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Èçó÷àåòñÿ âëèÿíèå ïðîöåññà èòåðèðîâàíèÿ íà ñòðóêòóðó ãðàôà Gπ èñõîäíîé ðàâ-
íîâåðîÿòíîé ñëó÷àéíîé ïîäñòàíîâêè π : S → S. Âûïèñàíû òî÷íûå ôîðìóëû äëÿ
ðàñïðåäåëåíèÿ äëèíû βπ (x) öèêëà Kπ (x), ñîäåðæàùåãî ïðîèçâîëüíóþ ôèêñèðî-
âàííóþ âåðøèíó x ∈ S. Ïîëó÷åíî âûðàæåíèå äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ
ñëó÷àéíîé âåëè÷èíû λπk (l), ðàâíîé ÷èñëó âåðøèí â ãðàôå Gπk , ëåæàùèõ íà öèê-
ëàõ äëèíû l ∈ {1, . . . , |S|}. Äëÿ k ∈ N è ïðîèçâîëüíûõ ôèêñèðîâàííûõ âåðøèí
x, y ∈ S, x ̸= y, âû÷èñëåíà ñîâìåñòíàÿ âåðîÿòíîñòü èõ ïîïàäàíèÿ íà öèêëû ôèê-
ñèðîâàííûõ äëèí â ãðàôå Gπk .

Êëþ÷åâûå ñëîâà: ðàâíîâåðîÿòíàÿ ñëó÷àéíàÿ ïîäñòàíîâêà, èòåðàöèÿ ïîäñòà-

íîâêè, ãðàô ïîäñòàíîâêè, ðàñïðåäåëåíèå äëèí öèêëîâ, íåïîäâèæíûå òî÷êè.

ON THE DISTRIBUTION OF CYCLE LENGTHS IN THE GRAPH
OF k-MULTIPLE ITERATION OF THE UNIFORM RANDOM

SUBSTITUTION

V.O. Mironkin

MIREA � Russian Technological University, Moscow, Russia

The influence of the iteration process on the structure of the graph Gπ of the uni-
form random substitution π : S → S is studied. Exact formulas are written out for
the distribution of the length βπ (x) of the cycle Kπ (x) containing an arbitrary fixed
vertex x ∈ S. An expression is written for the mathematical expectation of a random
variable λπk (l) equal to the number of vertices in the graph Gπk lying on cycles of
length l ∈ {1, . . . , |S|}. For k ∈ N and arbitrary fixed vertices x, y ∈ S, x ̸= y, the joint
probability of their falling on cycles of fixed lengths in the graph Gπk is calculated.

Keywords: uniform random substitution, iteration of a substitution, graph of a sub-
stitution, distribution of cycle lengths, fixed points.

Ââåäåíèå
Íàðÿäó ñ ðàâíîâåðîÿòíûìè ñëó÷àéíûìè îòîáðàæåíèÿìè êîíå÷íîãî ìíîæåñòâà â ñå-

áÿ [1�4] îñîáóþ ïðàêòè÷åñêóþ ðîëü ïðè ñèíòåçå è àíàëèçå àëãîðèòìè÷åñêèõ ìåòîäîâ
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çàùèòû èíôîðìàöèè (äàëåå �ÀÌÇÈ) èãðàþò ðàâíîâåðîÿòíûå ñëó÷àéíûå ïîäñòàíîâ-
êè � áèåêòèâíûå îòîáðàæåíèÿ êîíå÷íîãî ìíîæåñòâà â ñåáÿ. Òàê, â ÷àñòíîñòè, êëàññ
óêàçàííûõ îòîáðàæåíèé ïðåäñòàâëÿåò ñîáîé îñíîâíîé ìàòåìàòè÷åñêèé èíñòðóìåíòà-
ðèé, èñïîëüçóåìûé ïðè ìîäåëèðîâàíèè àëãîðèòìîâ áëî÷íîãî øèôðîâàíèÿ, êîòîðûå,
êàê ïðàâèëî, èìåþò èòåðàöèîííóþ ñòðóêòóðó. Òàêîå ïîñòðîåíèå ÀÌÇÈ íàöåëåíî íà
ïîâûøåíèå èõ êðèïòîãðàôè÷åñêîãî êà÷åñòâà. Ïðè ýòîì ìîæåò âîçíèêíóòü åñòåñòâåí-
íûé âîïðîñ î öåëåñîîáðàçíîñòè äîïîëíèòåëüíîãî èòåðèðîâàíèÿ óæå îòäåëüíûõ áëîêîâ
ÀÌÇÈ, íàïðèìåð áëîêà ïîäñòàíîâîê. Êàê ïîäîáíàÿ ìîäèôèêàöèÿ ñêàæåòñÿ íà êðèï-
òîãðàôè÷åñêîì êà÷åñòâå ÀÌÇÈ â öåëîì? Äëÿ òîãî ÷òîáû îòâåòèòü íà ýòîì âîïðîñ,
òðåáóþòñÿ çíàíèÿ î ñâîéñòâàõ è õàðàêòåðèñòèêàõ èòåðàöèé óïîìÿíóòûõ áëîêîâ.

Â ðàáîòå èçó÷àþòñÿ âåðîÿòíîñòíûå ñâîéñòâà è õàðàêòåðèñòèêè îäíîé ìîäèôèêàöèè
êëàññà ðàâíîâåðîÿòíûõ ñëó÷àéíûõ ïîäñòàíîâîê, ñîñòîÿùåãî èç èõ êðàòíûõ èòåðàöèé.

Ñëåäóåò îòìåòèòü, ÷òî ðåçóëüòàòû èññëåäîâàíèé ðàâíîâåðîÿòíûõ ñëó÷àéíûõ îòîá-
ðàæåíèé [5, 6] íå ìîãóò áûòü â ÿâíîì âèäå ðàñïðîñòðàíåíû íà óêàçàííûå ìàòåìàòè-
÷åñêèå îáúåêòû èç-çà íåðàâíîâåðîÿòíîñòè ðàñïðåäåëåíèÿ ñëó÷àéíûõ ïîäñòàíîâîê íà
ìíîæåñòâå âñåõ îòîáðàæåíèé íåêîòîðîãî êîíå÷íîãî ìíîæåñòâà â ñåáÿ.

1. Òåîðåòèêî-âåðîÿòíîñòíàÿ ìîäåëü
Ðàññìîòðèì êîíå÷íîå ìíîæåñòâî S = {1, . . . , n}, n > 1, è âåðîÿòíîñòíîå ïðîñòðàí-

ñòâî (Ω,F ,P), â êîòîðîì ïðîñòðàíñòâîì ýëåìåíòàðíûõ èñõîäîâ Ω ÿâëÿåòñÿ ìíîæå-
ñòâî Sn âñåõ n! áèåêòèâíûõ îòîáðàæåíèé π : S → S, àëãåáðîé ñîáûòèé F �ìíîæåñòâî
âñåõ ïîäìíîæåñòâ Ω, à âåðîÿòíîñòíàÿ ìåðà P, ñîîòâåòñòâóþùàÿ ðàâíîâåðîÿòíûì ñëó-
÷àéíûì îòîáðàæåíèÿì, çàäàíà ñëåäóþùèì îáðàçîì:

P [π] =
1

n!
, π ∈ Ω. (1)

Îïðåäåëåíèå 1. Ãðàôîì ïîäñòàíîâêè π ∈ Ω íàçûâàåòñÿ îðèåíòèðîâàííûé ãðàô
Gπ = (S,Eπ) ñ ìíîæåñòâîì âåðøèí S è ìíîæåñòâîì îðèåíòèðîâàííûõ ð¼áåð Eπ =
= {(x, π(x)) : x ∈ S} ⊂ S2.

Îïðåäåëåíèå 2. Öèêëîì Kπ (x) ãðàôà Gπ, ñîäåðæàùèì âåðøèíó x ∈ S, íàçûâà-
åòñÿ ìíîæåñòâî âåðøèí

{y ∈ S : πu (y) = πv (x) äëÿ íåêîòîðûõ u, v ⩾ 0} .

Çäåñü π0 (y) = y è πu (y) = π(. . . (π︸ ︷︷ ︸
u

(y) . . .) â ñëó÷àå u > 0.

×åðåç βπ (x) îáîçíà÷èì äëèíó öèêëà Kπ (x), à ÷åðåç Cl (Gπ)�ìíîæåñòâî âåðøèí
ãðàôà Gπ, ëåæàùèõ íà öèêëàõ äëèíû l ∈ {1, . . . , n}.

Çàìå÷àíèå 1. Ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû βπ (x) çàâèñèò îò n. Îäíàêî
âî èçáåæàíèå çàãðîìîæäåíèÿ ôîðìóë äàííûé ôàêò â òåêñòå îòðàæàòü íå áóäåì.

2. Âñïîìîãàòåëüíûå ðåçóëüòàòû
Äëÿ ïðîèçâîëüíûõ k, l, i, j ∈ N, i ⩽ j, ââåä¼ì îáîçíà÷åíèå

Qj
i (k, l) =

{
m ∈ N : i ⩽ m ⩽ j,

m

(m, k)
= l

}
, (2)

ãäå (m, k)�íàèáîëüøèé îáùèé äåëèòåëü m è k.
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Äàëåå äëÿ ïðîèçâîëüíîãî u ∈ N, u > 1, áóäåì èñïîëüçîâàòü ñëåäóþùåå ïðåäñòàâ-
ëåíèå:

u = pa11 p
a2
2 . . . patt , (3)

ãäå p1 = 2 < p2 < . . . < pt �ïîñëåäîâàòåëüíûå ïðîñòûå ÷èñëà; at > 0; ai ⩾ 0,
i = 1, . . . , t − 1. Ïðè ýòîì ÷åðåç ∆u áóäåì îáîçíà÷àòü ìíîæåñòâî íîìåðîâ íåíóëåâûõ
ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè a1, . . . , at, à ÷åðåç ∆u = {1, . . . , t} \∆u �ìíîæåñòâî íî-
ìåðîâ íóëåâûõ ýëåìåíòîâ. Êðîìå òîãî, äëÿ ïðîèçâîëüíûõ n ∈ N, n > 1, r ∈ N è D ∈ R
÷åðåç W

({ai1 ,...,air})
{i1,...,ir} (n,D) áóäåì îáîçíà÷àòü ìíîæåñòâî ðåøåíèé èç (N ∪ {0})r ñèñòåìû

ëèíåéíûõ íåðàâåíñòâ{
x1 logn pi1 + x2 logn pi2 + . . .+ xr logn pir ⩽ D,

xj ⩽ aij , j = 1, . . . , r,

ãäå i1 < . . . < ir. Çäåñü è äàëåå ïîëîæèì
∏
i∈∅

(. . .) ≡ 1,
∑
i∈∅

(. . .) ≡ 0.

Óòâåðæäåíèå 1. Ïóñòü n ∈ N, n > 1. Òîãäà äëÿ ëþáûõ k = pa11 p
a2
2 . . . patt ∈ N è

l = pb11 p
b2
2 . . . p

bs
s ∈ {1, . . . , n}, ïðåäñòàâëåííûõ â âèäå (3), ñïðàâåäëèâî ðàâåíñòâî

|Qn
1 (k, l)| =

∣∣∣∣∣W ({ai : i∈∆k∩∆l})
∆k∩∆l

(
n, 1−

∑
i∈∆l

(ai + bi) logn pi

)∣∣∣∣∣ . (4)

Äîêàçàòåëüñòâî. Çàôèêñèðóåì m ∈ {1, . . . , n} è çàïèøåì åãî â ñëåäóþùåì
âèäå:

m =
∏

i∈(∆m∩∆k∩∆l)
pcii

∏
i∈(∆m∩∆k∩∆l)

pcii
∏

i∈(∆m∩∆k∩∆l)
pcii

∏
i∈(∆m∩∆k∩∆l)

pcii ,

ãäå ci > 0 â ñîîòâåòñòâèè ñ (3). Òîãäà â óñëîâèÿõ óòâåðæäåíèÿ ðàâåíñòâî
m

(m, k)
= l

èìååò âèä

m

(m, k)
=

∏
i∈(∆m∩∆k∩∆l)

p
ci−min(ci,ai)
i

∏
i∈(∆m∩∆k∩∆l)

p
ci−min(ci,ai)
i

∏
i∈(∆m∩∆k∩∆l)

pcii
∏

i∈(∆m∩∆k∩∆l)
pcii =

=
∏

i∈(∆m∩∆k∩∆l)

pbii
∏

i∈(∆m∩∆k∩∆l)
pbii .

Ïðè ýòîì äëÿ ïðîèçâîëüíîãî ôèêñèðîâàííîãî i ∈ ∆m

ci −min (ci, ai) =

{
0, ci ⩽ ai,

ci − ai â ïðîòèâíîì ñëó÷àå.

Â ÷àñòíîñòè, ïðè óñëîâèè m ∈ {1, . . . , n} âûïîëíÿåòñÿ ñëåäóþùåå:
1) äëÿ i ∈

(
∆m ∩∆k ∩∆l

)
óðàâíåíèå

ci −min (ci, ai) = 0 (5)

îòíîñèòåëüíî ci èìååò â òî÷íîñòè ai + 1 ðàçëè÷íûõ ðåøåíèé âèäà ci = 0, . . . , ai;
2) äëÿ i ∈ (∆m ∩∆k ∩∆l) óðàâíåíèå

ci −min (ci, ai) = bi ̸= 0 (6)

èìååò åäèíñòâåííîå ðåøåíèå âèäà ci = ai + bi;
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3) äëÿ i ∈
(
∆m ∩∆k ∩∆l

)
óðàâíåíèå (5) èìååò åäèíñòâåííîå ðåøåíèå ci = 0;

4) äëÿ i ∈
(
∆m ∩∆k ∩∆l

)
óðàâíåíèå (6) èìååò åäèíñòâåííîå ðåøåíèå ci = bi.

Òàêèì îáðàçîì, ÷èñëî ðàçëè÷íûõ m, óäîâëåòâîðÿþùèõ (2), ñîâïàäàåò ñ ìîùíîñòüþ

ìíîæåñòâà W
({ai : i∈∆k∩∆l})
∆k∩∆l

(
n, 1−

∑
i∈∆l

(ai + bi) logn pi

)
.

Ñëåäñòâèå 1. Ïóñòü â óñëîâèÿõ óòâåðæäåíèÿ 1 âûïîëíåíî íåðàâåíñòâî kl ⩽ n.
Òîãäà ñïðàâåäëèâà ôîðìóëà

|Qn
1 (k, l)| =

∏
i∈(∆k∩∆l)

(ai + 1). (7)

Â ÷àñòíîñòè, åñëè k�ïðîñòîå, òî

|Qn
1 (k, l)| =

{
2, (k, l) = 1,

1, (k, l) ̸= 1.
(8)

3. Ðàñïðåäåëåíèå äëèí öèêëîâ â ãðàôå Gπk

Ïðåæäå ÷åì ïåðåéòè ê îïèñàíèþ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû βπk , k > 1, âû-
ÿñíèì, êàê ïðîöåññ èòåðèðîâàíèÿ ïðîèçâîëüíîé ïîäñòàíîâêè π ∈ Sn âëèÿåò íà ñòðóê-
òóðó å¼ ãðàôà Gπ.

Îòìåòèì, ÷òî ðàñïðåäåëåíèå ÷èñëà âåðøèí ïî öèêëàì ãðàôà Gπk , k > 1, ñôîðìè-
ðîâàííîãî íà îñíîâå ãðàôà Gπ, îïðåäåëÿåòñÿ âåëè÷èíîé k, à èìåííî: êàæäûé öèêë
ãðàôà Gπ äëèíû m ∈ {1, . . . , n} ðàñïàäàåòñÿ íà (m, k) îòäåëüíûõ öèêëîâ ãðàôà Gπk

äëèíû
m

(m, k)
(ðèñ. 1).

 

1 
2 

3 

4 

5 

6 
7 

8 

9 

10 

10 

2 

11 

12 

9G G 
   

1 

7 

4 

11 

8 

5 

3 

12 

9 

6 

Ðèñ. 1. Ðàñïàä öèêëà ïðè 9-êðàòíîì èòåðèðîâàíèè ðàâíîâåðîÿòíîé ñëó÷àéíîé ïîäñòàíîâêè π

Ýòîò ôàêò ïîçâîëÿåò âûïèñàòü òî÷íóþ ôîðìóëó äëÿ ëîêàëüíîé âåðîÿòíîñòè
P [βπk (x) = l] ñ èñïîëüçîâàíèåì ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû βπ.

Óòâåðæäåíèå 2. Ïóñòü n ∈ N, n > 1 è ñëó÷àéíàÿ ïîäñòàíîâêà π : S → S èìååò
ðàñïðåäåëåíèå (1). Òîãäà äëÿ ëþáîãî ôèêñèðîâàííîãî x ∈ S, ëþáûõ k = pa11 p

a2
2 . . . patt ∈

∈ N è l = pb11 p
b2
2 . . . p

bs
s ∈ {1, . . . , n}, ïðåäñòàâëåííûõ â âèäå (3), ñïðàâåäëèâî ðàâåíñòâî

P [βπk (x) = l] =
1

n

∣∣∣∣∣W ({ai : i∈∆k∩∆l})
∆k∩∆l

(
n, 1−

∑
i∈∆l

(ai + bi) logn pi

)∣∣∣∣∣ .
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Äîêàçàòåëüñòâî. Çàôèêñèðóåì âåðøèíó x ∈ S è îáîçíà÷èì ÷åðåç m äëèíó
öèêëàKπ (x), ãäåm ⩽ n. Òîãäà äëÿ ïðîèçâîëüíîãî k ∈ N ñîîòâåòñòâóþùèé öèêëKπk (x)

èìååò äëèíó l =
m

(m, k)
. Èñïîëüçóÿ îáîçíà÷åíèå (2), çàïèøåì ðàâåíñòâî ñîáûòèé

[βπk (x) = l] =
⋃

m∈Qn(k,l)

[βπ(x) = m]. (9)

Çàìåòèì, ÷òî ñîáûòèÿ, ñòîÿùèå ïîä çíàêîì îáúåäèíåíèÿ â (9), íåñîâìåñòíû è ÷òî
âåëè÷èíà

P [βπ(x) = m] =

(
1− 1

n

)(
1− 1

n− 1

)
. . .

(
1− 1

n−m+ 2

)
1

n−m+ 1
=

1

n

íå çàâèñèò îò m.
Ïîýòîìó, ïåðåõîäÿ â (9) ê âåðîÿòíîñòÿì, ïîëó÷àåì

P [βπk (x) = l] =
∑

m∈Qn(k,l)

P [βπ(x) = m] =
|Qn

1 (k, l)|
n

, (10)

÷òî ñ ó÷¼òîì (4) äà¼ò èñêîìûé ðåçóëüòàò.

Ñëåäñòâèå 2. Ïóñòü â óñëîâèÿõ óòâåðæäåíèÿ 2 âûïîëíåíî íåðàâåíñòâî kl ⩽ n.
Òîãäà ñïðàâåäëèâà ôîðìóëà

P [βπk (x) = l] =
1

n

∏
i∈(∆k∩∆l)

(ai + 1). (11)

Â ÷àñòíîñòè, åñëè k�ïðîñòîå, òî

P [βπk (x) = l] =

{
2/n, (k, l) = 1,

1/n, (k, l) ̸= 1.

Äîêàçàòåëüñòâî. Èñêîìûå âûðàæåíèÿ åñòåñòâåííûì îáðàçîì ñëåäóþò èç (10)
è ñîîòíîøåíèé (7) è (8).

×åðåç λπk (l) îáîçíà÷èì ñëó÷àéíóþ âåëè÷èíó, ðàâíóþ ÷èñëó âåðøèí â ãðàôå Gπk ,
ëåæàùèõ íà öèêëàõ äëèíû l ∈ {1, . . . , n}.

Ñëåäñòâèå 3. Ïóñòü â óñëîâèÿõ óòâåðæäåíèÿ 2 âûïîëíåíî íåðàâåíñòâî kl ⩽ n.
Òîãäà ñïðàâåäëèâà ôîðìóëà

Eλπk (l) =
∏

i∈(∆k∩∆l)
(ai + 1).

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, òàê êàê λπk (l) =
∑
x∈S

I {x ∈ Cl (Gπk)}, ãäå

I {A}�èíäèêàòîð ñîáûòèÿ A, òî â ñèëó ðàâíîïðàâèÿ âñåõ x ∈ S è ñ ó÷¼òîì (11)
ïîëó÷àåì öåïî÷êó ñîîòíîøåíèé

Eλπk(l)=E
∑
x∈S

I {x∈Cl (Gπk)}=nP [x∈Cl (Gπk)] =nP [βπk(x) = l] =
∏

i∈(∆k∩∆l)
(ai + 1).

Ñëåäñòâèå äîêàçàíî.

Â ðåçóëüòàòàõ ñëåäñòâèé 2 è 3 âûäåëèì ÷àñòíûé ñëó÷àé, ïðåäñòàâëÿþùèé îñîáûé
èíòåðåñ äëÿ àíàëèçà êðèïòîãðàôè÷åñêèõ ïðèìèòèâîâ (íàïðèìåð, s-áîêñîâ), èñïîëüçó-
åìûõ â ñîñòàâå àëãîðèòìîâ áëî÷íîãî øèôðîâàíèÿ.
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Îïðåäåëåíèå 3. Íåïîäâèæíîé òî÷êîé ïîäñòàíîâêè π : S → S íàçûâàåòñÿ ýëå-
ìåíò x ∈ S, äëÿ êîòîðîãî π (x) = x.

Ñ ó÷¼òîì ââåä¼ííûõ îáîçíà÷åíèé ìíîæåñòâî íåïîäâèæíûõ òî÷åê k-êðàòíîé èòåðà-
öèè ïðîèçâîëüíîé ïîäñòàíîâêè π : S → S ñîâïàäàåò ñ C1 (Gπk).

Ñëåäñòâèå 4. Ïóñòü â óñëîâèÿõ óòâåðæäåíèÿ 2 ÷èñëî k�ïðîñòîå è âûïîëíåíî
íåðàâåíñòâî k ⩽ n. Òîãäà ñïðàâåäëèâû ôîðìóëû

P [x ∈ C1 (Gπk)] =
2

n
,

Eλπk (1) = 2.

Çàìå÷àíèå 2. Ðåçóëüòàòû ñëåäñòâèé 3 è 4 ìîãóò íàéòè ïðèìåíåíèå â ðàìêàõ
ñòàòèñòè÷åñêîé ïðîâåðêè ãèïîòåçû î ðàâíîâåðîÿòíîñòè ðàñïðåäåëåíèÿ ïîäñòàíîâîê.
Äåéñòâèòåëüíî, èìåÿ ðåàëèçàöèþ π1, π2, . . . , πN âûáîðêè îáú¼ìà N ∈ N èç íåêîòîðîãî
íåèçâåñòíîãî ðàñïðåäåëåíèÿ, çàäàííîãî íà èçìåðèìîì ïðîñòðàíñòâå (Ω,F), ìîæíî äëÿ
ïðîèçâîëüíîãî k > 1 ñôîðìèðîâàòü è ðàáîòàòü ñ íàáîðîì ïðîèçâîäíûõ ðåàëèçàöèé

π1, . . . , πN , π
2
1, . . . , π

2
N , . . . , π

k
1 , . . . , π

k
N ,

ïîëó÷èâ ïðè ýòîì âìåñòî îäíîé îöåíêè X1 âåëè÷èíû Eλπ (l), l ∈ {1, . . . , n}, íàáîð
èç k îöåíîê X1, . . . , Xk âåëè÷èí Eλπ (l) , . . . ,Eλπk (l) ñîîòâåòñòâåííî.

Äàëåå äëÿ k ∈ N è ïðîèçâîëüíûõ ôèêñèðîâàííûõ âåðøèí x, y ∈ S, x ̸= y, âû÷èñëèì
ñîâìåñòíóþ âåðîÿòíîñòü èõ ïîïàäàíèÿ íà öèêëû ôèêñèðîâàííûõ äëèí â ãðàôå Gπk .

Óòâåðæäåíèå 3. Ïóñòü n ∈ N, n > 1 è ñëó÷àéíàÿ ïîäñòàíîâêà π : S → S èìååò
ðàñïðåäåëåíèå (1). Òîãäà äëÿ ëþáûõ ôèêñèðîâàííûõ x, y ∈ S, x ̸= y, è ëþáûõ k ∈ N è
l1, l2 ∈ {1, . . . , n}, l1 + l2 ⩽ n (1 + δl1,l2), ñïðàâåäëèâî ðàâåíñòâî

P [x ∈ Cl1(Gπk), y ∈ Cl2(Gπk)] = δl1,l2
∑

m∈Qn
1 (k,l1)

m−1
n(n−1)

+
∑

m1∈Qn
1 (k,l1)

∑
m2∈Q

n−m1
1 (k,l2)

1

n(n−1)
,

ãäå δl1,l2 =

{
1, l1 = l2,

0, l1 ̸= l2
� ñèìâîë Êðîíåêåðà; Qn

1 (k, l) îïðåäåëÿåòñÿ ñîîòíîøåíèåì (2).

Äîêàçàòåëüñòâî. Äëÿ ïðîèçâîëüíûõ x, y ∈ S, x ̸= y, îïðåäåëèì èíäèêàòîð

Ix,y =

{
1, åñëè x, y ëåæàò íà îäíîì öèêëå ãðàôà Gπ,

0 â ïðîòèâíîì ñëó÷àå.

Ðàññìîòðèì ñëó÷àé l1 = l2 = l. Ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè

P [x, y ∈ Cl(Gπk)] = P [x, y ∈ Cl(Gπk), Ix,y = 1] + P [x, y ∈ Cl(Gπk), Ix,y = 0] . (12)

Âû÷èñëèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (12). Çàôèêñèðóåì âåðøèíó x ∈ S.
Äëÿ ïðîèçâîëüíîé ôèêñèðîâàííîé âåðøèíû y ∈ S, y ̸= x, ñóùåñòâóåò â òî÷íîñòè m−1
âàðèàíòîâ ðàñïîëîæåíèÿ íà ñîäåðæàùåì x öèêëå äëèíû m ∈ Qn(k, l) â ãðàôå Gπ.
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Òîãäà ïîëó÷àåì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ:

P [x, y ∈ Cl(Gπk), Ix,y = 1] =

=
∑

m∈Qn
2 (k,l)

1

n

(
1− 1

n− 1

)(
1− 1

n− 2

)
. . .

(
1− 1

n−m+ 2

)
1

n−m+ 1
+

+
∑

m∈Qn
2 (k,l)

(
1− 2

n

)
1

n− 1

(
1− 1

n− 2

)
. . .

(
1− 1

n−m+ 2

)
1

n−m+ 1
+ . . .+

+
∑

m∈Qn
2 (k,l)

(
1− 2

n

)(
1− 2

n− 1

)
. . .

(
1− 2

n−m+ 3

)
1

n−m+ 2

1

n−m+ 1
=

=
∑

m∈Qn
1 (k,l)

m− 1

n (n− 1)
.

(13)

Äëÿ ñëó÷àÿ, êîãäà âåðøèíû x, y ëåæàò íà ðàçëè÷íûõ öèêëàõ äëèí m1,m2 ∈
∈ {1, . . . , n}, m1 +m2 ⩽ n, â ãðàôå Gπ, èìååì

P [x, y ∈ Cl(Gπk), Ix,y = 0] =
∑

m1∈Qn
1 (k,l)

m1−2∏
i=0

(
1− 2

n− i

)
1

n−m1 + 1
×

×
∑

m2∈Q
n−m1
1 (k,l)

m1+m2−2∏
i=m1

(
1− 1

n− i

)
1

n−m1 −m2 + 1
=

=
∑

m1∈Qn
1 (k,l)

∑
m2∈Q

n−m1
1 (k,l)

1

n (n− 1)
.

(14)

Ïîäñòàâèâ (13) è (14) â ðàâåíñòâî (12), ïîëó÷èì âûðàæåíèå äëÿ èñêîìîé âåðîÿòíîñòè
â ñëó÷àå l1 = l2 = l.

Ïóñòü òåïåðü l1 ̸= l2. Â ýòîì ñëó÷àå âåðøèíû x, y ìîãóò ëåæàòü òîëüêî íà ðàçíûõ
öèêëàõ â ãðàôå Gπk , à ñëåäîâàòåëüíî, è â ãðàôå Gπ. Ïîýòîìó

P [x ∈ Cl1(Gπk), y ∈ Cl2(Gπk), l1 ̸= l2] =
∑

m1∈Qn
1 (k,l1)

∑
m2∈Q

n−m1
1 (k,l2)

1

n(n− 1)
. (15)

Îáúåäèíÿÿ âûðàæåíèÿ (12) è (15) ñ èñïîëüçîâàíèåì ñèìâîëà Êðîíåêåðà, ïðèõîäèì
ê èñêîìîìó âûðàæåíèþ.

Çàêëþ÷åíèå
Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îïèñûâàòü ñòðîåíèå è íåêîòîðûå âåðîÿòíîñò-

íûå ñâîéñòâà ãðàôà Gπk , k ⩾ 1, èñïîëüçóåìûå ïðè ñèíòåçå è àíàëèçå ÀÌÇÈ. Êðîìå
òîãî, òî÷íûå ðàñïðåäåëåíèÿ èññëåäîâàííûõ ñëó÷àéíûõ âåëè÷èí ðàñøèðÿþò âîçìîæ-
íîñòè ñòàòèñòè÷åñêîé ïðîâåðêè ãèïîòåçû î ñîãëàñèè ðàñïðåäåëåíèÿ àíàëèçèðóåìûõ
ïîäñòàíîâîê ñ ðàâíîâåðîÿòíûì.
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Blind signature schemes are the essential element of many e-cash and e-voting sys-
tems. Anonymity in such systems is ensured through the blindness property of the
signature schemes. We discuss the blindness property and analyze several ElGamal-
type blind signature schemes regarding this property. We present effective attacks
violating blindness on three schemes.
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Î ÑÂÎÉÑÒÂÅ ÍÅÎÒÑËÅÆÈÂÀÅÌÎÑÒÈ ÍÅÑÊÎËÜÊÈÕ ÑÕÅÌ
ÏÎÄÏÈÑÈ ÂÑËÅÏÓÞ ÍÀ ÎÑÍÎÂÅ ÓÐÀÂÍÅÍÈß ÝËÜ-ÃÀÌÀËß

À.À. Áàáóåâà∗, Ë. Ð. Àõìåòçÿíîâà∗, Å.Ê. Àëåêñååâ∗, Î. Ã. Òàðàñêèí∗∗

∗ÊðèïòîÏðî, ã. Ìîñêâà, Ðîññèÿ
∗∗Waves, ã. Ìîñêâà, Ðîññèÿ

Ñõåìû ïîäïèñè âñëåïóþ ÿâëÿþòñÿ íåîòúåìëåìûì ýëåìåíòîì áîëüøîãî êîëè÷å-
ñòâà ñèñòåì ýëåêòðîííûõ ïëàòåæåé è ñèñòåì äèñòàíöèîííîãî ýëåêòðîííîãî ãîëî-
ñîâàíèÿ. Àíîíèìíîñòü â òàêèõ ñèñòåìàõ îáåñïå÷èâàåòñÿ çà ñ÷¼ò ñâîéñòâà íåîòñëå-
æèâàåìîñòè ñõåì ïîäïèñè âñëåïóþ. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà àíàëèçó íåêî-
òîðûõ ñõåì ïîäïèñè âñëåïóþ íà îñíîâå óðàâíåíèÿ Ýëü-Ãàìàëÿ ñ òî÷êè çðåíèÿ
îáåñïå÷åíèÿ ñâîéñòâà íåîòñëåæèâàåìîñòè. Ïîñòðîåíû àòàêè, íàðóøàþùèå ñâîé-
ñòâî íåîòñëåæèâàåìîñòè, íà òðè ñõåìû ïîäïèñè âñëåïóþ óêàçàííîãî òèïà.

Êëþ÷åâûå ñëîâà: ñõåìà ïîäïèñè âñëåïóþ, ñâîéñòâî íåîòñëåæèâàåìîñòè, ñõå-

ìà ïîäïèñè âñëåïóþ òèïà Ýëü-Ãàìàëÿ.

1. Introduction
The blind signature mechanism was originally proposed by Chaum in 1982 in [1] for

e-cash systems. Signature issuing protocol is the interactive protocol that runs between
two parties: a Signer and a Requester. As the result, the Requester receives the signature
for a message without the Signer receiving any information about the message or the
signature value. The application of blind signature schemes includes electronic voting
systems, anonymous e-cash systems, direct anonymous attestation, anonymous credentials,
etc.
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Blind signature schemes should provide two security properties: unforgeability and
blindness. The �rst one is standard for all signature schemes and ensures that a valid
signature can be generated only during the interaction with the secret signing key holder.
The second property is more speci�c for this class of signature schemes and provides that
a Signer learns no additional information during the protocol execution. However, the way
to determine this information is not obvious. Intuitively, it seems that the message to be
signed should be hidden from the Signer, but it turns out that this is not enough.

In the paper, we discuss the blindness property and analyze several blind signature
schemes based on ElGamal equation (ElGamal-type blind signature schemes) regarding this
property. We present attacks violating blindness on schemes introduced in [2�4]. It seems
that one of them [3] was broken due to a misunderstanding of blindness property.

2. Blindness property
Before we talk about blindness, let us recall the de�nition of a blind signature scheme.

It is determined by three algorithms:

� (sk, pk) ← KeyGen(): a key generation algorithm that outputs a secret key sk and a
public key pk;

� (b, σ) ← ⟨Signer(sk),Requester(pk,m)⟩: an interactive signing protocol that is run
between a Signer with a secret key sk and a Requester with a public key pk and a
message m; the Signer outputs b = 1, if the interaction completes successfully, and
b = 0 otherwise, while the Requester outputs a signature σ, if it terminates correctly,
and a fail indicator ⊥ otherwise;

� b← Verify(pk,m, σ): a (deterministic) veri�cation algorithm that takes a public key pk,
a message m, and a signature σ, and returns 1 if σ is valid on m under pk and 0
otherwise.

Blindness. Informally, the blind signature scheme provides blindness if there is no
way to link a (message, signature) pair to the certain execution of the signing protocol.
In other words, the blindness is broken if the particular protocol execution for some �xed
message leads to �xing the signature value in an unambiguous way or at least to signi�cant
narrowing the set of possible signature values. It means that for each protocol transcription
and message there exists only the small set of valid signature values (and hence, blinding
factors values) that could be produced during such protocol execution.

For a deeper understanding, we consider the example of using blind signature schemes in
e-voting systems. Suppose, that the authenticated voter performs a blind signature protocol
with the Registrar and receives a signature for his ballot (the ballot acts as the message in
this scenario). Note that in this case the transcription of the protocol is tied to a speci�c
person, his full name and personal information. After receiving the signature, the voter
sends a signed ballot to the ballot box anonymously. Thus, if one can link the protocol
transcription to the (message, signature) pair, then he can link the ballot to the speci�c
person and violate anonymity.

Towards formalizing. Let describe the regular blindness security notion introduced
in [5, 6]. An adversary acts as a malicious Signer and is powered to run the signing protocol
with the Requester twice. It is assumed that the Requester behaves correctly (according
to the protocol). After two successful interactions the Requester outputs two (message,
signature) pairs simultaneously. If at least one of the interactions failed, the Requester
outputs fail indicator.
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The adversary's task (threat) is to link the transcription to the corresponding (message,
signature) pair with a probability of success signi�cantly greater than 1/2. A strong and a
weak attacks may be also distinguished by the following criteria [7]:

� by key generation way (weak attack � the adversary generates key pair according to the
protocol, strong � in the malicious way);

� by the method of choosing messages, the signature for which the adversary should
distinguish (weak attack � the messages are chosen by the Requester, strong � by the
adversary).

Note that regular blindness assumes that all interactions terminates successfully.
However, extended security notions, that allow an adversary to initiate aborts, were
also introduced: a-posteriori blindness [8], selective-failure blindness [9]. The latter notion
was also extended to the multiple interaction case [10]. A-posteriori blindness originally
considers blindness of multiple executions between the Signer and the Requester, and
guarantees unlinkability of execution with (message, signature) pairs only for non-aborted
sessions. An adversary is powered to control the distribution on the signed messages, but not
to choose them. However, a-posteriori blindness does not imply ordinary blindness and vice
versa [8]. Selective-failure blindness guarantees that adversary could not force Requester
to abort the signing protocol because of a certain property of the Requester message,
which would disclose some information about the message to the adversary. Selective-failure
blindness is a strictly stronger notion than regular blindness [10].

3. Broken schemes
This section presents three ElGamal-type blind signature schemes that do not provide

blindness and the corresponding attacks. To address speci�c schemes, we name them by
the authors' initials and the date of paper publication.

All considered schemes are based on the elliptic curve discrete logarithm problem. If p is
a prime number, then the set Zp is a �nite �eld with characteristic p. We assume the
canonic representation of the elements in Zp as a natural number in the set {0, . . . , p− 1}.
We de�ne Z∗

p as the set Zp without zero element. We denote the group of points of elliptic
curve over the �eld Zp by G, the order of the prime subgroup of G by q and elliptic curve
point of order q by P . For simplicity, we assume that p < q. A key generation algorithm
KeyGen in all schemes involves picking random d from Z∗

q (secret signing key) and de�ning
Q = dP (public verifying key). We denote by H the hash function that maps binary strings
to elements from Zq and assume that all �eld operations are performed modulo q.

To avoid trivial attacks, we assume that during the signing protocol both the Signer
and the Requester check that �eld elements are nonzero, points belong to the used elliptic
curve and are not equal to the zero point. Moreover, the Requester should always check
that the values obtained from the Signer are valid for its query. If one of these checks fails,
the participant should abort the protocol with fail indicator.

All the proposed attacks are applied in the weak security model:

� key pair is generated correctly;
� Requester chooses the messages for signing on its own;
� an adversary does not need to know secret signing key;
� an adversary does not need to initiate aborts on the Requester side.

In fact, all these attacks may be performed by any external observer, not only the Signer.
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3.1. G Y P 1 6 s c h e m e s

Four blind signature schemes, based on ECDSA, GDSA, KCDSA, and DSTU schemes,
were proposed in [2] in 2016. We present the de�nition of ECDSA-based scheme and attack
on it. The attacks on other schemes are constructed similarly.

Scheme description. The signing protocol is de�ned at Fig. 1.

The signing protocol

Signer(d,Q) Requester(Q,m)

k ←$ Z∗
q

R← kP

R

α←$ Z∗
q

R′ ← αR

r ← R.x mod q

r′ ← R′.x mod q

e′ ← H(m)

e← r(r′)−1e′ (1)

e

r ← R.x mod q

s← k−1(dr + e)

s

s′ ← sα−1r′r−1

σ ← (r′, s′)

Fig. 1. GYP16 scheme: the signing protocol

The veri�cation procedure for the messagem and the signature (r, s) assumes computing
point R = s−1(rQ+ eP ), where e = H(m), and verifying the equality R.x mod q = r.

Attack. We show that for �xed protocol transcription and message there exists only
the small set of valid signature values that could be produced during the given protocol
execution. Indeed, if the protocol transcription (R, e, s) and message m are �xed, then the
r = R.x mod q and e′ = H(m) values are also �xed. The line (1) allows to de�ne the r′

component of the signature unambiguously as r′ = re−1e′ and thus R′ point is �xed up
to sign. For each possible value R′, there exists the unique α such that R′ = αR. But
the α values are chosen uniformly at random, so the probability to choose α, such that
(αR).x mod q = re−1e′, during several protocol executions is negligible. Therefore, with
overwhelming probability there exist only one signature with r′ component satis�ed the
condition in line (1).

Hence, the line (1) provides the criteria to break the blindness property. The exact
transcription (R, e, s) corresponds to the certain message m with signature (r′, s′) i� the
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following condition holds:
e = r(r′)−1e′,

where e′ = H(m).

3.2. R 0 0 s c h e m e

Two blind signature schemes based on Schnorr and ElGamal (speci�cally, GOST)
signatures were proposed in [3] in 2000. Both of them are vulnerable to the same attack.
Let us show it on the GOST-based blind signature example.

Further, we assume that elliptic curve points can be represented as binary strings
(corresponding to their coordinates) and therefore may be passed as input to the hash
function H.

Scheme description. The signing protocol is de�ned at Fig. 2.

The signing protocol

Signer(d,Q) Requester(Q,m)

k ←$ Z∗
q

R← kP

r ← H(R)

R

α←$ Z∗
q

R′ ← αR (1)

r′ ← H(R′) (2)

r ← H(R)

β ← r′r−1 (3)

e′ ← H(m)

e← αβ−1e′ (4)

e

s← ke+ dr

s

s′ ← sβ

σ ← (R′, s′)

Fig. 2. R00 scheme: the signing protocol

The veri�cation procedure for the message m and the signature (R, s) assumes verifying
the equality sP = H(R)Q+ eR, where e = H(m).

Attack. Similar to the previous scheme, we show that for a �xed protocol transcription
and message there are only few valid signatures that could be produced during the given
protocol execution. Indeed, if the protocol transcription (R, e, s) and message m are �xed,
then the r = H(R) and e′ = H(m) values are also �xed. Consider the line (4) of the protocol
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keeping in mind the relations from lines (1)�(3):

e = αβ−1e′ = α(r′r−1)−1e′ = α(r′)−1re′ = αH(αR)−1re′.

The equation e = αH(αR)−1re′ for α has only few roots. However, α values are chosen
uniformly at random, so the probability to choose α, that satis�es the equation above,
during several protocol executions is negligible. Therefore, with overwhelming probability
there exists only one signature with R′ = αR component for which α satis�es the condition
in line (4).

Hence, the criteria for breaking blindness can be constructed from the lines (1)�(4). The
exact transcription (R, e, s) corresponds to the certain message m with hash-value e′ and
signature (R′, s′) i� the following condition holds:

αR = R′,

where α = e(e′)−1H(R′)H(R)−1.
The attack on Schnorr-based blind signature [3] is de�ned using the same considerations.

Blindness understanding. The attack seems to become possible due to
misunderstanding of blindness property. The authors of [3] considered blindness as the
resistance to the attacks that lead to the disclosure of message m after the protocol
execution. However, blindness property is much wider. Indeed, the protocol transcription
may leak information about the signature value that also may violate blindness.

3.3. T N H V 1 8 s c h e m e

The similar attack is applicable to the aggregate blind signature scheme that was
proposed in 2018 in [4] (more precisely, two cases of Signing protocol di�erring on the
Requester side were proposed). It is also GOST-based scheme. Without loss of generality,
we omit the aggregation property and present the description of the scheme in the case of
a single Signer. Indeed, the following attack does not need the secret key knowledge and
can be performed by anyone who can view the set of protocol transcriptions and the set of
generated (message, signature) pairs.

Scheme description. The signing protocol is de�ned at Fig. 3.
The veri�cation procedure for message m and signature (r, s) in both cases assumes

computing point R = e−1sP − e−1rQ, where e = H(m), and verifying the equality R.x =
r mod q.

Attack. Consider the �rst case of the scheme. As usual, we show that for a �xed
protocol transcription and message there are only few valid signatures that could be
produced during the given protocol execution. If the protocol transcription (R, r, e, s) and
message m are �xed, then the e′ = H(m) value is also �xed. Consider the line (4) of the
protocol keeping in mind the relations from lines (1)�(3):

r = r′β−1α = (R′.x mod q)β−1e(e′)−1 = ((βR + αP ).x mod q)β−1e(e′)−1 =

= ((βR + e(e′)−1P ).x mod q)β−1e(e′)−1.

The equation
r = ((βR + e(e′)−1P ).x mod q)β−1e(e′)−1

for β has only few roots. However, β values are chosen uniformly at random, so the
probability to choose β, such that the equation above is satis�ed, during several protocol
executions is negligible. Therefore, with overwhelming probability there is only one signature
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The signing protocol

Signer(d,Q) Requester(Q,m)

Case 1 Case 2

k ←$ Z∗
q

R← kP

R

α, β ←$ Z∗
q α, β ←$ Z∗

q

e′ ← H(m) e′ ← H(m)

e← αe′ e← βe′ (1)

R′ ← βR+ αP R′ ← α−1R+ P +Q(2)

r′ ← R′.x mod q r′ ← R′.x mod q (3)

r ← r′β−1α r ← αβ(r′ + e′) (4)

r, e

s← ke+ dr

s

s′ ← βα−1s+ αe′ s′ ← β−1α−1s+ e′

σ ← (r′, s′) σ ← (r′, s′)

Fif. 3. TNHV18 scheme: the signing protocol

with r′ component equal to (βR+ e(e′)−1P ).x mod q, for which β satis�es the condition in
line (4).

Hence, lines (1)�(4) provide the following criteria for breaking blindness. The exact
transcription (R, r, e, s) corresponds to the certain message m with hash-value e′ and
signature (r′, s′) i� the following condition holds:

R′.x mod q = r′,

where R′ = βR + αP , α = e(e′)−1, β = r′r−1α.
The attack on the second case of the scheme is justi�ed similarly. The exact transcription

(R, r, e, s) corresponds to the certain message m with hash-value e′ and signature (r′, s′) i�
the following condition holds:

R′.x mod q = r′,

where R′ = α−1R + P +Q, α = rβ−1(r′ + e′)−1, β = e(e′)−1.
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It is well known that every stream cipher is based on a good pseudorandom generator.
For cryptographic purposes, we are interested in generating pseudorandom sequences
with the maximum possible period. A feedback register is one of the most known cryp-
tographic primitives that is used to construct stream ciphers. We consider periodic
properties of pseudorandom sequences produced by filter and combiner generators
(two known schemes of stream generators based on feedback registers). We analyze
functions in these schemes that lead to output sequences of period at least a given
number ℓ. We call such functions ℓ-suitable and count the exact number of them for
an arbitrary n.

Keywords: stream cipher, filter generator, combiner generator, Boolean function.
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Èçâåñòíî, ÷òî ëþáîé ïîòî÷íûé øèôð îñíîâàí íà õîðîøåì ãåíåðàòîðå ïñåâäîñëó-
÷àéíûõ ÷èñåë. Â êðèïòîãðàôè÷åñêèõ öåëÿõ èçó÷àþòñÿ ðàçëè÷íûå ñïîñîáû ãåíå-
ðàöèè ïñåâäîñëó÷àéíûõ ïîñëåäîâàòåëüíîñòåé ñ ìàêñèìàëüíî âîçìîæíûì ïåðèî-
äîì. Ðåãèñòð ñäâèãà ñ îáðàòíîé ñâÿçüþ� îäèí èç êðèïòîãðàôè÷åñêèõ ïðèìèòè-
âîâ, êîòîðûé èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ ïîòî÷íûõ øèôðîâ. Â ðàáîòå èçó÷àþò-
ñÿ ïåðèîäè÷åñêèå ñâîéñòâà ïñåâäîñëó÷àéíûõ ïîñëåäîâàòåëüíîñòåé, ñîçäàâàåìûõ
ôèëüòðóþùèì è êîìáèíèðóþùèì ãåíåðàòîðàìè (èçâåñòíûìè ñõåìàìè ïîòî÷íûõ
ãåíåðàòîðîâ íà îñíîâå ðåãèñòðîâ ñäâèãà ñ îáðàòíîé ñâÿçüþ). Â ýòèõ ñõåìàõ àíà-
ëèçèðóþòñÿ ôóíêöèè, êîòîðûå ïðèâîäÿò ê âûõîäíûì ïîñëåäîâàòåëüíîñòÿì ñ ïå-
ðèîäîì íå ìåíåå çàäàííîãî ÷èñëà ℓ. Ìû íàçûâàåì òàêèå ôóíêöèè ℓ-ïîäõîäÿùèìè
è ïîäñ÷èòûâàåì èõ òî÷íîå êîëè÷åñòâî äëÿ ïðîèçâîëüíîãî n.
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1. Introduction
Symmetric ciphers are usually divided into block and stream ciphers. Stream ciphers

are considered as more fast but not as secure as block ciphers. One of the most known
cryptographic primitives that is used to construct stream ciphers is a feedback shift
register (FSR). There are many attacks and defenses on such ciphers and countermeasures
against them, see, for instance, [1, 2].

The task of studying feedback registers leads to the problem of studying a pseudorandom
sequence (gamma) generated by a feedback register [3]. Cryptographers who develop various
pseudorandom number generators study the resulting gamma for the presence of the
necessary properties. For example, it should have a large period, high linear complexity, and
a uniform bit distribution [4]. It is often important that the sequence be reproducible [5].
Only if gamma has the required properties it can be considered for use in cryptographic
applications [6]. An important property of the generated sequence is the randomness. There
should be independence of values, unpredictability and uniform distribution [7]. Before
using a pseudorandom sequence, it is necessary to evaluate its randomness. There are many
di�erent statistical tests for this, for example, NIST, Diehard, ENT test [8].

The properties of the pseudorandom sequence generated by FSR are well studied in the
case when f is a linear function (LFSR). If f is nonlinear (see [9, 10]), there are too many
open questions related to pseudorandom sequences that all are connected to analysis of
nonlinear recurrent sequences, for example, see [11] for further review. That is why some
nonlinear combinations of LFSRs are usually considered, for instance, �lter and combining
models of stream generators [6].

Let us recall a few de�nitions. Let Fn
2 be the n-dimensional vector space over F2.

A Boolean function in n variables is a function f : Fn
2 → F2. A vector of values for

a given Boolean function f is the vector
(
f(x(1)), . . . , f(x(2

n))
)
, where x(1), . . . , x(2

n) are
binary vectors in Fn

2 that are lexicographically ordered. Any Boolean function f can be

represented uniquely in its algebraic normal form (ANF): f(x1, . . . , xn) =
⊕

I∈P(N)

aI

(∏
i∈I
xi

)
,

where P(N) is a power set of N = {1, . . . , n} and aI ∈ F2. For a Boolean function f , the
number of variables in the longest item of its ANF is called the algebraic degree of the
function. If algebraic degree of f is not more than 1, then f is called a�ne. A function is
called linear if it is a�ne and f(0) = 0. If algebraic degree of a function f is more than 1,
then f is called nonlinear.

A feedback shift register consists of two parts: a binary block x = (x1, . . . , xn) of length n
and a feedback function f , where f is a Boolean function in n variables. First, we �ll the
block x with constants, it is the initial state of the register. During the encryption process
the register is changing its state using the feedback function. Gamma is a pseudorandom
sequence generated by FSR. For functioning of the FSR the time is considered to be divided
into clock cycles. On each clock cycle, the value f(x) is calculated �rst, then the register
state x = (x1, . . . , xn−1, xn) goes to the state x

′ = (x2, . . . , xn, f(x)), while the bit x1 will
be written as the �rst bit of the generated gamma. A period is a length of repeating part
of gamma. If f is linear, we have LFSR. Similarly, nonlinear feedback shift register (NFSR)
uses nonlinear Boolean function as a feedback function. It is known that LFSR can be
also speci�ed by a feedback polynomial. It is a polynomial of degree n de�ning bits to
be summed. If f(x1, . . . , xn) = a1x1 ⊕ a2x2 ⊕ . . . ⊕ anxn, then the corresponding feedback
polynomial is de�ned as p(z) = a1z

n + a2z
n−1 + . . .+ anz + 1, where ai ∈ F2, i = 1, . . . , n.

If p(z) is a primitive polynomial, i.e., the primitive element of the �eld GF(2n) is its root,
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then the period of a pseudorandom sequence generated by LFSR is maximal, i.e., is equal
to 2n − 1. As a result, primitive polynomials are mainly used in LSFRs.

There are many stream ciphers based on LFSR and NFSR. One of them is Grain,
developed in 2004 [12]. It is constructed by combining model based on two shift registers,
one with linear feedback and one with nonlinear feedback, and a nonlinear output function.
Both linear and nonlinear shift register sizes are 80 bits. Another one is A5/1 cipher from
GSM standard [13]. It has three LSFRs of lengths 19, 22 and 23 bits with irregular clocking.
The registers are clocked in a stop/go fashion using a majority rule. The output is the sum
of the last bits of the three registers. We could also mention the Gollmann cascade [14].
This cipher is representative of åðó combining model. It consists of a series of LFSRs that
are clock-controlled by the previous LFSR. If all the LFSRs have the same length n, the
linear complexity of a system with k LFSRs is equal to n(2n − 1)k−1. Other examples of
ciphers that are based on LFSR and NFSR are Ge�e generator, Jennings generator, and
Beth �Piper Stop-and-Go generator.

In this paper, we analyze pseudorandom sequences produced by �lter and combiner
generators. Namely, we study functions in these schemes that lead to pseudorandom
sequences with a period not less than a given ℓ. We call such functions ℓ-suitable and
count the exact number of them for an arbitrary n.

This paper is a modi�ed continuation of the previous one [15].

2. The analysis of gamma for linear feedback shift register generators
2.1. F i l t e r g e n e r a t o r s

The �lter generator consists of a single LFSR of length n and uses a primitive polynomial
to change states. A Boolean function h(x1, . . . , xn) applied to the current state generates
a pseudorandom sequence (gamma). Let us note that the number of all possible functions
h(x1, . . . , xn) is equal to 22

n
. The work of the �lter generator is shown in [16].

Let gamma be de�ned as γ = (y1, y2, . . . , y2n−1), where y1 = h(x1, . . . , xn), y2 = h(x2,
. . . , xn, f(x1, . . . , xn)), etc., and f(x1, . . . , xn) is the feedback function. Since the number of
all nonzero states is equal to 2n−1, the maximum possible value of the gamma period is also
2n−1. We would like to determine all ℓ-suitable Boolean functions h in n variables. Functions
which lead to gammas with a period less than a given ℓ we would call ℓ-unsuitable. Note that
the number of such functions does not depend on a linear feedback function. But whether
the function is ℓ-suitable or not for the given generator, depends on the feedback function.
When we count the number of ℓ-suitable functions h, we do not consider a speci�c set of
states. We say that there is a certain number of di�erent states used by the generator (all
sets that are generated by primitive polynomials �t this de�nition). Next, we study which
pseudorandom sequences have the period not less than a given ℓ. We analyze the number of
ℓ-unsuitable functions and the number of ℓ-suitable functions. Thus, our reasonings do not
a�ect the speci�c order of the states. Therefore, there will be the exact calculated number
of ℓ-suitable functions h for any set of states used by the generator.

Let us provide some examples of ℓ-suitable and ℓ-unsuitable functions. Let n = 4 be
the length of a shift register, f(x1, x2, x3, x4) = x1 ⊕ x2 be a feedback function, and p(z) =
= z4 + z3 + 1 be a corresponding primitive polynomial. Let h1(x1, x2, x3, x4) = x2x1 ⊕
⊕x3x1⊕x3x2⊕x4x1⊕x1⊕x2⊕x3⊕1 and h2(x1, x2, x3, x4) = x4x2x1⊕x2x1⊕x3x2⊕x3⊕1
be Boolean functions in n variables. We present generated gamma for these functions in
the Table.
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States 0001 0010 0100 1001 0011 0110 1101 1010
h1(x1, x2, x3, x4) 1 0 0 1 0 0 1 0
h2(x1, x2, x3, x4) 1 0 1 1 0 1 1 0

States 0101 1011 0111 1111 1110 1100 1000 0001
h1(x1, x2, x3, x4) 0 1 0 0 1 0 0 1
h2(x1, x2, x3, x4) 1 0 1 1 0 0 1 1

Note that h1 and h2 generate the gamma with periods 3 and 15. If ℓ = 15, i.e., we
need a gamma with maximum period, then h1 is an ℓ-unsuitable function, h2 is a ℓ-suitable
function.

