000000000001 0020000200020010 1002000000000000
0000022000002000 0000200000000000 000000000000000O0
0000020000000001 0000200200000210 1000020000000000
0000002000000001 000000000000O0OO010O0 1000002000000000
00000000000000O0O 0000000200000000 0002022000000000
0000000002202000 |- 0000000020000000 ’ 00000000000000O0O
0000000002000001 0000000020020210 1000000002000000
0000000000200001 00000000O00O0O0OOO10O 1000000000200000
0000000000000OO0OO 00000000O00O020000 0002000002200000
0000000000002001 0000000000000O010 1000000000002000
00000000000000O0OO 00000000O00O000200 0000020002002000
0000000000000OO0OO 0000000O0O0OO0O0OOOOO 0000002000202000
0000000000O00OCOOO1 0000000O000OOOOO010O 1002022002202008

For instance, if o' = (0,0,1), o = (0,0,1), a® = (0,0,1), and a* = (0, 1, 1), we obtain that
adp? (a!,a?,0® = oM =(1,..., )M} M} M} 1,0,...,0)T.
s ( )= ( v ) (0,0,0,0044(0,0,0,1) (1,1,1,1)( . )

8. Conclusion

We have generalized some properties of adp® to adpy. The results obtained show us
that there is the difference between odd and even k, it looks like the case of odd k is more
complicated. A generalization of other properties such as maximum for odd k is a topic for
future research.

The authors would like to thank Nicky Mouha for interesting discussions and valuable
advice.
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B samauax kiacrepusanum Ha rpadax st gaHoro rpada G rpebyercst Haiitu OJu-
JKAMINN K HEMY KJIACTEPHBIHN Ipad Ha TOM Ke MHOXKeCTBe BepiiuH. ['pad HasbiBaeTCs
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distance from G to a nearest cluster graph. In the case of s =2, we prove that the
clustering complexity of an arbitrary n-vertex graph doesn’t exceed L(n —1)?/ 2J for
n > 2. In the case of s = 3, we propose a polynomial time approximation algorithm
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O cnoxHOCTN Knactepusauuy rpagpa B 3aaqe C OrpaHUdeHNsIMIA Ha PasMepbl Knactepos (1

BBenenue

B pabore m3yuarorcs 3ajaun KJIacTepU3allii, B KOTOPBIX 3/ [aHHOe MHOYKECTBO 00beK-
TOB Tpedyercss pPa3déUTh HA HECKOJIBKO IMOMAPHO HEIEPECEKAIOIIMXCS MTOJIMHOXKECTB — KJIa-
CTEPOB, MPUHUMAsT BO BHIMAHNE TOJIBKO CXOJCTBO OOBEKTOB JAPYT C JIPYTOM.

Bajiaun KjracTepu3alnyd BepIiuH rpadoB SBISIOTCI Hanbojiee HATJIAIHBIME (POPMAJIH-
sanugMu 3a7a4d Kiacrepusamuu [1]. B 9Tux 3a1auax BepUIMHBI HEOPHEHTHPOBAHHOIO T'Da~
da B3aMMHO OJHO3HAYHO COOTBETCTBYIOT PAaCCMATPUBAEMBIM OOBEKTAM ¥ TPYIIHAPYIOTCS
B KJIACTEPHI TaK, YTOOBI MUHMMHU3UPOBATH UHUCJIO PEOEP MEXKIy KJacTepaMp W UHUCJIO Iap
HECMEXKHBIX BEPIINNH BHYTPH KJIACTEPOB.

Bynem paccmarpuBath 06vikH06eHHbIE 2padnl, T. €. Tpadbl 6e3 TeTeIb 1 KPATHBIX PELEP.
OOBIKHOBEHHBIN T'Pad HA3BIBAETCI KAACMEPHBIM, €CITA KayKlas ero KOMIIOHEHTa CBA3HOCTH
SIBJISIETCSI TIOJIHBIM TPadOM.

Cy1iecTByIOT pa3/IndHble ITOCTAHOBKHU 3aJa4i KJjacTepusannn BepminH rpada. Hampu-
Mep, BO3MOYKHBI BapHaHThI, IIPU KOTOPBIX HE HAKJIAJILIBAIOTCS HUKAKHE OIDAHUYEHUs Ha,
KJIacTepHbIil rpad. B apyrmx BapmaHTax OrpaHUYMBAETCS YUCIO KOMIIOHEHT CBA3HOCTHU
I UX pasMep. PaccMaTpuBaioTCs TaKyKe B3BellleHHble Bepcun 3a1a49r. IlocTaHOBKY U pas-
JIMYHbIE MHTEPIPETANN 3391 KJIaCTepU3aIii BepiuH rpadoB MOXKHO HaliTu B [2-9].

1. NI3BecTHBIE pPe3yJIbTAThI

IIycte V' — koneunoe muoxkectso. O6oznaunm depe3 M (V) MHOXKeCTBO BeeX KiacTep-
HbIX rpadoB Ha MHO)KecTBe BepriuH V; My (V) — MHO)KeCTBO BeeX KjacTepHbIX rpados,
UMeEIONMX POBHO k KoMmmoHeHT cBs3HOCTH; M (V') — MHOXKeCTBO BCeX KJIACTEPHBIX I'Da-
dboB, nmeromux He 6osiee k KommonenT caznoctu; MS(V') — MHOKECTBO BCEX KJIACTEPHBIX
rpadoB, B KOTOPBIX pa3Mep J11000i1 KOMIIOHEHTBI CBSI3HOCTU HE IIPEBOCXOIUT S.

Ecmm Gy = (V, Ey) u Gy = (V, Ey) — oObIKHOBeHHBIE I'PadBbl HA OHOM U TOM K€ MHO-
)kecTBe BeprmH V', To paccrosiane d(Gq, Gig) MeXKTy HUMHU OIPEIC/ISIeTC KAk

d(Gl,Gg) = |E1 \ EQ‘ + ‘EQ \ E1|

Nzyuenune kinacrepusaruu rpadoB HAYAIOCH C 3ajad 0e3 OrpaHUYeHUll U C OrpaHmde-
HIEM Ha KOJHYIeCTBO KiaacTepos |3, 4, 8-11|. Paccmorpum janHBIe TIOCTAHOBKU, H3BECTHBIE
KaK 3a/1a91 alpOKCUMAINN TpadoB.

Bamaga GC. [aun rpadp G = (V,E). Tpebyercs Haiitu Takoil KjiacTepHblii rpad
M* e M(V), aro

* . f
d(G,M*) = min d(G, M) < r(G).
MeM(V)

Bagaua GCy. [an rpad G = (V, E) u nenoe ancio k, 2 < k < |V|. Tpebyerca maiiru

Takoii Kiacrepubiit rpadp M* € My(V'), aro

o . def
dG, M) = | min d(G M) E (@),

Bamaga GCy. [an rpad G = (V, E) u nenoe aucio k, 2 < k < |V|]. Tpebyercst naiitu
Takoit kiacrepublit rpad M* € M, (V), aro
def

d(G,M") = P L d(G, M) = 7<(G).

Bynem pacemaTpuBaTh TOJTBKO 3a/1a91 KJIACTEPU3AIINYN ¢ OTPAHUYIEHNEM Pa3MEPOB KOM-
IMOHEHT CBS3HOCTH KJIAaCTEPHOro rpada.
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Bamaua GC<S5. [lan rpad G = (V, E) u nenoe aucio s, 2 < s < |V|. Tpebyerca naiirn
Takoii knacrepubiit rpad M* € MS5(V), uro

d(G,M*) = min d(G, M) < 75(q).
(G M) = | min d(G, M) =7(G)

Bemmunnnt 7(G), 71(G), 7<x(G) 1 75°(G) HABBIBAIOTCS CAOAHCHOCTIBIO KAACTMEPUSAUUL
epaga G B zanadax GC, GCy, GC«y u GCS® coorBercrBento. /st 1060ro n-BepImHHOro
rpada G u s > 2 cupaseyubo HepasencTso 7(G) < 7THG) < 75(G).

B 70-err. XX B. I'. . ®puamanom u N. TomecKy ObLIM yCTaHOBJIEHBI TOYHBIE BEpPX-
HUe OIeHKN CJIOKHOCTH Kilacrepms3anuu rpacdos B 3amadax GC n GCg. B 1974rn
I'. 1. ®puamanoM JloKa3aHa CJIeIyIOIas TeopeMa:

Teopema 1 [4]. st siro6oro n-seprunatoro rpada G

7(G) < {@J .

Hezasucumo Y. Tomecky mosmyunir anaJiornyublil pesyabrar arsd 3agadn GCqy:

Teopema 2 [8]. s sroboro k > 2 u roboro n-sepimuaHOrO rpada G

rl(G) < L@J .

[Tozxke B.II. Nnwes u I I1I. ®puaman goKa3ain CaeyoONLyio TEOPpeMY:

Teopema 3 [10]. [dms soboro k > 2 u sroboro n-sepmumaHOro rpada G mpu

n=5k—1) o {@J |

Yro kacaercs Besmaunbl 755(G), TO oHa B 00IIEM CiIydae He TOJIAETCs TAKO! YKe OleH-
ke. Hanpumep, jyia nosnoro 10-sepmmunoro rpada 75%(G) =40 > [(n —1)2/4] = 20 u
73(G) =36 > |(n— 1)%/4] = 20.

2. OmeHKa CJIOXKHOCTH KJjacTepusanuu B 3agade GCS2

Teopema 4. Ilpu n > 2 pjsa aoboro n-seprmmaaoro rpada G

Aoxaszamenvcmeo. Bocrionib3yeMcs WHIIyKIIAEH 10 YUC/TY BEPIITHH.

OcunoBanune muaaykmnuu upu n = 2. Herpynno ybenurbes, 9T0 yTBEPXK/I€HUE
BEPHO /It 1-BEPIIMHHOTO U 2-BEPITUHHBIX IPadOB.

[IycTe n > 3; npeanoioKuM, 9To yTBEPXKIEHNEe TeOPEMbI BEPHO JIJIs BceX rpadoB ¢ duc-
JIOM BEPIIUH, MEHBIIUM 7.

Ilar waay K PacemorpuMm mpomsBosbHbI n-epimuubiii Tpad G = (V, E).
Ecmu G — nonabrit wim mycToit rpad, TO HEPABEHCTBO BEPHO, MOITOMY 0€3 OrpaHmIeHUs]
obrrHOCTH cYuTaeM, 9To (G OTJIMYEH OT MOJTHOTO WJIU ITyCTOTO.

Bribepem sio0yio Beprimay v € V' crenenn dg(v) < n — 2 u pacemorpuM moarpad
G' = (V\{v}, F'), nonydennsiit u3 G yjajeHueM BEPIIHHBL ¥ BMECTE CO BCEMU WHIUJICHT-
HBIMU €eii pédpamu.
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ITo npeaIoI0KeHNI0 MHTYKITHT

s < D=2 Ln_lJ’

2 2

riae M* — ontuManbHoe pemtente 3aaaun GCS? na rpade G, 1. e. noarpad rpada G, mpe-
CTaBJISIONHI coboit Hanbosbiee mapocoderanue B rpade G’ mwioc (BO3MOXKHO) KaKHe-TO
N30JIMPOBaHHbIE BEPIITWHDBI.

Bepuém nazajn Bepruny v. Pacemorpum noarpad M rpada G, nmonydennsiii uz M*
J06aBIeHIEM K TapOCOYETAHWI0O HOBOT'O HE3aBHCHUMOIO pebpa, WMHIUMIEHTHOIO BEPIIHE U
(ecsim Takoe pebpo MOJIyUUTCsI TIPU BO3BPATE BEPIIUHEL U), UK U30JIUPOBAHHON BEPIITHHBL V.

Takum obpazom, B rpade M audo Ha 01HO pebpo OoJibIle, JIMOO CTOJBKO Ke peébep, Kak u
B M*. Torna

d(G, M) < d(G'M*) + dg(v) nmn d(G, M) < d(G'M*) + dg(v) — 1.

B sobom cayuae d(G, M) < d(G'M*) + dg(v). Crenosaresnbho,

e < P=Dm=2) V_lJMG(”K (n—1)(n-2) V—1J+n_2:

2 2 2

2 _ 2 _ _ _
_n=dn42 |t oo el _KM_H,
2 2 2 2

tak Kak |[(n —1)/2| +1=[(n+1)/2] > [n/2]. [Tosromy

(@) < d(G, M) < w B LSJ '

Teopema 4 nokazana. m

3. IIpubym>kéHHbIil ajgropuTM peniennd 3agaan GCS3

[TpuBeéMm asropuTM 1 HaXoXKIeHNsS TPUOIIZKEHHOTO pertennd B 3agade GCS3,

Asaropurm 1.

Bxon;: npoussosbhblil rpad G = (V) E).
Boixoxa: kinacrepubiit rpad M € MS3(V).

1: B rpade G naxomum MakcuMmaibHyo K3-yIaKkoBKY, T. €. MAKCUMAJIbHOE 110 BKJIIOUEHUIO
MHOXKECTBO IIOTIAPHO HEIEePeCeKaroNuXcs TPEYyTrOJbHUKOB. JljIs KarxK0ro HailleHHOTO
TpeyroJibHuKa ynajseMm u3 G Bce péOpa, KOTOPhIE CBSI3BIBAIOT BEPIIUHBI TPEYTOJIHHU-
Ka C BEpIIUHAME BHE JAHHOTO TpeyrojbHuKa. [lomyaaem rpadp M; U Gy, B KOTOpOM
nojrpad M collepKUT TOTBKO HaiileHHble TPEyTrOJbHUKY, a (71 — OCTaBIINeCT Heyia-
Jénnble pédpa rpada G, He obpazyrolre TPEeyroJbHIKOB.

2: B rpade G naxomaum HanboJibiiee napocoderanue M. MHOXKeCTBO BepInH, He BOIIIE/I-
UX B napocoderanue, oboznadum Ms.

3: Crpoum kiacrepubiit rpap M € MS*(V): M = M; U My U Ms.

Vreepxkaenne 1. Ajropurm 1 umeer tpynoémkocts O(n?).

Zloxaszameasvcmeo. Paccvorpum orepaiinu, MpOBOIUMbBIE aJlOPUTMOM, U UX TPY/IO-
EMKOCTH.
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O6xon B rybuny HaxomuT UK B rpade 3a Bpemss O(n + m), rjie m — KOJIUIECTBO
pédep rpada. CremoBareabHO, 9TOOBI HANTH BCe TPEYTOJBHUKH, HEOOXOIMMO 3aTPATUTh
O(n(n + m)) oneparmii. /Iis moncka HanbOJBIErO MAPOCOYETAHUS MTPUMEHSIETCS aJIr0-
pUTM DIMOH/ICA, M3BECTHBIN KAK AJTOPUTM CXKATHUS I[IBETKOB, TPYAO0EMKOCTH KOTOPOTO —
O(n?) [12]. O6bemunenne M = M; U My U M3 BLIIOTHSIETCS 3a OJMH TIPOXOJI, T. €. 32 Bpe-
Mg O(n).

Takum 06pa3oM, UTOroBas TPyI0éMKocTh airoputma 1 pasuna O(n(n +m) +n® +n) =
=0(n*).m

3ameuvanue 1. B mommom rpade G anropurm 1 HAXOMUT ONTHMAJIBHOE PENTeHNE.

4. OneHKa CJIOXKHOCTH KJjacTepusanuu B 3agade GCS3

Teopema 5. Ilpu n > 4 musa mroboro n-pepruaHOrO rpada G

(@) < —n("2_ D_3 {%J . (1)

JlokazaTeabCTBO MIPOBEJIEM B TPHU STAIIA:

1) Ilycre mias mamnoro n-seprimuaoro rpada G ajropurmom 1 HaiijeH Kjacrep-
woiit rpad M C G. B srom rpade obozHAIUM: M3 — KOJUIECTBO KUK K3, Mo —
KOJIMIEeCTBO KUK Ko, M7 — KOJUIECTBO W30 MPOBAHHBIX BEPINH. 3aMeTUM, 9TO
n:3m3—|—2m2+m1.

2) TIposepum, BbinONHSETCS Jin st Tpada M HepaBeHCTBO

n(n —1 n

nin=1) _4 H —d(G, M) > 0. 2)

2 3

3) Eciu mius rpados G u M HepaBeHCTBO (2) HApyIIaeTcs, TO JIOKAZKEM, YTO B KaxKJIOM
u3 Takux ciydaes st rpadga G cymecrByer apyroii kiaacrepubiii rpadp M’ C G,
takoit, uro d(G, M") < d(G, M), upuuém qyist M’ sepaBeHCTBO (2) BBIIOIHEHO.

Zloxaszameavcmeo.

1) Bamernm, uTo B HaiijleHHOM ajropuTMoM 1 kjiacreprom nojarpade M rpada G ko-
JITYECTBO YIAJEHHBIX aJrOPUTMOM pEOEP MEXKIy KJIacTepaMu UMeeT pa3Hble OrpaHUICHUsT
B KarKJIOM U3 BO3MOKHBIX CJIy9aeB:

e K3 u K3 MOryT uMeTh MKy co0oit He 6osee 9 coe IMHAIONUX peoep;

e K3 u Ky MOTyT UMeTh MKy co0oit He Dojiee 6 coeIMHAIONUX PEOEP;

e K3 u Ki MOryT uMeTh MKy co0oit He bojtee 3 COeIMHSIONUX PEdep;

e Ky u Ky MOTyT mMeTh MKy co0Oit He Dojtee 2 COeIMHSIONNX PEGEp;

e Ky u Ki MmoryT umerb Mexkj1y coboii He Oojiee 1 coenHSIIONIEr0 pedpa;

e K| u K| He MOJKHBI IMETh MEYKJLy COOOI COeMHSIONUX pebep.

Orpanndennsi Ha KOJUYIECTBO pEOEp st KJiacTepoB K3 ompejiesieHbl JIId KayKJI0ro TaKo-
ro cjydas Kak MaKCHMAaJIbHO BO3MOYKHOE KOJIMIECTBO PEOED, COEMMHSIIONINX TU K/IaCTEPhI
¢ JpyruMu B OOBIKHOBeHHOM rpade. JIst Bcex mpoumx ciydaeB AEHCTBYIOT CJIeLyoIue
paccy:xaenus. Ecii Ob1, HanIpuMmep, Kiaactepbl Ko 1 Ko uMean 0OJIbINE JIBYX COEIMHSIIONIIX
pEGepP, TO BMECTO MEepBOTO U3 HUX aJiroputM 1 Harrénr o661 Kiauky Ks. Eciau 6b1 kiactepnbr Ko
n K, nmmenm 0oJIbIlle OJHOIO COEIMHSIIONIEro pebpa, To BMecTo Ko ajropurm 1 Harésn Obr
kauky K3. Amamorndano, eciu Obl Kitacrepsl K n K1 6bLIn coequHeHbl pebpoM, TO BMECTO
HUX aJropuT™M 1 Hammén Obl KIuKy K.
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CrenoBaTesbHO,
9 —1 2ma(my — 1
d(G, M) < % + 6m3m2 + 3m3m1 + % + momy =
9 5 2
= §m3 -+ mj + 6mgme + 3mamy + mamy — §m3 — M.

OrmerumM, ITO

2 3] 2 3
_9m3 4 4m3 + mi 4 12mgmg + 6mgmy + dmamy 9z + 2my + my s fmz + mlJ

n(n —1) _3 {EJ (3mg + 2mg + my)(3ms + 2mg +my — 1) _3 {3m3—|—2m2—|—m1J B

2 2 3
9 1 9 1 2mg +
= §m§ + ng + §m% + 6m3m2 + 3m3m1 + 2m2m1 — §m3 — My — §m1 -3 \‘%J .
[TosTomy
n(n —1) n
M0 1M s
2 3 ( )
9 1 9 1 2mg +m
2 5771:2; + 2m§ + ém% + 6m3m2 + 3m3m1 + 2m2m1 - §m3 — My — §m1 -3 \\%J —
(9 2 9 _
2m3 + mj5 4+ 6mgma + 3msmy 4+ mamy 2m3 me | =
1 1 ng + my
:m§+§mf+m2m1 — 5 -3 {TJ .
Takum 06pazoMm, HepaBeHCTBO (2) Gy/IET BBIIOJHEHO, €CIIH
1 2
m3 4+ —m3 + mym; — —my — 3 Zma +my > 0. (3)
2 2 3
2) B cBoto ouepejib, HepaBeHCTBO (3) Gy/IeT BBIIOJIHEHO, eCIIH
o L o
m5 + —mj + mamy — 2me — —my = 0. (4)

2 2

BreisgicaumM, nipu kakux me. m; € Z. HepaBeHCTBO (4) Oyier BBIIOJHEHO. JLJ1d 3TOro BOC-
5 29 1 +
HOJIb3y€MCH METOJOM BbLICJICHNA ITOJIHBIX KBaI[‘paTOB B JIeBOfI gacCTHu 3TOro HepaBeHCTBa:

s LIPS DS URPND P S M LYol e o 3
m2+m2m1—|—4m1 4m1—|—2m1 Mo 2m1— m2—|—2m1 +4m1 mo 2m1@
Hemaem 3aMeny mepeMeHHBIX My = Mg + My /2:
@(m/>2+1m2_2m/+m__ _( /)2+1 2_2 /_1 o

1 1 1\ 1 1 1\* 5
. AVER ’ _ o2 4 i I 1) - = Y
= ((mh)* —2m4H+1) — 1+ <4m1 5 + 4) 1 (my — 1) + (2m1 2) 1
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Hemaem 3aMeny mepeMeHHBIX my = mbh — 1, m) =m,/2 — 1/2:

S(m3)* + (my)* — 7 > 0.

] Ot

Herpynno 3amMeTuTh, 9TO 9TO HEPABEHCTBO 33/ 1a€T BHEITHOCTH KPyTa:

4
() + () > 1

[Tpu srom TouKa ¢ KoopauHaTamu (m), my) Gymer rapaHTUPOBAHHO JieXKaTh BHE Kpyra H,
TaKUM 0Opa30M, YIOBJIETBOPATH HEpaBeHCTBY (4), ecimn

4 4
g(mll)2 >1 wmn g(m;’)z > 1.

PaccMoTpnM KazKIbIit M3 9TUX CIydaeB ¢ yIETOM TOTO, ITO

mhy =mg+my/2 — 1,
my =my/2—1/2.

