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Èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû ôàêòîðèçàöèè öåëûõ ÷èñåë. Äàí-
íàÿ ïðîáëåìà, âîñõîäÿùàÿ åù¼ ê Ãàóññó, èìååò âàæíîå çíà÷åíèå äëÿ ñîâðåìåííîé
êðèïòîãðàôèè. Íàïðèìåð, íà ïðåäïîëîæåíèè î å¼ òðóäíîðàçðåøèìîñòè îñíîâûâà-
åòñÿ êðèïòîñòîéêîñòü ñèñòåìû øèôðîâàíèÿ ñ îòêðûòûì êëþ÷îì RSA. Â ðàáîòå
äîêàçûâàåòñÿ, ÷òî ïðè óñëîâèÿõ òðóäíîðàçðåøèìîñòè ýòîé ïðîáëåìû â õóäøåì
ñëó÷àå è P = BPP äëÿ å¼ ðåøåíèÿ íå ñóùåñòâóåò ïîëèíîìèàëüíîãî ñèëüíî ãå-
íåðè÷åñêîãî àëãîðèòìà. Ñèëüíî ãåíåðè÷åñêèé àëãîðèòì ðåøàåò ïðîáëåìó íå íà
âñ¼ì ìíîæåñòâå âõîäîâ, à íà ïîäìíîæåñòâå, ïîñëåäîâàòåëüíîñòü îòíîñèòåëüíûõ
ïëîòíîñòåé êîòîðîãî ïðè óâåëè÷åíèè ðàçìåðà ýêñïîíåíöèàëüíî áûñòðî ñõîäèòñÿ
ê åäèíèöå. Äëÿ äîêàçàòåëüñòâà èñïîëüçóåòñÿ ìåòîä ãåíåðè÷åñêîé àìïëèôèêàöèè,
êîòîðûé ïîçâîëÿåò ñòðîèòü ãåíåðè÷åñêè òðóäíûå ïðîáëåìû èç ïðîáëåì, òðóäíûõ
â õóäøåì ñëó÷àå. Îñíîâíûì èíãðåäèåíòîì ýòîãî ìåòîäà ÿâëÿåòñÿ îáúåäèíåíèå ýê-
âèâàëåíòíûõ âõîäîâ â äîñòàòî÷íî áîëüøèå ìíîæåñòâà. Ýêâèâàëåíòíîñòü âõîäîâ
îçíà÷àåò, ÷òî ðàññìàòðèâàåìàÿ ïðîáëåìà íà íèõ ðåøàåòñÿ îäèíàêîâî.

Êëþ÷åâûå ñëîâà: ãåíåðè÷åñêàÿ ñëîæíîñòü, ôàêòîðèçàöèÿ öåëûõ ÷èñåë.

ON GENERIC COMPLEXITY OF THE INTEGER FACTORIZATION
PROBLEM

A.N. Rybalov

Sobolev Institute of Mathematics, Omsk, Russia

In the paper, we study the generic complexity of the integer factorization problem.
This problem, which goes back to Gauss, has important applications in modern cryp-
tography. For example, the cryptographic strength of the famous public key encryp-
tion system RSA is based on the assumption of its hardness. We prove that under the
condition of worst-case hardness and P = BPP for the problem of integer factorization
there is no polynomial strongly generic algorithm. A strongly generic algorithm solves
a problem not on the entire set of inputs, but on a subset whose frequency sequence
converges exponentially to 1 with increasing size. To prove this theorem, we use the
method of generic amplification, which allows to construct generically hard problems
from the problems hard in the classical sense. The main component of this method is
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the cloning technique, which combines problem inputs together into sufficiently large
sets of equivalent inputs. Equivalence is understood in the sense that the problem is
solved similarly for them.

Keywords: generic complexity, integer factorization.

