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Äîêàçûâàþòñÿ àíàëîãè òåîðåì î ðåøåíèè îáîáù¼ííûõ òîæäåñòâ ìåäèàëüíîñòè
è ïàðàìåäèàëüíîñòè êâàçèãðóïï ïðèìåíèòåëüíî ê ñëó÷àþ ñèëüíî çàâèñèìûõ áè-
íàðíûõ îïåðàöèé. Ïîêàçàíî, ÷òî àëãåáðû ìåäèàëüíûõ è ïàðàìåäèàëüíûõ ñèëüíî
çàâèñèìûõ áèíàðíûõ îïåðàöèé äîïóñêàþò îïèñàíèå, àíàëîãè÷íîå ñëó÷àþ êâàçè-
ãðóïï. Â òî æå âðåìÿ êî-ìåäèàëüíûå è êî-ïàðàìåäèàëüíûå àëãåáðû áèíàðíûõ
îïåðàöèé óæå ìîãóò ñîäåðæàòü íåëèíåéíûå áèíàðíûå îïåðàöèè.

Êëþ÷åâûå ñëîâà: n-àðíûå êâàçèãðóïïû, ñèëüíî çàâèñèìûå îïåðàöèè, ïàðàìåäè-
àëüíûå îïåðàöèè.
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We consider general functional medial and paramedial equations with four object
variables. We give analogous of khown results with quasigroup operations for a class
of strong dependable operations. As a consequence of these results, an analogous
linear representation for every operation of a binary algebra satisfying one of these
hyperidentities is obtained. Nevertheless, co-medial and co-paramedial algebras may
have nonlinear binary operations.

Keywords: n-ary quasigroup, strong dependent operation, medial and paramedial
operations, linear representation.

1. Íåîáõîäèìûå îïðåäåëåíèÿ
Ïóñòü n ⩾ 0, k ⩾ 2 è X = {0, 1, . . . , k − 1}. Ôóíêöèÿ k-çíà÷íîé ëîãèêè (n-àðíàÿ

îïåðàöèÿ íà ìíîæåñòâå X) f : Xn → X íàçûâàåòñÿ ñèëüíî çàâèñèìîé, åñëè äëÿ âñåõ
i = 1, . . . , n íàéä¼òñÿ ôèêñàöèÿ âñåõ ïåðåìåííûõ, êðîìå xi, ïðè êîòîðîé ïîëó÷åííàÿ
ïîñëå ôèêñàöèè ôóíêöèÿ ñòàíîâèòñÿ ïîäñòàíîâêîé ïî xi. Åñëè ïðè ôèêñàöèè ëþáûõ
n − 1 ïåðåìåííûõ ëþáûìè çíà÷åíèÿìè ôóíêöèÿ áóäåò ïîäñòàíîâêîé ïî îñòàâøåéñÿ
ïåðåìåííîé, òî n-àðíûé ãðóïïîèä (X, f) íàçûâàåòñÿ n-êâàçèãðóïïîé. Åñëè n = 2 è
f = ∗� àññîöèàòèâíàÿ áèíàðíàÿ îïåðàöèÿ ñ åäèíèöåé, òî (X, ∗) íàçûâàåòñÿ ìîíîèäîì.
Ïðîèçâåäåíèþ ïîäñòàíîâîê αβ ñîîòâåòñòâóåò çàïèñü

αβx = β(α(x)).

Â ðàáîòàõ àâòîðà [1�3] ïîêàçàíî, ÷òî ìíîãèå èçâåñòíûå ðåçóëüòàòû, ôîðìóëèðóåìûå
íà îñíîâå áåñïîâòîðíûõ (óðàâíîâåøåííûõ) òîæäåñòâ è äîêàçàííûå äëÿ n-êâàçèãðóïï,
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ïåðåíîñÿòñÿ íà ñëó÷àé ñèëüíî çàâèñèìûõ îïåðàöèé. Â äàííîé ðàáîòå ïðîäîëæàþòñÿ
ýòè èññëåäîâàíèÿ è ïîêàçàíî, ÷òî äëÿ ñèëüíî çàâèñèìûõ n-àðíûõ îïåðàöèé ñ óñëîâèåì
ïàðàìåäèàëüíîñòè òàêæå èìååò ìåñòî ðåçóëüòàò, ïîëíîñòüþ àíàëîãè÷íûé äîêàçàííîìó
äëÿ n-êâàçèãðóïï.

Ãðóïïîèä (X, ·) c áèíàðíîé îïåðàöèåé x · y = xy íàçûâàåòñÿ ìåäèàëüíûì

(ïàðàìåäèàëüíûì), åñëè âûïîëíåíî òîæäåñòâî

(xy)(uv) = (xu)(yv)
(
(xy)(uv) = (vy)(ux)

)
.

Ñòðîåíèå ìåäèàëüíûõ è ïàðàìåäèàëüíûõ êâàçèãðóïï è íåêîòîðûõ èõ îáîáùåíèé îïè-
ñàíî â ðàáîòàõ [4�8]. Â [9, 10] ïîêàçàíî, ÷òî äëÿ ñëó÷àÿ ñèëüíî çàâèñèìûõ ôóíêöèé
èìåþò ìåñòî àíàëîãè÷íûå îïèñàíèÿ.

Òåîðåìà 1 [9, òåîðåìà 3]. Ëþáàÿ êîíå÷íàÿ ìåäèàëüíàÿ áèíàðíàÿ ñèëüíî çàâèñè-
ìàÿ îïåðàöèÿ (·) ìîæåò áûòü ïðåäñòàâëåíà êàê ëèíåéíàÿ îïåðàöèÿ âèäà (1), ó êîòîðîé
àâòîìîðôèçìû ξ1, ξ2 óäîâëåòâîðÿþò óñëîâèþ ξ1ξ2 = ξ2ξ1.

Òåîðåìà 2 [10, òåîðåìà 5]. Ëþáàÿ êîíå÷íàÿ ïàðàìåäèàëüíàÿ áèíàðíàÿ ñèëüíî çà-
âèñèìàÿ îïåðàöèÿ (·) ìîæåò áûòü ïðåäñòàâëåíà êàê ëèíåéíàÿ îïåðàöèÿ âèäà (1), ó
êîòîðîé àâòîìîðôèçìû ξ1, ξ2 óäîâëåòâîðÿþò óñëîâèþ ξ21 = ξ22 .

Áèíàðíàÿ ñèëüíî çàâèñèìàÿ îïåðàöèÿ (·) íà ìíîæåñòâå X íàçûâàåòñÿ ëèíåéíîé,
åñëè íàéäóòñÿ êîììóòàòèâíûé ìîíîèä (X, ◦) è îáðàòèìûé ýëåìåíò b ∈ X, òàêèå, ÷òî
ïðè íåêîòîðûõ àâòîìîðôèçìàõ ξ1, ξ2 ìîíîèäà (X, ◦) âûïîëíÿåòñÿ òîæäåñòâî

x · y = ξ1x ◦ ξ2y ◦ b. (1)

2. Îáîáù¼ííûå òîæäåñòâà ìåäèàëüíîñòè è ïàðàìåäèàëüíîñòè
Ðàññìîòðèì òåïåðü îáîáù¼ííûå òîæäåñòâà ìåäèàëüíîñòè è ïàðàìåäèàëüíîñòè, êî-

òîðûå èìåþò ñîîòâåòñòâåííî âèä

f1(f2(x, y), f3(u, v)) = f4(f5(x, u), f6(y, v)); (2)

f1(f2(x, y), f3(u, v)) = f4(f5(v, y), f6(u, x)). (3)

Ðåøåíèå îáîáù¼ííûõ òîæäåñòâ ìåäèàëüíîñòè è ïàðàìåäèàëüíîñòè äëÿ ñëó÷àÿ áè-
íàðíûõ êâàçèãðóïï ïðèâåäåíî â ðàáîòàõ [11�14].

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî òîãî, ÷òî äëÿ ñëó÷àÿ ñèëüíî
çàâèñèìûõ ôóíêöèé èìåþò ìåñòî àíàëîãè÷íûå óòâåðæäåíèÿ, îòëè÷àþùèåñÿ òîëüêî
òåì, ÷òî â íèõ òåðìèí ¾ãðóïïà¿ ñëåäóåò çàìåíèòü íà òåðìèí ¾ìîíîèä¿.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé îáîáù¼ííîãî òîæäåñòâà ìåäèàëüíîñòè.

Ëåììà 1. Ïóñòü (X, ◦)�ìîíîèä. Åñëè âûïîëíåíî òîæäåñòâî

α(x) ◦ β(y) = γ(y) ◦ δ(x),

ãäå α, β, γ, δ�íåêîòîðûå ïîäñòàíîâêè, òî îïåðàöèÿ ◦ êîììóòàòèâíàÿ.
Äîêàçàòåëüñòâî. Ïóñòü e◦ �íåéòðàëüíûé ýëåìåíò ìîíîèäà (X, ◦). Ïîäñòàâëÿÿ

â ýòî òîæäåñòâî ýëåìåíòû x0, y0, óäîâëåòâîðÿþùèå ðàâåíñòâàì α(x0) = β(y0) = e◦,
ïîëó÷àåì

α(x) = γ(y0) ◦ δ(x), β(y) = γ(y) ◦ δ(x0),
ãäå γ(y0) è δ(x0) äîëæíû áûòü îáðàòèìûìè ýëåìåíòàìè. Îòñþäà

γ(y0) ◦ δ(x) ◦ γ(y) ◦ δ(x0) = γ(y) ◦ δ(x).
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Ïðîèçâåä¼ì çàìåíó ïåðåìåííûõ γ(y0) ◦ δ(x) = w, γ(y) ◦ δ(x0) = z:

w ◦ z = z ◦ δ(x0)−1 ◦ γ(y0)−1 ◦ w.

Ïðè w = z = e◦ ïîëó÷àåì γ(x0)
−1 ◦ δ(y0)−1 = e◦, îòêóäà w ◦ z = z ◦w. Êîììóòàòèâíîñòü

äëÿ ïðîèçâîëüíûõ w, z âûòåêàåò èç âçàèìíîé îäíîçíà÷íîñòè ñîîòâåòñòâèÿ (x, y) 7→
(w, z).