2
Hepagencreo 4/5(m})? > 1 Bbmonueno, ecm (mq/2 — 1/2)° > 5/4. Haumensiiee Taxoe
3HavueHue m; € Z, pasHO 4, T.e. BO3bMEM My > 4.
2
Hepasencrso 4/5 (m4)? > 1 semosmeno, ecin (mg +mq/2 —1)° > 5/4. Tlpu my = 0
HauMeHbIIlee TaKoe 3HAUYeHNue Mo € 7 PABHO 3, T. €. BO3BMEM My = 3.
Taxmm o6pazom, Ipu me > 3 160 my > 4 HepaBeHCTBO (4), & 3HAYTUT, U HEPABEHCTBO (3)
Beeryia Oy/IyT BBIIOTHEHBI.
3) BersicuuM, npu Kakux ms < 2, m; < 3 HepaBeHCTBO (3) MOXKeT HAPYIIAThHC, T. €. ajl-
TOPUTM HaXOJUT KJiacTepHblii rpad M, takoii, uro d(G, M) TpeBOCXOAUT OIEHKY CJIOKHO-
cru Knactepuzanun 73(G). TlocTpouM Tab/MIly COOTBETCTBYIONUX 3HAUCHUIT JIeBOit JacT

HEPpaBEHCTBa U IIOCMOTPUM Ha €r'o BbBIIOJIHUMOCTD.

JleBas gacTnb Hepagsencrtso
0 NCTHUHA
0 NCTUHA
1 NCTUHA
0 NCTUHA
1 NCTHUHA
-1 JIO?Kb
NCTHUHA
NCTUHA
NCTUHA
NCTHUHA
NCTHUHA
NCTHUHA

E

MMN)[\D»—‘}—‘}—‘HOOOO[\?
WO WND O WD —=O

00w A

Pacemorpum ciydaii mo = my = 1, Korjia HepaBeHCTBO (3) MOXKET HapyIIaThCs.

Taxk xkak n >4, To B 3TroM ciy4dae B rpade (G J0/KHA COJEPXKATHCS XOTsS ObI OJIHA
KJMKa K3, T.e. B HalijileHHOM ajropuT™MoM 1 kjacrepuom rpade M obazarensno mg > 1.

Pacemorpum 6-BeprimabbIil iogarpad G’ rpada G, BepHIMHBI KOTOPOro pasOUBAIOTCS
aJropuTMOM 1 Ha KJiacTepbl Ha HocaeHuX marax. [lockonbKy panee oOHapy KeHHbBIE TIOJI-
rpadbl K3 He BIUSIOT HA BBINOJHEHNE HEpaBeHCTBa (3), ero HapylleHue Ha eJIuHUIY (Kak
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MOKA3aHO B TabJIMIe) MOXKET MPOU30UTH MMEHHO Ha drare paborsl ¢ rpadom G, ecim Ko-
JITIECTBO yIAJIIeMbIX B HEM PEOEp MexK /Ly KacTepaMyu MaKCUMaJIbHO BoszMmoxkHoe — 10. Ha-
HOMHHUM, 9TO B CIydae HAPYIIEeHUs] 9TOrO OrPAHUICHUS aJrOPUTM 1 HEIPEMEHHO HAIIE ObI
JIpyrue KjaacTepbl DOJIBIIETO pasMepa.

Omnako ecin rpad G umeer posno 10 pébep, TO KaxKias M3 BEPIIMH €r0 KJIUKH
K3 = {v1,v9,v3} momxHa OBITH CMeKHA ¢ OOEMMHU BepIIUHAMU ero KiInku Ko = {vy, v5}
U U30/IMpOBaHHOl BepimHol vg. Ho Torma B rpade G’ cymecTByioT apyrue KjacTephbl:
K3 = {vy,v4,v5} u K3 = {vg,v3, 06}, 7u1s BBIETIEHNST KOTOPBIX B G’ HY’KHO y/JIaUTh Ha JIBA
pebpa MeHbIIle, YeM s BbIAeJeHns KaacTepoB rpada M.

Takum obpaszom, B rpade G cylecTByer Apyroi KiacTepHblil moarpad M’ Takoii, 4To
d(G,M) =d(G,M'") + 2; nnsa rpada M’ nepaseHcTBO (3) BBIIOIHEHO, a 3HAYHUT, OICHKA
ciokHOCTH Kjacrepusanuu 75°(G) B 9TOM clydae ocTaéTcs BepHa.

CrenoBaresibHO, 17151 1106010 n-BepruHHOro rpada G (n > 4) cymiecTByer KiIacTepHbIil
rpacd M, Takoit, 9To

n(n —1 n
nn=1) 4 H —d(G, M) > 0.
2 3
[TosTomy
n(n —1) n
<
-6 < dGon < MY g H .
2 3
Teopema 5 nokazana. m

3amevanme 2. [lockoybky Jijist Jiroboro s > 3 u Jioboro n-pepimmuHHOrO rpada G
755(G) < 73(G), To npu n > 4

<Ml g)7)

3akJiroueHue

UccnemoBana 3amada Kiracrepu3anun Ha rpadax, B KOTOPOW pasMephbl KJIaCTEpOB He
IPEeBOCXOJAT Yncia s. JIoKazaHbl OLEHKU CJIOXKHOCTH KJacTepusanuu s sagad GCS2
u GC<S3. IIpemoxken npubIMKEHHDIN OJMHOMUAIBLHEI agropurm g sagadn GCS3,
KOTODBIN HCIHOJIb3YeTCsd P J0KA3aTEIbCTBE OIEHKU CJIOKHOCTU KJIACTEPU3AIUH ITPOU3-
BOJIBHOTO Tpada. AHAJIOTHIHBIN MTOIXOT MOXKET OBITh MPUMEHEH I MOJIyIeHNs OIEHOK
CJIOYKHOCTH KJIACTEPHU3AIUU B OTJIEJbHBIX CJIydasX HPU S > 3, OJJHAKO BOIPOC O €ro Iep-
CIIEKTUBHOCTU JIJIsl JIOKA3aTeIbCTBA OIEHKHU B CJIydae MPOU3BOJILHOIO S IMOKa OCTAETCH OT-
KPBITHIM.
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UccnenoBana aqropuTMudecKasi CI0XKHOCTD 33/[a9H O MOMCKE CeMeHCTBa IPOCTHIX IIHK-
JIOB, OOXOJISIIINX KaXK/[YIO BEPIIHHY oprpada ¢ MOJIyCTeHeHsIMI BEPIIHH, He IPEBOCXO-
JAIIMMA k, IIpU HAJIMIUHA JOIIOJTHUTEJIbHBIX OFpaHI/IquHﬁ Ha BHJ] CIIMCKaA CMEXKHOCTH.
PaccMOTpeHBI IOMCKOBBIH U ONTHMU3AIMOHHBL eé BapuaHThl. [TokazaHa napamerpu-
YeCKU IIOJIMHOMUaJIbHadA Pa3pPENInMOCTDb 3a/a491 B O6OI/IX BapunaHTaX, IIPEIJIO?KEHbI aJl-
ropuT™MbI co BpemerneM pabotbt O(nk? + nlogyn), O(n(k? + k) + nlogyn) m O(n) s
Pa3JINYHBIX TUIOB OIPAHUYEHUIT; 1 — KOJUYIECTBO BEPIUH oprpada.

KitioueBbie cjioBa: opuenmuposartvie 2pagdol, NPoCMole YuKAbl, 360a44U NOUCKE, ON-
MuUMU3AUUA, Kaacc P, napamempuveckas cA0dHCHOCMD, NOAUHOMUGADHAA DPA3PEULU-
MOCTMY.

FINDING A FAMILY OF SIMPLE CIRCUITS IN GRAPHS
WITH VERTEX SEMIDEGREES BOUNDED BY £

A. A. Medvedev

Bauman Moscow State Technical University, Moscow, Russia

We study the algorithmic complexity of finding a family of simple circuits passing
every vertice of a digraph with semidegree bounded by k. The problem is considered
in two variants: as a search and as an optimization problem. Parametrically polyno-
mial solvability of the problem is proved in both variants, Algorithms with complexity
O(nk? + nlogyn), O(n(k? + k) + nlogyn) and O(n) for various types of constraints
are proposed, where n is the number of digraph vertices.

Keywords: digraphs, simple circuits, search problems, optimization, P class, para-
metrical complexity, polynomial solvability.

BBeaenue

PacemarpuBarorest 3a1a9u 0 1oucKe B oprpadax HEKOTOPBHIX CIEeIMAJIbHBIX KJIACCOB
OCTOBHOI'O TIOrpada, COCTOSINErO U3 HEIEePeCeKaroNMXCs MPOCTHIX IUKJIOB. DTa 3a/a49a
peJcTaBsier coboii 0000IIeHne 3a/1a91 O TIOUCKE TAMUIBTOHOBA IUKJIa U UCCIEAyeTcs KakK
B Pa3pelmMOCTHOM, TaK U B ONTUMH3AIMOHHOM BapuaHTax. K HacTOsIeMy BpeMeHH J0-
Ka3aHo, YTO Pa3pelninMOCTHAas 3a/la9a O TaMUJILTOHOBOM InKJIe gBiigerca NP-mosmoit B 06-
mieft mocraHoBke [1]|, Ha TPEXCBABHBIX 3-peryJIsSIPHBIX JBYI0IBHBIX Tpadax [2], moarpadax
KBaJIPATHBIX PeréToK [3| n Kybudeckux moarpadax KBaJIpaTHBIX PEIEToK [4], a Takxke op-
rpadax ¢ HoJrycTeneHsiIMU BEPIUH, He MPEBOCXOJAUME 2 [5|, HO IpUHATIEKUT K KIIACCY
HOJIMHOMUAJIBHO PAa3PENIUMbIX B TIOCTAHOBKE Ha YETHIPEXCBAZHBIX IIaHAPHBIX Tpadax [6];
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BBIBE/ICHBI [IPOBEPsiEMbIE 38 IIOJIMHOMHUAILHOE BPEMST JJOCTATOYHBIC YCJIOBUST TaMUILTOHOBO-
cru: Jdupaka — Ope |7, 8|, I'yita — Ypu [9], Woodall [10], Christofides [11]|, Keevash [12],
Kelly [13]. B paborax [14-16] ncceryioTcss BOIPOCH ONCKA IMPOCTBIX IHKJIOB BOOOIIE U
raMUJILTOHOBBIX B ACTHOCTH.

1. Onpenesienus
Ompejiesienns: u3 Teopun rpaoB IPUBOAATCS B cooTBeTCTBHHA C [17].

Onpenenenne 1. OpuentupoBanubiMm rpadom G HasbiBaeTcsd napa MHOXKecTB V u F,
V — muOo)kecTBO Bepimn oprpada (G, E — MHOXKECTBO JIyT, T.€. YIIOPSJIOYCHHBIX [1ap BUJIA
(Ui,’l)j), Vs, V5 S V, 1 7é j

Onpegnesienne 2. Heopuentupoanubiv rpadom (mwim mpocto rpadom) G Ha3BIBAET-
cq napa mHo)kectB V' u E| V — MHO2kKecTBO BepIiuH, F — MHO2KeCTBO pEGep, T. €. Heyopsi-
JOYeHHBIX map Buaa {v;, v}, v, v; € V, i # j.

Omnpenesienne 3. Beprmano-mipocrast ienb B opuerTrpoBanioM rpade G = (V, E) —
[IOCJIE/IOBATEILHOCTD W3 1M BEPIIUH U M — 1 JAYT ¥, €1, V2, €9, ..., U1, Em—1, Um, TJIE €; =
= (v;,vi41) masg Beex @ = 1,...,m — 1 u ecsim 4 # j, TO v; # V;, TO €CTb BCE BEPIIUHbI
PA3JINIHBL.

Onpenenenune 4. BepiuHHO-TIpOCTON 1HKJ B opueHTHpoBaHHOM rpade G =
= (V, E) —nocienoBaresbHOCTD U3 (M + 1) BEpIIUH U m JIyT vy, €1, Vg, €2, . . ., U,y Em, U1,
rae e; = (v, V1) st Beex @ = 1,...,m — 1, €, = (U, v1) W €CTU © # j U i,] < m, TO
v; # U;, TO €CTh BCE BEPIIMHBI, 38 UCKJIIOYEHHEM IePBOil U IOCIe/Hel, Pa3/INIHEL.

Onpenenenne 5. BeprmHHO-TIPOCTRIE TENN U IAKJIBI HA3BIBAIOTCS HEOPUEHTUPOBAH-
HBIMH, €CJIN JIEMEHTBI €; B HIX MIPEICTABIISIOT COOOM HEYIOPSTOYCHHBIC TTAPBI BUIA { Uy, Uy |-

Onpepesienne 6. OpuentupoBanubiii (HeopuentupoBantbiil) rpad G = (V, E) na-
3BIBAETCS B3BEIIEHHBIM, €CJIM I Hero ompenesena dyHKiws w(v,u), v,u € V, paBHas
uekoropomy 3Hadenuio u3 R\ {0}, ecim (v,u) € E, u 0 B upoTuBHOM CiIydae.

Onpenenenne 7. llycrs semenTs MHOXKeCTBa BepiuH V' miponyMepoBanbl. Marpu-
nieit BecoB W B3Berennoro oprpada (rpada) HaseiBaeTcst Takas tabumia pasmepa | V| x|V,
aro W;; = w(v;, v;).

Onpenenenne 8. Ilycrs semenTs MHOXKeCTBa BepiuH V' mipoHyMepoBanbl. Matpu-
neit cmexkaocTn A B3BereHHoOro oprpada HasblBaeTcsa Takast Tabuuna pasmepa |V| x |V,
uqro A;; =1, eciun (v;,v;) € E, n A;j = 0 B IPOTUBHOM CJIydae.

Onpepenenne 9. Ilycrs muoxkectBo V' rpada G = (V, E) ynopsanodeno. Cruckom
CMEZKHOCTH 9TOT0 rpaca HasbiBaeTcst Habop u3 |V | crimcekoB, o oJfHOMY /15T KazKJI0i BepIii-
HBI U3 V/; CIIUCOK, COOTBETCTBYIOIMNUI BepiuHe v € V', COCTOUT M3 HOMEPOB BCEX BEPIIUH U,
JUIst KOTOpbIX (v, u) € E.

Onpepesienne 10 (oprpad kiacca kRS). OpuentupoBanusivm rpadom G = (V) E)
kiacca kRS HazoBéMm Besakuit oprpad, MpeacTaBUMBIl B BHJIE CIUCKA CMEXKHOCTH CJIEIY-
IOINEro BUjia: Ji/Isi KayK 0 BEPIIUHbI CYIIEeCTBYET JINIb k — 1, 3a UCK/II0OYEHHEM €€ CaMoii,
UMEOIINX B TOYHOCTU TAKOH K€ CIIMCOK CMEXKHOCTHU, M HU OJHA Jpyrasl BepIInHa, KpOMe
9THX k, HE CMeXKHa 110 MCXOISIIeil yre ¢ TeMU Ke BEPIIMHAME, ¢ KOTOPBIMH CMEXKHbI OHIU;
IIOJTyCTEIIEHN BCEX BePIIUH oprpada, KaK BXOJIIINE, TaK U ucxojdmue, paBabl k. To ecThb
CIIUCOK CMEXKHOCTHU TaKOTo oprpada uMeeT CTPYKTYPY
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Uty * Vigy V2,05 - -+ Ukyiy
U2y * V1)iy V205« -+ Ukyi (1)
Uk - V1, V245 -« oy Uk iy

rae |V| xparao k; V> 2k; i = 1,...,|V|/k; ecm p # q, TO up; # Ugi M Vp; F Vg,

pog = 1,..  k; ecm i # j, 10 {wrg, .. upif N {urg, .. up} = @ 1 {vig, .., 06N
N {Ulyj, ce ,de} = J.

Onpepesenne 11 (rpad xiaacca kRS). Heopuentuposanusim rpadom G = (V) E)
kiacca kRS nazoséM Beaxmii rpad, KOMIOHEHTBI CBAZHOCTH KOTOPOTO SIBJISIIOTCHA ITOJTHBIMI
JBy101bHBIME Tpadamu Ky, ., nin, nHate, rpad, IpeCTaBUMBII B BU/IE CITICKA CME?KHOCTI
CJICJIYIOIECrO BUJIA:

Ut V1,4, V245 - - -y Ukyis
Ui V1,4, V245 -+ -y Ukyis
Uk,i * V1yiy V245 - -+ 5 Uk
(2)
Vi Uliy U5y« -+ 5 Ukyiy
Vo Ulyiy Uiy -+ -y Uk
Vi - ULy U4y - - o5 Uk i-

Baecs |V| kparno 2k; i = 1,...,|V|/(2k); ectm p # q, TO up; # Ui U Upi F Vgi,
pog = 1, .. k; ecmm @ # j, 10 {ur, .. ukif N, ug b = @ m {vrg, ., v N
N {Ul,ja C. 7Uk,j} = .

Onpenenenne 12. Vcxongameit nosmycrenensio (mosycrenenbio uexoa) deg®™ u sep-
musabl u € V oprpada G = (V) E) Hasosém kosmuectBo ayr sujga (u,v) € E, v € V.
Bxoggieit crerensio (momycrernensio 3axona) deg™ u 6y1eM Ha3pIBATL KOJIMYECTBO IyT BH-
na (v,u) € E,veV.

Onpenesienne 13 (oprpad wiacca kS). Oprpadom G = (V) E) kiacca kS Hazosém
BCAKMIT oprpad, Takoit, 4To:

1) |V|] xpatno k, V' > 2k;

2) Yo € V(deg™ v < k & deg"v < k);

3) V=Viu...UVyu AN Vije{l,... |VI/k}i #j=V,nV;, =@) AN Ji €

€ {17 ) |V|/k}(|‘/;| = k)»
4) V=UU...UUyp N Vi, je{l,..,|VI/k}i #j=>UnNU; = @) N Jic
e{L,....VI/k}(Ui| = k);

5) Yie{l,...,|V|/k} (VinU; = 2);

6) Yo,u€V((v,u) € E=Ji(veV,Auel;));

7) Vie{l,...,|V|/k}Fv €V, (deg™™ v = k).

[Ipumep kS-rpada npusenén na puc. 1.

Onpenesnienne 14 (3amada HCL-k, neonrumusarmonnast). Ilycrs jan B3BeleHHbII
OpPHEHTUPOBaHHbI i Heopuentuposauubiii rpad G = (V, E) kmacca kRS nwmm kS. Tpe-
Oyercs HallTH Takoil HaOOP BEPITUHHO-IIPOCTBIX ITUKJIOB, YTOObI KaxKjad BepimHa u3 V
cozeprKasiach POBHO B OJHOM N3 HUX.

Onpepenenne 15 (3amada OHCII-k, ontumusarmonnas). Ilycts naH B3BeIIeHHBI
OPHMEHTUPOBAHHBIN win Heopuentuposanubiii rpad G = (V, E) kinacca kRS wim kS u Be-
mecTBeHHoe 4ucyo q. Tpebyercs HaiiTn Takoil HAOOP BEPIIMHHO-IIPOCTHIX IUKJIOB, YTOOBI
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Puc. 1. Ilpumep kS-oprpada: k =3, Vi ={1,2,3}, Vo = {4,5,6}, U; = {4,5,6}, Uy ={1,2,3}

KaxKjasd BepiimHa u3 V' cojeprkajiach pOBHO B OJTHOM U3 HUX, & CYMMAapHBIl BeC BCEX JIYT,
COJIEPKAINNXCA B MUKJIaX HAOOPa, MIPEBOCXOIII (.

Onpepesienne 16. OpuenTnpoBaHHblii win HeopueHTupoBanHbiil rpad G = (V) F)
Ha3bIBACTCH JIBYJIOJIBHBIM, €CJIN MHOXKECTBO V' MOXKHO paszouTh Ha jiBe dactu Uy u Us, Takue,
aro Uy U Uy, =V, Uy NU; = O n uam onnaa Bepmuna n3 U1 He cMekHa HUKAKOW JIPYTOM
BepiuHe 3 U, paBHO Kak HHU ojiHa BepiuHa n3 Us He cMekHa HUKaKOW JIpYyroil BepIinHe
us UQ.

Omnpenenenne 17. Ilapocodyeranuem B OpUEHTHPOBAHHOM HJIM HEOPUEHTUPOBAHHOM
rpade G HasbBaeTCs HAOOP MOMAPHO HECMEXKHBIX JIyT (pébep).

Onpepesienne 18 (3aja4a 0 HA3HAYEHUsIX, WK O TApOcoUeTaHusx). VIiMeercs Hero-
JIOZKUTEIbHAsT (MM HEOTPUIIATe IbHASI) MaTPUIla BECOB JBY0JbHOrO oprpada (rpada).
Tpebyercs HafiTH MakKCUMaJIbHOE COBEPIIIEHHOE ITapocovueTaHne, TO €CTh TaKoe IapocodeTa-
HIe, YTOOBI BeC €ro Obl1 HAanbOJIBITIM BO3MOXKHBIM 1 Kazk/as BepiimHa oprpada (rpada)
SIBJISLIACH HAYAJIOM HJIH KOHIIOM Kako#-1nbo ayru (pebpa) 9Toro mapocoveTaHusl.

2. 3apgaua o cemeiictBe 1nukJioB B kRS-oprpade

Jlemma 1 [18]. Ilycrs jaH B3BelleHHBIH OpueHTHpPOBaHHBIN rpad G BesKuil ero
OCTOBHBI TOJrpad, UMEIOIUi JIJI KazK 10N BEPITHHBI POBHO OJIHY MCXOJISIILYIO U OJHY BXO-
JIATILYTO JIYTY, SABJSETCA CEMEHCTBOM BEPIIUHHO-TIPOCTBIX ITUKJIOB, OOXOAIIUM BCE BEPITUHDI
rpada . Eciu takoro cemeiictBa rpad GG He COEpKUT, TO HET W OCTOBHOIO Toirpada,
00J1aJIAI0IIEero YKa3aHHBIM CBOMCTBOM.

Teopema 1. 3amaua OHCII-k nma kRS-oprpade moxker ObITH pelneHa 3a BpeMmst
O(nk?* + nlogyn).

