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Èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâ-
íåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñî ñëîæåíèåì. Äîêàçûâàåòñÿ NP-ïîëíîòà ýòîé
ïðîáëåìû, ïðåäëàãàåòñÿ ïîëèíîìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì å¼ ðåøåíèÿ.
Äîêàçûâàåòñÿ, ÷òî ïðè P ̸= NP è P = BPP äëÿ ïðîáëåìû ïðîâåðêè ñîâìåñòíî-
ñòè ñèñòåì óðàâíåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñ íóë¼ì íå ñóùåñòâóåò ñèëüíî
ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî àëãîðèòìà. Äëÿ ñèëüíî ãåíåðè÷åñêîãî ïîëèíî-
ìèàëüíîãî àëãîðèòìà íåò ýôôåêòèâíîãî ìåòîäà ñëó÷àéíîé ãåíåðàöèè âõîäîâ, íà
êîòîðûõ ýòîò àëãîðèòì íå ìîæåò ðåøèòü ïðîáëåìó.

Êëþ÷åâûå ñëîâà: ãåíåðè÷åñêàÿ ñëîæíîñòü, ëèíåéíûå óðàâíåíèÿ, íàòóðàëüíûå

÷èñëà.

ON THE GENERIC COMPLEXITY OF SOLVING EQUATIONS
OVER NATURAL NUMBERS WITH ADDITION

A.N. Rybalov

Sobolev Institute of Mathematics, Omsk, Russia

We study the general complexity of the problem of determining the solvability of
equations systems over natural numbers with the addition. The NP-completeness of
this problem is proved. A polynomial generic algorithm for solving this problem is
proposed. It is proved that if P ̸= NP and P = BPP, then for the problem of checking
the solvability of systems of equations over natural numbers with zero there is no
strongly generic polynomial algorithm. For a strongly generic polynomial algorithm,
there is no efficient method for random generation of inputs on which the algorithm
cannot solve the problem. To prove this theorem, we use the method of generic
amplification, which allows us to construct generically hard problems from problems
that are hard in the classical sense. The main feature of this method is the cloning
technique, which combines the input data of a problem into sufficiently large sets of
equivalent input data. Equivalence is understood in the sense that the problem is
solved similarly for them.

Keywords: generic complexity, linear equations, natural numbers.
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Ââåäåíèå
Ðåøåíèå óðàâíåíèé è ñèñòåì óðàâíåíèé íàä âåùåñòâåííûìè, êîìïëåêñíûìè, ðàöè-

îíàëüíûìè, öåëûìè ÷èñëàìè ÿâëÿåòñÿ êëàññè÷åñêîé òåìîé èññëåäîâàíèé â ðàçëè÷íûõ
îáëàñòÿõ ìàòåìàòèêè â òå÷åíèå óæå íåñêîëüêèõ òûñÿ÷ ëåò. Êëàññè÷åñêàÿ àëãåáðàè-
÷åñêàÿ ãåîìåòðèÿ èçó÷àåò ìíîæåñòâà ðåøåíèé àëãåáðàè÷åñêèõ óðàâíåíèé íàä ïîëÿìè
âåùåñòâåííûõ è êîìïëåêñíûõ ÷èñåë. Â ðàìêàõ äèîôàíòîâîé ãåîìåòðèè è äèîôàíòîâà
àíàëèçà èçó÷àþòñÿ ðåøåíèÿ àëãåáðàè÷åñêèõ óðàâíåíèé íàä öåëûìè è ðàöèîíàëüíû-
ìè ÷èñëàìè. Â XX âåêå áîëüøóþ ðîëü íà÷àëè èãðàòü âû÷èñëèòåëüíûå àñïåêòû ýòèõ
òåîðèé. Èçó÷åíèå àëãîðèòìè÷åñêèõ ïðîáëåì, ñâÿçàííûõ ñ îïðåäåëåíèåì íàëè÷èÿ ðå-
øåíèÿ ó ñèñòåì óðàâíåíèé, à òàêæå ñ íàõîæäåíèåì è îïèñàíèåì ìíîæåñòâà ðåøåíèé,
ÿâëÿåòñÿ òåìîé ìíîãî÷èñëåííûõ òåîðåòè÷åñêèõ è ïðàêòè÷åñêèõ èññëåäîâàíèé.

