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Èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî
ïðîñòîìó ìîäóëþ. Âîïðîñ î âû÷èñëèòåëüíîé ñëîæíîñòè ýòîé ïðîáëåìû äî ñèõ
ïîð îòêðûò. Îäíàêî èçâåñòíû àëãîðèòìû (íàïðèìåð, àëãîðèòì ×èïîëëû), êîòî-
ðûå ÿâëÿþòñÿ ïîëèíîìèàëüíûìè ïðè óñëîâèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû
Ðèìàíà. Äîêàçûâàåòñÿ, ÷òî ïðîáëåìà ÿâëÿåòñÿ ãåíåðè÷åñêè ðàçðåøèìîé çà ïîëè-
íîìèàëüíîå âðåìÿ. Ôàêòè÷åñêè ýòî îçíà÷àåò, ÷òî àëãîðèòì ×èïîëëû ðàáîòàåò çà
ïîëèíîìèàëüíîå âðåìÿ äëÿ ¾ïî÷òè âñåõ¿ âõîäîâ. Ïîíÿòèå ¾ïî÷òè âñå¿ ôîðìàëè-
çóåòñÿ ââåäåíèåì àñèìïòîòè÷åñêîé ïëîòíîñòè íà ìíîæåñòâå âõîäíûõ äàííûõ.

Êëþ÷åâûå ñëîâà: ãåíåðè÷åñêàÿ ñëîæíîñòü, êâàäðàòíûé êîðåíü ïî ïðîñòîìó

ìîäóëþ.

ON THE GENERIC COMPLEXITY OF THE SQUARE ROOT
MODULO PRIME PROBLEM

A.N. Rybalov

Sobolev Institute of Mathematics, Omsk, Russia

We study the generic complexity of the problem of finding a square root modulo a
prime number. The question about the computational complexity of this problem is
still open. However, there are known algorithms (e.g. Cipolla’s algorithm) which are
polynomial if the extended Riemann hypothesis holds. We prove that this problem is
generically decidable in polynomial time. In fact, this means that Cipolla’s algorithm
runs in polynomial time for “almost all” inputs. The notion “almost all” is formalized
by introducing the asymptotic density on a set of input data.

Keywords: generic complexity, square root modulo prime.

Ââåäåíèå
Ïðîáëåìà íàõîæäåíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ ÿâëÿåòñÿ êëàññè-

÷åñêîé àëãîðèòìè÷åñêîé ïðîáëåìîé òåîðèè ÷èñåë, âîñõîäÿùåé åù¼ ê Ýéëåðó è Ãàóññó.
Â îòëè÷èå îò äðóãèõ êëàññè÷åñêèõ ïðîáëåì, òàêèõ, êàê ïðîáëåìà ôàêòîðèçàöèè öåëûõ
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÷èñåë èëè ïðîáëåìà äèñêðåòíîãî ëîãàðèôìà, èçâåñòíû àëãîðèòìû, êîòîðûå ðåøàþò
å¼ çà ïîëèíîìèàëüíîå âðåìÿ ïðè óñëîâèè èñòèííîñòè íåêîòîðûõ ãèïîòåç òåîðèè ÷èñåë.
Íàïðèìåð, àëãîðèòì ×èïîëëû [1] ÿâëÿåòñÿ ïîëèíîìèàëüíûì ïðè óñëîâèè èñòèííîñòè
ðàñøèðåííîé ãèïîòåçû Ðèìàíà [2]. Ïðîáëåìà ðàñïîçíàâàíèÿ ñóùåñòâîâàíèÿ êâàäðàò-
íîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ çíà÷èòåëüíî ïðîùå� äëÿ íå¼ èçâåñòåí ýôôåêòèâíûé
êðèòåðèé Ýéëåðà.