To begin with, we show the calculation of the number of ℓ-unsuitable sequences.
The number of aperiodic Boolean sequences has been studied in [17], we present our calcu-
lations of the number Uℓ of sequences with a period less than ℓ (ℓ-unsuitable sequences).

Lemma 1. Let ℓ = qω1
1 q

ω2
2 . . . qωk

k , where qi are pairwise distinct prime numbers,
ωi ∈ N. Then the number of ℓ-unsuitable sequences is equal to

Uℓ =
∑

β∈Fk
2 ,β ̸=0

(
(−1)β1+...+βk+12q

ω1−β1
1 ...q

ωk−βk
k

)
, where β = (β1, . . . , βk).

Proof. We can count the number of ℓ-unsuitable sequences of length ℓ only. Consider
sequences of length ℓ = qω1

1 q
ω2
2 . . . qωk

k with a period less than ℓ. Let Ai be a set of sequences
that can be divided on qi identical subsequences, i = 1, . . . , k. Then Ai ∩ Aj is a set of
sequences that can be divided on qi·j identical subsequences, where i ̸= j, i, j = 1, . . . , k.
Then Ai ∪ Aj is a set of sequences that can be divided on qi or qj identical subsequences,

where i ̸= j, i, j = 1, . . . , k. Hence, all ℓ-unsuitable sequences belong to the set
k⋃

i=1

Ai, and

Uℓ = |
k⋃

i=1

Ai|. When a sequence is divided into qi identical subsequences, the length of the

subsequence is equal to qω1
1 q

ω2
2 . . . qωi−1

i . . . qωk
k . Since the elements of the subsequences are

in {0, 1}, then

|Ai| = 2q
ω1
1 q

ω2
2 ...q

ω(i−1)
(i−1)

q
ωi−1
i q

ω(i+1)
(i+1)

...q
ωk
k ,

|Ai ∩ Aj| = 2q
ω1
1 q

ω2
2 ...q

ω(i−1)
(i−1)

q
ωi−1
i q

ω(i+1)
(i+1)

...q
ω(j−1)
(j−1)

q
ωj−1

j q
ω(j+1)
(j+1)

...q
ωk
k ,

. . .∣∣∣ k⋂
i=1

Ai

∣∣∣ = 2q
ω1−1
1 q

ω2−1
2 ...q

ωk−1

k .

Therefore, we can compute |
k⋃

i=1

Ai| using the inclusion-exclusion principle:

∣∣∣ k⋃
i=1

Ai

∣∣∣ = k∑
i=1

|Ai| −
∑

1⩽i<j⩽k

|Ai ∩ Aj|+
∑

1⩽i<j<t⩽k

|Ai ∩ Aj ∩ At| − . . .

+(−1)k−1|A1 ∩ A2 ∩ . . . ∩ Ak| =
k∑

i=1

2q
ω1
1 q

ω2
2 ...q

ω(i−1)
(i−1)

q
ωi−1
i q

ω(i+1)
(i+1)

...q
ωk
k −

−
∑

1⩽i<j⩽k

2q
ω1
1 q

ω2
2 ...q

ω(i−1)
(i−1)

q
ωi−1
i q

ω(i+1)
(i+1)

...q
ω(j−1)
(j−1)

q
ωj−1

j q
ω(j+1)
(j+1)

...q
ωk
k +
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. . .+ (−1)k−12q
ω1−1
1 q

ω2−1
2 ...q

ωk−1

k =
∑

β∈Fk
2 ,β ̸=0

(
(−1)β1+···+βk+12q

ω1−β1
1 ...q

ωk−βk
k

)
,

where β = (β1, . . . , βk).

Let us prove the main result for �lter generators.

Theorem 1. Let n ∈ N and ℓ is a divisor of 2n − 1, ℓ = qω1
1 q

ω2
2 . . . qωk

k , where qi are
pairwise distinct prime numbers, ωi ∈ N. Then the number of ℓ-suitable Boolean functions
in n variables for the �lter generator with LFSR based on a primitive polynomial of degree n
is equal to

22
n − 2

∑
β∈Fk

2 ,β ̸=0

(
(−1)β1+...+βk+12q

ω1−β1
1 ...q

ωk−βk
k

)
, where β = (β1, . . . , βk).

Proof. From Lemma 1 we know the number Uℓ of ℓ-unsuitable sequences of the length
2n − 1. We can write all states of the register one by one and from one state we get the
second one as the next state. Consider the vector of values of a Boolean function h that
generates our gamma. Since there is no zero state in the set of states (it generates the cycle
of length 1), function h can take any value (0 or 1) on zero vector. That is why there are
exactly two Boolean functions that generate the same sequence.

Hence, the number of ℓ-unsuitable functions is equal to 2Uℓ. Then, the number of ℓ-sui-
table functions is 22

n − 2Uℓ.

Similarly, we propose to count the number of Boolean functions in n variables leading
to gammas with period exactly equal to ℓ.

Theorem 2. Let n ∈ N and ℓ is a divisor of 2n − 1, ℓ = qω1
1 q

ω2
2 . . . qωk

k , where qi
are pairwise distinct prime numbers, ωi ∈ N. Then the number of Boolean functions
in n variables that lead to gammas with period exactly equal to ℓ for the �lter generator
with LFSR based on a primitive polynomial of degree n is equal to

2ℓ+1 − 2
∑

β∈Fk
2 ,β ̸=0

(
(−1)β1+...+βk+12q

ω1−β1
1 ...q

ωk−βk
k

)
, where β = (β1, . . . , βk).

Proof. To calculate the number of functions that lead to gammas with a period exactly
equal to ℓ, we take the number of functions that lead to gammas with a period not greater
than ℓ and subtract the number of functions that lead to gammas with a period less than ℓ.

The number of functions that lead to gammas with a period not greater than ℓ is equal
to 2ℓ+1. The remaining arguments are similar to those given in the proof of Theorem 1.

2.2. C o m b i n i n g m o d e l

Combiner generators use several LFSRs. Each register has its own length ni and uses its
own primitive polynomial for changing states. A Boolean function h(X1, . . . , Xm) generates
a pseudorandom sequence gamma, where Xi is a bit string of register i. The work of the
combiner generator is shown in [16].

Since we do not use zero state in LFSR, the total number of states does not exceed
N = (2n1−1)(2n2−1) . . . (2nm−1). In this case, the maximum is reached when (ni, nj) = 1
for all i, j ∈ {1, . . . ,m}, i ̸= j, and if all LFSRs have primitive feedback polynomials. Then
a Boolean function can generate a gamma with a period ranging from 1 to N .

We consider a more general model of a combiner generator. This generalized combining
model is used in ciphers such as Grain [12]. Note that the classical combining model does
not allow to describe a number of modern stream ciphers based on the more complicated
operating with bits from di�erent registers.
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Theorem 3. Let n,m, n1, . . . , nm ∈ N,
m∑
i=1

ni = n, and ℓ is a divisor of (2n1 − 1) . . .×

× (2nm−1), ℓ = qω1
1 q

ω2
2 . . . qωk

k , where qi are pairwise distinct prime numbers, ωi ∈ N, k ∈ N.
Then the number of ℓ-suitable Boolean functions in n variables for the combiner generator
with LFSRs of lengths n1, . . . , nm all based on primitive polynomials is equal to

22
n − 22

n−(2n1−1)...(2nm−1)
∑

β∈Fk
2 ,β ̸=0

(
(−1)β1+...+βk+12q

ω1−β1
1 ...q

ωk−βk
k

)
,

where β = (β1, . . . , βk).

Proof. Number of ℓ-unsuitable sequences for the combiner generators is equal to Uℓ, in
view of Lemma 1. Since we use only (2n1−1)(2n2−1) . . . (2nm−1) states and the total number
of states is equal to 2n1 2n2 . . . 2nm = 2n, then we have 2n − (2n1 − 1)(2n2 − 1) . . . (2nm − 1)
states, where our function can be equal to 0 or 1. Therefore, for one of these states we
have two functions. Thus, the number of ℓ-unsuitable Boolean functions in n variables for
the combiner generators equals 22

n−(2n1−1)(2n2−1)...(2nm−1) Uℓ. Then, the number of ℓ-suitable
functions is equal to 22

n − 22
n−(2n1−1)...(2nm−1) Uℓ.

Similarly, we propose to count the number of Boolean functions in n variables that lead
to gammas with period exactly equal to ℓ for the combiner generator with LFSRs of lengths
n1, . . . , nm.

Theorem 4. Let n,m, n1, . . . , nm ∈ N,
m∑
i=1

ni = n, and ℓ is a divisor of (2n1 − 1) . . .×

× (2nm−1), ℓ = qω1
1 q

ω2
2 . . . qωk

k , where qi are pairwise distinct prime numbers, ωi ∈ N, k ∈ N.
Then the number of Boolean functions in n variables that lead to gammas with period
exactly equal to ℓ for the combiner generator with LFSRs of lengths n1, . . . , nm all based
on primitive polynomials is equal to

2ℓ+(2n−(2n1−1)...(2nm−1)) − 22
n−(2n1−1)...(2nm−1)

∑
β∈Fk

2 ,β ̸=0

((−1)β1+...+βk+12q
ω1−β1
1 ...q

ωk−βk
k ),

where β = (β1, . . . , βk).

Proof. The proof is similar to that of Theorem 2 with the remark that the
number of functions that lead to gammas with a period not greater than ℓ is equal to
2ℓ+(2n−(2n1−1)...(2nm−1)).

3. Functions for models with nonlinear registers
A nonlinear feedback shift register (NFSR) consists of two parts: a binary vector x =

(x1, . . . , xn) of length n and a nonlinear state function f : Fn
2 → F2 in n variables.

Similarly to the linear case, let us consider the �lter generator. We assume that NFSR
passes over all 2n states, i.e., it has the maximum possible period.

Theorem 5. Let n ∈ N and ℓ = 2t, t ⩽ n. Then the number of ℓ-suitable Boolean
functions in n variables for the �lter generator with NFSR of the maximum possible period
is equal to 22

n − 22
t−1
.

Proof. The number of ℓ-unsuitable sequences for the �lter generator with NFSR is
equal to 22

t−1
. Since we use all the states then the number of ℓ-unsuitable sequences is equal

to the number of ℓ-unsuitable Boolean functions. Hence, the number of ℓ-unsuitable Boolean
functions in n variables for the �lter generator with NFSR is equal to 22

t−1
. Therefore, the

number of ℓ-suitable functions is 22
n − 22

t−1
.
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Similarly, we propose to count the number of Boolean functions in n variables that lead
to gammas with period exactly equal to ℓ for the �lter generator with NFSR.

Theorem 6. Let n ∈ N and ℓ = 2t, where t ⩽ n. Then the number of ℓ-suitable
Boolean functions in n variables that lead to gammas with period exactly equal to ℓ for the
�lter generator with NFSR of the maximum possible period is equal to 2ℓ − 22

t−1
.

Proof. To calculate the number of functions that lead to gammas with period exactly
equal to ℓ, we take the number of functions that lead to gammas with a period not greater
than ℓ (i.e., 2ℓ) and subtract the number of functions that lead to gammas with a period
less than ℓ (i.e., 22

t−1
).

There is another question related to NFSRs: how to determine for which nonlinear
feedback functions NFSR of length n generates gamma with the maximum possible
period 2n? This question is still open.
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Åæåãîäíî Ìåæäóíàðîäíàÿ îëèìïèàäà ïî êðèïòîãðàôèè Non-Stop University
CRYPTO (NSUCRYPTO) ïðåäëàãàåò ìàòåìàòè÷åñêèå çàäà÷è äëÿ ñòóäåíòîâ óíè-
âåðñèòåòîâ è øêîë, à òàêæå äëÿ ïðîôåññèîíàëîâ â îáëàñòè êðèïòîãðàôèè è èí-
ôîðìàòèêè. Îñíîâíàÿ öåëü NSUCRYPTO� ïðèâëå÷ü âíèìàíèå ñòóäåíòîâ è ìî-
ëîäûõ èññëåäîâàòåëåé ê ñîâðåìåííîé êðèïòîãðàôèè, â ÷àñòíîñòè ê å¼ îòêðûòûì
ïðîáëåìàì. Ìû ðàññìàòðèâàåì çàäà÷è NSUCRYPTO'22 è èõ ðåøåíèÿ. Ïðèâî-
äÿòñÿ 16 çàäà÷ ïî ñëåäóþùèì òåìàì: øèôðû, êðèïòîñèñòåìû, ïðîòîêîëû, ýëåê-
òðîííûå äåíüãè è êðèïòîâàëþòû, õýø-ôóíêöèè, ìàòðèöû, êâàíòîâûå âû÷èñëåíèÿ,
S-áëîêè è ò. ä. Çàäà÷è âàðüèðóþòñÿ îò ïðîñòûõ ìàòåìàòè÷åñêèõ çàäà÷, êîòîðûå
ìîãóò áûòü ðåøåíû øêîëüíèêàìè, äî îòêðûòûõ çàäà÷, çàñëóæèâàþùèõ îòäåëü-
íîãî îáñóæäåíèÿ è èññëåäîâàíèÿ. Ðàññìàòðèâàþòñÿ íåñêîëüêî îòêðûòûõ çàäà÷ ïî
òð¼õïðîõîäíûì ïðîòîêîëàì, ïàðàì îòêðûòûõ è çàêðûòûõ êëþ÷åé, ìîäèôèêàöè-
ÿì çàäà÷è äèñêðåòíîãî ëîãàðèôìèðîâàíèÿ, êðèïòîãðàôè÷åñêèì ïåðåñòàíîâêàì è
êâàíòîâûì ñõåìàì.

Êëþ÷åâûå ñëîâà: êðèïòîãðàôèÿ, øèôðû, ïðîòîêîëû, òåîðèÿ ÷èñåë, S-áëîêè,

êâàíòîâûå ñõåìû, ìàòðèöû, õýø-ôóíêöèè, èíòåðïîëÿöèÿ, êðèïòîâàëþòû,

ïîñòêâàíòîâûå êðèïòîñèñòåìû, îëèìïèàäà, NSUCRYPTO.

1. Introduction
Non-Stop University CRYPTO (NSUCRYPTO) is the unique international

competition for professionals, school and university students, providing various problems
on theoretical and practical aspects of modern cryptography [1]. The main goal of the
olympiad is to draw attention of young researchers not only to competetive fascinating tasks,
but also to sophisticated and tough scienti�c problems at the intersection of mathematics
and cryptography. That is why each year there are several open problems in the list of
tasks that require rigorous studying and, if solved, deserve a separate publication. Since
NSUCRYPTO holds via the Internet, everybody can easily take part in it. Rules of the
Olympiad, the archive of problems, solutions and mach more can be found on the o�cial
website [2].

The �rst Olympiad was held in 2014, since then more than 3000 students and
specialists from almost 70 countries took part in it. The Program committee now is
including 22 members from cryptographic groups all over the world. Main organizers and
partners are Cryptographic Center (Novosibirsk), Mathematical Center in Akademgorodok,
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Novosibirsk State University, KU Leuven, Tomsk State University, Belarusian State
University, Kovalevskaya North-West Center of Mathematical Research, and Kryptonite.

This year, 37 participants in the �rst round and 27 teams in the second round from
14 countries have become the winners (see the list [3]). We proposed 16 problems to
participants and 5 of them were entirely open or included some open questions. Totally,
there were 623 particpants from 36 countries.

Following the results of each Olympiad, we also publish scienti�c papers with detailed
solutions and some analysis of the solutions proposed by the participants, including advances
on unsolved ones [4�11].

2. An overview of open problems
One of the main characteristic of the Olympiad is that unsolved scienti�c problems are

proposed to the participants in addition to problems with known solutions. All 31 open
problems that have been o�ered since the �rst NSUCRYPTO can be found in [12]. Some
of these problems have been of great interest to cryptographers and mathematicians for
many years. These are such problems as �APN permutation� (2014), �Big Fermat numbers�
(2016), �Boolean hidden shift and quantum computings� (2017), �Disjunct Matrices� (2018),
and others.

Despite the fact that it is noted that the problem is open and therefore requires a lot of
work to advance it, some of the problems we proposed have been solved or partially solved by
our participants during the Olympiad. For example, problems �Algebraic immunity� (2015),
�Sylvester matrices� (2018), �Miller �Rabin revisited� (2020) were solved completely. Also,
partial solutions were suggested for problems �Curl27� (2019), �Bases� (2020), �Quantum
error correction� (2021), and �s-Boolean sharing� (2021).

Moreover, some researchers continue to work on solutions even after the Olympiad
was over. For example, the authors of [13] proposed a complete solution for the problem
�Orthogonal arrays� (2018). Partial solutions for another open problem, �A secret sharing�
(2014), were presented in [14, 15], and a recursive algorithm for �nding the solution was
proposed in [16].

This year, two open problems have been solved during the Olympiad. These are problems
�Public keys for e-coins� (Problem 4.10) and �Quantum entanglement� (Problem 4.16).

3. Problem structure of the Olympiad
There were 16 problems stated during the Olympiad, some of them were included in

both rounds (Tables 1 and 2). Section A of the �rst round consisted of six problems, while
Section B of the �rst round consisted of eight problems. The second round was composed
of eleven problems; �ve of them included unsolved questions (awarded special prizes).

Ta b l e 1
Problems of the �rst round

No. Problem title Max score

1 Numbers and points 4
2 Wallets 4
3 A long-awaited event 4
4 Hidden primes 4
5 Face-to-face 4
6 Crypto locks 4 + open problem

Section A

No. Problem title Max score

1 Numbers and points 4
2 Hidden primes 4
3 Face-to-face 4
4 Matrix and reduction 4
5 Reversing a gate 6
6 Bob's symbol 8
7 Crypto locks 4 + open problem
8 Public keys for e-coins Open problem

Section B
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Ta b l e 2
Problems of the second round

No. Problem title Max score

1 CP problem Open problem
2 Interpolation with errors 8
3 HAS01 8
4 Weaknesses of the PHIGFS 8
5 Super dependent S-box 6 + open problem
6 Quantum entanglement 6 + open problem
7 Numbers and points 4
8 Bob's symbol 8
9 Crypto locks 4 + open problem
10 Public keys for e-coins Open problem
11 A long-awaited event 4

4. Problems and their solutions
In this section, we formulate all the problems of 2022 year Olympiad and present their

detailed solutions, in some particular cases we also pay attention to solutions proposed by
the participants.

4.1. P r o b l e m � N u m b e r s a n d p o i n t s �

Formulation

Decrypt the message in Fig. 1.

Fig. 1. The illustration for the problem �Numbers and points�

Solution

There is a board made up of numbers and dots on the right half of Fig. 1. One cell is
highlighted in red. The path along which the sensible plaintext is encrypted begins with
it (Fig. 2). The ciphertext has a �number � number � dot� pattern. The ciphertext is the
following:

21 . 42 . 24 . 15 . 33 . 14 .

Fig. 2. The path along which the sensible plaintext is encrypted
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The table in the left half of Fig. 1 refers to the Polybius square. Each letter is represented
by its coordinates in the grid. Comparing the numbers from the ciphertext with the
coordinates of the letters in the Polybius square, we get:

F . R. (I/J) . E . N . D .

Picking I from (I/J), we get the sensible plaintext FRIEND.
The problem looked simple but there was only one complete solution proposed by the

team of Robin Jadoul (Belgium), Esrever Yu (Taiwan) and Jack Pope (United Kingdom).

4.2. P r o b l e m � Wa l l e t s �

Formulation

Bob has a wallet with 2022 NSUcoins. He decided to open a lot of new wallets and
spread his NSUcoins among them. The platform that operates his wallets can distribute
content of any wallet between 2 newly generated ones, charging 1 NSUcoin commission and
removing the initial wallet.

He created a lot of new wallets, but suddenly noticed that all of his wallets contain
exactly 8 NSUcoins each. Bob called the platform and told that there might be a mistake.
How did he notice that?

Solution

Suppose that there were n such operations, so we had n+1 wallets. Since 1 NSUcoin is
charged for each operation, the total commission is equal to n. Therefore, we have 2022−n =
= 8(n + 1) and 2014 = 9n, but that is impossible since n is a natural number. The most
accurate and detailed solution was sent by Egor Desyatkov (Russia).

4.3. P r o b l e m � A l o n g - a w a i t e d e v e n t �

Formulation

Bob received from Alice the secret message

L78V8LC7GBEYEE

informing him about some important event.
It is known that Alice used an alphabet with 37 characters from A to Z, from 0 to 9 and

a space. The character encoding is shown in Table 3.

Ta b l e 3

A B C D E F G H I J K L M N O P Q R S

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

T U V W X Y Z 0 1 2 3 4 5 6 7 8 9 SPACE
19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36

For the encryption, Alice used a function f such that f(x) = ax2 + bx + c mod 37 for
some integers a, b, c and f satis�es the property

f(x− y)− 2f(x)f(y) + f(1 + xy) = 1 (mod 37) for any integers x, y.

Decrypt the message that Bob received.
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Solution

Let y = 0:

f(x)− 2f(x)f(0) + f(1) = 1 (mod 37),

f(x)(1− 2f(0)) = 1− f(1) (mod 37).

Since f is not a constant function, we have that both sides of the equation above are zeros,
so f(0) = 19 (mod 37) and f(1) = 1 (mod 37). From this we obtain that c = 19. Let
y = −1:

f(1 + x) + f(1− x) = 1 + 2f(x)f(−1) (mod 37).

By replacing x 7→ (−x) we get

f(1− x) + f(1 + x) = 1 + 2f(−x)f(−1) (mod 37).

Left sides of the last two expressions are equal, therefore f(x) = f(−x) (mod 37) that is f
is even function, provided f(−1) ̸= 0 (mod 37). We can check the last condition by putting
x = 0, y = 1 to the initial relation on f , that yields f(−1) = 1 ̸= 0 (mod 37). Therefore,
f(x) = f(−x) (mod 37) for any integer x, hence b = 0.

From f(1) = 1 (mod 37) we reveal the value of the coe�ecient a that is equal to 19.
Thus, we have f(x) = 19

(
x2 +1

)
(mod 37), then for recovering of the plaintext we use the

inverse expression x = ±
√
2f(x) + 36 (mod 37) and for every symbol of the ciphertext we

choose the appropriate variant of the corresponding symbol of the plaintext:

L78V8LC7GBEYEE ↪→ NSUCRYPTO 2022.

The only correct solution was sent by William Zhang (United Kingdom).

4.4. P r o b l e m � H i d d e n p r i m e s �

Formulation

The Olympiad team rented an o�ce at the Business Center, 1-342 room, on 1691th
street for NSUCRYPTO-2022 competition for 0 nsucoins (good deal!). Mary from the team
wanted to create a task for the competition and she needed to pick up three numbers for
this task. She used to �nd an inspiration in numbers around her and various equations
with them. After some procedure, she found three prime numbers! It is interesting that
when Mary added the smallest number to the largest one and divided the sum by the third
number, the result was also the prime number.

Can you guess these numbers she found?

Solution

We may assume from the problem statement that Mary used some numbers around her
and some equations with them in order to �nd these three numbers. We may also get from
the description that she used only one procedure to �nd these hidden numbers.

So all three numbers are connected by some procedure and the numbers around Mary
are used, from phrase �various equations� we can assume that there exists some equation
with these numbers as coe�cients. There were 5 numbers around Mary: 1, −342, 1691,
−2022 and 0.

In addition, analyzing the picture (Fig. 3), you can see the curve, cubes with 4 letters:
a, b, c, d and the cube with 0. The curve resembles a graph of a cubic function and the
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letters on the cubes look like coe�cients of a cubic function. The cube with 0 gives a hint
for the use of a cubic equation.

Fig. 3. The illustration for the problem �Hidden primes�

Let us substitute the numbers from the problem statement into the cubic equation.
Solving the equation x3 − 342x2 + 1691x− 2022 = 0 we �nd the roots 2, 3, 337. All three
numbers are prime and satisfy the condition from the statement: (2 + 337)/3 = 113, where
113 is also a prime number.

Best solutions were proposed independently by Konstantin Romanov (Russia), Vasiliy
Kadykov (Russia) and Sergey Zabolotskiy (Russia).

4.5. P r o b l e m � F a c e - t o - f a c e �

Formulation

Alice picked a new pin code (4 pairwise distinct digits from {1, 2, . . . , 9}) for her credit
card such that all digits have the same parity and are arranged in increasing order. Bob
and Charlie wanted to guess her pin code. Alice said that she can give each of them a hint
but face-to-face only.

Bob alone came to Alice and she told him that the sum of her pin code digits is equal
to the number of light bulbs in the living room chandelier. Bob replied that he didn't have
enough information yet to guess the code and left. After that, Charlie alone came to Alice
and she told him that if we �nd the product of all pin code digits and then sum up digits
of those product, this result number would be equal to the amount of books on the shelf.
Charlie also replied that he didn't have enough information to guess the code yet and left.

Unfortunately, Eve was eavesdropping in the next apartment and, after Charlie had left,
she immediately found out Alice pin code despite that she had never seen those chandelier
and bookshelf. Could you �nd the pin code too?

Solution

Let P be the pin code. Since all the digits of P have the same parity and are arranged
in increasing order, we have only six options (Table 4).

Ta b l e 4

Pin code P The sum of digits The product of digits The sum of product digits
1357 16 105 6
1359 18 135 9
1379 20 189 18
1579 22 315 9
2468 20 384 15
3579 24 945 18
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Since Bob could not guess the code, the sum of digits must allow at least two options
for the code, so we have P ∈ {1379, 2468}. Since Charlie could not guess the code
either, we have the same problem for the sum of product digits and it follows that
P ∈ {1359, 1579, 1379, 3579}. Therefore, the pin code is equal to 1379.

The best solutions to this problem were sent by Henning Seidler (Germany), Himanshu
Sheoran (India) and Phuong Hoa Nguyen (France).

4.6. P r o b l e m � C r y p t o l o c k s �

Formulation

Alice and Bob are wondering about the creation of a new version for the Shamir three-
pass protocol. They have several ideas about it.

The Shamir three-pass protocol was developed more than 40 years ago. Recall it. Let p
be a big prime number. Let Alice take two secret numbers cA and dA such that cAdA =
= 1 (mod (p − 1)). Bob takes numbers cB and dB with the same property. If Alice wants
to send a secret message m to Bob, where m is an integer number, 1 < m < p− 1, then she
calculates x1 = mcA mod p and sends it to Bob. Then Bob computes x2 = xcB1 mod p and
forwards it back to Alice. On the third step, Alice founds x3 = xdA2 mod p and sends it to
Bob. Finally, Bob recovers m as xdB3 mod p according to Fermat's Little theorem.

It is possible to think about action of cA and dA over the message as about locking and
unlocking, see Fig. 4.

Fig. 4. The illustration for the problem �Crypto locks�

Alice and Bob decided to change the scheme by using symmetric encryption and
decryption procedures instead of locking and unlocking with cA, cB, dA, and dB.

Q1 Propose some simple symmetric ciphers that would be possible to use in such scheme.
What properties for them are required? Should Alice and Bob use the same cipher (with
di�erent own keys) or not?

Q2 Problem for a special prize! Could you �nd such symmetric ciphers that make the
modi�ed scheme to be secure as before? Please, give your reasons and proofs.

Solution

Q1 Assume that Alice and Bob use functions EncA, DecA and EncB, DecB for encryption
and decryption, respectively. Suppose that Alice wants to send the message m, then the
three-pass protocol will look as follows:
• Alice calculates EncA(m, kA), where kA is her secret key, and sends it to Bob.
• Bob computes EncB(EncA(m, kA), kB), where kB is his secret key, and forwards it to

Alice.
• Finally, Alice computes DecA(EncB(EncA(m, kA), kB), kA) and sends it to Bob.
For Bob to recover m, the following property must be true:

DecB(DecA(EncB(EncA(m, kA), kB), kA), kB) = m.
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The most common approach was to use encryption functions that commute with each
other. In that case, if Alice wants to send a secret message m to Bob, then she calculates
x = m ◦ kA and sends it to Bob. Then Bob computes x2 = x ◦ kB and forwards it back
to Alice. On the third step, Alice �nds x3 = x2 ◦ k−1

A and sends it to Bob. Finally, the
commutative property of operation ◦ allows Bob to recover m as x3 ◦ k−1

B .

Remark 1. Note that if Eve can intercept all three messages, then she can obtain m if
she could compute x−1

2 , since x◦x3 ◦x−1
2 = m. As a result, all schemes that use ciphers with

only XOR operation (the most common suggestion by the participants) have this weakness.

Regarding Q2, one interesting idea found by a few participants is to use the product of
matrices for encryption and decryption, with the additional condition that the matrix M
associated with the message m is singular. That additional condition appears as a
countermeasure against the attack described in Remark 1. However, such schemes require
additional security analysis.

Another interesting idea suggested by the team of Himanshu Sheoran, Gyumin Roh
and Yo Iida (India, South Korea, Japan) was to base the scheme on permutations that
commute with each other. Note that a three-pass cryptographic protocol with a similar
idea was presented in [17].

4.7. P r o b l e m � M a t r i x a n d r e d u c t i o n �

Formulation

Alice used an alphabet with 30 characters from A to Z and 0, 1, ¾,¿, ¾!¿. The character
encoding is shown in Table 5.

Ta b l e 5

A B C D E F G H I J K L M N O

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

P Q R S T U V W X Y Z 0 1 , !

15 16 17 18 19 20 21 22 23 24 25 26 27 28 29

Encryption. The plaintext is divided into consequent subwords of length 4 that are
encrypted independently via the same encryption (2×2)-matrix F with elements from Z30.
For example, let the j-th subword be WORD and the encryption matrix F be equal to

F =

(
11 9
11 10

)
.

The matrix that corresponds to WORD is denoted by Pj and the matrix that corresponds to
the encryption result of WORD is Cj and is calculated as follows:

Cj = F · Pj =

(
11 9
11 10

)(
22 17
14 3

)
=

(
8 4
22 7

)
(mod 30),

that is, the j-th subword of the ciphertext is IWEH.
Eve has intercepted a ciphertext that was transmitted from Alice to Bob:

CYPHXWQE!WNKHZ0Z

Also, she knows that the third subword of the plaintext is FORW. Will Eve be able to restore
the original message?
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Solution

The third word of the plaintext is FORW:

P = FORW =

(
5 17
14 22

)
(mod 30).

The ciphertext corresponding to it is

C = !WNK =

(
29 13
22 10

)
(mod 30).

Since C3 = F · P3, where F is the encryption matrix, the matrix for the decryption could
have the following form:

D = P3 · C−1
3 .

But det
(
C3

)
= 4 (mod 30) and gcd(4, 30) ̸= 1, that is, such matrix does not exist

modulo 30. So we will consider the following calculations by reduction modulo 15.
Let P3 = P3 (mod 15), C3 = C (mod 15), and F = F (mod 15). We have

F
−1

= P3

(
C3

)−1
=

(
9 2
4 9

)
(mod 15),

consequently,

D =

(
9 2
4 9

)
+ 15F0 (mod 30),

where F0 is 2× 2 binary matrix. We have D · C3 = P3, or

F
−1
(
29 13
22 10

)
+ 15F0

(
29 13
22 10

)
=

(
5 17
14 22

)
(mod 30).

Finally, we obtain (
5 17
14 22

)
= F0

(
15 15
0 0

)
=

(
5 17
14 22

)
(mod 30).

If we set F0 =

(
a b
c d

)
, then it is clear that only the values a = c = 0 and b = 1, d = 0 give

us the answer GOODLUCKFORWIN!!.
Best solutions for this problem were sent by Pieter Senden (Belgium) and by Sergey

Zabolotskiy (Russia).

4.8. P r o b l e m � R e v e r s i n g a g a t e �

Formulation

Daniel continues to study quantum circuits. A controlled NOT (CNOT) gate is the most
complex quantum gate from the universal set of gates required for quantum computation.
This gate acts on two qubits and makes the following transformation:

|00⟩ → |00⟩ , |01⟩ → |01⟩ , |10⟩ → |11⟩ , |11⟩ → |10⟩ .

This gate is clearly asymmetric. The �rst qubit is considered as the control qubit, and the
second is the target qubit. CNOT is described by the following quantum circuit (x, y ∈ F2):

|x⟩ |x⟩

|y⟩ |y ⊕ x⟩
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The problem. Help Daniel to design a circuit in a special way that reverses CNOT gate:

|x⟩ |x⊕ y⟩

|y⟩ |y⟩

It makes the following procedure: |00⟩ → |00⟩ , |01⟩ → |11⟩ , |10⟩ → |10⟩ , |11⟩ → |01⟩.
To do this, you should modify the original CNOT gate without re-ordering the qubits but
by adding some single-qubit gates from the following (Table 6).

Ta b l e 6

Pauli-X gate |x⟩ X |x⊕ 1⟩ Acts on a single qubit in the state |x⟩,
x ∈ {0, 1}

Pauli-Z gate |x⟩ Z (−1)x |x⟩ Acts on a single qubit in the state |x⟩,
x ∈ {0, 1}

Hadamard gate |x⟩ H
|0⟩+ (−1)x |1⟩√

2
Acts on a single qubit in the state |x⟩,
x ∈ {0, 1}

Remark 2. Let us brie�y formulate the key points of quantum circuits. A qubit is a
two-level quantum mechanical system whose state |ψ⟩ is the superposition of basis quantum
states |0⟩ and |1⟩. The superposition is written as |ψ⟩ = α0 |0⟩ + α1 |1⟩, where α0 and α1

are complex numbers, called amplitudes, that possess |α0|2 + |α1|2 = 1. The amplitudes α0

and α1 have the following physical meaning: after the measurement of a qubit which has the
state |ψ⟩, it will be observed in the state |0⟩ with probability |α0|2 and in the state |1⟩ with
probability |α1|2. In order to operate with multi-qubit systems, we consider the bilinear
operation ⊗ : |x⟩ , |y⟩ → |x⟩ ⊗ |y⟩ on x, y ∈ {0, 1} which is de�ned on pairs |x⟩ , |y⟩ and, by
bilinearity, is expanded on the space of all linear combinations of |0⟩ and |1⟩. When we have
two qubits in states |ψ⟩ and |φ⟩ correspondingly, the state of the whole system of these two
qubits is |ψ⟩ ⊗ |φ⟩ . In general, for two qubits we have |ψ⟩ = α00|0⟩ ⊗ |0⟩ + α01 |0⟩ ⊗ |1⟩ +
+α10 |1⟩⊗ |0⟩+α11 |1⟩⊗ |1⟩ . The physical meaning of complex numbers αij is the same as
for one qubit, so we have the essential restriction |α00|2+ |α01|2+ |α10|2+ |α11|2 = 1. We use
more brief notation |a⟩ ⊗ |b⟩ ≡ |ab⟩. In order to verify your circuits, you can use di�erent
quantum circuit simulators, for example, see [18].

Solution

The desired circuit has the following form for any x, y ∈ F2:

|x⟩ H H |x⊕ y⟩

|y⟩ H H |y⟩

|ψ1⟩ |ψ2⟩ |ψ3⟩

Indeed, with initial state |x⟩ |y⟩ we have

|ψ1⟩ =
(
|0⟩+ (−1)x |1⟩√

2

)(
|0⟩+ (−1)y |1⟩√

2

)
=

=
|00⟩+ (−1)y |01⟩+ (−1)x |10⟩+ (−1)x⊕y |11⟩

2
,
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|ψ2⟩ =
|00⟩+ (−1)y |01⟩+ (−1)x |11⟩+ (−1)x⊕y |10⟩

2
=

=

(
|0⟩+ (−1)x⊕y |1⟩√

2

)(
|0⟩+ (−1)y |1⟩√

2

)
,

|ψ3⟩ = |x⊕ y⟩ |y⟩ .

Best solutions were sent by Daniel Popescu (Romania), by Yo Iida (Japan) and by David
Marton (Hungary).

4.9. P r o b l e m � B o b ' s s y m b o l �

Formulation

Bob learned the Goldwasser �Micali cryptosystem at university. Now he is thinking
about functions over �nite �elds that are similar to Jacobi symbol.

He chose a function Bn : F2n → F2 (Bob's symbol) de�ned as follows for any a ∈ F2n :

Bn(a) =

{
1, if a = x2 + x for some x ∈ F2n ,

0, otherwise.

Bob knows that �nite �elds may have some sub�elds. Indeed, it is well known that F2k

is a sub�eld of F2n if and only if k | n. Bob wants to exclude the elements of sub�elds. In
other words, he considers the restriction of Bn to the set

F̂2n = F2n \
⋃

k|n, k ̸=n

F2k .

Here, by F2n \F2k we mean the removal from F2n the elements forming the �eld of order 2
k.

Finally, Bob is interested in the sets

B0
n = {y ∈ F̂2n : Bn(y) = 0} and B1

n = {y ∈ F̂2n : Bn(y) = 1}.

Q1 Help Bob to �nd |B0
n|/|B1

n| if n is odd.
Q2 Help Bob to �nd |B0

n| and |B1
n| for an arbitrary n.

Solution

Let us de�ne

B(F2n) = {x ∈ F2n : Bn(x) = 0}, i.e., B0
n = F̂2n ∩B(F2n).

First we prove the following lemma.

Lemma 1. Let k | n. Then

|F2k ∩B(F2n)| =


1

2
|F2k |, if n/k is odd,

0, otherwise.

Proof. Let us consider the function G(x) = x2 + x = x(x + 1), where x ∈ F2k . First,
G(x) = G(x+ 1). Secondly, x2 + x+ a, a ∈ F2k , has at most 2 roots. It means that G is a
two-to-one function. Therefore, there are exactly 2k−1 distinct a such that x2 + x ̸= a for
any x ∈ F2k .
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Next, for any such a the polynomial x2 + x + a is irreducible over F2k . It means that
it has a root q in the quadratic extension F22k of F2k , i.e., a = q2 + q. If n/k is even, F22k

is a sub�eld of F2n , i.e., q ∈ F2n . Thus, |F2k ∩ B(F2n)| = 0. If n/k is odd, then F22k is not
a sub�eld of F2n . Moreover, F22k ∩ F2n = F2k . It means that any root q does not belong
to F2n , i.e., |F2k ∩B(F2n)| = 2k−1.

Now we are ready to answer the questions. Let n = m2t, where m is odd. We de�ne

ft(d) = |F̂2d2t ∩B(F2n)| and gt(d) =
1

2
2d2

t

,

where d | m. This means that |B0
n| = |B0

m2t| = ft(m). At the same time, the de�nition

of F̂2n gives us that ∑
d|n
|F̂2d ∩B(F2n)| = |F2n ∩B(F2n)|.

According to Lemma 1 and the denotations above,∑
d|n
|F̂2d ∩B(F2n)| =

∑
d|m
|F̂2d2t ∩B(F2n)| =

∑
d|m

ft(d),

|F2n ∩B(F2n)| = |F2m2t ∩B(F2n)| =
1

2
|F2m2t | = gt(m).

Hence,
gt(m) =

∑
d|m

ft(d) holds for any integers m ⩾ 1 and t ⩾ 0.

According to the M�obius inversion formula,

ft(m) =
∑
d|m

µ(d)gt(m/d) =
1

2

∑
d|m

µ(d)2(m/d)2t .

Recall that µ(d) = 0 if d is not square-free (there is an integer u ⩾ 2 such that u2 | d);
otherwise, it is equal to 1 (−1) if d has an even (odd) number of prime factors. As a result,

|B0
n| =

1

2

∑
d|m

µ(d)2n/d.

Also, |B1
n| = |F̂2n|− |B0

n|. We need only to note that |F̂2n| =
∑
d|n
µ(d)2n/d. This can be easily

proven just using 2n = |F2n| =
∑
d|n
|F̂2d | together with the M�obius inversion formula. Finally,

we can see that |B0
n| = |B1

n| =
1

2
|F̂2n| for odd n, which means that the answer for Q1 is 1.

In fact, it directly follows from Lemma 1 and the de�nition of F̂2n .
Many teams provided the correct answers in the second round using similar ideas:

Himanshu Sheoran, Gyumin Roh, Yo Iida (India), Mikhail Kudinov, Denis Nabokov,
Alexey Zelenetskiy (Russia), Stepan Davydov, Anastasiia Chichaeva, Kirill Tsaregorodtsev
(Russia), Mikhail Borodin, Vitaly Kiryukhin, Andrey Rybkin (Russia), Kristina Geut,
Sergey Titov, Dmitry Ananichev (Russia), Pham Minh, Dung Truong Viet (Vietnam),
and Alexander Belov (Russia).
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4.10. P r o b l e m � P u b l i c k e y s f o r e - c o i n s �

Formulation

Alice has n electronic coins that she would like to spend via some public service S (bank).
The service applies some asymmetric algorithm of encryption E(·) and decryption D(·) in
its work. Namely, for the pair of public and private keys (PK, SK) and for any message m
it holds: if c = E(m,PK), then m = D(c, SK), and visa versa: if c′ = E(m,SK), then
m = D(c′, PK).

To spend her money, Alice generates a sequence of public and private key pairs
(PK1, SK1), . . . , (PKn, SKn) and sends the sequence of public keys PK1, . . . , PKn to the
service S. By doing so, she authorizes the service S to control her n coins.

If Alice would like to spend a coin with number i in the shop of Bob, she just gives the
secret key SKi to Bob and informs him about the number i. To get the coin with number i,
Bob sends three parameters to the service S: number i, some non secret message m, and
its electronic signature c′ = E(m,SKi). The service S checks whether the signature c′

corresponds to the message m, i.e., does it hold the equality m = D(c′, PKi). If it is so, the
service accepts the signature, gives the coin number i to Bob and marks it as �spent�.

Problem for a special prize! Propose a modi�cation of this scheme related to
generation of public and private key pairs. Namely, is it possible for Alice not to send
the sequence of public keys PK1, . . . PKn to the service S, but send only some initial
information enough for generating all necessary public keys on the service's side? Suppose
that Alice sends to the service S only some initial key PK (denote it also as PK0), some
function f and a set of parameters T such that PKi+1 = f(PKi, T ) for all i ⩾ 0. Propose
your variant of this function f and the set T . Also think what asymmetric cryptosystem
could be used in such a scheme.

Requirements to the solution. Knowing PK, f , and T , it is impossible to �nd any
private key SKi, where i = 1, . . . , n. It should be impossible to recover SKi even if the
secret keys SK1, . . . , SKi−1 are also known, or even if all other secret keys are known (more
strong condition).

Solution

The problem was solved by two teams and partially solved by four teams.
One of the best partial solutions was proposed by the team of Viet-Sang Nguyen,

NhatLinh Le Tan, and Phuong Hoa Nguyen from France. It is described in the BIP32
document [19].The main idea is to consider SKi as the sequence of numbers additively
related to each other: SKi = SK0 + ρi, where ρi = HMACT (PK0∥i). Public keys can be
easily generated by the server S. This approach is compatible with ElGamal type signature
schemes, but requires additional security analysis [20].The main disadvantage of the scheme
is described by the authors: server S should keep the point PK0 in secret, as well as Bob
should do with SKi. The problem is that if there is some data leakage, then all coins of
Alice will be lost. So the potential complicity of the server and Bob forms a crucial danger
for Alice.

The remaining partial solutions use the interesting idea of generating a private key from
a public key.

An original attempt to solve the problem was proposed by two teams: Alexander
Bakharev, Rinchin Zapanov, and Denis Bykov (Russia); Himanshu Sheoran (India), Gyumin
Roh (South Korea), and Yo Iida (Japan). They applied RSA-like techniques and considered
private keys as SKi = PK−1

i mod ϕ(n), where n = pq and prime numbers p, q are known to
Alice only, as well as ϕ(n). In the solution of A. Bakharev et al., public keys are formed as
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the consecutive prime numbers: PKi+1 is the next prime number after PKi. In the solution
of H. Sheoran et al., public keys are formed using a hash function. But the security of this
schemes is still under the question.

A very nice partial solution was proposed by Robin Jadoul (Belgium), Esrever Yu
(Taiwan), and Jack Pope (United Kingdom). The authors describe an identity-based
signature scheme with message recovery based on the RSA hardness assumption. The main
idea is to generate public keys from the corresponding master keys by application of hash-
to-�eld functions (four functions are used).

We have accepted two complete solutions.
One of them was proposed by the team of G. Teseleanu, P. Cotan, and L. Constantin-

Sebastian from the Institute of Mathematics of the Romanian Academy. On the �rst round
the partial solution was proposed by G. Teseleanu. Private and public keys are connected
as (SKi)

2 = PKi mod N , while public keys are generated via HMAC function: PKi =
= HMACT (i). The authors also provide a signature scheme that uses keys of this type.
Only Alice can produce private keys because she knows the prime factors p and q, where
N = pq.

Another accepted solution was proposed by Ivan Ioganson, Zhan-Mishel Dakuo and
Andrei Golovanov from Saint Petersburg ITMO University (Russia). It uses the ideas of an
ID-based signature scheme. Public and private keys are generated from the corresponding
master keys PK0 and SK0. The principles of Di�e�Hellman protocol on �nite groups are
applied. Namely, private keys are generated as SKi = SK0 ∗H(i), where H is hash-to-�eld
function, whereas public keys used by the server are combinations of PK0 = SK0 ∗ P and
numbers i, where P is a generator element of the group. It is di�cult to recover SKi by
information from the server and from SK1, . . . , SKi−1, SKi+1, . . . , SKn if the hash-to-�eld
function H is of a good cryptographic quality.

It is nice to mention the paper of A. Babueva and S. Kyazhin [20] that appeared after
the Olympiad, in which the authors continued solving the problem.

4.11. P r o b l e m � C P P r o b l e m �

Formulation

Let G = ⟨g⟩ be a group of prime order q, κ is the bit length of q. Let us consider two
known modi�cations of the discrete logarithm problem over G, namely, s-DLOG problem
and ℓ-OMDL problem. Both of them are believed to be di�cult.

s-DLOG problem (with parameter s ∈ N)
Unknown values: x is chosen uniformly at random from Z∗

q.

Known values: gx, gx
2
, . . . , gx

s
.

Access to oracles: no.
The task: to �nd x.

ℓ-OMDL (One-More Discrete Log) problem (with parameter ℓ ∈ N)
Unknown values: x1, x2, . . . , xℓ+1 are chosen uniformly at random from Z∗

q.
Known values: gx1 , gx2 , . . . , gxℓ+1 .
Access to oracles: at most ℓ queries to O1 that on input y ∈ G returns x

such that gx = y.
The task: to �nd x1, x2, . . . , xℓ+1.
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Consider another problem that is close to the s-DLOG and ℓ-OMDL problems:
(k, t)-CP (Chaum�Pedersen) problem (with parameters k, t ∈ N)

Unknown values: x1, x2, . . . , xt+1 are chosen uniformly at random from Z∗
q.

Known values: gx1 , gx2 , . . . , gxt+1 .
Access to oracles: at most k queries to O1 that on input (i, z) ∈ {1, . . . , t+ 1} ×G

returns zxi , and at most t queries to O2 that on input
(α1, . . . , αt+1) ∈ Zt+1

q returns α1x1 + . . .+ αt+1xt+1.
The task: to �nd x1, x2, . . . , xt+1.

It is easy to see that if there exists a polynomial (by κ) algorithm that solves the
s-DLOG problem, then there exists a polynomial algorithm that solves the (s − 1, t)-CP
problem for any t ∈ N.

Problem for a special prize! Prove or disprove the following conjecture: if there
exists a polynomial algorithm that solves (k, t)-CP problem, then there exists a polynomial
algorithm that solves at least one of the s-DLOG and ℓ-OMDL problems, where k, t, s, ℓ
are upper bounded by polynomial of κ.

Solution

Unfortunately, there were no any advances on solving this problem among participants,
so this conjecture is still open.

4.12. P r o b l e m � I n t e r p o l a t i o n w i t h E r r o r s �

Formulation

Let n = 2022 and let Zn be the ring of integers modulo n. Given xi, yi ∈ Zn for
i ∈ {1, . . . , 324}, �nd monic polynomials

f(x) = x16 + α15x
15 + . . .+ α1x+ α0,

g(x) = x16 + β15x
15 + . . .+ β1x+ β0

of degree d = 16 and coe�cients from Zn such that the relation

yi =
f(xi)

g(xi)
=
x16i + α15x

15
i + . . .+ α1xi + α0

x16i + β15x15i + . . .+ β1xi + β0

holds for at least 90 of the indices i ∈ {1, . . . , 324}.
Note. The coe�cients β0, . . . , β15 are such that the denominator of the above fraction

is invertible for all possible values of xi ∈ Zn. It can be assumed that they are sampled
uniformly at random from all such sets of values. Furthermore, the positions and error
values can be also assumed to be sampled uniformly at random.

The attachment (see [21]) contains a CSV �le with 324 triplets (i, xi, yi).

Solution

First, note that n = 2022 = 2 · 3 · 337. Therefore, the problem can be solved for moduli
2, 3, 337 independently, and then recovered using the Chinese Remainder Theorem (CRT).
Furthermore, for moduli 2 and 3, there are only a few possible polynomials (in view of the
relations x2 = x (mod 2) and x3 = x (mod 3)). The best candidate polynomial modulo 6
(ignoring equivalent forms) satis�es m out of 324 values xi, yi, while the next best one does
only 109. Note that the expected value is 90+ (324− 90)/6 = 129 (90 correct ones and 1/6
wrong pairs satisfying the relation modulo 6 by chance), so that it is safe to assume that
the best one is correct. We can now consider the problem modulo 337, where we know that
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the 90 correct pairs must be among those m correct pairs observed modulo 6. Denote the
set of those m remaining indices by I.

Note that the relation can be rewritten as yi · g(xi)− f(xi) = 0, or, more explicitly,(
yi

15∑
j=0

βix
j
i

)
−

(
15∑
j=0

αix
j
i

)
+
(
yix

d
i − xdi

)
= 0. (1)

The target problem can now be formulated as the problem of decoding a linear code over
the �nite �eld GF(337). Indeed, let the generator matrix G be given by columns(

−1, −xi, −x2i , . . . , −x15i , yi, yixi, yix2i , . . . , yix15i
)

for all chosen indexes i ∈ I, let the target vector v be given by

v =
(
yix

d
i − xdi

)
i∈I ,

and consider the �solution� vector

s = (α0, . . . , α15, β0, . . . , β15).

It is easy to verify that the codeword s · G di�ers from −v in at most m − 90 places, i.e.,
has at most 35 errors. Indeed, the vector s · G computes the contribution of the �rst two
clauses of equation (1), whereas v de�nes the third clause, and the three clauses sum to
zero on correct data pairs. Note that G de�nes a [m, 32]-code, i.e., a 32-dimensional code
of length m. A random such code has expected minimum distance about 82 (given by the
Gilbert �Varshamov bound), so that the solution (with the error 35 less than half of the
distance) should likely be unique (modulo 337).

A very basic yet e�cient method for linear code decoding is the so-called �pooled
Gauss� method: choosing k = 32 random coordinates of the code and assuming that they
are error-free, allowing to recover full codeword by solving a linear system. Alternatively,
SageMath includes an implementation of the Lee �Brickell method, which is slightly faster.
The decoding should take less than 30 minutes using the basic method.

Remark 3. Due to the equivalent polynomial fractions modulo 2 and modulo 3, the
overall solution is not unique (but there are only a few candidates).

4.13. P r o b l e m � H A S 0 1 �

Formulation

Bob is a beginner cryptographer. He read an article about the new hash function
HAS01 [22]. Bob decided to implement the HAS01 function in order to use it for checking
the integrity of messages being forwarded. However, he was inattentive and made a mistake
during the implementation. In the function f1, he did not notice the sign ¾'¿ in the variable a
and used the following set of formulas:

For i = 0, . . . , 7
For j = 0, . . . , 6
a(i+1) mod 8,j := SBox(((ai,j ⊕ a(i+1) mod 8,j)≪ 3)⊕ ((ai,j+1 ⊕ a(i+1) mod 8,j+1)≫ 5));

a(i+1) mod 8,7 := SBox(((ai,7 ⊕ a(i+1) mod 8,7)≪ 3)⊕ ((ai,0 ⊕ a(i+1) mod 8,0)≫ 5)⊕ 7).

Q1 Prove that Bob's version of the hash function is cryptographically weak.
Q2 Find a collision to the following message (given in hexadecimal format):

316520393820336220323620343720316320373820386520.



46 V.A. Idrisova, N. N. Tokareva, A. A. Gorodilova, et al.

The test set value for the original HAS01 hash function is given in [23].
The test set value for Bob's implementation is given in [24].

Solution

Q1. In the case when Bob makes a mistake and uses formulas with recursion, it turns out
that for each �rst byte of the string (a00, a10, a20, a30, a40, a50, a60, a70), the most signi�cant
three bits do not a�ect the formation of the digest. Therefore, the function is not collision
resistant, making it easy to pick up a number of di�erent values that produce the same
hash value.

Q2. According to the formulas, the most signi�cant three bits for the �rst byte of each
string do not a�ect the formation of the hash value. However, the original message �lls
only the �rst three rows of the original matrix. Therefore, changing the upper three bits
in bytes a00, a10, a20 will allow you to get the same hash values. Therefore, for a given
value 316520393820336220323620343720316320373820386520, you can get 29 − 1 = 511
collisions.

For example:
316520393820336220323620343720316320373820386520;

F16520393820336220323620343720316320373820386520;

F165203938203362E0323620343720316320373820386520;

31652039382033622032362034372031E320373820386520;

and so on.
It should be noted that most of the participants who tried to solve this problem were

able to get the correct answer and identify the collision. Separately, it is worth noting
that the team of Mikhail Borodin, Vitaly Kiryukhin and Andrey Rybkin (Russia) not only
answered the questions of the task correctly, but also considered the issues of a possible
vulnerability for the HAS01-512 algorithm.

4.14. P r o b l e m � We a k n e s s e s o f t h e P H I G F S �

Formulation

A young cryptographer Philip designs a family of lightweight block ciphers based on a
4-line type-2 Generalized Feistel scheme (GFS) with better di�usion e�ect.

Its block is divided into four m-bit subblocks, m ⩾ 1. For better di�usion e�ect, Philip
decides to use a (4 × 4)-matrix A over F2m instead of a standard subblocks shift register
in each round. The family PHIGFSℓ(A, b) is parameterized by a non-linear permutation
b : F2m → F2m , the matrix A and the number of rounds ℓ ⩾ 1. The one-round keyed
transformation of PHIGFSℓ(A, b) is a permutation gk on F4

2m de�ned as

gk(x3, x2, x1, x0) = A (x3, x2 ⊕ b(x3 ⊕ k1), x1, x0 ⊕ b(x1 ⊕ k0))T,

where x0, x1, x2, x3 ∈ F2m , k = (k1, k0) is a 2m-bit round key, k0, k1 ∈ F2m .
The ℓ-round encryption function fk(1),...,k(ℓ) : F4

2m → F4
2m under a key (k(1), . . . , k(ℓ)) ∈ Fℓ

2m

is given by
fk(1),...,k(ℓ)(x) = gk(ℓ) . . . gk(1)(x) for all x ∈ F4

2m .

For e�ective implementation and security, Philip chooses two binary matrices A′, A′′

with the maximum branch number among all binary matrices of size 4:

A′ =


1 1 0 1
1 0 1 1
0 1 1 1
1 1 1 0

 , A′′ =


0 1 1 1
1 1 1 0
1 1 0 1
1 0 1 1

 .
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For approval, he shows the cipher to his friend Antony who claims that A′, A′′ are
bad choices because ciphers PHIGFSℓ(A

′, b) and PHIGFSℓ(A
′′, b) are insecure against

distinguisher attacks for all b : F2m → F2m , ℓ ⩾ 1.
Help Philip to analyze the cipher PHIGFSℓ(A, b). Namely, for any b : F2m → F2m and

any ℓ ⩾ 1, show that PHIGFSℓ(A, b) has

a) ℓ-round di�erential sets with probability 1,
b) ℓ-round impossible di�erential sets

for the following cases: Q1: A = A′ and Q2: A = A′′. In each case, construct these
nontrivial di�erential sets and prove the corresponding property.

