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Îïèñàí ïîëèíîìèàëüíûé àëãîðèòì, ïîçâîëÿþùèé ïî ïðîèçâîëüíîìó ðàçðåøåí-
íîìó îòíîñèòåëüíî íåèçâåñòíûõ óðàâíåíèþ âèäà w(x1, . . . , xn) = [a, b], ãäå
w(x1, . . . , xn) � ãðóïïîâîå ñëîâî â àëôàâèòå íåèçâåñòíûõ, à [a, b] � êîììóòàòîð
ñâîáîäíûõ îáðàçóþùèõ a è b ñâîáîäíîé ãðóïïû F2, îïðåäåëèòü, ñóùåñòâóåò ëè

ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå óñëîâèþ x1, . . . , xn ∈ F
(1)
2 , ãäå F

(1)
2 �

êîììóòàíò ãðóïïû F2. Óñòàíîâëåíî ñóùåñòâîâàíèå ïîëèíîìèàëüíîãî àëãîðèòìà,
ïîçâîëÿþùåãî ïî ïðîèçâîëüíîìó ðàçðåøåííîìó îòíîñèòåëüíî íåèçâåñòíûõ óðàâ-
íåíèþ âèäà w(x1, . . . , xn) = g(a, b), ãäå g(a, b) � ýëåìåíò äëèíû ìåíüøå 4 ñâî-
áîäíîé ãðóïïû F2, îïðåäåëèòü, ñóùåñòâóåò ëè ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëå-

òâîðÿþùåå óñëîâèþ x1, . . . , xt ∈ F
(1)
2 , ãäå t�ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî

ìåæäó 1 è n. Äîêàçàíà àëãîðèòìè÷åñêàÿ ðàçðåøèìîñòü àíàëîãè÷íîé ïðîáëåìû
äëÿ óðàâíåíèé w(x1, a, b) = 1 ñ îäíîé ïåðåìåííîé x1.

Êëþ÷åâûå ñëîâà: ñâîáîäíàÿ ãðóïïà, óðàâíåíèå â ñâîáîäíîé ãðóïïå.

ON EQUATIONS IN FREE GROUPS WITH COMMUTANT
RESTRICTIONS ON SOLUTIONS

A. I. Zetkina

Yaroslavl State University, Yaroslavl, Russia

A polynomial algorithm has been constructed that allows, given an arbitrary equa-
tion of the form w(x1, . . . , xn) = [a, b], resolved with respect to unknowns, where
w(x1, . . . , xn) is a group word in the alphabet of unknowns and [a, b] is the commu-
tator of free generators a and b of the free group F2, to determine whether there is a

solution to this equation that satisfies the condition x1 . . . , xn ∈ F
(1)
2 , where F

(1)
2 is

the commutator of group F2. The existence of a polynomial algorithm has been es-
tablished that allows, given an arbitrary equation of the form w(x1, . . . , xn) = g(a, b),
where g(a, b) is an element of length less than 4 of the free group F2, to determine

whether a solution to this equation exists, that satisfies the condition x1, . . . , xt ∈ F
(1)
2 ,

where t is an arbitrary fixed number between 1 and n. The algorithmic solvability of a
similar problem has been proven for the equations w(x1, a, b) = 1 with one variable x1.

Keywords: free group, equation in a free group.
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Ââåäåíèå
×åðåç Fm áóäåì îáîçíà÷àòü ñâîáîäíóþ ãðóïïó ðàíãà m ñî ñâîáîäíûìè îáðàçóþùè-

ìè a1, . . . , am. Ïðè m = 2 âìåñòî a1 è a2 áóäåì ïèñàòü a è b ñîîòâåòñòâåííî.
Îïðåäåëèì íåêîòîðûå ïîíÿòèÿ, îòíîñÿùèåñÿ ê ñèñòåìàì óðàâíåíèé â ñâîáîäíûõ

ãðóïïàõ.

Îïðåäåëåíèå 1. Ñèñòåìîé óðàâíåíèé ñ íåèçâåñòíûìè x1, . . . , xn â ñâîáîäíîé
ãðóïïå Fm íàçûâàåòñÿ âûðàæåíèå âèäà

k

&
i=1

(
wi(x1, . . . , xn, a1, . . . , am) = ui(x1, . . . , xn, a1, . . . , am)

)
, (1)

ãäå wi(x1, . . . , xn, a1, . . . , am) è ui(x1, . . . , xn, a1, . . . , am)� ñëîâà â àëôàâèòå

{x1, x−1
1 , . . . , xn, x

−1
n , a1, a

−1
1 , . . . , am, a

−1
m }.

