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Èññëåäóåòñÿ ïîðÿäîê ãëàäêîñòè fNR(x1, x2, . . . , xn) � íàèìåíüøåãî âîãíóòîãî ïðî-
äîëæåíèÿ íà [0, 1]n ïðîèçâîëüíîé áóëåâîé ôóíêöèè fB(x1, x2, . . . , xn). Äîêàçà-
íî, ÷òî åñëè áóëåâà ôóíêöèÿ fB(x1, x2, . . . , xn) ñóùåñòâåííî çàâèñèò íå áîëåå
÷åì îò îäíîé ïåðåìåííîé, òî íà [0, 1]n å¼ íàèìåíüøåå âîãíóòîå ïðîäîëæåíèå
fNR(x1, x2, . . . , xn) áåñêîíå÷íî äèôôåðåíöèðóåìî, â ïðîòèâíîì ñëó÷àå ïðîäîë-
æåíèå fNR(x1, x2, . . . , xn) íà [0, 1]n âñåãî ëèøü íåïðåðûâíî. Ïðîäåìîíñòðèðîâà-
íî ïðèìåíåíèå íàèìåíüøåãî âîãíóòîãî ïðîäîëæåíèÿ ê ðåøåíèþ ñèñòåì áóëåâûõ
óðàâíåíèé.

Êëþ÷åâûå ñëîâà: âîãíóòîå ïðîäîëæåíèå áóëåâîé ôóíêöèè, áóëåâà ôóíêöèÿ,

âîãíóòàÿ ôóíêöèÿ, ãëîáàëüíàÿ îïòèìèçàöèÿ, ëîêàëüíûé ýêñòðåìóì.

ON THE ORDER OF SMOOTHNESS OF THE SMALLEST CONCAVE
EXTENSION OF A BOOLEAN FUNCTION

D.N. Barotov∗, R.N. Barotov∗∗

∗Financial University under the Government of the Russian Federation, Moscow, Russia
∗∗Khujand state university named after academician Bobojon Gafurov, Khujand, Tajikistan

In this paper, we study the order of smoothness of fNR(x1, x2, . . . , xn) — the least con-
cave extension on [0, 1]n of an arbitrary Boolean function fB(x1, x2, . . . , xn). We prove
that if the Boolean function fB(x1, x2, . . . , xn) essentially depends on at most one
variable, then on [0, 1]n its least concave extension fNR(x1, x2, . . . , xn) is infinitely
differentiable, otherwise the extension fNR(x1, x2, . . . , xn) on [0, 1]n is only continu-
ous. We demonstrate how the least concave extension can be used to solve systems of
Boolean equations.

Keywords: concave extension of a Boolean function, Boolean function, concave func-
tion, global optimization, local extremum.



6 Ä.Í. Áàðîòîâ, Ð. Í. Áàðîòîâ

Ââåäåíèå
Ðàçëè÷íûå òðóäíîðåøàåìûå äèñêðåòíûå çàäà÷è, âîçíèêàþùèå âî ìíîãèõ îáëàñòÿõ,

âêëþ÷àÿ êîìáèíàòîðèêó, ñîâðåìåííóþ êèáåðíåòèêó, áèîèíôîðìàòèêó, àâòîìàòèçàöèþ
ïðîåêòèðîâàíèÿ ìèêðîýëåêòðîíèêè, ïðîåêòèðîâàíèå êëàññè÷åñêèõ ëîãè÷åñêèõ öåïåé,
ðàñïîçíàâàíèå îáðàçîâ, ôóíêöèîíèðîâàíèå êîíå÷íûõ àâòîìàòîâ ñïåöèàëüíîãî âèäà,
à òàêæå êðèïòîãðàôèþ, ìîãóò áûòü ñâåäåíû ê ñèñòåìàì áóëåâûõ óðàâíåíèé [1�5].
Ïîýòîìó, ñ îäíîé ñòîðîíû, ðåøåíèþ ñèñòåì áóëåâûõ óðàâíåíèé ïîñâÿùåíî çíà÷èòåëü-
íîå êîëè÷åñòâî ðàáîò, ðàçðàáîòàíî íåñêîëüêî íàïðàâëåíèé èññëåäîâàíèÿ è àëãîðèòìîâ
èõ ðåøåíèÿ, à, ñ äðóãîé ñòîðîíû, â ñâÿçè ñ òåì, ÷òî çàäà÷à ðåøåíèÿ ñèñòåìû áóëåâûõ
óðàâíåíèé â îáùåì ñëó÷àå ÿâëÿåòñÿ NP-òðóäíîé, â íàó÷íîì ñîîáùåñòâå ïðîäîëæàåò
ðàñòè èíòåðåñ ê ïîèñêó íîâûõ àëãîðèòìîâ êàê â êëàññè÷åñêèõ, òàê è â êâàíòîâûõ ìîäå-
ëÿõ âû÷èñëåíèé [6�9]. Îäíèì èç òàêèõ íàïðàâëåíèé ÿâëÿåòñÿ òî, ÷òî çàäà÷à ðåøåíèÿ
ñèñòåìû áóëåâûõ óðàâíåíèé, â òîì ÷èñëå ïóò¼ì ïðåäñòàâëåíèÿ íåêîòîðîãî âåùåñòâåí-
íîãî ïðîäîëæåíèÿ (àíàëîãà) äëÿ êàæäîé áóëåâîé ôóíêöèè, ïðåîáðàçóåòñÿ â çàäà÷ó
ñ âåùåñòâåííûìè ïåðåìåííûìè, êîòîðàÿ ìîæåò áûòü ëèáî çàäà÷åé îïòèìèçàöèè íåêî-
òîðîé ôóíêöèè, ÷òî ïîçâîëÿåò ïðèìåíÿòü îïòèìèçàöèîííûå ìåòîäû âû÷èñëèòåëüíîé
ìàòåìàòèêè [10�14], ëèáî çàäà÷åé MILP èëè QUBO, ðåøàåìîé êëàññè÷åñêèìè äèñêðåò-
íûìè àëãîðèòìàìè îïòèìèçàöèè èëè êâàíòîâûìè àëãîðèòìàìè [15, 16], ëèáî ñèñòåìîé
ïîëèíîìèàëüíûõ óðàâíåíèé, ðåøàåìîé íà ìíîæåñòâå öåëûõ ÷èñåë [17], ëèáî ýêâèâà-
ëåíòíîé ñèñòåìîé ïîëèíîìèàëüíûõ óðàâíåíèé, ðåøàåìîé è àíàëèçèðóåìîé ñèìâîëü-
íûìè ìåòîäàìè [18].

Îòìåòèì, ÷òî ñóùåñòâóåò ìíîãî ñïîñîáîâ, êàæäûé èç êîòîðûõ, èñïîëüçóÿ âåùå-
ñòâåííîå ïðîäîëæåíèå áóëåâîé ôóíêöèè, âûáðàííîå íà îñíîâå íåêîòîðîãî ñîîáðà-
æåíèÿ, ïîçâîëÿåò ïðåîáðàçîâàòü ñèñòåìó áóëåâûõ óðàâíåíèé â çàäà÷ó íåïðåðûâíîé
îïòèìèçàöèè, òàê êàê ïðèíöèïèàëüíîå îòëè÷èå òàêèõ ñïîñîáîâ îò ïåðåáîðíûõ àëãî-
ðèòìîâ ëîêàëüíîãî ïîèñêà ñîñòîèò â òîì, ÷òî íà êàæäîé èòåðàöèè àëãîðèòìà ñäâèã
ïî ãðàäèåíòó (àíòèãðàäèåíòó) ïðîèçâîäèòñÿ ïî âñåì ïåðåìåííûì îäíîâðåìåííî [19].
Îäíà èç îñíîâíûõ ïðîáëåì, âîçíèêàþùàÿ ïðè ïðèìåíåíèè ýòèõ ñïîñîáîâ, çàêëþ÷à-
åòñÿ â òîì, ÷òî îïòèìèçèðóåìàÿ öåëåâàÿ ôóíêöèÿ â èñêîìîé îáëàñòè ìîæåò èìåòü
ìíîæåñòâî ëîêàëüíûõ ýêñòðåìóìîâ, ÷òî çíà÷èòåëüíî óñëîæíÿåò èõ ïðàêòè÷åñêîå èñ-
ïîëüçîâàíèå [14, 20, 21].

Ïî èçëîæåííîé ïðîáëåìå â [14, 20�26] ïîëó÷åíû íåêîòîðûå ðåçóëüòàòû, à èìåííî:
â [14, 20] ðàññìîòðåíî êîíñòðóèðîâàíèå ïîëèëèíåéíîãî ïðîäîëæåíèÿ áóëåâîé ôóíêöèè
è àðãóìåíòèðîâàíî, ÷òî çàäà÷à ðåøåíèÿ ïðîèçâîëüíîé ñèñòåìû áóëåâûõ óðàâíåíèé
ñ n ïåðåìåííûìè ìîæåò áûòü ñâåäåíà ê çàäà÷å íåïðåðûâíîé ìèíèìèçàöèè íà [0, 1]n

öåëåâîé ôóíêöèè, íå èìåþùåé ñòðîãèõ ëîêàëüíûõ ìèíèìóìîâ âíóòðè ëþáîé k-ìåðíîé
ãðàíè êóáà [0, 1]n, k ∈ {1, 2, . . . , n}, à â [21�25] ïîñòðîåíû âûïóêëûå (âîãíóòûå) ïðîäîë-
æåíèÿ áóëåâûõ ôóíêöèé n ïåðåìåííûõ íà [0, 1]n è íà îñíîâå ïîñòðîåííûõ ïðîäîëæåíèé
êîíñòðóêòèâíî äîêàçàíî, ÷òî çàäà÷à ðåøåíèÿ ñèñòåìû áóëåâûõ óðàâíåíèé ìîæåò áûòü
ñâåäåíà ê çàäà÷å ìèíèìèçàöèè (ìàêñèìèçàöèè) öåëåâîé ôóíêöèè, ëþáîé ëîêàëüíûé
ìèíèìóì (ìàêñèìóì) êîòîðîé â èñêîìîé îáëàñòè ÿâëÿåòñÿ ãëîáàëüíûì ìèíèìóìîì
(ìàêñèìóìîì), à òàêæå ÷òî äëÿ ëþáîé áóëåâîé ôóíêöèè îò n ïåðåìåííûõ ñóùåñòâóåò
åäèíñòâåííàÿ âåùåñòâåííàÿ ôóíêöèÿ, ÿâëÿþùàÿñÿ ìàêñèìóìîì (ìèíèìóìîì) ñðåäè
âñåõ å¼ âûïóêëûõ (âîãíóòûõ) ïðîäîëæåíèé íà [0, 1]n. Â [26] ïðîâåäåíî ñðàâíèòåëü-
íîå èññëåäîâàíèå ìåæäó âûïóêëûìè, ïîëèëèíåéíûìè è âîãíóòûìè ïðîäîëæåíèÿìè
áóëåâûõ ôóíêöèé. Ïîýòîìó ïîñòðîåíèå âåùåñòâåííûõ ïðîäîëæåíèé áóëåâûõ ôóíê-
öèé, ïðåäñòàâëÿþùèõ èíòåðåñ ïðè ïðåîáðàçîâàíèè ñèñòåì áóëåâûõ óðàâíåíèé ê çàäà÷å
íåïðåðûâíîé îïòèìèçàöèè, è èçó÷åíèå èõ ñâîéñòâ òàêæå ÿâëÿþòñÿ âàæíûìè.
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Äàííàÿ ðàáîòà ïîñâÿùàåòñÿ èññëåäîâàíèþ ïîðÿäêà ãëàäêîñòè íàèìåíüøåãî âîãíó-
òîãî ïðîäîëæåíèÿ íà [0, 1]n ïðîèçâîëüíîé áóëåâîé ôóíêöèè fB : {0, 1}n → {0, 1}, ïðåä-
ñòàâëåííîãî â [24], è ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [14, 18, 20�26]. Óñòàíîâëåí ïîðÿäîê
äèôôåðåíöèðóåìîñòè íàèìåíüøåãî âîãíóòîãî ïðîäîëæåíèÿ íà [0, 1]n ïðîèçâîëüíîé áó-
ëåâîé ôóíêöèè fB : {0, 1}n → {0, 1}, à èìåííî: âî-ïåðâûõ, îöåíèâàÿ íàèìåíüøåå âî-
ãíóòîå ïðîäîëæåíèå íà [0, 1]n ïðîèçâîëüíîé áóëåâîé ôóíêöèè fB(x) ñ îáåèõ ñòîðîí,
äîêàçàíî, ÷òî îíî íåïðåðûâíî íà [0, 1]n; âî-âòîðûõ, äîêàçàíî, ÷òî åñëè ÷èñëî ñóùå-
ñòâåííûõ ïåðåìåííûõ áóëåâîé ôóíêöèè fB(x) ìåíüøå äâóõ, òî íàèìåíüøåå âîãíóòîå
ïðîäîëæåíèå ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìûì, à èíà÷å � ëèøü íåïðåðûâíûì.

1. Èñïîëüçóåìûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ
Ïóñòü Bn = {(b1, . . . , bn) : b1, . . . , bn ∈ {0, 1}}�ìíîæåñòâî âñåâîçìîæíûõ äâîè÷íûõ

ñëîâ (áóëåâûõ âåêòîðîâ) äëèíû n; Kn = {(x1, . . . , xn) : x1, . . . , xn ∈ [0, 1]}� n-ìåðíûé
êóá, íàòÿíóòûé íà áóëåâû âåêòîðû äëèíû n; int(Kn) = {(x1, . . . , xn) : x1, . . . , xn ∈
∈ (0, 1)}�ìíîæåñòâî âíóòðåííèõ òî÷åê êóáà Kn.

Îïðåäåëåíèå 1. Îòîáðàæåíèå âèäà fB : Bn → {0, 1} íàçûâàåòñÿ áóëåâîé ôóíê-
öèåé.

Îïðåäåëåíèå 2. Ïåðåìåííàÿ xk, k ∈ {1, . . . , n}, áóëåâîé ôóíêöèè fB(x1, . . . , xn)
íàçûâàåòñÿ ñóùåñòâåííîé (ôóíêöèÿ fB(x1, x2, . . . , xn) ñóùåñòâåííî çàâèñèò îò xk), åñëè

fB(x1, . . . , xk−1, 0, xk+1, . . . , xn) ̸≡ fB(x1, . . . , xk−1, 1, xk+1, . . . , xn).

Ïóñòü Λ(x1, x2, . . . , xn) =
{(

λ(0,0,...,0), λ(0,0,...,1), . . . , λ(1,1,...,1)
)
∈ K2n :∑

(b1,b2,...,bn)∈Bn

λ(b1,b2,...,bn)(b1, b2, . . . , bn, 1) = (x1, x2, . . . , xn, 1)
}

� ìíîæåñòâî âåñîâûõ êîýôôèöèåíòîâ, èñïîëüçóåìûõ äëÿ ïðåäñòàâëåíèÿ òî÷êè
(x1, x2, . . . , xn) â âèäå âûïóêëîé êîìáèíàöèè âåðøèí êóáà Kn.

Îïðåäåëåíèå 3. Îòîáðàæåíèå âèäà f : Kn → R íàçûâàåòñÿ âîãíóòîé ôóíêöèåé
íà Kn, åñëè äëÿ ëþáûõ x, y ∈ Kn è ëþáîãî α ∈ [0, 1] âûïîëíÿåòñÿ

f(αx+ (1− α)y) ⩾ α f(x) + (1− α)f(y).

Îïðåäåëåíèå 4. Îòîáðàæåíèå âèäà fC : Kn → R íàçîâ¼ì âîãíóòûì ïðîäîëæå-
íèåì íà Kn áóëåâîé ôóíêöèè fB : Bn → B, åñëè âûïîëíÿþòñÿ ñëåäóþùèå äâà óñëîâèÿ:

1) îòîáðàæåíèå fC íà Kn ÿâëÿåòñÿ âîãíóòîé ôóíêöèåé;
2) èìååò ìåñòî ðàâåíñòâî fC(b1, . . . , bn) = fB(b1, . . . , bn) äëÿ âñåõ (b1, . . . , bn) ∈ Bn.
Îïðåäåëåíèå 5. Îòîáðàæåíèå âèäà fNR : Kn → R íàçîâ¼ì íàèìåíüøèì ñðåäè

âñåõ âîãíóòûõ ïðîäîëæåíèé íà Kn áóëåâîé ôóíêöèè fB : Bn → B, åñëè âûïîëíÿþòñÿ
ñëåäóþùèå äâà óñëîâèÿ:

1) îòîáðàæåíèå fNR ÿâëÿåòñÿ âîãíóòûì ïðîäîëæåíèåì áóëåâîé ôóíêöèè fB íà Kn;
2) äëÿ ëþáîãî fC � âîãíóòîãî ïðîäîëæåíèÿ íà Kn áóëåâîé ôóíêöèè fB �è ëþáîãî

(x1, . . . , xn) ∈ Kn ñïðàâåäëèâî íåðàâåíñòâî fNR(x1, . . . , xn) ⩽ fC(x1, . . . , xn).

2. Óñòàíîâëåíèå ïîðÿäêà äèôôåðåíöèðóåìîñòè íàèìåíüøåãî âîãíóòîãî
ïðîäîëæåíèÿ íà Kn ïðîèçâîëüíîé áóëåâîé ôóíêöèè

Ëåììà 1. Äëÿ êàæäîé áóëåâîé ôóíêöèè fB(x1, x2), êîòîðàÿ ñóùåñòâåííî çàâèñèò
îò ïåðåìåííûõ x1 è x2, ñïðàâåäëèâî íåðàâåíñòâî

fB(0, 0)− fB(0, 1)− fB(1, 0) + fB(1, 1) ̸= 0. (1)
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Äîêàçàòåëüñòâî. Ïåðåìåííûå x1 è x2 ÿâëÿþòñÿ ñóùåñòâåííûìè äëÿ áóëåâîé
ôóíêöèè fB(x1, x2) òîãäà è òîëüêî òîãäà, êîãäà

(fB(0, 0), fB(0, 1), fB(1, 0), fB(1, 1)) ∈
{
(0, 0, 0, 1), (0, 0, 1, 0), (0, 1, 0, 0),

(0, 1, 1, 0), (0, 1, 1, 1), (1, 0, 0, 0), (1, 0, 0, 1), (1, 0, 1, 1), (1, 1, 0, 1), (1, 1, 1, 0)
}
.

(2)

Ëåãêî çàìåòèòü, ÷òî èç (2) ñëåäóåò ñïðàâåäëèâîñòü (1).

Â [24] äîêàçàíî, ÷òî äëÿ ïðîèçâîëüíîé áóëåâîé ôóíêöèè fB(x1, . . . , xn) âåùåñòâåí-
íàÿ ôóíêöèÿ

fNR(x1, . . . , xn) = max
λ∈Λ(x1,...,xn)

[ ∑
(b1,...,bn)∈Bn

λ(b1,...,bn)fB(b1, . . . , bn)

]
(3)

ÿâëÿåòñÿ åäèíñòâåííûì íàèìåíüøèì ñðåäè âñåõ å¼ âîãíóòûõ ïðîäîëæåíèé íà Kn.
Âîîáùå ãîâîðÿ, îãðàíè÷åííàÿ âîãíóòàÿ (âûïóêëàÿ) ôóíêöèÿ, îïðåäåë¼ííàÿ íà ìíî-

æåñòâå Kn, íåïðåðûâíà âî âíóòðåííèõ òî÷êàõ ìíîæåñòâà Kn è ðàçðûâíà â åãî ãðàíè÷-
íûõ òî÷êàõ. Â êà÷åñòâå èëëþñòðèðóþùåãî ïðèìåðà ïðèâåä¼ì âåùåñòâåííóþ ðàçðûâ-
íóþ âîãíóòóþ ôóíêöèþ

fC(x) =

{
0, åñëè x ∈ {0, 1},
1, åñëè x ∈ (0, 1),

êîòîðàÿ òàêæå ÿâëÿåòñÿ âîãíóòûì ïðîäîëæåíèåì íà [0, 1] áóëåâîé ôóíêöèè fB(x) = 0.
Íî â íàøåì ñëó÷àå âåùåñòâåííàÿ ôóíêöèÿ fNR(x1, . . . , xn), ÿâëÿþùàÿñÿ íàèìåíü-
øèì âîãíóòûì ïðîäîëæåíèåì íà Kn áóëåâîé ôóíêöèè fB(x1, . . . , xn), íåïðåðûâíà
íà Kn äëÿ êàæäîãî íàòóðàëüíîãî n. Íèæå, ðàäè ïîëíîòû èçëîæåíèÿ, ïóò¼ì ïî-
ñòðîåíèÿ äâóñòîðîííåé îöåíêè ìû ïðåäúÿâèì ïîëíîå äîêàçàòåëüñòâî íåïðåðûâíîñòè
fNR(x1, . . . , xn) äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî n è óñòàíîâèì ïîðÿäîê äèôôåðåíöè-
ðóåìîñòè fNR(x1, . . . , xn).

Òåîðåìà 1. Ôóíêöèÿ fNR(x1, . . . , xn), îïðåäåë¼ííàÿ ôîðìóëîé (3), íà Kn íåïðå-
ðûâíà.

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî n.
Á à ç à è í ä ó ê ö è è . Ñîãëàñíî [24, ñëåäñòâèÿ 1 è 2], èìååì, ÷òî, âî-ïåðâûõ, äëÿ

ëþáîé áóëåâîé ôóíêöèè fB(x), çàâèñÿùåé îò îäíîé ïåðåìåííîé, âåùåñòâåííàÿ ôóíêöèÿ

fNR(x) = (1− x)fB(0) + x fB(1) (4)

ÿâëÿåòñÿ åäèíñòâåííûì íàèìåíüøèì ñðåäè âñåõ å¼ âîãíóòûõ ïðîäîëæåíèé íà K; âî-
âòîðûõ, äëÿ ëþáîé áóëåâîé ôóíêöèè fB(x, y), çàâèñÿùåé îò äâóõ ïåðåìåííûõ, âåùå-
ñòâåííàÿ ôóíêöèÿ âèäà

fNR(x, y) = (1− x− y)fB(0, 0) + x fB(1, 0) + y fB(0, 1)+

+
fB(0, 0)− fB(0, 1)− fB(1, 0) + fB(1, 1)

4
(2x+ 2y − 1− |x− y|+ |x+ y − 1|)−

−|fB(0, 0)− fB(0, 1)− fB(1, 0) + fB(1, 1)|
4

(|x− y|+ |x+ y − 1| − 1)

(5)

ÿâëÿåòñÿ åäèíñòâåííûì íàèìåíüøèì ñðåäè âñåõ å¼ âîãíóòûõ ïðîäîëæåíèé íà K2.
Íåïðåðûâíîñòü ôóíêöèé fNR(x) è fNR(x, y), ââèäó (4) è (5), î÷åâèäíà.
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Ï ð å ä ï î ë î æ å í è å è í ä ó ê ö è è . Ïóñòü ïðè n = k äëÿ ïðîèçâîëüíîé áóëåâîé
ôóíêöèè fB(x1, . . . , xk) íàèìåíüøåå âîãíóòîå ïðîäîëæåíèå fNR(x1, . . . , xk) íåïðåðûâíî
íà Kk.

Ø à ã è í ä ó ê ö è è . Äîêàæåì, ÷òî ôóíêöèÿ fNR(x1, . . . , xk+1), ÿâëÿþùàÿñÿ íàè-
ìåíüøèì âîãíóòûì ïðîäîëæåíèåì íà Kk+1 áóëåâîé ôóíêöèè fB(x1, . . . , xk+1), íåïðå-
ðûâíà íà Kk+1. Ïóñòü (x∗1, . . . , x

∗
k+1)�ïðîèçâîëüíàÿ òî÷êà êóáà Kk+1. Ïîêàæåì, ÷òî

èìååò ìåñòî ðàâåíñòâî

lim
(∆x1,...,∆xk+1)→(0,...,0)

fNR(x
∗
1 +∆x1, . . . , x

∗
k+1 +∆xk+1) = fNR(x

∗
1, . . . , x

∗
k+1). (6)

Ðàññìîòðèì äâà ñëó÷àÿ.
Ñ ë ó ÷ à é 1 . Ïóñòü (x∗1, . . . , x

∗
k+1) ∈ int(Kk+1). Ââèäó îòêðûòîñòè ìíîæåñòâà

int(Kk+1) äîêàçàòåëüñòâî ìîæíî ïðîâåñòè ïî èçâåñòíîé ñõåìå, íàïðèìåð [27].
Ñ ë ó ÷ à é 2 . Ïóñòü (x∗1, . . . , x

∗
k+1) ∈ ∂(Kk+1) = Kk+1 \ int(Kk+1). Òîãäà ñóùåñòâóåò

i ∈ {1, . . . , k+1}, òàêîå, ÷òî x∗i ∈ {0, 1}. Ñîãëàñíî ïðåäïîëîæåíèþ èíäóêöèè, ôóíêöèè,
ïîëó÷åííûå ïóò¼ì ñóæåíèÿ, âèäà

f0(x1, . . . , xi−1, xi+1, . . . , xk+1) = fNR(x1, . . . , xi−1, 0, xi+1, . . . , xk+1) =

= max
λ∈Λ(x1,...,xi−1,

xi+1,...,xk+1)

[ ∑
(b1,...,bi−1,

bi+1,...,bk+1)∈Bk

λ(b1,...,bi−1,bi+1,...,bk+1)fB(b1, . . . , bi−1, 0, bi+1, . . . , bk+1)

]
(7)

è

f1(x1, . . . , xi−1, xi+1, . . . , xk+1) = fNR(x1, . . . , xi−1, 1, xi+1, . . . , xk+1) =

= max
λ∈Λ(x1,...,xi−1,

xi+1,...,xk+1)

[ ∑
(b1,...,bi−1,

bi+1,...,bk+1)∈Bk

λ(b1,...,bi−1,bi+1,...,bk+1)fB(b1, . . . , bi−1, 1, bi+1, . . . , bk+1)

]
(8)

íåïðåðûâíû íà Kk. Äîêàæåì, ÷òî âåùåñòâåííàÿ íåïðåðûâíàÿ ôóíêöèÿ âèäà

g(x1, . . . , xk+1) = min(1− xi, f0(x1, . . . , xi−1, xi+1, . . . , xk+1))+

+min(xi, f1(x1, . . . , xi−1, xi+1, . . . , xk+1))
(9)

ÿâëÿåòñÿ âîãíóòûì ïðîäîëæåíèåì íà Kk+1 áóëåâîé ôóíêöèè fB(x1, . . . , xk+1). Äëÿ ýòî-
ãî äîñòàòî÷íî ïîêàçàòü ñïðàâåäëèâîñòü ñëåäóþùèõ äâóõ ñâîéñòâ:

1) g(b1, . . . , bk+1) = fB(b1, . . . , bk+1) äëÿ âñåõ (b1, . . . , bk+1) ∈ Bk+1;
2) ôóíêöèÿ g(x1, . . . , xk+1) íà Kk+1 ÿâëÿåòñÿ âîãíóòîé.

Îáîñíóåì ýòè ñâîéñòâà:
1) Äëÿ âñåõ (b1, . . . , bk+1) ∈ Bk+1 èìååì

g(b1, . . . , bk+1) = min(1− bi, f0(b1, . . . , bi−1, bi+1, . . . , bk+1))+

+min(bi, f1(b1, . . . , bi−1, bi+1, . . . , bk+1)) =

= (1− bi)f0(b1, . . . , bi−1, bi+1, . . . , bk+1) + bi f1(b1, . . . , bi−1, bi+1, . . . , bk+1) =

= (1− bi)fNR(b1, . . . , bi−1, 0, bi+1, . . . , bk+1) + bi fNR(b1, . . . , bi−1, 1, bi+1, . . . , bk+1) =

= bi fNR(b1, . . . , bi−1, 0, bi+1, . . . , bk+1)⊕ bi fNR(b1, . . . , bi−1, 1, bi+1, . . . , bk+1) = fB(b1, . . . , bk+1).

2) Ôóíêöèè f0(x1, . . . , xi−1, xi+1, . . . , xk+1) è f1(x1, . . . , xi−1, xi+1, . . . , xk+1), ââèäó (7)
è (8), íà Kk ÿâëÿþòñÿ âîãíóòûìè è, ñëåäîâàòåëüíî, äëÿ ëþáûõ x, y ∈ Kk+1 è ëþáîãî
α ∈ [0, 1] èìååì

g(αx+ (1− α)y) = min
(
1− (αxi + (1− α)yi), f0(αx1 + (1− α)y1, . . . , αxi−1 + (1− α)yi−1,
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αxi+1 + (1− α)yi+1, . . . , αxk+1 + (1− α)yk+1)
)
+min

(
αxi + (1− α)yi, f1(αx1 + (1− α)y1,

. . . , αxi−1 + (1− α)yi−1, αxi+1 + (1− α)yi+1, . . . , αxk+1 + (1− α)yk+1)
)
⩾

⩾ min
(
α(1− xi) + (1− α)(1− yi), αf0(x1, . . . , xi−1, xi+1, . . . , xk+1)+

+(1− α)f0(y1, . . . , yi−1, yi+1, . . . , yk+1)
)
+min

(
αxi + (1− α)yi,

αf1(x1, . . . , xi−1, xi+1, . . . , xk+1) + (1− α)f1(y1, . . . , yi−1, yi+1, . . . , yk+1)
)
⩾

⩾ αmin(1− xi, f0(x1, . . . , xi−1, xi+1, . . . , xk+1)) + (1− α)min(1− yi, f0(y1, . . . , yi−1, yi+1,

. . . , yk+1)) + αmin(xi, f1(x1, . . . , xi−1, xi+1, . . . , xk+1))+

+(1− α)min(yi, f1(y1, . . . , yi−1, yi+1, . . . , yk+1)) = αg(x) + (1− α)g(y).

Äàëåå, ñ îäíîé ñòîðîíû, ââèäó îïðåäåëåíèÿ íàèìåíüøåãî âîãíóòîãî ïðîäîëæåíèÿ, äëÿ
(x∗ +∆x) ∈ Kk+1 âûïîëíÿåòñÿ

fNR(x
∗ +∆x)− fNR(x∗) ⩽ g(x∗ +∆x)− fNR(x∗), (10)

à, ñ äðóãîé ñòîðîíû, ââèäó âîãíóòîñòè ôóíêöèè fNR(x), äëÿ (x∗ +∆x) ∈ Kk+1 èìååì

fNR(x
∗ +∆x)− fNR(x∗) = fNR

(
(1−(1−2x∗i )∆xi)(x∗1+∆x1, . . . , x

∗
i−1+∆xi−1,

x∗i , x
∗
i+1+∆xi+1, . . . , x

∗
k+1)+(1−2x∗i )∆xi(x∗1+∆x1, . . . , x

∗
i−1+∆xi−1, 1−x∗i ,

x∗i+1+∆xi+1, . . . , x
∗
k+1)

)
−fNR(x∗)⩾

⩾(1−(1−2x∗i )∆xi)fNR(x∗1+∆x1, . . . , x
∗
i−1+∆xi−1, x

∗
i , x
∗
i+1+∆xi+1, . . . , x

∗
k+1)+

+(1−2x∗i )∆xi fNR(x∗1+∆x1, . . . , x
∗
i−1+∆xi−1, 1−x∗i ,

x∗i+1+∆xi+1, . . . , x
∗
k+1)−fNR(x∗).

(11)

Ââèäó (9) è íåïðåðûâíîñòè ôóíêöèé f0(x1, . . . , xi−1, xi+1, . . . , xk+1) è f1(x1, . . . , xi−1,
xi+1, . . . , xk+1), ïåðåõîäÿ ê ïðåäåëó â îöåíêàõ (10) è (11) ïðè (∆x1, . . . ,∆xk+1) →
→ (0, . . . , 0), ïîëó÷èì (6).

Òåîðåìà 2. Åñëè ó áóëåâîé ôóíêöèè fB(x1, . . . , xn) íå ìåíüøå äâóõ ñóùåñòâåííûõ
ïåðåìåííûõ, òî âåùåñòâåííàÿ ôóíêöèÿ fNR(x1, . . . , xn), êîòîðàÿ ÿâëÿåòñÿ å¼ íàèìåíü-
øèì âîãíóòûì ïðîäîëæåíèåì íà Kn, íå äèôôåðåíöèðóåìà íà Kn.

Äîêàçàòåëüñòâî. Íå òåðÿÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî âñå ïåðåìåííûå
ôóíêöèè fB(x1, . . . , xn) ÿâëÿþòñÿ ñóùåñòâåííûìè. Äîêàæåì îò ïðîòèâíîãî: ïóñòü âå-
ùåñòâåííàÿ ôóíêöèÿ fNR(x1, . . . , xn), êîòîðàÿ ÿâëÿåòñÿ íàèìåíüøèì âîãíóòûì ïðî-
äîëæåíèåì íà Kn áóëåâîé ôóíêöèè fB(x1, . . . , xn), ÿâëÿåòñÿ äèôôåðåíöèðóåìîé
â êàæäîé òî÷êå (x∗1, . . . , x

∗
n) êóáà Kn ïðè n ⩾ 2. Òîãäà äëÿ âñåõ (b1, . . . , bi−1,

bi+1, . . . , bj−1, bj+1, . . . , bn) ∈ Bn−2 ñóæåííàÿ âåùåñòâåííàÿ ôóíêöèÿ fNR(b1, . . . , bi−1, xi,
bi+1, . . . , bj−1, xj, bj+1, . . . , bn) ÿâëÿåòñÿ äèôôåðåíöèðóåìîé â êàæäîé òî÷êå (x

∗
i , x
∗
j) êâàä-

ðàòà K2. Ñîãëàñíî [28], ñóùåñòâóåò (b∗1, . . . , b
∗
i−1, b

∗
i+1, . . . , b

∗
j−1, b

∗
j+1, . . . , b

∗
n) ∈ Bn−2, òàêîé,

÷òî ïåðåìåííûå xi è xj ñóæåííîé áóëåâîé ôóíêöèè fB(b
∗
1, . . . , b

∗
i−1, xi, b

∗
i+1, . . . , b

∗
j−1, xj,

b∗j+1, . . . , b
∗
n) ÿâëÿþòñÿ ñóùåñòâåííûìè. Îòñþäà ïîëó÷èì, ÷òî âåùåñòâåííàÿ ôóíêöèÿ

gNR(xi, xj) = fNR(b
∗
1, . . . , b

∗
i−1, xi, b

∗
i+1, . . . , b

∗
j−1, xj, b

∗
j+1, . . . , b

∗
n),

êîòîðàÿ ÿâëÿåòñÿ íàèìåíüøèì âîãíóòûì ïðîäîëæåíèåì íà K2 áóëåâîé ôóíêöèè

gB(xi, xj) = fB(b
∗
1, . . . , b

∗
i−1, xi, b

∗
i+1, . . . , b

∗
j−1, xj, b

∗
j+1, . . . , b

∗
n),
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ÿâëÿåòñÿ äèôôåðåíöèðóåìîé â êàæäîé òî÷êå (x∗i , x
∗
j) êâàäðàòà K2. Òåïåðü, ñ îäíîé

ñòîðîíû, ââèäó ëåììû 1, èìååì, ÷òî

gB(0, 0)− gB(0, 1)− gB(1, 0) + gB(1, 1) ̸= 0, (12)

à, ñ äðóãîé ñòîðîíû, ââèäó [24, ñëåäñòâèå 2], ïîëó÷àåì

gNR(xi, xj) = (1−xi−xj)gB(0, 0)+xi gB(1, 0)+xj gB(0, 1)+

+
gB(0, 0)−gB(0, 1)−gB(1, 0)+gB(1, 1)

4
(2xi+2xj−1−|xi−xj|+|xi+xj−1|)−

−|gB(0, 0)−gB(0, 1)−gB(1, 0)+gB(1, 1)|
4

(|xi−xj|+|xi+xj−1|−1).

(13)

Â ñèëó (12) èç (13) ñëåäóåò, ÷òî ôóíêöèÿ gNR(xi, xj) íå ÿâëÿåòñÿ äèôôåðåíöèðóå-
ìîé íà K2, ò. å. íå ÿâëÿåòñÿ äèôôåðåíöèðóåìîé â êàæäîé òî÷êå (x∗i , x

∗
j) êâàäðàòà K2.

Ïîëó÷åííîå ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2.

Ïðîèëëþñòðèðóåì îäíî èç âîçìîæíûõ ïðèìåíåíèé íàèìåíüøåãî âîãíóòîãî ïðîäîë-
æåíèÿ ê ðåøåíèþ ñèñòåì áóëåâûõ óðàâíåíèé íà ïðèìåðå ñèñòåìû èç äâóõ óðàâíåíèé{

p1(x, y) = x · y ⊕ x = 1,

p2(x, y) = x⊕ y = 1,
(14)

ïðèâåä¼ííîé â [14], ò. å. ïðîèëëþñòðèðóåì îáùèé ìåòîä, ðàçâèòûé â [24]. Ñèñòåìó (14)
íà îñíîâå (5) ïðåîáðàçóåì â ñèñòåìó âîãíóòûõ óðàâíåíèé âèäàf1(x, y) =

1

2
(x− y + 1− |x+ y − 1|) = 1,

f2(x, y) = 1− |x+ y − 1| = 1,
(15)

ãäå fk(x, y)�íàèìåíüøåå âîãíóòîå ïðîäîëæåíèå íà K2 ôóíêöèè pk(x, y), k ∈ {1, 2}.
Â ñâîþ î÷åðåäü, äëÿ ñèñòåìû (15) êîíñòðóèðóåì ìàêñèìèçèðóåìóþ âîãíóòóþ öåëåâóþ
ôóíêöèþ âèäà

f(x, y) = f1(x, y) + f2(x, y). (16)

Ââèäó (3) èìååì, ÷òî äëÿ âñåõ (x, y) ∈ K2 è k ∈ {1, 2} èìåþò ìåñòî íåðàâåíñòâà

0 ⩽ fk(x, y) ⩽ 1. (17)

Èç (16) è (17) ïîëó÷àåì, ÷òî (x∗, y∗) ∈ K2 �ðåøåíèå ñèñòåìû (15) òîãäà è òîëüêî òî-
ãäà, êîãäà max

(x,y)∈K2
f(x, y) = f(x∗, y∗) = 2. Íà ðèñ. 1 ïðèâåä¼í ãðàôèê ôóíêöèè f(x, y);

íåòðóäíî çàìåòèòü, ÷òî (x∗, y∗) = (1, 0)� åäèíñòâåííàÿ òî÷êà ìàêñèìóìà ôóíêöèè
f(x, y) íà K2.

Îòìåòèì, ÷òî åñëè ïðè ïðåîáðàçîâàíèè äëÿ êàæäîé áóëåâîé ôóíêöèè áðàòü â êà-
÷åñòâå âîãíóòîãî ïðîäîëæåíèÿ íå íàèìåíüøåå, à, íàïðèìåð,

f̃1(x, y) =
1

2
(x− y − |x− y|) + 1− |x− 1 + y| è f̃2(x, y) = 1− |x+ y − 1|,

òî ñèñòåìà âîãíóòûõ óðàâíåíèé {
f̃1(x, y) = 1,

f̃2(x, y) = 1
(18)
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áóäåò èìåòü ðåøåíèå, íå ÿâëÿþùååñÿ ðåøåíèåì áóëåâîé ñèñòåìû (14), ò. å. öåëåâàÿ
ôóíêöèÿ

f̃(x, y) = f̃1(x, y) + f̃2(x, y)

èìååò òî÷êó ìàêñèìóìà, íàïðèìåð (3/4, 1/4), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (18),
íî íå ÿâëÿåòñÿ ðåøåíèåì áóëåâîé ñèñòåìû (14) (ðèñ. 2).

Ðèñ. 1. Ãðàôèê ôóíêöèè f(x, y) Ðèñ. 2. Ãðàôèê ôóíêöèè f̃(x, y)

Çàêëþ÷åíèå
Òàêèì îáðàçîì, ââèäó ôîðìóëû (4) è òåîðåì 1 è 2 èìååì, ÷òî åñëè ÷èñëî ñóùåñòâåí-

íûõ ïåðåìåííûõ ïðîèçâîëüíîé áóëåâîé ôóíêöèè íå ìåíüøå äâóõ, òî å¼ íàèìåíüøåå
âîãíóòîå ïðîäîëæåíèå íà Kn íåïðåðûâíî, íî íå äèôôåðåíöèðóåìî íà Kn, à åñëè ìåíü-
øå äâóõ, òî ëèíåéíî è, ñëåäîâàòåëüíî, áåñêîíå÷íî äèôôåðåíöèðóåìî íà Kn.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü ðåöåíçåíòàì çà ïîëåçíûå çàìå÷àíèÿ, èñïðàâëå-
íèå êîòîðûõ ïîçâîëèëî óëó÷øèòü ñîäåðæàíèå ñòàòüè.
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Èññëåäóåòñÿ êðèâèçíà ðàçëè÷íûõ êëàññîâ áóëåâûõ ôóíêöèé, ïîñòðîåííûõ ñ ïî-
ìîùüþ ñóïåðïîçèöèè, ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ è áåíò-ôóíêöèé. Ïîëó÷àþò-
ñÿ îöåíêè è òî÷íûå çíà÷åíèÿ äëÿ êîýôôèöèåíòîâ Óîëøà � Àäàìàðà, êðèâèçíû è
íåëèíåéíîñòè ðàññìàòðèâàåìûõ êëàññîâ áóëåâûõ ôóíêöèé. Óñòàíàâëèâàåòñÿ ñâÿçü
êðèâèçíû è íåëèíåéíîñòè ïðîèçâîëüíûõ áóëåâûõ ôóíêöèé.

