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Ðàññìàòðèâàþòñÿ ïåðèîäè÷åñêèå ñâîéñòâà äâóõêàñêàäíîãî êîíå÷íî-àâòîìàòíîãî
êðèïòîãðàôè÷åñêîãî ãåíåðàòîðà. Ñôîðìóëèðîâàíû íåêîòîðûå íåîáõîäèìûå óñëî-
âèÿ òîãî, ÷òî âûõîäíàÿ ïîñëåäîâàòåëüíîñòü ãåíåðàòîðà èìååò ïåðèîä ìàêñèìàëüíî
âîçìîæíîé äëèíû. Ïîëó÷åíû òàêæå äîñòàòî÷íûå óñëîâèÿ, íà îñíîâàíèè êîòîðûõ
ïðåäëîæåí ñïîñîá ïîñòðîåíèÿ òàêîãî ãåíåðàòîðà. Äîêàçàíî, ÷òî äëÿ ëþáîé äâî-
è÷íîé ïîñëåäîâàòåëüíîñòè, ïåðèîä êîòîðîé ðàâåí ñòåïåíè äâîéêè, ñóùåñòâóåò ãå-
íåðàòîð, âûäàþùèé å¼.

Êëþ÷åâûå ñëîâà: êîíå÷íûé àâòîìàò, êðèïòîãðàôè÷åñêèé ãåíåðàòîð, êðèïòî-
àâòîìàò, ïåðèîä ïîñëåäîâàòåëüíîñòè.

ON THE PROPERTIES OF A FINITE-STATE GENERATOR
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The periodic properties of a two-stage finite-state generator G = A1 ·A2 are studied,
where A1 = (Fn

2 ,F2, g1, f1) (it is autonomous), A2 = (F2,Fm
2 ,F2, g2, f2), n,m ⩾ 1.

Some necessary conditions for such a generator with the maximum period of 2n+m

have been formulated, namely: 1) the output sequence of A1 is purely periodic and the
period length is 2n; 2) the substitution Gu transforming any initial state y(1) of the
automaton A2 into the state y(2n+1) is a full-cycle substitution; 3) the function f1 has
an odd weight; 4) the substitutions g(0, ·) and g(1, ·) have different parities. Some suffi-
cient conditions have been also formulated, for example, in addition to conditions 1–4,
the function g2(u, y) must be injective in u and the weight of the function f2 must be
odd. Two methods for constructing a generator having maximum period have been
proposed. It has been proved that, for any binary sequence whose period is a power
of two, there exists a generator that produces it.

Keywords: finite state machine, cryptographic generator, cryptoautomaton, sequence
period.
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Ââåäåíèå
Â ðàáîòå [1] Ã.Ï. Àãèáàëîâûì ââåäåíî ïîíÿòèå êðèïòîàâòîìàòà êàê êëàññà àâòî-

ìàòíûõ ñåòåé ñ êëþ÷îì, êîòîðûé ìîæåò âêëþ÷àòü â ñåáÿ íà÷àëüíûå ñîñòîÿíèÿ êîì-
ïîíåíò ñåòè è èõ ôóíêöèè ïåðåõîäîâ è âûõîäîâ. Ýòîìó îïðåäåëåíèþ êðèïòîàâòîìàòà
ñîîòâåòñòâóþò ðàçëè÷íûå êðèïòîãðàôè÷åñêèå ïðèìèòèâû: ãåíåðàòîðû êëþ÷åâîãî ïî-
òîêà MUGI [2] è KNOT [3] � â ïîòî÷íûõ øèôðàõ, ñèììåòðè÷íûé êîíå÷íî-àâòîìàòíûé
øèôð Çàêðåâñêîãî [4], êîíå÷íî-àâòîìàòíûå êðèïòîñèñòåìû ñ îòêðûòûì êëþ÷îì äëÿ
øèôðîâàíèÿ è öèôðîâîé ïîäïèñè ñåìåéñòâà FAPKC [5] è äðóãèå.