Ââåäåíèå
Ïðîáëåìà ôàêòîðèçàöèè (ðàçëîæåíèÿ íà ìíîæèòåëè) öåëûõ ÷èñåë ÿâëÿåòñÿ êëàñ-

ñè÷åñêîé àëãîðèòìè÷åñêîé ïðîáëåìîé òåîðèè ÷èñåë, âîñõîäÿùåé åù¼ ê Ãàóññó. Äëÿ íå¼
äî ñèõ ïîð íå íàéäåíû ýôôåêòèâíûå (ïîëèíîìèàëüíûå) àëãîðèòìû [1]. Íà ïðåäïîëî-
æåíèè î òðóäíîðàçðåøèìîñòè ïðîáëåìû ôàêòîðèçàöèè îñíîâàíà çíàìåíèòàÿ ñèñòåìà
øèôðîâàíèÿ ñ îòêðûòûì êëþ÷îì RSA [2].

Â ñîâðåìåííîé êðèïòîãðàôèè èíòåðåñíû òàêèå ïðîáëåìû, êîòîðûå, ÿâëÿÿñü (ãèïî-
òåòè÷åñêè) òðóäíûìè â êëàññè÷åñêîì ñìûñëå, îñòàþòñÿ òðóäíûìè è â ãåíåðè÷åñêîì
ñìûñëå, ò. å. äëÿ ïî÷òè âñåõ âõîäîâ. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî ïðè ñëó÷àéíîé ãåíåðà-
öèè êëþ÷åé â êðèïòîãðàôè÷åñêîì àëãîðèòìå ïðîèñõîäèò ãåíåðàöèÿ âõîäà íåêîòîðîé
òðóäíîé àëãîðèòìè÷åñêîé ïðîáëåìû, ëåæàùåé â îñíîâå àëãîðèòìà. Åñëè ïðîáëåìà áó-
äåò ëåãêîðàçðåøèìîé ïî÷òè âñåãäà, òî äëÿ ïî÷òè âñåõ òàêèõ âõîäîâ åå ìîæíî áóäåò
áûñòðî ðåøèòü è êëþ÷è ïî÷òè âñåãäà áóäóò íåñòîéêèìè. Ïîýòîìó ïðîáëåìà äîëæíà
áûòü òðóäíîé äëÿ ïî÷òè âñåõ âõîäîâ. Íàïðèìåð, òàêèì ïîâåäåíèåì îáëàäàþò êëàñ-
ñè÷åñêèå àëãîðèòìè÷åñêèå ïðîáëåìû êðèïòîãðàôèè: ïðîáëåìà ðàñïîçíàâàíèÿ êâàäðà-
òè÷íûõ âû÷åòîâ [3], ïðîáëåìà äèñêðåòíîãî ëîãàðèôìà [4], ïðîáëåìà èçâëå÷åíèÿ êîðíÿ
â ãðóïïàõ âû÷åòîâ [5] (ïðîáëåìà îáðàùåíèÿ ôóíêöèè RSA).

Ãåíåðè÷åñêèé ïîäõîä [6] � ýòî îäèí èç ïîäõîäîâ ê èçó÷åíèþ àëãîðèòìè÷åñêèõ ïðî-
áëåì äëÿ ¾ïî÷òè âñåõ¿ âõîäîâ. Â ðàìêàõ ýòîãî ïîäõîäà àëãîðèòìè÷åñêàÿ ïðîáëåìà
ðàññìàòðèâàåòñÿ íå íà âñ¼ì ìíîæåñòâå âõîäîâ, à íà íåêîòîðîì ïîäìíîæåñòâå ¾ïî÷òè
âñåõ¿ âõîäîâ. Òàêèå âõîäû îáðàçóþò òàê íàçûâàåìîå ãåíåðè÷åñêîå ìíîæåñòâî. Ïîíÿ-
òèå ¾ïî÷òè âñå¿ ôîðìàëèçóåòñÿ ââåäåíèåì åñòåñòâåííîé ìåðû íà ìíîæåñòâå âõîäíûõ
äàííûõ. Ñ òî÷êè çðåíèÿ ïðàêòèêè àëãîðèòìû, ðåøàþùèå áûñòðî ïðîáëåìó íà ãåíåðè-
÷åñêîì ìíîæåñòâå, òàê æå õîðîøè, êàê è áûñòðûå àëãîðèòìû äëÿ âñåõ âõîäîâ.

