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Ðàññìàòðèâàåòñÿ êîíå÷íàÿ äèíàìè÷åñêàÿ ñèñòåìà, ñîñòîÿíèÿìè êîòîðîé ÿâëÿþò-
ñÿ âñå âîçìîæíûå îðèåíòàöèè äàííîãî ïîëíîãî ãðàôà, à ýâîëþöèîííàÿ ôóíêöèÿ
çàäà¼òñÿ ñëåäóþùèì îáðàçîì: äèíàìè÷åñêèì îáðàçîì îðãðàôà ÿâëÿåòñÿ îðãðàô,
ïîëó÷åííûé èç èñõîäíîãî ïóò¼ì ïåðåîðèåíòàöèè âñåõ äóã, âõîäÿùèõ â ñòîêè, äðó-
ãèõ îòëè÷èé ìåæäó èñõîäíûì îðãðàôîì è åãî îáðàçîì íåò. Õàðàêòåðèçóþòñÿ öèê-
ëè÷åñêèå ñîñòîÿíèÿ ñèñòåìû (ïðèíàäëåæàùèå àòòðàêòîðàì), ïðèâîäèòñÿ òàáëèöà
ñ êîëè÷åñòâîì öèêëè÷åñêèõ ñîñòîÿíèé è ñîñòîÿíèé, íå ÿâëÿþùèõñÿ öèêëè÷åñêèìè,
â ñèñòåìàõ îðèåíòàöèé ïîëíûõ ãðàôîâ ñ êîëè÷åñòâîì âåðøèí îò 1 äî 8 âêëþ÷è-
òåëüíî. Îïèñûâàåòñÿ ôîðìèðîâàíèå àòòðàêòîðîâ ñèñòåìû, èõ âèä, äëèíà, ïðèâî-
äèòñÿ òàáëèöà ñ ñîîòâåòñòâóþùèì êîëè÷åñòâîì àòòðàêòîðîâ â ñèñòåìàõ îðèåíòà-
öèé ïîëíûõ ãðàôîâ ñ êîëè÷åñòâîì âåðøèí îò 1 äî 8 âêëþ÷èòåëüíî.

Êëþ÷åâûå ñëîâà: àòòðàêòîð, ãðàô, èíôîðìàöèîííàÿ áåçîïàñíîñòü, êèáåðáåç-
îïàñíîñòü, êîíå÷íàÿ äèíàìè÷åñêàÿ ñèñòåìà, îðèåíòèðîâàííûé ãðàô, îòêàçî-

óñòîé÷èâîñòü, ïîëíûé ãðàô, öèêëè÷åñêîå ñîñòîÿíèå, ýâîëþöèîííàÿ ôóíêöèÿ.

ATTRACTORS AND CYCLIC STATES IN FINITE DYNAMIC SYSTEMS
OF COMPLETE GRAPHS ORIENTATIONS

A.V. Zharkova

Saratov State University, Saratov, Russia

Graph models occupy an important place in information security tasks. Finite dy-
namic systems of complete graphs orientations are considered. States of a dynamic
system (ΓKn , α), n ⩾ 1, are all possible orientations of a given complete graph Kn,
and the evolutionary function transforms the complete graph orientation by reversing
all arcs that go into sinks, and there are no other differences between the given and
the next digraphs. The cyclic (belonging to attractors) states of the system are char-
acterized, namely, state belongs to an attractor, if and only if it hasn’t a sink or its
indegrees vector is (n − 1, n − 2, . . . , 0). A table is given with the number of cyclic
and non-cyclic states in the systems of complete graphs orientations with the number
of vertices from 1 to 8 inclusive. The formation of attractors of the system, their
type and length are described, namely, there are attractors of length 1, each of which
is formed by state without sink, and attractors of length n, each of which is formed

by such states
−→
G ∈ ΓKn , in which indegrees vector is (n − 1, n − 2, . . . , 0), wherein

each such attractor represents a circuit, in which each next state is obtained from the

previous one as follows: if
−→
G has vector of indegrees of its vertices in the order of their

enumeration (d−(v1), d
−(v2), . . . , d

−(vn)), then α(
−→
G) ∈ ΓKn has vector of indegrees of
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its vertices in the order of their enumeration (d−(v1) + 1, d−(v2) + 1, . . . , d−(vn) + 1),
where the addition is calculated modulo n, and only these attractors. Note that in
the considered finite dynamic systems the number of attractors of length n is equal to
(n − 1)! and the number belonging to the attractors states is equal to n!. A table is
given with the corresponding number of attractors in the systems of complete graphs
orientations with the number of vertices from 1 to 8 inclusive.

Keywords: attractor, complete graph, cybersecurity, cyclic state, directed graph, evo-
lutionary function, fault-tolerance, finite dynamic system, graph, information security.