Òåîðåìà 3. Ïîñëåäîâàòåëüíîñòü (f1, . . . , f6) ñèëüíî çàâèñèìûõ ôóíêöèé íà êî-
íå÷íîì ìíîæåñòâå X ÿâëÿåòñÿ ðåøåíèåì îáîáù¼ííîãî òîæäåñòâà ìåäèàëüíîñòè (2)
â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ñóùåñòâóþò êîììóòàòèâíûé ìîíîèä (X, ◦) è áèåê-
öèè α1, . . . , α8, òàêèå, ÷òî

f1(x, z) = α5x ◦ α6z, f2(x, y) = α−1
5 (α1x ◦ α2y), f3(u, v) = α−1

6 (α3u ◦ α4v),

f4(z, y) = α7z ◦ α8y, f5(x, u) = α−1
7 (α1x ◦ α3u), f6(y, v) = α−1

8 (α2y ◦ α4v),

Äîêàçàòåëüñòâî. Îáîçíà÷èì ôóíêöèþ, ñòîÿùóþ â ëåâîé è ïðàâîé ÷àñòè òîæ-
äåñòâà (2), ÷åðåç F (x, y, u, v). Ïîñêîëüêó ýòà ôóíêöèÿ äîïóñêàåò ÷åòûðå ïðîñòûå äå-
êîìïîçèöèè ñ íàáîðàìè ïåðåìåííûõ {x, y}, {u, v}, {x, u} è {y, v}, òî âñå ïåðåìåííûå
ôóíêöèè F ýêâèâàëåíòíû. Ïî òåîðåìå 6(i) èç [15] êàíîíè÷åñêàÿ äåêîìïîçèöèÿ ýòîé
ôóíêöèè äîëæíà èìåòü âèä ◦-ðàçëîæåíèÿ α1(xi1)◦α2(xi2)◦α3(xi3)◦α4(xi4), ãäå (X, ◦)�
ìîíîèä; αi �ïîäñòàíîâêè íà ìíîæåñòâå X, 1 ⩽ i ⩽ 4; {xi1 , xi2 , xi3 , xi4} = {x, y, u, v}.

Äîêàæåì êîììóòàòèâíîñòü îïåðàöèè ◦. Òàê êàê êàæäàÿ êàíîíè÷åñêàÿ äåêîìïîçè-
öèÿ ôóíêöèè ìîæåò áûòü ïîëó÷åíà ïóò¼ì äîðàçáèåíèÿ áåñïîâòîðíûõ äåêîìïîçèöèé,
ñòîÿùèõ â ëåâîé è ïðàâîé ÷àñòÿõ òîæäåñòâà (2), òî äëÿ ïîðÿäêà ïåðåìåííûõ âîçìîæíû
äâà âàðèàíòà:

α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v) = β1(x) ∗ β2(u) ∗ β3(y) ∗ β4(v),

ãäå ìîíîèäû (X, ◦) è (X, ∗) â ñèëó òåîðåìû 7(1) èç [15] äîëæíû áûòü ñâÿçàíû ñîîò-
íîøåíèÿìè âèäà x ∗ y = x ◦ a ◦ y ëèáî x ∗ y = y ◦ b ◦ x ïðè íåêîòîðûõ îáðàòèìûõ
ýëåìåíòàõ a, b ìîíîèäà (X, ◦).

Â ïåðâîì ñëó÷àå ïîëó÷àåì òîæäåñòâî

α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v) = β1(x) ◦ a ◦ β2(u) ◦ a ◦ β3(y) ◦ a ◦ β4(v).

Çàìåíèâ, ãäå ýòî íåîáõîäèìî, ïîäñòàíîâêè βi(.) ◦ a íà β′
i(.), äîñòàòî÷íî îãðàíè÷èòüñÿ

ðàññìîòðåíèåì òîæäåñòâà

α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v) = β1(x) ◦ β2(u) ◦ β3(y) ◦ β4(v).

Âûáåðåì çíà÷åíèÿ x = x0 è v = v0 òàê, ÷òîáû α1(x0) = α4(v0) = e◦ � åäèíè÷íûé
ýëåìåíò ìîíîèäà (X, ◦). Òîãäà

α2(y) ◦ α3(u) = β1(e◦) ◦ β2(u) ◦ β3(y) ◦ β4(e◦).

Èç ëåììû 1 ñëåäóåò êîììóòàòèâíîñòü îïåðàöèè ◦.
Âî âòîðîì ñëó÷àå àíàëîãè÷íî ïîëó÷àåì òîæäåñòâî

α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v) = β4(v) ◦ β3(y) ◦ β2(u) ◦ β1(x).
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Âûáåðåì çíà÷åíèÿ y = y0 è u = u0 òàê, ÷òîáû α2(y0) = α3(u0) = e◦, òîãäà

α1(x) ◦ α4(v) = β4(v) ◦ β3(e◦) ◦ β2(e◦) ◦ β1(x).

Àíàëîãè÷íî â ñèëó ëåììû 1 ïîëó÷àåì êîììóòàòèâíîñòü îïåðàöèè ◦.
Òåïåðü ïî òåîðåìå 7(1) èç [15] ïîëó÷àåì, ÷òî äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé, êîãäà

ëåâàÿ ôóíêöèÿ èç òîæäåñòâà (2) äîïóñêàåò êàíîíè÷åñêóþ äåêîìïîçèöèþ âèäà

f1(f2(x, y), f3(u, v)) = α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v). (4)

Ïîäñòàâëÿÿ â ýòî òîæäåñòâî çíà÷åíèÿ u = u0 è v = v0, òàêèå, ÷òî α3(u0) = α4(v0) = e◦,
ïîëó÷àåì

f1(f2(x, y), f3(u0, v0)) = α1(x) ◦ α2(y).

Ïîñêîëüêó â ïðàâîé ÷àñòè ñòîèò ñèëüíî çàâèñèìàÿ ôóíêöèÿ, òî óíàðíàÿ îïåðàöèÿ
f1(w, f3(u0, v0)) = α5(w) äîëæíà áûòü ïîäñòàíîâêîé, óäîâëåòâîðÿþùåé ðàâåíñòâó
f2(x, y) = α−1

5 (α1x ◦ α2y).
Àíàëîãè÷íî ðàññóæäàÿ, ïîëó÷àåì, ÷òî óíàðíàÿ îïåðàöèÿ f1(f2(x0, y0), w) = α6(w)

òàêæå ÿâëÿåòñÿ ïîäñòàíîâêîé è óäîâëåòâîðÿåò ðàâåíñòâó f3(u, v) = α−1
6 (α3u ◦ α4v).

Âîçâðàùàÿñü ê ðàâåíñòâó (4), óáåæäàåìñÿ, ÷òî f1(x, z) = α5x ◦ α6z.
Ðàññìàòðèâàÿ ïðàâóþ ÷àñòü òîæäåñòâà (2), àíàëîãè÷íî ïîëó÷àåì ïðè íåêîòîðûõ

ïîäñòàíîâêàõ α7 è α8 ðàâåíñòâà

f5(x, u) = α−1
7 (α1x ◦ α3u), f6(y, v) = α−1

8 (α2y ◦ α4v), f4(z, y) = α7z ◦ α8y.

Òåîðåìà äîêàçàíà.

Ïîëó÷èì àíàëîãè÷íîå îïèñàíèå äëÿ òîæäåñòâà ïàðàìåäèàëüíîñòè.

Òåîðåìà 4. Ïîñëåäîâàòåëüíîñòü (f1, . . . , f6) ñèëüíî çàâèñèìûõ ôóíêöèé íà êî-
íå÷íîì ìíîæåñòâå X ÿâëÿåòñÿ ðåøåíèåì îáîáù¼ííîãî òîæäåñòâà ïàðàìåäèàëüíî-
ñòè (3) â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ñóùåñòâóåò êîììóòàòèâíûé ìîíîèä (X, ◦)
è áèåêöèè α1, . . . , α8, òàêèå, ÷òî âûïîëíÿþòñÿ ðàâåíñòâà

f1(x, z) = α5x ◦ α6z, f2(x, y) = α−1
5 (α1x ◦ α2y), f3(u, v) = α−1

6 (α3u ◦ α4v),

f4(z, y) = α7z ◦ α8y, f5(v, y) = α−1
7 (α4v ◦ α2y), f6(u, x) = α−1

8 (α3u ◦ α1x).

Äîêàçàòåëüñòâî. Ïîñòóïàåì àíàëîãè÷íî. Òàê êàê âñå ïåðåìåííûå ôóíêöèè,
ñòîÿùåé â ëåâîé è ïðàâîé ÷àñòÿõ òîæäåñòâà (2), ýêâèâàëåíòíû, òî ïî òåîðåìå 6(i)
èç [15] êàíîíè÷åñêàÿ äåêîìïîçèöèÿ ýòîé ôóíêöèè äîëæíà èìåòü âèä ◦-ðàçëîæåíèÿ
α1(xi1)◦α2(xi2)◦α3(xi3)◦α4(xi4), ãäå (X, ◦)�ìîíîèä; αi �ïîäñòàíîâêè íà ìíîæåñòâå X,
1 ⩽ i ⩽ 4; {xi1 , xi2 , xi3 , xi4} = {x, y, u, v}.

Äîêàæåì êîììóòàòèâíîñòü îïåðàöèè ◦. Òàê êàê êàæäàÿ êàíîíè÷åñêàÿ äåêîìïîçè-
öèÿ ôóíêöèè ìîæåò áûòü ïîëó÷åíà ïóò¼ì äîðàçáèåíèÿ íåêîòîðîé áåñïîâòîðíîé äå-
êîìïîçèöèè, òî èç òîæäåñòâà (2) ñëåäóåò, ÷òî äëÿ ïîðÿäêà ïåðåìåííûõ âîçìîæíû äâà
âàðèàíòà:

α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v) = β1(v) ∗ β2(y) ∗ β3(u) ∗ β4(x),

ãäå ìîíîèäû (X, ◦) è (X, ∗) â ñèëó òåîðåìû 7(1) èç [15] ìîãóò áûòü ñâÿçàíû ñîîòíîøå-
íèÿìè âèäà x∗y = x◦a◦y ëèáî x∗y = y◦b◦x ïðè íåêîòîðûõ îáðàòèìûõ ýëåìåíòàõ a, b
ìîíîèäà (X, ◦).



Îáîáù¼ííûå òîæäåñòâà ìåäèàëüíîñòè è ïàðàìåäèàëüíîñòè 25

Â ïåðâîì ñëó÷àå ïîëó÷àåì òîæäåñòâî

α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v) = β1(v) ◦ a ◦ β2(y) ◦ a ◦ β3(u) ◦ a ◦ β4(x).

Çàìåíèâ, ãäå ýòî íåîáõîäèìî, ïîäñòàíîâêè βi(.) ◦ a íà β′
i(.), äîñòàòî÷íî îãðàíè÷èòüñÿ

ðàññìîòðåíèåì òîæäåñòâà

α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v) = β1(v) ◦ β2(y) ◦ β3(u) ◦ β4(x).

Âûáåðåì çíà÷åíèÿ y = y0 è u = u0 òàê, ÷òîáû α2(y0) = α3(u0) = e◦ � åäèíè÷íûé
ýëåìåíò ìîíîèäà (X, ◦), òîãäà

α1(x) ◦ α4(v) = β1(v) ◦ β2(e◦) ◦ β3(e◦) ◦ β4(x).

Èç ëåììû 1 ñëåäóåò êîììóòàòèâíîñòü îïåðàöèè ◦.
Âî âòîðîì ñëó÷àå àíàëîãè÷íî ïîëó÷àåì òîæäåñòâî

α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v) = β4(x) ◦ β3(u) ◦ β2(y) ◦ β1(v).