Êëþ÷åâûå ñëîâà: áóëåâû ôóíêöèè, áåíò-ôóíêöèè, êðèâèçíà áóëåâîé ôóíêöèè,

íåëèíåéíîñòü áóëåâîé ôóíêöèè.

CURVATURE OF SOME CLASSES OF BOOLEAN FUNCTIONS

A.A. Panpurin

MIREA � Russian Technological University, Moscow, Russia

The curvature σ(f) of Boolean function f is defined as the sum of the absolute
values of its Walsh coefficients. In the paper, the curvature of various classes
of Boolean functions constructed using superposition, symmetric polynomials and
bent functions is investigated. Estimates and exact values have been obtained for
the Walsh coefficients, curvature, and nonlinearity of the classes of Boolean func-
tions under consideration. Let n be an odd number and f be a Boolean function
in n variables, constructed according to the rule f(x1, . . . , xn) = xnφ0(x1, . . . , xn−1)⊕
⊕ x̄nφ1(x1, . . . , xn−1), where φ0, φ1 are bent functions in n − 1 variables. It was
shown that for such a function σ(f) = 2(3n−1)/2. We also examine a function of
the form f = f(x1, . . . , xn) = xnxn−1φ(x1, . . . , xn−2) with an odd number of vari-
ables, where n ⩾ 6, φ is a bent function in n − 2 variables. For this function
σ(f) = (2n−4)2(n−2)/2+3 ·2n−1−2Wφ(0, . . . , 0), where Wφ(0, . . . , 0) is the Walsh co-
efficient of the function φ. Moreover, an inequality is provided that demonstrates the
relationship between the curvature and nonlinearity of arbitrary Boolean functions.

Keywords: Boolean functions, bent functions, curvature of Boolean function, non-
linearity of Boolean function.

Ââåäåíèå
Ïóñòü n�íàòóðàëüíîå ÷èñëî, f � áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ. Âñþäó äàëåå

Ω = {0, 1}. Êîýôôèöèåíò Wf (a) Óîëøà�Àäàìàðà ôóíêöèè f îïðåäåëÿåòñÿ äëÿ êàæ-
äîãî âåêòîðà a = (a1, a2, . . . , an) ∈ Ωn ðàâåíñòâîì [1]

Wf (a) =
∑

x=(x1,...,xn)∈Ωn

(−1)f(x)⊕⟨a,x⟩,
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ãäå ⟨a,x⟩ = a1x1 ⊕ . . .⊕ anxn. Ââåä¼ì îáîçíà÷åíèå

σ(f) =
∑

a∈Ωn

|Wf (a)|

è íàçîâ¼ì âåëè÷èíó σ(f) êðèâèçíîé áóëåâîé ôóíêöèè f .
Èññëåäîâàíèþ âåëè÷èíû σ(f) ïîñâÿùåíà ðàáîòà [2], ãäå ïîëó÷åíû ñëåäóþùèå îöåí-

êè, ñïðàâåäëèâûå äëÿ êàæäîé áóëåâîé ôóíêöèè f îò n ïåðåìåííûõ:

2n ⩽ σ(f) ⩽ 23n/2.

Íèæíÿÿ îöåíêà îáðàùàåòñÿ â ðàâåíñòâî òîãäà è òîëüêî òîãäà, êîãäà f � àôôèííàÿ
ôóíêöèÿ. Âåðõíÿÿ îöåíêà îáðàùàåòñÿ â ðàâåíñòâî òîãäà è òîëüêî òîãäà, êîãäà f �
áåíò-ôóíêöèÿ. Êðîìå òîãî, â [2] ïîêàçàíî, ÷òî ñðåäíåå çíà÷åíèå ïàðàìåòðà σ(f) â êëàñ-
ñå âñåõ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ è â åãî ïîäêëàññå èç âñåõ ñáàëàíñèðîâàííûõ
áóëåâûõ ôóíêöèé ýêâèâàëåíòíî ïðè n→∞ âåëè÷èíå√

2/π23n/2.

Â ýòîé æå ðàáîòå ïðèâîäÿòñÿ òî÷íûå çíà÷åíèÿ âåëè÷èí σ(f) â ñëó÷àå, êîãäà
f � ñáàëàíñèðîâàííàÿ ôóíêöèÿ, ïîëó÷åííàÿ èç íîðìàëüíîé áåíò-ôóíêöèè ìåòîäîì
Ã. Äîááåðòèíà [3]. Äîêàçûâàåòñÿ, ÷òî äëÿ ýòèõ ôóíêöèé ïðè n→∞

σ(f) ∼ 23n/2.

Â ðàáîòå [4] ïîëó÷åíî ðàâåíñòâî äëÿ êðèâèçíû ìàæîðèòàðíîé áóëåâîé ôóíêöèè
f(x1, . . . , xn) îò íå÷¼òíîãî ÷èñëà ïåðåìåííûõ:

σ(f) = σ(n) = 2n

(
n− 1

(n− 1)/2

)
(n−1)/2∑
i=0

1

2i+ 1

(
(n− 1)/2

i

)
,

à òàêæå äîêàçàíî, ÷òî ïðè n→∞ èìååò ìåñòî ñîîòíîøåíèå

σ(f) = σ(n) ∼ 2√
πn

23n/2.

Ôîðìóëà äëÿ âû÷èñëåíèÿ êðèâèçíû σ(f) ìàæîðèòàðíîé áóëåâîé ôóíêöèè f(x1, . . . , xn)
îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ ïîëó÷åíà â ðàáîòå [5], â êîòîðîé äîêàçàíî, ÷òî

σ(f) =
σ(n+ 1)

2
∼ 2
√
2√
πn

23n/2, n→∞.

Â [6] ðàññìàòðèâàåòñÿ ïîäõîä ê êëàññèôèêàöèè áóëåâûõ ôóíêöèé íà îñíîâå ðàâåí-
ñòâà èõ ôóíêöèé àâòîêîððåëÿöèè. Äîêàçàíî, ÷òî åñëè ôóíêöèè f è g ëåæàò â îäíîì
êëàññå ðàññìàòðèâàåìîé ýêâèâàëåíòíîñòè, òî σ(f) = σ(g).

Â [7] áóëåâû ôóíêöèè èññëåäóþòñÿ êàê òî÷êè íà ãèïåðñôåðå â åâêëèäîâîì ïðî-
ñòðàíñòâå. Â íåé äîêàçûâàþòñÿ ñâîéñòâà êðèâèçíû áóëåâîé ôóíêöèè ñ òî÷êè çðåíèÿ
ãåîìåòðèè è ñâîéñòâ åâêëèäîâà ïðîñòðàíñòâà. Ïîíÿòèå ¾êðèâèçíà áóëåâîé ôóíêöèè¿
âïåðâûå áûëî ââåäåíî â ýòîé ðàáîòå.

Â ðàáîòàõ [8�10] âåëè÷èíà σ(f) èñïîëüçóåòñÿ äëÿ óñòàíîâëåíèÿ îöåíîê ÷àñòîò ïî-
ÿâëåíèé ýëåìåíòîâ íà îòðåçêàõ âûõîäíûõ ïîñëåäîâàòåëüíîñòåé ôèëüòðóþùèõ è êîì-
áèíèðóþùèõ ãåíåðàòîðîâ ñ ôóíêöèåé óñëîæíåíèÿ f . ×åì ìåíüøå çíà÷åíèå σ(f), òåì
áîëåå òî÷íûå îöåíêè ÷àñòîò óäà¼òñÿ ïîëó÷èòü.
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Â [11] ïîíÿòèå êðèâèçíû ðàñøèðÿåòñÿ íà âåêòîðíûå áóëåâû ôóíêöèè è èñïîëüçó-
åòñÿ äëÿ èññëåäîâàíèÿ ñâîéñòâ S-áîêñîâ.

Â äàííîé ðàáîòå èññëåäóåòñÿ êðèâèçíà ðàçëè÷íûõ êëàññîâ áóëåâûõ ôóíêöèé, ïî-
ñòðîåííûõ ñ ïîìîùüþ ñóïåðïîçèöèè, ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ è áåíò-ôóíêöèé.
Â ïðîöåññå èññëåäîâàíèé ïîëó÷àþòñÿ òî÷íûå çíà÷åíèÿ äëÿ êîýôôèöèåíòîâ Óîëøà�
Àäàìàðà, ïîýòîìó íàðÿäó ñ êðèâèçíîé, êàê ïðàâèëî, ïðèâîäÿòñÿ ðåçóëüòàòû î íåëè-
íåéíîñòè ïîñòðîåííûõ ôóíêöèé. Óñòàíàâëèâàåòñÿ ñâÿçü êðèâèçíû è íåëèíåéíîñòè ïðî-
èçâîëüíûõ áóëåâûõ ôóíêöèé.

1. Êðèâèçíà íåêîòîðûõ êëàññîâ áóëåâûõ ôóíêöèé
Ðàññìîòðèì êðèâèçíó êëàññîâ áóëåâûõ ôóíêöèé, ïîëó÷åííûõ â ðåçóëüòàòå ñóïåð-

ïîçèöèè. Îáîçíà÷èì: 1n = (1, . . . , 1) ∈ Ωn, 0n = (0, . . . , 0) ∈ Ωn; ∥u∥� âåñ Õýììèíãà
âåêòîðà u.

Óòâåðæäåíèå 1. Ïóñòü h(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ, òàêàÿ,
÷òî h(x1, . . . , xn) = f(x1, . . . , xk)⊕ g(xk+1, . . . , xn) äëÿ íåêîòîðîãî k ∈ {1, . . . , n}. Òîãäà

σ(h) = σ(f)σ(g).

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè h(x)
íà ïðîèçâîëüíîì âåêòîðå u ∈ Ωn. Ââåä¼ì îáîçíà÷åíèÿ x′ = (x1, . . . , xk), x

′′ = (xk+1,
. . . , xn), u

′ = (u1, . . . , uk), u
′′ = (uk+1, . . . , un). Òîãäà Wh(u) = Wf (u

′)Wg(u
′′) è äëÿ

ñóììû ìîäóëåé âñåõ ðàññìàòðèâàåìûõ êîýôôèöèåíòîâ ñïðàâåäëèâî ñîîòíîøåíèå

σ(h) =
∑

u∈Ωn

|Wh(u)| =
∑

u′∈Ωk

|Wf (u
′)|

∑
u′′∈Ωn−k

|Wg(u
′′)| = σ(f)σ(g).

Óòâåðæäåíèå 1 äîêàçàíî.

Óòâåðæäåíèå 2. Ïóñòü h(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ, îïðå-
äåëÿåìàÿ ðàâåíñòâîì

h(x) = x1 . . . xk1 ⊕ xk1+1 . . . xk1+k2 ⊕ . . .⊕ xk1+...+kt−1+1 . . . xk1+...+kt (1)

äëÿ íåêîòîðûõ k1, . . . , kt ∈ {1, . . . , n}, òàêèõ, ÷òî k1 + . . .+ kt = n. Òîãäà

σ(h) = (3 · 2k1 − 4)(3 · 2k2 − 4) · . . . · (3 · 2kt − 4). (2)

Äîêàçàòåëüñòâî. Íàéä¼ì êðèâèçíó ôóíêöèè f(x1, . . . , xk) = x1 . . . xk. Äëÿ ýòîãî
ðàññìîòðèì ïðîèçâîëüíûé êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè f íà âåêòîðå u:

Wf (u) =
∑

x∈Ωk

(−1)x1...xk⊕⟨x,u⟩ =
∑

x∈Ωk,x ̸=1k

(−1)⟨x,u⟩ − (−1)∥u∥ =
∑

x∈Ωk

(−1)⟨x,u⟩ − 2 (−1)∥u∥.

Òîãäà

Wf (u) =

{
2k − 2, åñëè u = 0k,

−2 (−1)∥u∥, åñëè u ̸= 0k.
(3)

Îòñþäà ïîëó÷àåì

σ(f) =
∑

u∈Ωk

|Wf (u)| = 2k − 2 + (2k − 1) 2 = 3 · 2k − 4.

Èç óòâåðæäåíèÿ 1 è îïðåäåëåíèÿ ôóíêöèè h ñëåäóåò (2).
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Ïóñòü h(x)�ïðîèçâîëüíàÿ áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ; nl(h)� å¼ íåëèíåé-
íîñòü (ðàññòîÿíèå äî êëàññà àôôèííûõ ôóíêöèé). Èçâåñòíî, ÷òî ïðè ÷¼òíîì n

nl(h) ⩽ 2n−1 − 2n/2−1, (4)

à ïðè íå÷¼òíîì n
nl(h) ⩽ 2n−1 − 2(n−1)/2. (5)

Ïîêàæåì, ÷òî äàííûå îöåíêè äîñòèãàþòñÿ äëÿ ôóíêöèé èç êëàññà, îïðåäåë¼ííîãî
â óòâåðæäåíèè 2.

Óòâåðæäåíèå 3. Ïóñòü h(x)� áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ, îïðåäåëÿåìàÿ
ðàâåíñòâîì (1). Òîãäà ïðè ÷¼òíîì n íåðàâåíñòâî (4) îáðàùàåòñÿ â ðàâåíñòâî òîãäà è
òîëüêî òîãäà, êîãäà ki = 2 äëÿ âñåõ i ∈ {1, . . . , t}. Ïðè íå÷¼òíîì n îöåíêà (5) äîñòèæèìà
òîãäà è òîëüêî òîãäà, êîãäà kj = 1 äëÿ íåêîòîðîãî j ∈ {1, . . . , t} è ki = 2 äëÿ âñåõ i ̸= j.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç fi = xk1+...+ki−1+1 . . . xki áóëåâó ôóíêöèþ
îò ki ïåðåìåííûõ. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè fi íà ïðîèç-
âîëüíîì âåêòîðå u ∈ Ωki . Ñîãëàñíî ðàâåíñòâó (3), èìååì

Wfi(u) =

{
2ki − 2, åñëè u = 0ki ,

−2 (−1)∥u∥, åñëè u ̸= 0ki .

Ïóñòü n�÷¼òíîå ÷èñëî. Ïðè ki = 2 äëÿ âñåõ i ∈ {1, . . . , t} ñïðàâåäëèâî ðàâåíñòâî
h(x) = x1x2 ⊕ x3x4 ⊕ . . . ⊕ xn−1xn. Ôóíêöèÿ h ÿâëÿåòñÿ áåíò-ôóíêöèåé îò n ïåðåìåí-
íûõ [1] è nl(h) = 2n−1 − 2n/2−1. Ïîêàæåì, ÷òî ïðè äðóãèõ ki, ãäå i ∈ {1, . . . , t}, îöåí-
êà (4) íåäîñòèæèìà. Ïóñòü ki ⩾ 3 äëÿ íåêîòîðîãî i ∈ {1, . . . , t}, òîãäà |Wfi(0, . . . , 0)| =
= 2ki−2. Ïóñòü f ′ � ñóììà âñåõ îñòàëüíûõ ñëàãàåìûõ. Íàéä¼òñÿ u′ ∈ Ωn−ki , òàêîé, ÷òî
|Wf ′(u

′)| ⩾ 2(n−ki)/2; çíà÷èò, ïî óòâåðæäåíèþ 1

max
u∈Ωn

|Wh(u)| ⩾ (2ki − 2)2(n−ki)/2 > 2n/2,

ñëåäîâàòåëüíî, îöåíêà (4) íå äîñòèãàåòñÿ. Ïðåäïîëîæèì, ÷òî åñòü õîòÿ áû äâà ñëà-
ãàåìûõ ñòåïåíè 1. Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî f1 = x1 ⊕ x2, f2 � ñóììà
îñòàëüíûõ ñëàãàåìûõ è h = f1 ⊕ f2. Ñïðàâåäëèâî ðàâåíñòâî |Wf1(1, 1)| = 4 è íàéä¼òñÿ
u′ ∈ Ωn−2, òàêîé, ÷òî |Wf2(u

′)| ⩾ 2(n−2)/2. Òîãäà

max
u∈Ωn

|Wh(u)| ⩾ 4 · 2(n−2)/2 = 2(n+2)/2 > 2
n
2 ,

à çíà÷èò, âíîâü îöåíêà (4) íåäîñòèæèìà.
Ïóñòü n�íå÷¼òíîå ÷èñëî. Ïîêàæåì, ÷òî îöåíêà äîñòèãàåòñÿ ïðè kj = 1 äëÿ íåêî-

òîðîãî j ∈ {1, . . . , t} è ki = 2 äëÿ âñåõ i ̸= j. Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì,
÷òî j = t. Ðàññìîòðèì ôóíêöèþ

h(x) = x1x2 ⊕ x3x4 ⊕ . . .⊕ xn−2xn−1 ⊕ xn.

Íåòðóäíî ïðîâåðèòü, ÷òî nl(h) = 2n−1 − 2(n−1)/2, à çíà÷èò, íåðàâåíñòâî (5) îáðàùàåòñÿ
â ðàâåíñòâî. Ïîêàæåì, ÷òî äëÿ äðóãèõ ôóíêöèé îöåíêà íåäîñòèæèìà. Ïóñòü ki ⩾ 3
äëÿ íåêîòîðîãî i ∈ {1, . . . , t}. Àíàëîãè÷íî ñëó÷àþ ÷¼òíîãî n ïîëó÷àåì

max
u∈Ωn

|Wh(u)| ⩾ (2ki − 2)2(n−ki)/2 > 2(n+1)/2.



20 À.À. Ïàíïóðèí

Ïóñòü â ìíîãî÷ëåíå Æåãàëêèíà ôóíêöèè f åñòü õîòÿ áû òðè ìîíîìà ñòåïåíè 1, òîãäà
àíàëîãè÷íî ñëó÷àþ ÷¼òíîãî n ïðîâåðÿåòñÿ, ÷òî

max
u∈Ωn

|Wh(u)| ⩾ 23 · 2(n−3)/2 = 2(n+3)/2 > 2(n+1)/2.

Â îáîèõ ñëó÷àÿõ max
u∈Ωn

|Wh(u)| > 2(n+1)/2, ñëåäîâàòåëüíî, îöåíêà (5) íå äîñòèãàåòñÿ.

Ïîêàæåì, ÷òî àôôèííûå ïðåîáðàçîâàíèÿ íå ìåíÿþò êðèâèçíó áóëåâîé ôóíêöèè.

Óòâåðæäåíèå 4. Ïóñòü f(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ; ôóíê-
öèÿ g(x1, . . . , xn) ïîëó÷åíà èç f ïóò¼ì ñëåäóþùåãî ïðåîáðàçîâàíèÿ:

g(x) = f(xA⊕ a)⊕ ⟨b,x⟩ ⊕ c.

Çäåñü A� îáðàòèìàÿ ìàòðèöà íàä ïîëåì GF(2); a,b ∈ Ωn; c ∈ Ω. Òîãäà σ(g) = σ(f).

Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííî ñëåäóåò èç ðàâåíñòâà [1]

Wg(u) = (−1)⟨(b⊕u)(A−1)T,a⟩⊕cWf

(
(b⊕ u)(A−1)T

)
.

Óòâåðæäåíèå 4 äîêàçàíî.

Ïóñòü n = 2k. Ðàññìîòðèì îòîáðàæåíèå Φ : Ωk → Ωk, îáëàäàþùåå ñëåäóþùèìè
ñâîéñòâàìè:

1) Φ(a) ̸= 0k äëÿ âñåõ a ∈ Ωk;

2) Φ(b) = Φ(b̂) = c äëÿ íåêîòîðûõ ðàçëè÷íûõ ýëåìåíòîâ b, b̂ ∈ Ωk;

3) îòîáðàæåíèå Φ′ : Ωk\{b, b̂}→Ωk\{0k, c}, îïðåäåëÿåìîå ðàâåíñòâîì Φ′(x)=Φ(x)

äëÿ âñåõ x ∈ Ωk \ {b, b̂}, èíúåêòèâíî.
Â ðàáîòå [11] èññëåäîâàíà ôóíêöèÿ fΦ(x,y) = ⟨Φ(x),y⟩, x,y ∈ Ωk. Ðàññìîòðèì

óñëîæíåíèå ýòîé ôóíêöèè, ïðèáàâèâ ê íåé ïðîèçâîëüíóþ áóëåâó ôóíêöèþ h(x) îò k ïå-
ðåìåííûõ. Â èòîãå ïîëó÷èì êîíñòðóêöèþ Åëèñååâà �Ìýéîðàíà �ÌàêÔàðëàíäà [1].
Èçó÷èì ôóíêöèþ

fΦ(x,y) = ⟨Φ(x),y⟩ ⊕ h(x), x,y ∈ Ωk. (6)

Óòâåðæäåíèå 5. Ïóñòü ôóíêöèÿ fΦ(x,y) çàäàíà ôîðìóëîé (6). Òîãäà fΦ � ñáà-
ëàíñèðîâàííàÿ ôóíêöèÿ è

σ(fΦ) = 23n/2 − 2n.

Äîêàçàòåëüñòâî. Êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè fΦ(x,y), ñîîòâåò-
ñòâóþùèé âåêòîðó (v,w), ãäå v,w ∈ Ωk, ðàâåí

WfΦ(v,w) =
∑

(x,y)∈Ωn

(−1)fΦ(x,y)⊕⟨(x,y),(v,w)⟩ =
∑

x∈Ωk

(−1)h(x)⊕⟨x,v⟩
∑

y∈Ωk

(−1)⟨y,Φ(x)⊕w⟩.

Çàìåòèì, ÷òî ∑
y∈Ωk

(−1)⟨y,Φ(x)⊕w⟩ =

{
0, åñëè Φ(x)⊕w ̸= 0k,

2k, åñëè Φ(x)⊕w = 0k.

Çíà÷èò,
WfΦ(v,w) = 2k

∑
x∈Φ−1(w)

(−1)h(x)⊕⟨x,v⟩,
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ãäå Φ−1(w)�ïîëíûé ïðîîáðàç âåêòîðà w ïðè îòîáðàæåíèè Φ. Ñëåäîâàòåëüíî, ïîëó-
÷àåì

WfΦ(v,w) =


2k(−1)⟨v,Φ−1(w)⟩⊕h(Φ−1(w)), åñëè w /∈ {0k, c},
0, åñëè w = 0k,

2k((−1)⟨v,b⟩⊕h(b) + (−1)⟨v,b̂⟩⊕h(b̂)), åñëè w = c.

Òàê êàê WfΦ(0) = 0, òî ôóíêöèÿ fΦ ñáàëàíñèðîâàííàÿ [1].

Ðàññìîòðèì, ïðè êàêèõ âåêòîðàõ v âûðàæåíèå (−1)⟨v,b⟩⊕h(b) +(−1)⟨v,b̂⟩⊕h(b̂) íå ðàâ-
íî 0, òî åñòü ⟨v,b⟩ ⊕ h(b) = ⟨v, b̂⟩ ⊕ h(b̂):

1) åñëè h(b)⊕h(b̂) = 0, òî ⟨v,b⊕ b̂⟩ = 0�äàííîå óðàâíåíèå îòíîñèòåëüíî v èìååò
2k−1 ðàçëè÷íûõ ðåøåíèé;

2) åñëè h(b)⊕h(b̂) = 1, òî ⟨v,b⊕b̂⟩ = 1�äàííîå óðàâíåíèå îòíîñèòåëüíî v òàêæå
èìååò 2k−1 ðàçëè÷íûõ ðåøåíèé.

Çíà÷èò,

σ(fΦ) =
∑

(v,w)∈Ω2k

|WfΦ(v,w)| = 2k · 2k (2k − 2) + 2k+1 · 2k−1 = 23k − 22k = 23n/2 − 2n.

Óòâåðæäåíèå 5 äîêàçàíî.

Èç äîêàçàòåëüñòâà óòâåðæäåíèÿ 5 ñëåäóåò, ÷òî äëÿ áóëåâîé ôóíêöèè fΦ(x,y) ñïðà-
âåäëèâî ðàâåíñòâî

nl(fΦ) = 2n−1 − 2n/2.

Óòâåðæäåíèå 6. Ïóñòü n ⩾ 3, f(x1, . . . , xn) = σn−1(x1, . . . , xn)� ýëåìåíòàðíûé
ñèììåòðè÷åñêèé ìíîãî÷ëåí ñòåïåíè n− 1 îò n ïåðåìåííûõ, îïðåäåëÿåìûé ðàâåíñòâîì

σn−1(x1, . . . , xn) =
⊕

1⩽i1<...<in−1⩽n
xi1xi2 . . . xin−1 . Òîãäà

ïðè ÷¼òíîì n

σ(f) = 2n − 4n+ 2n

(
n

n/2

)
,

à ïðè íå÷¼òíîì n

σ(f) = 2n − 4n− 4 + 4n

(
n− 1

(n− 1)/2

)
.

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà Wf (a) ôóíê-
öèè f(x) íà ïðîèçâîëüíîì âåêòîðå a. Ðàçîáü¼ì ìíîæåñòâî Ωn íà ïîäìíîæåñòâà: Ω1 �
ìíîæåñòâî âåêòîðîâ x, ó êîòîðûõ íå ìåíåå äâóõ êîîðäèíàò íóëåâûå; Ω2 �ìíîæåñòâî
âåêòîðîâ x, ó êîòîðûõ ðîâíî îäíà íóëåâàÿ êîîðäèíàòà; Ω3 = {1n}.

Íåòðóäíî âèäåòü, ÷òî

f(x) =


0, åñëè x ∈ Ω1,

1, åñëè x ∈ Ω2,

n mod 2, åñëè x ∈ Ω3.

Òîãäà
Wf (a) =

∑
x∈Ω1

(−1)⟨a,x⟩ +
∑

x∈Ω2

(−1)1⊕⟨a,x⟩ +
∑

x∈Ω3

(−1)n mod 2⊕⟨a,x⟩.

Èñïîëüçóÿ ðàâåíñòâî Ω1 = (Ωn \ Ω2) ∪ (Ωn \ Ω3), ïîëó÷èì

Wf (a) =
∑

x∈Ωn

(−1)⟨a,x⟩ − 2
∑

x∈Ω2

(−1)⟨a,x⟩ −
∑

x∈Ω3

(−1)⟨a,x⟩ +
∑

x∈Ω3

(−1)n⊕⟨a,x⟩.



22 À.À. Ïàíïóðèí

Çàìåòèì, ÷òî ∑
x∈Ωn

(−1)⟨a,x⟩ =

{
0, åñëè a ̸= 0n,

2n, åñëè a = 0n.

Çíà÷èò,
Wf (a) = 2nδa,0n − 2

∑
x∈Ω2

(−1)⟨a,x⟩ + (−1)n⊕∥a∥ − (−1)∥a∥,

ãäå δa,0n � ñèìâîë Êðîíåêåðà, îïðåäåë¼ííûé ðàâåíñòâàìè

δa,0n =

{
0, åñëè a ̸= 0n,

1, åñëè a = 0n.

Âåðíî ðàâåíñòâî ∑
x∈Ω2

(−1)⟨a,x⟩ = ∥a∥(−1)∥a∥+1 + (n− ∥a∥)(−1)∥a∥,

è êîýôôèöèåíòû Óîëøà�Àäàìàðà ôóíêöèè f ïðèíèìàþò ñëåäóþùèé âèä:

Wf (a) = 2nδa,0n + (−1)∥a∥(4∥a∥ − 2n− 1 + (−1)n).

Ñëåäîâàòåëüíî,

|Wf (a)| =

{
2n − 2n− 1 + (−1)n, åñëè a = 0n,∣∣ 4∥a∥ − 2n− 1 + (−1)n

∣∣, åñëè a ̸= 0n.
(7)

Òîãäà

σ(f) =
∑

a∈Ωn

|Wσn−1(a)| = |Wσn−1(0)|+
∑

a∈Ωn\{0n}
|Wσn−1(a)| =

= 2n − 2n− 1 + (−1)n +
∑

a∈Ωn\{0n}

∣∣ 4∥a∥ − 2n− 1 + (−1)n
∣∣.

Èñõîäÿ èç òîãî, ÷òî â ìíîæåñòâå Ωn âåêòîðîâ âåñà k ðîâíî

(
n

k

)
, ïîëó÷àåì

σ(f) = 2n − 2n− 1 + (−1)n +
n∑
k=1

(
n

k

)
|4k − 2n− 1 + (−1)n|,

÷òî ïðè ÷¼òíûõ n ïðèíèìàåò âèä

σ(f) = 2n − 4n+ 2n

(
n

n/2

)
,

à ïðè íå÷¼òíûõ�

σ(f) = 2n − 4n− 4 + 4n

(
n− 1

(n− 1)/2

)
.

Óòâåðæäåíèå 6 äîêàçàíî.

Ñëåäñòâèå 1. Ïóñòü f(x1, . . . , xn) = σn−1(x1, . . . , xn), n ⩾ 4. Òîãäà

nl(f) = n+ (1− (−1)n)/2.
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Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî max
a∈Ωn
|Wf (a)| = |Wf (0

n)|. Èñõîäÿ èç ðàâåíñòâ (7),
|Wf (a)| =

∣∣ 4∥a∥ − 2n− 1 + (−1)n
∣∣ ïðè a ̸= 0n. Òàê êàê 1 ⩽ ∥a∥ ⩽ n è n ⩾ 4, òî

0 ⩽
∣∣ 4∥a∥ − 2n− 1 + (−1)n

∣∣ ⩽ 2n− 1 + (−1)n,

à çíà÷èò, max
a∈Ωn\{0n}

|Wf (a)| ⩽ 2n − 1 + (−1)n. Íî |Wf (0
n)| = 2n − 2n − 1 + (−1)n è ïðè

n ⩾ 2 ñïðàâåäëèâî íåðàâåíñòâî

2n − 2n− 1 + (−1)n ⩾ 2n− 1 + (−1)n,

ñëåäîâàòåëüíî, |Wf (0
n)| ⩾ max

a∈Ωn\{0n}
|Wf (a)|. Òîãäà

nl(f) = 2n−1 − 1

2

(
2n − 2n− 1 + (−1)n

)
= n+

1− (−1)n

2
.

Ñëåäñòâèå 1 äîêàçàíî.

2. Áóëåâû ôóíêöèè, ïîëó÷åííûå èç áåíò-ôóíêöèé
Óòâåðæäåíèå 7. Ïóñòü n�÷¼òíîå ÷èñëî, n ⩾ 4, f(x1, . . . , xn)� áóëåâà ôóíêöèÿ

îò n ïåðåìåííûõ, çàäàâàåìàÿ ðàâåíñòâîì

f(x1, . . . , xn) = σn−1(x1, . . . , xn)⊕ φ(x1, . . . , xn),

ãäå φ(x1, . . . , xn)� áåíò-ôóíêöèÿ. Òîãäà

23n/2 − n2n+1 ⩽ σ(f) ⩽ 23n/2. (8)

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà Wf (a) ôóíê-
öèè f(x). Èñïîëüçóÿ îáîçíà÷åíèÿ èç äîêàçàòåëüñòâà óòâåðæäåíèÿ 6, çàïèøåì

Wf (a) =
∑

x∈Ω1

(−1)φ(x)⊕⟨a,x⟩ +
∑

x∈Ω2

(−1)1⊕φ(x)⊕⟨a,x⟩ +
∑

x∈Ω3

(−1)φ(x)⊕⟨a,x⟩.

Ñëåäîâàòåëüíî,

Wf (a) =
∑

x∈Ωn

(−1)φ(x)⊕⟨a,x⟩ − 2
∑

x∈Ω2

(−1)φ(x)⊕⟨a,x⟩ + (−1)φ(1)+∥a∥ − (−1)φ(1)+∥a∥,

à çíà÷èò,
Wf (a) = Wφ(a)− 2

∑
x∈Ω2

(−1)φ(x)⊕⟨a,x⟩.

Òàê êàê φ(x)� áåíò-ôóíêöèÿ, òî Wφ(a) = ±2n/2. Òîãäà

2n/2 − 2n ⩽ |Wf (a)| ⩽ 2n/2 + 2n;

îòñþäà ñëåäóåò (8).

Òåîðåìà 1. Ïóñòü n�íå÷åòíîå ÷èñëî, f(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò n ïåðå-
ìåííûõ, îïðåäåëÿåìàÿ ðàâåíñòâîì

f(x1, . . . , xn) = xnφ0(x1, . . . , xn−1)⊕ xnφ1(x1, . . . , xn−1),

ãäå φ0(x1, . . . , xn−1), φ1(x1, . . . , xn−1)� áåíò-ôóíêöèè. Òîãäà σ(f) = 2(3n−1)/2.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè f(x),
ñîîòâåòñòâóþùèé âåêòîðó a:

Wf (a) =
∑

x∈Ωn

(−1)xnφ0(x1,...,xn−1)⊕xnφ1(x1,...,xn−1)⊕⟨x,a⟩.

Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ: x′ = (x1, . . . , xn−1); a
′ = (a1, . . . , an−1). Òîãäà

Wf (a) =
∑

x∈Ωn,xn=1

(−1)φ0(x′)⊕⟨x′,a′⟩⊕an +
∑

x∈Ωn,xn=0

(−1)φ1(x′)⊕⟨x′,a′⟩.

Ñëåäîâàòåëüíî,
Wf (a) = (−1)anWφ0(a

′) +Wφ1(a
′).

Òàê êàê φ0(x
′), φ1(x

′)� áåíò-ôóíêöèè, òî Wf (a) ∈ {0,±2(n+1)/2}. Ââåä¼ì îáîçíà÷åíèÿ:
a1 = (a1, . . . , an−1,︸ ︷︷ ︸

a′

0); a2 = (a1, . . . , an−1,︸ ︷︷ ︸
a′

1). Òîãäà

Wf (a1) = Wφ0(a
′) +Wφ1(a

′), Wf (a2) = −Wφ0(a
′) +Wφ1(a

′).

Âîçìîæíû ñëåäóþùèå âàðèàíòû:

1) Wf (a1) = 0, |Wf (a2)| = 2(n+1)/2;
2) Wf (a2) = 0, |Wf (a1)| = 2(n+1)/2.

Òàêèì îáðàçîì, âñå âåêòîðû èç Ωn ðàçáèâàþòñÿ íà ïàðû è ñïðàâåäëèâî ñîîòíîøåíèå

σ(f) =
∑

a∈Ωn

|Wf (a)| = 2n−1(2(n+1)/2) = 2(3n−1)/2.

Òåîðåìà 1 äîêàçàíà.

Èç äîêàçàòåëüñòâà ñëåäóåò, ÷òî f ñáàëàíñèðîâàíà òîãäà è òîëüêî òîãäà, êîãäà
Wφ0(0

n−1) +Wφ1(0
n−1) = 0, òî åñòü, ó÷èòûâàÿ ðàâåíñòâà ∥φ0∥ = 2n−2 −Wφ0(0

n−1)/2
è ∥φ1∥ = 2n−2 −Wφ1(0

n−1)/2, φ0 è φ1 � áåíò-ôóíêöèè ðàçíîãî âåñà. Ïðè ýòîì nl(f) =
= 2n−1 − 2(n−1)/2

Òåîðåìà 2. Ïóñòü n�÷¼òíîå ÷èñëî, n ⩾ 6, f(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò
n ïåðåìåííûõ, îïðåäåëÿåìàÿ ðàâåíñòâîì

f(x1, . . . , xn) = xnxn−1φ(x1, . . . , xn−2),

ãäå φ(x1, . . . , xn−2)� áåíò-ôóíêöèÿ. Òîãäà

σ(f) = (2n − 4) 2(n−2)/2 + 3 · 2n−1 − 2Wφ(0
n−2).

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè f(x),
ñîîòâåòñòâóþùèé âåêòîðó a = (a1, . . . , an−2, an−1, an). Ðàçîáü¼ì ìíîæåñòâî Ωn íà ñëåäó-
þùèå ïîäìíîæåñòâà: Ω1 �ìíîæåñòâî âåêòîðîâ x, äëÿ êîòîðûõ xn−1 = 0, xn = 0; Ω2 �
ìíîæåñòâî âåêòîðîâ x, äëÿ êîòîðûõ xn−1 = 0, xn = 1; Ω3 �ìíîæåñòâî âåêòîðîâ x, äëÿ
êîòîðûõ xn−1 = 1, xn = 0; Ω4 �ìíîæåñòâî âåêòîðîâ x, äëÿ êîòîðûõ xn−1 = 1, xn = 1.
Ââåä¼ì îáîçíà÷åíèÿ: x′ = (x1, . . . , xn−2); a

′ = (a1, . . . , an−2). Òîãäà

Wf (a) =
∑

x∈Ω1

(−1)⟨x′,a′⟩+
∑

x∈Ω2

(−1)⟨x′,a′⟩⊕an+
∑

x∈Ω3

(−1)⟨x′,a′⟩⊕an−1+
∑

x∈Ω4

(−1)φ(x′)⊕⟨x′,a′⟩⊕an⊕an−1 .
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Åñëè a′ ̸= 0n−2, òî
∑

x′∈Ωn−2

(−1)⟨x′,a′⟩ = 0. Òîãäà Wf (a) = (−1)an⊕an−1Wφ(a
′), à çíà÷èò,

òàê êàê φ(x′)� áåíò-ôóíêöèÿ, âåðíî ðàâåíñòâî |Wf (a)| = |Wφ(a
′)| = 2(n−2)/2. Åñëè

a′ = 0n−2, òî
∑

x′∈Ωn−2

(−1)⟨x′,a′⟩ = 2n−2 è ñïðàâåäëèâî ðàâåíñòâî

Wf (a) = 2n−2((−1)an−1 + (−1)an + 1) + (−1)an−1⊕anWφ(a
′).

Âîçìîæíû ñëåäóþùèå âàðèàíòû:

1) åñëè a = (0, . . . , 0, 0), òî Wf (a) = 3 · 2n−2 +Wφ(0
n−2);

2) åñëè a = (0, . . . , 0, 1), òî Wf (a) = 2n−2 −Wφ(0
n−2);

3) åñëè a = (0, . . . , 1, 0), òî Wf (a) = 2n−2 −Wφ(0
n−2);

4) åñëè a = (0, . . . , 1, 1), òî Wf (a) = −2n−2 +Wφ(0
n−2).

Åñëè Wφ(0
n−2) = 2(n−2)/2, òî∑
a∈Ωn,a′=0n−2

|Wf (a)| = 6 · 2n−2 − 2 · 2(n−2)/2 = 3 · 2n−1 − 2Wφ(0
n−2).

Åñëè Wφ(0
n−2) = −2(n−2)/2, òî∑
a∈Ωn,a′=0n−2

|Wf (a)| = 6 · 2n−2 + 2 · 2(n−2)/2 = 3 · 2n−1 − 2Wφ(0
n−2).

Òàêèì îáðàçîì, ïîëó÷àåì

σ(f) =
∑

a∈Ωn

|Wf (a)| =
∑

a∈Ωn,a′ ̸=0n−2

|Wf (a)|+
∑

a∈Ωn,a′=0n−2

|Wf (a)| =

= (2n − 4)2(n−2)/2 + 3 · 2n−1 − 2Wφ(0
n−2).

Òåîðåìà 2 äîêàçàíà.

Â ðàáîòå [2] èçó÷åíà ôóíêöèÿ

f(x1, . . . , xn) = x1x2 . . . xn−1 ⊕ φ(x1, . . . , xn−2)⊕ xn,

ãäå φ(x1, . . . , xn−2)� áåíò-ôóíêöèÿ îò n−2 ïåðåìåííûõ; n�÷¼òíîå ÷èñëî. Ðàññìîòðèì
íåêîòîðîå èçìåíåíèå äàííîé ôóíêöèè è èññëåäóåì ïîëó÷åííûé êëàññ.

Óòâåðæäåíèå 8. Ïóñòü n�÷¼òíîå ÷èñëî, n ⩾ 4, f(x1, . . . , xn)� áóëåâà ôóíêöèÿ
îò n ïåðåìåííûõ, îïðåäåëÿåìàÿ ðàâåíñòâîì

f(x1, . . . , xn) = x1x2 . . . xn−2 ⊕ φ(x1, . . . , xn−2)⊕ xn−1 ⊕ xn,

ãäå φ(x1, . . . , xn−2)� áåíò-ôóíêöèÿ. Òîãäà σ(f) = 2(3n−2)/2 − 2(n+4)/2.

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè f(x),
ñîîòâåòñòâóþùèé âåêòîðó a. Çàìåòèì, ÷òî åñëè an = 0 èëè an−1 = 0, òî Wf (a) = 0,
ïîýòîìó ïóñòü a = (a1, . . . , an−2, 1, 1). Ââåä¼ì îáîçíà÷åíèÿ: a′ = (a1, . . . , an−2); x

′ =
= (x1, . . . , xn−2). Òîãäà

Wf (a
′, 1, 1) =

∑
x∈Ωn

(−1)x1x2...xn−2⊕φ(x1,...,xn−2)⊕⟨a′,x′⟩ =

= 4

( ∑
x′∈Ωn−2\{1n−2}

(−1)φ(x′)⊕⟨a′,x′⟩ − (−1)φ(1n−2)⊕∥a′∥

)
= 4Wφ(a

′)− 8(−1)φ(1n−2)⊕∥a′∥.
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Ðàññìîòðèì áåíò-ôóíêöèþ φ̃(x′), äóàëüíóþ ê φ(x′); äëÿ íå¼ ñïðàâåäëèâî ðàâåíñòâî

Wφ(a
′) = (−1)φ̃(a′)2(n−2).2.