Â äàííîé ðàáîòå èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû ôàêòîðèçàöèè öåëûõ
÷èñåë. Äîêàçûâàåòñÿ, ÷òî ïðè óñëîâèè òðóäíîðàçðåøèìîñòè ýòîé ïðîáëåìû â õóäøåì
ñëó÷àå è P = BPP äëÿ íå¼ íå ñóùåñòâóåò ïîëèíîìèàëüíîãî ñèëüíî ãåíåðè÷åñêîãî àëãî-
ðèòìà. Ñèëüíî ãåíåðè÷åñêèé àëãîðèòì ðåøàåò ïðîáëåìó íå íà âñ¼ì ìíîæåñòâå âõîäîâ,
à íà ïîäìíîæåñòâå, ïîñëåäîâàòåëüíîñòü îòíîñèòåëüíûõ ïëîòíîñòåé êîòîðîãî ïðè óâå-
ëè÷åíèè ðàçìåðà ýêñïîíåíöèàëüíî áûñòðî ñõîäèòñÿ ê åäèíèöå. Êëàññ BPP ñîñòîèò èç
ïðîáëåì, ðàçðåøèìûõ çà ïîëèíîìèàëüíîå âðåìÿ íà âåðîÿòíîñòíûõ ìàøèíàõ Òüþðèí-
ãà. Ñ÷èòàåòñÿ, ÷òî êëàññ BPP ñîâïàäàåò ñ êëàññîì P, òî åñòü ëþáîé ïîëèíîìèàëüíûé
âåðîÿòíîñòíûé àëãîðèòì ìîæíî ýôôåêòèâíî äåðàíäîìèçèðîâàòü, ïîñòðîèâ ïîëèíîìè-
àëüíûé àëãîðèòì, íå èñïîëüçóþùèé ãåíåðàòîð ñëó÷àéíûõ ÷èñåë è ðåøàþùèé òó æå
ñàìóþ ïðîáëåìó. Õîòÿ ðàâåíñòâî P = BPP äî ñèõ ïîð íå äîêàçàíî, èìåþòñÿ âåñêèå
îñíîâàíèÿ â ïîëüçó íåãî [7].

1. Ãåíåðè÷åñêèå àëãîðèòìû
Ïóñòü I �íåêîòîðîå ìíîæåñòâî âõîäîâ. Äëÿ ïîäìíîæåñòâà S ⊆ I îïðåäåëèì ïîñëå-

äîâàòåëüíîñòü îòíîñèòåëüíûõ ïëîòíîñòåé

ρn(S) =
|Sn|
|In|

, n = 1, 2, 3, . . . ,
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ãäå In �ìíîæåñòâî âõîäîâ ðàçìåðà n, à Sn = S ∩ In. Çàìåòèì, ÷òî ρn(S)� ýòî âåðîÿò-
íîñòü ïîïàñòü â S ïðè ñëó÷àéíîé è ðàâíîâåðîÿòíîé ãåíåðàöèè âõîäîâ èç In. Â äàííîé
ðàáîòå ìíîæåñòâîì âõîäîâ äëÿ àëãîðèòìîâ ÿâëÿåòñÿ ìíîæåñòâî íàòóðàëüíûõ ÷èñåë,
çàïèñàííûõ â äâîè÷íîé ôîðìå. Ïîä ðàçìåðîì íàòóðàëüíîãî ÷èñëà ïîíèìàåì äëèíó
åãî äâîè÷íîé çàïèñè.

Àñèìïòîòè÷åñêîé ïëîòíîñòüþ ìíîæåñòâà S íàçîâåì âåðõíèé ïðåäåë

ρ(S) = lim
n→∞

ρn(S).