Remark 4. Let us recall the following de�nitions.

� Let δ, ε ∈ F2n be �xed nonzero input and output di�erences. The di�erential probability
of s : F2n → F2n is de�ned as

pδ,ε(s) = 2−n · |{α ∈ F2n : s(α⊕ δ)⊕ s(α) = ε}| .

� If s : F2n ×K → F2n depends on a key space K, then the di�erential probability of s is
de�ned as

pδ,ε(s) = |K|−1 ∑
k∈K

pδ,ε(sk),

where s(x, k) = sk(x), x ∈ F2n , k ∈ K. In this case, the pair (δ, ε) represents a di�erential
denoted by δ →s ε.

� Let Ω,∆ ⊆ F2n\{0} and Ω,∆ are nonempty. If pδ,ε(s) = 0 for any δ ∈ Ω, ε ∈ ∆, then
(Ω,∆) are impossible di�erential sets. But if∑

δ∈Ω,ε∈∆
pδ,ε(s) = 1,

then (Ω,∆) are di�erential sets with probability 1. We call (Ω,∆) trivial (impossible)
di�erential sets if Ω ∈ {∅,F2n\{0}} or ∆ ∈ {∅,F2n\{0}}.

� For the l-round encryption function f , we will sometimes write δ →l ε to emphasize the
number of rounds l instead of δ →f ε.

� For δ ∈ F2m , b : F2m → F2m , we denote

∆δ(b) = {b(α⊕ δ)⊕ b(α) : α ∈ F2m} .

Solution

Note that gk consists of a transformation vk : F4
2m → F4

2m and the matrix A over F2m ,
where

vk(x3, x2, x1, x0) = (x3, x2 ⊕ b(x3 ⊕ k1), x1, x0 ⊕ b(x1 ⊕ k0)) ,
gk(x) = A(vk(x))

T,x ∈ F4
2m .

Q1. A = A′.
Let ε ∈ F2m , W (ε) = {(α3, α2, α1, α0) ∈ F4

2m : α3 ⊕ α1 = ε} \ {(0, 0, 0, 0)}.
Theorem 1. Let l be any positive integer, ε ∈ F2m . Then l-round di�erential sets

W (ε)→l W (ε) of the PHIGFSl(A
′, b) hold with probability 1.
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Proof. For any (x3, x2, x1, x0) ∈ F4
2m we have the following equality:

A′(x3, x2, x1, x0)
T = (x3 ⊕ x2 ⊕ x0, x3 ⊕ x1 ⊕ x0, x2 ⊕ x1 ⊕ x0, x3 ⊕ x2 ⊕ x1)T.

Let us consider any nonzero (δ, λ, ω) ∈ F3
2m and any round key k ∈ F2

2m . Note that vk maps
a di�erence (δ, λ, δ ⊕ ε, ω) ∈ W (ε) to a di�erence (δ, λ(1), δ ⊕ ε, ω(1)) ∈ W (ε) for any

λ(1) ∈ ∆δ(b)⊕ λ, ω(1) ∈ ∆δ⊕ε(b)⊕ ω.

Then A′ (δ, λ(1), δ ⊕ ε, ω(1)
)
=
(
ω(1) ⊕ δ ⊕ λ(1), ω(1) ⊕ ε, ω(1) ⊕ δ ⊕ λ(1) ⊕ ε, λ(1) ⊕ ε

)
. Thus,

gk maps the di�erence (δ, λ, δ ⊕ ε, ω) ∈ W (ε) to the di�erence
(
δ(1), λ(2), δ(1) ⊕ ε, ω(2)

)
∈

∈ W (ε), where δ(1) = λ(1) ⊕ δ ⊕ ω(1), λ(2) = ω(1) ⊕ ε, ω(2) = λ(1) ⊕ ε. Therefore,

P [W (ε)→g W (ε)] = 1.

By induction on the number of rounds l, we get P[W (ε)→l W (ε)] = 1.

Corollary 1. For any number of rounds l ⩾ 1, (W (ε),W (δ)) are a pair of impossible
l-round di�erential sets for any di�erent ε, δ ∈ F2m .

Q2. A = A′′.
Let W = {(0, δ, δ, θ) : (δ, θ) ∈ F2

2m \ {(0, 0)}}.
Theorem 2. Let l be any positive integer, ε ∈ F2m . Then l-round di�erential sets

W →l W of the PHIGFSl(A
′′, b) holds with probability 1.

Proof. For any (x3, x2, x1, x0) ∈ F4
2m , we have

A′′(x3, x2, x1, x0)
T = (x3 ⊕ x2 ⊕ x1, x3 ⊕ x2 ⊕ x0, x3 ⊕ x1 ⊕ x0, x2 ⊕ x1 ⊕ x0)T.

Let us consider any nonzero (δ, θ) ∈ F2
2m and any round key k ∈ F2

2m . Note that vk maps a
di�erence (0, δ, δ, θ) ∈ W to a di�erence

(
0, δ, δ, θ(1)

)
∈ W for any θ(1) ∈ ∆δ(b)⊕ γ. Then

A′′ (0, δ, δ, θ(1)) = (0, θ(1) ⊕ δ, θ(1) ⊕ δ, θ(1)) .
Thus, gk maps the di�erence (0, δ, δ, θ) ∈ W to the di�erence

(
0, δ(1), δ(1), θ(1)

)
∈ W , where

δ(1) = θ(1) ⊕ δ. Therefore,
P [W →g W ] = 1.

By induction on the number of rounds l, we get P[W →l W ] = 1.

Corollary 2. For any number of rounds l ⩾ 1, (W,W ′) are a pair of impossible l-round
di�erential sets for any W ′ ⊆ F4

2m\(W ∪ {0}).
We would like to mention the solution of Gabriel Tulba-Lecu, Ioan Dragomir and Mircea-

Costin Preoteasa (Romania).

4.15. P r o b l e m � S u p e r d e p e n d e n t S - b o x �

Formulation

Harry wants to �nd a super dependent S-box for his new cipher. He decided to use a
permutation that is strictly connected with every of its variables. He tries to estimate the
number of such permutations.

A vectorial Boolean function F (x) = (f1(x), f2(x), . . . , fn(x)), where x ∈ Fn
2 , is

a permutation on Fn
2 if it is a one-to-one mapping on the set Fn

2 . Its coordinate function fk(x)
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(that is a Boolean function from Fn
2 to F2) essentially depends on the variable xj if there

exist values b1, b2, . . . , bj−1, bj+1, . . . , bn ∈ F2 such that

fk (b1, b2, . . . , bj−1, 0, bj+1, . . . , bn) ̸= fk (b1, b2, . . . , bj−1, 1, bj+1, . . . , bn) .

In other words, the essential dependence on the variable xj of a function f means the
presence of xj in the algebraic normal form of f (the unique representation of a function in
the basis of binary operations AND, XOR, and constants 0 and 1).

An example. Let n = 3. Then the Boolean function f(x1, x2, x3) = x1x2⊕x3 essentially
depends on all its variables; but g(x1, x2, x3) = x1x2⊕x2⊕1 essentially depends only on x1
and x2.

The problem. Find the number of permutations on Fn
2 such that all their coordinate

functions essentially depend on all n variables, namely

Q1 Solve the problem for n = 2, 3.
Q2 Problem for a special prize! Solve the problem for arbitrary n.

Solution

Let us denote the number of super-dependent S-boxes in n variables by S(n). We can
represent F as F (x) = (f1(x), . . . , fn(x)), where x ∈ Fn

2 and f1, . . . , fn are Boolean functions
in n variables (i.e., functions of the form Fn

2 → F2). Recall that F is a permutation if and
only if any its component function b1f1(x) ⊕ . . . ⊕ bnfn(x), b ∈ Fn

2 \ {0}, is balanced (i.e.,
it takes zero and one in the same number of arguments).

The most of solutions provided by the participants contain an answer for Q1. As a rule,
an exhaustive search was used. The correct answer for Q1 is the following: S(2) = 0 and
S(3) = 24576. At the same time, some progress has been made on Q2. A short description
of these results is bellow.

The team of Mikhail Kudinov, Denis Nabokov and Alexey Zelenetskiy (Russia) used the
inclusion-exclusion principle and provided lower and upper bounds for S(n). Their ideas
were the following. Let H(k) be the set of functions f : Fk

2 → F2 that essentially depend on
all its variables x1, . . . , xk. Then,

|H(n)| = C2n−1

2n −
n−1∑
k=0

Ck
n |H(k)|,

where Ck
n is a binomial coe�cient. Next, let us de�ne for any i ∈ {1, . . . , n} the sets

Ai = {a permutation F (x) = (f1(x), . . . , fn(x)) on Fn
2 : fi /∈ H(n)}.

It means that the number of super-dependent S-boxes is the following:

S(n) = 2n!− |A1 ∪ . . . ∪ An|.

It is not di�cult to see that |Ai1 ∩ . . . ∩ Aik | = |A1 ∩ . . . ∩ Ak| for any 1 ⩽ k ⩽ n and any
k-element set {i1, . . . , ik} ⊆ {1, . . . , n}. The inclusion-exclusion principle gives us that

S(n) = 2n! +
n∑

k=1

(−1)kCk
n |A1 ∩ . . . ∩ Ak|.

The cardinalities of intersections can be calculated in the following way:

|A1 ∩ . . . ∩ Ak| = 2n!
d(n, k)

k−1∏
i=0

(
C2n−i−1

2n−i

)2i ,
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where d(n, k) is the number of tuples (f1, . . . , fk) consisting of Boolean functions in n vari-
ables such that f1, . . . , fk /∈ H(n) and b1f1⊕ . . .⊕ bkfk is balanced for any b ∈ Fk

2 \{0}. It is
not easy to calculate d(n, k). However, there is a trivial estimation d(n, k) ⩾ C2n−2

2n−1 . Also,

|A1| = 2n!
C2n−1

2n − |H(n)|
C2n−1

2n

.

This can be used to estimate S(n):

2n!− n|A1| ⩽ S(n) ⩽ 2n!− |A1|.

The team of Stepan Davydov, Anastasiia Chichaeva, and Kirill Tsaregorodtsev (Russia)
proposed interesting ideas as well. They noticed that 2n |S(n), implemented Monte-Carlo

simulations for n = 4 and n = 5, and showed that lim
n→∞

S(n)

2n!
= 1. Also, the team

pointed out a subclass of super-dependent S-boxes such that even component functions
of its representatives essentially depend on all its variables.

The team of Mikhail Borodin, Vitaly Kiryukhin and Andrey Rybkin (Russia) calculated
that S(4) = 19344102217728 = 24·16·50375266192. They used that the addition to a super-
dependent S-box in n variables of any binary vector from Fn

2 and rearranging its output bits
provided a super-dependent S-box as well. In other words, (n! · 2n) |S(n) holds. Note that
some other participants mentioned such kind of classi�cations (for instance, in the solution
above). However, the team exploited this fact most successfully.

4.16. P r o b l e m � Q u a n t u m e n t a n g l e m e n t �

Formulation

The Nobel Prize in Physics in 2022 was awarded to researchers who experimentally
investigated quantum entanglement. One of their studies was devoted to a Greenberger �

Horne � Zeilinger state |GHZ⟩ = 1√
2
(|000⟩ + |111⟩), which is an entangled state of three

qubits. This state can be created using the following quantum circuit:

|0⟩ H

|0⟩

|0⟩

After the measurement, the probability to �nd the system described by |GHZ⟩ in the
state |000⟩ or in the state |111⟩ is equal to 1/2.

When we make measurements in quantum physics, we are able to make post-selection.
For example, if we post-select the events when the �rst qubit was in state |0⟩, the second and
the third qubits will also be found in the state |0⟩ for sure, this is actually what entanglement
means. We also see that the post-selection destroys entanglement of two remaining qubits.

Q1 But what will happen, if we post-select the events when the 1st qubit is in the Hadamard

state |+⟩ = 1√
2
(|0⟩+ |1⟩)? How can we perform this kind of post-selection if the result

of each measurement of a qubit state can be only 0 or 1 and we can only post-select
these events? Will the two remaining qubits be entangled after post-selection? Design
the circuit which will provide an answer.
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Q2 Problem for a special prize! There are two di�erent classes of three-qubit entang-
lement. One of them is

|GHZ⟩ = 1√
2
(|000⟩+ |111⟩),

and the other is

|W ⟩ = 1√
3
(|001⟩+ |010⟩+ |100⟩).

Discuss the possible ideas how the di�erence between these states can be found with
the usage of post-selection and measurement. Don't forget that you need to verify
entanglement for both types of states!

Remark 5. For details about quantum circuits, see Remark 2. Additionally, we can
measure qubit, initially given in the state |ψ⟩ = α0 |0⟩+ α1 |1⟩, in other basis, for example
Hadamard basis |+⟩ = 1√

2
(|0⟩+|1⟩) and |−⟩ = 1√

2
(|0⟩+|1⟩). In order to do this, we consider

the state in the form |ψ⟩ = α′
0 |+⟩+α′

1 |−⟩, where complex amplitudes α′
0, α

′
1 have the same

physical meaning as α0 and α1. Then we can calculate the probability that the qubit will
be in the state |+⟩ or |−⟩ after the measurement and consider the process of post-selection
in this case. Recall that for two qubits we use notation |a⟩ ⊗ |b⟩ ≡ |ab⟩. By induction, this
process is expanded on the case of three qubits and more. Mathematically, the entanglement
of n-qubits state means that we can not consider this state in the form |ψ⟩ = |φ1⟩ ⊗ |φ2⟩,
where |φ1⟩ and |φ2⟩ are some states of m and n−m qubits, correspondingly.

Solution

Q1. The circuit for creation of the Greenberger �Horne � Zeilinger state |GHZ⟩ is the
following:

|0⟩ H

|000⟩+ |111⟩√
2

|0⟩

|0⟩

First, we need to post-select events when the �rst qubit is in the Hadamard

state |+⟩ = 1√
2
(|0⟩+ |1⟩). For this purpose, we make an Hadamard gate prior to the

measurement of the �rst qubit. After this we perform a post-selection.
The state |GHZ⟩ can be written as

|GHZ⟩ = |000⟩+ |111⟩√
2

= |+⟩ (|00⟩+ |11⟩)
2
√
2

+ |−⟩ (|00⟩ − |11⟩)
2
√
2

,

where |±⟩ = (|0⟩ ± |1⟩)/
√
2. It means that if we select the �rst qubit in the state |+⟩, the

other qubits will be in the entangled Bell state |Φ+⟩ = (|00⟩+ |11⟩)/
√
2. This state can be

detected using a CNOT gate followed by the Hadamard gate. The whole circuit is

|0⟩ ⟨0||0⟩ H H

|0⟩ H

|0⟩
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Q2. This question that supposed to be the open problem was solved during the
Olympiad by the team of Viet-Sang Nguyen, Nhat Linh LE Tan and Phuong Hoa Nguyen
(France). Here we provide the solution.

If we measure any qubit of the state |GHZ⟩ and know the result of the measurement,
we immediately know the state of two rest qubits. Thus, the state of the whole system of 3
qubits is an entangled one. But the state of two rest qubits after the measurement of any
qubit is separable.

When we measure the �rst qubit of the state |W ⟩, the result is 0 with probability 2/3
and 1 with probability 1/3. When the state of the �rst qubit is measured 1, the system
collapses to a separable state |00⟩ hence it is not entangled anymore. However, when the
state of the �rst qubit is measured 0, the remaining two qubits become the maximally
entangled state of two qubits. Given the measurement of one qubit as |1⟩, we can deduce
the information about the other two because there is correlation in the information between
qubits. Thus, |W ⟩ is an entangled quantum state of three qubits.

Unlike |GHZ⟩, measuring one qubit in |W ⟩ creates an entangle state of two remaining
qubit with probability 2/3. While being in |GHZ⟩, the system collapses to a separable state
after measurement of any qubit.

The post-selection procedure for the state |GHZ⟩ was discussed in the question Q1,
so the same technique can be applied for the state |W ⟩. This state contains residual
entanglement after measurement of a qubit, we can post-selection the third qubit in the
state |0⟩ to attain the Bell state of the remaining qubits:

|0⟩ ⟨0||0⟩ Ry(θ)

|0⟩ H

|0⟩

Here, Ry(θ) gate is a single-qubit rotation through angle θ = 2arccos(1/
√
3) (radians)

around the y-axis.
The state |W ⟩ has the following representation:

|W ⟩ = 1√
3

(
|001⟩+ |010⟩+ |100⟩

)
=

1√
6

(
|00+⟩+ |01+⟩+ |10+⟩− |00−⟩+ |01−⟩+ |10−⟩

)
.

If we can post-select the state |+⟩ for the third qubit, we have
1√
3

(
|00+⟩+ |01+⟩+ |10+⟩

)
=

1√
3

(
|00⟩+ |01⟩+ |10⟩

)
⊗ |+⟩ ,

which is equivalent to a circuit with two entangled qubits similar to |W ⟩ and an independent
qubit in the state |+⟩. There is a correlation between two rest qubits in this system: if we
measure 1 in one qubit, the other must be 0. Hence, we have an entanglement between two
qubits.

The circuit for the system with third qubit in the state |+⟩ and two entangled qubits:

|0⟩ H

|0⟩ Ry(θ)

|0⟩ H
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In conclusion, when measuring one qubit of the state |W ⟩, the state of the other two
qubits are still entangled. But after the measurement of any qubit of the state |GHZ⟩, the
states of the remaining qubits become known. When post measuring Hadamard |+⟩ state,
both |W ⟩ and |GHZ⟩ states return outcome equivalent to a separate qubit in the state |+⟩
and an entangled state of two qubits.

We also would like to mention participants who made a progress in solution, that is the
team of Gabriel Tulba-Lecu, Mircea-Costin Preoteasa, and Ioan Dragomir (Romania), the
team of Mikhail Kudinov, Denis Nabokov, and Alexey Zelenetskiy (Russia), the team of
Himanshu Sheoran, Gyumin Roh, and Yo Iida (India, South Korea, Japan), and the team
of Donat Akos Koller, Csaba Kiss, and Marton Marits (Hungary).
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Ôàêòè÷åñêàÿ îñâåäîìë¼ííîñòü ïîëüçîâàòåëåé â êîíôèäåíöèàëüíîé èíôîðìàöèè
ðàññìàòðèâàåòñÿ êàê âëàäåíèå ñîîòâåòñòâóþùåé èíôîðìàöèåé, õàðàêòåðèçóþùå-
åñÿ ñòåïåíüþ âîñïðèÿòèÿ (óñâîåíèÿ) è âîçìîæíîñòè èñïîëüçîâàíèÿ èíôîðìàöèè
(¾èçâëå÷åíèÿ¿ èç ïàìÿòè). Â ðàìêàõ ñóáúåêòíî-îáúåêòíîãî êëàññà ìîäåëåé óïðàâ-
ëåíèÿ äîñòóïîì â êîìïüþòåðíûõ ñèñòåìàõ ïðîèçâåäåíà ôîðìàëèçàöèÿ ïîíÿòèÿ
îñâåäîìë¼ííîñòè êàê ðåçóëüòàòà äîñòóïîâ ïîëüçîâàòåëåé ê îáúåêòàì, ñîäåðæà-
ùèì êîíôèäåíöèàëüíóþ èíôîðìàöèþ. Äîñòóï ê îáúåêòó (ïî ÷òåíèþ), èìåþùèé
âðåìåíí�ûå ðàìêè (ïðîäîëæèòåëüíîñòü), ôîðìèðóåò îñâåäîìë¼ííîñòü ïîëüçîâàòå-
ëÿ â êîíôèäåíöèàëüíîé èíôîðìàöèè ñîîòâåòñòâóþùåãî îáúåêòà, âåëè÷èíà êîòî-
ðîé ïðîïîðöèîíàëüíà îáú¼ìó êîíôèäåíöèàëüíîé èíôîðìàöèè îáúåêòà, èíäåêñó
ñëîæíîñòè (÷èòàáåëüíîñòè) òåêñòà îáúåêòà, ïðîäîëæèòåëüíîñòè äîñòóïà è, êðîìå
òîãî, çàâèñèò îò èíäèâèäóàëüíûõ ñïîñîáíîñòåé ïîëüçîâàòåëÿ â âîñïðèÿòèè (ñêî-
ðîñòè ÷òåíèÿ) è îñâîåíèè (ïîíèìàíèè, îáðàáîòêå) èíôîðìàöèè. Ïðè ýòîì îáú-
¼ì êîíôèäåíöèàëüíîé èíôîðìàöèè îáúåêòà îïðåäåëÿåòñÿ êàê âåëè÷èíà, ïðîïîð-
öèîíàëüíàÿ êîëè÷åñòâó ñëîâ â òåêñòå îáúåêòà è êîýôôèöèåíòó èíôîðìàòèâíî-
ñòè îáúåêòà. Ñ òå÷åíèåì âðåìåíè ïî êðèâîé çàáûâàíèÿ Ã. Ýááèíãàóçà îñâåäîì-
ë¼ííîñòü ïîëüçîâàòåëÿ â êîíôèäåíöèàëüíîé èíôîðìàöèè óìåíüøàåòñÿ. Ñòåïåíü
ñíèæåíèÿ îñâåäîìë¼ííîñòè çàâèñèò îò èíäèâèäóàëüíûõ îñîáåííîñòåé ïîëüçîâàòå-
ëÿ è óðîâíÿ êîíôèäåíöèàëüíîñòè èíôîðìàöèè. Ïîñëåäóþùèå äîñòóïû ê îáúåêòó
ìîãóò âîññòàíàâëèâàòü ñòåïåíü îñâåäîìë¼ííîñòè â çàâèñèìîñòè îò ïðîäîëæèòåëü-
íîñòè äîñòóïîâ è âðåìåíè, ïðîøåäøåãî ñ ïðåäûäóùåãî äîñòóïà. Ðàññìàòðèâàþòñÿ
âèä è ïàðàìåòðû ôóíêöèè óìåíüøåíèÿ/âîññòàíîâëåíèÿ îñâåäîìë¼ííîñòè ñ òå÷å-
íèåì âðåìåíè è â çàâèñèìîñòè îò èñòîðèè äîñòóïîâ. Îñâåäîìë¼ííîñòü ïîëüçîâàòå-
ëÿ âî âñåé êîíôèäåíöèàëüíîé èíôîðìàöèè, ñîäåðæàùåéñÿ (îáðàáàòûâàþùåéñÿ)
â êîìïüþòåðíîé ñèñòåìå, ñêëàäûâàåòñÿ èç îñâåäîìë¼ííîñòè ïî âñåì îáúåêòàì äî-
ñòóïà ñ ó÷¼òîì ñèíåðãåòè÷åñêîãî ýôôåêòà, êîòîðûé ìîæåò áûòü êàê ïîëîæèòåëü-
íûì (çíàíèå î ñèñòåìå îáúåêòîâ áîëüøå ñóììû çíàíèé îá îáúåêòàõ), òàê è îòðè-
öàòåëüíûì. Õàðàêòåð è îñîáåííîñòè ôàêòè÷åñêîé îñâåäîìë¼ííîñòè ïîëüçîâàòåëåé
â êîíôèäåíöèàëüíîé èíôîðìàöèè èëëþñòðèðóþòñÿ íà ïðèìåðàõ ïðè ðàçëè÷íûõ
ïàðàìåòðàõ îáúåêòîâ äîñòóïà, èñòîðèè äîñòóïîâ è èíäèâèäóàëüíûõ îñîáåííîñòåé
ïîëüçîâàòåëåé.
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THE MODEL AND METRICS OF AWARENESS IN CONFIDENTIAL
INFORMATION. PART 2. ACTUAL AWARENESS

N.A. Gaydamakin

Ural Federal University named after the First President of Russia B.N. Yeltsin, Ekaternburg,

Russia

The actual awareness of users in confidential information is considered as the pos-
session of relevant information, characterized by the degree of perception (assimila-
tion) and the possibility of using information (“extraction” from memory). Within
the subject-object class of access control models in computer systems, the concept
of awareness is formalized as a result of user access to objects containing confidential
information. Access to the object (by reading), having a time frame (duration), forms
the user’s awareness of the confidential information of the corresponding object, the
value of which is proportional to the volume of confidential information of the object,
the index of complexity (readability) of the text of the object, the duration of ac-
cess and and also depends on the user’s individual ability to perceive (reading speed)
and master (understanding, processing) information. At the same time, the volume
of confidential information of an object is defined as a value proportional to the num-
ber of words in the text and the coefficient of informativeness of the object. Over
time, according to the Ebbinghaus forgetting curve, the user’s awareness of sensitive
information decreases. The degree of decrease in awareness depends on the individual
characteristics of the user and the level of confidentiality of the information. Sub-
sequent accesses to the object can restore the degree of awareness depending on the
duration of the accesses and the time elapsed since the previous access. The type and
parameters of the function of reducing/restoring awareness over time and depending
on the access history are considered. The user’s awareness of all confidential infor-
mation contained (processed) in a computer system consists of awareness of all access
objects, taking into account the synergetic effect, which can be either positive (knowl-
edge about the system of objects is greater than the sum of knowledge about objects)
or negative. The nature and features of users’ actual awareness in confidential infor-
mation are illustrated by examples with various parameters of access objects, access
history and individual characteristics of users.

Keywords: confidential information, awareness, actual awareness, awareness model,
awareness metrics, informativeness of the access object, complexity of the access object
text, understanding of the access object text, duration of access, information forgetting
curve, access history, synergy effect in awareness.

Ââåäåíèå
Êàê îòìå÷åíî â [1], îñâåäîìë¼ííîñòü ïîëüçîâàòåëåé â êîíôèäåíöèàëüíîé èíôîðìà-

öèè ðàññìàòðèâàåòñÿ â êà÷åñòâå ñèíîíèìà âëàäåíèÿ èíôîðìàöèåé, ò. å. êàê çíàíèå ñâå-
äåíèé, ñîîáùåíèé, äàííûõ, ñîñòàâëÿþùèõ èíôîðìàöèþ. Ñîîòâåòñòâåííî ôàêòè÷åñêàÿ
îñâåäîìë¼ííîñòü (Actual Awareness) ïîëüçîâàòåëåé â êîíôèäåíöèàëüíîé èíôîðìàöèè
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ÿâëÿåòñÿ ðåçóëüòàòîì îñóùåñòâëåíèÿ äîñòóïîâ ê îáúåêòàì êîìïüþòåðíîé ñèñòåìû, ñî-
äåðæàùèì êîíôèäåíöèàëüíóþ èíôîðìàöèþ.

Âìåñòå ñ òåì èçâåñòíûå ñóáúåêòíî-îáúåêòíûå ìîäåëè óïðàâëåíèÿ äîñòóïîì â êîì-
ïüþòåðíûõ ñèñòåìàõ [2, 3] íå çàòðàãèâàþò ðåçóëüòàòèâíóþ ñòîðîíó ïðîöåññîâ äîñòóïà,
ïîñêîëüêó íåÿâíî ïîëàãàåòñÿ, ÷òî ñóáúåêò-ïîëüçîâàòåëü, îñóùåñòâèâ äîñòóï ê îáú-
åêòó (ïî ÷òåíèþ), àïðèîðè îáëàäàåò ñîîòâåòñòâóþùåé èíôîðìàöèåé è âïîñëåäñòâèè
â ëþáîé ìîìåíò âðåìåíè ìîæåò å¼ èñïîëüçîâàòü. Èíòóèòèâíî ÿñíî, ÷òî ýòî íå ñîâñåì
òàê. Â ïðîöåññå äîñòóïà ìîæíî óñïåòü ïðî÷åñòü òîëüêî ÷àñòü òåêñòà (ôàéëà, îáúåêòà)
è â ðåçóëüòàòå îáëàäàòü òîëüêî ÷àñòüþ èíôîðìàöèè, ñîäåðæàùåéñÿ â îáúåêòå äîñòó-
ïà. Ìîæíî ïðî÷åñòü âåñü òåêñò îáúåêòà (òåêñòîâûé ôàéë), íî íè÷åãî íå ïîíÿòü èëè
ïîíÿòü òîëüêî ÷àñòü èíôîðìàöèè.

Òàêèì îáðàçîì, òðåáóåò ôîðìàëèçàöèè ïðîöåäóðíî-ðåçóëüòàòèâíàÿ è òåìïîðàëüíî-
öåëåâàÿ ñòîðîíà ïðîöåññà äîñòóïà ê èíôîðìàöèè â êîìïüþòåðíûõ ñèñòåìàõ, âêëþ÷àÿ
äîñòóï ê êîíôèäåíöèàëüíîé èíôîðìàöèè.

Öåëåâàÿ ñòîðîíà ïîíÿòèÿ ¾îñâåäîìë¼ííîñòü¿ èññëåäîâàëàñü â ñôåðå ôåíîìåíîëî-
ãè÷åñêîé ñîöèîëîãèè [4, 5], ãäå îäèí èç ïîäõîäîâ òðàêòóåò ¾îñâåäîìë¼ííîñòü¿ êàê
ñîñòîÿíèå, â êîòîðîì ñóáúåêò îñâåäîìë¼í î íåêîòîðîé èíôîðìàöèè (âëàäååò íåêî-

òîðîé èíôîðìàöèåé) è ýòà èíôîðìàöèÿ íåïîñðåäñòâåííî äîñòóïíà äëÿ èñïîëüçîâà-

íèÿ â íàïðàâëåíèè øèðîêîãî ñïåêòðà ïîâåäåí÷åñêèõ äåéñòâèé. Èíà÷å ãîâîðÿ, îñâå-
äîìë¼ííîñòü, ðàçäåëÿåìàÿ â íåêîòîðûõ ïîäõîäàõ ïî ôåíîìåíîëîãè÷åñêîé ñîöèîëîãèè
íà ¾ÿâíóþ¿ è ¾íåÿâíóþ¿ (¾ñêðûòóþ¿), ðàññìàòðèâàåòñÿ â êîíòåêñòå ñïîñîáíîñòè èí-
äèâèäóóìà ê ýôôåêòèâíîìó ïðèìåíåíèþ èìåþùèõñÿ ó íåãî çíàíèé è ñâåäåíèé, ÷òî
ïðåäïîëàãàåò, â ïåðâóþ î÷åðåäü, ñïîñîáíîñòü ¾èçâëå÷ü èç ïàìÿòè¿ èíôîðìàöèþ â ïî-
ñëåäóþùèå ìîìåíòû âðåìåíè.

Â ñôåðå îáó÷åíèÿ è ïñèõîëîãèè èññëåäîâàëèñü ïðîöåññû âîñïðèÿòèÿ (óñâîåíèÿ)
èíôîðìàöèè, ïîäàâàåìîé â òîé èëè èíîé ôîðìå (ïèðàìèäà Äåéëà) � óñòíîé (÷åðåç
ñëóøàíèå), òåêñòîâîé (÷åðåç ÷òåíèå) è ò. ä. [6], è áûëè ïîëó÷åíû ýìïèðè÷åñêèå äàííûå
è ñîîòíîøåíèÿ ïî ñòåïåíè óñâîåíèÿ, ñîõðàíåíèÿ è âîñïðîèçâåäåíèÿ èíôîðìàöèè [7�13].

Òåì íå ìåíåå â ðàìêàõ îòìå÷åííûõ ôîðìàëüíûõ ìîäåëåé óïðàâëåíèÿ äîñòóïîì
â êîìïüþòåðíûõ ñèñòåìàõ êàê â îòíîøåíèè ðåçóëüòàòèâíîñòè äîñòóïà ê îáúåêòàì, ñî-
äåðæàùèì êîíôèäåíöèàëüíóþ èíôîðìàöèþ, òàê è â îòíîøåíèè ñïîñîáíîñòè ê ýôôåê-
òèâíîìó èñïîëüçîâàíèþ èíôîðìàöèè â äàëüíåéøåì íå ðàññìàòðèâàþòñÿ âðåìåíí�ûå
àñïåêòû, ñâÿçàííûå ñ èçìåíåíèÿìè ñ òå÷åíèåì âðåìåíè àêòóàëüíîñòè, â òîì ÷èñëå
êîíôèäåíöèàëüíîñòè èíôîðìàöèè, ñ èçìåíåíèÿìè ñïîñîáíîñòè èíäèâèäóóìà ê ýôôåê-
òèâíîìó ¾èçâëå÷åíèþ¿ è èñïîëüçîâàíèþ èíôîðìàöèè, êîòîðîé îí îáëàäàåò (çàáûâàíèå
èíôîðìàöèè), à òàêæå òî, ÷òî ìîæíî èìåíîâàòü âðåìåíí�îé äèññèïàöèåé (äåãðàäàöèåé)
èíôîðìàöèè [14].

Íàêîíåö, ïîíÿòèå ¾îñâåäîìë¼ííîñòü¿ øèðîêî èñïîëüçóåòñÿ â ñôåðå óïðàâëåíèÿ
çíàíèÿìè ïåðñîíàëà îðãàíèçàöèè (knowledge management), âêëþ÷àÿ ïîíÿòèå îñâåäîì-
ë¼ííîñòè ïåðñîíàëà â âîïðîñàõ èíôîðìàöèîííîé áåçîïàñíîñòè [15�18].

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàññìîòðåíèå ôîðìàëèçîâàííîé è ïðîöåäóðíî-àíà-
ëèòè÷åñêîé ñîñòàâëÿþùåé (ôàêòè÷åñêîé) îñâåäîìë¼ííîñòè ïîëüçîâàòåëåé â êîíôèäåí-
öèàëüíîé èíôîðìàöèè, ñîäåðæàùåéñÿ â êîìïüþòåðíûõ ñèñòåìàõ.

1. Èñõîäíûå ïîëîæåíèÿ
Áóäåì îñíîâûâàòüñÿ íà ñóáúåêòíî-îáúåêòíîé ôîðìàëèçàöèè êîìïüþòåðíîé ñèñòå-

ìû, ðàññìàòðèâàÿ å¼ êàê ñîâîêóïíîñòü îáúåêòîâ äîñòóïà o ∈ O, ñîäåðæàùèõ êîí-
ôèäåíöèàëüíóþ èíôîðìàöèþ (ôàéëû, êàòàëîãè, áàçû äàííûõ è/èëè èõ òàáëèöû-
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ñòðîêè/çàïèñè-ïîëÿ), è ñóáúåêòîâ äîñòóïà s ∈ S (âûïîëíÿþùèåñÿ ïî êîìàíäàì ïîëü-

çîâàòåëåé u ∈ U êîìïüþòåðíûå ïðîãðàììû).
Òàêæå áóäåì ïðåäïîëàãàòü, ÷òî â êîìïüþòåðíîé ñèñòåìå äåéñòâóåò äèñêðåòíîå âðå-

ìÿ, â êàæäûé ìîìåíò tk êîòîðîãî ïîëüçîâàòåëè u ∈ U îñóùåñòâëÿþò äîñòóïû ñóáú-
åêòîâ s ∈ S ê îáúåêòàì o ∈ O. Ïîä äîñòóïîì áóäåì ïîíèìàòü èìåþùèé âðåìåíí�ûå
ðàìêè ïðîöåññ âîçäåéñòâèÿ ñóáúåêòà s ∈ S íà îáúåêò o ∈ O, â ðåçóëüòàòå êîòîðî-
ãî ôîðìèðóåòñÿ ïîòîê èíôîðìàöèè � îäíîíàïðàâëåííûé, ò. å. îò îáúåêòà ê ñóáúåêòó
èëè îò ñóáúåêòà (÷åðåç ñóáúåêò) ê îáúåêòó, ëèáî äâóíàïðàâëåííûé, ò. å. îäíîâðåìåííî
îò ñóáúåêòà ê îáúåêòó è îò îáúåêòà ê ñóáúåêòó.

Â êîíòåêñòå àíàëèçà îñâåäîìë¼ííîñòè, êàê è â [1], îãðàíè÷èìñÿ ðàññìîòðåíèåì
òîëüêî äîñòóïîâ âèäà ¾×òåíèå¿ (Read) ê îáúåêòàì, ñîäåðæàùèì òåêñòîâóþ èíôîðìà-
öèþ, è áóäåì èñïîëüçîâàòü äåòåðìèíèñòñêóþ òðàêòîâêó ïîíÿòèÿ èíôîðìàöèîííîãî

ïîòîêà êàê ïðîöåññà èçìåíåíèÿ ñëîâà, õàðàêòåðèçóþùåãî îáúåêò-ïðèåìíèê èíôîð-
ìàöèîííîãî ïîòîêà â çàâèñèìîñòè îò ñëîâà, õàðàêòåðèçóþùåãî îáúåêò-èñòî÷íèê èí-
ôîðìàöèîííîãî ïîòîêà. Èíà÷å ãîâîðÿ, îáúåêò äîñòóïà â òåîðåòèêî-èíôîðìàöèîííîì
ñìûñëå ðàññìàòðèâàåòñÿ êàê ñëîâî íåêîòîðîãî ÿçûêà [19].

Ïîä ¾ôàêòè÷åñêîé îñâåäîìë¼ííîñòüþ â êîíôèäåíöèàëüíîé èíôîðìàöèè¿ áóäåì
ïîíèìàòü âåëè÷èíó, õàðàêòåðèçóþùóþ â êîëè÷åñòâåííîé (èíòåðâàëüíîé) øêàëå ñòå-
ïåíü âëàäåíèÿ ïîëüçîâàòåëåì u ∈ U êîíôèäåíöèàëüíîé èíôîðìàöèåé, íàõîäÿùåéñÿ
â êîìïüþòåðíîé ñèñòåìå.

Ïîä âëàäåíèåì ïîëüçîâàòåëåì u ∈ U êîíôèäåíöèàëüíîé èíôîðìàöèåé áóäåì ïî-
íèìàòü å¼ çíàíèå, ò. å. îçíàêîìëåííîñòü ñ íåé, è å¼ ïîíèìàíèå, à òàêæå ñïîñîáíîñòü
ê å¼ ýôôåêòèâíîìó èñïîëüçîâàíèþ, âêëþ÷àÿ êîëè÷åñòâåííóþ (îáú¼ì èíôîðìàöèè)
è êà÷åñòâåííóþ (ñòåïåíü êîíôèäåíöèàëüíîñòè è èçâëåêàåìîñòè) ñòîðîíû.

Òàêèì îáðàçîì, áûòü îñâåäîìë¼ííûì â êîíôèäåíöèàëüíîé èíôîðìàöèè îçíà÷àåò
çíàòü èíôîðìàöèþ, ò. å. å¼ âîñïðèíÿòü è ïîíÿòü, ïåðåðàáîòàòü è èíòåãðèðîâàòü ñ ðàíåå
óñâîåííîé èíôîðìàöèåé, è, êðîìå òîãî, áûòü ñïîñîáíûì å¼ èçâëå÷ü èç ïàìÿòè è èñ-
ïîëüçîâàòü â òåõ èëè èíûõ öåëÿõ.

Ñòåïåíü âëàäåíèÿ êîíôèäåíöèàëüíîé èíôîðìàöèåé (âåëè÷èíó îñâåäîìë¼ííîñòè)
â èíòåðâàëüíîé øêàëå îãðàíè÷èì äèàïàçîíîì [0, 1], ãäå 1�ìàêñèìàëüíàÿ, ò. å. 100-
ïðîöåíòíàÿ îñâåäîìë¼ííîñòü âî âñåé êîíôèäåíöèàëüíîé èíôîðìàöèè (àáñîëþòíî ïîë-
íîå âëàäåíèå èíôîðìàöèåé), îáðàáàòûâàþùåéñÿ â êîìïüþòåðíîé ñèñòåìå.

2. Îáú¼ì êîíôèäåíöèàëüíîé èíôîðìàöèè, èíôîðìàòèâíîñòü, ñëîæíîñòü
è êîíôèäåíöèàëüíîñòü èíôîðìàöèè îáúåêòîâ äîñòóïà

Êàê óæå îòìå÷àëîñü, â òåîðåòèêî-èíôîðìàöèîííîì ñìûñëå ïðè äåòåðìèíèñòñêîì
ïîäõîäå îáúåêò äîñòóïà ðàññìàòðèâàåòñÿ êàê ñëîâî íåêîòîðîãî ÿçûêà â îïðåäåë¼í-
íîì àëôàâèòå [19]. Â ñëó÷àå êîíå÷íîãî àëôàâèòà îáú¼ì èíôîðìàöèè, ðåàëèçóåìûé
èíôîðìàöèîííûì ïîòîêîì â ðåçóëüòàòå äîñòóïà, õàðàêòåðèçóåòñÿ êîëè÷åñòâîì ñëîâ,
ïðåäñòàâëÿþùèõ îáúåêò. Èñõîäÿ èç ýòîãî, ïîíÿòèå ¾îáú¼ì (êîíôèäåíöèàëüíîé) èíôîð-
ìàöèè îáúåêòà on¿ ìîæíî îïðåäåëèòü êàê âåëè÷èíó, ïðîïîðöèîíàëüíóþ êîëè÷åñòâó
ñëîâ Q(on, tm), ñîäåðæàùèõñÿ â ìîìåíò âðåìåíè tm â òåêñòå îáúåêòà on:

V (on, tm) = Q(on, tm) θ(on, tm), (1)

ãäå θ(on, tm)�èçìåíÿþùèéñÿ â äèàïàçîíå [0, 1] êîýôôèöèåíò èíôîðìàòèâíîñòè îáú-
åêòà on â ìîìåíò âðåìåíè tm.

Ââåäåíèå êîýôôèöèåíòà èíôîðìàòèâíîñòè θ(on, tm) îáóñëîâëåíî òåì, ÷òî ÿçûêîì
ïèñüìåííîé ðå÷è îäíó è òó æå èíôîðìàöèþ ìîæíî âûðàçèòü ïî-ðàçíîìó, ñ ðàçíîé
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ÿñíîñòüþ, ÷¼òêîñòüþ, ïîëíîòîé, ¾ïîíÿòíîñòüþ¿ è, ñëåäîâàòåëüíî, ñ ðàçëè÷íûì ñëî-
âåñíûì îáú¼ìîì. Áóäåì ñ÷èòàòü, ÷òî ñóùåñòâóåò âåùåñòâåííî-çíà÷íàÿ ôóíêöèÿ, âû-
ðàæàþùàÿ äàííîå ñâîéñòâî îáúåêòîâ â ÷èñëîâîì äèàïàçîíå [0, 1].

Â ïðîöåññå âîñïðèÿòèÿ (÷òåíèÿ) òåêñòîâîé èíôîðìàöèè, å¼ óñâîåíèÿ âàæíûì ôàê-
òîðîì ÿâëÿåòñÿ ò. í. ¾÷èòàáåëüíîñòü¿ (¾ïîíÿòíîñòü¿, ¾òðóäíîñòü¿) òåêñòà, âî ìíî-
ãèõ èñòî÷íèêàõ îòîæäåñòâëÿåìàÿ ñ ïîíÿòèåì ñëîæíîñòè òåêñòà. Ìíîãî÷èñëåííûå èñ-
ñëåäîâàíèÿ, îáçîð êîòîðûõ ìîæíî íàéòè â [20], îïðåäåëèëè ðÿä êðèòåðèåâ ñëîæíîñòè
òåêñòà, ê êîòîðûì îòíîñÿòñÿ, ïðåæäå âñåãî, êîëè÷åñòâåííî-ñòàòèñòè÷åñêèå ïàðàìåòðû
(ñðåäíÿÿ áóêâåííàÿ èëè ñëîãîâàÿ äëèíà ñëîâ, ñðåäíåå êîëè÷åñòâî ñëîâ â ïðåäëîæåíè-
ÿõ, äîëÿ ñëîæíîñî÷èí¼ííûõ ïðåäëîæåíèé, êîëè÷åñòâî ñïåöèàëüíûõ òåðìèíîâ), à òàê-
æå ðÿä äðóãèõ ãðàììàòè÷åñêèõ è ñåìàíòèêî-òåìàòè÷åñêèõ êðèòåðèåâ (ïîâåñòâîâàòåëü-
íîñòü èçëîæåíèÿ, êîíêðåòíîñòü/àáñòðàêòíîñòü ñëîâ è âûðàæåíèé, ñðåäíåå çíà÷åíèå
ñëîâåñíîãî ðàññòîÿíèÿ ìåæäó ñâÿçàííûìè ýëåìåíòàìè ïðåäëîæåíèé è äð.). Ïðåäëî-
æåíû ýìïèðè÷åñêèå ñîîòíîøåíèÿ äëÿ îïðåäåëåíèÿ ¾èíäåêñà ÷èòàáåëüíîñòè¿ (èíäåêñà
ñëîæíîñòè) òåêñòà, íà îñíîâå êîòîðûõ ðàçðàáîòàíû ñïåöèàëüíûå ïðîãðàììíûå ñðåä-
ñòâà äëÿ àâòîìàòèçèðîâàííîãî âû÷èñëåíèÿ èíäåêñà ÷èòàáåëüíîñòè, â òîì ÷èñëå äëÿ
òåêñòîâ íà ðóññêîì ÿçûêå [20].

Áóäåì ñ÷èòàòü, ÷òî ñóùåñòâóåò âåùåñòâåííî-çíà÷íàÿ ôóíêöèÿ φ(on, tm), êîòîðàÿ
äëÿ êàæäîãî îáúåêòà äîñòóïà on â ëþáîé ìîìåíò âðåìåíè tm ñòàâèò â ñîîòâåòñòâèå êî-
ëè÷åñòâåííîå çíà÷åíèå åãî èíäåêñà ñëîæíîñòè. Äèàïàçîí çíà÷åíèé èíäåêñà ñëîæíîñòè
îáúåêòà φ(on, tm) îïðåäåëèì òàê, ÷òîáû åãî ñðåäíåå çíà÷åíèå äëÿ ãðóïïû îäíîðîäíî-
òåìàòè÷åñêèõ òåêñòîâ (íàïðèìåð, òåêñòû ôèíàíñîâî-ýêîíîìè÷åñêîé, êàäðîâîé, ïðîåêò-
íî-êîíñòðóêòîðñêîé è ò. ä. òåìàòèêè) ðàâíÿëîñü 1.

Êîíôèäåíöèàëüíîñòü èíôîðìàöèè îáúåêòîâ äîñòóïà áóäåì ïîíèìàòü êàê òàêîå
ñâîéñòâî ñîîòâåòñòâóþùåé èíôîðìàöèè, êîãäà ìîæåò âîçíèêíóòü êàêîé-ëèáî óùåðá
ïðè ñâîáîäíîì îáîðîòå ýòîé èíôîðìàöèè, ò. å. â ðåçóëüòàòå äîñòóïà ê íåé (ñîîòâåò-
ñòâåííî îñâåäîìë¼ííîñòè â íåé) íåîïðåäåë¼ííîãî êðóãà ëèö.

Îòìåòèì, ÷òî íå âñå îáúåêòû äîñòóïà ñîäåðæàò êîíôèäåíöèàëüíóþ èíôîðìàöèþ
è/èëè íå âñÿ èíôîðìàöèÿ îáúåêòà ÿâëÿåòñÿ êîíôèäåíöèàëüíîé. Îäíàêî ââèäó ñóùå-
ñòâåííûõ òðóäíîñòåé ôîðìàëèçàöèè âîïðîñîâ ñåìàíòè÷åñêîãî àíàëèçà è ðàçäåëåíèÿ
èíôîðìàöèè îáúåêòà äîñòóïà íà êîíôèäåíöèàëüíóþ è íåêîíôèäåíöèàëüíóþ ÷àñòè
áóäåì ñ÷èòàòü, ÷òî âåñü îáú¼ì èíôîðìàöèè îáúåêòà äîñòóïà, îïðåäåëÿåìûé ïî ñîîò-
íîøåíèþ (1), â òîì ÷èñëå ñ ó÷¼òîì èíôîðìàòèâíîñòè îáúåêòà äîñòóïà, õàðàêòåðèçóåò
êîíôèäåíöèàëüíóþ èíôîðìàöèþ, ñîäåðæàùóþñÿ â îáúåêòå.

Òàêæå îòìåòèì, ÷òî èç ïîíÿòèÿ êîíôèäåíöèàëüíîñòè ñëåäóåò å¼ ðàçëè÷íàÿ ñòå-
ïåíü � â çàâèñèìîñòè îò âåëè÷èíû óùåðáà ïðè ñâîáîäíîì îáîðîòå ñîîòâåòñòâóþùåé
èíôîðìàöèè. Â áîëüøèíñòâå ñëó÷àåâ ñòåïåíü êîíôèäåíöèàëüíîñòè èíôîðìàöèè ââèäó
ñóùåñòâåííûõ ñëîæíîñòåé â îïðåäåëåíèè êîëè÷åñòâåííûõ çíà÷åíèé óùåðáà âûðàæàåò-
ñÿ âåëè÷èíîé â êà÷åñòâåííûõ (ïîðÿäêîâî-âåðáàëüíûõ) øêàëàõ (¾âûñîêàÿ¿, ¾ñðåäíÿÿ¿,
¾íèçêàÿ¿). Òåì íå ìåíåå áóäåì ñ÷èòàòü, ÷òî ñóùåñòâóåò âåùåñòâåííî-çíà÷íàÿ ôóíê-
öèÿ fconf(on, tm), êîòîðàÿ êàæäîìó îáúåêòó on ∈ O êîìïüþòåðíîé ñèñòåìû â êàæäûé
ìîìåíò âðåìåíè tm ñòàâèò â ñîîòâåòñòâèå íåêîòîðóþ âåëè÷èíó êîíôèäåíöèàëüíîñòè
K = fconf(on, tm) â äèàïàçîíå [0, 1].

3. Îñâåäîìë¼ííîñòü â êîíôèäåíöèàëüíîé èíôîðìàöèè ïîëüçîâàòåëÿ
â ðåçóëüòàòå îäíîêðàòíîãî äîñòóïà ê îáúåêòó

Èç ðàññìîòðåííûõ âûøå îïðåäåëåíèé è ôîðìàëèçàöèé ñëåäóåò, ÷òî êîëè÷åñòâî èí-
ôîðìàöèè, êîòîðóþ ïîëó÷àåò ñóáúåêò s (óïðàâëÿþùèé èì ïîëüçîâàòåëü u) â ðåçóëü-
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òàòå äîñòóïà ê îáúåêòó o îïðåäåëÿåòñÿ ñëîâåñíûì îáú¼ìîì ñîîòâåòñòâóþùåãî îáúåêòà
(íàïðèìåð, ôàéëà).

Îäíàêî çäðàâûé ñìûñë ãîâîðèò, ÷òî ýòî íå âñåãäà òàê, ïîñêîëüêó, êàê óæå îòìå-
÷àëîñü, â ðåçóëüòàòå äîñòóïà ìîæíî îçíàêîìèòüñÿ òîëüêî ñ ÷àñòüþ èíôîðìàöèè èëè
ïîíÿòü òîëüêî ÷àñòü èíôîðìàöèè îáúåêòà.

Ðàçðåøåíèå ýòîé ïðîáëåìû ïðåäñòàâëÿåòñÿ íà îñíîâå ââåäåíèÿ òåìïîðàëüíîãî àñ-
ïåêòà â îïðåäåëåíèå è õàðàêòåðèñòèêè äîñòóïà, ò. å. âðåìåíí�ûõ ðàìîê, è ðåçóëüòàòèâ-
íûõ àñïåêòîâ ïîñëåäîâàòåëüíîñòè äîñòóïîâ â ïîíÿòèå âëàäåíèÿ èíôîðìàöèåé.

Ñäåëàåì ñëåäóþùèå ïðåäïîëîæåíèÿ.
Ïîëîæåíèå 1. Ïîëüçîâàòåëè ul ∈ U , îñóùåñòâëÿÿ â ìîìåíòû âðåìåíè tm äîñòóïû

ê îáúåêòàì on ∈ O ïðîäîëæèòåëüíîñòüþ ∆tmn, ôîðìèðóþò èëè ïîâûøàþò ñòåïåíü
âëàäåíèÿ èíôîðìàöèåé, çàêëþ÷¼ííîé â ñîîòâåòñòâóþùèõ îáúåêòàõ.

Òàêèì îáðàçîì, àòðèáóòàìè äîñòóïà, ïîìèìî èäåíòèôèêàòîðîâ ñóáúåêòà è îáú-
åêòà, âèäà äîñòóïà (÷òåíèå, çàïèñü, ðåäàêòèðîâàíèå), ÿâëÿþòñÿ íà÷àëî è îêîí÷àíèå
(äëèòåëüíîñòü) äîñòóïà.

Ïîëîæåíèå 2. Ïðèðàùåíèå îñâåäîìë¼ííîñòè â êîíôèäåíöèàëüíîé èíôîðìàöèè
A∆(ul, on, tm,∆tmn) ïîëüçîâàòåëÿ ul â ðåçóëüòàòå äîñòóïà ê îáúåêòó on â ìîìåíò âðå-
ìåíè tm ïðîäîëæèòåëüíîñòüþ ∆tmn îïðåäåëÿåòñÿ:

� îáú¼ìîì V (on, tk) êîíôèäåíöèàëüíîé èíôîðìàöèè, ñîäåðæàùåéñÿ â ìîìåíò âðåìå-
íè tm â îáúåêòå on;

� ïðîäîëæèòåëüíîñòüþ ∆tmn äîñòóïà ïîëüçîâàòåëÿ ul ê îáúåêòó on â ìîìåíò âðåìå-
íè tm;

� âåëè÷èíîé fconf(on, tm) êîíôèäåíöèàëüíîñòè èíôîðìàöèè, ñîäåðæàùåéñÿ â ìîìåíò
âðåìåíè tm â îáúåêòå on;

� ñëîæíîñòüþ φ(on, tm) òåêñòà îáúåêòà äîñòóïà on â ìîìåíò âðåìåíè tm;
� èíäèâèäóàëüíûìè îñîáåííîñòÿìè (ñïîñîáíîñòÿìè) ïîëüçîâàòåëÿ ul â îòíîøåíèè

ñêîðîñòè âîñïðèÿòèÿ èíôîðìàöèè (ñêîðîñòè ÷òåíèÿ);
� èíäèâèäóàëüíûìè îñîáåííîñòÿìè (ñïîñîáíîñòÿìè) ïîëüçîâàòåëÿìè ul â îòíîøåíèè

ñòåïåíè ïîíèìàíèÿ âîñïðèíÿòîé èíôîðìàöèè, ò. å. å¼ ïåðåðàáîòêè è èíòåãðèðîâà-
íèÿ ñ ðàíåå óñâîåííîé èíôîðìàöèåé.

Äèàïàçîí çíà÷åíèé ôóíêöèè ïðèðàùåíèÿ îñâåäîìë¼ííîñòè A∆(ul, on, tm,∆tmn)
îãðàíè÷èì îòðåçêîì [0, 1], ïîëàãàÿ ïîä çíà÷åíèåì 1 ìàêñèìàëüíóþ îñâåäîìë¼ííîñòü
â êîíôèäåíöèàëüíîé èíôîðìàöèè, èìåþùåéñÿ â îáúåêòå.