Joxaszameavcmeo. Ilpumem 3a sjeMeHTapHbIE Oleparyi (BBIIOJHIEMbIE 3a Bpe-
mst O(1)) mpoeMoTp 371eMeHTa B CIECKE CMEXKHOCTH U CIoyKeHue JaByX ducen. [Iycrs |V| = n.
Marpuna Becos oprpada umeer n/k rpymi o k ¢Tpok, IPUIEM B CTPOKAX U3 PA3HBIX TPYIIIT
HET HU OJTHOI'O HEHYJIEBOTO SJIEMEHTa Ha OJIHON ¥ TO Ke MO3UITUH.



lMouck cemeiicTea nNPocTbIX UUKIIOB B rpachax 89

[Ipu moucke cemeiicTBa IUKJIOB, SBJIAIONIEIOCs PEIEHIeM, B KaxKJIOi IPyIIe CTPOK Ha-
JIO BBIOpATh k 371€MEHTOB ¢ HAMOOJIbINEN CyMMO#l 13 pa3HbIX CTPOK U cTosb1oB. [loydaem
3a/lady O MApOCOYETAHUSAX, KOTOPAsg MOXKET ObITh DEIIeHa € MOMOIIbI0 BEHIEPCKOTO ajl-
ropurma [19] 3a spemst O(k?). B pesy/braTe mosyqnMm ceMeiCTBO MUKJIOB ¢ HAHGOJIBIIIM
BOBMOKHBIM BeCcOM. EC/I 3TOT BeC IPEBOCXOUT ¢, TO MOJLYI€HHOE CeMEIiCTBO eCTh pellleHne
3a/1a4H.

['pymnmmpoBka cTpoK 1o 6710KaM MpocToit copTupoBKoit morpedyet O(n log, n) onepartuit,
nouck perennit 1 Beex 670koB — O((n/k)k?) = O(nk?) onepanuii. Utoro s perenns
neobxomumo Bpems O(nlog,n) + O(nk?) = O(nk* + nlogyn). m

CaencrBue 1. 3ajgaua HCI-k na kRS-oprpade moxker ObITH peliena 3a BpeMst
O(nk* + nlogyn).

Zloxaszameavcmeo. YUrodwr naittu pemrenne 3ajaun HCII-k, qoctarodno pemmTs Ha
toM ke oprpade 3agaay OHCL-k npu ¢ = —co. m

Teopema 2. 3amaua HCII-k na kRS-oprpade moxker 6biTh perena 3a Bpemst O(n).

oxazameavcmeo. Paccmorpum orpad kiacca kRS. st kax10it rpyImibl CTPOK
Buza (1) (s Kaxkgoro i) BoioepeM ayru (Up;, Upi), p = 1,...,k, i = 1,... k. Iloayuum
noarpad, B koropom deg™ v = deg® v = 1. Takoit moarpad, coriacHo jgemme 1, sBisgeTcs
CEMENCTBOM BEPITUHHO-TIPOCTBIX IHUKJIOB, OOXO/ISAIINM €JIMHOXK /B BCE BEPITUHBI PACCMAT-
puBaeMoro oprpada.

Beibop k jyr tpebyer Bpemeru O(k), KOIMIECTBO TPYII, B KOTOPBIX OH IIPOBOJIUTCS,
pasuo n/k. Takum obpaszom, mouck perernsi norpedyer spemenu O(n). m

ITpumep 1. Ilycrs ¢ = 26. Paccmorpum oprpady, 3a/laHHBINA CJIEIYIONIUM CITHCKOM
CMEXKHOCTH (BEC COOTBETCTBYIOIIEH Jiyru yKa3aH B (DUIYPHBIX CKOOKAX ):

{1}, 2{1}, 3{1};
1{_1}7 2{_2}7 3{5}a
1{1}’ 2{_7}7 3{3}7
4{1},5{~1},6{10};
4{5}7 5{7}7 6{_8};
4{3},5{2},6{2}.

Nmeem pasbuenue crpok Ha rpymmst {4,5,6} u {1,2,3}. g kaxkioit HaiijiéM mapocodera-
HHUE ¢ MAKCHMAJILHON CyMMOI BECOB € IIOMOIIBIO BEHI€PCKOI'O aJIfOPUTMA:

W N R O T

1) maxS; =w(4,2) +w(5,3) +w(6,1) =T;
2) max .Sy = w(1,6) +w(2,5) +w(3,4) = 20.

Takum 06pa3oM, MaKCHMATBHOE CeMeiicTBO IUKJIOB 3agaérces Habopom ayr {(4,2),(5,3),
(6,1),(1,6),(2,5),(3,4)}. Ono cocrour u3 aByx mukyos: 1) 1 —6—1u2)2—-5—-3—4—2;
ux obImit Bec papeH 27.

[IposepuM pelienue, Haiis MaKCUMAaJILHOE CeMeiiCTBO IIMKJIOB HOUCKOM B I1youny. me-
eM crIeyIonme ceMelicTBa (B ckoOKax yKazaH obumii Bec):

{1-4-1,2-5-23-6-3} (12); {1-4-1,2—5-3—6—2}

( .
{1-4-2-5-13-6-3} (13); {1—-4—-2-5-3—-6-1} (17);
{1-4-3-6-2-5-1} 3): {1-4-3-6-12-5-2}  (10);
{1-4-1,2-6-3-5-2} (=3); {1-4—-1,2—6-23—-5—-3} (—6);
{1-4-2-6-3-5—1} (—2); {1-4—-2-6-1,3—-5-3} (2);
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{1-4-3-5-12-6-2} (-12); {1-4-3-5-2—-6—1} (=5);
{1-5-2-4-13-6-3} (8); {1-5-3-6-2—4—1} (5);
{1-5-1,2—-4-23-6-3} (9); {1-5-3-6-12—4-2} (13);
{1-5-1,2-4-3-6-2} (-1); {1-5-2-4—-3—6—1} (6);
{1-5-2-6-3—-4—1} (—4); {1-5-3-4—-12-6-2} (=7);
{1-5-1,2-6-3-4-2} (=3); {1-5-3-4-2-6-1} (1);
{1-5-1,2-6-2,3—4-3} (=13); {1-5-2-6-1,3—-4—3} (=6);
{1-6-3-5-2—-4-1} (19); {1-6-2-4—-1,3-5-3}  (16);
{1-6-3-5-1,2—-4-2} (20); {1—-6-1,2—4-23-5-3} (24);
{1-6-2—-4-3-5—1} (10); {1-6-1,2—4—-3-5-2}  (17);
{1-6-3-4-12-5-2} (22); {1-6-2-5—-3—4—1} (19):
{1-6-3-4-2-5-1} (23); {1-6-1,2—-5-3—-4-2}  (27);
)

{1-6-2-5-1,3-4-3} (13); {1-6-1,2—-5-2,3—4—3} (20).

MakcumanbibiM sBisiercst cemeiictso {1 —6 — 1,2 —5 — 3 — 4 — 2} ¢ Becom 27, uro
COBIIAJIAET C PEIICHNEM, IOy IeHHBIM Ha OCHOBAHUH T€OPEMBI 1.

3. 3apgaua o cemeiictBe mukJioB B kRS-rpade
Teopema 3. 3Bamaua HCII-k wa kRS-rpade moxker 6birh periena 3a spems O(n).

Hoxaszameavcmeo. Pacemorpum ccok emexkuoctu (2) npoussosibHoro kRS-rpada.
st kaxxgoro @ = 1,...,n/(2k) Boibepem pébpa {upi, Vpit, {Upispr1i}, p=1,...,k—1, a
Takzke peopa { Uk, v1,;} 1 {Up;, Vg, }. BMecTe ¢ HHITUIEHTHLIME UM BEPIINHAME OHE COCTAB-
JIAIOT HeOpI/IeHTI/IpOBaHHbel IAKJT Uy 4, {ULi, UQJ'}, V2,45 {'Ugyi, Ugyi}, U2, {u27i, U3,i}7 cooy Uk,
{Uk,iauk,i}y Uk 5 {Uk,i,vl,i}, V,is {U1,1;,U1,z'}, Uy ,i-

Taxum ob6pasom, rosrydaem n/(2k) 1ukI0B 10 2k BEPIMH, TPUYEM BEPIINHBI PA3JIATHbI
KaK B Ipejesax KaxKJIoro IHUKJa, TaK W MEXKIY IMUKJIaMU, T.e. IMeeM CEMeCTBO BEepPIINMH-
HO-IIPOCTBIX HEOPUEHTUPOBAHHBIX IMKJIOB, OOXOMAIINX €IMHOXK/IBI BCe BEPIIUHBLI I'pada —
perienne 3amaan HCII-k.

Bri6op 2k pébep npu HbUKCHPOBAHHOM 4 (KayKI0My PeOpy COOTBETCTBYIOT JIBA HJIEMEH-
Ta crnucka cMmexkuoctn) norpebyer spemenn O(k). Pasmuanbix 3nadenmit ¢ Becero n/(2k),
SHAYUT, JIJI TOCTPOEHUST BCETO PeIlleHns Hy:KHO BpeMs O(n). W

Takum obpaszom, st Beskoro kRS-rpada 3amaga HCI-k umeer perenue.

ITpumep 2. Paccmorpum rpad, 3aJaHHBIH CJICIYIONIM CITUCKOM CMEXKHOCTH:

4: 1,2,3;
5: 1,2,3;
6: 1,2,3;
1: 4,5,6;
2: 4,5,6;
3: 4,5,6.

Y Y

B coorBercTBUM C TIPOIEILYPOIi, OIMCAHHON B J0Ka3aTeJbCTBE TEOpeMbl 3, Bblbepem
pébpa {4,1}, {4,2}, {5,2}, {5,3}, {6,1} u {6,3}. Tloayunm BepUIMHHO-IIPOCTOl UK
{1-4—-2—-5—-3—6— 1}, koropsIil 06X0UT BCe BepIIUHBI Tpada.

4. 3ama4da o cemeiicTBe nuKJ0B B kS-oprpade

Teopema 4. 3amaua OHCII-k na kS-oprpade moxer 6biTh perena 3a spems O (n(k?+
+ k) + nlog,n).



lNouck cemericTBa MPoCThIX UNKAOB B rpaghax 91

Zloxazameavcmeo. B cuiy onpegnenenus kS-oprpada na HEM 3a/1aHbI IBa pa30UCHUS

{Ur,...,Up} n {V1, ..., Vox} MHOXKeCTBa BepIIuH Ha 7/k IIOJMHOMKECTB MOIIHOCTBIO K 1
BCe JIyT'W, MCXOJAINNE U3 BEPIIUH MOIMHOXKECTBa V;, MPUXOIAT TOJBKO B BEPIIMHBI IT0JI-
muokectBa Uy, i = 1,...,n/k. Takum 06pazom, MOXKHO 6e3 OrpaHiYeHns OOIIHOCTH yTBEP-

JKJIaTh, UTO CIIHCOK CMEXKHOCTH Oprpada cocTout u3 n/k 6JI0KOB, 00JIaIAI0NNX CTPYKTY POil

’Uil 3U2'11,...,Ui1k1,
/UiQ : uigl,...,ui%Q,
’Uik :uikl,...,uikkk,

LJIe i4p — HOMEpPA BEPIIUH Mo AMHO)KeCTBa U; (Cpei HUX MOIYT ObITh U PABHBIE, KOJUIECTBO
BEPIIUH B CTPOKE HE LPEBOCXOIUT K); 4; — HOMEpPaA BEPIIMH [OJAMHOXKeCTBa V; (IIOHapHO
pasJIIHbIe).

Tax xak u3 ompenenenus: kS-oprpada cieayer, 9T0 B KayKJ0M TaKOM OJIOKE eCTb XOTsI
OBbI OJIHA CTPOKA, cojiepKalliasg k 3JEeMEHTOB, TO €CTbh BCE JIEMEHTHI MOoJAMHOXKecTBa U,
MOKHO BBECTH ollepaliuio jornoanenus kS-oprpada 1o kRS-oprpada. s sroro B kaxkmoit
CcTpOKe OJIOKa JJIMHON MeHbIIe k JT00aBISIOTCS (DUKTUBHBIE IYTH, IPUXOISIIIE B BEPIINHBI,
HOMepa KOTOPBIX e€CThb B IOJMHOXKecTBe U;, HO OTCYTCTBYIOT B JIaHHOI cTpoke. /lanHoe
npeobpazosanue ocymecteumo 3a Bpemst n/k(O(k?)) = O(kn), tne O(k?)— naubosbiiee
BO3MOKHO€E KOJIMIECTBO YT B OJIOKE.

Jlamee Oymem pemath Ha noayderHoM kRS-oprpade zamaay OHCI-k ¢ momormibio
aJICOPUTMa, OIMCAHHOIO B JIOKA3aTe/JIbCTBE TeOpeMbl 1, IpH CJeAyIomeM OrpaHuYEHUN:
ITapoco4de€TaHrusd HE JO0JI2KHbI CO/I€p2KaTb CbI/IKTI/IBHbIX JYT. HaSHa‘{I/IM 9TUM JyraM BeC

—n max_|w(v,u)|, Torga Bec Ja060r0 MApOCOUETAHNUS, HE COMEPKAINEro (bUKTUBHBIX JIYT,
(viu)eE

OyJieT 3aBe0MO OOJIbIIE Beca JIF0OOro MmapocodeTaHusl, BKIOTAOIIET0 X0Ts Obl OJIHY TaKyIo
ayry. K BpemMeHn BBITIOJIHEHUsT aJrOpUTMa, J100aBjIsieTca BpeMsi IpeoOpa3oBaHusi oprpada,
uroro noyanm O(nk? + nlogyn) + O(kn) = O(n(k* + k) + nlog,n). m

ITpumep 3. Ilycts ¢ = 10. Pacemorpum oprpad, 3a/aHHBII CJIEIYIONIUM CIIICKOM
CMEXKHOCTH (BeC COOTBETCTBYIOIIEH JIyTH yKa3aH B (DUI'YPHBIX CKOOKAX):

2{1};

{9}, 3{=2};

1{2}7 2{3}7 3{_8};
6{1};

4{_7}7 5{_1}7 6{10}1
4{5}.

[Ipousseném mononnenue 10 kRS-oprpada. [lomernm pukTUBHBIE IyTH ITPUXOM U HA3HA-
YUM UM BEC, PaBHBIN HAMOOJILIIEMY IO MOJYJ/IIO BECy JIYT'U B MCXOJHOM oprpade, B3aTOMy
CO 3HAKOM «MHUHYC» U YMHOYKEHHOMY Ha YUCJIO BEPIINH:

W N = O O >

1'{—60},2{1}, 3 {—60};
{9}, 2'{—60}, 3{~2};
1{2}7 2{3}7 3{_8};
4{=60},5'{—60},6{1}:
4{=7},5{—1},6{10};
4{5},5'{—60},6'{—60}.

W KN~ O O
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HpI/IBe,ZLéM penenue 3aa91u O HaSHaYCeHUAX JIJIdd Ka2K/10T'0 OJIOKa BEHI'€PCKHUM aJI'OPUTMOM:

) (673) =2

1) max S =w(4,2) +w(5,1
2,5) +w(3,4) = 5.

2) max Sy = w(1,6) + w(2,

Takum obOpa3om, cemMeiicTBO IUKJIOB C MAKCHUMAJbHBIM BECOM 3aJaéTcs HabOpoOM JIyr

{(4,2),(5,1), (6,3),(1,6),(2,5),(3,4)}. Ono cocrour u3 mukmaa 1 —6 -3 -4 —2—-5—1;

o0muit Bec paBeH 7. DTO MEHbIIE ¢, CJIEIOBATEILHO, 3a/a9a He NMeeT PEIleHNs.
[IpoBepumM perrrenne, Haiiist MAKCUMAJIBHOE CEMECTBO IUKJIOB TIONCKOM B TUIyounHy. VMe-

eM CJIe/IyIONIe UKJIbL:

{1-6-1k {1-6-2-5-1}) {1-6-3-4-2-5-1}
{2—4-2} (2-5-3-4-2}; {2-6-2}
{2-6-3-4-2}.

U3 Hux MOryT OBITH COCTABJIEHBI ceMelicTBa (yKasaH obIumil Bec):

{1-6-3-4—-2-5-1} (7);
{1-6-1,2-5-3-4-2} (6).

CrnencrBue 2. 3anaua HCIl-k na kS-oprpade moxker ObITh pelieHa 3a BpeMs
O(n(k* + k) + nlogyn).

Zoxazameavcmeo. Jlonomaum kS-oprpad g0 kRS-oprpada. [lpumenum asropurm
s pertenns 3aaan OHCL-k ¢ momudukanumeit qas yaéra GUKTUBHBIX YT, IPU ITOM
npumeM g = —oo. Takum obpazom, noaydaem spems O(n(k* + k) + nlog,n). m

ITpumep 4. Paccmorpum oprpad, 3aJaHHbIl CIIMCKOM CMEZKHOCTH:

27
1,3;
1,2,3;
67
4,

9, 6;

W KN~ O U

4.

[Ipousseném momosaenne 10 kRS-oprpada; GuKTUBHBIE TyTH OTMEUEHBI IIITPUXOM:

4: 1,2,3;
5: 1,2,3;
6: 1,2,3;
1: 4.5 6;
2. 4,56
3: 4,5.6.

Jlotmryctumble HAOOPBI JIyT B IEPBOM U BO BTOPOM OJIOKE CJIEIYIOIIHE:

1) (4,2),(5,1),(6,3); (4,2),(5,3),(6,1);
2) (1,6),(2,5),(3,4).

Bribepem J1r060it n3 HaGOPOB TIepBOro 6J10Ka (HAIPUMED, BTOPOIii) 1 COBMECTUM C €TNHCTBEH-

HBIM HAOOPOM M3 BTOPOTO, TOJIyYUM CeMecTBO IUKI0B {1 —6—1,2—5—3 —4 —2}. Bajgaua
pelena.
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3akJiroueHue

PaccMoTpeHnbl MONCKOBBIN U ONTUMU3AIMOHHBI BAPUAHTHI 331491 O TIOUCKE TAKOI'O Ce-
MelicTBa HellepeceKarolnxcs IPOCThIX INKJIOB B oprpadax kiaacca kRS u kS, koropoe mo-
KpBbIBaeT Bce BepmuHbl oprpada. [lokazana npuna jie2KHOCTD 33789 B 000MX BapUaHTaX
KJIacCy MOJIMHOMUAJIBLHO Pa3pelnMbIX 3a/1a9 P, Mpe/yioxKeHbl aJIrOPUTMBbI, HAXO/ISIIIE Pe-
IIIeHNe MTOMCKOBOM M ONTHMHU3AIMOHHON 3389 0 MAKCHMU3AIIUU Beca ceMeiicTBa IUKJIOB 34
spems O(nk? +nlogyn) u O(n(k* + k) + nlog, n) coorercrBenno; nokasano, 1ro una kRS-
rpadax u kRS-oprpadax mouckosast 3ajaua MoKeT ObITH pellieHa 3a JUHETHOe BpeMs BHE
3aBUCUMOCTH OT 3HaUeHUs apamMeTpa k, a Ha kS-oprpadax 3a1a1a sBJIsieTCst MO TMHOMUIATb-
noit co ciozknoctbio O(n(k*+k)+nlogy, n). IlockobKy perienne oNTUMA3AIMOHHOMN 32,1891
OCYIIECTBJISIETCS Iy TEM COKPAIIEHHOTO TIepedopa 1Mo SKCIOHEHITUATHLHOMY ITPOCTPAHCTBY 0~
HCKA, MOXKHO CJIeJIATh IIPEJIIOJIOKEHNE O CYIIEeCTBOBAHUU [TaPAMETPUIECKU ITOJTMHOMUAb-
HOT'O &JIFOPUTMa IIOMCKa TaMUJIBTOHOBA IMKJIA Ha PAacCMaTPUBAEMbIX Kjaccax oprpados,
tak Kak cpemu pemennii 3aga1 HCI-k u OHCII-k moryT 6bITh TaMUJIBTOHOBBI ITUKJIBI.
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SYNTHESIS OF COMBINATIONAL CIRCUITS BY MEANS
OF BI-DECOMPOSITION OF BOOLEAN FUNCTIONS
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The problem of combinational circuits synthesis in the basis of two-input gates is
considered. Those gates are AND, OR, NAND and NOR. A method for solving this
problem by means of Boolean functions bi-decomposition is suggested. The method
reduces the problem to the search for a weighted two-block cover of the orthogonality
graph of ternary matrice rows representing the given Boolean function by complete
bipartite subgraphs (bi-cliques). Each bi-clique in the obtained cover is assigned in a
certain way with a set of variables that are the arguments of the function. This set is
the weight of the bi-clique. Each of those bi-cliques defines a Boolean function whose
arguments are the variables assigned to it. The functions obtained in such a way
constitute the required decomposition. The process of combinational circuit synthesis
consists in successively applying bi-decomposition to the functions obtained. The
method for two-block covering the orthogonality graph of ternary matrice rows is
described.

Keywords: synthesis of combinational circuits, Boolean function, decomposition of
Boolean functions, ternary matriz, complete bipartite subgraph, two-block cover.

CHUHTE3 KOMBMHAIIMOHHBIX CXEM IIYTEM

AJITEBPAMYECKOM JEKOMIIO3UIINN BYJIEBBIX ®YHKIINN

IO. B. IlorTocun

Ob6sedunernviti unemumym npobaem ungpopmamuruy HAH Beaapycu,

Beaopyceruti eocydapemeenmnuidi yHusepcumem uHGopmamury u paduoasekmponuku, . Munck,

Beaapyco

PaccmarpuBaercs 3ajada cuHTe3a KOMOMHAIMOHHBIX CXeM B 0a3uce JIBYXBXO/IOBBIX
snemenToB U, IJIN, N-HE u NJIN-HE. Ilpeaioxen MeTos e€ penieHus ¢ MTOMOIIBIO
IpUMeHeHus aaredpandecKkoil qekoMmo3uruu 0yieBbix GpyHkimit. Meto 1 cBoauT perire-
HUE 33J[a9¥ K [IOUCKY B3BEIIEHHOI'O JIBYOJIOUHOTO HMOKPBITHUS IMOJTHBIMU JIBY/I0JIbHBIME
noarpadamu (6ukarkamu) rpada OPTOrOHATBHOCTH CTPOK TPOUIHON MATPHIIB, TIPE/I-
CTaBJISIONIECH 3a/1aHHYT0 OyJieBy dyHKIm0. Kaxk1oit OMK/IMKe B MOy 9€HHOM TOKPBITHH
OIIpEJIE/IEHHBIM 00pa30M IPUIUCHLIBACTCSI B KAUECTBE BECA MHOXKECTBO IIE€PEMEHHBIX,
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SIBJISTFOIIAXCST apryMeHTaMu 3aJjanHoi dpyHknmu. KaxKaast u3 3Tux AByX OUKJIMK OIpe-
JessgeT OyJsieBy (PYHKIUIO C apTyMEHTaMU, TPUITUCAHHBIMUA COOTBETCTBYIOIIEH OUK/IN-
ke. [losiyuennbie Takum 06pa3oM (PYHKIUU COCTABJISIOT UCKOMOEe pazjoxkenue. [Ipo-
IeCC CUHTEe3a KOMOMHAIIMOHHOW CXEMbI COCTOUT U3 II0C/IeIOBATEILHOIO0 IPUMEHEHUS
aJIredpanvIecKoil JIEKOMIIO3UITUH K MOJydaeMbiM (hyHKIusgM. Omucan crocod moJrytde-
HUS ABYOJIOYHOrO MOKPBITHS OWKIMKaMu rpada OpTOrOHAJBHOCTH CTPOK TPOUIHOM
MaTPHUIIBIL.