Ââåäåíèå
Ãðàôîâûå ìîäåëè çàíèìàþò âàæíîå ìåñòî â çàäà÷àõ, ñâÿçàííûõ ñ èíôîðìàöèîííîé

áåçîïàñíîñòüþ. Â âîïðîñàõ êèáåðáåçîïàñíîñòè ñ ïîìîùüþ ãðàôîâûõ ìîäåëåé ìîæíî,
íàïðèìåð, âûÿâëÿòü ñâÿçè ìåæäó ñóùíîñòÿìè ñèñòåìû, ãðóïïèðîâàòü èõ, îöåíèâàòü
èõ ïîâåäåíèå, âûÿâëÿòü ðàçëè÷íûå àíîìàëèè. Â çàäà÷àõ, ñâÿçàííûõ ñ îòêàçîóñòîé-
÷èâîñòüþ êîìïüþòåðíûõ ñåòåé, îòêàçû ïðîöåññîðîâ èíòåðïðåòèðóþòñÿ êàê óäàëåíèå
ñîîòâåòñòâóþùèõ âåðøèí, à îòêàçû ñåòåâûõ êàíàëîâ � êàê óäàëåíèå äóã. Ïðè èçó÷åíèè
ìîäåëüíûõ ãðàôîâ ìîæíî ïðèìåíÿòü èäåè è ìåòîäû òåîðèè êîíå÷íûõ äèíàìè÷åñêèõ
ñèñòåì [1�3]. Â ìîäåëè [1] â êà÷åñòâå ìåõàíèçìà âîññòàíîâëåíèÿ ðàáîòîñïîñîáíîñòè ñåòè
ïðåäëàãàåòñÿ òàê íàçûâàåìàÿ SER-äèíàìèêà áåñêîíòóðíûõ ñâÿçíûõ îðèåíòèðîâàííûõ
ãðàôîâ. Â íàñòîÿùåé ðàáîòå ïîëíûå ãðàôû èçó÷àþòñÿ ñ òî÷êè çðåíèÿ äèíàìè÷åñêîãî
ïîäõîäà ê êèáåðáåçîïàñíîñòè è îòêàçîóñòîé÷èâîñòè ãðàôîâûõ ñèñòåì.

1. Îñíîâíûå îïðåäåëåíèÿ è ïîñòàíîâêà çàäà÷è
Ïîä îðèåíòèðîâàííûì ãðàôîì (èëè, äëÿ êðàòêîñòè, îðãðàôîì) ïîíèìàåòñÿ ïàðà

−→
G = (V, β), ãäå V �êîíå÷íîå íåïóñòîå ìíîæåñòâî (âåðøèíû îðãðàôà), à β ⊆ V × V �
îòíîøåíèå íà ìíîæåñòâå V (ïàðà (u, v) ∈ β íàçûâàåòñÿ äóãîé îðãðàôà ñ íà÷àëîì u è
êîíöîì v). Îòíîøåíèå β íàçûâàþò îòíîøåíèåì ñìåæíîñòè. Îòñóòñòâèå ïåòåëü (äóã
ñ ñîâïàäàþùèìè íà÷àëîì è êîíöîì) â îðãðàôå

−→
G = (V, β) îçíà÷àåò àíòèðåôëåêñèâ-

íîñòü åãî îòíîøåíèÿ ñìåæíîñòè β. Íåîðèåíòèðîâàííûì ãðàôîì (èëè, äëÿ êðàòêîñòè,
ãðàôîì) íàçûâàåòñÿ ïàðà G = (V, β), ãäå β � ñèììåòðè÷íîå è àíòèðåôëåêñèâíîå îòíî-
øåíèå íà ìíîæåñòâå âåðøèí V . Äóãè íåîðèåíòèðîâàííîãî ãðàôà íàçûâàþò ð¼áðàìè.
Îðãðàô

−→
G = (V, β) íàçûâàåòñÿ íàïðàâëåííûì ãðàôîì (èëè äèãðàôîì), åñëè îòíîøå-

íèå α àíòèñèììåòðè÷íî. Ñòåïåíüþ èñõîäà âåðøèíû v ∈ V íàçûâàåòñÿ ÷èñëî d+(v) äóã
îðãðàôà

−→
G = (V, β), èìåþùèõ ñâîèì íà÷àëîì v. Ñòåïåíü çàõîäà âåðøèíû v� ýòî êî-

ëè÷åñòâî d−(v) äóã, èìåþùèõ v ñâîèì êîíöîì. Îðãðàô íàçûâàåòñÿ ôóíêöèîíàëüíûì,
åñëè d+(v) = 1 äëÿ ëþáîé åãî âåðøèíû v. Ãðàô G = (V, β) íàçûâàåòñÿ ïîëíûì, åñëè
ëþáûå äâå åãî âåðøèíû ñîåäèíåíû ðåáðîì. Ïîëíûé ãðàô ñ n âåðøèíàìè îáîçíà÷àåòñÿ
ñèìâîëîì Kn. Âåðøèíû u è v ãðàôà G íàçûâàþòñÿ ñâÿçàííûìè, åñëè â G ñóùåñòâó-
åò ïðîõîäÿùèé ÷åðåç íèõ ïóòü. Îòíîøåíèå ñâÿçàííîñòè ÿâëÿåòñÿ ýêâèâàëåíòíîñòüþ
íà ìíîæåñòâå âåðøèí ãðàôà. Êëàññû ýòîãî îòíîøåíèÿ íàçûâàþòñÿ êîìïîíåíòàìè