Ðàññìîòðèì áóëåâó ôóíêöèþ ψ(x′) = φ̃(x′) ⊕ ∥x′∥ ⊕ φ(1n−2). Êîýôôèöèåíò Óîëøà�
Àäàìàðà ôóíêöèè ψ(x′), ñîîòâåòñòâóþùèé âåêòîðó 0n−2, ðàâåí

Wψ(0
n−2) =

∑
x′∈Ωn−2

(−1)φ̃(x′)⊕∥x′∥⊕φ(1n−2) = (−1)φ(1n−2)Wφ̃(1
n−2) = 2(n−2)/2.

Òîãäà

∥ψ∥ = 2n−3 − 1

2
Wψ(0

n−2) = 2n−3 − 2(n−4)/2.

Äàëåå çàìåòèì, ÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå

(−1)∥a′∥⊕φ(1n−2)Wφ(a
′) = 2(n−2)/2(−1)ψ(a′),

ñëåäîâàòåëüíî,

Wφ(a
′) =

{
−2(n−2)/2(−1)∥a′∥⊕φ(1n−2), åñëè a′ ∈ Nψ,

2(n−2)/2(−1)∥a′∥⊕φ(1n−2), åñëè a′ /∈ Nψ,

ãäå Nψ = {a′ ∈ Ωn−2 : ψ(a′) = 1}�íîñèòåëü ôóíêöèè ψ. Òàêèì îáðàçîì, ïîëó÷àåì
ðàâåíñòâî äëÿ êðèâèçíû

σ(f) = (2n−3−2(n−4)/2)(4·2(n−2)/2+8)+(2n−3+2(n−4)/2)(4·2(n−2)/2−8) = 2(3n−2)/2−2(n+4)/2.

Óòâåðæäåíèå 8 äîêàçàíî.

3. Ñâÿçü êðèâèçíû è íåëèíåéíîñòè áóëåâîé ôóíêöèè
Óòâåðæäåíèå 9. Äëÿ ïðîèçâîëüíîé áóëåâîé ôóíêöèè f(x1, . . . , xn) îò n ïåðåìåí-

íûõ ñïðàâåäëèâà îöåíêà
σ(f) ⩽ S(f)(2n − 2 nl(f)),

ãäå S(f) = |{a ∈ Ωn : Wf (a) ̸= 0}|� ñïåêòðàëüíàÿ ñëîæíîñòü ôóíêöèè f .

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

max
a∈Ωn
|Wf (a)| = 2n − 2 nl(f).

Òîãäà

σ(f) =
∑

a∈Ωn

|Wf (a)| ⩽
∑

a∈Ωn

max
b∈Ωn

|Wf (b)| = S(f)max
a∈Ωn
|Wf (a)| = S(f)(2n − 2 nl(f)).

Óòâåðæäåíèå 9 äîêàçàíî.

Îöåíêà èç óòâåðæäåíèÿ 9 äîñòèãàåòñÿ äëÿ áåíò-ôóíêöèé, àôôèííûõ è ïëàòîâèä-
íûõ ôóíêöèé [1].

Çàêëþ÷åíèå
Â ðàáîòå ïîëó÷åíû îöåíêè è òî÷íûå çíà÷åíèÿ êðèâèçíû è íåëèíåéíîñòè ðàçëè÷íûõ

êëàññîâ áóëåâûõ ôóíêöèé, ïîëó÷åííûõ ñ ïîìîùüþ ñóïåðïîçèöèè áóëåâûõ ôóíêöèé,
ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ è áåíò-ôóíêöèé. Äîêàçàíî íåðàâåíñòâî, ñâÿçûâàþùåå
êðèâèçíó áóëåâîé ôóíêöèè ñ åå íåëèíåéíîñòüþ.
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àíàëèçó ðàçëè÷íûõ ïðåäñòàâëåíèé ýëåìåíòîâ ïîëÿ è èõ âëèÿíèþ íà âû÷èñëè-
òåëüíóþ ñëîæíîñòü. Êîìáèíàöèîííàÿ ñëîæíîñòü îöåíèâàåòñÿ íà îñíîâå êîëè÷å-
ñòâà ýëåìåíòàðíûõ îïåðàöèé, íåîáõîäèìûõ äëÿ ðåàëèçàöèè ïîäñòàíîâêè; ãëóáèíà
ôóíêöèè îïðåäåëÿåòñÿ êàê ìàêñèìàëüíîå êîëè÷åñòâî ëîãè÷åñêèõ óðîâíåé â ñõåìå.
Èçó÷åíèå ðàçëè÷íûõ áàçèñîâ ïîçâîëÿåò âûÿâèòü íàèáîëåå ýôôåêòèâíûå ñïîñîáû
ïðåäñòàâëåíèÿ, ñïîñîáñòâóþùèå ìèíèìèçàöèè âû÷èñëèòåëüíîé ñëîæíîñòè. Â êà-
÷åñòâå ïðèìåðà ïðèâîäèòñÿ îöåíêà óêàçàííûõ õàðàêòåðèñòèê äëÿ ïîäñòàíîâêè
ïðîñòðàíñòâà F8

2, èñïîëüçóåìîé â îòå÷åñòâåííûõ ñòàíäàðòèçèðîâàííûõ ñèììåò-
ðè÷íûõ êðèïòîãðàôè÷åñêèõ àëãîðèòìàõ. Ïîëó÷åíà ìèíèìàëüíàÿ èç èçâåñòíûõ
îöåíêà êîìáèíàöèîííîé ñëîæíîñòè, ðàâíàÿ 169.

Êëþ÷åâûå ñëîâà: ïîäñòàíîâêà, êîìáèíàöèîííàÿ ñëîæíîñòü, ãëóáèíà ôóíêöèè,

êîíñòðóêöèÿ òèïà ¾áàáî÷êà¿, TU -ïðåäñòàâëåíèå.

COMPUTATIONAL WORK FOR SOME TU-BASED PERMUTATIONS

D.B. Fomin∗, D. I. Trifonov∗∗

∗The Academy of Cryptography of the Russian Federation, Moscow, Russia
∗∗Technical Committee �Cryptography and Security Mechanism�, Moscow, Russia

The problem of evaluating the computational complexity of certain classes of substitu-
tions with a TU -representation is considered. The metrics used include combinatorial
complexity and the depth of the function that defines the substitution. To obtain these
evaluations, the representation of field elements in various bases is investigated, inclu-
ding polynomial, normal, mixed, as well as PRR and RRB representations. The pri-
mary focus is on analyzing different representations of field elements and their impact
on computational complexity. The combinatorial complexity is assessed based on
the number of elementary operations required to implement the substitution, while
the function depth is determined by the maximum number of logical levels in the
circuit. The use of different bases allows us to identify the most effective represen-
tation methods that help minimize computational complexity. As an example, we
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provide an evaluation of the specified characteristics for the substitution used in Rus-
sian standardized symmetric algorithms. The lowest known estimate of combinatorial
complexity has been obtained, which equals 169.

Keywords: permutation, combinational complexity, circuit depth, butterfly, TU -de-
composition.

Ââåäåíèå
Ñëîæíîñòü âû÷èñëåíèé ÿâëÿåòñÿ îäíîé èç êëþ÷åâûõ ïðîáëåì, àêòóàëüíûõ â ñîâðå-

ìåííûõ èññëåäîâàíèÿõ â îáëàñòè âû÷èñëèòåëüíîé íàóêè. Óâåëè÷åíèå îáú¼ìà îáðàáà-
òûâàåìûõ äàííûõ, øèðîêîå âíåäðåíèå òåõíîëîãèé Èíòåðíåòà âåùåé (IoT) è ìàøèííîé
ñâÿçè (M2M) ïîä÷åðêèâàåò çíà÷èìîñòü ðàçðàáîòêè âûñîêîýôôåêòèâíûõ è áåçîïàñíûõ
ñèñòåì. Îöåíêà ñëîæíîñòè âû÷èñëåíèé èìååò áîëüøîå çíà÷åíèå êàê ñ òåîðåòè÷åñêîé,
òàê è ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ, ïîçâîëÿÿ, ñ îäíîé ñòîðîíû, ïîíÿòü ôóíäàìåíòàëü-
íûå îãðàíè÷åíèÿ è âîçìîæíîñòè àëãîðèòìîâ, ñ äðóãîé� ïðîèçâîäèòü îïòèìèçàöèþ
âðåìåíè âû÷èñëåíèé è íåîáõîäèìûõ ðåñóðñîâ äëÿ ðåàëüíûõ ñèñòåì.

Â íàñòîÿùåå âðåìÿ ðàçðàáîòàíû ïîäõîäû ê ñîçäàíèþ ñòîéêèõ ñèììåòðè÷íûõ êðèï-
òîãðàôè÷åñêèõ àëãîðèòìîâ, îäíàêî âîïðîñû, êàñàþùèåñÿ ñëîæíîñòè èõ ðåàëèçàöèè,
÷àñòî îñòàþòñÿ íåäîñòàòî÷íî èçó÷åííûìè. Îäíèì èç êëþ÷åâûõ ïðèìèòèâîâ ñîâðåìåí-
íûõ êðèïòîãðàôè÷åñêèõ àëãîðèòìîâ ÿâëÿþòñÿ íåëèíåéíûå áèåêòèâíûå ïðåîáðàçîâà-
íèÿ� ïîäñòàíîâêè. Â óñëîâèÿõ îãðàíè÷åíèé ñîâðåìåííûõ âû÷èñëèòåëüíûõ óñòðîéñòâ,
ïîìèìî åñòåñòâåííûõ òðåáîâàíèé, ñâÿçàííûõ ñ èõ êðèïòîãðàôè÷åñêèìè õàðàêòåðèñòè-
êàìè, âîçíèêàþò äîïîëíèòåëüíûå îãðàíè÷åíèÿ, îòíîñÿùèåñÿ ê ñëîæíîñòè èõ ðåàëèçà-
öèè. Â äàííîé ðàáîòå ïðåäñòàâëåíû ïîíÿòèÿ ñëîæíîñòè âû÷èñëåíèé, ïðèâåä¼í îáçîð
ìåòîäîâ ïîñòðîåíèÿ íåëèíåéíûõ áèåêòèâíûõ ïðåîáðàçîâàíèé ñ íèçêîé âû÷èñëèòåëü-
íîé ñëîæíîñòüþ, à òàêæå ðàññìîòðåíû ïîäõîäû ê ìèíèìèçàöèè ñëîæíîñòè âû÷èñëåíèé
ïîäñòàíîâîê ñïåöèàëüíîãî âèäà.

1. Ñïîñîáû ïîñòðîåíèÿ íèçêîðåñóðñíûõ íåëèíåéíûõ áèåêòèâíûõ
ïðåîáðàçîâàíèé ñ çàäàííûìè êðèïòîãðàôè÷åñêèìè ñâîéñòâàìè

Cóùåñòâóþò òðè îñíîâíûõ ïîäõîäà ê ïîñòðîåíèþ ïîäñòàíîâîê ñ çàäàííûìè ýêñ-
ïëóàòàöèîííûìè õàðàêòåðèñòèêàìè: ïîëíûé ïîèñê ñ èñïîëüçîâàíèåì îáõîäà ãðàôà
â ãëóáèíó è ìåòîäà âñòðå÷è ïîñåðåäèíå [1�3], ýâðèñòè÷åñêèå ìåòîäû [3�7] è èñïîëüçî-
âàíèå ¾ïðîñòûõ àëãåáðàè÷åñêèõ êîíñòðóêöèé¿, íàïðèìåð ìîíîìèàëüíûõ ïîäñòàíîâîê
(â ÷àñòíîñòè, îáðàùåíèÿ íåíóëåâûõ ýëåìåíòîâ ïîëÿ) [8]. Îäíàêî ïðàêòè÷åñêè âñå èç
ýòèõ ïîäõîäîâ ïîçâîëÿþò îöåíèâàòü òîëüêî êîëè÷åñòâî îïåðàöèé. Äëÿ òîãî ÷òîáû îöå-
íèòü ðåàëüíóþ ôèçè÷åñêóþ òðóäî¼ìêîñòü ðåàëèçàöèè, ïðåäëàãàåòñÿ ðåàëèçîâûâàòü
óçëû íà ðåàëüíûõ ôèçè÷åñêèõ óñòðîéñòâàõ [9] èëè èñïîëüçîâàòü çíàíèå î òðóäî¼ìêî-
ñòè ðåàëèçàöèè êàæäîé áàçèñíîé ôóíêöèè äëÿ ýâðèñòè÷åñêîãî ïîèñêà îïòèìàëüíîé
ðåàëèçàöèè [3].

Ôóíäàìåíòàëüíîé ìîíîãðàôèåé â îáëàñòè îöåíêè âû÷èñëèòåëüíîé ñëîæíîñòè ìîæ-
íî ñ÷èòàòü ðàáîòó Ä.Ý. Ñýâèäæà [10]. Ââåä¼ííûå èì ìåòðèêè ñëîæíîñòè ïîçâîëÿþò
îöåíèâàòü ýôôåêòèâíîñòü ðåàëèçàöèè íà ðàçëè÷íûõ ïëàòôîðìàõ ïðè ñîõðàíåíèè äî-
ñòàòî÷íîãî óðîâíÿ ìàòåìàòè÷åñêîé ñòðîãîñòè.

Ïðè îïèñàíèè ïðåäñòàâëåíèÿ ðåàëèçàöèè ïðîèçâîëüíîé ôóíêöèè f : Fn2 → Fm2 çà-
÷àñòóþ èñïîëüçóþòñÿ ëîãè÷åñêèå ñõåìû [11]. Ëîãè÷åñêàÿ ñõåìà, êîòîðóþ ìû, ñîãëàñ-
íî [10], òàêæå áóäåì íàçûâàòü êîìáèíàöèîííîé ìàøèíîé, ïðåäñòàâëÿåò ñîáîé ñîåäèíå-
íèå ýëåìåíòîâ íåêîòîðîãî áàçèñà Ω, êàæäûé èç êîòîðûõ ðåàëèçóåò íåêîòîðóþ ëîãè÷å-
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ñêóþ (áóëåâó) ôóíêöèþ óêàçàííîãî áàçèñà. Ëîãè÷åñêàÿ ñõåìà ìîæåò áûòü ïðåäñòàâëå-
íà â âèäå îðèåíòèðîâàííîãî ãðàôà, ïðè ýòîì âåðøèíû, èìåþùèå ïîëóñòåïåíü çàõîäà
ðàâíóþ íóëþ, îáîçíà÷àþò àðãóìåíòû ôóíêöèè f , à âåðøèíû, èìåþùèå ïîëóñòåïåíü
èñõîäà ðàâíóþ íóëþ, � çíà÷åíèå ôóíêöèè f .

Îïðåäåëåíèå 1. Êîìáèíàöèîííàÿ ñëîæíîñòü ôóíêöèè f : Fn2 → Fm2 â áàçèñå Ω,
îáîçíà÷àåìàÿ CΩ(f), åñòü ìèíèìàëüíîå ÷èñëî ýëåìåíòîâ áàçèñà Ω, äîñòàòî÷íîå äëÿ
ðåàëèçàöèè ôóíêöèè f ëîãè÷åñêîé ñõåìîé.

Îïðåäåëåíèå 2. Ãëóáèíà ôóíêöèè f : Fn2 → Fm2 â áàçèñå Ω, îáîçíà÷àåìàÿ DΩ(f),
åñòü ÷èñëî ëîãè÷åñêèõ ýëåìåíòîâ, ðàñïîëîæåííûõ íà ñàìîì äëèííîì îðèåíòèðîâàííîì
ïóòè ãðàôà, ïðåäñòàâëÿþùåãî ëîãè÷åñêóþ ñõåìó.

Â äàííîé ðàáîòå ïîä ìåðîé ñëîæíîñòè ôóíêöèé f ïîíèìàþòñÿ êîìáèíàöèîííàÿ
ñëîæíîñòü è ãëóáèíà ôóíêöèè â íåêîòîðîì áàçèñå.

Çàìå÷àíèå 1. Â êà÷åñòâå áàçèñà Ω áóäåì èñïîëüçîâàòü Ω = {∧,∨,⊕,¬}; â ñëó÷àå,
êîãäà ýòî ïîíÿòíî èç êîíòåêñòà, áóäåì îïóñêàòü åãî è ãîâîðèòü ïðîñòî î ¾êîìáèíàöè-
îííîé ñëîæíîñòè ôóíêöèè f¿ è ¾ãëóáèíå ôóíêöèè f¿.

Ïðåäñòàâëÿåò èíòåðåñ çàäà÷à íàõîæäåíèÿ äëÿ çàäàííîé ôóíêöèè f ëîãè÷åñêîé ñõå-
ìû ¾ìèíèìàëüíîãî ðàçìåðà¿, òî åñòü çàäà÷à âû÷èñëåíèÿ å¼ êîìáèíàöèîííîé ñëîæíî-
ñòè. Õîðîøî èçâåñòíû ðàçðàáîòàííûå äëÿ ýòèõ öåëåé ìåòîä êàðò Êàðíî è åãî îáîá-
ùåíèå � ïðîöåäóðà Êâàéíà�Ìàê-Êëàñêè [12]. Ïðèìåíåíèå ýòîãî ìåòîäà ïîçâîëÿåò
ìèíèìèçèðîâàòü ðàçìåð ñõåì â ñëó÷àå ðåàëèçàöèè ôóíêöèé ôîðìóëàìè, èìåþùèìè
âèä ñóììû ïðîèçâåäåíèé (äèçúþíêòèâíîé íîðìàëüíîé ôîðìû). Î.Á. Ëóïàíîâûì ïî-
êàçàíî [13], ÷òî ôóíêöèÿ ñëîæåíèÿ ïî ìîäóëþ 2 (ôóíêöèÿ ÷¼òíîñòè, ðàâíàÿ åäèíèöå,
åñëè íå÷¼òíî ÷èñëî åäèíèö ñðåäè å¼ àðãóìåíòîâ x1, . . . , xn, ãäå xi ∈ {0, 1}, i = 1, . . . , n)
ðåàëèçóåòñÿ ïðè óêàçàííûõ îãðàíè÷åíèÿõ ñõåìîé ýêñïîíåíöèàëüíîãî (îòíîñèòåëüíî n)
ðàçìåðà, òîãäà êàê ïðè îòñóòñòâèè îãðàíè÷åíèé âîçìîæíà ðåàëèçàöèÿ ñõåìàìè ëèíåé-
íîãî ðàçìåðà. Àíàëîãè÷íûå ðåçóëüòàòû ñïðàâåäëèâû äëÿ íåêîòîðûõ äðóãèõ ôóíêöèé.

Îïðåäåëåíèå 3 [14]. Ïóñòü F : Fn−t2 × Ft2 → Fn−t2 × Fm−n+t2 ; m − n + t ⩾ 1;
x1, y1 ∈ Fn−t2 ; x2 ∈ Ft2; y2 ∈ Fm−n+t2 ; T : Fn−t2 × Ft2 → Fn−t2 ; U : Ft2 × Fn−t2 → Fm−n+t2 .
Åñëè ôóíêöèÿ F èìååò ïðåäñòàâëåíèå

F (x1, x2) = (y1, y2) =
(
T (x1, x2), U(x2, T (x1, x2))

)
, (1)

ãäå T (x1, x2) ÿâëÿåòñÿ áèåêòèâíûì îòîáðàæåíèåì ïî x1 ïðè ôèêñèðîâàííîì çíà÷å-
íèè x2 ∈ Fn−t2 , òî òàêîå ïðåäñòàâëåíèå ôóíêöèè F â âèäå (1) íàçûâàåòñÿ TU -ïðåäñòàâ-
ëåíèåì (ðèñ. 1).

n-t

y1 y2

x1 x2
t

m-n+tn-t

T
U

Ðèñ. 1. Ãðàôè÷åñêîå èçîáðàæåíèå ôóíê-
öèè, èìåþùåé TU -ïðåäñòàâëåíèå
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2. Ñïîñîáû ïðåäñòàâëåíèÿ ýëåìåíòîâ ïîëÿ
Ïóñòü F2n �êîíå÷íîå ïîëå èç 2n ýëåìåíòîâ. Â í¼ì åñòü ïîäïîëå F2, ÷òî ïîçâîëÿåò

ðàññìàòðèâàòü ïîëå F2n êàê âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì F2, èìåþùåå íåêîòîðûé
áàçèñ α1, α2, . . . , αn, ñîñòîÿùèé èç n ýëåìåíòîâ. Òàêèì îáðàçîì, äëÿ ëþáîãî ïîëÿ F2n ,
çàôèêñèðîâàâ áàçèñ, êàæäûé åãî ýëåìåíò åñòåñòâåííûì îáðàçîì ìîæíî ïðåäñòàâèòü
â âèäå âåêòîðà ýëåìåíòîâ ïîëÿ F2 äëèíû n, ÷òî ïîçâîëÿåò çàäàòü îäíîçíà÷íîå îòîáðà-
æåíèå σ : F2n → Vn èç ìíîæåñòâà ýëåìåíòîâ ïîëÿ â ìíîæåñòâî âåêòîð-ñòðîê.

Äëÿ ïðîèçâîëüíîãî k, òàêîãî, ÷òî k|n, â ïîëå F2n ñóùåñòâóåò ïîäïîëå èç 2k ýëå-
ìåíòîâ, êîòîðîå îáîçíà÷èì F2k . Ïðè ýòîì ñóùåñòâóåò íåïðèâîäèìûé ìíîãî÷ëåí f(x)
ñòåïåíè m = n/k íàä F2k , òàêîé, ÷òî F2n

∼= F2k [x]/f(x) è [x]f(x) åñòü êîðåíü ìíîãî÷ëå-
íà f(x) â ïîëå F2k [x]/f(x).

Îïðåäåëåíèå 4. Ïóñòü α� ýëåìåíò ïîëÿ F2n , òàêîé, ÷òî ìíîæåñòâî {αi : i = 0,
. . . ,m − 1} ÿâëÿåòñÿ áàçèñîì F2n íàä F2k . Ãîâîðÿò, ÷òî {αi : i = 0, . . . ,m − 1} ÿâëÿ-
åòñÿ ïîëèíîìèàëüíûì áàçèñîì ïîëÿ F2n íàä F2k ; ýëåìåíò α íàçûâàåòñÿ îáðàçóþùèì
ïîëèíîìèàëüíîãî áàçèñà.

Ïîëèíîìèàëüíûé áàçèñ áóäåì îáîçíà÷àòü Poly. Ïîìèìî òåðìèíà ¾ïîëèíîìèàëüíûé
áàçèñ¿, â ëèòåðàòóðå ìîæíî âñòðåòèòü ýêâèâàëåíòíûå íàçâàíèÿ: ¾ñòàíäàðòíûé áàçèñ¿
è ¾êàíîíè÷åñêèé áàçèñ¿. Î÷åâèäíî, ÷òî

{
[x]if(x) : i = 0, . . . ,m− 1

}
ÿâëÿåòñÿ ïîëèíîìè-

àëüíûì áàçèñîì ïîëÿ F2k [x]/f(x) íàä F2k . Ýëåìåíò α ÿâëÿåòñÿ îáðàçóþùèì ïîëèíîìè-
àëüíîãî áàçèñà òîãäà è òîëüêî òîãäà, êîãäà α�êîðåíü ìíîãî÷ëåíà f(x) íàä F2n . Åñëè
α�êîðåíü íåïðèâîäèìîãî íàä F2k ìíîãî÷ëåíà ñòåïåíè m, òî âñå êîðíè â ïîëå F2n åñòü
ýëåìåíòû ìíîæåñòâà

{
α2ki : i = 0, . . . ,m− 1

}
, è îíè ëèíåéíî íåçàâèñèìû íàä F2k .

Îïðåäåëåíèå 5. Ïóñòü α� ýëåìåíò ïîëÿ F2n , òàêîé, ÷òî ìíîæåñòâî
{
α2ki : i = 0,

. . . ,m−1
}
ÿâëÿåòñÿ áàçèñîì F2n íàä F2k . Ãîâîðÿò, ÷òî

{
α2ki : i = 0, . . . ,m−1

}
ÿâëÿåòñÿ

íîðìàëüíûì áàçèñîì ïîëÿ F2n íàä F2k ; ýëåìåíò α íàçûâàåòñÿ îáðàçóþùèì íîðìàëü-
íîãî áàçèñà.

Íîðìàëüíûé áàçèñ áóäåì îáîçíà÷àòü Norm. Î÷åâèäíî, ÷òî äëÿ ïîëÿ F2n ñóùåñòâó-
åò êàê ìèíèìóì îäèí íîðìàëüíûé áàçèñ è êîðåíü α íåïðèâîäèìîãî íàä F2k ìíîãî÷ëå-
íà f(x) â ïîëå F2n ÿâëÿåòñÿ îáðàçóþùèì êàê ïîëèíîìèàëüíîãî, òàê è íîðìàëüíîãî
áàçèñà.

Ãîâîðÿ î ïîäñòàíîâêå íà ìíîæåñòâå ýëåìåíòîâ ïîëÿ, áóäåì ïîäðàçóìåâàòü, ÷òî ïîä-
ñòàíîâêà äåéñòâóåò íà âåêòîðíîå ïðåäñòàâëåíèå ýëåìåíòîâ ïîëÿ.

Èçâåñòíî, ÷òî ïîëèíîìèàëüíûé è íîðìàëüíûé áàçèñû ýôôåêòèâíû äëÿ ðåàëèçàöèè
óìíîæåíèÿ è ýíäîìîðôèçìà Ôðîáåíèóñà ñîîòâåòñòâåííî [15]. Ïðè ýòîì â íàñòîÿùåå
âðåìÿ íàèáîëåå ýôôåêòèâíûé ñïîñîá óìåíüøåíèÿ êîìáèíàöèîííîé ñëîæíîñòè è ãëó-
áèíû ôóíêöèé, ðåàëèçóþùèõ îïåðàöèè â ïîëå, çàêëþ÷àåòñÿ â èñïîëüçîâàíèè òåîðåìû
î áàøíå ïîëåé è ðåàëèçàöèè îïåðàöèé â ïîäïîëå. Íàïðèìåð, â ðàáîòå [8] ïðåäëàãàåòñÿ
ýëåìåíòû ïîëÿ F28 ïðåäñòàâëÿòü â âèäå âåêòîðà F2

24 , à ýëåìåíòû ïîëÿ F24 ðàññìàò-
ðèâàòü â âèäå âåêòîðà F2

22 è ò. ä. Òàêèì îáðàçîì, ýëåìåíòû ïîëÿ F28 ïðåäñòàâëÿþòñÿ

âåêòîðàìè èç ìíîæåñòâà
(
(F2

2)
2
)2
.

Ïîìèìî îïèñàííûõ ïðåäñòàâëåíèé ýëåìåíòîâ ïîëÿ, ñóùåñòâóþò è äðóãèå ñïîñîáû
ïðåäñòàâëåíèÿ, ïîçâîëÿþùèå äîñòèãàòü ¾íèçêèõ¿ çíà÷åíèé êîìáèíàöèîííîé ñëîæíî-
ñòè è ãëóáèíû ñõåì äëÿ ôóíêöèé, ðåàëèçóþùèõ îïåðàöèè â ïîëå. Â ðàáîòå [16] ïðåäëà-
ãàåòñÿ çàäàâàòü ýëåìåíòû ïîëÿ F2n ñ èñïîëüçîâàíèåì m ⩾ n áèò ñëåäóþùèì îáðàçîì.
Ïóñòü f(x)�íåïðèâîäèìûé ìíîãî÷ëåí ñòåïåíè n íàä ïîëåì F2; ìíîãî÷ëåí g(x) ñòå-
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ïåíè m − n íàä ïîëåì F2 òàêîé, ÷òî ÍÎÄ(f(x), g(x)) = 1 è g(0) ̸= 0. Òîãäà ìîæíî
ðàññìîòðåòü ìíîãî÷ëåí p(x) = g(x)f(x) ñòåïåíè m.

Áóäåì çàäàâàòü ýëåìåíòû ïîëÿ Fn2 ìíîãî÷ëåíàìè ñòåïåíè íå áîëüøå m òàêèì îáðà-
çîì, ÷òîáû îíè îáðàçîâûâàëè ïîäïðîñòðàíñòâî ðàçìåðíîñòè n â âåêòîðíîì ïðîñòðàí-
ñòâå ðàçìåðíîñòè m (ôàêòè÷åñêè çàäà¼òñÿ CRC-(m,n)-êîä). Ýëåìåíòû ïîëÿ F2n îäíî-
çíà÷íî îïðåäåëÿþòñÿ ýëåìåíòàìè ôàêòîð-êîëüöà ìíîãî÷ëåíîâ ïî ìîäóëþ p(x), êîòî-
ðûå äåëÿòñÿ íà g(x) áåç îñòàòêà. Çàìåòèì, ÷òî îïåðàöèÿ óìíîæåíèÿ òàêèõ ìíîãî÷ëåíîâ
êîððåêòíî îïðåäåëåíà è çàäà¼òñÿ ÷åðåç óìíîæåíèå ïî ìîäóëþ ìíîãî÷ëåíà p(x). Â çà-
ðóáåæíîé ëèòåðàòóðå òàêîå ïðåäñòàâëåíèå íàçûâàåòñÿ Polynomial Ring Representation
èëè PRR [16].

Ñîãëàñíî [17], ñëîæíîñòü îïåðàöèé â ïîëå, êàê ïðàâèëî, òåì ìåíüøå, ÷åì ìåíüøå
êîýôôèöèåíòîâ â çàïèñè íåïðèâîäèìîãî ìíîãî÷ëåíà, åãî çàäàþùåãî. Òàêèì îáðàçîì,
â ñëó÷àå p(x) = xn+1+1 ñëîæíîñòü îïåðàöèé ïîòåíöèàëüíî ñíèæàåòñÿ. Î÷åâèäíî, ìíî-
ãî÷ëåí xn+1 +1 íå ÿâëÿåòñÿ íåïðèâîäèìûì, ÷òî íå ïîçâîëÿåò çàäàâàòü ñ åãî ïîìîùüþ
ïîëå. Îäíàêî îí ìîæåò áûòü èñïîëüçîâàí äëÿ ðåàëèçàöèè PRR-ïðåäñòàâëåíèÿ. Â [18]
ïðåäëàãàåòñÿ ðàññìîòðåòü ñëåäóþùèé ñëó÷àé:

xn+1 + 1 = (x+ 1)
(
xn + xn−1 + . . .+ 1

)
,

ãäå g(x) = x + 1; f(x) = xn + xn−1 + . . . + 1. Èñïîëüçîâàíèå íåïðèâîäèìîãî ìíîãî-
÷ëåíà f(x) òàêîãî âèäà ïîçâîëÿåò ýôôåêòèâíî ðåàëèçîâûâàòü îïåðàöèþ óìíîæåíèÿ
â ïîëå, à òàêæå îïåðàöèþ âîçâåäåíèÿ â êâàäðàò ïðîèçâîëüíîå ÷èñëî ðàç, êîòîðàÿ åñòü
ïðîñòî ïåðåñòàíîâêà êîýôôèöèåíòîâ áàçèñíûõ âåêòîðîâ [16].

Çàìåòèì, ÷òî â PRR-ïðåäñòàâëåíèè êàæäûé ýëåìåíò ïîëÿ îäíîçíà÷íî ïðåäñòàâ-
ëÿåòñÿ îäíèì ýëåìåíòîì ôàêòîð-êîëüöà F2[x]/p(x). Îäíàêî ñ èñïîëüçîâàíèåì âñåõ
ýëåìåíòîâ ôàêòîð-êîëüöà F2[x]/p(x) ìîæíî çàäàòü ýëåìåíòû êîëüöà. Â ýòîì ñëó÷àå
îäíîìó ýëåìåíòó ïîëÿ ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå íåñêîëüêî ýëåìåíòîâ ôàê-
òîð-êîëüöà. Äåéñòâèòåëüíî, åñëè t1, t2 ∈ F2[x]/p(x) è t1(x) = t2(x) (mod f(x)), òî t1
è t2 çàäàþò îäèí ýëåìåíò ïîëÿ F2n = F2[x]/f(x). Â ñëó÷àå, êîãäà p(x) = xn+1 + 1 =
= (x + 1) (xn + xn−1 + . . .+ 1), òàêîå ïðåäñòàâëåíèå â çàðóáåæíîé ëèòåðàòóðå íîñèò
íàçâàíèå RRB-ïðåäñòàâëåíèÿ [19]. Èçâåñòíî, ÷òî åãî èñïîëüçîâàíèå óìåíüøàåò ãëóáè-
íó îïåðàöèè óìíîæåíèÿ ýëåìåíòîâ ïîëÿ [18].

Çàìå÷àíèå 2. Â äàííîé ðàáîòå îöåíèâàþòñÿ êîìáèíàöèîííûå ñëîæíîñòè è ãëó-
áèíà ôóíêöèé, ðåàëèçóþùèõ íåêîòîðûå ôóíêöèè, çàäàâàåìûå íàä ïîëåì. Òàê êàê âèä
ôóíêöèè íàïðÿìóþ çàâèñèò îò áàçèñà è ïîëÿ, íàä êîòîðûì ðàññìàòðèâàåòñÿ ïðåîáðà-
çîâàíèå, òî ââåä¼ì äîïîëíèòåëüíûå îáîçíà÷åíèÿ: ÷åðåç CΩ(f ;F,Basis) è DΩ(f ;F,Basis)
áóäåì îáîçíà÷àòü ñîîòâåòñòâåííî êîìáèíàöèîííóþ ñëîæíîñòü è ãëóáèíó ôóíêöèè f ,
îïðåäåë¼ííîé íàä ïîëåì F â áàçèñå Basis. Ïðè èñïîëüçîâàíèè áàøíè ïîëåé â êà÷åñòâå
áàçèñà áóäåì óêàçûâàòü áàçèñ ðàñøèðåíèÿ.

3. Íåêîòîðûå êëàññû íåëèíåéíûõ áèåêòèâíûõ ïðåîáðàçîâàíèé
Â ðàáîòå [20] âïåðâûå áûëè ïðåäëîæåíû êëàññû ïîäñòàíîâîê ïðîñòðàíñòâà F8

2, èìå-
þùèõ TU -ïðåäñòàâëåíèå è îáëàäàþùèå ¾âûñîêèìè¿ ïîêàçàòåëÿìè êðèïòîãðàôè÷å-
ñêèõ õàðàêòåðèñòèê. Â ðàáîòàõ [20�22] äàííûå ïîäñòàíîâêè áûëè îáîáùåíû è ïðåäëî-
æåíû ïàðàìåòðè÷åñêèå ñåìåéñòâà íåëèíåéíûõ áèåêòèâíûõ ïðåîáðàçîâàíèé, à òàêæå
îöåíåíû èõ êðèïòîãðàôè÷åñêèå õàðàêòåðèñòèêè.
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Îïðåäåëåíèå 6. Ïóñòü x1, x2 ∈ Fm2 , πi, π̂i ∈ S (Fm2 ), πi(0) = 0, π̂i(0) = 0, i = 1, 2.
Òîãäà ïîäñòàíîâêó FÀ(x1, x2) = (y1, y2), îïðåäåëÿåìóþ ðàâåíñòâàìè

y1 =

{
π1(x1)x2, x2 ̸= 0,

π̂1(x1), x2 = 0,

y2 =

{
π2 ((x2)

2 π1(x1)) , y1 ̸= 0,

π̂2(x2), y1 = 0,

áóäåì íàçûâàòü ïîäñòàíîâêîé èç ïàðàìåòðè÷åñêîãî ñåìåéñòâà òèïà ¾À¿ èëè ïðîñòî
ïîäñòàíîâêîé òèïà ¾À¿ (ðèñ. 2).

Îïðåäåëåíèå 7. Ïóñòü x1, x2 ∈ Fm2 , πi, π̂i ∈ S (Fm2 ), πi(0) = 0, π̂i(0) = 0, i = 1, 2.
Òîãäà ïîäñòàíîâêó FÁ(x1, x2) = (y1, y2), îïðåäåëÿåìóþ ðàâåíñòâàìè

y1 =

{
x1 · π1(x2), x2 ̸= 0,

π̂1(x1), x2 = 0,

y2 =

{
x2 · π2 (x1 · π1(x2)) , y1 ̸= 0,

π̂2(x2), y1 = 0,

áóäåì íàçûâàòü ïîäñòàíîâêîé èç ïàðàìåòðè÷åñêîãî ñåìåéñòâà òèïà ¾Á¿ èëè ïðîñòî
ïîäñòàíîâêîé òèïà ¾Á¿ (ðèñ. 3).

x 1 x 2

y1 y2

11

22

^

^

Ðèñ. 2. Ïîäñòàíîâêà òèïà ¾À¿

x 1 x 2

1

y1 y2

2

 1

2̂

^

Ðèñ. 3. Ïîäñòàíîâêà òèïà ¾Á¿

Ðàññìîòðèì ñåìåéñòâî ïîäñòàíîâîê, ïàðàìåòðàìè êîòîðîãî ÿâëÿþòñÿ ÷åòâ¼ðêà ñòå-
ïåíåé (α, β, γ, δ) è ïîäñòàíîâêè π̂i ∈ S (Fm2 ), òàêèå, ÷òî π̂i(0) = 0, i = 1, 2:

G1(x1, x2) = y1 =

{
xα1 · x

β
2 , x2 ̸= 0,

π̂1(x1), x2 = 0,

G2(x1, x2) = y2 =

{
xγ1 · xδ2, y1 ̸= 0,

π̂2(x2), y1 = 0.

(2)

×òîáû (2) çàäàâàëî áèåêòèâíîå ïðåîáðàçîâàíèå, äîñòàòî÷íî, ÷òîáû ñèñòåìà óðàâíåíèé{
G1(x1, x2) = a1,

G2(x1, x2) = a2
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èìåëà ðåøåíèå äëÿ ïðîèçâîëüíûõ a1, a2 ∈ Fm2 . Òàêîå ñåìåéñòâî ïîäñòàíîâîê áóäåì
íàçûâàòü ïîäñòàíîâêîé èç ïàðàìåòðè÷åñêîãî ñåìåéñòâà òèïà ¾Ã¿, ïðîèçâîëüíóþ ïîä-
ñòàíîâêó èç êîòîðîãî áóäåì îáîçíà÷àòü FÃ. Î÷åâèäíî, ÷òî åñëè â êà÷åñòâå ïàðàìåòðîâ
â ïàðàìåòðè÷åñêèõ ñåìåéñòâàõ òèïîâ ¾À¿ è ¾Á¿ âûáèðàþòñÿ ìîíîìèàëüíûå ïîäñòà-
íîâêè, îíè ïðåäñòàâëÿþòñÿ ïîäñòàíîâêàìè èç ïàðàìåòðè÷åñêîãî ñåìåéñòâà òèïà ¾Ã¿.
Â [23] ïîêàçàíî, ÷òî ýòà ïîäñòàíîâêà òàêæå èìååò TU -ïðåäñòàâëåíèå. Îäíàêî òàêîå
çàäàíèå ïîäñòàíîâêè ïîòåíöèàëüíî ïîçâîëÿåò óìåíüøèòü ãëóáèíó ñõåìû èç ôóíêöè-
îíàëüíûõ ýëåìåíòîâ, ðåàëèçóþùåé å¼. Áîëåå òîãî, ñðåäè âñåõ èçâåñòíûõ ïîäñòàíîâîê
èç ïðåäëîæåííûõ ñåìåéñòâ ïîäñòàíîâêà GÃ(x1, x2) = (y1, y2) èç ïàðàìåòðè÷åñêîãî ñå-
ìåéñòâà ¾Ã¿ èìååò ìèíèìàëüíîå êîëè÷åñòâî íåëèíåéíûõ ïðåîáðàçîâàíèé (äâå ïîäñòà-
íîâêè, äâà óìíîæåíèÿ è äâà ìóëüòèïëåêñîðà) è çàäà¼òñÿ ñëåäóþùèì îáðàçîì (çäåñü
è äàëåå ïîä ïîäñòàíîâêîé îáðàùåíèÿ íåíóëåâûõ ýëåìåíòîâ ïîëÿ Fn2 , n ⩾ 2, ïîíèìàåì
ïîäñòàíîâêó, çàäàâàåìóþ ôîðìóëîé x2

n−2, è îáîçíà÷àåì å¼ x−1):

1) x′ = x−11 ;
2) y′ = x−12 ;
3) x′′ = x1 · y′;
4) y′′ = x′ · y′;
5) åñëè x1 = 0, òî y2 = y′, èíà÷å y2 = y′′;
6) åñëè x2 = 0, òî y1 = x′, èíà÷å y1 = x′′.

Ðåçóëüòàòû ðàáîòû [24] ïîêàçûâàþò ýôôåêòèâíîñòü ðåàëèçàöèè îïðåäåë¼ííûõ âû-
øå íåëèíåéíûõ áèåêòèâíûõ ïðåîáðàçîâàíèé íà àïïàðàòíûõ ïëàòôîðìàõ ñ èñïîëüçî-
âàíèåì ïðîãðàììèðóåìûõ ëîãè÷åñêèõ èíòåãðàëüíûõ ñõåì (ÏËÈÑ). Ñòàíîâèòñÿ àêòó-
àëüíîé çàäà÷à îöåíêè êîìáèíàöèîííîé ñëîæíîñòè è ãëóáèíû ôóíêöèè äëÿ ïîäñòàíî-
âîê èç ïðåäñòàâëåííûõ ñåìåéñòâ, ÷òî âàæíî ïðè èõ ïðîãðàììíîé ðåàëèçàöèè (bitslice
implementation [1, 25, 26]) è àïïàðàòíîé ðåàëèçàöèè íà ñâåðõáîëüøèõ èíòåãðàëüíûõ
ñõåìàõ (ÑÁÈÑ) è ÑÁÈÑ ñ ïðîãðàììèðóåìîé àðõèòåêòóðîé.