Êàê ïðàâèëî, ïðîáëåìà îïðåäåëåíèÿ ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä ðàçëè÷-
íûìè àëãåáðàè÷åñêèìè ñèñòåìàìè ÿâëÿåòñÿ ëèáî íåðàçðåøèìîé, ëèáî èìååò áîëüøóþ
âû÷èñëèòåëüíóþ ñëîæíîñòü. Äàæå íàä íåòðèâèàëüíûìè êîíå÷íûìè àëãåáðàè÷åñêèìè
ñèñòåìàìè, íàïðèìåð íàä êîíå÷íûìè ïîëÿìè, ýòà ïðîáëåìà îêàçûâàåòñÿ NP-ïîëíîé.
Ýòî îçíà÷àåò, ÷òî ïðè óñëîâèè P ̸= NP äëÿ íå¼ íå ñóùåñòâóåò ïîëèíîìèàëüíûõ àëãî-
ðèòìîâ. Ïîýòîìó àêòóàëüíûì ÿâëÿåòñÿ èçó÷åíèå ãåíåðè÷åñêîé ñëîæíîñòè [1] äàííûõ
ïðîáëåì. Â ðàìêàõ ãåíåðè÷åñêîãî ïîäõîäà àëãîðèòìè÷åñêàÿ ïðîáëåìà ðàññìàòðèâàåò-
ñÿ íå íà âñ¼ì ìíîæåñòâå âõîäîâ, à íà íåêîòîðîì ïîäìíîæåñòâå ¾ïî÷òè âñåõ¿ âõîäîâ.
Òàêèå âõîäû îáðàçóþò òàê íàçûâàåìîå ãåíåðè÷åñêîå ìíîæåñòâî. Ïîíÿòèå ¾ïî÷òè âñå¿
ôîðìàëèçóåòñÿ ââåäåíèåì àñèìïòîòè÷åñêîé ïëîòíîñòè íà ìíîæåñòâå âõîäíûõ äàííûõ.
Ðåçóëüòàòû îá àñèìïòîòè÷åñêîé ïëîòíîñòè ñîâìåñòíûõ óðàâíåíèé â ñâîáîäíûõ ãðóï-
ïàõ [2] è â íèëüïîòåíòíûõ ãðóïïàõ [3] ïîëó÷åíû Ð. Ãèëìàíîì, À. Ã. Ìÿñíèêîâûì è
Â.À. Ðîìàíüêîâûì. Ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû ñîâìåñòíîñòè óðàâíåíèé íàä
êîëüöîì öåëûõ ÷èñåë èçó÷àëàñü À.Í. Ðûáàëîâûì [4], à íàä êîíå÷íûìè ãðóïïàìè, ïî-
ëÿìè è ïîëóãðóïïàìè�À.Í. Ðûáàëîâûì è À.Í. Øåâëÿêîâûì [5]. Óðàâíåíèÿ íàä ìî-
íîèäîì íàòóðàëüíûõ ÷èñåë ïî ñëîæåíèþ â ðàìêàõ óíèâåðñàëüíîé àëãåáðàè÷åñêîé ãåî-
ìåòðèè èññëåäîâàëèñü â ðàáîòàõ À.Í. Øåâëÿêîâà [6, 7]. Ñ.Ë. Êðèâûì [8] ðàññìîòðåíû
êðèòåðèè ñîâìåñòíîñòè ñèñòåìû ëèíåéíûõ äèîôàíòîâûõ óðàâíåíèé íàä ìíîæåñòâîì
íàòóðàëüíûõ ÷èñåë, à òàêæå äàíû âåðõíèå îöåíêè äëÿ êîìïîíåíò ìèíèìàëüíîãî ìíî-
æåñòâà ðåøåíèé è àëãîðèòìû ïîñòðîåíèÿ ìèíèìàëüíûõ ïîðîæäàþùèõ íàáîðîâ ðåøå-
íèé äëÿ âñåõ òàêèõ ñèñòåì.