ñâÿçíîñòè (èëè ïðîñòî êîìïîíåíòàìè) ãðàôà. Ìàðøðóò, â êîòîðîì íèêàêàÿ äóãà íå
âñòðå÷àåòñÿ áîëåå îäíîãî ðàçà, íàçûâàåòñÿ ïóò¼ì. Ïóòü, êàæäàÿ âåðøèíà êîòîðîãî
ïðèíàäëåæèò íå áîëåå ÷åì äâóì åãî äóãàì, ÿâëÿåòñÿ ïðîñòûì. Ïðîñòîé öèêëè÷åñêèé
ïóòü â îðãðàôå íàçûâàåòñÿ êîíòóðîì. Ãîâîðÿò, ÷òî âåðøèíà v äîñòèæèìà èç âåð-
øèíû u, åñëè â îðãðàôå ñóùåñòâóåò ïóòü èç u â v. Âåðøèíà îðãðàôà, íåäîñòèæèìàÿ
èç äðóãèõ åãî âåðøèí, íàçûâàåòñÿ èñòî÷íèêîì, à âåðøèíà, èç êîòîðîé íå äîñòèæèìà
íèêàêàÿ äðóãàÿ âåðøèíà, � ñòîêîì [4].
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Ïîä êîíå÷íîé äèíàìè÷åñêîé ñèñòåìîé ïîíèìàåòñÿ ïàðà (S, δ), ãäå S �êîíå÷-
íîå íåïóñòîå ìíîæåñòâî, ýëåìåíòû êîòîðîãî íàçûâàþòñÿ ñîñòîÿíèÿìè ñèñòåìû;
δ : S → S � îòîáðàæåíèå ìíîæåñòâà ñîñòîÿíèé â ñåáÿ, íàçûâàåìîå ýâîëþöèîííîé

ôóíêöèåé ñèñòåìû. Êàæäîé êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå ñîïîñòàâëÿåòñÿ êàðòà,
ïðåäñòàâëÿþùàÿ ñîáîé ôóíêöèîíàëüíûé îðãðàô ñ ìíîæåñòâîì âåðøèí S è äóãàìè,
ïðîâåä¼ííûìè èç êàæäîé âåðøèíû s ∈ S â âåðøèíó δ(s). Êîìïîíåíòû ñâÿçíîñòè îð-
ãðàôà, çàäàþùåãî äèíàìè÷åñêóþ ñèñòåìó, íàçûâàþòñÿ å¼ áàññåéíàìè. Êàæäûé áàññåéí
ïðåäñòàâëÿåò ñîáîé êîíòóð ñ âõîäÿùèìè â íåãî äåðåâüÿìè. Êîíòóðû, â ñâîþ î÷åðåäü,
íàçûâàþòñÿ ïðåäåëüíûìè öèêëàìè, èëè àòòðàêòîðàìè. Ñîñòîÿíèå, ïðèíàäëåæàùåå
àòòðàêòîðó, íàçûâàåòñÿ öèêëè÷åñêèì.

Îñíîâíûìè ïðîáëåìàìè òåîðèè êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåì ÿâëÿþòñÿ çàäà-
÷è îòûñêàíèÿ ýâîëþöèîííûõ ïàðàìåòðîâ ñèñòåìû áåç ïðîâåäåíèÿ äèíàìèêè. Ê ÷èñëó
òàêèõ õàðàêòåðèñòèê îòíîñÿòñÿ ïðèíàäëåæíîñòü ñîñòîÿíèÿ àòòðàêòîðó, îïèñàíèå àò-
òðàêòîðîâ ñèñòåìû. Àâòîðîì îïèñàíû ñâîéñòâà ïðèíàäëåæíîñòè ñîñòîÿíèé àòòðàêòî-
ðàì, ñàìè àòòðàêòîðû êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåì îðèåíòàöèé íåêîòîðûõ òèïîâ
ãðàôîâ (íàïðèìåð, [5, 6]). Â äàííîé ðàáîòå ïðèâîäèòñÿ êðèòåðèé ïðèíàäëåæíîñòè ñî-
ñòîÿíèé àòòðàêòîðàì â êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåìàõ îðèåíòàöèé ïîëíûõ ãðàôîâ,
îïèñûâàåòñÿ ôîðìèðîâàíèå àòòðàêòîðîâ â äàííûõ ñèñòåìàõ, èõ âèä, äëèíà.

2. Îïèñàíèå êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓKn , α)

Ïóñòü äàí ïîëíûé ãðàô G = Kn, n ⩾ 1, m = n(n − 1)/2�÷èñëî ð¼áåð. Ïîìåòèì
âåðøèíû è ïðèäàäèì ð¼áðàì ïðîèçâîëüíóþ îðèåíòàöèþ, òåì ñàìûì ïîëó÷èâ íàïðàâ-
ëåííûé ãðàô

−→
G = (V, β), ãäå îòíîøåíèå ñìåæíîñòè β àíòèðåôëåêñèâíî è àíòèñèììåò-

ðè÷íî. Ïðèìåíèì ê ïîëó÷åííîìó îðãðàôó ýâîëþöèîííóþ ôóíêöèþ α, êîòîðàÿ îäíî-
âðåìåííî ïåðåîðèåíòèðóåò âñå äóãè, âõîäÿùèå â ñòîêè, à îñòàëüíûå äóãè îñòàâëÿåò áåç
èçìåíåíèÿ, â ðåçóëüòàòå ïîëó÷èì îðãðàô α(

−→
G). Åñëè ïðîäåëàòü óêàçàííûå äåéñòâèÿ

ñî âñåìè âîçìîæíûìè îðèåíòàöèÿìè äàííîãî ãðàôà, òî ïîëó÷èì êàðòó êîíå÷íîé äè-
íàìè÷åñêîé ñèñòåìû, ñîñòîÿùóþ èç îäíîãî èëè íåñêîëüêèõ áàññåéíîâ.

