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TEOPETUYECKHUE OCHOBBI
IMPUKJIAITHOU JUCKPETHOU MATEMATUKN

YIK 519.212.2 DOI 10.17223/20710410/62/1

O PACNIPEAEJIEHUU JJIVH ITUKJIOB B TPA®E k-KPATHOM
NTEPAIIIN PABHOBEPOYITHOI CJIVUANHONI ITOJCTAHOBKU

B. O. Muponkun
MUP32A — Pocculickuti mexnonozuueckutls ynusepcumem, 2. Mocksa, Poccus

E-mail: mironkin.v@Qmail.ru

NzyuaeTcst BAusiHme TpoIecca NTEPUPOBAHUS Ha CTPYKTYpY rpada G UCXOTHON paB-
HOBEPOSTHON cjrydaiinoit nogctanosku 7w: .S — S. Beimucansr Tourbie (DOPMYIBI JIIs
pacrpejesieHnst IIHHBL [ () mukiaa Cp (z), comepKaiero mpon3BobHYI0 DUKCHPO-
Bannuyto Bepmuay & € S. Tlosy4eHO BbIpazKeHHE /1 MATEMATHIECKOTO OXKUIAHUS
corydaiinoit Beaumanasl A« (1), paBHOit dncay BepmuH B rpade G i, JeKAMMX HA UK~
max mmabl [ € {1,...,|S|}. Qg k € N u mpousBosibHBIX (DUKCUPOBAHHBIX BEPITNH
T,y € S, T # Yy, BHIYUCIEHA, COBMECTHAsT BEPOSITHOCTH WX MOTAAHUS Ha, UKL (DUK-
CHPOBAaHHBIX JyMH B rpade G k.

KimroueBbie CJI0Ba: PpasHOSEPOAMHAA CAYHATHAA NOOCMAHOSKA, UWMEPAUUA NOICNA-
HOBKU, 2pad NOJCMaHo8KY, pacnpedeserue OAUH YUKAO8, HENOJBUNICHBIE TNOUKUY.

ON THE DISTRIBUTION OF CYCLE LENGTHS IN THE GRAPH
OF F-MULTIPLE ITERATION OF THE UNIFORM RANDOM
SUBSTITUTION

V. O. Mironkin

MIREA — Russian Technological University, Moscow, Russia

The influence of the iteration process on the structure of the graph G, of the uni-
form random substitution 7: S — S is studied. Exact formulas are written out for
the distribution of the length 5 (x) of the cycle K, (x) containing an arbitrary fixed
vertex x € S. An expression is written for the mathematical expectation of a random
variable A x (I) equal to the number of vertices in the graph G, lying on cycles of
length i € {1,...,]S|}. For k € N and arbitrary fixed vertices z,y € S, x # y, the joint
probability of their falling on cycles of fixed lengths in the graph G is calculated.

Keywords: uniform random substitution, iteration of a substitution, graph of a sub-
stitution, distribution of cycle lengths, fixed points.

BBenenue

Hapsy ¢ paBHOBEpOATHBIME CJIyYaliHBIME OTOOPAYKEHUSIMH KOHEYHOTO MHOZKECTBA B Ce-
6s1 [1-4] ocobyro MpakTHYECKYIO POJIh DU CHHTE3e U aHAJIN3€e aJlOPUTMHIECKHX METOI0B
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samuThl uHbopMmanun (nazee — AMBI) urpaioT paBHOBEPOSTHBIE CJyUaiiHble TOICTAHOB-
K1 — OMeKTUBHbIE 0TOOpaXKeHHsI KOHEIHOTO MHOXKeCcTBa B cebsi. Tak, B 4aCTHOCTH, KJIacC
YKa3aHHBIX OTOOparkeHuii mpejacTapiser coOOifi OCHOBHOW MaTeMaTUYeCKWil HHCTPYyMEHTa-
puil, UCIOJB3YEMBbIil IIPU MOJICJIMPOBAHUK AJTOPUTMOB 0OJI0OYHOr0 MuGPOBAaHUSA, KOTOPHIE,
KaK IPAaBMJIO, HMEIOT HTEePAIHOHHYIO0 CcTpYKTypy. Takoe mocrpoenne AM3I nHameseno Ha
HOBBIIIIEHNE UX KPUITOTpapuIecKoro Kadectna. [Ipn 3ToM MoxKeT BO3SHUKHYTH €CTEeCTBEH-
HBIl BOIIPOC O TEJIeCO0OPA3ZHOCTHU JIONOJHUTETHLHOIO HTEPUPOBAHUS YZKe OTJAEAbHBIX 0/I0KOB
AMBU, nanpumep 6/10Ka moACTAHOBOK. Kak momobHast Moand KA CKazKeTCs Ha, KPHUII-
rorpadmaeckom Kadectse AM3U B menom? s TOro 9roOBl OTBETHTH HA TOM BOIIPOC,
TPebyIOTCA 3HAHUS O CBOMCTBAX M XapaKTEePUCTHKAX MTEPAIUil YIIOMSHYTHIX OJIOKOB.

B pabore u3ydaiorcs BepoSTHOCTHBIE CBOMCTBA M XapaKTEPUCTUKH OTHON MOIM(PUKAIIIH
KJIACCA PABHOBEPOSTHBIX CJIy4YallHbIX IIOJCTAHOBOK, COCTOSIIEIO U3 UX KPATHBIX UTEPaluil.

CrieiyeT OTMETHTD, 9TO PE3Yy/IbTaThl HCCICIOBAHNN PABHOBEPOSITHBIX CJIYUANHBIX OTOO-
pazkenwuit [5, 6] He MOTYT GBITH B SIBHOM BHJE DACIPOCTPAHEHbI HA yKa3aHHbIE MaTeMaTH-
JeckKue OObEeKTHl M3-3a HEPABHOBEPOSATHOCTH pacIpeaeseHus CJOYIalHBIX IMOJCTAHOBOK Ha
MHOXKECTBE BCEX OTOOPazKeHW# HEKOTOPOro KOHEYHOTO MHOXKECTBA B ceOsl.

1. TeopeTuko-BepOATHOCTHAA MOJEH

Pacemorpum koreanoe MHOkecTBo S = {1,...,n}, n > 1, u BEpOATHOCTHOE MPOCTPAH-
crBo (2, F,P), B KOTOPOM NPOCTPAHCTBOM 3JEMEHTAPHBIX MCXOJ0B ) SBISETCS MHOMKE-
CTBO S,, Bcex n! OMeKTUBHBIX oTOOpaxKeHuit 7w: S — S, anrebpoii cobbITHl JF — MHOKECTBO
BCEX MOJMHOXKECTB (), a BeposgTHOCTHAsI Mepa P, cooTBeTCTBYyOMAsT PABHOBEPOSITHBIM CJIy-
JAHBIM OTOOPAZKEHUSIM, 33/[aHa CAeTYONIM 00pa30M:

Plr]= =, meq. (1)

Omnpenenenne 1. [I'pagom nodcmarosku m € () HA3BIBAETCS OPUEHTHPOBAHHBIN rpad
G. = (S, E;) ¢ MHOKeCTBOM BepINUH S U MHOXKECTBOM ODHEHTHDOBAHHBIX pEGep E, =

= {(z,7(x)): v € S} C 5=
Omnpenenenne 2. [Jukaiom IC; (x) rpada G, cogep:kamum BepiinHy @ € S, Ha3bIBa-
eTCs MHOYKCCTBO BEPIIUH

{y € S: " (y) = 7" (x) niag wexkoropwix u,v = 0} .

Bnecy ™ (y) =y n 7 (y) =7(...(7(y)...) B cyqae u > 0.
——

u
Yepes [, (x) obosnaanm pmuny nukiaa K. (z), a gepe3 C) (G,) — MHOKECTBO BepIITHH
rpacda G, gexkamux Ha nukiaax jmael [ € {1,... . n}.

Sameuanne 1. Pacnpenenenue caywaitnoit Besmuannst 3, () 3aBucur or n. OgHako
BO n30eKaHue 3arPOMOKIeHNA (POPMYJ JaHHBIA (PAKT B TEKCTe OTpazkaTb He OyieM.

2. BcmomorarteJsibHBIE PE3YJIHTATHI

s nponsBosbHBIX Kk, [, 7,7 € N, ¢ < 7, BBeZéM 0003HAUEHHE

Qf(k,l)z{meN:iéméj,J—,mzl} (2)

rae (m, k) — nanboaprmuit obumit meuress m u k.
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Hamee nnsg npousBosbHoro u € Ny w > 1, 6yeM UCIoIb30BaTh CAEIYIONIee MPeICTaB-
JIEHHe:

— a1 ,,02 at
U=py PPt (3)
e p1 = 2 < py < ... < p; —HoclaeaoBaTe/bHBIE TpocThle ducaa; a; > 0; a; = 0,
1 =1,...,t — 1. Ilpu srom ugepe3 A, Oymem 0603HAYATH MHOXKECTBO HOMEPOB HEHYJIEBBIX
9JIEMEHTOB TOCIeA0BATENBLHOCTH a1, . . . , Gy, & depe3 A, = {1,...,t} \ A, — MHOKeCTBO HO-

MepOB HYJIEBBIX 37eMeHTOB. Kpome Toro, juig npousBoibubix 1 € Nyn > 1, r€e Nu D € R

(o

aepes Wi o (n, D) 6ynem oboznadars muozxkectso pemrennit u3 (N U {0})" cucremnr
seenylr
JIMHEHHbIX HEPABEHCTB

x1 log, pi, + x2log, pi, + ...+, log, pi. < D,
X gaija ]: 1,...,T,

rae iy < ... <i,. 3gecs u ganee mopoxkum [[ (...) =1, > (...)=0.

i€o i€
Yreepxkaeune 1. Ilycre n € Ny n > 1. Torma s a0beix k = pi'ps®...pft € N n
I=phphr. . pbs € {1,...,n}, upeacrasnennsix B Bume (3), CIpaBeIINBO PABEHCTBO
n ({ai: iEAkﬁE})
1EA;
Hoxazameavecmeo. 3Babukcupyem m € {1,...,n} u 3anuieMm ero B CJIeAYIONEM
BHJIE:
m = I » I » I » I
ie(AmmAkal) i€(AmNALNAL) ie(AmmEHE) ie(AmmTkmAl)
m
rae ¢; > 0 B coorBercTBun ¢ (3). Torga B yCaOBHSAX yTBEDXKIEHHS DABEHCTBO (. ) =1
m7

nMeeT BUJL

m c;—min(c;,a; c; —min(c;,a; Ci c;
T | S S (N i ) (S S | (7 o

(m, k) i€(AmNARNA]) i€(AmNARNA;) i€(AmnBenAL) i€(AnNARNA)
b; b;
= I1 D; I1 Pi-
IE€(AmNAKNAY) e (AnnARNA;)

[Ipu sTOM JIIT TPOU3BOJIBHOTO (PUKCUPOBAHHOTO ¢ € A,

. 07 & < a;,
¢; —min (¢, a;) =
¢; — a; B IPOTUBHOM CJIydae.

B gacraocTu, nmpu yeaosun m € {1,...,n} BBIIOJIHIETCS CJIEIYIONIEe:
1) ansti € (Am NALN Kl) ypaBHEHHE

¢; —min (¢;,a;) =0 (5)

OTHOCHUTENILHO ¢; UMEET B TOYHOCTH a; + 1 pasjnmdaHbIxX pemenuit suga ¢; = 0, ..., a;
2) s i € (A, NARNA;) ypaBenue

¢; —min (¢, a;) = b; #0 (6)

HMeeT eIMHCTBeHHOEe pelleHune BUIa ¢; = a; + b;;
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3) mnai € (A, NALNA;) ypasrenue (5) IMeeT eIHHCTBEHHOE pemtertue ¢; = 0;
4) nng i € (Am NALN Al) ypaBHeHue (6) uMeeT eJIMHCTBEHHOe DellleHne ¢; = b;.
Takum 06pa30oM, IUCJI0 PA3JIUIHBIX 1, YAOBJIETBOPAIOIHNX (2), COBIANAET ¢ MOITHOCTHIO
({ai: iEAkﬁE})
wvHozkectra W, - n,1— .GZA: (a; + b;)log, p; |. m
€A

CaencrBue 1. llycth B ycaoBHgaX yTBep:KieHUsd 1 BBIIIOJTHEHO HepaBeHCTBO ki < n.
Torna cnpaseiinba dpopmyna

QT (kD= I (ai+1). (7)

i€(ArNA))
B wacrthnocTu, ecan k — npocroe, 1O
2, (k,1)=1,
1 (kD) #1.

3. Pacnpenenenune ajiuH MuKJaoB B rpade G«

Q7 (K, )] = (8)

[Ipexk e ueMm mepeiTi K OMUCAHUIO paclpele e s CayYaiHol BeTUIuHbl 5k, k > 1, BbI-
SICHUM, KaK ITPOIECC UTePUPOBAHUS MPOU3BOJIHHON MOACTAHOBKH 7 € S,, BJUSET HA CTPYK-
Typy eé rpada G.

OrmeTnM, 9TO pacipejeeHne ducjIa BepIInH 1o mukaaMm rpada Gk, k > 1, chopmu-
poBanHoro Ha octope rpada G, onpelenasercsd BeJHIUHON k, a MMEHHO: KaxKJIbIi UK
rpada G, mmmast m € {1,...,n} pacmamaercs va (m, k) ormenpHbIX 1MuKI0B rpada G«

k) (puc. 1).

JJTAMHBI

10

11

Puc. 1. Pacnman mukia mpu 9-KpaTHOM UTEPUPOBAHNN PABHOBEPOSATHON CiydaifHOM TTOACTAHOBKH T

D1or (haKT MO3BOJISIET BBIMUCATH TOYHYIO (DOPMYJY [JIsi JIOKAJIHHOW BEPOSTHOCTH
P [Bx (x) =[] ¢ mcnonb3oBaHmeM pacipeeenns Caydaiinoil Bennauubl ;.

YrBepxkaenune 2. Ilycts n € N, n > 1 u cayuaitnas mojgcranoska 7w: S — S nmeer

pacnpeesenne (1). Torma nis aw6oro hukcupoBanHoro x € S, M00bIX k = piipy? ... pyt €
eNul=ppp...pb €{1,...,n}, npeacrapaennnx B Buje (3), CIPABEITHBO PABEHCTBO

P (B () = 1) = (WAL (01— 5 (a4 b o,

n [ISAV]
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Zloxaszameavecmeo. 3adukcupyeM Bepmiuny r € S u 0003HAUUM Uepe3 m IJIUHY
mukaa K (x), nae m < n. Torna s npoussosabroro k € N coorBercrByontuit ik Kk ()

uMeeT JINHY | = (—k) Ucnonb3ys obo3Haverue (2), 3amuiieM paBeHCTBO COOBITHIL
m?
Ber (z) =l] = U [Be(2) = m]. 9)
meQn(k,l)

3amMeTnM, 9TO COOBITHSI, CTOAIINE MOJ 3HAKOM 00bequHeHuss B (9), HECOBMECTHBI M UYTO
BEJIMYMHA

P 1Pl =m] = (1_%> (1_ni1)'”<1_n—;+2>n—;+1:%

HE 3aBHCHT OT M.
[Toaromy, mepexosisi B (9) K BEPOSATHOCTSIM, MOJIYYaeM

PlBes () =1 = > PlB(z) =m] = ——, (10)

meQun (k1) n
q10 ¢ y46ToM (4) naér NCKOMBIii pe3ysbrar. i

CaencrBue 2. Ilyctb B yca0BUSX YTBEP:KJIEHUS 2 BBITOJHEHO HEPaBEeHCTBO kI < n.
Torna cupasemiuba opmyna

1
Pl (@) =l =~ T (a+1). (i)
B gactHoCcTH, ecau k — upocToe, TO

m@uwzuz{

oxazameavemeo. LVIckomMblie BhIpazKeHHUsT eCTeCTBEHHBIM 06pasoM ciaeayor u3 (10)
u coornourenuit (7) u (8). m

Yepesz A (1) obo3HaunM cayvaiiHyo BeJUYUHY, DABHYIO 4HCIy BepinuH B rpade G,
JIezKaImux Ha nukiaax aauast [ € {1,...,n}.

Caencreue 3. IlycTh B yCIOBHAX YTBepZKIEHUS 2 BBIIOJIHECHO HepabeHCTBO kI < n.
Torna cupaseanuBa (opmy.ia

Exoo ()= [] (ai+1).
iE(AkﬁE)
Hoxazameavemeo. [leiictBurenbio, tak kKak A\ (1) = Y. I[{x € C;(G+)}, tne

zeS
I {A} —wunaukarop cobeituss A, T0 B cuiy paBHompasus Bcex € S u ¢ yduérom (11)

HOJy4aeM MeMOoYKY COOTHOIIEeHU

EMN(1)=E > I{z€C (G )} =nP[zeC)(Gx)] =nP[Bu(z) =1] = Hi (a; +1).
zes ic(AgNA;)

Caencreue noka3aHo. i

B pesysabrarax cieacTBuii 2 u 3 BbIJIEJUM YAaCTHBIN CJIydaii, MpeICcTaBIIONIui 0COObIi
HHTEpeC JJIs aHATH3a KpUNTOrpadbuIecKuX MTPUMHUTHBOB (HAIPUMED, S-OOKCOB), UCIOIb3Y-
eMBIX B COCTaBe aJTOPUTMOB OJIOYHOrO MU POBAHULI.
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Onpenenenne 3. HemoaBu:kKHON TOUYKOM MOACTAHOBKH 7: S — S Ha3BIBAETCA dJie-
MeHT x € S, st KoToporo 7 (x) = .

C y4éTOM BBeIEHHBIX 0003HAYEHHN MHOXKECTBO HEMOABHKHBIX TOUEK k-KpaTHOf nTepa-
MU [IPOU3BOJIbHOM TojicTanoBKU 7: S — S couajgaer ¢ C (Gr).

CaencrBue 4. llycrb B yC/IOBHSX YTBEp:KIeHHs 2 YUCIO k — IIPOCTOE U BBIMOJTHEHO
HepaseHncTBO k < n. Torma crnpaBeTuBbl (POPMYJIBI

Y

Plz e (Gu)] =
EAx (1) = 2.

2
n

3ameuanme 2. Pesynbrarnl ciaeactBuii 3 m 4 MOryT HaliTH TPUMEHEHHE B pPaMKax
CTaTUCTUYECKOI MMPpOBEPKU THUIIOTE3bI O PaBHOBEPOATHOCTU pacClpeae/eHud MTOACTAaHOBOK.
leiicTBUTENBHO, UMesl peaTn3aInio my, T, . .., Ty BIOOpKH 00béMa N € N u3 HeKOTOporo
HEU3BECTHOTO PACTIPEIEICHNs, 33 JAHHOTO Ha W3MEePIMOM mpocTpanctse (2, F), MOXKHO JJTsi
Ipou3BOIbHOTO k > 1 cdhopMupoBaTh u pabOTATh ¢ HAOOPOM MPOU3BOIHBIX PeaTn3aInit

2 2 k k

7T17...77TN7 7T1""77TN7 ceey 7T1""77TN7
MOJIYYIUB TIPU 3TOM BMecTO onuoil omenku X Beqwumanl EA; (1), [ € {1,...,n}, nabop
u3 k onenok X1, ..., Xy seauana EX; (1), ..., EA () coorBercrBenHo.

Hanee nis k € N u npou3BoIbHBIX (GUKCUPOBAHHBIX BEPIIWH X,y € S, & # Y, BRITUCIAM
COBMECTHYIO BEPOSITHOCTH MX HMOIMAJaHUsS HA MUKJIbI (DUKCUPOBAHHLIX JuH B rpade G k.

YrBepxkaenune 3. llycrs n € N, n > 1 u cayvaitnag momcranoBka 7: S — S uMeer
pacnpesesenne (1). Torma ayst T00bIX GUKCUPOBAHHBIX X,y € S, x # y, u 06X k € N u
lilb e{l,....,n}, 1 + 1o <n(l+0,,,), cCupaBeyIABO PABEHCTBO

-1 1
P [ZL’ S Oll (Gﬂk)7y € Cl2(G7rk)] :511712 Z m—+ Z Z

meQT (k,l1) n(n_l) m1€QT (k,l1) m2€Q71l_m1 (k,l2) n(n—l)

17 ll = l2a
07 ll 7é 12
Zloxazameavcmaeo. [l npon3BoabHBIX T,y € S, & # Y, ONPEICTUM UHIAKATOP

rae 0y, 1, = — cumBoa Kponekepa; Q7 (k, 1) oupeaessiercst coornomenuem (2).

7 1, ecam x,y nexkar na ogHom rukJie rpada G,
Ty =
0 B IPOTUBHOM CJyHae.

Paccmorpuwm cayuait I3 = lo = [. Ilo dpopmysie nonnoit BeposTHOCTH
Ple,y e Ci(Gu)] =Plz,y € Ci(Grr), Loy = 1]+ Plx,y € C1(Gyr), Ly = 0] . (12)

Berancsmm mepBoe caaraemoe B npaboil dactu (12). Sadwukcupyem Bepmuny z € S.
Jlist mpon3BOILHOI (DUKCHPOBAHHOM BepIWHBL i € S, Yy # T, CYIIECTBYeT B TOYHOCTH M — |
BAPUAHTOB DPACIIOJOKEHUs Ha cojepzKaiieM x nukiae Juabl m € Q,(k,1) B rpade G.
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Torma momyvaeM ClAeAYIONIYIO TMEMOYKY PABEHCTB:

Ple,y € Ci(Gpr), Lny = 1] =

1 1 1 1 1
= > —|1- 1— B I +
meQs (k1)1 n—1 n—2 n—m+2)n—-—m+1
2 1 1 1 1
+ 1—— 1— 1= +...+
mec%(kz)( ) 1( ”—2> ( "—m+2)”—m+1 (13)

n—

2 1 1
02 (-5) - (=) -
meQy (k1) n—1 n—m+3/n—m+2n—m+1

m—1

meQrepyn (n— 1)

s cmyuas, KOrma BepHIMHBI T,y JeXKAT HA Pa3IMYHBIX IUKIAX JIIAH 1M, My €
€ {1l,...,n}, m; +my < n, B rpade G, nmeem

mi1—2

Ple,y € C(Gpr), Iny =0l= > II <1— )

m1€Qy (k,l) =0

S mﬁﬁ”(bnl ) ! = (14)

—1

m2€Q;ﬁm1 (k1) i=m
1
o Zn kil nzm m
mlte ( ’ ) m2€Q1 ! (k7l)

[Moxcrasus (13) u (14) B paBercTBo (12), moay4uuM BbIpazkeHHe JJis KCKOMOI BEPOATHOCTH
B ciay4ae [; = o = [.

IIyctp Temeps Iy # lp. B 9TOM ciIy4ae BepIINHBI £,y MOTYT JI€KATH TOJBKO HA PA3HBIX
nukJax B rpade G x, a caegoBarebHo, u B rpade G. Ilosromy

1

Plz € C(Grr),y € Cup(Grr), i # L] = X > W =1)°

mleQ{L(k‘Jl) 77726@?77%1 (k‘,lg)

(15)

O6benunsist Boipazkenusi (12) u (15) ¢ ucnonb3oBanumeM cumposia KpoHekepa, MpUX0IuM
K HCKOMOMY BBIPazKeHHIO. W

3akJrroueHne
[ToydeHnHBIE pe3yJbTaThl IIO3BOJISAIOT OIMUCHLIBATH CTPOCHHE M HEKOTOPBIE BEPOATHOCT-
Hele cBoiicTBa rpada G.r, k > 1, ucnoab3yemble mpu cuaTede n aHagmse AM3M. Kpowme
TOTr0, TOYHBIE PACIIPeIe/eHAsT HCCICIOBAHHBIX CAYyYARHBIX BEJHYHMH PACIIHPSIIOT BO3MOXK-
HOCTHU CTaTUCTUYECKON IIPOBEPKU TI'UIIOTE3bl O COIVIaCUU DpacClpede/iCHUud aHaJIM3UPyeMbIX
O/ICTAHOBOK C PABHOBEPOSITHBIM.
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Blind signature schemes are the essential element of many e-cash and e-voting sys-
tems. Anonymity in such systems is ensured through the blindness property of the
signature schemes. We discuss the blindness property and analyze several ElGamal-
type blind signature schemes regarding this property. We present effective attacks
violating blindness on three schemes.
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O CBOICTBE HEOTCJIEXKUBAEMOCTU HECKOJIBKIIX CXEM
ITIOAIINCH BCJIEIIYIO HA OCHOBE YPABHEHUN{ 9JIb-TAMAJIA

A.A. Babyesa*, JI. P. Axmerssinosa®, E. K. Anekcees®, O.I'. Tapackuu™*

*Kpunmollpo, 2. Mocksa, Poccus
“* Waves, 2. Mocksa, Poccus

CxeMbl TOJIUCH BCJIEIYIO SBJISIIOTCS HEOTHEMJIEMBIM 3JIEMEHTOM DOJIBIIOT0 KOJIUYe-
CTBa CUCTEM 3JIEKTPOHHBIX IJIaTeKell U CUCTeM JUCTAHIIMOHHOI'O 3JIEKTPOHHOI'O I'0JIO-
coBaHUsl. AHOHUMHOCTb B TAKUX CHUCTEMaX 00eCHednBaeTCst 3a CUET CBONCTBA HEOTC/Ie-
JKMBAEMOCTH CXeM rojrnucu Besernyto. Hacrosrmast pabora mocssiiena aHain3y HEKO-
TOPBIX CXEM TOJINCU BCJIEMYI0 HA OCHOBE ypaBHEHUs JJb-laMajs ¢ TOUKHU 3peHus
obecreuenns CBOMCTBA HEOTCIEKMBAEMOCTH. 1I0CTpOEHBI aTaku, HAPYIITAONINE CBOM-
CTBO HEOTCJIEXKMBAEMOCTH, Ha TPU CXEMBbI MOJIIUCH BCAENYI0 YKa3aHHOT'O THUIIA.

KimroueBbie cioBa: cxema nodnucu 6CACTIYT0, ceotlicmeo HeEOMCAENHCUBAEMOCTIU, CTE-
Ma Nodnucy G6CAECTIYIO TMuUna Iav-Tamansa.

1. Introduction

The blind signature mechanism was originally proposed by Chaum in 1982 in [1] for
e-cash systems. Signature issuing protocol is the interactive protocol that runs between
two parties: a Signer and a Requester. As the result, the Requester receives the signature
for a message without the Signer receiving any information about the message or the
signature value. The application of blind signature schemes includes electronic voting
systems, anonymous e-cash systems, direct anonymous attestation, anonymous credentials,
etc.
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Blind signature schemes should provide two security properties: unforgeability and
blindness. The first one is standard for all signature schemes and ensures that a valid
signature can be generated only during the interaction with the secret signing key holder.
The second property is more specific for this class of signature schemes and provides that
a Signer learns no additional information during the protocol execution. However, the way
to determine this information is not obvious. Intuitively, it seems that the message to be
signed should be hidden from the Signer, but it turns out that this is not enough.

In the paper, we discuss the blindness property and analyze several blind signature
schemes based on ElGamal equation (ElGamal-type blind signature schemes) regarding this
property. We present attacks violating blindness on schemes introduced in [2—4]. It seems
that one of them [3] was broken due to a misunderstanding of blindness property.

2. Blindness property

Before we talk about blindness, let us recall the definition of a blind signature scheme.
It is determined by three algorithms:

— (sk,pk) < KeyGen(): a key generation algorithm that outputs a secret key sk and a
public key pk;

— (b,0) <« (Signer(sk),Requester(pk,m)): an interactive signing protocol that is run
between a Signer with a secret key sk and a Requester with a public key pk and a
message m; the Signer outputs b = 1, if the interaction completes successfully, and
b = 0 otherwise, while the Requester outputs a signature o, if it terminates correctly,
and a fail indicator L otherwise;

— b « Verify(pk, m, 0): a (deterministic) verification algorithm that takes a public key pk,
a message m, and a signature o, and returns 1 if o is valid on m under pk and 0
otherwise.

Blindness. Informally, the blind signature scheme provides blindness if there is no
way to link a (message, signature) pair to the certain execution of the signing protocol.
In other words, the blindness is broken if the particular protocol execution for some fixed
message leads to fixing the signature value in an unambiguous way or at least to significant
narrowing the set of possible signature values. It means that for each protocol transcription
and message there exists only the small set of valid signature values (and hence, blinding
factors values) that could be produced during such protocol execution.

For a deeper understanding, we consider the example of using blind signature schemes in
e-voting systems. Suppose, that the authenticated voter performs a blind signature protocol
with the Registrar and receives a signature for his ballot (the ballot acts as the message in
this scenario). Note that in this case the transcription of the protocol is tied to a specific
person, his full name and personal information. After receiving the signature, the voter
sends a signed ballot to the ballot box anonymously. Thus, if one can link the protocol
transcription to the (message, signature) pair, then he can link the ballot to the specific
person and violate anonymity.

Towards formalizing. Let describe the regular blindness security notion introduced
in [5, 6]. An adversary acts as a malicious Signer and is powered to run the signing protocol
with the Requester twice. It is assumed that the Requester behaves correctly (according
to the protocol). After two successful interactions the Requester outputs two (message,
signature) pairs simultaneously. If at least one of the interactions failed, the Requester
outputs fail indicator.
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The adversary’s task (threat) is to link the transcription to the corresponding (message,
signature) pair with a probability of success significantly greater than 1/2. A strong and a
weak attacks may be also distinguished by the following criteria |7]:

— by key generation way (weak attack — the adversary generates key pair according to the
protocol, strong — in the malicious way);

— by the method of choosing messages, the signature for which the adversary should
distinguish (weak attack —the messages are chosen by the Requester, strong — by the
adversary).

Note that regular blindness assumes that all interactions terminates successfully.
However, extended security notions, that allow an adversary to initiate aborts, were
also introduced: a-posteriori blindness [8], selective-failure blindness [9]. The latter notion
was also extended to the multiple interaction case [10]. A-posteriori blindness originally
considers blindness of multiple executions between the Signer and the Requester, and
guarantees unlinkability of execution with (message, signature) pairs only for non-aborted
sessions. An adversary is powered to control the distribution on the signed messages, but not
to choose them. However, a-posteriori blindness does not imply ordinary blindness and vice
versa [8]. Selective-failure blindness guarantees that adversary could not force Requester
to abort the signing protocol because of a certain property of the Requester message,
which would disclose some information about the message to the adversary. Selective-failure
blindness is a strictly stronger notion than regular blindness [10].

3. Broken schemes

This section presents three ElGamal-type blind signature schemes that do not provide
blindness and the corresponding attacks. To address specific schemes, we name them by
the authors’ initials and the date of paper publication.

All considered schemes are based on the elliptic curve discrete logarithm problem. If p is
a prime number, then the set Z, is a finite field with characteristic p. We assume the
canonic representation of the elements in Z, as a natural number in the set {0,...,p —1}.
We define Z; as the set Z, without zero element. We denote the group of points of elliptic
curve over the field Z, by G, the order of the prime subgroup of G by ¢ and elliptic curve
point of order ¢ by P. For simplicity, we assume that p < g. A key generation algorithm
KeyGen in all schemes involves picking random d from Z; (secret signing key) and defining
@ = dP (public verifying key). We denote by H the hash function that maps binary strings
to elements from Z, and assume that all field operations are performed modulo g.

To avoid trivial attacks, we assume that during the signing protocol both the Signer
and the Requester check that field elements are nonzero, points belong to the used elliptic
curve and are not equal to the zero point. Moreover, the Requester should always check
that the values obtained from the Signer are valid for its query. If one of these checks fails,
the participant should abort the protocol with fail indicator.

All the proposed attacks are applied in the weak security model:

— key pair is generated correctly;

— Requester chooses the messages for signing on its own;

— an adversary does not need to know secret signing key;

— an adversary does not need to initiate aborts on the Requester side.

In fact, all these attacks may be performed by any external observer, not only the Signer.
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31. GYP16 schemes

Four blind signature schemes, based on ECDSA, GDSA, KCDSA, and DSTU schemes,
were proposed in [2]| in 2016. We present the definition of ECDSA-based scheme and attack
on it. The attacks on other schemes are constructed similarly.

Scheme description. The signing protocol is defined at Fig. 1.

The signing protocol

Signer(d, Q) Requester(Q,m)
ks Zy,
R+ kP
R
a8 Zy,
R <+ aR

r <— R.x mod ¢

r’ < R .x mod ¢

e < H(m)

e r(r)te (1)

r < R.x mod q
s« k7 (dr +e)

s sa tr/rt

o« (r', )

Fig. 1. GYP16 scheme: the signing protocol

The verification procedure for the message m and the signature (r, s) assumes computing
point R = s7}(rQ + eP), where ¢ = H(m), and verifying the equality R.z mod q = r.

Attack. We show that for fixed protocol transcription and message there exists only
the small set of valid signature values that could be produced during the given protocol
execution. Indeed, if the protocol transcription (R, e, s) and message m are fixed, then the
r = R.xmod g and ¢ = H(m) values are also fixed. The line (1) allows to define the 7’
component of the signature unambiguously as ' = re !¢/ and thus R’ point is fixed up
to sign. For each possible value R', there exists the unique a such that R' = aR. But
the « values are chosen uniformly at random, so the probability to choose «, such that
(aR).x mod ¢ = re~ e/, during several protocol executions is negligible. Therefore, with
overwhelming probability there exist only one signature with ' component satisfied the
condition in line (1).

Hence, the line (1) provides the criteria to break the blindness property. The exact
transcription (R, e, s) corresponds to the certain message m with signature (1, s) iff the
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following condition holds:
e=r(r)""e,
where ¢ = H(m).
3.2. RO0O scheme

Two blind signature schemes based on Schnorr and ElGamal (specifically, GOST)
signatures were proposed in [3] in 2000. Both of them are vulnerable to the same attack.
Let us show it on the GOST-based blind signature example.

Further, we assume that elliptic curve points can be represented as binary strings

(corresponding to their coordinates) and therefore may be passed as input to the hash
function H.

Scheme description. The signing protocol is defined at Fig. 2.

The signing protocol

Signer(d, Q) Requester(Q, m)
ks Zy,
R+ kP
r <« H(R)
R
a <87y
R + aR (1)
v« H(R) (2)
r <« H(R)
B rirt (3)
e < H(m)
e« afte (4)
e
s+ ke+dr
s
s« sf8
o+« (R,

Fig. 2. R0O0 scheme: the signing protocol

The verification procedure for the message m and the signature (R, s) assumes verifying
the equality sP = H(R)Q + eR, where e = H(m).

Attack. Similar to the previous scheme, we show that for a fixed protocol transcription
and message there are only few valid signatures that could be produced during the given
protocol execution. Indeed, if the protocol transcription (R, e, s) and message m are fixed,
then the r = H(R) and ¢/ = H(m) values are also fixed. Consider the line (4) of the protocol
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keeping in mind the relations from lines (1)—(3):
e=ap e =alr ) e =al) re = aH(aR) re.

The equation e = aH(aR)™'re’ for a has only few roots. However, o values are chosen
uniformly at random, so the probability to choose «, that satisfies the equation above,
during several protocol executions is negligible. Therefore, with overwhelming probability
there exists only one signature with R' = aR component for which « satisfies the condition
in line (4).

Hence, the criteria for breaking blindness can be constructed from the lines (1)—(4). The
exact transcription (R, e, s) corresponds to the certain message m with hash-value ¢’ and
signature (R',s’) iff the following condition holds:

aR =R,

where a = e(e/) " 'H(R')H(R) ™.
The attack on Schnorr-based blind signature [3] is defined using the same considerations.
Blindness understanding. The attack seems to become possible due to
misunderstanding of blindness property. The authors of [3| considered blindness as the
resistance to the attacks that lead to the disclosure of message m after the protocol
execution. However, blindness property is much wider. Indeed, the protocol transcription
may leak information about the signature value that also may violate blindness.

33. TNHV18 scheme

The similar attack is applicable to the aggregate blind signature scheme that was
proposed in 2018 in [4] (more precisely, two cases of Signing protocol differring on the
Requester side were proposed). It is also GOST-based scheme. Without loss of generality,
we omit the aggregation property and present the description of the scheme in the case of
a single Signer. Indeed, the following attack does not need the secret key knowledge and
can be performed by anyone who can view the set of protocol transcriptions and the set of
generated (message, signature) pairs.

Scheme description. The signing protocol is defined at Fig. 3.

The verification procedure for message m and signature (r,s) in both cases assumes
computing point R = e"'sP — e7!rQ, where e = H(m), and verifying the equality R.x =
r mod q.

Attack. Consider the first case of the scheme. As usual, we show that for a fixed
protocol transcription and message there are only few valid signatures that could be
produced during the given protocol execution. If the protocol transcription (R, 7, e, s) and
message m are fixed, then the ¢/ = H(m) value is also fixed. Consider the line (4) of the
protocol keeping in mind the relations from lines (1)—(3):

r=7r"la=(R.rmod q)B 'e(e)" = (BR+ aP).x mod q)3 'e(e/) ! =
= ((BR+e(¢) ' P).x mod q)B e(e/) .

The equation
r=((BR +e(¢') "' P).z mod ¢)5e(¢') !

for  has only few roots. However, § values are chosen uniformly at random, so the
probability to choose (3, such that the equation above is satisfied, during several protocol
executions is negligible. Therefore, with overwhelming probability there is only one signature
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The signing protocol

Signer(d, Q) Requester(Q, m)
Case 1 Case 2
ks Z,
R <+ kP
R
o, B +$7Z, o, B +$7Z,
¢ < H(m) e < H(m)
e+ ac’ e « B¢ (1)
R+ BR+aP R < a'R+P+Q(2)
'+ R.zmodq '+ R .zmodq (3)
r 'l r+ af(r' +¢€') (4)
e
5 < ke +dr
s

1 /

s Bats+ae s — B lals+e

o+ () o+ (s

Fif. 3. TNHV18 scheme: the signing protocol

with 7 component equal to (SR + e(¢/)"'P).x mod ¢, for which /3 satisfies the condition in
line (4).

Hence, lines (1)—(4) provide the following criteria for breaking blindness. The exact
transcription (R,r,e,s) corresponds to the certain message m with hash-value ¢ and
signature (r’,s’) iff the following condition holds:

R'.z mod ¢ =1,

where R = SR+ aP,a=e(e)™, B =rrla.

The attack on the second case of the scheme is justified similarly. The exact transcription
(R, 7, e,s) corresponds to the certain message m with hash-value ¢’ and signature (r/,s’) iff
the following condition holds:

R .x mod q =1,

where R = a 'R+ P+ Q,a=r371(r"+€)7!, B=ec(c).
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ON THE NUMBER OF /-SUITABLE BOOLEAN FUNCTIONS
IN CONSTRUCTIONS OF FILTER AND COMBINING MODELS
OF STREAM CIPHERS!
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It is well known that every stream cipher is based on a good pseudorandom generator.
For cryptographic purposes, we are interested in generating pseudorandom sequences
with the maximum possible period. A feedback register is one of the most known cryp-
tographic primitives that is used to construct stream ciphers. We consider periodic
properties of pseudorandom sequences produced by filter and combiner generators
(two known schemes of stream generators based on feedback registers). We analyze
functions in these schemes that lead to output sequences of period at least a given
number £. We call such functions ¢-suitable and count the exact number of them for
an arbitrary n.

Keywords: stream cipher, filter generator, combiner generator, Boolean function.

O YUCJIE (-IIOAXOOANINX BYJIEBBIX ®YVHKIININ
B KOHCTPYKIIUNSIX ®UJILTPYIONIEN I KOMBUHUIP VIOIIIEI
MOJIEJIENI IOTOYHBIX ITIN®POB
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* Hosocubupckuti 2ocydapcmeenuniti ynusepcumem, 2. Hosocubupck, Poccua,
** Unemumym mamemamuru um. C. JI. Coboaesa, 2. Hosocubupcr, Poccus

N3Bectro, 9T0 100601 TOTOUHBIH TGP OCHOBAH HA XOPOIIEM MeHEPATOPE TICEBIOCTY-
JafiHbeix qnce. B kpunrorpaduueckux 1mesigx u3ydarTcsl pa3IndHbIe CIIOCOOBI reHe-
paruy mCeBROCTyIafHBIX TOCTEI0BATETHLHOCTEN C MAKCUMAIBLHO BO3MOXKHBIM TTEPHO-
noMm. Permcrp cnpura ¢ obpaTHO# CBSA3BIO — OJUH U3 KPUITOTPAPUUIECKUX NPUMHTHU-
BOB, KOTOPBIHN MCIOIB3YETCs I TOCTPOEHUs TOTOYHBIX udpos. B pabore m3yuaror-
Cd TEPUOJIMYECKUE CBOUCTBA IICEBJIOCIYUYANHBIX IIOCJCI0BATC/IBHOCTENH, CO3/1aBaeMbIX
burbTpyomuM 1 KOMOMHUPYOMIMM TeHEPATOPAME (U3BECTHBIME CXEMAMK MOTOYHBIX
reHepaTOpOB Ha OCHOBE DETHCTPOB ¢BHTA ¢ 06paTHOil cBs3bio0). B sTmx cxemax ama-
JIUBUPYIOTCA (byHKLU/H/I7 KOTOpbI€e TPUBOAAT K BBIXOJHBIM ITOCJICA0BATC/IBHOCTAM C II€e-
pUO/IOM He MeHee 3aJlaHHoro dncia £. Mbl HaszbiBaeM Takue DyHKIUH {-T10/IXOSIIINME
1 IIOACYUTBIBACM UX TOYHOC KOJIMYECTBO JAJid IIPOU3BOJILHOIO 7.

Kimrouesbie ciioBa: nomounstd wudp, puismpyrouutl 2enepamop, Komeunupyousud
2eHEPAMOP, DYAEBA PYNKUUA.
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1. Introduction

Symmetric ciphers are usually divided into block and stream ciphers. Stream ciphers
are considered as more fast but not as secure as block ciphers. One of the most known
cryptographic primitives that is used to construct stream ciphers is a feedback shift
register (FSR). There are many attacks and defenses on such ciphers and countermeasures
against them, see, for instance, [1, 2].

The task of studying feedback registers leads to the problem of studying a pseudorandom
sequence (gamma) generated by a feedback register 3]. Cryptographers who develop various
pseudorandom number generators study the resulting gamma for the presence of the
necessary properties. For example, it should have a large period, high linear complexity, and
a uniform bit distribution [4]. It is often important that the sequence be reproducible [5].
Only if gamma has the required properties it can be considered for use in cryptographic
applications [6]. An important property of the generated sequence is the randomness. There
should be independence of values, unpredictability and uniform distribution [7]. Before
using a pseudorandom sequence, it is necessary to evaluate its randomness. There are many
different statistical tests for this, for example, NIST, Diehard, ENT test [§].

The properties of the pseudorandom sequence generated by FSR are well studied in the
case when f is a linear function (LFSR). If f is nonlinear (see |9, 10]), there are too many
open questions related to pseudorandom sequences that all are connected to analysis of
nonlinear recurrent sequences, for example, see [11] for further review. That is why some
nonlinear combinations of LESRs are usually considered, for instance, filter and combining
models of stream generators [6].

Let us recall a few definitions. Let F} be the n-dimensional vector space over Fs.
A Boolean function in n wvariables is a function f : Fy — Fo. A wvector of values for
a given Boolean function f is the vector (f(z),..., f(z®")), where 2 ... 2®") are
binary vectors in Fj that are lexicographically ordered. Any Boolean function f can be
represented uniquely in its algebraic normal form (ANF): f(zq,...,2,) = aI( I xi),

I€P(N) iel
where P(N) is a power set of N = {1,...,n} and a; € Fy. For a Boolean function f, the
number of variables in the longest item of its ANF is called the algebraic degree of the
function. If algebraic degree of f is not more than 1, then f is called affine. A function is
called linear if it is affine and f(0) = 0. If algebraic degree of a function f is more than 1,
then f is called nonlinear.

A feedback shift register consists of two parts: a binary block = (21, ..., x,) of length n
and a feedback function f, where f is a Boolean function in n variables. First, we fill the
block z with constants, it is the initial state of the register. During the encryption process
the register is changing its state using the feedback function. Gamma is a pseudorandom
sequence generated by FSR. For functioning of the FSR the time is considered to be divided
into clock cycles. On each clock cycle, the value f(x) is calculated first, then the register
state © = (z1,...,Tn_1,T,) goes to the state ©’ = (z,...,z,, f(x)), while the bit z; will
be written as the first bit of the generated gamma. A period is a length of repeating part
of gamma. If f is linear, we have LFSR. Similarly, nonlinear feedback shift register (NFSR)
uses nonlinear Boolean function as a feedback function. It is known that LFSR can be
also specified by a feedback polynomial. It is a polynomial of degree n defining bits to
be summed. If f(z1,...,2,) = @121 © asxs @ ... D a,T,, then the corresponding feedback
polynomial is defined as p(z) = a12" + 22" ' + ... + a,z + 1, where a; € Fy, i = 1,...,n.
If p(z) is a primitive polynomial, i.e., the primitive element of the field GF(2") is its root,
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then the period of a pseudorandom sequence generated by LFSR is maximal, i.e., is equal
to 2™ — 1. As a result, primitive polynomials are mainly used in LSFRs.

There are many stream ciphers based on LFSR and NFSR. One of them is Grain,
developed in 2004 [12]. It is constructed by combining model based on two shift registers,
one with linear feedback and one with nonlinear feedback, and a nonlinear output function.
Both linear and nonlinear shift register sizes are 80 bits. Another one is A5/1 cipher from
GSM standard [13]. It has three LSFRs of lengths 19, 22 and 23 bits with irregular clocking.
The registers are clocked in a stop/go fashion using a majority rule. The output is the sum
of the last bits of the three registers. We could also mention the Gollmann cascade [14].
This cipher is representative of epy combining model. It consists of a series of LFSRs that
are clock-controlled by the previous LFSR. If all the LFSRs have the same length n, the
linear complexity of a system with k& LFSRs is equal to n(2" — 1)*71. Other examples of
ciphers that are based on LFSR and NFSR are Geffe generator, Jennings generator, and
Beth — Piper Stop-and-Go generator.

In this paper, we analyze pseudorandom sequences produced by filter and combiner
generators. Namely, we study functions in these schemes that lead to pseudorandom
sequences with a period not less than a given ¢. We call such functions ¢-suitable and
count the exact number of them for an arbitrary n.

This paper is a modified continuation of the previous one [15].

2. The analysis of gamma for linear feedback shift register generators
21. Filter generators

The filter generator consists of a single LFSR, of length n and uses a primitive polynomial
to change states. A Boolean function h(xy,...,z,) applied to the current state generates
a pseudorandom sequence (gamma). Let us note that the number of all possible functions
h(zy,...,x,) is equal to 22", The work of the filter generator is shown in [16].