Ðàññìàòðèâàåìûé â äàííîé ðàáîòå ãåíåðàòîð ÿâëÿåòñÿ, ñ îäíîé ñòîðîíû, ÷àñòíûì
ñëó÷àåì ïîñëåäîâàòåëüíîé êîìïîçèöèè A1 ·A2 â ìîäåëè [1] (A1 � àâòîìàò Ìóðà); ñ äðó-
ãîé � îáîáùåíèåì êîíå÷íî-àâòîìàòíîãî ãåíåðàòîðà (δ, τ)-øàãîâ [6] (ôóíêöèÿ ïåðåõîäîâ
àâòîìàòà A2 ïðîèçâîëüíà). Â [7] èçó÷åíû íåêîòîðûå çàäà÷è êðèïòîàíàëèçà ãåíåðàòî-
ðà, â [8] � åãî ïåðèîäè÷åñêèå ñâîéñòâà. Â ïðîäîëæåíèå ýòèõ èññëåäîâàíèé â ðàáîòå
ïîëó÷åíû óñëîâèÿ ìàêñèìàëüíîñòè ïåðèîäà âûõîäíîé ïîñëåäîâàòåëüíîñòè ãåíåðàòîðà
è ïðåäëîæåíû ñïîñîáû ïîñòðîåíèÿ ãåíåðàòîðîâ ñ òàêèì ñâîéñòâîì.

1. Áàçîâûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ
Ïóñòü F2 = {0, 1}; âåñîì wt(f) áóëåâîé ôóíêöèè f : Fn

2 → F2, n ∈ N, áóäåì íàçûâàòü

wt(f) = | {x ∈ Fn
2 : f(x) = 1} |.

Ïîñëåäîâàòåëüíîñòü {ui : 1, 2, . . . }, ui ∈ F2, íàçûâàåòñÿ ïåðèîäè÷åñêîé, åñëè äëÿ íåêî-
òîðûõ i0, t ∈ N âûïîëíåíî ui = ui+t äëÿ âñåõ i ⩾ i0. Ìèíèìàëüíîå t ñ òàêèì ñâîéñòâîì
íàçûâàåòñÿ ïåðèîäîì ïîñëåäîâàòåëüíîñòè. Ïåðèîäè÷åñêàÿ ïîñëåäîâàòåëüíîñòü íàçû-
âàåòñÿ ÷èñòî ïåðèîäè÷åñêîé, åñëè i0 = 1.

Ïóñòü σ ∈ Sn �ïîäñòàíîâêà ñòåïåíè n, σ = τ1 ◦ . . . ◦ τk �ïðîèçâîëüíîå ðàçëîæå-
íèå σ â ïðîèçâåäåíèå òðàíñïîçèöèé. ×èñëî sgn = (−1)k íàçûâàåòñÿ çíàêîì σ, ïîëíî-
ñòüþ îïðåäåëÿåòñÿ ïîäñòàíîâêîé σ è íå çàâèñèò îò ñïîñîáà ðàçëîæåíèÿ â ïðîèçâåäåíèå
òðàíñïîçèöèé.

Ëåììà 1 [9]. Ïóñòü σ ∈ Sn è c�÷èñëî ïîïàðíî íåçàâèñèìûõ öèêëîâ â σ. Òîãäà
sgn(σ) = (−1)n−c.

2. Êîíå÷íî-àâòîìàòíûé ãåíåðàòîð
Ñõåìà äâóõêàñêàäíîãî êîíå÷íî-àâòîìàòíîãî êðèïòîãðàôè÷åñêîãî ãåíåðàòîðà G =

= A1 · A2 ïðåäñòàâëåíà íà ðèñ. 1: ýòî ïîñëåäîâàòåëüíîå ñîåäèíåíèå àâòîíîìíîãî àâ-
òîìàòà A1 = (Fn

2 ,F2, g1, f1) (ñ ôóíêöèåé ïåðåõîäîâ g1 : Fn
2 → Fn

2 è ôóíêöèåé âû-
õîäîâ f1 : Fn

2 → F2) è àâòîìàòà A2 = (F2,Fm
2 ,F2, g2, f2) (ñ ôóíêöèåé ïåðåõîäîâ

g2 : F2 × Fm
2 → Fm

2 è ôóíêöèåé âûõîäîâ f2 : F2 × Fm
2 → F2), n,m ⩾ 1.

f1

g1
x(t+ 1)x(t)

�d

-

u(t) -

A1

f2

g2

-z(t)
A2

y(t+ 1)y(t)
�d

-

Ðèñ. 1. Ñõåìà ãåíåðàòîðà G

Â êàæäûé ìîìåíò âðåìåíè t = 1, 2, . . . àâòîìàò A1, íàõîäÿñü â ñîñòîÿíèè x(t) ∈ Fn
2 ,

âûäà¼ò âûõîäíîé ñèìâîë u(t) = f1(x(t)) è ïåðåõîäèò â ñëåäóþùåå ñîñòîÿíèå x(t+1) =
= g1(x(t)), à àâòîìàò A2, íàõîäÿñü â ñîñòîÿíèè y(t) ∈ Fm

2 , ïðèíèìàåò îò A1 ñèìâîë u(t),
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âûäà¼ò íà âûõîä ãåíåðàòîðà ñèìâîë z(t) = f2(u(t), y(t)) è ïåðåõîäèò â ñëåäóþùåå ñî-
ñòîÿíèå y(t + 1) = g2(u(t), y(t)). Êëþ÷îì ãåíåðàòîðà ìîæåò áûòü ëþáîå íåïóñòîå ïîä-
ìíîæåñòâî ìíîæåñòâà {x(1), y(1), f1, g1, f2, g2}.