Ìíîæåñòâî S íàçûâàåòñÿ ãåíåðè÷åñêèì, åñëè ρ(S) = 1, è ïðåíåáðåæèìûì, åñëè
ρ(S) = 0. Î÷åâèäíî, ÷òî S ãåíåðè÷åñêîå òîãäà è òîëüêî òîãäà, êîãäà åãî äîïîëíåíèå
I \ S ïðåíåáðåæèìî.

Ñëåäóÿ [6], íàçîâ¼ì ìíîæåñòâî S ñèëüíî ïðåíåáðåæèìûì, åñëè ïîñëåäîâàòåëü-
íîñòü ρn(S) ýêñïîíåíöèàëüíî áûñòðî ñõîäèòñÿ ê íóëþ, ò. å. ñóùåñòâóþò êîíñòàíòû σ,
0 < σ < 1, è C > 0, òàêèå, ÷òî äëÿ ëþáîãî n

ρn(S) < Cσn.

Òåïåðü S íàçûâàåòñÿ ñèëüíî ãåíåðè÷åñêèì, åñëè åãî äîïîëíåíèå I \S ñèëüíî ïðåíåáðå-
æèìî.

Àëãîðèòì A ñ ìíîæåñòâîì âõîäîâ I è ìíîæåñòâîì âûõîäîâ J ∪ {?} (? /∈ J) íàçû-
âàåòñÿ (ñèëüíî) ãåíåðè÷åñêèì, åñëè:

1) A îñòàíàâëèâàåòñÿ íà âñåõ âõîäàõ èç I;
2) ìíîæåñòâî {x ∈ I : A(x) ̸= ?} ÿâëÿåòñÿ (ñèëüíî) ãåíåðè÷åñêèì.
Ãåíåðè÷åñêèé àëãîðèòì A âû÷èñëÿåò ôóíêöèþ f : I → J , åñëè (A(x) = y ∈ J) ⇒

⇒ (f(x) = y) äëÿ âñåõ x ∈ I. Ñèòóàöèÿ A(x) = ? îçíà÷àåò, ÷òî A íå ìîæåò âû÷èñëèòü
ôóíêöèþ f íà àðãóìåíòå x. Íî óñëîâèå 2 ãàðàíòèðóåò, ÷òî A êîððåêòíî âû÷èñëÿåò f íà
ïî÷òè âñåõ âõîäàõ (âõîäàõ èç ãåíåðè÷åñêîãî ìíîæåñòâà). Ìíîæåñòâî S ⊆ I íàçûâàåòñÿ
(ñèëüíî) ãåíåðè÷åñêè ðàçðåøèìûì çà ïîëèíîìèàëüíîå âðåìÿ, åñëè ñóùåñòâóåò (ñèëü-
íî) ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àëãîðèòì, âû÷èñëÿþùèé åãî õàðàêòåðèñòè÷åñêóþ
ôóíêöèþ.

2. Âåðîÿòíîñòíûå àëãîðèòìû
Íàïîìíèì íåêîòîðûå ïîíÿòèÿ êëàññè÷åñêîé òåîðèè ñëîæíîñòè âû÷èñëåíèé. Âðå-

ìÿ ðàáîòû tM(x) ìàøèíû Òüþðèíãà M íà âõîäå x ∈ I � ýòî ÷èñëî øàãîâ ìàøèíû îò
íà÷àëà ðàáîòû äî îñòàíîâêè. Åñëè M íà x íå îñòàíàâëèâàåòñÿ, ïîëàãàåì tM(x)=∞.
Ìàøèíà Òüþðèíãà M ïîëèíîìèàëüíà, åñëè ñóùåñòâóåò ïîëèíîì p(n), òàêîé, ÷òî äëÿ
ëþáîãî x ∈ I èìååò ìåñòî tM(x) < p(|x|). Êëàññ P ñîñòîèò èç ïîäìíîæåñòâ I, ðàñïî-
çíàâàåìûõ ïîëèíîìèàëüíûìè ìàøèíàìè Òüþðèíãà.

