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Èçó÷àåòñÿ âëèÿíèå ïðîöåññà èòåðèðîâàíèÿ íà ñòðóêòóðó ãðàôà Gπ èñõîäíîé ðàâ-
íîâåðîÿòíîé ñëó÷àéíîé ïîäñòàíîâêè π : S → S. Âûïèñàíû òî÷íûå ôîðìóëû äëÿ
ðàñïðåäåëåíèÿ äëèíû βπ (x) öèêëà Kπ (x), ñîäåðæàùåãî ïðîèçâîëüíóþ ôèêñèðî-
âàííóþ âåðøèíó x ∈ S. Ïîëó÷åíî âûðàæåíèå äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ
ñëó÷àéíîé âåëè÷èíû λπk (l), ðàâíîé ÷èñëó âåðøèí â ãðàôå Gπk , ëåæàùèõ íà öèê-
ëàõ äëèíû l ∈ {1, . . . , |S|}. Äëÿ k ∈ N è ïðîèçâîëüíûõ ôèêñèðîâàííûõ âåðøèí
x, y ∈ S, x ̸= y, âû÷èñëåíà ñîâìåñòíàÿ âåðîÿòíîñòü èõ ïîïàäàíèÿ íà öèêëû ôèê-
ñèðîâàííûõ äëèí â ãðàôå Gπk .

Êëþ÷åâûå ñëîâà: ðàâíîâåðîÿòíàÿ ñëó÷àéíàÿ ïîäñòàíîâêà, èòåðàöèÿ ïîäñòà-

íîâêè, ãðàô ïîäñòàíîâêè, ðàñïðåäåëåíèå äëèí öèêëîâ, íåïîäâèæíûå òî÷êè.

ON THE DISTRIBUTION OF CYCLE LENGTHS IN THE GRAPH
OF k-MULTIPLE ITERATION OF THE UNIFORM RANDOM

SUBSTITUTION

V.O. Mironkin

MIREA � Russian Technological University, Moscow, Russia

The influence of the iteration process on the structure of the graph Gπ of the uni-
form random substitution π : S → S is studied. Exact formulas are written out for
the distribution of the length βπ (x) of the cycle Kπ (x) containing an arbitrary fixed
vertex x ∈ S. An expression is written for the mathematical expectation of a random
variable λπk (l) equal to the number of vertices in the graph Gπk lying on cycles of
length l ∈ {1, . . . , |S|}. For k ∈ N and arbitrary fixed vertices x, y ∈ S, x ̸= y, the joint
probability of their falling on cycles of fixed lengths in the graph Gπk is calculated.

Keywords: uniform random substitution, iteration of a substitution, graph of a sub-
stitution, distribution of cycle lengths, fixed points.

Ââåäåíèå
Íàðÿäó ñ ðàâíîâåðîÿòíûìè ñëó÷àéíûìè îòîáðàæåíèÿìè êîíå÷íîãî ìíîæåñòâà â ñå-

áÿ [1�4] îñîáóþ ïðàêòè÷åñêóþ ðîëü ïðè ñèíòåçå è àíàëèçå àëãîðèòìè÷åñêèõ ìåòîäîâ
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çàùèòû èíôîðìàöèè (äàëåå �ÀÌÇÈ) èãðàþò ðàâíîâåðîÿòíûå ñëó÷àéíûå ïîäñòàíîâ-
êè � áèåêòèâíûå îòîáðàæåíèÿ êîíå÷íîãî ìíîæåñòâà â ñåáÿ. Òàê, â ÷àñòíîñòè, êëàññ
óêàçàííûõ îòîáðàæåíèé ïðåäñòàâëÿåò ñîáîé îñíîâíîé ìàòåìàòè÷åñêèé èíñòðóìåíòà-
ðèé, èñïîëüçóåìûé ïðè ìîäåëèðîâàíèè àëãîðèòìîâ áëî÷íîãî øèôðîâàíèÿ, êîòîðûå,
êàê ïðàâèëî, èìåþò èòåðàöèîííóþ ñòðóêòóðó. Òàêîå ïîñòðîåíèå ÀÌÇÈ íàöåëåíî íà
ïîâûøåíèå èõ êðèïòîãðàôè÷åñêîãî êà÷åñòâà. Ïðè ýòîì ìîæåò âîçíèêíóòü åñòåñòâåí-
íûé âîïðîñ î öåëåñîîáðàçíîñòè äîïîëíèòåëüíîãî èòåðèðîâàíèÿ óæå îòäåëüíûõ áëîêîâ
ÀÌÇÈ, íàïðèìåð áëîêà ïîäñòàíîâîê. Êàê ïîäîáíàÿ ìîäèôèêàöèÿ ñêàæåòñÿ íà êðèï-
òîãðàôè÷åñêîì êà÷åñòâå ÀÌÇÈ â öåëîì? Äëÿ òîãî ÷òîáû îòâåòèòü íà ýòîì âîïðîñ,
òðåáóþòñÿ çíàíèÿ î ñâîéñòâàõ è õàðàêòåðèñòèêàõ èòåðàöèé óïîìÿíóòûõ áëîêîâ.

