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Câÿçíûé ãðàô c öèêëîìàòè÷åñêèì ÷èñëîì ðàâíûì k íàçûâàåòñÿ k-öèêëè÷åñêèì
ãðàôîì. Ïîëó÷åíà ôîðìóëà äëÿ ÷èñëà ïîìå÷åííûõ íåïëàíàðíûõ ïåíòàöèêëè÷å-
ñêèõ ãðàôîâ ñ çàäàííûì ÷èñëîì âåðøèí, à òàêæå íàéäåíà àñèìïòîòèêà ÷èñëà
ïîìå÷åííûõ ñâÿçíûõ ïëàíàðíûõ òåòðàöèêëè÷åñêèõ è ïåíòàöèêëè÷åñêèõ ãðàôîâ ñ
n âåðøèíàìè ïðè n→∞. Äîêàçàíî, ÷òî ïðè ðàâíîìåðíîì ðàñïðåäåëåíèè âåðîÿò-
íîñòåé íà ìíîæåñòâå ðàññìàòðèâàåìûõ ãðàôîâ âåðîÿòíîñòü òîãî, ÷òî ïîìå÷åííûé
òåòðàöèêëè÷åñêèé ãðàô ÿâëÿåòñÿ ïëàíàðíûì, àñèìïòîòè÷åñêè ðàâíà 1089/1105, à
âåðîÿòíîñòü òîãî, ÷òî ïîìå÷åííûé ïåíòàöèêëè÷åñêèé ãðàô ÿâëÿåòñÿ ïëàíàðíûì,
àñèìïòîòè÷åñêè ðàâíà 1591/1675.

Êëþ÷åâûå ñëîâà: ïîìå÷åííûé ãðàô, ïëàíàðíûé ãðàô, òåòðàöèêëè÷åñêèé ãðàô,
ïåíòàöèêëè÷åñêèé ãðàô, áëîê, ïåðå÷èñëåíèå, àñèìïòîòèêà, âåðîÿòíîñòü.

AN ASYMPTOTICS FOR THE NUMBER OF LABELLED PLANAR
TETRACYCLIC AND PENTACYCLIC GRAPHS

V.A. Voblyi

Russian Institut for Scienti�c and Technical Information, Moscow, Russia

A connected graph with a cyclomatic number k is said to be a k-cyclic graph. We ob-
tain the formula for the number of labelled non-planar pentacyclic graphs with a given
number of vertices, and find the asymptotics of the number of labelled connected pla-
nar tetracyclic and pentacyclic graphs with n vertices as n → ∞. We prove that
under a uniform probability distribution on the set of graphs under consideration,
the probability that the labelled tetracyclic graph is planar is asymptotically equal to
1089/1105, and the probability that the labeled pentacyclic graph is planar is asymp-
totically equal to 1591/1675.

Keywords: labelled graph, planar graph, tetracyclic graph, pentacyclic graph, block,
enumeration, asymptotics, probability.

Ââåäåíèå
Ïëàíàðíûå ãðàôû ïðèìåíÿþòñÿ ïðè ïðîåêòèðîâàíèè ÑÁÈÑ [1, 2], â òåîðèè êîäè-