Â äàííîé ðàáîòå èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû ïðîâåðêè ñîâìåñò-
íîñòè ñèñòåì óðàâíåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñî ñëîæåíèåì.

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ïóñòü N = {1, 2, 3, . . .}�ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, íà÷èíàþùååñÿ ñ 1, à

ω = {0, 1, 2, . . .}�ìíîæåñòâî íàòóðàëüíûõ ÷èñåë ñ íóë¼ì. Áóäåì ðàññìàòðèâàòü äâå
àëãåáðàè÷åñêèå ñèñòåìû N0 = ⟨ω,+⟩ è N1 = ⟨N,+⟩. Íåòðóäíî ïîêàçàòü, ÷òî ëþáóþ
ñèñòåìó óðàâíåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñî ñëîæåíèåì ìîæíî ïðèâåñòè ê ýêâè-
âàëåíòíîé ñèñòåìå, â êîòîðîé êàæäîå óðàâíåíèå ÿâëÿåòñÿ ðàâåíñòâîì îäíîãî èç ñëå-
äóþùèõ òèïîâ:

1) xi = xj + xk;
2) xi = 1.

Ïðè ýòîì â k-ì óðàâíåíèè ñèñòåìû ìîãóò âñòðå÷àòüñÿ òîëüêî ïåðåìåííûå xi, ãäå
i ⩽ 3k. Ïîä ñèñòåìîé óðàâíåíèé áóäåì ïîíèìàòü ñèñòåìó îïèñàííîãî âèäà. Ðàçìåð
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òàêîé ñèñòåìû� ýòî ÷èñëî óðàâíåíèé â íåé. Îáîçíà÷èì ÷åðåç S ìíîæåñòâî âñåõ ñèñòåì
óðàâíåíèé.

Ëåììà 1. ×èñëî ñèñòåì óðàâíåíèé ðàçìåðà n ðàâíî

|Sn| =
n∏

k=1

(27k3 + 3k).

Äîêàçàòåëüñòâî. Äëÿ t-ãî óðàâíåíèÿ â ñèñòåìå S ∈ Sn ñóùåñòâóåò (3t)3 âàðèàí-
òîâ âûáðàòü óðàâíåíèå âèäà xi = xj+xk è 3t âàðèàíòîâ âûáðàòü óðàâíåíèå âèäà xi = 1.
Èòîãî äëÿ t-ãî óðàâíåíèÿ åñòü 27t3 + 3t âàðèàíòîâ; äëÿ âñåé ñèñòåìû èç n óðàâíåíèé

èìååì |Sn| =
n∏

k=1

(27k3 + 3k) âàðèàíòîâ.

Îñíîâíûå îïðåäåëåíèÿ ãåíåðè÷åñêîãî ïîäõîäà ìîæíî íàéòè â [1] èëè â [4]. Îïðåäå-
ëåíèÿ âû÷èñëèòåëüíûõ êëàññîâ P, NP è BPP ñîäåðæàòñÿ â [9].

2. NP-ïîëíîòà
Òåîðåìà 1. Ïðîáëåìû ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä N1 è N0

ÿâëÿþòñÿ NP-ïîëíûìè.

Äîêàçàòåëüñòâî. Ïðèíàäëåæíîñòü ýòèõ ïðîáëåì ê êëàññó NP ñëåäóåò èç òî-
ãî, ÷òî â êà÷åñòâå ïîäñêàçêè (ðåøåíèÿ) ìîæíî âçÿòü çíà÷åíèÿ ïåðåìåííûõ, êîòîðûå
äåëàþò âñå óðàâíåíèÿ ñèñòåìû èñòèííûìè. Òî, ÷òî ðàçìåð ìèíèìàëüíîãî ðåøåíèÿ
â äâîè÷íîé çàïèñè îãðàíè÷åí ïîëèíîìèàëüíî îò ðàçìåðà ñèñòåìû, äîêàçûâàåòñÿ, íà-
ïðèìåð, â [10].