KiroueBble ciioBa: cunmes KOMOUHAUUOHHBLE cxem, byaesa Gynkyus, 0exomnosu-
UuA 6Ysesvr GYHKUUL, MPOUHHAA MATMPUUE, NOAHIT d6YA0AbHYIT nodepad, d6ybA0Y-
HOE NOKPHLUMUE.

1. Introduction

The problem of bi-decomposition of a Boolean function is set as follows. Given a Boolean
function y = f(x), where the components of the vector x = (xy,za,...,x,) are Boolean
variables constituting a set X, a superposition f(x) = ©(g1(2z1), g2(22)) must be obtained,
where the components of the vectors z; and z, are the variables from the sets Z; C X and
Zy C X respectively. The kind of the function ¢ in two variables is given as well. It can
be any of the ten Boolean functions which essentially depend on both arguments and are
represented by the operations of logic algebra. Usually, the sets Z; and Z, are given and
Z1 N Zy = . Such a decomposition is called disjoint, otherwise it is called non-disjoint,
where the condition Z; N Z, = & is optional, but some restrictions on the cardinalities of Z;
and Z, can be imposed.

There are known examples of applying methods for bi-decomposition to reduce the delay
of combinational circuits |1, 2| and in the synthesis of circuits in the base of FPGA [3].
The problem of bi-decomposition with ¢ expressed by XOR operation and given partition
(Z1, Zs) has been considered in [4], where the logical equations are used. The probability
of existence of any decomposition of a completely specified Boolean function is very low,
but there is another situation with incompletely specified (partial) functions, especially
when the domain of their specification is a very small part of Boolean space of arguments.
Therefore, the main attention is paid to the decomposition (including bi-decomposition) of
partial Boolean functions. Such a case of disjoint bi-decomposition with a given partition
(Z1,Z3) has been investigated in detail in [5]. A method for bi-decomposition (disjoint or
non-disjoint) of partial Boolean functions with non-given partition (Z;, Zs) is described
in [6], where only the demand is made that the numbers of arguments of g; and g» be
less than the number of arguments of f. This method can be applied also for completely
specified functions, but as it was said above, the probability that the mentioned demand can
be fulfilled is very low. At the same time, if ¢ is in the class of non-linear Boolean functions,
then the functions g; and g, turn out to be simpler than f in the sense that the amount
of their dependence on some arguments is less than that of f. This parameter has been
considered in [7]. The amount of dependence of f on x; is the number of pairs (x*,x*) of
adjacent values of the vector x with different values of z;, where f(x*) # f(x**). Moreover,
if g; (i = 1,2) has the same number of arguments as the completely specified function f,
then g; will be partial in any case. This increases the probability of its decomposability.

In this paper, we propose a method for synthesizing combinational circuits based on
two-input gates that implement nonlinear Boolean functions. These gates are NOR, NAND
and OR, AND with variable complements available. The method is based on successive
application of bi-decomposition to the functions using the approach described in [6].
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2. The proposed approach

Let a Boolean function f(x) (completely or partially specified) be given by two sets: M*
is a domain of Boolean space, where it has value 1, and M? is a domain of Boolean space,
where it has value 0. We represent these sets by ternary matrices M; and My, respectively,
whose rows represent the intervals in M*' and M°, and columns correspond to arguments
x1, %, ..., T, of the given function.

Let us consider a complete bipartite graph G = (V!,V° E) whose vertices from V*
correspond to the rows of M; and vertices from V° correspond to the rows of My. The edges
of G are all the pairs of vertices v'v? (v! € V1, v € V) corresponding to orthogonal rows
of the matrices. Two ternary vectors are orthogonal according to a component z; if z; = 1
in one of them and z; = 0 in the other [8]. Naturally, any row-vector m' of M! is orthogonal
to any row-vector m® of M. So the bipartite graph G is complete.

We assign the elementary disjunction z; V z; V...V x; of the arguments of the given
function to each edge v'1° of G if the row-vectors m' and m® of M! and M corresponding
to the vertices v! and v are orthogonal according to the components z;, ;, ..., ). Each
complete bipartite subgraph (bi-clique) of the graph G is assigned with conjunctive normal
form (CNF) having, as its terms, the elementary disjunctions assigned to the edges from
that bi-clique. After removing possibly absorbed terms, we transform the obtained CNF
into disjunctive normal form (DNF) and assign a term of minimal rank from the DNF to
the corresponding bi-clique.

Let a Boolean function f(x) (completely or partially specified) must be expressed as
f(x) = p(g1(z1), g2(z2)), where ¢ is a Boolean function in two variables, g; and ¢, that
are a functions of vectorial variables z; and z; being parts of the vector x, and symbol “=<”
denotes the relation of realization. A Boolean function ¢ (completely or partially specified)
realizes a partial Boolean function f if ¢ takes the same values as f in the entire domain
of f [9]. Further, it is convenient to consider the function equality relation as a special case
of the realization, and so we use the equality symbol “=" for denoting realization as well.

The functions g; and gy are constructed in the following way. Choose two bi-cliques,
By = (VL VP Ey) and By = (V}, V3, E), in the graph G so that any edge of G would be
at least in one of the sets Fy or Es. In other words, the bi-cliques B; and B, must cover
the entire set E with their edges. It is sufficient to define bi-cliques B; and B, with pairs
(VEH V) and (V3 V), because any vertex in one part of a bi-clique is connected to all the
vertices in the other part with edges.

The arguments of the function g;, i € {1,2}, are the variables that are assigned to the
bi-clique B;. The set M} of values of the vectorial variable z; for which g; = 1 consists of
the parts of the vectors from M! or M° (depending on the kind of ¢) that correspond to
the vertices in V;'. The parts of these vectors are defined by the variables assigned to the
bi-clique B;, i.e., these variables are the components of the vector z;. Similarly, the set M} is
formed from parts of the vectors that correspond to the vertices from V,°. Thus, each vector
from M?" or from M corresponds to a pair of values of ¢; and g¢,. If this pair corresponds
to a vector in M, then it is an element of the set Mé, where ¢ = 1. If it corresponds to
a vector in M, then it is an element of the set M?. So the function ¢ is defined. Note the
pairs (V1 V) and (V;}, V) should be considered as ordered because they are related to the
values of g; and gs.

The described method involves the similar decomposition of g1, g» and the next obtained
functions until obtaining functions in two variables from the set X = {x, 22, ..., x,} of the
arguments of the given function.
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The method for bi-decomposition of Boolean functions described in [6] is based on the
finding of a cover of the graph GG with two bi-cliques having the best weight that leads to the
minimum sum of arguments of the superposition functions. The cover is searched for among
possibly many maximal bi-cliques of G [10] which takes much time without guarantee of
obtaining an optimal circuit in our case. The synthesis of combinational circuits by the
proposed method involves multiple application of performing the cover task. Therefore, a
heuristic method for covering is used, which does not minimize that sum, but takes less
time for its realization.

3. Covering the graph G by two bi-cliques
The Table shows the values that g; and g, must have at the given values of the function ¢
and at the given kinds of it. It is seen that there must be Vi' = V! = V! for AND operation,
VP =V = V0 for OR operation, V}! = V' =V for NAND operation, and V? = V) = V!
for NOR operation.

AND OR NAND NOR
Y g1 g2 | ¥ G1 g2 | ¥ g1 G2 | ¥ g1 G2
1 1 1 0 O 010 1 1 1 0 0
o — 0 1 - 1 1 - 0|0 - 1
o o0 -1 1 -]/1 0 —1]10 1 —

So one of the bi-cliques is always defined by the kind of ¢ as one of the parts of the
complete bipartite graph G and it is one of the parts of both By and Bs. The other parts
of By and B, are formed as blocks of a partition of the other part of GG. For instance,
it V2 = VY = V! then By = (V}!},V!) and By = (V3}, V1), where V! UV} = V0 and
Vinvl=o.

The initial information to obtain the desired cover of G is the set of starred graphs that
are subgraphs of G. A starred graph (or a star) is a complete bipartite graph K, [11].
Its one-element part is its center. In our case, the set of starred graphs is the set of all
bi-cliques of G having one part as one-element set with v € V% or v € V!, and the other
part as V! or V?, respectively. We call them starred bi-cliques.

As it was said above, each bi-clique is assigned with CNF that is transformed into
DNF. We choose a term K of minimum rank from DNF and assign the set X; of variables
from K to the corresponding starred bi-clique B;. Two starred bi-cliques, B; and Bj;, with
the intersection X; N X, of minimal cardinality are chosen among all the pairs of starred
bi-cliques under consideration. If there are several variants of such pairs, the preference is
given to the sets X; and X; of maximal cardinality. Naturally, the variant X; N X; = @ is
desirable. The pair (B;, B;) is taken as the initial value of the pair of bi-cliques that must
cover the graph G, and we denote it (B, Bs).

The subsequent process is successive extending the parts of bi-cliques B; and Bs that
were one-element sets by means of adding the vertices which are the centers of the considered
starred bi-cliques. The sets X; and X, change correspondingly. For example, let By =
= (VL VD), By = (VL VD), VP UV} = VO and the set V' consists of the vertices of G
which do not belong to either V? or V). Let the vertex v; € V' be the center of a starred
bi-clique By and V% (i = 1,2) be such a set that cardinality of X; U X}, differs from that
of X; or X} minimally among all bi-cliques By corresponding the vertices belonging to V.
The set V,° changes to V. U{uv;}, and the vertex vy is removed from V’. The process comes
to the end when V' = @. The pair (B, By) will be the desired cover of G.
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4. Synthesis of a combinational circuit in the NOR basis

Let’s build a combinational circuit of NOR gates that implements the completely
specified Boolean function f(xy, 2, x3,24,25). The function is given by the following
matrices (through numeration is used):

Ty X2 T3 T4 Ts

_ o 1 T2 T3 Ty Ts
S 0100 178
1 - 1009
1 _ g 0 _—
MY Yy ol Mol o0 - |
A 1010 — |11
1 -0 0 1]7

To reduce the size the bipartite graphs, it would be better to represent the domain
of the function by the minimum number of intervals. The complete bipartite graph G =
= (V1, V% E) is given by matrix G similar to an adjacency matrix:

8 9 10 11
I T3 vV Ty Ty T3 Tq i 1
T3 T 1 Va3 T 2
Ty Ty To roVay |8
G = T2 z1 x1 x1 4
Is I3 X9 To vV T3 5
X1 Is xro i) 6
L T 3V s Ty T3 i 7

The rows of G correspond to the vertices in the set V! = {vy,v9,v3,v4,v5,v6, v7} (t0
the rows of M'), and the columns — to the vertices in the set V° = {vg, vg, v19,v11} (to the
rows of M"). The elementary disjunction or single variable assigned to the edge v;v; is at
the i-th row and j-th column of G.

The bi-cliques B; = (V}, V) and By = (V3}, V) covering the graph G have a common
part. According to Table on page 98, for the NOR basis, we have V? = V)Y = V. The
starred bi-cliques with the assigned variables are the following:

({Us},{U17027@3>U4,U5,U6,U7}) —  T1T2X3T4XT5;
({Ug},{U17U27U37U4,U5706,U7}) —  T1T3T4Ts;
({U1o}, {01, V2, V3, V4, Us, Vg, U?}) —  T1T2X3T4;
({1)11},{vl,vg,vg,v4,v5,v6,v7}) — T1T2X3T4.

The first step, decomposition into functions ¢g; and g¢9, can be easy made
because to reduce the total number of arguments one should form bi-cliques By =
= ({vs, v}, {v1,v2,v3,v4,v5,v6,v7}) and By = ({vig,v11}, {v1, V2, v3, V4, V5, V6, v7}) With
corresponding sets of variables {x1, z9, x5, x4, 25} and {x, z9, x5, 24}. The given function
f(z1, 9, 23, 24, 5) is decomposed into two functions, g; (1, o, 3, T4, x5) and ga(x1, T2, T3, 4),
linked by NOR operation (Pierce function): f = ¢ = ¢; 1 g2. They can be given by the
matrices M}, M? and M., MY, the lower indices of which coincide with the indices of
the functions. The matrices look as follows, where M3 represents the minimum number of
intervals with value 0 of gs:
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r1 X9 X3z Ty Ty

- -1 1 - 183
-1 - 1 =14
T1 T2 T3 T4 Ts 0 0 . 5
1 0 1 0 0 1|1 0
M; = : M{=|- 1 0 — 0 |6;
1 — 1 0 012’ 1 — 0 0 1 7’
O — — — 0 |8
- 1 1 - 119
Tl T2 X3 T4
1 T2 T3 T4 [ — — 1 173
1 0 0 1|1 - = 0 0 [4
1 _ . 0 _
MQ_[lOlO}Q’ M; = 0o — — — 15"
| - 1 - — 6

The function g is specified in the entire Boolean argument space, and g, is a partial
one. The value of g; is not defined at (xy, s, x3,24,25) = (1,0,1,0,1),(1,0,0,0,0) and
the interval represented by vector (1,0,0,1,—). For the decomposition of g; and gy, the
complete bipartite graphs G and G5 are constructed with the parts V1! = {vf, vi}, VO =
= {vi, v, v} 08, vl v i} and V12 = {vf 03}, V92 = {v3 vi v, 03}, respectively. The
graphs G'; and G5 are given by the matrices G; and Go:

3 4 5 6 7 8 9 8 4 5 6
T3V Xy Ty To Ty T x5 x3 |1 T3 T4 T1 To |1
G, = i Go = :
T4 Ty T1 T3 x3VIy T Ty |2 Ty T3 T1 To |2

The starred bi-cliques of Gy (left) and G (right) with assigned variables are

{osh {vrm0}) = au (o3t {vf,v3}) — wsay
{oid {vi00}) = o ({vit {vf,v3}) — wsay
{osh {vi,v2}) = @y ({vs {vi,03}) — @
({Ué}v{v%71}%}) —  T3Ts; ({Ug}a{v%avg}) - T2
{vrtvi o)) — (s Voas);

({vé},{v%,v%}) - T1Ts;

{vo}. {vi,va}) = wsas;

The function g¢o is decomposed trivially as the given function f. The bi-cliques
({v3,v2}, {v},v3}) with variables x3, 4 and ({vZ 02}, {v},v3}) with variables z;,xs cover
the graph Gs. So g2 = gs3(w3,74) T ga(x1,22), and g3 and g4 are given by the following
matrices obtained from M} and MY:

T3 Tq T3 Tq Ty I2 T1 To

11 0 1 0 -
M%{OO]; Mg{lo]? Mi{ 1}; Mi=[1 0]

Finally, for g, we have g3 = z324 V 737y = (23 1 T4) T (T3 T x4) and g4 = T1 V 29 =
= (T1 T 22) T (T1 T 22).

To decompose g;, the way to cover graph GG; by two bi-cliques described in Section 3
can be applied. The initial meanings of bi-cliques B; and By are ({vi},{vi,vi}) and

({ve}, {vi,v3}), because the intersection of X; = {xy, 25} and X, = {z3,25} is empty
and these sets have the maximum cardinality. As a result of the next step, we have
({Ué}7 {U%7 2]21}) — T122, ({'Ué, ’Ué}, {'U%, 'U%}) — X3Ts5.

The sequence of transformations of B; and Bs is presented below, where the last row
presents the desired cover of G:
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({U§7Ué}a{vivv%}) —  T1T274; ({vé,véh{v%,v%}) —  I3Ts5;
({Uéavé},{vi,vé}) —  T1T2Ty; ({vflbv%?q};}a{viuvé}) -  T1T3Ts;
({U%,Ui,ﬂé},{’l}%,?}%}) —  T1T2X4; ({’Ué,U%,Ué,U;},{U%,U%}) — I173%s.

The g1 (x1, z2, 3, T4, T5) is decomposed into two functions, gs(x1, z2, z4) and ge(x1, T3, T5),
linked by NOR operation: g; = g5 1 gs. They can be given by the matrices M}, M? and
Mg, MQ:

2 Tr1 T3 Iy

1 L2 24 T1 T2 T4 1 0 - 11 Ty T3 Ts

- - 1|1 o_ |0 1 018, B ) o_ |0 0 114
Ms {00 }2’M5 [1—0}4’1\46 [21 ?]?’M6_{110}5

4 5
fc i 1 el

GS:[$4 3?4:|2; GGZ Irs X1 2.
2 Tr3 I 3

Graph Gj is covered by bi-cliques ({v3}, {v7,v3}) with variables 2, x4 and ({v3}, {v?,v })
with variables x1,z4. Then g5 = g7(x2,24) T gs(x1,24) and g; and gg are given by the
following matrices:

To T4 - 1
Mi=[1 0]; M?[

Hence, g; =Ty 1 x4 and gs = T1 T 24.

Graph Gg is covered by bi-cliques ({v§}, {v§,0§,05}) with variables 1, z3,75 and
({vg}, {v?,v5,v§}) with the same variables. Then gs = gg(xl,arg,x5) T qro(x1, 3, 25) and
go and gy are given by the following matrices:

Tyl T3 Ts xr1 T3 s
Tr1 T3 Iy 1 0 — 2 Tr1 T3 Iy 1 0 — 2
Mi=[0 0 1]1; Mj=|0 I (1) j;M{Oz[llo]z;Mgoz 0 I (1) j

The corresponding graphs Gy and Gy are given by the matrices

2 8 4 2 8 4
ng[l'l Ts5 1’3]1, Gl():[xg T 1’5]1

Graph Gy is covered by bi-cliques ({v3,v]}, {v]}) with variables z1, z3 and ({v3}, {v{})
with x5 that define g9 = g11 T 75 and g3 = 21 V oz = (21 T x3) T (21 T x3). Graph Gy is
covered by bi-cliques ({v3?, vi%}, {v{°}) and ({v;°}, {vi®}) with the same variables. Those
bi-cliques define g1 = g12 T x5 and g10 =71 VT3 = (71 T Z3) T (71 1 T3).

Now, the given function f is completely decomposed into superposition of Pierce
functions in two variables. The system of functions f,gi,..., g2 gives the circuit with
NOR gates and inverters shown in Fig. 1.
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X3

xX)

Fig. 1. Circuit with NOR gates and inverters

5. Synthesis of a combinational circuit in the AND, OR basis

We now obtain a combinational circuit that implements the same function in the basis of
AND, OR gates with accessible variable complements. According to the Table in Section 3,
the bi-cliques B; = (V}}, V) and By = (V3},V3Y) covering the graph G have V! =V} = V!
for AND operation and V;? = V) = V; for OR operation. It can be noted in the matrix G
that the AND operation for ¢ is desirable for the best variant of superposition f = ¢(g1, g2)
if the matrix M° has more rows than the matrix M! has. Vice versa, the OR operation is
desirable if the matrix M! has more rows than the matrix M has. A variant is considered
better if g; and go have the less number of essential arguments. We choose OR operations
for the output function (f = g1 V g2). Then, the starred bi-cliques, from which the initial
meanings of By and B, must be chosen, look as follows:

({U1}7 {US’UQ’Ulo’Ull}) T3l ({UQ}a {USa Vg, V10, Ull}) —  X1T3;
({vs}, {vs, v, V10, vn1}) = Tay; ({va}, {vs,v9,v10,011})  — @129
({vs}, {vs, v, v10,011}) = 22325 ({ve}, {vs, vg, v10,011})  —  T1T2W5;
({U7}7 {U87 Vg, V10, U11}) —  X1T3%4.
The bi-cliques By = ({vi,v2,v3,v7}, {vs, V9, V10, v11}) With variables @1, o, 73, 24 and

By = ({v4,vs,v6}, {vs, vo, V109, v11}) with variables x1, x5, x3, x5 are obtained by the same
way as in the case of NOR operation. To decompose the function f in the form f = g1 V g¢o,
the following matrices are used:

Tyl T2 T3 T4

L1 T2 T3 T4
0 _ } i 2 01 0075
M} = ;s MY=|1 — 1 0 |6;
PN 100 1)]7
1 — 0 0 |4
T1 T2 T3 Ts L1 X2 T3 Ts
00 — =71 01 0 174
Mi=|—- 1 0 0 |2; MI=|1 — 1 0 |5.
11 - 13 10 — — |6
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The graphs GG; and G5 corresponding to the functions ¢g; and g, are given by the
matrices GGy and Go:

5 6 7

5 60
T3V Iy T4 T3 1 4

Tog X1 X1 1

X3 r1 X1 Va3 2
Gl = H G2 = Irs T3 X2 2.

Ty Ty To 3

T T T |8
x1 x3 Ty 4

For decomposition g; = g3 V g4 and g = g5 V gg, the starred bi-cliques of G; and G5 are

({v%},{vé,vé,v%}) —  T3T4; ({U%}a{vé?}gw?}) — X1T9;
({U%L{U%?Uéav%}) - I1T3; ({U%}:{U§7U§>U$}) —  X9T3Ts;
({U§}> {v%,vé,v%}) - T2Ty ({U?Q)}v {U%,’U%,U%}) -  T1X2Ts5;
({Ui}, {U%7U(157U%}) —  T1T3T4.

From these bi-cliques, the pairs (B{, Bi) and (B?, B2) covering GG; and G5 are obtained,
where
By = ({vi,v5} . {vs, v, 07}) = wowszy; BY = ({vf, 03}, {v3, 05,02})  —  aimaws;
B% = <{U%7Ui}7 {U;,Ué,v%}) —  T1T3Ty, B22 = ({U%}7 {U;,U%,U%}) - L2X3T5.

The incompletely specified functions g3, g4, g5 and gg are given by the following matrices:

To X3 X4 T2 T3 T4 Tl XT3 T4 T T
2y 1 00783 o 1 1 000783
Mé:[1 _1}2;1\/1%: - Lo 4;M}*:[10 O}Q;Mgz RS
0 011|5 10 115
Tr1 X2 Ts T2 T3 T
5%”62 z51 01 11783 To T3 T 1 0 172
Mgz{ll I}Q;Mgzll— 0]4;1\/[}).:[100}1;1\/1%:{— 1 0]3.
1 0 — 19 0 — — |4

The corresponding graphs G3, G4, G5 and Gg are represented by the following matrices:

3 4 5 3 4 5
_ T3 VIy x4 T3 1 . _ r3 X1 T1 vV I3 1 .
GB_[ Ta T4 m}?’ G4_[x1 T3 T4 }2’
3 4 5 2 3 4

| x2 w1 x| 1 .
G5|:x1 s x2:|2, G(;—[J)5 T3 .1‘2}1.