ðîâàíèÿ [3], â ôèçèêå ïðè íàõîæäåíèè ñòàòèñòè÷åñêîé ñóììû [4] è â êîìïüþòåðíîì
çðåíèè [5]. Ýòè è äðóãèå ïðèìåíåíèÿ ïëàíàðíûõ ãðàôîâ îáóñëàâëèâàþò àêòóàëüíîñòü
èõ ïåðå÷èñëåíèÿ.
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Î. Ãèìåíåç è Ì. Íîé àñèìïòîòè÷åñêè ïåðå÷èñëèëè ïîìå÷åííûå ïëàíàðíûå ãðàôû
ïî ÷èñëó âåðøèí [6]. Å. Áåíäåð íàø¼ë àñèìïòîòèêó ÷èñëà ïîìå÷åííûõ 2-ñâÿçíûõ ïëà-
íàðíûõ ãðàôîâ ñ n âåðøèíàìè ïðè n → ∞ [7]. Îäíàêî â îáùåì ñëó÷àå àñèìïòîòèêà
÷èñëà ïîìå÷åííûõ ïëàíàðíûõ n-âåðøèííûõ k-öèêëè÷åñêèõ ãðàôîâ ïðè n → ∞ íåèç-
âåñòíà. Â [8] ïîëó÷åíà ÿâíàÿ ôîðìóëà äëÿ ÷èñëà ïîìå÷åííûõ ñâÿçíûõ íåïëàíàðíûõ
òåòðàöèêëè÷åñêèõ ãðàôîâ ñ çàäàííûì ÷èñëîì âåðøèí. Â [9] íàéäåíà ÿâíàÿ ôîðìóëà
äëÿ ÷èñëà ïîìå÷åííûõ ñâÿçíûõ íåïëàíàðíûõ ïåíòàöèêëè÷åñêèõ áëîêîâ ñ çàäàííûì
÷èñëîì âåðøèí, à òàêæå ïîëó÷åíà ñîîòâåòñòâóþùàÿ àñèìïòîòèêà.

Â äàííîé ðàáîòå ïîëó÷åíà ôîðìóëà äëÿ ÷èñëà ïîìå÷åííûõ ñâÿçíûõ íåïëàíàðíûõ
ïåíòàöèêëè÷åñêèõ ãðàôîâ ñ çàäàííûì ÷èñëîì âåðøèí, à òàêæå íàéäåíà àñèìïòîòèêà
÷èñëà ïîìå÷åííûõ ñâÿçíûõ ïëàíàðíûõ n-âåðøèííûõ òåòðàöèêëè÷åñêèõ è ïåíòàöèê-
ëè÷åñêèõ ãðàôîâ ïðè n→∞.

1. Ïåðå÷èñëåíèå ãðàôîâ
Ðàññìàòðèâàþòñÿ íåîðèåíòèðîâàííûå ïðîñòûå ñâÿçíûå ãðàôû.
Îïðåäåëåíèå 1. Äëÿ ñâÿçíîãî ãðàôà òî÷êîé ñî÷ëåíåíèÿ íàçûâàåòñÿ åãî âåð-

øèíà, ïîñëå óäàëåíèÿ êîòîðîé âìåñòå ñ èíöèäåíòíûìè åé ð¼áðàìè ãðàô ñòàíîâèòñÿ
íåñâÿçíûì. Áëîê� ýòî ñâÿçíûé ãðàô áåç òî÷åê ñî÷ëåíåíèÿ, à òàêæå ìàêñèìàëüíûé
ñâÿçíûé íåòðèâèàëüíûé ïîäãðàô, íå èìåþùèé òî÷åê ñî÷ëåíåíèÿ [10, ñ. 41].

Îïðåäåëåíèå 2. Öèêëîìàòè÷åñêèì ÷èñëîì ñâÿçíîãî ãðàôà íàçûâàåòñÿ óâåëè-
÷åííàÿ íà åäèíèöó ðàçíîñòü ìåæäó ÷èñëîì ð¼áåð è âåðøèí ãðàôà, k-öèêëè÷åñêèé
ãðàô � ýòî ãðàô ñ öèêëîìàòè÷åñêèì ÷èñëîì k.

Îïðåäåëåíèå 3. Ãðàô íàçûâàåòñÿ ïëàíàðíûì, åñëè åãî ìîæíî óëîæèòü íà ïëîñ-
êîñòè áåç ïåðåñå÷åíèÿ ð¼áåð [10, ñ. 127].