Â ðàáîòå èçó÷àþòñÿ âåðîÿòíîñòíûå ñâîéñòâà è õàðàêòåðèñòèêè îäíîé ìîäèôèêàöèè
êëàññà ðàâíîâåðîÿòíûõ ñëó÷àéíûõ ïîäñòàíîâîê, ñîñòîÿùåãî èç èõ êðàòíûõ èòåðàöèé.

Ñëåäóåò îòìåòèòü, ÷òî ðåçóëüòàòû èññëåäîâàíèé ðàâíîâåðîÿòíûõ ñëó÷àéíûõ îòîá-
ðàæåíèé [5, 6] íå ìîãóò áûòü â ÿâíîì âèäå ðàñïðîñòðàíåíû íà óêàçàííûå ìàòåìàòè-
÷åñêèå îáúåêòû èç-çà íåðàâíîâåðîÿòíîñòè ðàñïðåäåëåíèÿ ñëó÷àéíûõ ïîäñòàíîâîê íà
ìíîæåñòâå âñåõ îòîáðàæåíèé íåêîòîðîãî êîíå÷íîãî ìíîæåñòâà â ñåáÿ.

1. Òåîðåòèêî-âåðîÿòíîñòíàÿ ìîäåëü
Ðàññìîòðèì êîíå÷íîå ìíîæåñòâî S = {1, . . . , n}, n > 1, è âåðîÿòíîñòíîå ïðîñòðàí-

ñòâî (Ω,F ,P), â êîòîðîì ïðîñòðàíñòâîì ýëåìåíòàðíûõ èñõîäîâ Ω ÿâëÿåòñÿ ìíîæå-
ñòâî Sn âñåõ n! áèåêòèâíûõ îòîáðàæåíèé π : S → S, àëãåáðîé ñîáûòèé F �ìíîæåñòâî
âñåõ ïîäìíîæåñòâ Ω, à âåðîÿòíîñòíàÿ ìåðà P, ñîîòâåòñòâóþùàÿ ðàâíîâåðîÿòíûì ñëó-
÷àéíûì îòîáðàæåíèÿì, çàäàíà ñëåäóþùèì îáðàçîì:

P [π] =
1

n!
, π ∈ Ω. (1)

Îïðåäåëåíèå 1. Ãðàôîì ïîäñòàíîâêè π ∈ Ω íàçûâàåòñÿ îðèåíòèðîâàííûé ãðàô
Gπ = (S,Eπ) ñ ìíîæåñòâîì âåðøèí S è ìíîæåñòâîì îðèåíòèðîâàííûõ ð¼áåð Eπ =
= {(x, π(x)) : x ∈ S} ⊂ S2.

Îïðåäåëåíèå 2. Öèêëîì Kπ (x) ãðàôà Gπ, ñîäåðæàùèì âåðøèíó x ∈ S, íàçûâà-
åòñÿ ìíîæåñòâî âåðøèí

{y ∈ S : πu (y) = πv (x) äëÿ íåêîòîðûõ u, v ⩾ 0} .

Çäåñü π0 (y) = y è πu (y) = π(. . . (π︸ ︷︷ ︸
u

(y) . . .) â ñëó÷àå u > 0.

×åðåç βπ (x) îáîçíà÷èì äëèíó öèêëà Kπ (x), à ÷åðåç Cl (Gπ)�ìíîæåñòâî âåðøèí
ãðàôà Gπ, ëåæàùèõ íà öèêëàõ äëèíû l ∈ {1, . . . , n}.