Èñõîäÿ èç ïîëîæåíèÿ 2, ïðèðàùåíèå îñâåäîìë¼ííîñòè A∆(ul, on,∆tmn) ïîëüçîâà-
òåëÿ ul â êîíôèäåíöèàëüíîé èíôîðìàöèè îáúåêòà on â ðåçóëüòàòå äîñòóïà â ìîìåíò
âðåìåíè tm ïðîäîëæèòåëüíîñòüþ ∆tmn áóäåì îïðåäåëÿòü íà îñíîâå ñîîòíîøåíèÿ

A∆(ul, on, tm,∆tmn) =

(
ϑβl∆tmn

Q(on, tm)
θ(on, tm)φ(on, tm) (1− χmn) γl

)
|1
, (2)

ãäå:

� ϑ� ñðåäíÿÿ ñêîðîñòü ÷òåíèÿ òåêñòà, ðàâíàÿ ïî íåêîòîðûì äàííûì 200 ñëîâ â ìè-
íóòó [21];

� βl �êîýôôèöèåíò èíäèâèäóàëüíîé ñïîñîáíîñòè ïîëüçîâàòåëÿ ul â îòíîøåíèè ñêî-
ðîñòè ÷òåíèÿ òåêñòà îòíîñèòåëüíî ñðåäíåãî çíà÷åíèÿ, ïðèíèìàþùèé ïî íåêîòîðûì
äàííûì çíà÷åíèÿ â äèàïàçîíå îò 0,3 äî 1,88;

� χmn �äîëÿ âðåìåíè çàêðûòèÿ òåêñòà îáúåêòà on íà ýêðàíå ïðîãðàììîé òèïà ¾Çà-
ñòàâêà¿ îò ìîìåíòà âðåìåíè tm äî ìîìåíòà âðåìåíè tm +∆tmn (äëÿ ìíîãîñòðàíè÷-
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íûõ òåêñòîâ, äëÿ êîòîðûõ òðåáóåòñÿ ¾ïðîëèñòûâàíèå¿ òåêñòà íà ýêðàíå êîìïüþòå-
ðà, â âåëè÷èíó χmn ìîæíî äîáàâëÿòü äîëþ âðåìåíè ¾íåàêòèâíîñòè ïîëüçîâàòåëÿ¿);

� γl �êîýôôèöèåíò èíäèâèäóàëüíîé ñïîñîáíîñòè ïîëüçîâàòåëÿ ul â îòíîøåíèè ïî-
íèìàíèÿ ïðî÷èòàííîãî òåêñòà â äèàïàçîíå îò 0 äî 1, ñðåäíåå çíà÷åíèå êîòîðîãî
ïî íåêîòîðûì äàííûì ðàâíî 0,52 (52%) (èìååòñÿ â âèäó êîýôôèöèåíò ïîíèìàíèÿ
òåêñòà ñëóæåáíûõ äîêóìåíòîâ. Â îòíîøåíèè ñëîæíûõ ó÷åáíûõ, òåõíè÷åñêèõ, íà-
ó÷íûõ òåêñòîâ ìîæíî èñïîëüçîâàòü ñ èçâåñòíûìè îãîâîðêàìè (áåç ó÷¼òà âëèÿíèÿ
èëëþñòðàöèé, ìóëüòèìåäèà è ò. ä.) äàííûå ïèðàìèäû Äåéëà [6], ñîãëàñíî êîòîðûì
îáú¼ì óñâîåíèÿ îäíîêðàòíî ïðî÷èòàííîãî òåêñòà îáó÷àåìûìè â ñðåäíåì ñîñòàâëÿ-
åò 10%);

� (x)|1 îáîçíà÷àåò ôóíêöèþ

(x)|1 =

{
x, åñëè x < 1,

1, åñëè x ⩾ 1.

Çíà÷åíèå A∆(ul, on, tm,∆tmn) = 1 îçíà÷àåò 100-ïðîöåíòíóþ îñâåäîìë¼ííîñòü ïîëüçî-
âàòåëÿ ul â êîíôèäåíöèàëüíîé èíôîðìàöèè, ñîäåðæàùåéñÿ â òåêñòå îáúåêòà on.

Ïàðàìåòðû βl è γl, õàðàêòåðèçóþùèå èíäèâèäóàëüíûå îñîáåííîñòè ïîëüçîâàòåëåé
â îòíîøåíèè âîñïðèÿòèÿ è óñâîåíèÿ âîñïðèíÿòîé èíôîðìàöèè, ìîãóò îöåíèâàòüñÿ
íà îñíîâå àíàëèòèêî-òåñòîâûõ ïðîöåäóð, ïîäîáíûõ ïðîöåäóðàì îïðåäåëåíèÿ ïðîôåñ-
ñèîíàëüíîé êâàëèôèêàöèè ñîòðóäíèêîâ îðãàíèçàöèé.

Âûðàæåíèå (2) çàäà¼ò ïðèðàùåíèå îñâåäîìë¼ííîñòè ïîëüçîâàòåëÿ â ðåçóëüòàòå îä-
íîêðàòíîãî äîñòóïà ê îáúåêòó.

4. Îñâåäîìë¼ííîñòü ïîëüçîâàòåëÿ â êîíôèäåíöèàëüíîé èíôîðìàöèè
îáúåêòà â ðåçóëüòàòå ïîñëåäîâàòåëüíîñòè äîñòóïîâ

Ñäåëàåì ñëåäóþùèå î÷åâèäíûå ïðåäïîëîæåíèÿ.
Ïîëîæåíèå 3. Îñâåäîìë¼ííîñòü ïîëüçîâàòåëÿ ul â êîíôèäåíöèàëüíîé èíôîðìà-

öèè îáúåêòà on ñ òå÷åíèåì âðåìåíè èìååò òåíäåíöèþ ê ñíèæåíèþ, ïðè ýòîì îñâåäîì-
ë¼ííîñòü â áîëåå êîíôèäåíöèàëüíîé èíôîðìàöèè ñíèæàåòñÿ â ìåíüøåé ñòåïåíè.

Ïîëîæåíèå 4. Ïîñëåäóþùèå äîñòóïû ïîëüçîâàòåëÿ ul ê îáúåêòó on ïîñëå äîñòóïà
â ìîìåíò âðåìåíè tm ìîãóò ïîâûøàòü (âîçîáíîâëÿòü, âîññòàíàâëèâàòü) îñâåäîìë¼í-
íîñòü ïîëüçîâàòåëÿ â ñîîòâåòñòâóþùåé èíôîðìàöèè.

Äåéñòâèòåëüíî, åñëè îñâåäîìë¼ííîñòü ïîëüçîâàòåëÿ â èíôîðìàöèè îáúåêòà on
íå äîñòèãëà 1, òî ïîëüçîâàòåëü ìîæåò å¼ ïîâûñèòü â ðåçóëüòàòå ïîâòîðíîãî è ïîñëåäó-
þùåãî äîñòóïîâ. Ïðè ýòîì ñ òå÷åíèåì âðåìåíè ñîîòâåòñòâóþùàÿ èíôîðìàöèÿ ìîæåò
çàáûâàòüñÿ, âîñïðîèçâîäèòüñÿ (¾èçâëåêàòüñÿ¿ èç ïàìÿòè) â ìåíüøåì îáú¼ìå, ñ õóäøèì
êà÷åñòâîì (ñ õóäøèì ïîíèìàíèåì) è â ðåçóëüòàòå ñòåïåíü âëàäåíèÿ ïîëüçîâàòåëåì ñî-
îòâåòñòâóþùåé èíôîðìàöèåé áóäåò ñíèæàòüñÿ. Î÷åâèäíî, ÷òî áîëåå âàæíàÿ, ò. å. áîëåå
êîíôèäåíöèàëüíàÿ èíôîðìàöèÿ îáðàáàòûâàåòñÿ è õðàíèòñÿ â ñîçíàíèè ïîëüçîâàòåëÿ
áîëåå òùàòåëüíî è, ñëåäîâàòåëüíî, ñòåïåíü âëàäåíèÿ òàêîé èíôîðìàöèåé ñíèæàåòñÿ
ìåäëåííåå, ÷åì ìåíåå êîíôèäåíöèàëüíîé èíôîðìàöèåé.

Â ðåçóëüòàòå, îñíîâûâàÿñü íà ïîëîæåíèÿõ 3 è 4, âåëè÷èíó A(ul, on, tk) îñâåäîìë¼í-
íîñòè ïîëüçîâàòåëÿ ul â êîíôèäåíöèàëüíîé èíôîðìàöèè, ñîäåðæàùåéñÿ â îáúåêòå on
â ìîìåíò âðåìåíè tk ïîñëå ïîñëåäíåãî äîñòóïà ê ýòîìó îáúåêòó â ìîìåíò âðåìåíè tm,
ìîæíî îïðåäåëÿòü íà îñíîâå ñëåäóþùåãî èòåðàòèâíîãî ñîîòíîøåíèÿ:

A(ul, on, tk) = (A(ul, on, tm)fForg(ul, on, tk, tm) +A∆(ul, on, tk,∆tnk))|1 , (3)
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ãäå fForg(ul, on, tk, tm)�ôóíêöèÿ ¾çàáûâàíèÿ¿ èíôîðìàöèè (äîëÿ îñòàòî÷íîé â ïàìÿòè
èíôîðìàöèè îò ïåðâîíà÷àëüíîé) è, ñëåäîâàòåëüíî, ñíèæåíèÿ ê ìîìåíòó âðåìåíè tk
ñòåïåíè âëàäåíèÿ ïîëüçîâàòåëåì ul èíôîðìàöèåé îáúåêòà on ñ ìîìåíòà ïðåäûäóùåãî
îçíàêîìëåíèÿ ñ íåé â ìîìåíò âðåìåíè tm, m < k.

Íà÷àëî èññëåäîâàíèÿì ïðîöåññîâ ñîõðàíåíèÿ èíôîðìàöèè â ïàìÿòè ïîëîæèëè ðà-
áîòû Ã. Ýááèíãàóçà (ñì. [7, 13]), êîòîðûé îïðåäåëèë ¾êðèâóþ çàáûâàíèÿ¿ (Forgetting
Curve), âûðàæàþùóþñÿ â ðàçíûõ èíòåðïðåòàöèÿõ ýìïèðè÷åñêè îïðåäåë¼ííîé ôóíê-
öèåé âèäà

fForg(ul, on, tk, tm) =
a

a+ b log(tk − tm)
,

ãäå a è b�ïàðàìåòðû ¾çàáûâàíèÿ¿, ýìïèðè÷åñêèå ñðåäíèå çíà÷åíèÿ êîòîðûõ ïðè
óñðåäíåíèè äëÿ ðàçëè÷íûõ èíäèâèäóóìîâ (ïîëüçîâàòåëåé), ò. å. áåç ó÷¼òà èõ èíäè-
âèäóàëüíûõ îñîáåííîñòåé, ðàâíû 1,84 è 1,25 ñîîòâåòñòâåííî.

Ñëåäóåò îòìåòèòü, ÷òî çíà÷åíèÿ ïàðàìåòðîâ a è b, ýêñïåðèìåíòàëüíî íàéäåííûå
Ýááèíãàóçîì, îòíîñÿòñÿ ê ñïîñîáíîñòè îáó÷àåìûõ ÷åðåç îïðåäåë¼ííîå âðåìÿ âîñïðîèç-
âîäèòü ñëîãîñëîâåñíóþ èíôîðìàöèþ (òð¼õáóêâåííûå ñëîãè, ëèøåííûå àññîöèàòèâíîé
ñâÿçè). Ìíîãî÷èñëåííûå ïîñëåäóþùèå èññëåäîâàíèÿ ïîäòâåðäèëè ðåçóëüòàòû Ýááèí-
ãàóçà, ïðè ýòîì áûëè èññëåäîâàíû âîïðîñû âëèÿíèÿ íà çàïîìèíàíèå, ñîõðàíåíèå è âîñ-
ïðîèçâåäåíèå èíôîðìàöèè àññîöèàòèâíûõ ñâÿçåé â ýëåìåíòàõ èíôîðìàöèè, ñòðóêòóð-
íûõ è ðèòìè÷íûõ õàðàêòåðèñòèê, ýìîöèîíàëüíîé îêðàñêè èíôîðìàöèè. Áûëè ïðåä-
ëîæåíû è äðóãèå âèäû ôóíêöèé êðèâûõ çàáûâàíèÿ [7�13, 22], õàðàêòåð ïîâåäåíèÿ
êîòîðûõ â îáùåì âèäå ñõîäåí ñ êðèâîé Ã. Ýááèíãàóçà.

Â êîíòåêñòå àíàëèçà îñâåäîìë¼ííîñòè â êîíôèäåíöèàëüíîé èíôîðìàöèè íåîáõî-
äèìî àíàëèçèðîâàòü ñïîñîáíîñòü ïîëüçîâàòåëåé âîñïðîèçâîäèòü íå ñëîâåñíî-ðå÷åâóþ
ôîðìó ïðî÷èòàííîãî òåêñòà, à óñâîåííîå â ðåçóëüòàòå ïðåäûäóùåãî ÷òåíèÿ ñìûñëîâîå
ñîäåðæàíèå, ò. å. îñíîâíûå ñìûñëîâûå ñîñòàâëÿþùèå òåêñòà è èõ ïàðàìåòðû. Ñêîðîñòü
çàáûâàíèÿ ñìûñëîâûõ ñîñòàâëÿþùèõ èíôîðìàöèè ñóùåñòâåííî ìåäëåííåå è ïî äàí-
íûì ìíîãèõ èññëåäîâàòåëåé [10, 13, 22] ìîæåò õàðàêòåðèçîâàòüñÿ ôóíêöèåé ýêñïîíåí-
öèàëüíîãî âèäà

fForg(ul, on, tk, tm) ≈ e−λl(tk−tm), (4)

ãäå λl �ïàðàìåòð ñêîðîñòè çàáûâàíèÿ èíôîðìàöèè l-ì ïîëüçîâàòåëåì, ñðåäíåå çíà-
÷åíèå êîòîðîãî â îòíîøåíèè çàáûâàíèÿ (îáú¼ìà âîñïðîèçâåäåíèÿ) ñìûñëîâûõ ýëå-
ìåíòîâ òåêñòà õàðàêòåðèçóåòñÿ âåëè÷èíîé, êîòîðóþ íà îñíîâå àïïðîêñèìàöèè ôóíê-
öèè (4) ïî ìåòîäó íàèìåíüøèõ êâàäðàòîâ ýêñïåðèìåíòàëüíûìè äàííûìè, ïðèâåä¼í-
íûìè â [23, 24], ìîæíî îïðåäåëèòü ðàâíîé 5,36 · 10−06 ìèí−1.

Èíäèâèäóàëüíîå çíà÷åíèå ïàðàìåòðà ñêîðîñòè çàáûâàíèÿ èíôîðìàöèè l-ì ïîëü-
çîâàòåëåì λl, êàê è ïàðàìåòðû βl è γl, ìîæåò îïðåäåëÿòüñÿ íà îñíîâå ñïåöèàëüíûõ
àíàëèòèêî-òåñòîâûõ ïðîöåäóð.

Â ñîîòâåòñòâèè ñ ïîëîæåíèåì 3, ôóíêöèÿ (4) äîëæíà ó÷èòûâàòü âëèÿíèå íà ñêî-
ðîñòü çàáûâàíèÿ óðîâíÿ êîíôèäåíöèàëüíîñòè èíôîðìàöèè. Ýòîãî ìîæíî äîñòè÷ü, ââå-
äÿ â ñîîòíîøåíèå (4) ôóíêöèþ fconf_v (on, tm) êàê íåêèé êîýôôèöèåíò ïðîïîðöèîíàëü-
íîñòè ñòåïåíè çàáûâàíèÿ èíôîðìàöèè îò óðîâíÿ êîíôèäåíöèàëüíîñòè:

fForg(ul, on, tk, tm) = fconf_v(on, tm)e
−λl(tk−tm). (5)

Çäåñü fconf_v(on, tm)�ôóíêöèÿ ñî çíà÷åíèÿìè â äèàïàçîíå îò 0 äî 1, îïðåäåëÿþùàÿ
ñòåïåíü âëèÿíèÿ íà ñêîðîñòü çàáûâàíèÿ óðîâíÿ êîíôèäåíöèàëüíîñòè èíôîðìàöèè.

Ïðè ýòîì, ââèäó íåîïðåäåë¼ííîñòè ôàêòîðîâ, îïðåäåëÿþùèõ âèä ôóíêöèè
fconf_v(on, tm), áóäåì ñ÷èòàòü å¼ òîæäåñòâåííîé ôóíêöèè fconf(on, tm). Èíà÷å ãîâîðÿ,
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ïðè ñàìîì âûñîêîì óðîâíå êîíôèäåíöèàëüíîñòè èíôîðìàöèè îáúåêòà on çíà÷åíèå
fconf_v(on, ti−1) = 1, ò. å. ìàêñèìàëüíî ìåäëåííîå çàáûâàíèå ñîîòâåòñòâóþùåé èíôîðìà-
öèè; ïðè óðîâíÿõ êîíôèäåíöèàëüíîñòè, ìåíüøèõ ìàêñèìàëüíîãî, fconf_v(on, ti−1) < 1
è çàáûâàíèå ïðîèñõîäèò áûñòðåå.

Ïðèìåð 1. Íà ðèñ. 1 äëÿ èëëþñòðàöèè õàðàêòåðà ôóíêöèè (3) ïðèâåäåíû ðàñ-
÷¼òû âåëè÷èíû îñâåäîìë¼ííîñòè ïîëüçîâàòåëÿ â êîíôèäåíöèàëüíîé èíôîðìàöèè
A(ul, o1, tk), ñîäåðæàùåéñÿ â îáúåêòå o1, îáú¼ì êîòîðîãî ñîñòàâëÿåò 3000 ñëîâ (ïî-
ðÿäêà 10 ñòðàíèö òåêñòà) ñ íåèçìåíÿþùèìèñÿ ïî âðåìåíè óðîâíåì êîíôèäåíöèàëü-
íîñòè ¾Ñðåäíèé¿ (0,809 îò ìàêñèìàëüíîãî), óðîâíå èíôîðìàòèâíîñòè θ = 0,5, èíäåêñå
ñëîæíîñòè òåêñòà φ = 1, ïðè ïîëíîì çàäåéñòâîâàíèè âðåìåíè äîñòóïîâ (χm1 = 0).
Îá ýâðèñòèêàõ ïåðåâîäà ïîêàçàíèé ïîðÿäêîâî-âåðáàëüíîé øêàëû êîíôèäåíöèàëüíî-
ñòè â êîëè÷åñòâåííóþ ñì. [1].

Ðèñ. 1. Ïðèìåð äëÿ èëëþñòðàöèè îñâåäîìë¼ííîñòè ïîëüçîâàòåëÿ â êîíôèäåíöèàëüíîé èí-
ôîðìàöèè, ñîäåðæàùåéñÿ â îáúåêòå, â ðåçóëüòàòå îïðåäåë¼ííîé èñòîðèè äîñòóïîâ

Êàê âèäíî èç ðèñ.1, ïîëüçîâàòåëü u1 â ïåðâûé ðàáî÷èé äåíü â òå÷åíèå äâóõ ÷àñîâ
èìåë äîñòóï ê îáúåêòó o1, ÷òî ïîçâîëèëî åìó íåñêîëüêî ðàç åãî ïðî÷åñòü (íàïîìíèì,
ñðåäíÿÿ ñêîðîñòü ÷òåíèÿ òåêñòà ñîñòàâëÿåò 200 ñëîâ â ìèíóòó), êàê ãîâîðÿò, ¾ïîë-
íîñòüþ îòðàáîòàòü¿, è â ðåçóëüòàòå ñ ó÷¼òîì â ñðåäíåì 52-ïðîöåíòíîé óñâîÿåìîñòè
ïðî÷èòàííîãî îäèí ðàç òåêñòà ïîëó÷èòü ïîëíîå ïðåäñòàâëåíèå î ñîäåðæàíèè (î ñìûñ-
ëå è äåòàëÿõ) èíôîðìàöèè îáúåêòà. Â ñëåäóþùèé ðàáî÷èé äåíü ó ïîëüçîâàòåëÿ u1
äîñòóïà ê îáúåêòó o1 íå áûëî, è â ðåçóëüòàòå ïðîöåññîâ çàáûâàíèÿ èíôîðìàöèè, â òîì
÷èñëå ñ ó÷¼òîì âëèÿíèÿ íà ñêîðîñòü çàáûâàíèÿ óðîâíÿ êîíôèäåíöèàëüíîñòè, ñòåïåíü
âëàäåíèÿ êîíôèäåíöèàëüíîé èíôîðìàöèåé ñîîòâåòñòâóþùåãî îáúåêòà ó ïîëüçîâàòåëÿ
ñíèçèëàñü äî 80%. Â òðåòèé è ÷åòâ¼ðòûé ðàáî÷èå äíè ïîëüçîâàòåëü u1 âíîâü îñóùåñòâ-
ëÿë äîñòóïû ê îáúåêòó o1 â òå÷åíèå 30 è 15 ìèí ñîîòâåòñòâåííî, ÷òî ïîçâîëèëî åìó
ïîâûñèòü óðîâåíü âëàäåíèÿ ñîîòâåòñòâóþùåé èíôîðìàöèåé âíîâü äî 100%.

Â ïîñëåäóþùèå äâà ðàáî÷èõ äíÿ ïåðâîé íåäåëè è âñþ âòîðóþ íåäåëþ äîñòóïà ïîëü-
çîâàòåëÿ u1 ê îáúåêòó o1 íå áûëî, ø¼ë ïðîöåññ çàáûâàíèÿ èíôîðìàöèè ïî ýêñïîíåíöè-
àëüíîìó çàêîíó (ñíà÷àëà î÷åíü áûñòðî, çàòåì ìåäëåííåå), â ðåçóëüòàòå ÷åãî óðîâåíü
âëàäåíèÿ êîíôèäåíöèàëüíîé èíôîðìàöèåé îáúåêòà ê íà÷àëó òðåòüåé ðàáî÷åé íåäåëè
ñíèçèëñÿ äî 75% (ãðàôèê íà ðèñ. 1 îòðàæàåò âåëè÷èíó îñâåäîìë¼ííîñòè ñ øàãîì ïî
âðåìåíè â îäèí äåíü, ïîýòîìó èìååò âèä ëîìàíîé ëèíèè). Â ïåðâûé ðàáî÷èé äåíü òðå-
òüåé íåäåëè ïîëüçîâàòåëü u1 èìåë íåïðîäîëæèòåëüíûé (5-ìèíóòíûé) äîñòóï ê îáú-
åêòó o1 (âèäèìî, ÷òîáû âñïîìíèòü èëè óòî÷íèòü êàêèå-ëèáî àñïåêòû èíôîðìàöèè),
÷òî ïîçâîëèëî ïîâûñèòü óðîâåíü âëàäåíèÿ äî 91,6%, ò. å. èç-çà êðàòêîâðåìåííîñòè äî-
ñòóïà íå äî 100%. Äàëåå ââèäó îòñóòñòâèÿ ó ïîëüçîâàòåëÿ u1 â ïîñëåäóþùåå âðåìÿ
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äîñòóïîâ ê îáúåêòó o1 ø¼ë ïðîöåññ ýêñïîíåíöèàëüíîãî ñíèæåíèÿ óðîâíÿ âëàäåíèÿ ñî-
îòâåòñòâóþùåé èíôîðìàöèåé è ê êîíöó ãîäà ñòåïåíü îñâåäîìë¼ííîñòè ïîëüçîâàòåëÿ
â êîíôèäåíöèàëüíîé èíôîðìàöèè îáúåêòà o1 ñîñòàâèëà âñåãî 4,8%.

5. Îñâåäîìë¼ííîñòü ïîëüçîâàòåëÿ âî âñåé êîíôèäåíöèàëüíîé èíôîðìàöèè
â ðåçóëüòàòå ïîñëåäîâàòåëüíîñòè äîñòóïîâ ê îáúåêòàì

êîìïüþòåðíîé ñèñòåìû
Ñäåëàåì ñëåäóþùèå ïðåäïîëîæåíèÿ.
Ïîëîæåíèå 5. Îñâåäîìë¼ííîñòü ïîëüçîâàòåëÿ â êîíôèäåíöèàëüíîé èíôîðìàöèè

ïî íåêîòîðîé ñèñòåìå îáúåêòîâ ñêëàäûâàåòñÿ èç îñâåäîìë¼ííîñòè â êîíôèäåíöèàëüíîé
èíôîðìàöèè ïî îòäåëüíûì îáúåêòàì, å¼ ñîñòàâëÿþùèì.

Ïîëîæåíèå 6. Îñâåäîìë¼ííîñòü ïîëüçîâàòåëÿ â êîíôèäåíöèàëüíîé èíôîðìàöèè
íåêîòîðîé ñèñòåìû îáúåêòîâ â öåëîì õàðàêòåðèçóåòñÿ ñèíåðãåòè÷åñêèì ýôôåêòîì, êî-
òîðûé â çàâèñèìîñòè îò îñîáåííîñòåé ïîëüçîâàòåëÿ è êîíôèäåíöèàëüíîñòè èíôîð-
ìàöèè ïî ñîîòâåòñòâóþùèì îáúåêòàì, ñëîæíîñòè ñèñòåìû è õàðàêòåðà âçàèìîñâÿçåé
îáúåêòîâ, å¼ ñîñòàâëÿþùèõ, ìîæåò áûòü êàê ïîëîæèòåëüíûì, òàê è îòðèöàòåëüíûì.

Ïîëîæèòåëüíûé ýôôåêò ñèíåðãèè â îñâåäîìë¼ííîñòè çàêëþ÷àåòñÿ â ôîðìèðîâà-
íèè íîâîãî çíàíèÿ î ñèñòåìå îáúåêòîâ íà îñíîâå îáðàáîòêè, àãðåãèðîâàíèÿ è îáîáùåíèÿ
çíàíèé ïî îòäåëüíûì îáúåêòàì. Èíà÷å ãîâîðÿ, çíàíèå î ñèñòåìå áîëüøå ñóììû çíàíèé
î ñîñòàâëÿþùèõ å¼ îáúåêòàõ.

Îòðèöàòåëüíûé ýôôåêò ñèíåðãèè çàêëþ÷àåòñÿ â òîì, ÷òî çíàíèå î ñèñòåìå óõóä-
øàåòñÿ (óìåíüøàåòñÿ, ¾çàïóòûâàåòñÿ¿) â ðåçóëüòàòå íåñïîñîáíîñòè èíäèâèäóóìà ïå-
ðåðàáîòàòü, îáîáùèòü, èíòåãðèðîâàòü çíàíèå ïî îòäåëüíûì îáúåêòàì ñèñòåìû â öåëîå,
ò. å. çíàíèå î ñèñòåìå â öåëîì ìåíüøå ñóììû çíàíèé î ñîñòàâëÿþùèõ å¼ îáúåêòàõ.

Èñõîäÿ èç ïîëîæåíèé 5 è 6, îñâåäîìë¼ííîñòü A(ul, tk) ïîëüçîâàòåëÿ ul âî âñåé êîí-
ôèäåíöèàëüíîé èíôîðìàöèè, ñîäåðæàùåéñÿ â êîìïüþòåðíîé ñèñòåìå â ìîìåíò âðåìå-
íè tk, áóäåì îïðåäåëÿòü êàê àääèòèâíî-ìóëüòèïëèêàòèâíóþ ôóíêöèþ îñâåäîìë¼ííî-
ñòè ïî îáúåêòàì, ñîäåðæàùèì êîíôèäåíöèàëüíóþ èíôîðìàöèþ, ïî îòíîøåíèþ êî âñå-
ìó îáú¼ìó êîíôèäåíöèàëüíîé èíôîðìàöèè:

A(ul, tk) =

(
E(ul, tk, O)

Ntk∑
n=1

AN(ul, on, tk)

)
|1

. (6)

Çäåñü:

� E(ul, tk, O)�ôóíêöèÿ ýôôåêòà ñèíåðãèè â îñâåäîìë¼ííîñòè ïî ñèñòåìå îáúåêòîâ
â öåëîì â çàâèñèìîñòè îò îñâåäîìë¼ííîñòè ïî êàæäîìó îòäåëüíîìó îáúåêòó, çíà-
÷åíèÿìè êîòîðîé ÿâëÿþòñÿ ïîëîæèòåëüíûå ÷èñëà êàê áîëüøå 1 (ïîëîæèòåëüíûé
ýôôåêò ñèíåðãèè), òàê è ìåíüøå 1 (îòðèöàòåëüíûé ýôôåêò ñèíåðãèè);

� O�ìíîæåñòâî îáúåêòîâ äîñòóïà êîìïüþòåðíîé ñèñòåìû ñ îòíîøåíèÿìè (ñ èõ âçà-
èìîñâÿçÿìè, ñîäåðæàíèåì è ò. ä.);

� Ntk �êîëè÷åñòâî îáúåêòîâ ñ êîíôèäåíöèàëüíîé èíôîðìàöèåé â ìîìåíò âðåìåíè tk;
� AN(ul, on, tk)� âåëè÷èíà îñâåäîìë¼ííîñòè ïîëüçîâàòåëÿ ul â ìîìåíò âðåìåíè tk

â êîíôèäåíöèàëüíîé èíôîðìàöèè îáúåêòà on, âû÷èñëÿåìàÿ ñ íîðìèðîâàíèåì ïî îò-
íîøåíèþ ê îáú¼ìó âñåé êîíôèäåíöèàëüíîé èíôîðìàöèè, îáðàáàòûâàåìîé â êîì-
ïüþòåðíîé ñèñòåìå â ñîîòâåòñòâóþùèå ìîìåíòû âðåìåíè, ñ ó÷¼òîì ñòåïåíè êîíôè-
äåíöèàëüíîñòè èíôîðìàöèè îáúåêòîâ äîñòóïà:

AN(ul, on, tk) = (AN(ul, on, tm)fForg(ul, on, tk, tm) +AN∆
(ul, on, tk,∆tnk))|1 ,

ãäå tm �ìîìåíò âðåìåíè ïîñëåäíåãî äîñòóïà ïîëüçîâàòåëÿ ul ê îáúåêòó on;
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� AN∆
(ul, on, tk,∆tnk)�íîðìèðîâàííîå ïðèðàùåíèå îñâåäîìë¼ííîñòè ïîëüçîâàòå-

ëÿ ul â êîíôèäåíöèàëüíîé èíôîðìàöèè îáúåêòà on â ðåçóëüòàòå äîñòóïà â ìîìåíò
âðåìåíè tk ïðîäîëæèòåëüíîñòüþ ∆tnk, êîòîðîå, â ñâîþ î÷åðåäü, îïðåäåëÿåòñÿ ñëå-
äóþùèì ñîîòíîøåíèåì:

AN∆
(ul, on, tk,∆tnk) =

fK(on, tk) ϑβl∆tnk
Ntk∑
j=1

V (oj, tk)

θ(on, tk)φ(on, tk)(1− χkn) γl


|1

. (7)

Ââèäó ñëîæíîñòè ïðèðîäû ýôôåêòà ñèíåðãèè îïðåäåëåíèå âèäà ôóíêöèÿ E(ul, tk, O)
ïðåäñòàâëÿåò îòäåëüíîå íàïðàâëåíèå èññëåäîâàíèé. Â ïðàêòè÷åñêèõ ïðèëîæåíèÿõ
ìîæíî ïðèíÿòü E(ul, tk, O) = 1.

Ïðèìåð 2. Íà ðèñ. 2 äëÿ èëëþñòðàöèè õàðàêòåðà ïîâåäåíèÿ âåëè÷èíû A(ul, tk)
ïðèâåäåíû ðåçóëüòàòû ðàñ÷¼òà îñâåäîìë¼ííîñòè ïîëüçîâàòåëÿ â êîíôèäåíöèàëüíîé
èíôîðìàöèè, îáðàáàòûâàåìîé â êîìïüþòåðíîé ñèñòåìå, âêëþ÷àþùåé òðè îáúåêòà,
ïàðàìåòðû êîòîðûõ (îáú¼ì, êîíôèäåíöèàëüíîñòü, èíôîðìàòèâíîñòü) ïðåäñòàâëåíû
íà ðèñóíêå.

Ðèñ. 2. Èëëþñòðàöèÿ îñâåäîìë¼ííîñòè ïîëüçîâàòåëÿ î êîíôèäåíöèàëüíîé èíôîðìàöèè
â êîìïüþòåðíîé ñèñòåìå, âêëþ÷àþùåé òðè îáúåêòà, â ðåçóëüòàòå îïðåäåë¼ííîé ïî-
ñëåäîâàòåëüíîñòè (èñòîðèè) äîñòóïîâ

Êàê âèäíî èç ðèñ. 2, ïîëüçîâàòåëü u1 îñóùåñòâëÿë ñåðèþ äîñòóïîâ ê 10-ñòðàíè÷íî-
ìó îáúåêòó o1 ñî ñðåäíèì óðîâíåì êîíôèäåíöèàëüíîñòè, êîýôôèöèåíòàìè èíôîðìà-
òèâíîñòè è ñëîæíîñòè ïî ôàêòàì è ïðîäîëæèòåëüíîñòè äîñòóïîâ àíàëîãè÷íî äàííûì
ðèñ. 1.

Ê íåáîëüøîìó (îäíîñòðàíè÷íîìó) îáúåêòó o2 ñ íèçêèì óðîâíåì êîíôèäåíöèàëü-
íîñòè, íî ñ âûñîêèì óðîâíåì èíôîðìàòèâíîñòè, ïîëüçîâàòåëü u1 âî âòîðîé è òðåòèé
ðàáî÷èé äåíü îñóùåñòâèë 10-ìèíóòíûé è 5-ìèíóòíûé äîñòóïû ñîîòâåòñòâåííî, ÷òî
ñ ó÷¼òîì íåáîëüøîãî îáú¼ìà èíôîðìàöèè îáúåêòà îáåñïå÷èëî åìó 100-ïðîöåíòíóþ
îñâåäîìë¼ííîñòü â ñîîòâåòñòâóþùåé êîíôèäåíöèàëüíîé èíôîðìàöèè. Áîëüøå äîñòó-
ïîâ ê îáúåêòó o2 íå áûëî è ø¼ë ïðîöåññ ýêñïîíåíöèàëüíîãî ñíèæåíèÿ îñâåäîìë¼ííîñòè.
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Ïðè ýòîì âêëàä îñâåäîìë¼ííîñòè â ñîîòâåòñòâóþùåé èíôîðìàöèè â ¾îáùóþ êîïèëêó¿
îñâåäîìë¼ííîñòè ââèäó íåáîëüøîãî îáú¼ìà è íåâûñîêîãî óðîâíÿ êîíôèäåíöèàëüíîñòè
îáúåêòà o2 ÿâëÿëñÿ íåçíà÷èòåëüíûì.

Ê îáúåêòó o3, ñàìîìó êîíôèäåíöèàëüíîìó (fconf(o3, tk) = 1) è äîâîëüíî îáú¼ìíî-
ìó (Q(o3, tk) = 1000 ñëîâ � 3�4 ñòðàíèöû òåêñòà) ñ âûñîêîé ñòåïåíüþ èíôîðìàòèâíî-
ñòè (θ(o3, tk) = 0,7), ïîëüçîâàòåëü u1 îñóùåñòâëÿë ïðîäîëæèòåëüíûå äîñòóïû (180 è
60 ìèí) â òðåòèé è ÷åòâ¼ðòûé ðàáî÷èå äíè, ÷òî îáåñïå÷èëî åìó 100-ïðîöåíòíóþ îñâå-
äîìë¼ííîñòü â ñîîòâåòñòâóþùåé êîíôèäåíöèàëüíîé èíôîðìàöèè. Ïðè ýòîì ñíèæåíèå
ñòåïåíè âëàäåíèÿ (îñâåäîìë¼ííîñòè) äî ñëåäóþùåãî äîñòóïà íà 11-é ðàáî÷èé äåíü ââè-
äó âûñîêîé ñòåïåíè êîíôèäåíöèàëüíîñòè ñîîòâåòñòâóþùåé èíôîðìàöèè ïðîèñõîäèëî
ñóùåñòâåííî ìåäëåííåå, ÷åì ïî îáúåêòàì o1 è o2. Ïîñëåäóþùèå äîñòóïû ïîëüçîâàòåëÿ
ê îáúåêòó o3 ïðîäîëæèòåëüíîñòüþ 30 ìèíóò (â 11-é ðàáî÷èé äåíü) è 15 ìèíóò (÷åðåç
äâà ìåñÿöà â 65-é ðàáî÷èé äåíü) ââèäó âûñîêèõ îñòàòî÷íîãî óðîâíÿ îñâåäîìë¼ííîñòè
è âåëè÷èíû ïðîäîëæèòåëüíîñòè äîñòóïà ïî îòíîøåíèþ ê îáú¼ìó îáúåêòà ïîçâîëÿëè
âîññòàíàâëèâàòü îñâåäîìë¼ííîñòü äî 100%.

Êàê âèäíî èç ðèñ. 2, õàðàêòåð èçìåíåíèÿ îñâåäîìë¼ííîñòè ïîëüçîâàòåëÿ u1 ïî âñåé
êîíôèäåíöèàëüíîé èíôîðìàöèè ñèñòåìû ñ ó÷¼òîì âðåìåíè äîñòóïà, îáú¼ìà, èíôîðìà-
òèâíîñòè è êîíôèäåíöèàëüíîñòè îáúåêòîâ îïðåäåëÿëñÿ â îñíîâíîì äîñòóïàìè ê îáú-
åêòàì o1 è o3. Ïðè ýòîì âêëàä â îáùóþ îñâåäîìë¼ííîñòü äîñòóïîâ ê îáúåêòó o3 áûë
ïðèìåðíî ðàâíûì âêëàäó îò äîñòóïîâ ê ñóùåñòâåííî áîëåå îáú¼ìíîìó, íî ìåíåå êîí-
ôèäåíöèàëüíîìó è ìåíåå èíôîðìàòèâíîìó îáúåêòó o1.

Ðàññìîòðåííûå ïðèìåðû ðàñ÷¼òîâ è àíàëèçà îñâåäîìë¼ííîñòè â êîíôèäåíöèàëü-
íîé èíôîðìàöèè äåìîíñòðèðóþò ðåçóëüòàòû, îòðàæàþùèå èíòóèòèâíûå êà÷åñòâåííûå
ïðåäñòàâëåíèÿ î ñîäåðæàíèè ïîíÿòèÿ ¾îñâåäîìë¼ííîñòü¿ è õàðàêòåðå å¼ èçìåíåíèé.

Ñëåäóåò îòìåòèòü, ÷òî êàê è â ñëó÷àå ñ àíàëèçîì ïîòåíöèàëüíîé îñâåäîìë¼ííîñòè,
äîïîëíèòåëüíûå âîçìîæíîñòè àíàëèçà ôàêòè÷åñêîé îñâåäîìë¼ííîñòè ïðåäîñòàâëÿåò
òåìàòèêî-èåðàðõè÷åñêîå óïðàâëåíèå äîñòóïîì [25, 26]. Â òàêèõ ñèñòåìàõ êîíôèäåí-
öèàëüíàÿ èíôîðìàöèÿ îáúåêòîâ äîñòóïà ïîìå÷àåòñÿ (èíäåêñèðóåòñÿ) ìóëüòèðóáðèêà-

ìè [27], êîòîðûå ÿâëÿþòñÿ ñîâîêóïíîñòüþ ðóáðèê-òåìàòèê T (m)
i = {τi1 , τi2 , . . . , τiI},

îðãàíèçîâàííûõ â èåðàðõè÷åñêèé òåìàòè÷åñêèé ðóáðèêàòîð TTH = {r, τ1, τ2, . . . , τK},
ãäå r�êîðåíü äåðåâà (âñÿ òåìàòèêà), îòðàæàþùåãî èåðàðõè÷åñêóþ ñòðóêòóðó ðóá-
ðèêàòîðà. Óïðàâëåíèå äîñòóïîì îñóùåñòâëÿåòñÿ íà îñíîâå ñðàâíåíèÿ ìóëüòèðóáðèê
îáúåêòîâ äîñòóïà è òåìàòè÷åñêèõ ïîëíîìî÷èé ñóáúåêòîâ äîñòóïà (ïîëüçîâàòåëåé), êî-
òîðûå âûðàæàþòñÿ òàêæå ñîâîêóïíîñòüþ ðàçðåø¼ííûõ ðóáðèê-òåìàòèê (ðàçðåø¼ííîé
ìóëüòèðóáðèêîé). Â ðåçóëüòàòå ïîÿâëÿåòñÿ âîçìîæíîñòü àíàëèçèðîâàòü ôàêòè÷åñêóþ
îñâåäîìë¼ííîñòü ïîëüçîâàòåëåé íå òîëüêî â öåëîì ïî âñåé êîíôèäåíöèàëüíîé èíôîð-
ìàöèè ñèñòåìû, íî è îñâåäîìë¼ííîñòü â êîíôèäåíöèàëüíîé èíôîðìàöèè ïî îïðå-
äåë¼ííîé ðóáðèêå-òåìàòèêå èëè ïî íåêîòîðîé òåìàòè÷åñêîé ìóëüòèðóáðèêå T (m)

i �

A(ul, T (m)
i , tk). Ñ ýòîé öåëüþ â ñîîòíîøåíèÿõ (2), (7) íåîáõîäèìî ââåñòè â êà÷åñòâå äî-

ïîëíèòåëüíîãî ñîìíîæèòåëÿ äâîè÷íóþ ôóíêöèþ δ
(
T (m)(on, tk), T (m)

i

)
, ðàâíóþ 1, åñëè

òåìàòèêà (ìóëüòèðóáðèêà) îáúåêòà äîñòóïà T (m)(on, tk) øèðå (îõâàòûâàåò) àíàëèçèðó-

åìóþ òåìàòèêó (ìóëüòèðóáðèêó) êîíôèäåíöèàëüíîé èíôîðìàöèè T (m)
i , è 0 â ïðîòèâ-

íîì ñëó÷àå.

Çàêëþ÷åíèå
Êàê è â ñëó÷àå ñ ¾ïîòåíöèàëüíîé îñâåäîìë¼ííîñòüþ¿ [1], ïðåäñòàâëåííûå ïîíÿ-

òèå è âåëè÷èíû ôàêòè÷åñêîé îñâåäîìë¼ííîñòè ïîëüçîâàòåëåé â êîíôèäåíöèàëüíîé èí-
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ôîðìàöèè A∆(ul, on,∆tmn), A(ul, on, tk) è A(ul, tk) ìîãóò ñîñòàâèòü áàçèñ ñïåöèàëüíîãî
ïðîãðàììíîãî îáåñïå÷åíèÿ â ïðîöåññàõ ìîíèòîðèíãà èíôîðìàöèîííîé áåçîïàñíîñòè
êîìïüþòåðíûõ ñèñòåì. Àíàëèçèðóÿ çíà÷åíèÿ îñâåäîìë¼ííîñòè ïîëüçîâàòåëåé â êîí-
ôèäåíöèàëüíîé èíôîðìàöèè îòäåëüíûõ îáúåêòîâ èëè ïî âñåé ñîâîêóïíîñòè îáúåêòîâ,
àäìèíèñòðàòîðû êîìïüþòåðíûõ ñèñòåì ìîãóò ôîðìèðîâàòü íà ýòîé îñíîâå îáîñíîâàí-
íûå ðåøåíèÿ â êîíòåêñòå îáåñïå÷åíèÿ èíôîðìàöèîííîé áåçîïàñíîñòè.

Òàêæå ñëåäóåò îòìåòèòü, ÷òî, êàê è â îòíîøåíèè òåõíè÷åñêèõ àñïåêòîâ àíàëè-
çà ïîòåíöèàëüíîé îñâåäîìë¼ííîñòè, îñíîâíûå ïàðàìåòðû äëÿ âû÷èñëåíèÿ âåëè÷èí
A∆(ul, on,∆tmn), A(ul, on, tk) è A(ul, tk) ëèáî àâòîìàòè÷åñêè îïðåäåëÿþòñÿ â ñîâðå-
ìåííûõ îôèñíûõ ñèñòåìàõ ðàáîòû ñ äîêóìåíòàìè è ýëåêòðîííîãî äîêóìåíòîîáîðîòà
(îáú¼ì èíôîðìàöèè â ñëîâàõ, èñòîðèÿ è ïðîäîëæèòåëüíîñòü äîñòóïîâ), ëèáî ìîãóò
îïðåäåëÿòüñÿ íà îñíîâå ðåãëàìåíòàöèè ïðîöåäóð äåëîïðîèçâîäñòâà.

Îòäåëüíûõ ñïåöèàëüíûõ èññëåäîâàíèé òðåáóþò âèä ôóíêöèé ¾êðèâûõ çàáûâàíèÿ¿
â êîíòåêñòå âëàäåíèÿ êîíôèäåíöèàëüíîé èíôîðìàöèåé è ñâÿçàííûå ñ íèìè ïàðàìåòðû
âîñïðèÿòèÿ, óñâîåíèÿ êîíôèäåíöèàëüíûõ äàííûõ, â òîì ÷èñëå âîïðîñîâ ¾ñòàðåíèÿ¿
èíôîðìàöèè [14], à òàêæå âîïðîñîâ, ñâÿçàííûõ ñ ýôôåêòîì ñèíåðãèè îñâåäîìë¼ííî-
ñòè ïî ñèñòåìå îáúåêòîâ äîñòóïà. Íàïðàâëåíèÿìè ðàçâèòèÿ ïðåäñòàâëåííîãî ïîäõîäà
ìîæåò áûòü ðàññìîòðåíèå îñâåäîìë¼ííîñòè è ñîîòâåòñòâóþùèõ ïàðàìåòðîâ θ(on, tk),
φ(on, tk), βl, γl, λl, E(ul, tk, O) êàê ñëó÷àéíûõ âåëè÷èí ñ ðàñïðåäåëåíèÿìè âåðîÿòíîñòåé,
òðåáóþùèìè òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé, èëè êàê âåëè÷èí, ÿâ-
ëÿþùèõñÿ ýëåìåíòàìè íå÷¼òêèõ ìíîæåñòâ [28, 29].

Âìåñòå ñ òåì ïðåäñòàâëåííûå äàííûå ïî ñîîòâåòñòâóþùèì ôóíêöèÿì è ïàðàìåòðàì
ìîæíî ðàññìàòðèâàòü â êà÷åñòâå ¾ïåðâîãî ïðèáëèæåíèÿ¿ äëÿ èñïîëüçîâàíèÿ â ïðàê-
òè÷åñêèõ ñèñòåìàõ.
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Äîêàçàíî, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî k ëþáóþ áóëåâó ôóíêöèþ ìîæíî ðå-
àëèçîâàòü äâóõïîëþñíîé êîíòàêòíîé ñõåìîé, k-íåèçáûòî÷íîé è äîïóñêàþùåé
k-ïðîâåðÿþùèé òåñò äëèíû íå áîëåå 3 îòíîñèòåëüíî ïðîèçâîëüíûõ ñâÿçíûõ íåèñ-
ïðàâíîñòåé êîíòàêòîâ â ãðóïïàõ, ãäå êàæäàÿ ãðóïïà ñîñòîèò èç îäíîãî çàìûêà-
þùåãî è îäíîãî ðàçìûêàþùåãî êîíòàêòà. Óñòàíîâëåíî, ÷òî åñëè áóëåâà ôóíêöèÿ
íå ÿâëÿåòñÿ ñàìîäâîéñòâåííîé, òî îöåíêó ìîæíî ïîíèçèòü äî 2.

Êëþ÷åâûå ñëîâà: êîíòàêòíàÿ ñõåìà, ñâÿçíûå íåèñïðàâíîñòè êîíòàêòîâ, ïðî-
âåðÿþùèé òåñò, áóëåâà ôóíêöèÿ.

SHORT FAULT DETECTION TESTS FOR CONTACT CIRCUITS UNDER
ARBITRARY WEAKLY CONNECTED FAULTS OF CONTACTS

K.A. Popkov

Keldysh Institute of Applied Mathematics, Moscow, Russia

We prove that for any natural k, any Boolean function can be implemented by a two-
pole contact circuit that is k-irredundant and allows a k-fault detection test of length
no more than 3 relative to arbitrary connected faults of contacts in groups, where
each group consists of one closing and one opening contact. We establish that if the
Boolean function is not self-dual, then this bound can be lowered to 2.

Keywords: contact circuit, connected faults of contacts, fault detection test, Boolean
function.

Ââåäåíèå
Ðàññìàòðèâàåòñÿ çàäà÷à ñèíòåçà ëåãêîòåñòèðóåìûõ äâóõïîëþñíûõ êîíòàêòíûõ

ñõåì [1], ðåàëèçóþùèõ çàäàííûå áóëåâû ôóíêöèè (ñëîâî ¾äâóõïîëþñíàÿ¿ â äàëüíåé-
øåì áóäåì îïóñêàòü). Ëîãè÷åñêèé ïîäõîä ê òåñòèðîâàíèþ êîíòàêòíûõ ñõåì ïðåäëîæåí
È.À. ×åãèñ è Ñ.Â. ßáëîíñêèì â [2]. Ïðåäñòàâèì, ÷òî èìååòñÿ êîíòàêòíàÿ ñõåìà S, ðå-
àëèçóþùàÿ áóëåâó ôóíêöèþ f(x̃n), ãäå x̃n = (x1, . . . , xn). Ïîä âîçäåéñòâèåì íåêîòîðî-
ãî èñòî÷íèêà íåèñïðàâíîñòåé îäèí èëè íåñêîëüêî êîíòàêòîâ ñõåìû S ìîãóò ïåðåéòè
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â íåèñïðàâíîå ñîñòîÿíèå. Â êà÷åñòâå íåèñïðàâíîñòåé êîíòàêòîâ îáû÷íî ðàññìàòðèâà-
þòñÿ èõ îáðûâû è (êîðîòêèå) çàìûêàíèÿ. Ïðè îáðûâå êîíòàêòà ïðîâîäèìîñòü ìåæäó
åãî êîíöàìè ñòàíîâèòñÿ òîæäåñòâåííî íóëåâîé, à ïðè çàìûêàíèè� òîæäåñòâåííî åäè-
íè÷íîé. Â ðåçóëüòàòå ñõåìà S âìåñòî èñõîäíîé ôóíêöèè f(x̃n) ñòàíåò ðåàëèçîâûâàòü
íåêîòîðóþ áóëåâó ôóíêöèþ g(x̃n), âîîáùå ãîâîðÿ, îòëè÷íóþ îò f . Âñå òàêèå ôóíê-
öèè g(x̃n), ïîëó÷àþùèåñÿ ïðè âñåâîçìîæíûõ äîïóñòèìûõ äëÿ ðàññìàòðèâàåìîé çàäà÷è
íåèñïðàâíîñòÿõ â ñõåìå S, íàçûâàþòñÿ ôóíêöèÿìè íåèñïðàâíîñòè äàííîé ñõåìû.

Ââåä¼ì ñëåäóþùèå îïðåäåëåíèÿ [3�5]. Ïðîâåðÿþùèì òåñòîì äëÿ ñõåìû S íàçûâà-
åòñÿ òàêîå ìíîæåñòâî T íàáîðîâ çíà÷åíèé ïåðåìåííûõ x1, . . . , xn, ÷òî äëÿ ëþáîé îòëè÷-
íîé îò f(x̃n) ôóíêöèè íåèñïðàâíîñòè g(x̃n) ñõåìû S â T íàéä¼òñÿ íàáîð σ̃, íà êîòîðîì
f(σ̃) ̸= g(σ̃). Äèàãíîñòè÷åñêèì òåñòîì äëÿ ñõåìû S íàçûâàåòñÿ òàêîå ìíîæåñòâî T
íàáîðîâ çíà÷åíèé ïåðåìåííûõ x1, . . . , xn, ÷òî T ÿâëÿåòñÿ ïðîâåðÿþùèì òåñòîì è, êðî-
ìå òîãî, äëÿ ëþáûõ äâóõ ðàçëè÷íûõ ôóíêöèé íåèñïðàâíîñòè g1(x̃

n) è g2(x̃
n) ñõåìû S

â T íàéä¼òñÿ íàáîð π̃, íà êîòîðîì g1(π̃) ̸= g2(π̃). ×èñëî íàáîðîâ â T íàçûâàåòñÿ äëèíîé
òåñòà. Â êà÷åñòâå òðèâèàëüíîãî äèàãíîñòè÷åñêîãî (è ïðîâåðÿþùåãî) òåñòà äëèíû 2n

äëÿ ñõåìû S âñåãäà ìîæíî âçÿòü ìíîæåñòâî, ñîñòîÿùåå èç âñåõ äâîè÷íûõ n-ðàçðÿä-
íûõ íàáîðîâ. Òåñò íàçûâàåòñÿ ïîëíûì, åñëè â ñõåìå ìîãóò áûòü íåèñïðàâíû ñêîëüêî
óãîäíî êîíòàêòîâ, è åäèíè÷íûì, åñëè â ñõåìå ìîæåò áûòü íåèñïðàâåí òîëüêî îäèí
êîíòàêò. Åäèíè÷íûå òåñòû îáû÷íî ðàññìàòðèâàþò äëÿ íåèçáûòî÷íûõ ñõåì [5, ñ. 110�
111], â êîòîðûõ ëþáàÿ äîïóñòèìàÿ íåèñïðàâíîñòü ëþáîãî îäíîãî êîíòàêòà ïðèâîäèò
ê ôóíêöèè íåèñïðàâíîñòè, îòëè÷íîé îò ôóíêöèè, ðåàëèçóåìîé äàííîé ñõåìîé; òàêèå
ôóíêöèè íåèñïðàâíîñòè íàçûâàþò íåòðèâèàëüíûìè. Åñëè â ñõåìå äîïóñêàþòñÿ òîëü-
êî îáðûâû êîíòàêòîâ (èëè òîëüêî èõ çàìûêàíèÿ), òî ãîâîðÿò î òåñòàõ ðàçìûêàíèÿ

(ñîîòâåòñòâåííî î òåñòàõ çàìûêàíèÿ).
Â ðàáîòàõ [6�16] ïîëó÷åíû ðàçëè÷íûå, â òîì ÷èñëå îêîí÷àòåëüíûå ðåçóëüòàòû î âîç-

ìîæíîñòÿõ ïîñòðîåíèÿ ëåãêîòåñòèðóåìûõ êîíòàêòíûõ ñõåì, ðåàëèçóþùèõ çàäàííûå
áóëåâû ôóíêöèè. Óïîìÿíåì òîëüêî îäèí ðåçóëüòàò, êîòîðûé óäîáíî ñðàâíèòü ñ íèæå-
ñëåäóþùåé òåîðåìîé 4. Â [9, òåîðåìà 2] äîêàçàíî, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî n ⩾ 2
ñóùåñòâóåò áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ, êîòîðóþ íåëüçÿ ðåàëèçîâàòü êîíòàêò-
íîé ñõåìîé, íåèçáûòî÷íîé è äîïóñêàþùåé åäèíè÷íûé ïðîâåðÿþùèé òåñò äëèíû ìåíåå
n+ 2 îòíîñèòåëüíî îáðûâîâ è çàìûêàíèé êîíòàêòîâ.

Íàçîâ¼ì ïðîâåðÿþùèé (äèàãíîñòè÷åñêèé) òåñò äëÿ êîíòàêòíîé ñõåìû k-ïðîâåðÿ-
þùèì (k-äèàãíîñòè÷åñêèì), åñëè â ñõåìå ìîæåò ïðîèçîéòè íå áîëåå k íåèñïðàâíî-
ñòåé, ãäå k ∈ N. Áóäåì ðàññìàòðèâàòü òàêèå òåñòû òîëüêî äëÿ k-íåèçáûòî÷íûõ ñõåì,
â êîòîðûõ ëþáûå íå ìåíåå îäíîé è íå áîëåå k äîïóñòèìûõ íåèñïðàâíîñòåé ïðèâîäÿò
ê íåòðèâèàëüíîé ôóíêöèè íåèñïðàâíîñòè.