Let gamma be defined as v = (y1,¥y2,...,Yan_1), Where y; = h(zq,...,2,), y2 = h(z,,
cos Ty, f(T1, .00 7)), ete., and f(xq, ..., x,) is the feedback function. Since the number of
all nonzero states is equal to 2" — 1, the maximum possible value of the gamma period is also
2"—1. We would like to determine all /-suitable Boolean functions h in n variables. Functions
which lead to gammas with a period less than a given ¢ we would call {-unsuitable. Note that
the number of such functions does not depend on a linear feedback function. But whether
the function is /-suitable or not for the given generator, depends on the feedback function.
When we count the number of /-suitable functions h, we do not consider a specific set of
states. We say that there is a certain number of different states used by the generator (all
sets that are generated by primitive polynomials fit this definition). Next, we study which
pseudorandom sequences have the period not less than a given £. We analyze the number of
(-unsuitable functions and the number of /-suitable functions. Thus, our reasonings do not
affect the specific order of the states. Therefore, there will be the exact calculated number
of (-suitable functions h for any set of states used by the generator.

Let us provide some examples of /-suitable and f-unsuitable functions. Let n = 4 be
the length of a shift register, f(z1,x2, 3, 24) = x1 ® x5 be a feedback function, and p(z) =
= 2* + 23 + 1 be a corresponding primitive polynomial. Let hy(xy, 22, 23, 74) = To7; B
Dx301 Dr3xe Pryr1 DT Do D3P 1 and ho(xy, o, T3, x4) = T4ToT1 B ToT1 B x3T2 D3 D1
be Boolean functions in n variables. We present generated gamma for these functions in
the Table.
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States 0001 | 0010 | 0100 | 1001 | 0011 | 0110 | 1101 | 1010
h1($1,$2,£3,$4) 1 0 0 1 0 0 1 0
hQ(I1,$2,I3,$4) 1 0 1 1 0 1 1 0

States 0101 | 1011 | 0111 | 1111 | 1110 | 1100 | 1000 | 0001
hl(l’l,llfg,xg,$4) 0 1 0 0 1 0 0 1
ha(x1, 29, x3,24) 1 0 1 1 0 0 1 1

Note that h; and hs generate the gamma with periods 3 and 15. If / = 15, i.e., we
need a gamma with maximum period, then h; is an /-unsuitable function, hs is a ¢-suitable
function.

To begin with, we show the calculation of the number of /-unsuitable sequences.
The number of aperiodic Boolean sequences has been studied in [17], we present our calcu-
lations of the number U, of sequences with a period less than ¢ (f-unsuitable sequences).

Lemma 1. Let ¢ = ¢;"'¢5*...q;*, where ¢ are pairwise distinct prime numbers,

w; € N. Then the number of /-unsuitable sequences is equal to

U= Y ((_1)61+...+Bk+12qf1*’31...qZ"’f’B’“) , where B = (B1,...,B%).
BEFE 0

Proof. We can count the number of /-unsuitable sequences of length ¢ only. Consider
sequences of length ¢ = ¢i"¢5* ... ¢¢* with a period less than (. Let A; be a set of sequences
that can be divided on ¢; identical subsequences, i = 1,...,k. Then A; N A; is a set of
sequences that can be divided on ¢;.; identical subsequences, where 7 # j, 4,5 = 1,... k.

Then A; U A; is a set of sequences that can be divided on ¢; or ¢; identical subsequences,

k
where i # j, 4,7 = 1,..., k. Hence, all f-unsuitable sequences belong to the set |J A;, and
i=1

k
Us = | U Ai]. When a sequence is divided into ¢; identical subsequences, the length of the

=1
subsequence is equal to ¢;'qs? ... ¢ ... ¢, Since the elements of the subsequences are
in {0, 1}, then
wi ey 1) w1 “Gidl)  w
’Az‘ — 2‘111‘122---4(1',1) 4" 4ty ...qkk7
wigwy | C6=1) wi=1 Q1) CG-1) @i QG e
|4; N A =29 %2 -0 G0 Qe G- 9T dGrn e

k

M Ai

i=1

w1—1 wo—1 wp—1
=920 %7 G

k
Therefore, we can compute | | J A;| using the inclusion-exclusion principle:

=1
k k
UAil=> 14— > [AnAj|+ > JANANA—...
i=1 =1 1<i<j<k 1<i<j<t<k
k wi W Wii— Wy — @i w
FDF AN Ap N0 Ay = 3 2
=1

wy w “Wi-1) w;—1 “341)  “G-1) wi—l YG41) w
- 2 e 370ty 4 Gy 9Ty 9T Aty Ty

1<i<j<k
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.+ (—1)’“712"?171%271“'(1:“1 = ¥ <(_1)61+~~-+5k+12q‘f1751...qf’“_ﬁ’“) ’
BEFS 870

where 8 = (81,...,0;). ®

Let us prove the main result for filter generators.

Theorem 1. Let n € N and ¢ is a divisor of 2" — 1, £ = ¢ ¢5” ... ¢g*, where ¢; are
pairwise distinct prime numbers, w; € N. Then the number of ¢-suitable Boolean functions
in n variables for the filter generator with LE'SR based on a primitive polynomial of degree n
is equal to

29 3 <(_1)ﬂl+...+ﬁk+12qfl"*1...q:”“’ﬁ"‘) , where 8 = (B1,....B).
BEFS, 870

Proof. From Lemma 1 we know the number U, of /-unsuitable sequences of the length
2™ — 1. We can write all states of the register one by one and from one state we get the
second one as the next state. Consider the vector of values of a Boolean function h that
generates our gamma. Since there is no zero state in the set of states (it generates the cycle
of length 1), function h can take any value (0 or 1) on zero vector. That is why there are
exactly two Boolean functions that generate the same sequence.

Hence, the number of /-unsuitable functions is equal to 2 U,. Then, the number of ¢-sui-
table functions is 22" —2U,. m

Similarly, we propose to count the number of Boolean functions in n variables leading
to gammas with period exactly equal to /.

Theorem 2. Let n € N and ¢ is a divisor of 2" — 1, £ = ¢{"¢5*...¢c*, where ¢;
are pairwise distinct prime numbers, w; € N. Then the number of Boolean functions
in n variables that lead to gammas with period exactly equal to ¢ for the filter generator
with LFSR based on a primitive polynomial of degree n is equal to

oMl g T ((_1)61+...+5k+12qf1_ﬁ1-~-qf’f'3’“> , where 3= (B1,..., Bw).
BEFE, 30

Proof. 'To calculate the number of functions that lead to gammas with a period exactly
equal to ¢, we take the number of functions that lead to gammas with a period not greater
than ¢ and subtract the number of functions that lead to gammas with a period less than ¢.

The number of functions that lead to gammas with a period not greater than ¢ is equal
to 261, The remaining arguments are similar to those given in the proof of Theorem 1. m

22. Combining model

Combiner generators use several LFSRs. Each register has its own length n,; and uses its
own primitive polynomial for changing states. A Boolean function h(X1, ..., X,,) generates
a pseudorandom sequence gamma, where X; is a bit string of register ¢. The work of the
combiner generator is shown in [16].

Since we do not use zero state in LESR, the total number of states does not exceed
N = (2" —1)(2"2—1)...(2" —1). In this case, the maximum is reached when (n;,n;) =1
forall 4,7 € {1,...,m}, i # j, and if all LFSRs have primitive feedback polynomials. Then
a Boolean function can generate a gamma with a period ranging from 1 to N.

We consider a more general model of a combiner generator. This generalized combining
model is used in ciphers such as Grain [12|. Note that the classical combining model does
not allow to describe a number of modern stream ciphers based on the more complicated
operating with bits from different registers.
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m
Theorem 3. Let n,m,ny,...,n, € N, > n;, =n, and ¢ is a divisor of (2™ —1)... x
i=1
X (2" —1), 0 = ¢ q5? . .. ¢;*, where ¢; are pairwise distinct prime numbers, w; € N, k£ € N.

Then the number of /-suitable Boolean functions in n variables for the combiner generator
with LFSRs of lengths ny,...,n,, all based on primitive polynomials is equal to

92" _ Q=M1 § ((_1>51+...+ﬁk+12q;’1‘ﬂ1...q:k“’k)’
BEFE B0

where 8 = (b1, ..., Bk)-

Proof. Number of /-unsuitable sequences for the combiner generators is equal to Uy, in
view of Lemma 1. Since we use only (2" —1)(2"2—1)... (2" —1) states and the total number
of states is equal to 2" 2"2 . 2" = 2" then we have 2" — (2" — 1)(2"2 — 1)... (2" — 1)
states, where our function can be equal to 0 or 1. Therefore, for one of these states we
have two functions. Thus, the number of /-unsuitable Boolean functions in n variables for
the combiner generators equals 22" ~(2" =D2"=1.-2""=1) 17, Then, the number of (-suitable
functions is equal to 22" — 22"~ -1 -1 ], m

Similarly, we propose to count the number of Boolean functions in n variables that lead
to gammas with period exactly equal to ¢ for the combiner generator with LFSRs of lengths
Niy e ooy My,

m
Theorem 4. Let n,m,ny,...,n, € N, > n; =n, and ¢ is a divisor of (2™ —1)... x
i=1
x (2" —1), 0 = ¢;"¢5* . . . ¢;*, where ¢; are pairwise distinct prime numbers, w; € N, k € N.
Then the number of Boolean functions in n variables that lead to gammas with period
exactly equal to ¢ for the combiner generator with LFSRs of lengths n4,...,n,, all based
on primitive polynomials is equal to

2€+(2n_(2n1_1)...(2nm_1)) o 22n_(2n1_1)...(2nm_1) Z ((_1>51+m+[3k+12qf17ﬁ1.._q:kfﬁk)7
BEFE, B0

where ﬁ = (517' - 7/6k)
Proof. The proof is similar to that of Theorem 2 with the remark that the

number of functions that lead to gammas with a period not greater than ¢ is equal to
ol+(2"—(2"1-1)...2"m~1)) m

3. Functions for models with nonlinear registers

A nonlinear feedback shift register (NFSR) consists of two parts: a binary vector x =
(x1,...,2,) of length n and a nonlinear state function f : Fy — Fy in n variables.

Similarly to the linear case, let us consider the filter generator. We assume that NFSR
passes over all 2" states, i.e., it has the maximum possible period.

Theorem 5. Let n € N and ¢ = 2!, t < n. Then the number of ¢-suitable Boolean
functions in n variables for the filter generator with NFSR of the maximum possible period
is equal to 22" — 227",

Proof. The number of /-unsuitable sequences for the filter generator with NFSR is
equal to 22 . Since we use all the states then the number of (-unsuitable sequences is equal
to the number of /-unsuitable Boolean functions. Hence, the number of /-unsuitable Boolean
functions in n variables for the filter generator with NFSR is equal to 227" Therefore, the
number of (-suitable functions is 22" — 22" m
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Similarly, we propose to count the number of Boolean functions in n variables that lead
to gammas with period exactly equal to ¢ for the filter generator with NFSR.

Theorem 6. Let n € N and ¢ = 2¢, where t < n. Then the number of /-suitable
Boolean functions in n variables that lead to gammas with period exactly equal to ¢ for the
filter generator with NFSR of the maximum possible period is equal to 2¢ — 22",

Proof. To calculate the number of functions that lead to gammas with period exactly
equal to ¢, we take the number of functions that lead to gammas with a period not greater
than £ (i.e., 2°) and subtract the number of functions that lead to gammas with a period
less than £ (i.e., 227 ). m

There is another question related to NFSRs: how to determine for which nonlinear
feedback functions NFSR of length n generates gamma with the maximum possible
period 27 This question is still open.
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Every year the International Olympiad in Cryptography Non-Stop University
CRYPTO (NSUCRYPTO) offers mathematical problems for university and school
students and, moreover, for professionals in the area of cryptography and computer
science. The main goal of NSUCRYPTO is to draw attention of students and young
researchers to modern cryptography and raise awareness about open problems in the
field. We present problems of NSUCRYPTQO’22 and their solutions. There are 16 prob-
lems on the following topics: ciphers, cryptosystems, protocols, e-money and cryp-
tocurrencies, hash functions, matrices, quantum computing, S-boxes, etc. They vary
from easy mathematical tasks that could be solved by school students to open prob-
lems that deserve separate discussion and study. So, in this paper, we consider several
open problems on three-pass protocols, public and private keys pairs, modifications of
discrete logarithm problem, cryptographic permutations, and quantum circuits.
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Exeronno Mexaynapojuas osmMmnuana no kpunrorpacdun Non-Stop University
CRYPTO (NSUCRYPTO) npemiaraer MmaTeMaTndecKue 3a4a9u 1 CTYJEHTOB yHU-
BEPCUTETOB U IKOJI, & TaKzKe [jisi podeccruonansos B objactu Kpunrorpadun u uH-
dopmaruku. Ocrosras neab NSUCRYPTO — npussieus BHUMaAHNIE CTYIEHTOB U MO-
JIOZIBIX HUCCJIe/IoBaTE el K COBpEMEHHON KPUNTOrpaduu, B YACTHOCTH K €€ OTKPBITHIM
npobsaemam. Mer paccmarpusaeM 3azadn NSUCRYPTO22 u ux pemenus. IIpuso-
nsres 16 3324 [0 CAeAyomuM TeMaM: Mudpbl, KPUITOCUCTEMBI, ITPOTOKOJIBI, JIEK-
TPOHHBIE JIEHbI'M U KPUITTOBAJIFOTHI, XII-(DYHKIINN, MATPHUIbI, KBAHTOBBIE BEIYUCICHUS,
S-60km u T. 1. 3aJa9Uu BaPbUPYIOTCS OT MPOCTHIX MATEMATHIECKUX 3334, KOTOPHIE
MOTYT OBIThH PEIeHBI MKOJPHUKAMU, 0 OTKPBITBIX 33724, 3aC/TyKUBAIOITUX OT/IE/Ib-
HOTO 0DCY>KJIEHUsT U UCCIe0BaHUsI. PaccMaTpuBalOTCs HECKOJIBKO OTKPBITHIX 33,14 110
TPEXTTPOXOHBIM TTPOTOKOJIAM, TIAPAM OTKPBITHIX M 3aKPBITHIX KI0YEH, MOTNpHUKAIIN-
SIM 33]aUH JUCKPETHOTO JIOTapU(MMUPOBAHNS, KPUITOTPAPUIECKUM TIEPECTAHOBKAM U
KBAHTOBBIM CXEMaM.

Kirouesbie ciioBa: xpunmozpadua, wudpbs, NpomoKosbl, Meopus “uces, S-6a0%u,
KGAHMOGHIE CTEMbL, MAMPUYDLL, TIU-PYHKUUL, UNMEPNOAAUUA, KPUNMOGCAAIOTBL,
nocmKrEeaHmMOoGsie Kpunmocucmemst, osumnuada, NSUCRYPTO.

1. Introduction

Non-Stop University CRYPTO (NSUCRYPTO) is the unique international
competition for professionals, school and university students, providing various problems
on theoretical and practical aspects of modern cryptography [1|. The main goal of the
olympiad is to draw attention of young researchers not only to competetive fascinating tasks,
but also to sophisticated and tough scientific problems at the intersection of mathematics
and cryptography. That is why each year there are several open problems in the list of
tasks that require rigorous studying and, if solved, deserve a separate publication. Since
NSUCRYPTO holds via the Internet, everybody can easily take part in it. Rules of the
Olympiad, the archive of problems, solutions and mach more can be found on the official
website [2].

The first Olympiad was held in 2014, since then more than 3000 students and
specialists from almost 70 countries took part in it. The Program committee now is
including 22 members from cryptographic groups all over the world. Main organizers and
partners are Cryptographic Center (Novosibirsk), Mathematical Center in Akademgorodok,
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Novosibirsk State University, KU Leuven, Tomsk State University, Belarusian State
University, Kovalevskaya North-West Center of Mathematical Research, and Kryptonite.

This year, 37 participants in the first round and 27 teams in the second round from
14 countries have become the winners (see the list [3]). We proposed 16 problems to
participants and 5 of them were entirely open or included some open questions. Totally,
there were 623 particpants from 36 countries.

Following the results of each Olympiad, we also publish scientific papers with detailed
solutions and some analysis of the solutions proposed by the participants, including advances
on unsolved ones [4-11].

2. An overview of open problems

One of the main characteristic of the Olympiad is that unsolved scientific problems are
proposed to the participants in addition to problems with known solutions. All 31 open
problems that have been offered since the first NSUCRYPTO can be found in [12]. Some
of these problems have been of great interest to cryptographers and mathematicians for
many years. These are such problems as “APN permutation” (2014), “Big Fermat numbers”
(2016), “Boolean hidden shift and quantum computings” (2017), “Disjunct Matrices” (2018),
and others.

Despite the fact that it is noted that the problem is open and therefore requires a lot of
work to advance it, some of the problems we proposed have been solved or partially solved by
our participants during the Olympiad. For example, problems “Algebraic immunity” (2015),
“Sylvester matrices” (2018), “Miller — Rabin revisited” (2020) were solved completely. Also,
partial solutions were suggested for problems “Curl27” (2019), “Bases” (2020), “Quantum
error correction” (2021), and “s-Boolean sharing” (2021).

Moreover, some researchers continue to work on solutions even after the Olympiad
was over. For example, the authors of [13] proposed a complete solution for the problem
“Orthogonal arrays” (2018). Partial solutions for another open problem, “A secret sharing”
(2014), were presented in [14, 15], and a recursive algorithm for finding the solution was
proposed in [16].

This year, two open problems have been solved during the Olympiad. These are problems
“Public keys for e-coins” (Problem 4.10) and “Quantum entanglement” (Problem 4.16).

3. Problem structure of the Olympiad

There were 16 problems stated during the Olympiad, some of them were included in
both rounds (Tables 1 and 2). Section A of the first round consisted of six problems, while
Section B of the first round consisted of eight problems. The second round was composed
of eleven problems; five of them included unsolved questions (awarded special prizes).

Table 1
Problems of the first round
’ No. ‘ Problem title ‘ Max score

[ No. [ Problem title \ Max score \ T | Numbers and points 1
1 Numbers and points 4 2 Hidden primes 4
2 | Wallets 4 3 | Face-to-face 4
3 | A long-awaited event 4 4 | Matrix and reduction 4
4 Hidden primes 4 5 Reversing a gate 6
5 Face-to-face 4 6 | Bob’s symbol 8

6 Crypto locks 4 + open problem 7 Crypto locks 4 4 open problem

Section A 8 Public keys for e-coins Open problem

Section B
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Table 2
Problems of the second round
[ No. | Problem title \ Max score \
1 CP problem Open problem
2 | Interpolation with errors 8
3 | HASO1 8
4 | Weaknesses of the PHIGFS 8
5 Super dependent S-box 6 + open problem
6 Quantum entanglement 6 + open problem
7 Numbers and points 4
8 | Bob’s symbol 8
9 Crypto locks 4 + open problem
10 | Public keys for e-coins Open problem
11 | A long-awaited event 4

4. Problems and their solutions

In this section, we formulate all the problems of 2022 year Olympiad and present their
detailed solutions, in some particular cases we also pay attention to solutions proposed by
the participants.

4.1. Problem “Numbers and points”

Formulation

Decrypt the message in Fig. 1.

1|A|B|C|D|E 3/.15(1
2| F|[G|H|l/JK 413]3].].
3|L{M|N|O|P 1]./4/2]4
4|Q[R|S|T|U 2|4|. =
5(VIW|X]|Y|Z 1].14(2

Fig. 1. The illustration for the problem “Numbers and points”

Solution

There is a board made up of numbers and dots on the right half of Fig.1. One cell is
highlighted in red. The path along which the sensible plaintext is encrypted begins with
it (Fig.2). The ciphertext has a “number — number — dot” pattern. The ciphertext is the
following;:

21 .42 .24 .15.33.14.

41 3. |pnl
4| 3

— 4|2
304. 3
1 4P

Fig. 2. The path along which the sensible plaintext is encrypted
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The table in the left half of Fig. 1 refers to the Polybius square. Each letter is represented
by its coordinates in the grid. Comparing the numbers from the ciphertext with the
coordinates of the letters in the Polybius square, we get:

F.R.(I/J).E.N.D.

Picking I from (I/J), we get the sensible plaintext FRIEND.
The problem looked simple but there was only one complete solution proposed by the
team of Robin Jadoul (Belgium), Esrever Yu (Taiwan) and Jack Pope (United Kingdom).

4.2. Problem “Wallets”

Formulation

Bob has a wallet with 2022 NSUcoins. He decided to open a lot of new wallets and
spread his NSUcoins among them. The platform that operates his wallets can distribute
content of any wallet between 2 newly generated ones, charging 1 NSUcoin commission and
removing the initial wallet.

He created a lot of new wallets, but suddenly noticed that all of his wallets contain
exactly 8 NSUcoins each. Bob called the platform and told that there might be a mistake.
How did he notice that?

Solution

Suppose that there were n such operations, so we had n + 1 wallets. Since 1 NSUcoin is
charged for each operation, the total commission is equal to n. Therefore, we have 2022—n =
= 8(n + 1) and 2014 = 9n, but that is impossible since n is a natural number. The most
accurate and detailed solution was sent by Egor Desyatkov (Russia).

43. Problem “A long-awaited event”

Formulation

Bob received from Alice the secret message
L78V8LC7GBEYEE

informing him about some important event.
It is known that Alice used an alphabet with 37 characters from A to Z, from 0 to 9 and
a space. The character encoding is shown in Table 3.

Table 3
A B C D E F G H I J K L M N 0 P Q R S
0 1 2 3 4 5 6 7 8 9 10 (11|12 |13 | 14 | 15| 16 | 17 | 18
T U vV W X Y Z 0 1 2 4 5 6 7 8 9 SPACE
19 120121 | 22|23 (24|25 |26 |27 |28 129|301 3132|3334 35 36

For the encryption, Alice used a function f such that f(z) = ax?® + bz + ¢ mod 37 for
some integers a, b, c and f satisfies the property

flz—y)—=2f(x)f(y) + f(1+2y) =1 (mod 37) for any integers x,y.

Decrypt the message that Bob received.
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Solution
Let y = 0:

F(x) = 2£(2) £(0) + (1) = 1 (mod 37),
F(a)(1 = 2£(0)) = 1 — F(1) (mod 37).

Since f is not a constant function, we have that both sides of the equation above are zeros,
so f(0) = 19 (mod 37) and f(1) = 1 (mod 37). From this we obtain that ¢ = 19. Let
y=—1:

fA+z)+ f(1—2)=1+2f(z)f(—1) (mod 37).

By replacing x — (—x) we get,
fAd—2)+ f(1+2z)=1+2f(—2)f(—1) (mod 37).

Left sides of the last two expressions are equal, therefore f(z) = f(—z) (mod 37) that is f
is even function, provided f(—1) # 0 (mod 37). We can check the last condition by putting
x =0, y = 1 to the initial relation on f, that yields f(—1) =1 # 0 (mod 37). Therefore,
f(z) = f(—x) (mod 37) for any integer x, hence b = 0.

From f(1) = 1 (mod 37) we reveal the value of the coeffecient a that is equal to 19.
Thus, we have f(z) = 19(z*+1) (mod 37), then for recovering of the plaintext we use the
inverse expression z = £4/2f(x) + 36 (mod 37) and for every symbol of the ciphertext we
choose the appropriate variant of the corresponding symbol of the plaintext:

L78VSLCTGBEYEE — NSUCRYPTO 2022.

The only correct solution was sent by William Zhang (United Kingdom).
44. Problem “Hidden primes”

Formulation

The Olympiad team rented an office at the Business Center, 1-342 room, on 1691th
street for NSUCRYPTO-2022 competition for 0 nsucoins (good deal!). Mary from the team
wanted to create a task for the competition and she needed to pick up three numbers for
this task. She used to find an inspiration in numbers around her and various equations
with them. After some procedure, she found three prime numbers! It is interesting that
when Mary added the smallest number to the largest one and divided the sum by the third
number, the result was also the prime number.

Can you guess these numbers she found?

Solution

We may assume from the problem statement that Mary used some numbers around her
and some equations with them in order to find these three numbers. We may also get from
the description that she used only one procedure to find these hidden numbers.

So all three numbers are connected by some procedure and the numbers around Mary
are used, from phrase “various equations” we can assume that there exists some equation
with these numbers as coefficients. There were 5 numbers around Mary: 1, —342, 1691,
—2022 and 0.

In addition, analyzing the picture (Fig.3), you can see the curve, cubes with 4 letters:
a, b, ¢, d and the cube with 0. The curve resembles a graph of a cubic function and the



Mathematical problems and solutions of the Ninth NSUCRYPTO 35

letters on the cubes look like coefficients of a cubic function. The cube with 0 gives a hint
for the use of a cubic equation.

@& - S
Yy ®

Fig. 3. The illustration for the problem “Hidden primes”

Let us substitute the numbers from the problem statement into the cubic equation.
Solving the equation z3 — 34222 + 1691z — 2022 = 0 we find the roots 2, 3, 337. All three
numbers are prime and satisfy the condition from the statement: (2 + 337)/3 = 113, where
113 is also a prime number.

Best solutions were proposed independently by Konstantin Romanov (Russia), Vasiliy
Kadykov (Russia) and Sergey Zabolotskiy (Russia).

45. Problem “Face-to-face”

Formulation

Alice picked a new pin code (4 pairwise distinct digits from {1,2,...,9}) for her credit
card such that all digits have the same parity and are arranged in increasing order. Bob
and Charlie wanted to guess her pin code. Alice said that she can give each of them a hint
but face-to-face only.

Bob alone came to Alice and she told him that the sum of her pin code digits is equal
to the number of light bulbs in the living room chandelier. Bob replied that he didn’t have
enough information yet to guess the code and left. After that, Charlie alone came to Alice
and she told him that if we find the product of all pin code digits and then sum up digits
of those product, this result number would be equal to the amount of books on the shelf.
Charlie also replied that he didn’t have enough information to guess the code yet and left.

Unfortunately, Eve was eavesdropping in the next apartment and, after Charlie had left,
she immediately found out Alice pin code despite that she had never seen those chandelier
and bookshelf. Could you find the pin code too?

Solution

Let P be the pin code. Since all the digits of P have the same parity and are arranged
in increasing order, we have only six options (Table 4).

Table 4
Pin code P | The sum of digits | The product of digits | The sum of product digits
1357 16 105 6
1359 18 135 9
1379 20 189 18
1579 22 315 9
2468 20 384 15
3579 24 945 18
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Since Bob could not guess the code, the sum of digits must allow at least two options
for the code, so we have P € {1379,2468}. Since Charlie could not guess the code
either, we have the same problem for the sum of product digits and it follows that
P € {1359,1579,1379,3579}. Therefore, the pin code is equal to 1379.

The best solutions to this problem were sent by Henning Seidler (Germany), Himanshu
Sheoran (India) and Phuong Hoa Nguyen (France).

4.6. Problem “Crypto locks”

Formulation

Alice and Bob are wondering about the creation of a new version for the Shamir three-
pass protocol. They have several ideas about it.

The Shamir three-pass protocol was developed more than 40 years ago. Recall it. Let p
be a big prime number. Let Alice take two secret numbers ¢4 and d4 such that cqdgq =
=1 (mod (p — 1)). Bob takes numbers c¢g and dp with the same property. If Alice wants
to send a secret message m to Bob, where m is an integer number, 1 < m < p — 1, then she
calculates 1 = m mod p and sends it to Bob. Then Bob computes xs = 7 mod p and
forwards it back to Alice. On the third step, Alice founds z3 = ng mod p and sends it to
Bob. Finally, Bob recovers m as ng mod p according to Fermat’s Little theorem.

It is possible to think about action of ¢4 and d4 over the message as about locking and
unlocking, see Fig. 4.

locks

;O - N PN -

Fig. 4. The illustration for the problem “Crypto locks”

. Crypto
e, WM,
N O

Alice and Bob decided to change the scheme by using symmetric encryption and
decryption procedures instead of locking and unlocking with c4, cg, d4, and dp.

Q1 Propose some simple symmetric ciphers that would be possible to use in such scheme.
What properties for them are required? Should Alice and Bob use the same cipher (with
different own keys) or not?

Q2 Problem for a special prize! Could you find such symmetric ciphers that make the
modified scheme to be secure as before? Please, give your reasons and proofs.

Solution

Q1 Assume that Alice and Bob use functions Ency, Decy and Encpg, Decpg for encryption
and decryption, respectively. Suppose that Alice wants to send the message m, then the
three-pass protocol will look as follows:

e Alice calculates Enc(m, ka), where k4 is her secret key, and sends it to Bob.

e Bob computes Encg(Encs(m, ka), kp), where kp is his secret key, and forwards it to
Alice.

e Finally, Alice computes Deca(Encg(Enca(m, ka), kg), ka) and sends it to Bob.

For Bob to recover m, the following property must be true:

Decp(Deca(Encg(Enca(m, ka),kp), ka), kp) = m.
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The most common approach was to use encryption functions that commute with each
other. In that case, if Alice wants to send a secret message m to Bob, then she calculates
r = mo ky and sends it to Bob. Then Bob computes x5 = x o kg and forwards it back
to Alice. On the third step, Alice finds z3 = x5 o k" and sends it to Bob. Finally, the
commutative property of operation o allows Bob to recover m as s o k;l.

Remark 1. Note that if Eve can intercept all three messages, then she can obtain m if
she could compute ', since zozzox; ' = m. As a result, all schemes that use ciphers with
only XOR operation (the most common suggestion by the participants) have this weakness.

Regarding Q2, one interesting idea found by a few participants is to use the product of
matrices for encryption and decryption, with the additional condition that the matrix M
associated with the message m is singular. That additional condition appears as a
countermeasure against the attack described in Remark 1. However, such schemes require
additional security analysis.

Another interesting idea suggested by the team of Himanshu Sheoran, Gyumin Roh
and Yo lida (India, South Korea, Japan) was to base the scheme on permutations that
commute with each other. Note that a three-pass cryptographic protocol with a similar
idea was presented in [17].

47. Problem “Matrix and reduction”

Formulation

Alice used an alphabet with 30 characters from A to Z and 0, 1, «,», «!». The character
encoding is shown in Table 5.

Table 5
A B C D E F G H I J K L M N 0
0 1 2 3 4 5 6 7 8 9 10 (11 |12 | 13 | 14
P Q R S T U Vv W X Y Z 0 1 s !
15116 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29

Encryption. The plaintext is divided into consequent subwords of length 4 that are
encrypted independently via the same encryption (2 x 2)-matrix F' with elements from Zs.
For example, let the j-th subword be WORD and the encryption matrix F' be equal to

119
F‘(u 10)‘

The matrix that corresponds to WORD is denoted by F; and the matrix that corresponds to
the encryption result of WORD is C and is calculated as follows:

119\ (22 17 8 4
Oj:F'Pf:(n 10) (14 3):(22 7) (mod 30),

that is, the j-th subword of the ciphertext is IWEH.
Eve has intercepted a ciphertext that was transmitted from Alice to Bob:

CYPHXWQE!WNKHZO0Z

Also, she knows that the third subword of the plaintext is FORW. Will Eve be able to restore
the original message?
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Solution
The third word of the plaintext is FORW:

5 17
P = FORW = (14 22) (mod 30).

The ciphertext corresponding to it is

29 13
pu— ' p—
C = IWNK (22 10) (mod 30).

Since C3 = F' - P35, where F'is the encryption matrix, the matrix for the decryption could

have the following form:
D="r;-C5'.

But det(Cg) = 4 (mod 30) and ged(4,30) # 1, that is, such matrix does not exist
modulo 30. So we will consider the following calculations by reduction modulo 15.
Let Py = P; (mod 15), C5 = C' (mod 15), and F' = F' (mod 15). We have

Fl=P(0) = (Z 3) (tmod 15),
consequently,

D= (Z 3) + 15 F, (mod 30),

where Fj is 2 x 2 binary matrix. We have D - C3 = Ps, or

1 (29 13 29 13 5 17
E <22 10>+15F0 (22 10)‘(14 22) (mod 30)

Finally, we obtain
517 15 15 5 17
(14 22) =Fo (0 o> - (14 22> (mod 30).

If we set Fy = (Z Z ,

us the answer GOODLUCKFORWIN!!.
Best solutions for this problem were sent by Pieter Senden (Belgium) and by Sergey
Zabolotskiy (Russia).

48. Problem “Reversing a gate”

then it is clear that only the valuesa =c=0and b =1, d = 0 give

Formulation

Daniel continues to study quantum circuits. A controlled NOT (CNOT) gate is the most
complex quantum gate from the universal set of gates required for quantum computation.
This gate acts on two qubits and makes the following transformation:

100) = [00), [01) — [01), [10) — [11), [11) — [10).

This gate is clearly asymmetric. The first qubit is considered as the control qubit, and the
second is the target qubit. CNOT is described by the following quantum circuit (z,y € Fy):

7) —4— |2}

ly) —— |y ® x)
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The problem. Help Daniel to design a circuit in a special way that reverses CNOT gate:

7)) —— [r D y)
ly) —— |y)

It makes the following procedure: |00) — |00), |[01) — [11), |10) — |10), |11) — |O1).
To do this, you should modify the original CNOT gate without re-ordering the qubits but
by adding some single-qubit gates from the following (Table 6).

Table 6
Pauli-X gate |z) |z & 1) Acts{gnlz}i single qubit in the state |z),
x €U,
Pauli-Z gate |z) (—1)% |z) Acets{(c))nlz}i single qubit in the state |z),
x )
Hadamard gate |z) |0>+(\;§1)I1> Acts{on ;; single qubit in the state |z),
rz €40,1

Remark 2. Let us briefly formulate the key points of quantum circuits. A qubit is a
two-level quantum mechanical system whose state [¢) is the superposition of basis quantum
states |0) and |1). The superposition is written as [)) = a0 |0) + a1 |1), where ap and oy
are complex numbers, called amplitudes, that possess |a0|2 + |041|2 = 1. The amplitudes ay
and oy have the following physical meaning: after the measurement of a qubit which has the
state [1)), it will be observed in the state |0) with probability |ao|” and in the state |1) with
probability |oz1|2. In order to operate with multi-qubit systems, we consider the bilinear
operation ® : |x),|y) — |z) ® |y) on x,y € {0, 1} which is defined on pairs |x),|y) and, by
bilinearity, is expanded on the space of all linear combinations of |0) and |1). When we have
two qubits in states [¢) and |p) correspondingly, the state of the whole system of these two
qubits is [¢) ® |¢) . In general, for two qubits we have [¢)) = ago|0) ® |0) + a1 [0) @ |1) +
+ai9|1) ®|0) + 11 |1) ® |1) . The physical meaning of complex numbers «;; is the same as
for one qubit, so we have the essential restriction |ago|? + |1 |* + |a10]? + |a1]* = 1. We use
more brief notation |a) ® |b) = |ab). In order to verify your circuits, you can use different
quantum circuit simulators, for example, see [18].

Solution

The desired circuit has the following form for any =,y € F:

1) [¥2)  [¥s)
lzy — H : : H—E—|x@y>
vy —{Hp-o-{H ]} Iv)

Indeed, with initial state |x) |y) we have

o (\0> +<J§1>z|1>> <\o> +<¢—§1>y|1>) B

_ 100) + (=1)?]01) 4+ (=1)"[10) + (=1)**¥ [11)
5 7
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_[00) + (=1)?[01) + (=1)* [11) + (=1)"*¥[10) _
|¢2) = 5 —

_ <|0> + (—1)w@yll>> <\0> + (—1)y|1>)’

V2 V2
[V3) = |z @ y) |y) -

Best solutions were sent by Daniel Popescu (Romania), by Yo Iida (Japan) and by David
Marton (Hungary).

49. Problem “Bob’s symbol”

Formulation

Bob learned the Goldwasser — Micali cryptosystem at university. Now he is thinking
about functions over finite fields that are similar to Jacobi symbol.
He chose a function B, : Fon — Fy (Bob’s symbol) defined as follows for any a € Fon:

B, (a) 1, if a =22+ x for some x € Fon,
n\a) = .
0, otherwise.

Bob knows that finite fields may have some subfields. Indeed, it is well known that Fyx
is a subfield of Fan if and only if k£ | n. Bob wants to exclude the elements of subfields. In
other words, he considers the restriction of B,, to the set

ﬁgn - ]FQn \ U ]FQk.
kln, k#n

Here, by Fan \ Fyr we mean the removal from Fyn the elements forming the field of order 2*.
Finally, Bob is interested in the sets

B’ ={y €Fy : By(y) =0} and B ={yecFy:B,(y) =1}

Q1 Help Bob to find |BY|/|Bl| if n is odd.
Q2 Help Bob to find |BY| and |B}| for an arbitrary n.

Solution
Let us define

B(Fy) = {& € Fan : By(z) = 0}, ie., B = Fau N B(Fan).

First we prove the following lemma.
Lemma 1. Let k| n. Then

1
§\F2k\, if n/k is odd,

0, otherwise.

Proof. Let us consider the function G(z) = 2? + z = z(x + 1), where x € Fy:. First,
G(z) = G(z + 1). Secondly, > + x + a, a € Fy, has at most 2 roots. It means that G is a
two-to-one function. Therefore, there are exactly 2¥~1 distinct a such that 22 + x # a for
any x € For.
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Next, for any such a the polynomial 22 + x + a is irreducible over Fyr. It means that
it has a root ¢ in the quadratic extension Fyor of Fox, i.e., a = ¢* + q. If n/k is even, Fox
is a subfield of Fan, i.e., ¢ € Fon. Thus, |[For N B(Fan)| = 0. If n/k is odd, then Fy is not
a subfield of Fon. Moreover, Foor N Fon = For. It means that any root ¢ does not belong
to an, 1.6.7 |]F2k N B(an)| =21 m

Now we are ready to answer the questions. Let n = m2!, where m is odd. We define

1, ot
and g(d) = 52,

fi(d) = [Fyuzr 0 B(Fan) 5

where d | m. This means that |BY| = |B°,.| = fi(m). At the same time, the definition

of I/B:W gives us that R

din
According to Lemma 1 and the denotations above,

S [Foa N B(Fn)| = 3 [Fyur N B(Fzn)| = 3 fi(d),

dln dlm dlm

1
’FQn N B(an)‘ = ’F2m2t N B(an)‘ = 5‘]F2m2t’ = gt(m)

Hence,
git(m) = > fi(d) holds for any integers m > 1 and ¢ > 0.

dlm
According to the Md&bius inversion formula,

Film) = 5 pdhgmd) = 5 3 )22,

d\m

Recall that p(d) = 0 if d is not square-free (there is an integer v > 2 such that u? | d);
otherwise, it is equal to 1 (—1) if d has an even (odd) number of prime factors. As a result,

Byl = Z pl(d)2"/e.

d|m

Also, |BL| = |Fan| — | B°|. We need only to note that |Fon| = 3 u(d)27/?. This can be easily

din
proven just using 2" = |Fon| = > |[Foa| together with the Mébius inversion formula. Finally,
din
1 ~
we can see that |BY| = |Bl| = §|F2n| for odd n, which means that the answer for Q1 is 1

In fact, it directly follows from Lemma 1 and the definition of @gn.

Many teams provided the correct answers in the second round using similar ideas:
Himanshu Sheoran, Gyumin Roh, Yo Iida (India), Mikhail Kudinov, Denis Nabokov,
Alexey Zelenetskiy (Russia), Stepan Davydov, Anastasiia Chichaeva, Kirill Tsaregorodtsev
(Russia), Mikhail Borodin, Vitaly Kiryukhin, Andrey Rybkin (Russia), Kristina Geut,
Sergey Titov, Dmitry Ananichev (Russia), Pham Minh, Dung Truong Viet (Vietnam),
and Alexander Belov (Russia).
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4.10. Problem “Public keys for e-coins”

Formulation

Alice has n electronic coins that she would like to spend via some public service S (bank).
The service applies some asymmetric algorithm of encryption F(-) and decryption D(:) in
its work. Namely, for the pair of public and private keys (PK, SK) and for any message m
it holds: if ¢ = E(m, PK), then m = D(c, SK), and visa versa: if ¢ = E(m,SK), then
m = D(d, PK).

To spend her money, Alice generates a sequence of public and private key pairs
(PKy,SK,),...,(PK,,SK,) and sends the sequence of public keys PK7,..., PK, to the
service S. By doing so, she authorizes the service S to control her n coins.

If Alice would like to spend a coin with number 7 in the shop of Bob, she just gives the
secret key SK; to Bob and informs him about the number i. To get the coin with number ¢,
Bob sends three parameters to the service S: number ¢, some non secret message m, and
its electronic signature ¢ = E(m,SK;). The service S checks whether the signature ¢
corresponds to the message m, i.e., does it hold the equality m = D(¢, PK;). If it is so, the
service accepts the signature, gives the coin number ¢ to Bob and marks it as “spent”.

Problem for a special prize! Propose a modification of this scheme related to
generation of public and private key pairs. Namely, is it possible for Alice not to send
the sequence of public keys PKy,... PK, to the service S, but send only some initial
information enough for generating all necessary public keys on the service’s side? Suppose
that Alice sends to the service S only some initial key PK (denote it also as PK)), some
function f and a set of parameters T' such that PK;,; = f(PK;,T) for all ¢ > 0. Propose
your variant of this function f and the set T'. Also think what asymmetric cryptosystem
could be used in such a scheme.

Requirements to the solution. Knowing PK, f, and T, it is impossible to find any
private key SK;, where ¢ = 1,...,n. It should be impossible to recover SK; even if the
secret keys SK7, ..., SK; 1 are also known, or even if all other secret keys are known (more
strong condition).

Solution

The problem was solved by two teams and partially solved by four teams.

One of the best partial solutions was proposed by the team of Viet-Sang Nguyen,
NhatLinh Le Tan, and Phuong Hoa Nguyen from France. It is described in the BIP32
document [19]. The main idea is to consider SK; as the sequence of numbers additively
related to each other: SK; = SKy + p;, where p, = HMAC7(PKy||i). Public keys can be
easily generated by the server S. This approach is compatible with ElGamal type signature
schemes, but requires additional security analysis [20].The main disadvantage of the scheme
is described by the authors: server S should keep the point PKj in secret, as well as Bob
should do with SK;. The problem is that if there is some data leakage, then all coins of
Alice will be lost. So the potential complicity of the server and Bob forms a crucial danger
for Alice.

The remaining partial solutions use the interesting idea of generating a private key from
a public key.

An original attempt to solve the problem was proposed by two teams: Alexander
Bakharev, Rinchin Zapanov, and Denis Bykov (Russia); Himanshu Sheoran (India), Gyumin
Roh (South Korea), and Yo Iida (Japan). They applied RSA-like techniques and considered
private keys as SK; = PKZ-_1 mod ¢(n), where n = pg and prime numbers p, ¢ are known to
Alice only, as well as ¢(n). In the solution of A. Bakharev et al., public keys are formed as
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the consecutive prime numbers: PK;; is the next prime number after PK;. In the solution
of H. Sheoran et al., public keys are formed using a hash function. But the security of this
schemes is still under the question.

A very nice partial solution was proposed by Robin Jadoul (Belgium), Esrever Yu
(Taiwan), and Jack Pope (United Kingdom). The authors describe an identity-based
signature scheme with message recovery based on the RSA hardness assumption. The main
idea is to generate public keys from the corresponding master keys by application of hash-
to-field functions (four functions are used).

We have accepted two complete solutions.

One of them was proposed by the team of G. Teseleanu, P. Cotan, and L. Constantin-
Sebastian from the Institute of Mathematics of the Romanian Academy. On the first round
the partial solution was proposed by G. Teseleanu. Private and public keys are connected
as (SK;)? = PK; mod N, while public keys are generated via HMAC function: PK; =
= HMACr(i). The authors also provide a signature scheme that uses keys of this type.
Only Alice can produce private keys because she knows the prime factors p and ¢, where
N =pq.

Another accepted solution was proposed by Ivan loganson, Zhan-Mishel Dakuo and
Andrei Golovanov from Saint Petersburg ITMO University (Russia). It uses the ideas of an
ID-based signature scheme. Public and private keys are generated from the corresponding
master keys PK, and SKj. The principles of Diffie — Hellman protocol on finite groups are
applied. Namely, private keys are generated as SK; = SKy* H (i), where H is hash-to-field
function, whereas public keys used by the server are combinations of PKy = SKy * P and
numbers ¢, where P is a generator element of the group. It is difficult to recover SK; by
information from the server and from SKi,...,SK;_1,SK;1,...,SK, if the hash-to-field
function H is of a good cryptographic quality.

It is nice to mention the paper of A. Babueva and S. Kyazhin [20] that appeared after
the Olympiad, in which the authors continued solving the problem.

411. Problem “CP Problem?”

Formulation

Let G = (g) be a group of prime order ¢, x is the bit length of ¢. Let us consider two
known modifications of the discrete logarithm problem over G, namely, s-DLOG problem
and /-OMDL problem. Both of them are believed to be difficult.

s-DLOG problem (with parameter s € N)
Unknown values:  z is chosen uniformly at random from Z;.

Known values: aLge g
Access to oracles: no.
The task: to find x.

(-OMDL (One-More Discrete Log) problem (with parameter ¢ € N)
Unknown values:  x1,23,...,%s1 are chosen uniformly at random from Z;.
Known values: gt gt L, gt

Access to oracles: at most ¢ queries to Oy that on input y € G returns x
such that ¢° = y.
The task: to find x1, 2o, ..., T
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Consider another problem that is close to the s-DLOG and ¢-OMDL problems:
(k,t)-CP (Chaum—Pedersen) problem (with parameters k,t € N)

Unknown values:  x1,23,...,%;41 are chosen uniformly at random from 7.

Known values: gt gt L, gt

Access to oracles: at most k queries to Oy that on input (i,z) € {1,...,t+1} x G
returns z%, and at most ¢ queries to Oy that on input
(a1,...,0p41) € fol returns Ty + ... + QT

The task: to find x1, 29, ..., T41-

[t is easy to see that if there exists a polynomial (by k) algorithm that solves the
s-DLOG problem, then there exists a polynomial algorithm that solves the (s — 1,¢)-CP
problem for any ¢ € N.

Problem for a special prize! Prove or disprove the following conjecture: if there
exists a polynomial algorithm that solves (k, ¢)-CP problem, then there exists a polynomial
algorithm that solves at least one of the s-DLOG and /-OMDL problems, where k., t, s,/
are upper bounded by polynomial of k.

Solution

Unfortunately, there were no any advances on solving this problem among participants,
so this conjecture is still open.

4.12. Problem “Interpolation with Errors”

Formulation

Let n = 2022 and let Z, be the ring of integers modulo n. Given z;,y; € 7Z, for
i€ {l,...,324}, find monic polynomials

f(z) =2 +apa®® + .. 4+ ax + ag,

g(x) = 2+ Bisa™® + ...+ Bir + By
of degree d = 16 and coefficients from Z,, such that the relation

f(l’z) . JJ%G + 0615.131'15 4+ ...+ a1T; + Qp
g(l’l) ZIZ’Z16 + 61537215 4+ ...+ ﬁlﬂfi + ﬁo

Y =

holds for at least 90 of the indices i € {1,...,324}.

Note. The coefficients Sy, ..., S15 are such that the denominator of the above fraction
is invertible for all possible values of x; € Z,. It can be assumed that they are sampled
uniformly at random from all such sets of values. Furthermore, the positions and error
values can be also assumed to be sampled uniformly at random.