Âåðîÿòíîñòíàÿ ìàøèíà Òüþðèíãà� ýòî ìàøèíà Òüþðèíãà, â ïðîãðàììå êîòîðîé
äîïóñêàþòñÿ ïàðû ïðàâèë âèäà

(qi, a)→ (qj, b, S1),

(qi, a)→ (qk, c, S2).

Â ïðîöåññå ðàáîòû òàêîé ìàøèíû ñ âåðîÿòíîñòüþ 1/2 âûáèðàåòñÿ ïåðâîå ïðàâèëî è
ñ âåðîÿòíîñòüþ 1/2� âòîðîå. Îáîçíà÷èì ÷åðåç P[M(x) = y] âåðîÿòíîñòü òîãî, ÷òî ìà-
øèíàM íà âõîäå x âûäà¼ò îòâåò y. Âðåìÿ ðàáîòû tM(x, τ) âåðîÿòíîñòíîé ìàøèíû Òüþ-
ðèíãà íà âõîäå x çàâèñèò îò âû÷èñëèòåëüíîãî ïóòè (ïîñëåäîâàòåëüíîñòè âûïîëíåííûõ
êîìàíä) τ . Ïðîáëåìà S ⊆ I ïðèíàäëåæèò êëàññó BPP, åñëè ñóùåñòâóåò âåðîÿòíîñòíàÿ
ìàøèíà Òüþðèíãà M è ïîëèíîì p(n), òàêèå, ÷òî:
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1) äëÿ ëþáîãî x è äëÿ ëþáîãî âû÷èñëèòåëüíîãî ïóòè τ ìàøèíû M íà x èìååò
ìåñòî tM(x, τ) < p(|x|);

2) åñëè x ∈ S, òî P[M(x) = 1] > 2/3;
3) åñëè x /∈ S, òî P[M(x) = 0] > 2/3.

Âåðîÿòíîñòíûå ìàøèíû Òüþðèíãà ôîðìàëèçóþò ïîíÿòèå àëãîðèòìà, èñïîëüçóþ-
ùåãî ãåíåðàòîð ñëó÷àéíûõ ÷èñåë. Êëàññ BPP� ýòî êëàññ ïðîáëåì, ýôôåêòèâíî ðåøà-
åìûõ òàêèìè âåðîÿòíîñòíûìè àëãîðèòìàìè. Áîëüøèíñòâî ñïåöèàëèñòîâ ïî òåîðåòè÷å-
ñêîé èíôîðìàòèêå ñåé÷àñ ñ÷èòàåò, ÷òî èìååò ìåñòî ðàâåíñòâî P = BPP. Ýòî îçíà÷àåò,
÷òî ëþáîé ïîëèíîìèàëüíûé âåðîÿòíîñòíûé àëãîðèòì ìîæíî ýôôåêòèâíî äåðàíäîìè-
çèðîâàòü, ò. å. ïîñòðîèòü ïîëèíîìèàëüíûé äåòåðìèíèðîâàííûé àëãîðèòì, ðåøàþùèé
òó æå çàäà÷ó. Õîòÿ ðàâåíñòâî ïîêà íå äîêàçàíî, èìåþòñÿ ñåðü¼çíûå ðåçóëüòàòû â åãî
ïîëüçó [7].

3. Ïðîáëåìà ôàêòîðèçàöèè öåëûõ ÷èñåë
Ïðîáëåìà ôàêòîðèçàöèè öåëûõ ÷èñåë ñîñòîèò â ñëåäóþùåì. Äàíî íàòóðàëüíîå ÷èñ-

ëî N , çàïèñàííîå â äâîè÷íîé ñèñòåìå. Íåîáõîäèìî íàéòè åãî ðàçëîæåíèå â ïðîèçâåäå-
íèå ñòåïåíåé ïðîñòûõ ÷èñåë: N = pk11 . . . pkmm .