Ïåðèîäîì ãåíåðàòîðà íàçîâ¼ì ïåðèîä åãî âûõîäíîé ïîñëåäîâàòåëüíîñòè z(1)z(2) . . .
Â [8] äîêàçàíî, ÷òî ïåðèîä ãåíåðàòîðà íå ïðåâîñõîäèò 2n+m. Ñôîðìóëèðóåì óñëîâèÿ
äîñòèæåíèÿ âåðõíåé îöåíêè.

3. Íåîáõîäèìûå óñëîâèÿ ìàêñèìàëüíîñòè ïåðèîäà ãåíåðàòîðà
Îáîçíà÷èì ÷åðåç gδ2 = g2(δ, ·), δ ∈ {0, 1}, ïîäôóíêöèè ôóíêöèè g2.
Óòâåðæäåíèå 1 [8]. Åñëè ïåðèîä ãåíåðàòîðà G ðàâåí 2n+m, òî:

1) ôóíêöèÿ g1 ÿâëÿåòñÿ ïîëíîöèêëîâîé ïîäñòàíîâêîé;
2) ïîäôóíêöèè g02 è g

1
2 ÿâëÿþòñÿ ïîäñòàíîâêàìè;

3) y(2ni+ j) ̸= y(2nk + j) äëÿ âñåõ i, k ∈ {0, . . . , 2m − 1}, i ̸= k, j = 1, . . . , 2n;
4) âûõîäíàÿ ïîñëåäîâàòåëüíîñòü z(1)z(2) . . . ãåíåðàòîðà ÷èñòî ïåðèîäè÷åñêàÿ.

Äîïîëíèì ñïèñîê íåîáõîäèìûõ óñëîâèé:

Óòâåðæäåíèå 2. Åñëè ïåðèîä ãåíåðàòîðà G ðàâåí 2n+m, òî ïîñëåäîâàòåëüíîñòü
u(1)u(2) . . . ÷èñòî ïåðèîäè÷åñêàÿ è å¼ ïåðèîä ðàâåí 2n.

Äîêàçàòåëüñòâî. Èç [10, óòâåðæäåíèå 6.1, ï. 2], ï. 1 óòâåðæäåíèÿ 1 è ôîðìóëû
u(t) = f1(g1(t)) ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü {u(t) : t = 1, 2, . . .} ÷èñòî ïåðèîäè÷å-
ñêàÿ è å¼ ìèíèìàëüíûé ïåðèîä s äåëèò 2n. Ïðåäïîëîæèì, ÷òî s < 2n, òîãäà s | 2n−1 è
u(j) = u(2n−1i+ j) äëÿ âñåõ i, j.

Ïî ï. 3 óòâåðæäåíèÿ 1 äëÿ ëþáîãî j, 1 ⩽ j ⩽ 2n, çíà÷åíèÿ y(2ni+j), i = 0, . . . , 2m−1,
ïîïàðíî ðàçëè÷íû, à âñåãî òàêèõ çíà÷åíèé 2m. Çíà÷èò, äëÿ j = 2n−1 + 1 íàéä¼ò-
ñÿ i, òàêîå, ÷òî y(1) = y(2ni + 2n−1 + 1) = y(2n−1k + 1), ãäå k = 2i + 1. Èç òî-
ãî, ÷òî u(1) = u(2n−1k + 1), è îïèñàíèÿ ôóíêöèîíèðîâàíèÿ ãåíåðàòîðà çàêëþ÷àåì,
÷òî z(1) = z(2n−1k + 1) è y(2) = y(2n−1k + 2). Ïðîäîëæàÿ ïî èíäóêöèè, ïîëó÷èì:
z(j) = z(2n−1k + j) äëÿ âñåõ j, ò. å. ïåðèîä ãåíåðàòîðà äåëèò 2n−1k = 2ni + 2n−1 ⩽
⩽ 2n(2m − 1) + 2n−1 = 2n+m − 2n−1, ÷òî ïðîòèâîðå÷èò óñëîâèþ.