Äîêàæåì, ÷òî ê ïðîáëåìå ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä N1 ïîëè-
íîìèàëüíî ñâîäèòñÿ èçâåñòíàÿ NP-ïîëíàÿ ïðîáëåìà î âûïîëíèìîñòè 3-ÊÍÔ, êîòîðàÿ
çàêëþ÷àåòñÿ â ñëåäóþùåì.

3-ÊÍÔ Φ(x1, . . . , xn)� ýòî êîíúþíêöèÿ äèçúþíêöèé âèäà (α1 ∨ α2 ∨ α3), ãäå αi,
i = 1, 2, 3, åñòü ëèáî áóëåâà ïåðåìåííàÿ xk, ëèáî å¼ îòðèöàíèå xk. Íóæíî îïðåäåëèòü,
ÿâëÿåòñÿ ëè çàäàííàÿ 3-ÊÍÔ Φ(x1, . . . , xn) âûïîëíèìîé, òî åñòü ñóùåñòâóþò ëè çíà÷å-
íèÿ a1, . . . , an ∈ {0, 1}, òàêèå, ÷òî Φ(a1, . . . , an) = 1.

Ïîñòðîèì ïî 3-ÊÍÔ Φ(x1, . . . , xn) ñèñòåìó óðàâíåíèé íàä N1, êîòîðàÿ èìååò ðåøå-
íèå òîãäà è òîëüêî òîãäà, êîãäà Φ(x1, . . . , xn) âûïîëíèìà. Äëÿ ýòîãî êàæäîé áóëåâîé
ïåðåìåííîé èç Φ ñîïîñòàâèì äâå íàòóðàëüíîçíà÷íûå ïåðåìåííûå x è y, à òàêæå çàïè-
øåì ñèñòåìó óðàâíåíèé ñ íîâûìè âñïîìîãàòåëüíûìè ïåðåìåííûìè t1, t2, t3:

t1 = 1,

t2 = t1 + t1,

t3 = t1 + t2,

t3 = x+ y.

Ýòà ñèñòåìà ãàðàíòèðóåò, ÷òî x è y ìîãóò ïðèíèìàòü çíà÷åíèÿ òîëüêî 1 èëè 2. ×èñëî 2
âûïîëíÿåò ðîëü ëîãè÷åñêîé åäèíèöû (èñòèíà), à 1�ëîãè÷åñêîãî íóëÿ (ëîæü). Ó ïåðå-
ìåííûõ ðîëè òàêîâû: x ìîäåëèðóåò ñîîòâåòñòâóþùóþ ëîãè÷åñêóþ ïåðåìåííóþ, à y�
å¼ îòðèöàíèå.

Äàëåå ñìîäåëèðóåì äèçúþíêöèþ (α1 ∨ α2 ∨ α3). Äëÿ ýòîãî âîçüì¼ì ïåðåìåííûå
z1, z2, z3 íàä N, ñîîòâåòñòâóþùèå ëîãè÷åñêèì ïåðåìåííûì (èëè èõ îòðèöàíèÿì) èç
äèçúþíêöèè, è çàïèøåì ñèñòåìó
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

u1 = 1,

u2 = u1 + u1,

u3 = u1 + u2,

s = u+ u3,

r = z1 + z2,

s = r + z3,

ãäå u, u1, u2, u3, s, r�íîâûå âñïîìîãàòåëüíûå ïåðåìåííûå. Çàìåòèì, ÷òî ýòà ñèñòåìà
ñîâìåñòíà íàä N òîãäà è òîëüêî òîãäà, êîãäà õîòÿ áû îäíà èç ïåðåìåííûõ z1, z2, z3
ðàâíà 2, ÷òî ñîîòâåòñòâóåò èñòèííîñòè ñîîòâåòñòâóþùåé äèçúþíêöèè.