Çàìå÷àíèå 1. Ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû βπ (x) çàâèñèò îò n. Îäíàêî
âî èçáåæàíèå çàãðîìîæäåíèÿ ôîðìóë äàííûé ôàêò â òåêñòå îòðàæàòü íå áóäåì.

2. Âñïîìîãàòåëüíûå ðåçóëüòàòû
Äëÿ ïðîèçâîëüíûõ k, l, i, j ∈ N, i ⩽ j, ââåä¼ì îáîçíà÷åíèå

Qj
i (k, l) =

{
m ∈ N : i ⩽ m ⩽ j,

m

(m, k)
= l

}
, (2)

ãäå (m, k)�íàèáîëüøèé îáùèé äåëèòåëü m è k.
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Äàëåå äëÿ ïðîèçâîëüíîãî u ∈ N, u > 1, áóäåì èñïîëüçîâàòü ñëåäóþùåå ïðåäñòàâ-
ëåíèå:

u = pa11 p
a2
2 . . . patt , (3)

ãäå p1 = 2 < p2 < . . . < pt �ïîñëåäîâàòåëüíûå ïðîñòûå ÷èñëà; at > 0; ai ⩾ 0,
i = 1, . . . , t − 1. Ïðè ýòîì ÷åðåç ∆u áóäåì îáîçíà÷àòü ìíîæåñòâî íîìåðîâ íåíóëåâûõ
ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè a1, . . . , at, à ÷åðåç ∆u = {1, . . . , t} \∆u �ìíîæåñòâî íî-
ìåðîâ íóëåâûõ ýëåìåíòîâ. Êðîìå òîãî, äëÿ ïðîèçâîëüíûõ n ∈ N, n > 1, r ∈ N è D ∈ R
÷åðåç W

({ai1 ,...,air})
{i1,...,ir} (n,D) áóäåì îáîçíà÷àòü ìíîæåñòâî ðåøåíèé èç (N ∪ {0})r ñèñòåìû

ëèíåéíûõ íåðàâåíñòâ{
x1 logn pi1 + x2 logn pi2 + . . .+ xr logn pir ⩽ D,

xj ⩽ aij , j = 1, . . . , r,

ãäå i1 < . . . < ir. Çäåñü è äàëåå ïîëîæèì
∏
i∈∅

(. . .) ≡ 1,
∑
i∈∅

(. . .) ≡ 0.

Óòâåðæäåíèå 1. Ïóñòü n ∈ N, n > 1. Òîãäà äëÿ ëþáûõ k = pa11 p
a2
2 . . . patt ∈ N è

l = pb11 p
b2
2 . . . p

bs
s ∈ {1, . . . , n}, ïðåäñòàâëåííûõ â âèäå (3), ñïðàâåäëèâî ðàâåíñòâî

|Qn
1 (k, l)| =

∣∣∣∣∣W ({ai : i∈∆k∩∆l})
∆k∩∆l

(
n, 1−

∑
i∈∆l

(ai + bi) logn pi

)∣∣∣∣∣ . (4)

Äîêàçàòåëüñòâî. Çàôèêñèðóåì m ∈ {1, . . . , n} è çàïèøåì åãî â ñëåäóþùåì
âèäå:

m =
∏

i∈(∆m∩∆k∩∆l)
pcii

∏
i∈(∆m∩∆k∩∆l)

pcii
∏

i∈(∆m∩∆k∩∆l)
pcii

∏
i∈(∆m∩∆k∩∆l)

pcii ,

ãäå ci > 0 â ñîîòâåòñòâèè ñ (3). Òîãäà â óñëîâèÿõ óòâåðæäåíèÿ ðàâåíñòâî
m

(m, k)
= l

èìååò âèä

m

(m, k)
=

∏
i∈(∆m∩∆k∩∆l)

p
ci−min(ci,ai)
i

∏
i∈(∆m∩∆k∩∆l)

p
ci−min(ci,ai)
i

∏
i∈(∆m∩∆k∩∆l)

pcii
∏

i∈(∆m∩∆k∩∆l)
pcii =

=
∏

i∈(∆m∩∆k∩∆l)

pbii
∏

i∈(∆m∩∆k∩∆l)
pbii .

Ïðè ýòîì äëÿ ïðîèçâîëüíîãî ôèêñèðîâàííîãî i ∈ ∆m

ci −min (ci, ai) =

{
0, ci ⩽ ai,

ci − ai â ïðîòèâíîì ñëó÷àå.