To implement the functions gs, g4, g5 and gg, take the AND operation. Then, the starred
bi-cliques of the graphs G3, G4, G5 and Gg are

({vi s} {vs}) —aas - (forvah o) —wwws; ({0705}, {0s}) — wama; ({00}, {05}) — s
({vr s} {vi}) —aas - (foroah {vi}) —wwws; ({705}, {vd}) — zaws; ({00}, {05}) — s
({v? 03}, {vs}) = wazs; ({for,vs} {vs}) —wswa; ({0703} {03}) —wazws; ({of}, {vi}) — 22

The covers of GGz, G4, G5 and G are

313 = ({U?’U%}v {U§7Ui}) - T4, Bil = ({U%,Ug}, {U?nv%}) - I173,
B3 = ({v},v3}, {v3i}) — w3 By = ({vi, v}, {vs}) —  T3T4;
By = ({v}, 3}, {v5,v8}) — wwe,  BY = ({v}}, {05,v5}) — T35,

B3 = ({01, v3}, {v}) — maws; By =({of} {vi}) — T2
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These pairs define the following decompositions:

93(22, 23, 24) = gr(xa, x3) N 24,

94(x2, 3, 74) = gs(x1, 23) A go(T3, 24),
g5(x1, T2, w5) = qro(z1, 22) A g11 (21, T5),

g6(21, T3, 5) = g1a(x3, x5) A T9.

The functions g7, gs, g9, 910, 911 and gi2 are given by the following matrices:

T2 T3 xr1 T3 xr1 T3

1 -1 . 0 2 ‘T3' 1 01 . 0 00 .
Mp= | s Mp=[0 0] Mi=| | Mi=| | ||
xl3ﬂil T3 T4 1'01 32 3(0)1 ?2

1 _ . 0 _ . 1 _ . 0 _ .
M9_|: 0:|a MQ_[O 1}7 M10_|:1 1:|a M10_|:1 0:|7
:(L).l fiS 1 Ts T3 Ts %3 ?5
e R R R F R K SR R

These matrices are used to obtain the algebraic representations of the completely specified
functions g7, gs, g9, 910, g11 and the realization of the partial function gs:
g7 = X2 V T3, g8 = X1 D w3 = T173 V 2173,

J10 = T1 ~ X = T1T2 V 122, gi1 =71V Ts,

99 = T3 V T4,
gi2 = T3Ts.
The corresponding combinational circuit with AND and OR gates is shown in Fig. 2.

X1 XX X2X3 X3X4 X4 X5 X5

Fig. 2. Circuit with AND and OR gates

6. Conclusion
The paper shows how to apply the method for bi-decomposition in the synthesis of

combinational circuits. The advantage of the suggested approach is the possibility of
constructing circuits of short delay that is characterized by the number of levels in the
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circuit. The method is convenient to be applied for incompletely specified Boolean functions,
where the functions are given by two domains of Boolean space, as opposed to completely
specified functions when the zero domains must be obtained. The “bottle-neck” of the
proposed approach is transformation CNF into DNF which is a non-polynomial problem.
Thus, the scope of application of the proposed method is limited. It would be established
by computer experiment, which is an independent research. The joint implementation of
a system of Boolean functions demands reveling the function coincidence at every level of
decomposition.

10.

11.
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00pa3 COOTBETCTBYIOIIEIO YPaBHEHUS C HEKOMMYTATUBHBIMHU CUMBOJIAME, KOTOPOE, B
CBOIO OY€pe/ib, HTEPIIPETUPYETCI B Teopur (pOPMaIbHBIX IPAMMATHK KAK TTOJTHHOMU-
ajibHas rpaMMaTuka. l[lokazano, 4To Takast rpaMMaTHKa He MOPOXKIaeT (hopMabLHOIO
si3bIKa (He uMeeT perieHusi B BUje (DOPMAJIbHOIO CTEIIEHHOTO Psijia), IIOCKOJIbKY €€
KOMMYTATHBHBII 00pa3 nMeeT peleHue B Bujie psia Jlopana, cofiepKaliero orpuiia-
TeJIbHBbIE CTEIIEHN [TEPEMEHHBIX, TOT/Ia KaK JIeJIEHUE B TeOpuH (DOPMAJIbHBIX I'DAMMATHK
HE OIIpeJIesIeHo.
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ON THE SOLUTION OF A GENERAL ALGEBRAIC EQUATION BY
POWER SERIES AND APPLICATIONS IN THE THEORY OF FORMAL

GRAMMARS
O.1. Egorushkin, I. V. Kolbasina, K. V. Safonov

Reshetnev State University of Science and Technology, Krasnoyarsk, Russia

A general algebraic equation is considered, and the problem is to find its solution using
power series or Laurent series depending on the coefficients of the equation. A solution
is obtained in the form of a Laurent series, the coefficients of which are expressed in
terms of the coefficients by formulas in a “closed” form, when the number of terms
in the formula does not increase with the number of the coefficient. In the applied
aspect, a general algebraic equation is considered as a commutative image of the
corresponding equation with non-commutative symbols, which, in turn, is interpreted
in the theory of formal grammars as a polynomial grammar. It is shown that such a
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grammar does not generate a formal language (it does not have a solution in the form
of a formal power series), since its commutative image has a solution in the form of a
Laurent series containing negative degrees of variables, while division in the theory of
formal grammars is not defined.

Keywords: general algebraic equation, power series, Laurent series, commutative
image, polynomial grammar, formal language.

BBegenne

Paccemorpum obiiee asiredbpandeckoe ypaBHEHHE

~1

T2+ Tp12" ..+ x2+ 29 =0, (1)
KOTOPOE PeIaeTcst OTHOCUTE/ILHO CUMBOJIA 2 B Buje dbyHkimn z = z(x) = z(xg,...,T,) OT
KO3 PUITUEHTOB Xy, . . . , Ty

KoncrpykrusHoe npejcrapierne dbyHKImN 2 = z(x) sBisiercs DyHIAMEHTAIBHON 3a-
Jadeil MaTeMaTUKU ¢ MHOI'OBEKOBOI MCTOPUEH.

Kak uzBectno, nocjie orkpbitus dpopmya Kapaano u @eppapu it peniennii ypaBHeHH
TpeTheil U 4eTBEPTOI CTEeleHn MOsIBIUJIACh HAJIEXK/Ia pellaTh B paJinKasax ajaredpandeckoe
ypaBHeHMe IIPOU3BOJIbHOI cremenu. [Ipomio mouru Tpu Beka, npexiae dyem B 1824 1. Abesb
JIOKa3aJI HEBO3MOXKHOCTB 9TOTr0, PACCMOTPEB ypaBHeHus 1saroii crenenu |1]. Tounee, Abennb
JIOKa3aJI, ITO eCJIU CyIIecTByeT (hopMyJia, BRIPAKAIOIas B PaINKaaX KOPHA YPaBHEHUSI TIs-
TOI CTENeHN depe3 ero K03 UIMEHThI, TO B CJIydae JeHCTBUTEIbHBIX KOIPMOUIIMEHTOB 9TO
ypaBHeHue uMeeT b0 OJIMH JIefiCTBUTEIbHbIH KOpeHb, nbo nsth [2|. Oxnako ypaBHeHue
[IATON CTENEeHN C JeHCTBUTEIbHBIMU KOI(MDMHUITUEHTAMU MOKET UMETh TPU AeHCTBUTEIHLHBIX
U JIBA KOMILJIEKCHO COIPSI?KEHHBIX KOPHS, a 3HAYUT, (POPMYJIbI B PAJIMKAIAX HE CYIIECTBYET.

[Tocne mokazarenbcTBa TeopeMbl AOesiss MHTEPeChl MATEMATHKOB OOPATU/INCH K KOH-
CTPYKTHBHOMY TIPEJICTABJIEHUIO MHOIO3HAYHON aHAJINTHIeCKOl yHKIWN z = z(x) ¢ uc-
IIOJIb30BaHuEM 0oJiee CJIOXKHBIX, 9YeM PaIUKaJIbl, THCTPYMEHTOB, HAIIPUMED CTEICHHBIX Psi-
JIOB, MHTEr'PAJIOB U CIIeNNaIbHBIX (DYHKIINN, TOCKOJIbKY OHU 3a9YaCTyIO JA0T BOZMOXKHOCTH
OCYIIECTBJIATE TPUOJINKEHHBIE BHIYUC/ICHUS .

Tax, B 1921 1. 4. Meuun nipe/iytozKus1 pemniath ob1iee ypaBHEHHE ¢ TOMOIIBIO THIIEPTeo-
MeTpuIecKnx (QYHKIWA, TPUIEM Pa3jioyKeHne B PsJl MOJIYIeHO Ha OCHOBE WHTErpabHOTO
npejcraierns Mejummaa — Baprca [3]. B 1984 . YMmemypa j1oka3ai pa3pernmMocTb ypas-
HEHUs [IPOU3BOJILHON CTEIIEHH C MTOMOIIBIO TITa~-(DyHKITHIA.

B npunIune, moayunTh pa3ioxKeHne B CTeleHHo psia nin psii JIopaHna HessBHOI (DyHK-
mn z = z(xg, . .., T,), oupejeasaeMoil pyHKIMOHAIBHBIM yPABHEHHEM

F(zo,...,xn,2) =0,

He OYeHb CJIOZKHO. Kak mpaBumiio, Takume pas3jioXKeHUs Cojiep:KaT oneparop jauddepeniiu-
pOBaHUs BO3PACTAIOIIETO TOPAJIKA, JTHO0 KOIDDUITUEHTHI PA3I0KEHNs BHIPAYKAIOTCI Yepe3
K03 durreHTh nCXoAHON GyHKINE (HGOPMYIION ¢ BO3PACTAIONINM YUCIOM CIaraeMbix [4].
Haina et — Haiitu perenne z = z(x) obuiero ajrebpandeckoro ypasaenusi (1) B Buje
CTeNeHHOro psijia Jinbo psja Jlopana, koadduimeHTs KOTOPOro BhIpaxKeHbl (hOpMYJIOi B
«3aMKHYTOM BHJIE»: KOTJa YUCJIO CJIaraeMbIX B Hell He PACTET BMeCTe ¢ HOMEPOM Kodddu-
IIMEHTA, YTO TO03BOJIAET Oojiee 3PPEKTUBHO UCCTIETOBATD KOIMDDUITUEHTHI PA3I0KEHUS.
Unesi, peanusyemasi B HacTosIieii pabore, COCTOUT B TOM, YTO pelleHue z(x) sBJIs-
ercs aJiredpandeckoil (pyHKIMel OT HEeCKOJIBKUX IepeMeHHbIX — KO3(MMUIINEHTOB ypaBHe-
uus (1), u moTOMy €6 CTEleHHOMN psiji sIBJISIETCs JUATOHAJBIO CTEIIEHHOTO Psijia HEKOTOPOil
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panuonaIbHON (DYHKITUH, 3aBUCAIIEH OT 9TUX MEePEMEHHBIX U €IE OJIHOM, JOIOTHUTETLHOMT,
nepemenHoii [5]. lasee ykazanHast parmoHasbHast (byHKIHs Oy1eT pa3jiokeHa B CTEIeHHOI
PsiJ, HAKOHEII, [TOCJIe B3SATHS €r0 JIMaroHaJIN 110 TIape MePeMEeHHBIX OY/IeT MOy IeHa NCKOMAsT
dopmyita B 3aMKHYTOM BHJIE.

[Tocko/IbKY pas/ioykeHne aHaJuTHIeCKON (QYHKIMM B CTENeHHO# psa uan psj Jlopana
B (PUKCUPOBAHHON OBJIACTH €IMHCTBEHHO, TO KO3 duimenTsl psija byHKIuM 2z = z(r) He
BABUCAT OT CIIOCO0A UX MOJIYUEHUsI, OCTAETCs JIUIIB BOIIPOC O IIPOCTOTE U yI00CTBE COOTBET-
CTBYIOIUX (POPMYJI. 3aMETHM, UTO IOJyIeHHOE B HACTOSINEl paboTe pas3ioykKeHne MOKHO
U3BJICYb B HECKOJILKO MHOM BHjIe U3 6ojiee 00Iei (hyHKIUN, HAICHHOW paHee ¢ MTOMOIIBIO
unrerpasia Mejummna — Bapuca u runepreomerpudeckux dyHkumii |3].

Perenne ypasuenusi (1) umeer npujiozkeHue B Teopuul (POPMaJIbHBIX sI3BIKOB M TDaM-
MaTUK, UT'PAIOIIENl BEIYILYIO0 POJIb KaK B JIMHI'BUCTUKE, TaK U B IporpammupoBanuu. [Ipu-
JIOZKEHUE CBS3aHO C Te€M, 9TO HamboJiee BayKHbIE KJIACChl (POPMAIBHBIX TPAMMATHK MOXKHO
3aIMMCaTh B BUJIE CUCTEMBI TTOJNHOMHUAJBHBIX YPaBHEHNN ¢ HEKOMMYTATUBHBIMU TI€PEMEH-
HbIMI |6, 7|, a MMEHHO: 10 MOJMHOMHUAJIBHOI IpaMMaTHKO moHuMaercs [8, 9] cucrema
[OJIMHOMUAJIGHBIX YPaBHEHUI

Pi(z,z) =0, P;0,00=0, j=1,... k, (2)

KOTOpAasl PeIaeTcsi OTHOCUTEIbHO CUMBOJIOB 2 = (21, ..., 2,) B Buje (bOPMAJIbHBIX CTEIeH-
ubIx psgos (PCP), 3aBucAIIX OT CUMBOJIOB T = (Zq, . .., Tpp,).

CUMBOJIBI X, . . . , Ly, HA3BIBAIOTCS TEPMUHAIBHBIMU 1 00PA3yIOT CJI0BAph A3bIKa, & CHM-
BOJIBL 21, ..., 2, — HETEDMUHAJBHBIMEI U yYaCTBYIOT B 3aJIaHUU €r0 IPAMMATHIECKHUX IIpa-
Buut. HaJt BceMu cuMBosIaMu OIpe iesieHa HEKOMMY TATHBHAST OTlepalins KOHKATEHAIN U KOM-
MyTaTHBHBIE orepanui (hOpMaIbHOIO CJIOXKEHUs] U YMHOMKEHUs HA YUCIA, 9TO MO3BOJISIET
paccmarpuBarh @CP ¢ uncioBeiMu K03 dunmenTamu.

Ecau cucrema ®CP 21 = 21(2),...,2, = 2,(T) ABIAETCH PEIIEHNEM CHCTEMBI ypPaB-
uenuii (2), To nepspiit ®CP z () Ha3BIBAETCS MOJIMHOMHUAILHBIM A3BIKOM, TTOPOXKIEHHBIM
HOJIMHOMUAJIBHON TPaMMAaTHKOM (2), 9T0 00yCJIOBIEHO 0CO00i POJIBI0 HAYAIBLHOTO CHMBO-
Ja g3bIKa z1. [Ipu 9TOM MOHOMBI OT TEPMHUHAIBHBIX CUMBOJIOB WHTEPIPETHPYIOTCS Kak
[PEeJJIOXKEHNs S3bIKa, a sI3bIK 21 () — KaK CyMMa BCEX <«IIPABHJIbHBIX» MOHOMOB (IIPEeJIo-
kenwuit) [8, 9.

B sToMm acnekre obiee anrebpandeckoe ypasHeHue (1) MOXKHO paccMaTpuBaTh Kak I0-
JMHOMHUAJIBHYIO IPAMMATHKY, COCTOSIIYIO M3 OJHOTO YPABHEHUS, PEIIEHNEe KOTOPOrO B BHJIE
OCP z = z(z) = z(xo,...,Ty,), €CIU OHO CYIIECTBYET, IpeJCTaBser coboil hopMaTbHBIIT
SI3BIK.

UccneoBaTh cucTeMbl ¢ HEKOMMY TATHBHBIME CHMBOJIAMI OY€Hb TPY/HO BBHJY HEKOM-
MyTQTUBHOCTH IIEPEMEHHBIX M OTCYTCTBHs OlCpaluy JejeHus. TPy HOCTb, eCTeCTBEHHO,
COXPAHSETCS M B CJIydae HOJMHOMUATIBHON IPAMMATHKH, COCTOSAIIEH M3 OJJHOTO yPABHEHHS

Pi(z,2) =0,

OTHOCHUTEJILHO OJIHOI'O HEM3BECTHOI'O 2 = 21, U JarKe B YaCTHOM CJlydae HEKOMMYTATHBHOI'O
o011ero ajaredOpanveckoro ypaBHeHUs

Pi(z,2) = 22" + 212" P+ F a2+ 1 = 0.

U Bcé ke mpu UCCIeI0BAHIN IPAMMATHKI MOXKHO HCIOJIb30BAThH CTENeHHBIE PsIIbl (PsiIbl
JlopaHa) ¢ KOMMYTATUBHBIMU [IEPEMEHHBIMHE, €CJIHM TEPEfiTH 0T IPAMMATUKU K €6 KOMMYTa-
TUBHOMY 00pasy.
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1. KommyraTtuBHsbIii 06paz ®CP

s @CP, gapiisiomerocs B HAIIIEM CJIydae KPATHBIM PsiJIOM, BOSHUKAET BOIIPOC 00 ompe-
JIEJIEHUU YaCTUYIHOM CyMMBI psjia. [IocKOIbKY psisi popMasibHBIH, €ero YacTUIHYI0 CyMMY
MO2KHO OIIpeaeJIATh IIPOU3BOJILHBIM o6pa30M. OILHH 13 BOBMOZKHBIX CHOCO6OB COCTOMT B TOM,
qT00BI TIepenyMepoBaTh wieHbl KparHoro @CP B olHOMEPHYIO TOCIEI0BATEIBHOCTD, ITO
€CTECTBEHHBIM 00Pa30M OIPE/IETUT TTOPAI0K CYMMUPOBAHUSI.

Mozkno ynopsaounts dierabt PCP ciemyromum oOpazom: crpylninupoBaTh BCE BO3MOXK-
HbIE MOHOMBI OT X, . . . , T, B OJIHOPOHBIE MHOTOYICHBI, PACIIOIOKEHHBIE IO BO3PACTAHUIO
CTeHeHeIU/I7 3aTeM IIepenyMepoBaTb MOHOMBI KazK/JI0I'0 U3 OJHOPOAHBLIX MHOI'OYJIEHOB B JICK-
CcUKOTrpaUIeCKOM MOPSIKE B OJIHY TOCIEI0BATEIHLHOCTD, MEPEXOsd OT MHOTOUICHA MEHb-
mefi crenenn K Gosbmieit [6, 7]. Tlpu TakoM yHopsiio9MBaHUKM BCe MOHOMBI OT CHMBOJIOB
X0y -+, Ty CIUHCTBEHHBIM OOPA30M 3alMCBIBAIOTCS B BUJIE IIOCIEIOBATEIBLHOCTH {U;}52,
urpaoteit posb 6azuca @CP. Terepb KaxKIbIil psijl § MOYKHO OJTHO3HATHO 3AIMCATH B BUJIE

pa3JIoKeHus 110 9TOMY Ha3ucy
oo

§= Z<S7ui> Ui, (3)
i=0
rjie (s, u;) — 9ucyioBoii KoaddurmenT mpu MoHOMe U;. MOYKHO TaKzKe eIlé pa3 mepeHyMepo-
BaTh wienbl PCP, mporryckast MOHOMBI ¢ HyJIeBbIMEU KO3 duiimenTamu.

[Tocrasum B coorBercTere PCP (3) ero kKomMMmyTaTuBHBI 06pa3 Ci(s) — cTeneHHoi ps,
KOTODBIN TOJIyYaeTcs U3 § B HPEINOJIOXKEHUH, YTO CHMBOJIBL I, . ..,T, (PABHO KakK H
21y -, 2y) ODO3HAYAIOT KOMMYTATHUBHbIE II€PEMEHHbIE, MPUHUMAIOIINE 3HAYEHUS W3 IMOJIs
KOMILJIEKCHBIX guce. [Ipu sToM romoMopdusm, 0ToOpazkaloiuil KOJIbIO CTEIEeHHBIX PSAJIOB,
3a/1a6TCs 0TOOPAKEHNEM MHOXKECTBA TEPMUHAJIBHBIX CHMBOJIOB HA MHOYKECTBO 00Pa3yIOIINX
CBODOJTHOW KOMMYTATHUBHOI TIOJIYTPYIIIBl U canTaercs dpukcupoBaHubiM [10].

B sTOM npenosoxkenun JIOOOH MOHOM U; OT CUMBOJIOB XI1,..., T, MOKHO 3aIlUCATh
B Bujie 2g° ...z, e oy = deg, (u;) — 1MCIO BXOXKJennii (CTellenb) CUMBOJIA X B 9TOT
MoHOM. Ecii 0603Ha9UTE MyIBTHHHIEKC (v = (g, . . . , (), TO MOYKHO 3aIIUCATH PABEHCTBO
a = deg,(u;), ¢ yI6TOM KOTOPOIO MOJIYYAIOTCsI CIIEJIYIOMINEe PABEHCTBA!

ci(s) = 3 (s, 1) - ci(w;) = 3 S (s |z € S
i=0 @ \ a=deg, (u:) o

Bruepsoie kommvyTarusabiii 06paz @CP 6bu1 pacemorper u npumenén B pabore [10],
KOTOpas mokazaJa 3p(PeKTUBHOCTL U MEPCIIeKTUBHOCTD aHAJINTUICCKAX METOJIO0B B TCOPUN
bopMaTBHBIX IPaMMATHK.

2. OcHOBHOI1 pe3yJbTaT

Kak ormevasioch Beiiie, GyHKIUA z = z(T) sABIAETCS MHOTO3HATHON aHATMTUICCKOIL
dyHKIMEH; OHa MOXKET UMeTh OCOOEHHOCTHU JIUIb Ha JUCKPUMUHAHTHOM MHOYKECTBE KOM-
MyTaTHBHOrO MHOrOWIeHa Py(x,z), comepKaliem, B 9aCTHOCTH, THIEPILIOCKOCTh {x, = 0}.