Òåïåðü ïî êàæäîé äèçúþíêöèè 3-ÊÍÔ Φ(x1, . . . , xn) ñòðîèì ïîäîáíûå ñèñòåìû
óðàâíåíèé. Çàòåì íóìåðóåì âñå ïåðåìåííûå òàê, ÷òîáû â k-ì óðàâíåíèè ñèñòåìû âñòðå-
÷àëèñü òîëüêî ïåðåìåííûå xi, ãäå i ⩽ 3k. Â èòîãå ïîëó÷àåì ñèñòåìó SΦ, êîòîðàÿ ñîâ-
ìåñòíà íàä N òîãäà è òîëüêî òîãäà, êîãäà 3-ÊÍÔ Φ(x1, . . . , xn) âûïîëíèìà. Ïîëèíîìè-
àëüíîñòü äàííîé ñâîäèìîñòè ñëåäóåò èç ïðîöåññà ïîñòðîåíèÿ.

Àíàëîãè÷íî äîêàçûâàåòñÿ NP-ïîëíîòà äëÿ N0.

3. Ðåøåíèå óðàâíåíèé íàä N1

Òåîðåìà 2. Ïðîáëåìà ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä N1 ãåíåðè-
÷åñêè ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Äîêàçàòåëüñòâî. Ñîîòâåòñòâóþùèé ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àëãîðèòì
ðàáîòàåò íà ñèñòåìå S ñëåäóþùèì îáðàçîì:

1) èùåò â ñèñòåìå S óðàâíåíèå âèäà xi = xi + xj;
2) åñëè òàêîå óðàâíåíèå íàéä¼òñÿ, òî ñèñòåìà íåñîâìåñòíà íàä N è àëãîðèòì âûäà¼ò

îòâåò 0;
3) èíà÷å âûäà¼ò îòâåò ¾?¿.

Ïîêàæåì, ÷òî ýòîò àëãîðèòì äà¼ò íåîïðåäåë¼ííûé îòâåò íà ïðåíåáðåæèìîì ìíîæå-
ñòâå ñèñòåì óðàâíåíèé. Îáîçíà÷èì ÷åðåç L ñåìåéñòâî ñèñòåì, â êîòîðûõ îòñóòñòâóþò
óðàâíåíèÿ âèäà xi = xi + xj. ×èñëî âàðèàíòîâ âûáðàòü k-å óðàâíåíèå â ñèñòåìå èç
ìíîæåñòâà L ðàâíî 27k3 + 3k − 9k2. Ïîýòîìó

|Ln| =
n∏

k=1

(27k3 + 3k − 9k2).

Ïî ëåììå 1

|Sn| =
n∏

k=1

(27k3 + 3k).

Îïðåäåëåíèå àñèìïòîòè÷åñêîé ïëîòíîñòè ρ è ρn ìîæíî íàéòè â [1, 4]. Ïîëó÷àåì

ρn(L) =
|Ln|
|Sn|

=

n∏
k=1

(27k3 + 3k − 9k2)

n∏
k=1

(27k3 + 3k)
=

n∏
k=1

9k3 + k − 3k2

9k3 + k
=

n∏
k=1

(
1− 3k2

9k3 + k

)
<

<
n∏

k=1

(
1− 3k2

9k3 + k3

)
=

n∏
k=1

(
1− 3

10k

)
<

n∏
k=1

(
1− 1

4k

)
.
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×òîáû îöåíèòü ñâåðõó ïîñëåäíåå ïðîèçâåäåíèå, âîçâåä¼ì åãî â ÷åòâ¼ðòóþ ñòåïåíü:

n∏
k=1

(
1− 1

4k

)4
<

n∏
k=1

((
1− 1

4k

)(
1− 1

4k+1

)(
1− 1

4k+2

)(
1− 1

4k+3

))
=

4n∏
k=4

(
1− 1

k

)
=

=
4n∏
k=4

(k − 1

k

)
=

3

4
· 4
5
· . . . · 4n− 2

4n− 1
· 4n− 1

4n
=

3

4n
.