Äëÿ çàäàíèÿ óêàçàííûõ ïîäñòàíîâîê èñïîëüçóþòñÿ ñëåäóþùèå ôóíêöèè: îïåðàöèÿ
óìíîæåíèÿ â ïîëå; ìóëüòèïëåêñîð (óñëîâíûé âûáîð); ïîäñòàíîâêè.

Äëÿ ïàðàìåòðè÷åñêèõ ñåìåéñòâ òèïîâ ¾À¿ è ¾Á¿ â [20, 22] â êà÷åñòâå ïîäñòàíî-
âîê π1, π2 ðàññìàòðèâàþòñÿ ìîíîìèàëüíûå ïîäñòàíîâêè. Â äàííîé ðàáîòå òàêæå áóäåì
ðàññìàòðèâàòü â êà÷åñòâå óêàçàííûõ ïàðàìåòðîâ ìîíîìèàëüíûå ïîäñòàíîâêè.

Ïîäñòàíîâêè π̂1, π̂2 ïàðàìåòðè÷åñêèõ ñåìåéñòâ ¾À¿, ¾Á¿ è ¾Ã¿ â ðàáîòå [27] ïðåä-
ëàãàåòñÿ âûáèðàòü ñ èñïîëüçîâàíèåì ýâðèñòè÷åñêîãî àëãîðèòìà.

Çàìå÷àíèå 3. Ïðîâåäåíî ýêñïåðèìåíòàëüíîå èññëåäîâàíèå êëàññîâ àôôèííîé
ýêâèâàëåíòíîñòè ïîäñòàíîâîê π̂1, π̂2 äëÿ ðàññìàòðèâàåìûõ ïàðàìåòðè÷åñêèõ ñåìåéñòâ
â ñëó÷àå ïîñòðîåíèÿ ïîäñòàíîâîê ïðîñòðàíñòâà F8

2 ñ ïîìîùüþ àëãîðèòìà èç [27]. Ýòî
ìîæíî ñäåëàòü, òàê êàê äëÿ ïîäñòàíîâîê ïðîñòðàíñòâà F4

2 èìååòñÿ ïîëíàÿ èõ àôôèííàÿ
êëàññèôèêàöèÿ [28]. Ðåçóëüòàòû ýêñïåðèìåíòîâ ïîêàçàëè, ÷òî â ïîäàâëÿþùåì áîëü-
øèíñòâå ñëó÷àåâ (áîëåå 97%) óêàçàííûå ïîäñòàíîâêè ïðèíàäëåæàò äâóì ñåìåéñòâàì
ïîäñòàíîâîê F4

2 ñ ïðåäñòàâèòåëÿìè x14 è x7 + x4 + x. Òàêèì îáðàçîì, ïðåäñòàâëÿåò
èíòåðåñ íàõîæäåíèå ñëîæíîñòè ðåàëèçàöèè ýòèõ ïîäñòàíîâîê.

Îïðåäåëåíèå 8. Äâå ïîäñòàíîâêè F,G : Fn2 → Fn2 íàçûâàþòñÿ àôôèííî ýê-
âèâàëåíòíûìè, åñëè ñóùåñòâóåò ïàðà íåâûðîæäåííûõ àôôèííûõ ïðåîáðàçîâàíèé
A1, A2 : Fn2 → Fn2 , òàêèõ, ÷òî G(x) = A2(F (A1(x))) äëÿ âñåõ x ∈ Fn2 . Àôôèííîå ïðåîá-
ðàçîâàíèå � ýòî îòîáðàæåíèå âèäà A(x) =Mx+ b, ãäå M ∈ GL(n, 2)�íåâûðîæäåííàÿ
ìàòðèöà; b ∈ Fn2 � âåêòîð.
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Çàìå÷àíèå 4. Ïîìèìî ðàññìàòðèâàåìûõ â äàííîé ðàáîòå ïîäñòàíîâîê, ïîäõîä,
èçëîæåííûé äàëåå, ïðèìåíèì äëÿ ðÿäà ïîäñòàíîâîê, òàêæå èìåþùèõ TU -ïðåäñòàâ-
ëåíèå, íàïðèìåð, äëÿ ïîäñòàíîâêè ïðîñòðàíñòâà F8

2, èñïîëüçóåìîé â îòå÷åñòâåííûõ
ñòàíäàðòèçèðîâàííûõ ñèììåòðè÷íûõ àëãîðèòìàõ [29] (ðèñ. 4), à òàêæå ïîäñòàíîâêè èç
ðàáîòû [30] (ðèñ. 5).

Ðèñ. 4. Ïîäñòàíîâêà àëãîðèòìà ¾Êóçíå÷èê¿ [29]

x 1 x 2

y1 y2

 1

2

-1

-1

x

x

^

^

Ðèñ. 5. Ïîäñòàíîâêà èç ðàáîòû [30]

4. Ñëîæíîñòü ðåàëèçàöèè íåêîòîðûõ êëàññîâ
íåëèíåéíûõ áèåêòèâíûõ ïðåîáðàçîâàíèé

4.1. Ñ ë î æ í î ñ ò ü ç à ä à í è ÿ ô ó í ê ö è é í à ä ï î ë å ì F22

â í î ð ì à ë ü í î ì á à ç è ñ å

Ïîëå F22 çàäàåòñÿ åäèíñòâåííûì íåïðèâîäèìûì ìíîãî÷ëåíîì âòîðîé ñòåïåíè
x2 + x + 1 íàä ïîëåì F2. Äëÿ òîãî ÷òîáû ïîñòðîèòü ïîëå F(22)2 , íåîáõîäèìî âûáðàòü
íåïðèâîäèìûé ìíîãî÷ëåí ñòåïåíè 2 íàä ïîëåì F22 .

Èçâåñòíî, ÷òî ìíîãî÷ëåí x2+x+ε íåïðèâîäèì íàä ïîëåì F2n òîãäà è òîëüêî òîãäà,

êîãäà tr(ε) = 1, ãäå ÷åðåç tr
Fqm

Fq
: Fqm → Fq (èëè ïðîñòî tr) îáîçíà÷åí ñëåä èç ïî-

ëÿ Fqm â ïîëå Fq, ñòàâÿùèé â ñîîòâåòñòâèå ïðîèçâîëüíîìó ýëåìåíòó α ∈ Fqm ýëåìåíò

tr
Fqm

Fq
(α) = α+αq + . . . +αq

m−1
[31]. Ïðîèçâîëüíûé ìíîãî÷ëåí f(x) = ax2+ bx+ c, ó êî-

òîðîãî a, b ̸= 0, ìîæíî ïðèâåñòè ê ýòîé ôîðìå, âûïîëíèâ ïðåîáðàçîâàíèå (a/b2)f(bx/a).
Áóäåì â äàëüíåéøåì ðàññìàòðèâàòü òîëüêî ìíîãî÷ëåíû òàêîãî âèäà.

Çäåñü è äàëåå, åñëè íå ñêàçàíî èíîå, ýëåìåíòû ïîëÿ F2 áóäåì îáîçíà÷àòü êóðñèâíûì
øðèôòîì a, b, c, ýëåìåíòû ïîëÿ F22 �ïðÿìûì a, b, c, áàçèñíûå âåêòîðû� ãðå÷åñêèìè
áóêâàìè α, β, γ, ýëåìåíòû ïîëÿ F(22)2 �æèðíûì ïðÿìûì øðèôòîì a,b, c, à åãî áàçèñ-
íûå âåêòîðû� ãðå÷åñêèìè æèðíûìè áóêâàìè α,β, γ.

Â ðàáîòå [32] ïðåäëàãàåòñÿ ñëåäóþùèé ñïîñîá ðåàëèçàöèè îïåðàöèé â ïîëå F22 .
Ïóñòü e(x) = x2 + x + 1 è åãî êîðíåì ÿâëÿåòñÿ ýëåìåíò α. Òîãäà α2 + α = 1 è α3 = 1,
à òàêæå α3 = α2 + α. Ðàññìîòðèì íîðìàëüíûé áàçèñ {α, α2}. Ñëåäóþùèå ðåçóëüòàòû
íàïðÿìóþ ñëåäóþò èç ðàáîòû [32].

Ïðåäëîæåíèå 1. Ïóñòü ¾·¿� îïåðàöèÿ óìíîæåíèÿ â F22 , òîãäà äëÿ x, y ∈ F22

CΩ(x · y;F22 ; Norm) ⩽ 7, DΩ(x · y;F22 ; Norm) ⩽ 3.
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Äåéñòâèòåëüíî, ñîãëàñíî [32]: ïóñòü a = a0α + a1α
2, b = b0α + b1α

2, c = c0α + c1α
2,

a · b = c. Òîãäà

a · b =
(
a0α + a1α

2
) (
b0α + b1α

2
)
=

= ((a0 + a1)(b0 + b1) + a0b0)α + ((a0 + a1)(b0 + b1) + a1b1)α
2 = c0α + c1α

2.

Ïðåäëîæåíèå 2. Ïóñòü α, α2 � ýëåìåíòû ïîëÿ F22 , çàäàþùèå åãî íîðìàëüíûé
áàçèñ, òîãäà äëÿ x ∈ F22 èìååò ìåñòî: CΩ(x · α;F22 ; Norm) = CΩ(x · α2;F22 ; Norm) = 1,
DΩ(x · α;F22 ; Norm) = DΩ(x · α2;F22 ; Norm) = 1.

Äîêàçàòåëüñòâî ñëåäóåò èç ôîðìóë [32]

αa = a1α + (a0 + a1)α
2, α2a = (a0 + a1)α + a0α

2.

Ïðåäëîæåíèå 3. Äëÿ x ∈ F22 âûïîëíÿåòñÿ

CΩ(x
2;F22 ; Norm) = 0, DΩ(x

2;F22 ; Norm) = 0.

Âåðíîñòü ïðåäëîæåíèÿ 3 ñëåäóåò èç äâóõ êëþ÷åâûõ íàáëþäåíèé. Âî-ïåðâûõ, îïå-
ðàöèÿ âîçâåäåíèÿ â êâàäðàò ÿâëÿåòñÿ ýíäîìîðôèçìîì Ôðîáåíèóñà. Âî-âòîðûõ, â F22

âûïîëíåíî ðàâåíñòâî x2 = x−1.

4.2. Ñ ë î æ í î ñ ò ü ç à ä à í è ÿ ô ó í ê ö è é í à ä ï î ë å ì F(22)2

â ï î ë è í î ì è à ë ü í î ì á à ç è ñ å

Â ðàáîòå [33] ïîëå F(22)2 ïðåäëàãàåòñÿ ðàññìàòðèâàòü â ïîëèíîìèàëüíîì áàçè-
ñå {1,β}, êîòîðûé áóäåì îáîçíà÷àòü Poly. Ïîëå F(22)2 ñòðîèòñÿ ñ èñïîëüçîâàíèåì íåïðè-

âîäèìîãî ìíîãî÷ëåíà g(x) = x2 + x+ α, ãäå α ÿâëÿåòñÿ áàçèñíûì ýëåìåíòîì ïîëÿ F22

â íîðìàëüíîì áàçèñå. Àíàëîãè÷íî ñêàçàííîìó âûøå, íåïðèâîäèìîñòü ìíîãî÷ëåíà g(x)
ñëåäóåò èç [31, ñëåäñòâèå 3.79, ñ. 163] è òîãî ôàêòà, ÷òî tr(α) ̸= 0.

Ïðèâåä¼ì íåêîòîðûå ðåçóëüòàòû, ñëåäóþùèå èç [33]. Ïóñòü a=a0+a1β, b=b0+b1β,
ai, bi ∈ F22 , i = 1, 2.

Ïðåäëîæåíèå 4. Ïóñòü ¾·¿� îïåðàöèÿ óìíîæåíèÿ â ïîëå F(22)2 , çàäàâàåìîì

íåïðèâîäèìûì ìíîãî÷ëåíîì g(x) = x2 + x+ α â ïîëèíîìèàëüíîì áàçèñå {1,β}. Òîãäà
äëÿ x, y ∈ F(22)2 èìååò ìåñòî CΩ

(
x · y;F(22)2 ; Poly

)
⩽ 30, DΩ

(
x · y;F(22)2 ; Poly

)
⩽ 5.

Äîêàçàòåëüñòâî. Ïîëíîå äîêàçàòåëüñòâî ïðèâåäåíî äëÿ íàãëÿäíîñòè. Äëÿ ïî-
ñëåäóþùèõ ïðåäëîæåíèé ñïðàâåäëèâà òàêàÿ æå ñõåìà äîêàçàòåëüñòâà.

Ðàññìîòðèì äâà ýëåìåíòà a,b ∈ F(22)2 , ïðåäñòàâèìûå â âèäå

a = a0 + a1β, b = b0 + b1β,

ãäå a0, a1, b0, b1 ∈ F22 è ïðåäñòàâëåíû â íîðìàëüíîì áàçèñå; β�êîðåíü íåïðèâîäèìîãî
ìíîãî÷ëåíà g(x), óäîâëåòâîðÿþùèé ñîîòíîøåíèþ β2 = β + α (òàê êàê g(β) = 0).

Ïðîèçâåäåíèå c = a · b ðàñêðûâàåòñÿ ñëåäóþùèì îáðàçîì:

a · b = (a0 + a1β)(b0 + b1β) = a0b0 + a0b1β + a1b0β + a1b1β
2.

Ïîäñòàâëÿåì β2 = β + α:

a · b = a0b0 + a0b1β + a1b0β + a1b1(β + α).

Ãðóïïèðóåì ÷ëåíû ñ β è ñâîáîäíûå ÷ëåíû:

a · b = (a0b0 + a1b1α) + (a0b1 + a1b0 + a1b1)β.
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Îáîçíà÷èì êîýôôèöèåíòû ïðè ñâîáîäíîì ÷ëåíå è β ñîîòâåòñòâåííî:

c0 = a0b0 + a1b1α, c1 = a0b1 + a1b0 + a1b1.

Êîýôôèöèåíò c0 âû÷èñëÿåòñÿ ïî ôîðìóëå c0 = a0b0 + a1b1α, ãäå

� a0b0 è a1b1 � îïåðàöèè óìíîæåíèÿ â ïîäïîëå F22 ;
� (a1b1)α� îïåðàöèÿ óìíîæåíèÿ íà êîíñòàíòó α â ïîäïîëå F22 ;
� (a0b0) + (a1b1α)� îïåðàöèÿ ñëîæåíèÿ â ïîäïîëå F22 .

Òîãäà, ó÷èòûâàÿ, ÷òî:

� óìíîæåíèå â F22 èìååò êîìáèíàöèîííóþ ñëîæíîñòü CΩ(x · y;F22 ; Norm) ⩽ 7 è ãëó-
áèíó DΩ(x · y;F22 ; Norm) ⩽ 3 (ñì. ïðåäëîæåíèå 1);

� óìíîæåíèå íà êîíñòàíòó α â F22 èìååò êîìáèíàöèîííóþ ñëîæíîñòü CΩ(x · α;F22 ;
Norm) = 1 è ãëóáèíó DΩ(x · α;F22 ; Norm) = 1 (ñì. ïðåäëîæåíèå 2);

� ñëîæåíèå â F22 èìååò ñëîæíîñòü CΩ(x + y;F22 ; Norm) = 2 è ãëóáèíó DΩ(x + y;F22 ;
Norm) = 1,

ïîëó÷àåì, ÷òî äëÿ c0:

CΩ

(
c0;F(22)2 ; Poly

)
⩽ 2 · 7 + 1 + 2 = 17,

DΩ

(
c0;F(22)2 ; Poly

)
⩽ max

{
DΩ (x · y;F22 ; Norm) +DΩ(x+ y;F22 ; Norm),

DΩ (x · y;F22 ; Norm) +DΩ (x · α;F22 ; Norm) +DΩ(x+ y;F22 ; Norm)
}
⩽ max{4, 5} = 5.

Êîýôôèöèåíò c1 ïîñëå óïðîùåíèé ìîæåò áûòü âû÷èñëåí ïî ôîðìóëå

c1 = (a0 + a1) (b0 + b1) + a0b0,

ãäå

� a0 + a1, b0 + b1, ((a0 + a1) (b0 + b1)) + (a0b0)� îïåðàöèè ñëîæåíèÿ â ïîäïîëå F22 ;
� (a0 + a1)(b0 + b1)� îïåðàöèÿ óìíîæåíèÿ â ïîäïîëå F22 ;
� a0b0 � îïåðàöèÿ óìíîæåíèÿ â ïîäïîëå F22 , óæå âûïîëíåííàÿ ïðè âû÷èñëåíèè êî-

ýôôèöèåíòà c0.

Òàêèì îáðàçîì, äëÿ c1:

CΩ

(
c1;F(22)2 ; Poly

)
⩽

⩽ 2CΩ(x+ y;F22 ; Norm) + CΩ(x · y;F22 ; Norm) + CΩ(x+ y;F22 ; Norm) = 13,

DΩ

(
c1;F(22)2 ; Poly

)
⩽

⩽ max
{
DΩ(x+ y;F22 ; Norm) +DΩ(x · α;F22 ; Norm) +DΩ(x+ y;F22 ; Norm),

DΩ(x · y;F22 ; Norm), DΩ(x+ y;F22 ; Norm)
}
⩽ 5.

Îïåðàöèÿ óìíîæåíèÿ a · b òðåáóåò âû÷èñëåíèÿ c0 è c1. Ñëîæíîñòü è ãëóáèíà îöå-
íèâàþòñÿ ñëåäóþùèì îáðàçîì:

CΩ

(
a · b;F(22)2 ; Poly

)
= CΩ(c0;F(22)2 ; Poly) + CΩ(c1;F(22)2 ; Poly) ⩽ 17 + 13 = 30,

DΩ

(
a · b;F(22)2 ; Poly

)
= max(DΩ(c0;F(22)2 ; Poly), DΩ(c1);F(22)2 ; Poly)) ⩽ max(5, 5) = 5.

Ïðåäëîæåíèå 4 äîêàçàíî.
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Çàìåòèì, ÷òî äîêàçàòåëüñòâî ïðåäëîæåíèÿ 4 ÿâëÿåòñÿ ÷èñòî òåõíè÷åñêèì, äëÿ íåãî
äîñòàòî÷íî ðàññìîòðåòü ñëåäóþùóþ ðåàëèçàöèþ îïåðàöèè óìíîæåíèÿ:

a · b = (a0 + a1β) (b0 + b1β) =

= (a0b0 + a1b1α) + ((a0 + a1) (b0 + b1) + a0b0)β = c0 + c1β = c.

Ïðåäëîæåíèå 5. Ïóñòü ïîëå F(22)2 çàäà¼òñÿ íåïðèâîäèìûì ìíîãî÷ëåíîì

g(x) = x2 + x + α â ïîëèíîìèàëüíîì áàçèñå {1,β}. Òîãäà äëÿ x ∈ F(22)2 âûïîëíÿåòñÿ

CΩ

(
x4;F(22)2 ; Poly

)
⩽ 2; DΩ

(
x4;F(22)2 ; Poly

)
= 1.

Äåéñòâèòåëüíî, âîçâåäåíèå â ñòåïåíü 4 ÿâëÿåòñÿ ýíäîìîðôèçìîì Ôðîáåíèóñà è âû-
÷èñëÿåòñÿ ïî ôîðìóëå

a4 = (a0 + a1β)
4 = a0 + a1β

4 = a0 + a1(β + α2 + α) = a0 + a1(β + 1) = (a0 + a1) + a1β.

Âîçâåäåíèå â êâàäðàò âû÷èñëåòñÿ àíàëîãè÷íî, îòêóäà ñëåäóåò

Ïðåäëîæåíèå 6. Ïóñòü ïîëå F(22)2 çàäà¼òñÿ íåïðèâîäèìûì ìíîãî÷ëåíîì

g(x) = x2 + x + α â ïîëèíîìèàëüíîì áàçèñå {1,β}. Òîãäà äëÿ x ∈ F(22)2 èìååò ìå-

ñòî CΩ

(
x2;F(22)2 ; Poly

)
⩽ 3; DΩ

(
x2;F(22)2 ; Poly

)
⩽ 2.

Îáðàòíûé ýëåìåíò â ïîëå ìîæíî âû÷èñëèòü ñ èñïîëüçîâàíèåì àëãîðèòìà Èòî�
Öóäçè [34], â êîòîðîì èñïîëüçóåòñÿ ñëåäóþùåå ñâîéñòâî: äëÿ ëþáîãî íåíóëåâîãî ýëå-
ìåíòà a ∈ F(22)2 âûïîëíÿåòñÿ a5 ∈ F22 . Ýòî ñëåäóåò èç òîãî, ÷òî ìóëüòèïëèêàòèâíàÿ

ãðóïïà F×22 èìååò ïîðÿäîê 3, à, ïîñêîëüêó a15 = 1, òî (a5)
3
= 1, ÷òî îçíà÷àåò a5 ∈ F22 .

Òàêèì îáðàçîì, ðåàëèçàöèÿ îïåðàöèè îáðàùåíèÿ â F(22)2 ñâîäèòñÿ ê ðåàëèçàöèè îïå-
ðàöèè îáðàùåíèÿ â ïîäïîëå:

a−1 =
(
aa4
)−1

a4 =
(
(a0 + a1β)

(
a0 + a1β

4
))−1 (

a0 + a1β
4
)
=

=
(
a0(a0 + a1) + a21α

)−1
((a0 + a1) + a1β) = d0 + d1β.

Âû÷èñëÿÿ âûðàæåíèÿ äëÿ çíà÷åíèé êîýôôèöèåíòîâ d0 è d1, ïîëó÷àåì

Ïðåäëîæåíèå 7. Ïóñòü ïîëå F(22)2 çàäà¼òñÿ íåïðèâîäèìûì ìíîãî÷ëåíîì

g(x) = x2 + x + α â ïîëèíîìèàëüíîì áàçèñå {1,β}. Òîãäà äëÿ x ∈ F(22)2 âûïîëíÿåòñÿ

CΩ

(
x−1;F(22)2 ; Poly

)
⩽ 26; DΩ

(
x−1;F(22)2 ; Poly

)
⩽ 8.

Òàê êàê â ðàìêàõ äàííîé ðàáîòû ìû îãðàíè÷èâàåìñÿ âûáîðîì òîëüêî ìîíîìè-
àëüíûõ ïàðàìåòðîâ â ïàðàìåòðè÷åñêèõ ñåìåéñòâàõ òèïîâ ¾À¿ è ¾Á¿ äëÿ ïîñòðîåíèÿ
ïîäñòàíîâîê ïðîñòðàíñòâà F8

2, òî íàéä¼ì ñëîæíîñòè ðåàëèçàöèè âñåõ ïîäñòàíîâîê âè-
äà xi, i = 1, . . . , 15. Âñå òàêèå ïîäñòàíîâêè ðàçáèâàþòñÿ íà äâà êëàññà: ëèíåéíûå ïðè
i ∈ {1, 2, 4, 8} è íåëèíåéíûå ïðè i ∈ {7, 11, 13, 14}.

Ñíà÷àëà ðàññìîòðèì ïîäñòàíîâêó x8.

Ïðåäëîæåíèå 8. Ïóñòü ïîëå F(22)2 çàäà¼òñÿ íåïðèâîäèìûì ìíîãî÷ëåíîì

g(x) = x2 + x + α â ïîëèíîìèàëüíîì áàçèñå {1,β}. Òîãäà äëÿ x ∈ F(22)2 èìååò ìå-

ñòî CΩ

(
x8;F(22)2 ; Poly

)
⩽ 3; DΩ

(
x8;F(22)2 ; Poly

)
⩽ 2.

Äîêàçàòåëüñòâî ñëåäóåò èç ñëåäóþùåé öåïî÷êè ðàâåíñòâ:

a8 = (a4)2 = ((a0+a1)+a1β)
2 = (a20+a21)+a21β

2 = (a20+a21)+a21(β+α) = (a20+a21α
2)+a21β.
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Öèêëîìàòè÷åñêèé êëàññ ýëåìåíòà α â ìóëüòèïëèêàòèâíîé ãðóïïå êîíå÷íîãî ïî-
ëÿ F2n îáðàçóþò âñå ýëåìåíòû âèäà α2k äëÿ k ⩾ 0, ñîîòâåòñòâóþùèå ñîïðÿæ¼ííûì
ýëåìåíòàì îòíîñèòåëüíî ýíäîìîðôèçìà Ôðîáåíèóñà ϕ(x) = x2. Äëÿ ïîäñòàíîâîê â ïî-
ëå F24 âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ âíóòðè îäíîãî öèêëîìàòè÷åñêîãî êëàññà:

x14 = x−1, x13 = (x−1)2 = x−2, x11 = (x−1)4 = x−4, x7 = (x−1)8 = x−8.

Äàííûå ðàâåíñòâà ñëåäóþò èç òîãî, ÷òî â ìóëüòèïëèêàòèâíîé ãðóïïå ïîëÿ F×24 ïîðÿä-
êà 15 âûïîëíÿåòñÿ x15 = 1 äëÿ âñåõ x ̸= 0, ñëåäîâàòåëüíî x−k ≡ x15−k, ãäå 1 ⩽ k < 15.

Ïðåäëîæåíèå 9. Ïóñòü ïîëå F(22)2 çàäà¼òñÿ íåïðèâîäèìûì ìíîãî÷ëåíîì

g(x) = x2 + x+ α â ïîëèíîìèàëüíîì áàçèñå {1,β}. Òîãäà äëÿ x ∈ F(22)2 âûïîëíÿåòñÿ

CΩ

(
x13;F(22)2 ; Poly

)
⩽ 29, DΩ

(
x13;F(22)2 ; Poly

)
⩽ 8;

CΩ

(
x11;F(22)2 ; Poly

)
⩽ 26, DΩ

(
x11;F(22)2 ; Poly

)
⩽ 8;

CΩ

(
x7;F(22)2 ; Poly

)
⩽ 29, DΩ

(
x7;F(22)2 ; Poly

)
⩽ 8.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ñîîòíîøåíèå x11 = (x−1)4 è ïðåäëîæåíèÿ 3, 5 è 7,
ïîëó÷àåì

a11 = (a−1)4 =
[(
a0(a0 + a1) + a21α

)−1
((a0 + a1) + a1β)

]4
=

=
(
a0(a0 + a1) + a21α

)−4 (
(a0 + a1) + a1β

4
)
=
(
a0(a0 + a1) + a21α

)−1 (
(a0 + a1) + a1β

4
)
=

=
(
a0(a0 + a1) + a21α

)−1
(a0 + a1β) .

Äåéñòâèòåëüíî:

� ýëåìåíò (a0(a0 + a1) + a21α) = a5 ïðèíàäëåæèò ïîäïîëþ F22 (ïðåäëîæåíèå 7), ìóëü-
òèïëèêàòèâíàÿ ãðóïïà êîòîðîãî èìååò ïîðÿäîê 3;

� β4 = β + 1 (ïðåäëîæåíèå 5).

Äëÿ x13 è x7 äîêàçàòåëüñòâî àíàëîãè÷íî ñ èñïîëüçîâàíèåì ñîîòíîøåíèé x13 = (x−1)2 è
x7 = (x−1)8, ïðè ýòîì ãëóáèíà âû÷èñëåíèé íå ïðåâûøàåò óñòàíîâëåííûõ ãðàíèö áëàãî-
äàðÿ ìóëüòèïëèêàòèâíîé ñòðóêòóðå ïîäïîëÿ F22 . Â êà÷åñòâå ïðèìåðà ðàññìîòðèì x13:

a13 =
(
a14
)2

=
[(
a0(a0 + a1) + a21α

)−1
((a0 + a1) + a1)β

]2
=

=(a20(a
2
0 + a21) + a1α

2)−1((a20 + a21) + a21β
2)=(a20(a

2
0 + a21) + a1α

2)−1((a20 + a21) + a21(β + α))=

=
(
a20(a

2
0 + a21) + a1α

2
)−1 (

a20 + a21α
2 + a21β

)
.

Ïðåäëîæåíèå 9 äîêàçàíî.

Êàê óêàçàíî ðàíåå (çàìå÷àíèå 3), íàñ òàêæå èíòåðåñóåò ôóíêöèÿ x7 + x4 + x. Ðàñ-
ñìîòðèì ñíà÷àëà ôóíêöèþ x4 + x:

a4 + a = (a0 + a1) + a1β + a0 + a1β = a1.

Òîãäà î÷åâèäíî

Ïðåäëîæåíèå 10. Ïóñòü ïîëå F(22)2 çàäà¼òñÿ íåïðèâîäèìûì ìíîãî÷ëåíîì

g(x) = x2 + x + α â ïîëèíîìèàëüíîì áàçèñå {1,β}. Òîãäà äëÿ x ∈ F(22)2 âûïîëíÿåòñÿ

CΩ

(
x7 + x4 + x;F(22)2 ; Poly

)
⩽ 31; DΩ

(
x7 + x4 + x;F(22)2 ; Poly

)
⩽ 9.
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4.3. Ñ ë î æ í î ñ ò ü ç à ä à í è ÿ ô ó í ê ö è é í à ä ï î ë å ì F(22)2

â í î ð ì à ë ü í î ì è ñ ì å ø à í í î ì á à ç è ñ à õ

Ïóñòü ýëåìåíòû ïîëÿ F(22)2 çàäàþòñÿ â íîðìàëüíîì áàçèñå. Èçâåñòíî, ÷òî ñ èñïîëü-
çîâàíèåì íîðìàëüíîãî áàçèñà ýôôåêòèâíî ðåàëèçóåòñÿ ýíäîìîðôèçì Ôðîáåíèóñà. Ýòî
ïîçâîëÿåò ïðåäëîæèòü, ÷òî ðåàëèçàöèÿ îïåðàöèè îáðàùåíèÿ íåíóëåâûõ ýëåìåíòîâ x−1

èìååò ìåíüøóþ ñëîæíîñòü.
Êàê è â ðàáîòå [8], ðàññìîòðèì íîðìàëüíûé áàçèñ {β,β4}, ãäå β�êîðåíü íåïðèâî-

äèìîãî íàä F22 ìíîãî÷ëåíà x
2+x+α. Çäåñü, êàê è âûøå, α� îáðàçóþùèé íîðìàëüíîãî

áàçèñà F22 . Ïóñòü a = a0β + a1β
4 �ïðîèçâîëüíûé íåíóëåâîé ýëåìåíò ïîëÿ F(22)2 . Îá-

ðàòíûé ýëåìåíò â ïîëå âû÷èñëÿåòñÿ ïî ôîðìóëå

a−1 =
(
aa4
)−1

a4 =
((
a0β + a1β

4
) (

a1β + a0β
4
))−1 (

a1β + a0β
4
)
=

=
(
a0a1 + (a0 + a1)

2α
)−1 (

a1β + a0β
4
)
= d0β + d1β

4.

Çàïèñàâ ÿâíûå âûðàæåíèÿ äëÿ d0 è d1, ïîëó÷àåì

Ïðåäëîæåíèå 11. Ïóñòü ïîëå F(22)2 çàäà¼òñÿ íåïðèâîäèìûì ìíîãî÷ëåíîì

g(x) = x2 + x + α â íîðìàëüíîì áàçèñå {β,β4}. Òîãäà äëÿ x ∈ F(22)2 èìååò ìåñòî

CΩ

(
x−1;F(22)2 ; Norm

)
⩽ 26; DΩ

(
x−1;F(22)2 ; Norm

)
⩽ 7.

Òàêèì îáðàçîì, èñïîëüçîâàíèå íîðìàëüíîãî áàçèñà ïîçâîëÿåò ñîêðàòèòü ãëóáèíó
ôóíêöèè, ðåàëèçóþùåé âû÷èñëåíèå îáðàòíîãî ýëåìåíòà â ïîëå, íà 1.

Â ðàáîòå [18] ïðåäëàãàåòñÿ ðàññìàòðèâàòü ñìåøàííûå áàçèñû äëÿ ðåàëèçàöèè îïå-
ðàöèé â ïîëå. Èñïîëüçîâàíèå ðàçíûõ áàçèñîâ äëÿ ðàçíûõ îïåðàöèé ìîæåò ïðèâåñòè
ê óìåíüøåíèþ ãëóáèíû ñõåìû, ðåàëèçóþùåé ïîäñòàíîâêó â öåëîì. Íàïðèìåð, ñëåäóþ-
ùàÿ ôîðìóëà îïèñûâàåò ñïîñîá ðåàëèçàöèè ïîäñòàíîâêè îáðàùåíèÿ íåíóëåâûõ ýëåìåí-
òîâ, çàäàííûõ â íîðìàëüíîì áàçèñå, òàê, ÷òî ðåçóëüòàò ïðåäñòàâëåí â ïîëèíîìèàëüíîì
áàçèñå:

a−1 =
(
aa4
)−1

a4 =
((
a0β + a1β

4
) (

a1β + a0β
4
))−1 (

a1β + a0β
4
)
=

=
(
a0a1 + (a0 + a1)

2α
)−1

((a1 + a0) + a0β) = d0 + d1β.

Çäåñü d0 è d1 �êîýôôèöèåíòû â ïîëíèíîìèàëüíîì áàçèñå. Òàêîå ïðåäñòàâëåíèå íå
ïðèâîäèò ê óâåëè÷åíèþ ñëîæíîñòè ôîðìóëû. Äëÿ ñìåøàííûõ áàçèñîâ áóäåì èñïîëü-
çîâàòü îáîçíà÷åíèÿ PtN (Polynomialal to Normal) è NtP (Normal to Polynomial) äëÿ
ôóíêöèé, çàäàâàåìûõ â îäíîì áàçèñå, ðåçóëüòàò êîòîðûõ ïðåäñòàâëÿåòñÿ â äðóãîì áà-
çèñå. Â êà÷åñòâå ïîëèíîìèàëüíîãî áàçèñà âåçäå äàëåå áóäåì ðàññìàòðèâàòü {1,β}, à
â êà÷åñòâå íîðìàëüíîãî � áàçèñ {β,β4}.

Ïðåäëîæåíèå 12 [18]. Äëÿ x ∈ F(22)2 âûïîëíåíî CΩ

(
x−1;F(22)2 ; NtP

)
⩽ 26;

DΩ

(
x−1;F(22)2 ; NtP

)
⩽ 7.

Íàéä¼ì ñëîæíîñòü ðåàëèçàöèè âñåõ ìîíîìèàëüíûõ ïîäñòàíîâîê. Âîçâåäåíèå â ñòå-
ïåíü 4 âû÷èñëÿåòñÿ ïî ôîðìóëå

a4 =
(
a0β + a1β

4
)4

= a1β + a0β
4.

Åñëè íåîáõîäèìî, ÷òîáû ðåçóëüòàò áûë ïðåäñòàâëåí â ïîëèíîìèàëüíîì áàçèñå, òî ïî-
ëó÷àåì

a4 =
(
a0β + a1β

4
)4

= a1β + a0β
4 = a1β + a0(β + 1) = a0 + (a0 + a1)β.

Îòñþäà âåðíî
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Ïðåäëîæåíèå 13. Äëÿ x ∈ F(22)2

CΩ

(
x4;F(22)2 ; Norm

)
= 0, DΩ

(
x4;F(22)2 ; Norm

)
= 0,

CΩ

(
x4;F(22)2 ; NtP

)
⩽ 2, DΩ

(
x4;F(22)2 ; NtP

)
⩽ 1.

Âîçâåäåíèå â êâàäðàò è ñòåïåíü 8 âû÷èñëÿþòñÿ àíàëîãè÷íî:

Ïðåäëîæåíèå 14. Äëÿ x ∈ F(22)2

CΩ

(
x2;F(22)2 ; Norm

)
= CΩ

(
x8;F(22)2 ; Norm

)
⩽ 4,

DΩ

(
x2;F(22)2 ; Norm

)
= DΩ

(
x8;F(22)2 ; Norm

)
⩽ 2.

Äîêàçàòåëüñòâî. Äëÿ ýëåìåíòà a = a0β + a1β
4 ∈ F(22)2 , èñïîëüçóÿ ðàâåíñòâà

β2 = β + α è β8 = β4 + α, ïîëó÷àåì

a2 = (a0β+a1β
4)2 = a20β

2+a21β
8 = a20(β+α)+a21(β

4+α) = (a20α+a21α)β+(a20α
2+a21α

2)β4.

Àíàëîãè÷íî a8 = (a20α
2 + a21α)β + (a20α + a21α

2)β4.
Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà çàìåòèì, ÷òî âû÷èñëåíèå (a20α

2+a21α) ìîæíî ïðî-
èçâåñòè çà òðè (à íå ÷åòûðå) îïåðàöèè, òàê êàê çíà÷åíèå ýòîé ôóíêöèè çàâèñèò îò
ïåðåñåêàþùèõñÿ çíà÷åíèé ïåðåìåííûõ. Ïîñëå ýòîãî çíà÷åíèå (a20α+ a21α

2) âû÷èñëÿåò-
ñÿ óìíîæåíèåì (a20α

2 + a21α) íà α
2, êîòîðîå âîçìîæíî ïðîèçâåñòè çà îäíó îïåðàöèþ.

Äëÿ ïîëó÷åíèÿ îöåíêè ãëóáèíû íåîáõîäèìî ðàññìîòðåòü ãðàô, â êîòîðîì
(a20α

2 + a21α) è (a20α + a21α
2)� ýòî äâà íåçàâèñèìûõ ïóòè.

Àíàëîãè÷íî äëÿ ñìåøàííîãî áàçèñà:

Ïðåäëîæåíèå 15. Äëÿ x ∈ F(22)2

CΩ

(
x2;F(22)2 ; NtP

)
= CΩ

(
x8;F(22)2 ; NtP

)
⩽ 4,

DΩ

(
x2;F(22)2 ; NtP

)
= DΩ

(
x8;F(22)2 ; NtP

)
⩽ 2.

Òàêèì îáðàçîì, èñïîëüçîâàíèå íîðìàëüíîãî áàçèñà äëÿ ðåàëèçàöèè ëèíåéíûõ ïîä-
ñòàíîâîê íå ïîâûøàåò ýôôåêòèâíîñòè ïî ñðàâíåíèþ ñ èñïîëüçîâàíèåì ïîëèíîìèàëü-
íîãî áàçèñà.

Îöåíèì ñëîæíîñòü ðåàëèçàöèè ïîäñòàíîâîê x7, x11, x13. Äëÿ ïîëó÷åíèÿ èòîãîâîé
ôîðìóëû, êàê è ðàíåå, íåîáõîäèìî ÿâíî ïîëó÷èòü âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ d0

è d1. Ðàññìîòðèì ñíà÷àëà ñàìûé ïðîñòîé ñëó÷àé:

a11 =
(
a−1
)4

=
(
a0a1 + (a0 + a1)

2α
)−1 (

a0β + a1β
4
)
= d0 + d1β.

Åñëè àðãóìåíò ïîäñòàíîâêè ïðåäñòàâëÿåòñÿ â ïîëèíîìèàëüíîì áàçèñå, òî ïîëó÷àåì

a11 =
(
a−1
)4

=
(
a0a1 + (a0 + a1)

2α
)−1

((a0 + a1) + a0(β + 1)) =

=
(
a0a1 + (a0 + a1)

2α
)−1

(a1 + a0β) = d0 + d1β.

Çàìå÷àíèå 5. Êîìáèíàöèîííàÿ ñëîæíîñòü è ãëóáèíà ôóíêöèè, ðåàëèçóþùåé
ïîäñòàíîâêó x11 â íîðìàëüíîì è ñìåøàííîì áàçèñàõ, ðàâíû ñîîòâåòñòâóþùèì çíà-
÷åíèÿì äëÿ ïîäñòàíîâêè x14.
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Ðàññìîòðèì ïîäñòàíîâêó x13 â íîðìàëüíîì è ñìåøàííîì áàçèñàõ:

a13 =
(
a−1
)2

=
(
a20a

2
1 + (a0 + a1)α

2
)−1 (

a21
(
α2β + αβ4

)
+ a20

(
αβ + α2β4

))
=

=
(
a20a

2
1 + (a0 + a1)α

2
)−1 ((

a20α + a21α
2
)
β +

(
a20α

2 + a21α
)
β4
)
= d0 + d1β.

Äëÿ ïîäñòàíîâêè x7 = (x13)4 ôîðìóëà îñòàíåòñÿ òàêîé æå ñ òî÷íîñòüþ äî ïåðåñòàíîâêè
çíà÷åíèé êîýôôèöèåíòîâ ïðè áàçèñíûõ âåêòîðàõ.

Ïðåäëîæåíèå 16. Äëÿ x ∈ F(22)2

CΩ

(
x13;F(22)2 ; Norm

)
= CΩ

(
x7;F(22)2 ; Norm

)
⩽ 29,

DΩ

(
x13;F(22)2 ; Norm

)
= DΩ

(
x7;F(22)2 ; Norm

)
⩽ 7.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïîêàçàòü, ÷òî çíà÷åíèÿ (a0 + a1)α
2, (a20α + a21α

2),
(a20α

2 + a21α) ìîæíî âû÷èñëèòü çà øåñòü îïåðàöèé â áàçèñå Ω.