Â ÷àñòíîñòè, ïðè óñëîâèè m ∈ {1, . . . , n} âûïîëíÿåòñÿ ñëåäóþùåå:
1) äëÿ i ∈

(
∆m ∩∆k ∩∆l

)
óðàâíåíèå

ci −min (ci, ai) = 0 (5)

îòíîñèòåëüíî ci èìååò â òî÷íîñòè ai + 1 ðàçëè÷íûõ ðåøåíèé âèäà ci = 0, . . . , ai;
2) äëÿ i ∈ (∆m ∩∆k ∩∆l) óðàâíåíèå

ci −min (ci, ai) = bi ̸= 0 (6)

èìååò åäèíñòâåííîå ðåøåíèå âèäà ci = ai + bi;
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3) äëÿ i ∈
(
∆m ∩∆k ∩∆l

)
óðàâíåíèå (5) èìååò åäèíñòâåííîå ðåøåíèå ci = 0;

4) äëÿ i ∈
(
∆m ∩∆k ∩∆l

)
óðàâíåíèå (6) èìååò åäèíñòâåííîå ðåøåíèå ci = bi.

Òàêèì îáðàçîì, ÷èñëî ðàçëè÷íûõ m, óäîâëåòâîðÿþùèõ (2), ñîâïàäàåò ñ ìîùíîñòüþ

ìíîæåñòâà W
({ai : i∈∆k∩∆l})
∆k∩∆l

(
n, 1−

∑
i∈∆l

(ai + bi) logn pi

)
.

Ñëåäñòâèå 1. Ïóñòü â óñëîâèÿõ óòâåðæäåíèÿ 1 âûïîëíåíî íåðàâåíñòâî kl ⩽ n.
Òîãäà ñïðàâåäëèâà ôîðìóëà

|Qn
1 (k, l)| =

∏
i∈(∆k∩∆l)

(ai + 1). (7)

Â ÷àñòíîñòè, åñëè k�ïðîñòîå, òî

|Qn
1 (k, l)| =

{
2, (k, l) = 1,

1, (k, l) ̸= 1.
(8)

3. Ðàñïðåäåëåíèå äëèí öèêëîâ â ãðàôå Gπk

Ïðåæäå ÷åì ïåðåéòè ê îïèñàíèþ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû βπk , k > 1, âû-
ÿñíèì, êàê ïðîöåññ èòåðèðîâàíèÿ ïðîèçâîëüíîé ïîäñòàíîâêè π ∈ Sn âëèÿåò íà ñòðóê-
òóðó å¼ ãðàôà Gπ.

Îòìåòèì, ÷òî ðàñïðåäåëåíèå ÷èñëà âåðøèí ïî öèêëàì ãðàôà Gπk , k > 1, ñôîðìè-
ðîâàííîãî íà îñíîâå ãðàôà Gπ, îïðåäåëÿåòñÿ âåëè÷èíîé k, à èìåííî: êàæäûé öèêë
ãðàôà Gπ äëèíû m ∈ {1, . . . , n} ðàñïàäàåòñÿ íà (m, k) îòäåëüíûõ öèêëîâ ãðàôà Gπk

äëèíû
m

(m, k)
(ðèñ. 1).
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Ðèñ. 1. Ðàñïàä öèêëà ïðè 9-êðàòíîì èòåðèðîâàíèè ðàâíîâåðîÿòíîé ñëó÷àéíîé ïîäñòàíîâêè π

Ýòîò ôàêò ïîçâîëÿåò âûïèñàòü òî÷íóþ ôîðìóëó äëÿ ëîêàëüíîé âåðîÿòíîñòè
P [βπk (x) = l] ñ èñïîëüçîâàíèåì ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû βπ.

Óòâåðæäåíèå 2. Ïóñòü n ∈ N, n > 1 è ñëó÷àéíàÿ ïîäñòàíîâêà π : S → S èìååò
ðàñïðåäåëåíèå (1). Òîãäà äëÿ ëþáîãî ôèêñèðîâàííîãî x ∈ S, ëþáûõ k = pa11 p

a2
2 . . . patt ∈

∈ N è l = pb11 p
b2
2 . . . p

bs
s ∈ {1, . . . , n}, ïðåäñòàâëåííûõ â âèäå (3), ñïðàâåäëèâî ðàâåíñòâî

P [βπk (x) = l] =
1

n

∣∣∣∣∣W ({ai : i∈∆k∩∆l})
∆k∩∆l

(
n, 1−

∑
i∈∆l

(ai + bi) logn pi

)∣∣∣∣∣ .
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Äîêàçàòåëüñòâî. Çàôèêñèðóåì âåðøèíó x ∈ S è îáîçíà÷èì ÷åðåç m äëèíó
öèêëàKπ (x), ãäåm ⩽ n. Òîãäà äëÿ ïðîèçâîëüíîãî k ∈ N ñîîòâåòñòâóþùèé öèêëKπk (x)