Îïðåäåëåíèå 2. Íàáîð ⟨g1, . . . , gn⟩ ýëåìåíòîâ ãðóïïû Fm íàçûâàåòñÿ ðåøåíèåì
ñèñòåìû (1), åñëè ïðè ëþáîì i = 1, . . . , k â ãðóïïå Fm âûïîëíÿåòñÿ ðàâåíñòâî

wi(g1, . . . , gn, a1, . . . , am) = ui(g1, . . . , gn, a1, . . . , am).

Îïðåäåëåíèå 3. Äâå ñèñòåìû óðàâíåíèé ñ îäíèìè è òåìè æå íåèçâåñòíûìè íà-
çûâàþòñÿ ýêâèâàëåíòíûìè, åñëè ìíîæåñòâà èõ ðåøåíèé ñîâïàäàþò.

Èñïîëüçóÿ óðàâíåíèå
[x, a1] = ([x, a2] y

2)2,

èìåþùåå â ñâîáîäíîé ãðóïïå Fm ïðè ëþáîì m ⩾ 2 ëèøü òðèâèàëüíîå ðåøåíèå x=y=1,
ëþáóþ ñèñòåìó óðàâíåíèé (1) ìîæíî çàìåíèòü îäíèì ðàâíîñèëüíûì óðàâíåíèåì. Ïî-
ñòðîåíèå ïî (1) ðàâíîñèëüíîãî óðàâíåíèÿ âåä¼òñÿ èíäóêöèåé ïî k. Ïðè k = 2 ñèñòåìà
óðàâíåíèé

2

&
i=1

(
wi(x1, . . . , xn, a1, . . . , am) = ui(x1, . . . , xn, a1, . . . , am)

)
ðàâíîñèëüíà îäíîìó óðàâíåíèþ

[w1(x1, . . . , xn, a1, . . . , am)u
−1
1 (x1, . . . , xn, a1, . . . , am), a1] =

= ([w1(x1, . . . , xn, a1, . . . , am)u
−1
1 (x1, . . . , xn, a1, . . . , am), a2]

(w2(x1, . . . , xn, a1, . . . , am)u
−1
2 (x1, . . . , xn, a1, . . . , am))

2)2.

Äëÿ óðàâíåíèé â ñâîáîäíûõ ãðóïïàõ òðàäèöèîííî ðàññìàòðèâàþòñÿ äâå îñíîâíûå çàäà-
÷è: ïðîáëåìà ñóùåñòâîâàíèÿ ðåøåíèÿ è ïðîáëåìà îïèñàíèÿ ìíîæåñòâà âñåõ ðåøåíèé.

Èññëåäîâàíèå ðàçðåøèìîñòè óðàâíåíèé â ñâîáîäíûõ ãðóïïàõ áûëî íà÷àòî àìåðè-
êàíñêèìè ìàòåìàòèêàìè â êîíöå 50-õ ãîäîâ â ñâÿçè ñ ïðîáëåìîé ðàçðåøèìîñòè ýëåìåí-
òàðíûõ òåîðèé ñâîáîäíûõ ãðóïï, ïîñòàâëåííîé À. Òàðñêèì [1], îñòàâàâøåéñÿ îòêðûòîé
ïî÷òè ïîëâåêà è ðåø¼ííîé â íà÷àëå 2000-õ ãîäîâ Î. Õàðëàìïîâè÷ è À. Ìÿñíèêîâûì [2].

Ñíà÷àëà èññëåäîâàëèñü ëèøü îòäåëüíûå óðàâíåíèÿ, à â 1960 ã. Ð. Ëèíäîí [3] íàø¼ë
äëÿ ïðîèçâîëüíîãî óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì îïèñàíèå ìíîæåñòâà âñåõ åãî ðå-
øåíèé ñ ïîìîùüþ ïàðàìåòðè÷åñêèõ ñëîâ, ò. å. âûðàæåíèé, ïîëó÷åííûõ èç îáðàçóþùèõ
ðàññìàòðèâàåìîé ñâîáîäíîé ãðóïïû ñ ïîìîùüþ îïåðàöèé ãðóïïîâîãî óìíîæåíèÿ è âîç-
âåäåíèÿ â ñòåïåíü ñ ïåðåìåííûì öåëî÷èñëåííûì ïîêàçàòåëåì. Ïîçæå À.À. Ëîðåíö [4] è
Ê.È. Àïïåëü [5] óòî÷íèëè ýòî îïèñàíèå, äîêàçàâ, ÷òî îáùåå ðåøåíèå ëþáîãî óðàâíåíèÿ
ñ îäíèì íåèçâåñòíûì â ñâîáîäíîé ãðóïïå ïðåäñòàâèìî êîíå÷íûì ÷èñëîì ôîðìóë âèäà



Îá óðàâíåíèÿõ â ñâîáîäíûõ ãðóïïàõ ñ êîììóòàíòíûìè îãðàíè÷åíèÿìè íà ðåøåíèÿ 7

ABtC, ãäå A,B,C �êîíêðåòíûå ñëîâà, à t�ïàðàìåòð, ïðèíèìàþùèé ïðîèçâîëüíûå
öåëî÷èñëåííûå çíà÷åíèÿ. Äàëüíåéøåå ïðîäâèæåíèå â ýòîì âîïðîñå äîñòèãíóòî â 1970 ã.
Þ.È. Õìåëåâñêèì [6].