Èòîãî ïîëó÷àåì

ρ(L) = lim
n→∞

|Ln|
|Sn|

⩽ lim
n→∞

4

√
3

4n
= 0.

Òåîðåìà 2 äîêàçàíà.

4. Ðåøåíèå óðàâíåíèé íàä N0

Äëÿ ïðîèçâîëüíîé ñèñòåìû óðàâíåíèé S = {S1, . . . , Sm} ðàññìîòðèì ìíîæåñòâî
ñèñòåì eq(S), êîòîðûå ïîëó÷àþòñÿ äîáàâëåíèåì ê ñèñòåìå S ïðîèçâîëüíûõ óðàâíåíèé
Sm+1, . . . , Sn, ãäå l-å óðàâíåíèå èìååò âèä xi = xj + xk, ïðè÷¼ì 3m < i, j, k < 3(l +m).
Î÷åâèäíî, ÷òî ëþáàÿ ñèñòåìà èç eq(S) ñîâìåñòíà íàä N0 òîãäà è òîëüêî òîãäà, êîãäà
ñîâìåñòíà íàä N0 ñèñòåìà S.

Ëåììà 2. Äëÿ ëþáîé ñèñòåìû S ðàçìåðà m è ëþáîãî n > m èìååò ìåñòî îöåíêà

|eq(S)n|
|Sn|

>
1

2(30n3)m
.

Äîêàçàòåëüñòâî. Ïóñòü n > m. Äëÿ t-ãî äîáàâëåííîãî ê S óðàâíåíèÿ âèäà
xi = xj + xk, ãäå 3m < i, j, k < 3(t+m), èìååòñÿ (3t)3 = 27t3 âàðèàíòîâ. Ïîýòîìó

|eq(S)n| =
n−m∏
t=1

(27t3).

Ïî ëåììå 1

ρn(eq(S)) =
|eq(S)n|
|Sn|

=

n−m∏
k=1

(27k3)

n∏
k=1

(27k3 + 3k)
=

n−m∏
k=1

( 27k2

27k2 + 3

) n∏
k=n−m+1

1

27k3 + 3k
.

Îöåíèì ñíèçó ñíà÷àëà ïåðâîå ïðîèçâåäåíèå:

n−m∏
k=1

( 27k2

27k2 + 3

)
=

n−m∏
k=1

(
1− 1

9k2 + 1

)
>

n−m+1∏
k=2

(
1− 1

k2

)
=

n−m+1∏
k=2

(k − 1)(k + 1)

k2
=

=
1 · 3
22
· 2 · 4

32
· (n−m− 1)(n−m+ 1)

(n−m)2
· (n−m)(n−m+ 2)

(n−m+ 1)2
=

n−m+ 2

2(n−m+ 1)
>

1

2
.

Òåïåðü îöåíèì âòîðîå ïðîèçâåäåíèå:

n∏
k=n−m+1

1

27k3 + 3k
>

1

(27n3 + 3n)m
.

Èòîãî ïîëó÷àåì

ρn(eq(S)) =
|eq(S)n|
|Sn|

>
1

2(27n3 + 3n)m
>

1

2(30n3)m
.

Ëåììà 2 äîêàçàíà.



Î ãåíåðè÷åñêîé ñëîæíîñòè ðåøåíèÿ óðàâíåíèé íàä íàòóðàëüíûìè ÷èñëàìè ñî ñëîæåíèåì 77

Òåîðåìà 3. Ïóñòü P ̸= NP è P = BPP. Òîãäà äëÿ ïðîáëåìû ïðîâåðêè ñîâìåñò-
íîñòè ñèñòåì óðàâíåíèé íàä N0 íå ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî
àëãîðèòìà.