Îïðåäåëåíèå 4. Êàêòóñîì íàçûâàåòñÿ ñâÿçíûé ãðàô, â êîòîðîì íåò ð¼áåð, ëå-
æàùèõ áîëåå ÷åì íà îäíîì ïðîñòîì öèêëå [11, ñ. 93]. Âñå áëîêè êàêòóñà � ð¼áðà èëè
ïðîñòûå öèêëû.

Îïðåäåëåíèå 5. Êëàññ ãðàôîâ íàçûâàåòñÿ áëî÷íî-óñòîé÷èâûì, åñëè ãðàô ïðè-
íàäëåæèò ýòîìó êëàññó òîãäà è òîëüêî òîãäà, êîãäà êàæäûé áëîê ãðàôà ïðèíàäëåæèò
ýòîìó êëàññó [12].

Ïóñòü P (n, k) (P̄ (n, k))�÷èñëî ïîìå÷åííûõ ñâÿçíûõ ïëàíàðíûõ (íåïëàíàðíûõ)
k-öèêëè÷åñêèõ ãðàôîâ ñ n âåðøèíàìè.

Òåîðåìà 1. ×èñëî P̄ (n, 5) ïîìå÷åííûõ ñâÿçíûõ íåïëàíàðíûõ ïåíòàöèêëè÷åñêèõ
ãðàôîâ ñ n âåðøèíàìè ïðè n ⩾ 6 ðàâíî

P̄ (n, 5) = (n− 1)![z−1]enz
( nz7(2 + z)

48(1− z)11
+
z5(12 + 47z + 9z2 − 8z3)

24(1− z)13
)
z−n. (1)

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç B(n, k) ÷èñëî ïîìå÷åííûõ k-öèêëè÷åñêèõ
áëîêîâ ñ n âåðøèíàìè; Bk(z)� ýêñïîíåíöèàëüíóþ ïðîèçâîäÿùóþ ôóíêöèþ äëÿ
B(n, k); C(n, k)�÷èñëî ïîìå÷åííûõ ñâÿçíûõ k-öèêëè÷åñêèõ ãðàôîâ ñ n âåðøèíàìè.

Èçâåñòíà [13, 14] ôîðìóëà

C(n, k) =
(n− 1)!

nk!
[z−1]enzYk(n1!B

′
1(z), n2!B

′
2(z), . . . , nk!B

′
k(z))z

−n, (2)

ãäå [z−1]� îïåðàòîð ôîðìàëüíîãî âû÷åòà [15, ñ. 25], à Yk(x1, . . . , xk)�ìíîãî÷ëåíû ðàç-
áèåíèé (ìíîãî÷ëåíû Áåëëà). Äëÿ ýòèõ ìíîãî÷ëåíîâ èçâåñòíî âûðàæåíèå [16, ñ. 173]

Yk(x1, . . . , xk) =
∑
π(k)

k!

m1! . . .mk!

(x1
1!

)m1

. . .
(xk
k!

)mk

,
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ãäå ñóììèðîâàíèå ïðîâîäèòñÿ ïî âñåì ðàçáèåíèÿì π(k) ÷èñëà k, òî åñòü ïî âñåì íåîò-
ðèöàòåëüíûì ðåøåíèÿì (m1,m2, · · · ,mk) óðàâíåíèÿ m1 +2m2 + . . .+ kmk = k, mi ⩾ 0,
i = 1, . . . , k.

Ôîðìóëà (2) âåðíà íå òîëüêî äëÿ âñåãî êëàññà ñâÿçíûõ ãðàôîâ, íî è äëÿ áëî÷-
íî-óñòîé÷èâîãî åãî ïîäêëàññà [13]. Èçâåñòíî, ÷òî êëàññ ïëàíàðíûõ ãðàôîâ ÿâëÿåòñÿ
áëî÷íî-óñòîé÷èâûì [12].

Òàê êàê [15, ñ. 246]

Y5(x1, x2, x3, x4, x5) = x51 + 10x31x2 + 15x1x
2
2 + 10x21x3 + 10x2x3 + 5x1x4 + x5

è xi = ni!B′
i(z), èìååì

C(n, 5) =
(n− 1)!