Äëÿ u = u(1)u(2) . . . u(2n) îáîçíà÷èì ÷åðåç Gu : Fm
2 → Fm

2 êîìïîçèöèþ ïîäñòàíîâîê

Gu = g
u(1)
2 ◦ . . . ◦ gu(2

n)
2 ,

äðóãèìè ñëîâàìè, Gu(y(1)) = y(2n+1) äëÿ âñåõ y(1) ∈ Fm
2 , ò. å. Gu � ýòî ïîäñòàíîâêà íà

ìíîæåñòâå ñîñòîÿíèé àâòîìàòà A2, ïåðåâîäÿùàÿ ëþáîå åãî íà÷àëüíîå ñîñòîÿíèå â òî,
â êîòîðîå àâòîìàò ïåðåéä¼ò ïîñëå îäíîãî öèêëà ïîñëåäîâàòåëüíîñòè íà âõîäå.

Â ñëåäóþùåì óòâåðæäåíèè ïðèâåäåíî, â òîì ÷èñëå (â ï. 2), ðåøåíèå çàäà÷è 9 èç âòî-
ðîãî ðàóíäà äåñÿòîé Ìåæäóíàðîäíîé îëèìïèàäû ïî êðèïòîãðàôèè Non-Stop University
CRYPTO [11, 12].

Óòâåðæäåíèå 3. Åñëè ïåðèîä ãåíåðàòîðà G ðàâåí 2n+m, òî:

1) ïîäñòàíîâêà Gu ïîëíîöèêëîâàÿ;
2) âåñ ôóíêöèè f1 íå÷¼òíûé;
3) ïîäñòàíîâêè g02 è g

1
2 èìåþò ðàçíóþ ÷¼òíîñòü.

Äîêàçàòåëüñòâî.

1) Ñëåäóåò èç ï. 3 óòâåðæäåíèÿ 1.
2) Ïóñòü wt(f1) = k. Èç óòâåðæäåíèÿ 2 ñëåäóåò, ÷òî â îòðåçêå u = u(1)u(2)

. . . u(2n) ñîäåðæàòñÿ çíà÷åíèÿ ôóíêöèè f1 íà âñåõ íàáîðàõ çíà÷åíèé å¼ àðãóìåíòîâ,
ò. å. k åäèíèö è 2n − k íóëåé. Ñëåäîâàòåëüíî,
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sgn(Gu) = sgn(g12)
k · sgn(g02)2

n−k. (1)

Ñ äðóãîé ñòîðîíû, ïî ëåììå 1 è ââèäó ï. 1

sgn(Gu) = (−1)2m−1 = −1. (2)

Ýòî âîçìîæíî òîëüêî ïðè íå÷¼òíîì k.
3) Åñëè sgn(g02) = sgn(g12), òî sgn(Gu) = sgn(g02)

2n = 1�ïðîòèâîðå÷èå ñ (2).

Óñëîâèÿ óòâåðæäåíèé 1�3 íå ÿâëÿþòñÿ äîñòàòî÷íûìè äëÿ ìàêñèìàëüíîñòè ïåðèîäà
ãåíåðàòîðà, â ÷àñòíîñòè, ïîòîìó, ÷òî íå íàêëàäûâàþò íèêàêèõ îãðàíè÷åíèé íà ôóíê-
öèþ âûõîäîâ àâòîìàòà A2. Â ñëåäóþùåì ïóíêòå ýòè óñëîâèÿ äîïîëíÿþòñÿ åù¼ äâóìÿ,
÷òî äà¼ò äîñòàòî÷íûå (íî òåïåðü íå íåîáõîäèìûå) óñëîâèÿ ìàêñèìàëüíîñòè ïåðèîäà.

4. Äîñòàòî÷íûå óñëîâèÿ ìàêñèìàëüíîñòè ïåðèîäà ãåíåðàòîðà
Óòâåðæäåíèå 4. Ïóñòü äëÿ ãåíåðàòîðà G âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) ïîñëåäîâàòåëüíîñòü u(1)u(2) . . . ÷èñòî ïåðèîäè÷åñêàÿ ñ ïåðèîäîì 2n;

2) ïîäôóíêöèè g02 è g12 �ïîäñòàíîâêè, èõ êîìïîçèöèÿ Gu = g
u(1)
2 ◦ . . . ◦ gu(2

n)
2 �

ïîëíîöèêëîâàÿ ïîäñòàíîâêà;
3) ôóíêöèÿ g2(u, y) : F2 × Fm

2 → Fm
2 èíúåêòèâíà ïî ïåðåìåííîé u.