The attachment (see [21]) contains a CSV file with 324 triplets (i, x;, y;).

Solution

First, note that n = 2022 = 2 - 3 - 337. Therefore, the problem can be solved for moduli
2, 3, 337 independently, and then recovered using the Chinese Remainder Theorem (CRT).
Furthermore, for moduli 2 and 3, there are only a few possible polynomials (in view of the
relations z? = r (mod 2) and z*> = x (mod 3)). The best candidate polynomial modulo 6
(ignoring equivalent forms) satisfies m out of 324 values x;, y;, while the next best one does
only 109. Note that the expected value is 90 + (324 —90)/6 = 129 (90 correct ones and 1/6
wrong pairs satisfying the relation modulo 6 by chance), so that it is safe to assume that
the best one is correct. We can now consider the problem modulo 337, where we know that
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the 90 correct pairs must be among those m correct pairs observed modulo 6. Denote the
set of those m remaining indices by I.
Note that the relation can be rewritten as y; - g(x;) — f(z;) = 0, or, more explicitly,

15 , 15 A
(yi > B,a:f) — (Z aw?) + (yzxf — xf) =0. (1)
=0 =0

The target problem can now be formulated as the problem of decoding a linear code over
the finite field GF(337). Indeed, let the generator matrix G be given by columns

2 15 2 15
(—1, —Ti, —Tj, ooy =X, Yi, Yili, Yily, .., Yil; )

for all chosen indexes i € I, let the target vector v be given by

U= (ylx;j - mzd)iel )

and consider the “solution” vector

5:(0407---70415,507-~->515)-

It is easy to verify that the codeword s - G differs from —v in at most m — 90 places, i.e.,
has at most 35 errors. Indeed, the vector s - G computes the contribution of the first two
clauses of equation (1), whereas v defines the third clause, and the three clauses sum to
zero on correct data pairs. Note that G defines a [m, 32]-code, i.e., a 32-dimensional code
of length m. A random such code has expected minimum distance about 82 (given by the
Gilbert — Varshamov bound), so that the solution (with the error 35 less than half of the
distance) should likely be unique (modulo 337).

A very basic yet efficient method for linear code decoding is the so-called “pooled
Gauss” method: choosing £ = 32 random coordinates of the code and assuming that they
are error-free, allowing to recover full codeword by solving a linear system. Alternatively,
SageMath includes an implementation of the Lee — Brickell method, which is slightly faster.
The decoding should take less than 30 minutes using the basic method.

Remark 3. Due to the equivalent polynomial fractions modulo 2 and modulo 3, the
overall solution is not unique (but there are only a few candidates).

413. Problem “HASO01”

Formulation

Bob is a beginner cryptographer. He read an article about the new hash function
HASO1 [22]. Bob decided to implement the HASO1 function in order to use it for checking
the integrity of messages being forwarded. However, he was inattentive and made a mistake
during the implementation. In the function f;, he did not notice the sign «’» in the variable a
and used the following set of formulas:

Fori:=0,...,7
For j=0,...,6
A(i+1) mod 8, *= SBox(((@ij & a(i11) moasj) K 3) ® ((@ij+1 B A1) mod 8,5+1) > 5));
A(i+1) mod 8,7 = SBOX(((ai,7 ® (1) mod 8,7) <K 3) B (@30 D A(i+1) mod 8,0) > 5) B 7).
Q1 Prove that Bob’s version of the hash function is cryptographically weak.

Q2 Find a collision to the following message (given in hexadecimal format):
316520393820336220323620343720316320373820386520.
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The test set value for the original HASO1 hash function is given in [23].
The test set value for Bob’s implementation is given in [24].

Solution

Q1. In the case when Bob makes a mistake and uses formulas with recursion, it turns out
that for each first byte of the string (ago, a10, a0, @30, a0, @50, aeo, @70), the most significant
three bits do not affect the formation of the digest. Therefore, the function is not collision
resistant, making it easy to pick up a number of different values that produce the same
hash value.

Q2. According to the formulas, the most significant three bits for the first byte of each
string do not affect the formation of the hash value. However, the original message fills
only the first three rows of the original matrix. Therefore, changing the upper three bits
in bytes agg, a9, az0 will allow you to get the same hash values. Therefore, for a given
value 316520393820336220323620343720316320373820386520, you can get 29 —1 =511
collisions.

For example:

316520393820336220323620343720316320373820386520;

F16520393820336220323620343720316320373820386520;

F165203938203362E0323620343720316320373820386520;

31652039382033622032362034372031E320373820386520;

and so on.

It should be noted that most of the participants who tried to solve this problem were
able to get the correct answer and identify the collision. Separately, it is worth noting
that the team of Mikhail Borodin, Vitaly Kiryukhin and Andrey Rybkin (Russia) not only
answered the questions of the task correctly, but also considered the issues of a possible
vulnerability for the HAS01-512 algorithm.

414. Problem “Weaknesses of the PHIGFS”

Formulation

A young cryptographer Philip designs a family of lightweight block ciphers based on a
4-line type-2 Generalized Feistel scheme (GFS) with better diffusion effect.

Its block is divided into four m-bit subblocks, m > 1. For better diffusion effect, Philip
decides to use a (4 x 4)-matrix A over Fom instead of a standard subblocks shift register
in each round. The family PHIGFS,(A,b) is parameterized by a non-linear permutation
b: Fom — Fom, the matrix A and the number of rounds ¢ > 1. The one-round keyed
transformation of PHIGFS,(A,b) is a permutation g, on 3, defined as

gr(x3, T2, 11, x0) = A (23,22 ® b(x3 B k1), 21, 20 D b2 B k:g))T,

where xg, T1, 9, x3 € Fam, k = (k1, ko) is a 2m-bit round key, kg, ky € Fom.
The (-round encryption function fra) e : Fam — F3. under akey (K1, ... k1Y) € F,,
is given by
fk(l),...,k(f) (X) = gr© .. .gk(l)(x) for all x € F4m.

For effective implementation and security, Philip chooses two binary matrices A’, A”
with the maximum branch number among all binary matrices of size 4:

1101 0111

A/ — 7 Al/ —

10
01
11

—_ = =

1
1
1

— o

1 0
1 1
0 1

o~
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For approval, he shows the cipher to his friend Antony who claims that A’, A” are
bad choices because ciphers PHIGFS,(A’,b) and PHIGFS,(A”,b) are insecure against
distinguisher attacks for all b: Fom — Fom, £ > 1.

Help Philip to analyze the cipher PHIGFS/(A,b). Namely, for any b: Fom — Faom and
any ¢ > 1, show that PHIGFS,(A,b) has

a) (-round differential sets with probability 1,

b) ¢-round impossible differential sets

for the following cases: Q1: A = A" and Q2: A = A”. In each case, construct these
nontrivial differential sets and prove the corresponding property.

Remark 4. Let us recall the following definitions.

— Let §,e € Fon be fixed nonzero input and output differences. The differential probability
of s: Fon — Fon is defined as

Pose(s) =2"" - {a € Fan : s(a ®0) ® s(a) = ¢}].

— If s: Fon x K — Fon depends on a key space K, then the differential probability of s is
defined as

pse(s) = K| 3 pse(se),

keK

where s(z, k) = sg(x), x € Fan, k € K. In this case, the pair (0, £) represents a differential
denoted by § —* ¢.

— Let Q,A C Fn\{0} and ©, A are nonempty. If ps.(s) = 0 for any § € Q, ¢ € A, then
(Q, A) are impossible differential sets. But if

Z p5,5(3) = 17

6e,ecA

then (Q,A) are differential sets with probability 1. We call (2, A) trivial (impossible)
differential sets if Q € {@,Fon\{0}} or A € {@,F2n\{0}}.

— For the [-round encryption function f, we will sometimes write 6 —; € to emphasize the
number of rounds [ instead of § —f ¢.

— For § € Fom,b: Fom — Fam, we denote

As(b) = {bla®d) ®b(a) : a € Fom}.

Solution

Note that gi consists of a transformation v : F3,, — F3. and the matrix A over Fam,
where

vg(x3, o, 1, 0) = (3,22 ® b(x3 ® k1), 21,20 D b(21 & ko)),
gr(x) = A(vp(x)) ", x € Fi,..
Q1. A=A
Let € € Fom, W(e) = {(az,az,a1,a0) € Fan a3 ® oy =} \ {(0,0,0,0)}.

Theorem 1. Let [ be any positive integer, ¢ € Fom. Then [-round differential sets
W(e) —; W(e) of the PHIGFS;(A’, b) hold with probability 1.
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Proof. For any (3,2, 21, 20) € F3. we have the following equality:
A5, 9, 21, 20) T = (23 B T2 B o, T3 B T1 B Lo, T2 B T, D To, T3 B T2 B 1)

Let us consider any nonzero (4, \,w) € F3,. and any round key k € F3,.. Note that v; maps
a difference (6, \,0 @ £, w) € W (e) to a difference (5, \(V,§ @ ¢, wM) € W(e) for any

A e Ash) @ N, wh € Asge(b) B w.

Then A’ (5, A\V,§ @ e,w®) = (W @ s B AV wV G e,w® @ s AY @e, AV @e). Thus,
gr maps the difference (6,),8 ®e,w) € W(e) to the difference (6, A 61 e w?) €
€ W(e), where 61 = XV @5 @ w®, A® =M ge, w?® = XV @ e, Therefore,

P[W(e) = W(e)] =1

By induction on the number of rounds [, we get P[WW(e) —; W(e)]=1. m

Corollary 1. For any number of rounds [ > 1, (W (e), W (0)) are a pair of impossible
[-round differential sets for any different e, € Fom.

Q2. A= A"

Let W ={(0,4,6,0) : (6,0) € F2.. \ {(0,0)}}.

Theorem 2. Let [ be any positive integer, ¢ € Fom. Then [-round differential sets
W —; W of the PHIGFS;(A”,b) holds with probability 1.

Proof. For any (3,2, 21, 20) € Fan, we have
" T T
A" (x5, 9,21, 20)" = (3B T2 B 1,23 B T2 B To, T3 B T1 D To, T2 B T1 D o) .

Let us consider any nonzero (d,0) € F2,, and any round key k € F%,.. Note that v; maps a
difference (0,4,6,6) € W to a difference (0,4,8,6")) € W for any 6 € As(b) & ~. Then

A"(0,6,5,0M) = (0,00 @ 6,0 @ 6,00) .

Thus, g, maps the difference (0,6,6,6) € W to the difference (0,6W, 6", 1)) € W, where
s =6 @ §. Therefore,
PIW —=9W]|=1.

By induction on the number of rounds [, we get P[W —, W] =1. =

Corollary 2. For any number of rounds [ > 1, (W, W) are a pair of impossible [-round
differential sets for any W’ C F3,.\(W U {0}).

We would like to mention the solution of Gabriel Tulba-Lecu, loan Dragomir and Mircea-
Costin Preoteasa (Romania).

4.15. Problem “Super dependent S-box”

Formulation

Harry wants to find a super dependent S-box for his new cipher. He decided to use a
permutation that is strictly connected with every of its variables. He tries to estimate the
number of such permutations.

A vectorial Boolean function F(x) = (fi(x), fa(z),..., fu(z)), where z € F3, is
a permutation on FY if it is a one-to-one mapping on the set F3. Its coordinate function fi(x)
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(that is a Boolean function from F} to FFy) essentially depends on the variable z; if there
exist values by, by, ..., bj_1,b41,...,b, € F3 such that

fk <b17b27"'7bj71707bj+17'"7bn> 7£ fk <b17b27"'7bj71717bj+17"'7bn>-

In other words, the essential dependence on the variable z; of a function f means the
presence of z; in the algebraic normal form of f (the unique representation of a function in
the basis of binary operations AND, XOR, and constants 0 and 1).

An example. Let n = 3. Then the Boolean function f(z1,x, z3) = z129@ 23 essentially
depends on all its variables; but g(z1, 2, 23) = 122 @ 2 @ 1 essentially depends only on x;
and x,.

The problem. Find the number of permutations on F} such that all their coordinate
functions essentially depend on all n variables, namely

Q1 Solve the problem for n = 2, 3.
Q2 Problem for a special prize! Solve the problem for arbitrary n.

Solution

Let us denote the number of super-dependent S-boxes in n variables by S(n). We can
represent Fas F'(x) = (fi(x),..., fu(x)), where z € F} and fi, ..., f, are Boolean functions
in n variables (i.e., functions of the form F} — F,). Recall that F' is a permutation if and
only if any its component function by f1(z) @ ... ® b, fu(z), b € Fy \ {0}, is balanced (i.e.,
it takes zero and one in the same number of arguments).

The most of solutions provided by the participants contain an answer for Q1. As a rule,
an exhaustive search was used. The correct answer for Q1 is the following: S(2) = 0 and
S(3) = 24576. At the same time, some progress has been made on Q2. A short description
of these results is bellow.

The team of Mikhail Kudinov, Denis Nabokov and Alexey Zelenetskiy (Russia) used the
inclusion-exclusion principle and provided lower and upper bounds for S(n). Their ideas
were the following. Let H (k) be the set of functions f : F§ — F, that essentially depend on
all its variables zq, ..., x;. Then,

1 n—1
[H(n)| =C5 — kZ_IOCZ [H(F)],

where C¥ is a binomial coefficient. Next, let us define for any i € {1,...,n} the sets
A; = {a permutation F(x) = (fi(x),..., fo(x)) on Fy : f; ¢ H(n)}.
It means that the number of super-dependent S-boxes is the following:
S(n)=2"— A U...UA,|

It is not difficult to see that |A;, N...NA;, | =]A1N...N A for any 1 < k < n and any
k-element set {i1,...,ix} C {1,...,n}. The inclusion-exclusion principle gives us that

S(n) = 2"+ 3 (=DFCE A N N Ayl
k=1
The cardinalities of intersections can be calculated in the following way:

AL NN A = 2 dln, @ -,
T (c3)

=0
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where d(n, k) is the number of tuples (fi, ..., fx) consisting of Boolean functions in n vari-
ables such that fi,..., fv ¢ H(n) and by f1 @ ... Dby fy is balanced for any b € F5\ {0}. Tt is
not easy to calculate d(n, k). However, there is a trivial estimation d(n, k) > C2._;. Also,

277,—1

C3 ' — |H(m)|

’A1| - 2”‘ n—1
cz

This can be used to estimate S(n):
2" —nlA;] < S(n) < 2™ — |4

The team of Stepan Davydov, Anastasiia Chichaeva, and Kirill Tsaregorodtsev (Russia)
proposed interesting ideas as well. They noticed that 2" | S(n), implemented Monte-Carlo

simulations for n = 4 and n = 5, and showed that lim T 1. Also, the team
n—oo

pointed out a subclass of super-dependent S-boxes such that even component functions
of its representatives essentially depend on all its variables.

The team of Mikhail Borodin, Vitaly Kiryukhin and Andrey Rybkin (Russia) calculated
that S(4) = 19344102217728 = 24-16-50375266192. They used that the addition to a super-
dependent S-box in n variables of any binary vector from F} and rearranging its output bits
provided a super-dependent S-box as well. In other words, (n!-2")|S(n) holds. Note that
some other participants mentioned such kind of classifications (for instance, in the solution
above). However, the team exploited this fact most successfully.

4.16. Problem “Quantum entanglement ”

Formulation

The Nobel Prize in Physics in 2022 was awarded to researchers who experimentally
investigated quantum entanglement. One of their studies was devoted to a Greenberger —

1
Horne — Zeilinger state |GHZ) = —2(\000) + |111)), which is an entangled state of three

qubits. This state can be created using the following quantum circuit:

0) — H
0) D
|0) b

After the measurement, the probability to find the system described by |GHZ) in the
state |000) or in the state |111) is equal to 1/2.

When we make measurements in quantum physics, we are able to make post-selection.
For example, if we post-select the events when the first qubit was in state |0), the second and
the third qubits will also be found in the state |0) for sure, this is actually what entanglement
means. We also see that the post-selection destroys entanglement of two remaining qubits.

Q1 But what will happen, if we post-select the events when the 1st qubit is in the Hadamard
1
state |[+) = E(|O> + |1))? How can we perform this kind of post-selection if the result

of each measurement of a qubit state can be only 0 or 1 and we can only post-select
these events? Will the two remaining qubits be entangled after post-selection? Design
the circuit which will provide an answer.



Mathematical problems and solutions of the Ninth NSUCRYPTO 51

Q2 Problem for a special prize! There are two different classes of three-qubit entang-
lement. One of them is

1
GHZ) = —(]000) + [111)),
(GHZ) = = (000) + [111)
and the other is )
|[W) = —(]001) 4 |010) + |100)).

V3

Discuss the possible ideas how the difference between these states can be found with
the usage of post-selection and measurement. Don’t forget that you need to verify
entanglement for both types of states!

Remark 5. For details about quantum circuits, see Remark 2. Additionally, we can
measure qubit, initially given in the state [¢)) = aq|0) + a1 |1), in other basis, for example

%(|0>+|1>) and |—) = %(IOH-]I)) In order to do this, we consider
the state in the form [¢)) = af |+) + ] |—), where complex amplitudes «f, @} have the same
physical meaning as «g and «;. Then we can calculate the probability that the qubit will
be in the state |[4+) or |—) after the measurement and consider the process of post-selection
in this case. Recall that for two qubits we use notation |a) ® |b) = |ab). By induction, this
process is expanded on the case of three qubits and more. Mathematically, the entanglement
of n-qubits state means that we can not consider this state in the form |¢)) = |p1) ® |¢2),
where |p1) and |@2) are some states of m and n — m qubits, correspondingly.

Hadamard basis |[+) =

Solution

Q1. The circuit for creation of the Greenberger — Horne — Zeilinger state |GH Z) is the
following:

0) | H
|000) + |111)
10) > —
V2
10) ®

First, we need to post-select events when the first qubit is in the Hadamard
1
state |+) = EQO) +|1)). For this purpose, we make an Hadamard gate prior to the

measurement of the first qubit. After this we perform a post-selection.
The state |GHZ) can be written as

1000) + [111) (|00) + |11)) (|00) —|11))
V2 2v/2 2v2
where |4+) = (|0) £ |1))/v/2. It means that if we select the first qubit in the state |[4), the

other qubits will be in the entangled Bell state |®*) = (|00) + |11))/+/2. This state can be
detected using a CNOT gate followed by the Hadamard gate. The whole circuit is

|GHZ) = =[+) +1-)

0) — H H —10) (0]
|0) & HH
0) ® o
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Q2. This question that supposed to be the open problem was solved during the
Olympiad by the team of Viet-Sang Nguyen, Nhat Linh LE Tan and Phuong Hoa Nguyen
(France). Here we provide the solution.

If we measure any qubit of the state |GHZ) and know the result of the measurement,
we immediately know the state of two rest qubits. Thus, the state of the whole system of 3
qubits is an entangled one. But the state of two rest qubits after the measurement of any
qubit is separable.

When we measure the first qubit of the state |IW), the result is 0 with probability 2/3
and 1 with probability 1/3. When the state of the first qubit is measured 1, the system
collapses to a separable state |00) hence it is not entangled anymore. However, when the
state of the first qubit is measured 0, the remaining two qubits become the maximally
entangled state of two qubits. Given the measurement of one qubit as |1), we can deduce
the information about the other two because there is correlation in the information between
qubits. Thus, |I¥) is an entangled quantum state of three qubits.

Unlike |GH Z), measuring one qubit in |IV) creates an entangle state of two remaining
qubit with probability 2/3. While being in |GH Z), the system collapses to a separable state
after measurement of any qubit.

The post-selection procedure for the state |GHZ) was discussed in the question Q1,
so the same technique can be applied for the state |WW). This state contains residual
entanglement after measurement of a qubit, we can post-selection the third qubit in the
state |0) to attain the Bell state of the remaining qubits:

0) — Ry(0) $—0) (0]—
0) H d
0) &

Here, R,(f) gate is a single-qubit rotation through angle § = 2arccos(1/v/3) (radians)
around the y-axis.
The state |W) has the following representation:

_ L 1
e V6

If we can post-select the state |+) for the third qubit, we have

! (100+) +[01+) + [104) ) = !
V3 V3
which is equivalent to a circuit with two entangled qubits similar to |I#') and an independent
qubit in the state |+). There is a correlation between two rest qubits in this system: if we
measure 1 in one qubit, the other must be 0. Hence, we have an entanglement between two
qubits.

The circuit for the system with third qubit in the state |[+) and two entangled qubits:

W) (1001) +|010) 4 [100) ) = —=(|00+) + |01+) 4 [104) — [00—) + [01—) + |10—) ).

(100) + |01) + [10) ) ® |+),

0) H

10) — By(9)

)
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In conclusion, when measuring one qubit of the state |IW), the state of the other two
qubits are still entangled. But after the measurement of any qubit of the state |GHZ), the
states of the remaining qubits become known. When post measuring Hadamard |+) state,
both |W) and |GHZ) states return outcome equivalent to a separate qubit in the state |+)
and an entangled state of two qubits.

We also would like to mention participants who made a progress in solution, that is the
team of Gabriel Tulba-Lecu, Mircea-Costin Preoteasa, and Ioan Dragomir (Romania), the
team of Mikhail Kudinov, Denis Nabokov, and Alexey Zelenetskiy (Russia), the team of
Himanshu Sheoran, Gyumin Roh, and Yo lida (India, South Korea, Japan), and the team
of Donat Akos Koller, Csaba Kiss, and Marton Marits (Hungary).
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DaxTrdecKas OCBEIOMJIEHHOCTH IMOJIb30BaTe el B KOHMUIACHIIMAIbHON nHMOpMaIun
paccMaTpUBaeTCd KakK BJIaJIeHHE COOTBETCTBYIOIIEH nH(OpMaIueii, XapakTepu3yoe-
ecsl CTEMeHbI0 BOCTIPUATHsI (YCBOEHUS) W BO3SMOYKHOCTH WCIOJIb30BAHUST HWH(MDOPMAITIN
(«n3BII€UEHMSTY M3 HaMsTH). B paMkax cyObeKTHO-00HeKTHOrO Kaacca Mojiesieli yrpas-
JIEHUsT JOCTYIIOM B KOMIBIOTEPHBIX CHCTEMAX MpOu3BejeHa (hopMaan3alius MOHATHS
OCBEIOMJIEHHOCTH KaK PEe3y/bTaTa JOCTYIIOB MOJb30BATENEH K 00bEeKTaM, COJepIKa-
muM KoHbUIeHna bRy 0 nHopMmarmo. Joctym K 00bekTy (0 9TEHHIO), HMEOIInii
BPEMEHHBIE DAMKHU ([IPOIOIKUTENBHOCTE ), (hOPMUPYET OCBEIAOMIEHHOCTD TIOJIB30BATE-
Jisi B KOH(DUJAEHIUAJIBHON HHAMOPMAITMH COOTBETCTBYIOIIETO 0ObEKTA, BETMINHA KOTO-
poit mponopnuoHaabHa 00bEMy KOHGUACHIHAIbHON HHMOPMAIWH 00BHEKTA, WHICKCY
CJIOKHOCTH (AnTabeIbHOCTH ) TEKCTa 00bEKTA, TTPOOIKUTETLHOCTH JOCTYIIA U, KPOME
TOT'0, 3aBUCUT OT UHAUBUAYAJIbHbBIX CHOCO6HOCT€I7I IIOJIB30BaTE/Id B BOCIIPpUATAN (CKO-
pocTH UTeHHs) W OocBoeHuH (moHmMaHuu, obpaborke) madopmarmu. Ilpun sTom 06b-
ém KoudUAeHTINATbHON nHMOPMAIUN 00bEKTa, OMPEIeIsIeTcd Kak BeJUUUHA, TPOIOp-
IMOHAJIbHAST KOJUIECTBY CJOB B TeKCTe 00bekTa m Kodddunmenty nudOpMaTUBHO-
ctu obbekTa. C TeueHMeM BpeMEHHU M0 KpUBOW 3abbiBanus . D60mHray3a ocBemoM-
JIEHHOCTB OJTb30BATEN B KOH(MUASHITMAILHON nHpOpMAaIun yMeHbinaercs. CTemneHb
CHUKEHUS OCBEJIOMJIEHHOCTU 3aBUCUT OT MHJIWBUIYAJIbHBIX 0COOEHHOCTEN MOJIb30BATE-
Jig ¥ ypoBHA KoHduaeHnmnanbuocTn nadopmaiun. [locaeayiomnme f0CTYIIbI K 00BEKTY
MOTYT BOCCTAHAB/IUBATH CTEIIEHb OCBEIOMIEHHOCTH B 3aBUCUMOCTH OT TIPOJIOJIKUTE/ b=
HOCTHU [OCTYIIOB ¥ BPEMEHHU, TIPOIIIEIIIEero ¢ TPeIbIAyINero noctyna. PaccmarpuBaiores
BUJ] U TTapaMeTphbl (bYHKITUN YMEHbIIEHNUs /BOCCTAHOBJICHNST OCBEJIOMIEHHOCTH € TeUe-
HUEM BPEMEHU U B 3aBUCUMOCTHU OT UCTOPpUH A0CTYOB. OCBEIOMIEHHOCT 0JIB30BATE-
Jis BO BCeil KOHUACHIMAIBHOI nHpOpMAanuu, coaepKaieiics (00pabaThIBaroIeiics )
B KOMTIBIOTEPHOM CHUCTEME, CKIAIBIBAETCS U3 OCBEIOMIEHHOCTH TI0 BCeM 0OBEKTaM JI0-
CTyTIa ¢ yI6TOM CHHEPreTuIecKoro 3¢ dexTa, KOTOPHIHT MOYXKET ObITh KaK MMOJIOKUTE/Th-
HBIM (3HaHEE O cucTeMe 0ObEKTOB 0OJIbIle CYMMBI 3HAHUI 00 06bEKTaX), TAK U OTPHU-
IATEJHHBIM. XaPaKTep u 0COOEHHOCTH (PAKTUIECKON OCBEIOMIEHHOCTH MOIH30BaTe e
B KOH(DpUIEHITNATBHON NHMOPMAIUT WTIOCTPUPYIOTCS HA MpUMepax NP Pa3IHYHBIX
mapamMerpax 06beKTOB [OCTYIIa, UCTOPUHU JTOCTYIOB U WHIWBUIYATHHBIX 0COOEHHOCTEH
IIOJIb30BATEJICH.
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THE MODEL AND METRICS OF AWARENESS IN CONFIDENTIAL
INFORMATION. PART 2. ACTUAL AWARENESS

N. A. Gaydamakin

Ural Federal University named after the First President of Russia B. N. Yeltsin, Ekaternbury,
Russia

The actual awareness of users in confidential information is considered as the pos-
session of relevant information, characterized by the degree of perception (assimila-
tion) and the possibility of using information (“extraction” from memory). Within
the subject-object class of access control models in computer systems, the concept
of awareness is formalized as a result of user access to objects containing confidential
information. Access to the object (by reading), having a time frame (duration), forms
the user’s awareness of the confidential information of the corresponding object, the
value of which is proportional to the volume of confidential information of the object,
the index of complexity (readability) of the text of the object, the duration of ac-
cess and and also depends on the user’s individual ability to perceive (reading speed)
and master (understanding, processing) information. At the same time, the volume
of confidential information of an object is defined as a value proportional to the num-
ber of words in the text and the coefficient of informativeness of the object. Over
time, according to the Ebbinghaus forgetting curve, the user’s awareness of sensitive
information decreases. The degree of decrease in awareness depends on the individual
characteristics of the user and the level of confidentiality of the information. Sub-
sequent accesses to the object can restore the degree of awareness depending on the
duration of the accesses and the time elapsed since the previous access. The type and
parameters of the function of reducing/restoring awareness over time and depending
on the access history are considered. The user’s awareness of all confidential infor-
mation contained (processed) in a computer system consists of awareness of all access
objects, taking into account the synergetic effect, which can be either positive (knowl-
edge about the system of objects is greater than the sum of knowledge about objects)
or negative. The nature and features of users’ actual awareness in confidential infor-
mation are illustrated by examples with various parameters of access objects, access
history and individual characteristics of users.

Keywords: confidential information, awareness, actual awareness, awareness model,
awareness metrics, informativeness of the access object, complexity of the access object
text, understanding of the access object text, duration of access, information forgetting
curve, access history, synergy effect in awareness.

BBenenue

Kaxk ormeueno B [1], oceedomaérnrocmo nonbzosareneii B KonduaeHuabHoii nadopma-
[IU PACCMAaTPUBAETCSA B KaUeCTBe CHHOHUMA 6.4adeHus HH(pOpMaIneil, T. e. KaK 3HAHIE CBe-
JIeHH#, COODIEeHHH, JAHHBIX, COCTABJIAIONUX uHdopManuio. COOTBETCTBEHHO Parmuyeckas
oceedomaénnocms (Actual Awareness) mosb3oBaresieil B KOHMDUIEHIHATLHON nHBOPMATITH
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SIBJISIETCS PE3YJIBTATOM OCYIIECTBICHUS JTOCTYIIOB K 00bEKTaM KOMIBIOTEPHON CUCTEMBI, CO-
JiepzKaIuM KOHMUJACHIUATBHY IO HH(POPMAITHIO.

Bwmecte ¢ Tem m3BecTHBIE CyOBEKTHO-O0BEKTHBIE MO/IEIN YIIPABIEHUS JTOCTYIIOM B KOM-
MBIOTEPHBIX CHCTeMAaX |2, 3| He 3aTparuBatoT pPe3yIBTATUBHYIO CTOPOHY HPOIECCOB JOCTYIA,
HOCKOJIbKY HESBHO IOJIaraeTcs, 9To CyObeKT-I0JIb30BaTe/b, OCYIIECTBHB JOCTYII K 00b-
eKTy (MO YTEHUIO), anpuopu 00JaTaeT COOTBETCTBYOIIEH MHMOPMAIeil 1 BIOCIEICTBIN
B JII00ON MOMEHT BPEMEHHU MOYKeT e€ HCII0/1b30BaTh. VIHTYUTHBHO SICHO, ITO 9TO HE COBCEM
Tak. B mporecce mocTyna MOXKHO yCIeTh [IPOYeCTb TOJBKO 4acTh TekcTa (daiina, 0obekTa)
U B pe3ysabrare 06J1aaTh TOJIbKO 4acThbio HHGMOPMAIUK, cojepzKarieiica B 00beKTe JI0CTY-
ma. MOXKHO MpOYecTb BeCh TEKCT 0ObeKTa (TeKCTOBBI (hbaiii), HO HHYEro He MOHATH WJIH
HOHSATH TOJHKO YacTh WHMOPMAIUH.

Taxum obpazom, Tpebyer popMau3aluu Ipore Ly PHO-Pe3y/IbTATUBHAS U TEMIIOPAJIbHO-
reJieBasi CTOPOHA IIPOIECCa MOCTY A K NH(MOPMAINE B KOMIBIOTEPHBIX CHCTEMAX, BKJIIOYaAST
JIOCTYN K KOH(pMAeHInahHOI nH(pOpMaInn.

esreBasi cTropoHa MOHATHA «OCBEJIOMJIEHHOCTB» HCCJIEI0BAIACH B cdepe (peHOMEHOI0-
ru9eckoii conmosornu |4, 5|, rje OIMH U3 MOIXOJOB TPAKTYET <«0C8eJOMAEHHOCTbS KaK
cocmosanue, 6 Komopom cybsexm oc6edomaén o nexkomopol ungopmayuu (eaadeem Hero-
mopoll ungopmayued) u ama uHGOPMAYUA HENOCPEICTNEEHHO JOCTNYNHA OAA UCTIOABI0BA-
HUA 68 HANPABAEHUY UWUPOKO20 chexmpa nosedenyueckur deticmeud. VHadge roBOps, OCBe-
JIOMJIEHHOCTD, pa3jessgeMasi B HEKOTOPBIX MOAX0aX 10 (PeHOMEHOJOTHIeCKOH COIUOJIOTUN
Ha <«sBHYIO» U «HESIBHYIO» («CKDBITYI0» ), PACCMATPUBAECTCS B KOHTEKCTE CHOCOOHOCTH WH-
JuBUAYYMa K 3PPEKTUBHOMY NPUMEHEHHUIO UMEIONIUXCS Y Hero 3HAHW U CBEJACHUIl, 9TO
[PeIIo/1araer, B MEPBYI0 09€pe/ib, CIIOCOOHOCTh «M3BJIeYh M3 NaMATH» HH(OPMAIHIO B 110~
CJIeIYIOTIe MOMEHTHI BPEMEHM.

B cdepe oOydeHusi u MCHXOJIOTHH HCCJEIO0BATUCH TIPOIECCHl BOCHPUATHSA (YCBOEHMS )
undopMaluu, nojaBaeMoii B Toil wiau uHoil dopme (mmpamuaa [leiina) — yerHoil (uepes
CIYIIAHKE), TEKCTOBO# (depe3 urenne) u T. 1. [6], 1 OBLIH TOTYUYEHBI IMIUPUICCKHE TAHHBIE
¥ COOTHOITIEHHUST 110 CTEIIEHH YCBOCHMUS, COXPAHEHUsI U BOCIIpon3Benennst nadopmarun [7-13].

Tem He MeHee B paMKax OTMEYEHHBIX (DOPMAIBHBIX MOJeJel yIpPaBIeHUs JOCTYIIOM
B KOMITBIOTEPHBIX CHCTEMaX KaK B OTHONIEHUH PEe3YJIbTATUBHOCTH JOCTYIA K 00beKTaM, CO-
JIepzKalluM KOH(MUIEHIHAJIBHYI0 HHDOPMAIINIO, TaK U B OTHOIIEHHH CIIOCOOHOCTH K 3 deK-
THBHOMY HUCIOJb30BAHUI0 MHMOPMAIMU B JajbHeHIIeM He paccMaTpUBAIOTCS BpeMeHHBIe
ACIeKThI, CBI3aHHbIE C M3MEHEHWSIMH C TEUYEHHEM BPEMEHH aKTYaJbHOCTH, B TOM UHCJIE
KOH(PUIEHIHATHLHOCTH HHPOPMAIUK, C K3MEHEHUSIMH CIIOCOOHOCTU MHIUBHIYYMa K dpek-
TUBHOMY «M3BJIEUEHUIO» U UCIOJIh30BaHII0 NH(MOPMAINH, KOTOPOii OH obsagaer (3abbiBanne
uHMOPMAINN), & TAKZKEe TO, 9TO MOXKHO UMEHOBATH BpeMeHHOGH quccunanueii (1erpaiamuei)
undopmaruu [14].

Haxkomnern, nousitue <«0OCBEIOMJIEHHOCTbY IMUPOKO HCIOJIB3yeTCs: B cdhepe yIpaB/ieHusi
3HaHUsIMH HepcoHasta opranuszanun (knowledge management), BK/IO4Yast MOHSATHE OCBEIOM-
JIEHHOCTH TIepCOHAIA B Bompocax WHMOPMAIMOHHOM GesomacHocT [15-18].

Hesbio mannoit paboThl sABjIgeTCsS paccMOTpeHne popMaIn30BaHHON U IPOIIE Y PHO-aHAa-
JUTHYIECKOU COCTABISIONIENA ((baKTquCKoﬁ) OCBEeIOMJIEHHOCTH TOJIb30BaTe el B KOH(MpU IeH-
MUAJIBHON HHGOPMALNH, COAEPKAIICHCS B KOMIIBIOTEPHBIX CHCTEMAaX.

1. Hcxoaupie moJoKeHud

Bynem ocuoBbiBaThCS Ha CyOBEKTHO-OOBEKTHON (hopMaIn3aium KOMIBIOTEPHON cucTe-
MBI, paccMaTpuBas €€ KaK COBOKYIMHOCTB 00sexmos poctyna o € (O, comepKalumx KOH-
dbugennmanbayo undopmanuio (daiiabl, Karagoru, Oasbl JAHHBIX W/WJIK UX TaOJIUIbI-
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CTPOKH /3aMUCH-TIONs] ), U cyboekmos mocTyna § € S (BBIMONHSIONMECS 0 KOMAHIAM N10.4b-
zosamenet] u € U KOMIBIOTEDHBIE TPOIPAMMBI ).

Taxke OyieM mpejaroararh, 9To B KOMITLIOTEPHOIT cUCTeMe JIefCTBYEeT JIUCKPETHOE Bpe-
M, B KayKIbIil MOMEHT 1j KOTOpOro mosjb3oBaTenn u € U ocymecTBagior docmynst cyob-
eKToB s € S K oobektam o € O. llog mocrymnoMm OyaeM HOHHMATL HMEIONIUHl BpeMeHHBIe
paMKH TIporecce Bo3IeiicTBus cyObekTa s € S Ha 00beKT o € O, B pe3ysabTare KOTOPO-
ro opMupYeTCss nomok uHGopmaruy, — OTHOHANPABJIEHHDBI, T. €. 0T 00bEKTa K CYyObEKTY
win o1 cyObekTa (depe3 cyObekT) K 00beKTy, ubo JBYHAIPABIEHHbI, T. €. OTHOBDEMEHHO
0T cyObeKTa K O0BEKTY U OT 00beKTa K CYO'beKTY.

B KOHTeKcTe aHalIu3a OCBEJIOMJIEHHOCTH, KaK W B [l]|, orpaHmIuMcst paccMOTpeHHeM
TOJBKO J0CTyTOB Buja «Urenues (Read) K oObekTam, copep:KaIiuM TEKCTOBYIO HHMOPMAa-
U0, 1 OyJeM HCIOJb30BATH JeMEPMUHUCTCKYO TPAKTOBKY MOHITHSA UHHOPMAUUOHHO20
nomoka Kak IpoIecca W3MEHEHHS CJIOBA, XapaKTePH3YIOIMEero o0beKT-IPUeMHUK HHMOP-
MaIMOHHOTO TIOTOKA B 3aBUCHMOCTH OT CJIOBA, XapaKTEPHU3YIOIMIEro 00beKT-MCTOYHUK WH-
dopManuoHHoro moroka. Muade roBopst, 00beKT J0CTYIa B T€OPETUKO-HHMOPMAIMOHHOM
CMBICJIE PACCMATPUBAELTCS KAK CJIOBO HEKOTOPOTO si3bIKa [19).

[Tox «paxmuueckoti oceedomaénnocmovo 6 KoHPUIEHUUAALHOT UHPOPMayuL» Oyrem
IOHUMATh BEJUYNHY, XapaKTePU3YIOIIy0 B KOJHYECTBEHHOH (MHTePBAIBHOMN) IIKajIe CTe-
MeHb BJIaJIeHUsT ToJab3oBaTeeM u € U kouduaeHnna pHOi nHMOpManueil, HaxXoasIeics
B KOMITBIOTEPHON CHCTEME.

[lox saadenuem nosbzoBaTeneM u € U KouduaeHnuaabHol uHdOpManmuei 6yaeM Io-
HUMATH €€ 3HAHUE, T.€. 03HAKOMAECHHOCMb C Hell, u eé IMOHUMAHKe, a TAKXKe CIIOCOOHOCTD
K €€ 3hdeKTHBHOMY HCIIOJB30BAHUIO, BKJIOYAs KOJHYECTBEHHYIO (00BbeM mHMOpMaIm)
U Ka4YeCTBEHHYIO (CTeHeHb KOHCI)I/I,ZLGHL[I/I&JIBHOCTI/I n I/ISBﬂeKaeMOCTI/I) CTOPOHHI.

Takum obpazoM, OBITH OCBEIOMJIEHHBIM B KOHMHUIEHIHAJILHON HHMOPMAIMH O3HAYAET
3HATH UHPOPMAIIHIO, T. €. €€ BOCIIPUHSATD U MOHATD, IIepepadoTaTh U HHTEIPUPOBATDH C paHee
ycBOeHHOM uHMOpMalnei, 1, KpoMe TOTO, OBITh CIIOCOOHBIM €€ M3BJIeYb U3 IMaMATH H HC-
IIOJIB30BaTh B T€X HMJIM MHDBIX HEJIAX.

Crenenb BiajeHns KOHMUIEHIMATBHON wHMOpMaIeil (BeJHYnHy OCBeIOMIEHHOCTH)
B MHTePBAJBbHOI IiKaje orpanmuuM auanazonoMm [0, 1], rae 1 — makcumaibhas, T.e. 100-
IPOIEHTHAS OCBEJIOMIEHHOCTD BO Beeil Ko U IeHInaIbHOi nHdopmanun (abCOTIOTHO MOJI-
HOe BaajieHue nHdopmanueil), o6pabaThBAIOIIEHCsT B KOMIIBIOTEPHON CHCTEME.

2. O6bém KOoHpUAeHIIUAABHONH nHpOpManuu, MHPOPMATUBHOCTD, CJ02XKHOCTb
1 KOHPUAEHINAJILHOCTh HH(OPMAINU 00bEKTOB JOCTYIIA

Kak yke oTMedasoch, B TEOPETUKO-HH(MOPMAIIMOHHOM CMBICJIE TPH JIETEPMUHUCTCKOM
MOAX0Je O0BEKT JOCTYIHA PACCMATPHUBAETCS KAK CJI0BO HEKOTOPOTO SI3bIKA B ONPEIETEH-
oM asdasure [19]. B ciyuae koneunoro andasura 06bémM nHbOpPMAIUHT, PeaTH3yeMBblil
nH(OPMAINMOHHBIM TOTOKOM B Pe3yJibTare AOCTYIA, XapaKTepu3yeTcs KOJMIeCTBOM CJIOB,
IPeJICTaBASIONuX 00beKT. Mlexosist u3 9Toro, moHarue «06sém (kongudenuuarvnol) ungop-
MAYUY 00BEKMA 0y» MOYKHO ONPEIETHTh KAK BEJUUYUHY, TTPOHOPIUOHAIBHYIO KOJUIECTBY
cstoB Q(0n, tyy), COMEPKAIAXCI B MOMEHT BPEMEHH 1, B TEKCTE OOBEKTA Oy,

V(on,tm) = Q(0n,tm) 0(0n, tm), (1)

rae 0(op, t,) — u3mensonuiics B quanasone [0, 1] kosddurmenr nHOOPMATHBHOCTH 00
eKTa 0, B MOMEHT BPEMeHH t,,.

Beenenne koapdunmenra undopmarusuoctu (o, t,,) 00yCIOBICHO TE€M, U9TO S3BIKOM
HUCHMEHHOH pedr ONHY U Ty »Ke HH(MOPMAIMIO MOYKHO BBIPA3UTH IIO-PA3HOMY, ¢ PA3HOI
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SICHOCTDBIO, YETKOCTBHIO, TMOJHOTOM, «IMOHSITHOCTBIO» H, CJAEI0BATEIBHO, C PA3JIUUYHBIM CJO-
BECHBIM 00bEMOM. ByzneMm cunrarh, 9T0 CYIIECTBYET BEIECTBEHHO-3HAYHAs (DYHKIIHS, BbI-
parkalolas JaHHOe CBOMCTBO 0OBEKTOB B 4HCI0BOM Auanazone [0, 1].

B nporiecce BocpusiTus (4TeHust) TEKCTOBON MHMOPMAIUT, €€ YCBOCHUsI BaZKHBIM (haK-
TOPOM SIBJISIETCS T. H. «4UMabeabHocmby (<« NOHAMHOCMbY, «MPYIHOCMb» ) TEKCTA, BO MHO-
I'IX UCTOYHHUKAX OTOXKIECTBJIAEMAs C MOHATUEM CAOHCHOCMU TeKceTa. MHOroYnCIeHHbIe HC-
cJieIoBaHusl, 0630p KOTOPBIX MOXKHO Haiitu B [20], onpeaeuin psisi KpUTEPHEB CJIO0KHOCTH
TEKCTa, K KOTOPBIM OTHOCATCS, TPEKIE BCETO, KOINIECTBEHHO-CTATHCTHYECKHE TTapaMeTPhI
(cpennss GyKBeHHAs WJIM CJOTOBas JIHHA CJIOB, CPEJIHEe KOJIUIECTBO CJIOB B IIPE/TIOKEHH-
X, J10JIsI CJIOZKHOCOUMHEHHBIX TPEJIOKEeHU, KOJTMIECTBO CIEIUATHHBIX TEPMUHOB), & TaK-
JKe P IPYTUX TPAMMATHIECKAX U CEMAHTUKO-TEMATHYECKUX KPUTEPUEB (IIOBECTBOBATE b
HOCTDb W3JI0ZKEHHUs], KOHKPETHOCTH/abCTPAKTHOCTD CJIOB M BBIDAZKeHHH, CPejiHee 3HAYCHHEe
CJIOBECHOTO DACCTOSHUST MeK/Ly CBSI3aHHBIMU 3J€MEHTAMH TpenaoxkeHuit u ap.). [Ipemao-
JKeHbI SMIIMPHYECKIEe COOTHOIIEHNUST JIJIsT ONpeJIeJIeHusT «MHeKca duTabesbHocTHy (undekca
CAOMHCHOCTU) TEKCTA, HA OCHOBE KOTOPBIX Pa3pabOTaHbl CHeUaJbHbIe TPOrPAMMHBIE CDe/I-
CTBa JI/IsI aBTOMATH3UPOBAHHOIO BBIYHMCICHUS WHICKCA IUTAOEILHOCTH, B TOM YHCJE JIJIs
TEKCTOB Ha PYyCCKOM si3bike [20].

Bynem canrarh, 9T0 CyIEcTBYeT BelecTBeHHO-3HauHast QyHKIUA @(0y,t,), KOTOpasi
JIIST KaKI0T0 00'bEeKTa, TOCTYIIa 0, B JIOOOI MOMEHT BpeMeHH t,, CTABAT B COOTBETCTBHE KO-
JINYEeCTBEHHOE 3HAYEHHE eI'0 WHIEKCA CJA0XKHOCTH. /luama3on 3Ha4eHui HHIEKCA CJIO2KHOCTH
obbekTa ©(0y, t,,) OUPEIETUM TaK, 9TOOBI €ro CpejHee 3HAYEHUE I TPYIILI OTHOPOIHO-
TEMATHICCKUX TEKCTOB (HAIPUMED, TEKCThI (DMHAHCOBO-9KOHOMHUYECKOMN, Ka/[POBOi, POEKT-
HO-KOHCTDYKTOPCKOH U T. . TEMATUKN) PABHSIOCH 1.

Konguodenyuarvrocms nadOpMAINT 00BEKTOB I0CTyHa OyAeM MOHHMATH KaK TaKoe
CBOMCTBO COOTBETCTBYIONIEH MHGOPMAIUU, KOT/Ia MOXKET BO3HUKHYTH KaKOMH-IHOO0 yIiepo
npu cBOGOIHOM 0GOpoTe 9TOi HHMOPMAIUK, T.€. B pe3yjibrare J0CTyna K Heil (cooTBeT-
CTBEHHO OCBEJIOMJIEHHOCTH B Heil) HeOMpeIeIéHHOTO KPYTa JINII.