Òàêèì îáðàçîì, áóäåì ðàññìàòðèâàòü êîíå÷íóþ äèíàìè÷åñêóþ ñèñòåìó (ΓKn , α),
n ⩾ 1, ãäå ÷åðåç ΓKn îáîçíà÷èì ìíîæåñòâî âñåõ âîçìîæíûõ îðèåíòàöèé äàííîãî ïîë-
íîãî ãðàôà Kn, |ΓKn| = 2m, à ýâîëþöèîííàÿ ôóíêöèÿ α çàäà¼òñÿ ñëåäóþùèì îáðàçîì:
åñëè äàí íåêîòîðûé îðãðàô

−→
G ∈ ΓKn , òî åãî äèíàìè÷åñêèì îáðàçîì α(

−→
G) ÿâëÿåòñÿ îð-

ãðàô, ïîëó÷åííûé èç
−→
G îäíîâðåìåííîé ïåðåîðèåíòàöèåé âñåõ äóã, âõîäÿùèõ â ñòîêè,

äðóãèõ îòëè÷èé ìåæäó
−→
G è α(

−→
G) íåò.

Íà ðèñ. 1 ïðåäñòàâëåí ãðàô K3 è êàðòà êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓK3 , α).
Â ðàáîòå [1] ðàññìàòðèâàåòñÿ êîíå÷íàÿ äèíàìè÷åñêàÿ ñèñòåìà (Ω, α), ãäå Ω�ìíî-

æåñòâî âñåõ áåñêîíòóðíûõ îðèåíòàöèé äàííîãî ñâÿçíîãî ãðàôà, è çàìå÷àåòñÿ, ÷òî äëÿ
ïîëíîãî ãðàôà ñóùåñòâóåò n! áåñêîíòóðíûõ îðèåíòàöèé, ãäå n!�êîëè÷åñòâî ïåðåñòà-
íîâîê åãî âåðøèí, ïðè ýòîì ñèñòåìà èìååò (n − 1)! áàññåéíîâ, êàæäûé èç êîòîðûõ
ñîñòîèò èñêëþ÷èòåëüíî èç àòòðàêòîðà äëèíû n, òî åñòü âñå ñîñòîÿíèÿ äàííîé ñèñòåìû
ÿâëÿþòñÿ öèêëè÷åñêèìè.
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K3

Ðèñ. 1. Ãðàô K3 è êàðòà êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓK3 , α)

3. Öèêëè÷åñêèå ñîñòîÿíèÿ êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓKn , α)

Îïðåäåëåíèå 1. Ïîä âåêòîðîì ñòåïåíåé çàõîäà îðãðàôà áóäåì ïîíèìàòü âåê-
òîð, êîìïîíåíòàìè êîòîðîãî ÿâëÿþòñÿ ðàñïîëîæåííûå â óáûâàþùåì ïîðÿäêå ñòåïåíè
çàõîäà âñåõ åãî âåðøèí.

Íàïðèìåð, íà ðèñ. 1 ðàñïîëîæåííûé ñâåðõó ñëåâà îðãðàô èìååò âåêòîð ñòåïåíåé
çàõîäà (1, 1, 1).

Òåîðåìà 1. Â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓKn , α), n ⩾ 1, ñîñòîÿíèå
−→
G ∈

∈ ΓKn ïðèíàäëåæèò àòòðàêòîðó (ÿâëÿåòñÿ öèêëè÷åñêèì) òîãäà è òîëüêî òîãäà, êîãäà
îðãðàô

−→
G

1) íå èìååò ñòîêà
èëè
2) èìååò âåêòîð ñòåïåíåé çàõîäà (n− 1, n− 2, . . . , 0).

Äîêàçàòåëüñòâî.

Í å î á õ î ä è ì î ñ ò ü. Ïóñòü ñîñòîÿíèå
−→
G ∈ ΓKn êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû

(ΓKn , α), n ⩾ 1, ïðèíàäëåæèò àòòðàêòîðó, òî åñòü ÿâëÿåòñÿ öèêëè÷åñêèì. Î÷åâèäíî,
÷òî â îðãðàôå

−→
G ìîæåò áûòü íå áîëåå îäíîãî ñòîêà. Ðàññìîòðèì öèêëè÷åñêèå ñîñòîÿ-

íèÿ ñèñòåìû â çàâèñèìîñòè îò íàëè÷èÿ â íèõ ñòîêà.
1) Â îðãðàôå

−→
G íåò ñòîêà.

Ñîãëàñíî çàäàííîé ýâîëþöèîííîé ôóíêöèè α, ïîëó÷àåì, ÷òî α(
−→
G) =

−→
G , òåì ñà-

ìûì ñîñòîÿíèå
−→
G îáðàçóåò àòòðàêòîð åäèíè÷íîé äëèíû è, äåéñòâèòåëüíî, ÿâëÿåòñÿ

öèêëè÷åñêèì.
2) Â îðãðàôå

−→
G åñòü ñòîê.

Ïðè n = 2 ñèñòåìà (ΓK2 , α) èìååò äâà ñîñòîÿíèÿ, ó êàæäîãî åñòü ñòîê, è îíè îá-
ðàçóþò àòòðàêòîð äëèíû 2, òî åñòü ÿâëÿþòñÿ öèêëè÷åñêèìè, ïðè ýòîì îáà ñîñòîÿíèÿ
èìåþò âåêòîð ñòåïåíåé çàõîäà (1, 0).