Òîãäà ïåðèîä ïîñëåäîâàòåëüíîñòè ñîñòîÿíèé (y(t) : t ∈ N) ðàâåí 2n+m, à îòîáðàæåíèå

ψG : Fn
2 × Fm

2 → Fn
2 × Fm

2 ,
(
x(t), y(t)

)
7→

(
x(t+ 1), y(t+ 1)

)
,(

x(t+ 1), y(t+ 1)
)
=

(
g1(x(t)), g2(f1(x(t)), y(t))

)
ÿâëÿåòñÿ ïîëíîöèêëîâîé ïîäñòàíîâêîé.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç π ïåðèîä ïîñëåäîâàòåëüíîñòè (y(t) : t ∈ N).
Èç óñëîâèé 1 è 3 ââèäó [10, ñëåäñòâèå 1 òåîðåìû 7.5] ïîëó÷àåì, ÷òî 2n |π. Óñëîâèå 2
îçíà÷àåò, ÷òî çíà÷åíèÿ y(1), y(2n + 1), . . . , y(2n(2m − 1) + 1) ïîïàðíî ðàçëè÷íû. Ñëå-
äîâàòåëüíî, π ⩾ 2n+m. Íåðàâåíñòâî π ⩽ 2n+m î÷åâèäíî â ñèëó ôîðìóëû y(t + 1) =
= g2(f1(x(t)), y(t)) è òîãî, ÷òî êîëè÷åñòâî ðàçíûõ ïàð (x(t), y(t)) ðàâíî 2n+m.

Ïîñêîëüêó u(t) = f1(x(t)), èç óñëîâèÿ 1 ñëåäóåò, ÷òî ïåðèîä ïîñëåäîâàòåëüíîñòè
(x(t) : t ∈ N) ðàâåí 2n. Òîãäà ïî [10, óòâåðæäåíèå 6.2, ï. 1] ïîëó÷àåì, ÷òî ïåðèîä ïîñëå-
äîâàòåëüíîñòè

(
(x(t), y(t)) : t ∈ N

)
ðàâåí ÍÎÊ(2n, 2n+m) = 2n+m, ò. å. îòîáðàæåíèå ψG �

ïîëíîöèêëîâàÿ ïîäñòàíîâêà.

Óòâåðæäåíèå 5. Åñëè ãåíåðàòîð G óäîâëåòâîðÿåò óñëîâèÿì óòâåðæäåíèÿ 4 è âåñ
ôóíêöèè f2 íå÷¼òíûé, òî ïåðèîä ãåíåðàòîðà ðàâåí 2n+m.

Äîêàçàòåëüñòâî. Îáîçíà÷èì: k = wt(f1); N �êîëè÷åñòâî åäèíèö â îòðåçêå
z = z(1)z(2) . . . z(2n+m); π�ïåðèîä ýòîé ïîñëåäîâàòåëüíîñòè; N0 è N1 � âåñà ïîäôóíê-
öèé f2(0, y) è f2(1, y) ñîîòâåòñòâåííî. Èç óñëîâèÿ è ôîðìóë (1) è (2) ñëåäóåò, ÷òî k
íå÷¼òíî; èç òîãî, ÷òî íå÷¼òåí âåñ wt(f2) = N0 + N1, çàêëþ÷àåì, ÷òî ÷èñëà N0 è N1

èìåþò ðàçíóþ ÷¼òíîñòü.
Ïåðèîä ïîñëåäîâàòåëüíîñòè

(
(x(t), y(t)) : t ∈ N

)
ðàâåí 2n+m (ñëåäóåò èç óòâåðæäå-

íèÿ 4). Òîãäà ââèäó z(t) = f2(f1(x(t)), y(t)) âûïîëíÿåòñÿ

N = (2n − k)N0 + kN1,

ò. å. N íå÷¼òíî. Ïî [10, óòâåðæäåíèå 6.1, ï. 2] èìååì π | 2n+m; ïðè π < 2n+m ïåðèîä
ïîâòîðÿåòñÿ â îòðåçêå z ÷¼òíîå ÷èñëî ðàç, ñëåäîâàòåëüíî, è ÷èñëî N äîëæíî áûòü
÷¼òíûì. Çíà÷èò, π = 2n+m.
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Óñëîâèÿ óòâåðæäåíèé 4 è 5 ÿâëÿþòñÿ äîñòàòî÷íûìè, íî íå íåîáõîäèìûìè äëÿ ìàê-
ñèìàëüíîñòè ïåðèîäà ãåíåðàòîðà; òàê, â ïðèìåðå 1 ôóíêöèÿ g2 íå èíúåêòèâíà ïî u è
âåñ ôóíêöèè f2 ÷¼òíûé, îäíàêî ïåðèîä ãåíåðàòîðà ðàâåí 2n+m.