Ëåììà 1. Ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì, êîòîðûé äëÿ ëþáûõ íàòóðàëü-
íûõ ÷èñåë N è M ïî ðàçëîæåíèþ íà ïðîñòûå ìíîæèòåëè èõ ïðîèçâåäåíèÿ NM =
= pk11 . . . pkmm íàõîäèò ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè îòäåëüíî äëÿ ÷èñåë N è M .

Äîêàçàòåëüñòâî. Èñêîìûé ïîëèíîìèàëüíûé àëãîðèòì ðàáîòàåò ñëåäóþùèì
îáðàçîì. Äëÿ êàæäîãî ïðîñòîãî ÷èñëà pi, âõîäÿùåãî â ñòåïåíè ki â ðàçëîæåíèå ÷èñ-
ëàNM , ïûòàåìñÿ ðàçäåëèòüN ñíà÷àëà íà pi. ÅñëèN äåëèòñÿ íà pi áåç îñòàòêà, òîN/pi
äåëèì íà pi. È òàê äàëåå äî òåõ ïîð, ïîêà íå ïîëó÷èì íåíóëåâîé îñòàòîê îò äåëåíèÿ.
Òåì ñàìûì íàõîäèì ìàêñèìàëüíóþ ñòåïåíü si ïðîñòîãî pi, âõîäÿùóþ â ðàçëîæåíèå
÷èñëà N . Ïðîäåëàâ ýòî äëÿ âñåõ pi, íàéä¼ì èñêîìîå ðàçëîæåíèå N = psi1 . . . p

sm
m . Òîãäà

M = pki−si1 . . . pkm−sm
m .

Ïîëèíîìèàëüíîñòü àëãîðèòìà ñëåäóåò èç òîãî, ÷òî îïåðàöèÿ äåëåíèÿ ñ îñòàòêîì
ïðîâîäèòñÿ çà ïîëèíîìèàëüíîå âðåìÿ è êîëè÷åñòâî ïðîñòûõ ìíîæèòåëåé â ðàçëîæåíèè
÷èñëà NM îãðàíè÷åíî âåëè÷èíîé log(NM), òî åñòü ðàçìåðîì âõîäà.

4. Îñíîâíîé ðåçóëüòàò
Òåîðåìà 1. Åñëè ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àëãîðèòì,

ðåøàþùèé ïðîáëåìó ôàêòîðèçàöèè öåëûõ ÷èñåë, òî ñóùåñòâóåò âåðîÿòíîñòíûé ïîëè-
íîìèàëüíûé àëãîðèòì, ðåøàþùèé ýòó ïðîáëåìó íà âñ¼ì ìíîæåñòâå âõîäîâ.

Äîêàçàòåëüñòâî. Äîïóñòèì, ÷òî ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêèé ïîëèíîìè-
àëüíûé àëãîðèòì A, ðåøàþùèé ïðîáëåìó ôàêòîðèçàöèè. Ïîñòðîèì âåðîÿòíîñòíûé
ïîëèíîìèàëüíûé àëãîðèòì B, ðåøàþùèé ýòó ïðîáëåìó íà âñ¼ì ìíîæåñòâå âõîäîâ. Íà
íàòóðàëüíîì ÷èñëå N ðàçìåðà n (2n ⩽ N < 2n+1) àëãîðèòì B ðàáîòàåò ñëåäóþùèì
îáðàçîì:

1) ãåíåðèðóåò ñëó÷àéíî è ðàâíîâåðîÿòíî íàòóðàëüíîå ÷èñëî M ðàçìåðà n2 − n;
2) çàïóñêàåò àëãîðèòì A íà ÷èñëå NM ;
3) åñëè A(NM) ̸=?, òî åñòü àëãîðèòì âûäà¼ò ðàçëîæåíèå NM = pk11 . . . pkmm , òî ïî