Ïóñòü n ⩾ 3 è ñòîêîì ÿâëÿåòñÿ âåðøèíà vs, òî åñòü d−(vs) = n − 1. Ïîêàæåì, ÷òî
îðãðàô

−→
G èìååò âåêòîð ñòåïåíåé çàõîäà (n− 1, n− 2, . . . , 0).

Ïðåäïîëîæèì, ÷òî ýòî íå òàê. Äîïóñòèì, âåðøèíû vk è vl èìåþò îäèíàêîâóþ ñòå-
ïåíü çàõîäà: d−(vk) = d−(vl) = p. Çàìåòèì, ÷òî p ̸= 0 è p ̸= n − 1, òàê êàê èíà÷å
â îðãðàôå

−→
G áûëî áû íåñêîëüêî èñòî÷íèêîâ èëè ñòîêîâ, ÷òî íåâîçìîæíî.

Ïðèìåíèì ýâîëþöèîííóþ ôóíêöèþ ê ñîñòîÿíèþ
−→
G , ïîëó÷èì α(

−→
G) =

−→
G ′, ó êîòî-

ðîãî d−(v′s) = 0 (äëÿ íàãëÿäíîñòè äîáàâèì ′ ê ñîîòâåòñòâóþùèì âåðøèíàì), òàê êàê
ñòîê ñòàíåò èñòî÷íèêîì; d−(v

′

k) = d−(v
′

l) = p+1, òàê êàê vk è vl íå ÿâëÿëèñü ñòîêàìè è
òîëüêî åäèíñòâåííûå èíöèäåíòíûå èì è âåðøèíå vs äóãè ïîìåíÿëè ñâî¼ íàïðàâëåíèå,
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òåì ñàìûì óâåëè÷èâ èõ ñòåïåíü çàõîäà. Çàìåòèì, ÷òî p ̸= n−2, èíà÷å â
−→
G ′ âåðøèíû v

′

k

è v
′

l ñòàëè áû äâóìÿ ñòîêàìè, ÷òî íåâîçìîæíî. Òàêèì îáðàçîì, 1 ⩽ p ⩽ n− 3.

Òàê êàê ñîñòîÿíèå
−→
G ïðèíàäëåæèò àòòðàêòîðó, òî ñîñòîÿíèå

−→
G ′ òàêæå ïðèíàä-

ëåæèò ýòîìó æå àòòðàêòîðó, çíà÷èò, â
−→
G ′ åñòü ñòîê v′o, òî åñòü d−(v′o) = n − 1, ïðè

ýòîì â
−→
G d−(vo) = n − 2. Ïîëó÷àåì, ÷òî îðãðàô

−→
G èìååò âåêòîð ñòåïåíåé çàõîäà

(n − 1, n − 2, . . . , p, p, . . .) è ñîîòâåòñòâåííî îðãðàô
−→
G ′ èìååò âåêòîð ñòåïåíåé çàõîäà

(n− 1, . . . , p+ 1, p+ 1, . . . , 0).
Ïðîäîëæàÿ àíàëîãè÷íûå ðàññóæäåíèÿ è ó÷èòûâàÿ, ÷òî âñå ñîñòîÿíèÿ, ïîëó÷àåìûå

ïðè ïðèìåíåíèè ê òåêóùåìó îðãðàôó ýâîëþöèîííîé ôóíêöèè, ÿâëÿþòñÿ öèêëè÷åñêè-
ìè, äîéä¼ì äî ñîñòîÿíèÿ, â êîòîðîì ó ñîîòâåòñòâóþùèõ âåðøèí vk è vl ñòåïåíü çàõîäà
ðàâíà n − 1, òî åñòü â í¼ì îêàæåòñÿ äâà ñòîêà, ÷òî íåâîçìîæíî. Ïîëó÷èëè ïðîòèâî-
ðå÷èå. Òàêèì îáðàçîì, öèêëè÷åñêîå ñîñòîÿíèå ñèñòåìû, â îðãðàôå êîòîðîãî åñòü ñòîê,
èìååò âåêòîð ñòåïåíåé çàõîäà (n− 1, n− 2, . . . , 0).

Ä î ñ ò à ò î ÷ í î ñ ò ü.
1) Ïóñòü â îðãðàôå

−→
G íåò ñòîêà, òîãäà àíàëîãè÷íî ï. 1 â äîêàçàòåëüñòâå íåîáõîäè-

ìîñòè ïîëó÷àåì, ÷òî äàííîå ñîñòîÿíèå ÿâëÿåòñÿ öèêëè÷åñêèì.
2) Ïóñòü îðãðàô

−→
G èìååò âåêòîð ñòåïåíåé çàõîäà (n−1, n−2, . . . , 0), ïîêàæåì, ÷òî

äàííîå ñîñòîÿíèå ÿâëÿåòñÿ öèêëè÷åñêèì.
Ïðè n = 2 ñèñòåìà (ΓK2 , α) èìååò äâà ñîñòîÿíèÿ, êàæäîå èìååò âåêòîð ñòåïåíåé

çàõîäà (1, 0), è îíè îáðàçóþò àòòðàêòîð äëèíû 2, òî åñòü ÿâëÿþòñÿ öèêëè÷åñêèìè.
Ïóñòü n ⩾ 3.
à) Ïóñòü

−→
G 0 =

−→
G , à äàëåå

−→
G i = αi(

−→
G), i ⩾ 1.