Âûáåðåì çíà÷åíèÿ x = x0 è v = v0, òàêèå, ÷òî α1(x0) = α4(v0) = e◦, òîãäà

α2(y) ◦ α3(u) = β4(e◦) ◦ β3(u) ◦ β2(y) ◦ β1(e◦).

Àíàëîãè÷íî â ñèëó ëåììû 1 ïîëó÷àåì êîììóòàòèâíîñòü îïåðàöèè ◦.
Ïî òåîðåìå 7(1) èç [15] ïîëó÷àåì, ÷òî äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé, êîãäà ëåâàÿ

ôóíêöèÿ èç òîæäåñòâà (2) äîïóñêàåò êàíîíè÷åñêóþ äåêîìïîçèöèþ âèäà

f1(f2(x, y), f3(u, v)) = α1(x) ◦ α2(y) ◦ α3(u) ◦ α4(v). (5)

Ïîäñòàâëÿÿ â ýòî òîæäåñòâî çíà÷åíèÿ u = u0 è v = v0, òàêèå, ÷òî α3(u0) = α4(v0) = e◦,
ïîëó÷àåì

f1(f2(x, y), f3(u0, v0)) = α1(x) ◦ α2(y).

Ïîñêîëüêó â ïðàâîé ÷àñòè ñòîèò ñèëüíî çàâèñèìàÿ ôóíêöèÿ, òî óíàðíàÿ îïåðàöèÿ
f1(w, f3(u0, v0)) = α5(w) äîëæíà áûòü ïîäñòàíîâêîé, óäîâëåòâîðÿþùåé ðàâåíñòâó
f2(x, y) = α−1

5 (α1x ◦ α2y).
Àíàëîãè÷íî ðàññóæäàÿ, ïîëó÷àåì, ÷òî óíàðíàÿ îïåðàöèÿ f1(f2(x0, y0), w) = α6(w)

òàêæå ÿâëÿåòñÿ ïîäñòàíîâêîé è óäîâëåòâîðÿåò ðàâåíñòâó f3(u, v) = α−1
6 (α3u ◦ α4v).

Âîçâðàùàÿñü ê ðàâåíñòâó (5), óáåæäàåìñÿ, ÷òî f1(x, z) = α5x ◦ α6z.
Ðàññìàòðèâàÿ ïðàâóþ ÷àñòü òîæäåñòâà (2), ïîëíîñòüþ àíàëîãè÷íî ïîëó÷àåì ïðè

íåêîòîðûõ ïîäñòàíîâêàõ α7 è α8 ðàâåíñòâà

f5(v, y) = α−1
7 (α4v ◦ α2y), f6(u, x) = α−1

8 (α1x ◦ α3u), f4(z, y) = α7z ◦ α8y.

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 1. Â ðàáîòå [16] èññëåäîâàí âîïðîñ îá îäíîçíà÷íîñòè ðåøåíèÿ òîæäå-
ñòâà (2) îòíîñèòåëüíî íàáîðà êâàçèãðóïïîâûõ áèíàðíûõ îïåðàöèé (f1, . . . , f6). Ïîêàçà-
íî, ÷òî íàáîð (+, α1, . . . , α8), ñ ïîìîùüþ êîòîðîãî îïèñûâàþòñÿ ýòè ôóíêöèè, îïðåäå-
ëÿåòñÿ ïî íèì íåîäíîçíà÷íî. Íàïðèìåð, ïðè ëþáîì àâòîìîðôèçìå θ àáåëåâîé ãðóïïû
(X,+) ïîñëåäîâàòåëüíîñòü (+, θα1, . . . , θα8) îïðåäåëÿåò òî æå ðåøåíèå. Äëÿ ïîëó÷åíèÿ
îäíîçíà÷íîãî (êàíîíè÷åñêîãî) âèäà ðåøåíèÿ äîñòàòî÷íî çàôèêñèðîâàòü ïðîèçâîëüíûé
ýëåìåíò a ∈ X, êîòîðûé áóäåò èãðàòü ðîëü íåéòðàëüíîãî ýëåìåíòà äëÿ èçîìîðôíîãî
ïðåäñòàâëåíèÿ (X, ∗, a) ãðóïïû (X,+, 0), è ïîòðåáîâàòü, ÷òîáû α1a = α5a = α7a = a.
Àíàëîãè÷íûé ðåçóëüòàò ñïðàâåäëèâ è äëÿ ñèëüíî çàâèñèìûõ ôóíêöèé.
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3. Ïðèìåíåíèå ê àëãåáðàì äâóìåñòíûõ ôóíêöèé
Ïðèâåä¼ì íåñêîëüêî ñëåäñòâèé. Ïóñòü F2 : X

2 → X �ìíîæåñòâî äâóìåñòíûõ ôóíê-
öèé. Ðàññìîòðèì íåñêîëüêî îáîáù¼ííûõ ôóíêöèîíàëüíûõ òîæäåñòâ, â êîòîðûõ ó÷àñò-
âóåò äâå ôóíêöèè f, g ∈ F2:

(a) f(g(x, y), g(u, v)) = g(f(x, u), f(y, v)) (mediality),
(b) f(g(x, y), g(u, v)) = g(f(v, y), f(u, x)) (paramediality),
(c) f(g(x, y), g(u, v)) = f(g(x, u), g(y, v)) (co-mediality),
(d) f(g(x, y), g(u, v)) = f(g(v, y), g(u, x)) (co-paramediality).

Îïðåäåëåíèå 1. Ïóñòü F ⊂ F2. Åñëè äëÿ ëþáûõ f, g ∈ F âûïîëíÿåòñÿ òîæ-
äåñòâî (a), òî àëãåáðà (X,F ) íàçûâàåòñÿ ìåäèàëüíîé; åñëè òîæäåñòâî (b), òî � ïà-

ðàìåäèàëüíîé; åñëè òîæäåñòâî (c), òî � êî-ìåäèàëüíîé; åñëè òîæäåñòâî (d), òî � êî-

ïàðàìåäèàëüíîé.

Àëãåáðû ñ êâàçèãðóïïîâûìè îïåðàöèÿìè èññëåäîâàíû â ðàáîòàõ [13, 14, 17, 18]
è äð. Îïèñàíèå âñåõ òàêèõ àëãåáð äëÿ ñëó÷àÿ áèíàðíûõ êâàçèãðóïïîâûõ îïåðàöèé
ïðèâåäåíî, â ÷àñòíîñòè, â ðàáîòå [6]. Ïîêàçàíî, ÷òî äëÿ âñåõ ñëó÷àåâ àëãåáðû ñîñòîÿò
òîëüêî èç îïåðàöèé, äîïóñêàþùèõ ëèíåéíûå ïðåäñòàâëåíèÿ. Íàïðèìåð, äëÿ ñëó÷àÿ
ìåäèàëüíûõ áèíàðíûõ êâàçèãðóïïîâûõ îïåðàöèé ñïðàâåäëèâà

Òåîðåìà 5 [17, òåîðåìà 1]. Åñëè àëãåáðà (X, {h1, . . . , hm}), ãäå h1, . . . , hm � áè-
íàðíûå êâàçèãðóïïû, ÿâëÿåòñÿ ìåäèàëüíîé, òî ñóùåñòâóåò àáåëåâà ãðóïïà (X,+), òà-
êàÿ, ÷òî

hi(x, y) = αix+ βiy + ci,

ãäå αi, βi � àâòîìîðôèçìû ãðóïïû (X,+), ci ∈ Q è

αiβj = βjαi, αiαj = αjαi, βiβj = βjβi ïðè âñåõ i, j = 1, . . . ,m.

Ãðóïïà (X,+) îïðåäåëåíà îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîðôèçìà.

Çàìåòèì, ÷òî â [19] îïèñàíû àëãåáðû, óäîâëåòâîðÿþùèå òîæäåñòâàì âèäà (a) è (b),
â êîòîðûõ ïðèìåíåíû âñåâîçìîæíûå ïåðåñòàíîâêè ïåðåìåííûõ â ïðàâîé ÷àñòè.

Â äàííîé ðàáîòå, â îòëè÷èå îò îáû÷íîãî îïðåäåëåíèÿ, ïðåäïîëàãàåòñÿ, ÷òî ôóíê-
öèè f, g äîëæíû áûòü ðàçëè÷íûìè. Åñëè äîïóñòèòü ñîâïàäåíèå ôóíêöèé f = g, òî
ìû ïîïàäàåì â óñëîâèÿ òåîðåì 1 è 2, èç êîòîðûõ ñëåäóåò, ÷òî âñå ôóíêöèè â àëãåáðå
äîëæíû èìåòü ñîîòâåòñòâóþùåå ëèíåéíîå ïðåäñòàâëåíèå. Åñëè æå èñõîäèòü èç òîãî,
÷òî f ̸= g, òî, êàê ïîêàçàíî íèæå â òåîðåìàõ 8 è 9, â ñëó÷àÿõ (c) è (d) âîçìîæíû
àëãåáðû ñ ôóíêöèÿìè, íå èìåþùèìè ëèíåéíîãî ïðåäñòàâëåíèÿ.

Ïîêàæåì, ÷òî èç òåîðåì 3 è 4 äëÿ àëãåáð ñèëüíî çàâèñèìûõ áèíàðíûõ îïåðàöèé
â ñëó÷àÿõ (c) è (d) ñëåäóåò àíàëîãè÷íîå îïèñàíèå. Íàì ïîòðåáóåòñÿ îïèñàíèå ãðóïï
àâòîòîïèé êîììóòàòèâíûõ ìîíîèäîâ.

Ëåììà 2.
1) Ãðóïïà àâòîòîïèé Atp(◦) êîììóòàòèâíîãî ìîíîèäà (X, ◦) ñîñòîèò èç ïðåîáðàçî-

âàíèé âèäà
(α, β, γ) = (ξ, ξ, ξ)(Ra, Rb, Rc) = (ξRa, ξRb, ξRc),

ãäå ξ ∈ Aut(◦)�íåêîòîðûé àâòîìîðôèçì è a, b ∈ X � îáðàòèìûå ýëåìåíòû, c = a ◦ b,
èëè èíà÷å

γ−1(αx ◦ βy) = ξ−1(ξ(x) ◦ a ◦ ξ(y) ◦ b ◦ c−1) = x ◦ y.

Åñëè e ∈ X � åäèíèöà ìîíîèäà, òî (α(e), β(e), γ(e)) = (a, b, c).
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2) Åñëè äëÿ êîììóòàòèâíîãî ìîíîèäà (X, ◦) è ïðåîáðàçîâàíèé èçîòîïèè (αi, βi, γi),
i = 1, 2, âûïîëíÿåòñÿ òîæäåñòâî

γ−1
1 (α1x ◦ β1y) = γ−1

2 (α2x ◦ β2y),

òî äëÿ íåêîòîðîãî àâòîìîðôèçìà ξ ∈ Aut(◦) è îáðàòèìûõ ýëåìåíòîâ a, b ∈ X è c = a◦b
âûïîëíåíî ðàâåíñòâî

(α1, β1, γ1) = (ξ, ξ, ξ)(Ra, Rb, Rc)(α2, β2, γ2) = (ξRaα2, ξRbβ2, ξRcγ2),

èëè â äðóãîé ôîðìå

(α1(x), β1(y), γ1(z)) = (ξ(α2(x)) ◦ a, ξ(β2(y)) ◦ b, ξ(γ2(z)) ◦ c).