Ormerum, 910 He BCe O0BEKTHI AOCTYIIA COAepzKAT KOH(MHIACHINAIBHYIO HH(MOPMAIIIO
u/nan He Bes wHoOpManus obbeKTa gBJseTcs KoHuaeHuaabHoil. OHAKO BBUIY CyIie-
CTBEHHBIX TPY/HOCTeH (hbopMaJIM3allii BOIPOCOB CEMAHTUYECKOTO aHAJIU3a U Pa3JIeICHUS
undopmanu 00beKTa JOCTyHa HAa KOH(MUIACHIHMAJIBHYIO M HEKOH(MHUICHIHAJIBHYIO YaCTH
OyaeM CcunTaTh, 9TO Bech 00bEM mHMOpMAIEE 00bEKTa AOCTYIIA, ONpEeaeJIdeMblil 0 COOT-
somenuio (1), B Tom gucse ¢ yaérom nHdOPMATHBHOCTH 00bEKTA JOCTYIIA, XaPAKTEPU3YeT
KOH(PUICHIMATLHYIO TH(MOPMAIUIO, COJIEPAKANLYIOCA B 00bEKTe.

Takyke OTMETHM, YTO W3 MOHSTHS KOHMUIAEHINATLHOCTH CJIEIyeT €€ pas3andHas cTe-
IeHb — B 3aBUCHMOCTH OT BEJUYHUHBI yIIepOa HpHU CBOOOIHOM 00OPOTE COOTBETCTBYIOINIEH
undopmanun. B O0JBIIHHCTBE CIydaeB cTelneHb KOHMUIEHITHATLHOCTH HHMOPMAIINH BBHILY
CYIIECTBEHHBIX CJIOKHOCTE B OlpeIeIeHIN KOJINIeCTBEHHBIX 3HAYeHH yimep0a BhIpazKaeT-
CsI BEJIMIMHON B KAYECTBEHHBIX (MOPSIIKOBO-BEPOABHBIX ) TIKAIAX ( «BBICOKASI», «CDEHASI,
«Hu3Kasy). Tem He MeHee GyJeM CYUTATh, YTO CYIIECTBYET BEIECTBEHHO-3HAUHAsT (DYHK-
U feonf(On, tm), KOTOpast KaxKI0My OOBEKTY 0, € O KOMIBIOTEPHON CUCTEMBI B KAKJIbIi
MOMEHT BpeMeHH t,, CTABUT B COOTBETCTBHE HEKOTOPYIO BEJIUUUHY KOH(PUICHINATILHOCTH
K = feont(0n, tm) B quanaszone [0, 1].

3. OcBegoMa€HHOCTh B KOHMHUACHIINAJILHON NH(MOPMALNN MOJIb30BaTEIs

B Pe3yJabTaTe OOHOKPATHOTO AOCTyHa K OOBbEKTY

W3 paccMOTpeHHBIX BBIIIE olpeaeaeHnit u (popMaau3aiuii ciaeayer, 9To KOJIHIeCTBO NH-
dbopmalu, KOTOpyto nosydaer cyobeKT S (YUPaBISIONUHA UM II0Jb30BATEIb U) B PE3YJIb-
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TaTe JOCTYIA K OOBEKTY 0 OMPEIEIsIeTCs CJIOBECHBIM 00BEMOM COOTBETCTBYIOIMIETO 00HEKTA
(ranpumep, daiina).

OHako 37paBbiii CMBICT TOBOPUT, YTO TO HE BCErJa TAaK, MOCKOJBKY, KaK YK€ OTMe-
4aJI0Ch, B pe3yJbTaTe JIOCTYIIa MOXKHO O3HAKOMUTbLCS TOJBKO C YacThio MH(pOpPMAIUN UK
HOHSATH TOJBKO 9acTh HHAMOPMAIUKT OO'bEKTA.

Paspemenne 3T0it mpobaeMbl IpeIcTaBIsSIeTCs Ha OCHOBE BBEJIEHUsI TEMIOPAJILHOTO ac-
IeKTa B OlIpeJe/ieHne U XapaKTePUCTUKHU JIOCTYIIA, T. €. BDEMEHHBIX PAMOK, U Pe3yJIbTaTuB-
HBIX aCIIEeKTOB ITOCJE€J0OBATEJIbHOCTU AOCTYIIOB B IIOHATHUEC BJIadCHUA I/IHCI)OpMaI_[I/IeI'?'I.

CrenaeM cJieIyIolIne Mpe o T0KEeHI.

Ilomoxkenme 1. [loab3oBatenu u; € U, ocyIiecTBasIss B MOMEHTH BpeMeHH T, TOCTYIIBI
K 00beKkTaM 0, € O TpoIoIKHUTEILHOCTBIO At,,,, (GOPMUPYIOT WM MOBBHIIIAIOT CTEIeHb
BJaJieHusl nHMOpMaIreil, 3aKJII09EHHON B COOTBETCTBYIONNX O0bEKTaX.

Takum obpazom, arpubyTamMu J0OCTyIa, MTOMHMO HIACHTH(MUKATOPOB CyObekTa u 00b-
eKTa, BUJA JMOCTyHa (YTeHue, 3aIich, PeJaKTHPOBAHNE), SBASIOTCS HAYaJI0 W OKOHYAHHEe
(ITMTENBHOCTD) JTOCTYA.

ITonoxkenne 2. lIpupawenue ocsedomaénrocmu B KOHDUIACHIHATILHON HHMOPMAIIMH
An(uy, 0p, iy Atypy) 110JIB30BATENIS U B PE3YJIBTATE JOCTYIIA K OObEKTY 0, B MOMEHT Bpe-
MEHH t,, TPOJOIKUTENBHOCTHIO At,,, OMpPeIesercs:

— obbémoM V (0, ty) KOHDUIEHTTHATBHON HHMOPMATINH, COJepKAIIeiicss B MOMEHT BpeMe-

HU t,, B 00BEKTE 0y;

— TPOAOKHUTETbHOCTHIO At,,, JOCTYIa MOIbB30BATENS U; K OOBEKTY 0, B MOMEHT BpeMe-

HU Ty
— BEJNUYUHON [feonf(On, b)) KOHDMIEHITHATBHOCTH HHGMDOPMAIINH, COJIePKAIIeiicd B MOMEHT

BpPeMeHH t,, B 00BEKTE 0,,;

—  CJIOKHOCTBIO (0, ty,) TEKCTA OOBEKTA JOCTYLA 0 B MOMEHT BPEMEHHU ty,;

— WHIUBHYAJBHBIMI OCOOCHHOCTSME (CHOCOOHOCTSIMU) MOJIB30BATeNs U B OTHOIIEHHUH
ckopocTH BocnpusiTHsi nHGOpMAIUH (CKOPOCTH YTEHMS );

— WHJIUBUIYAJTbHBIME OCOOEHHOCTSIMHU (CITOCOOGHOCTSME) MOJIB30BATENSIME U B OTHOIICHUH

CTEIIeHH HMOHMUMAHUS BOCHPUHATON un@opmaruu, T.e. e€ mepepabOTKH U UHTETPHPOBa-

HHUs ¢ paHee YCBOEHHON mHMOpMAaIneii.

[unanazon 3naveHuil GYHKIUU OpUpAIeHus] OCBeTOMIEHHOCTH A (U, Op, tmy Alyny)
orparmduM orpeskoM [0, 1], mosmarasi moj 3HaYeHHeM | MAKCHMAJIBHYIO OCBEJIOMJIEHHOCTH
B KOH(U IeHIIMA/IbHON nHMOpMaluu, uMerleiics B 00bekTe.

Ucxonst n3 mosiozxkenusi 2, npupaiienne ocBeaoMaeHHOCTH Ap (uy, 0y, Atyyy) 10IB30Ba-
Teast u; B KOHMUIEHIINAIbHOW nHMOpMaun 00 beKTa 0, B pe3y/bTare JOCTYIa B MOMEHT
BpEMEHH t,,, TPOJOJIAKHUTETbHOCTBIO At,,, Oy1eM onpeaeasaTh Ha OCHOBE COOTHOITCHUSI

»AA(UI; On, tmy Atmn) = G(Ona tm)90<0n7 tm) (1 - an) M ) (2)

Q(07utm) 11

rie:

— 1) — cpeHsIsl CKOPOCTh YTEHHsI TEKCTA, PaBHAsl MO0 HEKOTOPbIM ganubiM 200 €JI0B B Mu-
nyry [21];

— [ —kodddunuenT WHIUBAIYAJILHON CIIOCOOHOCTH TI0JIL30BATES U; B OTHONIEHUN CKO-
POCTH YTeHUs TEeKCTa OTHOCHTEIHHO CpeTHET0 3HAUYEeHHU s, TPUHUMAIONIHH 1T0 HEKOTOPHIM
JIAHHBIM 3HauYeHud B Juatnaszone ot 0,3 jo 1,88;

Xmn — OIS BPEMEHN 3aKPBITHS TEKCTa 00bEKTa 0, Ha dKpaHe IpOrpaMMoil Tuma «3a-
CTaBKa» OT MOMEHTa BPEMeHH t,, 10 MOMEHTa BpeMeHu t,, + At,,, (,ILJIH MHOTOCTPaHNY-
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HBIX TEKCTOB, JIJIT KOTOPBIX TPeOYeTCs «IPOJUCTHIBAHUE» TEKCTa Ha SKpaHe KOMIIbIOTe-
pa, B BEJIMUHHY Xy, MOXKHO TOOABIATD J0JI0 BDEMEHN «HEAKTHBHOCTH ITOJIb30BATESS );

— ¥ — KO3 dUIUenT wHANBUIYAIbHONR CIOCOOHOCTH MOJIb30BATENS U; B OTHOINIEHUU TO-
HUMaHUA MPOYUTAHHOIO TeKCTa B juarnazone ot 0 10 1, cpejnee 3HaYeHHEe KOTOPOTrO
10 HEKOTOPBIM JIaHHbIM paBuo 0,52 (52 %) (umeercs B Bugy KodbDOUIHEHT MOHUMAHYSI
TEKCTa CJIY:KEeOHBIX JOKYMEHTOB. B OTHOIIEHWN CIOXKHBIX yUeOHBIX, TEXHUUECKUX, Ha-
YIHBIX TEKCTOB MOXKHO HMCIIOJL30BATh ¢ M3BECTHBIMU OrOBOpKaMu (6e3 yuéra BJIMSHUSI
HJLTIOCTPAII, MyJIBTHME A U T. 1.) JaHHble upamuabl deiina [6], cormacHo KoTopbiM
00bEM YCBOEHHUS OJIHOKPATHO HPOYUTAHHOIO TEKCTa 00y4aeMbIMU B CPEJIHEM COCTAB/Is-
er 10%);

— ()1 obosnauaeT dbyHKIHIO

r, ecam x <1,

(95)|1 =

1, ecmzx > 1.

Buavuenue Aa(uy, Op, by Atyyn) = 1 03nadaer 100-TPONEHTHYO OCBEIOMIEHHOCTD TT0JIb30-
BaTess U; B KOH(MUICHIHAIbHON nHDOPMAIINK, coep:Kalleiics B TeKcTe 00beKTa, 0,,.

[Tapamerpst §; u 7, XapaKTepu3yIolue WHIMBUIyaIbHbIe OCOOEHHOCTH MOJIH30BaTe, 1€l
B OTHOIIEHUU BOCHPHUATHS M YCBOCHHUS BOCIPUHATON WHQMOPMAIUH, MOTYT OIEHUBATHCH
HA OCHOBE aHAJMTHUKO-TECTOBBIX MPOIEAYD, MOZOOHBIX MPOIELyPaM ONpegeaeHus mpodec-
CHOHAJILHOM KBaJIM(PUKAIIUN COTPYIAHUKOB OPTaHU3AIMI.

Bripazkenue (2) 3a1aéT IpUpAIIEHTE OCBEIOMIEHHOCTH MOJH30BATENSI B PE3YIbTATE OJI-
HOKPATHOI'O JIOCTYIIA K OO'bEKTY.

4. OcBegOMJIEHHOCTD MOJIb30BaTejid B KOH(MUAEHIINAILHON nHOpMALNT
00beKTa B pe3yJIbTaTe MOCJI€0BATEIbHOCTA AOCTYMOB

CrestaeM cJieyIonIe O4eBUIHbIE MPEIOJI0KEHUS.

IMTosoxkenne 3. OcBenOMIEHHOCTD HOJIB30BATE IS U; B KOHDUACHIMAIbHON nHOPMAa-
onun O6”beKTa Op C T€YCHUEM BpEMEHH nMeeT TeHACHIUIO K CHU2KCHHIO, IIPpU 3TOM OCBEIOM-
JIEHHOCTH B 60J1ee KOH(UAEHITNATLHON NH(MOPMAIINA CHUZKAETCS B MEHbIIEH CTeleHH!.

ITosioxkenme 4. [locrenyromniue TOCTYNIBI MOTB30BATEN U; K OOBEKTY 0, MOCJe TOCTYTIa
B MOMEHT BpEeMeHH t,, MOIYT HOBBIIIATH (BO3OOHOBJISATH, BOCCTAHABIMBATH) OCBEIOMJIEH-
HOCTH TOJB30BATEIS B COOTBETCTBYIONIEH MHMOPMAIUH.

JleficTBUTE/ILHO, €CJIM OCBEJIOMJIEHHOCTH TOJIL30BaTeId B UHGOpMaluu OO0BEKTa 0,
He JOCTHUT/IA 1, TO TOJb30BATEIbh MOYKET €€ MOBBICUTDH B PE3y/IbTaTe MOBTOPHOTO U MOCJIE/IY-
I0M1ero AocTynoB. Ilpu 9TOM ¢ TedeHMeM BpeMeHU COOTBETCTBYIOIIasd WH(MOPMAIHS MOYKET
3a0BIBATHCsI, BOCTIPOM3BOIUTECS ( «M3BJIEKATHCS» U3 MAMSITH) B MEHBIIEM 0ObEMe, ¢ XYM
KAIeCTBOM (C XYM MOHUMAHUEM) U B PE3Y/IbTATe CTEIEHb BIAJCHHUS MOJIb30BATEIEM CO-
orBeTCTBYyIOMIEH nHdopmarmei Oyaer camkaTbes. OueBuHO, 9TO DOJIEe BazKHAS, T. €. DoJiee
KoH(puIeHIHATbHAsA nHMOpMaIig 00padaTHIBACTCS U XPAHUTCH B COZHAHUH ITOJIH30BATEIS
Dosiee TIMATETBHO U, CJIEIOBATEIbHO, CTENleHb BJAJeHUA TaKoil mHOpMaIeil CHUKAETCS
MeJIJIeHHee, 9eM MeHee KOH(UIeHIINAIbHON HHMOPMAIHE.

B pesynbrare, OCHOBBIBasICH Ha MOIOKeHUAX 3 u 4, Beanauny A(uy, 0, ty) OCBEIOMIEH-
HOCTH TOJIL30BATENS U; B KOH(MDUIEHITNAIBHON nH(pOPMAINT, COEPKAIIEHCs B 00bEKTE 0y,
B MOMEHT BPEMEHH t;, TOC/Ie TMOCIeTHEr0 MOCTyIa K 3TOMY O0OBEeKTY B MOMEHT BPEMEHHU t,,,
MOKHO OTIPeJIeJIATh Ha OCHOBE CJIEAYIOIEr0 HTEPATHBHOTO COOTHOTITEHUS:

A(”l, On, tk) = (A(Ul, On, tm)fForg(ulu On, tk7 tm) + AA<ul7 On, tk; Atnk))u 5 (3)
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7€ frorg(Uis On, t, try) — BYHKIHS «3a0bIBAHIA> THGOPMAIUH (01 OCTATOUHO B MAMSITH
uHbOpMAIIE 0T NePBOHAYATIBHON) M, CJIETOBATEIHHO, CHHKEHNS K MOMEHTY BDEMeHH Iy
CTEITeHN BJAJEHUS TOJh30BaTeIeM 1u; nHMoOpMammeii 00beKTa 0, ¢ MOMEHTa MPEeIblIYIIero
O3HAKOMJICHHUS ¢ Hell B MOMEHT BpeMeHH t,,, m < k.

Hauaso uccsre toBanmusiM IpoIeccoB coXpaHeHnst HHOOPMAIUT B MAMSITH TOJOXKIIA Pa-
oorsr I'. D66umray3a (cm. [7, 13]), KoTopsiii onpegenun «kpuByto 3abbiBanus» ( Forgetting
Curve), BBIDAZKAIONLYIOCS B PA3HBIX WHTEPIPETAIMIX IMIUPUICCKH ONPeeNEHHOM (ByHK-

e Buaa
a

a+ blog(ty — tm)’
e a u b— mapamMeTpsl «3a0bIBaHUS», IMITMPUIECKAE CPEJHNE 3HAUEHUSI KOTOPBIX TIPH

fForg(ulu On, tlm tm) -

VCPeJHEHUU sl PA3JIMIHBIX WHIMBUAYYMOB (MOJb30BaTeel), T.e. 6e3 yuéra WX WHJIU-
BHIYaJIbHBIX 0CODeHHOCTeH, paBHbl 1,84 u 1,25 COOTBETCTBEHHO.

Ciiejiyer OTMETUTH, 9TO 3HAYEHUS MAPAMETPOB @ U b, SKCHEPUMEHTAJIbHO HallIeHHbIE
D06UHTay30M, OTHOCITCS K CIIOCOOHOCTH 00y YaeMbIX 4epe3 OIpe e/ IeHHOe BPeMsl BOCIIPOU3-
BOJINTH CJIOTOCJOBECHY IO WHMOPMaIHO (TPEXOYKBEHHbBIE CJIOTH, JIUTITEHHBIE acCOIMATHBHOMN
cBsi3d). MHOrOYHC/IEHHBIE TOCJEIYOIIIe UCCIe0BAHNUS TTOTBEPININ PE3YIbTaThl DO0MH-
raysa, Ipu 9TOM OBLIU UCCJIETOBAHBI BOIIPOCHI BJIMSHUS HA 3alIOMUHAHUE, COXPAHEHHE U BOC-
npou3BeieHne THGOPMAINE ACCOIUATUBHBIX CBsA3el B 37eMeHTaX HHMOPMAINH, CTPYKTYP-
HBIX U PUTMUYHBIX XapaKTE€PUCTUK, IMOIMUOHAIBLHON OKpacku uHpopManuu. Bouim npe/-
JIOXKeHBl U Jipyrue Bujbl DYHKIMA KPUBBIX 3a0biBanust |7-13, 22|, xapakTep mOBejeHUsI
KOTOPBIX B 00IIIeM BHJIE CXOjeH ¢ KpuBoi [. D06bunraysa.

B koHTekcTe aHa/mM3a OCBEIOMJIEHHOCTH B KOHMHUIECHIHAIbHON mHMOPMAIUH HE0OXO-
JIUMO aHAJIU3UPOBATH CIIOCOOHOCTH IMOJIb30BaTe el BOCIPON3BOIUThL HE CJIOBECHO-PEUEBYIO
dopMy HPOYUTAHHOI'O TEKCTa, & YCBOEHHOE B PE3YJIbTaTe IMPEJIblIYIIero YTeHusl CMbICJIOBOE
COJZIepZKaHMe, T. €. OCHOBHBIE CMBIC/IOBBIE COCTABIAIONINE TEKCTA 1 X mapaMerpbl. CKOPOCTH
3a0bIBaHUA CMBICJIOBBIX COCTAB/ILIONIAX MH(MOPMAIUK CYIIECTBEHHO MeJJIeHHee U IO JIaH-
HBIM MHOTUX ucciaegopareneii [10, 13, 22| moxer xapakrepu3oBarbcst hyHKIHEH IKCTOHEH-
AATBHOTO BHIA

fForg(ula On, tk’a tm) ~ e_Al(tk_tM)> (4)

riae \; —ImapaMerp CKOpOCTH 3abbiBaHHs HHAMOPMAaINUHU [-M IIOJb30BaTeIeM, Cpe/Hee 3Ha-
deHre KOTOPOTO B OTHOUIeHWH 3a0biBaHus (06bEMa BOCIHPOU3BEIEHHUSI) CMBICTIOBBIX 3JI6-
MEHTOB TEKCTa XapaKTepPU3yeTcs BeJMYUHOI, KOTOPYIO Ha OCHOBE allllpOKCUMaluu (pyHK-
muu (4) TO MeTOAy HAMMEHBIIHX KBAIPATOB SKCIEPHMEHTATbHBIMU TAHHBIMHA, TIPUBEIEH-
HeIME B |23, 24|, MOKHO onpejiesinth pasHoit 5,36 - 107% vun—!.

VaaupuiyaibHoe 3HAYCHHE IIapaMerpa CKOPOCTH 3a0biBanug HH(OpMAIUU [-M II0JIb-
30BaTeIeM \;, KaK ¥ HApaMeTphl (3 U 7, MOXKeT OIpeNeasaThcd Ha OCHOBE CIEeIMAIbHBIX
AHAJMTHKO-TECTOBBIX TPOLEIYP.

B coorsercrBun ¢ nonoxkennem 3, dbyHKIws (4) M0IKHA YINTHIBATH BIHSHHE HA CKO-
pPOCTh 3a0bIBaHNS YPOBHS KOHMUIAEHIINATIBHOCTH HH(OOPMAIUU. DTOTO MOKHO JOCTHYDL, BBE-
11 B cooTHomerue (4) GYHKIUIO feonf o (On, trm) KaK HEKU KODMUIHEHT TPOTOPIHOHAI b
HOCTH CTeleHH 3a6biBanus HHGOPMAIMH OT YPOBHS KOH(BHICHIHATIHHOCTH:

fForg (ul7 Op, tka tm) - fconf_v(0n7 tm)e_/\l (tk_tm)- (5)

3aech feont v(0n; tm) — dyHKIES cO 3HAUeHMAME B auanaszone or 0 1o 1, onpeje/siomas

CTeleHb BJIMAAHMA Ha CKOPOCTH 3a0bIBAHUS YPOBHA KOH(MUICHIUAILHOCTH HH(DOPMAIUN.
IIpy 3TOM, BBUAY HEONPEACACHHOCTH (DAKTOPOB, ONPENeIAONMX BHIA (DYHKIUH

feont v(0n, tm), OyaeM cauTaTh €é TOXKAECTBEHHOW (GDYHKIHA feont(Op, ). VHAYTE TOBOPS,
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IpH CaMOM BBICOKOM VPOBHE KOH(DUIAECHIHMAILHOCTH HHMOpPMAIUU OObEKTa 0, 3HAUYEHHEe
fconf_v(On, ti—1) = 1, T. e. MAKCHMAJIBHO MeJJIeHHOE 3a0bIBaAHNE COOTBETCTBY Ol nudopMa-
U TIPU yPOBHAX KOH(UIEHINATBHOCTH, MEHBITHX MAKCUMAILHOIO, feonf o(0n,tim1) < 1
u 3a0bIBaHUe IPOUCXOIUT ObICTpEE.

IIpumep 1. Ha puc.1 mag wmocrpanun xapaktepa GyHKnuu (3) IpUBeIeHBI pac-
9ETHI BEJIMYWHBI OCBEJOMJIEHHOCTH MOJIh30BaTe/ T B KOH(DUICHIHAILHON nHGMOPMAIHH
A(uy, 01, tx), conepxareiics B o0bekTe 01, 06béM KoToporo cocrasiasger 3000 cioB (mo-
psiika 10 cTpaHUIl TEKCTA) ¢ HEH3MEHSIIONIMMUCS 10 BPEMEHH YPOBHEM KOHMDUICHIUATb-
rHoctu «Cpennuii» (0,809 oT MakcuManabHOrO), yposHe nrdopmaTuBaoctu § = 0,5, HHIEKCE
CJIOXKHOCTH TEKCTa ¢ = 1, IPU MOJHOM 3aJefiCTBOBAHUE BPEeMeHH J0CTYNOB (Xm1 = 0).
006 sBpuCcTHKAaX MEpeBo/ia MOKA3aAHUI TOPSIKOBO-BePOATHHON TIKAIBI KOH(MUIEHITHATHHO-
CTH B KOJMYECTBEHHYIO cM. [1].

OcBeOMNEHHOCTb NONbL30BATENA B KOHOUAEHLMANbHON MHPOPMALIUK, COLEPIKALLENCA B OBBEKTE 04
(User's awareness of the confidential information contained in the object o,)
KCMOHEHLMANbHBIA 3aKOH 3a6bIBaHNA CMbIC/IOBBIX SIEMEHTOB TEKCTa - e"‘fj A=5,36E-06
(Exponential law of forgetting semantic elements of the text) 0bbexT 0y
100 - o6vem V(04, ty ) = 3 000 cnoe (words)
:Z W [\ - ypoBeHb KoHduaeHumansHocth fi (04, ty) = 0,809

- koaddruMeHT nHdopmatusHocTH 6=0,5

- MHAEKC CNOXHOCTH @ = 1
60 \

40 Monb3osatens u;:
DaKTbl M NPOLOIKUTENBHOCTb LOCTYNa MO/b30BATENN B MAHYTaX K 0BbeKTy ¢y - CKOpOCTb YTeHnA 3= 1 (200 cnos B MHHYTY)
(Facts and duration of the user's access to the object 0, in minutes) - KO3PPUUMEHT YCBOEHMA NPOYUTaHHOMO ¥=0,52

- =" - AONA HEaKTWBHOCTM npw gocTynax ¥ =0

TpoLEeHT OCBEAOMNEHHOCTH
(Percentage of awareness)

e————

20 3015« > 5

1 2 3 4 5 8 9 10 11 12 15 16 17 18 19 22 23 24 25 25 64 65 66 67 68 364 365 366 367 368 t, AHn

‘ 1-anepena | ‘ 2-a Hepena ‘ ‘ 3-a Hepens ‘ ‘ 4-a Hepena ‘ ‘ 10-a Hepena ‘ ‘ 52-a Hepena ‘

‘ 1-i mecay ‘ 3-i1 mecay ‘ ‘ 13-4 mecay ‘

Puc. 1. Ilpumep pas wTrOCTpamuyl OCBEIOMJIEHHOCTH MOJIB30BATEsT B KOH(MHICHINAILHON WH-
dopmarmu, coaepKaIieiicad B 00beKTe, B PE3YIbTATE ONMPEIEJIEHHON NCTOPUY JIOCTYIIOB

Kak Bumano uz puc.1l, noiab3oBare/ib 11 B IepBbIil pabounii ieHb B T€YEHUE JBYX 4YacOB
MMeJT JIOCTYI K OOBEKTY 01, 9TO MO3BOJUIO €My HECKOJIHKO Pa3 ero mpovecThb (HATTOMHIM,
CpeJiHssT CKOPOCTb YTeHusl TeKcTa cocrabisger 200 0B B MHHYTY), KAK TOBODAT, <IOJI-
HOCTBIO OTPabOTaTh», U B pe3yJbTaTe ¢ YIETOM B CpegHeM H2-HPOIEHTHON yCBOAEMOCTH
[IPOYUTAHHOIO OJMH a3 TEKCTa HOJLYYUTh [IOJHOE [PEJACTABICHIE O COJACPKAHUN (O CMBIC-
ne u gerassx) wHpopMaun obbekTa. B cienyomuii pabounii JeHb y MOIH30BATENS Uy
JIOCTYTIa K OOBEKTY 01 He OBbLIO, U B Pe3y/IbTare IPOIeccoB 3a0bIBAHNS NHMOPMAIINHT, B TOM
YUCJIe C YIETOM BJIUSAHHUA Ha CKOPOCTDH 3a0bIBAHUA YPOBHS KOH(DUICHIHAILHOCTH, CTEIEHD
BJIaJIeHN KOHDUICHITHAIbHON HH(pOpMaIueil cOOTBETCTBYIOIIETO 00BEKTA Y IOJIB30BATE IS
camsmaach 10 80 %. B Tperuii u ueTBépTHIil paboune JHH IOJbL30BATEIb U BHOBD OCYIIECCTB-
JISLT JIOCTYHbI K 00beKTy 01 B Tedenue 30 u 15 MHH COOTBETCTBEHHO, YTO MO3BOJINJIO €MY
HOBBICHTH YPOBEHb BIAJIEHUs COOTBETCTBYIOMEH nrdopmanueii Bnoss 10 100 %.

B nociienyiomue 1Ba pabo4ux JAHs IEepBOil HEJEU U BCIO BTOPYIO HEJIEJIO JIOCTYIIA HOThb-
30BaTeIsd U1 K OOBEKTY 01 He ObLI0, ME mpolece 3abbiBanus HHGOPMAINK 110 SKCIOHEHITH-
AJBHOMY 3aKOHY (CHAuYATa OUeHb OBICTPO, 3aTeM MeJJIeHHee), B Pe3yJIbTare Yero YPOBEeHb
BJIaJieHnsl KOHDUIEHIINAIbHON mHOpMaIneil 00 beKTa K HadaJly Tperbeil pabodeil Hejen
camsmicst 10 75 % (rpaduk Ha puc. 1 orpaykaer BeJWYHHY OCBEJIOMJISHHOCTH C TIATOM IO
BPEMEHH B OJIMH JIeHb, II09TOMY UMeeT BHJ| JJOMaHOI JuHuu). B mepBbiii paboduil geHb Tpe-
Thell HeJesIn MOJIb30BATeNb U MMeJ HelPOJOIKUTENbHBIH (D-MUHYTHBINR) T0CTYI K 00b-
eKTY 07 (BUAUMO, 9TOOBI BCIIOMHHUTH WJIH YTOUHHTH KAaKHe-JTH0O0 acrieKThl nHMOpMAINHT),
4TO IO3BOJIM/IO MOBLICUTH yPOBEHb Biagenud 10 91,6 %, 1. e. n3-3a KpaTKOBPEMEHHOCTH J10-
cryma e 10 100%. Jlamee BBHAY OTCYTCTBUS y HOJB30BATEIA U B IOCJACAYIOIICE BPEM
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JIOCTYTIOB K OOBEKTY 07 IIEJ MPOIECC SKCIOHEHITNATHLHOTO CHUYKEHUsI YPOBHS BJIAICHUS CO-
oTBeTcTByIOIEell nHpopManueii ¥ K KOHILY I'0/la CTEINeHb OCBEJIOMJJIEHHOCTH IT0JIb30BATES
B KOHMDUACHINAIBHON nrdopmanmn 00beKTa 0 coctapmaa Beero 4,8 %.

5. OcBeJOMJIEHHOCTH IOJIB30BATEJId BO BCEIl KOH(PUAEHINAIbHON MHEMOPpMAIUN
B pe3yJbTaTe IIOCJI€JI0BATEJIbHOCTI JOCTYIIOB K 0ObEKTaM
KOMIOBbIOTEPHOU CHUCTEMBI

Crestaem CJteIyIOIIIe MPeIIOTOKEHNUS.

ITomoxkenune 5. OcBe0MIEHHOCTD II0JIb30BaTes B KOH(MDUIEHITNAIbHON nHMOpMAaIIIn
10 HEKOTOPOIi cucTeMe 00 beKTOB CKJIAIBIBACTCA U3 OCBEIOMIEHHOCTH B KOHMDUIEHITNAIHHOM
uHGOPMAIIH 110 OTAEJTbHBIM 00beKTaM, € COCTABISIONIAM.

IMosoxkenne 6. OcBeJOMIEHHOCTD O/IB30BATE ST B KOH(DUIEHINAIBHON nHMOpMAIun
HEKOTOPOil CUCTEMbI OOBEKTOB B TIEJIOM XapaKTEePHU3YeTCsd CHHEePreTuIecKuM 3hdpeKToM, Ko-
TOPBI B 3aBUCHMOCTH OT OCODEHHOCTEH IOJIb30BaTe/id U KOHMUICHIUAJILHOCTA HHGOD-
MaIli{ 10 COOTBETCTBYIOIIMM OOBEKTaM, CJIO2KHOCTH CHCTEMBI U XapaKTepa B3aHMOCBsI3eif
00BEKTOB, €€ COCTAB/IMAIONMNX, MOXKET ObITh KaK MOJOKUTEIbHBIM, TAK U OTPUIATEIHHBIM.

[Tonoxkurebubiit 3dPEeKT CUHEPruun B OCBEIOMJIEHHOCTH 3aKJII04aeTcsd B POpMUPOBa-
HUU HOBOT'O 3HAHUS O CUCTEMe OOBEKTOB HA OCHOBE 00PAOOTKU, arperupoBaHusd U 0000IIeHIS
3HAHWI 110 OTJ/IeJTHHBIM O0bekTaM. VHade TOBOPs, 3HAHKE O CUCTEME DOJIBINEe CYMMBI 3HAHUI
0 COCTABJLIONINX €6 00bEKTaX.

Orpunareabubiit 9 dEKT cuHeprun 3aK/JII0YaeTcd B TOM, YTO 3HAHUE O CUCTEME YXVI-
maeTcst (yMEHbBIAeTCsI, «3aIlyThIBACTCS») B PE3YJIbTaTe HECHOCOOHOCTH MH/MBUILYYMA I1e-
pepaboTaThb, 0600IUTH, THTEIPUPOBATH 3HAHUE IO OTAETbHBIM O0bEKTaM CUCTEMBI B TIJI0€,
T. €. 3HAHNWE O CHCTEME B IEJIOM MEHBIIIe CYMMBbI 3HAHUIT O COCTABIAIONINX €€ 00heKTaX.

Ucxong uz nonoxkenuii 5 u 6, ocBeqoMaéauocts A(uy, ty) moab3oBaTess u; Bo Beeil KOH-
dugeHUaAILHON nHMpOPMAIUH, copepKalieiicd B KOMIBIOTEPHOU CHCTeMe B MOMEHT BpeMe-
HU 1, OyseM oupee/siTh KaK a/[INTUBHO-MYJIbTUILINKATUBHYIO (DYHKIHUIO OCBEIOMIEHHO-
CTH 110 O0beKTaM, CoJiepzKaluM KoHMUIeHTHaJIbHY 0 NHMOPMAaIIIIO, 10 OTHOITEHHIO KO BCe-
My 00bEMY KOH(HICHITNATHLHON HHMOPMAIIAN:

Ny,
A(Ul,tk) = 8(ul,tk,0) Z AN(ul,on,tk) . (6)
n=1 n

3ech:

— E(uy, tg, O) — dbyuknus 3bderra cHHEePrud B OCBEJIOMIEHHOCTH 110 CHCTEMe 00beKTOB
B IIeJIOM B 3aBHCHMOCTH OT OCBEJIOMJIEHHOCTH 110 KaXKJIOMY OTIEJTbHOMY OOBEKTY, 3HAa-
YEeHHUSIMU KOTOPOH SIBJISIIOTCS IIOJOKHUTEbHbIe YiCIa Kak Oosbiie 1 (Hos0KuTe bHbIi
sdderT cureprun), Tak u Menbine 1 (orpunarenbubiii adbderT cureprun);

— O — MHO)KeCTBO 0O'bEKTOB JJOCTYTIa KOMITBIOTEPHOI CHCTEMbI ¢ OTHOTIEHHsIME (C UX B3a-
MMOCBSI3SIMHE, COJE€PKAHUEM U T. JI.);

— N;, — Kom4ecTBO 00beKTOB ¢ KOHMDUIeHNATbHON nHdopManueil B MOMEHT BPEMEHH {;

— An(uq, 0, ty) — BeTHYIHHA OCBEIOMIEHHOCTH MOJB30BATENST U; B MOMEHT BPEMEHHU tj
B KOH(UIeHTHATBHO nH(pOpMAIIT 00bEKTA 0, BBIYUCIseMasi C HODMHPOBAHUEM TI0 OT-
HOIIIEHWIO K 00bEMY Bceit KoHdwuaeHma buoil uadopmaruu, odbpadbaTbiBaeMoil B KOM-
HbIOTEPHOI CHCTeMe B COOTBETCTBYIOIIME MOMEHTBI BpeMeHH, ¢ YI6TOM CTeleHH KOHMU-
JICHIINAJIBHOCTH UH(MOPMAIHH 0OBEKTOB JIOCTYIIA:

AN(uh On, tk) - (AN(ulu On, tm)fForg(“l; On, tk, tm) + ANA (Ul, On, t/cy Atnk))u 5

rje t,, —MOMEHT BPpEeMEHH ITOCJeIHEro JOCTYIIA IOb30BATEsI U; K 00BLEKTY 0]
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— A, (ug, 0, tr, Atyy) — HOPMHPOBAHHOE MPUPAIIEHHE OCBEIOMJIEHHOCTH TOJB30BATE-
Jist u; B KoH(MUAeHIInabHON nHMOpMaun o0beKkTa 0, B Pe3yJjbTare J0CTyIla B MOMEHT
BPEMEHU 1), MIPOIOIKUTENHLHOCTHIO At,;, KOTOPOE, B CBOIO OY€PE/Ib, ONPEICIACTCS CIe-
JIYIOIIMM COOTHOIIICHUEM:

JB,At,,
A (1,0t Aty = | ficon ) ot lnk

i V(0j>tk)

Jj=1 I

O(on, tr)o(on, te) (1 — xkn) i | - (7)

Beuy croxuoCTE TPpUPOIL! 3dderTa curneprun onpeaenenne suga dyukmms & (uy, ty, O)
IpeCTaB/IgeT OT/Ae/JbHOE HANPABIECHUE HCCAeA0BaHUN. B MpakTHYecKnX MPUIOKEHUIX
MOKHO TIpuHSTH & (U, tg, O) = 1.

IIpumep 2. Ha puc.2 s wiuniocrpanuu xapakrepa nosejenust sejuunab A(uy, ty)
PUBEIEHBI PE3YIbTATHI PACIETA OCBEIOMIEHHOCTH TOJIH30BATEIsI B KOH(UIEHIIHAILHOIT
nndopmanuy, odpadarbiBaeMoil B KOMITLIOTEPHOI cucTeMe, BKJIIOYalonieil Tpu obbekTa,
mapaMerpbl KOTOPHIX (00bEM, KOHMDUIEHIMATLHOCTD, HH(GOPMATHBHOCTD) MPeICTABIEHBI
Ha PUCYHKE.

OcBefOMAEHHOCTb NOb30BaTENA B KOHPMAEHUMANbHOW MHGOPMaLMK No Tpem 0bbeKTam AOCTYNa B OTAENBHOCTU 1

0CBEAOMIEHHOCTb B KOHGUAEHLMA/IHON MHDOPMALMHK N0 CUCTEME B LIENOM
MPoUeHT ocBeaoMARHHOCTH (The user's awareness of confidential information on the three access objects separately an
(Percentage of awareness)

0CBEAOMAEHHOCTb 110 CUCTEME B LIEIOM
(awareness of the system as a whole) e

KOHpUAEHLMaNBHOCT
Aona HeaktuBHOCTM

o=
£ = WMupopmarusnocts
o ., Yposens
L oo™
o 2
e
npu gocryne
.. S Unperc cnomroctn

]

i [

H 7 .
=1

b3 o Obrem (cnos)

01

R @aKTbl U NPOACMKUTENBHOCTE JOCTYNA NO/Ib30BATENA B MUHYTaX K
10 | ofbeKTam o,, o, 5 MNonesoeaTens uy:
} (Facts and duration of the user's access to the object 04, 0,, 05 in - CKOPOCTb yTeHws = 1 (200 cnos B MukHyTY)
—_- . - K03 duUMeHT yeBOEHKA NpoduTanHoro ¥= 0,52

= |5 IDEKT CUHEPTUU E(u,, £ 0 )=1

20 15

g —7 ——— _—
1 2 3 4 5 8 9 0 11 12 15 16 17 18 19 22 23 24 25 25 64 65 66 67 68 364 365 366 367 368 t,aHn

‘ 1-AHeaena | ‘ 2-A Hepena | ‘ 3-aHemena ‘ | 4-A Henena ‘ ‘ 10-A Hepena ‘ | 52=AHefena
\ 1-7 mecay, ‘ \ 3- mecay | 13-/ mecay |

Puc. 2. NnarocTparninsg  0CBEIOMIEHHOCTH TIOJB30BATENsT O KOHMHUICHIHAILHON WHQOPMAIUN
B KOMITBIOTEPHOH cHCTeMe, BKJIIOYAMINIE Tpu 00bekTa, B PE3yJIbTaTe ONPEIEJEHHON 110-
CJIEZ0BATENBHOCTY (MCTOPUM) JOCTYTIOR

Kak BuaHO M3 prc. 2, TOJIB30BATENb %] OCYIIECTBISI CEPUIO TOCTYMOB K 10-cTpaHuYIHO-
My O0BEKTY 01 CO CPeIHUM YPOBHEM KOHMDHIEHIUATILHOCTH, Koddhdunuentamu nudopma-
TUBHOCTU U CJIOZKHOCTH IIO CbaKTaM " IIPOAOJIZKUTECJIBHOCTH JOCTYIIOB aHAJIOI'MIHO JaHHBIM
puc. 1.

K ue6osbiomy (0AHOCTPAHHYHOMY ) OOBEKTY Oy C HU3KHM YPOBHEM KOH(UIEHIHAIb-
HOCTH, HO C BBICOKHM yPOBHEM HH(MOPMATHBHOCTH, IOJIb30BATEIb %] BO BTOPOil U TpeTHii
pabounii jeHb ocymecTBUI 10-MUHYTHBIH M 5-MHHYTHBIR JOCTYIIBI COOTBETCTBEHHO, YTO
¢ yuéroMm HeboJibioro odbéma undopmanuu odbekta obecnednio emy 100-mporneHTHyo
OCBEJIOMJIEHHOCTb B COOTBETCTBYIOIIEH KoHbUIeHInaIbHONH nHpopManuu. Bojabie mpocTy-
OB K 00'bEKTY 09 He OBLIIO U TITEJT MPOTIECC IKCITOHEHITNATFHOTO CHUYKEHHST OCBETIOMIEHHOCTH.
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[Ipu sTOM BKJIaJ OCBEIOMJIEHHOCTH B COOTBETCTBYIOINIEH nHMOPMAINT B «OOITYI0 KOTUIKY »
OCBEIOMJIEHHOCTH BBHJTY HEOOJIBITOTO 00bEMA U HEBBICOKOTO yPOBHS KOH(MUIEHIINATLHOCTH
00'bEKTA 0y ABJISLIICS HE3HAYUTETHHBIM.

K o6bekTy 03, camomy KoHMbUIEHTHATEHOMY ( feonf(03,tx) = 1) U J0BOIBHO 0OBEMHO-
My (Q(0s3,tr) = 1000 c10B — 3—4 cTpaHUIBI TEKCTA) ¢ BBICOKO CTeneHbi0 HHGOPMATHBHO-
cru (6(o03,tx) = 0,7), MOIB30BATETD U1 OCYIIECTBJISLI POAOTKHUTEIbHBIE ToCTymbl (180 u
60 mMun) B TpeTuii 1 4eTBEPTHIN paboune JgHU, 4T0 06ecnedmsio emy 100-IPOIEHTHYIO OCBe-
JIOMJIEHHOCTH B COOTBETCTBYIOIIEH KoHMuaeHua bnoit nundopmamnuu. [Ipu atom cuuzkenue
CTeIeHN BJIaJIeHns (OCBEJIOMIEHHOCTH) [0 CJIeJYIONEero qocryna Ha 11-i pabounii 1eHb BBU-
JIy BBICOKO# CTeleH! KOHMUIEHITNATFHOCTH COOTBETCTBYOMNIEN MHMOPMAINT TPOUCXOTIIO
CYIIIECTBEHHO MeJIJTIeHHee, YeM M0 00beKTaM 01 U 0o. [lociemyiomume 10CTyIBI TOIB30BATES
K 06beKTy 03 IpogoszKuTesbHocThio 30 MunyT (B 11-if pabounit menb) u 15 MunyT (depes
JBa Mecsna B 65-if paboduil 1eHb) BBH/Y BBICOKHX OCTATOYHOIO YPOBHS OCBEJIOMJIEHHOCTH
U BEJIMYUHBI MPOJIOIKUTETHHOCTH JIOCTYTA TT0 OTHOIIEHUIO K 00BEMY 00BeKTa TO3BOJISITH
BOCCTaHABJINBATL OCBenoMIEHHOCTL 10 100 %.

Kaxk BumnHO 13 puc. 2, XapakTep H3MeHEHUs OCBEIOMJIEHHOCTH MOJTh30BATE N % MO Beeil
KOH(pHIeHIMAJIbHONR HH(MOPMAIIUN CUCTEMbI C YY6TOM BPEeMeHH J0cTy1ia, 00béMa, nHpOopMa-
TUBHOCTH W KOH(DUIEHIINATHLHOCTH 00bEKTOB OMPEJIE Is/ICS B OCHOBHOM JOCTYHAMHU K 00b-
ekTaM 07 1 03. [Ipnm 3TOM BKJaJ B OOIIYIO OCBEIOMJIEHHOCTH JOCTYIIOB K OOBEKTY 03 OBLI
OPUMEPHO PaBHBIM BKJIAJYy OT JOCTYIIOB K CYIIIECTBEHHO Hojiee 0OBEMHOMY, HO MeHee KOH-
dugeHIUATEHOMY U MeHee HHPOPMAaTUBHOMY OOBEKTY 0.

PaccMoTpenabie mpuMephl pacdéToB W aHAJN3a OCBEIOMICHHOCTH B KOH(DUICHIHAIH-
HOM mH(MOPMAIUK JeMOHCTPUPYIOT PE3YIbTATHI, OTPAZKAIOIINE NHTYATHBHbIE KAYeCTBEHHbIE
IIPEJICTABAEHUS O COIECPYKAHUN MOHATHS «OCBEIOMIEHHOCTH> M XapakTepe eé M3MeHEeHU.

Caiejyer OTMETUTD, YTO KaK U B CJydae ¢ aHAJM30M HOTEHIMAJIBHOM OCBEIOMJIEHHOCTH,
JIOTIOJIHUTEIBHBIE BO3MOXKHOCTH aHan3a (PaKTUICCKOH OCBEJIOMJIGHHOCTH HPEI0CTABJIACT
TEeMAaTHKO-MepapXuIeckoe yrpasiaeHnne poctynom [25, 26]. B rakux cucremax KoHbMIEH-
nuaabHas nHdopManusa 00bEKTOB JTOCTYIA TOMeYaeTcsl (MHIEKCUPYETCs1) MYJIbTHPYOPHKa-
Mu [27], KOTOpBIE SABIAIOTCS COBOKYIHOCTBIO PYOPHK-TEMATHK 7;(7") = {Tiys Tigs - Tis }»
OPTaHM30BAHHBIX B HEpapXUUYecKuil Temarwdeckuil pybpuxarop Try = {r, 71,72, ..., Tk },
rje r — KOpPEeHb jiepeBa (BCS TEeMATHKA), OTPAXKAWIIEr0 HePAPXUIECKYI0 CTPYKTYPY Py6-
pukaropa. YIpapIeHue JOCTYIOM OCYINECTBISETCS Ha OCHOBE CPABHEHUS MYJIbTUPYOPHK
0ObEKTOB JIOCTYIA W TeMATHIeCKUX MOJTHOMOUHIT CyObeKTOB 10CTyIa (MoJb30BaTe el ), KO-
TOPBIE BHIPAYKAIOTCSI TAKZKE COBOKYITHOCTHIO PA3PEIIEHHBIX PYOPUK-TeMATHK (Pa3peIénHoii
MyJIbTUPYOPUKOit). B pesyiabrare NOSBIsSETCS BO3MOXKHOCTD AHATH3UPOBATH (PAKTHIECKYTO
OCBEIOMIEHHOCTD MOJIb30BaTe el He TOJBKO B II€JI0M O BCell KoHbHIeHIUATBHON uH(OP-
MAIUU CUCTEMbI, HO M OCBEJIOMJIEHHOCTb B KOH(HACHIMAJbHONW uH(MOPMAIMH 110 ongae—
JIeTEHHON pyOpHUKe-TeMaTHKe WM 110 HEKOTOPOH TeMaTH4YecKoil MyJabTupyOpuke ’7;(7" —
Ay, 7;(m), tx). C 9roit mesibio B coorHonenusx (2), (7) HeobX0IMMO BBECTH B KAYECTBE JI0-
HOJTHUTEJIBHOTO COMHOYKHTE/IS JBOUIHYIO (DYHKIIUIO O (T(m)(on, t), 7;(7”)>, paBHyIO 1, eciin

Temaruka (MynbTHPYOpHKa) 06bexTa Koctyna T ™ (0, t;) mupe (oxBaThBaeT) aHAM3HDY-
eMy1o TeMaTuky (MyJabTHPYOpHKY) KoHbumeHIHATIbHOH HHOpMaIHT 7;(7”), u 0 B mpoTus-
HOM CJIydJae.