B6uimsu Toukn x = 0, z = 0 MOxKeT OBITH HECKOJILKO BeTBeil perrieHus ypaBuenust (1).
Paccmorpum 1y BeTBb 2 = z(x) perrienus, KoTopas npu r; 7 (0 aHAJIUTHYHA B JIOCTATOY-
HO MaJIoil OKpecTHOCTH TOYKU x = () M, KpoMe TOro, JIJId KOTOPO#l BBIIIOJHEHO PaBEHCTBO
2(0,21,...,2,) = 0; mo Teopeme 0 HesABHOI (DYHKIMH TaKas BETBb CYIIECTBYET U €JMH-
cTBeHHa. MMeeT MecTo crejyronmast
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Teopema 1. g yka3aHHOI BeTBU peliieHusi 00IIero ajarebpandeckoro ypasaenus (1)
UMeeT MEeCTO pasJjioKenue B psiji Jlopana

2ky + ...+ nky,)!
— )2kt Ankntl (2k, n y
(@) k2,..§n>o( ) (ko + ...+ (n—Dk, + 1! kol . k! (4)

kot ot (n—1)kn+1 —2%ko—. —nky,—1
X1y (n—1)kn T 2 nkn .7:’52...;5,’2",

KOTODBIN CXOIUTCsT aDCOTIOTHO W paBHOMepHO Ha MHOXKecTBe {|xg| < p, k # 1, || = 1},
rJie 9UCII0 ) JOCTATOUHO MAJIO.

Psan Jlopana (4) comepKuT MOHOMBI C OTPUIATETBHBIME CTEIICHIME TIEPEMEHHOM T, TIPH
9TOM DEIICHUs B BH/IC CTEIEHHOIO Psijla HE CYIIECTBYET, OCKOIBKY psas JIopana morydaer-
Cs1 3AMEHOI TepeMeHHbIX U3 eJMHCTBEHHOro perennst ypasaernus (6). Orciona ciemyer, 910
PEIUTh COOTBETCTBYIOIIEe HeKOMMyTaTuBHOe ypasHenue B Buje OCP Takke HEBO3MOK-
HO |6, 7]. [Toxywaem ciencTBre Teopembr 1.

CJIG,Z[CTBI/IQ 1. CDOpMaJH)HaH rpaMMaTHKa, COCTOAIIadA U3 OAHOI'O YpaBHEHNA C HEKOM-
MYTaTUBHBIMHX CUMBOJIaMHU

T2 + Tp12" L xz+ 30 =0,

He TOPOoK/1aeT (DOPMAJILHOIO SI3bIKa, MTOCKOJIbKY He nmMmeeT perienus B Buje OCP.

st cpaBHEHUsT 3aMeTUM, YTO IpaMMaTHKa (ypaBHEHUE ¢ HEKOMMYTATUBHHBIMU CUMBO-
JIaMn )
n 2 _
Tp2 4+ ...+ 202" +24+29=0

nopoxkaer hopMaJibHbIil si3bIK (nMeer perenne B Bujie PCP), KOTOpPbIil MOXKHO TIOJIyIUTh
METOJIOM TIOC/IeI0BATEIbHBIX TPUOINZKEHUIL:

2D — g GO — (22— k=0,1,2,...; 29 =0

Joxazameavcmeo teopembl 1. B yparaennu (1) cieaeM MOHOMUAJIBHYIO 3aMeEHY Tie-
PEMEHHBIX
Ty =Ty, Tp = 1T, k 7é 17 (5)

TOorJTa IIOCJIE COKpallleHUd Ha Tp IIOJIYYUM ypaBHEHUE

Pi(z[1],2) = 22" + ...+ 222° + 2+ 30 = 0, (6)
riae z[1] = (zo,1,29,...,x,). Paccmorpum BerBb pernenusi ypasuerust (6), s KOTOPOIt
2(0,1,x9,...,2,) = 0. IIpu 5TOM BBIIOJHEHBI YCJIOBHSA T€OPEMbBI O HESIBHOM (hyHKIHNI

0P;(0,0)
P(0,0) =0, — =1,
1(0,0) 0z
u noromy B okpectHoctu Toukn x[l] = (0,1,0,...,0) pemieHne aHAJIUTHICCKOE U €J[HH-

creennoe. Crenosaresnnio, Gyukmus z(z[1]) pacKIaabBaeTCs B CTEICHHON Psijl

2(z(1]) = 3 bap (1],

rae afl] = (ap, ag, ..., ap). 3aMeTHM TakKe, 9TO, YIOBJIETBODSIs MOJIMHOMUAATHLHOMY YDaB-
HeHuto (6), oHa siBJIsIeTCs asnrebpandeckoi hyHKIMe.
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Terepb MOKHO yTBepKIaTh [5], ¥T0, B cmity anrebpamanoctn dyuknun z(z[1]), eé cre-
HEHHOW PsiJ| ABJISETCS JUArOHAJIbIO CTEIIEHHOI'O P/l PAIMOHAILHON (hyHKINN

2Py (1], 2)
Py(x[t], 2) | ==

TO=T0Y

R(I[l]v y) =

110 Tape MEePEMEHHBIX Xg, Y, YTO Oy/IeM 3aIllUChIBATh TaK:

2(2[1]) = Auo y (R(2[1],9)).

Uraxk, it TOro 9To0bl MOy IUTh Psifl [T HCKOMOM BeTBH z(x), cieyer: 1) pasioKuTh
B psiyi dyuknuio R(x[l],2); 2) cmenarb B 9TOM psifie MOHOMHUAJIBHYIO 3aMeHY MePEeMEeHHBIX
Z =y, Ty = Toy; 3) B3ATh JMATOHAJB ITOIO PsAJIA 110 To U Y, T.e. BBIOPATh Te claraeMble,
CcTeneHb KOTOPBIX 10 To PABHA CTEIEHH 10 ¥, U 3aMeHUTb B HUX MoHOM (zoy)® ma xf. Dtn
JIefiCTBYS BBIIOJIHEHBI HUKE.

1. I mosrydenund pazjioxkenud PYHKIUN [ 3aMeTuM, 9TO

2P (al1),2) _

Pl - nhlell)2))

Hautee, nucnoyib3yst passoxkenue Jjiorapudma B psig Makiiopena u opmysny 6unoma Hbroto-
Ha, TOJIyYUM

In P (z[1],2) = ln(z( + 22" b aaz w2 =

1 k—
lnz—i-z = 12 (202" P+ Dz ez ) =
k=1

lnz+z > (=D i

=1 Kpnz0 kK (a2 (@) (g =
Toeees n= ook,

k . k,—1
1t )xlglx;”...

=Inz+ 1)kttt -1 (
kl"§”>o ( ) ]{]1. R kn‘
ky+..tkn>1

k —kl—l—kg—l-.“—}—(n—l k
mnnz ) .

JlaHHbIe PsJIBI CXOJATCA AOCOMIOTHO U PABHOMEPHO, €CIH |T,2" 1 + ... + Toz + 2oz 1| < 1,
9TO, B CBOIO OYepejib, uMeeT Mecto, ecn 0 < rp < |z < 1o, |xk| < p, k # 1, tie ancio
r > 0 IPOU3BOJIbHOE, & YUCJIO P JOCTATOTHO MAJIOe.

[Mounenno muddepeHnupyst MOCAETHUN PsiJl, TOJYUUM pasjiokeHue st (yHKIUKI

22[In Py (z[1], 2)]:

2

ky +. ky,
) L G Akt . ey MY SRy R
ke o 20 kl. k!

ki4...+kn>1

Xm’glxlzfz o xﬁnsz1+k2+...+(n*1)kn+1_

2. BaMeHuB z Ha Y, a To Ha Ty, TOJYIUM P/

ki +...+k,—1)!
R(z|1 = ] )krtetha—1 (K1 n
(-T[ ]7y) Y+ kl,;;@o ( ) kllkn' X

X(—ky+ ko4 ...+ (n— Dky)afab> . ghngyketot=Dkntl
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3. BI)I6I/IpaH JAUuaroHaJIbHbIE 9JICHBI PAJa YCJIOBUEM
ki =ko+...+(n—1k,+1
U 3aMeHdd Loy Ha Tg, HOJIy4YaeM CTEIeHHON Pl

Uy + ... + k)
1) = -1 2ko+...+nkn ( 2 n
Z($[ ]) kg Zm}o ( ) (k2+...+(n—1)kn+1)! ]{?Q'k‘n'x

,,,,,

x(—1)ag et e gk =
= Z (_1)2k2+...+nkn+1 (2/€2 +...+ nk:n)! "
B2, 0 >0 (ka4 ...+ (n— Dk, + 1) kol k!
X$§2+'4'+(n_1)kn+11‘§2 N C(Zfl"

Hakowmerr, cjiesiaB B 1ocjie fHEM CTEIIEHHOM P 3aMeHY TePEMEHHBIX
T =1, T = Tp/T1, kF 1,

obparHyio K 3aMeHe nepeMmeHHbIX (5), mosyanm psj Jlopana (4), KoTopslii cxoaurcs abco-
JIOTHO ¥ PaBHOMEDHO, eciu |xy/x1| < p, k # 1, aro BbimosHsercs npu |r1| > 1. ®

ITpumep 1. Paccmorpum KBaJipaTHOE ypaBHEHUE
T+ 112 +130=0

u ero perienne z = z(x), Takoe, uro z(0,x1,2) = 0 mpu |z1| # 0. D10 pemnienne paBHO

—x1 + V22 — dzox x x Axox
oy VAR n o ) e

2
29  2x9 i

C ojHOI CTOPOHBI, UCIOJIB3YsT pa3jIOKeHNe CTeleHHON (yHKmum B pajx Makiopena,
oIy YaeM

z(z) = _£+£(1 _ Ldzory 1/2(1/2 — 1) (4%962)2_

2x9 219 2 2 1-2 x?
L 1/2(1/2 - 1)(1/2 - 2) [(dwezs _mowbws jaged wged
1-2-3 x? N T x3 ]
C apyroit CTOPOHBI, TOT K€ pe3y/IbraT JacT psaf (4), KOTOPBI Ipu n = 2 UMeeT B
2k,)! ok >, (2k5)! ok
— _1 2ko+1 ( ko+1 2ko—1 ko - _ ko+1 2ko—1 ko —
z(x) lg::o( ) —(k2+1)! oo Lo~ Iy Lo kQZ:O —<k2+ ! ! Lo~ T Lo
_ T xywy  woai . ToTy

B zakmiouenne 3amMeTuM, UTO HAJIUYUE Y KOMMYTATUBHOIO OOpa3a MOJIMHOMHUAJILHOM
rpamMmaTHKu (2) pemenusi B Buje psifioB JlopaHa eré He TOBOPUT O TOM, YTO TDAMMATH-
ka He mMeer pertenns B Buge @CP u me mopoxkgaer popMaibHOTO A3bIKA, MMOCKOJIBKY €€
KOMMYTATUBHBIH 00pa3 MOXKeT MMeTh U JPYrue PelleHus, B TOM JHUCjie B BUJE CTEIIEHHOTO

pdja.
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O TEHEPUYECKO! CJIOXKHOCTU ITPOBJIEMBI KJIACTEPU3AITNN
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E-mail: alexander.rybalov@gmail.com

N3y4aercs remepudeckast CJI0XKHOCTD TPOOJIEMBI KJIacTepu3aluy IrpadoB ¢ orpaHutie-
HUEM p Ha pa3Mepbl KJIacTepoB Ipu p = 3. B 3r0il 3a/1ade cTpyKTypa B3anMOCBs3ei
00BEKTOB 3aJ1aE€TCsT € TOMOIIBIO T'pada, BEPITUHBI KOTOPOTO COOTBETCTBYIOT OOBEKTAM,
a peébpa COoeNMHSIIOT MOX0XKHe 00bEKTHI. 1 pedyercs pasduTh MHOKECTBO OOBEKTOB Ha
HOIAPHO HENepeceKaouecs IPyiibl (KJIacTepbl) OrPAHUYEHHOIO YUCJIOM P pa3Mepa
TakK, YTOObl MUHUMU3UPOBATDH YHCJIO CBA3EH MEXKJIy KJaCTepaMU U JHUCJIO HEJIOCTAIO-
mux cBsizeil BHyTpu KjaacTepoB. JlokasbiBaercst, uro upu yciosuu P #% NP u P = BPP
JIIST 3TOM TPOOJIEMBI HE CYIECTBYET MOJTMHOMUAIBHOTO CHJIBHO MEHEPUIECKOTO ajro-
purma. CUJIBHO T€HEPUUYECKUI aJIlOPUTM perraer npobjieMy He Ha BCEM MHOXKECTBE
BXOJIOB, & Ha ITOJIMHOXKECTBE, OCJIE0BATEFHOCTh YaCTOT KOTOPOTO IIPHU YBeJIMIeHUH
pa3mMepa IKCIOHEHIIUATBLHO OBICTPO CXOMUTCs K 1.

KuarodyeBbie cioBa: 2EHEPUMECKAA CAOHCHOCTMD, KAAGCTNEPUIAUUA 2pagﬁa.

ON GENERIC COMPLEXITY OF THE GRAPH CLUSTERING
PROBLEM WITH BOUNDED CLUSTERS

A.N. Rybalov

Sobolev Institute of Mathematics, Omsk, Russia

In this paper, we study the generic complexity of the graph clustering problem with
bounded sizes of clusters. In this problem, the structure of object relations is presented
as a graph: vertices correspond to objects, and edges connect similar objects. It is
required to divide a set of objects into disjoint groups (clusters) of bounded sizes to
minimize the number of connections between clusters and the number of missing links
within clusters. It is proved that, under the condition P # NP and P = BPP, for this
problem there is no polynomial strongly generic algorithm. A strongly generic algo-
rithm solves a problem not on the entire set of inputs, but on a subset whose frequency
sequence converges exponentially to 1 as the size increases. To prove this result, we
use the method of generic amplification, which allows to construct generically hard
problems from the problems hard in the classical sense. The main component of this
method is the cloning technique, which combines the inputs of a problem together
into sufficiently large sets of equivalent inputs. Equivalence is understood in the sense
that the problem is solved similarly for them.

Keywords: generic complexity, graph clustering.

'Pabora momgep:xana rpagrom PHO Ne22-11-20019.
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BBenenue

O1Ho#t 3 BaXKHBIX MPOOJIEM MAIIMHHOTO 00yUYEHUS SIBJISETCS IPOobIeMa KJIacTepr3alun
rpados. B 310it 3a71a4e cTpyKTypa B3aUMOCBA3€l 00BEKTOB 3aJIaETCs € MTOMOIIBIO rpada,
BEPIIHHBI KOTOPOT'O COOTBETCTBYIOT OObEKTaM, a PEOpa COeJIMHAIOT TTOX0KIE 0OBEKTHI. 1'pe-
GyeTcst pasduTh MHOKECTBO OOBEKTOB Ha TIONMAPHO HElepeceKaroecst IPYIIbl (KIacTepbl)
TaK, 4YTOObBI MUHUMU3UPOBATH HUUCJIO CBA3€H MEXKJIy KJIACTEPAMU W HYHCJIO HEJIOCTAIONINX
cBsi3eil BHYTpU Kiactepos. B paborax [1-7| nokazana NP-rpyaHocTs pobiieMbl KiacTepu-
zaruu rpada jiisa pa3andHbix eé mocranoBok. Kpome toro, B. I1. Mises u A. A. Hasporikas
nokazasu [8], aro mpobsrema Kiactepusaryu rpadoB, B KOTOPOil pasmMep (TO eCTh YUCI0 Bep-
[IMH) KayKJIOr0 Kjacrepa orpaHudeH (bUKCHPOBAHHBIM YHCJIOM P, siBisiercst NP-rpyHoit
Ipu p = 3 U pa3pelmmMoil 3a MOJINHOMHUAIbHOE BpeM MpH p = 2.

B paborax [9, 10] ucciiemoBana remepudeckas CJIOKHOCTH OOIIEl TPOGIEMbI KJIaCTepH-
zaruu rpadoB U MpobIeMbl KacTepusarui rpadoB ¢ OrpaHuYeHneM Ha IUC/I0 K/IaCTEPOB.
B pamrax remepudeckoro moaxoja [11] anropurmudeckast mpobsiema u3ydaercs He Ha BCEM
MHOXKECTBE BXOJIOB, & Ha HEKOTOPOM €CTECTBEHHOM TOJIMHOYKECTBE «IIOUTH BCEX» BXOJIOB.
3/1ech reHepuUecKuii aJrOPUTM JIOJI2KEH BBIJIABATH MPABWIbHBIN OTBeT. OCTalbHbIE «Peji-
KH€e» BXOJIbI UTHOPUPYIOTCS, HA HUX T'€HEPUYECKUN AJITOPUTM BBIJIAET OTBET <«HE 3HAIO».
[TonsiTue «modTn Bce» yTOUHSETCS BBEJIEHUEM aCHMITOTUYECKON IIJIOTHOCTH HA MHOYKECTBE
BXOJIHBIX JaHHBIX. OTMETUM, UTO IMOXOXKUN MOIXOJ JJIsT N3YyUIeHUs MPOOJIEM ONTUMU3AIIN
IpeJIJIoKeH paree B [12].

B uccieioBanngx 1o reHepuuecKOil BBIMUCIUMOCTUA U CJIOXKHOCTU BBIMHCJIEHUN MOYKHO
BBIJIEJIUTD JIBA OCHOBHBIX HaIpaBJieHusi. [lepBoe CBS3aHO ¢ MOCTPOEHNEM TeHepIUIecKuX (1o~
JIMTHOMUAJTHLHBIX ) AJTOPUTMOB JIJIsl aJITOPUTMUIECKUX MIPOBJIEM, KOTOPbIE SIBJISIIOTCST HEpas3-
PEITUMBIMUI UJIU TPYIHOPA3PEITUMbIMU B KJIACCUIECKOM CMBIC/Ie. BTOpoe HampaB/ieHne KOH-
[EHTPUPYETCS Ha MOUCKE AJITOPUTMUAIECKUX TTPODJIEM, KOTOPhIE OCTAIOTCS HEPA3PEITIMBIMI
WK TPYJHOPA3PENIMMBbIMA W B T€HEPUUIECKOM CMBICTIE. DTO BTOPOE HAIPABJICHHE NMEET
BayKHOE 3HAYEHue JJIsi COBPEMEHHON Kpunrorpaduu, TaK Kak JJjisd TOCTPOEHUS KPUITOCH-
CTEM C OTKPBITBIM KJIIOYOM He TOIATCA aJrOPUTMUUECKHE TPOOJIEMbI, SBJISIONINECs JIEIKO
Pa3pEIIUMbIMU JIJIsI TIOYTH BCEX BXOJIOB.

Jlannasi paboTa TOCBAIIEHA U3YYECHUIO T€HEPUUIECKONW CJIOXKHOCTH 33/a49i KJIaCTepU3a-
mnn rpadoB ¢ OrpaHWMYeHHeM p Ha Pa3Mepbl KjacTepoB npu p > 3. /loka3biBaercs, UTO
npu yeaopuu P £ NP u P = BPP g1 sToit npobiembl He CyInecTByeT MOJMHOMUAIBHO-
ro CHJILHO TeHepuyeckoro ajropurma. Orcio/ia, B YaCTHOCTH, CJEIYeT, YTO TEOPETUIEeCKU
cymecTByeT 3 deKTUBHAS POy pa FeHePaIlnu TPY/IHBIX BXOJIO0B JAHHOM TPOOJIEMBI, ITO
YKa3bIBAET HA MOTEHITHAJbHYI0 BO3MOXKHOCTH €€ MCIIOJIb30BaHUsI B Kpurrorpadun. 371ech
paBercTBo P = BPP o3nagaer, uTo 1100011 BEPOSITHOCTHBIN IMOJMHOMUAIBHBIA aJIrOPUTM
MOKHO 3(DPEKTUBHO JePAHIOMU3NPOBATH, TO €CTh MOCTPOUTDH IKBUBAJIEHTHBIN €My MOJIU-
HOMUAJILHBIN aJrOPUTM, He HCIOIL3YIONINIi MeHePaTop CAYYafHbIX YHuce]. DTa TUIoTe3a
[OKa He JI0Ka3aHa, OJJHAKO MMEIOTCS BECKHe OCHOBAHMUS B IOJIB3Y 9TOrO paBeHcTBa [13].

1. IlpenBapurenbHbIE CBEIEHUS

Omnpejieiernst CHJIBHO T€HEPUIECKOT0 MTOJTMHOMAAILHOTO aJrOPUTMa MOXKHO HAWTH B Pa-
6orax [9, 10]. C noHsgTHEM BEPOSITHOCTHOTO AJTOPUTMA MOYKHO MO3HAKOMUTHLCSI, HAIIPUMED,
B [14].

S1eck u gasee OyaeM paccMaTpuBaTh HEOPUEHTHPOBaHbIE Ipadbl 0e3 meTeIb 1 KPATHBIX
pédep. I'pacd Ha3BIBaETCS KAGCMEPHDIM, €CIN KarK/1ash €10 KOMIIOHEHTa CBSI3HOCTH SIBJISIETCH
nosiabiM rpadom. O6ozuatum depes MSP(V) MHOKECTBO BCeX KJIACTEPHBIX IPadOB Ha MHO-
JKecTBe BepiiuH V| y KOTOPBIX KaxKaash KOMIIOHEHTa CBA3HOCTH MMeeT He 0oJiee p BEPIIUH.



116 A. H. Peibanos

Ecim G; = (V, E1) u Gy = (V, E3) — rpadbl Ha OIHOM U TOM K€ MHOXKECTBe BepiiuH V', To
paccmosnue p(G1, Gy) MeXKy HIMU €CTh 9UCJI0 HeCOBIaarommx pébep B rpadax G u Gy,
TO €CThb

p(G1,G) = |[ELAE,| = |Ey\ Eb| + |Ey \ By

IIpobaema p-rxaacmepusayuu 2paga coctout B cuepyomem. 3agan rpab G = (V) E).
Haiitu rakoii rpad M* € MSP(V), aro

G,M*)= mi G, M).
P )= yluin (G M)

Jlemma 1. Ilycrs G u GGy — 7aBa rpada ¢ HelepeceKaronmMucs MHOXKECTBAMU Bep-
muH 1 M™* — KacTepHbIil rpad, sIBIAOMNANCS PeIlleHrneM TPOOIeMbl P-KIaCTEPU3AIIAH JIJIsT
rpada Gy U Go. Torma M* = M] U M3, rne M — pemenne npobJieMbl p-KIaCTepU3aInN
i rpada Gy, 1 =1, 2.