Äîêàçàòåëüñòâî ïîëó÷àåòñÿ êàê ñëåäñòâèå òåîðåìû 3 èç [15]. Íàïîìíèì, ÷òî êàæäàÿ
êîìïîíåíòà àâòîòîïèè ìîíîèäà (X, ◦) ÿâëÿåòñÿ êâàçèàâòîìîðôèçìîì, ò. e. ïðåäñòàâè-
ìà â âèäå ψ(x) ◦ b ïðè íåêîòîðîì àâòîìîðôèçìå ìîíîèäà ψ(x) è îáðàòèìîì ýëåìåí-
òå b ∈ X. Âñå êâàçèàâòîìîðôèçìû ìîíîèäà îáðàçóþò ãðóïïó Hol(◦), ÿâëÿþùóþñÿ
ïîëóïðÿìûì ïðîèçâåäåíèåì ãðóïïû àâòîìîðôèçìîâ Aut(◦) è ïîäãðóïïû îáðàòèìûõ
ýëåìåíòîâ ìîíîèäà.

Òåîðåìà 6. Åñëè àëãåáðà (X, {h1, . . . , hm}), ãäå h1, . . . , hm � ñèëüíî çàâèñèìûå áè-
íàðíûå îïåðàöèè, ÿâëÿåòñÿ ìåäèàëüíîé, òî ñóùåñòâóåò êîììóòàòèâíûé ìîíîèä (X, ◦),
òàêîé, ÷òî

hi(x, y) = αix ◦ βiy ◦ ci,
ãäå αi, βi � àâòîìîðôèçìû ìîíîèäà (X, ◦), ci ∈ X è

αiβj = βjαi, αiαj = αjαi, βiβj = βjβi, hj(ci, ci) = hi(cj, cj)

ïðè âñåõ 1 ⩽ i, j ⩽ m. Ìîíîèä (X, ◦) îïðåäåë¼í îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîð-
ôèçìà.

Äîêàçàòåëüñòâî. Ïóñòü f, g ∈ {h1, . . . , hm}�ïðîèçâîëüíàÿ ïàðà ôóíêöèé,
óäîâëåòâîðÿþùàÿ òîæäåñòâó (a). Ïðèìåíèì ê ýòîìó òîæäåñòâó òåîðåìó 3. Èìååì
f = f1 = f5 = f6 è g = f2 = f3 = f4, ïðè÷¼ì

f(x, y) = α5x ◦ α6y = α−1
7 (α1x ◦ α3y) = α−1

8 (α2x ◦ α4y),

g(x, y) = α−1
5 (α1x ◦ α2y) = α−1

6 (α3x ◦ α4y) = α7x ◦ α8y.

Çíà÷èò, èçîòîïèè (α5, α6, id), (α1, α3, α7) è (α2, α4, α8) ëåæàò â îäíîì ñìåæíîì êëàññå
ïî ãðóïïå àâòîòîïèé ìîíîèäà (X, ◦) (çäåñü ÷åðåç id îáîçíà÷åíî òîæäåñòâåííîå îòîáðà-
æåíèå). Îòñþäà ïî ëåììå 2 ïîëó÷àåì, ÷òî ïðè íåêîòîðûõ àâòîìîðôèçìàõ ξ1, ξ2 ñïðà-
âåäëèâû ðàâåíñòâà

(α1, α3, α7) = (ξ1, ξ1, ξ1)(Ra1 , Rb1 , Rc1)(α5, α6, id) = (ξ1Ra1α5, ξ1Rb1α6, ξ1Rc1),

(α2, α4, α8) = (ξ2, ξ2, ξ2)(Ra2 , Rb2 , Rc3)(α5, α6, id) = (ξ2Ra2α5, ξ2Rb2α6, ξ2Rc2).

Àíàëîãè÷íî ïîëó÷àåì, ÷òî ïðè íåêîòîðûõ àâòîìîðôèçìàõ ξ3, ξ4 ñïðàâåäëèâû ðàâåí-
ñòâà

(α1, α2, α5) = (ξ3Ra3α7, ξ3Ra3α8, ξ3Ra3),

(α3, α4, α6) = (ξ4Ra4α7, ξ4Ra4α8, ξ4Ra4).
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Îòñþäà α7 = ξ1Rc1 , α8 = ξ2Rc2 , α5 = ξ3Ra3 , α6 = ξ4Ra4 , ïðè÷¼ì

α1 = ξ1Ra1α5 = ξ3Ra3α7, α2 = ξ2Ra2α5 = ξ3Ra3α8,

α3 = ξ1Rb1α6 = ξ4Ra4α7, α4 = ξ2Rb2α6 = ξ4Ra4α8,

èëè èíà÷å

α1 = ξ1Ra1ξ3Ra3 = ξ3Ra3ξ1Rc1 , α2 = ξ2Ra2ξ3Ra3 = ξ3Ra3ξ2Rc2 ,

α3 = ξ1Rb1ξ4Ra4 = ξ4Rb4ξ1Rc1 , α4 = ξ2Rb2ξ4Ra4 = ξ4Rb4ξ2Rc2 .

Îòñþäà, âû÷èñëÿÿ çíà÷åíèå ýòèõ áèåêöèé íà åäèíè÷íîì ýëåìåíòå, ïîëó÷àåì

a1 = c1, b1 = e, ξ1ξ3 = ξ3ξ1,

a2 = c2, b2 = e, ξ2ξ3 = ξ3ξ2,

a3 = c1 ◦ b4, ξ1ξ4 = ξ4ξ1,

a4 = c2 ◦ b4, ξ2ξ4 = ξ4ξ2.

(6)

Òàêèì îáðàçîì, α1, . . . , α8 ∈ Hol(◦)�êâàçèàâòîìîðôèçìû ìîíîèäà (Q, ◦).
Îñòàëîñü ïðèâåñòè ïîëó÷åííûå ïðåäñòàâëåíèÿ ê âèäó, ïðèâåä¼ííîìó â ôîðìóëè-

ðîâêå òåîðåìû 6. Ââåä¼ì íîâûå îáîçíà÷åíèÿ äëÿ àâòîìîðôèçìîâ, ó÷àñòâóþùèõ â çà-
ïèñè ôóíêöèé f è g:

f(x, y) = α5x ◦ α6y = ξ3Ra3x ◦ ξ4Ra4y = ξ3x ◦ ξ4y ◦ a3 ◦ a4 = α′
1x ◦ β′

1y ◦ c′1,
g(x, y) = α7x ◦ α8y = ξ1Rc1x ◦ ξ2Rc2y = ξ1x ◦ ξ2y ◦ c1 ◦ c2 = α′

2x ◦ β′
2y ◦ c′2,

ãäå α′
1 = ξ3, α

′
2 = ξ1, β

′
1 = ξ4, β

′
2 = ξ2, c

′
1 = c3 ◦ c4, c′2 = c1 ◦ c2. Òåïåðü ðàâåíñòâà äëÿ

àâòîìîðôèçìîâ èç (6) ìîæíî ïåðåïèñàòü â âèäå

α′
1α

′
2 = α′

2α
′
1, β′

2α
′
1 = α′

1β
′
2, α′

2β
′
1 = β′

1α
′
2, β′

1β
′
2 = β′

2β
′
1.

Ïðè ýòîì äîëæíî âûïîëíÿòüñÿ f(c′2, c
′
2) = g(c′1, c

′
1).

Òåîðåìà 7. Åñëè àëãåáðà (X, {h1, . . . , hm}), ãäå h1, . . . , hm � ñèëüíî çàâèñèìûå
áèíàðíûå îïåðàöèè, ÿâëÿåòñÿ ïàðàìåäèàëüíîé, òî ñóùåñòâóåò êîììóòàòèâíûé ìîíî-
èä (X, ◦), òàêîé, ÷òî

hi(x, y) = αix ◦ βiy ◦ ci,

ãäå αi, βi � àâòîìîðôèçìû ìîíîèäà (X, ◦), ci ∈ X è

αiβj = αjβi, βiαj = βjαi, αiαj = βjβi, hj(ci, ci) = hi(cj, cj)

ïðè âñåõ 1 ⩽ i, j ⩽ m. Ìîíîèä (X, ◦) îïðåäåë¼í îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîð-
ôèçìà.

Äîêàçàòåëüñòâî. Ïóñòü f, g ∈ {h1, . . . , hm}�ïðîèçâîëüíàÿ ïàðà ôóíêöèé. Îíà
äîëæíà óäîâëåòâîðÿòü òîæäåñòâó (b). Ïðèìåíèì ê ýòîìó òîæäåñòâó òåîðåìó 4. Èìååì
f = f1 = f5 = f6 è g = f2 = f3 = f4, èëè

f(x, y) = α5x ◦ α6y = α−1
7 (α4x ◦ α2y) = α−1

8 (α3x ◦ α1y),

g(x, y) = α−1
5 (α1x ◦ α2y) = α−1

6 (α3x ◦ α4y) = α7x ◦ α8y.
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Çíà÷èò, èçîòîïèè (α5, α6, id), (α4, α2, α7) è (α3, α1, α8) ëåæàò â îäíîì ñìåæíîì êëàññå
ïî ãðóïïå àâòîòîïèé ìîíîèäà (X, ◦). Îòñþäà ïî ëåììå 2 ïîëó÷àåì, ÷òî ïðè íåêîòîðûõ
àâòîìîðôèçìàõ ξ1, ξ2 ñïðàâåäëèâû ðàâåíñòâà

(α4, α2, α7) = (ξ1, ξ1, ξ1)(Ra1 , Rb1 , Rc1)(α5, α6, id) = (ξ1Ra1α5, ξ1Ra2α6, ξ1Rc1),

(α3, α1, α8) = (ξ2, ξ2, ξ2)(Ra2 , Rb2 , Rc2)(α5, α6, id) = (ξ2Ra2α5, ξ2Rb2α6, ξ2Rc2).

Àíàëîãè÷íî ïîëó÷àåì, ÷òî ïðè íåêîòîðûõ àâòîìîðôèçìàõ ξ3, ξ4 ñïðàâåäëèâû ðàâåí-
ñòâà

(α1, α2, α5) = (ξ3Ra3α7, ξ3Rb3α8, ξ3Rc3), (α3, α4, α6) = (ξ4Ra4α7, ξ4Rb4α8, ξ4Rc4).