Ðàññìîòðèì ñëó÷àé, êîãäà çíà÷åíèå ïîäñòàíîâêè ïðåäñòàâëÿåòñÿ â ïîëèíîìèàëüíîì
áàçèñå:

a13 =
(
a20a

2
1 + (a0 + a1)α

2
)−1 ((

a20α + a21α
2
)
β +

(
a20α

2 + a21α
)
(β + 1)

)
=

=
(
a20a

2
1 + (a0 + a1)α

2
)−1 ((

a20α
2 + a21α

)
+
(
a20 + a21

)
β
)
= d0 + d1β.

Çàìå÷àíèå 6. Êîìáèíàöèîííàÿ ñëîæíîñòü è ãëóáèíà ôóíêöèé, ðåàëèçóþùèõ
ïîäñòàíîâêè x13 è x7 â íîðìàëüíîì áàçèñå, ðàâíû ñîîòâåòñòâóþùèì çíà÷åíèÿì â ñìå-
øàííîì áàçèñå.

Ïðèâåä¼ì ôîðìóëó èç [18], ïîçâîëÿþùóþ ïîëó÷èòü çíà÷åíèå â íîðìàëüíîì áàçèñå
äëÿ îïåðàöèè óìíîæåíèÿ â ïîëå ýëåìåíòîâ, ïðåäñòàâëåííûõ â ïîëèíîìèàëüíîì áàçèñå:

a ·b = (a0+a1β)(b0+b1β) = [(a0 + a1)(b0 + b1) + a1b1α]β+(a0b0+a1b1α)β
4 = d0+d1β.

Ïðåäëîæåíèå 17. Äëÿ x, y ∈ F(22)2 âûïîëíåíî

CΩ

(
x · y;F(22)2 ; PtN

)
⩽ 26; DΩ

(
x · y;F(22)2 ; PtN

)
⩽ 5.

Òàêîå ïðåäñòàâëåíèå èìååò êîìáèíàöèîííóþ ñëîæíîñòü íà 4 ìåíüøå, ÷åì â ñëó÷àå
ïîëèíîìèàëüíîãî áàçèñà, îäíàêî îáå ðåàëèçàöèè èìåþò ðàâíóþ ãëóáèíó.

4.4. Ñ ë î æ í î ñ ò ü ç à ä à í è ÿ ô ó í ê ö è é í à ä ï î ë å ì F(22)2

ñ è ñ ï î ë ü ç î â à í è å ì P R R - è R R B - ï ð å ä ñ ò à â ë å í è é

Ïóñòü f(x) = x4 + x3 + x2 + x + 1�íåïðèâîäèìûé ìíîãî÷ëåí íàä ïîëåì F2 è β�
åãî êîðåíü â ìèíèìàëüíîì ïîëå ðàçëîæåíèÿ. Òîãäà {β0,β1,β2,β3}�ïîëèíîìèàëüíûé
áàçèñ. Ïðè èñïîëüçîâàíèè RRB-ïðåäñòàâëåíèÿ ýëåìåíòû ïîëÿ ïðåäñòàâëÿþòñÿ â âèäå
ëèíåéíîé êîìáèíàöèè ýëåìåíòîâ ìíîæåñòâà {β0,β1,β2,β3,β4}. Î÷åâèäíî, ÷òî ýëåìåí-
òû ïîëÿ ïðåäñòàâëÿþòñÿ íå åäèíñòâåííûì îáðàçîì.

Äëÿ òàêîãî ïðåäñòàâëåíèÿ îïåðàöèÿ óìíîæåíèÿ ðåàëèçóåòñÿ ñëåäóþùèì îáðàçîì:
ïóñòü a = a0 + a1β + . . . + a4β

4, b = b0 + b1β + . . . + b4β
4. Òîãäà d = a · b, d = d0 +

+ d1β + . . .+ d4β
4 âû÷èñëÿþòñÿ ïî ôîðìóëàì [18]

d0 = (a1 + a3)(b1 + b4) + (a2 + a3)(b2 + b3),

d1 = (a0 + a1)(b0 + b1) + (a2 + a4)(b2 + b4),

d2 = (a0 + a2)(b0 + b2) + (a4 + a4)(b3 + b4),

d3 = (a0 + a3)(b0 + b3) + (a2 + a2)(b1 + b2),

d4 = (a0 + a4)(b0 + b4) + (a3 + a3)(b1 + b3).
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Êîìáèíàöèîííàÿ ñëîæíîñòü òàêîãî ïðåäñòàâëåíèÿ ðàâíà 35, ÷òî áîëüøå àíàëîãè÷íûõ
çíà÷åíèé äëÿ äðóãèõ áàçèñîâ. Â òî æå âðåìÿ ãëóáèíà ôóíêöèè, çàäàþùåé òàêîå ïðåä-
ñòàâëåíèå, ðàâíà 3, ÷òî ÿâëÿåòñÿ íàèìåíüøèì èçâåñòíûì çíà÷åíèåì [18].

Èñïîëüçîâàíèå PRR-ïðåäñòàâëåíèÿ ïîçâîëÿåò ðåàëèçîâûâàòü íåêîòîðûå îïåðàöèè
ýôôåêòèâíåå, ÷åì â ïîëèíîìèàëüíîì, íîðìàëüíîì èëè ñìåøàííûõ áàçèñàõ. Íàïðèìåð,
â ðàáîòå [18] ïðèâîäèòñÿ ñïîñîá âû÷èñëåíèÿ îáðàòíîãî ýëåìåíòà â ïîëå.

Ïóñòü a = a0 + a1β + . . .+ a4β
4, b = b0 + b1β + . . .+ b4β

4, a−1 = b. Òîãäà

b0 = (a1 ∨ a4)(a2 ∨ a3),
b1 = ((a4 + 1)(a1 + a2)) ∨ (a0a4(a2 ∨ a3)),
b2 = ((a3 + 1)(a2 + a4)) ∨ (a0a3(a1 ∨ a4)),
b3 = ((a2 + 1)(a1 + a3)) ∨ (a0a2(a1 ∨ a4)),
b4 = ((a1 + 1)(a3 + a4)) ∨ (a0a1(a2 ∨ a3)).

Òàêîå ïðåäñòàâëåíèå âîçìîæíî, òàê êàê â PRR-áàçèñå àðãóìåíòàìè áóëåâîé ôóíêöèè,
çàäàþùåé îïåðàöèþ îáðàùåíèÿ íåíóëåâûõ ýëåìåíòîâ ïîëÿ, ÿâëÿþòñÿ òîëüêî âåêòîðû,
èìåþùèå íóëåâîé äâîè÷íûé âåñ. Ýòî ïîçâîëÿåò îïðåäåëÿòü îñòàëüíûå çíà÷åíèÿ ïðîèç-
âîëüíûì îáðàçîì òàê, ÷òîáû ìèíèìèçèðîâàòü ñëîæíîñòü âû÷èñëåíèé. Áîëåå òîãî, òàê
êàê çíà÷åíèå, çàäàííîå â PRR-ïðåäñòàâëåíèè, òàêæå ÿâëÿåòñÿ RRB-ïðåäñòàâëåíèåì,
òî (êàê è ñäåëàíî àâòîðàìè [18] äëÿ ôóíêöèè âûøå) ìîæíî îòêàçàòüñÿ îò òðåáîâàíèÿ,
÷òî çíà÷åíèå ïîäñòàíîâêè áóäåò èìåòü PRR-ïðåäñòàâëåíèå. Ïðè èñïîëüçîâàíèè PRR-
ïðåäñòàâëåíèÿ ñ p(x) = (x + 1)(x4 + x3 + x2 + x + 1) ýëåìåíò 1 ∈ F24 ìîæåò áûòü
ïðåäñòàâëåí òàê:

� êàê ìíîãî÷ëåí g(x) = x4 + x3 + x2 + x+ 1 (êàíîíè÷åñêîå PRR-ïðåäñòàâëåíèå);
� êàê êîíñòàíòà 1 (âûðîæäåííîå ïðåäñòàâëåíèå).

Ïðè ïîñëåäóþùèõ óìíîæåíèÿõ â ïîëå îáà ïðåäñòàâëåíèÿ âåäóò ñåáÿ èäåíòè÷íî îòíî-
ñèòåëüíî ïðåäñòàâëåíèé ýëåìåíòîâ ïîëÿ, ÷òî ñîõðàíÿåò êîððåêòíîñòü âû÷èñëåíèé.

Êîìáèíàöèîííàÿ ñëîæíîñòü îïåðàöèè îáðàùåíèÿ íåíóëåâûõ ýëåìåíòîâ ïîëÿ ðàâ-
íà 31, ÷òî áîëüøå, ÷åì â ñëó÷àå íîðìàëüíîãî, ïîëèíîìèàëüíîãî è ñìåøàííîãî áàçèñîâ,
îäíàêî ãëóáèíà ôóíêöèè ðàâíà 3.

Çàìåòèì, ÷òî âîçâåäåíèå ýëåìåíòà â ñòåïåíè 2, 4, 8 èìååò êîìáèíàöèîííóþ ñëîæ-
íîñòü è ãëóáèíó, ðàâíûå íóëþ. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî âû÷èñëåíèå çíà÷åíèÿ
ìîíîìèàëüíîé ïîäñòàíîâêè èìååò ñëîæíîñòü è ãëóáèíó, ðàâíóþ àíàëîãè÷íûì çíà÷å-
íèÿì îïåðàöèè âû÷èñëåíèÿ ïîäñòàíîâêè x14.

4.5. Ñ ë î æ í î ñ ò ü ð å à ë è ç à ö è è ì ó ë ü ò è ï ë å ê ñ î ð à MUX

Ðàññìîòðèì òðóäî¼ìêîñòü ðåàëèçàöèè ìóëüòèïëåêñîðà, àíàëîãè÷íî [6]. Ñîãëàñíî
îïðåäåëåíèþ ïàðàìåòðè÷åñêèõ ñåìåéñòâ òèïîâ ¾À¿, ¾Á¿ è ¾Ã¿, ïðîèñõîäÿò âû÷èñëå-
íèÿ, àíàëîãè÷íûå ñëåäóþùåìó:

¾Åñëè x1 = 0, òî y = π̂(x0), èíà÷å y = π2(π0(x0) · π1(x1))¿,
ãäå π0, π1, π2, π̂�íåëèíåéíûå áèåêòèâíûå ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà F4

2.
Ðàññìîòðèì ôóíêöèþ-èíäèêàòîð, ïðèíèìàþùóþ çíà÷åíèå 1 â òî÷êå x1 = 0 è íóëå-

âîå çíà÷åíèå âî âñåõ îñòàëüíûõ òî÷êàõ:

Ind0(x1) = x
(1)
1 · x

(2)
1 · x

(3)
1 · x

(4)
1 = x

(1)
1 ∨ x

(2)
1 ∨ x

(3)
1 ∨ x

(4)
1 .

Çäåñü x
(j)
1 , j = 1, . . . , 4, � çíà÷åíèå j-é êîîðäèíàòû âåêòîðà x1 ∈ F4

2. Êîìáèíàöèîí-
íàÿ ñëîæíîñòü âû÷èñëåíèÿ ôóíêöèè èíäèêàòîðà ðàâíà 4, ãëóáèíà ðàâíà 3 (çà ñ÷¼ò
âû÷èñëåíèÿ îïåðàöèè îòðèöàíèÿ).
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Çíà÷åíèå ðàññìàòðèâàåìîé ôóíêöèè ìîæåò áûòü âû÷èñëåíî ïî ôîðìóëå

Ind0(x1) · π̂(x0) + Ind0(x1) · π2(π0(x0) · π1(x1)).

Âû÷èñëåíèå ìîæíî óïðîñòèòü ñëåäóþùèì îáðàçîì:

Ind0(x1) · (π̂(x0) + π2(π0(x0) · π1(0))) + π2(π0(x0) · π1(x1)).

Åñëè π1(0) = 0, ïîñëåäíåå âûðàæåíèå óïðîùàåòñÿ:

Ind0(x1) · (π̂(x0) + π2(0)) + π2(π0(x0) · π1(x1)).

Åñëè π2(0) = 0, òî âûðàæåíèå ïðèíèìàåò ñëåäóþùèé âèä:

Ind0(x1) · π̂(x0) + π2(π0(x0) · π1(x1)). (3)

Ïðåäëîæåíèå 18. Êîìáèíàöèîííàÿ ñëîæíîñòü âû÷èñëåíèÿ çíà÷åíèÿ (3) îöåíè-
âàåòñÿ ñâåðõó âåëè÷èíîé

CΩ (π̂) + CΩ (π2(π0(x0) · π1(x1))) + 12.

Ãëóáèíà ôóíêöèè, ðåàëèçóþùåé (3), ðàâíà

max {4, DΩ (π̂) + 2, DΩ (π2(π0(x0) · π1(x1))) + 1} .

Çàìå÷àíèå 7. Ïðè èñïîëüçîâàíèè PRR-ïðåäñòàâëåíèÿ ñëîæíîñòü è ãëóáèíà
ôîðìóëû, âû÷èñëÿþùåé Ind0(x1), íå èçìåíèòñÿ, òàê êàê íóëåâîå çíà÷åíèå â ýòîì ïðåä-
ñòàâëåíèè çàäàåòñÿ âåêòîðîì èç ïÿòè íóëåé [18], ïðè ýòîì íè îäèí èç äðóãèõ âåêòî-
ðîâ F5

2, çàäàþùèõ ýëåìåíòû ïîëÿ F4
2, íå èìååò â ñâîåé çàïèñè ÷åòûðå íóëÿ íè íà êàêèõ

ïîçèöèÿõ.
Â ñëó÷àå RRB-ïðåäñòàâëåíèÿ êîìáèíàöèîííàÿ ñëîæíîñòü âû÷èñëåíèÿ Ind0(x1) óâå-

ëè÷èòñÿ íà 1, à ãëóáèíà íå èçìåíèòñÿ. Áîëåå òîãî, äëÿ ïîäñòàíîâîê, ñîõðàíÿþùèõ 0
(ìîíîìèàëüíûå ïîäñòàíîâêè ñîõðàíÿþò 0), ìîæíî âû÷èñëÿòü Ind0(x1) îò âõîäíûõ çíà-
÷åíèé, ÷òî äàæå ïðè èñïîëüçîâàíèè PRR-ïðåäñòàâëåíèÿ íå èçìåíèò êîìáèíàöèîííóþ
ñëîæíîñòü (îòíîñèòåëüíî çíà÷åíèÿ, ïîëó÷åííîãî â ïðåäëîæåíèè 18) è ïîçâîëèò ñîêðà-
òèòü ãëóáèíó âñåé ñõåìû öåëèêîì.

Òàêèì îáðàçîì, äëÿ íîðìàëüíîãî è ïîëèíîìèàëüíîãî áàçèñîâ êîìáèíàöèîííàÿ
ñëîæíîñòü âû÷èñëåíèÿ y íà 12 áîëüøå ñëîæíîñòè âû÷èñëåíèÿ îñòàâøèõñÿ ôóíêöèé;
äëÿ PRR- èëè RRB-ïðåäñòàâëåíèé îíà ðàâíà 14.

4.6. Ñ ë î æ í î ñ ò ü ð å à ë è ç à ö è è π̂i

Êàê ñêàçàíî ðàíåå, â ðåçóëüòàòå ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé àëãîðèòìà èç
ðàáîòû [27] âûÿñíèëîñü, ÷òî ïîäñòàíîâêè π̂i, i ∈ {1, 2}, â ïîäàâëÿþùåì áîëüøèíñòâå
àôôèííî ýêâèâàëåíòíû ïîäñòàíîâêàì c ïðåäñòàâèòåëÿìè x14, x7 + x4 + x, ñëîæíîñòü
ðåàëèçàöèè êîòîðûõ óæå îöåíåíà.

Ïðè ðåàëèçàöèè àôôèííî ýêâèâàëåíòíûõ ïîäñòàíîâîê ïîìèìî ôîðìóë x14 è
x7 + x4 + x íåîáõîäèìî âû÷èñëèòü íå áîëåå äâóõ óìíîæåíèé íà îáðàòèìûå ìàòðèöû
èç GL(4, 2) è íå áîëåå äâóõ ñëîæåíèé ñ âåêòîðàìè äëèíû 4.

Ãëóáèíà óìíîæåíèÿ íà ìàòðèöó çàâèñèò îò ìàêñèìàëüíîãî âåñà wmax ñòðîêè ìàò-
ðèöû è ðàâíà ⌈log2wmax⌉. Ýòî çíà÷åíèå âñåãäà ìåíüøå ëèáî ðàâíî 2.

Êîìáèíàöèîííóþ ñëîæíîñòü ìîæíî îöåíèòü ñ èñïîëüçîâàíèåì êîëè÷åñòâà åäèíèö
âî âñåé ìàòðèöå. Ìîæíî ëåãêî ïîêàçàòü, ÷òî êîìáèíàöèîííàÿ ñëîæíîñòü óìíîæåíèÿ
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íà ïðîèçâîëüíóþ (íî ôèêñèðîâàííóþ) îáðàòèìóþ ìàòðèöó íå ïðåâîñõîäèò 9. Äåéñòâè-
òåëüíî, ïðè óìíîæåíèè âåêòîðà èç F4

2 íà ïðîèçâîëüíóþ îáðàòèìóþ (4 × 4)-ìàòðèöó
ìàêñèìàëüíàÿ êîìáèíàöèîííàÿ ñëîæíîñòü íå ïðåâûøàåò äåâÿòè îïåðàöèé ¾⊕¿. Ýòî
äîñòèãàåòñÿ çà ñ÷¼ò îïòèìàëüíîãî âûáîðà ïðåäâû÷èñëÿåìûõ ïàðíûõ ñóìì âõîäíûõ
ïåðåìåííûõ.

Äëÿ ÷åòûð¼õ ïåðåìåííûõ ñóùåñòâóåò C2
4 = 6 âîçìîæíûõ ïîïàðíûõ ñóìì, îäíàêî

â ëþáîì ñëó÷àå äîñòàòî÷íî âû÷èñëèòü òîëüêî ïÿòü èç íèõ. Âûáîð êîíêðåòíûõ ïàð
îïðåäåëÿåòñÿ ñòðóêòóðîé ìàòðèöû. Òàêîå ïðåäâû÷èñëåíèå òðåáóåò ðîâíî ïÿòü îïåðà-
öèé ¾⊕¿.

Äëÿ ñòðîê, ñîäåðæàùèõ ìåíåå òð¼õ åäèíèö, äîïîëíèòåëüíûõ âû÷èñëåíèé íå ïî-
òðåáóåòñÿ. Ïðè âû÷èñëåíèè âûõîäíûõ çíà÷åíèé äëÿ ñòðîê ìàòðèöû, ñîäåðæàùèõ òðè
åäèíèöû, ïîíàäîáèòñÿ îäíà äîïîëíèòåëüíàÿ îïåðàöèÿ ¾⊕¿, åñëè èñïîëüçîâàòü ïðåä-
âû÷èñëåííûå ïàðû. Äëÿ ñòðîê ñ ÷åòûðüìÿ åäèíèöàìè âûõîäíîå çíà÷åíèå ïîëó÷àåòñÿ
ñóììèðîâàíèåì äâóõ ïðåäâû÷èñëåííûõ ïàð, ÷òî äîáàâëÿåò åù¼ îäíó îïåðàöèþ.

Â íàèáîëåå òðåáîâàòåëüíîì ñëó÷àå, êîãäà ìàòðèöà ñîäåðæèò îäíó ñòðîêó ñ ÷åòûðü-
ìÿ åäèíèöàìè è òðè ñòðîêè ñ òðåìÿ åäèíèöàìè, îáùåå êîëè÷åñòâî îïåðàöèé ñîñòàâëÿåò

5 (ïðåäâû÷èñëåíèå)+ 1 (4 åäèíèöû)+ 3× 1 (3 åäèíèöû) = 9 îïåðàöèé ¾⊕¿.

Äëÿ êîíêðåòíûõ ìàòðèö ñëîæíîñòü ìîæåò áûòü íèæå, íî ïðåäñòàâëåííûé ìåòîä ãà-
ðàíòèðóåò, ÷òî â ëþáîì ñëó÷àå äåâÿòè îïåðàöèé ¾⊕¿ äîñòàòî÷íî äëÿ âûïîëíåíèÿ ìàò-
ðè÷íîãî óìíîæåíèÿ íàä F4

2.
Òàêèì îáðàçîì, êîìáèíàöèîííàÿ ñëîæíîñòü âû÷èñëåíèé π̂i, i ∈ {1, 2}, íå ïðåâîñõî-

äèò CΩ(π
′)+26; ãëóáèíà ôîðìóëû íå ïðåâîñõîäèò DΩ(π

′)+6, ãäå π′ ∈ {x14, x7 + x4 + x}.
Çàìå÷àíèå 8. Äëÿ çàäàííîé ïîäñòàíîâêè π̂i ìîãóò ñóùåñòâîâàòü ðàçëè÷íûå àô-

ôèííûå ïðåäñòàâëåíèÿ âèäà

π̂i(x) = A1 ◦ π′ ◦ A2(x) = B1 ◦ π′ ◦ B2(x),

ãäå π′ ∈ {x−1, x7+x4+x}; Ak,Bk, k = 1, 2, � àôôèííûå ïðåîáðàçîâàíèÿ. Ýòî ïîçâîëÿåò
âûáèðàòü ìåæäó ïðåäñòàâëåíèÿìè, îïòèìèçèðîâàííûìè ïî ðàçíûì êðèòåðèÿì: îäíî
ìîæåò ìèíèìèçèðîâàòü êîìáèíàöèîííóþ ñëîæíîñòü, äðóãîå � ãëóáèíó ñõåìû.

4.7. Ñ ë î æ í î ñ ò ü ð å à ë è ç à ö è è ï î ä ñ ò à í î â î ê
è ç ð à ñ ñ ì à ò ð è â à å ì û õ ï à ð à ì å ò ð è ÷ å ñ ê è õ ñ å ì å é ñ ò â

Ðàññìîòðèì ñëîæíîñòü ðåàëèçàöèè ïîäñòàíîâîê èç ïàðàìåòðè÷åñêîãî ñåìåéñòâà òè-
ïà ¾Ã¿, êîòîðûå â òîì ÷èñëå îáîáùàþò ïàðàìåòðè÷åñêèå ïîäñòàíîâêè òèïîâ ¾À¿ è ¾Á¿
â ñëó÷àå ìîíîìèàëüíîãî âûáîðà ïàðàìåòðîâ π1, π2.

Áóäåì ñ÷èòàòü, ÷òî âõîäíûå âåêòîðû çàäàíû â íóæíîì áàçèñå, òàê êàê óìíîæåíèå
êàæäîé èç êîîðäèíàò x1, x2 íà îáðàòèìóþ ìàòðèöó íå èçìåíÿåò å¼ êëàññ ýêâèâàëåíò-
íîñòè, ïðè ýòîì ïðåäñòàâëåíèå îïåðàöèé ïðè èõ çàäàíèè íå êîíêðåòèçèðóåòñÿ.

Ïðîâåä¼ì ðàññóæäåíèÿ àíàëîãè÷íî ðàáîòå [33]. Äëÿ ýòîãî âû÷èñëåíèå âñåõ ïîä-
ñòàíîâîê è îïåðàöèè óìíîæåíèÿ íåîáõîäèìî ïðîâîäèòü â ñìåøàííûõ áàçèñàõ, à âû-
÷èñëåíèå π̂i, i = 1, 2, � â íîðìàëüíîì áàçèñå. Äëÿ ïîäñòàíîâêè èç ïàðàìåòðè÷åñêîãî
ñåìåéñòâà òèïà ¾Ã¿ íåîáõîäèìî ðåàëèçîâàòü äâå ôóíêöèè, êàæäàÿ èç êîòîðûõ ñî-
ñòîèò èç òð¼õ ïîäñòàíîâîê (äâå èç êîòîðûõ ìîíîìèàëüíûå), îïåðàöèè óìíîæåíèÿ è
ìóëüòèïëåêñîðà. Êîìáèíàöèîííàÿ ñëîæíîñòü çàäàíèÿ òàêîé ïîäñòàíîâêè îöåíèâàåòñÿ
ñëåäóþùåé âåëè÷èíîé:

CΩ(x
α) + CΩ(x

β) + CΩ(x
γ) + CΩ(x

δ) + 2CΩ(·) + CΩ (π̂1) + CΩ (π̂2) + 2CΩ(MUX) ⩽

⩽ 4 · CΩ(x
7) + 2CΩ(·) + 2CΩ(x

7 + x4 + x) + 2 · 26 + 2 · 12 = 314.
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Áîëåå òîãî, êàæäàÿ èç ïàð ïîäñòàíîâîê (xα, xγ),
(
xβ, xδ

)
ëèáî ñîäåðæèò îäíó ëèíåé-

íóþ ïîäñòàíîâêó è ðåàëèçàöèÿ ïàðû íå ïðåâûøàåò 29 + 3 îïåðàöèé, ëèáî ñîäåðæèò
äâå íåëèíåéíûå ïîäñòàíîâêè, ôîðìóëû âû÷èñëåíèÿ êîòîðûõ âî ìíîãîì ñîâïàäàþò è
èõ êîìáèíàöèîííàÿ ñëîæíîñòü òàêæå íå ïðåâîñõîäèò 29+3 (ñíà÷àëà âû÷èñëÿåì íåëè-
íåéíóþ, çàòåì âîçâîäèì â ñòåïåíü 2i ïðè íåêîòîðîì i è îïÿòü ïîëó÷àåì äðóãóþ íåëè-
íåéíóþ). Ýòîò ôàêò ïîçâîëÿåò óìåíüøèòü ìàêñèìàëüíîå çíà÷åíèå êîìáèíàöèîííîé
ñëîæíîñòè äî 262.

Ýòà âåëè÷èíà ìîæåò áûòü ñèëüíî çàâûøåííîé. Ðàññìîòðèì ñëåäóþùóþ ïîäñòàíîâ-
êó S(x1, x2) = (y1, y2) [22, 23]:

y1 =

{
x1 · x22, x2 ̸= 0,

x−11 , x2 = 0,

y2 =

{
x−11 · x−12 , x1 ̸= 0,

x−12 , x1 = 0.

(4)

Å¼ êîìáèíàöèîííàÿ ñëîæíîñòü â ðàññìàòðèâàåìîì áàçèñå íå ïðåâîñõîäèò 139.
Îöåíèì ãëóáèíó ôîðìóëû, çàäàþùåé ïîäñòàíîâêó èç ïàðàìåòðè÷åñêîãî ñåìåéñòâà

òèïà ¾Ã¿:

max
{
4, DΩ (π̂1) + 2, DΩ (π̂2) + 2, DΩ

(
xα1 · x

β
2

)
+ 1, DΩ

(
xγ1 · xδ2

)
+ 1
}
⩽

⩽ max
{
4, 8 + 8 + 2,max

{
DΩ (xα1 ) , DΩ

(
xβ2

)
, DΩ (xγ1) , DΩ

(
xδ2
)}

+ 6
}
⩽

⩽ max {4, 8 + 8 + 2, 8 + 6} ⩽ 18.

Ãëóáèíà ôîðìóëû, çàäàþùåé ïîäñòàíîâêó (4), î÷åâèäíî, íå ïðåâûøàåò 14. Èç ýòî-
ãî, â ÷àñòíîñòè, ñëåäóåò, ÷òî äëÿ ðåàëèçàöèè ïîäñòàíîâîê íà ïðîãðàììíî-àïïàðàòíûõ
ïëàòôîðìàõ ñóùåñòâåííûì ÿâëÿåòñÿ âûáîð èìåííî π̂i, i = {1, 2}. Ïðè òîé æå ãëóáèíå
ïîäñòàíîâêà GÃ(x1, x2), îïðåäåë¼ííàÿ íà ñ. 35, èìååò êîìáèíàöèîííóþ ñëîæíîñòü 136.

Â ñëó÷àå, êîãäà âñå i ∈ {α, β, γ, δ}, çàäàþùèå ìîíîìèàëüíûå ïîäñòàíîâêè, ïðè-
íàäëåæàò ìíîæåñòâó {4, 7, 11, 13, 14}, ìîæíî èñïîëüçîâàòü ïðåäñòàâëåíèå ïîäñòàíî-
âîê â íîðìàëüíîì áàçèñå äëÿ óìåíüøåíèÿ ãëóáèíû ñîîòâåòñòâóþùåé öåïî÷êè íà 1.
Ïðè ýòîì êîìáèíàöèîííàÿ ñëîæíîñòü ðåàëèçàöèè êîíêðåòíûõ ïîäñòàíîâîê ìîæåò íå
èçìåíèòüñÿ (1, 7, 11, 13, 14), óìåíüøèòüñÿ (4) èëè óâåëè÷èòüñÿ (2, 8). Èñïîëüçîâàíèå
ñìåøàííûõ áàçèñîâ ïîçâîëÿåò ñîêðàòèòü êîìáèíàöèîííóþ ñëîæíîñòü îïåðàöèè óìíî-
æåíèÿ. Íàïðèìåð, êîìáèíàöèîííàÿ ñëîæíîñòü ïîäñòàíîâêè S (ñ èñïîëüçîâàíèåì ñìå-
øàííûõ áàçèñîâ) â ñëó÷àå çàäàíèÿ àðãóìåíòîâ â íîðìàëüíîì áàçèñå ðàâíà 134 (äâå
äîïîëíèòåëüíûå îïåðàöèè íà âû÷èñëåíèå åäèíè÷íîé ïîäñòàíîâêè â ñìåøàííîì áàçè-
ñå). Ãëóáèíà ôîðìóëû, çàäàþùåé ïîäñòàíîâêó, ðàâíà 13. Ïðè òîé æå ãëóáèíå ïîäñòà-
íîâêà GÃ(x1, x2) èìååò êîìáèíàöèîííóþ ñëîæíîñòü 130.

Ïîëó÷àåòñÿ, ÷òî ïðèìåíåíèå ñìåøàííûõ áàçèñîâ ïîòåíöèàëüíî ïîçâîëÿåò ñíèçèòü
êàê êîìáèíàöèîííóþ ñëîæíîñòü, òàê è ãëóáèíó ôîðìóëû, çàäàþùåé ïîäñòàíîâêó.

Èñïîëüçîâàíèå PRR- è RRB-ïðåäñòàâëåíèé îïðàâäàíî òîëüêî ïðè íåîáõîäèìîñòè
ìèíèìèçàöèè ãëóáèíû ôîðìóëû, çàäàþùåé ïîäñòàíîâêó. Îäíàêî ìîãóò îíè áûòü ïî-
ëåçíû ïðè ðåàëèçàöèè áîëüøîãî êîëè÷åñòâà ëèíåéíûõ ìîíîìèàëüíûõ ïîäñòàíîâîê.
Äîïîëíèòåëüíî íåîáõîäèìî ó÷èòûâàòü òðóäî¼ìêîñòü ïðåîáðàçîâàíèÿ èç ïîëèíîìèàëü-
íîãî/íîðìàëüíîãî áàçèñîâ â ýòè ïðåäñòàâëåíèÿ è îáðàòíî.
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5. Ïðèìåð ïîëó÷åíèÿ îöåíêè êîìáèíàöèîííîé ñëîæíîñòè è ãëóáèíû
ôóíêöèè äëÿ ïîäñòàíîâêè ïðîñòðàíñòâà F8

2, èñïîëüçóåìîé
â îòå÷åñòâåííûõ ñèììåòðè÷íûõ àëãîðèòìàõ

Â ðàáîòå [6] ïîëó÷åíà îöåíêà êîìáèíàöèîííîé ñëîæíîñòè ïîäñòàíîâêè πR, èñïîëü-
çóåìîé â îòå÷åñòâåííîì àëãîðèòìå øèôðîâàíèÿ ñ äëèíîé áëîêà 128 áèò ¾Êóçíå÷èê¿
è â îòå÷åñòâåííîì àëãîðèòìå õåøèðîâàíèÿ ¾Ñòðèáîã¿. Êàê èçâåñòíî [29], ýòà ïîäñòà-
íîâêà èìååò TU -ïðåäñòàâëåíèå è äëÿ íå¼ ïðèìåíèìû ðåçóëüòàòû, ïðåäñòàâëåííûå âû-
øå. Â [6] èñïîëüçîâàí ýâðèñòè÷åñêèé àëãîðèòì ïîèñêà ïðåäñòàâëåíèÿ ïðåîáðàçîâàíèé,
îïðåäåëÿåìûõ TU -ïðåäñòàâëåíèåì, ïîäñòàíîâêè πR. Ñîãëàñíî [29], ïðîèñõîäÿò ñëåäó-
þùèå âû÷èñëåíèÿ:

1) (l ∥ r) := α(l ∥ r);
2) åñëè r = 0, òî l := ν0(l), èíà÷å l := ν1(l · I(r));
3) r := σ(r · φ(l));
4) (l ∥ r) := ω(l ∥ r).
Ïðè ýòîì ν0, ν1, I, σ�íåëèíåéíûå áèåêòèâíûå ôóíêöèè ïðîñòðàíñòâà F4

2;
α, ω ∈ GL(8, 2); φ�íåëèíåéíîå ïðåîáðàçîâàíèå (ïîäðîáíåå ñì. â [29]).

Â [6] äëÿ ðåàëèçàöèè óìíîæåíèÿ â ïîëå èñïîëüçîâàí ïîëèíîìèàëüíûé áàçèñ F24 ,
êîìáèíàöèîííàÿ ñëîæíîñòü êîòîðîãî ñîñòàâëÿåò 31. Âûøå ïîêàçàíî, ÷òî â ïî-
ëå F(22)2 êîìáèíàöèîííàÿ ñëîæíîñòü óìíîæåíèÿ ðàâíà 30. Âîñïîëüçóåìñÿ ýòèì ôàê-
òîì. Äëÿ ýòîãî îïðåäåëèì ïðåîáðàçîâàíèÿ si, sp ∈ GL(4, 2): si�ïîäñòàíîâêà, ñòàâÿùàÿ
â ñîîòâåòñòâèå êàæäîìó ýëåìåíòó x ∈ F24 åãî ïðåäñòàâëåíèå â F(22)2 ; sp = si−1 � îá-
ðàòíîå ïðåîáðàçîâàíèå. Ñòîèò îòìåòèòü, ÷òî ïðåîáðàçîâàíèå si (è, êàê ñëåäñòâèå, sp)
îïðåäåëåíû íåîäíîçíà÷íî � âñåãî ñóùåñòâóåò 8 òàêèõ ïîäñòàíîâîê, îäíàêî ñëåäóþùèå
ðàññóæäåíèÿ âåðíû äëÿ ëþáîé ôèêñàöèè ïîäñòàíîâêè si.

Îïðåäåëèì âñïîìîãàòåëüíîå ïðåîáðàçîâàíèå ν ′0(l) = ν0(l) + ν1(0) è ðàññìîòðèì âû-
÷èñëåíèå ïîäñòàíîâêè πR ñ èñïîëüçîâàíèåì óìíîæåíèÿ â ïîëèíîìèàëüíîì áàçèñå F(22)2 :

1) (l ∥ r) := α(l ∥ r);
2) (l ∥ r) := (si(l) ∥ si(r));
3) l := Ind(r = 0) · ν ′0(sp(l)) + ν1 (sp ((l · si(I(sp(r))))));
4) r := σ (sp(r · si(φ(l))));
5) (l ∥ r) := ω(l ∥ r).
Ïðè ýòîì óìíîæåíèå óæå ïðîèñõîäèò â F(22)2 . Ïðåîáðàçîâàíèÿ, çàäàâàåìûå ïåð-

âûìè äâóìÿ øàãàìè, � íåêîòîðîå íîâîå ëèíåéíîå ïðåîáðàçîâàíèå α̂. Ââåä¼ì òàêæå
ñëåäóþùèå îáîçíà÷åíèÿ:

� Î(x) = si(I(sp(x)));
� ν̂0(x) = ν ′0(sp(x));
� ν̂1(x) = ν1(sp(x));
� φ̂(x) = si(φ(x));
� σ̂(x) = σ(sp(x)).

Òîãäà àëãîðèòì âû÷èñëåíèÿ ïîäñòàíîâêè πR ìîæíî ïåðåïèñàòü òàê:

1) (l ∥ r) := α̂(l ∥ r);
2) l := Ind(r = 0) · ν̂0(l) + ν̂1(l · Î(r));
3) r := σ̂ (r · φ̂(l));
4) (l ∥ r) := ω(l ∥ r).
Äëÿ ïîëó÷åíèÿ îöåíîê êîìáèíàöèîííîé ñëîæíîñòè è ãëóáèíû ôóíêöèè, çàäàþ-

ùåé ïîäñòàíîâêó πR, íåîáõîäèìî íàéòè ñîîòâåòñòâóþùåå âåëè÷èíû äëÿ ôóíêöèé α̂,



Ñëîæíîñòü âû÷èñëåíèÿ íåêîòîðûõ ïîäñòàíîâîê, èìåþùèõ TU -ïðåäñòàâëåíèå 49

Î, ν̂0, ν̂1, φ̂, σ̂. Ïðè ýòîì óæå êîððåêòíî ãîâîðèòü, ÷òî âñå ïðåîáðàçîâàíèÿ âûïîëíÿ-
þòñÿ â ïîëèíîìèàëüíîì áàçèñå (êàê ýëåìåíòû ïðåäñòàâëÿþòñÿ â ïàìÿòè êîìïüþòåðà).
Ñ èñïîëüçîâàíèåì ýâðèñòè÷åñêîãî àëãîðèòìà [7] ïîñòðîåíû óêàçàííûå õàðàêòåðèñòèêè
ñëîæíîñòè (ñì. ïðèëîæåíèå):

CΩ(α̂;F28 ; Poly) = 11, DΩ(α̂;F28 ; Poly) = 5;

CΩ(Î;F24 ; Poly) = 16, DΩ(Î;F24 ; Poly) = 10;

CΩ(ν̂0;F24 ; Poly) = 19, DΩ(ν̂0;F24 ; Poly) = 11;

CΩ(ν̂1;F24 ; Poly) = 11, DΩ(ν̂1;F24 ; Poly) = 7;

CΩ(φ̂;F24 ; Poly) = 16, DΩ(φ̂;F24 ; Poly) = 9;

CΩ(σ̂;F24 ; Poly) = 19, DΩ(σ̂;F24 ; Poly) = 12;

CΩ(ω;F28 ; Poly) = 5, DΩ(ω;F28 ; Poly) = 2.

Îòñþäà ñëåäóåò, ÷òî CΩ(πR;F28 ; Poly) = 169, DΩ(πR;F28 ; Poly) = 55. Òåì æå ñïîñîáîì
ìîæíî ïîëó÷èòü îöåíêó êîìáèíàöèîííîé ñëîæíîñòè è ãëóáèíû ôóíêöèè, ðåàëèçóþ-
ùåé ïîäñòàíîâêó GÃ(x1, x2), ðàâíûå 2 · 30 + 2 · 12 + 2 · 16 = 116 è 7 + 2 + 5 = 14
ñîîòâåòñòâåííî.

Àíàëîãè÷íûå ðåçóëüòàòû, ïîëó÷åííûå ñ ïîìîùüþ ýâðèñòè÷åñêîãî àëãîðèòìà [7]
(îäíàêî áåç ïåðåõîäà â F(22)2), áûëè ïðåäñòàâëåíû êîëëåêòèâîì àâòîðîâ íà êîíôå-
ðåíöèè CTCrypt'23 [35], ãäå îöåíêà êîìáèíàöèîííîé ñëîæíîñòè ñîñòàâèëà 179. Ïîçæå
àâòîðû óëó÷øèëè ðåçóëüòàò è îïóáëèêîâàëè íîâóþ îöåíêó, ðàâíóþ 176 [36].

Çàìåòèì, ÷òî ïîëó÷åííóþ îöåíêó ìîæíî óëó÷øèòü ñëåäóþùèì îáðàçîì: ïóñòü
sl, sk ∈ GL(4, 2). Òîãäà àëãîðèòì âû÷èñëåíèÿ ïîäñòàíîâêè πR ìîæíî ïåðåïèñàòü òàê:

1) (l ∥ r) := α̂(l ∥ r);
2) l := Ind(r = 0) · sl(ν̂0)(l) + sl(ν̂1)(l · Î(r));
3) r := sk(σ̂) (r · sl−1(φ̂)(l));
4) l := sl−1(l)
5) r := sk−1(r)
6) (l ∥ r) := ω(l ∥ r).
Îïðîáóÿ çíà÷åíèÿ ðàçëè÷íûõ sl, sk ∈ GL(4, 2), ìîæíî ïîïûòàòüñÿ óìåíüøèòü îöåí-

êó êîìáèíàöèîííîé ñëîæíîñòè. Òàêæå âîçìîæíî èñïîëüçîâàòü óìíîæåíèå â ñìåøàí-
íîì áàçèñå. Âñ¼ ýòî ÿâëÿåòñÿ íàïðàâëåíèåì äàëüíåéøèõ èññëåäîâàíèé.

Âûâîäû
Â ðàáîòå ðàññìîòðåíû îöåíêè êîìáèíàöèîííîé ñëîæíîñòè è ãëóáèíû ôóíêöèé, ðåà-

ëèçóþùèõ ïîäñòàíîâêè èç ïàðàìåòðè÷åñêîãî ñåìåéñòâà òèïà ¾Ã¿, êîòîðûå â òîì ÷èñëå
îáîáùàþò ïàðàìåòðè÷åñêèå ïîäñòàíîâêè òèïîâ ¾À¿ è ¾Á¿ â ñëó÷àå ìîíîìèàëüíîãî
âûáîðà ïàðàìåòðîâ π1, π2.