Â 1982 ã. Ã.Ñ. Ìàêàíèí [7] ïîëó÷èë ïîëíîå ðåøåíèå ïðîáëåìû ðàñïîçíàâàíèÿ ðàç-
ðåøèìîñòè óðàâíåíèé â ñâîáîäíîé ãðóïïå. Îí äîêàçàë, ÷òî åñëè óðàâíåíèå ñ äëèíîé
çàïèñè d èìååò ðåøåíèå â ñâîáîäíîé ãðóïïå, òî äëèíà êàæäîé êîìïîíåíòû ìèíèìàëü-
íîãî (ïî ìàêñèìàëüíîé äëèíå êîìïîíåíòû) ðåøåíèÿ íå ïðåâîñõîäèò ÷èñëà Φ(d), ãäå
Φ(x)�íåêîòîðàÿ ðåêóðñèâíàÿ ôóíêöèÿ. Ýòî äà¼ò ïåðåáîðíûé àëãîðèòì äëÿ ðàñïîçíà-
âàíèÿ ðàçðåøèìîñòè ïðîèçâîëüíîãî óðàâíåíèÿ â ñâîáîäíîé ãðóïïå.

Âñêîðå ïîñëå îïóáëèêîâàíèÿ ðàáîòû [7] óäàëîñü íà òîì æå ïóòè äîêàçàòü ðàçðå-
øèìîñòü ýêçèñòåíöèîíàëüíîé (óíèâåðñàëüíîé) è ïîçèòèâíîé òåîðèé ëþáîé ñâîáîäíîé
ãðóïïû [8]. Ïðè äîêàçàòåëüñòâå ðàçðåøèìîñòè ïîçèòèâíîé òåîðèè ñâîáîäíîé ãðóïïû
Ã.Ñ. Ìàêàíèí èñïîëüçîâàë ðåçóëüòàòÞ.È. Ìåðçëÿêîâà [9] îá óñòðàíèìîñòè êâàíòîðîâ
îáùíîñòè â ïîçèòèâíûõ ôîðìóëàõ, îòíîñÿùèõñÿ ê ñâîáîäíûì ãðóïïàì.

À.À. Ðàçáîðîâ [10] äàë îïèñàíèå ìíîæåñòâà ðåøåíèé ïðîèçâîëüíîé ñîâìåñòíîé ñè-
ñòåìû óðàâíåíèé â ñâîáîäíîé ãðóïïå.

1. Óðàâíåíèÿ ñ îãðàíè÷åíèÿìè íà ðåøåíèÿ
Ïîñëå ïîñòðîåíèÿ Ã.Ñ. Ìàêàíèíûì [7] àëãîðèòìà, ïîçâîëÿþùåãî ïî ïðîèçâîëüíîé

ñèñòåìå óðàâíåíèé â ñâîáîäíîé ãðóïïå Fm îïðåäåëèòü, èìååò ëè îíà ðåøåíèå, îñîáûé
èíòåðåñ ñòàë ïðåäñòàâëÿòü âîïðîñ î ñóùåñòâîâàíèè àíàëîãè÷íûõ àëãîðèòìîâ äëÿ óðàâ-
íåíèé â ñâîáîäíûõ ãðóïïàõ ñ ðàçëè÷íûìè ¾íå ñëèøêîì ñëîæíûìè¿ îãðàíè÷åíèÿìè íà
ðåøåíèÿ.

Âîïðîñ î ðàçðåøèìîñòè ïîçèòèâíîé òåîðèè ñâîáîäíîé ãðóïïû áûë ñâåä¼í
Þ.È. Ìåðçëÿêîâûì [9] ê ñëåäóþùåé ïðîáëåìå: ñóùåñòâóåò ëè àëãîðèòì, ïîçâîëÿþ-
ùèé äëÿ ïðîèçâîëüíîãî óðàâíåíèÿ

w(x1, . . . , xn, a1, . . . , am) = 1

â ñâîáîäíîé ãðóïïå ñ÷¼òíîãî ðàíãà, ãäå n è m�ïðîèçâîëüíûå íàòóðàëüíûå ÷èñëà,
îïðåäåëèòü, èìååò ëè îíî òàêîå ðåøåíèå g1, . . . , gn, ÷òî