Ïðèìåð 1. Ïóñòü n = 1, m = 2, g1(x) = x ⊕ 1, f1(x) = x, x(1) = 0, y(1) = 00,
ôóíêöèè g2 è f2 çàäàíû òàáë. 1 è 2.

Òà á ë è ö à 1
Ôóíêöèÿ g2

u(t)
y(t)

00 01 10 11
0 01 10 11 00
1 01 10 00 11

Òà á ë è ö à 2
Ôóíêöèÿ f2

u(t)
y(t)

00 01 10 11
0 0 1 0 0
1 0 0 1 0

Òîãäà (u(t) : t = 1, 2) = (0, 1), (y(t) : t = 1, . . . , 8) = (00, 01, 10, 11, 11, 00, 01, 10),
Gu = (00, 10, 11, 01)�ïîëíîöèêëîâàÿ; (z(t) : t ∈ N) = 00000011 . . .�ïåðèîäè÷åñêàÿ
ñ ïåðèîäîì 8 = 2n+m.

5. Ïîñòðîåíèå ãåíåðàòîðîâ ìàêñèìàëüíîãî ïåðèîäà
Óòâåðæäåíèå 6. Åñëè wt(f1) = k�íå÷¼òíîå ÷èñëî, òî äëÿ ëþáûõ n,m ⩾ 1 ñó-

ùåñòâóþò òàêèå ôóíêöèè g1, g2, f2, ÷òî ïåðèîä ãåíåðàòîðà G ðàâåí 2n+m.

Äîêàçàòåëüñòâî. Ñîïîñòàâèì âåêòîðàì x ∈ Fn
2 è y ∈ Fm

2 ÷èñëà èç Z2n è Z2m ,
äâîè÷íûìè ïðåäñòàâëåíèÿìè êîòîðûõ îíè ÿâëÿþòñÿ, è îïðåäåëèì ôóíêöèè

g1(x) = (x+ 1) mod 2n, g2(u, y) = (y + u) mod 2m, f2(u, y) = I[y = 0],

ãäå I�ôóíêöèÿ-èíäèêàòîð. Îòìåòèì, ÷òî g1 è g
1
2 ÿâëÿþòÿ ïîëíîöèêëîâûìè ïîäñòà-

íîâêàìè, g02 � òîæäåñòâåííîå îòîáðàæåíèå. Ïóñòü, áåç îãðàíè÷åíèÿ îáùíîñòè, y(1) = 0
è, ñëåäîâàòåëüíî, z(1) = 1; ïåðèîä ãåíåðàòîðà G (ïîñëåäîâàòåëüíîñòè (z(t) : t ∈ N))
îáîçíà÷èì ÷åðåç π.

Ïî ïîñòðîåíèþ z(t) = z(t+ 2n+m), t ∈ N. Òîãäà π = 2p äëÿ p ⩽ n+m; z(1 + 2p) = 1,
à çíà÷èò,

y(1 + 2pl) = 0, l ∈ N. (3)

Ïîñêîëüêó çà 2n òàêòîâ ðàáîòû ãåíåðàòîðà ïîñëåäîâàòåëüíîñòü u íà âõîäå àâòîìà-
òà A2 ïðîáåãàåò çíà÷åíèÿ ôóíêöèè f1 íà âñåõ íàáîðàõ, èìååì y(1 + 2n) = k mod 2m è
y(1 + 2n) ̸= 0 ââèäó íå÷¼òíîñòè k.

Åñëè p < n, òî y(1 + 2n) = y(1 + 2p2n−p) = 0 ïî (3) � ïðîòèâîðå÷èå.
Åñëè p > n, òî y(1 + 2p) = y(1 + 2n2p−n) = 2p−nk = 0 mod 2m, ÷òî íåâîçìîæíî ïðè

íå÷¼òíîì k è p < n+m. Ñëåäîâàòåëüíî, π = 2n+m.

Çàìå÷àíèå 1. Äëÿ ôóíêöèè f2, ïîñòðîåííîé â äîêàçàòåëüñòâå óòâåðæäåíèÿ 6, íå
âûïîëíåíû óñëîâèÿ óòâåðæäåíèÿ 5, òàê êàê wt(f2) = 2�÷¼òíîå ÷èñëî.