Íå òåðÿÿ îáùíîñòè, ïóñòü âåêòîð ñòåïåíåé çàõîäà â îðãðàôå
−→
G0 è âåêòîð, ñîñòàâ-

ëåííûé èç ñòåïåíåé çàõîäà åãî âåðøèí â ïîðÿäêå èõ íóìåðàöèè, ñîâïàäàþò è ðàâíû
(n− 1, n− 2, . . . , 0). Òîãäà ó îðãðàôà

−→
G i âåêòîð, ñîñòàâëåííûé èç ñòåïåíåé çàõîäà åãî

âåðøèí â ïîðÿäêå èõ íóìåðàöèè, ðàâåí (n − 1 + i, n − 2 + i, . . . , 0 + i), ãäå ñëîæåíèå
îñóùåñòâëÿåòñÿ ïî ìîäóëþ n.

Ïîëó÷àåì, ÷òî ó îðãðàôà
−→
Gn = αn(

−→
G 0) âåêòîð, ñîñòàâëåííûé èç ñòåïåíåé çàõîäà

åãî âåðøèí â ïîðÿäêå èõ íóìåðàöèè, è âåêòîð ñòåïåíåé çàõîäà ñîâïàäàþò è ðàâíû
(n− 1, n− 2, . . . , 0), òî åñòü ðàâíû ñîîòâåòñòâóþùèì âåêòîðàì îðãðàôà

−→
G =

−→
G 0.

á) Ïîêàæåì ïî ïîñòðîåíèþ, ÷òî
−→
G 0 =

−→
Gn, òî åñòü îáðàçóåòñÿ àòòðàêòîð.

Ïîñòðîèì ïîñëåäîâàòåëüíî îðèåíòàöèþ ãðàôà, ó êîòîðîé âåêòîð, ñîñòàâëåííûé èç
ñòåïåíåé çàõîäà åãî âåðøèí â ïîðÿäêå èõ íóìåðàöèè, è âåêòîð ñòåïåíåé çàõîäà åñòü
(n− 1, n− 2, . . . , 0).

Ó âåðøèíû vn ñòåïåíü çàõîäà ðàâíà 0: d−(vn) = 0, òî åñòü îíà ÿâëÿåòñÿ èñòî÷íèêîì,
âñå ð¼áðà îðèåíòèðóåì èç íå¼.

Ó âåðøèíû vn−1 ñòåïåíü çàõîäà ðàâíà 1: d−(vn−1) = 1, òî åñòü îíà äîñòèæèìà òîëüêî
èç îäíîé âåðøèíû, à èìåííî èç vn, âñå îñòàëüíûå ð¼áðà îðèåíòèðóåì èç íå¼.

Ó âåðøèíû vn−2 ñòåïåíü çàõîäà ðàâíà 2: d−(vn−2) = 2, òî åñòü îíà äîñòèæèìà òîëüêî
èç äâóõ âåðøèí, à èìåííî èç vn è vn−1, âñå îñòàëüíûå ð¼áðà îðèåíòèðóåì èç íå¼.

Ïðîäîëæàÿ àíàëîãè÷íî, äîõîäèì äî âåðøèíû v1, ó êîòîðîé ñòåïåíü çàõîäà ðàâíà
n − 1: d−(v1) = n − 1, òî åñòü îíà ÿâëÿåòñÿ ñòîêîì, è íà ýòîì øàãå âñå ð¼áðà óæå
îðèåíòèðîâàíû â äàííóþ âåðøèíó.

Òàêèì îáðàçîì, ïîëó÷àåì åäèíñòâåííóþ îðèåíòàöèþ ãðàôà, ó êîòîðîé âåêòîð, ñî-
ñòàâëåííûé èç ñòåïåíåé çàõîäà åãî âåðøèí â ïîðÿäêå èõ íóìåðàöèè, è âåêòîð ñòåïåíåé
çàõîäà åñòü (n− 1, n− 2, . . . , 0), òî åñòü

−→
G 0 =

−→
Gn.
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Òàêèì îáðàçîì, îðãðàô
−→
G ñ âåêòîðîì ñòåïåíåé çàõîäà (n− 1, n− 2, . . . , 0) ïðèíàä-

ëåæèò àòòðàêòîðó, òî åñòü ÿâëÿåòñÿ öèêëè÷åñêèì.

Íàïðèìåð, â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓK3 , α) (ñì. ðèñ. 1) âñå âîñåìü ñî-
ñòîÿíèé ñèñòåìû ÿâëÿþòñÿ öèêëè÷åñêèìè, ïðè ýòîì äâà ñîñòîÿíèÿ íå èìåþò ñòîêà è
øåñòü ñîñòîÿíèé èìåþò âåêòîð ñòåïåíåé çàõîäà (2, 1, 0).

Â òàáë. 1 ïðèâåäåíû äàííûå ïî êîëè÷åñòâó ïðèíàäëåæàùèõ è íå ïðèíàäëåæàùèõ
àòòðàêòîðàì ñîñòîÿíèé â êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåìàõ (ΓKn , α) äëÿ 1 ⩽ n ⩽ 8,
ïîëó÷åííûå ñ ïîìîùüþ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.