g1 ∈ Fm1 , g2 ∈ Fm2 , . . . , gn ∈ Fmn ,

ãäå m1 ⩽ m2 ⩽ . . . ⩽ mn; Fmi
� ñâîáîäíàÿ ãðóïïà c îáðàçóþùèìè a1, . . . , ami

.
Ã. Ñ. Ìàêàíèí â [8] ïîñòðîèë èñêîìûé àëãîðèòì è òåì ñàìûì äîêàçàë ðàçðåøèìîñòü

ïîçèòèâíîé òåîðèè ñâîáîäíîé ãðóïïû.
Èçâåñòíî, ÷òî âîïðîñ î òî÷íîñòè ìàòðè÷íîãî ïðåäñòàâëåíèÿ Ãàññíåð [11, 12] ãðóïïû

êðàøåíûõ êîñ ýêâèâàëåíòåí âîïðîñó îá îòñóòñòâèè íåòðèâèàëüíîãî ðåøåíèÿ â ñâîáîä-
íîé ãðóïïå Fm óðàâíåíèÿ

x1a1x
−1
1 · x2a2x−1

2 . . . xmamx
−1
m = a1 · a2 . . . am,

óäîâëåòâîðÿþùåãî óñëîâèþ x1 ∈ F (2)
m , . . . , xn ∈ F (2)

m , ãäå F
(2)
m � âòîðîé êîììóòàíò ñâî-

áîäíîé ãðóïïû Fm. Íàïîìíèì, ÷òî äëÿ ïðîèçâîëüíîé ãðóïïûG ÷åðåçG(2) îáîçíà÷àåòñÿ
å¼ âòîðîé êîììóòàíò, ò. å. G(2) = [G(1), G(1)], ãäå G(1) = [G,G]�êîììóòàíò ãðóïïû G.

Îáîáùàÿ ýòè ñèòóàöèè, Ã.Ñ. Ìàêàíèí ïîñòàâèë â ¾Êîóðîâñêîé òåòðàäè¿ [13] ñëå-
äóþùóþ ïðîáëåìó äëÿ óðàâíåíèé â ñâîáîäíûõ ãðóïïàõ:

9.25. Óêàçàòü àëãîðèòì, êîòîðûé ïî óðàâíåíèþ

w(x1, . . . , xn, a1, . . . , am) = 1



8 À.È. Çåòêèíà

â ñâîáîäíîé ãðóïïå Fm è ñïèñêó êîíå÷íî ïîðîæä¼ííûõ ïîäãðóïïH1, . . . , Hn ãðóïïû Fm

ïîçâîëÿë áû óçíàòü, ñóùåñòâóåò ëè ðåøåíèå ýòîãî óðàâíåíèÿ ñ óñëîâèåì x1 ∈ H1, . . . ,
xn ∈ Hn.

Ïåðâûå ïîëîæèòåëüíûå ðåçóëüòàòû â ðåøåíèè ýòîé ïðîáëåìû áûëè ïîëó÷åíû
À.Ø. Ìàëõàñÿíîì [14].

Â. Äèåêåðò [15] ïîêàçàë, ÷òî ïðîáëåìà îïðåäåëåíèÿ ïî ïðîèçâîëüíîìó óðàâíåíèþ

w(x1, . . . , xn, a1, . . . , am) = 1

â ñâîáîäíîé ãðóïïå Fn è ñïèñêó ðåãóëÿðíûõ ïîäìíîæåñòâ (ÿçûêîâ) H1, . . . , Hn ãðóï-
ïû Fm, ñóùåñòâóåò ëè ðåøåíèå ýòîãî óðàâíåíèÿ ñ óñëîâèåì x1 ∈ H1, . . . , xn ∈ Hn, ðàçðå-
øèìà è ïðèíàäëåæèò êëàññó PSPACE. Òàê êàê êîíå÷íî ïîðîæä¼ííûå ïîäãðóïïû ÿâëÿ-
þòñÿ ðåãóëÿðíûìè ïîäìíîæåñòâàìè, òåì ñàìûì ðåøàåòñÿ è ïðîáëåìà Ã.Ñ. Ìàêàíèíà.

Ïðåäñòàâëÿåò èíòåðåñ äàëüíåéøåå èññëåäîâàíèå ðàçëè÷íûõ îáîáùåíèé ïðîáëåìû
Ã.Ñ. Ìàêàíèíà äëÿ ñâîáîäíûõ ãðóïï, ïîëó÷àþùèõñÿ ïóòåì îñëàáëåíèÿ îãðàíè÷åíèé,
íàëàãàåìûõ íà ïîäãðóïïû H1, . . . , Hn.