Ãåíåðè÷åñêèé ïîäõîä [3] � ýòî îäèí èç ïîäõîäîâ ê èçó÷åíèþ àëãîðèòìè÷åñêèõ ïðî-
áëåì äëÿ ¾ïî÷òè âñåõ¿ âõîäîâ. Â ðàìêàõ ýòîãî ïîäõîäà àëãîðèòìè÷åñêàÿ ïðîáëåìà
ðàññìàòðèâàåòñÿ íå íà âñ¼ì ìíîæåñòâå âõîäîâ, à íà íåêîòîðîì ïîäìíîæåñòâå ¾ïî÷òè
âñåõ¿ âõîäîâ. Òàêèå âõîäû îáðàçóþò òàê íàçûâàåìîå ãåíåðè÷åñêîå ìíîæåñòâî. Ïîíÿ-
òèå ¾ïî÷òè âñå¿ ôîðìàëèçóåòñÿ ââåäåíèåì åñòåñòâåííîé ìåðû íà ìíîæåñòâå âõîäíûõ
äàííûõ. Ñ òî÷êè çðåíèÿ ïðàêòèêè àëãîðèòìû, ðåøàþùèå áûñòðî ïðîáëåìó íà ãåíåðè-
÷åñêîì ìíîæåñòâå, òàê æå õîðîøè, êàê è áûñòðûå àëãîðèòìû äëÿ âñåõ âõîäîâ.

Â äàííîé ðàáîòå èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåìû èçâëå÷åíèÿ êâàä-
ðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ. Äîêàçûâàåòñÿ, ÷òî ýòà ïðîáëåìà ãåíåðè÷åñêè
ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ. Îòìåòèì, ÷òî äëÿ ñîñòàâíîãî ìîäóëÿ íåèçâåñò-
íî ïîëèíîìèàëüíîãî àëãîðèòìà äàæå äëÿ ðàñïîçíàâàíèÿ ñóùåñòâîâàíèÿ êâàäðàòíîãî
êîðíÿ [4]. Äëÿ äàííîé ïðîáëåìû ïîëó÷åí ðåçóëüòàò îá îòñóòñòâèè ïîëèíîìèàëüíûõ
ãåíåðè÷åñêèõ àëãîðèòìîâ [5].

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ïóñòü p�ïðîñòîå ÷èñëî. Íàòóðàëüíîå ÷èñëî a < p íàçûâàåòñÿ êâàäðàòè÷íûì âû-

÷åòîì, åñëè ñóùåñòâóåò òàêîå íàòóðàëüíîå x < p, ÷òî x2 = a (mod p). Â ïðîòèâíîì
ñëó÷àå a íàçûâàåòñÿ êâàäðàòè÷íûì íåâû÷åòîì. Åñòü ýôôåêòèâíûé êðèòåðèé ïðîâåð-
êè, ÿâëÿåòñÿ ëè íàòóðàëüíîå ÷èñëî êâàäðàòè÷íûì âû÷åòîì ïî ïðîñòîìó ìîäóëþ.

Òåîðåìà 1 (Ýéëåð). Ïóñòü p�íå÷¼òíîå ïðîñòîå ÷èñëî. Íàòóðàëüíîå ÷èñëî a ÿâ-
ëÿåòñÿ êâàäðàòè÷íûì âû÷åòîì ïî ìîäóëþ p òîãäà è òîëüêî òîãäà, êîãäà

a(p−1)/2 = 1 (mod p).

Èç ýòîé òåîðåìû ñëåäóåò, ÷òî ïðîáëåìà ðàñïîçíàâàíèÿ êâàäðàòè÷íûõ âû÷åòîâ ïî
ïðîñòîìó ìîäóëþ ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ ñîñòîèò â ñëåäó-
þùåì. Äàíû ïðîñòîå ÷èñëî p è íàòóðàëüíîå ÷èñëî a < p, çàïèñàííûå â äâîè÷íîé
ñèñòåìå. Íåîáõîäèìî íàéòè íàòóðàëüíîå ÷èñëî x < p, òàêîå, ÷òî x2 = a (mod p), åñëè
ýòî âîçìîæíî, ëèáî âûäàòü îòâåò −1.

Â îòëè÷èå îò ïðîáëåìû ðàñïîçíàâàíèÿ êâàäðàòè÷íûõ âû÷åòîâ, äëÿ èçâëå÷åíèÿ
êâàäðàòíîãî êîðíÿ íå äîêàçàíà ðàçðåøèìîñòü çà ïîëèíîìèàëüíîå âðåìÿ [4]. Îäíàêî
ñóùåñòâóåò àëãîðèòì ×èïîëëû [1], êîòîðûé ðåøàåò ýòó çàäà÷ó çà ïîëèíîìèàëüíîå
âðåìÿ ïðè óñëîâèè çíàíèÿ êàêîãî-íèáóäü êâàäðàòè÷íîãî íåâû÷åòà b ïî ìîäóëþ p.

Àëãîðèòì ×èïîëëû:
1) Âõîä: p, a è êâàäðàòè÷íûé íåâû÷åò b.