èìååò äëèíó l =
m

(m, k)
. Èñïîëüçóÿ îáîçíà÷åíèå (2), çàïèøåì ðàâåíñòâî ñîáûòèé

[βπk (x) = l] =
⋃

m∈Qn(k,l)

[βπ(x) = m]. (9)

Çàìåòèì, ÷òî ñîáûòèÿ, ñòîÿùèå ïîä çíàêîì îáúåäèíåíèÿ â (9), íåñîâìåñòíû è ÷òî
âåëè÷èíà

P [βπ(x) = m] =

(
1− 1

n

)(
1− 1

n− 1

)
. . .

(
1− 1

n−m+ 2

)
1

n−m+ 1
=

1

n

íå çàâèñèò îò m.
Ïîýòîìó, ïåðåõîäÿ â (9) ê âåðîÿòíîñòÿì, ïîëó÷àåì

P [βπk (x) = l] =
∑

m∈Qn(k,l)

P [βπ(x) = m] =
|Qn

1 (k, l)|
n

, (10)

÷òî ñ ó÷¼òîì (4) äà¼ò èñêîìûé ðåçóëüòàò.

Ñëåäñòâèå 2. Ïóñòü â óñëîâèÿõ óòâåðæäåíèÿ 2 âûïîëíåíî íåðàâåíñòâî kl ⩽ n.
Òîãäà ñïðàâåäëèâà ôîðìóëà

P [βπk (x) = l] =
1

n

∏
i∈(∆k∩∆l)

(ai + 1). (11)

Â ÷àñòíîñòè, åñëè k�ïðîñòîå, òî

P [βπk (x) = l] =

{
2/n, (k, l) = 1,

1/n, (k, l) ̸= 1.

Äîêàçàòåëüñòâî. Èñêîìûå âûðàæåíèÿ åñòåñòâåííûì îáðàçîì ñëåäóþò èç (10)
è ñîîòíîøåíèé (7) è (8).

×åðåç λπk (l) îáîçíà÷èì ñëó÷àéíóþ âåëè÷èíó, ðàâíóþ ÷èñëó âåðøèí â ãðàôå Gπk ,
ëåæàùèõ íà öèêëàõ äëèíû l ∈ {1, . . . , n}.

Ñëåäñòâèå 3. Ïóñòü â óñëîâèÿõ óòâåðæäåíèÿ 2 âûïîëíåíî íåðàâåíñòâî kl ⩽ n.
Òîãäà ñïðàâåäëèâà ôîðìóëà

Eλπk (l) =
∏

i∈(∆k∩∆l)
(ai + 1).

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, òàê êàê λπk (l) =
∑
x∈S

I {x ∈ Cl (Gπk)}, ãäå

I {A}�èíäèêàòîð ñîáûòèÿ A, òî â ñèëó ðàâíîïðàâèÿ âñåõ x ∈ S è ñ ó÷¼òîì (11)
ïîëó÷àåì öåïî÷êó ñîîòíîøåíèé

Eλπk(l)=E
∑
x∈S

I {x∈Cl (Gπk)}=nP [x∈Cl (Gπk)] =nP [βπk(x) = l] =
∏

i∈(∆k∩∆l)
(ai + 1).

Ñëåäñòâèå äîêàçàíî.

Â ðåçóëüòàòàõ ñëåäñòâèé 2 è 3 âûäåëèì ÷àñòíûé ñëó÷àé, ïðåäñòàâëÿþùèé îñîáûé
èíòåðåñ äëÿ àíàëèçà êðèïòîãðàôè÷åñêèõ ïðèìèòèâîâ (íàïðèìåð, s-áîêñîâ), èñïîëüçó-
åìûõ â ñîñòàâå àëãîðèòìîâ áëî÷íîãî øèôðîâàíèÿ.
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Îïðåäåëåíèå 3. Íåïîäâèæíîé òî÷êîé ïîäñòàíîâêè π : S → S íàçûâàåòñÿ ýëå-
ìåíò x ∈ S, äëÿ êîòîðîãî π (x) = x.