Ýòè ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû ïðè ðåàëèçàöèè óêàçàííûõ ïîäñòàíî-
âîê íà ðàçëè÷íûõ ïðîãðàììíûõ è àïïàðàòíûõ ïëàòôîðìàõ. Ïîëó÷åíû òàêæå îöåíêè
êîìáèíàöèîííîé ñëîæíîñòè è ãëóáèíû ôóíêöèè ïîäñòàíîâêè ïðîñòðàíñòâà F8

2 èç îòå-
÷åñòâåííûõ ñòàíäàðòèçèðîâàííûõ àëãîðèòìàõ, ÷òî ìîæåò áûòü ïîëåçíî ïðè èõ ïðî-
ãðàììíîé è àïïàðàòíîé ðåàëèçàöèè äëÿ âûñîêîïðîèçâîäèòåëüíûõ ñèñòåì.

Àâòîðû âûðàæàþò èñêðåííþþ áëàãîäàðíîñòü àíîíèìíîìó ðåöåíçåíòó çà èñêëþ-
÷èòåëüíî ãëóáîêèé è ñîäåðæàòåëüíûé àíàëèç. Ñòîëü âíèìàòåëüíîå ðåöåíçèðîâàíèå
ñóùåñòâåííî ïîâûñèëî íàó÷íóþ öåííîñòü è ñòðîãîñòü íàøåé ðàáîòû.
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Ïðèëîæåíèå. Ðåàëèçàöèÿ ïîäñòàíîâêè πR
def bitAlpha(inp):

out2 = inp[4] ^ inp[7]

out3 = inp[6] ^ inp[2]

out0 = out3 ^ inp[5]

out7 = inp[6] ^ inp[0]

tmp1 = inp[3] ^ out7

out6 = tmp1 ^ inp[1]

out1 = inp[7] ^ inp[5] ^ inp[3] ^ inp[1]

out4 = out1 ^ inp[2]

out5 = tmp1 ^ out4

return [out0, out1, out2, out3, out4, out5, out6, out7]

def bitOmega(inp):

out1 = inp[1] ^ inp[7]

out2 = inp[2] ^ inp[6]

out7 = inp[3] ^ inp[1]

out4 = inp[4] ^ inp[7] ^ out7

out0 = inp[0]

out3 = inp[3]

out5 = inp[5]

out6 = inp[2]
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return [out0, out1, out2, out3, out4, out5, out6, out7]

def bitInv(inp):

tmp1 = inp[1] & inp[2]

tmp2 = (tmp1 ^ inp[0]) & inp[3]

out2 = inp[2] ^ tmp2

tmp3 = tmp1 | inp[3]

out3 = tmp3 ^ tmp2 ^ (tmp2 | inp[2])

out1 = ((inp[1] & inp[3]) ^ out3) ^ (tmp1 | inp[0])

out0 = inp[1] ^ out1 ^ tmp3 ^ (out1 & inp[0])

return [out0, out1, out2, out3]

def bitNu0(inp):

tmp1 = inp[1] & inp[2]

tmp2 = tmp1 ^ inp[0]

tmp3 = inp[1] ^ tmp2

out1 = tmp2 ^ ((tmp3 | inp[2]) & inp[3])

tmp4 = (tmp1 | tmp2) ^ 1

tmp5 = inp[1] & tmp3

out0 = tmp4 ^ ((tmp5 ^ inp[2]) | inp[3])

tmp6 = out0 & out1

out3 = tmp5 ^ ((tmp6 ^ inp[2]) & inp[3])

out2 = ((tmp6 | tmp4) ^ tmp3) ^ inp[3]

return [out0, out1, out2, out3]

def bitNu1(inp):

out3 = (inp[3] | inp[1]) ^ inp[2] ^ inp[0]

tmp1 = inp[1] ^ 1

out0 = tmp1 ^ (out3 | inp[3])

tmp2 = out3 ^ inp[1]

out1 = (tmp2 | out0) ^ inp[2]

out2 = (tmp2 | tmp1) ^ inp[3]

return [out0, out1, out2, out3]

def bitPhi(inp):

tmp1 = inp[1] ^ inp[3]

tmp2 = inp[1] | inp[0]

tmp3 = (tmp2 & tmp1) | inp[2]

out2 = tmp1 ^ inp[0] ^ tmp3

tmp4 = inp[2] ^ tmp2

tmp5 = (tmp4 & out2) | inp[3]

out3 = inp[0] ^ tmp5

tmp6 = (inp[1] ^ tmp5) & tmp3

out1 = tmp6 ^ (tmp4 & inp[1])

out0 = (tmp4 ^ 1) | tmp6

return [out0, out1, out2, out3]

def bitSigma(inp):

tmp1 = inp[3] ^ (inp[2] | inp[1])

out1 = tmp1 ^ (((inp[2] & tmp1) ^ inp[1]) | inp[0])

tmp2 = inp[0] ^ tmp1

tmp3 = tmp2 ^ inp[1]

tmp4 = tmp1 ^ tmp3

tmp5 = tmp4 & tmp2

tmp6 = tmp5 | inp[2]

out0 = tmp3 ^ tmp6

out2 = tmp4 ^ ((tmp5 ^ 1 ^ inp[2]) | inp[0])

out3 = (tmp2 | out2) ^ tmp6 ^ inp[3]

return [out0, out1, out2, out3]
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def mulf_2_2(a,b):

tmp1 = a[0] ^ a[1]

tmp2 = b[0] ^ b[1]

tmp3 = a[0] & b[0]

tmp4 = tmp1 & tmp2

tmp5 = b[1] & a[1]

out0 = tmp3 ^ tmp4

out1 = tmp5 ^ tmp4

return [out0, out1]

def bitAlpha4(a):

out0 = a[0] ^ a[1]

out1 = a[0]

return [out0, out1]

def mul2_2_2(a, b):

tmp10 = a[0] ^ a[2]

tmp11 = a[1] ^ a[3]

tmp20 = b[0] ^ b[2]

tmp21 = b[1] ^ b[3]

tmp3 = mulf_2_2([a[0], a[1]], [b[0], b[1]])

tmp4 = mulf_2_2([tmp10, tmp11], [tmp20,tmp21])

tmp5 = mulf_2_2([a[2], a[3]], [b[2], b[3]])

tmp6 = bitAlpha4(tmp5)

out0 = tmp3[0] ^ tmp6[0]

out1 = tmp3[1] ^ tmp6[1]

out2 = tmp3[0] ^ tmp4[0]

out3 = tmp3[1] ^ tmp4[1]

return [out0, out1, out2, out3]

def bitInd(inp):

return (inp[0] | inp[1] | inp[2] | inp[3]) ^ 1

def pi_r(x):

tmp1 = bitAlpha(x)

r = [tmp1[0], tmp1[1], tmp1[2], tmp1[3]]

l = [tmp1[4], tmp1[5], tmp1[6], tmp1[7]]

tmp2 = bitInd(r)

tmp3 = bitNu0(l)

tmp4 = bitNu1(mul2_2_2(l, bitInv(r)))

l[0] = (tmp2 & tmp3[0]) ^ tmp4[0]

l[1] = (tmp2 & tmp3[1]) ^ tmp4[1]

l[2] = (tmp2 & tmp3[2]) ^ tmp4[2]

l[3] = (tmp2 & tmp3[3]) ^ tmp4[3]

r = bitSigma(mul2_2_2(r,bitPhi(l)))

out = bitOmega(r+l)

return out

pi = []

for x in range(256):

inp = [int(t) for t in bin(x)[2:].zfill(8)][::-1]

tmp = pi_r(inp)

res = 0

for i in range(len(tmp)):

res = res + (tmp[i] << i)

pi.append(res)

print(pi)
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ñëó÷àéíîãî ëèíåéíîãî êîäà ðàçìåðíîñòè k è äëèíû n > k(k + 1)/2 èìååò ìàê-
ñèìàëüíî âîçìîæíóþ ðàçìåðíîñòü. Îöåíêà íîñèò íåàñèìïòîòè÷åñêèé õàðàêòåð è
ïîýòîìó ìîæåò áûòü èñïîëüçîâàíà äëÿ îáîñíîâàíèÿ ñëîæíîñòè ìåòîäîâ êðèïòî-
ãðàôè÷åñêîãî àíàëèçà ïîñòêâàíòîâûõ êðèïòîñèñòåì, ïîñòðîåííûõ íà îñíîâå òåî-
ðèè ïîìåõîóñòîé÷èâîãî êîäèðîâàíèÿ.

Êëþ÷åâûå ñëîâà: ïðîèçâåäåíèå Øóðà ëèíåéíûõ êîäîâ, ïðîèçâåäåíèå Àäàìàðà

ëèíåéíûõ êîäîâ, ñëó÷àéíûé êîä, êâàäðàò Øóðà, êâàäðàò Àäàìàðà, êðèïòîñèñòå-

ìà Ìàê-Ýëèñà.

A NON-ASYMPTOTIC ESTIMATE OF THE PROBABILITY THAT
A SHUR � HADAMARD SQUARE OF LONG RANDOM LINEAR CODE

HAS A MAXIMUM DIMENSION

I. V. Chizhov

Lomonosov Moscow State University,

Federal Research Center �Computer Science and Control� of the RAS,

Joint Stock �Research and production company Kryptonite�, Moscow, Russia

Let Fq be a finite field of q elements. Let Vn(q) denote the vector space of length n
over Fq. Define a linear [n, k]q-code C as any linear subspace of dimension k of the
space Vn(q). This paper focuses on a special operation defined on the set of lin-
ear codes of the same length: the Schur — Hadamard product, also known as the
Schur product or Hadamard product. The Schur — Hadamard product of two vec-
tors x = (x1, . . . , xn) ∈ Vn(q) and y = (y1, . . . , yn) ∈ Vn(q) is defined as the vector
x ◦ y = (x1 · y1, . . . , xn · yn) ∈ Vn(q), where · is the field Fq multiplication. De-
fine the Schur — Hadamard square C◦2 of [n]q-code C as the linear span of the set
of vectors {c ◦ b : c, b ∈ C}. It is known that for any [n, k]q-code C the inequality
dim C◦2 ⩽ min (k(k + 1)/2, n) holds. For a random linear code, the probability that
its Schur — Hadamard square has the maximum possible dimension tends to 1 as
n, k →∞. This fact is used in the analysis of code-based cryptosystems. However, in
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practice researchers deal with fixed values of k and n. Therefore, the non-asymptotic
estimation of the probability that the Schur — Hadamard square of a random [n, k]q-
code has the maximum possible dimension is of interest. In the case n < k(k + 1)/2
such an estimate was obtained earlier. We provide a non-asymptotic estimate for the
case n > k(k + 1)/2. Two theorems are proven: the first gives an estimate for very
long codes, while the second applies to relatively short codes. Let k, n ∈ N be such that
k ⩾ 5 and n > k(k + 1)/2. Then the following inequality holds:

Pr
[
dim C◦2 = k(k + 1)/2

]
> 1− qk(k+1)/2+logq 2−(2−logq(2q−1))n.

If k ⩾ 6 and n < (k2 − 4k)/2(logq(2q − 1)− 1), then

Pr
[
dim C◦2 = k(k + 1)/2

]
> 1− qk(k+1)/2+logq 2−(1−logq(1+(q−1)q−δq(n,k)k))n,

where δq(n, k) =
1

2
+

1

2k
− 1

2k

√
2k + 1 + 2(logq(2q − 1)− 1)n. Finally, examples of

estimates are given for different values of n, k and q.

Keywords: Shur product of linear codes, Hadamard product of linear codes, random
codes, Shur square of linear code, Hadamard square of linear code, McEliece public
key cryptosystem.

Ââåäåíèå
Çíà÷èòåëüíûé ïðîãðåññ â îáëàñòè àíàëèçà êîäîâûõ ïîñòêâàíòîâûõ êðèïòîãðàôè-

÷åñêèõ ñèñòåì ñ îòêðûòûì êëþ÷îì íå â ïîñëåäíþþ î÷åðåäü îáÿçàí ïðèìåíåíèþ òàêîé
îïåðàöèè íàä ëèíåéíûìè êîäàìè, êàê èõ ïîêîîðäèíàòíîå ïðîèçâåäåíèå, èëè ïðîèçâå-
äåíèå Øóðà�Àäàìàðà.

Â àëãåáðàè÷åñêîé òåîðèè ïîìåõîóñòîé÷èâîãî êîäèðîâàíèÿ ïðîèçâåäåíèå Øóðà�
Àäàìàðà ïîÿâèëîñü â 1992 ã. Â ðàáîòå [1] îïåðàöèÿ ïîêîîðäèíàòíîãî ïðîèçâåäåíèÿ ëè-
íåéíûõ êîäîâ èñïîëüçîâàëàñü äëÿ ïîñòðîåíèÿ òàê íàçûâàåìûõ ïàð ëîêàòîðîâ îøèáîê.

Â îáëàñòè àíàëèçà êîäîâûõ êðèïòîñèñòåì îïåðàöèÿ ïðîèçâåäåíèÿØóðà�Àäàìàðà
èñïîëüçîâàíà âïåðâûå â [2], ãäå ïîñòðîåíà ïåðâàÿ ïîëèíîìèàëüíàÿ àòàêà íà êðèïòîñè-
ñòåìó Áåðãåðà �Ëóàäðî [3].

Â 2013 ã. â ðàáîòå [4] áûë ïîñòðîåí ïåðâûé ýôôåêòèâíûé àëãîðèòì, êîòîðûé ïîçâî-
ëÿåò îòëè÷àòü êîäû Ãîïïû ñ âûñîêîé ñêîðîñòüþ ïåðåäà÷è îò ñëó÷àéíûõ êîäîâ. Âûÿñ-
íèëîñü, ÷òî èíîãäà ïðîèçâåäåíèå Øóðà�Àäàìàðà êîäîâ, äóàëüíûõ ê êîäàì Ãîïïû, íå
çàïîëíÿåò ñîáîé âñ¼ ïðîñòðàíñòâî; ïðè ýòîì ñëó÷àéíûå êîäû äëèíû n ïðè âîçâåäåíèè
â êâàäðàò Àäàìàðà äîëæíû ñîâïàäàòü ñî âñåì ïðîñòðàíñòâîì âåêòîðîâ äëèíû n.

Â äàëüíåéøåì òîò ôàêò, ÷òî êîä, íà îñíîâå êîòîðîãî ïîñòðîåíà êîäîâàÿ êðèï-
òîñèñòåìà, âåä¼ò ñåáÿ îòíîñèòåëüíî ïðîèçâåäåíèÿ Àäàìàðà íå êàê ñëó÷àéíûé, áûë
èñïîëüçîâàí äëÿ ïîñòðîåíèÿ àòàê íà ðàçëè÷íûå ìîäèôèêàöèè êðèïòîñèñòåìû Ìàê-
Ýëèñà [5�10].

Â 2015 ã. â ðàáîòå [11] óñòàíîâëåíà àñèìïòîòè÷åñêàÿ îöåíêà òîãî, ÷òî êâàäðàò Àäà-
ìàðà ñëó÷àéíîãî ëèíåéíîãî êîäà èìååò ìàêñèìàëüíî âîçìîæíóþ ðàçìåðíîñòü. Òàêèì
îáðàçîì, áûëî ïîêàçàíî, ÷òî ïðè ðîñòå ïàðàìåòðîâ êîäà íàéòè ñëó÷àéíî êîä, êâàäðàò
Àäàìàðà êîòîðîãî èìååò íå ìàêñèìàëüíóþ ðàçìåðíîñòü, ïðàêòè÷åñêè íåâîçìîæíî.

Îäíàêî â êðèïòîãðàôè÷åñêèõ ïðèëîæåíèÿõ êðèïòîàíàëèòèêè èìåþò äåëî ñ ôèê-
ñèðîâàííûìè çíà÷åíèÿìè ïàðàìåòðîâ ëèíåéíûõ êîäîâ. È âîçíèêàåò âîïðîñ, íàñêîëüêî
ýôôåêòèâåí òîò èëè èíîé îòëè÷èòåëü êîäà îò ñëó÷àéíîãî ïðè ýòèõ ïàðàìåòðàõ, à íå
â áåñêîíå÷íîñòè. Â 2023 ã. â ðàáîòå [12] áûëà ïðèìåíåíà òåõíèêà, ñâÿçàííàÿ ñ îáîáù¼í-
íûì ðàññòîÿíèåì Õåììèíãà êîäîâ Ðèäà�Ìàëëåðà âòîðîãî ïîðÿäêà, äëÿ ïîëó÷åíèÿ
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íåàñèìïòîòè÷åñêîé îöåíêè âåðîÿòíîñòè òîãî, ÷òî êâàäðàò Àäàìàðà ëèíåéíîãî êîäà
çàïîëíÿåò ñîáîé âñ¼ ïðîñòðàíñòâî. Îäíàêî ýòà îöåíêà ñòàíîâèòñÿ òðèâèàëüíîé, åñëè
ðàññìàòðèâàþòñÿ äëèííûå ëèíåéíûå êîäû, ò. å. òàêèå êîäû, ó êîòîðûõ äëèíà áîëüøå
ïîëîâèíû êâàäðàòà ðàçìåðíîñòè.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ñëó÷àé äëèííûõ êîäîâ. Äîêàçàíà íåàñèìïòîòè÷åñêàÿ
îöåíêà âåðîÿòíîñòè òîãî, ÷òî ñëó÷àéíûé ëèíåéíûé äëèííûé êîä èìååò ìàêñèìàëüíî
âîçìîæíóþ ðàçìåðíîñòü. Çàìåòèì, ÷òî â ýòîì ñëó÷àå êâàäðàò Àäàìàðà òàêîãî êîäà
íå áóäåò çàïîëíÿòü âñ¼ ïðîñòðàíñòâî, òàê êàê â ñèëó áîëüøîé äëèíû êîäà â êâàäðàòå
Àäàìàðà íå õâàòèò êîäîâûõ ñëîâ.

Äëÿ ïîëó÷åíèÿ íåàñèìïòîòè÷åñêîé îöåíêè ïðèìåíåíà áîëåå ïðîñòàÿ òåõíèêà, ÷åì
â ðàáîòå [11], íî íîâàÿ îöåíêà âïîëíå ìîæåò áûòü èñïîëüçîâàíà äëÿ èçó÷åíèÿ êîíêðåò-
íûõ âàðèàíòîâ êîäîâûõ êðèïòîñèñòåì ñ çàðàíåå ôèêñèðîâàííûì íàáîðîì çíà÷åíèé èõ
ïàðàìåòðîâ.

1. Îñíîâíûå òåðìèíû è îïðåäåëåíèÿ
Ðàññìîòðèì êîíå÷íîå ïîëå Fq, ñîñòîÿùåå èç q ýëåìåíòîâ. Îáîçíà÷èì ÷åðåç Vn(q)

ïðîñòðàíñòâî âåêòîðîâ äëèíû n íàä Fq. Áóäåì ñ÷èòàòü, ÷òî ýëåìåíòàìè Vn(q) ÿâëÿþòñÿ
âåêòîðû-ñòðîêè ñ êîîðäèíàòàìè èç ïîëÿ Fq.

Ñëåäóÿ êëàññè÷åñêîé ìîíîãðàôèè [13], äàäèì îñíîâíûå îïðåäåëåíèÿ èç òåîðèè êî-
äîâ, èñïðàâëÿþùèõ îøèáêè.

Ëèíåéíûì áëîêîâûì êîäîì, èñïðàâëÿþùèì îøèáêè, èëè ëèíåéíûì êîäîì, èëè ïðî-
ñòî êîäîì íàä ïîëåì Fq áóäåì íàçûâàòü ïðîèçâîëüíîå ïîäïðîñòðàíñòâî C ïðîñòðàí-
ñòâà Vn(q). ×èñëî n â ýòîì ñëó÷àå íàçûâàåòñÿ äëèíîé êîäà. Âåêòîðû c, ïðèíàäëåæà-
ùèå C, íàçûâàþòñÿ êîäîâûìè ñëîâàìè (èëè ïðîñòî ñëîâàìè) êîäà C. Ëèíåéíûé êîä C
äëèíû n íàä ïîëåì Fq íàçûâàåòñÿ [n]q-êîäîì.

Ëþáîé [n]q-êîä C êàê ëèíåéíîå ïðîñòðàíñòâî èìååò ðàçìåðíîñòü k. Òîãäà k íàçû-
âàåòñÿ ðàçìåðíîñòüþ C è îáîçíà÷àåòñÿ dim C. Êðîìå òîãî, [n]q-êîä C ðàçìåðíîñòè k
íàçûâàåòñÿ [n, k]q-êîäîì.

Òàê êàê [n, k]q-êîä C ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì, îí ìîæåò áûòü çàäàí ñâîèì
áàçèñîì. Ìàòðèöà, ñòðîêàìè êîòîðîé ÿâëÿþòñÿ áàçèñíûå âåêòîðû êîäà C, íàçûâàåò-
ñÿ ïîðîæäàþùåé ìàòðèöåé. Ïîðîæäàþùàÿ ìàòðèöà [n, k]q-êîäà C ÿâëÿåòñÿ (k × n)-
ìàòðèöåé è èìååò ïîëíûé ðàíã, ðàâíûé k. Ïîëó÷àåòñÿ, ÷òî ïðîèçâîëüíûé [n, k]q-êîä C
ñ ïîðîæäàþùåé ìàòðèöåé G ìîæåò áûòü çàäàí êàê ìíîæåñòâî âñåõ ëèíåéíûõ êîìáè-
íàöèé ñòðîê ìàòðèöû G, ò. å. C = {a ·G : a ∈ Vk(q)}.

Èíîãäà óäîáíî çàäàâàòü [n, k]q-êîä C íåêîòîðîé (ℓ×n)-ìàòðèöåé D, êîòîðàÿ îáëàäà-
åò òàêèì æå ñâîéñòâîì, êàê è ïîðîæäàþùàÿ ìàòðèöà: ëèíåéíàÿ êîìáèíàöèÿ ñòðîê D
ñîâïàäàåò ñ êîäîì C, ò. å. C = {a · D : a ∈ Vℓ(q)}. Ìàòðèöà D íàçûâàåòñÿ îõâàòû-

âàþùåé ìàòðèöåé êîäà C [14]. Ïîðîæäàþùàÿ ìàòðèöà G êîäà C ÿâëÿåòñÿ è îõâàòû-
âàþùåé. Ôàêòè÷åñêè ïîðîæäàþùàÿ ìàòðèöà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì îõâàòûâàþ-
ùåé, à èìåííî: ýòî îõâàòûâàþùàÿ ìàòðèöà, èìåþùàÿ ïîëíûé ðàíã. Â îáùåì ñëó÷àå
íè ïîðîæäàþùàÿ, íè îõâàòûâàþùàÿ ìàòðèöû íå çàäàíû îäíîçíà÷íî. Îäíàêî êàæäàÿ
ïîðîæäàþùàÿ è êàæäàÿ îõâàòûâàþùàÿ ìàòðèöà çàäà¼ò ðîâíî îäèí ëèíåéíûé êîä.

Äëÿ êàæäîãî âåêòîðà v ∈ Vn(q) îáîçíà÷èì ÷åðåç wt(v) åãî âåñ Õåììèíãà, ò. å. ÷èñëî
íåíóëåâûõ êîîðäèíàò ýòîãî âåêòîðà. Ñ [n, k]q-êîäîì C ñâÿæåì õàðàêòåðèñòèêó dC, êîòî-
ðàÿ ðàâíà ìèíèìàëüíîìó âåñó Õåììèíãà íåíóëåâûõ êîäîâûõ ñëîâ C: dC = min

c∈C, c ̸=0
wt(c).

×èñëî dC íàçûâàåòñÿ ìèíèìàëüíûì ðàññòîÿíèåì êîäà C. Â äàëüíåéøåì [n, k]q-êîä C
ñ ìèíèìàëüíûì ðàññòîÿíèåì d áóäåì íàçûâàòü [n, k, d]q-êîäîì.
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Îáúåêòîì èññëåäîâàíèé íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñïåöèàëüíàÿ îïåðàöèÿ, çàäàí-
íàÿ íà ìíîæåñòâå ëèíåéíûõ êîäîâ îäíîé äëèíû: ïðîèçâåäåíèå Øóðà�Àäàìàðà (ïðî-
èçâåäåíèå Øóðà èëè ïðîèçâåäåíèå Àäàìàðà).

Ïðîèçâåäåíèåì Àäàìàðà âåêòîðîâ x = (x1, x2, . . . , xn) ∈ Vn(q) è y = (y1, y2, . . . , yn) ∈
∈ Vn(q) íàçûâàåòñÿ âåêòîð x ◦ y ∈ Vn(q), ðàâíûé ïîêîìïîíåíòíîìó ïðîèçâåäåíèþ ýòèõ
âåêòîðîâ:

x ◦ y = (x1 · y1, x2 · y2, . . . , xn · yn).

Çäåñü ¾·¿� ïðîèçâåäåíèå ýëåìåíòîâ ïîëÿ Fq.
Îïåðàöèþ ïðîèçâåäåíèÿ Àäàìàðà äâóõ [n]q-êîäîâ C è B ìîæíî çàäàòü äâóìÿ ýêâè-

âàëåíòíûìè ñïîñîáàìè [15].
Ï å ð â û é ñ ï î ñ î á. Ïðîèçâåäåíèåì Àäàìàðà äâóõ [n]q-êîäîâ C è B íàçûâàåòñÿ

[n]q-êîä C ◦ B, ðàâíûé ëèíåéíîé îáîëî÷êå ìíîæåñòâà âåêòîðîâ {c ◦ b : c ∈ C, b ∈ B}.
Â ò î ð î é ñ ï î ñ î á � ÷åðåç áàçèñû êîäîâ C è B. Ïóñòü c1, c2, . . . , ckC � áàçèñ [n, kC]q-

êîäà C, à {b1, b2, . . . , bkB}� áàçèñ [n, kB]q-êîäà B. Òîãäà ïðîèçâåäåíèåì Àäàìàðà íàçûâà-
åòñÿ [n, k]q-êîä C ◦B, êîòîðûé îõâàòûâàåòñÿ ìàòðèöåé D, ñîñòàâëåííîé èç kC · kB ñòðîê
ci ◦ bj, i = 1, . . . , kC è j = 1, . . . , kB.

Êâàäðàòîì Øóðà�Àäàìàðà (èëè êâàäðàòîì Àäàìàðà) [n]q-êîäà C áóäåì íàçûâàòü
[n]q-êîä C◦2, ðàâíûé ïðîèçâåäåíèþ Àäàìàðà êîäà C íà ñåáÿ: C◦2 = C ◦ C.

Óòâåðæäåíèå 1 [11]. Äëÿ ëþáîãî [n, k]q-êîäà C âûïîëíÿåòñÿ íåðàâåíñòâî

dim C◦2 ⩽ min (k(k + 1)/2, n) . (1)

Â ðàáîòå [11] óñòàíîâëåíî, ÷òî äëÿ ñëó÷àéíîãî [n, k]q-êîäà íåðàâåíñòâî (1) îáðà-
ùàåòñÿ â ðàâåíñòâî ñ âåðîÿòíîñòüþ, êîòîðàÿ ñòðåìèòñÿ ê 1 ïðè n, k → ∞. Îäíàêî
â ïðàêòè÷åñêèõ ïðèëîæåíèÿõ, îñîáåííî â çàäà÷àõ êðèïòîãðàôè÷åñêîãî àíàëèçà, èñ-
ñëåäîâàòåëè èìåþò äåëî ñ ôèêñèðîâàííûìè çíà÷åíèÿìè k è n, ïîýòîìó èíòåðåñ ïðåä-
ñòàâëÿåò ïîëó÷åíèå íåàñèìïòîòè÷åñêîé îöåíêè âåðîÿòíîñòè òîãî, ÷òî äëÿ ñëó÷àéíîãî
[n, k]q-êîäà íåðàâåíñòâî (1) ñòàíîâèòñÿ ðàâåíñòâîì. Â ñëó÷àå, êîãäà n < k(k + 1)/2,
òàêàÿ îöåíêà âåðîÿòíîñòè ïîëó÷åíà ðàíåå â [12]. Äàëåå äîêàçàíà íåàñèìïòîòè÷åñêàÿ
îöåíêà â ñëó÷àå, êîãäà n > k(k + 1)/2.

2. Ïðîèçâåäåíèå Øóðà � Àäàìàðà ëèíåéíîãî êîäà
è êâàäðàòè÷íûå ôîðìû íàä êîíå÷íûì ïîëåì

Âïåðâûå ñâÿçü ìåæäó ïðîèçâåäåíèåì Àäàìàðà ëèíåéíûõ êîäîâ è ïðîñòðàíñòâîì
êâàäðàòè÷íûõ ôîðì áûëà óñòàíîâëåíà â ðàáîòå [16]. Ýòà ñâÿçü áûëà èñïîëüçîâàíà àâ-
òîðàìè ðàáîòû [11] äëÿ îïèñàíèÿ àñèìïòîòè÷åñêîãî ïîâåäåíèÿ âåðîÿòíîñòè òîãî, ÷òî
êâàäðàò Àäàìàðà ñëó÷àéíîãî ëèíåéíîãî êîäà äîñòèãàåò ìàêñèìàëüíîé ðàçìåðíîñòè.
Ýòîò æå àïïàðàò ïðèìåí¼í äàëåå äëÿ ïîëó÷åíèÿ íåàñèìïòîòè÷åñêèõ îöåíîê âåðîÿòíî-
ñòè ýòîãî ñîáûòèÿ.

Íà÷í¼ì ñ íåêîòîðûõ îïðåäåëåíèé.
Êâàäðàòè÷íîé ôîðìîé Q(x1, . . . , xk) íàä ïîëåì Fq íàçûâàåòñÿ îäíîðîäíûé ìíîãî-

÷ëåí ñòåïåíè 2 îò ïåðåìåííûõ x1, x2, . . . , xk íàä òåì æå ïîëåì, ò.å.

Q(x1, . . . , xk) =
∑

1⩽i<j⩽k
ai,jxixj +

k∑
i=1

bix
2
i ,

ãäå ai,j ∈ Fq, 1 ⩽ i < j ⩽ k; bi ∈ Fq, 1 ⩽ i ⩽ k.
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Ìíîæåñòâî âñåõ êâàäðàòè÷íûõ ôîðì íàä ïîëåì Fq îò k ïåðåìåííûõ áóäåì îáîçíà-
÷àòü êàê Qk(q). Î÷åâèäíî, ÷òî Qk(q) ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì íàä ïîëåì Fq.
Áàçèñ ýòîãî ïðîñòðàíñòâà ñîñòîèò èç ýëåìåíòîâ

x21, x
2
2, . . . , x

2
k, x1x2, . . . , xk−1xk.

Òàêèì îáðàçîì, Qk(q) èìååò ðàçìåðíîñòü k +
(
k

2

)
=
k(k + 1)

2
.

Çàäàäèì íà ìíîæåñòâå Vk(q) ëåêñèêîãðàôè÷åñêèé ïîðÿäîê, óïîðÿäî÷èâ ýëåìåíòû
ïîëÿ Fq ëþáûì óäîáíûì ñïîñîáîì. Ýòîò ïîðÿäîê áóäåì îáîçíà÷àòü ÷åðåç (Vk(q),⩽) =

= {x(0) < x(1) < · · · < x(q
k−1)}.

Äëÿ êâàäðàòè÷íîé ôîðìû Q(x1, . . . , xk) ∈ Qk(q) ðàññìîòðèì å¼ âåêòîð çíà÷åíèé

eval(Q) =
(
Q(x(0)), Q(x(1)), . . . , Q(x(q

k−1))
)
∈ Vqk(q).

Ìàòðèöà R, ñîñòàâëåííàÿ èç ñòðîê

eval(x21), eval(x
2
2), . . . , eval(x

2
k), eval(x1x2), . . . , eval(xk−1xk),

ïîðîæäàåò íåêîòîðûé [qk, k(k + 1)/2, (q − 1)2qk−2]q-êîä, êîòîðûé íàçûâàåòñÿ îäíîðîä-

íûì êîäîì Ðèäà �Ìàëëåðà [17] è îáîçíà÷àåòñÿ êàê HRMq(2, k).
Êàæäûé ñòîëáåö ìàòðèöû R, êàê è êàæäàÿ êîîðäèíàòà ñëîâà êîäà HRMq(2, k),

îäíîçíà÷íî ñîîòâåòñòâóåò âåêòîðó x(i) ∈ (Vq(n),⩽), ïîýòîìó ñòîëáöû ýòîé ìàòðèöû
è êîîðäèíàòû êîäîâûõ ñëîâ ìîæíî çàíóìåðîâàòü ýëåìåíòàìè ÷àñòè÷íîãî ïîðÿäêà
(Vq(k),⩽); ÷åðåç Rx(i) áóäåì îáîçíà÷àòü ñòîëáåö ìàòðèöû R ñ íîìåðîì x(i).

Òåïåðü, åñëè G = (g⊤1 g
⊤
2 . . . g

⊤
n )� (k × n)-ìàòðèöà íàä ïîëåì Fq, ñîñòàâëåííàÿ èç

ñòîëáöîâ g⊤1 , g
⊤
2 , . . . , g

⊤
n , òî êàæäîìó gi ñîîòâåòñòâóåò ñòîëáåö Rgi ìàòðèöû R, à âñåé

ìàòðèöå � ïîäìàòðèöà RG, ñîñòàâëåííàÿ èç ñòîëáöîâ Rgi , i = 1, 2, . . . , n.
Èç [12, ñëåäñòâèå 1] íåñëîæíî âûâåñòè ñëåäóþùåå

Óòâåðæäåíèå 2. Äëÿ ïðîèçâîëüíûõ k, n ∈ N, k > 1 è n > k(k + 1)/2, ðàññìîò-
ðèì íåêîòîðûé [n, k]q-êîä C. Ïóñòü G� åãî ïîðîæäàþùàÿ ìàòðèöà. Òîãäà ðàâåíñòâî
dim C◦2 = k(k + 1)/2 âûïîëíÿåòñÿ, åñëè è òîëüêî åñëè rankRG = k(k + 1)/2.

Óòâåðæäåíèå 3. Ïóñòü G = (g⊤1 g
⊤
2 . . . g

⊤
n )�ïðîèçâîëüíàÿ (k × n)-ìàòðèöà íàä

ïîëåì Fq è n > k(k + 1)/2. Òîãäà ðàíã ìàòðèöû RG ðàâåí k(k + 1)/2, åñëè è òîëüêî
åñëè äëÿ ëþáîé êâàäðàòè÷íîé ôîðìû Q(x1, . . . , xk) ∈ Qq(k), Q ̸= 0, õîòÿ áû äëÿ îäíîãî
i ∈ {1, . . . , k} âûïîëíÿåòñÿ íåðàâåíñòâî Q(gi) ̸= 0.

Èç óòâåðæäåíèé 2 è 3 ïðÿìî ñëåäóåò

Óòâåðæäåíèå 4. Äëÿ ïðîèçâîëüíûõ k, n ∈ N, k > 1 è n > k(k + 1)/2, ðàññìîò-
ðèì íåêîòîðûé [n, k]q-êîä C. Ïóñòü G� åãî ïîðîæäàþùàÿ ìàòðèöà. Òîãäà ðàâåíñòâî
dim C◦2 = k(k + 1)/2 âûïîëíÿåòñÿ, åñëè è òîëüêî åñëè äëÿ ëþáîé êâàäðàòè÷íîé ôîð-
ìû Q(x1, . . . , xk) ∈ Qk(q), Q ̸= 0, õîòÿ áû äëÿ îäíîãî i ∈ {1, . . . , k} âåðíî íåðàâåíñòâî
Q(gi) ̸= 0.

Â äàëüíåéøåì íàì ïîòðåáóåòñÿ óòâåðæäåíèå, êîòîðîå çàäà¼ò çíà÷åíèå ñïåêòðà âå-
ñîâ êîäà HRMq(2,m) [17].

Óòâåðæäåíèå 5. ÏóñòüAw �êîëè÷åñòâî êîäîâûõ ñëîâ âåñà w â êîäåHRMq(2,m).
Òîãäà ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:
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1) A0 = 1;

2) Aqm−qm−1 = qm − 1 +
⌊(m−1)/2⌋∑

j=1

qj
2+j

m∏
i=m−2j

(qi − 1)
/ j∏
i=1

(q2i − 1);

3) Aqm−qm−1−τqm−j−1(q−1) =
qj

2+j + τqj
2

2

m∏
i=m−2j+1

(qi − 1)
/ j∏
i=1

(q2i − 1), ãäå τ ∈ {−1, 1}

è 1 ⩽ j ⩽ ⌊m/2⌋;
4) Aw = 0 äëÿ îñòàëüíûõ w.

3. Îöåíêà âåðîÿòíîñòè òîãî, ÷òî ñëó÷àéíûé ëèíåéíûé êîä èìååò
ìàêñèìàëüíóþ ðàçìåðíîñòü

Îïðåäåëèì âåðîÿòíîñòíóþ ñõåìó An,k(q) âûáîðà ñëó÷àéíîãî ëèíåéíîãî [n, k]q-êîäà.
Áóäåì ïîñëåäîâàòåëüíî ñëó÷àéíî, ðàâíîâåðîÿòíî è íåçàâèñèìî äðóã îò äðóãà âûáè-
ðàòü âåêòîðû g1, g2, . . . , gn èç Vk(q). Ñôîðìèðóåì èç âûáðàííûõ âåêòîðîâ ìàòðèöó
G = (g⊤1 , g

⊤
2 , . . . , g

⊤
n ). Ýòà ìàòðèöà îõâàòûâàåò íåêîòîðûé [n]q-êîä C, êîòîðûé èìååò

ðàçìåðíîñòü íå áîëåå k. Òîò ôàêò, ÷òî êîä C ïîñòðîåí îïèñàííûì ñïîñîáîì, áóäåì

îáîçíà÷àòü ñëåäóþùèì îáðàçîì: C $← An,k(q).
Äðóãèå âåðîÿòíîñòíûå ñõåìû îáñóæäàþòñÿ â çàêëþ÷åíèè.
Äàëåå, èñïîëüçóÿ óòâåðæäåíèå 5, óñòàíîâèì âåðîÿòíîñòü òîãî, ÷òî ñëó÷àéíî âû-

áðàííûé íàáîð ýëåìåíòîâ èç Vk(q) ñîñòîèò èç êîðíåé õîòÿ áû îäíîé êâàäðàòè÷íîé
ôîðìû Q ∈ Qk(q). Íà îñíîâàíèè óòâåðæäåíèÿ 3 ýòà âåðîÿòíîñòü îïðåäåëÿåò âåðîÿò-
íîñòü òîãî, ÷òî ñëó÷àéíûé ëèíåéíûé êîä C, âûáðàííûé ïî ñõåìå An,k(q), èìååò ìàê-
ñèìàëüíî âîçìîæíóþ ðàçìåðíîñòü.

Óòâåðæäåíèå 6. Ïóñòü k, n ∈ N è k > 1. Çàôèêñèðóåì ïðîèçâîëüíîå δ ∈ R
òàêèì îáðàçîì, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî 1 < δ · k ⩽ k/2. Âûáåðåì C $← An,k(q).
Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

Pr
[
dim C◦2 = k(k + 1)/2

]
> 1− q2δ(1−δ)k2+2δk+logq(δk)−aqn − qk(k+1)/2−n(1−logq(1+(q−1)q−δk)),

ãäå aq = 2− logq(2q − 1).

Äîêàçàòåëüñòâî. Áóäåì îöåíèâàòü ñâåðõó âåðîÿòíîñòü ïðîòèâîïîëîæíîãî ñî-
áûòèÿ

Γ =
[
dim C◦2 ̸= k(k + 1)/2

]
.

Åñëè G = (g⊤1 , g
⊤
2 , . . . , g

⊤
n )�ïîðîæäàþùàÿ ìàòðèöà êîäà C, òî íà îñíîâàíèè óòâåð-

æäåíèÿ 4 ñîáûòèå Γ âîçíèêàåò, åñëè è òîëüêî åñëè ñóùåñòâóåò êâàäðàòè÷íàÿ ôîðìà
Q ∈ Qk(q), Q ̸= 0, êîòîðàÿ îáðàùàåòñÿ â íóëü íà âñåõ ñòîëáöàõ ìàòðèöû G:

Q(g1) = Q(g2) = . . . = Q(gn) = 0.

Ïîýòîìó ñïðàâåäëèâî íåðàâåíñòâî

Pr[Γ] ⩽
∑

Q∈Qk(q),Q ̸=0

Pr
[
Q(g1) = Q(g2) = . . . = Q(gn) = 0

]
.

Òåïåðü, òàê êàê â ñîîòâåòñòâèè ñ ðàñïðåäåëåíèåì An,k(q) êàæäûé âåêòîð gi, i = 1, . . . , n,
âûáèðàåòñÿ ñëó÷àéíî è ðàâíîâåðîÿòíî èç Vk(q) íåçàâèñèìî îò äðóãèõ âåêòîðîâ, òî

Pr
[
Q(g1) = Q(g2) = . . . = Q(gn) = 0

]
=

n∏
i=1

Pr
[
Q(gi) = 0

]
.
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Íî òàê êàê Pr
[
Q(gi) = 0

]
= 1− Pr

[
Q(gi) ̸= 0

]
, i = 1, . . . , n, òî âûïîëíåíî ðàâåíñòâî

Pr
[
Q(g1) = Q(g2) = . . . = Q(gn) = 0

]
=

n∏
i=1

(
1− Pr

[
Q(gi) ̸= 0

])
.