Â íàñòîÿùåé ðàáîòå â êà÷åñòâå íåèñïðàâíîñòåé â êîíòàêòíûõ ñõåìàõ ðàññìîò-
ðèì ñâÿçíûå íåèñïðàâíîñòè êîíòàêòîâ â ãðóïïàõ, êàê ýòî ñäåëàíî Í.Ï. Ðåäüêèíûì
â [17, 18]. Ïóñòü çàôèêñèðîâàíû öåëûå íåîòðèöàòåëüíûå ÷èñëà a è b, óäîâëåòâîðÿþ-
ùèå óñëîâèÿì a + b ⩾ 2 è a ⩾ b. Áóäåì ñ÷èòàòü, ÷òî â ðàññìàòðèâàåìûõ ñõåìàõ âñå
êîíòàêòû ðàçáèâàþòñÿ íà ãðóïïû ñâÿçàííûõ ìåæäó ñîáîé êîíòàêòîâ. Êàæäàÿ ãðóïïà
ñîäåðæèò a + b êîíòàêòîâ, îòâå÷àþùèõ îäíîé è òîé æå ïåðåìåííîé, è ðàçáèâàåòñÿ íà
äâà áëîêà èç a êîíòàêòîâ (ïåðâûé áëîê) è b êîíòàêòîâ (âòîðîé áëîê), ïðè÷¼ì âíóòðè
êàæäîãî áëîêà âñå êîíòàêòû îäèíàêîâû (ò. å. ëèáî âñå çàìûêàþùèå, ëèáî âñå ðàçìû-
êàþùèå), à â ðàçíûõ áëîêàõ êîíòàêòû ïðîòèâîïîëîæíû. Ïðåäïîëàãàåòñÿ, ÷òî îáðûâ
(çàìûêàíèå) ëþáîãî êîíòàêòà èç îäíîãî èç áëîêîâ âëå÷¼ò çà ñîáîé îáðûâ (ñîîòâåòñòâåí-
íî çàìûêàíèå) âñåõ îñòàëüíûõ êîíòàêòîâ èç ýòîãî áëîêà è çàìûêàíèå (ñîîòâåòñòâåííî
îáðûâ) âñåõ êîíòàêòîâ èç äðóãîãî áëîêà. Òàêèì îáðàçîì, êàæäàÿ êîíòàêòíàÿ ãðóïïà
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ïîäâåðæåíà òîëüêî äâóì âèäàì íåèñïðàâíîñòåé: îáðûâó âñåõ êîíòàêòîâ èç ïåðâîãî áëî-
êà è îäíîâðåìåííîìó çàìûêàíèþ âñåõ êîíòàêòîâ èç âòîðîãî áëîêà, ëèáî çàìûêàíèþ
âñåõ êîíòàêòîâ èç ïåðâîãî áëîêà è îäíîâðåìåííîìó îáðûâó âñåõ êîíòàêòîâ èç âòîðîãî
áëîêà. Ìîòèâèðîâêà ðàññìîòðåíèÿ èìåííî òàêèõ íåèñïðàâíîñòåé ñ ôèçè÷åñêîé òî÷êè
çðåíèÿ äà¼òñÿ â [17, ñ. 42�43]. Êîíòàêòíûå ñõåìû, óäîâëåòâîðÿþùèå óêàçàííûì óñëî-
âèÿì, áóäåì íàçûâàòü (a, b)-ñõåìàìè. Îáùåå ÷èñëî íåèñïðàâíîñòåé â (a, b)-ñõåìå áóäåì
ñ÷èòàòü ðàâíûì ÷èñëó íåèñïðàâíûõ êîíòàêòíûõ ãðóïï (à íå íåèñïðàâíûõ êîíòàêòîâ).

Ïóñòü ìíîæåñòâî T ÿâëÿåòñÿ k-ïðîâåðÿþùèì òåñòîì äëÿ íåêîòîðîé (a, b)-ñõåìû S.
Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ: Dk-Ï

a,b (T )�äëèíà òåñòà T ; Dk-Ï
a,b (S) = minDk-Ï

a,b (T ),

ãäå ìèíèìóì áåð¼òñÿ ïî âñåì k-ïðîâåðÿþùèì òåñòàì T äëÿ ñõåìû S; Dk-Ï
a,b (f) =

= minDk-Ï
a,b (S), ãäå ìèíèìóì áåð¼òñÿ ïî âñåì k-íåèçáûòî÷íûì (a, b)-ñõåìàì S, ðåà-

ëèçóþùèì ôóíêöèþ f ; Dk-Ï
a,b (n) = maxDk-Ï

a,b (f), ãäå ìàêñèìóì áåð¼òñÿ ïî âñåì áóëåâûì

ôóíêöèÿì f îò n ïåðåìåííûõ. Ôóíêöèÿ Dk-Ï
a,b (n) íàçûâàåòñÿ ôóíêöèåé Øåííîíà äëè-

íû k-ïðîâåðÿþùåãî òåñòà. Ïî àíàëîãèè ñ ôóíêöèÿìè Dk-Ï
a,b ìîæíî ââåñòè ôóíêöèè

Dk-Ä
a,b , D

ÏÏ
a,b è DÏÄ

a,b äëÿ ñîîòâåòñòâåííî k-äèàãíîñòè÷åñêîãî, ïîëíîãî ïðîâåðÿþùåãî è
ïîëíîãî äèàãíîñòè÷åñêîãî òåñòîâ, çàâèñÿùèå îò T , S, f è n (â îïðåäåëåíèÿõ ôóíê-
öèé DÏÏ

a,b (f) è D
ÏÄ
a,b (f) íå ïðåäïîëàãàåòñÿ íåèçáûòî÷íîñòè ñõåì). Åñëè â ïåðâîì áëîêå

êàæäîé êîíòàêòíîé ãðóïïû äîïóñòèìû êàê îáðûâ, òàê è çàìûêàíèå âñåõ êîíòàêòîâ
(ñîîòâåòñòâåííî äîïóñò�èì òîëüêî îáðûâ âñåõ êîíòàêòîâ, äîïóñòèìî òîëüêî çàìûêàíèå
âñåõ êîíòàêòîâ), òî â êîíöå âåðõíåãî èíäåêñà áóêâû D ÷åðåç òî÷êó ñ çàïÿòîé áóäåì
ñòàâèòü 01 (ñîîòâåòñòâåííî 0, 1); â ïåðâîì èç óêàçàííûõ òð¼õ ñëó÷àåâ ñâÿçíûå íåèñ-
ïðàâíîñòè êîíòàêòîâ áóäåì ñ÷èòàòü ïðîèçâîëüíûìè, à âî âòîðîì è òðåòüåì ñëó÷àÿõ�
îäíîòèïíûìè. Îñíîâíîé öåëüþ èññëåäîâàíèé ÿâëÿåòñÿ íàõîæäåíèå îöåíîê (â èäåà-
ëå � òî÷íûõ çíà÷åíèé) âåëè÷èí Da,b(f) è Da,b(n) ñ ðàçíûìè âåðõíèìè èíäåêñàìè ïðè
ðàçëè÷íûõ a, b, f è n.

Â [17] óñòàíîâëåíî, ÷òî åñëè a + b ⩾ 3, à t�íàòóðàëüíîå ÷èñëî, òî 2n − 2t − 1 ⩽
⩽ DÏÏ; 01

a,b (n) ⩽ 2n ïðè n = 2t + t+ 1; 2n− 2t− 2 ⩽ DÏÏ; 01
a,b (n) ⩽ 2n ïðè 2t + t+ 1 < n ⩽

⩽ 2t+1+ t+1. Â [18] ïðè a+ b ⩾ 3 äîêàçàíî íåðàâåíñòâî D1-Ä; 01
a,b (n) ⩽ 4n, à ïðè a+ b = 2

ïîëó÷åíû îöåíêè D1-Ï; 01
a,b (n) ⩽ 2⌈n/2⌉+2⌊n/2⌋+n, DÏÏ; 1

a,b (n) ⩽ 2n è DÏÏ; 0
a,b (n) ⩽ 2n. Âñëåä

çà ðàáîòîé [18], ñâÿçíûå íåèñïðàâíîñòè êîíòàêòîâ â ñëó÷àå a + b = 2 áóäåì ñ÷èòàòü
ñëàáî ñâÿçíûìè.

1. Ïîêðûâàþùèå è êëþ÷åâûå ìíîæåñòâà
Äâîè÷íûé n-ðàçðÿäíûé íàáîð σ̃ áóäåì íàçûâàòü (i, α)-íàáîðîì, åñëè åãî i-ÿ (ñëåâà)

êîìïîíåíòà ðàâíà α.
Äâîè÷íûé n-ðàçðÿäíûé íàáîð σ̃ áóäåì íàçûâàòü β-íàáîðîì áóëåâîé ôóíêöèè f(x̃n),

åñëè f(σ̃) = β.
Ìíîæåñòâî M (íåêîòîðûõ) β-íàáîðîâ áóëåâîé ôóíêöèè f(x̃n), ãäå n ⩾ 1 è β ∈

∈ {0, 1}, íàçîâ¼ì β-ïîêðûâàþùèì äëÿ ýòîé ôóíêöèè, åñëè äëÿ ëþáûõ i ∈ {1, . . . , n},
α ∈ {0, 1} â M íàéä¼òñÿ (i, α)-íàáîð.

Ìíîæåñòâî M (íåêîòîðûõ) β-íàáîðîâ áóëåâîé ôóíêöèè f(x̃n), ãäå n ⩾ 1 è
β ∈ {0, 1}, íàçîâ¼ì β-êëþ÷åâûì äëÿ ýòîé ôóíêöèè, åñëè äëÿ ëþáûõ i ∈ {1, . . . , n},
α ∈ {0, 1}, òàêèõ, ÷òî ñóùåñòâóåò õîòÿ áû îäèí (i, α)-íàáîð, ÿâëÿþùèéñÿ β-íàáîðîì
ôóíêöèè f(x̃n), â M íàéä¼òñÿ (i, α)-íàáîð.

Â êà÷åñòâå β-êëþ÷åâîãî ìíîæåñòâà äëÿ ôóíêöèè f(x̃n) âñåãäà ìîæíî âçÿòü ìíîæå-
ñòâî âñåõ å¼ β-íàáîðîâ.
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Î÷åâèäíî, ÷òî ëþáîå β-ïîêðûâàþùåå ìíîæåñòâî ÿâëÿåòñÿ β-êëþ÷åâûì. Îáðàòíîå,
âîîáùå ãîâîðÿ, íåâåðíî: íàïðèìåð, äëÿ ôóíêöèè f(x1, x2) = x1&x2 ìíîæåñòâî {(1, 1)}
ÿâëÿåòñÿ 1-êëþ÷åâûì, íî íå 1-ïîêðûâàþùèì (áîëåå òîãî, äëÿ ýòîé ôóíêöèè íå ñóùå-
ñòâóåò íè îäíîãî 1-ïîêðûâàþùåãî ìíîæåñòâà).

Ñôîðìóëèðóåì äâà ïîëó÷åííûõ ðàíåå ðåçóëüòàòà.

Òåîðåìà 1 [11, òåîðåìà 1]. Ïóñòü M � 1-êëþ÷åâîå ìíîæåñòâî äëÿ áóëåâîé ôóíê-
öèè f(x̃n), n ⩾ 1. Òîãäà ýòó ôóíêöèþ äëÿ ëþáîãî k ∈ N ìîæíî ðåàëèçîâàòü êîíòàêòíîé
ñõåìîé, k-íåèçáûòî÷íîé îòíîñèòåëüíî îáðûâîâ êîíòàêòîâ, äëÿ êîòîðîé ìíîæåñòâî M
ÿâëÿåòñÿ k-ïðîâåðÿþùèì òåñòîì ðàçìûêàíèÿ.

Òåîðåìà 2 [16, òåîðåìà 1]. Ïóñòü M � 0-êëþ÷åâîå ìíîæåñòâî äëÿ áóëåâîé ôóíê-
öèè f(x̃n), n ⩾ 1. Òîãäà ýòó ôóíêöèþ äëÿ ëþáîãî k ∈ N ìîæíî ðåàëèçîâàòü êîíòàêò-
íîé ñõåìîé, k-íåèçáûòî÷íîé îòíîñèòåëüíî çàìûêàíèé êîíòàêòîâ, äëÿ êîòîðîé ìíîæå-
ñòâî M ÿâëÿåòñÿ k-ïðîâåðÿþùèì òåñòîì çàìûêàíèÿ.

Â ôîðìóëèðîâêàõ òåîðåì 1 è 2 îáùåå ÷èñëî íåèñïðàâíîñòåé â êîíòàêòíûõ ñõåìàõ
ñ÷èòàåòñÿ ðàâíûì ÷èñëó íåèñïðàâíûõ êîíòàêòîâ.

Áóëåâà ôóíêöèÿ f(x̃n) íàçûâàåòñÿ ñàìîäâîéñòâåííîé, åñëè f(x1, . . . , xn) = f(x̃n).

Óòâåðæäåíèå 1. Äëÿ ëþáîé íåñàìîäâîéñòâåííîé áóëåâîé ôóíêöèè f(x̃n), n ⩾ 1,
ñóùåñòâóåò β-ïîêðûâàþùåå ìíîæåñòâî ìîùíîñòè 2 õîòÿ áû äëÿ îäíîãî β ∈ {0, 1}.

Äîêàçàòåëüñòâî. Ñóùåñòâóþò òàêèå σ1, . . . , σn ∈ {0, 1}, ÷òî f(σ1, . . . , σn) =
= f(σ1, . . . , σn), òàê êàê ôóíêöèÿ f(x̃

n) íåñàìîäâîéñòâåííàÿ. Òîãäà ìíîæåñòâî

{(σ1, . . . , σn), (σ1, . . . , σn)}

ÿâëÿåòñÿ β-ïîêðûâàþùèì äëÿ ýòîé ôóíêöèè ïðè β = f(σ1, . . . , σn).

Óòâåðæäåíèå 2. Äëÿ ëþáîé ñàìîäâîéñòâåííîé áóëåâîé ôóíêöèè f(x̃n), ñóùå-
ñòâåííî çàâèñÿùåé ïî êðàéíåé ìåðå îò òð¼õ ïåðåìåííûõ, ñóùåñòâóåò β-ïîêðûâàþùåå
ìíîæåñòâî ìîùíîñòè 3 äëÿ êàæäîãî β ∈ {0, 1}.

Äîêàçàòåëüñòâî. Ôóíêöèÿ f íåêîíñòàíòíàÿ, ïîýòîìó ñóùåñòâóþò äâà äâîè÷íûõ
n-ðàçðÿäíûõ íàáîðà, ðàçëè÷àþùèõñÿ òîëüêî â îäíîì ðàçðÿäå, íà êîòîðûõ îíà ïðèíè-
ìàåò ðàçëè÷íûå çíà÷åíèÿ. Îáîçíà÷èì ýòè íàáîðû ÷åðåç (σ1, . . . , σn) è (σ1, . . . , σr−1, σr,
σr+1, . . . , σn), ãäå r ∈ {1, . . . , n}; òîãäà f(σ1, . . . , σn) = f(σ1, . . . , σr−1, σr, σr+1, . . . , σn).
Ôóíêöèÿ f(x̃n) ñàìîäâîéñòâåííàÿ, ïîýòîìó f(σ1, . . . , σn) = f(σ1, . . . , σn). Èç ïîñëåäíèõ
äâóõ ñîîòíîøåíèé âûòåêàåò, ÷òî f(σ1, . . . , σn) = f(σ1, . . . , σr−1, σr, σr+1, . . . , σn). Ïîëî-
æèì γ = f(σ1, . . . , σn).

Åñëè äëÿ ëþáûõ π1, . . . , πr−1, πr+1, . . . , πn ∈ {0, 1} âûïîëíÿåòñÿ ðàâåíñòâî f(π1, . . . ,
πr−1, σr, πr+1, . . . , πn) = γ, òî f(π1, . . . , πr−1, σr, πr+1, . . . , πn) = γ äëÿ ëþáûõ π1, . . . ,
πr−1, πr+1, . . . , πn ∈ {0, 1} â ñèëó ñàìîäâîéñòâåííîñòè ôóíêöèè f , à òîãäà ëåãêî ïðî-
âåðèòü, ÷òî f(x̃n) = xr⊕σr⊕γ. Ïîëó÷àåì, ÷òî ôóíêöèÿ f ñóùåñòâåííî çàâèñèò òîëüêî
îò ïåðåìåííîé xr, îäíàêî ýòî ïðîòèâîðå÷èò óñëîâèþ óòâåðæäåíèÿ 2. Ïîýòîìó ñóùå-
ñòâóþò òàêèå π1, . . . , πr−1, πr+1, . . . , πn ∈ {0, 1}, ÷òî f(π1, . . . , πr−1, σr, πr+1, . . . , πn) = γ.
Â òàêîì ñëó÷àå ìíîæåñòâî

M = {(σ1, . . . , σn), (σ1, . . . , σr−1, σr, σr+1, . . . , σn), (π1, . . . , πr−1, σr, πr+1, . . . , πn)}

ÿâëÿåòñÿ γ-ïîêðûâàþùèì äëÿ ôóíêöèè f(x̃n). Äåéñòâèòåëüíî, íà êàæäîì íàáîðå èç
ýòîãî ìíîæåñòâà, êàê ïîêàçàíî âûøå, ôóíêöèÿ f ïðèíèìàåò çíà÷åíèå γ; äëÿ ëþáûõ
i ∈ {1, . . . , n}\{r}, α ∈ {0, 1} îäèí èç íàáîðîâ (σ1, . . . , σn), (σ1, . . . , σr−1, σr, σr+1, . . . , σn)



Êîðîòêèå ïðîâåðÿþùèå òåñòû äëÿ êîíòàêòíûõ ñõåì 75

ÿâëÿåòñÿ (i, α)-íàáîðîì, à äëÿ i = r è ëþáîãî α ∈ {0, 1} îäèí èç íàáîðîâ
(σ1, . . . , σn), (π1, . . . , πr−1, σr, πr+1, . . . , πn) ÿâëÿåòñÿ (i, α)-íàáîðîì. Ìíîæåñòâî

{(σ1, . . . , σn), (σ1, . . . , σr−1, σr, σr+1, . . . , σn), (π1, . . . , πr−1, σr, πr+1, . . . , πn)},

ñîñòîÿùåå èç íàáîðîâ, ïðîòèâîïîëîæíûõ íàáîðàì èçM , ÿâëÿåòñÿ γ-ïîêðûâàþùèì äëÿ
ôóíêöèè f(x̃n). Äåéñòâèòåëüíî, íà êàæäîì íàáîðå èç ýòîãî ìíîæåñòâà ôóíêöèÿ f â ñè-
ëó ñàìîäâîéñòâåííîñòè ïðèíèìàåò çíà÷åíèå γ; äëÿ ëþáûõ i ∈ {1, . . . , n}\{r}, α ∈ {0, 1}
îäèí èç íàáîðîâ (σ1, . . . , σn), (σ1, . . . , σr−1, σr, σr+1, . . . , σn) ÿâëÿåòñÿ (i, α)-íàáîðîì, à
äëÿ i = r è ëþáîãî α ∈ {0, 1} îäèí èç íàáîðîâ (σ1, . . . , σn), (π1, . . . , πr−1, σr, πr+1, . . . , πn)
ÿâëÿåòñÿ (i, α)-íàáîðîì.

2. Ôîðìóëèðîâêè è äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ
Ââåä¼ì îáîçíà÷åíèå

αβ =

{
α, åñëè β = 1,

α, åñëè β = 0,

ãäå α ∈ {0, 1}.
Äàëåå äëÿ êðàòêîñòè âñþäó âìåñòî ¾çàìûêàþùèé (ðàçìûêàþùèé) êîíòàêò, îòâå-

÷àþùèé ïåðåìåííîé xi¿, i = 1, . . . , n, áóäåì ãîâîðèòü ¾êîíòàêò xi¿ (ñîîòâåòñòâåííî
¾êîíòàêò xi¿).

Òåîðåìà 3. Ïóñòü M � β-ïîêðûâàþùåå ìíîæåñòâî äëÿ áóëåâîé ôóíêöèè f(x̃n),
ãäå β ∈ {0, 1} è n ⩾ 1. Òîãäà ýòó ôóíêöèþ äëÿ ëþáîãî k ∈ N ìîæíî ðåàëèçîâàòü
k-íåèçáûòî÷íîé (1, 1)-ñõåìîé, äëÿ êîòîðîé ìíîæåñòâî M ÿâëÿåòñÿ k-ïðîâåðÿþùèì òå-
ñòîì îòíîñèòåëüíî ïðîèçâîëüíûõ ñâÿçíûõ íåèñïðàâíîñòåé êîíòàêòîâ.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì íàòóðàëüíîå k. Ðàññìîòðèì äâà ñëó÷àÿ.

1. Ïóñòü β = 1. Èç òåîðåìû 1 è òîãî ôàêòà, ÷òî ëþáîå β-ïîêðûâàþùåå ìíîæåñòâî
ÿâëÿåòñÿ β-êëþ÷åâûì, ñëåäóåò, ÷òî ôóíêöèþ f(x̃n) ìîæíî ðåàëèçîâàòü êîíòàêòíîé ñõå-
ìîé S, k-íåèçáûòî÷íîé îòíîñèòåëüíî îáðûâîâ êîíòàêòîâ, äëÿ êîòîðîé ìíîæåñòâî M
ÿâëÿåòñÿ k-ïðîâåðÿþùèì òåñòîì ðàçìûêàíèÿ. Ïîñòðîèì êîíòàêòíûå ñõåìû A1, . . . , An

ïî àíàëîãèè ñ òåì, êàê ýòî ñäåëàíî â [17, ñ. 44]. Ïóñòü i�ïðîèçâîëüíûé èíäåêñ èç ìíî-
æåñòâà {1, . . . , n}. Ñõåìà Ai ïðåäñòàâëÿåò ñîáîé ïàðàëëåëüíîå ñîåäèíåíèå äâóõ íåñàìî-
ïåðåñåêàþùèõñÿ öåïåé C1

i è C
0
i èç êîíòàêòîâ. Öåïü C

1
i ñîäåðæèò òîëüêî êîíòàêòû xi,

à öåïü C0
i � òîëüêî êîíòàêòû xi. Äëÿ êàæäîãî êîíòàêòà xi, ñîäåðæàùåãîñÿ â ñõåìå S,

â öåïè C0
i ñîäåðæèòñÿ ñâîé êîíòàêò xi, êîòîðûé îáðàçóåò ñ íèì êîíòàêòíóþ ãðóïïó; áó-

äåì ñ÷èòàòü ýòó ãðóïïó îñíîâíîé. Äëÿ êàæäîãî êîíòàêòà xi, ñîäåðæàùåãîñÿ â ñõåìå S,
â öåïè C1

i ñîäåðæèòñÿ ñâîé êîíòàêò xi, êîòîðûé îáðàçóåò ñ íèì êîíòàêòíóþ ãðóïïó; å¼
òàêæå áóäåì ñ÷èòàòü îñíîâíîé. Åñëè õîòÿ áû â îäíîé èç öåïåé C1

i , C
0
i ê íàñòîÿùåìó

ìîìåíòó ñîäåðæèòñÿ íå áîëåå k êîíòàêòîâ, äîáàâèì ê êàæäîé èç íèõ îäèíàêîâîå ÷èñëî
êîíòàêòîâ, ÷òîáû êàê â öåïè C1

i , òàê è â öåïè C
0
i ñîäåðæàëîñü íå ìåíåå k+1 êîíòàêòîâ;

ïðè ýòîì ê öåïè C1
i áóäåì äîáàâëÿòü òîëüêî êîíòàêòû xi, à ê öåïè C0

i � òîëüêî êîí-
òàêòû xi, è âñå äîáàâëÿåìûå êîíòàêòû ðàçîáü¼ì íà ãðóïïû èç äâóõ ñâÿçàííûõ ìåæäó
ñîáîé êîíòàêòîâ xi è xi, êîòîðûå áóäåì ñ÷èòàòü äîïîëíèòåëüíûìè ãðóïïàìè. Â èòîãå
êàæäûé êîíòàêò öåïè C1

i èìååò òèï xi è îáðàçóåò êîíòàêòíóþ ãðóïïó ñ êàêèì-òî êîí-
òàêòîì xi, ñîäåðæàùèìñÿ ëèáî â ñõåìå S, ëèáî â öåïè C

0
i , à êàæäûé êîíòàêò öåïè C

0
i

èìååò òèï xi è îáðàçóåò êîíòàêòíóþ ãðóïïó ñ êàêèì-òî êîíòàêòîì xi, ñîäåðæàùèìñÿ
ëèáî â ñõåìå S, ëèáî â öåïè C1

i .
Ñîåäèíèì âñå êîíòàêòíûå ñõåìû S,A1, . . . , An ïîñëåäîâàòåëüíî; îáîçíà÷èì ïîëó-

÷åííóþ êîíòàêòíóþ ñõåìó ÷åðåç S∗ (ðèñ. 1). Â íåé âñå êîíòàêòû ðàçäåëåíû íà ãðóïïû
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ñâÿçàííûõ ìåæäó ñîáîé êîíòàêòîâ, êàæäàÿ èç êîòîðûõ ñîñòîèò èç îäíîãî çàìûêàþ-
ùåãî è îäíîãî ðàçìûêàþùåãî êîíòàêòà ïåðåìåííîé xi äëÿ íåêîòîðîãî i ∈ {1, . . . , n}.
Òàêèì îáðàçîì, ñõåìà S∗ ÿâëÿåòñÿ (1, 1)-ñõåìîé. Ïðè îòñóòñòâèè íåèñïðàâíîñòåé â ýòîé
ñõåìå ïîäñõåìà Ai, î÷åâèäíî, ðåàëèçóåò ôóíêöèþ xi ∨ xi ≡ 1 äëÿ i = 1, . . . , n, ïîýòîìó
ñõåìà S∗ ðåàëèçóåò ôóíêöèþ f(x̃n)& 1& . . .&1︸ ︷︷ ︸

n

= f(x̃n). Äîêàæåì, ÷òî äàííàÿ ñõåìà

k-íåèçáûòî÷íà è äîïóñêàåò k-ïðîâåðÿþùèé òåñò M îòíîñèòåëüíî ïðîèçâîëüíûõ ñâÿç-
íûõ íåèñïðàâíîñòåé êîíòàêòîâ. Ïðåäïîëîæèì, ÷òî â ñõåìå S∗ îêàçàëèñü íåèñïðàâíû-
ìè íå ìåíåå îäíîé è íå áîëåå k êîíòàêòíûõ ãðóïï. Ñîãëàñíî îïðåäåëåíèþ (1, 1)-ñõåìû,
â êàæäîé íåèñïðàâíîé êîíòàêòíîé ãðóïïå îäèí êîíòàêò îáîðâàí è îäèí çàìêíóò. Ðàñ-
ñìîòðèì äâà ïîäñëó÷àÿ.

A1S

x1x1

x1
-

x1
-

C1
1

C1
0

An

xnxn

xn
-

xn
-

Cn
1

Cn
0

. . .

Ðèñ. 1. Ñõåìà S∗ â ñëó÷àå 1

1.1. Ñóùåñòâóåò òàêîå i ∈ {1, . . . , n}, ÷òî â ïîäñõåìå Ai õîòÿ áû îäèí êîíòàêò îáî-
ðâàí. Ïóñòü ýòî êîíòàêò xαi , ãäå α ∈ {0, 1}. Òîãäà ôóíêöèÿ ïðîâîäèìîñòè öåïè Cα

i ,
ñîñòîÿùåé èç êîíòàêòîâ xαi , ðàâíà òîæäåñòâåííîìó íóëþ. Â öåïè Cα

i , ñîñòîÿùåé èç
êîíòàêòîâ xαi , ïî ïîñòðîåíèþ ñîäåðæèòñÿ íå ìåíåå k+1 êîíòàêòîâ. Åñëè õîòÿ áû îäèí
èç íèõ îáîðâàí, òî ôóíêöèÿ ïðîâîäèìîñòè öåïè Cα

i òàêæå ðàâíà òîæäåñòâåííîìó íó-
ëþ. Â ïðîòèâíîì ñëó÷àå çàìêíóòî â óêàçàííîé öåïè ìîæåò áûòü íå áîëåå k êîíòàêòîâ,
ïîñêîëüêó âñåãî â ñõåìå S∗ íåèñïðàâíî íå áîëåå k êîíòàêòíûõ ãðóïï. Òàêèì îáðàçîì,
õîòÿ áû îäèí êîíòàêò â öåïè Cα

i èñïðàâåí è ôóíêöèÿ å¼ ïðîâîäèìîñòè ðàâíà xαi . Ñëå-
äîâàòåëüíî, ôóíêöèÿ ïðîâîäèìîñòè ïîäñõåìû Ai ðàâíà ëèáî 0∨0 = 0, ëèáî 0∨xαi = xαi .
Ìíîæåñòâî M ÿâëÿåòñÿ 1-ïîêðûâàþùèì äëÿ ôóíêöèè f(x̃n), ïîýòîìó â í¼ì íàéä¼òñÿ
òàêîé (i, α)-íàáîð σ̃, ÷òî f(σ̃) = 1. Íà ýòîì íàáîðå ïîäñõåìà Ai íå ïðîâîäèò è ñõå-
ìà S∗ âûäàñò çíà÷åíèå 0, îòëè÷íîå îò f(σ̃); òåì ñàìûì íåèñïðàâíîñòü ñõåìû áóäåò
îáíàðóæåíà.

1.2. Íè â îäíîé èç ïîäñõåì A1, . . . , An íè îäèí êîíòàêò íå îáîðâàí. Òîãäà â ïîäñõå-
ìå S íè îäèí êîíòàêò íå çàìêíóò (â ïðîòèâíîì ñëó÷àå êîíòàêò, îáðàçóþùèé ãðóïïó
ñ ïðîèçâîëüíûì çàìêíóòûì êîíòàêòîì xαi ïîäñõåìû S, ïî ïîñòðîåíèþ ñîäåðæàëñÿ áû
â öåïè Cα

i ïîäñõåìû Ai è áûë áû îáîðâàí), à âñå äîïîëíèòåëüíûå êîíòàêòíûå ãðóïïû
â ñõåìå S∗ èñïðàâíû. Çíà÷èò, íåèñïðàâíû íå ìåíåå îäíîé è íå áîëåå k îñíîâíûõ êîí-
òàêòíûõ ãðóïï â äàííîé ñõåìå, è ïðè ýòîì òîò êîíòàêò êàæäîé íåèñïðàâíîé ãðóïïû,
êîòîðûé ñîäåðæèòñÿ â ïîäñõåìå S, îáîðâàí. Ìíîæåñòâî M ÿâëÿåòñÿ k-ïðîâåðÿþùèì
òåñòîì ðàçìûêàíèÿ äëÿ k-íåèçáûòî÷íîé ñõåìû S, ïîýòîìó õîòÿ áû íà îäíîì íàáîðå σ̃
èç M ïîäñõåìà S âûäàñò çíà÷åíèå, îòëè÷íîå îò ¾ïðàâèëüíîãî¿, ò. å. îò f(σ̃). Èç îïèñà-
íèÿ ïîäñëó÷àÿ 1.2 âûòåêàåò òàêæå, ÷òî äëÿ ëþáûõ i ∈ {1, . . . , n}, α ∈ {0, 1} ôóíêöèÿ
ïðîâîäèìîñòè öåïè Cα

i ðàâíà ëèáî xαi , ëèáî 1, ïîýòîìó äëÿ ëþáîãî i ∈ {1, . . . , n} ôóíê-
öèÿ ïðîâîäèìîñòè ïîäñõåìû Ai ðàâíà ëèáî x

α
i ∨xαi , ëèáî 1∨xαi , ëèáî xαi ∨ 1, ëèáî 1∨ 1,

ò. å. ðàâíà òîæäåñòâåííîé åäèíèöå. Ñëåäîâàòåëüíî, ôóíêöèÿ, ðåàëèçóåìàÿ ñõåìîé S∗,
ñîâïàäàåò ñ ôóíêöèåé ïðîâîäèìîñòè ïîäñõåìû S, è íà íàáîðå σ̃ ñõåìà S∗ âûäàñò çíà-
÷åíèå, îòëè÷íîå îò f(σ̃); òåì ñàìûì íåèñïðàâíîñòü ñõåìû áóäåò îáíàðóæåíà.
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Èç ïðèâåä¼ííûõ ðàññóæäåíèé ñëåäóåò, ÷òî ñõåìà S∗ ÿâëÿåòñÿ k-íåèçáûòî÷íîé è äî-
ïóñêàåò k-ïðîâåðÿþùèé òåñò M îòíîñèòåëüíî ïðîèçâîëüíûõ ñâÿçíûõ íåèñïðàâíîñòåé
êîíòàêòîâ. Ñëó÷àé 1 ðàçîáðàí.

2. Ïóñòü β = 0. Èç òåîðåìû 2 è òîãî ôàêòà, ÷òî ëþáîå β-ïîêðûâàþùåå ìíî-
æåñòâî ÿâëÿåòñÿ β-êëþ÷åâûì, ñëåäóåò, ÷òî ôóíêöèþ f(x̃n) ìîæíî ðåàëèçîâàòü êîí-
òàêòíîé ñõåìîé S, k-íåèçáûòî÷íîé îòíîñèòåëüíî çàìûêàíèé êîíòàêòîâ, äëÿ êîòîðîé
ìíîæåñòâîM ÿâëÿåòñÿ k-ïðîâåðÿþùèì òåñòîì çàìûêàíèÿ. Ïîñòðîèì êîíòàêòíûå ñõå-
ìû B1

1 , . . . , B
1
n, B

0
1 , . . . , B

0
n ïî àíàëîãèè ñ òåì, êàê ýòî ñäåëàíî â [17, ñ. 45] (â [17] îíè

îáîçíà÷àþòñÿ ÷åðåç B1, . . . , Bn, B
′
1, . . . , B

′
n ñîîòâåòñòâåííî). Ðàññìîòðèì ïðîèçâîëüíûå

i ∈ {1, . . . , n} è α ∈ {0, 1}. Ñõåìà Bα
i ïðåäñòàâëÿåò ñîáîé ïó÷îê èç êîíòàêòîâ xαi , ò. å.

ïàðàëëåëüíîå ñîåäèíåíèå íåêîòîðîãî ÷èñëà êîíòàêòîâ xαi . Äëÿ êàæäîãî êîíòàêòà xαi ,
ñîäåðæàùåãîñÿ â ñõåìå S, â ñõåìå Bα

i ñîäåðæèòñÿ ñâîé êîíòàêò xαi , êîòîðûé îáðàçóåò
ñ íèì êîíòàêòíóþ ãðóïïó; áóäåì ñ÷èòàòü ýòó ãðóïïó îñíîâíîé. Åñëè õîòÿ áû â îä-
íîé èç ñõåì B1

i , B
0
i ê íàñòîÿùåìó ìîìåíòó ñîäåðæèòñÿ íå áîëåå k êîíòàêòîâ, äîáàâèì

ê êàæäîé èç íèõ îäèíàêîâîå ÷èñëî êîíòàêòîâ, ÷òîáû êàê â ñõåìå B1
i , òàê è â ñõå-

ìå B0
i ñîäåðæàëîñü íå ìåíåå k + 1 êîíòàêòîâ è êàæäàÿ èç ñõåì B1

i , B
0
i ïî-ïðåæíåìó

ïðåäñòàâëÿëà ñîáîé ïó÷îê èç êîíòàêòîâ; ïðè ýòîì ê ñõåìå B1
i áóäåì äîáàâëÿòü òîëüêî

êîíòàêòû xi, à ê ñõåìå B
0
i � òîëüêî êîíòàêòû xi, è âñå äîáàâëÿåìûå êîíòàêòû ðàçîáü¼ì

íà ãðóïïû èç äâóõ ñâÿçàííûõ ìåæäó ñîáîé êîíòàêòîâ xi è xi, êîòîðûå áóäåì ñ÷èòàòü
äîïîëíèòåëüíûìè ãðóïïàìè. Â èòîãå êàæäûé êîíòàêò ñõåìû B1

i èìååò òèï xi è îáðà-
çóåò êîíòàêòíóþ ãðóïïó ñ êàêèì-òî êîíòàêòîì xi, ñîäåðæàùèìñÿ â îäíîé èç ñõåì S,B

0
i ,

à êàæäûé êîíòàêò ñõåìû B0
i èìååò òèï xi è îáðàçóåò êîíòàêòíóþ ãðóïïó ñ êàêèì-òî

êîíòàêòîì xi, ñîäåðæàùèìñÿ â îäíîé èç ñõåì S,B1
i . Ñîåäèíèì êîíòàêòíûå ñõåìû B1

i

è B0
i ïîñëåäîâàòåëüíî è îáîçíà÷èì ïîëó÷åííóþ ñõåìó ÷åðåç Bi.
Òåïåðü âñå êîíòàêòíûå ñõåìû S,B1, . . . , Bn ñîåäèíèì ïàðàëëåëüíî è îáîçíà÷èì èòî-

ãîâóþ êîíòàêòíóþ ñõåìó ÷åðåç S∗ (ðèñ. 2). Â íåé âñå êîíòàêòû ðàçäåëåíû íà ãðóïïû
ñâÿçàííûõ ìåæäó ñîáîé êîíòàêòîâ, êàæäàÿ èç êîòîðûõ ñîñòîèò èç îäíîãî çàìûêàþ-
ùåãî è îäíîãî ðàçìûêàþùåãî êîíòàêòà ïåðåìåííîé xi äëÿ íåêîòîðîãî i ∈ {1, . . . , n}.
Òàêèì îáðàçîì, ñõåìà S∗ ÿâëÿåòñÿ (1, 1)-ñõåìîé. Ïðè îòñóòñòâèè íåèñïðàâíîñòåé â ýòîé
ñõåìå ïîäñõåìà Bi, î÷åâèäíî, ðåàëèçóåò ôóíêöèþ xi&xi ≡ 0 äëÿ i = 1, . . . , n, ïîýòîìó
ñõåìà S∗ ðåàëèçóåò ôóíêöèþ f(x̃n) ∨ 0 ∨ . . . ∨ 0︸ ︷︷ ︸

n

= f(x̃n). Äîêàæåì, ÷òî äàííàÿ ñõåìà

k-íåèçáûòî÷íà è äîïóñêàåò k-ïðîâåðÿþùèé òåñò M îòíîñèòåëüíî ïðîèçâîëüíûõ ñâÿç-
íûõ íåèñïðàâíîñòåé êîíòàêòîâ. Ïðåäïîëîæèì, ÷òî â ñõåìå S∗ îêàçàëèñü íåèñïðàâíûìè
íå ìåíåå îäíîé è íå áîëåå k êîíòàêòíûõ ãðóïï. Îòìåòèì, ÷òî â êàæäîé íåèñïðàâíîé
êîíòàêòíîé ãðóïïå îäèí êîíòàêò îáîðâàí è îäèí çàìêíóò. Ðàññìîòðèì äâà ïîäñëó÷àÿ.

x1

B1
1

. .
 .

x1
-

B1
0

. .
 .

S

Bn
1

. .
 .

. .
 . Bn

0. .
 .

B1

Bn

x1 x1
-

xn xn
-

xn xn
-

Ðèñ. 2. Ñõåìà S∗ â ñëó÷àå 2
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2.1. Ñóùåñòâóåò òàêîå i ∈ {1, . . . , n}, ÷òî â ïîäñõåìå Bi õîòÿ áû îäèí êîíòàêò çà-
ìêíóò. Ïóñòü ýòî êîíòàêò xαi , ãäå α ∈ {0, 1}. Òîãäà ôóíêöèÿ ïðîâîäèìîñòè ïîäñõå-
ìû Bα

i , ñîñòîÿùåé èç êîíòàêòîâ xαi , ðàâíà òîæäåñòâåííîé åäèíèöå. Â ïîäñõåìå Bα
i ,

ñîñòîÿùåé èç êîíòàêòîâ xαi , ïî ïîñòðîåíèþ ñîäåðæèòñÿ íå ìåíåå k+1 êîíòàêòîâ. Åñëè
õîòÿ áû îäèí èç íèõ çàìêíóò, òî ôóíêöèÿ ïðîâîäèìîñòè ïîäñõåìû Bα

i òàêæå ðàâíà
òîæäåñòâåííîé åäèíèöå. Â ïðîòèâíîì ñëó÷àå îáîðâàíî â óêàçàííîé ïîäñõåìå ìîæåò
áûòü íå áîëåå k êîíòàêòîâ, ïîñêîëüêó âñåãî â ñõåìå S∗ íåèñïðàâíî íå áîëåå k êîíòàêò-
íûõ ãðóïï. Òàêèì îáðàçîì, õîòÿ áû îäèí êîíòàêò â ïîäñõåìå Bα

i èñïðàâåí è ôóíêöèÿ
å¼ ïðîâîäèìîñòè ðàâíà xαi . Ñëåäîâàòåëüíî, ôóíêöèÿ ïðîâîäèìîñòè ïîäñõåìû Bi ðàâíà
ëèáî 1 ∨ 1 = 1, ëèáî 1 ∨ xαi = xαi . Ìíîæåñòâî M ÿâëÿåòñÿ 0-ïîêðûâàþùèì äëÿ ôóíê-
öèè f(x̃n), ïîýòîìó â í¼ì íàéä¼òñÿ òàêîé (i, α)-íàáîð σ̃, ÷òî f(σ̃) = 0. Íà ýòîì íàáîðå
ïîäñõåìà Bi ïðîâîäèò è ñõåìà S∗ âûäàñò çíà÷åíèå 1, îòëè÷íîå îò f(σ̃); òåì ñàìûì
íåèñïðàâíîñòü ñõåìû áóäåò îáíàðóæåíà.

2.2. Íè â îäíîé èç ïîäñõåì B1, . . . , Bn íè îäèí êîíòàêò íå çàìêíóò. Òîãäà â ïîäñõå-
ìå S íè îäèí êîíòàêò íå îáîðâàí (â ïðîòèâíîì ñëó÷àå êîíòàêò, îáðàçóþùèé ãðóïïó
ñ ïðîèçâîëüíûì îáîðâàííûì êîíòàêòîì xαi ïîäñõåìû S, ïî ïîñòðîåíèþ ñîäåðæàëñÿ
áû â ïîäñõåìå Bα

i , à çíà÷èò, â ïîäñõåìå Bi, è áûë áû çàìêíóò), à âñå äîïîëíèòåëüíûå
êîíòàêòíûå ãðóïïû â ñõåìå S∗ èñïðàâíû. Çíà÷èò, íåèñïðàâíû íå ìåíåå îäíîé è íå
áîëåå k îñíîâíûõ êîíòàêòíûõ ãðóïï â äàííîé ñõåìå, è ïðè ýòîì òîò êîíòàêò êàæäîé
íåèñïðàâíîé ãðóïïû, êîòîðûé ñîäåðæèòñÿ â ïîäñõåìå S, çàìêíóò. Ìíîæåñòâî M ÿâ-
ëÿåòñÿ k-ïðîâåðÿþùèì òåñòîì çàìûêàíèÿ äëÿ k-íåèçáûòî÷íîé ñõåìû S, ïîýòîìó õîòÿ
áû íà îäíîì íàáîðå σ̃ èç M ïîäñõåìà S âûäàñò çíà÷åíèå, îòëè÷íîå îò ¾ïðàâèëüíîãî¿,
ò. å. îò f(σ̃). Èç îïèñàíèÿ ïîäñëó÷àÿ 2.2 âûòåêàåò òàêæå, ÷òî äëÿ ëþáûõ i ∈ {1, . . . , n},
α ∈ {0, 1} ôóíêöèÿ ïðîâîäèìîñòè ïîäñõåìû Bα

i ðàâíà ëèáî x
α
i , ëèáî 0, ïîýòîìó äëÿ ëþ-

áîãî i ∈ {1, . . . , n} ôóíêöèÿ ïðîâîäèìîñòè ïîäñõåìû Bi ðàâíà ëèáî x
α
i &x

α
i , ëèáî 0&xαi ,

ëèáî xαi &0, ëèáî 0&0, ò. å. ðàâíà òîæäåñòâåííîìó íóëþ. Ñëåäîâàòåëüíî, ôóíêöèÿ, ðå-
àëèçóåìàÿ ñõåìîé S∗, ñîâïàäàåò ñ ôóíêöèåé ïðîâîäèìîñòè ïîäñõåìû S, è íà íàáîðå σ̃
ñõåìà S∗ âûäàñò çíà÷åíèå, îòëè÷íîå îò f(σ̃); òåì ñàìûì íåèñïðàâíîñòü ñõåìû áóäåò
îáíàðóæåíà.

Èç ïðèâåä¼ííûõ ðàññóæäåíèé ñëåäóåò, ÷òî ñõåìà S∗ ÿâëÿåòñÿ k-íåèçáûòî÷íîé è äî-
ïóñêàåò k-ïðîâåðÿþùèé òåñò M îòíîñèòåëüíî ïðîèçâîëüíûõ ñâÿçíûõ íåèñïðàâíîñòåé
êîíòàêòîâ. Ñëó÷àé 2 ðàçîáðàí.

Òåîðåìà 4. Ïóñòü f(x̃n)� áóëåâà ôóíêöèÿ è k ∈ N. Òîãäà
Dk-Ï; 01

1,1 (f) = 0, åñëè f ≡ 0 èëè f ≡ 1,

Dk-Ï; 01
1,1 (f) ∈ {2, 3}, åñëè f � ñàìîäâîéñòâåííàÿ ôóíêöèÿ, ñóùåñòâåííî çàâèñÿùàÿ

ïî êðàéíåé ìåðå îò òð¼õ ïåðåìåííûõ,

Dk-Ï; 01
1,1 (f) = 2 â îñòàëüíûõ ñëó÷àÿõ.

Äîêàçàòåëüñòâî. Åñëè f ≡ 0 èëè f ≡ 1, òî ôóíêöèþ f ìîæíî ðåàëèçîâàòü
(1, 1)-ñõåìîé, íå ñîäåðæàùåé íè îäíîãî êîíòàêòà. Ó òàêîé ñõåìû íåò íè îäíîé ôóíê-
öèè íåèñïðàâíîñòè, ïîýòîìó îíà k-íåèçáûòî÷íà è äîïóñêàåò k-ïðîâåðÿþùèé òåñò ∅
äëèíû 0 (îòíîñèòåëüíî ïðîèçâîëüíûõ ñâÿçíûõ íåèñïðàâíîñòåé êîíòàêòîâ), îòêóäà ñëå-
äóåò, ÷òî Dk-Ï; 01

1,1 (f) = 0. Äàëåå áóäåì ñ÷èòàòü, ÷òî ôóíêöèÿ f îòëè÷íà îò êîíñòàíò.

Äîêàæåì íåðàâåíñòâî Dk-Ï; 01
1,1 (f) ⩾ 2.

Ïóñòü S �ïðîèçâîëüíàÿ k-íåèçáûòî÷íàÿ (1, 1)-ñõåìà, ðåàëèçóþùàÿ ôóíêöèþ f(x̃n),
è T �ïðîèçâîëüíûé k-ïðîâåðÿþùèé òåñò äëÿ ñõåìû S. Â ýòîé ñõåìå ñîäåðæèòñÿ
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õîòÿ áû îäíà êîíòàêòíàÿ ãðóïïà, ñîñòîÿùàÿ èç êîíòàêòîâ xi è xi äëÿ íåêîòîðîãî
i ∈ {1, . . . , n}. Åñëè i-ÿ êîìïîíåíòà êàæäîãî íàáîðà èç ìíîæåñòâà T ðàâíà íóëþ (åäè-
íèöå), òî â ñëó÷àå îòñóòñòâèÿ íåèñïðàâíîñòåé â ñõåìå S ïðè ïîäà÷å âìåñòî íàáîðà
ïåðåìåííûõ (x1, . . . , xn) ïðîèçâîëüíîãî íàáîðà σ̃ èç T âñå êîíòàêòû xi â ýòîé ñõåìå
áóäóò èìåòü íóëåâóþ (ñîîòâåòñòâåííî åäèíè÷íóþ) ïðîâîäèìîñòü, à âñå êîíòàêòû xi �
åäèíè÷íóþ (íóëåâóþ) ïðîâîäèìîñòü, ïîýòîìó îáðûâ (çàìûêàíèå) êîíòàêòà xi è çàìû-
êàíèå (îáðûâ) êîíòàêòà xi èç ðàññìàòðèâàåìîé ãðóïïû íèêàê íå îòðàçÿòñÿ íà çíà÷åíèè,
âûäàâàåìîé ñõåìîé íà íàáîðå σ̃. Îäíàêî ýòî ïðîòèâîðå÷èò òîìó, ÷òî ñõåìà S ÿâëÿåòñÿ
k-íåèçáûòî÷íîé è äîïóñêàåò k-ïðîâåðÿþùèé òåñò T . Çíà÷èò, â T âõîäÿò õîòÿ áû îäèí
(i, 1)-íàáîð è õîòÿ áû îäèí (i, 0)-íàáîð. Òàêèì îáðàçîì, ëþáîé k-ïðîâåðÿþùèé òåñò äëÿ
ñõåìû S ñîäåðæèò ïî êðàéíåé ìåðå äâà íàáîðà, îòêóäà ñëåäóåò, ÷òî Dk-Ï; 01

1,1 (S) ⩾ 2, à

ñ ó÷¼òîì ïðîèçâîëüíîñòè âûáîðà ñõåìû S �÷òî Dk-Ï; 01
1,1 (f) ⩾ 2.

Åñëè f(x̃n)� ñàìîäâîéñòâåííàÿ ôóíêöèÿ, ñóùåñòâåííî çàâèñÿùàÿ ïî êðàéíåé ìåðå
îò òð¼õ ïåðåìåííûõ, òî â ñèëó óòâåðæäåíèÿ 2 è òåîðåìû 3 ýòó ôóíêöèþ ìîæíî ðåàëè-
çîâàòü k-íåèçáûòî÷íîé (1, 1)-ñõåìîé, äîïóñêàþùåé k-ïðîâåðÿþùèé òåñò äëèíû 3; îòñþ-
äà Dk-Ï; 01

1,1 (f) ⩽ 3 è Dk-Ï; 01
1,1 (f) ∈ {2, 3}. Åñëè f(x̃n)�íåñàìîäâîéñòâåííàÿ ôóíêöèÿ, òî

â ñèëó óòâåðæäåíèÿ 1 è òåîðåìû 3 äàííóþ ôóíêöèþ ìîæíî ðåàëèçîâàòü k-íåèçáûòî÷-
íîé (1, 1)-ñõåìîé, äîïóñêàþùåé k-ïðîâåðÿþùèé òåñò äëèíû 2; îòñþäà Dk-Ï; 01

1,1 (f) ⩽ 2

è Dk-Ï; 01
1,1 (f) = 2. Ïóñòü, íàêîíåö, f(x̃n)� ñàìîäâîéñòâåííàÿ ôóíêöèÿ, ñóùåñòâåííî

çàâèñÿùàÿ ìåíåå ÷åì îò òð¼õ ïåðåìåííûõ. Òîãäà ýòî îáÿçàòåëüíî ôóíêöèÿ âèäà xαi
äëÿ íåêîòîðûõ i ∈ {1, . . . , n} è α ∈ {0, 1} (êàê èçâåñòíî, íè îäíà áóëåâà ôóíêöèÿ,
ñóùåñòâåííî çàâèñÿùàÿ ðîâíî îò äâóõ ïåðåìåííûõ, íå ÿâëÿåòñÿ ñàìîäâîéñòâåííîé).
Ðåàëèçóåì å¼ (1, 1)-ñõåìîé, ñîäåðæàùåé ðîâíî òðè âåðøèíû è ðîâíî äâà êîíòàêòà, îá-
ðàçóþùèõ ãðóïïó: êîíòàêò xαi ìåæäó ïîëþñàìè ñõåìû è êîíòàêò xαi ìåæäó îäíèì
èç ïîëþñîâ ñõåìû è å¼ âåðøèíîé, îòëè÷íîé îò ïîëþñîâ. Ïðè îáðûâå êîíòàêòà xαi è
çàìûêàíèè êîíòàêòà xαi ñõåìà ñòàíåò ðåàëèçîâûâàòü òîæäåñòâåííûé íóëü, à ïðè çà-
ìûêàíèè êîíòàêòà xαi è îáðûâå êîíòàêòà xαi � òîæäåñòâåííóþ åäèíèöó. Êîíñòàíòó 0
(êîíñòàíòó 1) ìîæíî îòëè÷èòü îò ôóíêöèè f(x̃n) = xαi íà ëþáîì (i, α)-íàáîðå (ñîîò-
âåòñòâåííî (i, α)-íàáîðå), ïîýòîìó ðàññìàòðèâàåìàÿ ñõåìà k-íåèçáûòî÷íà è äîïóñêàåò
k-ïðîâåðÿþùèé òåñò äëèíû 2. Îòñþäà ñëåäóåò, ÷òî Dk-Ï; 01

1,1 (f) ⩽ 2 è Dk-Ï; 01
1,1 (f) = 2.

Ñëåäñòâèå 1. Ïóñòü n ∈ N ∪ {0} è k ∈ N. Òîãäà
Dk-Ï; 01

1,1 (n) = 0, åñëè n = 0,

Dk-Ï; 01
1,1 (n) = 2, åñëè n = 1 èëè n = 2,

Dk-Ï; 01
1,1 (n) ∈ {2, 3}, åñëè n ⩾ 3.

Çàêëþ÷åíèå
Ñðàâíèì ïîëó÷åííûå ðåçóëüòàòû ñ ðåçóëüòàòàìè ðàáîò [9, 18]. Â [18], â ÷àñòíîñòè,

äîêàçàíî íåðàâåíñòâî D1-Ï; 01
a,b (n) ⩽ 2⌈n/2⌉+2⌊n/2⌋+n ïðè a+ b = 2. Ñëåäñòâèå 1 ïîêàçû-

âàåò, ÷òî â ñëó÷àå a = b = 1, n ⩾ 3 âåðõíþþ îöåíêó 2⌈n/2⌉ + 2⌊n/2⌋ + n ìîæíî ïîíèçèòü
äî 3 è çàòåì äëÿ ëþáîãî k ∈ N ðàñïðîñòðàíèòü íà âåëè÷èíó Dk-Ï; 01

1,1 (n). Â [9, òåîðå-
ìà 2] óñòàíîâëåíî, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî n ⩾ 2 ñóùåñòâóåò áóëåâà ôóíêöèÿ
îò n ïåðåìåííûõ, êîòîðóþ íåëüçÿ ðåàëèçîâàòü êîíòàêòíîé ñõåìîé, íåèçáûòî÷íîé è
äîïóñêàþùåé åäèíè÷íûé ïðîâåðÿþùèé òåñò äëèíû ìåíåå n + 2 îòíîñèòåëüíî ïðîèç-
âîëüíûõ íåèñïðàâíîñòåé êîíòàêòîâ, ò. å. îáðûâîâ è çàìûêàíèé êîíòàêòîâ. Òåîðåìà 4
äåìîíñòðèðóåò, ÷òî åñëè ðàçáèòü âñå êîíòàêòû íà ïàðû ïðîòèâîïîëîæíûõ êîíòàêòîâ
è ñâÿçàòü ìåæäó ñîáîé îáðûâ îäíîãî êîíòàêòà è çàìûêàíèå äðóãîãî êîíòàêòà â ïàðå,
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òî, íàïðîòèâ, ëþáóþ áóëåâó ôóíêöèþ äëÿ ëþáîãî k ∈ N ìîæíî ðåàëèçîâàòü êîíòàêò-
íîé ñõåìîé, k-íåèçáûòî÷íîé è äîïóñêàþùåé k-ïðîâåðÿþùèé òåñò äëèíû íå áîëåå 3
îòíîñèòåëüíî ïðîèçâîëüíûõ ñâÿçíûõ íåèñïðàâíîñòåé êîíòàêòîâ.
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êîäîâ, àññîöèèðîâàííûõ ñ ýëëèïòè÷åñêîé êðèâîé, ýðìèòîâîé êðèâîé è êâàðòèêîé
Êëåéíà, è ÿâíî çàäàíû ïàðû, èñïðàâëÿþùèå îøèáêè, äëÿ ïîñòðîåííûõ êîäîâ.