120n
[z−1]enz

(
n5(B′

1(z))
5 + 20n4(B′

1(z))
3B′

2(z) + 60n3B′
1(z)(B

′
2(z))

2+

+60n3(B′
1(z))

2B′
3(z) + 120n2B′

2(z)B
′
3(z) + 120n2B′

1(z)B
′
4(z) + 120nB′

5(z)
)
z−n.

(3)

Îáîçíà÷èì ÷åðåç B̄(n, k) ÷èñëî ïîìå÷åííûõ íåïëàíàðíûõ k-öèêëè÷åñêèõ áëîêîâ
ñ n âåðøèíàìè, à ÷åðåç B̄k(z)� ýêñïîíåíöèàëüíóþ ïðîèçâîäÿùóþ ôóíêöèþ äëÿ
B̄(n, k).

Ïî òåîðåìå Ïîíòðÿãèíà �Êóðàòîâñêîãî ãðàô ïëàíàðåí òîëüêî òîãäà, êîãäà îí íå
ñîäåðæèò ïîäãðàôîâ, ãîìåîìîðôíûõ ïîëíîìó ãðàôó K5 èëè ïîëíîìó äâóäîëüíîìó
ãðàôó K3,3. Òàê êàê ãðàô K5 ÿâëÿåòñÿ 6-öèêëè÷åñêèì, à ãðàô K3,3 � 4-öèêëè÷åñêèì,
âñå óíèöèêëè÷åñêèå, áèöèêëè÷åñêèå è òðèöèêëè÷åñêèå áëîêè íå ìîãóò ñîäåðæàòü òà-
êèõ ïîäãðàôîâ è âñå ýòè áëîêè ÿâëÿþòñÿ ïëàíàðíûìè ãðàôàìè. Ïîýòîìó â âûðàæåíèå
äëÿ P̄ (n, 5) âîéäóò òîëüêî ñëàãàåìûå èç ðàçëîæåíèÿ (3), ñîäåðæàùèå ïðîèçâîäÿùèå
ôóíêöèè B̄4(z) è B̄5(z) äëÿ íåïëàíàðíûõ áëîêîâ:

P̄ (n, 5) =
(n− 1)!

120n
[z−1]enz

(
120n2B′

1(z)B̄
′
4(z) + 120nB̄′

5(z)
)
z−n. (4)

Òàê êàê óíèöèêëè÷åñêèé áëîê� ýòî ïðîñòîé öèêë, èìååì

B(n, 1) = (n− 1)!/2, B1(z) =
∞∑
n=3

1

2
(n− 1)!

zn

n!
, B′

1(z) =
z2

2(1− z)
.

Â [8] ïîëó÷åíà ôîðìóëà B̄(n, 4) =
n!

72

(
n+ 2

8

)
, èç êîòîðîé ñëåäóþò âûðàæåíèÿ

B̄4(z) =
z6

72(1− z)9
, B̄′

4(z) =
2z5 + z6

24(1− z)10
,

à òàêæå íàéäåíî çíà÷åíèå

P̄ (n, 4) =
n!

72

n∑
k=6

(
k + 2

8

)
knn−k−1

(n− k)!
. (5)

Â [9] äîêàçàíà ôîðìóëà

B̄(n, 5) =
n!

380160

(
n+ 1

7

)
(10n4 + 118n3 + 72n2 − 1232n− 1968),
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èç êîòîðîé ñëåäóåò

B̄5(z) =
z6(2 + 5z − 2z2)

24(1− z)12
, B̄′

5(z) =
z5(12 + 47z + 9z2 − 8z3)

24(1− z)13
.

Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ B̄4(z) è B̄5(z) â (4), ïîëó÷èì ôîðìóëó (1).