Â ñèëó âûáîðà gi ðàâíîâåðîÿòíî èç âñåõ âåêòîðîâ äëèíû k íàä ïîëåì Fq âåðíî ðàâåí-
ñòâî

Pr
[
Q(gi) ̸= 0

]
= wt(eval(Q))/qk, i = 1, . . . , n.

Çíà÷èò,
Pr
[
Q(g1) = Q(g2) = . . . = Q(gn) = 0

]
=
(
1− wt(eval(Q))/qk

)n
.

Îòñþäà ïîëó÷àåì îöåíêó

Pr
[
Γ
]
⩽

∑
Q∈Qk(q),Q ̸=0

(
1− wt(eval(Q))

qk

)n
.

Çàôèêñèðóåì íåêîòîðîå δ ∈ R, 1/k < δ ⩽ 1/2. Ìíîæåñòâî âñåõ êâàäðàòè÷íûõ ôîðì
ðàçîáü¼ì íà äâà íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâà Q0 è Q1. Ïîäìíîæåñòâî Q0 ñîñòîèò
èç âñåõ êâàäðàòè÷íûõ ôîðì Q ∈ Qk(q), äëÿ êîòîðûõ âåñ âåêòîðà eval(Q) íå áîëüøå
qk − qk−1 − (q − 1)qk−1−δk:

Q0 = {Q ∈ Qk(q) : wt(eval(Q)) ⩽ qk − qk−1 − (q − 1)qk−1−δk}.

Â ïîäìíîæåñòâî Q1 ïîìåñòèì îñòàâøèåñÿ Q ∈ Qk(q):

Q1 = {Q ∈ Qk(q) : wt(eval(Q)) > qk − qk−1 − (q − 1)qk−1−δk}.

Çàìåòèâ, ÷òî 0 ∈ Q0, ìîæíî çàïèñàòü

∑
Q∈Q,Q ̸=0

(
1− wt(eval(Q)

qk

)n
=

∑
Q∈Q0,Q ̸=0

(
1− wt(eval(Q)

qk

)n
+
∑
Q∈Q1

(
1− wt(eval(Q))

qk

)n
.

Ìèíèìàëüíîå ðàññòîÿíèå êîäàHRMq(2, k) ðàâíî dHRMq(2,k) = (q−1)2qk−2. Ïîýòîìó
ïî îïðåäåëåíèþ ÷èñëà dHRMq(2,k), åñëè Q ∈ Q0 è Q ̸= 0, òî wt(eval(Q)) ⩾ dHRMq(2,k) =
= (q − 1)2qk−2, à çíà÷èò,

1− wt(eval(Q))

qk
⩽ 1− (q − 1)2

q2
=

2q − 1

q2
.

Äëÿ Q ∈ Q1 ïî îïðåäåëåíèþ âåðíî íåðàâåíñòâî

wt(eval(Q)) > (q − 1)qk−1 − (q − 1)qk−1−δk,

ïîýòîìó â ýòîì ñëó÷àå

1− wt(eval(Q))

qk
< 1− q − 1

q
(1− q−δk) = 1

q
(1 + (q − 1)q−δk).

Ñëåäîâàòåëüíî, ñïðàâåäëèâî íåðàâåíñòâî

Pr
[
Γ
]
<

(
2q − 1

q2

)n
|Q0 \ {0}|+ (1 + (q − 1)q−δk)n

qn
|Q1|.
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Ïî ïîñòðîåíèþ Q1 ⊆ Qk(q), ïîýòîìó âåðíà òðèâèàëüíàÿ îöåíêà |Q1| ⩽ |Qk(q)| =
= q(k+1)k/2. Ïîëó÷àåì íåðàâåíñòâî

Pr
[
Γ
]
<

(
2q − 1

q2

)n
|Q0 \ {0}|+ (1 + (q − 1)q−δk)n qk(k+1)/2−n.

Ââåäÿ êîíñòàíòó aq = 2− logq(2q − 1), áóäåì èìåòü

Pr
[
Γ
]
< q−aqn|Q0 \ {0}|+ qk(k+1)/2−n(1−logq(1+(q−1)q−δk)). (2)

Îöåíèì ñâåðõó âåëè÷èíó |Q0\{0}|. Â ìíîæåñòâå Q0 ëåæàò êâàäðàòè÷íûå ôîðìû Q,
ó êîòîðûõ âåñ âåêòîðà eval(Q) íå áîëüøå, ÷åì qk− qk−1− (q− 1)qk−1−δk. Òàê êàê q > 1,
äëÿ ëþáîãî δ ñïðàâåäëèâî íåðàâåíñòâî qk − qk−1 − (q − 1)qk−1−δk < qk − qk−1 è, êðîìå
òîãî, äëÿ ëþáîãî j âåðíî, ÷òî qk − qk−1 < qk − qk−1 + (q − 1)qk−1−j. Çíà÷èò, ñîãëàñíî
óòâåðæäåíèþ 5, åñëè Q ∈ Q0, òî ëèáî wt(eval(Q)) = 0, ëèáî wt(eval(Q)) = qk − qk−1 −
− (q − 1)qk−1−j äëÿ íåêîòîðîãî j, 1 ⩽ j ⩽ ⌊k/2⌋. Èç íåðàâåíñòâà

qk − qk−1 − (q − 1)qk−1−j ⩽ qk − qk−1 − (q − 1)qk−1−δk

ñëåäóåò, ÷òî åñëè Q ∈ Q0 è wt(eval(Q)) ̸= 0, òî wt(eval(Q)) = qk − qk−1 − (q − 1)qk−1−j

äëÿ j ∈ Z, 1 ⩽ j ⩽ δk. Ñëåäîâàòåëüíî,

|Q0 \ {0}| =
⌊δk⌋∑
j=1

Aqk−qk−1−(q−1)qk−1−j .

Ñ ó÷¼òîì óòâåðæäåíèÿ 5 ïîëó÷èì ñëåäóþùåå âûðàæåíèå:

|Q0 \ {0}| =
⌊δk⌋∑
j=1

qj
2+j + qj

2

2

k∏
i=k−2j+1

(qi − 1)
/ j∏
i=1

(q2i − 1). (3)

Òàê êàê ïî óñëîâèþ δk > 1, òî ⌊δk⌋ ⩾ 1, ïîýòîìó ñóììà (3) ñîäåðæèò õîòÿ áû îäíî
íåíóëåâîå ñëàãàåìîå.

Îöåíèì ñâåðõó êàæäîå ñëàãàåìîå ñóììû (3) äëÿ j = 1, . . . , ⌊δk⌋.
Ïðè q ⩾ 2 è i ⩾ 1 âåðíî íåðàâåíñòâî (q − 1)qi−1 ⩾ 1, ïîýòîìó qi − 1 ⩾ qi−1 äëÿ âñåõ

i ⩾ 1 è q ⩾ 2, à çíà÷èò,

j∏
i=1

(q2i − 1) ⩾
j∏
i=1

q2i−1 = q
2

j∑
i=1

i−j
= qj(j+1)−j = qj

2
.

Òîãäà

qj
2

(qj + 1)
/ j∏
i=1

(q2i − 1) ⩽
qj

2
(qj + 1)

qj2
= qj + 1.

Äàëåå,

k∏
i=k−2j+1

(qi − 1) <
k∏

i=k−2j+1

qi = q

k∑
i=k−2j+1

i

= qj(2k−2j+1).

Òàêèì îáðàçîì, äëÿ j ⩾ 1 âåðíî íåðàâåíñòâî

qj
2+j + qj

2

2

k∏
i=k−2j+1

(qi − 1)

j∏
i=1

(q2i − 1)

=
1

2

qj
2
(qj + 1)

j∏
i=1

(q2i − 1)

k∏
i=k−2j+1

(qi − 1) <
1

2
(qj + 1)qj(2k−2j+1).
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Òàê êàê qj > 1 ïðè q > 1 è j ⩾ 1, òî â ýòîì ñëó÷àå qj > (qj + 1)/2. Ïîëó÷èì îöåíêó
ìîùíîñòè Q0 \ {0}:

|Q0 \ {0}| <
⌊δk⌋∑
j=1

q2j(k−j+1).

Ôóíêöèÿ f(x) = x(k − x + 1) íà îòðåçêå 0 ⩽ x ⩽ (k + 1)/2 íå óáûâàåò; δ âûáðàíî
òàêèì îáðàçîì, ÷òîáû δk ⩽ k/2 < (k + 1)/2, ïîýòîìó äëÿ ëþáîãî 1 ⩽ j ⩽ ⌊δk⌋ ⩽ δk
âûïîëíÿåòñÿ íåðàâåíñòâî 2j(k − j + 1) ⩽ 2δk(k − δk + 1). Çíà÷èò,

|Q0 \ {0}| < δkq2δ(1−δ)k
2+2δk = q2δ(1−δ)k

2+2δk+logq δk.

Èç íåðàâåíñòâà (2) îêîí÷àòåëüíî ïîëó÷èì îöåíêó âåðîÿòíîñòè ñîáûòèÿ Γ:

Pr
[
Γ
]
< q2δ(1−δ)k

2+2δk+logq(δk)−aqn + qk(k+1)/2−n(1−logq(1+(q−1)q−δk)).

Ñ ó÷¼òîì Pr [dim C◦2 = k(k + 1)/2] = 1− Pr
[
Γ
]
ïîëó÷èì òðåáóåìîå íåðàâåíñòâî.

Ïðîàíàëèçèðóåì îöåíêó èç óòâåðæäåíèÿ 6.

Òåîðåìà 1. Çàôèêñèðóåì ÷èñëà k, n ∈ N òàêèì îáðàçîì, ÷òî k ⩾ 5 è n >

> k(k + 1)/2. Âûáåðåì C $← An,k(q). Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

Pr
[
dim C◦2 = k(k + 1)/2

]
> 1− qk(k+1)/2+logq 2−(2−logq(2q−1))n.

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî ñóùåñòâóåò δ, 1 < δk ⩽ k/2, äëÿ êîòîðîãî
âûïîëíÿåòñÿ íåðàâåíñòâî

2δ(1− δ)k2 + 2δk ⩽ k(k + 1)/2. (4)

Äåéñòâèòåëüíî, 2δ(1− δ) äîñòèãàåò ìàêñèìàëüíîãî çíà÷åíèÿ ïðè δ = 1/2, ïîýòîìó äëÿ
ëþáîãî δ ⩽ 1/2 èìååò ìåñòî

2δ(1− δ)k2 ⩽ k2/2.

Åñëè k ⩾ 5, òî 1/k ⩽ 1/5 < δ = 1/4 < 1/2, ïîýòîìó, íàïðèìåð, ïðè δ = 1/4 âåðíî (4).
Äàëåå äîêàæåì, ÷òî äëÿ ëþáûõ k, k > 0, δ, 1/k < δ ⩽ 1/2, è ëþáîãî q, q > 1,

âûïîëíÿåòñÿ íåðàâåíñòâî

1− logq(1 + (q − 1)q−δk) > aq = 2− logq(2q − 1).

Ýòî íåðàâåíñòâî ýêâèâàëåíòíî ñëåäóþùåìó:

logq
2q − 1

1 + (q − 1)q−δk
> 1,

êîòîðîå, â ñâîþ î÷åðåäü, ýêâèâàëåíòíî íåðàâåíñòâó

2q − 1

1 + (q − 1)q−δk
> q ⇔ 2q − 1 > q + (q − 1)q1−δk.

Óïðîùàÿ è ó÷èòûâàÿ óñëîâèå q > 1, ïðèä¼ì ê ðàâíîñèëüíîìó íåðàâåíñòâó 1 > q1−δk,
êîòîðîå âûïîëíÿåòñÿ, åñëè è òîëüêî åñëè δk > 1.

Èòàê, äëÿ âûáðàííûõ k, δ è q âûïîëíÿåòñÿ óñëîâèå

k(k + 1)/2− (1− logq(1 + (q − 1)q−δk))n < k(k + 1)/2− aqn.
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Ñëåäîâàòåëüíî, ïðè k ⩾ 5 ñóùåñòâóåò òàêîå δ, 1/k < δ ⩽ 1/2, ÷òî

q2δ(1−δ)k
2+2δk−aqn + qk(k+1)/2−(1−logq(1+(q−1)q−δk))n ⩽ 2qk(k+1)/2−aqn.

Èç ýòîãî íåðàâåíñòâà è óòâåðæäåíèÿ 6 ïîëó÷èì òðåáóåìóþ îöåíêó âåðîÿòíîñòè.

Â ñèëó òîãî, ÷òî ïðè ìàëåíüêèõ q êîíñòàíòà 2− logq(2q−1) ìàëà, îöåíêà òåîðåìû 1
èìååò ñìûñë òîëüêî ëèáî â ñëó÷àå äîñòàòî÷íî áîëüøèõ q, ëèáî äëÿ î÷åíü äëèííûõ
êîäîâ, ó êîòîðûõ äëèíà áîëüøå, ÷åì k(k+1). Äëÿ îòíîñèòåëüíî êîðîòêèõ êîäîâ îöåíêó
ìîæíî óëó÷øèòü.

Òåîðåìà 2. Çàôèêñèðóåì ÷èñëà k, n ∈ N òàêèì îáðàçîì, ÷òî k ⩾ 6 è n <

<
k2 − 4k

2(logq(2q − 1)− 1)
. Âûáåðåì C $← An,k(q). Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

Pr
[
dim C◦2 = k(k + 1)/2

]
> 1− qk(k+1)/2+logq 2−(1−logq(1+(q−1)q−δq(n,k)k))n,

ãäå

δq(n, k) =
1

2
+

1

2k
− 1

2k

√
2k + 1 + 2(logq(2q − 1)− 1)n.

Äîêàçàòåëüñòâî. Íàéä¼ì óñëîâèÿ íà n, k è q, ïðè êîòîðûõ ñóùåñòâóåò òàêîå δ
èç ïîëóèíòåðâàëà (k−1, 2−1], ÷òî âûïîëíåíî íåðàâåíñòâî

2δ(1− δ)k2 + 2δk + logq(δk)− aqn ⩽ k(k + 1)/2− n(1− logq(1 + (q − 1)q−δk)). (5)

Ñíà÷àëà çàìåòèì, ÷òî ïðè δ ⩽ 1/2, k > 1 è q > 1 âåðíî logq δk ⩽ k/2, ïîýòîìó äîáü¼ìñÿ
âûïîëíåíèÿ óñëîâèÿ

2δ(1− δ)k2 + 2δk + k/2− aqn ⩽ k(k + 1)/2− n(1− logq(1 + (q − 1)q−δk)),

êîòîðîå ðàâíîñèëüíî íåðàâåíñòâó

2δ(1− δ)k2 + 2δk − aqn ⩽ k2/2− n(1− logq(1 + (q − 1)q−δk)).

Ïðè q > 1 èìååò ìåñòî logq(1 + (q − 1)q−δk) > 0, ïîýòîìó

k2/2− n < k2/2− n(1− logq(1 + (q − 1)q−δk)).

Çíà÷èò, äîñòàòî÷íî íàéòè óñëîâèÿ, ïðè êîòîðûõ ñóùåñòâóåò δ ∈ (k−1, 2−1], ãàðàíòèðó-
þùåå âûïîëíåíèå ðàâåíñòâà

2δ(1− δ)k2 + 2δk − aqn = k2/2− n.

Ðàñêðûâàÿ ñêîáêè è ïðèâîäÿ ïîäîáíûå ñëàãàåìûå, ïîëó÷èì êâàäðàòíîå óðàâíåíèå îò-
íîñèòåëüíî ïåðåìåííîé δ:

2k2δ2 − 2δ(k2 + k) + k2/2− (1− aq)n = 0.

Ðàçäåëèâ óðàâíåíèå íà 2k2 ̸= 0, ïîëó÷èì

δ2 − δ
(
1 +

1

k

)
+

1

4
− (1− aq)

n

2k2
= 0.
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Ðåøåíèÿìè ýòîãî óðàâíåíèÿ ÿâëÿþòñÿ äåéñòâèòåëüíûå ÷èñëà δ1 è δ2:

δ1 =
1

2
+

1

2k
− 1

2k

√
2k + 1 + 2(1− aq)n,

δ2 =
1

2
+

1

2k
+

1

2k

√
2k + 1 + 2(1− aq)n.

(6)

Íåòðóäíî ïîíÿòü, ÷òî δ2 > 1/2, òàê êàê k > 0. Çíà÷èò, íóæíî èñêàòü òàêîå δ1, ÷òî
k−1 < δ1 ⩽ 2−1.

Óñëîâèå δ1 ⩽ 2−1 ýêâèâàëåíòíî ñëåäóþùåìó: 1 ⩽ 2k + 1 + 2(1 − aq)n. Òàê êàê ïðè
q > 1 âûïîëíÿåòñÿ íåðàâåíñòâî logq(2q− 1) > 1, òî 1−aq = logq(2q− 1)− 1 > 0; çíà÷èò,
2k + 2(1− aq)n > 0 è óñëîâèå δ1 ⩽ 2−1 âåðíî ïðè ëþáûõ n, k, q, q > 1.

Îñòàëîñü ðàññìîòðåòü íåðàâåíñòâî k−1 < δ1. Îíî ýêâèâàëåíòíî ñëåäóþùåìó:

1

2k

√
2k + 1 + 2(1− aq)n <

1

2
− 1

2k
.

Óïðîùàÿ åãî, ïîëó÷èì

2k + 1 + 2(1− aq)n < (k − 1)2 = k2 − 2k + 1⇔ 2(1− aq)n < k2 − 4k.

Òàêèì îáðàçîì, åñëè n <
k2 − 4k

2(logq(2q − 1)− 1)
, òî íàéä¼òñÿ òàêîå δ1 ∈ (k−1, 2−1], ïðè

êîòîðîì âûïîëíåíî (5).
Èç íåðàâåíñòâà (5) è óòâåðæäåíèÿ 6 ïðè δq(n, k) = δ1 ñëåäóåò îöåíêà âåðîÿòíîñòè

Pr
[
dim C◦2 = k(k + 1)/2

]
> 1− 2qk(k+1)/2−(1−logq(1+(q−1)q−δq(n,k)k))n,

ãäå ÷åðåç δq(n, k) îáîçíà÷åíî δ1 èç (6).

4. Ïðèìåðû
Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ.
Íà÷í¼ì ñ äâîè÷íûõ êîäîâ. Ïóñòü n = 1600 è k = 50. Èç òåîðåìû 1 ñëåäóåò îöåíêà

âåðîÿòíîñòè

Pr
[
dim C◦2 = k(k + 1)/2

]
> 1− 250·51/2+1−(2−log2 3)1600 ≈ 1− 2611,

ò. å. â ýòîì ñëó÷àå îíà òðèâèàëüíàÿ. Îäíàêî ïðè âûáðàííûõ ïàðàìåòðàõ âåðíî íåðà-
âåíñòâî

502 − 4 · 50
2(log2(3)− 1)

> 1983,

ïîýòîìó ìîæíî ïðèìåíèòü òåîðåìó 2. Âû÷èñëèì δ2(1600, 50):

δ2(1600, 50) =
1

2
+

1

2 · 50
− 1

2 · 50
√
2 · 50 + 1 + 2 (log2(3)− 1) 1600 > 0,0658.

Äàëåå
1− log2(1 + 2−0,0658·50) < 0,85956.

Ñëåäîâàòåëüíî, èç òåîðåìû 2 ñëåäóåò, ÷òî äëÿ ëþáîãî ñëó÷àéíîãî [1600, 50]-êîäà C
âûïîëíÿåòñÿ íåðàâåíñòâî

Pr
[
dim C◦2 = 1275

]
> 1− 21275+1−0,85965·1600 > 1− 2−99,44.
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Ðàññìîòðèì ëèíåéíûå êîäû ðàçìåðíîñòè k = 50 è äëèíû n = 1600, íî óæå íàä
ïîëåì F3. Âåðíî íåðàâåíñòâî

502 − 4 · 50
2(log3(5)− 1)

> 2473.

Ìîæíî ïðèìåíèòü òåîðåìó 2. Â ýòîì ñëó÷àå

δ3(1600, 50) =
1

2
+

1

2 · 50
− 1

2 · 50
√

2 · 50 + 1 + 2 (log3(5)− 1) 1600 > 0,111.

Äàëåå
1− log3(1 + 2 · 3−0,111·50) < 0,996.

Çíà÷èò, èç òåîðåìû 2 ïîëó÷èì, ÷òî äëÿ ëþáîãî ñëó÷àéíîãî [1600, 50]3-êîäà C âûïîëíÿ-
åòñÿ íåðàâåíñòâî

Pr
[
dim C◦2 = 1275

]
> 1− 31275+log3(2)−0,996·1600 > 1− 3−317,9 > 1− 2−500.

Íåòðóäíî óñòàíîâèòü, äëÿ êàêèõ çíà÷åíèé k è n îöåíêà òåîðåìû 2 ÿâëÿåòñÿ íåòðè-
âèàëüíîé (ñòðîãî áîëüøå íóëÿ). Äëÿ ýòîãî íóæíî ðàññìîòðåòü íåðàâåíñòâî

k(k + 1)/2 + logq 2 < (1− logq(1 + (q − 1)q−δq(n,k)k))n.

Îíî ýêâèâàëåíòíî íåðàâåíñòâó

δq(n, k) k > logq

(
q − 1

q1−k(k+1)/(2n)−(logq 2)/n − 1

)
.

Ïîäñòàâëÿÿ çíà÷åíèå δq(n, k), ïîëó÷èì óñëîâèå

k

2
+

1

2
− 1

2

√
2k + 1 + 2(logq(2q − 1)− 1)n > logq

(
q − 1

q1−k(k+1)/(2n)−(logq 2)/n − 1

)
,

êîòîðîå äîëæíî âûïîëíÿòüñÿ, ÷òîáû îöåíêà èìåëà ñìûñë. Ñ ó÷¼òîì íåðàâåíñòâà k ⩽ n
ïîëó÷èì

k

2
+

1

2
− 1√

2

√
logq(2q − 1) + 1 > logq

(
q − 1

q1−k(k+1)/(2n)−(logq 2)/n − 1

)
.

Èç ýòîãî íåðàâåíñòâà âèäíî, ÷òî ïðè îòíîñèòåëüíî áîëüøèõ k è n ïðè óñëîâèè, ÷òî
îòíîøåíèå k(k + 1)/(2n) äîñòàòî÷íî ìàëî, ïðàâàÿ ÷àñòü íåðàâåíñòâà ñòðåìèòñÿ ê íóëþ,
à ëåâàÿ ïðè ýòîì èä¼ò ê áåñêîíå÷íîñòè. Òàêèì îáðàçîì, ïðè äîñòàòî÷íî áîëüøèõ k
îöåíêà òåîðåìû 2 èìååò ñìûñë äëÿ ïî÷òè âñåõ äîïóñòèìûõ n, ò. å. ïðè k(k + 1)/2 <

< n <
k2 − 4k

2(logq(2q − 1)− 1)n
.

Â çàâåðøåíèè ðàññìîòðèì ïðèìåð ïðèìåíåíèÿ îöåíêè òåîðåìû 1.
Âûáåðåì k = 50 è n = 3200. Òîãäà êâàäðàò Àäàìàðà ñëó÷àéíîãî äâîè÷íîãî

[3200, 50]-êîäà C èìååò ìàêñèìàëüíî âîçìîæíóþ ðàçìåðíîñòü 1275 ñ âåðîÿòíîñòüþ

Pr
[
dim C◦2 = 1275

]
> 1− 21276−(2−log2 3)·3200 > 1− 2−52,11.

Åñëè ðàññìàòðèâàþòñÿ òðîè÷íûå êîäû, òî êâàäðàò Àäàìàðà ñëó÷àéíîãî [3200, 50]3-
êîäà C áóäåò èìåòü ðàçìåðíîñòü 1275 ñ âåðîÿòíîñòüþ

Pr
[
C◦2 = 1275

]
> 1− 31275+log3(2)−(2−log3 5)·3200 > 1− 3−436,45 > 1− 2−691,76.

Òàêèì îáðàçîì, íàéòè ñëó÷àéíî êîä, ó êîòîðîãî êâàäðàò Àäàìàðà íå èìååò ìàêñèìàëü-
íóþ ðàçìåðíîñòü, îêàçûâàåòñÿ òðóäíîé çàäà÷åé.
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Çàêëþ÷åíèå
Â ðàáîòå ñ èñïîëüçîâàíèåì èçâåñòíûõ ðåçóëüòàòîâ î ñïåêòðå âåñîâ îäíîðîäíûõ êî-

äîâ Ðèäà�Ìàëëåðà âòîðîãî ïîðÿäêà óñòàíîâëåíà îöåíêà âåðîÿòíîñòè òîãî, ÷òî ñëó-
÷àéíûé ëèíåéíûé êîä äëèíû n è ðàçìåðíîñòè íå áîëåå k íàä ïîëåì èç q ýëåìåíòîâ
èìååò ìàêñèìàëüíóþ ðàçìåðíîñòü. Ïðè ýòîì ïîëó÷åííàÿ îöåíêà íå ÿâëÿåòñÿ àñèìïòî-
òè÷åñêîé è ìîæåò áûòü èñïîëüçîâàíà â îáîñíîâàíèè ðåçóëüòàòîâ êðèïòîãðàôè÷åñêîãî
àíàëèçà ïîñòêâàíòîâûõ êðèïòîãðàôè÷åñêèõ ñèñòåì, ïîñòðîåííûõ íà îñíîâå êîäîâ, èñ-
ïðàâëÿþùèõ îøèáêè.

Ñäåëàåì íåñêîëüêî çàìå÷àíèé.
Ïåðâîå êàñàåòñÿ âåðîÿòíîñòíîé ìîäåëè. Âñå ðåçóëüòàòû ïîëó÷åíû â ìîäåëè, â êî-

òîðîé ôàêòè÷åñêè ñëó÷àéíûé ëèíåéíûé êîä îòîæäåñòâëÿåòñÿ ñî ñëó÷àéíîé (k × n)-
ìàòðèöåé, êîòîðàÿ îõâàòûâàåò åãî. Îäíàêî ýòà ìîäåëü íå ó÷èòûâàåò, ÷òî íà ïðàêòèêå
èñïîëüçóþòñÿ êîäû ñ ôèêñèðîâàííîé ðàçìåðíîñòüþ, à íå ïðîñòî îãðàíè÷åííîé ñâåðõó
íåêîòîðûì ÷èñëîì.

Ðàññìîòðèì äðóãóþ ìîäåëü. Äëÿ ïîñòðîåíèÿ ñëó÷àéíîãî [n, k]q-êîäà C âûáèðàåòñÿ
ñëó÷àéíî è ðàâíîâåðîÿòíî (k×n)-ìàòðèöà G ìàêñèìàëüíîãî ðàíãà èç ìíîæåñòâà âñåõ
(k×n)-ìàòðèö ðàíãà k è â êà÷åñòâå C âûáèðàåòñÿ êîä, ïîðîæäàåìûé ìàòðèöåé G. Ýòîò
ôàêò áóäåì çàïèñûâàòü êàê C $← Un,k(q).

Èçâåñòíî [11], ÷òî åñëè äëÿ íåêîòîðîãî a ∈ R âûïîëíÿåòñÿ

Pr
C $←An,k(q)

[dim C = k(k + 1)/2] > 1− q−a(n,k,q),

òî âåðíî íåðàâåíñòâî

Pr
C $←Un,k(q)

[dim C = k(k + 1)/2] > 1− q−a(n,k,q) − q−(n−k).

Èñïîëüçóÿ ýòîò ôàêò, ìîæíî ñêîððåêòèðîâàòü îöåíêè òåîðåì 1 è 2. Îòìåòèì, ÷òî â êî-
íå÷íîì èòîãå äîáàâëåííîå â îöåíêó ñëàãàåìîå ÿâëÿåòñÿ íåñîèçìåðèìî ìàëîé âåëè÷èíîé
ïî ñðàâíåíèþ ñ îñíîâíûì ñëàãàåìûì.

Âòîðîå çàìå÷àíèå êàñàåòñÿ ñëó÷àÿ òàêèõ ïàðàìåòðîâ n, k è q, ÷òî îöåíêè îáåèõ
òåîðåì 1 è 2 ÿâëÿþòñÿ òðèâèàëüíûìè. Òàêîå âîçìîæíî ïðè îòíîñèòåëüíî ìàëûõ k è n.
Òàê, íàïðèìåð, åñëè k = 40 è n = 1024, òî äëÿ äâîè÷íûõ êîäîâ îöåíêà òåîðåìû 1
ñòàíîâèòñÿ ðàâíîé ïðèìåðíî 1−2396 < 0, à îöåíêà òåîðåìû 2� ïðèìåðíî 1−219,89 < 0.
Òàêèì îáðàçîì, îñòà¼òñÿ îòêðûòûì âîïðîñ óñòàíîâëåíèÿ áîëåå òî÷íîé îöåíêè âåðîÿò-
íîñòè äëÿ êîäîâ, ïàðàìåòðû êîòîðûõ äîñòàòî÷íî ìàëû.
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Îáõîäû ãðàôîâ èñïîëüçóþòñÿ äëÿ ðåøåíèÿ ìíîãèõ çàäà÷. Îáû÷íûå âàðèàíòû îá-
õîäà ãðàôà � ýòî ïîèñê â ãëóáèíó è â øèðèíó. Ïðè îáõîäå ñâÿçíîãî ãðàôà ïî-
ñëåäîâàòåëüíî äîñòèãàþòñÿ âñå åãî âåðøèíû â ðåçóëüòàòå ïåðåõîäîâ ïî ð¼áðàì.
Ïîèñê â øèðèíó � îáû÷íûé âûáîð ïðè ïîñòðîåíèè ýôôåêòèâíûõ àëãîðèòìîâ íà-
õîæäåíèÿ êîìïîíåíò ñâÿçíîñòè ãðàôà. Ìåòîäû ïðîñòîé èòåðàöèè äëÿ ðåøåíèÿ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ ìîäèôèöèðîâàííûìè ìàòðèöàìè
ñìåæíîñòè ãðàôîâ è çàäàííîé ïðàâîé ÷àñòüþ ìîãóò áûòü ðàññìîòðåíû êàê àëãî-
ðèòìû îáõîäà ãðàôà. Ýòè àëãîðèòìû äàþò îáõîäû, âîîáùå ãîâîðÿ, îòëè÷íûå îò
îáõîäîâ ãðàôà â ãëóáèíó è â øèðèíó. Ïðèìåðîì òàêîãî àëãîðèòìà ÿâëÿåòñÿ àë-
ãîðèòì îáõîäà ãðàôà, êîòîðûé äà¼ò ìåòîä Ãàóññà � Çåéäåëÿ. Äëÿ ïðîèçâîëüíîãî
ñâÿçíîãî ãðàôà ýòîìó àëãîðèòìó òðåáóåòñÿ êîëè÷åñòâî èòåðàöèé íå áîëüøåå, ÷åì
äëÿ îáõîäà â øèðèíó. Äëÿ áîëüøîãî êîëè÷åñòâà èíäèâèäóàëüíûõ çàäà÷ äîñòàòî÷-
íî ìåíüøåãî ÷èñëà èòåðàöèé.

Êëþ÷åâûå ñëîâà: îáõîäû ãðàôîâ, çàäà÷è î ñâÿçíîñòè íà ãðàôàõ.

GRAPH TRAVERSALS IMPLEMENTED BY ITERATIVE METHODS
FOR SOLVING SYSTEMS OF LINEAR EQUATIONS

A.V. Prolubnikov

Novosibirsk State University, Novosibirsk, Russia

Graph traversals, such as depth-first search and breadth-first search, are commonly
used to solve many problems on graphs. By implementing a graph traversal, we conse-
quently reach all graph vertices that belong to a connected component. The breadth-
first search is the usual choice when constructing efficient algorithms for finding con-
nected components of a graph. Methods of simple iteration for solving systems of
linear equations with modified graph adjacency matrices can be considered as graph
traversal algorithms if we use a properly specified right-hand side. These traversal
algorithms, generally speaking, turn out to be neither equivalent to depth-first search
nor to breadth-first search. An example of such a traversal algorithm is the one as-
sociated with the Gauss — Seidel method. For an arbitrary connected graph, the
algorithm requires no more iterations to visit all its vertices than it takes for breadth-
first search. For a large number of instances of the problem, fewer iterations will be
required.

Keywords: graph traversals, connectivity problems on graphs.
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Ââåäåíèå
Ìíîãèå çàäà÷è, ñâÿçàííûå ñ íàä¼æíîñòüþ òðàíñïîðòíûõ ñåòåé, ñåòåé ïåðåäà÷è äàí-

íûõ, áîëüøèõ èíòåãðàëüíûõ ñõåì è äð. ôîðìóëèðóþòñÿ êàê çàäà÷è î ñâÿçíîñòè íà
ãðàôàõ. Ïðèìåðû òàêèõ çàäà÷� çàäà÷è íàõîæäåíèÿ êîìïîíåíò ñâÿçíîñòè, òî÷åê ñî-
÷ëåíåíèÿ, ìîñòîâ è äð.

Ïóñòü G� îáûêíîâåííûé ãðàô, òî åñòü íåîðèåíòèðîâàííûé íåâçâåøåííûé ãðàô
áåç êðàòíûõ ð¼áåð è ïåòåëü; V � ìíîæåñòâî åãî âåðøèí, E � ìíîæåñòâî ð¼áåð, èìå-
þùèå ñîîòâåòñòâåííî ìîùíîñòè n è m. Âåðøèíû ãðàôà ïîìå÷åíû (ïðîíóìåðîâàíû)
â íåêîòîðîì ïðîèçâîëüíîì ïîðÿäêå îò 1 äî n. Êîìïîíåíòà ñâÿçíîñòè ãðàôà� ýòî
ìàêñèìàëüíûé ïî âêëþ÷åíèþ åãî ñâÿçíûé ïîäãðàô. Êîìïîíåíòà ñâÿçíîñòè îïðåäåëÿ-
åòñÿ ìíîæåñòâîì âåðøèí òàêîãî ïîäãðàôà.

Îáõîä ãðàôà ïðåäñòàâëÿåò ñîáîé èòåðàòèâíûé ïðîöåññ, â õîäå êîòîðîãî, íà÷èíàÿ
ñ íåêîòîðîé ñòàðòîâîé âåðøèíû, ïðîèçâîäÿòñÿ ïåðåõîäû ïî ð¼áðàì ãðàôà. Îáõîä ãðà-
ôà çàâåðøàåòñÿ, êîãäà ïîñåùåíû âñå åãî âåðøèíû. Ïîä ðåàëèçàöèåé îáõîäà ïîíèìàåòñÿ
ïðîöåññ ïîëó÷åíèÿ ïîñëåäîâàòåëüíîñòè âåðøèí, êîòîðûå ïîñåùàþòñÿ â ðåçóëüòàòå ïå-
ðåõîäîâ ïî ð¼áðàì.

Îáû÷íûìè âàðèàíòàìè ðåàëèçàöèè îáõîäà ãðàôîâ äëÿ ðåøåíèÿ çàäà÷ î ñâÿçíîñòè
ÿâëÿþòñÿ ïîèñê â ãëóáèíó è ïîèñê â øèðèíó. Ïîèñê â ãëóáèíó (Depth-First Search,
DFS) [1] ïðåäñòàâëÿåò ñîáîé ðåêóðñèâíóþ ïðîöåäóðó, â õîäå êîòîðîé ïðîèçâîäÿòñÿ ïå-
ðåõîäû ÷åðåç âñå âåðøèíû, ñìåæíûå òåêóùåé äîñòèãíóòîé âåðøèíå. Åñëè ÷åðåç ðåá-
ðî äîñòèæèìà åù¼ íå ïîñåù¼ííàÿ âåðøèíà, òî ÷åðåç íåãî ñîâåðøàåòñÿ ïåðåõîä â ýòó
âåðøèíó, èç êîòîðîé ðåêóðñèâíî çàïóñêàåòñÿ àëãîðèòì îáõîäà. Âîçâðàò èç ðåêóðñèè
ïðîèñõîäèò, åñëè äëÿ òåêóùåé âåðøèíû ñðåäè ñìåæíûõ åé íåò åù¼ íå ïîñåù¼ííûõ.

Äëÿ âû÷èñëèòåëüíî ýôôåêòèâíîãî íàõîæäåíèÿ êîìïîíåíò ñâÿçíîñòè áîëüøèõ ãðà-
ôîâ îáû÷íî èñïîëüçóåòñÿ ïîèñê â øèðèíó (Breadth-First Search, BFS) [1]. Ïðè ïðî-
âåäåíèè òàêîãî îáõîäà, íà÷èíàÿ ñî ñòàðòîâîé âåðøèíû, ïðèíàäëåæàùåé êîìïîíåíòå
ñâÿçíîñòè ãðàôà, ïðîèçâîäÿòñÿ ïåðåõîäû â åù¼ íå ïîñåù¼ííûå âåðøèíû, ñìåæíûå âåð-
øèíàì, ïîñåù¼ííûì íà ïðåäûäóùåé èòåðàöèè. Â õîäå òàêèõ èòåðàöèé ñòðîèòñÿ äåðåâî
äîñòèæèìîñòè ãðàôà; (k+1)-ìó óðîâíþ ýòîãî äåðåâà ïðèíàäëåæàò âåðøèíû, äîñòè-
ãàåìûå â ðåçóëüòàòå ïîñëåäîâàòåëüíûõ ïåðåõîäîâ ïî k ð¼áðàì íåêîòîðîé ïðîñòîé öåïè
â ãðàôå. Ïîñòðîåíèå äåðåâà äîñòèæèìîñòè äëÿ êîìïîíåíòû ñâÿçíîñòè ïðîèçâîäèòñÿ
çà ℓmax èòåðàöèé, ãäå ℓmax �äëèíà êðàò÷àéøåé ïðîñòîé öåïè, ñîåäèíÿþùåé ñòàðòîâóþ
âåðøèíó ñ íàèáîëåå óäàë¼ííîé îò íå¼ âåðøèíîé.

BFS áûë âïåðâûå èñïîëüçîâàí Ê. Öóçå â 1945 ã., íî íå áûë îïóáëèêîâàí ñ óêàçàíèåì
àâòîðà [2] äî 1972 ã. Âïåðâûå BFS îïóáëèêîâàí Ý. Ìóðîì â 1959 ã. â êîíòåêñòå ïîèñêà
ïóòè â ëàáèðèíòå [3]. Ïîçæå åãî íåçàâèñèìî îò Ìóðà ïðåäëîæèë ×. Ëè â êîíòåêñòå
ðàçâîäêè ïðîâîäíèêîâ íà ïå÷àòíûõ ïëàòàõ [4].

BFS è åãî îáîáùåíèÿ äëÿ âçâåøåííûõ ãðàôîâ ëåæàò â îñíîâå ìíîãèõ àëãîðèòìîâ
ðåøåíèÿ çàäà÷ äèñêðåòíîãî àíàëèçà è äèñêðåòíîé îïòèìèçàöèè. Îáõîäû èñïîëüçóþòñÿ
äëÿ íàõîæäåíèÿ äåðåâà êðàò÷àéøèõ ïóòåé â ãðàôå, ïðîâåðêè ãðàôà íà äâóäîëüíîñòü,
íàõîæäåíèÿ ìàêñèìàëüíîãî ïîòîêà â ñåòè è äð.

Ïóñòü s ∈ V � ñòàðòîâàÿ âåðøèíà. Àëãåáðàè÷åñêèé BFS ïðåäñòàâëÿåò ñîáîé ðåà-
ëèçàöèþ BFS ÷åðåç ïîñëåäîâàòåëüíîå óìíîæåíèå âåêòîðà íà ìàòðèöó ñìåæíîñòè A
ãðàôà:

x(k+1) = Ax(k). (1)

Çäåñü x(0) = es; es � s-é åäèíè÷íûé âåêòîð ñòàíäàðòíîãî áàçèñà â Rn, òî åñòü âñå åãî
êîìïîíåòû íóëåâûå, çà èñêëþ÷åíèåì s-é. Íà êàæäîé èòåðàöèè íåêîòîðûå êîìïîíåí-
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òû ýòîãî âåêòîðà ñòàíîâÿòñÿ íåíóëåâûìè. Èíäåêñû òàêèõ êîìïîíåíò ñîîòâåòñòâóþò
ïîñåù¼ííûì íà ýòîé èòåðàöèè âåðøèíàì.

Àëãåáðàè÷åñêèé BFS ðåàëèçîâàí â áèáëèîòåêàõ ïðîãðàìì, íàèáîëåå ýôôåêòèâíî
èñïîëüçóþùèõ âîçìîæíîñòè ñîâðåìåííûõ êîìïüþòåðíûõ àðõèòåêòóð äëÿ ïàðàëëåëü-
íûõ âû÷èñëåíèé è îïòèìèçàöèè ðàáîòû ñ ïàìÿòüþ. Îíè ïðåäíàçíà÷åíû äëÿ ðàáîòû ñ
ðàçðåæåííûìè ãðàôàìè, òî åñòü ñ òåìè, äëÿ êîòîðûõ m = O(n) è êîòîðûå íàèáîëåå
÷àñòî âñòðå÷àþòñÿ â ïðèëîæåíèÿõ. Òàêèå íèçêîóðîâíåâûå ðåàëèçàöèè àëãåáðàè÷åñêî-
ãî BFS ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ òðåáóþò ìåíüøå âðåìåíè äëÿ îáõîäà ãðàôà,
÷åì ðåàëèçàöèè òåîðåòè÷åñêè îïòèìàëüíîãî êîìáèíàòîðíîãî BFS [5�9]. Ïîñêîëüêó âû-
÷èñëèòåëüíàÿ ñëîæíîñòü BFS ñîñòàâëÿåò O(m + n), äëÿ ðàçðåæåííûõ ãðàôîâ àëãåá-
ðàè÷åñêèé BFS ïîçâîëÿåò ïîëó÷àòü ðåàëèçàöèè ñ íàèìåíüøåé âîçìîæíîé äëÿ çàäà÷è
ëèíåéíîé âû÷èñëèòåëüíîé ñëîæíîñòüþ [10].