3akJ/roueHue

Kak u B ciaydae ¢ «mOTEHIMAJBHO OCBEIOMJIEHHOCTBIO> [1], mpejcTaBieHHbIe MOHSI-
THE U BeJudrHbl (PAKTHIECKOH 0CBeIOMJIEHHOCTH TT0JIb30BaTe el B KOHMUIeH A IbHON NH-
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dbopmanun A (ug, 05, Atyn), A(ug, o, ) 1 A(uy, t) MOTYT COCTABUTEH GA3UC CHEIUATBHOTO
IPOTrPAMMHOTO O0ECIIeIeHUsT B MPOMECCAX MOHUTOPUHTE WH(OPMAIMOHHONE 0e30macHOCTH
KOMITBIOTEDHBIX CHCTEeM. AHAJIM3UPYs 3HAYEHUsI OCBEIOMIEHHOCTH MOJIH30BaTE/ €l B KOH-
dupenuaIbHON nHMpOPMAIUT OT/IEIBHBIX 00HLEKTOB WU 110 BCEil COBOKYITHOCTU OOBEKTOB,
aIMIHHCTPATOPHI KOMIIBIOTEPHBIX CHCTEM MOTYT (pOPMUPOBATH HA 3TOH OCHOBE 0OOCHOBAH-
HBIE pellleHus B KOHTeKCTe obeciedeHuss NH(MpOPMAIKMOHHON O6€30IaCHOCTH.

TaK}Ke cileagyer OorMeTuTb, 4TO, KaK M B OTHOIICHHUM TEXHUYCCKHX aCIICEKTOB aHaJIH-
3a HOTeHHHaﬂbHOﬁ OCBe,ZLOMﬂéHHOCTI/I7 OCHOBHBIC IIapaMeTpbl [AJid BBIYUCJICHUA BeEJIMYNH
An(ug, 0ny Aty), Aluy,on,tx) 1 A(uy, ty) mub0 aBTOMATHYECKH OIPEESIIOTCI B COBPE-
MEHHBIX O(HUCHBIX CHCTeMaX PabOTHI ¢ JOKYMEHTAMH W 3JIeKTPOHHOIO JIOKYMEHTO0DOpOoTa
(06béM mHGOpPMANNE B €JIOBAX, UCTOPHS U MPOJIOJKATEIHLHOCTD JIOCTYIOR), JTUO0 MOTYT
OIIPEIEISITHCST HA OCHOBE PErVIAMEHTAIMH MIPOIEIYD JAeI0MPOU3BO/ICTRA.

OTaenbHBIX CHEMHATBHBIX HCCAe0BaAHNN TPeOYoT BuT (DYHKINI «KPUBBIX 3a0bIBAHUST»
B KOHTEKCTE BJIaJIeHNsT KOH(DUACHIINATBHON nndopMaliieil 1 CBI3aHHbIe ¢ HUMU TTapaMeTPhI
BOCIIPHATHSI, YCBOCHUsI KOH(DUICHIIHAIBHBIX JAHHBIX, B TOM YHCJE BOIPOCOB «CTapPEHUS»
undopmainu [14], a Takzke BOIPOCOB, CBA3AHHBIX ¢ 3(D(MEKTOM CHHEPIHU OCBETOMIEHHO-
CTHU 110 cucremMme O6'beKTOB A0CTYIIA. HaHpaBﬂeHI/IHMI/I pa3BuTuLd 1peacTaB/JICHHOIO IMOJAX0/da
MOZKET ObITh PACCMOTDEHHE OCBEJOMJIEHHOCTH U COOTBETCTBYIONHUX TapamMerpoB (o, t),
©(0n, tr), By M, N, (g, tg, O) Kak caydailHbIX BeJHYUH ¢ PACIPEICIeHUSIMUA BEPOSITHOCTEI,
TPeOYIOIMUME TEOPETHIECKUX U IKCIEPUMEHTAJIbHBIX HCCJIeI0BAHN, NI KAK BEJTHINH, sIB-
JISIONUXCST SJIeMEHTAMH HeUETKIX MHOXKeCTB |28, 29).

BMeCTe C TeM 11peACTaBJICHHbIC JaHHbIC 110 COOTBETCTBYIOIIUM beHK]_H/IHM " llapaMeTpaM
MO2KHO paCCMaTpUBaTb B Ka4YeCTBE <«II€PBOI'O HpI/I6ﬂI/I)K€HI/IH>> AJ1d UCIIOJIb30BaHUA B IIPpaK-
TUYECKUX CUCTEMaX.
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Jokazano, uTo A Ja060T0 HATYpaJbHOTO k J00yI0 OyyieBy (DyHKIMIO MOXKHO pe-
aJM30BATh MIBYXIOJIOCHOW KOHTAKTHONW CXeMOU, k-HEeM30BITOYHON M JOMYyCKAOIIeit
k-mipoBepstoIIuit TecT AMUHBbI He 6oJiee 3 OTHOCUTENBHO MPOU3BOIBHBIX CBA3HBIX HEUC-
IPABHOCTEH KOHTAKTOB B IPYyNIIax, IJe KaxXJgad IPyHIa COCTOUT W3 OAHOTO 3aMbIKa-
IOIIET0 U OJHOI'0 PA3MBIKAIOIIErN0 KOHTAKTA. YCTAHOBJIEHO, YTO eciu Oy/ieBa (hyHKIIUs
He 9BJIFEeTCI CAaMOABONCTBEHHOM, TO OTEHKY MOXKHO MOHU3UTH JI0 2.

KitroueBbie CJI0Ba: KOHMAKMHAA CLTEMEG, CBAZHLE HEUCTPABHOCTNU KOHMAKIMOE, NPO-
separouwut mecm, 6yse6a GyHKYUA.

SHORT FAULT DETECTION TESTS FOR CONTACT CIRCUITS UNDER
ARBITRARY WEAKLY CONNECTED FAULTS OF CONTACTS

K. A. Popkov

Keldysh Institute of Applied Mathematics, Moscow, Russia

We prove that for any natural k, any Boolean function can be implemented by a two-
pole contact circuit that is k-irredundant and allows a k-fault detection test of length
no more than 3 relative to arbitrary connected faults of contacts in groups, where
each group consists of one closing and one opening contact. We establish that if the
Boolean function is not self-dual, then this bound can be lowered to 2.

Keywords: contact circuit, connected faults of contacts, fault detection test, Boolean
function.

Brenenue

PaccvarpuBaercss 3ajada CuHTE3a JIETKOTECTUPYEMBIX JIBYXMOJIIOCHBIX KOHTAKTHBIX
cxeM [1], peanusyromux 3aJaHabie GyaeBbl (DYHKIUA (CTIOBO «IBYXIOTIOCHASI> B JaJIbHei-
meM GyjieM OmycKaTh). JIOrHuecKuil moIXo 1 K TeCTUPOBAHIIO KOHTAKTHBIX CXEM MPe/JI0KeH
1. A. Yeruc u C. B. fdI6onckum B [2]. TIpegcTaBum, 9T0 NMeeTCst KOHTAKTHAS CXeMa S, pe-
anmsytomas oyneBy dbyukuumio f(Z"), tae " = (z1,...,x,). [log Bo3aeiicrBueM HEKOTOPO-
r0 MCTOYHWKA HEWCIPABHOCTEH OJIMH W/ HECKOJBbKO KOHTAKTOB CXeMbl S MOTYT MepeiTH



72 K. A. lonkos

B HEHCIPABHOE COCTOsAHME. B KadecTBe HEMCIPABHOCTEH KOHTAKTOB OOBITHO PACCMaTpPUBA-
IOTCSL UX OOPBIBBL U (KOPOTKHE) 3aMbIKaHusA. [Ipi 06pbIBe KOHTAKTA MPOBOIANMOCTD MEZK /Y
er0 KOHIIAMU CTAHOBHUTCS TOZKJIECTBEHHO HYJIEBOM, a MPHU 3aMBIKAHUN — TOYKJIECTBEHHO €1~
ununoit. B pesynaprare cxema S BMecTo mexomnoil dynkmun f(I") cramer peasm30BBIBATD
HEKOTOPYIo OysieBy dyuknuio g(Z"), Boobmie ToBops, oranunyio ot f. Bee takne dynk-
1y g(Z™), HOTYIAIONTIecs TPU BCEBO3MOYKHBIX JOMYCTUMBIX [T PACCMATPUBAECMOI 331891
HEUCIIPABHOCTSX B CXeMe S, Ha3bIBAIOTCH (PYHKUUAMU HEUCTPABHOCTMU TAHHON CXEMBI.

Beeném caenytormne onpezenenus [3-5|. ITposeparoujum mecmom 1jist cxembl S Ha3bIBa-
eTcs TaKoe MHOXKecTBO 1" HabOPOB 3HAUEHU IEPEMEeHHBIX L1, . . . , Ly, ITO JJIs 000 OTInd-
Holt or f(Z") dyuknuu HeucnpasrocTu ¢(I™) cxembl S B T HaliéTcst HAGOP G, HA KOTOPOM
f(a) # g(6). Juaznocmuyeckum mecmom I CXeMbl S HA3bIBAETCA TAKOE MHOXKeCTBO 1’
HADOPOB 3HAYEHUN TTEPEMEHHBIX T, . .., Ty, YTO 1 ABJISETCS MPOBEPSIONUM TECTOM U, KPO-
Me TOTO, JIUI JIOOBIX JIBYX pasaudHbiX (DYHKIMA HencrnpaBHOCTH ¢1(Z™) 1 go(Z™) cxembr S
B T Haiinércs HAGOP T, HA KOTOPOM g1 (T) # g2(7). Uncso HaGopor B T Ha3bIBAETCS 0AUHOL
Tecta. B KauecTBe TPUBHAIBHOIO JUATHOCTHYECKOTO (M MPOBEPSIOIIET0) TecTa JTHHBL 2"
g cxeMbl S BCeTJla MOXKHO B3ATh MHOYKECTBO, COCTOSIIEe U3 BCEX JTBOMYHBIX M-Pa3psii-
HbiX HaOOPOB. TecT HA3BIBAETCI NOAHLIM, €CJU B CX€ME MOTYT ObITh HEHCIIPABHBI CKOJIHKO
YTOAHO KOHTAKTOB, U €JUHUYHbLM, €CJTH B CXeM€ MOXKeT ObITh HEHCIIPABEH TOJBbKO OIUH
KOHTAKT. EuHNYHBIE TeCThl 0OBIYHO PACCMATPUBAIOT JJIST Heudbumounus cxem |5, c. 110-
111], B KOTOPBIX JH0OAst JOMYCTHMAsi HEUCIPABHOCTH JIIOGOr0 OJHOTO KOHTAKTA TPUBOJAT
K (PYHKIIUKM HEHCIIPABHOCTHU, OTJMIHOU OT (DYHKIIUH, peaau3yeMoil JaHHON CXeMoii; Takue
(yHKIMN HEUCIPABHOCTU HA3BIBAIOT HEMPUBUGALHHMYU. KCIM B CXe€Me JIOMYCKAIOTCS TOJIb-
KO OOpBIBBI KOHTAKTOB (MJIM TOJBKO X 3aMBIKAHHS), TO TOBOPAT O MECMAT PAZMYIKIHUA
(COOTBETCTBEHHO O MECMAT 3AMBIKAHUSA).

B pa6orax [6—16] mosrydeHbl pa3indHbie, B TOM YHC/Ie OKOHYATEIbHBIE Pe3YJIBTATHL O BO3-
MOXKHOCTSX TIOCTPOEHUs JIETKOTeCTHPYEMBIX KOHTAKTHBIX CXeM, PeaJTU3VIONUX 33 JaHHbIE
OyneBbl (DYHKIHUH. Y TOMSHEM TOJIBKO OJIUH PE3YIbTAT, KOTOPLIH YI00HO CDABHUTH C HUKE-
carenyroreii reopemoii 4. B |9, Teopema 2| mokazano, 910 Auist 006010 HATYPAJbHOTO 1 > 2
cymecTByer OysieBa (DyHKIMSA OT 7 TEPEMEHHBIX, KOTOPYIO HEJIb3s Pean30BaTh KOHTAKT-
HO¥ cXeMOil, HeM30BITOYHON U JOMYCKAIONMIEH e TMHUYHBINM IPOBEPSIONTUN TeCT JAIUHBI MeHee
n + 2 OTHOCUTEIbHO OOPHIBOB 1 3aMBIKAHWH KOHTAKTOB.

Haszosém mpoBepsonuii (JIMATHOCTUYIECKHUiT) TeCT JJisi KOHTAKTHON CXeMbl k-nposep-
rwum (k-duaenocmuseckum), ecim B cxeMe MOXKeT Mpou3oiitn He GoJiee k HEHCIPABHO-
creit, riae k € N. Bynem paccmMaTpuBaTh TaKue TECTHI TOJILKO JII k-Heu3bbimouHblL cTem,
B KOTOPBIX JIIOOBIe HE MeHee OMHOI u He Gojee k JTOMYyCTHMBIX HEMCIIPABHOCTEH TPUBOIAT
K HeTPUBHATBHON (DYHKIINHA HEUCITPABHOCTH.

B mactogmeit pabore B KadecTBe HEHCIIPABHOCTEHl B KOHTAKTHBIX CXEMAaX PAaCCMOT-
pUM CBSI3HBIE HEUCIIPABHOCTH KOHTAKTOB B Tpymmnax, kak 31o c¢jaenano H.II. Peapkunbiv
B [17, 18]. [Tycrs 3adurcupoBanbl 1esble HEOTPHIATENbHBIE YUCAA @ U b, YIOBAETBOPSIIO-
mue yeJaoBusM a +b > 2 u a > b. Bynem cunurarth, 9TO B pacCMaTpuUBaEeMbIX CXeMaX BCE
KOHTaKThI pa30MBAIOTCS Ha IPYIIBI CBA3AHHBIX MeXKIY co0oit KoHTakToB. Kaknasa rpymma
COIEPZKUT @ + b KOHTAKTOB, OTBEYAIONINX OIHON M TOi »Ke ImepeMeHHOi, n pa3duBaeTcd Ha
JBa 6JI0Ka U3 @ KOHTAKTOB (11epBblii 6/10K) 1 b KOHTaKTOB (BTOPO# 6JIOK), IPUYEM BHYTDH
KazKJ10ro 0JI0Ka BCe KOHTAKTHI OJMHAKOBBI (T.e. 100 BCe 3aMbIKAOIIne, JUO0 BCe Pa3Mbl-
KAIOIIHe), a B PA3HBIX OJIOKAX KOHTAKTHI MPOTHBOMOIOKHBI. [Ipennosaraercs, 9To 06pHIB
(3aMbIKaHue) JTH0O0I0 KOHTAKTA M3 OJJHOIO U3 OJIOKOB BJI€YET 3a c060il 06PBIB (COOTBETCTBEH-
HO 3aMBIKaHUe) BCeX OCTATBHBIX KOHTAKTOB M3 3TOr0 BJI0KA U 3aMbIKaHue (COOTBETCTBEHHO
0OPBIB) BCEX KOHTAKTOB U3 JAPYroro 6joka. TakuM o6pa3oM, KaxK/as KOHTAKTHAsI TPYIIIA
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O/IBePKEHa TOJTHKO JBYM BHJIAM HEUCIIPABHOCTE: 0OPHIBY BCEX KOHTAKTOB M3 IEPBOTO OJI0-
Ka W OJHOBPEMEHHOMY 3aMbIKAHHUIO BCEX KOHTAKTOB W3 BTOPOro OJIOKA, JHOO 3aMBIKAHUIO
BCEX KOHTAKTOB M3 MEPBOro OJI0Ka W OJHOBPEMEHHOMY OOPBIBY BCEX KOHTAKTOB M3 BTOPOIO
O10ka. MOTHBHPOBKaA PacCMOTPEHHsS IMEHHO TAKUX HEUCIPABHOCTEH ¢ (pU3MIECKON TOUKH
3penus faércs B |17, ¢.42-43]. KoHTaKTHBIE CXEMBI, YIOBIETBOPSIONIHE YKAZAHHBIM YCI0-
BHAM, Oy/JeM Ha3bIBATh (a, b)-cremamu. ObIee dncio Hencupasuocreil B (a, b)-cxeme 6yaem
CYUTATH PABHBIM YHCJIy HEHCIIPABHBIX KOHTAKTHBIX DY (4 HE HEUCIPABHBIX KOHTAKTOB).

[Tycrb MHOXKeCTBO T siBAIsieTCs k-IIPOBEPSIIONINM TECTOM I HEKOTOPO# (a, b)-cxembl S.
Baeagm caenyiomme obosnadenus: D¥N(T) — pmuna tecra T; DiYY(S) = min DIFN(T),
rje MEUHUMYM Oepérca mo BceMm k-mpoBepsiionium tectam 1 g cxembl S| D:E( f) =
= min D’jf(S), rae MOHEMYM Oepércst mo BceM k-Hem3OBITOUHBIM (a,b)-cxemam S, pea-
musyrontM byskmmio f; DI (n) = max DY f), rae maxcumynm Gepéres 1o Beem GyeBbiM
dbyukmEsam f or n nepementbrx. OyHKIUS ijg(n) HazbiBaeTcsa gyrryued Illennona -
Hbl k-mipoBepsiioniero Tecra. 1lo anajsorun ¢ pyHKnusiMu Dsbn MOZKHO BBeCTU (DYHKIIUU

fo, DN u DE? JUI COOTBETCTBEHHO k-IUMarHOCTHYeCKOro, II0JHOTO IIPOBEPSIONero u
OJIHOTO JIMAPHOCTHYIECKOrO TecToB, 3apucsimme ot T, S, f u n (B onpenenenusix dbyHK-
it DIN(f) u fo( f) He mpenmnosaraercs HeM3OBITOUHOCTH cxXeM). Eciu B mepBoM 610Ke
KaykJ0ii KOHTAKTHOM TPYNIBI TONYCTAMBI KAK OOPBIB, TaK M 3aMbIKaHHE BCEX KOHTAKTOB
(COOTBETCTBEHHO JIOIMYCTHM TOJHKO OOPBIB BCEX KOHTAKTOB, JOILYCTUMO TOJIBKO 3aMbIKAHUE
BCEX KOHTAKTOB), TO B KOHIIE BEpXHero MHJeKCa OyKBbl [ depe3 TOUKY ¢ 3amsiToii Oyaem
craBuTh 01 (coorBercrBenno 0, 1); B mepBoM U3 yKa3aHHBIX TPEX CJIyYaeB CBSI3HBIE HEHC-
IIPABHOCTH KOHTAKTOB OY/IeM CUUTATH NPOU3EOALHbLMU, 8 BO BTOPOM U TPEThEM CJIydasx —
odromuntolmu. OCHOBHOH HENbI0 UCCIEJIOBAHNUI BJISETCsSI HAXOXKJIEHHE OIEHOK (B miea-
e — TouHbIX 3Hadvennii) Benuaun D, p(f) 1 Dy p(n) ¢ pasHbIME BEPXHEME HHICKCAME IIPH
pa3auyHbIX a, b, f u n.

B [17] ycranoBneno, uro ecom a + b > 3, a t — HaTypasgbHOe YnCaI0, TO 2n — 2t — 1 <
< DEE;Ol(n) <2nmpun=2'+t+1;2n—2t -2 < DEE;M(n) <2nmpu 2t +t+1<n<
<2+t +1. B [18] mpu a+b > 3 g0Ka3aHO HEPABEHCTBO Di:,)):[;()l(n) <4n,aupua+b =2
IIOJIy YeHbI OIEHKH Dclbzbn;m(n) < 22 oln/2) 4y, Dan’gl;l(n) <2nwm DEE;O(TL) < 2n. Benen
3a paboroii [18|, cBsi3HBIE HEMCIPABHOCTH KOHTAKTOB B cjydae a + b = 2 Gyaem caurarh
CAG00 CEAZHBLMU.

1. IlokpseiBaromiye u KJIIO4YeBbie MHOXKECTBA

JIBonduHbIi n-paspsaublii HAOOP & OyaeM Ha3biBaTh (i, )-HabOPOM, €CIH ero i-s1 (CJIeBa)
KOMIIOHEHTa, PaBHA (.
JIBoudHBIi n-pa3psiHblil HAGOP & OyIeM Ha3bIBATh [3-Habopom Gysesoit dbynknuu f ("),

ecmn f(o) = p.
MuozkectBo M (HekoTOpbIX) [-Habopos OyieBoil dbyukiuu f(Z"), e n > 1 u § €
€ {0, 1}, nazoém [-nokpusarouyum st 3roit byukimu, ecau s aobeix ¢ € {1,...,n},

a € {0,1} B M naitaéres (i, a)-uabop.

MuoxkecrBo M (HekoTopbix) [-wHabopoB Oymeroii dyukimun f(Z"), tme n > 1 wu
B € {0,1}, nazoBém [-rarouesvim st 310 dbyHKIMA, ecau i aobsix @ € {1,...,n},
a € {0,1}, Takux, 4ro cymecrByer Xorst 66l ouH (i, a)-HAOOD, sBJstomuiicss [G-HabopoM
dbyukuuu f(Z"), 8 M naipéres (i, a)-aabop.

B kauecrBe f-kiroueBoro MuOKecTBa st yHKIHA f(Z™) Beerma MOKHO B3STh MHOZKe-
CTBO BCeX €€ [S-HabOpOB.
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Ou4eBuaHO, UTO JTI000E [S-TIOKPBIBAIOIIEE MHOKECTBO ABJsIeTCs [S-KawodeBbiM. OOpaTHoe,
BOOOIIE TOBODSI, HEBeDHO: HapuMep, 1t Gynkuun f(xq, xe) = x1&xy Muoxectso {(1,1)}
siBJIsieTcs 1-K/II049eBbIM, HO He 1-mokpbiBaromuM (6oJiee Toro, st 31oi byHKIMH He CyIie-
CTBYET HHU OJIHOTO 1-HOKPBIBAIOIIET0 MHOZKECTBA).

CdopmyaupyeM IBa MOJIYIEHHBIX paHee pe3y/abTaTa.

Teopema 1 [11, reopema 1]. Tlycts M — 1-KIH09€BO€ MHOYKECTBO JiJis Oy/1eBOH hyHK-
mun f(Z"), n > 1. Torna sty dbyukuuio 1 aodoro k € N M0okHO peain3oBaTh KOHTAKTHON
cxeMOii, k-Herm30BITOYHOH OTHOCUTEIHHO OOPBIBOB KOHTAKTOB, JJIs KOTOPOl MHOXKeCcTBO M
ABJIACTCS k-IIPOBEPSIONIMM TECTOM Pa3MBIKAHUS.

Teopema 2 [16, reopema 1]. Ilycts M — 0-KIH09€BOE MHOYKECTBO JiJIs OY/1eBOM hyHK-
muu f(z"), n > 1. Torma sry dyuknuio nis aoboro k € N MOKHO peajn3oBaTh KOHTAKT-
HOU CXeMOH, k-Hen30bITOUYHO OTHOCHTEILHO 3aMBIKAHWUI KOHTAKTOB, JIjisi KOTOPO MHOZKE-
ctBo M gaBjsiercs k-TIpOBEPSIONIUM TECTOM 3aMbIKAHUS.

B dopmyauposkax TeopeM 1 u 2 obIiee 9HCIO HEUCIPABHOCTEH B KOHTAKTHBIX CXeMax
CHUTACTCA PpaBHBIM YMCJ1Yy HCHUCHPABHBIX KOHTAKTOB.
Bynesa dynkuus f(I") naspiBaercs camodsoticmeennol, ecnu f(Ty, ..., T,) = f(T").

VYrBepxkaenune 1. [lias moboit HecamoasoiicTBenuoit 6ysesoit dbyukmmm f(7"), n > 1,
CYIIECTBYET [-MOKPHIBAIOIIEe MHOKECTBO MOIHOCTH 2 X0Ts1 Obl Jyist oguoro € {0, 1}.

Horazameavemeo. Cymectsyor takue oy,...,0, € {0,1}, aro f(oy,...,0,) =
= f(71,...,0,), Tak Kak dyuknusa f(T") HecamonpoiicTBennas. Toraa MHOKECTBO
{(o1,...,00),(@1,...,00)}
SIBJISIETCST (-TIOKPBIBAIONMM J1J1st 3To# byukuun npu [ = f(oy,...,0,). B

VrBepxkaenue 2. Jlus soboii camo/oiicTBenHoii Oysesoit dbyukuuu f(Z"), cyrie-
CTBEHHO 3aBHCAINEN 10 KpaiiHeil Mepe 0T TPEX MepeMeHHBIX, CYIIEeCTBYET [3-TIOKPHIBAIOIIEE
MHOKecTBO MorHocTH 3 st Kaxkioro [ € {0,1}.

loxaszameavcmeo. Pyukius [ HEKOHCTAHTHAS, TOITOMY CYIIECTBYIOT /B, JIBOMIHBIX
N-pa3psiIHBIX HAOOPA, PA3THIAIONIUXCS TOJBKO B OJIHOM pa3psjie, Ha KOTOPBIX OHA MPUHU-

MaeT paszanunble 3Hadenus. O6o3HaunM 31u HAGOPHI Yepes (o1, ...,0,) u (01, ...,0,1,0,,
Orils--os0n), The 7 € {1,...,n}; Toraa f(o1,...,00) = f(o1,..., 001,00, 0041, .., 0n).
Oyuxmus f(Z") camonBoiicTBennast, moyromy f(oq,...,0,) = f(T1,...,0,). U3 mocaemxmux
JIBYX COOTHOIIEeHUH BbITeKaer, 4to f(7y,...,0,) = f(01,...,00-1,0p,Ops1,...,0,). Iloso-
KM Y = f(T1,...,0p).

Eciu aist M0OOBIX T, ..., Ty 1, Tyt - - -, T € {0, 1} BoIDONHSIETCST paBeHcTBO f(7M1, .. .,
Tr—1,0p Tpgdy - - 77Tn) = 77 TO f(ﬁh s 7ﬁr—1767"7ﬁ7‘+17 s 7ﬁn> = 7 AJa4d JIFOOBIX Ty
o1, Trttl, -, Tn € {0,1} B cuy camomsoiicTBennocTr (byHKIUH f, a TOTJA JIETKO MPO-

BeputTh, 4to f(I") = x, ® 0, &7. [oaygaem, uro GyHKIUS f CYIECTBEHHO 3aBUCHT TOJIHKO
OT TI€PEeMEHHON X, OJHAKO 3TO MPOTHBOPEYUT YCJAOBUIO yTBep:xKaeHus 2. [losromy cyime-
CTBYIOT TAKWUE T, ..., Tp_ 1, Tpi1s .-, T € {0, 1}, aro f(my, ..., Tp 1, Op, Tty o s Tn) = 7.
B TakoMm cirydgae MHOXKeCTBO

M = {(517 s 7671)7 (0-17 s 70-7'—1767'70-7“—‘,-17 s 70-71)7 <7T1, ey M1, Oy T 1y - - - 77Tn)}

ABJIACTCSA Y-HOKpbIBaomuM Jyist pyakuun f (™). JleflcTBATENbHO, HA KaxKI0M HabOpe u3
3TOT0 MHOZKECTBa, KaK IIOKA3aHO BbIINIe, PYHKIHMA f NPHHUMAET 3HAUYCHHE 7; JJIs JIH0OBIX
ie{l,....,n}\{r}, a« € {0,1} ogun u3 nabopos (G1,...,0n), (01, .., 0r_1,0r, Ori1s...,0n)
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apasiercs (i, «)-mabopom, a maa ¢ = r u mwoboro o € {0,1} omaum w3 wabopos
(G1yev ey On), (M1, ooy T, Oy Ty 1y -+« Tpy) ABASIETCS (i, 0)-HAGOPOM. MHOKECTBO
{(Ula s 70n>7 (617 s 767‘71a 0'7’767‘+17 s 7671)7 (fb s 7ﬁ7‘71757“7ﬁ7’+1a s 7fn)}7

cocrosiiee u3 HabOPOB, TPOTUBOMOIOKHBIX HabopaMm 3 M, ABJIIETCS Y-ITOKPBIBAIOIIAM JIIs
dbyuxiuu f(z"). leficTBUTeIbHO, Ha KazKI0M HAOOPE U3 9TOr0 MHOKeCTBA (DYHKIHS [ B CH-

JIy CAMOJIBOHCTBEHHOCTH TIPUHUMAET 3HaueHue 7; aist arobbix ¢ € {1,... , n}\{r}, « € {0,1}
onuH u3 HADOPOB (071,...,04,),(C1,. ., 0p 1,00, 0pi1,...,0,) sBAETCS (i, 0)-HAGOPOM, &
st @ = 1 u oboro « € {0, 1} opun u3 HAGOPOB (071, ..., 0p), (M1, Tp1, Opy Tt 1y -« - W)

apisiercs (1, a)-HabopoM. W

2. ®opMyIMPOBKH U JOKA3ATEJIHCTBA OCHOBHBIX PE3yJIbTAaTOB

BBeném obosnauenue
o, ecam =1,

o ={7
a, ecam =0,
re a € {0, 1}.
Jasee jyist KpATKOCTH BCIOJLY BMECTO <«3aMBIKAIOMUIT (pa3sMbIKAIONHAA) KOHTAKT, OTBe-
JaloInii TepeMeHHol z;», ¢ = 1,...,n, 6yJeM TOBOPHTH «KOHTAKT I;» (COOTBETCTBEHHO

«KOHTAKT T;» ).

Teopema 3. Ilycts M — [-nokpbiBaiotiee MHOXKeCTBO 111 OyiaeBoit dynkmun f(Z"),
rie f € {0,1} w n > 1. Torma sry dyurmuo g goboro k € N MOXKHO peann3oBaTh
k-nens0birounoii (1, 1)-cxemoit, st Koropoit MuozkecTBo M siBjisgercst k-poBEePSIOIIUM Te-
CTOM OTHOCHTEJBLHO MPOU3BOJBHBIX CBI3HBIX HEUCIPABHOCTEH KOHTAKTOBR.

Jloxaszameavcmeo. 3abukcupyem HarypajabHoe k. Paccmorpum aBa caydast.

1. Ilycts B = 1. 113 Teopembl 1 u Toro daxra, 4ro J11000€e [S-TOKPHIBAIOIIEe MHOYKECTBO
SIBJISIETCST 3-KJTIOUEBBIM, CJIeIyeT, 9To byHKIuio f (™) MOKHO peaTn30BaTh KOHTAKTHOI CXe-
Mot S, k-Heum30bITOYHON OTHOCUTEJIHLHO OOPBIBOB KOHTAKTOB, JJIsi KOTOPOH MHO2KeCTBO M
SIBJISIETCST K-TIPOBEPSIIOIIM TeCTOM pa3MbiKaHus. [locTpornm KOHTaKTHBIE cXeMbl A1, ..., A,
110 AHAJIOTHH C TeM, KaK 9T0 c¢aenano B [17, c¢. 44]. [TycTh ¢ — NpOU3BOIBHBII HHIEKC W3 MHO-
xkectBa {1,...,n}. Cxema A; npeicrapiser coboit mapajuiebHOe COeJMHEHIE JIBYX HECAMO-
nepecekatomuxca neneit Cf u CP u3 xonrakros. Iens C} comepkKuT TOMBKO KOHTAKTHI 5,
a uenb CY — TOJILKO KOHTaKThl T;. g KazKJI0r0 KOHTaKTa T;, CojdepzKallerocd B cxeme S,
B IIeI C? COJIEPKUTCS CBOIT KOHTAKT T;, KOTOPHIH 00pa3yer ¢ HUM KOHTAKTHYIO I'PyIIy; Oy-
JIEM CYHUTATh 3Ty TPYIILY 0cHO8HOU. IJIsT KaKI0r0 KOHTaKTa T;, COEPIKAIIErocs B cxeme S,
B nenu C} COMep:KATCA CBOIl KOHTAKT Z;, KOTOPBIH 06pa3yeT ¢ HUM KOHTAKTHYIO TPYIILY; €&
TakzKe OygeM CUuTaTh ochoshoti. Ecam xors 6b1 B ognoit uz neneit C}, C? x macrogmemy
MOMEHTY COAEPXKHUTCS He DoJee k KOHTAKTOB, T0OABUM K KayKJI0#H U3 HUX OJUHAKOBOE UUCIIO
KOHTAaKTOB, 4T00bl Kak B nenu C] tak u B nenu CY cogepxkaioch ne menee k+ 1 KOHTaKTOB;
npu 3toMm K neru C} GyjeM J106aBasgTh TOJLKO KOHTAKTH T, a K 1enu CP — TOJBKO KOH-
TaKTBl T;, U Bce J00aB/IsieMble KOHTAKThI Pa300béM Ha I'PYIIBI U3 JIBYX CBA3aHHBIX MEXKLY
coboif KOHTAKTOB I; U T;, KOTOpbIe Oy/IeM CUHTATL JdonosHumesvHoLMy TpynmaMu. B urore
KazK b1l KOHTAKT menu C] uMeeT THI 7; 1 06pa3yeT KOHTAKTHYIO TPYIITY ¢ KAKHM-TO KOH-
TaKTOM T;, cojlepsKaiumcs 6o B cxeme S, 6o B nenu CP a kaxipiit konrakr nenu CY
UMeeT THII T; U 00pa3yer KOHTAKTHYIO TPYINY ¢ KAKAM-TO KOHTAKTOM T';, COMEPKAINTIMCS
60 B cxeme S, mubo B nenu C).

CoenumHnM Bce KOHTaKTHBIE cxeMbl S, Aq, ..., A, mocjenoBaTenbHO; 0003HAYUM IIOJIY-
YEeHHYI0 KOHTAKTHYIO cxeMmy depe3 S* (puc. 1). B Hell Bce KOHTAKTBI pa3IeJeHbl HA IPYIIITHI
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CBA3AHHBIX MKy c000l KOHTAKTOB, KaKIasd M3 KOTOPBIX COCTOUT U3 OTHOTO 3aMBIKAIO-
IET0 M OHOTO Pa3MBIKAIOIIEr0 KOHTAKTa IMEePeMeHHON x; /st Hekoroporo ¢ € {1,... ,n}.
Taxkum o6pazom, cxema S* aBagercs (1, 1)-cxemoii. [Tpu orcyTerBun HencnpaBHOCTel B 3TOM
cxeMe mojcxema A;, oueBuiHO, peasusyer GyHKIuw v; VT, =1 ad ¢ = 1,...,n, 10310My
cxema S* peamusyer dbyukimo f(T")&1& ... &1 = f(Z"). HJokaxkem, 4T0 JaHHas cXeMa

k-Hen30bITOYHA U JIONYCKAeT k—HpOBepHIOH_[I/I%I Tect M OTHOCUTE/IBHO ITPOU3BOJIBHBIX CBSI3-
HBIX HEUCIPABHOCTEH KOHTAKTOB. [Ipesmnomoxum, 910 B cxeme S* OKa3a iCh HENCIPABHbI-
MU He MeHee OjiHOiT  He Gosee k kKonTakTHBIX rpymi. Cornacuo onpezenennto (1, 1)-cxemsr,
B KaxKJI0# HEUCIpABHONU KOHTAKTHON I'pyIIe OJuH KOHTAKT 0OOpBaH M OJUH 3aMKHYT. Pac-
CMOTPHM JBa MOJCIyYasd.

C| G,

X AT T X1 Xn AT TN Xn
4, >< A,

xl Se o _-- )_Cl fn Se o _-- )_Cn
a o

Puc. 1. Cxema S* B cayuae 1

1.1. CymecrByer Takoe i € {1,...,n}, 910 B nojacxeme A; XoTst Obl OJIMH KOHTAKT 06O~
psan. Ilycth 310 KOHTAKT ', T7Ie @ € {0,1}. Torma dbyukuusa nposogmmoctn nenu CF,

i
cocTosimell U3 KOHTAKTOB f, paBHa TOXKjecTBeHHOMY Hy/0. B menn C) cocrosmei u3
KOHTAKTOB I, 110 MOCTPOEHHIO CONEPKUTC He MeHee k + 1 konrakToB. Ecam xora 6bl opun
13 HUX 000pBaH, TO GyHKIMs posoanMocTn nermn CF Takyke PaBHA TOXKIECTBEHHOMY HY-
JI10. B TpoTHBHOM cjlydae 3aMKHYTO B YKa3aHHOH Ienu MozKeT OBITh He 6ojiee k KOHTAKTOB,
IOCKOJIbKY BCEro B cxeMe S™ HEHCIPaBHO He OoJiee k KOHTAKTHBIX IpyIil. Takum obpaszom,
xorst Ob1 0juH KoHTakT B nenu C& ucnpasen u GyHkius eé uposojumoctu pasua 5. Cie-
J0BATEIbHO, QYHKIMS TPOBOANMOCTH 1TocxeMbl A; pasua 6o 0V 0 = 0, smbo 0V af = zf.

MuozkectBo M siBisiercst 1-mokpbrBatommM st byakiuu f (™), mostomy B HEM HaifiAéTcs

Takoit (¢, )-Habop &, uro f(6) = 1. Ha srom HaGope mojcxema A; He HPOBOIUT U CXe-
Ma S* Bopmact sunadenue 0, oramdnoe or f(G); TeM CaMBIM HEHCIPABHOCTD CXEMBI OyieT
obHapyzKeHa.

1.2. Hu B ognoit u3 mogcxem Aq, ..., A, HE OOMH KOHTAKT He obopBaH. Torma B momcxe-

Me S HH OIMH KOHTAKT He 3aMKHYT (B MPOTHBHOM CJIydYae KOHTAKT, 0Opa3yIoIuii Ipymimy
C IPOU3BOJIBHBIM 3aMKHYTBIM KOHTAKTOM T§' MOJCXeMBI S, IO MOCTPOEHUIO COJIEPKAJICT OB
B nemn CF nojgcxembl A; 1 6611 GbI 060pBaH), a Bee JOMOJHUTETbHBIE KOHTAKTHBIE IPYIIIBI
B cxeMme S* HCIpaBHBI. 3HAYUT, HEUCIPABHBI He MeHee OJHON U He Oosiee K OCHOBHBIX KOH-
TaKTHBIX TPYII B JAHHOH CXeMe, W IPH 9TOM TOT KOHTAKT KayKI0i HEeHMCIPABHON I'PYIIIbI,
KOTOPBIiT comep:kuTcs B mozacxeme S, obopBan. MuoxectBo M sBisieTcst k-TipOBEPSIOIIAM
TECTOM Pa3MbIKAHUS JIIA k-HEM30BITOYHOM CXeMBbI S, TO9TOMY XOTS OBl Ha OJHOM Habope &
u3 M moacxema S BBIIACT 3HAUEHUE, OTJIHYHOE OT «IPABUIBHOIO», T.e. oT f (7). 13 omuca-
HUsI TOJCAyYasi 1.2 BBITEKaeT Takke, uro st mobbix ¢ € {1,...,n}, a € {0,1} dyuxmus
nposogumoctu e Cf pasua jubo =3, mubo 1, nosromy st goboro i € {1,...,n} byHk-
U NPOBOAMMOCTH noacxeMbl A; pasua 6o ¢ V ¥, mubo 1V xf, mmbo 2V 1, mbo 1V 1,
T. €. paBHA TOXKJeCTBeHHO enuuauIe. Crea0BaTe/IbHO, (DYHKIN, peajn3yemasi cxeMoi 5™,
coBuaiaeT ¢ pyHKIUEH TPOBOIUMOCTH IOJACXeMbI S, 1 Ha Habope ¢ cxeMa S* BBIIACT 3HA-
deHue, OTJINIHOe OT f(F); TeM caMbIM HEHCIPABHOCTH CXEMBI OYyIeT OOHAPYZKEHA.
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W3 npuBeiéHHBIX paccyKIAeHU CIeayeT, 9To cxemMa S* apisercs k-Hen30bITOUHON U 10-
nmyckaer k-upoepsioniuii Tect M OTHOCHUTETbHO ITPOM3BOJIBHBIX CBSI3HBIX HEHCIIPABHOCTEM
koHTakToB. Ciydait 1 pa3obpaH.

2. Ilycts B = 0. U3 teopemnr 2 u Toro pakrTa, 9To JH0O0E [-TOKPHIBAOIIEe MHO-
JKECTBO ABJIAETCs [(-KI0YeBBIM, cJeayet, 910 (GyHKmuio f(Z") MOXKHO peajn30BaTh KOH-
TaKTHOU cxeMmoii S, k-Hem3OBITOUHONH OTHOCUTE/IHLHO 3aMBIKAHUN KOHTAKTOB, /I KOTOPOM
MHOZKECTBO M ABJIACTCA kf—HpOBepHIOH_[I/IM TECTOM 3aMbIKaHUI. HOCTpOI/IM KOHTaKTHDBIC CXe-

met Bl ... B BY ..., BY no anamorun ¢ tem, kak 3ro cienano B [17, ¢.45] (B [17] onu
obozravarorcs depe3 By, ..., B,, B, ..., B!, coorBercrBenno). PaccMoTpum mpon3BOJILHBIE
ie€{l,...,n} mwa e {0,1}. Cxema B npeacraBuser coboii My9I0K U3 KOHTAKTOB T, T.e.

MapasuleIbHOe COeIMHeHNEe HEKOTOPOrO YHCJa KOHTAKTOB . JIJisi KaXKI0ro KOHTakTa I,
cojepzxalierocs B cxeme S, B cxeme Bf' couepzKurcst cBOH KOHTAKT T, KOTOPBI 00pasyer
C HUM KOHTAaKTHYIO TPYyIIy; Oy/geM CUYUTaTh 3Ty TPyHIy ocHoewol. FKcam xora Obl B O
Hoit u3 cxem B}, BY k macrosiiemy MOMEHTY cojepxuTcs He Gojee k KOHTAKTOB, 100aBUM
K Kask/[0i M3 HEX OJMHAKOBOE YHCJI0 KOHTAKTOB, YTOObl KakK B cxXeme B}, Tak U B cxe-
me BY comepzkasoch He Menee k + 1 KOHTaKTOB M Kaxkaad u3 cxem B}, BY mo-mpexnemy
IpeICTABAATA COOOM MyYOK M3 KOHTAKTOB; IPU 9TOM K cxeMe B GymeM m06aBIgaTh TOIBKO
KOHTAKThI T;, 8 K cxeMe BY — ToJIbKO KOHTaKThI T;, 1 BCe 100aB/IsleMble KOHTAKThl Pa300bEM
Ha TPYIIBI U3 JABYX CBSI3aHHBIX MEZXKy COOOH KOHTAKTOB I; W T;, KOTOPbIe Oy/eM CUINTATH
donoarumenvrvlmu TPYIIAME. B UTOre KazK/Iplii KOHTAKT ¢XeMbl B mMeer Tun x; 1 06pa-
3yeT KOHTAKTHYIO IPYIIY ¢ KAKAM-TO KOHTAKTOM T;, COAEPKAIMMCA B OJHOM u3 cxem S, BY,
4 KaXKJIplil KOHTAKT ¢xXeMbl BY wMeeT Tun T; u 06pasyeT KOHTAKTHYIO TPYIIY ¢ KAKUM-TO
KOHTAKTOM T;, CojlepzKaiumcs B ofuoii uz cxem S, B}. Coejunum KonTakTHble cxeMmbl B}
u B nocjieopaTe/ibHO U 0603HAYUM TIOJIyYeHHYIO CxeMy depe3 B;.

Tenepnb Bce KOHTaKTHBIE cxXeMbl S, By, ..., B, coOeInHNM NapaJiieJbHO U 0003HATUM HTO-
rOBYIO KOHTAKTHYIO cxemy depe3 S* (puc. 2). B Heil Bce KOHTAKTHI pa3/eJieHbl HA IPYIIIIbI
CBS3AHHBIX MKy c000i KOHTAKTOB, KaxK/Iasd U3 KOTOPBIX COCTOUT U3 OJHOTO 3aMBIKAIO-
IIEr0 M OJIHOTO Pa3MBIKAIOIIEr0 KOHTAKTA IEePEeMEeHHON x; Jiisi Hekoroporo ¢ € {1,...,n}.
Taxkum o6pazom, cxema S* asagercs (1, 1)-cxemoii. [Tpu orcyTerBun HencnpaBHoOCTel B 3TOM
cxeMme mojcxema B;, odeBuaHO, peanusyer dyuaknnio r;&T; =0 gaa i = 1,...,n, mo3TOMYy
cxema S* peasmsyer bynknmio f(Z") VOV ...V 0 = f(Z"). Jokaxkem, 9To maHHas cxema

k-nen30BITOYHA U TOMYCKAET k—HpOBepﬂIomm%l TecT M OTHOCUTETBHO MTPOU3BOJIHHBIX CBS3-
HBIX HEUCITPABHOCTEH KOHTAKTOB. [Ipeanomokum, 9ro B cxeme S* 0Ka3a/1uCh HEUCITPABHBIMHE
He MeHee O/HON W He Oosiee k KOHTaKTHBIX Tpymm. OTMETHM, 9TO B KayK/10il HEMCIPABHOIT
KOHTAKTHOI I'DYIIIIe OJNH KOHTAKT 00OPBAaH M OJUH 3aMKHYT. PaccMoTpuM Ba mojcaydas.