Òà á ë è ö à 1
Êîëè÷åñòâî öèêëè÷åñêèõ ñîñòîÿíèé (ÖÑ) è ñîñòîÿíèé, íå ÿâëÿþùèõñÿ
öèêëè÷åñêèìè (ÍÖÑ), â êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåìàõ (ΓKn, α)

n Êîëè÷åñòâî ñîñòîÿíèé Êîëè÷åñòâî ÖÑ % Êîëè÷åñòâî ÍÖÑ %
1 1 1 100 0 0
2 2 2 100 0 0
3 8 8 100 0 0
4 64 56 87,5 8 12,5
5 1024 824 ≈ 80,5 200 ≈ 19,5
6 32768 27344 ≈ 83,4 5424 ≈ 16,6
7 2097152 1872816 ≈ 89,3 224336 ≈ 10,7
8 268435456 251698560 ≈ 93,8 16736896 ≈ 6,2

Ìîæíî çàìåòèòü, ÷òî êîëè÷åñòâî öèêëè÷åñêèõ ñîñòîÿíèé â êîíå÷íûõ äèíàìè÷åñêèõ
ñèñòåìàõ (ΓKn , α) ñîñòàâëÿåò àáñîëþòíîå áîëüøèíñòâî ïî ñðàâíåíèþ ñ ñîñòîÿíèÿìè,
íå ÿâëÿþùèìèñÿ öèêëè÷åñêèìè.

4. Àòòðàêòîðû êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓKn , α)

Òåîðåìà 2. Â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓKn , α), n ⩾ 1, ñóùåñòâóþò ñëå-
äóþùèå àòòðàêòîðû:

1) äëèíû 1, êàæäûé èç êîòîðûõ îáðàçîâàí ñîñòîÿíèåì
−→
G ∈ ΓKn , ó êîòîðîãî íåò

ñòîêà;
2) äëèíû n, êàæäûé èç êîòîðûõ ñîñòîèò èç ñîñòîÿíèé

−→
G ∈ ΓKn , ó êîòîðûõ âåê-

òîð ñòåïåíåé çàõîäà åñòü (n− 1, n− 2, . . . , 0), ïðè ýòîì àòòðàêòîð ïðåäñòàâëÿåò
ñîáîé êîíòóð, â êîòîðîì êàæäîå ñëåäóþùåå ñîñòîÿíèå ïîëó÷àåòñÿ èç ïðåäûäó-
ùåãî òàêèì îáðàçîì: åñëè (d−(v1), d

−(v2), . . . , d
−(vn))� âåêòîð, ñîñòàâëåííûé èç

ñòåïåíåé çàõîäà âåðøèí â ïîðÿäêå èõ íóìåðàöèè äëÿ
−→
G , òî äëÿ α(

−→
G) ∈ ΓKn ñî-

îòâåòñòâóþùèé âåêòîð ðàâåí (d−(v1)+1, d−(v2)+1, . . . , d−(vn)+1), ãäå ñëîæåíèå
îñóùåñòâëÿåòñÿ ïî ìîäóëþ n,

è òîëüêî îíè.

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîíå÷íóþ äèíàìè÷åñêóþ ñèñòåìó (ΓKn , α), n ⩾ 1.
Ñîñòîÿíèÿìè ñèñòåìû ÿâëÿþòñÿ âñå âîçìîæíûå îðèåíòàöèè ïîëíîãî ãðàôà Kn. Î÷å-
âèäíî, ÷òî â äàííûõ îðãðàôàõ ìîæåò áûòü íå áîëåå îäíîãî ñòîêà. Ðàññìîòðèì ñîñòî-
ÿíèÿ ñèñòåìû â çàâèñèìîñòè îò íàëè÷èÿ â íèõ ñòîêà.

1) Ó ñîñòîÿíèÿ íåò ñòîêà.
Ïðèìåíèì ê òàêîìó ñîñòîÿíèþ

−→
G ýâîëþöèîííóþ ôóíêöèþ α, ïîëó÷èì α(

−→
G) =

−→
G ,

òåì ñàìûì ñîñòîÿíèå
−→
G îáðàçóåò àòòðàêòîð åäèíè÷íîé äëèíû.

2) Ó ñîñòîÿíèÿ åñòü ñòîê.
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Ñîãëàñíî òåîðåìå 1, ïðèíàäëåæàùèå àòòðàêòîðàì ñîñòîÿíèÿ èìåþò âåêòîð ñòåïå-
íåé çàõîäà (n− 1, n− 2, . . . , 0).

Ðàññìîòðèì ïðîèçâîëüíîå öèêëè÷åñêîå ñîñòîÿíèå
−→
G , ïåðåíóìåðóåì åãî âåðøèíû

òàêèì îáðàçîì, ÷òîáû åãî âåêòîð ñòåïåíåé çàõîäà è âåêòîð, ñîñòàâëåííûé èç ñòåïåíåé
çàõîäà åãî âåðøèí â ïîðÿäêå íóìåðàöèè, ñîâïàäàëè.