2) Êâàäðàòíûé êîðåíü ïîëó÷àåòñÿ âû÷èñëåíèåì ïî ôîðìóëå x =
(
a+
√
b
)(p+1)/2

â ïîëå Fp2 = Fp(
√
b)�êâàäðàòè÷íîì ðàñøèðåíèè ïîëÿ Fp.

Îáîçíà÷èì ÷åðåç η(p) íàèìåíüøèé êâàäðàòè÷íûé íåâû÷åò ïî ìîäóëþ p. Í. Àíêåíè
äîêàçàë [2], ÷òî â ïðåäïîëîæåíèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû Ðèìàíà ñóùåñòâó-
åò êîíñòàíòà C, òàêàÿ, ÷òî äëÿ ëþáîãî ïðîñòîãî p èìååò ìåñòî η(p) < C(log p)2. Çäåñü
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è äàëåå ïîä log p ïîíèìàåòñÿ ëîãàðèôì ïî îñíîâàíèþ 2. Òàêèì îáðàçîì, â ïðåäïîëî-
æåíèè èñòèííîñòè ðàñøèðåííîé ãèïîòåçû Ðèìàíà êâàäðàòè÷íûé íåâû÷åò ìîæåò áûòü
íàéäåí çà ïîëèíîìèàëüíîå âðåìÿ è àëãîðèòì ×èïîëëû ñòàíîâèòñÿ ïîëèíîìèàëüíûì.

2. Îñíîâíîé ðåçóëüòàò
Îïðåäåëåíèå ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî àëãîðèòìà ìîæíî íàéòè â [3, 5].
Ìíîæåñòâî âõîäîâ ïðîáëåìû èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ

åñòü
I = {(p, a) : p ïðîñòîå, 0 < a < p}.

Ïîä ðàçìåðîì âõîäà (p, a) áóäåì ïîíèìàòü äëèíó äâîè÷íîé çàïèñè ÷èñëà p. Òàêèì
îáðàçîì, ìíîæåñòâî âõîäîâ ðàçìåðà n åñòü

In = {(p, a) : (p, a) ∈ I, 2n < p < 2n+1}.

Äëÿ êîíå÷íîãî ìíîæåñòâà A ÷åðåç |A| îáîçíà÷àåòñÿ ÷èñëî åãî ýëåìåíòîâ; ôóíêöèÿ π(x)
çàäà¼ò êîëè÷åñòâî ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿùèõ x.

Ëåììà 1. Äëÿ äîñòàòî÷íî áîëüøèõ n èìååò ìåñòî

22n

n
< |In| <

22(n+1)

n
.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

|In| =
∑

2n<p<2n+1

p,

ãäå ñóììèðîâàíèå èä¼ò ïî ïðîñòûì ÷èñëàì. Îòñþäà

2n(π(2n+1)− π(2n)) < |In| < 2n+1(π(2n+1)− π(2n)). (1)

Èç àñèìïòîòè÷åñêîãî çàêîíà ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë ñëåäóåò, ÷òî äëÿ äîñòà-
òî÷íî áîëüøèõ n èìååò ìåñòî

0,9 · 2n

n ln 2
< π(2n) <

1,1 · 2n

n ln 2
,

à òàêæå
0,9 · 2n+1

(n+ 1) ln 2
< π(2n+1) <

1,1 · 2n+1

(n+ 1) ln 2
.

Ïîýòîìó

0,9 · 2n+1

(n+ 1) ln 2
− 1,1 · 2n

n ln 2
< π(2n+1)− π(2n) < 1,1 · 2n+1

(n+ 1) ln 2
− 0,9 · 2n

n ln 2
.

Îòñþäà ïîëó÷àåì
2n

n
< π(2n+1)− π(2n) < 2n+1

n
,

÷òî âìåñòå ñ (1) äà¼ò íóæíóþ îöåíêó.

Ðàññìîòðèì ñëåäóþùåå ìíîæåñòâî âõîäîâ ïðîáëåìû èçâëå÷åíèÿ êîðíÿ:

S = {(p, a) : (p, a) ∈ I, η(p) > 21 log p}.
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Ëåììà 2. Äëÿ äîñòàòî÷íî áîëüøèõ n èìååò ìåñòî

|S ∩ In|
|In|

<
1

n
.

Äîêàçàòåëüñòâî. Ï. Ýðäåø äîêàçàë [6], ÷òî ñóùåñòâóåò êîíñòàíòà C, 3 < C < 4,
òàêàÿ, ÷òî

lim
k→∞

∑
p⩽k

η(p)

π(k)
= C.