Êëþ÷åâûå ñëîâà: àëãåáðîãåîìåòðè÷åñêèé êîä, ôóíêöèîíàëüíîå ïîëå, äèâèçîð,

èñïðàâëÿþùèå îøèáêè ïàðû, äåêîäèðîâàíèå àëãåáðîãåîìåòðè÷åñêîãî êîäà, ýëëèï-

òè÷åñêàÿ êðèâàÿ, ýðìèòîâà êðèâàÿ, êâàðòèêà Êëåéíà.

ALGEBRAIC-GEOMETRY CODES AND DECODING BY
ERROR-CORRECTING PAIRS

E. S. Malygina∗, A.A. Kuninets∗∗, V. L. Ratochka∗∗, A.G. Duplenko∗∗, D.Y. Neiman∗∗

∗HSE, Moscow, Russia
∗∗Immanuel Kant Baltic Federal University, Kaliningrad, Russia

We consider the basic theory of algebraic curves and their function fields necessary for
constructing algebraic geometry codes and a pair of codes forming an error-correction
pair which is used in a precomputation step of the decoding algorithm for the algebraic
geometry codes. Also, we consider the decoding algorithm and give the necessary
theory to prove its correctness. As a result, we consider elliptic curves, Hermitian
curves and Klein quartics and construct the algebraic geometry codes associated with
these families of curves, and also explicitly define the error-correcting pairs for the
resulting codes.

Keywords: algebraic geometry code, function field, divisor, error-correcting pair,
decoding of algebraic geometry code, elliptic curve, Hermitian curve, Klein quartic.
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âòîðîãî àâòîðà ïîääåðæàíà ãðàíòîì Ðîññèéñêîãî íàó÷íîãî ôîíäà �22-41-0441.
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Ââåäåíèå
Â íà÷àëå 70-õ ãîäîâ XX âåêà ðîññèéñêèé ìàòåìàòèê Â.Ä. Ãîïïà óñòàíîâèë ñâÿçü

ìåæäó àëãåáðàè÷åñêèìè êðèâûìè íàä êîíå÷íûìè ïîëÿìè è êîäàìè, èñïðàâëÿþùè-
ìè îøèáêè, ïðåäëîæèâ ïîñòðîèòü êîä, èñïîëüçóÿ ëèáî ðàöèîíàëüíûå ôóíêöèè, ëèáî
äèôôåðåíöèàëüíûå ôîðìû íà êðèâûõ [1]. Ñ÷èòàëîñü, ÷òî ïîñòðîåííûé êîä îáëàäàë
õîðîøèìè õàðàêòåðèñòèêàìè, åñëè îòíîøåíèå ÷èñëà ðàöèîíàëüíûõ òî÷åê êðèâîé ê å¼
ðîäó äîñòàòî÷íî âåëèêî. Íîâàÿ ñâÿçü ïîçâîëèëà ãëóáæå èçó÷èòü àñèìïòîòèêó êîäîâ.
Òàê, â òî âðåìÿ äëÿ àíàëèçà ïàðàìåòðîâ [n, k, d]-êîäà C, ãäå n�äëèíà, k�ðàçìåð-
íîñòü, d�ìèíèìàëüíîå ðàññòîÿíèå, íàèëó÷øåé íèæíåé ãðàíèöåé ÿâëÿëàñü ãðàíèöà
Âàðøàìîâà � Ãèëáåðòà

R ⩾ 1−H(δ),

ãäå R = k/n� îòíîñèòåëüíàÿ ñêîðîñòü; δ = d/n� àñèìïòîòè÷åñêîå îòíîñèòåëüíîå ìè-
íèìàëüíîå ðàññòîÿíèå êîäà C; H(x) = −(x logq x+(1−x) logq(1−x))�ôóíêöèÿ ýíòðî-
ïèè ïðè óñëîâèè, ÷òî êîä C îïðåäåë¼í íàä êîíå÷íûì ïîëåì Fq.

Âñêîðå ïîñëå ðåçóëüòàòîâ Ãîïïû â 1982 ã. Ì. Öôàñìàí, Ñ. Âëýäóö è Ò. Öèíê ñîïî-
ñòàâèëè ïîñëåäîâàòåëüíîñòè êðèâûõ ñ ïîñëåäîâàòåëüíîñòÿìè àñèìïòîòè÷åñêè õîðîøèõ
êîäîâ, ðàññìàòðèâàÿ ìîäóëÿðíûå êðèâûå è êðèâûå Øèìóðû [2]. Îíè äîêàçàëè ñóùå-
ñòâîâàíèå ïîñëåäîâàòåëüíîñòåé êîäîâ íàä êîíå÷íûì ïîëåì Fq, ãäå q = p2 èëè q = p4

äëÿ ïðîñòîãî p, ïàðàìåòðû êîòîðûõ óäîâëåòâîðÿëè ãðàíèöå

R ⩾ 1− δ − 1
√
q − 1

.

Äëÿ q ⩾ 49 ãðàíèöà Öôàñìàíà �Âëýäóöà �Öèíêà ëó÷øå, ÷åì ãðàíèöà Âàðøàìî-
âà � Ãèëáåðòà, ïîñêîëüêó ãàðàíòèðóåìîå åþ çíà÷åíèå îòíîñèòåëüíîé ñêîðîñòè áîëü-
øå. Íåçàâèñèìî ß. Èõàðà äîêàçàë àíàëîãè÷íûé ðåçóëüòàò [3] äëÿ ëþáîãî êîíå÷íîãî
ïîëÿ Fq, ãäå q�êâàäðàò ïðîñòîãî ÷èñëà, à èìåííî:

R ⩾ 1− δ − A(q)−1.

Çäåñü A(q) = lim sup
g→+∞

max |C(Fq)|
g(C)

=
√
q− 1; |C(Fq)|�÷èñëî Fq-ðàöèîíàëüíûõ òî÷åê àëãåá-

ðàè÷åñêîé êðèâîé C; g(C)� å¼ ðîä.
Ïîëó÷åííûé Öôàñìàíîì, Âëýäóöåì è Öèíêîì ðåçóëüòàò ñòàë îñíîâîïîëàãàþùèì

äëÿ èíòåíñèâíîãî èññëåäîâàíèÿ êàê êðèâûõ ñ áîëüøèì ÷èñëîì òî÷åê, òàê è àññîöèè-
ðîâàííûõ ñ íèìè ÀÃ-êîäîâ. Òàê, íàïðèìåð, À. Ãàðñèÿ è Õ. Øòèõòåíîò ïîëó÷èëè îï-
òèìàëüíûå ïîñëåäîâàòåëüíîñòè êðèâûõ, äëÿ êîòîðûõ îòíîøåíèå ÷èñëà òî÷åê ê ðîäó
äîñòèãàåò ãðàíèöû Äðèíôåëüäà �Âëýäóöà [4]. Åù¼ îäíî íàïðàâëåíèå èññëåäîâàíèé
ÀÃ-êîäîâ êàñàåòñÿ ðàçðàáîòêè ïîëèíîìèàëüíûõ àëãîðèòìîâ äåêîäèðîâàíèÿ, èñïðàâ-
ëÿþùèõ äî ïîëîâèíû êîíñòðóêòèâíîãî ðàññòîÿíèÿ è äàæå áîëåå îøèáîê.

Îòìåòèì, ÷òî ìíîãèå ñâîéñòâà ÀÃ-êîäû óíàñëåäîâàëè èç ñâîéñòâ îáîáù¼ííûõ êîäîâ
Ðèäà�Ñîëîìîíà, êîòîðûå, â ñâîþ î÷åðåäü, ìîæíî ðàññìàòðèâàòü êàê ÀÃ-êîäû íà ïðî-
åêòèâíîé ïðÿìîé. Îäíàêî åù¼ îäíîé ìîòèâàöèåé èññëåäîâàòü êîäû, àññîöèèðîâàííûå
ñ êðèâûìè áîëüøèõ ðîäîâ, ñòàë ñëåäóþùèé ôàêò: äëèíà êîäà Ðèäà�Ñîëîìîíà, îïðå-
äåë¼ííîãî íàä çàäàííûì êîíå÷íûì ïîëåì Fq, íå ïðåâûøàåò q+1, â òî âðåìÿ êàê ìîæ-
íî ïîñòðîèòü ÀÃ-êîä ïðîèçâîëüíîé äëèíû íàä çàäàííûì ôèêñèðîâàííûì ïîëåì Fq.
Êðîìå òîãî, ê èíòåðåñíûì ñâîéñòâàì ÀÃ-êîäîâ, êîòîðûå äåëàþò èõ ïðèãîäíûìè äëÿ
î÷åíü øèðîêîãî ñïåêòðà ïðèëîæåíèé, ìîæíî îòíåñòè ñëåäóþùèå. Âî-ïåðâûõ, ÀÃ-êîäû
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ìîæíî ïîñòðîèòü ÿâíî, âî-âòîðûõ, äëÿ ÀÃ-êîäîâ ñóùåñòâóþò ýôôåêòèâíûå àëãîðèò-
ìû äåêîäèðîâàíèÿ, â-òðåòüèõ, äëÿ áîëüøèíñòâà ñåìåéñòâ ÀÃ-êîäîâ ìèíèìàëüíîå ðàñ-
ñòîÿíèå íàõîäèòñÿ äîñòàòî÷íî áëèçêî ê ñâîåé âåðõíåé ãðàíèöå � ãðàíèöå Ñèíãëòîíà,
â-÷åòâ¼ðòûõ, äóàëüíûé ê ÀÃ-êîäó êîä òàêæå ÿâëÿåòñÿ ÀÃ-êîäîì, â-ïÿòûõ, êâàäðàò
ÀÃ-êîäà ñîäåðæèòñÿ â èñõîäíîì ÀÃ-êîäå, à çà÷àñòóþ ñîâïàäàåò ñ íèì. ÀÃ-êîäû íà-
õîäÿò ñâî¼ ïðèìåíåíèå â òàêèõ ïðèêëàäíûõ îáëàñòÿõ, êàê êðèïòîãðàôèÿ ñ îòêðûòûì
êëþ÷îì, òåîðèÿ àëãåáðàè÷åñêîé ñëîæíîñòè, ðàçäåëåíèå ñåêðåòà, à â ïîñëåäíåå âðåìÿ
è â ïîñòêâàíòîâîé êðèïòîãðàôèè.

Öåëüþ íàñòîÿùåãî îáçîðà ÿâëÿåòñÿ ïðåäñòàâëåíèå áàçîâîé òåîðèè ôóíêöèîíàëü-
íûõ ïîëåé, ïîçâîëÿþùåé îïèñàòü êàê òåîðåòè÷åñêîå, òàê è ïðàêòè÷åñêîå ïîñòðîå-
íèå ÀÃ-êîäîâ, à òàêæå îáçîð àëãîðèòìà äåêîäèðîâàíèÿ íà îñíîâå ïàð, èñïðàâëÿþùèõ
îøèáêè. Ðàññìîòðåíû òðè ñåìåéñòâà êðèâûõ� ýëëèïòè÷åñêèå è ýðìèòîâû êðèâûå, à
òàêæå êâàðòèêà Êëåéíà, äëÿ êîòîðûõ ïîñòðîåíû ÀÃ-êîäû. Äëÿ ñàìèõ êîäîâ ïîñòðî-
åíû ïàðû, èñïðàâëÿþùèå îøèáêè, íåîáõîäèìûå äëÿ âõîäíûõ ïàðàìåòðîâ àëãîðèòìà
äåêîäèðîâàíèÿ.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ èç òåîðèè àëãåáðàè÷åñêèõ êðèâûõ
Áóäåì ñ÷èòàòü, ÷òî Fq �êîíå÷íîå ïîëå, ñîäåðæàùåå q ýëåìåíòîâ; An � àôôèííîå

ïðîñòðàíñòâî íàä Fq ðàçìåðíîñòè n.

Îïðåäåëåíèå 1. n-Ìåðíîå ïðîåêòèâíîå ïðîñòðàíñòâî íàä êîíå÷íûì ïîëåì Fq,
êîòîðîå áóäåì îáîçíà÷àòü Pn(Fq) èëè êðàòêî Pn, ñîñòîèò èç êëàññîâ ýêâèâàëåíòíîñòè
(n + 1)-íàáîðîâ, îáîçíà÷àåìûõ P = (x1 : . . . : xn+1), ãäå xi ∈ Fq. Ïðè ýòîì îòíîøåíèå
ýêâèâàëåíòíîñòè çàäàíî ñëåäóþùèì îáðàçîì:

(x1 : . . . : xn+1) ∼ (y1 : . . . : yn+1)⇔ xi = λyi äëÿ i = 1, . . . , n+ 1 è íåêîòîðîãî λ ∈ F∗
q.

Òàêîé êëàññ ýêâèâàëåíòíîñòè P íàçûâàåòñÿ òî÷êîé ïðîåêòèâíîãî ïðîñòðàíñòâà Pn,
à (n+ 1)-íàáîð, îïðåäåëÿþùèé òî÷êó P , íàçûâàåòñÿ å¼ îäíîðîäíûìè êîîðäèíàòàìè.

Îòìåòèì, ÷òî ñóùåñòâóåò åñòåñòâåííîå âëîæåíèå An ↪→ Pn, òàêîå, ÷òî (x1, . . . , xn) 7→
7→ (x1 : . . . : xn : 1). Òî÷êè èç Pn, äëÿ êîòîðûõ xn+1 = 0, íàçûâàþòñÿ áåñêîíå÷íî

óäàë¼ííûìè òî÷êàìè.

Îïðåäåëåíèå 2. Ìíîãî÷ëåí f ∈ Fq[X1, . . . , Xn+1] íàçûâàåòñÿ îäíîðîäíûì ìíîãî-

÷ëåíîì ñòåïåíè d, åñëè äëÿ ëþáîãî íàáîðà (x1, . . . , xn+1) ∈ Fn+1
q è ëþáîãî λ ∈ F∗

q èìååò
ìåñòî ñîîòíîøåíèå

f(λx1, . . . , λxn+1) = λdf(x1, . . . , xn+1).

Åñëè ìíîãî÷ëåí ÿâëÿåòñÿ îäíîðîäíûì, òî åãî ìíîæåñòâî íóëåé (êîðíåé) îïðåäåëåíî
êîððåêòíî.

Îïðåäåëåíèå 3. Ïóñòü S ⊆ Fq[X1, . . . , Xn+1]�ìíîæåñòâî îäíîðîäíûõ ìíîãî÷ëå-
íîâ. Ìíîæåñòâî íóëåé ìíîãî÷ëåíîâ, àññîöèèðîâàííûõ ñ S, îáîçíà÷èì êàê

Z(S) = {P ∈ Pn : f(P ) = 0 äëÿ âñåõ f ∈ S}.

Ïîäìíîæåñòâî Y ⊆ Pn íàçîâ¼ì ïðîåêòèâíûì àëãåáðàè÷åñêèì ìíîæåñòâîì, åñëè
ñóùåñòâóåò ìíîæåñòâî S ⊆ Fq[X1, . . . , Xn+1] îäíîðîäíûõ ìíîãî÷ëåíîâ, òàêîå, ÷òî
Y = Z(S).

Èäåàëîì àëãåáðàè÷åñêîãî ìíîæåñòâà Y íàçûâàåòñÿ èäåàë I(Y ), ïîðîæä¼ííûé
ìíîæåñòâîì îäíîðîäíûõ ìíîãî÷ëåíîâ f ∈ Fq[X1, . . . , Xn+1] òàê, ÷òî f(P ) = 0 äëÿ
âñåõ P ∈ Y .
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Îïðåäåëåíèå 4. Ïðîåêòèâíûì ìíîãîîáðàçèåì áóäåì íàçûâàòü íåïðèâîäèìîå çà-
ìêíóòîå (â ñìûñëå òîïîëîãèè Çàðèññêîãî [5]) ïîäìíîæåñòâî â Pn.

Îïðåäåëåíèå 5. Ïóñòü Y � àëãåáðàè÷åñêîå ìíîæåñòâî. Îïðåäåëèì êîîðäèíàò-

íîå êîëüöî äëÿ Y êàê ôàêòîð-êîëüöî Fq[Y ] = Fq[X1, . . . , Xn+1]/I(Y ).

Ðàññìîòðèì îäíîðîäíûå ìíîãî÷ëåíû f, g ∈ Fq[X1, . . . , Xn+1] îäèíàêîâîé ñòåïå-
íè, ïðè÷¼ì g ̸∈ I(Y ), è áóäåì ñ÷èòàòü, ÷òî Y �íåêîòîðîå ìíîãîîáðàçèå. Äðîáü
f/g ∈ Fq[X1, . . . , Xn+1] íàçûâàåòñÿ ðàöèîíàëüíîé ôóíêöèåé íà Y . Ýëåìåíòû f/g è f ′/g′

îïðåäåëÿþò îäíó è òó æå ðàöèîíàëüíóþ ôóíêöèþ, åñëè (fg′ − f ′g)(P ) = 0 äëÿ
âñåõ P ∈ Y .

Îïðåäåëåíèå 6. Ïîëåì ôóíêöèé Fq(Y ) ìíîãîîáðàçèÿ Y íàçûâàåòñÿ ïîëå ðàöè-
îíàëüíûõ ôóíêöèé íà Y . Ðàçìåðíîñòü Y íàä Fq îïðåäåëÿåòñÿ êàê ñòåïåíü òðàíñöåí-
äåíòíîñòè Fq(Y ).

Òàêèì îáðàçîì, ïðîåêòèâíóþ êðèâóþ, îïðåäåë¼ííóþ íàä ïîëåì Fq, ìîæíî îïðåäå-
ëèòü êàê ìíîãîîáðàçèå ðàçìåðíîñòè îäèí íàä Fq. Ïðèâåä¼ì íàãëÿäíûé ïðèìåð.

Ïðèìåð 1. Â àôôèííîé ïëîñêîñòè íàä êîíå÷íûì ïîëåì Fq ðàññìîòðèì ìíîãî-
îáðàçèå X , îïðåäåë¼ííîå îäíîðîäíûì ìíîãî÷ëåíîì Y 2Z −X3−Z3 ñòåïåíè 3. Îáîçíà-
÷èì x = X/Z è y = Y/Z. Ïîëå ôóíêöèé Fq(X ) ñîñòîèò èõ ýëåìåíòîâ âèäà f/g, ãäå
f, g ∈ Fq[x, y]. Ïîñêîëüêó y óäîâëåòâîðÿåò óðàâíåíèþ y2 = x3+1, òî ñòåïåíü òðàíñöåí-
äåíòíîñòè Fq(X ) íàä Fq ðàâíà 1. Òàêèì îáðàçîì, ìíîãîîáðàçèå X ÿâëÿåòñÿ êðèâîé.

Ïîñêîëüêó ïðè ïîñòðîåíèè ÀÃ-êîäà ìû èñïîëüçóåì êðèâóþ, îïðåäåë¼ííóþ íàä êî-
íå÷íûì ïîëåì, òî ïîä ïðîåêòèâíîé êðèâîé X/Fq íàä êîíå÷íûì ïîëåì áóäåì ïîíèìàòü
ïðîåêòèâíóþ êðèâóþ X ⊆ Pn(Fq), îïðåäåëÿåìóþ îäíîðîäíûì ìíîãî÷ëåíîì ñ êîýôôè-
öèåíòàìè â Fq, ãäå Fq � àëãåáðàè÷åñêîå çàìûêàíèå Fq. Ïðè ýòîì ïîëå ðàöèîíàëüíûõ
ôóíêöèé êðèâîé X ñ êîýôôèöèåíòàìè èç Fq áóäåì îáîçíà÷àòü Fq(X ), îíî ÿâëÿåòñÿ ïî-
ëåì ôóíêöèé êðèâîé X/Fq èëè å¼ ôóíêöèîíàëüíûì ïîëåì. Ìíîæåñòâî òî÷åê êðèâîé,
èìåþùèõ êîîðäèíàòû â Fq, îáîçíà÷àåòñÿ X (Fq). Òàêèå òî÷êè íàçûâàþòñÿ Fq-ðàöèî-
íàëüíûìè òî÷êàìè êðèâîé X .

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ èç òåîðèè ôóíêöèîíàëüíûõ ïîëåé
Ñóùåñòâóåò àëüòåðíàòèâíîå îïðåäåëåíèå ôóíêöèîíàëüíîãî ïîëÿ áåç íåïîñðåä-

ñòâåííîé ïðèâÿçêè ê êðèâîé.

Îïðåäåëåíèå 7. Àëãåáðàè÷åñêèì ôóíêöèîíàëüíûì ïîëåì F/Fq îò îäíîé ïåðå-

ìåííîé íàçûâàåòñÿ ðàñøèðåíèå F ïîëÿ Fq, òàêîå, ÷òî F ÿâëÿåòñÿ êîíå÷íûì àëãåá-
ðàè÷åñêèì ðàñøèðåíèåì ïîëÿ Fq(x) äëÿ íåêîòîðîãî ýëåìåíòà x ∈ F , ÿâëÿþùåãîñÿ
òðàíñöåíäåíòíûì íàä Fq.

Â äåéñòâèòåëüíîñòè ëþáîå ôóíêöèîíàëüíîå ïîëå F îò n ïåðåìåííûõ ïðåäñòàâëÿåò
ñîáîé ïîëå äðîáåé Frac

(
Fq[x1, x2, . . . , xn]/f(x1, x2, . . . , xn)

)
, ÷èñëèòåëè è çíàìåíàòåëè

êîòîðûõ ÿâëÿþòñÿ ìíîãî÷ëåíàìè îò ïåðåìåííûõ x1, x2, . . . , xn ñ êîýôôèöèåíòàìè â Fq

ñ ó÷¼òîì ðåäóêöèè ïî ìîäóëþ f(x1, x2, . . . , xn), ãäå f(x1, x2, . . . , xn) ∈ Fq[x1, x2, . . . , xn]�
àáñîëþòíî íåïðèâîäèìûé ìíîãî÷ëåí.

Ñîãëàñíî ñêàçàííîìó, äàëåå áóäåì àññîöèèðîâàòü ñ ëþáîé êðèâîé X/Fq, çàäàííîé
ìíîãî÷ëåíîì f(x1, x2, . . . , xn) ∈ Fq[x1, x2, . . . , xn], å¼ ïîëå ôóíêöèé (ôóíêöèîíàëüíîå
ïîëå) F = Fq(X ) è äàäèì ðÿä áàçîâûõ îïðåäåëåíèé òåîðèè ôóíêöèîíàëüíûõ ïîëåé,
íåîáõîäèìûõ äëÿ ïîñòðîåíèÿ ìàòåìàòè÷åñêèõ îáúåêòîâ, êîòîðûå íóæíû äëÿ îïðåäå-
ëåíèÿ è ïîñòðîåíèÿ ÀÃ-êîäà.
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Îïðåäåëåíèå 8. Îïðåäåëèì äèñêðåòíîå íîðìèðîâàíèå ôóíêöèîíàëüíîãî ïî-

ëÿ F/Fq êàê ôóíêöèþ
v : F → Z ∪ {∞},

îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè:

� v(x) =∞⇔ x = 0;
� v(xy) = v(x) + v(y) äëÿ âñåõ x, y ∈ F ;
� v(x+ y) ⩾ min{v(x), v(y)} äëÿ âñåõ x, y ∈ F ;
� ñóùåñòâóåò x ∈ F , òàêîé, ÷òî v(x) = 1;
� v(α) = 0 äëÿ âñåõ α ∈ F ∗.

Îïðåäåëåíèå 9. Êîëüöîì íîðìèðîâàíèÿ ôóíêöèîíàëüíîãî ïîëÿ F/Fq íàçûâàåò-
ñÿ êîëüöî O ⊆ F , òàêîå, ÷òî Fq & O & F è äëÿ âñÿêîãî f ∈ F ëèáî f ∈ O, ëèáî
f−1 ∈ O.

Îòìåòèì, ÷òî òî÷êîé ôóíêöèîíàëüíîãî ïîëÿ F/Fq ÿâëÿåòñÿ ìàêñèìàëüíûé èäå-
àë íåêîòîðîãî êîëüöà íîðìèðîâàíèÿ O ýòîãî ïîëÿ. Òàêèì îáðàçîì, åñëè O�êîëüöî
íîðìèðîâàíèÿ ïîëÿ F/Fq è P � åãî ìàêñèìàëüíûé èäåàë, òî O åäèíñòâåííûì îáðàçîì
îïðåäåëÿåòñÿ ñ ïîìîùüþ P , à èìåííî: O = {f ∈ F : f−1 ̸∈ P}. Ïîýòîìó äàëåå âìåñòî O
áóäåì ïèñàòü OP , à âñå òî÷êè ôóíêöèîíàëüíîãî ïîëÿ F/Fq áóäåì îáîçíà÷àòü PF .

Ñîãëàñíî ñâîéñòâàì, ìàêñèìàëüíûé èäåàë P êîëüöà íîðìèðîâàíèÿ OP ÿâëÿåòñÿ
ãëàâíûì, ò. å. P = tpOP . Ïðè ýòîì ýëåìåíò tP íàçûâàåòñÿ ëîêàëüíûì èëè óíèôîðìè-

çóþùèì ïàðàìåòðîì.
Ñ êàæäîé òî÷êîé P ∈ PF àññîöèèðóåì äèñêðåòíîå íîðìèðîâàíèå ñëåäóùèì îáðà-

çîì. Âñÿêèé ýëåìåíò f ∈ F èìååò åäèíñòâåííîå ïðåäñòàâëåíèå f = tnPu, ãäå u ∈ O×
P =

= OP \ {0} è n ∈ Z. Îïðåäåëèì äåéñòâèå äèñêðåòíîãî íîðìèðîâàíèÿ íà ýëåìåíòû
ôóíêöèîíàëüíîãî ïîëÿ F ñëåäóþùèì îáðàçîì:

vP (f) = n è vP (0) =∞.

Ôóíêöèÿ vP óäîâëåòâîðÿåò âñåì ñâîéñòâàì îïðåäåëåíèÿ 8.

Îïðåäåëåíèå 10. Áóäåì ãîâîðèòü, ÷òî òî÷êà P ÿâëÿåòñÿ íóë¼ì ôóíêöèè f òîãäà
è òîëüêî òîãäà, êîãäà vP (f) > 0, è ÿâëÿåòñÿ ïîëþñîì ôóíêöèè f òîãäà è òîëüêî òîãäà,
êîãäà vP (f) < 0.

Îïðåäåëåíèå 11. Ìíîæåñòâî òî÷åê PF ïîðîæäàåò àáåëåâó ãðóïïó DF , íàçûâàå-
ìóþ ãðóïïîé äèâèçîðîâ ïîëÿ F/Fq. Ýëåìåíò ãðóïïû DF íàçûâàåòñÿ äèâèçîðîì ôóíê-
öèîíàëüíîãî ïîëÿ F/Fq è ïðåäñòàâëÿåò ñîáîé ôîðìàëüíóþ ñóììó òî÷åê

D =
∑

P∈PF

nPP,

ãäå nP ∈ Z è ïî÷òè âñå nP = 0.

Íîñèòåëåì äèâèçîðà D ÿâëÿåòñÿ ìíîæåñòâî

supp(D) = {P ∈ PF : nP ̸= 0}.

Äëÿ òî÷êè P ∈ PF è äèâèçîðà D îïðåäåëèì íîðìèðîâàíèå äèâèçîðà â òî÷êå P êàê
vP (D) = nP . Òàêèì îáðàçîì, ìû ìîæåì ïåðåçàïèñàòü äèâèçîð ñëåäóþùèì îáðàçîì:

D =
∑

P∈supp(D)

vP (D)P.
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Îòìåòèì, ÷òî â ãðóïïå DF îïðåäåëåíî ÷àñòè÷íîå óïîðÿäî÷èâàíèå. Áóäåì ñ÷èòàòü, ÷òî
D1 ⩽ D2 òîãäà è òîëüêî òîãäà, êîãäà vP (D1) ⩽ vP (D2) äëÿ âñåõ P ∈ PF .

Îïðåäåëèì òàêæå ñòåïåíü äèâèçîðà

deg(D) =
∑

P∈PF

vP (D) deg(P ),

ãäå deg(P ) = [OP/P : Fq]� ñòåïåíü ðàñøèðåíèÿ ïîëÿ OP/P íàä Fq, êîòîðîå èçîìîðôíî
íåêîòîðîìó êîíå÷íîìó ïîëþ, ÿâëÿþùåìóñÿ ðàñøèðåíèåì ïîëÿ Fq. Òî÷êè ñòåïåíè 1
ôóíêöèîíàëüíîãî ïîëÿ F/Fq ñîîòâåòñòâóþò Fq-ðàöèîíàëüíûì òî÷êàì êðèâîé X/Fq.

Îïðåäåëåíèå 12. Ïóñòü f ∈ F \ {0}. Îáîçíà÷èì ÷åðåç Z (÷åðåç N) ìíîæåñòâî
íóëåé (ïîëþñîâ) f â PF . Òîãäà äëÿ ôóíêöèè f îïðåäåëèì å¼
äèâèçîð íóëåé:

(f)0 =
∑
P∈Z

vP (f)P ;

äèâèçîð ïîëþñîâ:
(f)∞ =

∑
P∈N

(−vP (f))P ;

ãëàâíûé äèâèçîð:
(f) = (f)0 − (f)∞.

Ãëàâíóþ ðîëü â îïðåäåëåíèè ÀÃ-êîäà èãðàåò ïðîñòðàíñòâî Ðèìàíà �Ðîõà:

Îïðåäåëåíèå 13. Ïðîñòðàíñòâîì Ðèìàíà�Ðîõà, àññîöèèðîâàííûì ñ äèâèçî-

ðîì D ∈ DF , íàçûâàåòñÿ ìíîæåñòâî ôóíêöèé âèäà

L (D) = {f ∈ F : (f) ⩾ −D} ∪ {0}.

Îòìåòèì, ÷òî L (D) ÿâëÿåòñÿ êîíå÷íîìåðíûì âåêòîðíûì ïðîñòðàíñòâîì íàä Fq, à
öåëîå ÷èñëî dim(D) = dimL (D) íàçûâàåòñÿ ðàçìåðíîñòüþ äèâèçîðà D.

Â ñèëó èçîìîðôèçìà Fq(X ) ∼= F/Fq ðîä àëãåáðàè÷åñêîé êðèâîé ñîâïàäàåò ñ ðîäîì
å¼ ïîëÿ ôóíêöèé.

Îïðåäåëåíèå 14. Ðîä ôóíêöèîíàëüíîãî ïîëÿ F/K îïðåäåë¼í êàê

g = max{deg(D)− dim(D) + 1 : D ∈ DF}.

3. ÀÃ-êîäû
Ïîêàæåì, êàê çàäà¼òñÿ êîä, àññîöèèðîâàííûé ñ ôóíêöèîíàëüíûì ïîëåì àëãåáðà-

è÷åñêîé êðèâîé. Òàêèå êîäû, êàê óæå ñêàçàíî, íàçûâàþòñÿ ãåîìåòðè÷åñêèìè êîäàìè
Ãîïïû èëè ÀÃ-êîäàìè.

Çàôèêñèðóåì ñëåäóþùèå îáîçíà÷åíèÿ:

� F/Fp � àëãåáðàè÷åñêîå ôóíêöèîíàëüíîå ïîëå ðîäà g;
� P1, P2, . . . , Pn �ïîïàðíî ðàçëè÷íûå òî÷êè ïîëÿ F/Fp ñòåïåíè îäèí;
� D = P1 + . . .+ Pn �äèâèçîð DF ;
� G ∈ DF � òàêîé äèâèçîð â DF , ÷òî supp(G) ∩ supp(D) = ∅.

Îïðåäåëåíèå 15. ÀÃ-êîä CL (D,G), àññîöèèðîâàííûé ñ äèâèçîðàìèD è G, îïðå-
äåë¼í ñëåäóþùèì îáðàçîì:

CL (D,G) = {(f(P1), . . . , f(Pn)) : f ∈ L (G)} ⊆ Fn
p .
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Îòìåòèì, ÷òî âñÿêèé êîä CL (D,G) ìîæíî îõàðàêòåðèçîâàòü ïàðàìåòðàìè [n, k, d],
ãäå n�äëèíà êîäà (÷èñëî òî÷åê â çàïèñè äèâèçîð D); k�ðàçìåðíîñòü êîäà (ðàçìåð-
íîñòü ïðîñòðàíñòâà Ðèìàíà �Ðîõà L (G) èëè dim(G)); d�ìèíèìàëüíîå ðàññòîÿíèå
êîäà (ìèíèìàëüíîå ÷èñëî îòëè÷íûõ îò íóëÿ ïîçèöèé â êîäîâûõ ñëîâàõ).

Ñîãëàñíî [6, Theorem 2.2.2], ÀÃ-êîä CL (D,G) ÿâëÿåòñÿ [n, k, d]-êîäîì, ÷üè ïàðàìåò-
ðû óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

k = dim(G)− dim(G−D), d ⩾ n− deg(G). (1)

Óòâåðæäåíèå 1 [6, Corollary 2.2.3]. Åñëè deg(G) < n, òî:

� CL (D,G) ÿâëÿåòñÿ [n, k, d]-êîäîì, ãäå d ⩾ n−deg(G) è k = dim(G) ⩾ deg(G)+1−g;
� åñëè â äîïîëíåíèå deg(G) > 2g − 2, òî k = deg(G) + 1− g;
� åñëè {f1, . . . , fk}� áàçèñ ïðîñòðàíñòâà L (G), òî ìàòðèöà

G =


f1(P1) f1(P2) . . . f1(Pn)
f2(P1) f2(P2) . . . f2(Pn)

...
... . . .

...
fk(P1) fk(P2) . . . fk(Pn)

 ∈ Fk×n
p

ÿâëÿåòñÿ ïîðîæäàþùåé ìàòðèöåé êîäà CL (D,G).

Èç îáùåé òåîðèè êîäèðîâàíèÿ îòìåòèì, ÷òî CL (D,G) = {xG : x ∈ Fk
p} è ïðîâåðî÷-

íàÿ ìàòðèöà êîäà H ∈ F(n−k)×n
p óäîâëåòâîðÿåò óñëîâèþ HcT = 0, ãäå c ∈ CL (D,G).

Âàæíûì îáúåêòîì â òåîðèè êîäèðîâàíèÿ ÿâëÿåòñÿ ïîíÿòèå äóàëüíîãî êîäà ê êîäó
CL (D,G). Â äåéñòâèòåëüíîñòè åãî ñòðóêòóðà ñëîæíåå, íåæåëè CL (D,G), ïîñêîëüêó ñî-
ïðÿæåíà ñ ïðîñòðàíñòâîì äèôôåðåíöèàëîâ. Äëÿ áîëåå äåòàëüíîãî îçíàêîìëåíèÿ ñòîèò
îáðàòèòüñÿ ê [6]. Çäåñü ìû ïîñòàðàåìñÿ óïðîñòèòü ïîíèìàíèå äóàëüíîãî ÀÃ-êîäà, íå
âäàâàÿñü â òàêèå ïîíÿòèÿ, êàê ïðîñòðàíñòâî äèôôåðåíöèàëîâ, äèôôåðåíöèàëüíûé
äèâèçîð, àäåëè è âû÷åòû, à îïèðàÿñü èñêëþ÷èòåëüíî íà ñâîéñòâî äóàëüíîñòè.

Äàëåå äóàëüíûé êîä áóäåì îáîçíà÷àòü êàê

CL (D,G)⊥ = {x ∈ Fn
p : ⟨x, c⟩ = 0 äëÿ âñåõ c ∈ CL (D,G)},

ãäå ⟨x, c⟩ =
n∑

i=1

x1c1 + . . . , xncn. Î÷åâèäíî, ÷òî òîãäà ïðîâåðî÷íàÿ ìàòðèöà H êîäà

CL (D,G) ÿâëÿåòñÿ ïîðîæäàþùåé ìàòðèöåé êîäà CL (D,G)⊥. Ñîîòâåòñòâåííî, ïðåä-
ñòàâëÿÿ ïîðîæäàþùóþ ìàòðèöó â ñèñòåìàòè÷åñêîé ôîðìå G = (Ik|A), ãäå Ik � åäè-

íè÷íàÿ ìàòðèöà ðàçìåðíîñòè k × k è A ∈ Fk×(n−k)
p , ìû áåç òðóäà ìîæåì ïðèâåñòè

ïðîâåðî÷íóþ ìàòðèöó ê ñèñòåìàòè÷åñêîìó âèäó H = (−AT|In−k), ãäå In−k � åäèíè÷-
íàÿ ìàòðèöà ðàçìåðíîñòè (n− k)× (n− k), è êàê ñëåäñòâèå ïîñòðîèòü äóàëüíûé êîä.
Êðîìå òîãî, áóäåì ñ÷èòàòü, ÷òî êîä C ÿâëÿåòñÿ ñàìîäóàëüíûì, åñëè C = C⊥.

Ñîãëàñíî [6, Theorem 2.2.7], åñëè 2g−2 < deg(G) < n, òî ÀÃ-êîä CL (D,G)⊥ ÿâëÿåòñÿ
[n, k′, d′]-êîäîì, ÷üè ïàðàìåòðû óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

k′ = n+ g − 1− deg(G), d′ ⩾ deg(G)− (2g − 2).

×åì áîëüøå ìèíèìàëüíîå ðàññòîÿíèå êîäà, òåì áîëüøåå ÷èñëî îøèáîê ìîæíî èñïðà-
âèòü. Ê ñîæàëåíèþ, â îòëè÷èå îò äëèíû è ðàçìåðíîñòè êîäà, êîòîðûå ìîæíî âû÷èñ-
ëèòü ÿâíî, â îáùåì ñëó÷àå ìèíèìàëüíîå ðàññòîÿíèå èìååò ëèøü íèæíþþ ãðàíèöó (êàê
óêàçàíî âûøå) è âåðõíþþ ãðàíèöó� ãðàíèöó Ñèíãëòîíà:

d ⩽ n+ 1− k.
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Î÷åâèäíî, ÷òî ìåíüøàÿ ðàçìåðíîñòü äà¼ò áîëåå âûñîêóþ âåðõíþþ ãðàíèöó äëÿ ìèíè-
ìàëüíîãî ðàññòîÿíèÿ êîäà. Îäíàêî îäíèì èç íåîáõîäèìûõ ñâîéñòâ êîäà ÿâëÿåòñÿ åãî
îòíîñèòåëüíî âûñîêàÿ ðàçìåðíîñòü, ïîñêîëüêó äëÿ çàäàííîãî êîäîâîãî ñëîâà [n, k, d]-
êîäà ëèøü k êîîðäèíàò ñîäåðæàò ôàêòè÷åñêóþ èíôîðìàöèþ. Äðóãèå n− k êîîðäèíàò
èñïîëüçóþòñÿ äëÿ ñîçäàíèÿ èçáûòî÷íîñòè è âîçìîæíîñòè èñïðàâëåíèÿ îøèáîê. Åñ-
ëè k âåëèêî, òî çíà÷åíèå k/n, îòâå÷àþùåå çà ñêîðîñòü ïåðåäà÷è èíôîðìàöèè, òàêæå
âûñîêî, ÷òî îçíà÷àåò ýôôåêòèâíîñòü èñïîëüçóåìîãî êîäà. Ó÷èòûâàÿ âåðõíþþ ãðàíè-
öó Ñèíãëòîíà, ìû ìîæåì íå ïîëó÷èòü áîëüøîãî çíà÷åíèÿ ìèíèìàëüíîãî ðàññòîÿíèÿ,
îäíàêî âñåãäà ñóùåñòâóåò êîìïðîìèññ ìåæäó ñêîðîñòüþ ïåðåäà÷è èíôîðìàöèè è ñïî-
ñîáíîñòüþ êîäà èñïðàâëÿòü îøèáêè.

Êàê ïîêàçàíî âûøå, ìèíèìàëüíûå ðàññòîÿíèÿ êîäîâ CL (D,G) è CL (D,G)⊥ èìåþò
íèæíèå ãðàíèöû

δ = n− deg(G) è δ′ = deg(G)− 2g + 2,

êîòîðûå íàçûâàþòñÿ êîíñòðóêòèâíûì ìèíèìàëüíûì ðàññòîÿíèåì ñîîòâåòñòâóþùåãî
êîäà è îáåñïå÷èâàþò èñïðàâëåíèå ïî êðàéíåé ìåðå ⌊(δ(δ′) − 1)/2⌋ îøèáîê. Â îáùåì
ñëó÷àå ðàññìàòðèâàåìûå êîäû ìîãó èñïðàâèòü íå áîëüøå ⌊(d(d′)− 1)/2⌋ îøèáîê, ãäå d
è d′ �ìèíèìàëüíûå ðàññòîÿíèÿ êîäîâ CL (D,G) è CL (D,G)⊥ ñîîòâåòñòâåííî.

4. Äåêîäèðîâàíèå íà îñíîâå ïàð, èñïðàâëÿþùèõ îøèáêè
Îäíî èç âàæíåéøèõ óñëîâèé ïðèìåíèìîñòè òîãî èëè èíîãî êëàññà êîäîâ â êðèï-

òîãðàôèè� ñóùåñòâîâàíèå ýôôåêòèâíîãî àëãîðèòìà äåêîäèðîâàíèÿ äëÿ íåãî. Ðàçó-
ìååòñÿ, äåêîäèðîâàòü ÀÃ-êîäû âîçìîæíî, èñïîëüçóÿ âñå áàçîâûå àëãîðèòìû, ñïðà-
âåäëèâûå äëÿ ëèíåéíûõ êîäîâ, îäíàêî óñëîâèþ ýôôåêòèâíîñòè îíè íå óäîâëåòâî-
ðÿþò. Ñóùåñòâóåò ðÿä ìîäèôèêàöèé àëãîðèòìà äåêîäèðîâàíèÿ Áåðëåêýìïà�Ìýñ-
ñè äëÿ ÀÃ-êîäîâ. Â [7] îïèñûâàåòñÿ ñïèñî÷íûé àëãîðèòì äåêîäèðîâàíèÿ, ðàáîòàþ-
ùèé çà ïîëèíîìèàëüíîå âðåìÿ äëÿ ëþáîãî ÀÃ-êîäà C ñ ïàðàìåòðàìè [n, k, d] ïðè
wt(e) < n −

√
n(n− d), ãäå wt(·) îáîçíà÷àåò âåñ âåêòîðà. Îäíàêî íàèáîëåå ýôôåê-

òèâíûì äëÿ ÀÃ-êîäîâ â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ àëãîðèòì äåêîäèðîâàíèÿ íà îñíîâå
ïàð, èñïðàâëÿþùèõ îøèáêè. Îí ïðåäñòàâëÿåò òàêæå áîëüøîé èíòåðåñ ñ êðèïòîãðà-
ôè÷åñêîé òî÷êè çðåíèÿ, ïîñêîëüêó â [8] ïðåäëîæåíà àòàêà íà ïðîèçâîëüíûé ÀÃ-êîä,
â îñíîâå êîòîðîé ëåæàò ïàðû, èñïðàâëÿþùèå îøèáêè. Ñëîæíîñòü äåòåðìèíèðîâàí-
íîé àòàêè ðàâíà O(n4log(n)), îäíàêî ïðèìåíåíèå âåðîÿòíîñòíîãî ïîäõîäà ïîçâîëÿåò
óìåíüøèòü ñëîæíîñòü äî O(n3+ϵ log(n)). Òàêèì îáðàçîì, ïàðû, èñïðàâëÿþùèå îøèá-
êè, èãðàþò âàæíóþ ðîëü â êðèïòîàíàëèçå ïðèìèòèâîâ, ïîñòðîåííûõ ñ èñïîëüçîâàíèåì
ÀÃ-êîäîâ.

4.1. Ï à ð û , è ñ ï ð à â ë ÿ þ ù è å î ø è á ê è

Èäåÿ èñïîëüçîâàòü ïàðó ëèíåéíûõ êîäîâ äëÿ äåêîäèðîâàíèÿ ïîÿâèëàñü åù¼
â 90-õ ãîäàõ XX âåêà è ïðåäëîæåíà â [9]. Ââåä¼ì ðÿä îáîçíà÷åíèé.

Îïðåäåëåíèå 16. Ïóñòü a, b ∈ Fn
q . Ïðîèçâåäåíèå Øóðà äâóõ âåêòîðîâ îïðåäåëÿ-

åòñÿ êàê ïðîèçâåäåíèå èõ ñîîòâåòñòâóþùèõ êîîðäèíàò, à èìåííî:

(a1, . . . , an) ∗ (b1, . . . , bn) = (a1b1, . . . , anbn),

(a1, . . . , an)
i = (ai1, . . . , a

i
n).

Àíàëîãè÷íî îïðåäåëåíèþ 16, ââåä¼ì îïðåäåëåíèå ïðîèçâåäåíèÿ Øóðà äëÿ äâóõ
ìíîæåñòâ. Ïóñòü A,B ⊂ Fn

q , òîãäà èõ ïðîèçâåäåíèå Øóðà îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì:

A ∗ B = {a ∗ b : a ∈ A, b ∈ B}.
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Îïðåäåëåíèå 17. Ïóñòü C ∈ Fn
q �ëèíåéíûé êîä. Òîãäà ïàðà ëèíåéíûõ êî-

äîâ (A,B), ãäå A,B ⊂ Fn
q , íàçûâàåòñÿ ïàðîé, èñïðàâëÿþùåé t îøèáîê, äëÿ êîäà C,

åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) A ∗ B ⊆ C⊥;
2) k(A) > t;
3) d(B⊥) > t;
4) d(A) + d(C) > n.

Çäåñü k(·) è d(·)�ðàçìåðíîñòü è ìèíèìàëüíîå ðàññòîÿíèå ñîîòâåòñòâóþùåãî êîäà.

Çàìå÷àíèå 1. Ïóíêò 4 â îïðåäåëåíèè 17 ìîæåò áûòü çàìåí¼í ýêâèâàëåíòíûìè
óòâåðæäåíèÿìè:

� d(A⊥) > 1;
� d(A) > n− 2t.

Â îáîçíà÷åíèÿõ îïðåäåëåíèÿ 17 d(C) ⩾ 2t+ 1. Íà ïðàêòèêå âìåñòî óñëîâèÿ 1 ÷àñòî
èùóò êîäû A,B, òàêèå, ÷òî A ∗ C ⊂ B⊥. Ýòî ïîçâîëÿåò ñîêðàòèòü âû÷èñëåíèÿ äëÿ
óñëîâèÿ 3.

Â [10, 11] îïèñàíû óñëîâèÿ ñóùåñòâîâàíèÿ êîäîâA è B, ñîñòàâëÿþùèõ ïàðó, èñïðàâ-
ëÿþùóþ t îøèáîê; â [11] ïðèâåäåíû òàêæå ïðèìåðû ñóùåñòâîâàíèÿ ïàð äëÿ íåñêîëüêèõ
ñåìåéñòâ êîäîâ.

Óòâåðæäåíèå 2. Ïóñòü F �ôóíêöèîíàëüíîå ïîëå ðîäà g; D = P1 + . . . + Pn �
äèâèçîð, íîñèòåëü êîòîðîãî ñîñòîèò èç òî÷åê ñòåïåíè îäèí ïîëÿ F ; G,H �äèâèçîðû,
òàêèå, ÷òî deg(G) ⩾ 2g, deg(H) ⩾ 2g + 1 è supp(D) ∩ {supp(G), supp(H)} = ∅. Òîãäà

CL (D,G) ∗ CL (D,H) = CL (D,G+H).

Èç óòâåðæäåíèÿ 2 ñëåäóåò, ÷òî ïàðà (A,B), ãäå A = CL (D,H) è B = CL (D,G−H),
deg(G) > deg(H) ⩾ t + g, deg(G − H) > t + 2g − 2, ÿâëÿåòñÿ ïàðîé, èñïðàâëÿþùåé
t îøèáîê, äëÿ êîäà CL (D,G)⊥.

Åñëè äëÿ ÀÃ-êîäà CL (D,G) âûïîëíÿåòñÿ óñëîâèå n > deg(G) > 2g − 2, òî êîí-
ñòðóêòèâíîå ðàññòîÿíèå äóàëüíîãî ê íåìó êîäà δ(CL (D,G))⊥ = deg(G) + 2 − 2g è
âñåãäà íàéä¼òñÿ ïàðà êîäîâ (A,B), èñïðàâëÿþùàÿ ⌊(δ − g − 1)/2⌋ îøèáîê.

Ðàññìîòðèì ðàçìåðíîñòü êîäà A ∗ B, äëÿ ýòîãî ââåä¼ì ïîíÿòèå ñòàáèëèçàòîðà.

Îïðåäåëåíèå 18. Ïóñòü C ⊆ Fn
q . Ñòàáèëèçàòîð êîäà C îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì:
stab(C) =

{
x ∈ Fn

q : ∀c ∈ C(x ∗ c ∈ C)
}
.

Òåîðåìà 1 [12, Theorem 2.11]. Ïóñòü A,B�ëèíåéíûå êîäû. Òîãäà

k(A ∗ B) ⩾ k(A) + k(B)− k(stab(A ∗ B)).

Ëèíåéíûé êîä èìååò ñòàáèëèçàòîð, ðàçìåðíîñòü êîòîðîãî ïðåâîñõîäèò 1, òîãäà è
òîëüêî òîãäà, êîãäà êîä ÿâëÿåòñÿ ïðÿìîé ñóììîé äâóõ ïîäêîäîâ CL (D,G) è CL (D,G′)
ñ íåïåðåñåêàþùèìèñÿ íîñèòåëÿìè äèâèçîðîâ G è G′ èëè ïîðîæäàþùàÿ ìàòðèöà êîäà
èìååò íóëåâîé ñòîëáåö. Â ïðîòèâíîì ñëó÷àå k(A ∗ B) ⩾ k(A) + k(B)− 1.

4.2. À ë ã î ð è ò ì ä å ê î ä è ð î â à í è ÿ

Äàëåå ðàññìîòðèì àëãîðèòì äåêîäèðîâàíèÿ, ïðåäëîæåííûé â [9]. Ââåä¼ì ðÿä îáî-
çíà÷åíèé.

Îïðåäåëåíèå 19. Ïóñòü I = {j1, . . . , js} ⊂ {1, . . . , n}, x = (x1, . . . , xn) ∈ Fn
q è

A ⊆ Fn
q . Òîãäà:
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1) xI = (xj1 , . . . , xjs);
2) Z(x) = {i ∈ {1, . . . , n} : xi = 0};
3) Z(A) = {i ∈ {1, . . . , n} : ai = 0 äëÿ âñåõa ∈ A};
4) A(I) = {a ∈ A : aI = 0}.
Ïóñòü CL (D,G)�ÀÃ-êîä ñ ïàðàìåòðàìè [n, k, d], y = c + e�ïðèíÿòûé âåêòîð,

Ie = {i : ei ̸= 0} = supp(e), (A,B)�ïàðà, èñïðàâëÿþùàÿ t îøèáîê, äëÿ êîäà CL (D,G).
Àëãîðèòì äåêîäèðîâàíèÿ ìîæíî ðàçäåëèòü íà äâå ÷àñòè:

1) ïîèñê ìíîæåñòâà I ⊇ Ie, ãäå |Ie| = wt(e) ⩽ t;
2) âîññòàíîâëåíèå íåíóëåâûõ ïîçèöèé âåêòîðà îøèáêè e.

Íà ïåðâîì øàãå íåîáõîäèìî íàéòè ìíîæåñòâî, ðàâíîå èëè ñîäåðæàùåå â ñåáå ïîçè-
öèè îøèáîê â ïîëó÷åííîì ñëîâå. Ñëîæíîñòü ýòîé ïðîöåäóðû çàêëþ÷àåòñÿ â íåçíàíèè
ýëåìåíòîâ ìíîæåñòâà Ie. Äëÿ íàõîæäåíèÿ I èñïîëüçóþò ïàðó êîäîâ (A,B).

Óòâåðæäåíèå 3 [9, Theorem 2.14]. Åñëè k(A) > t è |Ie| ⩽ t, òî A(Ie) ̸= ∅.
Ðàññìîòðèì ìíîæåñòâî M = {a ∈ A : ⟨a ∗ y, b⟩ = 0 äëÿ âñåõ b ∈ B}, ÿâëÿþùååñÿ

ÿäðîì îòîáðàæåíèÿ ϕ: a 7→ (b 7→ ⟨a ∗ y, b⟩).
Óòâåðæäåíèå 4 [9, Proposition 2.9]. Ïóñòü y = c + e�ïðèíÿòûé âåêòîð, Ie =

= supp(e), C ⊆ Fn
q �ëèíåéíûé êîä. Åñëè A ∗ B ⊆ C⊥, òî

1) A(Ie) ⊆M ⊆ A;
2) åñëè d(B⊥) > t, òî A(Ie) =M .

Åñëè ïàðà ëèíåéíûõ êîäîâ (A,B) óäîâëåòâîðÿåò ñâîéñòâàì 1 è 2 îïðåäåëåíèÿ 17,
òî ìíîæåñòâî Z(M) íå ÿâëÿåòñÿ òðèâèàëüíûì è ñîäåðæèò Ie. Ðàçóìååòñÿ, íà ïðàêòèêå
íå îáÿçàòåëüíî áðàòü â êà÷åñòâå I èìåííî Z(M). Ýòî íå îïòèìàëüíî ââèäó áîëüøîé
âû÷èñëèòåëüíîé ñëîæíîñòè.

Çàìå÷àíèå 2. Ïóñòü a ∈ M è M = A(Ie). Òîãäà Ie ⊆ Z(a). Ñëåäîâàòåëüíî,
â êà÷åñòâå ìíîæåñòâà I ìîæíî èñïîëüçîâàòü I = Z(a).

Çàìå÷àíèå 3. Íàõîæäåíèå ìíîæåñòâà M = {a∈A : ⟨a ∗ y, b⟩ = 0 äëÿ âñåõ b∈B}
ñâîäèòñÿ ê âû÷èñëåíèþ ëåâîãî ÿäðà ìàòðèöû, ñîñòàâëåííîé èç îáðàçîâ áàçèñíûõ âåê-
òîðîâ êîäà A, ïîëó÷åííûõ ïðèìåíåíèåì îòîáðàæåíèÿ ϕ: a 7→ (b 7→ ⟨a ∗ y, b⟩), ÷òî
ýêâèâàëåíòíî âû÷èñëåíèþ ïðàâîãî ÿäðà ìàòðèöû ëèíåéíîãî îòîáðàæåíèÿ ϕ.

Íà âòîðîì øàãå íåîáõîäèìî ðåøèòü ñèñòåìó óðàâíåíèé. Ïóñòü H�ïðîâåðî÷íàÿ
ìàòðèöà, èìåþùàÿ n ñòîëáöîâ, I = Z(a)�ìíîæåñòâî, âû÷èñëåííîå íà øàãå 1. Òîãäà
HI �ïîäìàòðèöà, ÷üè ñòîëáöû ïðîèíäåêñèðîâàíû ýëåìåíòàìè ìíîæåñòâà I, è íåíóëå-
âûå ïîçèöèè âåêòîðà e ìîæíî íàéòè, ðåøèâ ñëåäóþùóþ ñèñòåìó:

HIu
T = HyT. (2)

Îòìåòèì, ÷òî ðåøåíèå ñèñòåìû (2) â îáùåì ñëó÷àå íå åäèíñòâåííî.