Puc. 2. Cxema S* B ciayuae 2
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2.1. CymectByet Takoe i € {1,...,n}, uro B mojcxeme B; XOTs OB OJMH KOHTAKT 3a-
MKHYT. [lycth 310 koHTakT ', e o € {0,1}. Torma dbyHKIMS TPOBOIUMOCTH MOICXE-
Mbl BY, cocrogmieil U3 KOHTAKTOB I, pABHA TOXKJIECTBEHHOH eamuune. B mnogcxeme BY,
COCTOSMIEH U3 KOHTAKTOB X, 10 IOCTPOEHUIO COAEPKUTCA He MeHee k + 1 konrakToB. Eciu
XOTs OBl OJMH M3 HUX 3aMKHYT, TO (bYHKIHsI TPOBOIMMOCTH MOJACXeMbl BY Tak:ke paBHa
TOXKIECTBEeHHOI enmuuie. B mporuBHOM ciaydae oOOpPBaHO B YKAa3aHHOHN IOJCXeMe MOXKET
ObITH He OoJiee k KOHTAKTOB, MOCKOJIBKY BCEro B cxeMe S* HeHucupaBHO He Oojiee k KOHTAKT-
HbIX rpymir. Takum o6pa3om, XoTst Obl OJMH KOHTAKT B nojacxeme BY ucnpasen n QyHKIms
eé npoBogumoctu pasHa =%, CienoBarebHO, DYHKIUA TPOBOJAUMOCTH HOJACXeMbl B; paBHa
6o 1V 1 =1, mmbo 1V zF = z¥. MuoxkecrBo M siBasiercss O-mokpbiBaomum 1jist (byHK-
nmuu f(Z"), mosromy B HEM HaiinéTcs Taxoit (i, @)-nabop &, uro f(&) = 0. Ha stom nabope
nojcxema B; mposogur u cxema S* BbLIacT 3Hadenue 1, oramdaHoe or f(F); TeM caMbiM
HEHCITPABHOCTH CXeMbI OyaeT oOHapyrKeHa.

2.2. Hu B oxHoit u3 nogcxem By, ..., B, HU 0JWH KOHTAaKT He 3aMKHYT. Torma B mojcxe-
Me S HU OJIMH KOHTAKT He 00OpBaH (B MPOTHBHOM CJIydae KOHTAKT, OOPa3yIONui Ipymmy
C MPOM3BOJIBHBIM OOOPBAHHBIM KOHTAKTOM X' MOJCXEMBI S, MO MOCTPOEHUIO COAepIKaCs
Obl B mojicxeme BY, a 3Hauut, B 110jcxeMe B;, 1 Obl1 Obl 3aMKHYT), & BCE JONOJIHUTE/IbHBIE
KOHTAKTHBIE TPYIIBI B cxeMe S™ WCIPaBHBI. JHAYNT, HEUCIPABHBI HE MeHee OJHON U He
6osee k OCHOBHBIX KOHTAKTHBIX TPYIII B JIAHHOW CXe€Me, W MPH 9TOM TOT KOHTAKT KK IO
HEUCIPABHON T'PYIIIBI, KOTOPBIH COMEPXKUTCA B TojcxeMe S, 3aMKHYT. MuoxkectBo M 8-
JIIeTCs k-TIPOBEPSIIONIUM TeCTOM 3aMBIKAHUA I k-HeH30BITOYHOM cXeMbl S, TOITOMY XOTs
Obl Ha ogHOM Habope 0 u3 M nojpcxema S BbIIACT 3HAYEHUE, OTJIMIHOE OT IIPABUIHLHOTOY,
T.e. o1 f(¢). U3 onucanust mojcaydas 2.2 BEITeKaeT TakzKe, 9To Jjist Jobbix ¢ € {1,...,n},
a € {0, 1} dyskuus npoBoguMocTH ToAcxeMbl BY pasaa 160 &, 1160 0, M03TOMY 7151 10~
6oro i € {1,...,n} dynKus mpoBOIUMOCTH OACXeMbl B; pasaa 60 1¢&x?, mubo 0&x?,
mubo x$'&0, 160 0&0, T.e. paBHa ToXKIecTBeHHOMY HyJ0. CrieoBarenbHO, DYHKIHA, pe-
anqm3yeMast cxeMmoit S*, copnazaer ¢ (pyHKIHeH TPOBOIUMOCTH MOJACXeMBI S, U Ha Habope &
cxemMa S* BBIIACT 3HaYEHWE, OTJIHYHOEe OT f(F); TeM caMbiM HEHCIPABHOCTH CXeMbI Oyjer
obHapyzKeHa.

V3 mpuBe1EHHBIX PACCYZKIeHHI CIeayeT, 9To cxema S* aBiserca k-Hem30bITOTHOR U J0-
nycKaeT k-mpoBepsionuii Tect M OTHOCHTEIBHO TPOU3BOJIBHBIX CBSI3HBIX HEHCIIPABHOCTEH
koHTakToB. Ciryuait 2 pa3obpaH. B

Teopema 4. Ilycrs f(Z") — Oynesa dbyuknusa u k € N. Torga

k-I1; 01
Dy (f) =0, ecmm f=0mm f =1,
k-I1; 01 )
D777 (f) €{2,3},  ecom f— camonpoiicTeennas byHKIUs, CYIMECTBEHHO 3aBUCAIIAs
IO KpaiiHeil Mepe OT TPEX IePEeMEHHBIX,

k-I1; 01
Dy (f) =2 B OCTAJIBHBIX CIIy9asx.

Jloxaszameavcmeo. Ecmu f =0 wm f = 1, To yHknuio f MOXKHO peasn30BaThb
(1, 1)-cxemoii, He comepzkaieii HI OJHOIO KOHTAKTa. Y TaKOil CXeMbl HET HU OTHON (DyHK-
U HEUCIPABHOCTH, TIOITOMY OHA k-HEeM30BLITOYHA W JIONYCKAET K-TPOBEPSIONIHii TecT &
bl 0 (OTHOCHTENBHO MPOU3BOJIBHBIX CBSI3HBIX HEMCIIPABHOCTEH KOHTAKTOB), OTKY/IA CJIe-

k-T1; 01
ayer, aro Dy, (f) = 0. Hanee 6yaem caurarh, 9to HyHKIUS f OTIHYHA OT KOHCTAHT.

k-T1; 01
Jokazxem nepasenctso Dy, (f) = 2.

[Iyctb S — npoussosbHast k-Hemsbpirounas (1, 1)-cxema, peanusytomas dbyukuuio f ("),
u T — upou3BOJBHBINA k-TIpoBepsonuit Tect g cxembl S. B 3Toit cxeme comepKutTcs
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XOTs OBl OJIHA KOHTAKTHasl TPYINa, COCTOSIIAs W3 KOHTAKTOB T; W X; JJIs HEKOTOPOTO
i€ {l,...,n}. Ecin i-a koMnonenTa KaxKaoro Habopa u3 MHozkecTBa 1’ paBHa HYIIO (eju-
HHUIIE), TO B CJydae OTCYTCTBHsI HEHCNPABHOCTEH B cxeMe S MpH ToJade BMeCTO HaboOpa
epeMeHHBIX (Z1, .. .,T,) IPOU3BOJLHOTO Habopa & w3 T BCe KOHTAKTBHI T; B ITOH Cxeme
Oy/LyT UMETH HYJIEBYIO (COOTBETCTBEHHO €JIHHUTHYIO) MPOBOJUMOCTD, & BCe KOHTAKTHI T; —
eIMHAYHYIO (HYJIEBYIO) TIPOBOJUMOCTD, TOTOMY OOPBIB (3aMbIKAHNE) KOHTAKTA I; U 3aMbl-
KaH#e (06PBIB) KOHTAKTA T; U3 PACCMATPUBAEMOI IPYIIIBI HUKAK HE OTPA3sITCs HA 3HAYCHNUH,
BBIJIABAEMOIT cxemoit Ha Habope . OIHAKO 9TO MPOTHBOPEYHUT TOMY, ITO CXeMa, S SIBJISIETCS
k-Hem30bLITOYHON 1 JlonycKaeT k-npoBepsionuii Tect 1. 3uauut, B 1" BXOJAAT XOTd OBl OJIMH
(1, 1)-nabop u xorst 661 o7uH (i, 0)-rHabop. Takum obpaszom, J060i k-IPOBEPSIIOIIUi TeCT J1JIs
CXeMBI S COIEPKHUT II0 KpaiiHeil Mepe aBa Habopa, OTKyIa CJAeIyeT, UTO D’fiI ;01(5 ) =2, a
C YyI6TOM IPOU3BOJILHOCTH BbIOOPA CXeMbI S — UTO le;ln;m(f) > 2.

Ecmau f(Z") — camofpoiicTBeHHas DYHKINSA, CYIECTBEHHO 3aBUCSIIIAs 0 KpaifHeil Mepe
OT TPEX IepeMeHHBIX, TO B CIJIY YTBEPXKIEHHS 2 U TEOPeMbl 3 9Ty (DYHKIMIO MOKHO PeaJIu-
30BaTh k-Hen30bITOUHOI (1, 1)-cxemoil, momyckaroreit k-mpoBepsIIONHil TeCT JTHHBL 3; OTCIO-
1A le:ln;m(f) <3m le:111;01(f) € {2,3}. Ecam f(Z") — necamooiicTBerHast (DyHKIH, TO
B CHJIY yTBep2KeHus 1 u TeopeMbl 3 JaHHYIO (PYHKITUIO MOYKHO PEATU30BATh k-HEM30bITOY-
Holl (1, 1)-cxemoit, jomyckaromieil k-mpoBepsaroNiuii TecT JIHHBL 2; OTCIO/A D’fiI N <2
u D]fln O(f) = 2. Hycrs, nakonen, f(i") — camopoiicrBennas (ByHKIMs, CyIIECTBEHHO
3aBHCAIIAsl MeHee YeM OT TPEX IepeMeHHBIX. 10rjaa 3To 00sA3aTesbHO (DYHKIUA BHIA T
st wexkorophix @ € {1,...,n} w a € {0,1} (kak u3BecrHo, HU ofHa OyneBa (YHKIWMSI,
CYIIECTBEHHO 3aBUCSINAsS POBHO OT JBYX I[E€PEMEHHBIX, HE SBJSIeTCsI CAMOJBONCTBEHHOI).
Peamuzyem eé (1, 1)-cxemoii, coepzkarieil pOBHO TpH BEPITUHLI U POBHO JIBA KOHTAKTA, 00-
PA3yIONIUX IPYLIY: KOHTAKT T MEXK/y HOJIOCAMHU CXEMbl M KOHTAKT T MEXK/Y OJHUM
U3 IIOJIFOCOB CXeMbI U €€ BepIIMHON, OTINYHON oT nojitocoB. [Ipu oOpeiBe KOHTAaKTa X 1
3aMbIKaHUN KOHTaKTa .Z'Za CXeMa CTaHeT PeaJIU30BLIBATDH TO)K,ZLeCTBeHHbeI HYJIb, & 1IPpU 3a-
MBIKAHUHM KOHTAKTa T M OOpBIBE KOHTAKTa T — TOXKJIECTBeHHYIO enunuiy. Korcranty 0
(koHCTAaHTY 1) MOXKHO oTimauTh 0T dyHkuuu f(Z") = z% Ha JwbdboM (i, a)-Habope (coor-
BETCTBEHHO (i, @)-HAbOPE), TIOITOMY paccMaTpuBaeMasi cxema k-Hen30bBITOUHA U JIOMYCKAET
k-nposepsiiomuii Tect puuabl 2. OTCOAa CAELYeT, 9TO le:ln;m(f) <2m le:ln;m(f) =2. .

Caencreue 1. Tlycts n € NU{0} u k € N. Torua

D" (n) =0, ecin n = 0,

J-I1; 01
D77 (n) =2, ecu n =1 wiu n = 2,
le:ln;m(n) €{2,3}, ecamun >3.

3akJJdyeHue

CpaBHUM TOJIyUeHHBIE Pe3YJIbTATHI ¢ pe3yiabratamu pabor |9, 18]. B [18|, B wacTHOCTH,
JIOKA3aHO HEPABEHCTBO D}lf;m(n) < 221 4 2ln/2) oy ipu a4 b = 2. Coieprersue 1 nokassl-
BaeT, 4To B ciaydae a = b = 1, n > 3 Bepxuioo onenky 2/™21 + 21"/2] 4 n moxkHO noHU3UTH
10 3 u 3areM st Jiroboro k € N pacupocTpaHUTh Ha BEJHUHHY le:ln;m(n). B [9, Teope-
Ma 2| yCTAHOBJIEHO, YTO JIIsA JIIOOOTO HATYDATBLHOTO N > 2 CyIIecTBYeT OyieBa hyHKIHs
OT N IIePEeMeHHBIX, KOTOPYIO HeJib3sl peajin30BaTh KOHTAKTHONW CXeMO, Hen30bITOYHOW
JIOTIyCKAIOMell e TMHUYHBIN TPOBEPAIONIAN TeCT AJWHBI MeHee 1 4+ 2 OTHOCUTEJHHO TPON3-
BOJIbHBIX HEUCIPABHOCTEH KOHTAKTOB, T.€. OOPBIBOB M 3aMbIKaHWil KOHTaKTOB. Teopema 4
JIEMOHCTPHUPYET, 9TO eCJIH PAa30UTh BCe KOHTAKTHI Ha MapPbl IPOTUBOIOIOKHBIX KOHTAKTOB

U CBA3aTh MEXKJy co00i OOpPBIB OJHOTO KOHTAKTA U 3aMBbIKaHUE JPYroro KOHTaKTa B mape,
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TO, HAITPOTHUB, JIIOOYIO Oy/IeBY (hYHKIHNIO st Ji000ro £ € N MOXKHO peaan30BaTh KOHTAKT-
HOMl cxemoii, k-Hen30BITOUHON M JONYyCKaloNieil k-TpoBepdroInii TecT JJIMHBI He Oojee 3
OTHOCUTEJIbHO MTPOU3BOJIBHBIX CBA3HBIX HeI/ICHpaBHOCTeﬁ KOHTaKTOB.
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12.

13.

14.
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BBenenue

B nauasie 70-x rogos XX Beka poccuiickuii maremaruk B./l. [onna ycranosuii cBs3b
MEXKTY aaredpamvdecKuMyu KPUBBIMI HAJI KOHEYHBIMH TOJISIMU U KOJAME, HCIPAB/ISIONH-
MU OTHOKY, TPEI0KUB MOCTPOUTD KO/I, UCIOIB3Ysl JIN00 PAIMOHAJbHBIE (DYHKIHH, JTUOO0
muddepennuanbabie hopMbl Ha KpubbiX [1]. Cumranock, 9To MOCTpOEHHBIN KO/ 001814
XOPOIIMMHU XapaKTePUCTUKAMHE, €CJIM OTHOIICHUE YHUCJIa PAIMOHAJIBHBIX TOUEK KPUBO K €é
POy JOoCTaTOYHO BeqnKo. HoBasg ¢Bs3b MO3BOJIMIA IIy0:Ke U3YUUTH ACUMITOTHKY KOIOB.
Tak, B TO BpeMmsi Jjisi aHaiamu3a napamerpos [n, k,d]-koga C, rue n— jymHa, k— pa3mep-
HOCTh, d — MUHUMAJILHOE PACCTOSHWE, HAWIYUIIeHl HUKHell rpaHureil sBIs1ach TPAHUIA
Bapmamosa — 'mnbepra

R>1-H(Y),

rie R = k/n— oTHOCHTEIbHAST CKOPOCTh; § = d /N — ACUMIITOTHYECKOE OTHOCUTENBLHOE MU-
HuMasbHoe paccrognue kKoja C; H(x) = —(vlog, v+ (1 —x)log, (1 —x)) — dynxmus suTpo-
NN IpH yca0BHHU, 4TO Ko C ompeneéH HaJ KOHeYHBIM mojeM F,.

Bekope mocite pesyasratos Tonmer B 1982 1. M. [Idacman, C. Basaym u T. [urk comno-
CTABUJIM IOCJIEIOBATEIBHOCTH KPUBBIX € HOCI€I0BATENbHOCTIMHA ACHMITOTHYIECKH XOPOIIAX
KOJIOB, pacCcMaTpuBasi MOJYJIsIpHbIe KpuBbie u Kpubble [umypst [2|. Onu nokaszanu cyiie-
CTBOBAHME 110C/IE0BATEILHOCTEH KOJIOB HaJl KOHeYHbIM nojeM F,, rae ¢ = p* wiu ¢ = p*
JIJIS IIPOCTOTO P, MapaMeTPhl KOTOPBHIX YAOBJIETBOPSIA IPAHUIIE

1
N

Hna g > 49 rpanuna Ildacmana — Biranyna — llunka ayuqme, dem rpanuma Bapmamo-
Ba — ['mjibepra, MOCKOJbKY rapaHTHUPyeMoe €10 3Ha4eHHe OTHOCUTEJIbHONU CKOPOCTH 0OO0Jib-
mre. Hezasucumo ¢. Mxapa mokasas aHagordaHblii pe3ysbrar [3] st 1106010 KOHETHOTO
nons [y, e ¢ — KBagpaT mMpocToro 4mcia, a MMEeHHo:

R>1-6-

R>1-6-A(g)"

. max |C'
S,ZLGCB A(q) = lim su w
g—+o0

pamndeckoit kpusoit C; g(C') — eé poy.

[Tonyuennsrii Hpacmanom, Bimaaynem n LlunkoMm pe3yabTaT cTaa OCHOBOIOJIATAIONIIAM
JIJIs MHT€HCUBHOI'O UCCJIe/IOBaHUsI KAK KPUBBIX C OOJIBIIIUM YHUCIOM TOYEK, TaK ¥ aCCOIMH-
poBaunbix ¢ HuMu Al'-komos. Tak, mampumep, A. lapcus u X. IlItuxTeHoT mogydunsu om-
TUMAaJIbHBIE TOCJeI0BATETbHOCTH KPUBBIX, /151 KOTOPBIX OTHOIIEHWE UHUCJa TOUYeK K POy
ngocruraer rpanuibl Jpundensbia — Bioayna [4]. Emé onso Hanpasienue ucciieToBaHUil
AT'-kon0B Kacaercss pa3spabOTKH HMOJMHOMHUAIBHBIX AJTOPUTMOB JIEKOIUPOBAHUS, UCIPAB-
JISTTOIIUX JI0 TIOJIOBUHBI KOHCTPYKTUBHOT'O PACCTOSIHUAA U Jlazke OoJiee OMINOOK.

Ormerum, 910 MHOTHE ¢BOiicTBa AT'-KOIBI yHACIEI0BAIN U3 CBOHCTB 0OOOITIEHHBIX KOTOB
Puna — Comomona, KOTopbie, B CBOIO 0OYepe Ih, MOXKHO paccMarpuBaTh Kak AI'-Kobl Ha po-
eKTUBHOH mpsMoit. OaHaKO eIé oIHOM MOTHBAIHEN HCCJIeI0BATh KOJbBI, aCCOIUUPOBAHHBIE
¢ KpUBBIMH OOJIBIINX POIOB, CTaJ caeayiomuii (pakT: gmuna koga Pumga — Costomona, omnpe-
JIeIEHHOTO HaJ| 3a/JaHHbIM KOHEeYHBbIM noJieM [F, ne npesbiniaer ¢+ 1, B ToO BpeMa Kak MOZK-
HO moctpouTh Al'-Kox mpom3BoJIbHON JIHHBL HAJ 33JaHHBIM (PUKCHPOBAHHBIM TosieM IF.
Kpowme Toro, k maTEpecHbIM cBOficTBaM AI'-KOmOB, KOTOpHIE IeJal0T WX MPUTOTHBIMHA JIJIs
OYeHb IMHIPOKOTO CIIEKTPa MPUIOKEHUH, MOKHO OTHECTH caeayomue. Bo-nepsbix, AI'-Komapl

=/q—1; |C(F,)| — uncro F-pamuonanbubix To4eK aared-
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MOKHO TIOCTPOUTH SIBHO, BO-BTOPHIX, A1 Al'-KomoB cymiecTByoT 3(hdeKTHBHBIE aJrOPHUT-
MBI JI€KOINPOBAHNUs, B-TPETbUX, I OOIBIIHHCTBa cemeiicTB AI'-KOm0B MUHIMAIbHOE Pac-
CTOSTHIME® HAXOUTCS JTOCTATOYHO OJM3KO K CBOeil BepxHeii rpanure — rpanuie CHHIITOHA,
B-4eTBEPTHIX, ayaJbHbI K Al'-Komay Kom Takzxke sapiagerca Al-KomoMm, B-ISTHIX, KBaIpaT
Al'-koma comepxkurca B mexomnoMm Al-koze, a 3agacryio coBuamaer ¢ HuM. Al'-Koabl Ha-
XOJAT CBOE MPUMEHEHNe B TaKUX IMPHKJIATHBIX 001aCTAX, KaK KPUNTOTpadus ¢ OTKPHITHIM
KJIIOYUOM, Teopus ajaredpandeckoil CJI0KHOCTH, Pa3/ieieHre CeKPeTa, a B IOCIeTHee BPeMs
1 B MOCTKBAHTOBOI KPHUIITOTPaU.

Hesrbio HacTosdmero 0630pa dapjsgeTcs IIpejcTaBienne 0a30BOi Teopuu (PYHKIHOHATb-
HBIX II0JICH, MO3BOJIMIONIEH OIMUCATH KAaK TEOPEeTHYeCKOe, TaK U HPAKTHYECKOE IOCTPOe-
aue AI'-KomoB, a TakzKe 0030p aJIrOpuTMa IeKOIUPOBAHUS HA OCHOBE Iap, HCIPABJISIONTIAX
omunOKu. PaccMOTpeHbl TPU ceMeiicTBa, KPUBBIX — 3JUIMITHYECKHE U 3PMUTOBBI KPUBBIE, a
TakyKe KBapruka Kueitna, s Koropeix moctpoerbl Al-komer. Jlms camMux KOIOB mOCTPO-
eHBbI MTapbl, UCITPABIIONINE ONMMUOKN, HEOOXOINMbBIE I BXOIHBIX MapaMeTPOB aJIropuTMa
JIEKOJIUPOBAHHUS .

1. IlpenBapuTe/ibHBIE CBEAEHUS N3 TEOPHUH AJTeOpamviecKuX KPUBBIX

Byzaem cumrtars, uto F, — KoHewHOE HOJe, comepaliee ¢ 1eMeHTOB; A" — adbdunHoe
npoctpaHcTBo Haz [Py, pasmeprocTH n.

Omnpenenenne 1. n-Mepnoe npoexmuenoe npocmpancmeo nad xorewnvim nosem Fo,
kotopoe Oyaem obosznadars P™(F,) mwin kparko P", cocTONT U3 KJIACCOB 9KBUBAJICHTHOCTH
(n + 1)-mabopos, oboznagaeMerx P = (21 : ... : Ty4q), tae x; € F,. Tlpu srom ornomenue
9KBUBAJEHTHOCTHU 33[aHO CJIEIYIONIIM 00pa30M:

(1) ~ (W1t Ya1) & = Ay g i =1, ,n + 1 u nekoroporo A € Fy.

Takoii KJ1acc 3KBUBAJEHTHOCTH P Ha3BIBACTCI Moukol NpoexkmueHozo npocmparcmed P"
a (n + 1)-Habop, onpegeasomuii TOUKy P, Ha3bIBAeTCs €€ 00HOPOIHBMU KOOPIUHATNAMLU.

OrmeTM, 94TO CYIIECTBYeT ecTecTBeHHOe BaokeHne A" — P™, takoe, 9to (21, ...,T,) —
= (x1 @ ...z, o 1). Toukw w3 P, nasg KOTOPBHIX X, = 0, HA3BIBAIOTCS OECKOHEUHO
YOANEHHDLMU TNOUKAMU.

Onpenenenne 2. Muorouren f € F [ Xy, ..., X, 1] HazpiBaeTcsa 0drnopodnvim mHozo-
YAEHOM CTereHn d, ecam st JTr0oro Habopa (1, ..., Tne1) € ]F’g+1 u jioboro A € Fy nmeer
MEeCTO COOTHOITIEHNE

f()\.Tl, ey )\ZIJn_H) = /\df(.Tl, e ,JI7L+1).

Ec/in MHOTOUJIEH SIBJISIETCS OHOPOJHBIM, TO €10 MHOYKECTBO HyJIell (KOPHEil) OlpeieIeHo
KOPPEKTHO.

Onpenenenne 3. Ilycrs S C F (X5, ..., X,+1] — MHO)KeCTBO OTHOPOJHBIX MHOIOTE-
HOB. Mnootcecmso myaeti MHO20UAEHO8, ACCOUUUPOSAGHHBLT ¢ S, 0DO3HAYHM KakK

Z(S)={PeP": f(P)=0 nua scex f € S}.

[ToamuoxkectBo Y C P" Ha30BEM NPOECKMUSHbIM AA2EOPAUMECKUM MHONMCECTNEGOM, €CITH
cymecrsyer muoxkectso S C F [Xy,..., X, 11] OJHODOJHBIX MHOTOWIEHOB, TAKOE, UTO
Y =Z(9).

Hoearom anzebpauvecrozo mmoscecmea Y uazpiBaerca ugean I(Y), mopoxKIéHHbI
MHOZKECTBOM OfHOpOaHbIX MHOrowieHos f € F,[Xy,..., X, 1] Tak, uro f(P) = 0 maa
Bcex P €Y.
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Omnpenenenune 4. IIpoexmushvim mHoz000pasuem Oy1eM Ha3bIBATH HEIPHBOANMOE 3a-
MKHYTO€ (B CMBIC/IE TOLOJOIHH 3apucckoro [5|) moxmuoxecrso B P

Onpeaenenne 5. Ilycts Y — anrebpandeckoe MHOXKecTBO. OpeneuM koopduram.-
noe koavyo auist Y kax dakrop-koubuo F,[Y] =F [ Xy, ..., X,]/I(Y).

Pacemorpum ogaopognsle Muorownensl f,g € F[Xy,..., X, 1] onmumakosoit crerme-
au, npuaém g ¢ I(Y), u Oyaem cumrarh, uro Y — HeKoTOpoe MHOTOOOpasme. JIpobn
f/g € F Xy, ..., X1] Ha3bIBaeTCH payuonarvrol gynryuet naY . Drnemenrst f/gu f'/g

ONpeNeNISIIoT OfHY W Ty »Ke paruoHanbHyo dyukmumo, ecin (fg — f'g)(P) = 0 miaa
Bcex P €Y.

Omnpenenenune 6. [oaem dynxyui Fy(Y) muoroobpasust Y nas3bBaeTcs HOJIE Palu-
oHaJabHBIX (yHKIU Ha Y. Pasmeprocts Y man I, onpenenserca Kaxk cTemneHb TpaHCIEH-
nerrnocra F(Y).

Taxum obpasom, npoexmuenyro kpusyro, onpedeaénnyro nad noaem Fy, MoxKHO onpene-
JUTH KaK MHOTooOpasme pasMepHocTn ogun Hag . IIpuseném marnaameiii mpumep.

IIpumep 1. B addunnoit miockocTu HajJ KOHeUHBIM IojieM F, paccMOTpHUM MHOTO-
obpasue X, onpeeéHHOe OJHOPOIHBIM MHOrOUIeHoM Y27 — X3 — 73 crenenn 3. O6o3na-
anm ¢ = X/Z nwy = Y/Z. Tone dyuxuuit F,(X) cocrour ux snemenros suna f/g, rue
[, 9 € F,[z,y]. [lockoabKy y ynoBIeTBOPAET ypaBHeHuio y? = x4 1, T0 cTenenb TpaHCIEeH-
nertHoctr F(X) mag F, pasra 1. Takum o6pasom, MHOTOOOpasne X sIB/IseTCS KPHBOIL.

[Tockonbky npu moctpoennn Al'-koa MBI HCTIOTB3YEM KPUBYIO, OMPeIeIEHHY 0 HAJT KO-
HEYHBIM [I0JIeM, TO TI0J, IpoeKTuBHON KpuBoit X /IF, Ha 1 KoHeunbIM mosteM Oy/ieM MOHUMATD
npoekTupHyio kpusyto X C P*(F,), onpeessgemyio oHOPOIHBIM MHOTOWIEHOM ¢ K03hhu-
nuentamu B F,, vae Fq — asrebpandeckoe 3aMblkanue F,. ITpu sToM mose parmuoHaIbHBIX
dbyuxuuit kpusoit X' ¢ koaddunuenramu uz F, 6ynem obozunasars F (X), ono sasisercs mo-
aem dyukunit kpusoit X' /F, uan eé Gynknuonassueim moseM. MHOXKECTBO TOYeK KPHBOI,
uMeIonux Koopaunarel B F,, obozmagaerca X (F,). Takwme toukn massiBaiorca F -payuo-

HAAbHBLMU TOTIKAMU KpUBOH X .

2. IlpeaBapurenbHblie cBeleHU U3 Teopun (PYyHKIMOHAIBHBIX IIOJIEi
CymecTByeT aJbTepHATHBHOE OIpejeeHne (DYHKIHOHAJIBHOIO IOt 0e3 Hemocpe-
CTBEHHON IIPUBA3KN K KPUBON.

Omnpenenenne 7. Anzebpauueckum dynryuonarvnoim nosem F/F, om odnoti nepe-
mennotli naspiBaeTcd pacimmpenne [’ momsa gy, takoe, aro F' aBiagercda KOHEYHBIM ajred-
pamdeckuM pacmumpenneM o F,(z) ana mekoroporo saementa x € [ apasiomierocs
TpaHCIeHIeHTHbIM Hal .

B neiicrButebHocTH J11000€ (PyHKIIMOHAIBHOE 110J1€ F' OT 1 IePEMEHHBIX TPEJICTAB/ISAET

coboit mose npobeit Frac (Fq (1,29, ..., x|/ f(21, 22, . .. ,xn)), YUCJNTEJN U 3HAMEHATEIN
KOTOPBIX SIBJISIOTCA MHOTOYIEHAMH OT IIEPEMEHHBIX T1, Ta, . . ., Ty, ¢ KO3 dunmentamu B I,
C YI€TOM PeLyKIUK 10 MOAYIIO f(X1, T, ..., %), TOe f(21, Za, ..., 2,) € Fylay, 20, ..., 5] —

abCOIOTHO HEIPUBOAMMBII MHOTOYJICH.

CorylacHo cka3aHHOMY, JaJee OyjaeM acconnuposarh ¢ Jo6oii kpusoit X /F,, 3a1anH0i
muorowtenoMm f(xy, xq,...,x,) € Fylxy, zo,...,x,], €& none dbyukuuit (bynknuonaabnoe
noe) F' = F, (X) u magum psg 6a30BBIX OLpefetennii Teopuu (GyHKIHOHATBHBIX MOJIEi,
HEOOXOAMMBIX IS HOCTPOCHHS MATEMATHIECKAX 00BHEKTOB, KOTOPBIE HYKHBI JJId OHpee-
stennst u noctpoenust Al'-koza.
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Onpenenenne 8. OmnpenenuM Juckpemuoe HOPMUPOBAHUE HYHKUUOHANOHO20 NO-
aa F/F, kak QyHKImo
v:F — ZU{oo},

00,18 IAFOTIY IO CJIeIYIONUME CBOMCTBAMU:

— v(x) =00z =0

— v(zy) = v(z) + v(y) mas Beex z,y € F;

— v(z +y) > min{v(z),v(y)} ans Beex x,y € F;
— cymectByer x € F| takoit, aro v(x) = 1;

— v(a) =0 mast Beex o € F™.

Onpenenenne 9. Koavyom nopmuposarus bynkiuonaasaoro mond F/F, nassisaer-
ca kospnio O C F, rtakoe, uro F; & O & F u g segxoro f € F ymbo f € O, nubo
fteo.

Ormernm, 910 moukol dyaknuoHassHoro noss F/F, asisercs mMakcuMasibHBIH uje-
aJI HeKOTOporo KoJibia HopmupoBanus O sroro nojs. Takum obpasom, ecaun ) — KOJIBIO
Hopmuposanus nojst F/F, u P — ero makcumasibubtii uueast, 10 O eJUHCTBEHHBIM 00pa30oM
onpejensercs ¢ nomonibio P, a uvenno: O = {f € F : f~! ¢ P}. Tlosromy ganee smecro O
Oynem mucats Op, a Bce Toukn ¢ynkiuonansnoro nos F/F, 6yaem oboznadars Pp.

CoryracHo cBoiicTBaM, MakKCUMAaJIbHBIH maean P xosbiia HopMupoBanus Op sSBISETCS
raaBHbIM, T.e. P = t,0p. Ilpn sTOM 31eMeHT ¢{p HA3BIBACTCA A0KAALHOIM WA YHUPOPMU-
BYNOUUM NAPAMETPOM.

C kaxxmpoit Toukoit P € Pr accomummpyeM AUCKPETHOE HOPMHPOBAHKE CJELYIIHM 0Opa-
30M. Begkwuii anevent f € F umeer exquacTBeHHOE npecrasienune f = thu, rae u € Of =
= Op \ {0} u n € Z. Oupenesum JeficTBue JUCKPETHOIO HOPMUPOBAHUS HA IJTEMEHTHI
GYHKIIMOHAJIBHOTO 10JId F' cJIeIyIOmMuM 00pa3oM:

vp(f)=n u wvp(0) = oc.

DyHKINA vp YIOBIETBOPsET BCEM CBOMCTBAM ompeesieHus 8.

Omnpenenenne 10. Byjgem roBoputs, uro Touka P aBiasiercsa wysém pyuknun [ Tormga
1 TOJIbKO Toraa, Korjaa vp(f) > 0, u aasiercs noatocom GYyHKIUA f TOrIa ¥ TOJBKO TOT/A,
korma vp(f) < 0.

Omnpenenenne 11. MnuoxkectBo Touek Pp nopoxkgaer abeneBy rpynny Dp, Ha3biBae-
My1o epynnot dususopoe nons F/F,. Dnement rpynmst Dy HassiBaercs Jususopom HyHK-
nuonanpHoro nous F/IF, n npencrasiser coboil hbopMalbHyIO CYMMY TOUEK

D = Z TLPP,

PePr

rae np € Z u nouaru Bce np = 0.

Hocumenem dususopa D SBISI€TCS MHOXKECTBO
supp(D) = {P € Pr : np # 0}.

s Touku P € Pr u guBusopa D onpenesnuM Hopmuposarue ousu3opa 6 mouke P Kak
vp(D) = np. Takum 06pa30M, Mbl MOYKEM II€PE3ANUCATH JUBH30D CJEAYIOMUM 06pa3oM:

D= Y up(D)P.

Pesupp(D)
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OrmernM, uTo B rpynne Dy onpeneaeno 9acTHYHOEe YIOpaaoYnBanue. Bymrem cuntars, 910
Dy < Dy Torga u Toabko Toraa, Korga vp(Dy) < vp(Ds) anst Becex P € Pp.
OmupeesiuM TakzKe cmeners Jusu3opa

deg(D) = > wvp(D) deg(P),

PcPp

rie deg(P) = [Op/P : F;| — crenens pacumpenust nons Op/P nan F,, kotopoe n3omMopdHo

HEKOTOPOMY KOHEYHOMY IOJIO, sBjsiomemycs pacmmpenneM o F,. Toukn cremenn 1

dbyuxunonambuoro nous F/F, coorsercreyior I -pannonanbuniv toukam kpusoit X /F,.
Onpenenenne 12. Ilycrs f € F\ {0}. O6o3uauum uepe3 Z (depe3 N) MHOKECTBO

uyaeit (nosocos) f B Pp. Torga ans dyuaknun f oupenenum eé

dueusop Hyaet:

(flo= > ve(f) P;

pPez

dUGUSOP NnoAI0CO6:

2A06HVIT QUBU3OP:
(f) = (Fo— ([
[naBuyo posb B onpefenennn Al'-Koma urpaer mpocrpancTtso Pumana — Poxa:

Onpenenenne 13. Ilpocmparcmeom Pumana — Poxa, accoyuuposarnvim ¢ dueusdo-
pom D € Dp, nazpiBaercsd MHOKECTBO (DYHKIUI BUJIA

Z(D)={f € F:(f) > —D} U{0}.

Ormernm, 910 £ (D) ABAsSETCS KOHEYHOMEPHBIM BEKTOPHBIM mpocTpancTsoM Ha [Fy, a
nesoe gncao dim(D) = dim £ (D) naseiBaercs pasmeprocmuvio dususopa D.

B cuny nsomopdusma F,(X) = F/F, pox anrebpandeckoil KpuBoil COBIAIAET C POIOM
e€ 1moJist (pyHKITHiA.

Ounpenenenne 14. Pod dynruuonasvrozo noss F/K onpenenén kaxk
g = max{deg(D) — dim(D)+1: D € Dp}.

3. AI'-xkonpr

[TokazkeMm, Kak 3a7aéTcsa KOJ, aCCOIMUPOBAHHBIN ¢ (DYHKIMOHAIBLHBIM IIOJIEM aarebpa-
n9ecKoil KpuBoii. Takme Koupl, KaK yKe CKa3aHO, HA3BIBAIOTCA M€OMETPUYECKUMH KOIAMHU
lonmer mimm AI'-komamu.

BadukcupyeMm ciaeayonme 0003HAUCHUS:

— F/F, —anrebpandeckoe dbyHKIHOHATIBHOE IIOJTE POJIA U
— Py, P, ..., P, —nonapuo pasyuusie Touku nous F/F, crenenn onum;
— D=P +...+ P,— muuzop Dp;
— G € D — 1akoii qusuzop B Dp, uro supp(G) Nsupp(D) = 2.
Onpenenenne 15. Al-kou Cy (D, G), acconuuposanubiii ¢ gususopamu D u G, onpe-
JIEJEH CJIEIYIOIUM 00pa3oM:

Co(D.G) = {((PY)..... [(P) : f € Z(G)} CF.
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OrmernM, uto Besknii Koi Cy (D, G) MOXKHO OXapaKTepu30BaTh mapaMeTpamu [n, k, d),
rae n— uinHa Koja (4mesio Tovek B 3amucu auBu3op D); k— pasmepHocTb Kopa (pasmep-
HOCTh mpocTpaHcTBa Pumana — Poxa Z(G) win dim(G)); d — MUHEMAIBHOE PACCTOSTHHE
KoJla (MUHHMAJIBHOE YHCIO OTJIMYHBIX OT HYJIs MO3UINHA B KOJOBBIX CJIOBAX).

Cornacho |6, Theorem 2.2.2|, AT-kon Co (D, G) siBasiercs [n, k, d]-Komom, 961 mapamer-
PBI YIOBAETBOPSIOT CACAYIONUM YCIOBUIM:

k= dim(G) —dim(G — D), d>n—deg(G). (1)

Vreepxkaenue 1 |6, Corollary 2.2.3]. Ecau deg(G) < n, T0:
— Cg(D, Q) asagercsa [n, k, d]-kogom, tae d > n—deg(G) n k = dim(G) > deg(G)+1—g;
— ecau B gonoanenne deg(G) > 2g — 2, 1o k = deg(G) + 1 — g;
— ecau {f1,..., fr} —6asuc npocrpancrea £ (G), To MaTpua

fiP) fA(R) o fi(P)
fo(P) fo(Po) .. foPh) ko

p

G = : :
fe(Pr) fo(P2) o fu(P)

SIBJIsIETCST TIOpOKAatorteit marpureil kona Cy (D, G).

113 obumeii Teopun kopuposanus ormernd, 4ro Co(D,G) = {xG : x € FE} u nposepou-
Has marpuna xkojga H € F}n_k)m yaosaersopser yeiosuio Het = 0, rae ¢ € Co(D, G).

BazkHBIM 00BEKTOM B TEOPUU KOAMPOBAHUS SIBJISETCS IMOHIATHE IYAJIHHOIO KOJA K KOIY
Cy(D,G). B geiictBuresibHocTH €10 cTpyKTYpa ciaoxuee, Hexkeu Cy (D, G), 10CKOJIbKY CO-
npsrkeHa ¢ npocrpancTsoM auddepennuaon. g 6oee qeTaabHOr0 03HAKOMIEHUS CTOUT
obparuThest K [6]. 3mech MBI ocTapaeMcst yIpocTUTh TIOHMMaHWe JyanbHoro AT-koma, He
BIaBasCh B TaKWe IMOHATHs, KaK HpocTpaHcTBO auddepeniuanos, auddepeHnnaabHbIi
JIMBU30D, A€ U BBIYETHI, & OMUPAICh UCKIIOYUTEIBHO Ha CBORCTBO AyaIbHOCTH.

HaJjee jayaJibublit Koj, OyjaeM 0b03HaYaTh Kak

Cy(D,G)" ={x € F}: (x,c) = 0 qs Beex ¢ € Cx(D, G)},

n
rae (x,c) = Y. 2161 + ..., TpcCy. OdeBuaHO, 9TO TOrAA nMpoBepovHasi Marpuna H komxa
i=1

Cy(D, Q) asnserca nopoxaaomeii marpuueit xoga Co(D,G)L. Coorsercrsenno, npe-
CTaBJ/IsAsl TOPOK/IAIONIYI0 MaTpuily B cucreMarnydeckoii dopme G = (Ix|A), rae I —enn-
HUYHAs MaTpuia pasMepHoctn k X k u A € IF];X(”%), MbI 0€3 Tpy/Ja MOKeM IPUBECTH
IPOBEPOUHYIO MaTpully K cucremarnueckomy supy H = (—AT|I, 1), rae I, — ejunuy-
Hasi MaTpuIa pasmeproctu (n — k) X (n — k), 1 Kak cJiecTBAe TTOCTPOUTH JIYATbHbIH KOJI.
Kpome Toro, 6yaemM cautaTh, 910 Koj C ABIdeTcda caMoiyaabHbiM, ecan C = Ct.
Cornacuo [6, Theorem 2.2.7], eciu 2g—2 < deg(G) < n, ro AT-kon Co(D, G)* asaserca

[n, k', d']-xomom, bu mapaMerpsl yI0BAETBOPSAIOT CJEILYIONIAM YCIOBUSIM:
F=n+g—1-deg(G), d > deg(G) — (29 — 2).

Yewm 6oJbITe MUHUMAIBHOE PACCTOSHEE KOIa, TeM OOJIbIIee YUCI0 OMMIOOK MOYKHO HUCIIPAa-
BUTDb. K CO2KaJIEHUIO, B OTJINYUE OT JJIMHBI U Pa3ME€PHOCTH KO/Ja, KOTOPbIE MOXKHO BbIYHC-
JINTH ABHO, B O6H_[eM CJIy4ae MUHUMAaJIbHOE PaCCTOAHNE NMeEeT JIMIITb HU2KHIOIO I'PAHUILY (KaK
YKa3aHO BbIIlle) W BEPXHIOI TpaHuIly — rpanuiny CHHIJITOHA:

d<n+1-—k.
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OueBHIHO, YTO MEHbINAs PA3MEPHOCTD TAET 00JIee BRICOKYIO BEPXHIOIO IDAHMILY 1T MUHU-
MaJIbBHOI'O PaCCTOAdHHA KOJA. OﬂHaKO OOHUM 13 HeO6XOﬂHMbIX CBOICTB KOda ABJACTCA €ro
OTHOCHTEIHHO BBICOKAsi PA3MEPHOCTh, MOCKOJbKY JIJIsT 3aJaHHOTO KOJOBOTO caoBa [n, k, d|-
KOJIa JIMIIb k KOOP/IMHAT cojiepzKaT (paKTudeckyio uudopmanuo. Apyrue n — k KoopauHar
UCIOJIB3YIOTCA JIJI CO3JaHusl U30BITOYHOCTH W BO3MOXKHOCTHU HCIIpaBjeHus omuboK. Ec-
au k BeIwKo, TO 3HAUEHHE k/m, OTBEYAOIIee 3a CKOPOCTH Tepeaadn HH(MOPMAINH, TaK7Ke
BBICOKO, 4TO O3Ha4YaeT 3POEKTUBHOCTDL UCHOJIb3YEMOTO KOJa. Y YNThiBas BEPXHIOI I'DaHU-
my CI/IHI‘JITOHa7 MbI MO2K€M He€ IOJIYYIUTDH 6OJIBH_[OFO SHQ4YeHUd MUHHUMAJBHOI'O PaCCTOAHMI,
OJIHAKO BCEIrJa CYIIECTBYET KOMIPOMUCC MEXKy CKOPOCTBIO ITepe/iadu HH(POPMAIUd U CIIo-
cOOHOCTBHIO KOJA HCIPABJISThH OITHOKH.

Kak nokasano Bbitie, MEHAMaIbHbIe paccroguus Koaos Cy (D, G) u Co(D, G)* umeror
HUZKHUE I'PaHUIbL

d=n—deg(G) n ¢ =deg(G)—2g9+2,

KOTODPBIE HA3BIBAIOTCS KOHCMPYKMUBHOM MUHUMAALHOLM PACCTMOAHUEM COOTBETCTBYIOINIECTO
Kojla 1 0fecrednBaloT ncnpasienne mo kpaitneit mepe |(3(6') — 1)/2] ommbok. B obmem
cJydae paccMaTpuBaeMble KOJbl MOy ucnpaBuTh He Oouibiie | (d(d') — 1) /2] ommbok, rae d
u d' — vmuanManbable paccrogaust kKoaos Cy (D, G) u Cy (D, G)* coorercTBenHo.

4. J/lexomupoBaHMe Ha OCHOBE Map, UCIIPABJIIOIINX OMINOKMT

O,ZLHO 13 BaKHeNIux yCﬂOBI/Iﬁ NMPpUMEHHUMOCTH TOT'O UJIN MHOI'O KJIaCCa KOJAOB B KPHUII-
rorpacdun — cyiecrpoBaire 3(p@GEeKTUBHOIO aJrOpuTMa JeKOIUPOBaHUA s Hero. Pasy-
MeeTcs, IeKOAupoBaTh Al'-KOAbI BO3MOXKHO, HCIIOJIB3Ysl BCe 0Aa30BbIE AJIOPUTMBI, CIpAa-
BeJIJINBBIE JJIsT JTMHEHHBIX KOJOB, OJHAKO YCJIOBHIO (P GDEKTUBHOCTH OHU HE VIOBJIETBO-
pawoT. CymectByer psia MOaudpUKaMuil ajropurMa AeKoaupoBanus bepiekammna — Mac-
cu gnst AT-kogoe. B [7] omuckiBaercst cmcovHbI aaropuT™ JeKOIHPOBAHUs, PabOTAI0-
muii 3a MOJMHOMHAIbHOE BpeMs s Jjioboro Al-koma C ¢ mapamerpamu [n, k,d| npu
wt(e) < n —y/n(n —d), tae wt(-) obosnagaer Bec BekTopa. OpHako Hambosee 3dhdex-
TUBHBIM Ji7igd AI'-KOIOB B HACTOsAIIEe BpeMsl SBJISETCS aIlOPUTM JICKOIUPOBAHUA HA OCHOBE
nap, ucupaBjsiommx ommoku. OH NpPeACTABIIET TakzKe OOJIBIION MHTEPeC ¢ KPUITOTPa-
dbuaeckoit TOUKH 3peHusi, MOCKOIBbKY B [8] mpeaiokena araka Ha nponsBoJabHbI AT-Ko,
B OCHOBE KOTOPOI JexkaT mapbl, ucrnpasisionme omuoKu. CaoKHOCTb JeTepMUHIPOBAH-
Hoii ataku pasaa O(n'log(n)), omHako mpUMeHEHHE BEPOATHOCTHOTO MOJXOJA MO3BOJIAET
YMEHBIIATDH CJI03KHOCTE 10 O(n3T€log(n)). Takum o6pa3om, Taphl, HCIPABIAIONIAE ONINO-
KU, UT'PAIOT BayKHYIO POJIb B KPUIITOAHAJIM3E TPUMUTUBOB, IOCTPOEHHBIX € UCIIOJIb30BAHIEM
AT-ko110B.