Ñ ó÷¼òîì ââåä¼ííûõ îáîçíà÷åíèé ìíîæåñòâî íåïîäâèæíûõ òî÷åê k-êðàòíîé èòåðà-
öèè ïðîèçâîëüíîé ïîäñòàíîâêè π : S → S ñîâïàäàåò ñ C1 (Gπk).

Ñëåäñòâèå 4. Ïóñòü â óñëîâèÿõ óòâåðæäåíèÿ 2 ÷èñëî k�ïðîñòîå è âûïîëíåíî
íåðàâåíñòâî k ⩽ n. Òîãäà ñïðàâåäëèâû ôîðìóëû

P [x ∈ C1 (Gπk)] =
2

n
,

Eλπk (1) = 2.

Çàìå÷àíèå 2. Ðåçóëüòàòû ñëåäñòâèé 3 è 4 ìîãóò íàéòè ïðèìåíåíèå â ðàìêàõ
ñòàòèñòè÷åñêîé ïðîâåðêè ãèïîòåçû î ðàâíîâåðîÿòíîñòè ðàñïðåäåëåíèÿ ïîäñòàíîâîê.
Äåéñòâèòåëüíî, èìåÿ ðåàëèçàöèþ π1, π2, . . . , πN âûáîðêè îáú¼ìà N ∈ N èç íåêîòîðîãî
íåèçâåñòíîãî ðàñïðåäåëåíèÿ, çàäàííîãî íà èçìåðèìîì ïðîñòðàíñòâå (Ω,F), ìîæíî äëÿ
ïðîèçâîëüíîãî k > 1 ñôîðìèðîâàòü è ðàáîòàòü ñ íàáîðîì ïðîèçâîäíûõ ðåàëèçàöèé

π1, . . . , πN , π
2
1, . . . , π

2
N , . . . , π

k
1 , . . . , π

k
N ,

ïîëó÷èâ ïðè ýòîì âìåñòî îäíîé îöåíêè X1 âåëè÷èíû Eλπ (l), l ∈ {1, . . . , n}, íàáîð
èç k îöåíîê X1, . . . , Xk âåëè÷èí Eλπ (l) , . . . ,Eλπk (l) ñîîòâåòñòâåííî.

Äàëåå äëÿ k ∈ N è ïðîèçâîëüíûõ ôèêñèðîâàííûõ âåðøèí x, y ∈ S, x ̸= y, âû÷èñëèì
ñîâìåñòíóþ âåðîÿòíîñòü èõ ïîïàäàíèÿ íà öèêëû ôèêñèðîâàííûõ äëèí â ãðàôå Gπk .

Óòâåðæäåíèå 3. Ïóñòü n ∈ N, n > 1 è ñëó÷àéíàÿ ïîäñòàíîâêà π : S → S èìååò
ðàñïðåäåëåíèå (1). Òîãäà äëÿ ëþáûõ ôèêñèðîâàííûõ x, y ∈ S, x ̸= y, è ëþáûõ k ∈ N è
l1, l2 ∈ {1, . . . , n}, l1 + l2 ⩽ n (1 + δl1,l2), ñïðàâåäëèâî ðàâåíñòâî

P [x ∈ Cl1(Gπk), y ∈ Cl2(Gπk)] = δl1,l2
∑

m∈Qn
1 (k,l1)

m−1
n(n−1)

+
∑

m1∈Qn
1 (k,l1)

∑
m2∈Q

n−m1
1 (k,l2)

1

n(n−1)
,

ãäå δl1,l2 =

{
1, l1 = l2,

0, l1 ̸= l2
� ñèìâîë Êðîíåêåðà; Qn

1 (k, l) îïðåäåëÿåòñÿ ñîîòíîøåíèåì (2).

Äîêàçàòåëüñòâî. Äëÿ ïðîèçâîëüíûõ x, y ∈ S, x ̸= y, îïðåäåëèì èíäèêàòîð

Ix,y =

{
1, åñëè x, y ëåæàò íà îäíîì öèêëå ãðàôà Gπ,

0 â ïðîòèâíîì ñëó÷àå.