Òîãäà α7 = ξ1Rc1 , α8 = ξ2Rc2 , α5 = ξ3Rc3 , α6 = ξ4Rc4 , ïðè÷¼ì

α1 = ξ3Ra3ξ1Rc1 = ξ2Rb2ξ4Rc4 , α2 = ξ1Ra2ξ4Rc4 = ξ3Rb3ξ2Rc2 ,

α3 = ξ2Ra2ξ3Rc3 = ξ4Ra4ξ1Rc1 , α4 = ξ1Ra1ξ3Rc3 = ξ4Rb4ξ2Rc2 .

Âû÷èñëÿÿ çíà÷åíèÿ ýòèõ áèåêöèé íà åäèíè÷íîì ýëåìåíòå ìîíîèäà, ïîëó÷àåì

c1 ◦ a3 = c4 ◦ b2, ξ3ξ1 = ξ2ξ4,

c4 ◦ a2 = c2 ◦ b3, ξ1ξ4 = ξ3ξ2,

c3 ◦ a2 = c1 ◦ a4, ξ2ξ3 = ξ4ξ1,

c3 ◦ a1 = c2 ◦ b4, ξ1ξ3 = ξ4ξ2.

(7)

Òàêèì îáðàçîì, α1, . . . , α8 ÿâëÿþòñÿ àâòîìîðôèçìàìè ìîíîèäà (Q, ◦).
Îñòàëîñü ïðèâåñòè ïîëó÷åííûå ïðåäñòàâëåíèÿ ê âèäó, ïðèâåäåííîìó â ôîðìóëè-

ðîâêå òåîðåìû 7:

f(x, y) = α5x ◦ α6y = ξ3Rc3x ◦ ξ4Rc4y = ξ3x ◦ ξ4y ◦ c3 ◦ c4 = α′
1x ◦ β′

1y ◦ c′1,
g(x, y) = α7x ◦ α8y = ξ1Rc1x ◦ ξ2Rc2y = ξ1x ◦ ξ2y ◦ c1 ◦ c2 = α′

2x ◦ β′
2y ◦ c′2,

ãäå α′
1 = ξ3, α

′
2 = ξ1, β

′
1 = ξ4, β

′
2 = ξ2, c

′
1 = c3 ◦ c4, c′2 = c1 ◦ c2. Òåïåðü ðàâåíñòâà (7)

ìîæíî ïåðåïèñàòü â âèäå

α′
2α

′
1 = β′

1β
′
2, α′

2β
′
1 = α′

1β
′
2, β′

2α
′
1 = β′

1α
′
2, α′

1α
′
2 = β′

2β
′
1.

Íåîáõîäèìîñòü âûïîëíåíèÿ ðàâåíñòâà hj(c
′
i, c

′
i) = hi(c

′
j, c

′
j) î÷åâèäíà.

Ïåðåéä¼ì ê ðàññìîòðåíèþ òîæäåñòâ êî-ìåäèàëüíîñòè è êî-ïàðàìåäèàëüíîñòè. Âíà-
÷àëå ïðèâåäåì êðèòåðèé äëÿ ñâîéñòâà êâàçèàâòîìîðôèçìà.

Ëåììà 3. Ïóñòü ϕ : X → X � áèåêöèÿ è (X, ◦)�êîììóòàòèâíûé ìîíîèä. Òîãäà
òîæäåñòâî

ϕ(x ◦ y) ◦ ϕ(e) = ϕ(x) ◦ ϕ(y)
âûïîëíÿåòñÿ â òîì è òîëüêî â òîì ñëó÷àå, êîãäà ϕ(x) = α(x) ◦ b ïðè íåêîòîðîì àâòî-
ìîðôèçìå α ∈ Aut(◦) è îáðàòèìîì ýëåìåíòå b ìîíîèäà (X, ◦).

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü î÷åâèäíà. Äîêàæåì íåîáõîäèìîñòü. Åäèíèöà
ìîíîèäà ÿâëÿåòñÿ îáðàòèìûì ýëåìåíòîì. Ïîêàæåì, ÷òî ϕ(e)� òàêæå îáðàòèìûé ýëå-
ìåíò ìîíîèäà (X, ◦). Ïî óñëîâèþ ϕ(x ◦ y) ◦ ϕ(e) = ϕ(x) ◦ ϕ(y), ïðè÷¼ì ϕ� áèåêöèÿ.
Âûáåðåì y0 òàê, ÷òî ϕ(y0) = e. Òîãäà

ϕ(x ◦ y0) ◦ ϕ(e) = ϕ(x).



30 À.Â. ×åðåìóøêèí

Ñïðàâà ñòîèò ïîäñòàíîâêà, çíà÷èò, ñëåâà òîæå äîëæíà áûòü ïîäñòàíîâêà. Ïîýòîìó ϕ(e)
äîëæåí áûòü îáðàòèìûì ýëåìåíòîì.

Ðàññìîòðèì α(x) = ϕ(x) ◦ ϕ(e)−1. Èìååì

α(x ◦ y) = ϕ(x ◦ y) ◦ ϕ(e)−1 = (ϕ(x) ◦ ϕ(y) ◦ ϕ(e)−1) ◦ ϕ(e)−1 = α(x) ◦ α(y).

Çíà÷èò, α� ýíäîìîðôèçì ìîíîèäà (X, ◦). Ñ äðóãîé ñòîðîíû, ϕ(x) = α(x) ◦ ϕ(e)�
áèåêöèÿ. Ïîýòîìó α äîëæåí áûòü àâòîìîðôèçìîì.

Óòâåðæäåíèå 1. Åñëè f, g� ñèëüíî çàâèñèìûå áèíàðíûå îïåðàöèè, óäîâëåòâî-
ðÿþùèå òîæäåñòâó (c) êî-ìåäèàëüíîñòè, òî ñóùåñòâóåò êîììóòàòèâíûé ìîíîèä (X, ◦),
áèåêöèè α, β, îáðàòèìûå ýëåìåíòû b, c ∈ X è àâòîìîðôèçì ìîíîèäà ξ ∈ Aut(◦), òàêèå,
÷òî

f(x, y) = ξRcαx ◦ αy,
g(x, y) = α−1(βx ◦R−1

b ξ−1βy).

Ìîíîèä (X, ◦) îïðåäåë¼í îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîðôèçìà.

Äîêàçàòåëüñòâî. Èìååì f = f1 = f4 è g = f2 = f3 = f5 = f6, èëè

f(x, y) = α5x ◦ α6y = α7x ◦ α8y,

g(x, y) = α−1
5 (α1x ◦ α2y) = α−1

6 (α3x ◦ α4y) = α−1
7 (α1x ◦ α3y) = α−1

8 (α2x ◦ α4y),

ïðè ýòîì

f(g(x, y), g(u, v)) = α1x ◦ α2y ◦ α3u ◦ α4v,

f(g(x, u), g(y, v)) = α1x ◦ α2u ◦ α3y ◦ α4v.

Ïîýòîìó äëÿ âûïîëíåíèÿ òîæäåñòâà êî-ìåäèàëüíîñòè íåîáõîäèìî, ÷òîáû α2 = α3.
Èç ñîâïàäåíèÿ ôóíêöèé ñëåäóåò, ÷òî ïðåîáðàçîâàíèÿ èçîòîïèè (α5, α6, id) è

(α7, α8, id), à òàêæå (α1, α2, α5), (α3, α4, α6), (α1, α3, α7) è (α2, α4, α8) ëåæàò â îäíèõ
ñìåæíûõ êëàññàõ ïî ãðóïïå àâòîòîïèé ìîíîèäà (X, ◦). Ïîýòîìó ïî ëåììå 2 ïîëó÷àåì,
÷òî ïðè íåêîòîðûõ àâòîìîðôèçìàõ ξ1, ξ2, ξ3 ñïðàâåäëèâû ðàâåíñòâà

(α1, α2, α5) = (ξ1Ra1α3, ξ1Rb1α4, ξ1Rc1α6) = (ξ2Ra2α1, ξ2Rb2α3, ξ2Rc2α7) =

= (ξ3Ra3α2, ξ3Rb3α4, ξ3Rc3α8),

(α5, α6, id) = (Ra4α7, Rb4α8, id), a4 ◦ b4 = e.

Îòñþäà
α1 = ξ1Ra1α3 = ξ2Ra2α1 = ξ3Ra3α2,

α2 = ξ1Rb1α4 = ξ2Rb2α3 = ξ3Rb3α4,

α5 = ξ1Rc1α6 = ξ2Rc2α7 = ξ3Rc3α8 = Ra4α7,

α6 = Rb4α8.

Çàìåòèì, ÷òî:

� α1 = ξ2Ra2α1, îòêóäà a2 = e, ξ2 = e;
� α5 = Ra4α7 = ξ2Rc2α7, îòêóäà ξ2 = id, a4 = c2;
� α5 = ξ1Rc1Rb4α8 = ξ3Rc3α8, îòêóäà b4 ◦ c1 = c3, ξ1 = ξ3;
� α2 = ξ1Rb1α4 = ξ3Rb3α4, îòêóäà b1 = b3;
� α3 = R−1

b2
α2, îòêóäà b2 = e.
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Òàêèì îáðàçîì, α1 = ξ1Ra3α2, α3 = α2, α4 = R−1
b3
ξ−1
1 α2, α5 = ξ1Rc1α, à çíà÷èò,

f(x, y) = α5x ◦ α6y = ξ1Rc1α6x ◦ α6y,

g(x, y) = α−1
5 (α1x ◦ α2y) = α−1

5 (ξ1Ra3α2x ◦ α2y) =

= α−1
6 (α3x ◦ α4y) = α−1

6 (α2x ◦R−1
b3
ξ−1
1 α2y).

Ïðè ýòîì

f(g(x, u), g(y, v)) = (α1x ◦ α2u) ◦ (α3y ◦ α4v) = ξ1Ra3α2x ◦ α2u ◦ α2y ◦R−1
b3
ξ−1
1 α2v.

Ïîñëå çàìåíû îáîçíà÷åíèé α2 = β, α6 = α, ξ1 = ξ, c1 = c, a3 = a, b3 = b ïîëó÷àåì
òðåáóåìûå ðàâåíñòâà

f(x, y) = ξRcαx ◦ αy = ξRcαx ◦ αy,
g(x, y) = (ξRcα)

−1(ξRa3βx ◦ βy) = α−1(βx ◦R−1
b ξ−1βy).

Çàìåòèì, ÷òî ôóíêöèÿ g äîëæíà óäîâëåòâîðÿòü óñëîâèþ

α−1R−1
c ξ−1(ξRaβx ◦ βy) = α−1(βx ◦R−1

b ξ−1βy),

èëè ïîñëå çàìåíû ïåðåìåííîé βy′ = R−1
b ξ−1βy

α−1R−1
c ξ−1(Raβx ◦ ξRbβy

′) = α−1(βx ◦ βy′).