Çäåñü ñóììèðîâàíèå áåð¼òñÿ ïî ïðîñòûì p. Îòñþäà ñëåäóåò, ÷òî äëÿ äîñòàòî÷íî áîëü-
øèõ k èìååò ìåñòî

3π(k) <
∑
p⩽k

η(p) < 4π(k).

Èñïîëüçóÿ ýòî íåðàâåíñòâî, îöåíèì ñóììó∑
2n<p<2n+1

η(p) =
∑

p<2n+1

η(p)−
∑
p<2n

η(p)

ñëåäóþùèì îáðàçîì:

3π(2n+1)− 4π(2n) <
∑

2n<p<2n+1

η(p) < 4π(2n+1)− 3π(2n).

Èñïîëüçóÿ àñèìïòîòè÷åñêèé çàêîí ðàñïðåäåëåíèÿ ïðîñòûõ ÷èñåë, äëÿ äîñòàòî÷íî
áîëüøèõ n ïîëó÷àåì

2n+1

n
<

∑
2n<p<2n+1

η(p) <
10 · 2n

n
.

Èç ýòèõ íåðàâåíñòâ ñëåäóåò, ÷òî∑
2n<p<2n+1

η(p) p < 2n+1
∑

2n<p<2n+1

η(p) <
20 · 22n

n
. (2)

Äîïóñòèì òåïåðü, ÷òî ëåììà íåâåðíà, òî åñòü ñóùåñòâóþò ñêîëü óãîäíî áîëüøèå n,
òàêèå, ÷òî

|S ∩ In|
|In|

>
1

n
,

òî åñòü

|S ∩ In| >
|In|
n
.

Çàìåòèì, ÷òî
|S ∩ In| =

∑
2n<p<2n+1,

η(p)>21n

p.

Òîãäà ∑
2n<p<2n+1

η(p) p =
∑

2n<p<2n+1,
η(p)>21n

η(p) p+
∑

2n<p<2n+1,
η(p)⩽21n

η(p) p ⩾

⩾ 21n
∑

2n<p<2n+1,
η(p)>21n

p > 21n
|In|
n

= 21|In| >
21 · 22n

n
.

Ïîñëåäíÿÿ îöåíêà ñëåäóåò èç ëåììû 1. Íî ýòî ïðîòèâîðå÷èò îöåíêå ñâåðõó (2).
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Òåîðåìà 2. Ïðîáëåìà èçâëå÷åíèÿ êâàäðàòíîãî êîðíÿ ïî ïðîñòîìó ìîäóëþ ãåíå-
ðè÷åñêè ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Äîêàçàòåëüñòâî. Ïîëèíîìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì ðàáîòàåò íà âõîäå
(p, a) ðàçìåðà n ñëåäóþùèì îáðàçîì:

1) Ñ ïîìîùüþ êðèòåðèÿ Ýéëåðà ïðîâåðÿåò, ÿâëÿåòñÿ ëè a êâàäðàòè÷íûì âû÷åòîì
ïî ìîäóëþ p. Åñëè íå ÿâëÿåòñÿ, âûäà¼ò −1. Èíà÷å ïåðåõîäèò ê ñëåäóþùåìó
øàãó.

2) Èùåò ñðåäè ÷èñåë îò 2 äî 21n êâàäðàòè÷íûé íåâû÷åò ñ ïîìîùüþ êðèòåðèÿ
Ýéëåðà.

3) Åñëè êâàäðàòè÷íûé íåâû÷åò íå íàéäåí, òî âûäà¼ò îòâåò ¾ÍÅ ÇÍÀÞ¿.
4) Åñëè íàéäåí êâàäðàòè÷íûé íåâû÷åò, òî ñ åãî ïîìîùüþ ïî àëãîðèòìó ×èïîëëû

íàõîäèòñÿ êâàäðàòíûé êîðåíü èç a ïî ìîäóëþ p.

Ãåíåðè÷íîñòü ýòîãî àëãîðèòìà ñëåäóåò èç òîãî, ÷òî ìíîæåñòâî âõîäîâ, íà êîòîðûõ
àëãîðèòì âûäà¼ò îòâåò ¾ÍÅ ÇÍÀÞ¿, ÿâëÿåòñÿ ïðåíåáðåæèìûì, ñîãëàñíî ëåììå 2.
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