Â òàáëèöå ïðåäñòàâëåíû ÷èñëà P̄ (n, 4) è P̄ (n, 5), âû÷èñëåííûå ñ ïîìîùüþ ôîð-
ìóë (5), (1) è ïàêåòà ïðîãðàìì Maple.

n 6 7 8 9 10 11 12
P̄ (n, 4) 10 1050 73920 4483080 256032000 14353651620 807516864000
P̄ (n, 5) 60 8610 781200 58688280 4034520000 266400523620 17353002522240

2. Àñèìïòîòèêà è âåðîÿòíîñòü
Òåîðåìà 2. Äëÿ ÷èñëà P (n, 4) ïîìå÷åííûõ ñâÿçíûõ ïëàíàðíûõ òåòðàöèêëè÷å-

ñêèõ ãðàôîâ ñ n âåðøèíàìè ïðè n→∞ âåðíà àñèìïòîòèêà

P (n, 4) ∼ 121nn+4

13440
. (6)

Äîêàçàòåëüñòâî. Î÷åâèäíî, èìååì P (n, 4) = C(n, 4)− P̄ (n, 4).
Ïóñòü f(n, n + k)�÷èñëî ïîìå÷åííûõ ãðàôîâ ñ n âåðøèíàìè è (n + k) ð¼áðàìè.

Å. Ðàéò íàø¼ë àñèìïòîòèêó ïðè n→∞ è k = O(n1/2) [17]:

f(n, n+ k) ∼ ρkn
n+(3k−1)/2, ρk =

√
πσk

2(3k−1)/2Γ((3k/2) + 1)
,

σ0 =
1

4
, σ1 =

5

16
, σ2 =

15

16
, σk+1 =

3

2
(k + 1)σk +

k−1∑
s=1

σsσk−s, k ⩾ 2.

(7)

Ñ ïîìîùüþ ôîðìóëû äëÿ ãàììà-ôóíêöèè Γ

(
n+

1

2

)
=

(2n− 1)!!

2n
√
π ïðè n → ∞

íàéä¼ì

f(n, n+ 3) ∼ ρ3n
n+4, ρ3 =

√
πσ3

24Γ(11/2)
=

√
πσ3

169!!
25

√
π
=

2σ3
9 · 7 · 5 · 3

=
2σ3
945

,

σ3 =
9

2
σ2 + σ2

1 =
9

2
· 15
16

+
25

256
=

1105

256
, ρ3 =

2 · 1105
945 · 256

=
221

24192
,

C(n, 4) = f(n, n+ 3) ∼ 221

24192
nn+4.

(8)

Èñïîëüçóåì ñëåäóþùóþ ëåììó:

Ëåììà 1 [18]. Îáîçíà÷èì

An(m, q) = [z−1]
p(z, q)enzz−n

(1− z)m
, p(z, q) =

q∑
i=0

ciz
i,

òîãäà ïðè ôèêñèðîâàííûõ m, q è n→∞ âåðíà àñèìïòîòèêà

An(m, q) ∼
√
πp(1, q))nn+m/2

n!2m/2Γ((m+ 1)/2)
.
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Èç âûðàæåíèÿ (2) äëÿ òåòðàöèêëè÷åñêèõ ãðàôîâ c ïîìîùüþ ëåììû 1 ïîëó÷èì

P̄ (n, 4)=
(n− 1)!

24n
[z−1]enz24nB̄′

4(z)z
−n=

n!

n
[z−1]enz

2z5 + z6

24(1− z)10
z−n∼ n!

24n

√
π3nn+5

n!25Γ(11/2)
=
nn+4

7560
,

P (n, 4) = C(n, 4)− P̄ (n, 4) ∼ 221

24192
nn+4 − nn+4

7560
=

121

13440
nn+4.

Òåîðåìà 2 äîêàçàíà.

Çàäàäèì íà ìíîæåñòâå ïîìå÷åííûõ òåòðàöèêëè÷åñêèõ ãðàôîâ ñ n âåðøèíàìè ðàâ-
íîìåðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé.