Îäíà èç ïðè÷èí, ïî êîòîðûì â ôîðìóëèðîâêå çàäà÷è 9.25 ðå÷ü èä¼ò èìåííî î êî-
íå÷íî ïîðîæä¼ííûõ ïîäãðóïïàõ, çàêëþ÷àåòñÿ â òîì, ÷òî äëÿ êîíå÷íî ïîðîæä¼ííûõ
ïîäãðóïï ñâîáîäíîé ãðóïïû ðàçðåøèìà ïðîáëåìà âõîæäåíèÿ.

Â òî æå âðåìÿ ïðîáëåìà âõîæäåíèÿ ðàçðåøèìà è äëÿ ìíîãèõ áåñêîíå÷íî ïîðîæ-
ä¼ííûõ ïîäãðóïï ñâîáîäíîé ãðóïïû, ïðè÷¼ì, íàïðèìåð, äëÿ ïåðâîãî F

(1)
m è âòîðîãî

F
(2)
m êîììóòàíòîâ ñâîáîäíîé ãðóïïû Fm ïðîáëåìà âõîæäåíèÿ ðåøàåòñÿ çíà÷èòåëüíî

ïðîùå, ÷åì äëÿ íåêîòîðûõ êîíå÷íî ïîðîæä¼ííûõ ïîäãðóïï. Ïîýòîìó ïðåäñòàâëÿåòñÿ
äîñòàòî÷íî åñòåñòâåííûì ñëåäóþùåå îáîáùåíèå çàäà÷è 9.25:

9.25a. Ñóùåñòâóåò ëè àëãîðèòì, êîòîðûé ïî óðàâíåíèþ

w(x1, . . . , xn, a1, . . . , am) = 1

â ñâîáîäíîé ãðóïïå Fm è ñïèñêó ïîäãðóïï H1, . . . , Hn ñ ðàçðåøèìûìè ïðîáëåìàìè
âõîæäåíèÿ ïîçâîëÿë áû óçíàòü, ñóùåñòâóåò ëè ðåøåíèå ýòîãî óðàâíåíèÿ ñ óñëîâèåì
x1 ∈ H1, . . . , xn ∈ Hn?

2. Óðàâíåíèÿ, ðàçðåøåííûå îòíîñèòåëüíî íåèçâåñòíûõ
Â ðÿäå ðàáîò, íàïðèìåð â [3, 6, 16�19], ðàññìàòðèâàþòñÿ óðàâíåíèÿ âèäà

w(x1, . . . , xn) = g,

ãäå w(x1, . . . , xn)� ãðóïïîâîå ñëîâî â àëôàâèòå íåèçâåñòíûõ, à g� ýëåìåíò ñâîáîäíîé
ãðóïïû Fm. Òàêèå óðàâíåíèÿ ïîëó÷èëè íàçâàíèå óðàâíåíèé, ðàçðåøåííûõ îòíîñè-

òåëüíî íåèçâåñòíûõ, óðàâíåíèé ñ ïðàâîé ÷àñòüþ èëè îäíîêîýôôèöèåíòíûõ óðàâíå-

íèé. Ïðîáëåìà ðàçðåøèìîñòè òàêèõ óðàâíåíèé ïîëó÷èëà íàçâàíèå ïðîáëåìû ïîäñòà-

íîâêè èëè ïðîáëåìû ýíäîìîðôíîé ñâîäèìîñòè [17, 18].
Â [19] ïîëó÷åí ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 1 [19]. Â ñâîáîäíîé ãðóïïå F2 ñî ñâîáîäíûìè îáðàçóþùèìè a è b ìîæíî
ïîñòðîèòü òàêîå ðàçðåøåííîå îòíîñèòåëüíî íåèçâåñòíûõ óðàâíåíèå

w(x, x1, . . . , xn) = [a, b]

ñ íåèçâåñòíûìè x1, x2, . . . , xn è ïàðàìåòðîì x, ÷òî íåâîçìîæíî ñîçäàòü àëãîðèòì, ïîçâî-
ëÿþùèé äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà k îïðåäåëèòü, ñóùåñòâóåò ëè ðåøåíèå
óðàâíåíèÿ

w(ak, x1, . . . , xn) = [a, b],
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óäîâëåòâîðÿþùåå óñëîâèþ x1, . . . , xt ∈ F
(1)
2 , ãäå t�íåêîòîðîå ôèêñèðîâàííîå ÷èñëî

ìåæäó 1 è n; [a, b] = a−1b−1ab�êîììóòàòîð ýëåìåíòîâ a è b.