Óòâåðæäåíèÿ 1 (ï. 1) è 3 (ï. 2) çàäàþò íåîáõîäèìûå òðåáîâàíèÿ ê àâòîìàòó A1 äëÿ
ïîñòðîåíèÿ ãåíåðàòîðà ìàêñèìàëüíîãî ïåðèîäà. Äëÿ ôóíêöèè ïåðåõîäîâ g2 àâòîìà-
òà A2 äîëæíû âûïîëíÿòüñÿ óñëîâèÿ 2 è 3 óòâåðæäåíèÿ 4, ïðè ýòîì óñëîâèå 2 çàâè-
ñèò îò âûõîäíîé ïîñëåäîâàòåëüíîñòè àâòîìàòà A1. Îïèøåì ñïîñîá ïîñòðîåíèÿ òàêîé
ôóíêöèè g2, ÷òî óñëîâèÿ óòâåðæäåíèÿ 4 âûïîëíåíû äëÿ ëþáîãî àâòîìàòà A1, óäîâëå-
òâîðÿþùåãî íåîáõîäèìûì óñëîâèÿì.

Óòâåðæäåíèå 7. Ïóñòü ôóíêöèÿ g2(u, y) : F2×Fm
2 → Fm

2 òàêîâà, ÷òî g02 �ïîëíî-
öèêëîâàÿ ïîäñòàíîâêà, g12 �ëþáàÿ å¼ ÷¼òíàÿ ñòåïåíü (èëè íàîáîðîò). Òîãäà:



Î ñâîéñòâàõ êîíå÷íî-àâòîìàòíîãî ãåíåðàòîðà 83

1) ôóíêöèÿ g2(u, y) èíúåêòèâíà ïî u;

2) êîìïîçèöèÿ Gu = g
u(1)
2 ◦ . . . ◦ gu(2

n)
2 �ïîëíîöèêëîâàÿ ïîäñòàíîâêà äëÿ ëþáîé

ïîñëåäîâàòåëüíîñòè u = u(1) . . . u(2n) íå÷¼òíîãî âåñà.

Äîêàçàòåëüñòâî. Êàê è ïðè äîêàçàòåëüñòâå óòâåðæäåíèÿ 6, áóäåì îòîæäåñòâ-
ëÿòü âåêòîðû y ∈ Fm

2 è ÷èñëà èç Z2m . Ïóñòü, áåç îãðàíè÷åíèÿ îáùíîñòè, g02(y) =
= (y + 1) mod 2m è g12 = (g02)

l, l�÷¼òíîå. Òîãäà g12(y) = (y + l) mod 2m.
1) Ïðè ÷¼òíîì l äëÿ ëþáîãî y ∈ Fm

2 èìååì

g2(0, y) = (y + 1) mod 2m ̸= (y + l) mod 2m = g2(1, y).

Ñëåäîâàòåëüíî, ôóíêöèÿ g2(u, y) èíúåêòèâíà ïî u.
2) Ïóñòü ïîñëåäîâàòåëüíîñòü u ñîäåðæèò k åäèíèö. Òîãäà Gu = (g02)

s, ãäå s =
= 2n − k + lk�íå÷¼òíîå â ñèëó ÷¼òíîñòè l è íå÷¼òíîñòè k. Ðàññìîòðèì r-þ ñòåïåíü
ýòîé ïîäñòàíîâêè: Gr

u = (g02)
sr; è óðàâíåíèå Gr

u(y) = y:

Gr
u(y) = y + sr = y (mod 2m),

êîòîðîå âåðíî òîëüêî ïðè r = 0 (mod 2m). Ñëåäîâàòåëüíî, Gu �ïîëíîöèêëîâàÿ.

Èç óòâåðæäåíèé 4, 5 è 7 ïîëó÷àåì ìåòîä ïîñòðîåíèÿ ãåíåðàòîðà G, èìåþùåãî ìàê-
ñèìàëüíûé ïåðèîä (àëãîðèòì 1).

Àëãîðèòì 1. Ïîñòðîåíèå ãåíåðàòîðà G ìàêñèìàëüíîãî ïåðèîäà

Âõîä: n,m ∈ N.
Âûõîä: ôóíêöèè ïåðåõîäîâ è âûõîäîâ àâòîìàòîâ A1 è A2.

Âûáðàòü:
1: g1 : Fn

2 → Fn
2 �ïðîèçâîëüíàÿ ïîëíîöèêëîâàÿ ïîäñòàíîâêà;

2: f1 : Fn
2 → F2 �ïðîèçâîëüíàÿ ôóíêöèÿ íå÷¼òíîãî âåñà;

3: g02 : Fm
2 → Fm

2 �ïðîèçâîëüíàÿ ïîëíîöèêëîâàÿ ïîäñòàíîâêà;
g12 �ëþáàÿ å¼ ÷¼òíàÿ ñòåïåíü (èëè íàîáîðîò);

4: f2 : Fm+1
2 → F2 �ïðîèçâîëüíàÿ ôóíêöèÿ íå÷¼òíîãî âåñà.