Ñëåäñòâèå 1. Âåðîÿòíîñòü P4(n) òîãî, ÷òî ïîìå÷åííûé ñâÿçíûé òåòðàöèêëè÷å-
ñêèé ãðàô ÿâëÿåòñÿ ïëàíàðíûì, àñèìïòîòè÷åñêè ðàâíà 1089/1105 ≈ 0,9855.

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ ôîðìóë (6) è (8) ïðè n→∞ íàéä¼ì

P4(n) =
P (n, 4)

C(n, 4)
∼ 121nn+424192

13440nn+4221
=

1089

1105
≈ 0,9855.

Ñëåäñòâèå 1 äîêàçàíî.

Òåîðåìà 3. Äëÿ ÷èñëà P (n, 5) ïîìå÷åííûõ ñâÿçíûõ ïëàíàðíûõ ïåíòàöèêëè÷å-
ñêèõ ãðàôîâ ñ n âåðøèíàìè ïðè n→∞ âåðíà àñèìïòîòèêà

P (n, 5) ∼
√
π

2

1591nn+11/2

1474560
. (9)

Äîêàçàòåëüñòâî. Ñïðàâåäëèâî ðàâåíñòâî P (n, 5) = C(n, 5)− P̄ (n, 5).
Ñ ïîìîùüþ àñèìïòîòèêè (7) ïðè n→∞ íàéä¼ì

C(n, 5) = f(n, n+ 4) ∼ ρ4n
n+11/2, ρ4 =

√
πσ4

211/2Γ(7)
,

σ4 = 6σ3 +
2∑

s=1

σsσ3−s = 6σ3 + 2σ1σ2 = 6
1105

256
+ 2

5

16

15

16
=

1695

64
,

ρ4 =

√
π1695

32
√
2 · 720 · 64

=

√
π

2

339

294912
, C(n, 5) ∼

√
π

2

339

294912
nn+11/2 .

(10)

Ñ ïîìîùüþ ôîðìóëû (1) è ëåììû 1 ïîëó÷èì

P̄ (n, 5) = (n− 1)![z−1]enz
( nz7(2 + z)

48(1− z)11
+
z5(12 + 47z + 9z2 − 8z3)

24(1− z)13
)
z−n ∼

∼ n!

√
π3nn+11/2

n!48211/2Γ(6)
+
n!

n
·
√
π60nn+11/2

24213/2Γ(7)
=

√
π

2

( 1

61440
+

1

18432

)
nn+11/2 =

√
π

2

13nn+11/2

184320
,

P (n, 5) = C(n, 5)− P̄ (n, 5) ∼
√
π

2

339

294912
nn+11/2 −

√
π

2

13nn+11/2

184320
=

√
π

2

1591nn+11/2

1474560
.

Òåîðåìà 3 äîêàçàíà.

Çàäàäèì íà ìíîæåñòâå ïîìå÷åííûõ ïåíòàöèêëè÷åñêèõ ãðàôîâ ñ n âåðøèíàìè ðàâ-
íîìåðíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé.

Ñëåäñòâèå 2. Âåðîÿòíîñòü P5(n) òîãî, ÷òî ïîìå÷åííûé ñâÿçíûé ïåíòàöèêëè÷å-
ñêèé ãðàô ÿâëÿåòñÿ ïëàíàðíûì, àñèìïòîòè÷åñêè ðàâíà 1591/1695 ≈ 0,9386.
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Äîêàçàòåëüñòâî. Ñ ïîìîùüþ ôîðìóë (9) è (10) ïðè n→∞ íàéä¼ì

P5(n) =
P (n, 5)

C(n, 5)
∼
√
π

2

1591nn+11/2

1474560

294912

339nn+11/2
√
π/2

=
1591

1695
≈ 0,9386.

Ñëåäñòâèå 2 äîêàçàíî.