Åñòåñòâåííî âîçíèêàåò âîïðîñ î òîì, êàêèì ìîæåò áûòü t.
Ñ.È. Àäÿí ïðåäëîæèë èññëåäîâàòü ïðåæäå âñåãî ïðåäåëüíûå ñëó÷àè: t = 1 è t = n.

Òåîðåìà 2. Ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì, ïîçâîëÿþùèé äëÿ ïðîèç-
âîëüíîãî ðàçðåøåííîãî îòíîñèòåëüíî íåèçâåñòíûõ óðàâíåíèÿ â ñâîáîäíîé ãðóïïå F2

ñî ñâîáîäíûìè îáðàçóþùèìè a è b

w(x1, . . . , xn) = [a, b] (2)

ñ íåèçâåñòíûìè x1, x2, . . . , xn îïðåäåëèòü, ñóùåñòâóåò ëè ðåøåíèå ýòîãî óðàâíåíèÿ, óäî-
âëåòâîðÿþùåå óñëîâèþ x1, . . . , xn ∈ F (1)

2 .

Äîêàçàòåëüñòâî. Èçâåñòíî [20], ÷òî êîììóòàíò F
(1)
2 = [F2, F2] ñâîáîäíîé ãðóï-

ïû F2 ñâîáîäíî ïîðîæäàåòñÿ íåòðèâèàëüíûìè êîììóòàòîðàìè

ci,j = [ai, bj],

ãäå i è j �ïðîèçâîëüíûå îòëè÷íûå îò íóëÿ öåëûå ÷èñëà. Ïîýòîìó âîïðîñ î ðàçðåøè-
ìîñòè â ñâîáîäíîé ãðóïïå F2 óðàâíåíèÿ (2) ñ óêàçàííûìè îãðàíè÷åíèÿìè íà ðåøåíèÿ

ñâîäèòñÿ ê âîïðîñó î ðàçðåøèìîñòè â ñâîáîäíîé áåñêîíå÷íî ïîðîæä¼ííîé ãðóïïå F
(1)
2

óðàâíåíèÿ
w(x1, . . . , xn) = c1,1. (3)

Åñëè x01, . . . , x
0
n �ðåøåíèå óðàâíåíèÿ (3), òî, çàìåíèâ â âûðàæåíèè ýëåìåíòîâ x01, . . . , x

0
n

÷åðåç ñâîáîäíûå îáðàçóþùèå ci,j âñå ci,j, êðîìå c1,1, íà åäèíèöó, ïîëó÷èì íîâîå ðåøåíèå

c
σc1,1 (x

0
1)

1,1 , . . . , c
σc1,1 (x

0
n)

1,1

ýòîãî óðàâíåíèÿ, ãäå ÷åðåç σc1,1(x
0
i ) îáîçíà÷àåòñÿ ñóììà ïîêàçàòåëåé ñòåïåíè ñâîáîäíîé

îáðàçóþùåé c1,1 â âûðàæåíèè ýëåìåíòà x0i ÷åðåç ñâîáîäíûå îáðàçóþùèå ci,j. Çíà÷èò,
öåëûå ÷èñëà σc1,1(x

0
1), . . . , σc1,1(x

0
n) ÿâëÿþòñÿ ðåøåíèåì óðàâíåíèÿ

σ(x1)(w)y1 + . . .+ σ(xn)(w)yn = 1. (4)

Âåðíî è îáðàòíîå.
Òàêèì îáðàçîì, âîïðîñ î ðàçðåøèìîñòè â ñâîáîäíîé ãðóïïå F2 óðàâíåíèÿ (2) ñ óêà-

çàííûìè îãðàíè÷åíèÿìè íà ðåøåíèÿ ðàâíîñèëåí âîïðîñó î ðàçðåøèìîñòè â öåëûõ
÷èñëàõ ëèíåéíîãî óðàâíåíèÿ (4). Ïîñëåäíèé âîïðîñ ðåøàåòñÿ ïîëèíîìèàëüíûì àëãî-
ðèòìîì.

Ñëîâî [a, b], ñòîÿùåå â ïðàâîé ÷àñòè óðàâíåíèÿ èç òåîðåìû 1, èìååò äëèíó 4. Êàê
ïîêàçûâàåò ñëåäóþùàÿ òåîðåìà, ýòî íàèìåíüøàÿ âîçìîæíàÿ äëèíà.