Hoxazameavcmeo. Ilycrs Gy = (Vi, E1) u Gy = (Va, Ey). Jonycrum, 9ro cyiecTByer
KJIacTepHbIil Tpad M, sBidomuiics pemeHueM IpoOJIeMbl p-KJacTepusaiun s rpada

G1 U Go, Takoit, 910
M201UCQUUCm,

rne C;, @ = 1,...,m,— HelepeceKaroIuecs: MOJTHbIe KOMIIOHEHTBI CBSI3HOCTH C He 0oJiee
9eM p BepIIMHAMHU, MPUYEM cpeju Hux ecth Kommnouenra Cj = K(V,), koropas nmeer
Herycroe nepecedenne kak ¢ rpagom G, tak u ¢ rpadom (5. 3aMeHUM B KJIaCTEPHOM
rpacde M ero komnounenty Cj Ha jBa noinslx rpada Cy; = K(V.NV;), i = 1,2. Ouesnamo,
9TO YHCJIO0 BEPIINH KazKJ0T0 13 9THX rpadoB He mpeBocxoauT uncia sepruma K (V) To ectsb
oHO He Oosibitie p. Bepmuubl mepsoro Jjiexkat B rpade (G, a Broporo —B (5. Obo3HATIM
gepe3 M’ nosyuusimiicst kiacrepubiii rpad. Temeps 3ameTnm, 910

,O(Gl U GQ,M/> < p(G1 U GQ, M),

TaK KakK B HOBBIX KoMIOHeHTaX Cy,, ¢ = 1,2, IpUCYTCTBYIOT BCe PEOpa CTapoil KOMIIOHEH-
eI (%, 00€e BepIImHbI KOTOPBIX JiexKaT Jubo B (1, mubo B (G2, U OTCYTCTBYIOT Bce PEOpa
crapoii koMmroHeHTbl C, OJIHa BepIInHa KOTOPBIX JexKuT B (G1, a apyras — B Go. [Ipu sToM
nocaegHux pedep et u B rpade G U Gs.

[Toryvennoe mpoTuBOpevne MOKA3BIBALT, 9TO [T KjacTepHoro rpada M ™, aBisroriero-
csl pelrieHreM IIpodsIeMbl p-Kiacrepusanun i rpada Gy UGy, nmeer mecro M™* = MUMS,
npuuaém M — pemterne npobiieMbl p-Kiaacrepusaryn g rpada G, ¢ = 1,2, Tak Kak nHa-
Ye KjracTepHbiil rpad M MoKHO 3aMeHUTDh Ha 06ojiee MOIXO/ISIIN, YMEHBIINB TEM CaMbIM
paccrosirme p(Gy; U Gy, M*). m

2. OcHOBHOI1 pe3yabTaT

Byuem ucnonbzosars npeacrapienne rpadoB ¢ IOMOIIBIO MATPUI, CME?KHOCTH. Tak Kak
rpadbl HCOPUEHTUPOBAHHDIE, JIJIS KOAUPOBaHUs rpada ¢ . BepIIUHAME JOCTATOYHO BepXHeil
9aCTH MaTPHILB], cocrosmieit u3 n(n—1)/2 6ur. Takum o6pazom, OyieM cauTaTh, ITO pasMep
rpada ¢ n BepumHamu paseH n(n — 1)/2. O6o3uaunM depe3 G MHOKeCTBO Beex rpados ¢
TaKUM IIPeJICTaBJICHIEM.

Teopema 1. He cymecTByeT CHJIBHO T€HEPUYIECKOTO MOJUHOMHUAIBHOIO aJrOpUTMAa
JUUTS perieHnsi podseMbl p-kjactepusaiun rpados upu p = 3, ecsim P # NP u P = BPP.

oxazameavcmeo. JlomyctuMm, UTO CyIIECTBYeT CUJILHO I'€HEPUYECKUN MOJMHOMU-
aJIbHBII ayropur™ A, permatoruii mpobiemy p-kiacrepusarun rpada. Torma cymectByer
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BEPOATHOCTHDII IOJIMHOMHUAJIBLHBIN aJropuT™ B, paspenaionmii 3Ty mpobieMy Ha BCEM MHO-
»)ectBe BxojioB. Ha rpade G ¢ n Bepumuamu (pasmepa n(n — 1)/2) anroputm B paboraer
CJICJTYIONUM 0Opa30M:

1) remepupyer ciaydaitabiii rpad H ¢ n?—n BEpIINHAMUA,

2) zamyckaer aaroputm A Ha rpade G U H;

3) ecoim A(GUH) #7, To 1o perenunto mpodsieMbl p-Kiactepusarmn st rpada GU H,

COrJIacHO JleMMe 1, BBLIAET penrenue npobieMbl p-Kaacrepusaimn 1yid rpada G

4) ecom A(GU H) =7, 1o BbIaéT orBer K.
BaMeTM, 9TO MOJMHOMUAILHBI BEPOSATHOCTHBIN aJropuTM BB BBIIAET MPABUILHBIA OTBET
Ha mare 3, a Ha mare 4 MOKeT BBLIATH HElpaBWIbHLIA oTBeT. Hy»KHO 10Ka3aTh, 9T0 BEpo-
SITHOCTH TOIO, YTO OTBET BbIJAETCs Ha miare 4, Menbiie 1/3.

I'padp GUH umeer n? Bepimn, To ecTh ero pasmep pasen m = (nt—n?)/2. BeposTHocTb
TOrO, 4TO JyIst caydaitnoro rpada G U H nmeer mecto A(G U H) =7, He GosbIie

{G€G: AG) ="}l _ G €G: AG) =} G
HGUH: H € G}l |G| {GUH:HeG}n|

Tak kax MuoxectBo {G € G : A(G) =7} cuibHO npenedpesKIMOoe, TO CYIIECTBYET KOHCTAH-
Ta o > 0, Takas, 9TO

|gm| gam — 9a(n*—n?)/2

{G G AG) =7l _ 1 1

JJIsT JTIOOOTO N

C apyroit cToponsl, Tak Kak rpad H mmeer n? — n BepmmH, TO

{GUH : H €Ghul = {H : H € G} (uanp—(uz—myol = 2 202,

Orciona

nt_n2
|gm| _ 2( ' )/2 _ 2(2n37n2+n)/2.
{GUH:HeG},| 20-2nn)2

[TosToMy mMCKOMast BEPOSITHOCTH He HOJIbIIe
2(2n37n2+n)/2

2a(nt—n?)/2 <

Wl =

1pu OOJIBITUX 7.

Tenepsr mokazkem, uro npu ycaoBusx P # NP u P = BPP wme cymecrByer mosmmo-
MUAJIBLHOTO BEPOATHOCTHOTO aJTrOPUTMAa JIJIS PEIleHns] MPOOJIeMbl P-KJIAaCTEPU3AINHA T'Da-
dos npu p > 3. JlefictBuTeIbHO, YCTh TAKON AJITOPUTM CYIIECTBYeT. TakK Kak mpobJiemMa
p-kiactepusanuu rpados npu p > 3 asiasercs NP-tpyauoii [§], cymecrByer mosmHOME-
aJIbHO dKBUBaJieHTHas eit NP-mosHas mpobiema pacrnosuasanus A. V3 monmnomuasibHO-
IO BEPOATHOCTHOTO AJITOPUTMa JJI MPOOJIEMBI p-KIacTepu3aIui rpadoB JIETKO MOy daeT-
csl TIOJIMHOMUAJIBHBIN BEPOSITHOCTHBIN AJIFOPUTM JIJIsi pereHus npodsembl A. A Tak Kak
P = BPP, 1o cymecrByer u JleTepMUHUPOBAHHBIN MOJMHOMUAIBHBIN aaropuT™M st A,
orkyna P = NP. IIporuBopeune. m
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3akJiroueHue

B pabore nzydena renepudeckast CJI0KHOCTH IIPOOJIEMBI KJIacTepu3anuu rpados ¢ orpa-
HUYEHUEM p Ha pa3Mepbl KjaacTepoB mpu p > 3. okazano, uro npu yciaosuu P # NP u
P = BPP ana sroit npobsieMbl He CyIIeCcTBYeT HOJUHOMHUAIBHOTO CUIBHO NeHEPUIECKOTO
AJICOPUTMa. DTOT PE3Y/IbTAT MOKA3bIBACT HEKOTOPBIN MOTEHIINAJ TPUMEHEHUs JTAHHON aJi-
TOPUTMUYIECKON TPOOIEMBI B KPUIITOrpaMU, yCTAHABINBAA, UTO CYIIECTBYET BOZMOYKHOCTH
a¢dekTUBHO reHepupoBaTh CiIydailHble TPY/HbIE BXOJIbI JIJIsd 3TON 3a/1a4u.

ABTOp BBIpazkaeT 0JIAroJapHOCTD PEIEH3EHTY 3a MOJIE3HbIE 3aMeUYaHUsT U MTPEJIOXKEHUST
10 YJIYUIIEeHUIO TEKCTa CTATHU.
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PaccmarpuBaercs 3aada ONTHMAJILHOIO pas3MenieHus 00beKTa Ha HEOPUEHTHPOBAH-
Hoit B3BemeHHOi ceTu. Kaxkiaomy pebpy NPUITUCAH TOJOXKUTEIbHBIN BEC, a BEPIIU-
HaM — J[Ba, TOJIOZKUTEIbHBIX Hapamerpa. llepBoiii mapamerp orpaxkaer TpeboBaHue
pa3MenmaTh 00bLEeKT KaK MOYXKHO OJIMXKe K BEPINUHE, a BTOPOH — KaK MOXKHO JAJIBIIIE.
3aaH0 OTpaHWYIeHNe Ha CyMMApHOE B3BEIIEHHOE PACCTOSTHUE OT 00beKTa JO BEPIIIH
¢ yaéroM mepBoro napamerpa. HeoOxoauMo HAUTH JIOIMYyCTHUMBIE MECTa Pa3MeIeHUs
obbekTa Ha PEOpax CeTHu ¢ MaKCHMAJIBHON CYMMON B3BEITEHHBIX PACCTOSIHUN OT HUX
JI0 BEPINUH € YIETOM BTOPOrO mapamerpa (JiokasbHble 3kcTpemyMbl). [Ipemoxen mo-
JITHOMUAJILHBIN AJITOPUTM ITOUCKA BCEX JIOKAJBLHBIX SKCTPEMYMOB Ha PEOPAxX CETH.

KittoueBbie ciioBa: 3a0aua pa3meweHus, MaKcu-CYMMHbLT Kpumeput, onacroil 00s-
exm, cemao.

SOLVING OF THE MAXISUM LOCATION PROBLEM ON NETWORK
WITH A RESTRICTION ON TRANSPORT COSTS

G. G. Zabudsky

Sobolev Institute of Mathematics, Novosibirsk, Russia

We consider the problem of the optimal location of a facility on an undirected weighted
network. A positive weight is assigned to each edge. Two positive parameters are
assigned to the vertices. The first parameter reflects the requirement to place the
facility as close to the vertex as possible, and the second — as far as possible. There
is a limit on the total weighted distance from the facility to the vertices, taking into
account the first parameter. It is necessary to find acceptable locations of the facility
on the edges of the network with the maximum sum of weighted distances from them to
the vertices, taking into account the second parameter (local extremes). A polynomial
algorithm is proposed to find all local extremums at the edges of the network.

Keywords: location problem, maxisum criterion, undesirable facility, network.
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BBenenue

C pazBuTHEM TPOMBINLIEHHOTO TPOU3BOICTBA BCE DOJIee aKTYAJIbHOW CTAHOBUTCS IIPO-
6/1eMa ONTUMAJIBHOTO (PAIMOHAIBHOIO) Pa3MeIeHIsT TPOMBIIIIEHHBIX 00bEKTOB. Y BEJINIH-
BaETCs UX BIUAHNE HA IIPUPOJLY, YTO MOXKET IIPUBECTH K SKOJIOTTIECKUM ITpobiemam. Pactér
YPOBEHb »KW3HU, W 9TO MOBLIIaeT TpeOOBaHUS HacesleHns K OKpyzkatomeit cpesie. [loaromy
HEOOXOJIMMO Pa3MeINIaTh MPOU3BOJICTBA U JIDYTUe OOBEKTHI HE TOJIBKO C YIETOM SKOHOMU-
4ecKoil 3(HEeKTUBHOCTH, HO IIPU STOM HE yXY/IIATh KAIECTBO YKU3HU JIJIsI TPOYKUBAIOIIETO
BOIM3M HaceseHusd. [Ipumepamu oO6beKTOB MOTI'YT OBITH MycOopollepepadaThIBAIONINAE TIPE]I-
MPUSITHSA, CBAJKHU, ad9POIOPTHI, XPAHUIUIIA OMACHBIX OTX0/0B. OHM OKa3bIBAIOT HETATUB-
HOe BJIUSHUE Ha JKUTeJell, MPOKUBAOMNX BOIN3U. B To ke Bpems HeoOXoamMa JOCTaBKa
KaKNX-TM00 MaTEePUAJIOB K 3THM 00bEKTaM, HAIIPIMED OBITOBBIX OTXO0JIOB HACEJTEHHBIX ITYHK-
TOB Ha MycopoliepepadaTrbiBaloliee npeainpusTue. TpancnopTHbie PACXO/Ibl yBEININBAIOTCS
¢ yJnajeHneM Takux OObeKTOB OT HacejeHus. [losTomy OOBEKTHI JOJKHBI Pa3MeNnaTbCs
KaK MOYKHO JIQJIBITNIE OT HACEJEHHBIX IYHKTOB, HO HE CJIMIIKOM JIAJIEKO, YTOOBI pacXoJibl Ha
obOC/TyKUBaHUE HACEJICHUS STUMHU 00beKTaMI He TIPEBBIIIaIn HEKOTOporo OiojikeTa. Vccre-
JIOBaHUsI CJIOKHOCTH DelleHrsl 3a/1a4 TAKOro Kjacca MOXKHO HaiTu B [1].

B teopun ontumasibHBIX pa3zMelieHuil paHee JOMUHUPOBAIN MOJIEIN U METOJbI OIIpe-
JIeJIEHUS Pa3MeIeHnil «¥KeIaTeTbHbIX» 00bEeKTOB, TAKMX, KaK Mara3uHbl, OOJLHUIIBI U T10-
JKapHbIe JIeT0, KOTOPbIe HeOOXOIMMO pa3MeIarTh BOJIN3U HACEJEHHBIX MyHKTOB. CuTyarus
n3MeHniach B 1970-x 1. ¢ HAYAIOM HMCCIETOBAHUM 1O TMMOUCKY Pa3MENIEHN «HeXKeTaTe b
HBIX» (OmacHbIX) 00bekToB. [lo3/1Hee TosIBIIEHNE B JIUTEPATYPE UCCJIEIOBAHUI TAKUX 38184
UMeeT HECKOJILKO MPUYUH, B YACTHOCTHU TO, UTO OOJILIIMHCTBO HEXKeJATETbHBIX O0HLEKTOB
SIBJISTIOTCSL TIOOOYIHBIMU TIPOJAYKTAMU TEXHOJOTUYECKUX JIOCTUKEHUI U WHJLYCTPUATIIAIUN
BO BTOpOIi TojioBrHE XX BEKA.

Kpurepuem ornpesiesienns Mecta pa3MelleHns HEeXKeIaTe/IbHOTO 00beKTa MOYKET OBbITh
MaKCUMU3AIS HEKOTOPOIl BO3pacTarolnieil (byHKINA PACCTOTHUI MeXK Ty OObeKTOM U KJIU-
enrtamu. Kpurepuu minisum (3agaua o Mejumade) u minimax (3aJada o HEHTpe) Hau-
OoJiee TOMYJISIPHBI JIJIs OIIPEJIeJICHUsT Pa3MeIeHnil »KeaTeIbubIXx 00bekToB. [lo anaso-
Ud, JJIsi HeXKeJIaTeIbHBIX OOBbEKTOB YacTO IMPUMEHAIOTCS KPUTEPUU Maxisum ¥ maximin
[2-4|. Kpurepnii maxisum mpuMeHsIeTCst /I MAaKCHMU3AIN CyMMBbI DACCTOSHUN (Cpe/THero
PacCTOsIHUST) MEXK/y OObEKTOM U KJIMEeHTAMH, B TO BpeMs KaK IeJib maximin — MaKCHMU3U-
POBATh PACCTOSIHHE MeXK]Iy OOBEKTOM U OJIMZKAWIIUM K HeMy KauneHToM. Kimentam MoryT
OBITH MPUITUCAHBI [TAPAMETPBI, YTOOBI OTPA3UTh OTHOCUTEILHYIO HECOBMECTUMOCTDH MEK/LY
KJIMEHTOM 1 00beKTOM. Kpurepun i HeKeJaTeTbHBIX 00HEKTOB YaCTO HA3BIBAIOT KPU-
TepusiMu oTTaaKuBaHus (push), MOCKOJIBKY OHHM OTTAJIKHBAIOT HEKEJATEIbHBIN 00BEKT OT
KJIneHTOB. Kpurepnn 15 KelaTeTbHBIX 0OBHEKTOB HA3BIBAIOT KPUTEPUSAMH MPUTIKEHUS
(pull), mocKOIBKY OHEM TPUBTHIKAIOT 0ObEKT K KjueHTaM. UTo0bl n3bexkarh pa3MeleHust
HEeYKeJIaTe/ILbHOr0 00beKTa Ha OECKOHETHOM PACCTOSTHUU OT KJIMEHTOB, UTO HE MMEET CMbIC-
JIa B peaJIbHOM 3ajiave, pacCMaTPUBACTCs OTPAHUYEHHAs 06/1aCTh (CeTh, MHOIOYTOJIbHUK HA
IJIOCKOCTH] ). 381291 ONTUMU3AINE PA3MEIeHIs HesKeIaTeIbHbIX 00beKTOB 0oJiee TPy THbIE
JUId perieHus. B oTiimyune oT 3aJ1a9 pasMelieHus KeJaTeIbHbIX 00beKTOB, OHU SIBJISIOTCS
HEBBIITYKJIBIMI C MHOXKECTBOM JIOKAJTHHBIX OITUMYMOB.

[TepBoit omybmKoBaHHO PAOOTON O HAXOXKIEHUN MECTa Pa3MeIeHus HeyKeIaTeTbHOrO
obbekTa OblTa pabota [5]. PacemarpuBasachk mpobsiema moncKa Takoit TOUKH Ha o0Imeit ce-
TH, YTOOBI CyMMa B3BEIIEHHBIX PACCTOAHUI OT HEE JI0 BEPIINH CeTH ObLIa MaKCUMAJbHOM.
MHuoxKecTBO paccMaTPpUBAEMBIX PEIeHU ObLIO COKPAIIEHO JI0 KOHETHOr0 Habopa TOYEK, KO-
TOPBIE MTPEJICTABIISIOT TOUKH Ha PEOpaxX M BUCSAUNE BEPIINHBI CeTU. BriepBble ObLIO TOKA3aHO,
YTO 3a/la9a ¢ KPUTEPHEeM Maxisum — 9TO HEBBITYKJIad 3a/a4a, UMeIOoIIasl JIOKaIbHbIe OIITHU-
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MyMbl. Kpome Toro, He BBINOJIHSIETCS TIPUHIIUI ONTUMAabHOCTH Xakumu [6] (omruMasibHoe
pellieHne MOKHO MCKATh B BEPIINHAX CETH).

B nmamnoit pabore paccmaTrpuBaercs OOOOIEHUE TMOCTAHOBKU 3aJIadH, ITPEI0ZKEHHO
B [5]. Bajiatbl TpaHCIIOPTHASI CETh, COEIMHSIIONTAs HACETIEHHbIE TyHKTHI, U GIOJIZKET Ha TPAHC-
MOPTHBIE 3aTPATHI M0 OOC/IY’KUBAHUIO YKA3aHHBIX ITYHKTOB HEKOTOPBIM O0BEKTOM, OKa3bl-
BaIOIUM HEraTWBHOE BJIMsHUE Ha HacejeHue. Tpedyercsd pasMecTuTb OOBLEKT HA CETH Ta-
KIM 00pa30M, YTOOBI OOIIHE TPAHCIIOPTHBIE 3aTPAThI HE IMPEBBIMIAIN OI0/I2KET U CyMMapHOe
(cpenmee) oTpunaTeabHOE BINSHIE O0BEKTa HA HacesJeHne ObLI0 MUHUMATLHBIM. [Ipesro-
JKeH MTOJIMHOMUAIBHBIN aJTOPUTM ITOUCKA BCEX JIOKAJIBHBIX SKCTPEMYMOB. BbiOOp KOHKpeT-
HOT'O MeCTa Pa3MeIeHs U3 MHOXKECTBa HallJIeHHBIX JIOKAJIbHBIX ONTUMYMOB MOYKET OBITh
OCYIIECTBJIEH JIMIIOM, IIPUHUMAIONIUM DeIleHne, ¢ yI€TOM JIONOJHUTEILHBIX TpeOOBaHU
K Pa3MeIeHno.

1. IlocranoBka 3ama4n

meercss HEKOTOPOE YUCJIO HACEJIEHHBIX MYHKTOB ((DUKCHPOBAHHBIX OOBEKTOB), COE/IH-
HEHHBIX MEXKJIy cODOil CeThIo JIOPOr, U OOBEKT, KOTOPbI HEOOXOMMO PAa3MECTUTh Ha CETU
JUTIsT ODC/TY2KUBAHUs IIYHKTOB. Pa3meraemMblii 00bEKT OKa3bIBaeT HEraTUBHOE BJIMSHUE HA
HacejileHne. BinsiHue yMeHbIIaeTcst ¢ yBeJIUIeHneM PacCTOSHUS J10 o0bekTa. [l Kaxk10ro
[IyHKTa 3aJIaHbl 1Ba mapameTpa (Beca). [lepBblit oTpazkaer TpeboBaHHe pasMeniaTh 0ObeKT
O/r2Ke K IyHKTY, HAIIPHIMED PaBeH KOJIMYeCTBY HacesjeHus B HeM. BTopoil xapakrepusyer
BayKHOCTH Pa3MeIeHns 00beKTa KaK MOXKHO JIaJIbIlle OT IIyHKTa, HAIlPUMEp 3TO BeJIMYUHA,
obpaTHasi KOJIMYECTBY HacesjeHus B myHKTe. VMeercs: Or0/zKeTHOE OrpaHuyeHne Ha oOIme
TPAHCIIOPTHBIE 3aTPATHI 110 OOC/IYKMBAHUIO OOBEKTOM HACEJIEHHBIX ITyHKTOB. 1'pedyercs
pPa3MeCTUTh OOBEKT HA CETU TAKUM 00pa30M, YTOOBI OOIIEe TPAHCIIOPTHBIE 3aTPATHI HE IIpe-
BBIMIAJIN OIO/ZKET U CYMMapHOe OTPUIATEILHOE BIINSAHNE Ha HAacCeIeHe ObLIO MITHIMAJIHHBIM
C YY6TOM KOJIMYECTBA MPOKUBAIONIMX B MYHKTaX (MAKCH-CYMMHbIH KpUTEPHIi).