Ïóñòü
−→
G 0 =

−→
G , à äàëåå

−→
G i = αi(

−→
G), i ⩾ 1. Îðãðàô

−→
G i èìååò âåêòîð, ñîñòàâëåííûé

èç ñòåïåíåé çàõîäà åãî âåðøèí â ïîðÿäêå èõ íóìåðàöèè, (n− 1 + i, n− 2 + i, . . . , 0 + i),
ãäå ñëîæåíèå îñóùåñòâëÿåòñÿ ïî ìîäóëþ n, à òàêæå, ñîãëàñíî òåîðåìå 1, èìååò âåê-
òîð ñòåïåíåé çàõîäà (n − 1, n − 2, . . . , 0). Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1 ïî-
ëó÷àåì, ÷òî

−→
Gn =

−→
G 0, òî åñòü îáðàçóåòñÿ àòòðàêòîð äëèíû n, êîòîðûé ñîñòîèò èç

òàêèõ ñîñòîÿíèé
−→
G ∈ ΓKn , ó êîòîðûõ âåêòîð ñòåïåíåé çàõîäà åñòü (n− 1, n− 2, . . . , 0),

ïðè ýòîì àòòðàêòîð ïðåäñòàâëÿåò ñîáîé êîíòóð, â êîòîðîì êàæäîå ñëåäóþùåå ñîñòî-
ÿíèå ïîëó÷àåòñÿ èç ïðåäûäóùåãî òàê: åñëè

−→
G èìååò âåêòîð, ñîñòàâëåííûé èç ñòåïå-

íåé çàõîäà âåðøèí â ïîðÿäêå íóìåðàöèè, ðàâíûé (d−(v1), d
−(v2), . . . , d

−(vn)), òî äëÿ
α(
−→
G) ∈ ΓKn âåêòîð, ñîñòàâëåííûé èç ñòåïåíåé çàõîäà âåðøèí â ïîðÿäêå íóìåðàöèè,

ðàâåí (d−(v1) + 1, d−(v2) + 1, . . . , d−(vn) + 1).

Íàïðèìåð, â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓK3 , α) íà ðèñ. 1 åñòü äâà àòòðàêòî-
ðà äëèíû 1, êàæäûé èç êîòîðûõ îáðàçîâàí ñîñòîÿíèåì, ó êîòîðîãî íåò ñòîêà, è äâà
àòòðàêòîðà äëèíû 3, êàæäûé èç êîòîðûõ ñîñòîèò èç ñîñòîÿíèé ñ âåêòîðîì ñòåïåíåé
çàõîäà (2, 1, 0) è ñîîòâåòñòâóþùèìè âåêòîðàìè, ñîñòàâëåííûìè èç ñòåïåíåé çàõîäà åãî
âåðøèí â ïîðÿäêå íóìåðàöèè, íàïðèìåð, äëÿ ñîñòîÿíèé ðàñïîëîæåííîãî ïîñåðåäèíå
àòòðàêòîðà èìååì (2, 1, 0)→ (0, 2, 1)→ (1, 0, 2)→ (2, 1, 0).

Çàìåòèì, ÷òî â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓKn , α), n ⩾ 1, êîëè÷åñòâî àò-
òðàêòîðîâ äëèíû n ðàâíî (n − 1)!, à êîëè÷åñòâî ñîñòîÿíèé, ïðèíàäëåæàùèõ äàííûì
àòòðàêòîðàì, ðàâíî n!.

Íàïðèìåð, êàðòà êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓK6 , α), |ΓK6| = 32768, ñîñòîèò
èç 26 744 áàññåéíîâ, ïðè ýòîì 27 344 ñîñòîÿíèÿ ïðèíàäëåæàò àòòðàêòîðàì (÷òî ñîñòàâ-
ëÿåò ≈ 83% îò îáùåãî ÷èñëà ñîñòîÿíèé), êîòîðûå îáðàçóþò 26 624 àòòðàêòîðà äëèíû 1
è 120 àòòðàêòîðîâ äëèíû 6.

Â òàáë. 2 ïðèâåäåíû äàííûå ïî êîëè÷åñòâó àòòðàêòîðîâ â êîíå÷íûõ äèíàìè÷åñêèõ
ñèñòåìàõ (ΓKn , α) äëÿ 1 ⩽ n ⩽ 8, ïîëó÷åííûå ñ ïîìîùüþ âû÷èñëèòåëüíûõ ýêñïåðè-
ìåíòîâ.

Òà á ë è ö à 2
Êîëè÷åñòâî àòòðàêòîðîâ â êîíå÷íûõ äèíàìè÷åñêèõ

ñèñòåìàõ (ΓKn , α)

n Êîëè÷åñòâî àòòðàêòîðîâ (áàññåéíîâ) Äëèíû 1 Äëèíû n
1 1 1 1
2 1 0 1
3 4 2 2
4 38 32 6
5 728 704 24
6 26744 26624 120
7 1868496 1867776 720
8 251663280 251658240 5040
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Çàêëþ÷åíèå
Â ðàáîòå ïðèâåä¼í êðèòåðèé ïðèíàäëåæíîñòè ñîñòîÿíèé àòòðàêòîðàì ðàññìàòðè-

âàåìîé êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓKn , α), n ⩾ 1, âñåõ âîçìîæíûõ îðèåíòàöèé
ãðàôà Kn, îïèñàíî ôîðìèðîâàíèå àòòðàêòîðîâ â äàííûõ ñèñòåìàõ, èõ âèä, äëèíà, ÷òî
ÿâëÿåòñÿ ïîëåçíûì äëÿ çàäà÷, ñâÿçàííûõ ñ èíôîðìàöèîííîé áåçîïàñíîñòüþ, â òîì
÷èñëå äëÿ ïîñòðîåíèÿ îòêàçîóñòîé÷èâûõ ãðàôîâûõ ñèñòåì.
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