Òåîðåìà 3. Ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì, ïîçâîëÿþùèé ïî ïðîèçâîëü-
íîìó ðàçðåøåííîìó îòíîñèòåëüíî íåèçâåñòíûõ óðàâíåíèþ âèäà

w(x1, . . . , xn) = g(a, b),

ãäå w(x1, . . . , xn)� ãðóïïîâîå ñëîâî â àëôàâèòå íåèçâåñòíûõ {x1, x2, . . . , xn}, g(a, b)�
ýëåìåíò äëèíû ìåíüøå 4 ñâîáîäíîé ãðóïïû F2 ñî ñâîáîäíûìè îáðàçóþùèìè a è b,
îïðåäåëèòü, ñóùåñòâóåò ëè ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå óñëîâèþ

x1, . . . , xt ∈ F (1)
2 , (5)

ãäå t�ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî ìåæäó 1 è n.



10 À.È. Çåòêèíà

Äîêàçàòåëüñòâî. Åñëè g� ãðóïïîâîå ñëîâî äëèíû ìåíüøå 4 â àëôàâèòå {a, b}
ñâîáîäíûõ îáðàçóþùèõ ãðóïïû F2, òî íåòðóäíî óáåäèòüñÿ, ÷òî g� ñòåïåíü Ak íåêîòî-
ðîãî ïðèìèòèâíîãî ýëåìåíòà A ãðóïïû F2.

Ïîêàæåì, ÷òî óðàâíåíèå w(x1, . . . , xn) = g, ò. å. óðàâíåíèå

w(x1, . . . , xn) = Ak, (6)

èìååò ðåøåíèå â ãðóïïå F2, óäîâëåòâîðÿþùåå óñëîâèþ (5), òîãäà è òîëüêî òîãäà, êîãäà
â öèêëè÷åñêîé ãðóïïå F1 ñ îáðàçóþùèì ýëåìåíòîì a ðàçðåøèìî óðàâíåíèå

w(1, . . . , 1, xt+1, . . . , xn) = ak. (7)

Âîïðîñ î ðàçðåøèìîñòè óðàâíåíèÿ (7) ñâîäèòñÿ ê âîïðîñó î ðàçðåøèìîñòè â öåëûõ
÷èñëàõ ëèíåéíîãî óðàâíåíèÿ ñ öåëûìè êîýôôèöèåíòàìè, êîòîðûé ïîëèíîìèàëüíî ðàç-
ðåøèì.

Ïðåäïîëîæèì, ÷òî A è B � ñèñòåìà ñâîáîäíûõ îáðàçóþùèõ ãðóïïû F2 (A�ïðè-
ìèòèâíûé ýëåìåíò ýòîé ãðóïïû), à φ è ψ� òàêèå àâòîìîðôèçìû ýòîé ãðóïïû, ÷òî

φ(A) = a, φ(B) = b; ψ(a) = A, ψ(b) = B.

Ïóñòü g1, . . . , gn �ðåøåíèå â ãðóïïå F2 óðàâíåíèÿ (6), óäîâëåòâîðÿþùåå óñëîâèþ

g1, . . . , gt ∈ F (1)
2 . Ïðèìåíèâ ê ðàâåíñòâó w(g1, . . . , gn) = Ak àâòîìîðôèçì φ, ïîëó÷èì

w(φ(g1), . . . , φ(gn)) = ak.

Ê ïîñëåäíåìó ðàâåíñòâó ïðèìåíèì ãîìîìîðôèçì φ1 ãðóïïû F2 íà ãðóïïó F1, çàäàííûé
ðàâåíñòâàìè φ1(a) = a, φ1(b) = 1, è ïîëó÷èì

w(φ1(φ(g1)), . . . , φ1(φ(gn))) = ak.

Åñëè g ∈ F
(1)
2 , òî φ1(φ(g)) = 1, ïîýòîìó φ1(φ(g1)) = 1, . . . , φ1(φ(gt)) = 1. Çíà÷èò,

φ1(φ(gt+1)), . . . , φ1(φ(gn))�ðåøåíèå óðàâíåíèÿ (7) â ãðóïïå F1.
Îáðàòíî, åñëè ht+1, . . . , hn �ðåøåíèå óðàâíåíèÿ (7) â ãðóïïå F1, òî, ïðèìåíèâ ê ðà-

âåíñòâó
w(1, . . . , 1, ht+1, . . . , hn) = ak

â ãðóïïå F2 àâòîìîðôèçì ψ ýòîé ãðóïïû, ïîëó÷èì

w(1, . . . , 1, ψ(ht+1), . . . , ψ(hn)) = Ak,

çíà÷èò, g1 = 1, . . . , gt = 1, gt+1 = ψ(ht+1), . . . , gn = ψ(hn)�ðåøåíèå â ãðóïïå F2

óðàâíåíèÿ (6), óäîâëåòâîðÿþùåå óñëîâèþ g1, . . . , gt ∈ F (1)
2 .