[TpuBeéM MaTeMaTUIecKyo Mojesb. s sroro Beeném obosuauenus: G = (V, E) —
HEOPUEHTUPOBAHHAS CEThb, COOTBETCTBYIONIAs HACEJEHHBIM IIYHKTAM U joporam; V =
= {v1,...,v,} —wmHO)KecTBO Bepmua, N = {1,...,n} — MHOXKecTBO ux HOMepoB; F =
= {e1,...,en} —MHOKecTBO péGep, M = {1,...,m} — MHOXKeCcTBO uXx HOMEpOB; (w;, «;),
w; > 0, a; > 0—Beca BepmuHbl v;, ¢ € N; ecim w; > wj, TO KeJATEJIbHO, YTOOBI 00b-
eKT OB pa3MelleH OJmzKe K v;, 9eM K Vj; eIl o < (v, TO KeJaTejJbHO, YTOOBI 0OBeKT
HAXO/U/ICS Ha GOJIbIIIEM PACCTOSHUE OT BEPIIMHBI ¥;, Y€M OT BEpIIUHBL vj; ¢(v;,v;) > 0 —
JuinHa pebpa e; = (v, v;), i,j € M; 2z — pasMeniaemslit 00bexT; d(x,y) — IAanHa KpaTdaii-
IIero MyTH MEeXKJIy JByMs TOYKamu x u y cetu (G; S — OI0/zKeT Ha TPAHCIIOPTHBIE 3aTPATHI
0 OOCTYKMBAHUIO OOHEKTOM HACEJIEHHBIX ITYHKTOB.

Heobxoiumo HaliTu Takue ToYku Ha pédbpax cetu GG Jijid pa3MeIeHns 00beKTa 2, 9To-
Obl HE HAPYIIAJOCH OI'PAHUYEHHUE 0 OIKETY U CyMMApPHOE B3BEIIEHHOE PAaCCTOSHUE JI0
BEPIINH CeTU OBbLIO0 MAaKCUMAJIbHBIM. MaremaTudeckast MOJIEb 3a/aNn:

Ti(z) = éai d(v;, z) — max; (1)
Ty(z) = ‘i wi d(vi, 2) < S. (2)

Basata 6e3 orpanndeHns Ha OIO/KeT BIIEpBBIe ObliIa uccaegoBata B padore [5]. B orm-
qre OT 3a/Ia4H O MeJuaHe, B KOTOPOi MUHIMHI3UPYETCS CyMMapHOe B3BeIIeHHOE PACCTOTHIE
OT MeJIaHbI JI0 BEPIIHNH, B pacCMaTPUBAEMON 33/jaue yKa3aHHOEe PAaCCTOAHIE MAKCUMUABHUPY-
ercd. IIpu moucke MennaHbl JJOKa3aHO, UTO ONTUMAJILHOE PEIICHHE JOCTATOYHO MCKATh Ha
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MHOXKecTBe BeprmH cetu [6]. Ilepexon or 3aja4n MUHUMEU3AINK K 3a/a49¢ MaKCUMU3AIIUN
IPUBOJUT K TOMY, YTO OIITUMAJIBLHOE PellleHre MOXKeT HAXOJUThcs Ha pébpax ceru. [louck
makcumyMa yukimn (1) Ha Beeit cetn G — 9T0 3a/a9a HEBBIITYKJIOTO MPOrPAMMUPOBAHUSL.
OcHoBHOI pe3ysibraT paboThl 5| cocTouT B TOM, 9TO HAXOXK/IEHUE ONTUMAJIBLHOTO PelleHst
CBOJIUTCS K aHAJIM3Y KOHEUHOIO MHOXKecTBa ToueK. s pertenust 3agaqun (1) mpejjioxen
HOJMHOMUA/BHBIH anroput™ Tpygoémkoctu O(n?). Tlozauee B pabote |7| npeioxen ajro-
pur™ Tpymoémroctu O(mn). Yacrablii ciryqait 3amaan (1)—(2) pacemorpen B [8]. Otmernm,
YTO JIJIA HPOU3BOJILHOTO IHC/IA Pa3MeIaeMbIx 00beKTOB 3ajada (1) ssaserca NP-Tpyamoit
JIUIsT CeTH, KOTOpasi COCTOUT U3 OJHOTO pebpa [1].

JByxkpurepuaabHas 3aja4a pa3MelleHns 00beKTa Ha CeTH JOPOr, B KOTOPOil OJIMH 13
KPUTEPUEB — ITO MAKCUMU3AIUS CyMMbI B3BEHIEHHBIX PACCTOAHUIT OT 06'beKTa JI0 BEPIINH
ceTn, paccMorpena B [9).

2. Auropurm pemenus 3agaqn (1)—(2)

Hanee npusejiena obrasi cxema ajroputma perenns 3agaqau (1)—(2), agropurmsl 1o-
CTpOeHust 06JIACTU JOIMYCTUMBIX PEHICHUI ¥ HAXOXKICHUS JIOKAJLHLIX ONTUMYMOB Ha PEO-
pax. Kpome Toro, mpejjioKeH BapuaHT BBIYUC/IEHUS BEPXHEH ONEHKHM 3HaYeHUs IeJIeBOi
dYHKIME, KOTOPBIl COKPAIaeT MHOYKECTBO PACCMATPUBACMBIX pEGEp CeTH B CiIydae, KOIJa
CTABHUTCS 331894 HAXOXKJICHHUS IJIOOATILHOIO OIITHMYMA.

21. Oupegenenunsa. Ob6niag cxeMa aJropuTM™Ma

st onmcanus anroputma perenust 3agaqu (1)—(2) BBeém HeKOTOpbIe 0003HaUeHUs [1].
Bribepem mpousBosibHO pedpo (v;, v;). Uepes z Oyaem 0b03HAYATh OOBEKT U PACCTOSHUE OT
BEpIIUHBI V;, 1 < j, Ha KOTOPOM pa3Mellaercs o0beKT z. BHyTpeHHss TOYKa S Ha pebpe
(v;,v;) menutT ero Ha nBa cermenta (v, s) u (vj, S), AIHHBI KOTOPBIX obo3Ha4uM ¢(v;, s) > 0
u c(vj, s) > 0 coorBercTBenHo. [Ipenonaraercs, 4To KparTdaiiiime pacCTOSHUS MKy Bep-
IMMMHaAMI M3BECTHDI. OHI/I MOryT 6bITb SCb(beKTI/IBHO BBIYHCJ/IEHBI C IIOMOIIBIO Pa3JIMYIHBIX
asropurMoB, Hanpumep u3 [10]. Eciu cymecrByer BepiinHa vy, Takas, 9To

d(’Uk, Ui) + C(Ui7 S) = d(Uk, UJ) + C(Uj7 S)?

TO $ Ha3bIBAETCHA PEGEPHOIl Y3KON TOUKOM OTHOCUTELHO BEPUIMHBL V. depes By (vy) obo-
3HAYUM MHOXKECTBO YKa3aHHBIX TOUEK Ha CeTU II0 OTHOINIEHHIO K Bepinute v;. Pebpo (v;, v;)
COLAEP2KUT Y3KHE TOYKH 110 OTHOIICHHIO K BEPIIUHE Vg, KOI'Zla BBIIIOJIHAECTCA HEPABEHCTBO

|d(vg, v;) — d(vg, vj] < c(vi,v;). (3)

Anajioruanoe noHsiTue y3KUX TOYEK MOXKHO OIPEIEUTh JJId BepiiuH. Ecim uMeorces péo-
pa (v;,v;) u (v;,v)), HHIUIEHTHBIE BEPIIUHE U;, M BEPIINHA Uj, TaKas, UTO BBIIOJIHIETCS
PABEHCTBO

d(vi, v;) + c(v, v;) = d(vi, vg) + c(vg, v;),

TO BEpINWHA V; HA3bIBAETCS BEPIIMHHON y3KOW TOYKOH OTHOCUTEJIBHO BEpPIIUHBI v;. MHO-
JKECTBO TaKUX TOYeK 0003HaunmM depe3 By (v;). Bee pébeprble U BepIIMHHBIE Y3KHE TOUKH
[IpUHa IeZKaT IuKIaM B cet G.

[Iycts By = |J Ba(vk) — muOX)ecTBO péGepHBIX y3KuX ToueK, By = |J By(vk) —
kEN kEN
MHOXKECTBO BEPIIUHHBIX Y3KUX TOoUeK u B = By U By — MHOXKECTBO BCexX y3KuxX To4eK G.

Yepes D obo3naumm MHOXKeCTBO Bucssaux Bepmint G. O4deBuaHo, uT0 DNB = & MOCKOIBKY
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y3KHe TOUKH CBsI3aHbI ¢ Iukaamu. B [1] cdhopmymmpoBana u jokazana reopema, IpuMeHEHUE
KOTOPOii TI03BOJIsIeT UCKATh ONTUMAJIbHOe perierne 3aa4un (1) va muOXKecTBe D U B.

B [5] ormeuaercst cBoiicTBO BorayTocTH reneBoit dpyrakiuu (1) Ha pebpe, Ha OCHOBaAHUK
KOTOPOT'O He HaJI0 pacCMaTpUBaTh PEOpa, B BEPIIMHAX KOTOPHIX He BBITOJHIETCS OO/ [7KeT-
Hoe orpannuenue (2). Kpome Toro, MoxKHO TIPEJIJIOKUTH aJIFOPUTM TIOUCKA, JIOKATBHBIX IKC-
TpeMyMOB Ha pebpe. CXeMaTudHO 9TO MOYKHO IIPEJICTaBUTh Tak. Pelaem 3a/1ady 0 MeIuaHe
Ha cetu. Eciin 3HaveHue 11€1€BoH (DYHKIMU [TPEBOCXOAUT GIOJIZKET, TO MCXOHAs 3a/1ada He
uMeeT pertennd. Fcian 3aja4da pa3pernMa, youpaem U3 paccMoTpenus pebpa, /i BEPITUH
KOTOPBIX HapyIlaeTcss orpaHudenne Mo Orojpkery. 3areM Ha KayKJIOM U3 OCTABINUXCA DPE-
6ep HAxXOJUM BCe y3KHE TOYKHU, CTPOUM JIOMYCTUMOE MHOYKECTBO PeIleHUil U OmpejiesisieM
JoKasbHbLl ontuMyM. [Ipuseném anropurm pemtenust 3aga4au (1)—(2) na pebpe (v;,v;).

22. HaxoxX 1enue y3KuUX TOYEK

[Tocute yaaaenust u3 pacCMOTpeHus peédep, JJIst BEPIINH KOTOPBIX HAPYIIAETCA OrPaHte-
Hue (2), Ha ocTaBHIIMXCs pEOpax ompeiesisieM 06/IacThb JOIyCTUMBIX pernenuii. Ecmu B oHOi
i 06erx BepImHaX pedpa BBIMOJIHACTCS HEPABEHCTBO (2), TO MOKAXKeM, 9T0 00JIACTh J10-
nyctuMbix perennii 3agaqn (1)—(2) Ha pebpe MOKET IPEJCTABIATH BCE PeGPO, OTPE30K
WM JiBa oTpeska. s Kask0ro Takoro OTpe3Ka OJHUM U3 €ro KOHIIOB SIBJIAETCS BEPIIMHA
pebpa.

Jist momcka y3KMX TOYEK Ipejjiaraercst ciaejpytomuii ajgropur™. Pukcupyem ped-
po (v;,v;) u Mo odepeau paccMarpusaeM japyrue Beprunbl cerun G. st Texyiieil Bep-
[IUHBI U TIPOBEPSIEM CIIPaBe/INBOCTh HepaBeHCTBa (3).

Ecim mepaBeHCTBO He BBIIOJHsETCS, TO PeOPO (v, v;) HE COMEPKHUT PEOEPHYIO Y3KYIO
TOUYKY OTHOCHUTEJIHHO Uy; MEPEXOMM K Apyroi Bepiune G.

Eciu HepaBeHCTBO BBLIIOIHSIETCS, TO PEOPO (v;, V) COMEPKUT PEOGEPHYIO y3KYIO TOUKY
OTHOCHUTEJILHO BEPIINHBI V. DTO O3HAYAET, UTO HET KpaTJdailiux myTeil oT v; JI0 Uy U OT Uy
10 v, comepzkaiux pedpo (v;,v;). Kpargaiimmuit myts oT v; 10 v;, pebpo (v;,v;) 1 Kpar-
Jaiimmii myTh 0T v; 10 vy 06pasytor muka Clug, (v;,vj)] B G. Paccrosinne s oT Beprunmst v;,
Ha KOTOPOM PACIIOJIaraeTcs y3Kasi TOUKa, PaBHO

s = (|d(vg, vi) — d(vr, v))| + c(vi, v;)) /2. (4)

Sameuanue 1. Tak kKak Bce KpaTdaiilime IIyTH OT Uy JIO U; U OT V) JO U; PaBHBI
k i k J

1O JIMHE, TO UM OyJeT COOTBETCTBOBATL OJHA y3Kas TOYKa OTHOCHTEIHHO BEPIIUHDLI Uj.

Ilepebupas Bce Bepimust cet (G, HaiiiéM Bce pébepHble y3Kue TOUKE Ha pebpe (v;, v;).

Sameuanue 2. Jliobas sepumna, Bxogsmas B 1muky Clug, (v;,v;)], obpasyer y3Kyio
TOUKY Ha pebpe (v;, v;).

3ameuanue 3. Beprmmnubie y3Kue TOYKH HEOOXOIUMO HAXOIUTD ITPH ITOUCKE T100a b~
HOT'O OITHUMYMa.

3ameyanue 4. Pédepuble 1 BepIIMHHBIE Y3KUE TOYKHU OIPEIETIAIOTCS TOJIBKO JTUHAMI
KpaTdaimux myTeit B ceru (G, KOTOPbIE HE 3aBUCAT OT BecOB BepIiiuH. [loaTomy MHOXKECTBO
y3KUX To4eK jas pyukunit 77 u Ty coBIIaIAOT.

23. llocTpoenue obsacT JONYCTUMBIX pPelIeHHu i

Eciu B opmoit nim obenx BepummHax pebpa (v;, vj) BBIIOIHAETCS OrPaHIIeHne 110 O10/1-
JKeTy, TO TIOCJIe TOCTPOeHMs BCeX y3KUX TOUYeK Ha pebpe ompejesseM 00JIacThb JIOIMYCTH-
MbIX periennii. Tak kak dyHKIma (2) Boruyrast u KycouHO-JTHHEHAsT HA pebpe ¢ ToYKaMu
HepeFI/I6a B Y3KHX TOYKaX, HaXOJIUM Y3KHE TOYKHU U YIIOPAAOYINBaeM HUX II0 BO3PaCTaHUIO
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PACCTOSHUI OT BEPHIMHBL V;: S1 < S < ... < S,. Iloc/ienoBareibHO BBIUUCISIEM 3HAYCHHE
dbyukmn (2) B HAlJEHHBIX TOYKAX 110 (HOPMYJIe

Ty(s;) = > w; min{d(vg, v;) + si; d(vg, vj) + c(vi, v;) — s;}.

iEN

Bo3MOKHBI C/IeAyIomue BapuaHThI:

1) TQ(UZ') < S, TQ(Uj) < S.

1.1. TloceoBarebHO IpocMaTpUBaeM y3Kue ToYKK. Haiiaérca napa Todek s; U Syiq,
rakas, 910 T5(s;) < S u Ty(s;11) > S. Crpoum ypaBHeHue mpsaMoit (S, Sy41) 9€pe3 TOUKH
(st,T5(s¢)) w0 (Se41,T2(S441)). Pemaem ypasrenne [(sy, S¢41) = S U HAXomAuM TOUKY 21, B
koropoit Ty(z1) = S. [asnee Borancisiem 3Hadenne GyHKIuu T B TOUKAX Spy2, Spp3 U T. 1.
Haiinérca k, rakoe, aro Ty(sg) > S, a To(sgr1) < S. Crpoum ypashenue npsmoit [( sy, Ski1)
Yepe3 yKaszaHHYyIO mapy Touek. Pemtaem ypasHenue [(Sg, Spi1) = S U HAXOJUM TOYKY Zo,
TaKyto, Jyist Koropoii Ty(z3) = S. Takum 06pazom, Ha JaHHOM pebpe HAIeHbI JIBe TOUKHU 21
U zo, Takue, 910 Th(z1) = To(29) = S. O61aCTh JAOMYCTUMBIX DEIIEHHUN IIPEICTABISET JIBA
oTpeska [v;, 21| 1 [v;, 22).

1.2. Ecoin HailiéTest mapa To4YeK S; U Syi1, Takas, 91o To(sy) > To(siy1) u To(sy) < S, 1o
BCe TOUKM pebpa 06pa3yroT 00J1acTh JOMYCTUMBIX PENIeHUI.

2) TQ(UZ‘) < S, TQ(Uj) > S.

Haiinéres mapa To9ek S; u Sppq1, Takasd, 910 Th(s;) < S u To(si41) > S. Crpoum ypas-
HeHue TpsMoit [(sy, S¢y1) 1depes Touku (S, To(s¢)) u (Sit1, T2(S¢41)). Permaem ypasaerue
[(st, $¢41) = S m HAXOAMM TOUKY 21, B KOTOpOit To(21) = S. O6macTh AOMYCTUMBIX PEIeHui
[peJICTaBsieT OTPe30K [v;, 21].

3) TQ(UZ') > S, TQ(’U]') < S.

Haiinérest mapa Touek s; u Spp1, Takasi, 9ro To(s,) > S u Ty(syy1) < S. Crpoum ypas-
HeHUe TPIMOM (S, Sp41) depe3 Touku (Sy, To(sy)) u (Spr1, To(Se41)) U pelaeM ypaBHEHHE
I(st, $¢41) = S. Haxomum ToUKYy 29, Takyto, 9o Th(z1) = S. O61acTh JOMYyCTUMBIX PEIeHui
IIPEJICTABIISET OTPE3OK |22, Uj).

24. JlokanbHuble ONTUMYMBl Ha pebOpe. Bepxugaa onmenka
nmegeBoil pyHKIUU

B cayuae 1.1 ecom T1(21) = Ti(z2), TO 21 GyJer JOKaJbHBIM MaKCHUMyMOM Ha pebpe,
UHAYe Zy — JIOKAJIBLHBIA MAKCHMYM.
B ciyuaae 1.2 Borunciisiem 3nadenus pyHkimu 17 B y3KUX TOYKax 110 (popMmyie

Ti(st) = > wemin{d(vg, v;) + s¢; d(vk, v5) + c(vi,vj) — St}
keN
U BBIOMPaeM y3KYyIO TOUKY C MAaKCHMAJIbHBIM 3HaUeHneM. Eciu 11 napbl TOUEK S; U Syi1 BbI-
nostasiercst paBeHcTBo 11 (s;) = T1(Sy41), TO JIOKATBHBIN MAKCUMYM Ha pebpe MpeJICTaBIIsier
OTPE3OK [S¢, S41]-

B ciydae 2 z; — JOKaJIbHBIN MAKCUMYM, a B CIydae 3 2y — JIOKAJbHBII MAKCUMYM.

B pesynbraTe Ha pedpe JIOKAJIbHBIN MAKCUMYM — 9TO OJIHA TOYKA, JBE U OTpe3oK. Tpy-
JIOEMKOCTB IOUCKa y3KHUX Touek pasHa O(n?). Toraa TpyI0éMKOCTb aJlrOpUTMa IIOCTPOCHUS
BCeX JIOKJbHBIX ONTUMYMOB Ha ceTu onenuBaercd Kak O(mn?).

OrmeruM, 9TO II0OATBHBIN ONTUMYM MOXKHO HAiTH, Iepedbupasi JOKAJIbHBIE OITUMYMbI
Ha pébpax. Ilpm 3TOM HeKOoTOpBIE PEOpa MOXKHO HCKJIIOUUTH W3 PACCMOTPEHUsI, UCIIOJIb-
3ysl BEpXHIOIO oleHky 3uHadenusa yuknuum T). Tak kak ¢pynxmug T) BOoruyTasd KyCOTHO-
JIMHeTHAs, TO Jylsl IOJTyYeHUs BepXHell OlleHKH e€ 3HadeHus Ha pebpe (v;, V) MOKHO HAHTH
OIMKANIITYIO K ¥; Y3KYIO TOUKY M MaKCUMaJbHO VIAJEHHYIO OT Heé TouKy. Paccrosinme s
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OT BEPIIUHBL v; JI0 Y3KO TOUYKH onpejessercs no dopmyse (4). Bikaitinas y3kas Touka
Oysier ob6pa3oBaHa HEKOTOPOH BEPIIMHON Uk, KOTOPOil COOTBETCTBYET MUHMMAJIbHAS Das3-
HOCTb MEKJIy [UIMHAME KPaTYaflllinx IyTeit oT vy 0 BEPIHIUH v; U vj. MakcuMabHo y/ia-
JIEHHAsT OT v; y3Kasi TOUKa Oyjier obpasoBaHa BEPIIUHON CeTH, /Il KOTOPOIl aHAIOTHIHAST
pasHoCTh Oyj1eT MaKCcuMaIbHO. TakuM 06pasoM ONpeIessAoTcs y3KUe TOUYKH S U S,,. CTpo-
arcst ypaBHeHust npsambix depes Toukn (0,77 (v;)) u (s1,71(s1)) u depe3 Touku (sp, 11(sn))
u (c(v;,v5),T1(v;)). U3 cBoitcrs dynknun T} ciefyer, 9T0 TOUKA IE€PECEUCHU yKAZAIHBIX
IPSAMBIX — 9TO BEPXH:AS OIleHKa I1esieBoil dbyHKImu Ha pedpe (v;, v;).

3akJiroueHue

PaccMorpena 3aj1ada 1moncKa BceX JIOKAJIBHBIX SKCTPEMYMOB ONTHUMAJIBHOTO pa3Melle-
HHSI OIIACHOIO OObEKTa Ha CETH JIOPOI, COCJMHSAIONINX HaceJEHHble IyHKTHI. [Ipemioxken
HOJIMHOMUAJIbHBINA aJITOPUTM PEIIEHUs 3a/1a49u.
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