Â [6] äîêàçàíî, ÷òî ÷èñëî ïîìå÷åííûõ ñâÿçíûõ ïëàíàðíûõ ãðàôîâ ñ n âåðøèíàìè
ïðè n → ∞ àñèìïòîòè÷åñêè ðàâíî cn−7/2γnn!, ãäå c, γ �êîíñòàíòû. Êðîìå òîãî, èç-
âåñòíî, ÷òî ÷èñëî ïîìå÷åííûõ ñâÿçíûõ ãðàôîâ ñ n âåðøèíàìè àñèìïòîòè÷åñêè ðàâíî
÷èñëó ïîìå÷åííûõ íå îáÿçàòåëüíî ñâÿçíûõ ãðàôîâ ñ n âåðøèíàìè, òî åñòü 2n(n−1)/2 [11].
Èç ýòîãî ñëåäóåò, ÷òî ïî÷òè âñå ïîìå÷åííûå ñâÿçíûå ãðàôû ñ n âåðøèíàìè ÿâëÿþò-
ñÿ íåïëàíàðíûìè. Äëÿ ôèêñèðîâàííîãî öèêëîìàòè÷åñêîãî ÷èñëà k ïîâåäåíèå ÷èñëà
ïîìå÷åííûõ ïëàíàðíûõ ãðàôîâ ñ n âåðøèíàìè ïðè n→∞ äðóãîå.

Ïðè ðàâíîìåðíîì ðàñïðåäåëåíèè âåðîÿòíîñòåé íà ìíîæåñòâå ïîìå÷åííûõ ñâÿçíûõ
n-âåðøèííûõ k-öèêëè÷åñêèõ ãðàôîâ âåðîÿòíîñòü èõ ïëàíàðíîñòè ïðè n→∞ çàâèñèò
îò k è íå ðàâíà íóëþ. Ïóñòü Ca(n, k)�÷èñëî ïîìå÷åííûõ k-öèêëè÷åñêèõ êàêòóñîâ
ñ n âåðøèíàìè. Â [19] ïðè ôèêñèðîâàííîì k è n→∞ ïîëó÷åíà àñèìïòîòèêà

Ca(n, k) ∼
√
π

23k/2k!Γ
(
(k + 1)/2

)nn+(3k−4)/2.

Òàê êàê êàêòóñû ÿâëÿþòñÿ ïëàíàðíûìè ãðàôàìè, ñïðàâåäëèâû íåðàâåíñòâà

Ca(n, k) ⩽ P (n, k) ⩽ C(n, k),

√
π

23k/2k!Γ
(
(k + 1)/2

)nn+(3k−4)/2 ⩽ P (n, k) ⩽ ρkn
n+(3k−4)/2.

Ãèïîòåçà. Ïðè ôèêñèðîâàííîì k è n→∞ âåðíà àñèìïòîòèêà

P (n, k) ∼ ckn
n+(3k−4)/2,

ãäå ck �êîíñòàíòà, çàâèñÿùàÿ îò k.

Â ÷àñòíîñòè, c1 =

√
π

8
, c2 =

5

24
, c3 =

√
π

2
5

128
, c4 =

121

13440
, c5 =

√
π

2

1591

1474560
. Òàêèì

îáðàçîì, ãèïîòåçà âåðíà äëÿ k ⩽ 5.
Â çàêëþ÷åíèå îòìåòèì, ÷òî Å.Ô. Äìèòðèåâ [20] äðóãèì ñïîñîáîì ïåðå÷èñëÿë ïîìå-

÷åííûå ïëàíàðíûå òåòðàöèêëè÷åñêèå è ïåíòàöèêëè÷åñêèå ãðàôû, íî íå îïóáëèêîâàë
äîêàçàòåëüñòâà ñâîèõ ðåçóëüòàòîâ.

Àâòîð áëàãîäàðèò ðåöåíçåíòà çà ïîëåçíûå çàìå÷àíèÿ.
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