Àëãîðèòì 1, î÷åâèäíî, íå îáëàäàåò ñâîéñòâîì ïîëíîòû (ñ åãî ïîìîùüþ íåëüçÿ ïî-
ñòðîèòü âñå âîçìîæíûå ãåíåðàòîðû ìàêñèìàëüíîãî ïåðèîäà), ïîñêîëüêó óñëîâèÿ, íà
êîòîðûå îí îïèðàåòñÿ, íå ÿâëÿþòñÿ íåîáõîäèìûìè. Îäíàêî, åñëè íå ôèêñèðîâàòü çíà-
÷åíèÿ n è m, òî äëÿ ëþáîé äâîè÷íîé ïîñëåäîâàòåëüíîñòè, ïåðèîä êîòîðîé ðàâåí ñòå-
ïåíè äâîéêè, ìîæíî ïðåäëîæèòü ãåíåðàòîð, âûäàþùèé å¼.

Óòâåðæäåíèå 8. Äëÿ ëþáûõ l ⩾ 2 è z = z(1) . . . z(2l) ∈ Fl
2 ñóùåñòâóåò äâóõêàñ-

êàäíûé êîíå÷íî-àâòîìàòíûé ãåíåðàòîð, âûõîäíàÿ ïîñëåäîâàòåëüíîñòü êîòîðîãî ðàâíà
z · z · . . . (çäåñü ¾·¿� îïåðàöèÿ êîíêàòåíàöèè).

Äîêàçàòåëüñòâî. Îïèøåì ñïîñîá ïîñòðîåíèÿ ãåíåðàòîðà G.
Ïîëîæèì n = 1, m = l − 1; êàê è ïðåæäå, áóäåì îòîæäåñòâëÿòü âåêòîðû èç Fm

2

è ÷èñëà èç Z2m . Çàäàäèì ôóíêöèè àâòîìàòà A1 êàê g1(x) = x ⊕ 1, f1(x) = x, íà-
÷àëüíîå ñîñòîÿíèå x(0) = 0; òîãäà íà âõîä àâòîìàòà A2 ïîñòóïèò ïîñëåäîâàòåëüíîñòü
u = 010101 . . .

Îïðåäåëèì ôóíêöèþ g2(u, y) = (y + u) mod 2m è íà÷àëüíîå ñîñòîÿíèå y(0) = 0.
Òîãäà ïàðà ¾âõîä/ñîñòîÿíèå¿ àâòîìàòà A2 çà ïåðâûå 2

l øàãîâ áóäåò ïðîáåãàòü çíà÷åíèÿ

(0, 0), (1, 0), (0, 1) (1, 1), . . . , (0, 2m − 1), (1, 2m − 1).
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Äëÿ ïîëó÷åíèÿ ïîñëåäîâàòåëüíîñòè z íà âûõîäå ãåíåðàòîðà îñòàëîñü ïîëîæèòü
f2(0, y) = z(2y + 1) è f2(1, y) = z(2y + 2), y = 0, 1, . . . , 2m − 1.

Çàìå÷àíèå 2. Åñëè ïîñëåäîâàòåëüíîñòü z â óòâåðæäåíèè 8 àïåðèîäè÷íà, òî ñïî-
ñîáîì, îïèñàííûì â åãî äîêàçàòåëüñòâå, ïîëó÷èì ãåíåðàòîð ìàêñèìàëüíîãî ïåðèîäà.

Çàêëþ÷åíèå
Ðàññìîòðåíû óñëîâèÿ, ïðè êîòîðûõ äâóõêàñêàäíûé êîíå÷íî-àâòîìàòíûé ãåíåðà-

òîð èìååò ìàêñèìàëüíûé ïåðèîä; äîïîëíåí ñïèñîê íåîáõîäèìûõ óñëîâèé è ïîëó÷åíû
íåêîòîðûå äîñòàòî÷íûå, íà îñíîâàíèè êîòîðûõ ïðåäëîæåí ïðîñòîé ìåòîä ïîñòðîåíèÿ
òàêîãî ãåíåðàòîðà. Îäíàêî íàéäåííûå íåîáõîäèìûå óñëîâèÿ íå ÿâëÿþòñÿ äîñòàòî÷íû-
ìè è íàîáîðîò, ò. å. êðèòåðèé ìàêñèìàëüíîñòè ïåðèîäà ãåíåðàòîðà íå ñôîðìóëèðîâàí.

Íåêîòîðûå èç ðåçóëüòàòîâ ðàáîòû äîêëàäûâàëèñü íà êîíôåðåíöèè SIBECRYPT'24,
èõ êðàòêîå èçëîæåíèå ìîæíî íàéòè â [13].
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