Ðàññìîòðèì ñëó÷àé l1 = l2 = l. Ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè

P [x, y ∈ Cl(Gπk)] = P [x, y ∈ Cl(Gπk), Ix,y = 1] + P [x, y ∈ Cl(Gπk), Ix,y = 0] . (12)

Âû÷èñëèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (12). Çàôèêñèðóåì âåðøèíó x ∈ S.
Äëÿ ïðîèçâîëüíîé ôèêñèðîâàííîé âåðøèíû y ∈ S, y ̸= x, ñóùåñòâóåò â òî÷íîñòè m−1
âàðèàíòîâ ðàñïîëîæåíèÿ íà ñîäåðæàùåì x öèêëå äëèíû m ∈ Qn(k, l) â ãðàôå Gπ.
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Òîãäà ïîëó÷àåì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ:

P [x, y ∈ Cl(Gπk), Ix,y = 1] =

=
∑

m∈Qn
2 (k,l)

1

n

(
1− 1

n− 1

)(
1− 1

n− 2

)
. . .

(
1− 1

n−m+ 2

)
1

n−m+ 1
+

+
∑

m∈Qn
2 (k,l)

(
1− 2

n

)
1

n− 1

(
1− 1

n− 2

)
. . .

(
1− 1

n−m+ 2

)
1

n−m+ 1
+ . . .+

+
∑

m∈Qn
2 (k,l)

(
1− 2

n

)(
1− 2

n− 1

)
. . .

(
1− 2

n−m+ 3

)
1

n−m+ 2

1

n−m+ 1
=

=
∑

m∈Qn
1 (k,l)

m− 1

n (n− 1)
.

(13)

Äëÿ ñëó÷àÿ, êîãäà âåðøèíû x, y ëåæàò íà ðàçëè÷íûõ öèêëàõ äëèí m1,m2 ∈
∈ {1, . . . , n}, m1 +m2 ⩽ n, â ãðàôå Gπ, èìååì

P [x, y ∈ Cl(Gπk), Ix,y = 0] =
∑

m1∈Qn
1 (k,l)

m1−2∏
i=0

(
1− 2

n− i

)
1

n−m1 + 1
×

×
∑

m2∈Q
n−m1
1 (k,l)

m1+m2−2∏
i=m1

(
1− 1

n− i

)
1

n−m1 −m2 + 1
=

=
∑

m1∈Qn
1 (k,l)

∑
m2∈Q

n−m1
1 (k,l)

1

n (n− 1)
.

(14)

Ïîäñòàâèâ (13) è (14) â ðàâåíñòâî (12), ïîëó÷èì âûðàæåíèå äëÿ èñêîìîé âåðîÿòíîñòè
â ñëó÷àå l1 = l2 = l.

Ïóñòü òåïåðü l1 ̸= l2. Â ýòîì ñëó÷àå âåðøèíû x, y ìîãóò ëåæàòü òîëüêî íà ðàçíûõ
öèêëàõ â ãðàôå Gπk , à ñëåäîâàòåëüíî, è â ãðàôå Gπ. Ïîýòîìó

P [x ∈ Cl1(Gπk), y ∈ Cl2(Gπk), l1 ̸= l2] =
∑

m1∈Qn
1 (k,l1)

∑
m2∈Q

n−m1
1 (k,l2)

1

n(n− 1)
. (15)

Îáúåäèíÿÿ âûðàæåíèÿ (12) è (15) ñ èñïîëüçîâàíèåì ñèìâîëà Êðîíåêåðà, ïðèõîäèì
ê èñêîìîìó âûðàæåíèþ.

Çàêëþ÷åíèå
Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îïèñûâàòü ñòðîåíèå è íåêîòîðûå âåðîÿòíîñò-

íûå ñâîéñòâà ãðàôà Gπk , k ⩾ 1, èñïîëüçóåìûå ïðè ñèíòåçå è àíàëèçå ÀÌÇÈ. Êðîìå
òîãî, òî÷íûå ðàñïðåäåëåíèÿ èññëåäîâàííûõ ñëó÷àéíûõ âåëè÷èí ðàñøèðÿþò âîçìîæ-
íîñòè ñòàòèñòè÷åñêîé ïðîâåðêè ãèïîòåçû î ñîãëàñèè ðàñïðåäåëåíèÿ àíàëèçèðóåìûõ
ïîäñòàíîâîê ñ ðàâíîâåðîÿòíûì.
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