Äîêàçàòåëüñòâî. Äîïóñòèì, ÷òî ñóùåñòâóåò ñèëüíî ãåíåðè÷åñêèé ïîëèíîìè-
àëüíûé àëãîðèòì A, îïðåäåëÿþùèé ñîâìåñòíîñòü ñèñòåì óðàâíåíèé íàä N0. Ïîñòðîèì
âåðîÿòíîñòíûé ïîëèíîìèàëüíûé àëãîðèòì B, ðåøàþùèé ýòó ïðîáëåìó íà âñ¼ì ìíî-
æåñòâå âõîäîâ. Íà ñèñòåìå S ðàçìåðà n àëãîðèòì B ðàáîòàåò ñëåäóþùèì îáðàçîì:

1) ãåíåðèðóåò ñëó÷àéíî ðàâíîâåðîÿòíî ñèñòåìó S ′ èç ìíîæåñòâà eq(S) ðàçìåðà n2;
2) çàïóñêàåò àëãîðèòì A íà ñèñòåìå S ′;
3) åñëè A(S ′) ̸=?, òî àëãîðèòì ïðàâèëüíî îïðåäåëÿåò, ñîâìåñòíà ëè ñèñòåìà S ′, à

âìåñòå ñ íåé è ñèñòåìà S;
4) åñëè A(S ′) = ?, òî âûäà¼ò îòâåò ¾ÍÅÒ¿.

Çàìåòèì, ÷òî ïîëèíîìèàëüíûé âåðîÿòíîñòíûé àëãîðèòì B âûäà¼ò ïðàâèëüíûé îòâåò
íà øàãå 3, à íà øàãå 4 ìîæåò âûäàòü íåïðàâèëüíûé îòâåò. Íàäî äîêàçàòü, ÷òî âåðîÿò-
íîñòü òîãî, ÷òî îòâåò âûäà¼òñÿ íà øàãå 4, ìåíüøå 1/3.

Îöåíèì âåðîÿòíîñòü âûäà÷è îòâåòà íà øàãå 4. Âåðîÿòíîñòü òîãî, ÷òî äëÿ S ′ èìååò
ìåñòî A(S ′) = ?, íå áîëüøå

|{S ′ ∈ S : A(S ′) = ?}n2|
|eq(S)n2|

=
|{S ′ ∈ S : A(S ′) = ?}n2|

|Sn2|
· |Sn

2|
|eq(S)n2|

.

Òàê êàê ìíîæåñòâî {S ′ ∈ S : A(S ′) =?} ñèëüíî ïðåíåáðåæèìîå, ñóùåñòâóåò êîíñòàíòà
α > 0, òàêàÿ, ÷òî

|{S ′ ∈ S : A(S ′) = ?}n2|
|Sn2|

<
1

2αn2

äëÿ ëþáîãî n. Ïî ëåììå 2
|Sn2|
|eq(S)n2|

< 2(30n6)n.

Ïîýòîìó èñêîìàÿ âåðîÿòíîñòü îòâåòà íà øàãå 4 íå áîëüøå

2(30n6)n

2αn2 · 2
1+log 30n+6n logn

2αn2 =
1

2αn2−6n logn−log 30n−1
<

1

3

ïðè áîëüøèõ n.
Òàêèì îáðàçîì, ïðîáëåìà ïðîâåðêè ñîâìåñòíîñòè ñèñòåì óðàâíåíèé íàä N0 ïðè-

íàäëåæèò êëàññó BPP. À òàê êàê BPP = P, òî îíà ïðèíàäëåæèò êëàññó P. À ýòî, ïî
òåîðåìå 1, ïðîòèâîðå÷èò óñëîâèþ P ̸= NP.

Àâòîð âûðàæàåò èñêðåííþþ áëàãîäàðíîñòü ðåöåíçåíòó çà ïîëåçíûå çàìå÷àíèÿ è
ïðåäëîæåíèÿ ïî óëó÷øåíèþ òåêñòà ñòàòüè.
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