4.1. Ilapbl, ucupaBagdionue OMUDKH
Nness wcmonb30BaTh Tapy JAWHEHHBIX KOJOB JJIsl JIEKOJWDPOBAHWUS MOSIBIJIACH eIé
B 90-x romax XX Beka n mpejioxkena B [9]. Beném psig obosmadenuii.
Omnpenenenne 16. TIlycrs a,b € Fy. Ilpouseedenue Illypa deyr 6exmopos onpees-
eTcs KaK IPOU3Be/IeHNe UX COOTBETCTBYIONIUX KOOPJAWHAT, & UMEHHO:

(@1, ... ap) % (by, ..., by) = (a1by, ..., anby),
(a1,...,a,)" = (aj,...,a,).
Anajornano omnpesgenennto 16, BBejéMm onpeaenenne npoussejgenus [llypa st aByx
muoxkects. [lycrs A, B C F?', torna ux npoussegenue lllypa onpejensercs cJieayionium

q7
obpa3oM:
AxB={axb:a€ A, be B}.
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Onpenenenne 17. Ilycts C € Fy —mneiiapiit kox. Torma mapa JHHEHHBIX KO-
o (A, B), tie A, B C [y, nasbiBaerca napotd, ucnpasasowed t owubok, nia xoxa C,
€CJIN BBITIOJTHSIOTCS CJIEJYIONTHE YCIOBUS:

1) AxBC cL
2) k(A) >
3) d(Bt) > t

4) d(A)+d(C) >n

3nech k(-) u d(-) — pasMepHOCTD U MEHIMATIBHOE PACCTOSHHE COOTBETCTBYIOIMIETO KOJIA.

3ameuanme 1. I[lyukT 4 B onpejenenun 17 MoxkeT ObITH 3aMEHEH SKBHBAJECHTHBIMU
YTBEP K IeHUSIMU:

— d(A*) > 1;
— d(A) >n—2t.

B o6oznagenusx onpenesenus 17 d(C) > 2t + 1. Ha npakruke BMecTo ycrosus 1 9acto
umryT kKoiel A, B, takue, uto A x C C BY. D10 mo3BoIgeT COKPATHTH BLIYHUCIACHUS IS
ycJIoBHUS 3.

B [10, 11] onucansr yenosust cyniecrBoBanus Kojos A u B, cOCTaBISIONUX TAPY, HCIPAB-
Jstionyio t omu6ok; B |11] npuBeieHbl TakKe IPUMEPDI CYIECTBOBAHMS ITAD /U1 HECKOJbKHX
CeMENCTB KOJO0B.

YrBepxkaenue 2. llycts F — dyHKInoHaabHoe note pona g; D = P+ ...+ P, —
JINBU30D, HOCUTE/Ib KOTOPOrO0 COCTOUT W3 TOYEK cTeneHu omawH nojs F; G, H — quBu3opsr,
takue, 410 deg(G) > 2g, deg(H) > 2¢g + 1 u supp(D) N {supp(G),supp(H)} = @. Toraa

C4(D,G) % Co(D, H) = C#(D,G + H).

U3 yreep:xaenus 2 caeyer, uro napa (A, B), tne A =Cy (D, H)u B=Cq¢(D,G— H),
deg(G) > deg(H) > t + g, deg(G — H) > t 4 2g — 2, aBisercd mapoii, uCHpas/gioneii
t omubok, aug koga Co (D, G) .

Ecmun nna Al-koma Co (D, G) Beimonaserca yeiaosue n > deg(G) > 2g — 2, TO KOH-
CTPYKTHBHOE paccrognue ayaabnoro K Hemy koga 6(Ce(D,G))t = deg(G) +2 — 29 u
Beera Haiigérca napa koiaoB (A, B), ucnpasisiomas | (§ — g — 1)/2| omubox.

PaccmorpuM pasmeprocTh Koga A * B, 11 9TOro BBeJIEM MOHATHE CTabuIn3aTopa.

Omnpenenenne 18. TIlycrs C C Fy. Cmabuausamop xoda C onpesensercsa Caepyomnmm

obpazowm:
stab(C) = {z € F, : Ve € C(zxc €C)}.

Teopema 1 [12, Theorem 2.11|. Tlycrts A, B — suneiinsie kKo/p1. Torma
k(AxB) > k(A) + k(B) — k(stab(A % B)).

Jlunefinplii KoJ uMeer Crabu/n3aTop, Pa3MepHOCTh KOTOPOIO HPeBOCXOAUT 1, Torua u
TOJIHFKO TOT/IA, KOTJIA KOJL SIBISIETCS MPsiMOii cyMmoii 1Byx moakonos Co¢ (D, G) u C4(D,G')
C HellepeceKaloNIMUCcA HOCUTeaaME Aupr30pos G 1 G niu nopozkiaamomad MaTpHIa KoJia
uMeeT HyJaeBoit croaben. B nporusnom ciayuae k(A x B) > k(A) + k(B) —

42. AITOPHTM JEeKOJUPOBAHUH
Jlasiee paccMOTPUM aJrOPUTM JEKOIMPOBAHUSA, IpeIozKeHHbI B [9]. BBeaém psx 06o-
3HAYECHUH.
Ompegnenenne 19. lIlycrs J = {ji,...,j} C {l,...,n}, v = (v1,...,2,) € F} u
A C FFy. Torpa:
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1) Ly = ($j1v""xjs);

2) Z(x)={ie{l,...,n} :x; =0};

3) Z(A)={ie{l,...,n}:a; =0 nna Beexa € A};
4) A(J)={ae€ A:a;=0}.

[Tycts Cy(D,G) — Al'-kox ¢ mapamerpamu [n,k,d|, y = ¢ + e — npuHATHI BEKTOD,
I, = {i:e; # 0} =supp(e), (A, B) —napa, ncrnpasisitormas ¢ omubox, 11 koga Cy (D, G).

AJTopuTM JIEKOIUPOBAHUA MOYKHO PA3/I€IUTh HA JBE YaCTH:

1) momck muoxectsa J D I, tue |I.| = wt(e) < ¢

2) BOCCTAHOBJIEHWE HEHYJIEBBIX TMO3WIHH BEKTOPA OTMTHOKH €.

Ha nepsBom mare neo0xoiuMo HAWTH MHOXKECTBO, PABHOE WJIU COJEpzKalinee B cede mo3u-
U OMMOOK B MOJIydeHHOM C0Be. CJI0XKHOCTD ITOH MPOTEAYPhI 3aKTI0YACTCS B HE3HAHUH
9JIEMEHTOB MHOKeCTBa [.. st HaxoxaeHust J ucnosip3yor napy koaos (A, B).

Vreepxkaenue 3 |9, Theorem 2.14|. Ecom k(A) >t u || < t, ro A(l.) # .

Pacemorpum muO)kectBo M = {a € A : (a xy,b) = 0 musa Bcex b € B}, sapasgmoneecst
apom oTobpaxkenust ¢: a — (b {(a*y,b)).

Vreepxkaenue 4 |9, Proposition 2.9|. Ilycts y = ¢ + e —upunsarsii Bektop, I, =
= supp(e), C C Fy — mneitnbiit kox. Ecim A x B C C*, To

1) A(l) €M C A

2) ecmu d(BY) > t, T0o A(I.) = M.

Eciu napa sureiinsix koaoB (A, B) yaosiersopsier coiictBam 1 u 2 onpesenenns 17,
TO MHO)KeCTBO Z (M) He siBIsieTcsl TPUBHATBHBIM U CONEPKUT [.. Pazymeercs:, Ha mpakTHKe
ie 00st3aTesbHo Gparh B Kadectse J mMenuo Z(M). DTo He onTHMATIBLHO BBUIY OOJIBINOL
BLIYUCJIATEIBHOMN CII0KHOCTH.

Sameuanne 2. [lyctb a € M u M = A(l.). Torna I. C Z(a). CregoBaresnbo,
B KQ4eCTBe MHOXKECTBA J MOKHO HCIOJIL30BaTh J = Z(a).

Sameuanwue 3. Haxoxnenne muoxkectsa M = {a€ A : (a*xy,b) = 0 nas Beex be B}
CBOJIUTCS K BBIYUCJCHUIO JIEBOTO /1P MATPHIIBI, COCTABACHHOI U3 00pa30B 6a3UCHBIX BEK-
TOpOB Koja A, HOJyYeHHBIX MpUMeHeHHeM oTobpazxenus ¢: a — (b — (a * y,b)), 4ro
9KBHUBAJIEHTHO BBIUUCJICHHIO TTPABOTO si/Ipa MATPHUIILI JTHHEHHOTO OTOOpaYKeHUsT ¢.

Ha BropoMm 1mare meo6xopumo pemuth cuctemy ypasuenuii. [lycte H — npoepounas
MATPHIA, UMEIOIast 1 cToabnoB, J = Z(a) — MHOXKeCTBO, BeiUHCIenHoe Ha mare 1. Torma
H; — noamatpuria, 9pu ¢TOAOIBI TPOUHIEKCHPOBAHBI dJIeMEHTAMI MHOYKECTBA J, U HEHYJIe-
BbI€ MMO3UIUU BEKTOPA € MOXKHO HAWTH, PENIUB CJIEYIONLYI0 CUCTEMY:

Hyut = Hy'. (2)

OrmeTnM, 9TO perieHre CHCTeMbl (2) B 00IIeM cilydae He eMHCTBEeHHO.

Teopema 2. Ilycrb st napsl KouoB (A, 3) BBITOJHSIOTCS YCIOBUST YTBEPXKIeHUST 4.
Ecmu d(A) +d(C) > n, k(A) >tu T = Z(a), 1o |J| < d(C) u cymectByeT He 6osiee OTHOTO
perennst cucrembl (2).

Hoxazameavemeo. llycrs I, C T = Z(a),a € M, |I.| =t u y = ¢+ e — nonydeHubii
BekTOp. Onpenesmm oToOpazKeHune

t n
]Fq—>IFq,

Ry(r3) = (21, ..., 2,) €Fp,z; = 0,ecmm i ¢ 3, w2y = x5, ecmm i € J.

Rji
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Ouesmano, uro Hyed = H - Ry(e5)T = He® = HyT. Takum o6pasom, cucrema (2) mmeer
perenue ey .

Teneps jokaxkem exuucrBenHocts pernenust nupu d(A) + d(C) > n u k(A) > t. Ecin
HAIIIOCH €IIE OJIHO PENICHUE CHCTEMBI, HAIIPUMED Z7 , TO

H (Ry(7;))" = Hyzg = H(Ry(e))" = He" = Hy'".
Cnenosarennno, H (R;(x5) — )t = 0, a taxxe
wt(Ry(x5) —e) < |Z(a)| < n—d(A) < d(C).

[Monyunnium Ry(x3) — e = 0, u, TakuM 00pa30M, HETPUBHAJILHOE DEITeHHe CHCTEMBbI €/[HH-
CTBEHHO. W

OnucaHHble MIArT MOXKHO IIpeaCcTaBUTb B BHUJE aJTOpHUTMa 1.

Agropurm 1. lekogupoBaHue

Bxon: Cy(D,G)— Al-kon, (A, B) —napa, ucnpasistoras ¢ ommboK, y = ¢ + e — H0Jy-
YEHHBII BEKTOP € OMIMOKOiI.

Brixoa: ej, c.
1: Boraucaunrs M = {a € A: (a*y,b) =0 ais Becex b € B}.
2: Ecom M = &, To
3 nepeiitn Ha mrar 11.
4: Tlonoxurs a := random(z), x € M.
5: Boraucours J = Z(a).
6: [loctpounts maTpuiy Hj.
7: Pemmmth cucremy ypasnennit Hyu' = Hy' orHocuTennno u.
8: Ecam wt(u) > t, To

9:  mepeiitu Ha mar 11.

10: BepHyTh €5 =u, ¢ =y — Ry(es).

11: BepayTb <«B nosaydennom Bektope 6os1ee t onrubok. »

3ameuanme 4. Ha marax 1 u 2 nHeodXxoauMo BbIYUC/UTH sjipo M oTobparkeHus ¢,
a Takxke Z(a), rme a € M. ajee pemaercsd cucTeMa W3 MAKCHUMyM N YDaBHEHHH ¢ n
Hem3BeCTHBIME. Takum 06pa3oM, CJI0ZKHOCTH anropuTMa pasaa O(n?).

5. IIpumepsnl

Paccvorpum psag npumvepos noctpoennst AI'-k010B, acCOMMUPOBAHHBIX C JLTUITAIECKO
1 9PMUTOBOY KPUBBIMH, & TaKzKe ¢ KBapTukoi Kieitna. /[j1d KaxKa0ro MOCTPOEHHOTO KOJIa
HaiIEM COOTBETCTBYIONLYIO TAPY, HCIIPABJSIONTYIO ONHOKH.

51. A'-Koabl Ha JAJUNTAIECKHX KPHBBHX

Onpenenenne 20. Asrebpanteckoe pyuknnonansuoe nose F/F, nassiaercs anaun-
MUYECKUM, €CJTH BBITIOTHSIOTCS CJIEYIOIHE YCIOBHUS:

1) g(F/F,) = 1

2) cymectsyer ausuzop A € Dp, Taxoit, uro deg(A) = 1.

OrmeTuM HEKOTOPBIE (PAKTHI, KACAIOIUECS JLUITHITUICCKIX KPUBBIX U X (DYHKITHOHAIb-
ubix mosteit. Ha nporszxennn seero . 5.1 mog F' = F(z, y) 6yaem mogpasyMeBarh 3/IIHITH-
JecKoe (DYHKIMOHAJIBHOE ToJste. B 3aBucHMOCTH OT XapaKTepPUCTUKH 0A30BOTO MOJIS, YPaB-
HeHre (QYHKIMOHATIBHOTO MO ITUNTHYECKON KPUBOM MOYXKET OBITh 33JaHO CJIeTYIOTIIM
obpa3zom:
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— ecau char (F,) # 2, To cymectsytor z,y € F, takue, uto F' =F (z,y) u

rae f(x) € Fy[z] — cBoboaubtit or kBajgparos muorowren u deg(f) = 3;
— ecau char (F,) = 2, To cymectsytor z,y € F, takue, uto F' =F (z,y) u

v +y=f(z), rae f(z)€F,fz]u degf =3,

njain 1
v 4y=x+——70 I a,beF,ma#0.
ar + b

OrmeruM, 9TO [n, k]-KOJ, acCONUUPOBAHHBIN € HIIHOTHIECKUM (DYHKITHOHAIBHBIM 10~
aeM, sBasgercs MDS-kogom (gocturaer rpanunpl CHHIVITOHA) TOrJA M TOJBKO TOTJA,
Korga Jyist Joboro mogMuoxkecrsa rodex {FP,, P, ..., P, } C supp(G) ausBu3op sBuia
P, + P, + ... + P, — kP nve aBigerca rnasHeiM. CorsacHo rpanmnne Xacce — Beitns,
MaKCUMaJIbHOE KOJIMYECTBO pallUOHAJIbHBIX TOYEK SJIJAUIITUYECKO KpI/IBOﬁ X, NJIN TOYEK
cTeneHd OJuH (PyHKIHOHATBHOIO HOJId, paBHO ¢ + 1+ 2,/q. Takum 06pa3om, paccMOTpeHHe
KPHUBBIX € YUCJIOM TOYEK, JOCTUTAIOIINM I'PAHUIIBI Xacce — Beilyist, mo3BoIsieT MaKCHMAJIHLHO
YBEJIMIUTH JAIUHY KOIOBOTO CJIOBA.

HNcexomg n3 ypaBHEHUS SJINIITAYECKOT0 DYHKIIMOHAJIBHOIO TO0JIs, Jiisd PYHKIH x,y €
€ F,(X) MOXKHO BBIYHCINTH COOTBETCTBYIOINIHE HOPMUPOBALHS

—vp_(x) =2, —vp (y)=3 u — vpoo(x’\yW) =2\ + 3y

Juist Hekoropbix A,y € Z7°%. Coorsercreenno 6asuc npocrpancrsa Pumana — Poxa L(aPy),
a € Z7°, acconuupoBaHHOTO ¢ JUBA30POM, KPATHBIM GECKOHETHO YAAISHHON TOUKe, COCTOUT
u3 bynxuuit f = 2™y, rae A € N, v € {0,1}, 2\ + 3y < a, u umeer BuJL

2 3 .2 4 .3
{L%wa y Y, T, Y, T, T y:}

Ilpumep 2. llycrs F' = Fy(z,y) — smmmnrndeckoe HyHKIHOHAIBHOE HOJE C yPAaBHe-
muem y? = 23 + Tz + 4 u ¢ = 17. OrmernM, uro g(F) = 1. IToctpoum AT'-Koj, acconun-
POBaHHBIN € 3a/IAHHON IJLIMIITUYECKON KPUBOH, 1 HAJIEM 1napy, UCHPABJILIONLYIO ONUOKH,
JIJISE TIOCTPOEHHOTO KOJIA.

Bamaaum aupuzop D = Py + Py + ...+ Py, rae P; — Touku crenenu oguH mojs I s
1=1,...,12:

P =(0,15), P, =(0,2), P3=(3,16), P, = (3,1), P, = (15,13), FPs = (15,4),
P7 = (11, 16)7 Pg == (11, 1), Pg == (16,9), P10 - (16,8), Pll == (2, 14), P12 - (2,3)

Sanamaum gusu3zop G = m - P, tae P, — montoc GyHKIW & U Y, U MyCTb m = 5.

Borancsnm 6asuc npocrpancrBa Pumana —Poxa Z(G) = Z(5P,), HeoOXonauMblii
st noctpoennst Al'-koma Cy (D, G). las 910ro paccMOTpUM JTHCKPETHBIE HOPMHPOBAHHS
dbyuknuii, aagomuxcs nperenaenTamMn Ha 6azuc £ (G), 3HaUCHES KOTOPHIX B TOUKe Py
He JOJIZKHBI IPEBBIIAThL m = 5 (Tabir. 1).
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Tabauma 1

Buauenus Hopmuposanusi | Bazuc Z(G)
Voo(1) =0 1
Voo(T) =2 T
Voo (y) = 3 Y
Voo (2?) = 4 z?
Voo (y) =5 Ty
Voo (23) = 6 —

3anuirem MOpoKIAIONIYI0 i IpoBepounyto Marpuibl Kojaa Cy (D, G):

10000 S8 10 0 8 14 8 16
01000 9 1 11 4 15 4 13
G=1|0010014 7 9 2 16 1 16|,
00010 3 15 13 7 10 12 14
000071 1 2 2 14 14 10 10
[1 000000 6 11 12 4 0]
01 000O0OO0CTG6G 14 9 8 13
00100O0O0CSG5 11 10 0 7
H=(0001000 5 6 15 8 16
0000100 5 13 12 6 14
00000105 8 0 15 5
0000O00O0T1 16 11 6 10 7

Ko Co(D,G), acconuupoBaHHbIil ¢ ONPEIeJEHHON BbIIE 3/IUITUIECKOR KPUBOI, nuMeeT
napamerps [12,5,7], a ero ayambunit ko1 Co (D, G)+ — napaverpw (12,7, 5].

st mocTpoerust mapbl, ucnpasJstiorieii omubku, 1 koaa Cy (D, G) 5He06X01uMO onpe-
JIEJIUTH BCIIOMOIaTeIbHBII JTUBA30D

H=(t+g) Py =3Px,

riae t = | (n —deg(G) — 1 —g)/2]. Torna nna kona Cy (D, G) napoii, nctpasisiomeii ¢ = 2
omuboxk, ssserca napa konos A = Cy (D, H) u B = C4(D, G+ H) ¢ napaverpamu [12, 3, 9]
u [12,4, 8] coorBeTCTBEHHO.

52. AT-Koabl Ha 5PMHUTOBB X KPHUBHIX

Omnpenenenne 21. Oynkunonansuoe noie F' = F2(z,y), onpegenénnoe ypasaennem
SPMHUTOBON KPHABOU
q — pqtl
y + y =7 ’
OyieM Ha3bIBATH IPMUMOEHLM (DYHKITMOHAJTBHBIM MTOJIEM.

OrMmeTnM HEKOTOPHIE (DAKTHI, KACAIIUECST SPMUTOBBIX (DyHKIHOHAILHBIX Tojeil. Ha
npoTszkeHnH Beero 1. 5.2 moxg F' = Fpe(z,y) 6ygem moapasymMeBaTh SpMUTOBO (BYHKIIHO-
HAJIBHOE T10JI€, JIJIT KOTOPOT'O CIPABEIIHBO:

— g(F)=qlg—1)/2;
— F umeer q3 + 1 Touex crenenu oxun Haj nosem F» ciepyroomero suja:
1) GeckoHedHO ymajgéHHAs TOUKA Qo — 0Ommit mortoc byHKIMi © u y;
2) ans kaxgoro « € Fe cymecrsyer ¢ snementos 8 € F 2, takux, aro 47+ § = a?t!;
M JUI BeeX Takux map («, ) cymecTByeT eInHCTBEHHAs TOYKA P, 3 cTenenu omum,
rae 2(Pop) = any(Pyg) = f;
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— gy Hekoroporo 7 > 0 dbynkmun euga 'y, rae 0 < 3,0 <j < g¢g—1mig+j(g+1) <r,
obpasyior 6a3uc npocrpancTBa Pumana — Poxa Z(rQx).
Onpeneneune 22. [ag r € Z oupenenum spmumos Al-xod
Crch(DarQoo)u D = Z Pa,ﬁa
B9+ L=+l
e auBu30p D 9BISeTCs CyMMO# BCEX TOUeK IepBoii crenenn (KpoMe TOUKH (o, ) IPMUTOBA
byukunonamsaoro noisa F/F .

CeMeiicTBO PMUTOBBIX KOJIOB IPEJACTABIAET 0COOBI HHTEPEC, MOCKOJIbKY B OIIPe e IeH-
HBIX CJAyYasxX HApAAy ¢ JIJIHHOW W Pa3sMEPHOCTHI0O MOYKHO SIBHO BBIUHC/IHTH MHHHMAJIHLHOE
paccrosiare Taknx koaoB. Hax nosem F 2 spMuTos kox mveer jamny n = ¢°.

g nexkoroporo r < s umeeM C, C C,. DTO BKJIIOUEHHE CJEIyeT U3 BKIIOYEHUH CO-
OTBeTCTBYIOMHUX mpoctpanct Pumana — Poxa Z(D,rQy) C Z(D,sQs). Ecmu r < 0, To
L(rQu)=0uC.=0.Ecmur >¢@+q¢ —q—2=¢+ (29— 2), ro, yuursisag (1), umeem

E(C,) = dim(rQe) —dim(rQu — D) =(r+1—g)—(r—¢+1-9)=¢=n
u, caenosarenno, C, = F75. Coryacno [6], wis 0 < 7 < ¢ + ¢* — ¢ — 2 cupasemso
CJIeIYOTITee
Vreepxkaenne 5. Ilycrs C, —spvuTos kox u 0 < 7 < ¢ + ¢ — ¢ — 2. Torna:
— JyauapaeiM K Koxy C, SIBISETCS

1
C,— = Cq3+q2_q_2_r.

Kox C, sBaserca caMogyaabubiM, ecid 7 = (¢° + ¢* — ¢ — 2)/2 (a0, Ha camom mee,
BO3MOKHO TOJILKO B CJIy4ae, eCJIM ¢ SBJSETCS CTEIeHbIO 2).
— Pasmepnocts C, onpejesgercs Caeayomnum 00pa3om:

Ir)] 0<r <,

k(cr) — |3(T)| 3\ rx(q ; )

q _’[<S)|> q <?”<q +4q _q_27
tes=¢+¢@ —q—2—rul(r)={0<n<r:32€ F ((2)0 = nQx) }-
Hns ¢? — g — 2 < r < ¢ umeem

k(Cr) =r+1—q(qg—1)/2.

— Munumasbhoe paccrosiaue d Koga C, yAOBJIETBOPSIET HEPABEHCTBY
d(C.) = ¢ — .

Ecmn 0 < 7 < ¢ ur,(r® — r) g9BI4i0TCA MOMIOCHBIMEA YUCJIAME Ui TOUKH Qoo (T. €.
cymectnyior dynximn f, f € F, taxue, 410 (f)og = 1Quc 1 (f)oc = (1 = 1)Quc), T0

d(C,) =¢* —r.

IIpumep 3. llycts F' = Fpe(x,y) — byHKIHOHAIBHOE IOJE SPMHTOBON KPHBOIi
¢ ypasaenuem y° +vy = 2 u ¢ = 3. Sagaaum aususop D = P, + Py + ... + Py, Tae
P, — toukn neppoii crenenn aust ¢ = 1,...,27:

P, =(0,0), P,=(0,a%, Py=(0,a®), Py=(a,a’), Ps=(a,a"), Ps=(a,l),

P, =(a*2), Ps=(a*a), Py=(a*d®), Pyo=(a®d®), Py=(aad"), Pso=(a*1),

P13: (272>7 P14: (2,@)7 P15: (270’3)7 PIGZ (CL5,CL5>, P17: (a57a7)7 P18: (a571)7

p19 - (aﬁ 2)7 P20 - (aﬁa a)v P21 - (a67a3>7 p22 = (G7, CL5>, P23 = (CL?a a7)7 P24 = (CZ7, 1)7
( ( (
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2 + 2z + 2.

7 Qoo, TIE Qoo — 0OIIHIT TOMIOC PYHKIUA * 1 y moass F u

Al-koabl n ux gekoaupoBaHue Ha OCHOBE Nap, UCNPABASAOLNX OLLINOKY
Borauncsinm 6as3uc npocrpanctsa Puvana — Poxa Z(G) = Z(17Q ), HeOOXOAUMBLI 117151

noctpoenust AT'-kona Co (D, G). 1jist 5TOr0 pacCMOTPUM JUCKPETHBIE HOPMUPOBaHUsT (DY HK-

Bagagum ausuzop G

r=17.

Ui, SBIAOMAXCS TpeTeraenTamu Ha 6aszuc £ (G), B Touke (o, 3HAUEHUS KOTOPHIX HE

31ech @ — KopeHb nIpuMuTHBHOTO HaJ I, MHOrOUIeHA f(7)
JOJIZKHBL IpeBbIaTh r = 17 (1abur. 2).

Tabauwma 2

S)
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m034678911911wllw
ST T [ TR [ T
Bl ~ =~ S~~~
2l B2 8 8§ 3 Ra dhaO% 1 S%
I A e A e
A AR a 8 2 8 a
£ YA N < SRS
%
b=
<)

3amuieM MopoKIAIIYIO U TpoBepouHyio MaTpuibl kKoma Cy (D, G):
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100000000001 0a% 0 a® a 2 0 0 a%a® 1 a® a®2 2 a
0100000000010 2 a a®a" aa® 2 0a a” a® a a 0O
001000000001 0a aa>1 1 4 0 a a a" a® 0 a” o
00010000000a”"0a” 2 1 a®> 0 a?2 a® a® a® a” a® 2 a® ad
00001000000a” 01 a a¥a” a2 0 2 a% a® 0 a® a® a® a3
H 00000100000a” 0a®a® 2 2 a*>d® a" a® a a a® 1 a® a?
T100000010000a*00 1 a1 aa®21a a 0 0a 1 a
00000001000a®>0a a aa®a®>a a 2 2 1 a d 0 1
00000000100 a>0a®a®2a® 0 a®a” a®a® 1 d 0 a” a a3
00000000010 20a"a a 1 a%a® 1 a® a d 0 a® 2 a
000000000012 0a*a a® 1 a a 0da aa®> 1 a 2 d
000000000000 11 1 a?a?a® 1 1 1 4 a d a® a® a®

Kon C¢ (D, G), acconunpoBaHHbIil ¢ ONpeTeIEHHO BBIITe SPMUTOBON KPHUBOMH, IMEET mapa-
merpoi (27,15, 10], a ero ayassubtii kou Co (D, G)* —napamerpsr [27,12,13].

Jlnst mocTpoerust mapbl, nenpassstioreii omubku, st Koga Cy (D, G) 5He06X01uMo onpe-
JEJIUTh BCIIOMOTATEbHBIR TUBU30D:

H:<t+g>QOO:6QOO7

e t = [(n — deg(G) — 1 — ¢)/2|. B namem cayqae ¢ = 3 u t = 3. Torma aia kozia
Cy(D,G) mapoit, ucnpasasgiorieit t = 3 ourubku, spasercs napa koaos A = C¢ (D, H) u
B=Cy(D,G + H) ¢ napamerpamu [27,4,21] u [27,6,19] coorercrento.

Jljist ocTpoenus maphl, ucnpas/siomnieit omubku, 1 koga Co (D, G) neobxomumo, 4To-
661 t = [ (deg(G) — 39 + 1)/2|. Onpegennm BeomMoraTebHbI AUBA30D

H =({t+9)Qu =7Q.
Torma mis xkoma Co(D,G) mapy, HCUPaBASIONY0 4 OIMMOKH, COCTABIAIOT Koupl A =
=Cy(D,H)u B=Cyg(D,G— H') ¢ napamerpamu [27,5,20] u [27,8,17] cooTBeTCTBEHHO.
53. AT-xoxam Ha KBapTuke Kineitua

IIpejunosoxum, uro char (F,) # 7. Paccmorpum dyuxumonasnsuoe nose F = F (z,y)
kBapTuku Kiieiina, 3a/jaHHoe ypaBHEHHEM

P yiz4+y=0. (3)
[ocste ymuoskenns (3) ma yb, monaras x = —y?z, Mmoxkem samucarsh F = F,(z,y), rue
y' = v
1—a

Tak kax char (F,) # 7, bynknnonanasnoe nose kaprukn Kieitna [ e siBIsieTcst parmo-
HaJIbHBIM. JlaauMm mapy ompemeseHuil, 9To0bl 3aIUCATH OCHOBHBIE CBOMCTBA 9TOr0 (hyHKITH-
OHAJIBHOTO TIOJIS.
Onpenenenne 23. Ilycrs F'/F, —anrebpandeckoe pacimupenne GbyHKIHOHATHHOIO
nons F/F,.
— Toopsr, yro mouka P’ € Pr aescum nad mouxoti P € P, ecim P C P'.
— Ilycrs Touka P’ € Pp sexur najg toukoit P € Pp. Ilpu 570M HOPMUPOBAHUA B pac-
CMATPUBAEMbBIX TOUKAX CBA3AHBI CJIEIYIONIAM COOTHOIIEHUEM:

vy (r) =e-vp(x) pnsseex x € F.

Ecmm e > 1, To ToBOPAT, 9TO Mouka P pazsemensemca.
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[Tepeuncanm cBoiicTBa HYHKIIMOHAJIHHOTO O KBapTukn Kieitna:

1) g(F)=3;

2) posuo Tpu Toukm mons Fy(x) aeaaiorcs Toukamu Bersiaenus B F/F,, a mmenno:
nosioc Py, u nHynb P; dyakmun z, a takxke wHyab P, dyskinun x — 1. O603HaUnM
gepe3 Quo, Q1, Q2 TOUKH, Jexkamue HAd Pa, Pi, P COOTBETCTBEHHO;

3) TOUKH Quo, @1 1 Q2 ABIAIOTCS TOIKAME CTETEHU OJIVH;

4) orobpazkeHue
r—1
xr — :
x

—x
y»—>?

aBJgeTca aBroMopduszMoM nopgaaka 3 nosisd F/F,, KoTopblil MHKIXIHO HOPOXKTAeT

TOUKH (oo, Q1, Q2, T. €. ¢(¢(Qoo)) = ¢(Q1> = Qs

Paccvorpum mHekoTopsit mogkaace ATl'-Kom0B, acconmuupoBaHHbIX ¢ KBApTHKOi KieitHa,
a UMEHHO KOJIbI, JJI KOTOPBIX uBH30p GG OLpeIe/iéH CaeayIonuM 00pa3oM:

G = koQoo + k1Q1 + k2Q2 > 0,

rae k; € No\ {1,2,3,4},:=10,1,2 (Ny = {0,1,2,...}), u 6Gynem cuurars, 9yro deg(G) = 5.
Torma o reopeme Pumana — Poxa dim(G) = deg(G) — 2. Cornacuo [13], onpenesnum 6asuc
npocrpancTsa Pumana — Poxa £(G).

Jlemma 1. Eciun G = kyQs + k1Q1 + k2Q2 > 0, e k; € Ng \ {1,2,3,4}, 10 6asuc
npoctpancTBa Pumana — Poxa £(G) cocTtout m3 cremenedl W MPOM3BEJCHUIT CJIEIYIONTHX
9JIEMEHTOB:

T T
w1:_27 wy = —, w3 = T,
Y Yy
—1 T r—1
21 = ¢(w1) = o 2 = ¢(wy) = S 23 = ¢(ws) = poant
3 5
— 1
v1:¢2(w1):%, vy = ¢ (wy) = yQa U3:¢(w3):1_$
ﬂﬂﬂklzkgzo, k0>51

L(koQx) = <w1 wz w33|5z > 0,361 + 562 + 783 < ko).
,ZLJIH]{Q—O k‘o k1/51

L(kyQo + k10Q1) = <w1 wz wgs‘ﬂz > 0,361 + 582 + 783 < ko,
2 257238 | 20,371 + 572 + Tys < ki,

w121, <w121)2; w1(w121)>-
,Z[.Hﬁklzo, ]{7021{?225:

L(koQoo + k2Qs) = (W] ws>wi®|8; = 0,381 + 582 + 763 < ko,
vi'ugtst |y = 0,371 + 5y2 + Tys < ko,

w11, (wwl)Q, wl(w1v1)>.
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Hnsa kg > k; > 5,1=1,2:

L(koQoo + k1Q1 + k2Qs) = (wi whws?|B; = 0,361 + 562 + 763 < ko,
Y1,,72,,71 <

=
v vPvgt |y = 0,3y 4 52 + T3 <k,
> 0,36, + 565 + 705 < ko,

W21, (w121)2, V121, (U121)27 w1, (w101)2>-

61 82 61
2 225t |0

[J1aBHBIE JIUBU30PBL 3JIEMEHTOB, YYaCTBYIOIUX B HocTpoeHun basuca L(G), uMeT Bu/y

(wr) = (;;) =2Q2 + Q1 — 3Qc, (w2) = <;) =Q2 +4Q1 — 5Qc, (w3) = (7) =7Q1 — Qo
3 5 1

(v1)= 'ZU> =2Q1 + Qoo — 3Q2, (v2)= ;'Z) = Q11+4Q—5Q2, (v3) = e =TQx—T7Q2,
(21) = _yl) =2Qc + Q2 — 3Q1, (22) = ;4> = Qoo +4Q2 — 5Q1, (23) = =7Q2 — 7Q1.

z—1
x
Ilpumep 4. llycrs F' = F2(z,y) — bynknuonaasroe moste kapruxu Kireifna ¢ ypas-
HerueM 2y + >+ =0wu ¢ = 5.
Banaanm qusuzop D = Py + Py + ... 4+ Pss, rae P, — Touk# cTemeHn oauH 1o F' s
1=1,...,25:

B1ech a — ojluH U3 KOpHell IPMMUTUBHOIO MHorowiena f(z) = 2% + 4z + 2 nazn Fy,.
BagaguMm auBu3op G = m (), T1e m = 13. Boruncimm 6asuc npocrpancrsa Pumana —
Poxa

Z(G) = L(13Qs) = (W wiw®|5; = 0,36, + 58, + 75 < 13),

HeoOxomumbIil s moctpoernst AT-koma Cg (D, G). Jljast 37010 paccMOTPUM JHCKDETHBIE
HOpMUpOBaHus (DYHKIMH, SIBIAIONMXCA TperTeHeHTaMu Ha 6azuc Z(G), B Touke Qs
(Tabur. 3).

3anurrem MOpOKIAONIYI0 i IpoBepounyto Marpuibl Kofa Cy (D, G):

B 10000000000 a23 alU a20 aQO CL3 a14 a4 alO all a23 (111 a3 a14 a53
01000000000 a®> a" a" 0 a a'® a2 @ a & a2 &® o' 0
00100000000 a* 3 a?® a" a'% a® a'® " " «® ® a7 d® o
00010000000 a a a'" a® 3 a'* a® a® o' a® a®2 a3 1 «a
00001000000 a® a® a?® a* 4 a'% a® a® 4 @@ a® o o' o

G=|{00000100000a* & a® a'" a!® 0 a®® a® @ a¥* 4 a® a o't
00000010000 a® a* 2 a2 a® a® a® 1 a* & a'® a9 & o'
00000001000 a® da a'® a* 3 & a'7 a'® a® a® o' 4 2 3
00000000100 a® a* a'% a* a2 a® 0 a 4 a'% a® 1 & ot
00000000010 a't a' a? a® o' a? a'® 3 a® o o 1 1 1
00000000001 a* a* a* a'' a® a® 2 & 3 3 a7 4 a® o2
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[10000000000000 & a® a® 1 a'' a* 2 a9 a'® @2 ol ]
01000000000000 a a a a® a® a® ¥ a'® a® a® 1
00100000000000a” 2 a' a® a® e a a® a® 0 &
00010000000000 a a® a® a2 a® a® a2 2 o a® 0
00001000000000a'® " @ @ o' a7 a® a2 2 &® a2
0O0000100000000 & 0 a a'® a9 a® a2 0 a2 a® o*
H— 00000010000000O0 a” a'® a®® a'™ a® a" at a'® a!¥ a? al®
100000001 000000¢a™ a®a® 4 o2 4 0 & a® P a
00000000100000 a®2 a2 4% o a2 a1 a® a2 @® alf o2
00000000010000 1 a'©% 4 @ a a" " a'® a® a® a®
00000000001 000a® a2 3 a* a? &> a2 a a® o' 3
000000000001 00 1 a a & 2 a2 o a* 0 a® 1
00000000000010aa® a* a a* a” a® a'™ 3 a7 4
[ 00000000000001 2 a a® a o a® o 4 o' a® 0 |

Bnauenns Hopmuposanus | Basnc Z(Q) | wi whws?
Voo(l) =0 1 wiww)
Voo (i) =3 ;—2 wiwdw}
Voo (;) =5 g wwiw)
Voo <9y62> =6 :;j w%wgwg
Voo(x) =7 x wwSwi
Voo <9ycj) =8 zj wiwyws
Voo <9ycz> =9 ;Z wi’wgwg
Voo (;f) =10 jz wwiw
Voo (z:) =11 ;; wiwiw
Voo (ﬁ) =12 I—Q wiwlwl
Voo <y> =13 1174 wiwiw}
Voo (x4) =14 — —

Kon C¢(D,G), acconmnpoBaHHbIii ¢ onpeneséHHoil Bhine KBapTukoii Kieiina, nmeer
napamerpsl [25, 11, 12], a ero ayanbubiii ko Co (D, G)*+ — napamerpot [25, 14, 9].

st mocTpoenust napsl, ucnpasssioniei ommbku, mis kojga C g (D, G) Heobxommmo, 9ro-
ot m > t+g,taet = [(n —deg(G) — 1 — ¢)/2]. B namewm ciyuae g = 3 ut = 4. Onpegennm
BCIIOMOTaTeJLHBIN TUBA30D:

H=({t+9) Qo =70Qw.

Torna nyst koma Cy (D, G) mapamu, HCOPABISIONIUMA 4 OIIMOKH, SIBJISIOTCSI:
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— A=Cg(D,H) u B=C4(D,G+ H) ¢ napamerpamu [25,5, 18] u [25,7,16] cooTser-
CTBEHHO;
— A=Cs(D,H)u B=_Cg(D,H— G) c napamerpamu [25,5,18] u [25,7,16] coorser-
CTBEHHO.
J1Ist MOCTPOeHNd aphl, HCpabsiomeit omutku mga koaa Co (D, G), Heobxomumo, 4To-
ool t = |(deg(G) —3g + 1)/2]. B namem caygae g = 3 u t = 2. OupejejnM BCIOMOTaTe b
HBI JUBH30D
H =({t+9) Qo = (2+3) Qu.

Torna nas koma C;(D,G) apy, MCIPABJSIONIYIO JIBe OIMMOKH, COCTABISMIOT Kombl A =
=Cy(D,H)u B=Cyg(D,G — H') c mapamerpamu [25,3,20] u [25,6, 17] cOOTBETCTBEHHO.
54. Tpumep nexoaguposaunusg Al -komga

Ha 3JAJUNTUYECKON KPUBOWH

Paccvorpum AT-kox Ha sIUITHYECKON KPUBOIA, MOCTPOEHHBIH B 1. 5. 1.

Iycrs F = F,(x,y) — swmntugeckoe QyHKIHMOHAIBHOE [OJIE ¢ ypaBHeHHeM y? =
= 23+ Tz +4 n ¢ = 17. 3anumem nopozKIaloNLyio ¥ MpOBEPOUHyI0 MaTpripl [12, 5, 7]-Ko1a
Cy(D,G), rie G = 5P:

10000 8 10 0 8 14 8 16
01000 9 1 11 4 15 4 13
G=1|0010014 7 9 2 16 1 16|,
00010 3 15 13 7 10 12 14
000O0T1 1 2 2 14 14 10 10
[1 000000 6 11 12 4 0]
01 000O0OO0CTG6G 14 9 8 13
001000O0CSG5 11 10 0 7
H=(0001000 5 6 15 8 16
0000100 5 13 12 6 14
00000105 8 0 15 5
0 000O0O0116 11 6 10 7|

B n.5.1 momyuenn taxske kousl A = Cy(D,H) u B = C4(D,G + H) ¢ napamerpa-
mu [12,3,9] u [12,4,8], cocraBistoliue napy, UCHPABIAONYIO ¢ = 2 OmmMOKN s Koja
Cy(D,G). Banuiem 10pOKJIAILUME MATPUILBI COOTBETCTBYIOIIUX KOJOB:

1008 2 0 15 6 7 3 5 12
Gy=10109 11 13 5 14 0 4 1 11},
00115 5 15 15 11 11 12 12
[1 00 16 0 3 12 4 8 1 8 15]
G_010160301615111112
B=1o 01160 0 5 12 9 8 8 9
000 0 1 16 3 14 4 13 4 13]
HyCTby:(Q 13 15 14 8 1 8 6 12 7 2 6)—BeKT0pH3K0ﬂan(D,G),cog:Lep—

Karmuii e omubOKu (Mo3unun omuboK Bbigegenbl Kypensom). [Tyakr 1 agropurva 1. 3a-
KJogaercs B Haxoxkaennn aiapa M = {a € A: (axy,b) = 0 mua Bcex b € B} orobpazxenus
¢:a— (b (axy,b)). Kak ynoMsHyTO B 3aMeYaHUU 2, MOYKHO OTDAHUIUTHCS HAXOK ICHU-
€M OJIHOTO BEKTODA 13 #7Pa, ITO 1 IPOJIeMOHCTPHPOBAO JaJiee. [TycTe E) € Gp, BbIIHCIUM
MaTPHILY, CTOJIOIBI KOTOPO COCTABJIAIOT 3HAUECHUST ¥ * b; :
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2 0 0 0
0 13 0 0
0 0 15 0
3 3 3 0
0 0 0 8
3 3 0 16
Go=111 0 6 7
7 11 4 16
11 10 6 14
7 0 5 6
16 5 16 8
5 4 3 10

Heo6xomnmo maiitu onun BekTop a € A | (a,y * b) = 0, 1151 97010 MOAEHCTBYEM 0TOOpaAKE-
HUeM ¢ Ha Bee GasucHble BeKTopsl @, € G 4. 13 m0/1yueHHbIX 06pA30B COCTABUM MATDHILY:

125 5 0 125 5
Gy = |12 12 12 0| ~ (12 12 12
7T 7 7 0 [

Haiina nepoe anpo marpunbl Gg4) B BHIOpaB CaydaiiHblil BEKTOP U3 d1pa, MOy IdM COOT-
BeTCTBYIONIHE KOIDMHUIUEHTHI B JUHEHHOM Pa3/IoKeHHH BEKTOpa a, 00pa3 KOTOPOTo paBeH
HYJIEBOMY BEKTOPY:

z- Gy =10 0 0],
z € Spang {(0,1,8)}, M = Spang,_ {(0-a} +aj +8a3)},
a=0-al+1-af +8-a3 | pla) =0Vbe B,
=(0 180026 153712 5).

Ouesuano, uro I, CJ = Z(a) = {0, 3,4}. Tlepeiiném K mary 6 u oCTpOuM MPOBEPOTHYIO
Marpuiy Hs:

HH

I
cCoocococ o~
cor~rooo
o~ ocoooo

0 0

Pemus cuctemy ypaBHeHUi HjUT = HyT OTHOCHUTEJBHO U, IIOJIYyIUM
ez=u=(7 10 0) = R(ez)=(7 0 0 10 0 0 0 0 0 0 0 0).
OKoHYaTEeIbHO B pesyJjibTrare IIpoueaypbl A€KOIUPOBAHUA HMEEM

y—R(es)=(2131514/818612726)— (7001000000000 ) =
= (121315 4818612726 )=ce Cy(D,G).
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We present weight distribution of low-density periodic random errors in the space of
all g-ary n-tuples along with the average Hamming weight of the error set. We also
provide necessary and sufficient conditions for the existence of linear codes correcting
such error pattern. Examples of such codes are given. Finally, probability of decoding
error of such codes over a binary symmetric channel is derived.
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BECOBOE PACIIPEAEJIEHUE IIEPUOJMNYECKIX CJIYYANHBIX
OIIIMBOK MAJION IIJIOTHOCTHU 1 NX KOPPEKTHUPVYIOIIIE KOJIbI
C BEPOATHOCTBIO OIIVBKU JEKOANPOBAHUA

JI. Xaokum, I1. K. Hac

Ynusepcumem Tesnyp, e. Teanyp, HUndua

Nzyuaercst BecoBoe pacupeesieHre NePUOUIECKUX CAYIARHBIX OMUOOK MaJION MI0T-
HOCTH B IPOCTPAHCTBE BCEX ¢-aPHBIX N-KOPTEXKEH M CpeHee YMC/I0 TAKUX OMNOOK Ha
6Jtok gytuHbl 1. IIpuBeienbl HEOOXOMMbIE U JOCTATOYHbBIE YCJIOBUS CYIIECTBOBAHUS U
TMpUMEepDI JTUHEHHBIX KOJOB, UCIPABJISIONNX TaKie OMUOKU. BhIuncieHa BepOsITHOCTD
OmmMbKY JEKOIUPOBAHUS TAKUX KOIOB /I IBOMIHOTO CUMMETPUIHOTO KAHAJIA CBSI3M.

KroueBble C/I0Ba: MamMpuys nposepry wEMHOCMU, CUHOPOMDL, NEPUOCUNECKAA CAY-
YAUHAA OUWUOKG, BEPOAMHOCTIO 0WUbKY JeK0dUPOBAHUA.