Îòñþäà ñëåäóåò, ÷òî äîëæíî âûïîëíÿòüñÿ ðàâåíñòâî c = a ◦ b, ÷òî âûòåêàåò èç òîãî,
÷òî òðîéêà (Raβ, ξRb, ξRc) äîëæíà áûòü àâòîòîïèåé îïåðàöèè ◦.

Îêîí÷àòåëüíî ïîëó÷àåì, ÷òî ëåâàÿ ÷àñòü òîæäåñòâà (c), èìåþùàÿ âèä

f(g(x, u), g(y, v)) = ξRcα((ξRcα)
−1(ξRaβx ◦ βu)) ◦ α(α−1(βy ◦R−1

b ξ−1βv)) =

= (α1x ◦ βu) ◦ (α3y ◦ α4v) = ξRaβx ◦ βu ◦ βy ◦R−1
b ξ−1βv,

äîëæíà, î÷åâèäíî, ñîâïàäàòü ñ âûðàæåíèåì â ïðàâîé ÷àñòè ýòîãî òîæäåñòâà.

Òåîðåìà 8. Åñëè àëãåáðà (X, {f, g}), ãäå f, g� ñèëüíî çàâèñèìûå áèíàðíûå îïå-
ðàöèè, ÿâëÿåòñÿ êî-ìåäèàëüíîé, òî ñóùåñòâóåò êîììóòàòèâíûé ìîíîèä (X, ◦), áèåê-
öèÿ α, àâòîìîðôèçìû ìîíîèäà ξ, ψ ∈ Aut(◦) è îáðàòèìûå ýëåìåíòû m, l ∈ X, òàêèå,
÷òî

f(x, y) = ξαx ◦ αy ◦m, g(x, y) = α−1(ψx ◦ ξ−1ψy ◦ l).
Ìîíîèä (X, ◦) îïðåäåë¼í îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîðôèçìà; α è ξ ïðè íåêîòî-
ðûõ s, c ∈ X óäîâëåòâîðÿþò òîæäåñòâó

ξ(αx ◦ s) = α(ξx ◦ c).

Äîêàçàòåëüñòâî. Ïóñòü äëÿ ôóíêöèé f, g âûïîëíåíî òîæäåñòâî (c). Ðàññìîòðèì
âòîðîå òîæäåñòâî, îòëè÷àþùååñÿ îò (c) ïîðÿäêîì ñëåäîâàíèÿ ôóíêöèé:

g(f(x, y), f(u, v)) = g(f(x, u), f(y, v)).

Ñîãëàñíî óòâåðæäåíèþ 1, ëåâàÿ è ïðàâàÿ ÷àñòè òîæäåñòâà äîëæíû èìåòü âèä

g(f(x, y), f(u, v)) = α−1(β(ξRcαx ◦ αy) ◦R−1
b ξ−1β(ξRcαu ◦ αv)),

g(f(x, u), f(y, v)) = α−1(β(ξRcαx ◦ αu) ◦R−1
b ξ−1β(ξRcαy ◦ αv)).
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Ïîýòîìó ïðè Rc1ξx = x′ ýòî òîæäåñòâî ìîæíî çàïèñàòü â âèäå

β(αx′ ◦ αy) ◦R−1
b ξ−1β(ξRcαu ◦ αv) = β(αx′ ◦ αu) ◦R−1

b ξ−1β(ξRcαy ◦ αv). (8)

Ïðè αx′0 = αv0 = e è u0 èç óñëîâèÿ R
−1
b ξ−1β(ξRcαu0) = e ïîëó÷àåì

β(αy) = d ◦R−1
b ξ−1β(ξRcαy), (9)

ãäå ýëåìåíò d = βαu0 äîëæåí áûòü îáðàòèìûì, òàê êàê ñëåâà ñòîèò ïîäñòàíîâêà.
Ïîäñòàâëÿÿ αv0 = αu′0 = e, ïîëó÷àåì òîæäåñòâî

β(αx′ ◦ αy) ◦R−1
b ξ−1β(ξRcαu

′
0) = β(αx′) ◦R−1

b ξ−1β(ξRcαy).

Èñïîëüçóÿ ðàâåíñòâî (9), ïðåîáðàçóåì ýòî òîæäåñòâî ê âèäó

β(αx′ ◦ αy) ◦ d−1 ◦ β(αu′0) = β(αx′) ◦ d−1 ◦ β(αy),

ãäå ïîñëå çàìåíû ïåðåìåííûõ z = αx′, w = αy è ñîêðàùåíèÿ d−1 ïîëó÷àåì òîæäåñòâî

β(z ◦ w) ◦ β(e) = β(z) ◦ β(w).

Â ñèëó ëåììû 3 áèåêöèÿ β ÿâëÿåòñÿ êâàçèàâòîìîðôèçìîì. Ïóñòü β(x) = ψ(x) ◦ h,
ψ ∈ Aut(◦), h ∈ X. Òîãäà òîæäåñòâî (8) ìîæíî çàïèñàòü â âèäå

ψ(αx′ ◦ αy) ◦ h ◦R−1
b ξ−1ψ(ξRcαu ◦ αv) ◦ h = ψ(αx′ ◦ αu) ◦ h ◦R−1

b ξ−1ψ(ξRcαy ◦ αv) ◦ h.

Ïîñëå ñîêðàùåíèÿ êîíñòàíò è èñïîëüçîâàíèÿ ñâîéñòâà àâòîìîðôèçìà ψ ïîëó÷àåì òîæ-
äåñòâî

(αx′ ◦ αy) ◦R−1
b ξ−1(ξRcαu ◦ αv) = (αx′ ◦ αu) ◦R−1

b ξ−1(ξRcαy ◦ αv).

Âûáåðåì x′ = x′0 òàê, ÷òîáû αx′0 áûë îáðàòèìûì ýëåìåíòîì. Òîãäà ýòî ýêâèâàëåíòíî
ðàâåíñòâó

αy ◦R−1
b ξ−1(ξRcαu) = αu ◦R−1

b ξ−1(ξRcαy),

èëè
αy ◦ ξ−1(ξRcαu) = αu ◦ ξ−1(ξRcαy).

Çàôèêñèðóåì u = u0 òàê, ÷òîáû ξ−1(ξRcαu0) = e:

αy = αu0 ◦ ξ−1(ξRcαy).

Ïîñêîëüêó α ÿâëÿåòñÿ ïîäñòàíîâêîé, ýëåìåíò αy0 äîëæåí áûòü îáðàòèìûì. Îáîçíà÷àÿ
s = (αy0)

−1, ïîëó÷àåì
αy ◦ s = ξ−1(ξRcαy)

ïðè íåêîòîðîì s ∈ X, èëè èíà÷å

ξ(αy ◦ s) = α(ξy ◦ c).

Ñëåäîâàòåëüíî,

f(x, y) = ξRcαx ◦ αy = ξ(αx ◦ s) ◦ αy = ξ(αx) ◦ αy ◦ ξ(s),
g(x, y) = α−1(ψx ◦R−1

b ξ−1ψy) = α−1(ψx ◦ ξ−1ψy ◦ ξ−1ψb−1).

Îáîçíà÷àÿ m = ξ(s), l = ξ−1ψb−1, ïîëó÷àåì íåîáõîäèìûé âèä ôóíêöèé èç óñëîâèÿ
òåîðåìû.
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Ïðèìåð 1. Ïîêàæåì, ÷òî â òåîðåìå 8 îáå îïåðàöèè f è g ìîãóò áûòü íåëèíåé-
íûìè. Ïóñòü X = Z2

3 ðàññìàòðèâàåòñÿ êàê ïðÿìàÿ ñóììà Z3 + Z3 ãðóïï c îïåðàöèåé
ïîêîîðäèíàòíîãî ñëîæåíèÿ; ξ(x) = xA�ëèíåéíîå ïðåîáðàçîâàíèå, çàäàâàåìîå ìàòðè-

öåé A =

(
0 1
2 1

)
è ÿâëÿþùååñÿ àâòîìîðôèçìîì ãðóïïû (Z2

3,+). Â öèêëîâîé çàïèñè ξ

èìååò âèä (00)(11, 22)(01, 21, 20, 02, 12, 10). Ïóñòü ïîäñòàíîâêà α ÿâëÿåòñÿ òðàíñïîçè-
öèåé (11, 22). Îíà óäîâëåòâîðÿåò ðàâåíñòâó αξ = ξα, íî íå ÿâëÿåòñÿ àâòîìîðôèçìîì
ãðóïïû Z2

3, òàê êàê å¼ êîîðäèíàòíûå ôóíêöèè α(x1, x2) = (x′1, x
′
2) îïèñûâàþòñÿ íåëè-

íåéíûìè óðàâíåíèÿìè

x′1 = x1 − x1x2(x1 + x2),

x′2 = x2 − x1x2(x1 + x2).

Ïðè ýòîì α òàêæå íå ÿâëÿåòñÿ êâàçèàâòîìîðôèçìîì, òàê êàê íå âûïîëíåíî, íàïðèìåð,
ðàâåíñòâî α(12) + α(00) = α(11) + α(01) (ñì. ëåììó 3).

Ðàññìîòðèì áèíàðíûå êâàçèãðóïïîâûå îïåðàöèè

f(x, y) = ξαx+ αy,

g(x, y) = α−1(x+ ξ−1y).

Îíè íå ÿâëÿþòñÿ ëèíåéíûìè, íî óäîâëåòâîðÿþò îáîèì òîæäåñòâàì êî-ìåäèàëüíîñòè:

f(g(x, y), g(u, v)) = f(g(x, u), g(y, v)),

g(f(x, y), f(u, v)) = g(f(x, u), f(y, v)).

Äåéñòâèòåëüíî, ïîñëå ïîäñòàíîâêè â íèõ îïåðàöèé f è g ïîëó÷àåì òîæäåñòâà

α−1ξα(x+ ξ−1y) + (u+ ξ−1v) = α−1ξα(x+ ξ−1u) + (y + ξ−1v),

α−1((ξαx+ αy) + ξ−1(ξαu+ αv)) = α−1((ξαx+ αu) + ξ−1(ξαy + αv)),

êîòîðûå â ñèëó ïåðåñòàíîâî÷íîñòè àâòîìîðôèçìà ξ è áèåêöèè α ìîæíî ïðåîáðàçîâàòü
ñîîòâåòñòâåííî ê âèäó

ξx+ y + u+ ξ−1v = ξx+ u+ y + ξ−1v,

α−1(αξx+ αy + αu+ αξ−1v) = α−1(αξx+ αu+ αy + αξ−1v).

Ïîëíîñòüþ àíàëîãè÷íî ðàññìàòðèâàåòñÿ ñëó÷àé òîæäåñòâà êî-ïàðàìåäèàëüíîñòè.