ëåììå 1 íàõîäèì çà ïîëèíîìèàëüíîå âðåìÿ ðàçëîæåíèå íà ïðîñòûå ìíîæèòåëè
äëÿ ÷èñëà N ;

4) åñëè A(NM) = ?, òî âûäà¼ò îòâåò 2.
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Çàìåòèì, ÷òî ïîëèíîìèàëüíûé âåðîÿòíîñòíûé àëãîðèòì B âûäà¼ò ïðàâèëüíûé îòâåò
íà øàãå 3, à íà øàãå 4 ìîæåò âûäàòü íåïðàâèëüíûé îòâåò. Íóæíî äîêàçàòü, ÷òî âåðî-
ÿòíîñòü òîãî, ÷òî îòâåò âûäà¼òñÿ íà øàãå 4, ìåíüøå 1/3.

Îöåíèì âåðîÿòíîñòü âûäà÷è îòâåòà íà øàãå 4. ×èñëîM èìååò ðàçìåð n2−n, çíà÷èò,
ðàçìåð ÷èñëà NM ðàâåí n2 − n+ n = n2. Âåðîÿòíîñòü òîãî, ÷òî äëÿ NM èìååò ìåñòî
A(NM) = ?, íå áîëüøå

|{K ∈ N : A(K) = ?}n2|
|{NM :M ∈ Nn2−n}n2|

=
|{K ∈ N : A(K) = ?}n2 |

|Nn2|
|Nn2 |

|{NM :M ∈ Nn2−n}n2|
=

=
|{K ∈ N : A(K) = ?}n2|

|Nn2|
2n

2

2n2−n = 2n
|{K ∈ N : A(K) = ?}n2|

|Nn2|
.

Òàê êàê ìíîæåñòâî {K ∈ N : A(K) = ?} ñèëüíî ïðåíåáðåæèìîå, òî ñóùåñòâóåò êîí-
ñòàíòà α > 0, òàêàÿ, ÷òî

|{K ∈ N : A(K) = ?}n2|
|Nn2|

<
1

2αn2

äëÿ ëþáîãî n. Ïîýòîìó èñêîìàÿ âåðîÿòíîñòü îòâåòà íà øàãå 4 íå áîëüøå

2n

2αn2 =
1

2αn2−n <
1

3

ïðè áîëüøèõ n.

Òåîðåìà 2. Åñëè äëÿ ïðîáëåìû ôàêòîðèçàöèè íå ñóùåñòâóåò ïîëèíîìèàëüíîãî
àëãîðèòìà è P = BPP, òî äëÿ íå¼ íå ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêîãî ïîëèíîìèàëü-
íîãî àëãîðèòìà.

Äîêàçàòåëüñòâî. Ïóñòü ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêèé àëãîðèòì, ðåøàþùèé
ïðîáëåìó ôàêòîðèçàöèè. Òîãäà, ïî òåîðåìå 1, ñóùåñòâóåò âåðîÿòíîñòíûé ïîëèíîìè-
àëüíûé àëãîðèòì, ðåøàþùèé å¼ íà âñ¼ì ìíîæåñòâå âõîäîâ. Ýòîò æå àëãîðèòì ðå-
øàåò ñëåäóþùóþ ïðîáëåìó ðàñïîçíàâàíèÿ A, êîòîðàÿ ïîëèíîìèàëüíî ýêâèâàëåíòíà
ïðîáëåìå ôàêòîðèçàöèè: äàíû íàòóðàëüíûå ÷èñëà N è K, íóæíî îïðåäåëèòü, ñóùå-
ñòâóåò ëè íååäèíè÷íûé ìíîæèòåëü N ìåíüøå K. Òàêèì îáðàçîì, ïðîáëåìà A ëåæèò
â êëàññå BPP. Òàê êàê P = BPP, òî îíà ëåæèò è â êëàññå P, à çíà÷èò, äëÿ ïðîáëåìû
ôàêòîðèçàöèè ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì. Ïðîòèâîðå÷èå.
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