1. Introduction

Periodic random error is one type of errors which occurs in electronic control unit like
power lines, inverters, car electric, compact disc, CD ROM. This was observed by N. Lange
in 1994 [1]. This error pattern behaves in such a way that any b consecutive components are
disturbed after a gap of some fixed positions repeatedly. Linear codes capable of detecting
and correcting such errors along with their Hamming weight distribution and decoding error
probability are studied in [2, 3]. A periodic random error can be defined as follows.

Definition 1. An s-periodic random error of length b is an n-tuple whose nonzero
components are confined to distinct sets of b consecutive positions such that the sets are
separated by s positions.

In 1963, Wyner [4] observed that for low intensity disturbances, only a few components
within a burst [5] get disturbed, and he introduced the concept of low-density burst.
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We extend this idea to periodic random errors whose intensity is low and define low-density
periodic random error as below.

Definition 2. Low-density periodic random error is an s-periodic random error of
length b such that each sets of b consecutive components separated by s zeros contains at
most w, w < b, nonzero components.

Let &(s,pjw)n,q denote the set of all low-density periodic random errors in the space of
n-tuples over GF(q). For example, the following vectors are some members of &3 2/1),10,2:

0000001000, 0000010000, 0100000000, 0100001000, 0100010000,
1000000000, 1000001000, 1000010000, 0000000100, 0010000000,
0010000100, 0010001000, 0100000100, 0000000010, 0001000000,
0001000010, 0001000100, 0010000010, 0000000001, 0000100000.

In this paper, we study the Hamming weight distribution of the vectors of . pjuw)n.q-
Then we study the existence of linear codes correcting the errors from the set §(spjw)n.qg-
We denote a linear code that corrects low-density periodic random errors from the
set &(s plw),ng DY LDP (s puw) n,gRC-code. We further study the probability of decoding error
for the errors set &(spjuw)n,g OVer a binary symmetric channel. Throughout the paper, we
consider n = A(b+ s) + 1, where 0 </ < s+ band A € N.

The organization of remaining part of the paper is as follows. Section 2 gives the
Hamming weight distribution of the vectors of & pjw)n,q along with examples. Average
Hamming weight of the vectors of {(pjuw)n,q is derived. In Section 3, we obtain necessary
and sufficient conditions for existence of a LDP (4 /i) 5, RC-code followed by three examples.
Finally, we provide the probability of decoding error for the errors of £ pju)n,q Over a binary
symmetric channel.

2. Hamming weight distribution of vectors of { juw)n,q

In this section, we give the Hamming weight distribution of vectors of &(spjw)n,q and
average Hamming weight of a vector from the set {( pjuw)n.q-

Here n = A(b+ s) + [, where 0 < | < s+ b, then the maximum Hamming weight wpax
of a vector of §( pjuw)n,q 1S given by

WA, when [ =0,
Wiax = § WA+ min{l,w}, when 1<1[<Db,
wA+1), when b<I<s+b.

We first state the following lemma from [6].

Lemma 1 [6]. If \; denotes the number of sets of non-zero positions and m; the
maximum number of nonzero positions in a vector of &(s pjw)n,q that starts from ith position,

then , ,
)\_{n—z—i-l Ln—z—i—l

s+b +b
where |z | means the greatest integer < x, [x] means the smallest integer > z, and

r, if 0<r <o,
(r) =

Wandmiz Jb+~y((n—i+1)m0d(b—|—5)),

b, if b<r<b+s.

Next, we give the following Lemma to derive weight distribution of vectors of { pjw),n.q-
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Lemma 2. Let p; be the number of common nonzero positions of the errors of & pjuw)n,q
that starts from the " (i = s+ 2,..., s+ b) position with an error vector of &(s pju)n,q that
starts from the 15 position. Then p; is given by

(1) whenl=0and b—1<I<s+b p=(i—s—1)p, and

(2) when 1 <1 <b-—1: pi:{(?_s_l)ﬂil for Z,_S+2’

(t—s—1)8i1+1 for i1=s+3,s+4,...,5+b,
n—i—b+1
where ﬁz = ’75—4—[)—‘ .

Proof.

Case 1:l=0andb—-1<I<s+b

The common nonzero positions of the error pattern of § pjw)n,q that starts from the
(s + 2)™ position with the error pattern that starts from the 1% position are s + b + 1,

— 1)—b+1
2(s+b)+ 1, ..., Bss1(s +b) + 1, where 11 = [n (s+1) + —‘ This number of

s+b
common nonzero position is given by [s.1.
The common nonzero positions of the error pattern of . pjw)n,q that starts from the
(s+3)' position with the error pattern that starts from the 15 position are s+b+1, s+b+2,

—(s+3)—b+1
2(s40)+1, 2(s+0)+2, ..., Bopa(s+b)+1, Bosa(s+b)+2, where f,15 = V o W

s+b
This number of common nonzero position is given by 25, .

Continuing this, the common nonzero positions of the error pattern of & pw)mn,q
that starts from the (s + b)™ position with the error pattern that starts from the 15
position are s + b+ 1, s+b+2, ..., s+b+ (b—1), 2(s+b)+ 1, 2(s+b)+2, ...,
2(s+b)+(b—1), ..., Bsyp-1(s+b)+1, Bsyp1(s+b)+2, ..., Bsrp_1(s+b)+ (b—1), where
n—(s+b—1)—b+1

s+b

Bsrv-1 = . This number of common nonzero position is given by

(b_1>ﬁs+b71-
Thus p; = (i—s—1)Bi_1 fori=s+2,s+3,...,5s+b, where 3; = [

Case 2: 1<il<b—-1.
The common nonzero positions of the error pattern of & pjw)n,q that starts from the
(s + 2)™ position with the error pattern that starts from the 1% position are s + b + 1,

— 2)—b+1
2(s+0b)+ 1, ..., Bss1(s +b) + 1, where 11 = {n (s+2) + —‘ This number of

s+0b
common nonzero position is given by (£, 1.

If the error pattern starts from the (s + 3)™" position, the common nonzero positions
with the error pattern that starts from the 1% position, excluding the last set of nonzero
positions, are s+b+1, s+b+2, 2(s+b)+1, 2(s+b)+2, ..., Bsya(s+b)+1, Bera(s+b)+2,

here Buyy = [n—(s+2)—b+1-‘
where B0 = o :

The common positions with the last set are Agi3(s +0) + 1, Agy3(s +0) + 2, ...,
As+3(s+Db) +1 (\; are given by Lemma 1), whose number is [. Therefore, the total number
of common nonzero positions is given by 28,5 + (.

Continuing this, if the error pattern starts from the (s + b)'™" position, the common
nonzero positions with the error pattern that starts from the 1% position, excluding the last
set of nonzero positions, are s+b+1, s+b+2, ..., s+b+(b—1),2(s+b)+ 1, 2(s+b) + 2,

n—i—b+1
s+ b )
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B 2(S+b)+(b_1)7 SRR 65+b—1(5+b)+17 Bs+b—1(3+b)+27 R ﬁs-l-b—l(s_{'b)_{_(b_ 1)7

n—(s+b—1)—b+1
here 84141 = .
where Ssip-1 [ s 1D w
The last set has common positions Agip(s +0) + 1, Aeyp(s+0) +2, ..., Aspp(s+0) + 1,

whose number is [. This number of common nonzero position is given by (b —1)Bs1p—1 + (.
Thus p; = {(’L—S—l)ﬁl_l for i:S+2,

(t—s—1)Bi1+1 for i=s+3,s+4,...,5+b.
Lemma?2 is proven. m

Theorem 1. Let R?bm(j) be the total number of vectors of {( pjw),n,q, Whose Hamming
weight is j. Then:
For j = 1:

=)~ (5 L) (5) - (4o
=[5 (i £ ()0

= £ () - () - (O (7 Vs
G B G B ) R ) I Gt [ Ry I T

For j = wax:

[(s + 10N+ M -5 — 1} (g — 1)Wmax, when [ =0,
?yb|w('lUmax) = b)\<q — 1)wmax, when 1 < l < b,
[(l—b+1)b”1+bA—l+b—1](q—1)’“’ma><, when b<[<s+b,

where psy1 =1, kg =0, k; = m1 — Bi, Bi, my, and p; are given by Lemmas 1, 2.
Proof.
Case 1: j=1.
The number of error patterns of weight 1 that start from the i*® positions, where i =

=1,2,...,s+1, is given by <n111) (¢—1). But in the calculation (m?l) (¢ —1), number of

my . .
already counted nonzero components in ) (g—1)isk; =m; 1 —Bifori =1,2,3,...,s+1,

1
n—i1—b+1
here 3; = {—
where (3 s
positions in which the nonzero elements of the error pattern start from the *" position.
s+1 i ki—
Therefore, the total number of the errors having weight 1 is ) [(m ) — < 1)} (g —1)!

=1 1 1

-‘ represents the total number of complete sets of b consecutive
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For error patterns whose starting position is i = s+2,...,s-+b, all the weight 1 vectors
are already present in the first position (i.e., the b positions of each set of nonzero positions
except the last set which may be less than b components). The number of these nonzero

Bi1

components is given by ;1. Thus, , number of weight 1, need to be subtracted from

each starting position of the error pattern. So, the number of weight 1 in these positions is

i ki i—
given by the quantity (77; ) - ( ] 1) - (51 1). We have

=2 [()- ()00 £ () (5 (5o

Case 2: 2<j < w.
As above, the total number of the errors having weight j that start from the i** positions,
Az i ki _
where i = 1,2,...,s+ 1, is the quantity > {(m) — ( 1)] (g — 1)7 with ky = 0.

i=1 J J
But, for error patterns that start from positions i = s+2,...,s+b, there are some more

common vectors with the already counted error vectors that starts from the 1% position.
By Lemma 2, p; denotes the number of common nonzero components that start from
the i'" (i = s+2,...,5+0b) position which are already present in the errors that start from

the first position; (pz) (¢ —1)7 gives the number of vectors of weight j in the i*" (i = s+ 2,
J
..., S+ b) positions which are already counted in the error pattern that start from the first

ki -
position. This includes some vectors which are deleted by the term < , 1) (¢—1)’, thus the
J

term (pi_l) (¢—1)7 is added to include such already deleted error vectors, here p,,; = 1. So
J

the exact number of common vectors that need to be excluded is [(pl) — (pifl)} (g—1).
J J
Therefore, we have

o) (e £ ()6 (e

Case 3:w+1<j < Whayx — 1.

In this case, we can also similarly calculate the total number of all error vectors having
weight j and starting from the i*" position, where i = 1,2,...,s + 1, after deleting the
common vectors as the quantity

E[07)-(5)-(* (7 o e

Again, for error vectors having weight j starting from (s + 2)™ to (s + b)™ positions,
there are some more common vectors which we have calculated, as in the previous case:

K@) = (p jl)] (¢ — 1)7. Therefore,
Ryw(i) = ji K?) — (k’jl) _ ((b - Tf)@'l) (j Tiw__b 1)} (¢ — 1)+
EI0) G I O e
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Case 4: j = wWyax-

In this case, the number of error vectors with weight j is calculated, and different
formulas are found for [ =0, 1 <l <b,and b< [ < s+ b:

[(s+ 1)0* + 01 — s — 1] (g — 1)“me, when [ =0,
R?7b|,w(’UJmax) = bA(q - ].)wmax, when 1 < [ < b,
[((=b+ 1) +0*—1+b—1] (g — 1), when b<I<s+b.

Theorem 1 is proven. m

Remark 1. The values of m; and p; in [3] are given by

bA for 1<i1<s+1, )
m; = _ if =0,
bA+s—i+1 for s+2<i<s+b,
AN+l —i+1 for 1 <</,
m; = < b\ for [+1<i<s+1+1, if 1<I<b,
bA+s+1l—1+1 for s+1+2<1<s+0b,
b(A+1) for 1<i<l—0b+1,
mi=bA+1)+({(—-b—i+1) for [—b+1<i<l, it b<l<s+b,
b for 1+1<i<s+b,
pi:iﬂi—s—s; if [=0 or b<l<8+b7
P for 1<est, it 1<l<b.
ilpp—1)+1 for [+1<i<b—1,

In this paper, we consider the simplified form for m; and p; in Lemma 1 and Theorem 1,
and for b = w we get

bA, when [ =0, (b 3 ;
Wmax = § DA+, when 1< <, and ( lf Zl> ('le B 1) = 0.
b(A+1), when b<I<s+b, J

Then Theorem 1 coincides with Lemma 3.1 [3].

Example 1. Considering ¢ = 3, n = 11, s = 3, b = 2, and w = 1 in Theorem 1,
we have A\ = 2, [ = 11lmod5 =1, m; =5, mg = --- = ms = 4, psy1 = 1, psio = 2,
Bo=pP1="---=pFs=2. Then

- [0)- (- [()- (-
[0 Ols [0 Ols [0 (lo--

=5-2+2-3-240=22;

it [0)-()-( 2 o
-0t e
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H e the maximum weight is wy.x = 3. This example can be verified by using Example 4
n the next sectio

Exampl 2. Considering g =2, n =12, s =3, b = 2, and w = 1 in Theorem 1, we
=2,l=12modb5 =2, m; =6, my=5m3="---=m5 =4, psy1 = 1, psio = 2,
=..-=p4=2. Then

s 0)-Q10)- 01 - 01106
060
(010 (2 1)
-0
10-6-C7 96 1)
10-0--6)-(

3-2)-2 =124+ 5+3-2+42=25;
2—1-1 ’
Here the maximum weight is Wy = 3.

1
24+1)28 +22 - 2+2-1=11
Example 3. Taking ¢ =2, n =14, s =4, b = 3, and w = 2 in Theorem 1, we have
A=2,l=14dmod7=0,m; =mg=---=m5=06,mg=>5 my =4, pss1 =1, psyo =1,
Pst3 =2, bo=P1 =+ =P1=2, f5 =0 =1. Then
4
1

e [()- O] ()] [0+ 0)- 0)-
-0

have A
Po = b
Ry},

)-
(



Weight distribution of low-density periodic random errors 113

o = |(3) = () - (") o))
GG O 62 ) GG ) e
G -6) -7 )
“|(5)- (‘? (o) <o)~ (7 ) )]

w
w

A= 6-G66)-( )-a)-

(20— 2)+ (20— 4—2)- 4+ (10— 4— 1)+ (4—1—1) = 8I;
R43\4(4):(4+1)'32 +327 -4 -1 =43.

Here the maximum weight is Wy = 4.

Theorem 2. The average weight of a vector of the set § pjw)n,q 1S

Wmax Wmax

Z JRsb|w< ) Z Rsb\ ( )
where R7, (j) is given by Theorem 1.
Proof. By Theorem 1, the number of vectors of §(, pjw)n,q having Hamming weight j is

Wmax

R?,blw( /), and the total weight of all vectors of (s pjuw).n,q 1S given by Z JR! b|w( ). The ratio
gives the required average weight. m

3. Existence of LDP, ., ,RC-codes

In this section, we obtain necessary and sufficient conditions for the existence of g-ary
LDP (5 pjw),n,dRC-codes. We also derive an upper bound on the number of codewords for such
a code. We also construct examples based on the results.

Theorem 3. Every (n, k) LDP 4 pjuw)nqRC-code satisfies

Wmax

n—k>log, |1+ Z R0 )] , where Ry, (j) is given by Theorem 1.

Proof. By Theorem 1, the number of error vectors of & pjw)n,q including the zero
vector is 1 + [§spjw)ngl = 1 + Z Ry, (7). As the maximum available coset is q" % and

LDP (5 pjw),n,dRC-code corrects all such errors, we have

Wmax

q 1+ZRsb|w('):>n—k:>logq

1+ Z R?,bw(])] :
=1
Theorem 3 is proven. m

Remark 2. The maximum number of codewords of an (n, k) LDP ; pjuw)n,{RC-code is

n

q

Wmax

1+ Z Ry, 0 )

M <
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In the following theorem, we apply the well known technique used in Varshamov —
Gilbert — Sacks bound (see [7] and [8, Theorem 4.7|).

Theorem 4. For existence of an (n, k) LDP  pju)n,dRC-code, the following condition
is sufficient:

A-1
_ w—1 b—1 ) w b—1 . min{w,g} . Wmax
=5 () ( (" )<q—1>ﬂ> =" (1) a1y (1+ e >> ,
4=0 J j=0 \ J =0 J
(1)
min{w,g} g '
where g = y(I) and R™," (5) is given by Theorem 1. Here ( > (g—1) =1for g =0.

s b|w .
J=0

Proof. The proof is done by constructing an appropriate (n — k) X n parity-check
matrix H of the code. Suppose that the first n — 1 columns hq, ho, hs, ..., h,_1 are added
suitably to H. Then any (nonzero) column h,, is added to H provided that it is not a linear
combination of at most w — 1 columns among the immediately preceding b — 1 columns
together with at most w columns from each set of previous b consecutive columns which
are at gap of s columns (the last set may contain less than b columns), along with a linear
combination of at most w columns from each set of b consecutive columns which are at
gap of s columns confined to the first n — b columns (the last set may contain less than b
columns). This can be written as

g—1
(Z azlhn it Z bzlhn (s+b)— i T Z bz2hn 2(s+b)— oot Z bi)\hn—)\(s+b)—i) +

=0
. (2)
<Z a’blhj —i + Z le j'—(s+b)— + Z 612h —2(s+b)— .+ Z 5zz\’h i’ =N (s+b)— ) 3

where a;;,b;;, aij, Bi; € GF(q) such that the number of nonzero a;; is at most w — 1,
and that of b;j, ayj, B;; is at most w; j' < n—b; g = v(nmod (s + b)) = y(I), ¢ =

— y((n—b—j'+1) mod (s + b)), and X = {n—bJ.

b—1 ,
The number of coefficients a;; is Z ( , )(q —1).
J

7=0

w -1 ) min{w,g} ]
The number of coefficients b;; is (Z (b _ )(q — 1) 3 (g) (¢ — 1). So the
J J

j=0 =0
number of all possible linear combinations in the first bracket of the right-hand side (2) is

£ (05 )er) T G

The second bracket in (2) gives the total number of low-density periodic random error

in a vector of length n — b. This is given by Theorem 3 as 1 + i R™? (§). Therefore, the
J=

s b|w

total number of all the possible linear combinations of the right—hand side (2) is

s (") (z (b;1)<q—1>ﬂ‘>k_lmij§g} () a1y (1+w§*&b <>>. ®)
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Since we have at most ¢" % columns, so taking ¢"~* greater than or equal to the term

computed in (3) gives the sufficient condition for the existence of the required code. m
In the following examples, X', p}, and 3] represent the values of A, p;, and f3; respectively,
when n is replaced by n — b.

Example 4. Consider n = 11, s = 3, b = 2, w = 1, and ¢ = 3 in Theorem 4, then
A=2l=1modb =1L, N=1p,=1p . ,=10=0=0=2 08 =08 =1
Putting these values in the inequality (1), we get

1 .
S| ; 1 /9.1 ; min{w=1g=1} /7 ; 3. g
TS )B=D L X ()81 > ) B=1) (1430 Ry () | =
3=0 \J j=0\ J =0 J =1
=1-3-3(1+66) [Using Theorem 1 and Example 1] = 603.

This implies n — k > 6. Thus, we can construct a parity check matrix H of order 6 x 11,
which generates the (11,5) ternary LDP 3 2)1),11,3RC-code:

10210100100
21 0000O0O01O0O0
- 0000O0OO0O2O010O01
01012001100
001 100O0O0T1T1F©O0
| 1 001000O0T1O0 2]

It can be verified from the Error Pattern-Syndromes Table 1 that the syndromes of all the
errors are nonzero and distinct, showing that the code is a (11,5) ternary LDP 3 /1,11, 3RC-

code.
Table 1

Error Pattern-Syndrome

Error Patterns Syndromes | Error Patterns Syndromes
00 000 00 000 1 001002 20 000 02 000 2 210000
00 000 00 000 2 002001 10 000 10 000 1 221000
00 000 01 000 0 002000 10 000 10 000 2 222000
00 000 02 000 0 001000 10 000 20 000 1 021000

00 000 10 000 0 100000 10 000 20 000 2 022002
00 000 20 000 0 200000 20 000 10 000 1 011001
00 000 01 000 1 000002 20 000 10 000 2 012000

00 000 01 000 2 001001 20 000 20 000 1 111001
00 000 02 000 1 002002 20 000 20 000 2 112000
00 000 02 000 2 000001 0 00 000 01 000 000100
00 000 10 000 1 101002 0 00 000 02 000 000200
00 000 10 000 2 102001 0 01 000 00 000 200010
00 000 20 000 1 201002 0 02 000 00 000 100020
00 000 20 000 2 202001 0 01 000 01 000 200110
01 000 00 000 0 010100 0 01 000 02 000 200210
02 000 00 000 0 020200 0 02 000 10 000 100120
01 000 00 0001 011102 0 02 000 20 000 100220
01 000 00 000 2 012101 0 01 000 10 000 202010
02 000 00 000 1 021202 0 01 000 20 000 201010
02 000 00 000 2 022201 0 02 000 10 000 102010
01 000 01 000 0 012100 0 02 000 20 000 101020
01 000 02 000 0 011100 0 10 000 01 000 010200
02 000 01 000 0 022200 0 10 000 02 000 010000
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End of Table 1
Error Patterns Syndroms | Error Patterns Syndromes
02 000 02 000 0 021200 0 20 000 10 000 020000
01 000 10 000 O 110100 0 20 000 20 000 020100
01 000 20 000 0 210100 00 00 000 01 00 111111
02 000 10 000 0 120200 00 00 000 02 00 222222
02 000 20 000 0 220200 00 01 000 00 00 100111
01 000 01 0001 010102 00 02 000 00 00 200222
01 000 01 000 2 011101 00 01 000 01 00 211222
01 000 020001 012102 00 01 000 02 00 022000
01 000 02 000 2 010101 00 02 000 01 00 011000
02 000 01 000 1 020202 00 02 000 02 00 122111
02 000 01 000 2 021201 00 01 000 10 00 100211
02 000 02 000 1 022202 00 01 000 20 00 100011
02 000 02 000 2 020201 00 02 000 10 00 200022
01 000 10 000 1 111102 00 02 000 20 00 200122

01 000 10 000 2 112101 00 10 000 01 00 011121
01 000 20 000 1 211102 00 10 000 02 00 122202
01 000 20 000 2 212101 00 20 000 01 00 211101

02 000 10 000 1 121202 00 20 000 02 00 022212
02 000 10 000 2 122201 000 00 000 01 0 000010
02 000 20 000 1 221202 000 00 000 020 000020
02 000 20 000 2 222201 000 01 000 00 0 000200
10 000 00 000 O 120001 000 02 000 00 0 000100
20 000 00 000 0 210002 000 01 000 01 0 000210
10 000 00 000 1 121000 000 01 000 020 000220
10 000 00 000 2 122002 000 02 000 01 0 000110
20 000 00 000 1 211001 000 02 000 020 000120
20 000 00 000 2 212000 000 01 000 10 O 112011
10 000 01 000 O 122001 000 01 000 20 0 222122
10 000 02 000 O 121001 000 02 000 10 0 111211
20 000 01 000 0 212002 000 02 000 20 0 222022
20 000 02 000 0 211002 000 10 000 01 0 100121
10 000 10 000 0 220001 000 10 000 02 0 100101
10 000 20 000 0 020001 000 20 000 01 0 200202
20 000 10 000 0 010002 000 20 000 02 0 200212
20 000 20 000 0 110002 0000 01 000 10 100010
10 000 01 000 1 120000 0000 01 000 20 100020
10 000 01 000 2 121002 0000 02 000 10 200010
10 000 02 000 1 122000 0000 02 000 20 200020
10 000 02 000 2 120002 0000 10 000 01 001202
20 000 01 000 1 210001 0000 10 000 02 002201
20 000 01 000 2 211000 0000 20 000 01 001102
20 000 02 000 1 212001 0000 20 000 02 002101

Example 5. Consider n = 12, s = 3, b = 2, w = 1, and ¢ = 2 in Theorem 4, then
A=2,1=12mod5=2, N =2,p, ,=1,p,,,=10,=0=---=p=2, 8, =1. From
inequality (1), we get

j :1-21-3(1+24)]; 150. -
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This implies n — k > 8, which gives rise to a (12,4) binary LDP 3 2/1),122RC-code and its
parity check matrix H is given by

O OO, OO oo
SO =R OO O OO
O =R OO O o oo
_ o OO OO o oo
I T T S Sy

SO OO0 OO
SO OO O O O
[l sl sl e el Y = )
OO OO+~ O OO
OO = O = F= OO
O R O OO
— —_ OO Rk O

It can be verified like the previous one that the syndromes of all the errors are nonzero and
distinct, so the code is a (12,4) binary LDP 39/1),12,2RC-code.

Example 6. Consider n = 14, s =4, b = 3, w = 2, and ¢ = 2 in Theorem 4, then
A=21=14mod7 = 0, >\,217p{9+1 = 1,]?;4_2: 1,pg+3:2, 5(/):ﬁ1 :ﬁé:2>
By = By = Pt = P = 1. Inequality (1) gives

r= 5 (T e (S ee-n) TR (e (1 5 R )-

J §=0
=3-4"-1(1+135) = 1632.

This implies n — k > 11 which leads to a (14, 3) binary LDP 3 9 142RC-code with parity
check matrix

=

|
O O DD OO OO OO
OO DO DD OO O o O
S OO DD OO oo o
OO DD DO OO+, OOoO o
DO DD DO O RO oo
OO OO OO oo
O OO R OO OO oo
OO OO oo oo
O R O DD DO oo oo
O RH O DD DO o oo
—_ O O OO OO o oo
OO RO R PR OO0 O —
[ s T T e T e S = S S S S S R S
— OR OO, OO R —

—_

(@]
[aw]
(@]
(aw]
(a]
(a]
(a]
[a]
o

Here we can also verify that all error patterns give nonzero and distinct syndromes.
Finally, we give the probability of decoding error for a LDP ) n,RC-code over a
binary symmetric channel.

Theorem 5. Let PDg(F) be the probability of decoding error of an (n, k) binary
LDP (5 pjw)n,2RC-code on a binary symmetric channel with transition probability €, then

Wmax

PDR(E) =1~ 3 RZ,,(j)€(1 =€)/, where R}, (j) is given by Theorem 1.
=1 ’

Proof. Since the binary symmetric channel has the transition probability €, the
probability of occurring of any one of the error vector of weight j is /(1 — €)" 7. So the

Wmax . .
probability of occurring of any error vector from the set & pjw)n,q i Zl Ry, () € (1—€e)" .
j:
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Since the code corrects all such error patterns, the probability of a decoding error of the
code is PDg(F) =1 — fx R2 1 (9) d(l—e)" . m
j=1

Remark 3. For s =3, b =2, and € = 0.1, we determine the probability of decoding
error PDg(E) of binary LDP ( pju)n,2RC-codes of different lengths as follows (Table 2).

Table 2
Values of PDg(FE)
n | A| 1l | PDr(E)
101210 0.19
112 |1 0.21
12 12 |2 0.23
13123 0.29
1412 |4 0.31
151310 0.33

We find that the probability of decoding error of LDP , pju) n,sRC-code increases as the
length of the code increases. So a smaller length code is more efficient.

4. Conclusion

This paper derives the weight distribution of low-density periodic random errors. Then
necessary and sufficient conditions for the existence of linear codes that correct such errors,
along with the error decoding probability of the codes, are presented. It can be interesting
to explore some more systematic methods by which we can construct such codes. We can
also investigate array code or cyclic code instead of linear code that can deal with such
errors.
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Nzyuaercst renepuyeckas CA0KHOCTH MPOBJIEMBI H3BJIEUCHUS KBAJIPATHOIO KOPHS 110
IPOCTOMY MOJyJi0. Bompoc 0 BBIMUCIUTENBHON CA0KHOCTH ITON MPOOIEMBI 10 CUX
mop OTKpBIT. OHAKO M3BECTHBI AJTOPUTMBI (HAIPUMED, aJropuT™M UHIOJIIb), KOTO-
pbl€ ABJIAIOTCA ITOJIMHOMUAJIBHBIMU 1TPU YCJIOBUU NCTUHHOCTU pacmupeHHoﬁ I'III0TE3bl
Puwmana. /loka3piBaercs, 4ro npobiemMa gBISeTCd I'eHepUdeCKU Pa3peInMoil 3a MoIu-
HOMHUaJIbHOE BpeMsi. DakTuvecku 3TO 03HAUAET, UYTO AJATOPUTM HUIOJLIBI paboTaeTr 3a
TTOJIMTHOMPAJIFHOE BPEMS JIJISI «TTOUTH BCeX» BXOMOB. [loHATHE «mouTH BCey (HOpMAaJIN-
3yeTcd BBeJCHUEM aCUMITOTHYCCKON IIJIOTHOCTHA Ha MHOXKECTBE BXOIHBIX JTaHHBIX.

KitioueBbie CI0BA: 2eHePUMECKaA CAONCHOCTND, KEAOPAMHBIT KOPEHb NO TPOCTOMY
MODYAI0.

ON THE GENERIC COMPLEXITY OF THE SQUARE ROOT
MODULO PRIME PROBLEM

A.N. Rybalov

Sobolev Institute of Mathematics, Omsk, Russia

We study the generic complexity of the problem of finding a square root modulo a
prime number. The question about the computational complexity of this problem is
still open. However, there are known algorithms (e.g. Cipolla’s algorithm) which are
polynomial if the extended Riemann hypothesis holds. We prove that this problem is
generically decidable in polynomial time. In fact, this means that Cipolla’s algorithm
runs in polynomial time for “almost all” inputs. The notion “almost all” is formalized
by introducing the asymptotic density on a set of input data.

Keywords: generic complexity, square root modulo prime.

Bsenenue

[Ipobiema HaxOXKJIeHUS KBaJPATHOI'O KOPHS IO IIPOCTOMY MOJYJIIO SABJSETCS KJIaCCHU-
YecKOU aJITOPUTMUYECKOH MpobIeMoil TEOPUH YHCce]I, BOCXOAdIel emé Kk Ditaepy u [ayccy.
B otymune ot Apyrux KaaccuuecKuX mMpoodJeM, TaKux, Kak mpodemMa (paKTOPU3AIIHT TEIbIX

! Pabora momaepskana rpaaTom Poccmiickoro mayamoro ¢gonmga Ne22-11-20019.
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qHces WK MpodjaeMa AUCKPETHOTO JorapudMa, W3BeCTHBI aJTOPUTMBI, KOTOPBIE DEIIaioT
eé 3a MOJIMHOMHAJIHLHOE BPEMsI TIPH YCJIOBUU UCTHHHOCTH HEKOTOPBIX MMIIOTE3 TEOPUH THCET.
Hanpumep, asropury Humnosnsr [1] gaBiasgercs moJnHOMIAIBHBIM TPU YCJIOBHU HCTHHHOCTH
paciupennoit rumore3sl Pumana [2]. TIpo6Giema pacno3HaBaHus CYNIeCTBOBAHUSA KBaIpaT-
HOT'O KOPHS 110 TPOCTOMY MOJLY/II0 3HAYUTEIBHO TPOIe — /it Heé u3sected 3hdekTuBHbIN
KpuTepuit ditnepa.

[enepuveckuii moaxo [3] —3T0 OfuH U3 HOAXOAOB K H3YUIEHHUIO AITOPUTMUYECKHX PO~
GJieM JI «IIOYTH BCEX» BXOJO0B. B paMKax 3TOro mojxoja ajJropurMuydeckast mnpobsema
paccMaTpUBaeTCd He Ha BCEM MHOXKECTBE BXOJIOB, & HA HEKOTOPOM IOJIMHOZKECTBE «IIOYTH
BCEX» BXOJOB. Takme BXO/bI 00pa3yiOT TaK HA3BIBAEMOE I'eHepudyecKoe MHoxKecTBO. [loHs-
THE «IOYTH BCe» (HPOPMATUZYETCS BBEJICHUEM €CTECTBEHHONW Mephl HA MHOYKECTBE BXOTHBIX
nauabiX. C TOYKY 3peHust MPAKTUKA AJTOPUTMBIL, PEIraiornie ObICTPO TPodIeMy Ha TeHepH-
9ECKOM MHOYKECTBE, TaK K€ XOPOIIHN, KAK W OBICTPHIE aJTOPUTMBI JIJI BCEX BXOJOB.

B nannoit pabore msydaercs reHepuueckas CJIOKHOCTH MPOOJeMbl U3BJICUEHUS KBA/I-
pPATHOTO KOpHS MO MPOCTOMY MOJy/0. JloKa3piBaeTcss, 4TO 3Ta MpobjeMa TeHepUIeCKH
paszperuMa 3a TOJHHOMUATbHOE BpeMsda. OTMEeTHM, 9TO JJIs COCTABHOTO MOJIYJIsT HEM3BECT-
HO HOJUHOMUAJIBHOI'O AJIOPUTMA JIarKe JIJIs PACIO3HABAHUS CYIIECTBOBAHUS KBAPATHOIO
KopHst [4]. [last maHHON MpobAeMbl HOJIyYeH Pe3yabTar 06 OTCYTCTBHH MOJTMHOMHAILHBIX
PeHePHYIECKIX aJropuTMoB [5].

1. IIpeaBapuTesibHBbIE CBEAEHUS

[Iycts p — mpocroe aucao. Harypaabhnoe quc/io a < p Ha3bIBACTCA KE8AOPAMUYHYIM 6bl-
Yemom, ecu CyIeCTBYeT Takoe HaTypajbHoe T < p, uto 22 = a (mod p). B nporusnom
CIydae a Ha3bIBAETCS K8adpamuuHuM Hesviuemom. Feth addekTuBHbIT KpuTepuit mposep-
KU, dBJIdeTcsd U HaTypaJbHOE YUCJI0 KBAJIPATUIHBIM BBIYETOM IO ITPOCTOMY MOJLYJIIO.

Teopema 1 (Diisep). Ilycts p — meuérHoe mpocToe uncao. Harypasproe uncio a siB-
JIAeTCA KBaJAPAaTUYIHBIM BbIYETOM IO MOJAYJIIO P TOTJa W TOJIBKO TOrJa, KOT'da

a? V2 =1 (mod p).

N3 s1oit Teopemsbl cieayer, 9TO TPOOIEMa PACTO3HABAHUS KBAIPATHIHBIX BBIIETOB 110
IPOCTOMY MOY/IIO Pa3peIInMa 33 IOJIHHOMHUAJIBHOE BpeMs.

IIpobaema ussaevwenus KeadpamHoz20 KOPHA MO NPOCMOMY MOOYAI0 COCTOUT B CJEIy-
foreM. JlaHbl mpocToe Yue0 p M HATYPAJIBHOE 9YHCJIO ¢ < P, 3AIMCAHHBIE B JIBOUYHOI
cucreme. Heobxonumo HafiTi HATYpajbHOE YUCI0 T < p, Takoe, 4ro r° = a (mod p), eciu
9TO BO3MOKHO, JIOO BhITATH OTBET —1.

B ornmmume ot mpobsembl paclo3HaBaHHs KBAJIPATUYIHBIX BBIYETOB, s H3BJIEUCHHUS
KBaJIPATHOTO KODHSI He JIOKA3aHA PAa3PEeInMOCTh 3a MOoJHHOMHIAIbHOEe BpeMs [4]. OxHako
cymecTByer ajgroputm dunosist |1], KOTopblil pemaer 3Ty 3aja4y 3a MOJIMHOMHAILHOE
BpeMsl TIPU YCJOBUH 3HAHWS KAKOTO-HUOYAh KBAIPATHIHOIO HEBbIYETA b 110 MOIYIIIO P.

Aaroputm YUunoJsuibr:

1) Bxoj: p, a u kBajgparudublii HeBbrvyer b.
(p+1)/2
2) KpaaparTHbiii KOpeHb MOJIyYaeTcsl BhIYUCIeHEeM 110 dhopmyie T = (a + \/5)

B noste F o = Fp(\/g) — KBaIPATUIHOM pacinupenun noisd F,.

O6o3HaunM 4depe3 7)(p) HAMMEHBITNT KB PATUIHBINA HeBbIYeT 1m0 Moayo p. H. Aukenu
JOKA3aJt [2], 9T0 B IpeinoIoKeHni HCTHHHOCTH PACTIIiPEHHON rimoTe3bl PuMaHna cyecTsy-
er kKoncranta C, Takag, 9T0 114 J11060r0 mpoctoro p umeer mecto 1(p) < C(log p)?. 3mecsh
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u nasee moa log p monnmaetcs Jyiorapudgm 1mo ocuoBanuio 2. Takum oOpa3oM, B MPEINOIo-
ZKeHnn MCTUHHOCTH paC]HI/IpeHHOﬁ THUIIOTE3bI PI/IMaHa KBa,ZLpaTI/ILIHbII'?'I HEBBIYECT MOZKET 6bITb
HaﬁﬂeH 3a IIOJIMHOMHAJIbHOE BpeMA U aJI'OPUTM qI/IHOJI.HbI CTaHOBUTCA IIOJIMHOMHUAJIBHBIM.

2. OcHoBHOIT pe3yabTaT

Oupe/ie/ieHne reHepUIecKOro HOJMHOMHAIBHOIO AJrOPUTMA MOKHO HaliTu B |3, 5.
MHuO0k€ecTBO BXOI0B IPOOJIEMbI U3BJIEYeHHs] KBAIPATHONO KOPHS 110 MPOCTOMY MOLYJIFO
ecTh
I ={(p,a) : p mpocroe, 0 < a < p}.

[Tox paszmepom Bxoda (p,a) GyaeM MOHMMATH JJIMHY JBOMYHON 3amucu ducaa p. Takum
00pa3oM, MHOYKECTBO BXOJIOB pasMepa n ecThb

In - {<p7a) : (p7 CL) S I, 2n <p < 2n+1}‘

Jlns konearoro MHOKecTBa A depes | A| obozHauaeTcst 9ucsio ero saeMeHToB; GyHKIms 7(x)
3a1aéT KOJMYECTBO MPOCTBIX YUCE/I, He NPEBOCXOIAIINX .

Jlemma 1. g goctaTrodHo OOJILIIUX 1 UMEET MeCTO

2n 22(n+1)
— < || < ——
n n

Jloxazameavcmeo. 3ameTnm, 9To

|[n| = Z b,

2n<p<2ntl
rj1e CYMMHPOBaHHE HIET 110 MPOCTHIM duciaaMm. Orcroma
2M(m (2" = w(2")) < L] < 2"TH(@(2"Th) — w(2")). (1)

N3 acuMnToTHIecKOTro 3aKOHa, PaCIpee/eHusl IIPOCTHIX YUCEJT CJAeYeT, 9TO JIjIsl JT0CTa-
TOYHO OOJBINAX N UMEET MECTO

0,9-27 < (2" < 1,1-27
a2 nln2’
a TaKzKe » »
0,9-2 (2 < 1,1-2 ‘
(n+1)In2 (n+1)In2
[Toaromy

0,9 - 2ntt 1,1.27
(n+1)In2 nln2

11.2m1  0g9.on
(n+1)In2 nln2

<a(2") —7(2") <

Orcroza moydaem
on 1 . 2n+l
— < m(2" —7m(2") <
~ <) - w(2) < S

aro BMecTe ¢ (1) 1aéT HYXKHYIO OIEHKY. B

Paccmorpum crieyioniee MHOZKECTBO BXOJ0B ITPOOJIEMbl U3BJICUCHUS KOPHS:

S={(p,a): (p,a) €1, n(p) > 21logp}.
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Jlemma 2. Jlng mocTaTovHO OOJBIINX N UMEET MeCTO

meJ<l
|L,| n

Hoxazameavemeo. 1. Dpgemn gokasan [6], uro cymecrsyer koucranta C, 3 < C' < 4,
Takasl, 9TO

31ech cyMMupoBanue 6epéTcs Mo mpocThiM p. OTCiona cleayeT, 9To JJsd J0CTATOYHO 00JIb-
muxX k mMeeT MecTo

3n(k) < > np) < 4w (k).

p<k

Hcnonb3ys 3T0 HepaBeHCTBO, OIIEHUM CYMMY

>, nlp)= > nm— X np)

2n<p<2ntl p<2ntl p<2n

CJAEIYIONTUM 0Opa3OM:

3r(2™) —4r(2") < Y n(p) < 4m(27HY) — 3m(27).

2n <p<2n+l

I/ICHOHBSYH ACHUMITOTHYECKNI 3aKOH pacapejgesseHusd IMPOCThIX Yucea, AJd J0CTaTOYIHO

OOJIBIIKMX N 11OJIyYaeM
ontl 10 - 27

< > np)< :

n o <p<2ntl n

N3 stux mepaBeHcTB cjaejyer, 4To

S app<zt Y g < 22 @

2n<p<2ntl 2n<p<2antl n

JomycTum Tenepb, 4TO JeMMa HeBEpHA, TO €CTh CYIIECTBYIOT CKOJIb YIOJHO OojbIIne 7,
TaKne, 9TO

SN, 1
|1,,] n’
TO €CTb
I8
SNI,| >—.
n
Bamerum, 410
2n<p<ontl,
n(p)>21n
Torna
> np= X npp+ X npp=
2n <p<2ntl 2N <p<2antl, on<p<ontl,
n(p)>21n n(p)<21n
I 21 - 2%n
>2ln ) p>21nM:21|In| > .
2n<p<2n+17 n
n(p)>21n

[Tocnemusist oneHka cieyer u3 jgemMbl 1. Ho 910 mpoTuBOpednT orneHke ceepxy (2). m
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Teopema 2. IlpoGiema u3BeUeHNs KBAIPATHOTO KOPHS IO TPOCTOMY MOJYJIIO TeHe-
pHYEeCKH pa3peninMa 3a IOJMHOMHAJIbHOE BpeMs.

oxazameavcmeo. [lomnHoMHAJIBHBIA TeHEPUYECKAH AITOPUTM pabOTaeT Ha BXOIE
(p,a) pazmepa n cjeayomum 00pa3om:

1) C nomorpio Kpurepust Diliepa mpoBepsieT, ABASeTCs JIH ¢ KBAJIPATHIHBIM BHIYETOM
mo Moaymio p. Ecnm me gaBasercsa, BeIAaéT —1. MHade mepexomuT K CJIeAyIONEMY
mary.

2) WMmer cpean gucesn or 2 10 21n KBAJAPATHYHBIA HEBBIYET C TOMOIIBIO KPHTEPHSI
Diiepa.

3) Ecsn kBaJpaTHYHBIA HEBBIYET He HaiijeH, TO BbiiaéT orBer «HE 3HATIO».

4) Ecau HailieH KBaJpaTHIHbBIH HEBBIYET, TO ¢ €r0 MOMOIIBIO M0 AJrOPUTMY THIIOJLTHI
HaXO/IUTCH KBaJIPATHBIA KOPEHb U3 @ 110 MOJLYJIIO P.

[enepudHOCTDH 9TOr0 AJTOPUTMA CJAEJAYET M3 TOIO, YTO MHOYKECTBO BXOJ0B, HA KOTOPBIX
aaropuT™m BoLIAET orBeT «HE BHARO», saBistercs npeHeOpe:KUMBIM, COTTIACHO JieMMe 2. B
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Kypnuan «[lpuknannas aucKpeTHas MaTeMaTwKa» BXOIUT B mepedenb BAK perensu-
PYEMBIX HAY4YHBIX U3/aHWIT, B KOTOPBIX JOJIZKHBI OBITH OMyOINKOBAaHBI OCHOBHBIE Pe3yJibTa-
THI JIUCCEPTAINl HA COMCKAHWE YIEHON CTENeHW KAHIUIaTa W JOKTOPA HAYK TI0 CIernnab-
HOCTAM 2.3.5. «Maremarndeckoe u MpOrpaMMHOe OOecliedeHre BBIYUCIUTEIbHBIX CHCTEM,
KOMILIEKCOB M KOMIIBIOTEPHBIX ceTeil» (TexHmueckue Hayku), 2.3.6. «MeToipl U CUCTEMBI
3anuThl WHOOPMAIUU, WHOOPMAITMOHHAS Ge30MACHOCThY ((PU3UKO-MATEMATHIECKUE U TeX-
auveckne nHayku), 1.1.5. «Maremarudaeckas 1oruka, ajarebpa, TeOpusi YUCes W TUCKPETHAS
maTeMaTHkay (dbusnko-maremarndeckne Haykn), 1.2.3. « Teopernueckas nndopmarnka, Ku-
GepHeTnKay (pU3NKO-MaTeMATHIECKHEe HAYKM), & TaKXkKe B IepeYeHb JKYPHAJIOB, PEKOMEH-
nosanabix DYMO BO 1B B kadecTBe yueOHOI JTUTEPATYPHI IO CIIEMUATBHOCTH « KoMITbIO-
TepHas 6€30IMacHOCTD.

ZKypuan ungekcupyercs B 6azax nanubix Web of Science (Emerging Sources Citation
Index (ESCI) u Russian Science Citation Index (RSCT)), Scopus, MathSciNet u Zentralblatt
MATH. B crognom peiituare x)xypuamoB RSCI 2022r. on orHecéH K mepBOMY KBapTH-
o (QL).

Kypuan «llpukiagnas gucKpeTHas MaTeMaTHKa» PACHPOCTPAHSETCS IO TOIUCKE;
ero nojnucHoit uujekc 38696 B obObeuHéHHOM Katasore «lIpecca Poccums. [losnorex-
CTOBBIE 3JEKTPOHHBIE BEPCHH BBIMEIINMX HOMEPOB KypHAJa MOCTYIHBI HA €ro caiire
journals.tsu.ru/pdm u Ha OGrmepoccuiickoM MaTeMaTHYeCKOM Toprajie www.mathnet.ru.
Ha caifiTe xKypHaJia MOXKHO HAfiTH TaKzKe ITPaBU/Ia MOATOTOBKH PYKOIHCeH cTtaTeil s my6-
JUKAIAA B YKypHAJE.

TemaTuka nmybankanuii >KypHaJa:

e Teopemuueckue 0cHo8b, NPUKAGOHOT QUCKPEMHOT MAMEMAMUKL
o Mamemamuueckue memodu, KpunmMozpagduu

o Mamemamuueckue memodo, cmezaro2padui

o Mamemamuueckue 0cHoGb KOMNBLIOMEPHOT 6e30NaCHOCMU

o Mamemamuueckue 0cHo8bL HAOEHCHOCTIU BBIYUCAUMEALHOLET U YNPABAAIOULUL CUCTIEM
o [Ipuksradnas meopus KOOUPOBAHUA

o [Ipukaradnas meopus a8momamos

o [Ipuksadnas meopus epagos

o Jlozuueckoe npoexmuposatue UCKPEMHBLLT A8MOMAMOS

o Mamemamuueckue 0CHOBbL UHPOPMAMUKY U NPOZDAMMUPOSIHUSA
e Buuuciumenvrovie memoodv 6 QUCKPEMHOT MAMEMAMUKE

o Mamemamuueckue 0cHO8bE UHMEANEKMYAAOHUT CUCTTLEM

o lcmopuueckue ouepku no Juckpemuotl Mamemamure U e€ NPUAOHCEHUAM