Óòâåðæäåíèå 2. Åñëè f, g� ñèëüíî çàâèñèìûå áèíàðíûå îïåðàöèè, óäîâëåòâî-
ðÿþùèå òîæäåñòâó (d) êî-ïàðàìåäèàëüíîñòè, òî ñóùåñòâóåò êîììóòàòèâíûé ìîíî-
èä (X, ◦), áèåêöèè α, β, îáðàòèìûå ýëåìåíòû a, c ∈ X è àâòîìîðôèçì ìîíîèäà
ξ ∈ Aut(◦), òàêèå, ÷òî

f(x, y) = ξRcαx ◦ αy,
g(x, y) = α−1(R−1

a ξ−1βx ◦ βy).

Ìîíîèä (X, ◦) îïðåäåë¼í îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîðôèçìà.

Äîêàçàòåëüñòâî. Èìååì f = f1 = f4 è g = f2 = f3 = f5 = f6, èëè

f(x, y) = α5x ◦ α6y = α7x ◦ α8y,

g(x, y) = α−1
5 (α1x ◦ α2y) = α−1

6 (α3x ◦ α4y) = α−1
7 (α4v ◦ α2y) = α−1

8 (α3x ◦ α1y).
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Çíà÷èò, èçîòîïèè (α5, α6, id) è (α7, α8, id), à òàêæå (α1, α2, α5), (α3, α4, α6), (α4, α2, α7)
è (α3, α1, α8) ëåæàò â îäíîì ñìåæíîì êëàññå ïî ãðóïïå àâòîòîïèé ìîíîèäà (X, ◦). Îò-
ñþäà ïî ëåììå 2 ïîëó÷àåì, ÷òî ïðè íåêîòîðûõ àâòîìîðôèçìàõ ξ1, ξ2, ξ3 ñïðàâåäëèâû
ðàâåíñòâà

(α1, α2, α5) = (ξ1Ra1α3, ξ1Rb1α4, ξ1Rc1α6) = (ξ2Ra2α4, ξ2Rb2α2, ξ2Rc2α7) =

= (ξ3Ra3α3, ξ3Rb3α1, ξ3Rc3α8),

(α5, α6, id) = (Ra4α7, Rb4α8, id), a4 ◦ b4 = e.

Òîãäà α5 = α7Ra4 , α6 = α8Rb4 , ïðè÷¼ì

α1 = ξ1Ra1α3 = ξ2Ra2α4 = α3Ra3ξ3,

α2 = ξ1Rb1α4 = ξ2Rb2α2 = ξ3Rb3α1,

α5 = ξ1Rc1α6 = ξ2Rc2α7 = α8Rc3ξ3.

Çíà÷èò, ξ1Ra1 = ξ3Ra3 , α1 = α4, ξ2 = id, a2 = e,

α1 = ξ1Ra1α3, α2 = ξ1Rb1α1, α5 = ξ1Rc1α6.

Ïîäñòàâèì ôóíêöèè f è g â èñõîäíîå òîæäåñòâî:

f(x, y) = α5x ◦ α6y = ξ1Rc1α6x ◦ α6y,

g(x, y) = α−1
5 (α1x ◦ α2y) = (ξ1Rc1α6)

−1(α1x ◦ ξ1Rb1α1y) =

= (α6)
−1(α3x ◦ α4y) = (α6)

−1(R−1
a3
ξ−1
1 α1x ◦ α1y),

f(g(v, y), g(u, x)) = α5α
−1
5 (α1v ◦ α2y)) ◦ α6(α

−1
6 (α3u ◦ α4x)) =

= (α1v ◦ α2y) ◦ (α3u ◦ α4x) = α1v ◦ ξ1Rb1α1y ◦R−1
a3
ξ−1
1 α1u ◦ α1x.

Ïðè α1 = β, α6 = α, ξ1 = ξ, Rc1ξu = u′, c1 = c, a3 = a ïîëó÷àåì òðåáóåìûé âèä
îïåðàöèé.

Òåîðåìà 9. Åñëè àëãåáðà (X, {f, g}), ãäå f, g� ñèëüíî çàâèñèìûå áèíàðíûå îïå-
ðàöèè, ÿâëÿåòñÿ êî-ïàðàìåäèàëüíîé, òî ñóùåñòâóåò êîììóòàòèâíûé ìîíîèä (X, ◦), áè-
åêöèÿ α, àâòîìîðôèçìû ìîíîèäà ξ, ψ ∈ Aut(◦) è îáðàòèìûå ýëåìåíòû m, l ∈ X, òàêèå,
÷òî

f(x, y) = ξαx ◦ αy ◦m,
g(x, y) = α−1(ξ−1ψx ◦ ψy ◦ l).

Ìîíîèä (X, ◦) îïðåäåë¼í îäíîçíà÷íî ñ òî÷íîñòüþ äî èçîìîðôèçìà, a α è ξ ïðè íåêî-
òîðûõ s, c ∈ X óäîâëåòâîðÿþò òîæäåñòâó

ξ(αx ◦ s) = α(ξx ◦ c).

Äîêàçàòåëüñòâî. Ïóñòü äëÿ ôóíêöèé f, g âûïîëíåíî òîæäåñòâî (d). Ðàññìîò-
ðèì âòîðîå òîæäåñòâî, îòëè÷àþùååñÿ îò (d) ïîðÿäêîì ñëåäîâàíèÿ ôóíêöèé

g(f(x, y), f(u, v)) = g(f(v, y), f(u, x)),

ãäå, ñîãëàñíî óòâåðæäåíèþ 2,

g(f(x, y), f(u, v)) = α−1(R−1
a ξ−1β(ξRcαx ◦ αy) ◦ β(ξRcαu ◦ αv)),

g(f(v, y), f(u, x)) = α−1(R−1
a ξ−1β(ξRcαv ◦ αy) ◦ β(ξRcαu ◦ αx)).
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Ïðè ξRcu = u′ ïîëó÷àåì

R−1
a ξ−1β(ξRcαx ◦ αy) ◦ β(αu′ ◦ αv) = R−1

a ξ−1β(ξRcαv ◦ αy) ◦ β(αu′ ◦ αx). (10)

Ïðè αy0 = e, αu′0 = e òîæäåñòâî (10) ïðèíèìàåò âèä

R−1
a ξ−1β(ξRcαx) ◦ β(αv) = R−1

a ξ−1β(ξRcαv) ◦ β(αx),

ïðè v0 èç óñëîâèÿ R
−1
a ξ−1β(ξRcαv0) = e ïîëó÷èì

R−1
a ξ−1β(ξRcαx) ◦ d = β(αx), (11)

ãäå d = β(αv0) äîëæåí áûòü îáðàòèìûì ýëåìåíòîì.
Ïîëàãàÿ αu′0 = e â òîæäåñòâå (10), ïîëó÷àåì

R−1
a ξ−1β(ξRcαx ◦ αy) ◦ β(αv) = R−1

a ξ−1β(ξRcαv ◦ αy) ◦ β(αx),

ïîñëå çàìåíû Rcξx = x′ ñ èñïîëüçîâàíèåì ðàâåíñòâà (11) òîæäåñòâî (10) áóäåò èìåòü
ñëåäóþùèé âèä:

R−1
a ξ−1β(αx′ ◦ αy) ◦R−1

a ξ−1β(ξRcαv) ◦ d = R−1
a ξ−1β(ξRcαv ◦ αy) ◦R−1

a ξ−1β(αx′) ◦ d.

Îáîçíà÷èì ϕ = R−1
a ξ−1β, αv′ = ξαRcv. Òîãäà ïîñëåäíåå ðàâåíñòâî ïðèíèìàåò âèä

ϕ(αx′ ◦ αy) ◦ ϕ(αv′) ◦ d = ϕ(αv′ ◦ αy) ◦ ϕ(αx′) ◦ d.

Ñîêðàùàÿ íà d è ïîëàãàÿ αv′ = e, ïîëó÷àåì

ϕ(αx′ ◦ αy) ◦ ϕ(e) = ϕ(αy) ◦ ϕ(αx′).

Çíà÷èò, ïî ëåììå 3 áèåêöèÿ ϕ, à ïîòîìó è β ÿâëÿþòñÿ êâàçèàâòîìîðôèçìàìè.
Ïóñòü β(x) = ψ(x) ◦ h, ψ ∈ Aut(◦), h ∈ X. Òîãäà òîæäåñòâî (11) ìîæíî çàïèñàòü

â âèäå

R−1
a ξ−1ψ(ξRcαx) ◦ h ◦ ψ(αv) ◦ h = R−1

a ξ−1ψ(ξRcαv) ◦ h ◦ ψ(αx) ◦ h.

Ñîêðàùàÿ êîíñòàíòû è èñïîëüçóÿ ñâîéñòâî àâòîìîðôèçìà ψ, ïîëó÷àåì òîæäåñòâî

R−1
a ξ−1(ξRcαx) ◦ αv = R−1

a ξ−1(ξRcαv) ◦ αx,

÷òî ýêâèâàëåíòíî
ξ−1(ξRcαx) ◦ αv = ξ−1(ξRcαv) ◦ αx.

Ôèêñèðóÿ ïåðåìåííóþ v çíà÷åíèåì v0 òàê, ÷òîáû ξ−1(ξRcαv0) = e, èìååì

ξ−1(ξRcαx) ◦ αv0 = αx.

Òàê êàê â ïðàâîé ÷àñòè ñòîèò ïîäñòàíîâêà, òî ýëåìåíò αv0 îáðàòèì è âûïîëíåíèå ýòîãî
òîæäåñòâà ýêâèâàëåíòíî âûïîëíåíèþ òîæäåñòâà

αx ◦ s = ξ−1(ξRcαx),

ãäå s = (αv0)
−1, èëè èíà÷å

ξ(αx ◦ s) = α(ξx ◦ c),
èëè αRsξx = ξRcαx. Ñëåäîâàòåëüíî,

f(x, y) = ξRcαx ◦ αy = ξ(αx ◦ s) ◦ αy = ξ(αx) ◦ αy ◦m,
g(x, y) = α−1(R−1

a ξ−1ψx ◦ ψy) = α−1(ξ−1ψx ◦ ψy ◦ l),

ãäå m = ξ(s), l = ξ−1ψa−1.
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4. Ñâîéñòâî ïåðåñòàíîâî÷íîñòè ñòåïåíåé
Â ðàáîòå [20] D.C. Murdoch çàìåòèë, ÷òî ìåäèàëüíûå ãðóïïîèäû îáëàäàþò ñâîé-

ñòâîì ïåðåñòàíîâî÷íîñòè ñòåïåíåé (palintropic property). Ðàíåå äëÿ ìåäèàëüíûõ ãðóï-
ïîèäîâ èñïîëüçîâàëñÿ òåðìèí entropoid, à ñâîéñòâî ìåäèàëüíîñòè íàçûâàëîñü entropic
property è îïðåäåëÿëîñü òàê: äëÿ âñåõ x, e, z, w ∈ G åñëè x ∗ y = z ∗ w, òî x ∗ z = y ∗ w.

Òåîðåìà 10 [20, òåîðåìà 10]. Äëÿ ëþáûõ ýëåìåíòîâ x, y ∈ X ìåäèàëüíîãî ãðóï-
ïîèäà (X, ∗) è âñåõ m,n ⩾ 1 âûïîëíåíû ðàâåíñòâà

(x ∗ y)n = xn ∗ yn, (xn)m = (xm)n.