Òåîðåìà 2. Ïóñòü äëÿ ïàðû êîäîâ (A,B) âûïîëíÿþòñÿ óñëîâèÿ óòâåðæäåíèÿ 4.
Åñëè d(A) + d(C) > n, k(A) > t è I = Z(a), òî |I| < d(C) è ñóùåñòâóåò íå áîëåå îäíîãî
ðåøåíèÿ ñèñòåìû (2).

Äîêàçàòåëüñòâî. Ïóñòü Ie ⊆ I = Z(a), a ∈M , |Ie| = t è y = c+ e�ïîëó÷åííûé
âåêòîð. Îïðåäåëèì îòîáðàæåíèå

RI :

{
Ft
q → Fn

q ,

RI(xI) = (x1, . . . , xn) ∈ Fn
p , xi = 0, åñëè i /∈ I, è xi = xIi , åñëè i ∈ I.
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Î÷åâèäíî, ÷òî HIe
T
I = H · RI(eI)

T = HeT = HyT. Òàêèì îáðàçîì, ñèñòåìà (2) èìååò
ðåøåíèå eTI .

Òåïåðü äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ ïðè d(A) + d(C) > n è k(A) > t. Åñëè
íàøëîñü åù¼ îäíî ðåøåíèå ñèñòåìû, íàïðèìåð xTI , òî

H (RI(xI))
T = HIx

T
I = H (RI(eI))

T = HeT = HyT.

Ñëåäîâàòåëüíî, H (RI(xI)− e)T = 0, à òàêæå

wt(RI(xI)− e) ⩽ |Z(a)| ⩽ n− d(A) < d(C).

Ïîëó÷èëè RI(xI) − e = 0, è, òàêèì îáðàçîì, íåòðèâèàëüíîå ðåøåíèå ñèñòåìû åäèí-
ñòâåííî.

Îïèñàííûå øàãè ìîæíî ïðåäñòàâèòü â âèäå àëãîðèòìà 1..

Àëãîðèòì 1. Äåêîäèðîâàíèå

Âõîä: CL (D,G)�ÀÃ-êîä, (A,B)�ïàðà, èñïðàâëÿþùàÿ t îøèáîê, y = c + e�ïîëó-
÷åííûé âåêòîð ñ îøèáêîé.

Âûõîä: eI, c.
1: Âû÷èñëèòü M = {a ∈ A : ⟨a ∗ y, b⟩ = 0 äëÿ âñåõ b ∈ B}.
2: Åñëè M = ∅, òî
3: ïåðåéòè íà øàã 11.
4: Ïîëîæèòü a := random(x), x ∈M .
5: Âû÷èñëèòü I = Z(a).
6: Ïîñòðîèòü ìàòðèöó HI.
7: Ðåøèòü ñèñòåìó óðàâíåíèé HIu

T = HyT îòíîñèòåëüíî u.
8: Åñëè wt(u) > t, òî
9: ïåðåéòè íà øàã 11.
10: Âåðíóòü eI = u, c = y −RI(eI).
11: Âåðíóòü ¾Â ïîëó÷åííîì âåêòîðå áîëåå t îøèáîê.¿

Çàìå÷àíèå 4. Íà øàãàõ 1 è 2 íåîáõîäèìî âû÷èñëèòü ÿäðî M îòîáðàæåíèÿ ϕ,
à òàêæå Z(a), ãäå a ∈ M . Äàëåå ðåøàåòñÿ ñèñòåìà èç ìàêñèìóì n óðàâíåíèé ñ n
íåèçâåñòíûìè. Òàêèì îáðàçîì, ñëîæíîñòü àëãîðèòìà ðàâíà O(n3).

5. Ïðèìåðû
Ðàññìîòðèì ðÿä ïðèìåðîâ ïîñòðîåíèÿ ÀÃ-êîäîâ, àññîöèèðîâàííûõ ñ ýëëèïòè÷åñêîé

è ýðìèòîâîé êðèâûìè, à òàêæå ñ êâàðòèêîé Êëåéíà. Äëÿ êàæäîãî ïîñòðîåííîãî êîäà
íàéä¼ì ñîîòâåòñòâóþùóþ ïàðó, èñïðàâëÿþùóþ îøèáêè.

5.1. À Ã - ê î ä û í à ý ë ë è ï ò è ÷ å ñ ê è õ ê ð è â û õ

Îïðåäåëåíèå 20. Àëãåáðàè÷åñêîå ôóíêöèîíàëüíîå ïîëå F/Fq íàçûâàåòñÿ ýëëèï-
òè÷åñêèì, åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) g(F/Fq) = 1;
2) ñóùåñòâóåò äèâèçîð A ∈ DF , òàêîé, ÷òî deg(A) = 1.

Îòìåòèì íåêîòîðûå ôàêòû, êàñàþùèåñÿ ýëëèïòè÷åñêèõ êðèâûõ è èõ ôóíêöèîíàëü-
íûõ ïîëåé. Íà ïðîòÿæåíèè âñåãî ï. 5.1 ïîä F = Fq(x, y) áóäåì ïîäðàçóìåâàòü ýëëèïòè-
÷åñêîå ôóíêöèîíàëüíîå ïîëå. Â çàâèñèìîñòè îò õàðàêòåðèñòèêè áàçîâîãî ïîëÿ, óðàâ-
íåíèå ôóíêöèîíàëüíîãî ïîëÿ ýëëèïòè÷åñêîé êðèâîé ìîæåò áûòü çàäàíî ñëåäóþùèì
îáðàçîì:



94 Å. Ñ. Ìàëûãèíà, À. À. Êóíèíåö, Â. Ë. Ðàòî÷êà, À. Ã. Äóïëåíêî, Ä. ß. Íåéìàí

� åñëè char (Fq) ̸= 2, òî ñóùåñòâóþò x, y ∈ F , òàêèå, ÷òî F = Fq(x, y) è

y2 = f(x),

ãäå f(x) ∈ Fq[x]� ñâîáîäíûé îò êâàäðàòîâ ìíîãî÷ëåí è deg(f) = 3;
� åñëè char (Fq) = 2, òî ñóùåñòâóþò x, y ∈ F , òàêèå, ÷òî F = Fq(x, y) è

y2 + y = f(x), ãäå f(x) ∈ Fq[x] è deg f = 3,

èëè

y2 + y = x+
1

ax+ b
, ãäå a, b ∈ Fq è a ̸= 0.

Îòìåòèì, ÷òî [n, k]-êîä, àññîöèèðîâàííûé ñ ýëëèïòè÷åñêèì ôóíêöèîíàëüíûì ïî-
ëåì, ÿâëÿåòñÿ MDS-êîäîì (äîñòèãàåò ãðàíèöû Ñèíãëòîíà) òîãäà è òîëüêî òîãäà,
êîãäà äëÿ ëþáîãî ïîäìíîæåñòâà òî÷åê {Pi1 , Pi2 , . . . , Pik} ⊆ supp(G) äèâèçîð âèäà
Pi1 + Pi2 + . . . + Pik − kP∞ íå ÿâëÿåòñÿ ãëàâíûì. Ñîãëàñíî ãðàíèöå Õàññå �Âåéëÿ,
ìàêñèìàëüíîå êîëè÷åñòâî ðàöèîíàëüíûõ òî÷åê ýëëèïòè÷åñêîé êðèâîé X , èëè òî÷åê
ñòåïåíè îäèí ôóíêöèîíàëüíîãî ïîëÿ, ðàâíî q+1+2

√
q. Òàêèì îáðàçîì, ðàññìîòðåíèå

êðèâûõ ñ ÷èñëîì òî÷åê, äîñòèãàþùèì ãðàíèöû Õàññå �Âåéëÿ, ïîçâîëÿåò ìàêñèìàëüíî
óâåëè÷èòü äëèíó êîäîâîãî ñëîâà.

Èñõîäÿ èç óðàâíåíèÿ ýëëèïòè÷åñêîãî ôóíêöèîíàëüíîãî ïîëÿ, äëÿ ôóíêöèé x, y ∈
∈ Fq(X ) ìîæíî âû÷èñëèòü ñîîòâåòñòâóþùèå íîðìèðîâàíèÿ

−vP∞(x) = 2, −vP∞(y) = 3 è − vP∞(xλyγ) = 2λ+ 3γ

äëÿ íåêîòîðûõ λ, γ ∈ Z>0. Ñîîòâåòñòâåííî áàçèñ ïðîñòðàíñòâà Ðèìàíà �Ðîõà L(αP∞),
α ∈ Z>0, àññîöèèðîâàííîãî ñ äèâèçîðîì, êðàòíûì áåñêîíå÷íî óäàë¼ííîé òî÷êå, ñîñòîèò
èç ôóíêöèé f = xλyγ, ãäå λ ∈ N, γ ∈ {0, 1}, 2λ+ 3γ ⩽ α, è èìååò âèä

{1, x, y, x2, xy, x3, x2y, x4, x3y, . . .}.

Ïðèìåð 2. Ïóñòü F = Fq(x, y)� ýëëèïòè÷åñêîå ôóíêöèîíàëüíîå ïîëå c óðàâíå-
íèåì y2 = x3 + 7x + 4 è q = 17. Îòìåòèì, ÷òî g(F ) = 1. Ïîñòðîèì ÀÃ-êîä, àññîöèè-
ðîâàííûé ñ çàäàííîé ýëëèïòè÷åñêîé êðèâîé, è íàéä¼ì ïàðó, èñïðàâëÿþùóþ îøèáêè,
äëÿ ïîñòðîåííîãî êîäà.

Çàäàäèì äèâèçîð D = P1 + P2 + . . .+ P12, ãäå Pi � òî÷êè ñòåïåíè îäèí ïîëÿ F äëÿ
i = 1, . . . , 12:

P1 = (0, 15), P2 = (0, 2), P3 = (3, 16), P4 = (3, 1), P5 = (15, 13), P6 = (15, 4),

P7 = (11, 16), P8 = (11, 1), P9 = (16, 9), P10 = (16, 8), P11 = (2, 14), P12 = (2, 3).

Çàäàäèì äèâèçîð G = m · P∞, ãäå P∞ � ïîëþñ ôóíêöèé x è y, è ïóñòü m = 5.
Âû÷èñëèì áàçèñ ïðîñòðàíñòâà Ðèìàíà �Ðîõà L (G) = L (5P∞), íåîáõîäèìûé

äëÿ ïîñòðîåíèÿ ÀÃ-êîäà CL (D,G). Äëÿ ýòîãî ðàññìîòðèì äèñêðåòíûå íîðìèðîâàíèÿ
ôóíêöèé, ÿâëÿþùèõñÿ ïðåòåíäåíòàìè íà áàçèñ L (G), çíà÷åíèÿ êîòîðûõ â òî÷êå P∞
íå äîëæíû ïðåâûøàòü m = 5 (òàáë. 1).
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Òà á ë è ö à 1

Çíà÷åíèÿ íîðìèðîâàíèÿ Áàçèñ L (G)

ν∞(1) = 0 1

ν∞(x) = 2 x

ν∞(y) = 3 y

ν∞(x2) = 4 x2

ν∞(xy) = 5 xy

ν∞(x3) = 6 �

Çàïèøåì ïîðîæäàþùóþ è ïðîâåðî÷íóþ ìàòðèöû êîäà CL (D,G):

G =


1 0 0 0 0 8 10 0 8 14 8 16
0 1 0 0 0 9 1 11 4 15 4 13
0 0 1 0 0 14 7 9 2 16 1 16
0 0 0 1 0 3 15 13 7 10 12 14
0 0 0 0 1 1 2 2 14 14 10 10

 ,

H =



1 0 0 0 0 0 0 6 11 12 4 0
0 1 0 0 0 0 0 6 14 9 8 13
0 0 1 0 0 0 0 5 11 10 0 7
0 0 0 1 0 0 0 5 6 15 8 16
0 0 0 0 1 0 0 5 13 12 6 14
0 0 0 0 0 1 0 5 8 0 15 5
0 0 0 0 0 0 1 16 11 6 10 7


.

Êîä CL (D,G), àññîöèèðîâàííûé ñ îïðåäåë¼ííîé âûøå ýëëèïòè÷åñêîé êðèâîé, èìååò
ïàðàìåòðû [12, 5, 7], à åãî äóàëüíûé êîä CL (D,G)⊥ �ïàðàìåòðû [12, 7, 5].

Äëÿ ïîñòðîåíèÿ ïàðû, èñïðàâëÿþùåé îøèáêè, äëÿ êîäà CL (D,G) íåîáõîäèìî îïðå-
äåëèòü âñïîìîãàòåëüíûé äèâèçîð

H = (t+ g)P∞ = 3P∞,

ãäå t = ⌊(n− deg(G)− 1− g)/2⌋. Òîãäà äëÿ êîäà CL (D,G) ïàðîé, èñïðàâëÿþùåé t = 2
îøèáîê, ÿâëÿåòñÿ ïàðà êîäîâA = CL (D,H) è B = C⊥L (D,G+H) ñ ïàðàìåòðàìè [12, 3, 9]
è [12, 4, 8] ñîîòâåòñòâåííî.

5.2. À Ã - ê î ä û í à ý ð ì è ò î â û õ ê ð è â û õ

Îïðåäåëåíèå 21. Ôóíêöèîíàëüíîå ïîëå F = Fq2(x, y), îïðåäåë¼ííîå óðàâíåíèåì
ýðìèòîâîé êðèâîé

yq + y = xq+1,

áóäåì íàçûâàòü ýðìèòîâûì ôóíêöèîíàëüíûì ïîëåì.

Îòìåòèì íåêîòîðûå ôàêòû, êàñàþùèåñÿ ýðìèòîâûõ ôóíêöèîíàëüíûõ ïîëåé. Íà
ïðîòÿæåíèè âñåãî ï. 5.2 ïîä F = Fq2(x, y) áóäåì ïîäðàçóìåâàòü ýðìèòîâî ôóíêöèî-
íàëüíîå ïîëå, äëÿ êîòîðîãî ñïðàâåäëèâî:

� g(F ) = q(q − 1)/2;
� F èìååò q3 + 1 òî÷åê ñòåïåíè îäèí íàä ïîëåì Fq2 ñëåäóþùåãî âèäà:

1) áåñêîíå÷íî óäàë¼ííàÿ òî÷êà Q∞ � îáùèé ïîëþñ ôóíêöèé x è y;
2) äëÿ êàæäîãî α ∈ Fq2 ñóùåñòâóåò q ýëåìåíòîâ β ∈ Fq2 , òàêèõ, ÷òî β

q + β = αq+1;
è äëÿ âñåõ òàêèõ ïàð (α, β) ñóùåñòâóåò åäèíñòâåííàÿ òî÷êà Pα,β ñòåïåíè îäèí,
ãäå x(Pα,β) = α è y(Pα,β) = β;
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� äëÿ íåêîòîðîãî r ⩾ 0 ôóíêöèè âèäà xiyj, ãäå 0 ⩽ i,0 ⩽ j ⩽ q− 1 è iq+ j(q+ 1) ⩽ r,
îáðàçóþò áàçèñ ïðîñòðàíñòâà Ðèìàíà �Ðîõà L (rQ∞).

Îïðåäåëåíèå 22. Äëÿ r ∈ Z îïðåäåëèì ýðìèòîâ ÀÃ-êîä

Cr = CL (D, rQ∞), D =
∑

βq+β=αq+1

Pα,β,

ãäå äèâèçîð D ÿâëÿåòñÿ ñóììîé âñåõ òî÷åê ïåðâîé ñòåïåíè (êðîìå òî÷êè Q∞) ýðìèòîâà
ôóíêöèîíàëüíîãî ïîëÿ F/Fq2 .

Ñåìåéñòâî ýðìèòîâûõ êîäîâ ïðåäñòàâëÿåò îñîáûé èíòåðåñ, ïîñêîëüêó â îïðåäåë¼í-
íûõ ñëó÷àÿõ íàðÿäó ñ äëèíîé è ðàçìåðíîñòüþ ìîæíî ÿâíî âû÷èñëèòü ìèíèìàëüíîå
ðàññòîÿíèå òàêèõ êîäîâ. Íàä ïîëåì Fq2 ýðìèòîâ êîä èìååò äëèíó n = q3.

Äëÿ íåêîòîðîãî r ⩽ s èìååì Cr ⊆ Cs. Ýòî âêëþ÷åíèå ñëåäóåò èç âêëþ÷åíèÿ ñî-
îòâåòñòâóþùèõ ïðîñòðàíñò Ðèìàíà �Ðîõà L (D, rQ∞) ⊆ L (D, sQ∞). Åñëè r ⩽ 0, òî
L (rQ∞) = 0 è Cr = 0. Åñëè r > q3 + q2 − q− 2 = q3 + (2g− 2), òî, ó÷èòûâàÿ (1), èìååì

k(Cr) = dim(rQ∞)− dim(rQ∞ −D) = (r + 1− g)− (r − q3 + 1− g) = q3 = n

è, ñëåäîâàòåëüíî, Cr = F n
q2 . Ñîãëàñíî [6], äëÿ 0 ⩽ r ⩽ q3 + q2 − q − 2 ñïðàâåäëèâî

ñëåäóþùåå

Óòâåðæäåíèå 5. Ïóñòü Cr � ýðìèòîâ êîä è 0 ⩽ r ⩽ q3 + q2 − q − 2. Òîãäà:

� Äóàëüíûì ê êîäó Cr ÿâëÿåòñÿ

Cr⊥ = Cq3+q2−q−2−r.

Êîä Cr ÿâëÿåòñÿ ñàìîäóàëüíûì, åñëè r = (q3 + q2 − q − 2)/2 (÷òî, íà ñàìîì äåëå,
âîçìîæíî òîëüêî â ñëó÷àå, åñëè q ÿâëÿåòñÿ ñòåïåíüþ 2).

� Ðàçìåðíîñòü Cr îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

k(Cr) =

{
|I(r)| , 0 ⩽ r ⩽ q3,

q3 − |I(s)| , q3 ⩽ r ⩽ q3 + q2 − q − 2,

ãäå s = q3 + q2 − q − 2− r è I(r) = {0 ⩽ n ⩽ r : ∃z ∈ F
(
(z)∞ = nQ∞

)
}.

Äëÿ q2 − q − 2 ⩽ r ⩽ q3 èìååì

k(Cr) = r + 1− q(q − 1)/2.

� Ìèíèìàëüíîå ðàññòîÿíèå d êîäà Cr óäîâëåòâîðÿåò íåðàâåíñòâó

d(Cr) ⩾ q3 − r.

Åñëè 0 ⩽ r ⩽ q3 è r, (r3 − r) ÿâëÿþòñÿ ïîëþñíûìè ÷èñëàìè äëÿ òî÷êè Q∞ (ò. å.
ñóùåñòâóþò ôóíêöèè f, f ′ ∈ F , òàêèå, ÷òî (f)∞ = rQ∞ è (f ′)∞ = (r3 − r)Q∞), òî

d(Cr) = q3 − r.

Ïðèìåð 3. Ïóñòü F = Fq2(x, y)�ôóíêöèîíàëüíîå ïîëå ýðìèòîâîé êðèâîé
ñ óðàâíåíèåì y3 + y = x4 è q = 3. Çàäàäèì äèâèçîð D = P1 + P2 + . . . + P27, ãäå
Pi � òî÷êè ïåðâîé ñòåïåíè äëÿ i = 1, . . . , 27:

P1 = (0, 0), P2 = (0, a6), P3 = (0, a2), P4 = (a, a5), P5 = (a, a7), P6 = (a, 1),

P7 = (a2, 2), P8 = (a2, a), P9 = (a2, a3), P10 = (a3, a5), P11 = (a3, a7), P12 = (a3, 1),

P13 = (2, 2), P14 = (2, a), P15 = (2, a3), P16 = (a5, a5), P17 = (a5, a7), P18 = (a5, 1),

P19 = (a6, 2), P20 = (a6, a), P21 = (a6, a3), P22 = (a7, a5), P23 = (a7, a7), P24 = (a7, 1),

P25 = (1, 2), P26 = (1, a), P27 = (1, a3).
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Çäåñü a�êîðåíü ïðèìèòèâíîãî íàä Fq ìíîãî÷ëåíà f(x) = x2 + 2x+ 2.
Çàäàäèì äèâèçîð G = r · Q∞, ãäå Q∞ � îáùèé ïîëþñ ôóíêöèé x è y ïîëÿ F è

r = 17.
Âû÷èñëèì áàçèñ ïðîñòðàíñòâà Ðèìàíà �Ðîõà L (G) = L (17Q∞), íåîáõîäèìûé äëÿ

ïîñòðîåíèÿ ÀÃ-êîäà CL (D,G). Äëÿ ýòîãî ðàññìîòðèì äèñêðåòíûå íîðìèðîâàíèÿ ôóíê-
öèé, ÿâëÿþùèõñÿ ïðåòåíäåíòàìè íà áàçèñ L (G), â òî÷êå Q∞, çíà÷åíèÿ êîòîðûõ íå
äîëæíû ïðåâûøàòü r = 17 (òàáë. 2).

Òà á ë è ö à 2

Çíà÷åíèÿ íîðìèðîâàíèÿ Áàçèñ L (G)

ν∞(1) = 0 1

ν∞(x) = 3 x

ν∞(y) = 4 y

ν∞(x2) = 6 x2

ν∞(xy) = 7 xy

ν∞(y2) = 8 y2

ν∞(x3) = 9 x3

ν∞(x2y) = 10 x2y

ν∞(xy2) = 11 xy2

ν∞(x4) = 12 x4

ν∞(x3y) = 13 x3y

ν∞(x2y2) = 14 x2y2

ν∞(x5) = 15 x5

ν∞(x4y) = 16 x4y

ν∞(x3y2) = 17 x3y2

ν∞(x6) = 18 �

Çàïèøåì ïîðîæäàþùóþ è ïðîâåðî÷íóþ ìàòðèöû êîäà CL (D,G):

G =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 a 0 1 a a5 a a7 2 a3 0 a3 a5 1
0 1 0 0 0 0 0 0 0 0 0 0 0 0 a 0 a2 0 2 a3 a6 0 0 a5 2 a6 a3

0 0 1 0 0 0 0 0 0 0 0 0 0 0 a 0 a3 a5 a5 a2 a2 a6 0 1 a7 a5 a
0 0 0 1 0 0 0 0 0 0 0 0 0 0 a6 0 2 a3 2 a3 0 a a6 a a7 0 a7

0 0 0 0 1 0 0 0 0 0 0 0 0 0 a6 0 a a a 0 a 1 a3 a5 a7 a5 a6

0 0 0 0 0 1 0 0 0 0 0 0 0 0 a6 0 a3 2 0 a3 2 1 2 a7 a5 a3 a
0 0 0 0 0 0 1 0 0 0 0 0 0 0 a5 0 1 a5 a7 a 0 a6 a a a6 a2 a5

0 0 0 0 0 0 0 1 0 0 0 0 0 0 a5 0 a a2 a5 a6 a 0 1 a2 a6 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 0 a5 0 a6 2 a3 a3 a a a3 a2 2 2 a6

0 0 0 0 0 0 0 0 0 1 0 0 0 0 a7 0 0 a7 1 a5 a6 2 a2 a a2 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 a7 0 1 a2 a6 a7 a7 a a3 a6 a5 a a2

0 0 0 0 0 0 0 0 0 0 0 1 0 0 a7 0 2 a a7 0 1 a a5 a5 a 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 2 0 a2 a6 a2 a a7 a a6 1 a6 a2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 0 a6 a2 a7 a a2 a7 0 a3 1 a7 a5

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 a3 a3 a3 a a a



,
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H =



1 0 0 0 0 0 0 0 0 0 0 1 0 a6 0 a2 a 2 0 0 a6 a6 1 a5 a2 2 a
0 1 0 0 0 0 0 0 0 0 0 1 0 2 a5 a3 a7 a5 a5 2 0 a5 a7 a2 a a 0
0 0 1 0 0 0 0 0 0 0 0 1 0 a7 a a3 1 1 a7 0 a a a7 a3 0 a7 a2

0 0 0 1 0 0 0 0 0 0 0 a7 0 a7 2 1 a2 0 a2 a5 a5 a3 a7 a2 2 a2 a3

0 0 0 0 1 0 0 0 0 0 0 a7 0 1 a a6 a7 a2 0 2 a6 a3 0 a5 a5 a5 a3

0 0 0 0 0 1 0 0 0 0 0 a7 0 a5 a3 2 2 a2 a5 a7 a6 a a a3 1 a6 a2

0 0 0 0 0 0 1 0 0 0 0 a3 0 0 1 a3 1 a a2 1 a7 a 0 0 a5 1 a6

0 0 0 0 0 0 0 1 0 0 0 a3 0 a a3 a a2 a2 a7 a 2 2 1 a a7 0 1
0 0 0 0 0 0 0 0 1 0 0 a3 0 a5 a2 a2 0 a3 a7 a3 a3 1 a7 0 a7 a a3

0 0 0 0 0 0 0 0 0 1 0 2 0 a7 a3 a 1 a6 a3 1 a2 a a5 0 a3 2 a
0 0 0 0 0 0 0 0 0 0 1 2 0 a3 a7 a6 1 a a 0 a5 a3 a2 1 a 2 a3

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 a2 a2 a2 1 1 1 a7 a7 a7 a2 a2 a2



.

Êîä CL (D,G), àññîöèèðîâàííûé ñ îïðåäåë¼ííîé âûøå ýðìèòîâîé êðèâîé, èìååò ïàðà-
ìåòðû [27, 15, 10], à åãî äóàëüíûé êîä CL (D,G)⊥ �ïàðàìåòðû [27, 12, 13].

Äëÿ ïîñòðîåíèÿ ïàðû, èñïðàâëÿþùåé îøèáêè, äëÿ êîäà CL (D,G) íåîáõîäèìî îïðå-
äåëèòü âñïîìîãàòåëüíûé äèâèçîð:

H = (t+ g)Q∞ = 6Q∞,

ãäå t = ⌊(n − deg(G) − 1 − g)/2⌋. Â íàøåì ñëó÷àå g = 3 è t = 3. Òîãäà äëÿ êîäà
CL (D,G) ïàðîé, èñïðàâëÿþùåé t = 3 îøèáêè, ÿâëÿåòñÿ ïàðà êîäîâ A = CL (D,H) è
B = C⊥L (D,G+H) ñ ïàðàìåòðàìè [27, 4, 21] è [27, 6, 19] ñîîòâåòñòâåííî.

Äëÿ ïîñòðîåíèÿ ïàðû, èñïðàâëÿþùåé îøèáêè, äëÿ êîäà C⊥L (D,G) íåîáõîäèìî, ÷òî-
áû t = ⌊(deg(G)− 3g + 1)/2⌋. Îïðåäåëèì âñïîìîãàòåëüíûé äèâèçîð

H ′ = (t+ g)Q∞ = 7Q∞.

Òîãäà äëÿ êîäà C⊥L (D,G) ïàðó, èñïðàâëÿþùóþ 4 îøèáêè, ñîñòàâëÿþò êîäû A =
= CL (D,H ′) è B = CL (D,G−H ′) ñ ïàðàìåòðàìè [27, 5, 20] è [27, 8, 17] ñîîòâåòñòâåííî.

5.3. À Ã - ê î ä û í à ê â à ð ò è ê å Ê ë å é í à

Ïðåäïîëîæèì, ÷òî char (Fq) ̸= 7. Ðàññìîòðèì ôóíêöèîíàëüíîå ïîëå F = Fq(z, y)
êâàðòèêè Êëåéíà, çàäàííîå óðàâíåíèåì

z3 + y3z + y = 0. (3)

Ïîñëå óìíîæåíèÿ (3) íà y6, ïîëàãàÿ x = −y2z, ìîæåì çàïèñàòü F = Fq(x, y), ãäå

y7 =
x3

1− x
.

Òàê êàê char (Fq) ̸= 7, ôóíêöèîíàëüíîå ïîëå êâàðòèêè Êëåéíà F íå ÿâëÿåòñÿ ðàöèî-
íàëüíûì. Äàäèì ïàðó îïðåäåëåíèé, ÷òîáû çàïèñàòü îñíîâíûå ñâîéñòâà ýòîãî ôóíêöè-
îíàëüíîãî ïîëÿ.

Îïðåäåëåíèå 23. Ïóñòü F ′/Fq � àëãåáðàè÷åñêîå ðàñøèðåíèå ôóíêöèîíàëüíîãî
ïîëÿ F/Fq.

� Ãîâîðÿò, ÷òî òî÷êà P ′ ∈ PF ′ ëåæèò íàä òî÷êîé P ∈ PF , åñëè P ⊆ P ′.
� Ïóñòü òî÷êà P ′ ∈ PF ′ ëåæèò íàä òî÷êîé P ∈ PF . Ïðè ýòîì íîðìèðîâàíèÿ â ðàñ-

ñìàòðèâàåìûõ òî÷êàõ ñâÿçàíû ñëåäóþùèì ñîîòíîøåíèåì:

vp′(x) = e · vP (x) äëÿ âñåõ x ∈ F.

Åñëè e > 1, òî ãîâîðÿò, ÷òî òî÷êà P ðàçâåòâëÿåòñÿ.
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Ïåðå÷èñëèì ñâîéñòâà ôóíêöèîíàëüíîãî ïîëÿ êâàðòèêè Êëåéíà:

1) g(F ) = 3;
2) ðîâíî òðè òî÷êè ïîëÿ Fq(x) ÿâëÿþòñÿ òî÷êàìè âåòâëåíèÿ â F/Fq, à èìåííî:

ïîëþñ P∞ è íóëü P1 ôóíêöèè x, à òàêæå íóëü P2 ôóíêöèè x − 1. Îáîçíà÷èì
÷åðåç Q∞, Q1, Q2 òî÷êè, ëåæàùèå íàä P∞, P1, P2 ñîîòâåòñòâåííî;

3) òî÷êè Q∞, Q1 è Q2 ÿâëÿþòñÿ òî÷êàìè ñòåïåíè îäèí;
4) îòîáðàæåíèå

ϕ :


x 7−→ x− 1

x
,

y 7−→ −x
y3

ÿâëÿåòñÿ àâòîìîðôèçìîì ïîðÿäêà 3 ïîëÿ F/Fq, êîòîðûé öèêëè÷íî ïîðîæäàåò
òî÷êè Q∞, Q1, Q2, ò. å. ϕ(ϕ(Q∞)) = ϕ(Q1) = Q2.

Ðàññìîòðèì íåêîòîðûé ïîäêëàññ ÀÃ-êîäîâ, àññîöèèðîâàííûõ ñ êâàðòèêîé Êëåéíà,
à èìåííî êîäû, äëÿ êîòîðûõ äèâèçîð G îïðåäåë¼í ñëåäóþùèì îáðàçîì:

G = k0Q∞ + k1Q1 + k2Q2 > 0,

ãäå ki ∈ N0 \ {1, 2, 3, 4}, i = 0, 1, 2 (N0 = {0, 1, 2, . . .}), è áóäåì ñ÷èòàòü, ÷òî deg(G) ⩾ 5.
Òîãäà ïî òåîðåìå Ðèìàíà �Ðîõà dim(G) = deg(G)− 2. Ñîãëàñíî [13], îïðåäåëèì áàçèñ
ïðîñòðàíñòâà Ðèìàíà �Ðîõà L(G).

Ëåììà 1. Åñëè G = k0Q∞ + k1Q1 + k2Q2 > 0, ãäå ki ∈ N0 \ {1, 2, 3, 4}, òî áàçèñ
ïðîñòðàíñòâà Ðèìàíà�Ðîõà L(G) ñîñòîèò èç ñòåïåíåé è ïðîèçâåäåíèé ñëåäóþùèõ
ýëåìåíòîâ:

w1 =
x

y2
, w2 =

x

y
, w3 = x,

z1 = ϕ(w1) =
−1
y
, z2 = ϕ(w2) =

x

y4
, z3 = ϕ(w3) =

x− 1

x
,

v1 = ϕ2(w1) =
y3

x
, v2 = ϕ2(w2) =

−y5

x2
, v3 = ϕ2(w3) =

1

1− x
.

Äëÿ k1 = k2 = 0, k0 ⩾ 5:

L(k0Q∞) = ⟨wβ1

1 w
β2

2 w
β3

3 |βi ⩾ 0, 3β1 + 5β2 + 7β3 ⩽ k0⟩.

Äëÿ k2 = 0, k0 ⩾ k1 ⩾ 5:

L(k0Q∞ + k1Q1) = ⟨wβ1

1 w
β2

2 w
β3

3 |βi ⩾ 0, 3β1 + 5β2 + 7β3 ⩽ k0,

zγ11 z
γ2
2 z

γ1
3 |γi ⩾ 0, 3γ1 + 5γ2 + 7γ3 ⩽ k1,

w1z1, (w1z1)
2, w1(w1z1)⟩.

Äëÿ k1 = 0, k0 ⩾ k2 ⩾ 5:

L(k0Q∞ + k2Q2) = ⟨wβ1

1 w
β2

2 w
β3

3 |βi ⩾ 0, 3β1 + 5β2 + 7β3 ⩽ k0,

vγ11 v
γ2
2 v

γ1
3 |γi ⩾ 0, 3γ1 + 5γ2 + 7γ3 ⩽ k2,

w1v1, (w1v1)
2, w1(w1v1)⟩.
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Äëÿ k0 ⩾ ki ⩾ 5, i = 1, 2:

L(k0Q∞ + k1Q1 + k2Q2) = ⟨wβ1

1 w
β2

2 w
β3

3 |βi ⩾ 0, 3β1 + 5β2 + 7β3 ⩽ k0,

vγ11 v
γ2
2 v

γ1
3 |γi ⩾ 0, 3γ1 + 5γ2 + 7γ3 ⩽ k1,

zδ11 z
δ2
2 z

δ1
3 |δi ⩾ 0, 3δ1 + 5δ2 + 7δ3 ⩽ k2,

w1z1, (w1z1)
2, v1z1, (v1z1)

2, w1v1, (w1v1)
2⟩.

Ãëàâíûå äèâèçîðû ýëåìåíòîâ, ó÷àñòâóþùèõ â ïîñòðîåíèè áàçèñà L(G), èìåþò âèä

(w1)=

(
x

y2

)
=2Q2 +Q1 − 3Q∞, (w2)=

(
x

y

)
=Q2 + 4Q1 − 5Q∞, (w3)= (x)= 7Q1 − 7Q∞,

(v1)=

(
y3

x

)
=2Q1 +Q∞ − 3Q2, (v2)=

(
−y5

x2

)
=Q1+4Q∞−5Q2, (v3)=

(
1

1−x

)
=7Q∞−7Q2,

(z1)=

(
−1
y

)
=2Q∞ +Q2 − 3Q1, (z2)=

(
x

y4

)
=Q∞ + 4Q2 − 5Q1, (z3)=

(
x−1
x

)
=7Q2 − 7Q1.

Ïðèìåð 4. Ïóñòü F = Fq2(x, y)�ôóíêöèîíàëüíîå ïîëå êâàðòèêè Êëåéíà ñ óðàâ-
íåíèåì x3y + y3 + x = 0 è q = 5.

Çàäàäèì äèâèçîð D = P1 + P2 + . . .+ P25, ãäå Pi � òî÷êè ñòåïåíè îäèí ïîëÿ F äëÿ
i = 1, . . . , 25:

P1 = (0, 0), P2 = (1, 0), P3 = (a4, a), P4 = (a23, a3), P5 = (a9, a4),

P6 = (a20, a5), P7 = (4, 2), P8 = (3, 2), P9 = (a16, a8), P10 = (a7, 4),

P11 = (a11, 4), P12 = (3, 4), P13 = (a, a13), P14 = (a2, a13), P15 = (a11, a13),

P16 = (a7, a14), P17 = (a19, a15), P18 = (a8, a16), P19 = (a5, a17), P20 = (a7, a17),

P21 = (a10, a17), P22 = (4, a19), P23 = (a21, a20), P24 = (a11, a22), P25 = (4, a23).

Çäåñü a� îäèí èç êîðíåé ïðèìèòèâíîãî ìíîãî÷ëåíà f(x) = x2 + 4x+ 2 íàä Fq.
Çàäàäèì äèâèçîð G = mQ∞, ãäå m = 13. Âû÷èñëèì áàçèñ ïðîñòðàíñòâà Ðèìàíà �

Ðîõà
L (G) = L (13Q∞) = ⟨wβ1

1 w
β2

2 w
β3

3 |βi ⩾ 0, 3β1 + 5β2 + 7β3 ⩽ 13⟩,

íåîáõîäèìûé äëÿ ïîñòðîåíèÿ ÀÃ-êîäà CL (D,G). Äëÿ ýòîãî ðàññìîòðèì äèñêðåòíûå
íîðìèðîâàíèÿ ôóíêöèé, ÿâëÿþùèõñÿ ïðåòåíäåíòàìè íà áàçèñ L (G), â òî÷êå Q∞
(òàáë. 3).

Çàïèøåì ïîðîæäàþùóþ è ïðîâåðî÷íóþ ìàòðèöû êîäà CL (D,G):

G =



1 0 0 0 0 0 0 0 0 0 0 a23 a10 a20 a20 a3 a14 a4 a10 a11 a23 a11 a3 a14 a53

0 1 0 0 0 0 0 0 0 0 0 a2 a7 a7 0 a a15 a22 a21 a a9 a2 a5 a11 0
0 0 1 0 0 0 0 0 0 0 0 a14 3 a22 a14 a16 a2 a13 a17 a7 a3 a9 a17 a5 a19

0 0 0 1 0 0 0 0 0 0 0 a9 a7 a17 a3 3 a14 a5 a20 a11 a8 a22 a13 1 a
0 0 0 0 1 0 0 0 0 0 0 a2 a20 a22 a4 4 a10 a22 a15 4 a3 a23 a9 a14 a14

0 0 0 0 0 1 0 0 0 0 0 a20 a9 a22 a17 a13 0 a22 a9 a5 a19 4 a15 a a11

0 0 0 0 0 0 1 0 0 0 0 a15 a4 2 a22 a13 a2 a21 1 a4 a9 a10 a19 a9 a15

0 0 0 0 0 0 0 1 0 0 0 a23 a7 a10 a4 3 a5 a17 a16 a21 a20 a11 4 2 3
0 0 0 0 0 0 0 0 1 0 0 a20 a4 a16 a4 a10 a16 0 a 4 a16 a19 1 a3 a11

0 0 0 0 0 0 0 0 0 1 0 a11 a16 a21 a20 a19 a21 a13 3 a20 a20 a14 1 1 1
0 0 0 0 0 0 0 0 0 0 1 a21 a4 a4 a11 a8 a15 2 a7 3 3 a17 4 a8 a2



,
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H =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 a9 a15 a8 1 a11 a4 2 a19 a15 a21 a11

0 1 0 0 0 0 0 0 0 0 0 0 0 0 a5 a9 a5 a23 a3 a20 a9 a13 a22 a23 1
0 0 1 0 0 0 0 0 0 0 0 0 0 0 a17 2 a11 a13 a20 a19 a a19 a5 0 a9

0 0 0 1 0 0 0 0 0 0 0 0 0 0 a14 a23 a13 a22 a8 a2 a19 2 a14 a13 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 a16 a7 a3 a9 a11 a17 a8 a21 2 a5 a2

0 0 0 0 0 1 0 0 0 0 0 0 0 0 a5 0 a9 a19 a10 a3 a23 0 a22 a23 a23

0 0 0 0 0 0 1 0 0 0 0 0 0 0 a7 a13 a22 a17 a8 a7 a4 a19 a19 a23 a16

0 0 0 0 0 0 0 1 0 0 0 0 0 0 a14 a23 a10 4 a2 4 0 a5 a2 a19 a
0 0 0 0 0 0 0 0 1 0 0 0 0 0 a2 a20 a16 a a2 a15 a3 a20 a5 a16 a2

0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 a10 4 a9 a15 a7 a7 a13 a2 a8 a2

0 0 0 0 0 0 0 0 0 0 1 0 0 0 a10 a22 3 a4 a22 a3 a21 a a8 a11 3
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 a a3 a5 2 a20 a7 a4 0 a13 1
0 0 0 0 0 0 0 0 0 0 0 0 1 0 a10 a15 a4 a9 a4 a7 a22 a17 3 a7 a7

0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 a10 a3 a a7 a2 a19 4 a11 a8 0



.

Òà á ë è ö à 3

Çíà÷åíèÿ íîðìèðîâàíèÿ Áàçèñ L (G) wβ1

1 wβ2

2 wβ3

3

ν∞(1) = 0 1 w0
1w

0
2w

0
3

ν∞

(
x

y2

)
= 3

x

y2
w1

1w
0
2w

0
3

ν∞

(
x

y

)
= 5

x

y
w0

1w
1
2w

0
3

ν∞

(
x2

y4

)
= 6

x2

y4
w2

1w
0
2w

0
3

ν∞(x) = 7 x w0
1w

0
2w

1
3

ν∞

(
x2

y3

)
= 8

x2

y3
w1

1w
1
2w

0
3

ν∞

(
x3

y6

)
= 9

x3

y6
w3

1w
0
2w

0
3

ν∞

(
x2

y2

)
= 10

x2

y2
w0

1w
2
2w

0
3

ν∞

(
x3

y5

)
= 11

x3

y5
w2

1w
1
2w

0
3

ν∞

(
x2

y

)
= 12

x2

y
w0

1w
1
2w

1
3

ν∞

(
x3

y4

)
= 13

x3

y4
w1

1w
2
2w

0
3

ν∞
(
x4
)
= 14 � �

Êîä CL (D,G), àññîöèèðîâàííûé ñ îïðåäåë¼ííîé âûøå êâàðòèêîé Êëåéíà, èìååò
ïàðàìåòðû [25, 11, 12], à åãî äóàëüíûé êîä CL (D,G)⊥ �ïàðàìåòðû [25, 14, 9].

Äëÿ ïîñòðîåíèÿ ïàðû, èñïðàâëÿþùåé îøèáêè, äëÿ êîäà CL (D,G) íåîáõîäèìî, ÷òî-
áûm > t+g, ãäå t = ⌊(n− deg(G)− 1− g)/2⌋. Â íàøåì ñëó÷àå g = 3 è t = 4. Îïðåäåëèì
âñïîìîãàòåëüíûé äèâèçîð:

H = (t+ g)Q∞ = 7Q∞.

Òîãäà äëÿ êîäà CL (D,G) ïàðàìè, èñïðàâëÿþùèìè 4 îøèáêè, ÿâëÿþòñÿ:
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� A = CL (D,H) è B = C⊥L (D,G + H) ñ ïàðàìåòðàìè [25, 5, 18] è [25, 7, 16] ñîîòâåò-
ñòâåííî;

� A = C⊥L (D,H) è B = CL (D,H − G) ñ ïàðàìåòðàìè [25, 5, 18] è [25, 7, 16] ñîîòâåò-
ñòâåííî.

Äëÿ ïîñòðîåíèÿ ïàðû, èñïðàâëÿþùåé îøèáêè äëÿ êîäà C⊥L (D,G), íåîáõîäèìî, ÷òî-
áû t = ⌊(deg(G)− 3g + 1)/2⌋. Â íàøåì ñëó÷àå g = 3 è t = 2. Îïðåäåëèì âñïîìîãàòåëü-
íûé äèâèçîð

H ′ = (t+ g)Q∞ = (2 + 3)Q∞.

Òîãäà äëÿ êîäà C⊥L (D,G) ïàðó, èñïðàâëÿþùóþ äâå îøèáêè, ñîñòàâëÿþò êîäû A =
= CL (D,H ′) è B = CL (D,G−H ′) ñ ïàðàìåòðàìè [25, 3, 20] è [25, 6, 17] ñîîòâåòñòâåííî.

5.4. Ï ð è ì å ð ä å ê î ä è ð î â à í è ÿ À Ã - ê î ä à
í à ý ë ë è ï ò è ÷ å ñ ê î é ê ð è â î é

Ðàññìîòðèì ÀÃ-êîä íà ýëëèïòè÷åñêîé êðèâîé, ïîñòðîåííûé â ï. 5.1.
Ïóñòü F = Fq(x, y)� ýëëèïòè÷åñêîå ôóíêöèîíàëüíîå ïîëå c óðàâíåíèåì y2 =

= x3 +7x+4 è q = 17. Çàïèøåì ïîðîæäàþùóþ è ïðîâåðî÷íóþ ìàòðèöû [12, 5, 7]-êîäà
CL (D,G), ãäå G = 5P∞:

G =


1 0 0 0 0 8 10 0 8 14 8 16
0 1 0 0 0 9 1 11 4 15 4 13
0 0 1 0 0 14 7 9 2 16 1 16
0 0 0 1 0 3 15 13 7 10 12 14
0 0 0 0 1 1 2 2 14 14 10 10

 ,

H =



1 0 0 0 0 0 0 6 11 12 4 0
0 1 0 0 0 0 0 6 14 9 8 13
0 0 1 0 0 0 0 5 11 10 0 7
0 0 0 1 0 0 0 5 6 15 8 16
0 0 0 0 1 0 0 5 13 12 6 14
0 0 0 0 0 1 0 5 8 0 15 5
0 0 0 0 0 0 1 16 11 6 10 7


.

Â ï. 5.1 ïîëó÷åíû òàêæå êîäû A = CL (D,H) è B = C⊥L (D,G + H) ñ ïàðàìåòðà-
ìè [12, 3, 9] è [12, 4, 8], ñîñòàâëÿþùèå ïàðó, èñïðàâëÿþùóþ t = 2 îøèáêè äëÿ êîäà
CL (D,G). Çàïèøåì ïîðîæäàþùèå ìàòðèöû ñîîòâåòñòâóþùèõ êîäîâ:

GA =

1 0 0 8 2 0 15 6 7 3 5 12
0 1 0 9 11 13 5 14 0 4 1 11
0 0 1 1 5 5 15 15 11 11 12 12

 ,

GB =


1 0 0 16 0 3 12 4 8 1 8 15
0 1 0 16 0 3 0 16 15 11 11 12
0 0 1 16 0 0 5 12 9 8 8 9
0 0 0 0 1 16 3 14 4 13 4 13

 .
Ïóñòü y =

(
2 13 15 14 8 1 8 6 12 7 2 6

)
� âåêòîð èç êîäà CL (D,G), ñîäåð-

æàùèé äâå îøèáêè (ïîçèöèè îøèáîê âûäåëåíû êóðñèâîì). Ïóíêò 1 àëãîðèòìà 1. çà-
êëþ÷àåòñÿ â íàõîæäåíèè ÿäðàM = {a ∈ A : ⟨a∗y, b⟩ = 0 äëÿ âñåõ b ∈ B} îòîáðàæåíèÿ
ϕ : a 7→ (b 7→ ⟨a∗y, b⟩). Êàê óïîìÿíóòî â çàìå÷àíèè 2, ìîæíî îãðàíè÷èòüñÿ íàõîæäåíè-
åì îäíîãî âåêòîðà èç ÿäðà, ÷òî è ïðîäåìîíñòðèðîâàíî äàëåå. Ïóñòü

−→
bi ∈ GB, âû÷èñëèì

ìàòðèöó, ñòîëáöû êîòîðîé ñîñòàâëÿþò çíà÷åíèÿ y ∗
−→
bi :
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Gϕ =



2 0 0 0
0 13 0 0
0 0 15 0
3 3 3 0
0 0 0 8
3 3 0 16
11 0 6 7
7 11 4 16
11 10 6 14
7 9 5 6
16 5 16 8
5 4 3 10



.

Íåîáõîäèìî íàéòè îäèí âåêòîð a ∈ A | ⟨a, y ∗ b⟩ = 0, äëÿ ýòîãî ïîäåéñòâóåì îòîáðàæå-
íèåì ϕ íà âñå áàçèñíûå âåêòîðû −→ai ∈ GA. Èç ïîëó÷åííûõ îáðàçîâ ñîñòàâèì ìàòðèöó:

Gϕ(A) =

12 5 5 0
12 12 12 0
7 7 7 0

 ∼
12 5 5
12 12 12
7 7 7

 .
Íàéäÿ ëåâîå ÿäðî ìàòðèöû Gϕ(A) è âûáðàâ ñëó÷àéíûé âåêòîð èç ÿäðà, ïîëó÷èì ñîîò-
âåòñòâóþùèå êîýôôèöèåíòû â ëèíåéíîì ðàçëîæåíèè âåêòîðà a, îáðàç êîòîðîãî ðàâåí
íóëåâîìó âåêòîðó:

x ·Gϕ(A) =
[
0 0 0

]
,

x ∈ SpanFq
{(0, 1, 8)}, M = SpanFq

{(0 · −→a0 +−→a1 + 8−→a2)},
a = 0 · −→a0 + 1 · −→a1 + 8 · −→a2 | ϕ(a) = 0 ∀b ∈ B,
a =

(
0 1 8 0 0 2 6 15 3 7 12 5

)
.

Î÷åâèäíî, ÷òî Ie ⊆ I = Z(a) = {0, 3, 4}. Ïåðåéä¼ì ê øàãó 6 è ïîñòðîèì ïðîâåðî÷íóþ
ìàòðèöó HI:

HI =



1 0 0
0 0 0
0 0 0
0 1 0
0 0 1
0 0 0
0 0 0


.

Ðåøèâ ñèñòåìó óðàâíåíèé HIu
T = HyT îòíîñèòåëüíî u, ïîëó÷èì

eI = u =
(
7 10 0

)
→ R(eI) =

(
7 0 0 10 0 0 0 0 0 0 0 0

)
.

Îêîí÷àòåëüíî â ðåçóëüòàòå ïðîöåäóðû äåêîäèðîâàíèÿ èìååì

y −R(eI) = ( 2 13 15 14 8 1 8 6 12 7 2 6 )− ( 7 0 0 10 0 0 0 0 0 0 0 0 ) =

= ( 12 13 15 4 8 1 8 6 12 7 2 6 ) = c ∈ CL (D,G).
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We present weight distribution of low-density periodic random errors in the space of
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ÂÅÑÎÂÎÅ ÐÀÑÏÐÅÄÅËÅÍÈÅ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÑËÓ×ÀÉÍÛÕ
ÎØÈÁÎÊ ÌÀËÎÉ ÏËÎÒÍÎÑÒÈ È ÈÕ ÊÎÐÐÅÊÒÈÐÓÞÙÈÅ ÊÎÄÛ

Ñ ÂÅÐÎßÒÍÎÑÒÜÞ ÎØÈÁÊÈ ÄÅÊÎÄÈÐÎÂÀÍÈß

Ë. Õàîêèï, Ï.Ê. Äàñ

Óíèâåðñèòåò Òåçïóð, ã. Òåçïóð, Èíäèÿ

Èçó÷àåòñÿ âåñîâîå ðàñïðåäåëåíèå ïåðèîäè÷åñêèõ ñëó÷àéíûõ îøèáîê ìàëîé ïëîò-
íîñòè â ïðîñòðàíñòâå âñåõ q-àðíûõ n-êîðòåæåé è ñðåäíåå ÷èñëî òàêèõ îøèáîê íà
áëîê äëèíû n. Ïðèâåäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è
ïðèìåðû ëèíåéíûõ êîäîâ, èñïðàâëÿþùèõ òàêèå îøèáêè. Âû÷èñëåíà âåðîÿòíîñòü
îøèáêè äåêîäèðîâàíèÿ òàêèõ êîäîâ äëÿ äâîè÷íîãî ñèììåòðè÷íîãî êàíàëà ñâÿçè.

Êëþ÷åâûå ñëîâà: ìàòðèöà ïðîâåðêè ÷¼òíîñòè, ñèíäðîìû, ïåðèîäè÷åñêàÿ ñëó-

÷àéíàÿ îøèáêà, âåðîÿòíîñòü îøèáêè äåêîäèðîâàíèÿ.

1. Introduction
Periodic random error is one type of errors which occurs in electronic control unit like

power lines, inverters, car electric, compact disc, CD ROM. This was observed by N. Lange
in 1994 [1]. This error pattern behaves in such a way that any b consecutive components are
disturbed after a gap of some �xed positions repeatedly. Linear codes capable of detecting
and correcting such errors along with their Hamming weight distribution and decoding error
probability are studied in [2, 3]. A periodic random error can be de�ned as follows.

De�nition 1. An s-periodic random error of length b is an n-tuple whose nonzero
components are con�ned to distinct sets of b consecutive positions such that the sets are
separated by s positions.

In 1963, Wyner [4] observed that for low intensity disturbances, only a few components
within a burst [5] get disturbed, and he introduced the concept of low-density burst.
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We extend this idea to periodic random errors whose intensity is low and de�ne low-density
periodic random error as below.

De�nition 2. Low-density periodic random error is an s-periodic random error of
length b such that each sets of b consecutive components separated by s zeros contains at
most w, w ⩽ b, nonzero components.

Let ξ(s,b|w),n,q denote the set of all low-density periodic random errors in the space of
n-tuples over GF(q). For example, the following vectors are some members of ξ(3,2|1),10,2:

0000001000, 0000010000, 0100000000, 0100001000, 0100010000,

1000000000, 1000001000, 1000010000, 0000000100, 0010000000,

0010000100, 0010001000, 0100000100, 0000000010, 0001000000,

0001000010, 0001000100, 0010000010, 0000000001, 0000100000.

In this paper, we study the Hamming weight distribution of the vectors of ξ(s,b|w),n,q.
Then we study the existence of linear codes correcting the errors from the set ξ(s,b|w),n,q.
We denote a linear code that corrects low-density periodic random errors from the
set ξ(s,b|w),n,q by LDP(s,b|w),n,qRC-code. We further study the probability of decoding error
for the errors set ξ(s,b|w),n,q over a binary symmetric channel. Throughout the paper, we
consider n = λ(b+ s) + l, where 0 ⩽ l < s+ b and λ ∈ N.

The organization of remaining part of the paper is as follows. Section 2 gives the
Hamming weight distribution of the vectors of ξ(s,b|w),n,q along with examples. Average
Hamming weight of the vectors of ξ(s,b|w),n,q is derived. In Section 3, we obtain necessary
and su�cient conditions for existence of a LDP(s,b|w),n,qRC-code followed by three examples.
Finally, we provide the probability of decoding error for the errors of ξ(s,b|w),n,q over a binary
symmetric channel.

2. Hamming weight distribution of vectors of ξ(s,b|w),n,q

In this section, we give the Hamming weight distribution of vectors of ξ(s,b|w),n,q and
average Hamming weight of a vector from the set ξ(s,b|w),n,q.

Here n = λ(b + s) + l, where 0 ⩽ l < s + b, then the maximum Hamming weight wmax

of a vector of ξ(s,b|w),n,q is given by

wmax =


wλ, when l = 0,

wλ+min{l, w}, when 1 ⩽ l < b,

w (λ+ 1) , when b ⩽ l < s+ b.

We �rst state the following lemma from [6].

Lemma 1 [6]. If λi denotes the number of sets of non-zero positions and mi the
maximum number of nonzero positions in a vector of ξ(s,b|w),n,q that starts from ith position,
then

λi =
⌈n− i+ 1

s+ b

⌉
and mi =

⌊n− i+ 1

s+ b

⌋
b+ γ

(
(n− i+ 1) mod (b+ s)

)
,

where ⌊x⌋ means the greatest integer ⩽ x, ⌈x⌉ means the smallest integer ⩾ x, and

γ(r) =

{
r, if 0 ⩽ r ⩽ b,

b, if b < r < b+ s.

Next, we give the following Lemma to derive weight distribution of vectors of ξ(s,b|w),n,q.
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Lemma 2. Let pi be the number of common nonzero positions of the errors of ξ(s,b|w),n,q

that starts from the ith (i = s+2, . . . , s+ b) position with an error vector of ξ(s,b|w),n,q that
starts from the 1st position. Then pi is given by

(1) when l = 0 and b− 1 ⩽ l ⩽ s+ b: pi = (i− s− 1)βi, and

(2) when 1 ⩽ l < b − 1: pi =

{
(i− s− 1)βi−1 for i = s+ 2,

(i− s− 1)βi−1 + l for i = s+ 3, s+ 4, . . . , s+ b,

where βi =
⌈n− i− b+ 1

s+ b

⌉
.