Ðàññìîòðèì àíàëîãè÷íûé âîïðîñ äëÿ óðàâíåíèé ñ îäíèì íåèçâåñòíûì. Êàê è ðàíåå,
÷åðåç F

(1)
n îáîçíà÷àåì êîììóòàíò ñâîáîäíîé ãðóïïû Fn.

Òåîðåìà 4. Ñóùåñòâóåò ïîëèíîìèàëüíûé àëãîðèòì, ïîçâîëÿþùèé ïî ëþáîìó
óðàâíåíèþ ñ îäíèì íåèçâåñòíûì

w(x1, a1, . . . , an) = 1 (8)

â ñâîáîäíîé ãðóïïå Fn îïðåäåëèòü, èìååò ëè îíî òàêîå ðåøåíèå x1, ÷òî x1 ∈ F (1)
n .
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Äîêàçàòåëüñòâî. À.À. Ëîðåíö [4] è Ê.È. Àïïåëü [5] äîêàçàëè, ÷òî ìíîæåñòâî
ðåøåíèé óðàâíåíèÿ ñ îäíèì íåèçâåñòíûì çàäà¼òñÿ êîíå÷íûì ìíîæåñòâîì ïàðàìåò-
ðè÷åñêèõ ñëîâ, ò. å. ñëîâ âèäà ABλC, ãäå λ�öåëî÷èñëåííûé ïàðàìåòð. Ä. Áîðìîòîâ,
Ð. Ãèëìàí è À. Ìÿñíèêîâ [21] ðàçðàáîòàëè ïîëèíîìèàëüíûé àëãîðèòì ïîñòðîåíèÿ ïî
óðàâíåíèþ ñ îäíèì íåèçâåñòíûì ñîîòâåòñòâóþùåãî ìíîæåñòâà ïàðàìåòðè÷åñêèõ ñëîâ.

Òåì ñàìûì âîïðîñ î ñóùåñòâîâàíèè ðåøåíèÿ óðàâíåíèÿ (8) â ñâîáîäíîé ãðóïïå

Fn ñ óñëîâèåì x1 ∈ F
(1)
n ïîëèíîìèàëüíî ñâîäèòñÿ ê îïðåäåëåíèþ, ñóùåñòâóåò ëè òà-

êîå öåëîå ÷èñëî λ, ÷òî ABλC ∈ F
(1)
n , èëè Bλ = A−1C−1 â Fn/F

(1)
n , ò. å. çàäà÷à î

ñóùåñòâîâàíèè ó óðàâíåíèÿ (8) ðåøåíèÿ ñ óñëîâèåì x1 ∈ F
(1)
n ñâîäèòñÿ ê ïðîáëåìå

ñòåïåíåé äëÿ ãðóïïû Fn/F
(1)
n : ñóùåñòâóåò ëè òàêîå öåëîå ÷èñëî λ, ÷òî Bλ = A−1C−1

â Fn/F
(1)
n . Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà äîñòàòî÷íî çàìåòèòü, ÷òî ïðîáëåìà ñòåïå-

íåé äëÿ ãðóïï Fn/F
(1)
n ïîëèíîìèàëüíî ðàçðåøèìà.

Çàêëþ÷åíèå
Ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû îá àëãîðèòìè÷åñêîé ðàçðåøèìîñòè ïðîáëåìû

ñîâìåñòíîñòè äëÿ íåêîòîðûõ òèïîâ óðàâíåíèé â ñâîáîäíûõ ãðóïïàõ ñ îãðàíè÷åíèÿìè
íà ðåøåíèÿ âìåñòå ñ ðåçóëüòàòàìè ðàáîòû [19] îá àëãîðèòìè÷åñêîé íåðàçðåøèìî-

ñòè ïðîáëåìû ñîâìåñòíîñòè äëÿ àíàëîãè÷íûõ óðàâíåíèé ñ îãðàíè÷åíèÿìè íà ðåøå-
íèÿ áëèçêîãî òèïà ìîãóò ðàññìàòðèâàòüñÿ êàê íåêîòîðûé âêëàä â ðåàëèçàöèþ ñôîð-
ìóëèðîâàííîé â 60-å ãîäû XXâ. âûäàþùèìñÿ îòå÷åñòâåííûì ìàòåìàòèêîì Ñåðãååì
Èâàíîâè÷åì Àäÿíîì ¾Ïðîãðàììû óòî÷íåíèÿ ãðàíèöû ìåæäó àëãîðèòìè÷åñêè ðàçðå-
øèìûìè è àëãîðèòìè÷åñêè íåðàçðåøèìûìè ïðîáëåìàìè¿.

Âûðàæàþ áëàãîäàðíîñòü ðåöåíçåíòàì, ñäåëàâøèì ðÿä ïîëåçíûõ çàìå÷àíèé ïî
îôîðìëåíèþ ðàáîòû.
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