Äëÿ íåêîììóòàòèâíîé è íåàññîöèàòèâíîé áèíàðíîé îïåðàöèè ∗ ïîìèìî ñòàíäàðòíî-
ãî îïðåäåëåíèÿ xn = xn−1 ∗ x âîçìîæíû è äðóãèå îïðåäåëåíèÿ ñòåïåíè, îòëè÷àþùèåñÿ
ñïîñîáîì ðàññòàíîâêè ñêîáîê â ïîñëåäîâàòåëüíîñòè x ∗ x ∗ . . . ∗ x︸ ︷︷ ︸

n

. Êàæäîå ñêîáî÷íîå

âûðàæåíèå ìîæíî îáîçíà÷èòü êàê ñòåïåíü xA ýëåìåíòà x, ïîêàçàòåëü A êîòîðîé çà-
ïèñàí â âèäå ôîðìàëüíîãî àëãåáðàè÷åñêîãî âûðàæåíèÿ íàä íàòóðàëüíûìè ÷èñëàìè
ñ èñïîëüçîâàíèåì ñèìâîëîâ îïåðàöèé ñëîæåíèÿ è óìíîæåíèÿ. Ïîêàçàòåëü A íàçûâàþò
ñòåïåíí�ûì èíäåêñîì (power index ). Íàïðèìåð, ñòåïåíí�îé èíäåêñA = (2+1)·3+(1+2)2

ñîîòâåòñòâóåò ñëåäóþùåìó ñêîáî÷íîìó âûðàæåíèþ:

((((x ∗ x) ∗ x) ∗ ((x ∗ x) ∗ x)) ∗ ((x ∗ x) ∗ x)) ∗ ((x ∗ (x ∗ x)) ∗ ((x ∗ (x ∗ x)) ∗ (x ∗ (x ∗ x)))).

Ñòåïåíí�ûå èíäåêñû A è B íàçûâàþòñÿ ýêâèâàëåíòíûìè, åñëè xA = xB äëÿ âñåõ
x ∈ X. Ìíîæåñòâî êëàññîâ ýêâèâàëåíòíîñòè èíäåêñîâ îáðàçóåò àëãåáðó (Z; +, ·) ñ äâó-
ìÿ áèíàðíûìè îïåðàöèÿìè

xA+B = xA ∗ xB, xA·B =
(
xA
)B
,

êîòîðóþ I.M.H. Etherington [21] íàçâàë ëîãàðèôìåòèêîé (logarithmetic).
Çàìåòèì, ÷òî â ñèëó òåîðåìû 10 îïåðàöèÿ óìíîæåíèÿ â çàïèñè ñòåïåíí�îãî èíäåêñà

êîììóòàòèâíà è àññîöèàòèâíà, õîòÿ îïåðàöèÿ ñëîæåíèÿ â îáùåì ñëó÷àå íå ÿâëÿåò-
ñÿ íè êîììóòàòèâíîé, íè àññîöèàòèâíîé. Ïðè ýòîì çàêîí äèñòðèáóòèâíîñòè ñëîæåíèÿ
îòíîñèòåëüíî óìíîæåíèÿ ñîõðàíÿåòñÿ. Â [21] äîêàçàíî, ÷òî åñëè âìåñòî îáû÷íûõ ñòåïå-
íåé ðàññìàòðèâàòü ïðîèçâîëüíûå ñêîáî÷íûå âûðàæåíèÿ (ñòåïåíí�ûå èíäåêñû), òî äëÿ
ìåäèàëüíûõ ãðóïïîèäîâ ñâîéñòâî ïåðåñòàíîâî÷íîñòè ñòåïåíåé îêàçûâàåòñÿ ñïðàâåäëè-
âûì è â îáùåì ñëó÷àå.

Òåîðåìà 11 [21, òåîðåìà 10]. Ïóñòü A è B�ïðîèçâîëüíûå ñòåïåíí�ûå èíäåêñû.
Äëÿ ëþáûõ ýëåìåíòîâ x, y ∈ X ìåäèàëüíîãî ãðóïïîèäà (X, ∗) âûïîëíåíû ðàâåíñòâà

(x ∗ y)A = xA ∗ yA,
(
xA
)B

=
(
xB
)A
. (12)

Ïîêàæåì, ÷òî ðàâåíñòâà (12) âûïîëíÿþòñÿ è â ñëó÷àå äâóõ áèíàðíûõ îïåðàöèé
f(x, y) = x ◦ y è g(u, v) = u ∗ v íà ìíîæåñòâå X, óäîâëåòâîðÿþùèõ îáîáù¼ííîìó
òîæäåñòâó ìåäèàëüíîñòè (a). Îáîçíà÷èì ñòåïåíè îòíîñèòåëüíî êàæäîé èç îïåðàöèé
ñëåäóþùèì îáðàçîì:

x{n} = (((x ◦ x) ◦ x) ◦ . . . ◦ x)x = x{n−1} ◦ x,
y[m] = (((y ∗ y) ∗ y) ∗ . . . ∗ y)y = y[m−1] ∗ y.

Áóäåì òàêæå îáîçíà÷àòü ñòåïåíí�ûå èíäåêñû êàê {A} è [B] äëÿ ñòåïåíåé, âû÷èñëåííûõ
ñ ïîìîùüþ îïåðàöèé ◦ è ∗ ñîîòâåòñòâåííî.
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Òåîðåìà 12. Ïóñòü A è B�ïðîèçâîëüíûå ñòåïåíí�ûå èíäåêñû. Äëÿ ëþáûõ ãðóï-
ïîèäîâ (X, ◦) è (X, ∗), óäîâëåòâîðÿþùèõ îáîáù¼ííîìó òîæäåñòâó ìåäèàëüíîñòè, äëÿ
ëþáûõ ýëåìåíòîâ x, y ∈ X âûïîëíåíû ðàâåíñòâà

(x ∗ y){A} = x{A} ∗ y{A},
(
x{A})[B]

=
(
x[B]
){A}

.

Äîêàçàòåëüñòâî. Êàæäûé ñòåïåíí�îé èíäåêñA ìîæíî çàïèñàòü â âèäå ôîðìàëü-
íîãî àëãåáðàè÷åñêîãî âûðàæåíèÿ íàä íàòóðàëüíûìè ÷èñëàìè ñ èñïîëüçîâàíèåì ñèì-
âîëîâ íåêîììóòàòèâíîé îïåðàöèè ñëîæåíèÿ è êîììóòàòèâíîé îïåðàöèè óìíîæåíèÿ.
Âîñïîëüçóåìñÿ èíäóêöèåé ïî ÷èñëó îïåðàöèé â çàïèñè èíäåêñàA. Ðàññìîòðèì äâà ñëó-
÷àÿ â çàâèñèìîñòè îò ïîñëåäíåé îïåðàöèè â çàïèñè ñòåïåíí�îãî èíäåêñà: A = A1 +A2,
A = A1 ·A2. Äîêàæåì âòîðîå ðàâåíñòâî. Ïî ïðåäïîëîæåíèþ èíäóêöèè ýòî ðàâåíñòâî
âûïîëíÿåòñÿ äëÿ ñòåïåíí�ûõ èíäåêñîâ A1 è A2. Èìååì:

(x ∗ y){A} = (x ∗ y){A1·A2} =

=
(
(x ∗ y){A1}

){A2} =

=
(
x{A1} ∗ y{A1}

){A2} =

=
(
x{A1}

){A2} ◦
(
y{A1}

){A2} =

=
(
x{A1}

){A2} ∗
(
y{A1}

){A2} =
= x{A} ∗ y{A}.

Àíàëîãè÷íî ðàññìàòðèâàåòñÿ ïåðâûé ñëó÷àé.
Âòîðîå ðàâåíñòâî äîêàçûâàåòñÿ ñ èñïîëüçîâàíèåì ïåðâîãî, òîëüêî òåïåðü íàäî ðàñ-

ñìîòðåòü ÷åòûðå ñëó÷àÿ â çàâèñèìîñòè îò ïîñëåäíèõ îïåðàöèé â çàïèñè ñòåïåíí�ûõ
èíäåêñîâ A è B:

A = A1 +A2, B = B1 +B2, A = A1 ·A2, B = B1 ·B2.

Â ñëó÷àå, êîãäà îáå îïåðàöèè� ñëîæåíèå (+), èìååì:(
x{A})[B]

=
(
x{A1+A2}

)[B1+B2] =

=
(
x{A1} ◦ x{A2}

)[B1+B2] =

=
(
x{A1} ◦ x{A2}

)[B1] ∗
(
x{A1} ◦ x{A2}

)[B2] =

=
((
x{A1}

)[B1] ◦
(
x{A2}

)[B1]
)
∗
((
x{A1}

)[B2] ◦
(
x{A2}

)[B2]
)
=

=
((
x[B1]

){A1} ◦
(
x[B1]

){A2}
)
∗
((
x[B2]

){A1} ◦
(
x[B2]

){A2}
)
=

=
(
x[B1]

){A1+A2} ∗
(
x[B2]

){A1+A2} =

=
(
x[B1+B2]

){A1+A2} =

=
(
x[B]
){A}

.

Îñòàëüíûå òðè ñëó÷àÿ ðàññìàòðèâàþòñÿ àíàëîãè÷íî.

Ñâîéñòâî ïåðåñòàíîâî÷íîñòè ñòåïåíåé îêàçûâàåòñÿ óäîáíûì äëÿ ïîñòðîåíèÿ ïðî-
òîêîëà Äèôôè�Õåëëìàíà. Â [22] äëÿ ïîñòðîåíèÿ ïðîòîêîëà ïðåäëîæåíî ðàññìàòðè-
âàòü ïðîèçâîëüíûå ñêîáî÷íûå âûðàæåíèÿ íà ìåäèàëüíûõ êâàçèãðóïïàõ. Òåîðåìà 12
ïîçâîëÿåò ïîñòðîèòü ïðîòîêîë òèïà Äèôôè�Õåëëìàíà, â êîòîðîì êàæäûé èç ó÷àñò-
íèêîâ âûïîëíÿåò âû÷èñëåíèÿ ñ èñïîëüçîâàíèåì ñâîåé áèíàðíîé îïåðàöèè. Ñíà÷àëà
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îíè äîãîâàðèâàþòñÿ îá îáðàçóþùåì ýëåìåíòå a ∈ X. Êàæäûé ó÷àñòíèê âûáèðàåò ñâî¼
ñêîáî÷íîå âûðàæåíèå. Çàòåì îíè îáìåíèâàþòñÿ ñîîáùåíèÿìè

A→ B : a{A},
A← B : a[B].

Îáùèé êëþ÷ âû÷èñëÿåòñÿ ïî ôîðìóëàì

k =
(
a{A})[B]

=
(
a[B]
){A}

.
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