Proof.

C a s e 1 : l = 0 and b− 1 ⩽ l ⩽ s+ b.
The common nonzero positions of the error pattern of ξ(s,b|w),n,q that starts from the

(s + 2)th position with the error pattern that starts from the 1st position are s + b + 1,

2(s + b) + 1, . . . , βs+1(s + b) + 1, where βs+1 =

⌈
n− (s+ 1)− b+ 1

s+ b

⌉
. This number of

common nonzero position is given by βs+1.
The common nonzero positions of the error pattern of ξ(s,b|w),n,q that starts from the

(s+3)th position with the error pattern that starts from the 1st position are s+b+1, s+b+2,

2(s+b)+1, 2(s+b)+2, . . . , βs+2(s+b)+1, βs+2(s+b)+2, where βs+3 =

⌈
n− (s+ 3)− b+ 1

s+ b

⌉
.

This number of common nonzero position is given by 2βs+2.
Continuing this, the common nonzero positions of the error pattern of ξ(s,b|w),n,q

that starts from the (s + b)th position with the error pattern that starts from the 1st

position are s + b + 1, s + b + 2, . . . , s + b + (b − 1), 2(s + b) + 1, 2(s + b) + 2, . . . ,
2(s+ b)+ (b− 1), . . . , βs+b−1(s+ b)+1, βs+b−1(s+ b)+2, . . . , βs+b−1(s+ b)+ (b− 1), where

βs+b−1 =

⌈
n− (s+ b− 1)− b+ 1

s+ b

⌉
. This number of common nonzero position is given by

(b− 1)βs+b−1.

Thus pi = (i− s− 1)βi−1 for i = s+ 2, s+ 3, . . . , s+ b, where βi =

⌈
n− i− b+ 1

s+ b

⌉
.

C a s e 2 : 1 ⩽ l < b− 1.
The common nonzero positions of the error pattern of ξ(s,b|w),n,q that starts from the

(s + 2)th position with the error pattern that starts from the 1st position are s + b + 1,

2(s + b) + 1, . . . , βs+1(s + b) + 1, where βs+1 =

⌈
n− (s+ 2)− b+ 1

s+ b

⌉
. This number of

common nonzero position is given by βs+1.
If the error pattern starts from the (s + 3)th position, the common nonzero positions

with the error pattern that starts from the 1st position, excluding the last set of nonzero
positions, are s+b+1, s+b+2, 2(s+b)+1, 2(s+b)+2, . . . , βs+2(s+b)+1, βs+2(s+b)+2,

where βs+2 =

⌈
n− (s+ 2)− b+ 1

s+ b

⌉
.

The common positions with the last set are λs+3(s + b) + 1, λs+3(s + b) + 2, . . . ,
λs+3(s+ b) + l (λi are given by Lemma 1), whose number is l. Therefore, the total number
of common nonzero positions is given by 2βs+2 + l.

Continuing this, if the error pattern starts from the (s + b)th position, the common
nonzero positions with the error pattern that starts from the 1st position, excluding the last
set of nonzero positions, are s+ b+1, s+ b+2, . . . , s+ b+(b− 1), 2(s+ b)+1, 2(s+ b)+2,
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. . . , 2(s+ b) + (b− 1), . . . , βs+b−1(s+ b) + 1, βs+b−1(s+ b) + 2, . . . , βs+b−1(s+ b) + (b− 1),

where βs+b−1 =

⌈
n− (s+ b− 1)− b+ 1

s+ b

⌉
.

The last set has common positions λs+b(s+ b) + 1, λs+b(s+ b) + 2, . . . , λs+b(s+ b) + l,
whose number is l. This number of common nonzero position is given by (b− 1)βs+b−1 + l.

Thus pi =

{
(i− s− 1)βi−1 for i = s+ 2,

(i− s− 1)βi−1 + l for i = s+ 3, s+ 4, . . . , s+ b.

Lemma2 is proven.

Theorem 1. Let Rn
s,b|w(j) be the total number of vectors of ξ(s,b|w),n,q, whose Hamming

weight is j. Then:
For j = 1:

Rn
s,b|w(1) =

s+1∑
i=1

[(
mi

1

)
−
(
ki−1

1

)]
(q − 1) +

s+b∑
i=s+2

[(
mi

1

)
−
(
ki−1

1

)
−
(
βi−1

1

)]
(q − 1).

For 2 ⩽ j ⩽ w:

Rn
s,b|w(j) =

s+1∑
i=1

[(
mi

j

)
−
(
ki−1

j

)]
(q−1)j+

s+b∑
i=s+2

[(
mi

j

)
−
(
ki−1

j

)
−
(
pi
j

)
+

(
pi−1

j

)]
(q−1)j.

For w + 1 ⩽ j ⩽ wmax − 1:

Rn
s,b|w(j) =

s+1∑
i=1

[(
mi

j

)
−
(
ki−1

j

)
−
(
(b− w)βi−1

1

)(
mi − b

j − w − 1

)]
(q − 1)j+

+
s+b∑

i=s+2

[(
mi

j

)
−
(
ki−1

j

)
−
(
pi
j

)
+

(
pi−1

j

)
−
(
(b− w)βi−1

1

)(
mi − b

j − w − 1

)]
(q − 1)j.

For j = wmax:

Rn
s,b|w(wmax) =


[
(s+ 1)bλ + bλ−1 − s− 1

]
(q − 1)wmax , when l = 0,

bλ(q − 1)wmax , when 1 ⩽ l < b,[
(l − b+ 1)bλ+1 + bλ − l + b− 1

]
(q − 1)wmax , when b ⩽ l < s+ b,

where ps+1 = 1, k0 = 0, ki = mi+1 − βi, βi, mi, and pi are given by Lemmas 1, 2.

Proof.

C a s e 1 : j = 1.
The number of error patterns of weight 1 that start from the ith positions, where i =

= 1, 2, . . . , s+1, is given by

(
mi

1

)
(q−1). But in the calculation

(
mi+1

1

)
(q−1), number of

already counted nonzero components in

(
mi

1

)
(q−1) is ki = mi+1−βi for i = 1, 2, 3, . . . , s+1,

where βi =
⌈n− i− b+ 1

s+ b

⌉
represents the total number of complete sets of b consecutive

positions in which the nonzero elements of the error pattern start from the ith position.

Therefore, the total number of the errors having weight 1 is
s+1∑
i=1

[(
mi

1

)
−
(
ki−1

1

)]
(q− 1)1

with k0 = 0.
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For error patterns whose starting position is i = s+2, . . . , s+ b, all the weight 1 vectors
are already present in the �rst position (i.e., the bth positions of each set of nonzero positions
except the last set which may be less than b components). The number of these nonzero

components is given by βi−1. Thus,

(
βi−1

1

)
, number of weight 1, need to be subtracted from

each starting position of the error pattern. So, the number of weight 1 in these positions is

given by the quantity

(
mi

1

)
−
(
ki−1

1

)
−
(
βi−1

1

)
. We have

Rn
s,b|w(1) =

s+1∑
i=1

[(
mi

1

)
−
(
ki−1

1

)]
(q − 1) +

s+b∑
i=s+2

[(
mi

1

)
−
(
ki−1

1

)
−
(
βi−1

1

)]
(q − 1).

C a s e 2 : 2 ⩽ j ⩽ w.
As above, the total number of the errors having weight j that start from the ith positions,

where i = 1, 2, . . . , s+ 1, is the quantity
s+1∑
i=1

[(
mi

j

)
−
(
ki−1

j

)]
(q − 1)j with k0 = 0.

But, for error patterns that start from positions i = s+2, . . . , s+b, there are some more
common vectors with the already counted error vectors that starts from the 1st position.

By Lemma 2, pi denotes the number of common nonzero components that start from
the ith (i = s+2, . . . , s+ b) position which are already present in the errors that start from

the �rst position;

(
pi
j

)
(q− 1)j gives the number of vectors of weight j in the ith (i = s+2,

. . . , s+ b) positions which are already counted in the error pattern that start from the �rst

position. This includes some vectors which are deleted by the term

(
ki−1

j

)
(q−1)j, thus the

term

(
pi−1

j

)
(q−1)j is added to include such already deleted error vectors, here ps+1 = 1. So

the exact number of common vectors that need to be excluded is

[(
pi
j

)
−
(
pi−1

j

)]
(q−1)j.

Therefore, we have

Rn
s,b|w(j)=

s+1∑
i=1

[(
mi

j

)
−
(
ki−1

j

)]
(q−1)j+

s+b∑
i=s+2

[(
mi

j

)
−
(
ki−1

j

)
−
(
pi
j

)
+

(
pi−1

j

)]
(q−1)j.

C a s e 3: w + 1 ⩽ j ⩽ wmax − 1.
In this case, we can also similarly calculate the total number of all error vectors having

weight j and starting from the ith position, where i = 1, 2, . . . , s + 1, after deleting the
common vectors as the quantity

s+1∑
i=1

[(
mi

j

)
−
(
ki−1

j

)
−
(
(b− w)βi−1

1

)(
mi − b

j − w − 1

)]
(q − 1)j with k0 = 0.

Again, for error vectors having weight j starting from (s + 2)th to (s + b)th positions,
there are some more common vectors which we have calculated, as in the previous case:[(
pi
j

)
−
(
pi−1

j

)]
(q − 1)j. Therefore,

Rn
s,b|w(j) =

s+1∑
i=1

[(
mi

j

)
−
(
ki−1

j

)
−
(
(b− w)βi−1

1

)(
mi − b

j − w − 1

)]
(q − 1)j+

+
s+b∑

i=s+2

[(
mi

j

)
−
(
ki−1

j

)
−
(
(b− w)βi−1

1

)(
mi − b

j − w − 1

)
−
(
pi
j

)
+

(
pi−1

j

)]
(q − 1)j.
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C a s e 4 : j = wmax.
In this case, the number of error vectors with weight j is calculated, and di�erent

formulas are found for l = 0, 1 ⩽ l < b, and b ⩽ l < s+ b:

Rn
s,b|w(wmax) =


[
(s+ 1)bλ + bλ−1 − s− 1

]
(q − 1)wmax , when l = 0,

bλ(q − 1)wmax , when 1 ⩽ l < b,[
(l − b+ 1)bλ+1 + bλ − l + b− 1

]
(q − 1)wmax , when b ⩽ l < s+ b.

Theorem 1 is proven.

Remark 1. The values of mi and pi in [3] are given by

mi =

{
bλ for 1 ⩽ i ⩽ s+ 1,

bλ+ s− i+ 1 for s+ 2 ⩽ i ⩽ s+ b,
if l = 0,

mi =


bλ+ l − i+ 1 for 1 ⩽ i ⩽ l,

bλ for l + 1 ⩽ i ⩽ s+ l + 1,

bλ+ s+ l − i+ 1 for s+ l + 2 ⩽ i ⩽ s+ b,

if 1 ⩽ l < b,

mi =


b(λ+ 1) for 1 ⩽ i ⩽ l − b+ 1,

b(λ+ 1) + (l − b− i+ 1) for l − b+ 1 < i ⩽ l,

bλ for 1 + l ⩽ i ⩽ s+ b,

if b ⩽ l < s+ b,

pi = iβi+s, if l = 0 or b ⩽ l < s+ b,

pi =

{
iβi+s for 1 ⩽ i ⩽ l,

i(p1 − 1) + l for l + 1 ⩽ i ⩽ b− 1,
if 1 ⩽ l < b.

In this paper, we consider the simpli�ed form for mi and pi in Lemma 1 and Theorem 1,
and for b = w we get

wmax =


bλ, when l = 0,

bλ+ l, when 1 ⩽ l < b,

b (λ+ 1) , when b ⩽ l < s+ b,

and

(
(b− w)βi−1

1

)(
mi − b

j − w − 1

)
= 0.

Then Theorem 1 coincides with Lemma 3.1 [3].

Example 1. Considering q = 3, n = 11, s = 3, b = 2, and w = 1 in Theorem 1,
we have λ = 2, l = 11 mod 5 = 1, m1 = 5, m2 = · · · = m5 = 4, ps+1 = 1, ps+2 = 2,
β0 = β1 = · · · = β4 = 2. Then

R11
3,2|1(1) =

[(
5

1

)
−
(
0

1

)]
(3− 1)1 +

[(
4

1

)
−
(
2

1

)]
(3− 1)1+

+

[(
4

1

)
−
(
2

1

)]
(3− 1)1 +

[(
4

1

)
−
(
2

1

)]
(3− 1)1 +

[(
4

1

)
−
(
2

1

)
−
(
2

1

)]
(3− 1)1 =

= 5 · 2 + 2 · 3 · 2 + 0 = 22;

R11
3,2|2(2) =

[(
5

2

)
−
(
0

2

)
−
(
(3− 2) · 2

1

)(
3

2− 1− 1

)]
(3− 1)2+

+

[(
4

2

)
−
(
2

2

)
−
(
(3− 2) · 2

1

)(
2

2− 1− 1

)]
(3− 1)2+
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+

[(
4

2

)
−
(
2

2

)
−
(
(3− 2) · 2

1

)(
2

2− 1− 1

)]
(3− 1)2+

+

[(
4

2

)
−
(
2

2

)
−
(
(3− 2) · 2

1

)(
2

2− 1− 1

)]
(3− 1)2+

+

[(
4

2

)
−
(
2

2

)
−
(
2

2

)
+

(
1

2

)
−
(
(3− 2) · 2

1

)(
2

2− 1− 1

)]
(3− 1)2 = 76;

R11
3,2|3(3) = 22(3− 1)3 = 32.

Here the maximum weight is wmax = 3. This example can be veri�ed by using Example 4
in the next section.

Example 2. Considering q = 2, n = 12, s = 3, b = 2, and w = 1 in Theorem 1, we
have λ = 2, l = 12 mod 5 = 2, m1 = 6, m2 = 5, m3 = · · · = m5 = 4, ps+1 = 1, ps+2 = 2,
β0 = β1 = · · · = β4 = 2. Then

R11
3,2|1(1) =

[(
6

1

)
−
(
0

1

)]
+

[(
5

1

)
−
(
3

1

)]
+

[(
4

1

)
−
(
2

1

)]
+

[(
4

1

)
−
(
2

1

)]
+

+

[(
4

1

)
−
(
2

1

)
−
(
2

1

)]
= 6 + 2 · 3 + 0 = 12;

R11
3,2|2(2) =

[(
6

2

)
−
(
0

2

)
−
(
(3− 2) · 3

1

)(
4

2− 1− 1

)]
+

+

[(
5

2

)
−
(
3

2

)
−
(
(3− 2) · 2

1

)(
3

2− 1− 1

)]
+

[(
4

2

)
−
(
2

2

)
−
(
(3− 2) · 2

1

)(
2

2− 1− 1

)]
+

+

[(
4

2

)
−
(
2

2

)
−
(
(3− 2) · 2

1

)(
2

2− 1− 1

)]
+

+

[(
4

2

)
−
(
2

2

)
−
(
2

2

)
+

(
1

2

)
−
(
(3− 2) · 2

1

)(
2

2− 1− 1

)]
= 12 + 5 + 3 · 2 + 2 = 25;

R11
3,2|3(3) = (2− 2 + 1) 23 + 22 − 2 + 2− 1 = 11.

Here the maximum weight is wmax = 3.

Example 3. Taking q = 2, n = 14, s = 4, b = 3, and w = 2 in Theorem 1, we have
λ = 2, l = 14 mod 7 = 0, m1 = m2 = · · · = m5 = 6, m6 = 5, m7 = 4, ps+1 = 1, ps+2 = 1,
ps+3 = 2, β0 = β1 = · · · = β4 = 2, β5 = β6 = 1. Then

R14
4,3|1(1) =

[(
6

1

)
−
(
0

1

)]
+

[(
6

1

)
−
(
4

1

)]
+

[(
6

1

)
−
(
4

1

)]
+

[(
6

1

)
−
(
4

1

)]
+

+

[(
6

1

)
−
(
4

1

)]
+

[(
6

1

)
−
(
4

1

)]
+

+

[(
5

1

)
−
(
3

1

)
−
(
2

1

)]
+

[(
4

1

)
−
(
2

1

)
−
(
1

1

)]
= 6 + 4 · 2 + 0 = 14;

R14
4,3|2(2) =

[(
6

2

)
−
(
0

2

)]
+

[(
6

2

)
−
(
4

2

)]
+

+

[(
6

2

)
−
(
4

2

)]
+

[(
6

2

)
−
(
4

2

)]
+

[(
6

2

)
−
(
4

2

)]
+

+

[(
5

2

)
−
(
4

2

)
−
(
1

2

)
+

(
1

2

)]
+

[(
4

2

)
−
(
3

2

)
−
(
2

2

)
+

(
1

2

)]
= 15 + 9 · 4 + 4 + 2 = 57;
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R14
4,3|3(3) =

[(
6

3

)
−
(
0

3

)
−
(
(3− 2) · 2

1

)(
4

3− 2− 1

)]
+

+

[(
6

3

)
−
(
4

3

)
−
(
(3− 2) · 2

1

)(
4

3− 2− 1

)]
+

[(
6

3

)
−
(
4

3

)
−
(
(3− 2) · 2

1

)(
4

3− 2− 1

)]
+

+

[(
6

3

)
−
(
4

3

)
−
(
(3− 2) · 2

1

)(
4

3− 2− 1

)]
+

+

[(
5

3

)
−
(
4

3

)
−
(
1

3

)
+

(
1

3

)
−
(
(3− 2) · 1

1

)(
2

3− 2− 1

)]
+

+

[(
4

3

)
−
(
3

3

)
−
(
2

3

)
+

(
1

3

)
−
(
(3− 2) · 1

1

)(
1

3− 2− 1

)]
=

= (20− 2) + (20− 4− 2) · 4 + (10− 4− 1) + (4− 1− 1) = 81;

R14
4,3|4(4) = (4 + 1) · 32 + 32−1 − 4− 1 = 43.

Here the maximum weight is wmax = 4.

Theorem 2. The average weight of a vector of the set ξ(s,b|w),n,q is

wmax∑
j=1

jRn
s,b|w(j)

/ wmax∑
j=1

Rn
s,b|w(j),

where Rn
s,b|w(j) is given by Theorem 1.

Proof. By Theorem 1, the number of vectors of ξ(s,b|w),n,q having Hamming weight j is

Rn
s,b|w(j), and the total weight of all vectors of ξ(s,b|w),n,q is given by

wmax∑
j=1

jRn
s,b|w(j). The ratio

gives the required average weight.

3. Existence of LDP(s,b|w),n,qRC-codes
In this section, we obtain necessary and su�cient conditions for the existence of q-ary

LDP(s,b|w),n,qRC-codes. We also derive an upper bound on the number of codewords for such
a code. We also construct examples based on the results.

Theorem 3. Every (n, k) LDP(s,b|w),n,qRC-code satis�es

n− k ⩾ logq

[
1 +

wmax∑
j=1

Rn
s,b|w(j)

]
, where Rn

s,b|w(j) is given by Theorem 1.

Proof. By Theorem 1, the number of error vectors of ξ(s,b|w),n,q including the zero

vector is 1 + |ξ(s,b|w),n,q| = 1 +
wmax∑
j=1

Rn
s,b|w(j). As the maximum available coset is qn−k and

LDP(s,b|w),n,qRC-code corrects all such errors, we have

qn−k ⩾ 1 +
wmax∑
j=1

Rn
s,b|w(j) =⇒ n− k ⩾ logq

[
1 +

wmax∑
j=1

Rn
s,b|w(j)

]
.

Theorem 3 is proven.

Remark 2. The maximum number of codewords of an (n, k) LDP(s,b|w),n,qRC-code is

M ⩽
qn

1 +
wmax∑
j=1

Rn
s,b|w(j)

.
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In the following theorem, we apply the well known technique used in Varshamov�
Gilbert � Sacks bound (see [7] and [8, Theorem 4.7]).

Theorem 4. For existence of an (n, k) LDP(s,b|w),n,qRC-code, the following condition
is su�cient:

qn−k>
w−1∑
j=0

(
b−1
j

)
(q−1)j

(
w∑

j=0

(
b−1
j

)
(q−1)j

)λ−1
min{w,g}∑

j=0

(
g

j

)
(q−1)j

(
1+

wmax∑
j=1

Rn−b
s,b|w(j)

)
,

(1)

where g = γ(l) and Rn−b
s,b|w(j) is given by Theorem 1. Here

min{w,g}∑
j=0

(
g

j

)
(q−1)j = 1 for g = 0.

Proof. The proof is done by constructing an appropriate (n − k) × n parity-check
matrix H of the code. Suppose that the �rst n − 1 columns h1, h2, h3, . . . , hn−1 are added
suitably to H. Then any (nonzero) column hn is added to H provided that it is not a linear
combination of at most w − 1 columns among the immediately preceding b − 1 columns
together with at most w columns from each set of previous b consecutive columns which
are at gap of s columns (the last set may contain less than b columns), along with a linear
combination of at most w columns from each set of b consecutive columns which are at
gap of s columns con�ned to the �rst n − b columns (the last set may contain less than b
columns). This can be written as

hn ̸=
(

b−1∑
i=1

ai1hn−i +
b−1∑
i=0

bi1hn−(s+b)−i +
b−1∑
i=0

bi2hn−2(s+b)−i + . . .+
g−1∑
i=0

biλhn−λ(s+b)−i

)
+

+

(
b−1∑
i=0

αi1hj′−i +
b−1∑
i=0

βi1hj′−(s+b)−i +
b−1∑
i=0

βi2hj′−2(s+b)−i + . . .+
g′−1∑
i=0

βiλ′hj′−λ′(s+b)−i

)
,

(2)

where aij, bij, αij, βij ∈ GF(q) such that the number of nonzero aij is at most w − 1,
and that of bij, αij, βij is at most w; j

′ ⩽ n − b; g = γ
(
n mod (s + b)

)
= γ(l), g′ =

= γ
(
(n− b− j′ + 1) mod (s+ b)

)
, and λ′ =

⌊
n− b
s+ b

⌋
.

The number of coe�cients ai1 is
w−1∑
j=0

(
b− 1

j

)
(q − 1)j.

The number of coe�cients bij is

(
w∑

j=0

(
b− 1

j

)
(q − 1)j

)λ−1
min{w,g}∑

j=0

(
g

j

)
(q − 1)j. So the

number of all possible linear combinations in the �rst bracket of the right-hand side (2) is

w−1∑
j=0

(
b− 1

j

)
(q − 1)j

(
w∑

j=0

(
b− 1

j

)
(q − 1)j

)λ−1
min{w,g}∑

j=0

(
g

j

)
(q − 1)j.

The second bracket in (2) gives the total number of low-density periodic random error

in a vector of length n− b. This is given by Theorem 3 as 1 +
wmax∑
j=1

Rn−b
s,b|w(j). Therefore, the

total number of all the possible linear combinations of the right-hand side (2) is

w−1∑
j=0

(
b−1
j

)
(q−1)j

(
w∑

j=0

(
b−1
j

)
(q−1)j

)λ−1
min{w,g}∑

j=0

(
g

j

)
(q−1)j

(
1+

wmax∑
j=1

Rn−b
s,b|w(j)

)
. (3)
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Since we have at most qn−k columns, so taking qn−k greater than or equal to the term
computed in (3) gives the su�cient condition for the existence of the required code.

In the following examples, λ′, p′i, and β
′
j represent the values of λ, pi, and βj respectively,

when n is replaced by n− b.
Example 4. Consider n = 11, s = 3, b = 2, w = 1, and q = 3 in Theorem 4, then

λ = 2, l = 11 mod 5 = 1, λ′ = 1, p′s+1 = 1, p′s+2 = 1, β′
0 = β′

1 = β′
2 = 2, β′

3 = β′
4 = 1.

Putting these values in the inequality (1), we get

3n−k>
0∑

j=0

(
1

j

)
(3−1)j

(
1∑

j=0

(
2−1
j

)
(3−1)j

)1
min{w=1,g=1}∑

j=0

(
1

j

)
(3−1)j

(
1+

3∑
j=1

R11−2
3,2|1 (j)

)
=

= 1 · 3 · 3 (1 + 66)
[
Using Theorem 1 and Example 1

]
= 603.

This implies n − k ⩾ 6. Thus, we can construct a parity check matrix H of order 6 × 11,
which generates the (11, 5) ternary LDP(3,2|1),11,3RC-code:

H =


1 0 2 1 0 1 0 0 1 0 0
2 1 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 2 0 1 0 1
0 1 0 1 2 0 0 1 1 0 0
0 0 1 1 0 0 0 0 1 1 0
1 0 0 1 0 0 0 0 1 0 2

 .

It can be veri�ed from the Error Pattern-Syndromes Table 1 that the syndromes of all the
errors are nonzero and distinct, showing that the code is a (11, 5) ternary LDP(3,2|1),11,3RC-
code.

Ta b l e 1
Error Pattern-Syndrome

Error Patterns Syndromes Error Patterns Syndromes
00 000 00 000 1 001002 20 000 02 000 2 210000
00 000 00 000 2 002001 10 000 10 000 1 221000
00 000 01 000 0 002000 10 000 10 000 2 222000
00 000 02 000 0 001000 10 000 20 000 1 021000
00 000 10 000 0 100000 10 000 20 000 2 022002
00 000 20 000 0 200000 20 000 10 000 1 011001
00 000 01 000 1 000002 20 000 10 000 2 012000
00 000 01 000 2 001001 20 000 20 000 1 111001
00 000 02 000 1 002002 20 000 20 000 2 112000
00 000 02 000 2 000001 0 00 000 01 000 000100
00 000 10 000 1 101002 0 00 000 02 000 000200
00 000 10 000 2 102001 0 01 000 00 000 200010
00 000 20 000 1 201002 0 02 000 00 000 100020
00 000 20 000 2 202001 0 01 000 01 000 200110
01 000 00 000 0 010100 0 01 000 02 000 200210
02 000 00 000 0 020200 0 02 000 10 000 100120
01 000 00 000 1 011102 0 02 000 20 000 100220
01 000 00 000 2 012101 0 01 000 10 000 202010
02 000 00 000 1 021202 0 01 000 20 000 201010
02 000 00 000 2 022201 0 02 000 10 000 102010
01 000 01 000 0 012100 0 02 000 20 000 101020
01 000 02 000 0 011100 0 10 000 01 000 010200
02 000 01 000 0 022200 0 10 000 02 000 010000
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E n d o f T a b l e 1
Error Patterns Syndroms Error Patterns Syndromes
02 000 02 000 0 021200 0 20 000 10 000 020000
01 000 10 000 0 110100 0 20 000 20 000 020100
01 000 20 000 0 210100 00 00 000 01 00 111111
02 000 10 000 0 120200 00 00 000 02 00 222222
02 000 20 000 0 220200 00 01 000 00 00 100111
01 000 01 000 1 010102 00 02 000 00 00 200222
01 000 01 000 2 011101 00 01 000 01 00 211222
01 000 02 000 1 012102 00 01 000 02 00 022000
01 000 02 000 2 010101 00 02 000 01 00 011000
02 000 01 000 1 020202 00 02 000 02 00 122111
02 000 01 000 2 021201 00 01 000 10 00 100211
02 000 02 000 1 022202 00 01 000 20 00 100011
02 000 02 000 2 020201 00 02 000 10 00 200022
01 000 10 000 1 111102 00 02 000 20 00 200122
01 000 10 000 2 112101 00 10 000 01 00 011121
01 000 20 000 1 211102 00 10 000 02 00 122202
01 000 20 000 2 212101 00 20 000 01 00 211101
02 000 10 000 1 121202 00 20 000 02 00 022212
02 000 10 000 2 122201 000 00 000 01 0 000010
02 000 20 000 1 221202 000 00 000 02 0 000020
02 000 20 000 2 222201 000 01 000 00 0 000200
10 000 00 000 0 120001 000 02 000 00 0 000100
20 000 00 000 0 210002 000 01 000 01 0 000210
10 000 00 000 1 121000 000 01 000 02 0 000220
10 000 00 000 2 122002 000 02 000 01 0 000110
20 000 00 000 1 211001 000 02 000 02 0 000120
20 000 00 000 2 212000 000 01 000 10 0 112011
10 000 01 000 0 122001 000 01 000 20 0 222122
10 000 02 000 0 121001 000 02 000 10 0 111211
20 000 01 000 0 212002 000 02 000 20 0 222022
20 000 02 000 0 211002 000 10 000 01 0 100121
10 000 10 000 0 220001 000 10 000 02 0 100101
10 000 20 000 0 020001 000 20 000 01 0 200202
20 000 10 000 0 010002 000 20 000 02 0 200212
20 000 20 000 0 110002 0000 01 000 10 100010
10 000 01 000 1 120000 0000 01 000 20 100020
10 000 01 000 2 121002 0000 02 000 10 200010
10 000 02 000 1 122000 0000 02 000 20 200020
10 000 02 000 2 120002 0000 10 000 01 001202
20 000 01 000 1 210001 0000 10 000 02 002201
20 000 01 000 2 211000 0000 20 000 01 001102
20 000 02 000 1 212001 0000 20 000 02 002101

Example 5. Consider n = 12, s = 3, b = 2, w = 1, and q = 2 in Theorem 4, then
λ = 2, l = 12 mod 5 = 2, λ′ = 2, p′s+1 = 1, p′s+2 = 1, β′

0 = β′
1 = · · · = β′

3 = 2, β′
4 = 1. From

inequality (1), we get

2n−k>
0∑

j=0

(
2−1
j

)
(2−1)j

(
1∑

j=0

(
2−1
j

)
(2−1)j

)1 min{w=1,g=2}∑
j=0

(
2

j

)
(2−1)j

(
1+

3∑
j=1

R12−2
3,2|1 (j)

)
=

= 1 · 21 · 3 (1 + 24) = 150.
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This implies n − k ⩾ 8, which gives rise to a (12, 4) binary LDP(3,2|1),12,2RC-code and its
parity check matrix H is given by

H =



1 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 0 0 0 0 0 1 0 1
0 0 1 0 0 0 0 0 1 1 1 0
0 0 0 1 0 0 0 0 1 1 0 1
0 0 0 0 1 0 0 0 0 1 1 0
0 0 0 0 0 1 0 0 1 1 0 0
0 0 0 0 0 0 1 0 0 1 1 1
0 0 0 0 0 0 0 1 0 1 0 1


.

It can be veri�ed like the previous one that the syndromes of all the errors are nonzero and
distinct, so the code is a (12, 4) binary LDP(3,2|1),12,2RC-code.

Example 6. Consider n = 14, s = 4, b = 3, w = 2, and q = 2 in Theorem 4, then
λ = 2, l = 14 mod 7 = 0, λ′ = 1, p′s+1 = 1, p′s+2 = 1, p′s+3 = 2, β′

0 = β′
1 = β′

2 = 2,
β′
3 = β′

4 = β′
5 = β′

6 = 1. Inequality (1) gives

2n−k>
2−1∑
j=0

(
3−1
j

)
(2−1)j

(
2∑

j=0

(
3−1
j

)
(2−1)j

)1 min{w=2,g=0}∑
j=0

(
g

j

)
(2−1)j

(
1 +

4∑
j=1

R14−3
4,3|2 (j)

)
=

= 3 · 41 · 1 (1 + 135) = 1632.

This implies n − k ⩾ 11 which leads to a (14, 3) binary LDP(3,2|2),14,2RC-code with parity
check matrix

H =



1 0 0 0 0 0 0 0 0 0 0 1 1 1
0 1 0 0 0 0 0 0 0 0 0 0 1 1
0 0 1 0 0 0 0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0 0 1 1
0 0 0 0 0 1 0 0 0 0 0 1 1 0
0 0 0 0 0 0 1 0 0 0 0 1 1 0
0 0 0 0 0 0 0 1 0 0 0 0 1 1
0 0 0 0 0 0 0 0 1 0 0 1 1 0
0 0 0 0 0 0 0 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 0 0 1 0 1 1


.

Here we can also verify that all error patterns give nonzero and distinct syndromes.

Finally, we give the probability of decoding error for a LDP(s,b|w),n,qRC-code over a
binary symmetric channel.

Theorem 5. Let PDR(E) be the probability of decoding error of an (n, k) binary
LDP(s,b|w),n,2RC-code on a binary symmetric channel with transition probability ϵ, then

PDR(E) = 1−
wmax∑
j=1

Rn
s,b|w(j) ϵ

j(1− ϵ)n−j, where Rn
s,b|w(j) is given by Theorem 1.

Proof. Since the binary symmetric channel has the transition probability ϵ, the
probability of occurring of any one of the error vector of weight j is ϵj(1 − ϵ)n−j. So the

probability of occurring of any error vector from the set ξ(s,b|w),n,q is
wmax∑
j=1

Rn
s,b|w(j) ϵ

j(1−ϵ)n−j.
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Since the code corrects all such error patterns, the probability of a decoding error of the

code is PDR(E) = 1−
wmax∑
j=1

Rn
s,b|w(j) ϵ

j(1− ϵ)n−j.

Remark 3. For s = 3, b = 2, and ϵ = 0.1, we determine the probability of decoding
error PDR(E) of binary LDP(s,b|w),n,2RC-codes of di�erent lengths as follows (Table 2).

Ta b l e 2
Values of PDR(E)

n λ l PDR(E)
10 2 0 0.19
11 2 1 0.21
12 2 2 0.23
13 2 3 0.29
14 2 4 0.31
15 3 0 0.33

We �nd that the probability of decoding error of LDP(s,b|w),n,qRC-code increases as the
length of the code increases. So a smaller length code is more e�cient.

4. Conclusion
This paper derives the weight distribution of low-density periodic random errors. Then

necessary and su�cient conditions for the existence of linear codes that correct such errors,
along with the error decoding probability of the codes, are presented. It can be interesting
to explore some more systematic methods by which we can construct such codes. We can
also investigate array code or cyclic code instead of linear code that can deal with such
errors.
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Èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî
ïðîñòîìó ìîäóëþ. Âîïðîñ î âû÷èñëèòåëüíîé ñëîæíîñòè ýòîé ïðîáëåìû äî ñèõ
ïîð îòêðûò. Îäíàêî èçâåñòíû àëãîðèòìû (íàïðèìåð, àëãîðèòì ×èïîëëû), êîòî-
ðûå ÿâëÿþòñÿ ïîëèíîìèàëüíûìè ïðè óñëîâèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû
Ðèìàíà. Äîêàçûâàåòñÿ, ÷òî ïðîáëåìà ÿâëÿåòñÿ ãåíåðè÷åñêè ðàçðåøèìîé çà ïîëè-
íîìèàëüíîå âðåìÿ. Ôàêòè÷åñêè ýòî îçíà÷àåò, ÷òî àëãîðèòì ×èïîëëû ðàáîòàåò çà
ïîëèíîìèàëüíîå âðåìÿ äëÿ ¾ïî÷òè âñåõ¿ âõîäîâ. Ïîíÿòèå ¾ïî÷òè âñå¿ ôîðìàëè-
çóåòñÿ ââåäåíèåì àñèìïòîòè÷åñêîé ïëîòíîñòè íà ìíîæåñòâå âõîäíûõ äàííûõ.

Êëþ÷åâûå ñëîâà: ãåíåðè÷åñêàÿ ñëîæíîñòü, êâàäðàòíûé êîðåíü ïî ïðîñòîìó

ìîäóëþ.

ON THE GENERIC COMPLEXITY OF THE SQUARE ROOT
MODULO PRIME PROBLEM

A.N. Rybalov

Sobolev Institute of Mathematics, Omsk, Russia

We study the generic complexity of the problem of finding a square root modulo a
prime number. The question about the computational complexity of this problem is
still open. However, there are known algorithms (e.g. Cipolla’s algorithm) which are
polynomial if the extended Riemann hypothesis holds. We prove that this problem is
generically decidable in polynomial time. In fact, this means that Cipolla’s algorithm
runs in polynomial time for “almost all” inputs. The notion “almost all” is formalized
by introducing the asymptotic density on a set of input data.

Keywords: generic complexity, square root modulo prime.

Ââåäåíèå
Ïðîáëåìà íàõîæäåíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ ÿâëÿåòñÿ êëàññè-

÷åñêîé àëãîðèòìè÷åñêîé ïðîáëåìîé òåîðèè ÷èñåë, âîñõîäÿùåé åù¼ ê Ýéëåðó è Ãàóññó.
Â îòëè÷èå îò äðóãèõ êëàññè÷åñêèõ ïðîáëåì, òàêèõ, êàê ïðîáëåìà ôàêòîðèçàöèè öåëûõ

1Ðàáîòà ïîääåðæàíà ãðàíòîì Ðîññèéñêîãî íàó÷íîãî ôîíäà �22-11-20019.



120 À.Í. Ðûáàëîâ

÷èñåë èëè ïðîáëåìà äèñêðåòíîãî ëîãàðèôìà, èçâåñòíû àëãîðèòìû, êîòîðûå ðåøàþò
å¼ çà ïîëèíîìèàëüíîå âðåìÿ ïðè óñëîâèè èñòèííîñòè íåêîòîðûõ ãèïîòåç òåîðèè ÷èñåë.
Íàïðèìåð, àëãîðèòì ×èïîëëû [1] ÿâëÿåòñÿ ïîëèíîìèàëüíûì ïðè óñëîâèè èñòèííîñòè
ðàñøèðåííîé ãèïîòåçû Ðèìàíà [2]. Ïðîáëåìà ðàñïîçíàâàíèÿ ñóùåñòâîâàíèÿ êâàäðàò-
íîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ çíà÷èòåëüíî ïðîùå� äëÿ íå¼ èçâåñòåí ýôôåêòèâíûé
êðèòåðèé Ýéëåðà.

Ãåíåðè÷åñêèé ïîäõîä [3] � ýòî îäèí èç ïîäõîäîâ ê èçó÷åíèþ àëãîðèòìè÷åñêèõ ïðî-
áëåì äëÿ ¾ïî÷òè âñåõ¿ âõîäîâ. Â ðàìêàõ ýòîãî ïîäõîäà àëãîðèòìè÷åñêàÿ ïðîáëåìà
ðàññìàòðèâàåòñÿ íå íà âñ¼ì ìíîæåñòâå âõîäîâ, à íà íåêîòîðîì ïîäìíîæåñòâå ¾ïî÷òè
âñåõ¿ âõîäîâ. Òàêèå âõîäû îáðàçóþò òàê íàçûâàåìîå ãåíåðè÷åñêîå ìíîæåñòâî. Ïîíÿ-
òèå ¾ïî÷òè âñå¿ ôîðìàëèçóåòñÿ ââåäåíèåì åñòåñòâåííîé ìåðû íà ìíîæåñòâå âõîäíûõ
äàííûõ. Ñ òî÷êè çðåíèÿ ïðàêòèêè àëãîðèòìû, ðåøàþùèå áûñòðî ïðîáëåìó íà ãåíåðè-
÷åñêîì ìíîæåñòâå, òàê æå õîðîøè, êàê è áûñòðûå àëãîðèòìû äëÿ âñåõ âõîäîâ.

Â äàííîé ðàáîòå èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû èçâëå÷åíèÿ êâàä-
ðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ. Äîêàçûâàåòñÿ, ÷òî ýòà ïðîáëåìà ãåíåðè÷åñêè
ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ. Îòìåòèì, ÷òî äëÿ ñîñòàâíîãî ìîäóëÿ íåèçâåñò-
íî ïîëèíîìèàëüíîãî àëãîðèòìà äàæå äëÿ ðàñïîçíàâàíèÿ ñóùåñòâîâàíèÿ êâàäðàòíîãî
êîðíÿ [4]. Äëÿ äàííîé ïðîáëåìû ïîëó÷åí ðåçóëüòàò îá îòñóòñòâèè ïîëèíîìèàëüíûõ
ãåíåðè÷åñêèõ àëãîðèòìîâ [5].

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ïóñòü p�ïðîñòîå ÷èñëî. Íàòóðàëüíîå ÷èñëî a < p íàçûâàåòñÿ êâàäðàòè÷íûì âû-

÷åòîì, åñëè ñóùåñòâóåò òàêîå íàòóðàëüíîå x < p, ÷òî x2 = a (mod p). Â ïðîòèâíîì
ñëó÷àå a íàçûâàåòñÿ êâàäðàòè÷íûì íåâû÷åòîì. Åñòü ýôôåêòèâíûé êðèòåðèé ïðîâåð-
êè, ÿâëÿåòñÿ ëè íàòóðàëüíîå ÷èñëî êâàäðàòè÷íûì âû÷åòîì ïî ïðîñòîìó ìîäóëþ.

Òåîðåìà 1 (Ýéëåð). Ïóñòü p�íå÷¼òíîå ïðîñòîå ÷èñëî. Íàòóðàëüíîå ÷èñëî a ÿâ-
ëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ p òîãäà è òîëüêî òîãäà, êîãäà

a(p−1)/2 = 1 (mod p).

Èç ýòîé òåîðåìû ñëåäóåò, ÷òî ïðîáëåìà ðàñïîçíàâàíèÿ êâàäðàòè÷íûõ âû÷åòîâ ïî
ïðîñòîìó ìîäóëþ ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ ñîñòîèò â ñëåäó-
þùåì. Äàíû ïðîñòîå ÷èñëî p è íàòóðàëüíîå ÷èñëî a < p, çàïèñàííûå â äâîè÷íîé
ñèñòåìå. Íåîáõîäèìî íàéòè íàòóðàëüíîå ÷èñëî x < p, òàêîå, ÷òî x2 = a (mod p), åñëè
ýòî âîçìîæíî, ëèáî âûäàòü îòâåò −1.

Â îòëè÷èå îò ïðîáëåìû ðàñïîçíàâàíèÿ êâàäðàòè÷íûõ âû÷åòîâ, äëÿ èçâëå÷åíèÿ
êâàäðàòíîãî êîðíÿ íå äîêàçàíà ðàçðåøèìîñòü çà ïîëèíîìèàëüíîå âðåìÿ [4]. Îäíàêî
ñóùåñòâóåò àëãîðèòì ×èïîëëû [1], êîòîðûé ðåøàåò ýòó çàäà÷ó çà ïîëèíîìèàëüíîå
âðåìÿ ïðè óñëîâèè çíàíèÿ êàêîãî-íèáóäü êâàäðàòè÷íîãî íåâû÷åòà b ïî ìîäóëþ p.

Àëãîðèòì ×èïîëëû:
1) Âõîä: p, a è êâàäðàòè÷íûé íåâû÷åò b.

2) Êâàäðàòíûé êîðåíü ïîëó÷àåòñÿ âû÷èñëåíèåì ïî ôîðìóëå x =
(
a+
√
b
)(p+1)/2

â ïîëå Fp2 = Fp(
√
b)�êâàäðàòè÷íîì ðàñøèðåíèè ïîëÿ Fp.

Îáîçíà÷èì ÷åðåç η(p) íàèìåíüøèé êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p. Í. Àíêåíè
äîêàçàë [2], ÷òî â ïðåäïîëîæåíèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû Ðèìàíà ñóùåñòâó-
åò êîíñòàíòà C, òàêàÿ, ÷òî äëÿ ëþáîãî ïðîñòîãî p èìååò ìåñòî η(p) < C(log p)2. Çäåñü
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è äàëåå ïîä log p ïîíèìàåòñÿ ëîãàðèôì ïî îñíîâàíèþ 2. Òàêèì îáðàçîì, â ïðåäïîëî-
æåíèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû Ðèìàíà êâàäðàòè÷íûé íåâû÷åò ìîæåò áûòü
íàéäåí çà ïîëèíîìèàëüíîå âðåìÿ è àëãîðèòì ×èïîëëû ñòàíîâèòñÿ ïîëèíîìèàëüíûì.

2. Îñíîâíîé ðåçóëüòàò
Îïðåäåëåíèå ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî àëãîðèòìà ìîæíî íàéòè â [3, 5].
Ìíîæåñòâî âõîäîâ ïðîáëåìû èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ

åñòü
I = {(p, a) : p ïðîñòîå, 0 < a < p}.

Ïîä ðàçìåðîì âõîäà (p, a) áóäåì ïîíèìàòü äëèíó äâîè÷íîé çàïèñè ÷èñëà p. Òàêèì
îáðàçîì, ìíîæåñòâî âõîäîâ ðàçìåðà n åñòü

In = {(p, a) : (p, a) ∈ I, 2n < p < 2n+1}.

Äëÿ êîíå÷íîãî ìíîæåñòâà A ÷åðåç |A| îáîçíà÷àåòñÿ ÷èñëî åãî ýëåìåíòîâ; ôóíêöèÿ π(x)
çàäà¼ò êîëè÷åñòâî ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ x.

Ëåììà 1. Äëÿ äîñòàòî÷íî áîëüøèõ n èìååò ìåñòî

22n

n
< |In| <

22(n+1)

n
.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

|In| =
∑

2n<p<2n+1

p,

ãäå ñóììèðîâàíèå èä¼ò ïî ïðîñòûì ÷èñëàì. Îòñþäà

2n(π(2n+1)− π(2n)) < |In| < 2n+1(π(2n+1)− π(2n)). (1)

Èç àñèìïòîòè÷åñêîãî çàêîíà ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë ñëåäóåò, ÷òî äëÿ äîñòà-
òî÷íî áîëüøèõ n èìååò ìåñòî

0,9 · 2n

n ln 2
< π(2n) <

1,1 · 2n

n ln 2
,

à òàêæå
0,9 · 2n+1

(n+ 1) ln 2
< π(2n+1) <

1,1 · 2n+1

(n+ 1) ln 2
.

Ïîýòîìó

0,9 · 2n+1

(n+ 1) ln 2
− 1,1 · 2n

n ln 2
< π(2n+1)− π(2n) < 1,1 · 2n+1

(n+ 1) ln 2
− 0,9 · 2n

n ln 2
.

Îòñþäà ïîëó÷àåì
2n

n
< π(2n+1)− π(2n) < 2n+1

n
,

÷òî âìåñòå ñ (1) äà¼ò íóæíóþ îöåíêó.

Ðàññìîòðèì ñëåäóþùåå ìíîæåñòâî âõîäîâ ïðîáëåìû èçâëå÷åíèÿ êîðíÿ:

S = {(p, a) : (p, a) ∈ I, η(p) > 21 log p}.
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Ëåììà 2. Äëÿ äîñòàòî÷íî áîëüøèõ n èìååò ìåñòî

|S ∩ In|
|In|

<
1

n
.

Äîêàçàòåëüñòâî. Ï. Ýðäåø äîêàçàë [6], ÷òî ñóùåñòâóåò êîíñòàíòà C, 3 < C < 4,
òàêàÿ, ÷òî

lim
k→∞

∑
p⩽k

η(p)

π(k)
= C.

Çäåñü ñóììèðîâàíèå áåð¼òñÿ ïî ïðîñòûì p. Îòñþäà ñëåäóåò, ÷òî äëÿ äîñòàòî÷íî áîëü-
øèõ k èìååò ìåñòî

3π(k) <
∑
p⩽k

η(p) < 4π(k).

Èñïîëüçóÿ ýòî íåðàâåíñòâî, îöåíèì ñóììó∑
2n<p<2n+1

η(p) =
∑

p<2n+1

η(p)−
∑
p<2n

η(p)

ñëåäóþùèì îáðàçîì:

3π(2n+1)− 4π(2n) <
∑

2n<p<2n+1

η(p) < 4π(2n+1)− 3π(2n).

Èñïîëüçóÿ àñèìïòîòè÷åñêèé çàêîí ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë, äëÿ äîñòàòî÷íî
áîëüøèõ n ïîëó÷àåì

2n+1

n
<

∑
2n<p<2n+1

η(p) <
10 · 2n

n
.

Èç ýòèõ íåðàâåíñòâ ñëåäóåò, ÷òî∑
2n<p<2n+1

η(p) p < 2n+1
∑

2n<p<2n+1

η(p) <
20 · 22n

n
. (2)

Äîïóñòèì òåïåðü, ÷òî ëåììà íåâåðíà, òî åñòü ñóùåñòâóþò ñêîëü óãîäíî áîëüøèå n,
òàêèå, ÷òî

|S ∩ In|
|In|

>
1

n
,

òî åñòü

|S ∩ In| >
|In|
n
.

Çàìåòèì, ÷òî
|S ∩ In| =

∑
2n<p<2n+1,

η(p)>21n

p.

Òîãäà ∑
2n<p<2n+1

η(p) p =
∑

2n<p<2n+1,
η(p)>21n

η(p) p+
∑

2n<p<2n+1,
η(p)⩽21n

η(p) p ⩾

⩾ 21n
∑

2n<p<2n+1,
η(p)>21n

p > 21n
|In|
n

= 21|In| >
21 · 22n

n
.

Ïîñëåäíÿÿ îöåíêà ñëåäóåò èç ëåììû 1. Íî ýòî ïðîòèâîðå÷èò îöåíêå ñâåðõó (2).
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Òåîðåìà 2. Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ ãåíå-
ðè÷åñêè ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Äîêàçàòåëüñòâî. Ïîëèíîìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì ðàáîòàåò íà âõîäå
(p, a) ðàçìåðà n ñëåäóþùèì îáðàçîì:

1) Ñ ïîìîùüþ êðèòåðèÿ Ýéëåðà ïðîâåðÿåò, ÿâëÿåòñÿ ëè a êâàäðàòè÷íûì âû÷åòîì
ïî ìîäóëþ p. Åñëè íå ÿâëÿåòñÿ, âûäà¼ò −1. Èíà÷å ïåðåõîäèò ê ñëåäóþùåìó
øàãó.

2) Èùåò ñðåäè ÷èñåë îò 2 äî 21n êâàäðàòè÷íûé íåâû÷åò ñ ïîìîùüþ êðèòåðèÿ
Ýéëåðà.

3) Åñëè êâàäðàòè÷íûé íåâû÷åò íå íàéäåí, òî âûäà¼ò îòâåò ¾ÍÅ ÇÍÀÞ¿.
4) Åñëè íàéäåí êâàäðàòè÷íûé íåâû÷åò, òî ñ åãî ïîìîùüþ ïî àëãîðèòìó ×èïîëëû

íàõîäèòñÿ êâàäðàòíûé êîðåíü èç a ïî ìîäóëþ p.

Ãåíåðè÷íîñòü ýòîãî àëãîðèòìà ñëåäóåò èç òîãî, ÷òî ìíîæåñòâî âõîäîâ, íà êîòîðûõ
àëãîðèòì âûäà¼ò îòâåò ¾ÍÅ ÇÍÀÞ¿, ÿâëÿåòñÿ ïðåíåáðåæèìûì, ñîãëàñíî ëåììå 2.
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Æóðíàë ¾Ïðèêëàäíàÿ äèñêðåòíàÿ ìàòåìàòèêà¿ âõîäèò â ïåðå÷åíü ÂÀÊ ðåöåíçè-
ðóåìûõ íàó÷íûõ èçäàíèé, â êîòîðûõ äîëæíû áûòü îïóáëèêîâàíû îñíîâíûå ðåçóëüòà-
òû äèññåðòàöèé íà ñîèñêàíèå ó÷¼íîé ñòåïåíè êàíäèäàòà è äîêòîðà íàóê ïî ñïåöèàëü-
íîñòÿì 2.3.5. ¾Ìàòåìàòè÷åñêîå è ïðîãðàììíîå îáåñïå÷åíèå âû÷èñëèòåëüíûõ ñèñòåì,
êîìïëåêñîâ è êîìïüþòåðíûõ ñåòåé¿ (òåõíè÷åñêèå íàóêè), 2.3.6. ¾Ìåòîäû è ñèñòåìû
çàùèòû èíôîðìàöèè, èíôîðìàöèîííàÿ áåçîïàñíîñòü¿ (ôèçèêî-ìàòåìàòè÷åñêèå è òåõ-
íè÷åñêèå íàóêè), 1.1.5. ¾Ìàòåìàòè÷åñêàÿ ëîãèêà, àëãåáðà, òåîðèÿ ÷èñåë è äèñêðåòíàÿ
ìàòåìàòèêà¿ (ôèçèêî-ìàòåìàòè÷åñêèå íàóêè), 1.2.3. ¾Òåîðåòè÷åñêàÿ èíôîðìàòèêà, êè-
áåðíåòèêà¿ (ôèçèêî-ìàòåìàòè÷åñêèå íàóêè), à òàêæå â ïåðå÷åíü æóðíàëîâ, ðåêîìåí-
äîâàííûõ ÔÓÌÎ ÂÎ ÈÁ â êà÷åñòâå ó÷åáíîé ëèòåðàòóðû ïî ñïåöèàëüíîñòè ¾Êîìïüþ-
òåðíàÿ áåçîïàñíîñòü¿.

Æóðíàë èíäåêñèðóåòñÿ â áàçàõ äàííûõ Web of Science (Emerging Sources Citation
Index (ESCI) è Russian Science Citation Index (RSCI)), Scopus, MathSciNet è Zentralblatt
MATH. Â ñâîäíîì ðåéòèíãå æóðíàëîâ RSCI 2022 ã. îí îòíåñ¼í ê ïåðâîìó êâàðòè-
ëþ (Q1).

Æóðíàë ¾Ïðèêëàäíàÿ äèñêðåòíàÿ ìàòåìàòèêà¿ ðàñïðîñòðàíÿåòñÿ ïî ïîäïèñêå;
åãî ïîäïèñíîé èíäåêñ 38696 â îáúåäèí¼ííîì êàòàëîãå ¾Ïðåññà Ðîññèè¿. Ïîëíîòåê-
ñòîâûå ýëåêòðîííûå âåðñèè âûøåäøèõ íîìåðîâ æóðíàëà äîñòóïíû íà åãî ñàéòå
journals.tsu.ru/pdm è íà Îáùåðîññèéñêîì ìàòåìàòè÷åñêîì ïîðòàëå www.mathnet.ru.
Íà ñàéòå æóðíàëà ìîæíî íàéòè òàêæå ïðàâèëà ïîäãîòîâêè ðóêîïèñåé ñòàòåé äëÿ ïóá-
ëèêàöèè â æóðíàëå.

Òåìàòèêà ïóáëèêàöèé æóðíàëà:

� Òåîðåòè÷åñêèå îñíîâû ïðèêëàäíîé äèñêðåòíîé ìàòåìàòèêè

� Ìàòåìàòè÷åñêèå ìåòîäû êðèïòîãðàôèè

� Ìàòåìàòè÷åñêèå ìåòîäû ñòåãàíîãðàôèè

� Ìàòåìàòè÷åñêèå îñíîâû êîìïüþòåðíîé áåçîïàñíîñòè

� Ìàòåìàòè÷åñêèå îñíîâû íàä¼æíîñòè âû÷èñëèòåëüíûõ è óïðàâëÿþùèõ ñèñòåì

� Ïðèêëàäíàÿ òåîðèÿ êîäèðîâàíèÿ

� Ïðèêëàäíàÿ òåîðèÿ àâòîìàòîâ

� Ïðèêëàäíàÿ òåîðèÿ ãðàôîâ

� Ëîãè÷åñêîå ïðîåêòèðîâàíèå äèñêðåòíûõ àâòîìàòîâ

� Ìàòåìàòè÷åñêèå îñíîâû èíôîðìàòèêè è ïðîãðàììèðîâàíèÿ

� Âû÷èñëèòåëüíûå ìåòîäû â äèñêðåòíîé ìàòåìàòèêå

� Ìàòåìàòè÷åñêèå îñíîâû èíòåëëåêòóàëüíûõ ñèñòåì

� Èñòîðè÷åñêèå î÷åðêè ïî äèñêðåòíîé ìàòåìàòèêå è å¼ ïðèëîæåíèÿì