Îäíàêî íåñìîòðÿ íà òî, ÷òî âû÷èñëåíèÿ (1) äîïóñêàþò ýôôåêòèâíûå ïàðàëëåëüíûå
ðåàëèçàöèè ïðè íàõîæäåíèè òåêóùåãî óðîâíÿ äåðåâà äîñòèæèìîñòè, íå ñóùåñòâóåò
ðåàëèçàöèé BFS ñ âû÷èñëèòåëüíîé ñëîæíîñòüþ ìåíüøå ëèíåéíîé, òî åñòü èìåþùèõ
ñëîæíîñòü O(nc), ãäå 0 < c < 1.

Òàêèì îáðàçîì, èìååòñÿ äâà ïðèíöèïèàëüíî îòëè÷íûõ äðóã îò äðóãà ïîäõîäà ê ÷èñ-
ëåííîé ðåàëèçàöèè îáõîäà ãðàôà� êîìáèíàòîðíûé è àëãåáðàè÷åñêèé (ëèíåéíî-àëãåá-
ðàè÷åñêèé).

Ïðè ðåàëèçàöèè êîìáèíàòîðíîãî ïîäõîäà, íà÷èíàÿ ñ íåêîòîðîé ñòàðòîâîé âåðøè-
íû, ïîñëåäîâàòåëüíî ðàññìàòðèâàþòñÿ âîçìîæíûå âàðèàíòû ïåðåõîäîâ ïî ð¼áðàì, èí-
öèäåíòíûì òåêóùåé äîñòèãíóòîé âåðøèíå. Ïîñëå ýòîãî ñîâåðøàþòñÿ ïåðåõîäû â åù¼
íå ïîñåù¼ííûå âåðøèíû ïî íåêîòîðûì âûáðàííûì ð¼áðàì.

Ïðè ðåàëèçàöèè àëãåáðàè÷åñêîãî ïîäõîäà íà êàæäîé èòåðàöèè ïðîèçâîäèòñÿ ëèíåé-
íîå ïðåîáðàçîâàíèå âåêòîðà ñîñòîÿíèÿ x(k). Àíàëèç êîìïîíåíò ýòîãî âåêòîðà ïîçâî-
ëÿåò îïðåäåëèòü âåðøèíû, ïîñåù¼ííûå â õîäå èòåðàöèè. Ïîñåùåíèå âåðøèíû i ∈ V
ðåãèñòðèðóåòñÿ â ñëó÷àå, åñëè çíà÷åíèå i-é êîìïîíåíòû âåêòîðà ñîñòîÿíèÿ ïåðåñòà-
¼ò áûòü íóëåâûì. Ïðèìåðîì ðåàëèçàöèè àëãåáðàè÷åñêîãî ïîäõîäà ÿâëÿåòñÿ àëãåáðà-
è÷åñêèé BFS, êîòîðûé â êà÷åñòâå ëèíåéíîãî ïðåîáðàçîâàíèÿ èñïîëüçóåò óìíîæåíèå
âåêòîðà íà ìàòðèöó ñìåæíîñòè ãðàôà.

Ðàññìàòðèâàåìûå íàìè àëãîðèòìû îáõîäà ãðàôà èñïîëüçóþò äðóãèå ëèíåéíûå ïðå-
îáðàçîâàíèÿ. Ýòè ïðåîáðàçîâàíèÿ ðåàëèçóþòñÿ ìåòîäàìè ïðîñòîé èòåðàöèè ðåøåíèÿ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ). Âàðèàíòû ìåòîäà ïðîñòîé èòåðà-
öèè ðåøåíèÿ ÑËÀÓ ñ ìîäèôèöèðîâàííûìè ìàòðèöàìè ñìåæíîñòè ãðàôîâ è çàäàííîé
ïðàâîé ÷àñòüþ ìîãóò áûòü ðàññìîòðåíû êàê îáõîäû ãðàôîâ. Ýòè ìåòîäû äàþò äâà âà-
ðèàíòà îáõîäà ãðàôà, ïåðâûé èç êîòîðûõ ðåàëèçóåòñÿ ìåòîäîì ßêîáè è ýêâèâàëåíòåí
BFS, âòîðîé�ìåòîäîì Ãàóññà � Çåéäåëÿ, è îí íå ýêâèâàëåíòåí BFS.

Íàçîâ¼ì ïðîñòóþ öåïü â ãðàôå ïðàâèëüíîé, åñëè íîìåðà å¼ âåðøèí îáðàçóþò âîç-
ðàñòàþùóþ ïîñëåäîâàòåëüíîñòü. Â îòëè÷èå îò DFS è BFS, ïðè ïîëó÷åíèè îáõîäà ãðàôà
ñ ïîìîùüþ èòåðàöèé ìåòîäà Ãàóññà � Çåéäåëÿ ó÷èòûâåòñÿ íóìåðàöèÿ âåðøèí â ãðàôå,
êîòîðàÿ ÿâëÿåòñÿ îáÿçàòåëüíûì ïàðàìåòðîì çàäà÷è. Òàêîé àëãîðèòì îáõîäà íå ýêâè-
âàëåíòåí íè BFS, íè DFS. Íà êàæäîé åãî èòåðàöèè ñíà÷àëà ïðîèçâîäèòñÿ èòåðàöèÿ
BFS è åñëè ïðè ýòîì áûëè äîñòèãíóòû âåðøèíû, èç êîòîðûõ íà÷èíàþòñÿ ïðàâèëüíûå
öåïè, òî ïðîèçâîäÿòñÿ ïåðåõîäû ïî âñåì ð¼áðàì ýòèõ ïðàâèëüíûõ öåïåé.

Äëÿ îáõîäà ïðîèçâîëüíîãî ñâÿçíîãî ãðàôà ñ ïîìîùüþ òàêîãî àëãîðèòìà íóæíî
ïðîèçâåñòè íå áîëüøå èòåðàöèé, ÷åì òðåáóåòñÿ äëÿ BFS. Ïðè ýòîì äëÿ áîëüøîãî êîëè-
÷åñòâà ãðàôîâ ïîíàäîáèòñÿ ìåíüøå èòåðàöèé. Åñëè â ãðàôå èìååòñÿ äîñòàòî÷íî ìíîãî
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ïðàâèëüíûõ öåïåé, òî äàæå ïîñëåäîâàòåëüíàÿ ðåàëèçàöèÿ òàêîãî àëãîðèòìà ìîæåò
äàâàòü îáõîä ãðàôà áûñòðåå, ÷åì ïàðàëëåëüíàÿ âåðñèÿ BFS.

1. Èòåðàòèâíûå ÷èñëåííûå ìåòîäû ðåøåíèÿ ÑËÀÓ
è îáõîäû ãðàôîâ, àññîöèèðîâàííûå ñ íèìè

Ðàññìîòðèì èòåðàöèè ìåòîäîâ ßêîáè è Ãàóññà � Çåéäåëÿ äëÿ ðåøåíèÿ ÑËÀÓ

Ax = b. (2)

Îáà ìåòîäà ÿâëÿþòñÿ âàðèàíòàìè ìåòîäà ïðîñòîé èòåðàöèè. Èòåðàöèè ìåòîäà ßêîáè
èìåþò ñëåäóþùèé âèä:

x(k+1) = b−D−1Ax(k),

ãäå D�äèàãîíàëüíàÿ ìàòðèöà ñ äèàãîíàëüíûìè ýëåìåíòàìè ìàòðèöû A. Òî åñòü äëÿ
i-é êîìïîíåíòû ïðèáëèæ¼ííîãî ðåøåíèÿ, ïîëó÷àåìîãî ïîñëå (k+1)-é èòåðàöèè, èìååì

x
(k+1)
i =

1

aii

(
bi −

∑
j ̸=i

aijx
(k)
j

)
. (3)

Èòåðàöèè ìåòîäà Ãàóññà � Çåéäåëÿ èìåþò ñëåäóþùèé âèä:

(L+D)x(k+1) = −Ux(k) + b,

ãäå L è U �ìàòðèöû ñ ýëåìåíòàìè ìàòðèöû A, íàõîäÿùèìèìñÿ ñîîòâåòñòâåííî ïîä å¼
äèàãîíàëüþ è íàä íåé, òî åñòü

x
(k+1)
i =

1

aii

(
bi −

i−1∑
j=1

aijx
(k+1)
j −

n∑
j=i+1

aijx
(k)
j

)
. (4)

Äëÿ òîãî ÷òîáû ÑËÀÓ ñ ìàòðèöàìè ãðàôîâ èìåëè ðåøåíèå, à èñïîëüçóåìûå ÷èñ-
ëåííûå ìåòîäû èõ ðåøåíèÿ ñõîäèëèñü, ìû ìîæåì ìîäèôèöèðîâàòü ìàòðèöû ñìåæíî-
ñòè, çàìåíÿÿ íóëåâûå ýëåìåíòû íà èõ äèàãîíàëè íà çíà÷åíèÿ d > 0, êàê ýòî äåëàåòñÿ
â [11, 12]. Åñëè ìàòðèöà A èìååò äèàãîíàëüíîå ïðåîáëàäàíèå, òî åñòü äëÿ i = 1, . . . , n
èìååì

|aii| = d ⩾
∑
i ̸=j
|aij|,

ãäå ñóììèðîâàíèå âåä¼òñÿ ïî j îò 1 äî n, è åñëè õîòÿ áû îäíî èç ýòèõ íåðàâåíñòâ ñòðî-
ãîå, òî ïðèáëèæ¼ííûå ðåøåíèÿ, ïîëó÷àåìûå íà èòåðàöèÿõ (3) è (4), ñõîäÿòñÿ ê òî÷íîìó
ðåøåíèþ, êîòîðîå ñóùåñòâóåò è åäèíñòâåííî äëÿ ëþáîé ïðàâîé ÷àñòè b.

Ðàññìîòðèì ÑËÀÓ (2), ãäå A�ìîäèôèöèðîâàííàÿ ìàòðèöà ñìåæíîñòè ñ äèàãî-
íàëüíûì ïðåîáëàäàíèåì è b = es. Àëãîðèòìû îáõîäà ãðàôà, ðàññìàòðèâàåìûå äàëåå,
ïðîèçâîäÿò èòåðàöèè (3) è (4). Ïîñëå ïðîâåäåíèÿ íå áîëåå ÷åì n èòåðàöèé (3) èëè (4)
ñ íà÷àëüíûì âåêòîðîì x(0) = d · es, âîçìîæíî, áåç äîñòèæåíèÿ ñõîäèìîñòè ê òî÷íîìó
ðåøåíèþ ÑËÀÓ (2), ìû ïîëó÷àåì ïîñëåäîâàòåëüíîñòü ïðèáëèæ¼ííûõ ðåøåíèé x(k).
Äàëåå áóäåì ðàññìàòðèâàòü èõ êàê òåêóùåå çíà÷åíèå âåêòîðà ñîñòîÿíèÿ x(k) íà k-é
èòåðàöèè, íåæåëè êàê ïðèáëèæ¼ííûå ðåøåíèÿ ÑËÀÓ. Äëÿ ïðîâåäåíèÿ îáõîäîâ ãðà-
ôîâ ñ ïîìîùüþ ìåòîäîâ ðåøåíèÿ ÑËÀÓ äèàãîíàëüíîå ïðåîáëàäàíèå íå îáÿçàòåëüíî.
Äîñòàòî÷íî òîãî, ÷òîáû íà äèàãîíàëè ìîäèôèöèðîâàííîé ìàòðèöû ñìåæíîñòè ãðàôà
áûëè íåíóëåâûå çíà÷åíèÿ, ðàâíûå íåêîòîðîìó çàäàííîìó d.
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Ïåðåõîäû ìåæäó âåðøèíàìè ãðàôà â õîäå ýòèõ èòåðàöèé ðåãèñòðèðóþòñÿ ñëåäóþ-
ùèì îáðàçîì. Ïåðåõîä èç âåðøèíû, äîñòèãíóòîé íà ïðåäûäóùåé èòåðàöèè, â âåðøèíó
i ∈ V ïðîèñõîäèò íà (k + 1)-é èòåðàöèè, åñëè âûïîëíåíî ñëåäóþùåå óñëîâèå:

(x
(k)
i = 0) è (x

(k+1)
i ̸= 0). (5)

Òî åñòü âåðøèíà i íå áûëà äîñòèãíóòà íà èòåðàöèÿõ, ïðåäøåñòâóþùèõ (k + 1)-é èòå-
ðàöèè, è áûëà äîñòèãíóòà ïîñëå å¼ âûïîëíåíèÿ. Âåðøèíà j, èç êîòîðîé áûë ñîâåðø¼í
ïåðåõîä â âåðøèíó i ïî ðåáðó ãðàôà, ìîæåò áûòü îïðåäåëåíà â õîäå âûïîëíåíèÿ èòå-
ðàöèè (3) èëè (4). Ôðîíòèð F (k+1) äëÿ (k + 1)-é èòåðàöèè� ýòî ìíîæåñòâî âåðøèí,
êîòîðûå áûëè äîñòèãíóòû â ðåçóëüòàòå å¼ âûïîëíåíèÿ; F (0) = {s}.

Ïðîèçâîäÿ èòåðàöèè ìåòîäà ßêîáè èëè ìåòîäà Ãàóññà � Çåéäåëÿ ñ çàäàííûìè íà-
÷àëüíûì çíà÷åíèåì âåêòîðà ñîñòîÿíèÿ è ïðàâîé ÷àñòüþ ÑËÀÓ (2), ïîñëåäîâàòåëüíî
ïîëó÷àåì ôðîíòèðû äëÿ ñîîòâåòñòâóþùèõ èì îáõîäîâ ãðàôà, â ðåçóëüòàòå ïîñåùàÿ
âñå âåðøèíû ñâÿçíîãî ãðàôà.

Ìåòîäû ïðîñòîé èòåðàöèè ðåøåíèÿ ÑËÀÓ äàþò äâà îòëè÷íûõ äðóã îò äðóãà àëãî-
ðèòìà îáõîäà ãðàôà. Îäèí èç íèõ ìîæåò áûòü ïîëó÷åí ïðîâåäåíèåì èòåðàöèé (3) è,
êàê ìû ïîêàæåì äàëåå, îí ýêâèâàëåíòåí BFS, òîãäà êàê äðóãîé ìîæåò áûòü ïîëó÷åí
ïðîâåäåíèåì èòåðàöèé (4), è îí íå ýêâèâàëåíòåí BFS.

2. Èñïîëüçîâàíèå îïåðàöèè óìíîæåíèÿ âìåñòî îïåðàöèè äåëåíèÿ
â èòåðàöèÿõ ìåòîäîâ ßêîáè è Ãàóññà � Çåéäåëÿ

Ïîñêîëüêó äëÿ ïðîâåäåíèÿ îáõîäà ãðàôà ñ ïîìîùüþ èòåðàöèé (3) è (4) íåò íåîá-
õîäèìîñòè äîáèâàòüñÿ ñõîäèìîñòè ê òî÷íîìó ðåøåíèþ ÑËÀÓ (2), âìåñòî îïåðàöèè
äåëåíèÿ â (3) è (4) ìîæåò áûòü èñïîëüçîâàíî óìíîæåíèå. Íå âëèÿÿ íà îáõîäû, ïðîèçâî-
äèìûå ïðè âûïîëíåíèè èòåðàöèé, è íà äîêàçàòåëüñòâà, êîòîðûå ïðîâîäÿòñÿ äàëåå, ýòî
ïîçâîëÿåò ñäåëàòü òåêñò áîëåå êîìïàêòíûì. Ïîñëå òàêîé ìîäèôèêàöèè çíà÷åíèÿ x

(k+1)
i

ñòàíîâÿòñÿ ïîëèíîìàìè îò d, à íå îò 1/d, ÷òî èìååò ìåñòî ïðè èñïîëüçîâàíèè äåëåíèÿ.
Áîëåå òîãî, òàêàÿ ìîäèôèêàöèÿ èìååò è ïðàêòè÷åñêèé ñìûñë, ïîñêîëüêó ðåàëèçà-

öèÿ îïåðàöèè äåëåíèÿ ìàøèííûõ ÷èñåë ñ ïëàâàþùåé òî÷êîé â íåñêîëüêî ðàç ìåäëåí-
íåé, ÷åì ðåàëèçàöèÿ îïåðàöèè óìíîæåíèÿ. Â ðåçóëüòàòå óìåíüøàåòñÿ âðåìÿ, òðåáóåìîå
äëÿ ïðîâåäåíèÿ îáõîäà.

Òàêèì îáðàçîì, äàëåå, ñîïîñòàâëÿÿ ãðàôó ìàòðèöó ñìåæíîñòè, â êîòîðîé íóëåâûå
äèàãîíàëüíûå ýëåìåíòû çàìåíåíû íåêîòîðûì d > 0, ìû ðàññìàòðèâàåì èòåðàöèè äâóõ
ìåòîäîâ êàê ñîîòâåòñòâåííî

x
(k+1)
i =

(
−bi +

∑
j ̸=i

aijx
(k)
j

)
(−d); (6)

x
(k+1)
i =

(
−bi +

i−1∑
l=1

aijx
(k+1)
j +

n∑
j=i+1

aijx
(k)
j

)
(−d). (7)

Çäåñü d ìîæåò áûòü ïðîèçâîëüíûì ïîëîæèòåëüíûì çíà÷åíèåì.

3. Êîìáèíàòîðíûå âàðèàíòû àëãîðèòìîâ îáõîäà ãðàôà
Öåïüþ â ãðàôå íàçûâàåòñÿ êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü âåðøèí, â êîòîðîé êàæ-

äàÿ âåðøèíà ñîåäèíåíà ñ ïîñëåäóþùåé ðåáðîì. Öåïü ìîæåò ïîíèìàòüñÿ è êàê íàáîð
ýòèõ ð¼áåð. Ïðîñòûå öåïè� ýòî öåïè áåç ïîâòîðÿþùèõñÿ âåðøèí. Äëèíà öåïè c, êîòî-
ðóþ ìû îáîçíà÷àåì êàê ℓ(c), � êîëè÷åñòâî ð¼áåð â íåé. Öåïü ñ ñîâïàäàþùèìè íà÷àëü-
íîé è ïîñëåäíåé âåðøèíîé íàçûâàåòñÿ öèêëîì. Ìû íàçûâàåì öåïü ïðàâèëüíîé, åñëè
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íîìåðà âåðøèí â íåé îáðàçóþò âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü, òî åñòü ýòî öåïü
c= {i0, i1, . . . , ik}, ij ∈ V , òàêàÿ, ÷òî (ij−1, ij) ∈ E, ij−1 < ij, j = 1, . . . , k. Ïðàâèëüíûå
öåïè� ýòî ïðîñòûå öåïè. Ìàðøðóò � ýòî òàêàÿ öåïü, â êîòîðîé ìîãóò ïîâòîðÿòüñÿ
êàê âåðøèíû, òàê è ð¼áðà.

Íàçîâ¼ì ïîèñêîì ïðàâèëüíûõ öåïåé (Correct Chain Search, CCS) àëãîðèòì îáõî-
äà ãðàôà, ïîëó÷àåìûé â õîäå èòåðàöèé (7). Ìû ðàññìàòðèâàåì è BFS, è CCS êàê
àëãîðèòìû äâóõ òèïîâ: êîìáèíàòîðíûå (îïèñàíèå ïðèâåäåíî â àëãîðèòìàõ 1 è 2) è
àëãåáðàè÷åñêèå (îáùàÿ ñõåìà äà¼òñÿ â ï. 4 àëãîðèòìîì 3).

Ñõîäñòâî BFS è CCS ñîñòîèò â òîì, ÷òî, ïðîèçâîäÿ èòåðàöèè (7), êàê è ïðè âûïîë-
íåíèè èòåðàöèè BFS, ìû ïðîèçâîäèì ïåðåõîäû ïî ð¼áðàì, èíöèäåíòíûì âåðøèíàì,
äîñòèãíóòûì íà ïðåäûäóùåé èòåðàöèè. Ðàçíèöà ìåæäó íèìè â òîì, ÷òî åñëè ïîñëå
ýòèõ ïåðåõîäîâ ìû îêàçûâàåìñÿ â âåðøèíàõ, èç êîòîðûõ èñõîäÿò ïðàâèëüíûå öåïè, òî
â ñëó÷àå CCS íà òîé æå èòåðàöèè áóäóò ïðîèçâåäåíû ïåðåõîäû ïî âñåì ð¼áðàì, ïðè-
íàäëåæàùèì ýòèì öåïÿì. Ýòî ïðîèñõîäèò ïîòîìó, ÷òî, ïðîèçâîäÿ èòåðàöèè (7), ìû
ïðîèçâîäèì âû÷èñëåíèå êîìïîíåíò òåêóùåãî âåêòîðà ñîñòîÿíèÿ, èñïîëüçóÿ çíà÷åíèÿ
êîìïîíåíò, êîòîðûå óæå ðàññ÷èòàíû ðàíåå íà òåêóùåé èòåðàöèè. Òàê, åñëè âåðøèíà j
ñìåæíà âåðøèíå i, j < i, è j-ÿ êîìïîíåíòà âåêòîðà ñîñòîÿíèÿ ïåðåñòàëà áûòü íóëåâîé
íà òåêóùåé èòåðàöèè, òî íà ýòîé æå èòåðàöèè å¼ çíà÷åíèå áóäåò èñïîëüçîâàíî ïðè
âû÷èñëåíèè i-é êîìïîíåíòû âåêòîðà ñîñòîÿíèÿ è îíà òàêæå ïåðåñòàíåò áûòü íóëåâîé,
åñëè îíà áûëà òàêîâîé äî ýòîãî.

Ïðè âûïîëíåíèè èòåðàöèé BFS âåêòîð ñîñòîÿíèÿ îáíîâëÿåòñÿ òîëüêî èñõîäÿ èç
ðåçóëüòàòîâ îòäåëüíûõ âû÷èñëåíèé äëÿ êàæäîé åãî êîìïîíåíòû. Ýòî ïîçâîëÿåò ýô-
ôåêòèâíî ðàñïàðàëëåëèâàòü âû÷èñëåíèÿ ïðè óìíîæåíèè âåêòîðà íà ìàòðèöó, íî ïðè
ýòîì â íîâûé ôðîíòèð ïîïàäàþò òîëüêî âåðøèíû, ñìåæíûå âåðøèíàì ôðîíòèðà, ïî-
ëó÷åííîãî íà ïðåäûäóùåé èòåðàöèè.

Ïóñòü N îáîçíà÷àåò ìíîæåñòâî âåðøèí, ñìåæíûõ âåðøèíàì èç F (k) è íå ïîñå-
ù¼ííûõ ïîñëå k èòåðàöèé àëãîðèòìà; C(k) �ìíîæåñòâî âåðøèí èç V , ïîñåù¼ííûõ ïî-
ñëå k èòåðàöèé.

Àëãîðèòì 1. Êîìáèíàòîðíûé BFS

Âõîä: ãðàô G, ñòàðòîâàÿ âåðøèíà s ∈ V .
Âûõîä: êîìïîíåíòà ñâÿçíîñòè C.
1: k := 0, x(0) := es, F (0) := {s}, C(0) := {s}, C(1) := ∅.
2: Ïîêà C(k) ̸= C(k+1):
3: N :=

{
i ∈ V \ C(k) : ∃j ∈ F (k)

(
(i, j) ∈ E

)}
;

4: F (k+1) := N ;
5: C(k+1) := C(k) ∪ F (k+1);
6: k := k + 1.
7: C := C(k+1).

Íà èòåðàöèè CCS â äîïîëíåíèå ê ïåðåõîäàì ïî ð¼áðàì, èíöèäåíòíûì âåðøèíàì
èç F (k), â âåðøèíû F (k+1) ïðîèçâîäÿòñÿ ïåðåõîäû ïî ð¼áðàì ïðàâèëüíûõ öåïåé, èñõî-
äÿùèì èç óæå äîñòèãíóòûõ íà ýòîé èòåðàöèè âåðøèí F (k+1). Ïóñòü C(s̃, i)�ìíîæåñòâî
ïðàâèëüíûõ öåïåé, èñõîäÿùèõ èç âåðøèí s̃ ∈ N è çàêàí÷èâàþùèõñÿ â âåðøèíå i.

Òàêèì îáðàçîì, íà øàãå 3 îáîèõ àëãîðèòìîâ ïðîèçâîäÿòñÿ ïåðåõîäû ïî ð¼áðàì, èí-
öèäåíòíûì âåðøèíàì ôðîíòèðà F (k), ïîëó÷åííîãî íà ïðåäûäóùåé èòåðàöèè. Äîïîë-
íèòåëüíûå ïåðåõîäû ïî ð¼áðàì ïðàâèëüíûõ öåïåé èç C(s̃, i) âûïîëíÿþòñÿ íà øàãå 4
àëãîðèòìà 2.
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Àëãîðèòì 2. Êîìáèíàòîðíûé CCS

Âõîä: ãðàô G, ñòàðòîâàÿ âåðøèíà s ∈ V .
Âûõîä: êîìïîíåíòà ñâÿçíîñòè C.
1: k := 0, x(0) := es, F (0) := {s}, C(0) := {s}, C(1) := ∅.
2: Ïîêà C(k) ̸= C(k+1):
3: N :=

{
i ∈ V \ C(k) : ∃j ∈ F (k)

(
(i, j) ∈ E

)}
;

4: F (k+1) := N ∪
{
i ∈ V \ (C(k) ∪N ) : ∃s̃ ∈ N

(
C(s̃, i) ̸= ∅

)}
;

5: C(k+1) := C(k) ∪ F (k+1);
6: k := k + 1.
7: C := C(k+1).

4. Àëãåáðàè÷åñêèå âåðñèè êîìáèíàòîðíûõ BFS è CCS,
ðåàëèçóåìûå êàê èòåðàöèè ìåòîäîâ ßêîáè è Ãàóññà � Çåéäåëÿ

Îáîçíà÷èì ÷åðåç F
(
x(k)
)
ïðåîáðàçîâàíèå âèäà (6) èëè (7). Äëÿ çàäàííîé ñòàðòîâîé

âåðøèíû s àëãîðèòì 3 äà¼ò êîìïîíåíòó ñâÿçíîñòè C, êîòîðîé ïðèíàäëåæèò s, ïðîèç-
âîäÿ îáõîä ýòîé êîìïîíåíòû ñâÿçíîñòè. Â ñëó÷àå, êîãäà F�ïðåîáðàçîâàíèå âèäà (6),
ýòîò àëãîðèòì, êàê ïîêàçàíî äàëåå, ÿâëÿåòñÿ âàðèàíòîì àëãåáðàè÷åñêîãî BFS; ïðè
èñïîëüçîâàíèè F âèäà (7) ïîëó÷àåì àëãåáðàè÷åñêèé CCS.

Àëãîðèòì 3. Îáõîä êîìïîíåíòû ñâÿçíîñòè

Âõîä: ãðàô G, ñòàðòîâàÿ âåðøèíà s ∈ V .
Âûõîä: êîìïîíåíòà ñâÿçíîñòè C.
1: k := 0, x(0) := es, F (0) := {s}, C(0) := {s}, C(1) := ∅.
2: Ïîêà C(k) ̸= C(k+1):
3: x(k+1) := F

(
x(k)
)
;

4: F (k+1) :=
{
i ∈ V (G) : (x

(k)
i = 0) ∧ (x

(k+1)
i ̸= 0)

}
;

5: C(k+1) := C(k) ∪ F (k+1);
6: k := k + 1.
7: C := C(k).

Àëãîðèòì 4 íàõîäèò âñå êîìïîíåíò ñâÿçíîñòè ãðàôà G. Êîìïîíåíòû ñâÿçíîñòè
îáîçíà÷àþòñÿ Ci, i = 1, . . . , K, ãäå K �èõ êîëè÷åñòâî.

Àëãîðèòì 4. Íàõîæäåíèå âñåõ êîìïîíåíò ñâÿçíîñòè

Âõîä: ãðàô G.
Âûõîä: âñå êîìïîíåíòû ñâÿçíîñòè {C1, . . . , CK}.
1: V ′ := ∅, K := 1.
2: Ïîêà V ′ ̸= V :
3: âûáðàòü s ∈ V \ V ′;
4: CK := Îáõîä êîìïîíåíòû ñâÿçíîñòè (G, s);
5: V ′ := V ′ ∪ CK ;
6: K := K + 1.

Ïîñëåäîâàòåëüíî âûáèðàÿ ñòàðòîâûå âåðøèíû äëÿ îáõîäîâ íà øàãå 3 àëãîðèòìà 4,
ìû íàõîäèì âñå êîìïîíåíòû ñâÿçíîñòè ãðàôà.
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Ïîêàæåì, ÷òî èòåðàöèè (6) äàþò àëãîðèòì îáõîäà ãðàôà, ýêâèâàëåíòíûé êîìáèíà-
òîðíîìó BFS, òîãäà êàê èòåðàöèè (7) � êîìáèíàòîðíîìó CCS.

5. Èòåðàöèè ìåòîäà ßêîáè êàê ðåàëèçàöèÿ êîìáèíàòîðíîãî BFS
Ïóñòü C(s, i) îáîçíà÷àåò ìíîæåñòâî ïðîñòûõ öåïåé, ñîåäèíÿþùèõ ñòàðòîâóþ âåð-

øèíó s è âåðøèíó i ∈ F (k+1). Åñëè C(s, i) ̸= ∅, òî âñå îíè èìåþò äëèíó k: ℓ(c) = k äëÿ
âñåõ c ∈ C(s, i).

Ëåììà 1. Äëÿ èòåðàöèé (6)

x
(k+1)
i =

∑
c∈C(s,i)

(−1)ℓ(c)+1dℓ(c)+2,

â ñîîòâåòñòâèè ñ ÷åì äëÿ i-é êîìïîíåíòû âåêòîðà ñîñòîÿíèÿ èìååì(
x
(t)
i = 0, t = 1, . . . , k

)
è
(
x
(k+1)
i ̸= 0

)
òîãäà è òîëüêî òîãäà, êîãäà i ∈ F (k+1) äëÿ êîìáèíàòîðíîãî BFS.

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî êîëè÷åñòâó k âûïîëíåííûõ èòåðàöèé.
Ïóñòü k = 1. ×òîáû ïîëó÷èòü çíà÷åíèÿ x

(1)
i èç óðàâíåíèé (6) äëÿ (s, i) ∈ E, â íèõ

ïîäñòàâëÿåòñÿ çíà÷åíèå x
(0)
s = d, â ðåçóëüòàòå ïîëó÷àåì x

(1)
i = −d2 ̸= 0. Åñëè i-å óðàâ-

íåíèå â (6) íå ñîäåðæèò x
(k)
s â ïðàâîé ÷àñòè, òî åñòü åñëè ais = 0 è (s, i) ̸∈ E, òî x(1)i = 0.

Òàêèì îáðàçîì, äëÿ ïåðâîé èòåðàöèè ëåììà 1 âåðíà.
Ïðåäïîëîæèì, ÷òî ëåììà 1 âåðíà äëÿ k-é èòåðàöèè, ò. å. äëÿ t < k è i ∈ F (k)

âûïîëíÿåòñÿ x
(t)
i = 0 è

x
(k)
i =

∑
c∈C(s,i)

(−1)ℓ(c)dℓ(c)+1 ̸= 0.

Ïîêàæåì, ÷òî ëåììà 1 âåðíà è äëÿ (k + 1)-é èòåðàöèè. Äëÿ i ̸= s èìååì

x
(k+1)
i =

( n∑
j=1

aijx
(k)
j

)
(−d) =

( ∑
(i,j)∈E

( ∑
c∈C(s,j)

(−1)ℓ(c)dℓ(c)+1
))

(−d) =

=

( ∑
(i,j)∈E

( ∑
c∈C(s,j)

(−1)ℓ(c)+1dℓ(c)+2
))

=
∑

c∈C(s,i)

(−1)ℓ(c)+1dℓ(c)+2 ̸= 0.

Òàêèì îáðàçîì, óñëîâèå (5) âûïîëíåíî äëÿ i ∈ F (k+1). Ïîêàæåì, ÷òî x
(k+1)
i = 0, åñëè

i ̸∈ F (k+1) è âåðøèíà i íå áûëà ïîñåùåíà íà ïðåäûäóùèõ k èòåðàöèÿõ êîìáèíàòîðíî-
ãî BFS. Ýòî çíà÷èò, ÷òî ñðåäè âåðøèí j, ñìåæíûõ i, íåò òàêèõ, äëÿ êîòîðûõ â õîäå
èòåðàöèé (6) áûëè ïðîéäåíû ïðîñòûå öåïè äëèíû k, ñîåäèíÿþùèå s è j â õîäå ïðåäû-
äóùèõ k èòåðàöèé. Ïîñêîëüêó ëåììà 1 âåðíà äëÿ k, äëÿ âñåõ òàêèõ âåðøèí j èìååì
x
(k)
j = 0. Ïîýòîìó

x
(k+1)
i =

( n∑
i=1

aijx
(k)
j

)
(−d) =

( n∑
(i,j)∈E

x
(k)
j

)
(−d) = 0 · (−d) = 0.

Ëåììà 1 äîêàçàíà.

Òàêèì îáðàçîì, ïî (5) è ëåììå 1, èòåðàöèè (6) äàþò òå æå ñàìûå ôðîíòèðû F (k),
k = 1, 2, . . ., ÷òî è èòåðàöèè êîìáèíàòîðíîãî BFS. Ýòî çíà÷èò, ÷òî ìû ïîëó÷àåì òîò
æå ñàìûé îáõîä ãðàôà. Îòñþäà ñëåäóåò

Òåîðåìà 1. Äëÿ ãðàôà G è çàäàííîé ñòàðòîâîé âåðøèíû s êîìáèíàòîðíûé BFS
è èòåðàöèè ìåòîäà ßêîáè ñ ïðàâîé ÷àñòüþ b = es è x

(0) = d · es äàþò îäèí è òîò æå
îáõîä.
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6. Èòåðàöèè ìåòîäà Ãàóññà � Çåéäåëÿ
êàê ðåàëèçàöèÿ êîìáèíàòîðíîãî CCS

6.1. Â û ÷ è ñ ë å í è å ê î ì ï î í å í ò â å ê ò î ð à ñ î ñ ò î ÿ í è ÿ ñ ï î ì î ù ü þ
î á õ î ä î â ö å ï å é , è ñ õ î ä ÿ ù è õ è ç â å ð ø è í ò å ê ó ù å ã î

ô ð î í ò è ð à

Ðàññìàòðèâàÿ (k + 1)-þ èòåðàöèþ êîìáèíàòîðíîãî CCS è èòåðàöèþ âèäà (7) ñ òåì
æå íîìåðîì, áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ. Â îòëè÷èå îò ï. 5, ÷å-
ðåç C(s̃, i) îáîçíà÷èì ìíîæåñòâî ïðîñòûõ öåïåé, ñîåäèíÿþùèõ âåðøèíû s̃ ∈ F (k) ñ âåð-
øèíîé i ∈ F (k+1). Íà (k + 1)-é èòåðàöèè êîìáèíàòîðíîãî CCS ïðîèçâîäÿòñÿ ïåðåõîäû
ïî ð¼áðàì ýòèõ öåïåé. Ïóñòü c + (j, i) îáîçíà÷àåò öåïü, ïîëó÷àåìóþ èç c ñîåäèíåíèåì
å¼ ïîñëåäíåé âåðøèíû j ñ âåðøèíîé i ðåáðîì (j, i) ∈ E.

Âñå âû÷èñëåíèÿ íà èòåðàöèÿõ (6) è (7) ìîãóò áûòü ïðåäñòàâëåíû êàê äåéñòâèÿ, ïðî-
èçâîäèìûå â ñîîòâåòñòâèè ñ îáõîäàìè îòäåëüíûõ öåïåé (íå îáÿçàòåëüíî ïðîñòûõ), ñî-

åäèíÿþùèõ ñòàðòîâóþ âåðøèíó è âåðøèíó i, äëÿ êîòîðîé âû÷èñëÿåòñÿ çíà÷åíèå x
(k+1)
i .

Áóäåì ðàññìàòðèâàòü òîëüêî ïðîñòûå öåïè, ïîñêîëüêó ýòîãî äîñòàòî÷íî äëÿ äîêàçà-
òåëüñòâ ëåììû è òåîðåìû, ñôîðìóëèðîâàííûõ äàëåå. Â äåéñòâèòåëüíîñòè ïðè ðåàëèçà-
öèè âû÷èñëåíèé âèäà (6) èëè (7) ìíîæåñòâî âñåõ àðèôìåòè÷åñêèõ îïåðàöèé, âûïîëíÿ-
åìûõ íà îäíîé èòåðàöèè, ñîñòîèò èç âû÷èñëåíèé, ñîîòâåòñòâóþùèõ âñåì ìàðøðóòàì,
ñîåäèíÿþùèì ñòàðòîâóþ âåðøèíó ñ äðóãèìè âåðøèíàìè â ãðàôå. Ìû èëëþñòðèðóåì
ýòî äàëåå ïðèìåðîì íà ðèñ. 1, à è á.

Öåïè, êîòîðûå îáõîäÿòñÿ â õîäå îäíîé èòåðàöèè êîìáèíàòîðíîãî CCS, òî åñòü öåïè
c = (i0, i1, . . . , iℓ(c)) ∈ C(s̃, i), ãäå i0 = s̃, ìîãóò áûòü äâóõ òèïîâ. Öåïü c ∈ C(s̃, i)�
öåïü òèïà (I), åñëè i0 < i1, è òèïà (II), åñëè i0 > i1. Äëÿ öåïåé îáîèõ òèïîâ, âîçìîæíî,
çà èñêëþ÷åíèåì ïåðâîãî ðåáðà (i0, i1), èìååì ij−1 < ij äëÿ j = 1, . . . , ℓ(c). Ïåðåõîä ïî
ðåáðó (i0, i1) ïðîèçâîäèòñÿ íà øàãå 3 êîìáèíàòîðíîãî CCS, ïåðåõîäû ïî ïîñëåäóþùèì
ð¼áðàì öåïè� íà øàãå 4.

Äëÿ s̃, i ∈ V ïóñòü ℓ(s̃, i) = max{ℓ(c) : c ∈ C(s̃, i)}�ìàêñèìàëüíàÿ äëèíà ïðîñòîé
öåïè, èñõîäÿùåé èç s̃ ∈ F (k), â ðåçóëüòàòå ïåðåõîäîâ ïî ð¼áðàì êîòîðîé äîñòèãàåñÿ
âåðøèíà i ∈ F (k+1) íà (k + 1)-é èòåðàöèè.

Ïóñòü i0 = s̃; iℓ(c) = i�ïåðâàÿ è ïîñëåäíÿÿ âåðøèíû â öåïè c = (i0, . . . , iℓ(c));
vs̃ � çíà÷åíèå, êîòîðîå â õîäå îäíîé èòåðàöèè ïåðåäà¼òñÿ ïî öåïè c, ñîåäèíÿþùåé s̃
è âåðøèíó i, ïðè ïîäñòàíîâêå vs̃ â óðàâíåíèÿ (7) â ñîîòâåòñòâèè ñ íîìåðàìè âåðøèí
èç c. Âû÷èñëåíèå ýòîãî çíà÷åíèÿ ïðîèçâîäèòñÿ ñ ïîìîùüþ àëãîðèòìà 5 (îáõîäà öåïè).

Àëãîðèòì 5. Àëãîðèòì îáõîäà öåïè

Âõîä: öåïü c, vs̃.
Âûõîä: x(k+1)

i,c .

1: c′ := ∅; x
(k+1)
i0,c′

:= vs̃.
2: Äëÿ t = 1, . . . , ℓ(c):

3: c′′ := c′ + (it−1, it); x
(k+1)
it,c′′

:= x
(k+1)
it−1,c′

(−d); c′ := c′′.

4: Âåðíóòü x
(k+1)
it,c′

.

Â ðåçóëüòàòå ïåðåäà÷è vs̃ ïðè îáõîäå öåïè c ìû ïîëó÷àåì âêëàä x
(k+1)
i,c â çíà÷å-

íèå x
(k+1)
i , êîòîðûé ïåðåäà¼òñÿ ïî ýòîé öåïè. Äëÿ òîãî ÷òîáû âûïîëíÿëîñü x

(k+1)
i ̸= 0,

äîëæíû èìåòüñÿ öåïè, ïî êîòîðûì â âåðøèíó i ïåðåäà¼òñÿ íåíóëåâîå çíà÷åíèå vs̃.
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Òàêèì îáðàçîì, äëÿ s̃ ∈ F (k) è c ∈ C(s̃, i) ìû îïðåäåëÿåì x
(k+1)
i,c êàê âêëàä çíà÷å-

íèÿ vs̃, êîòîðîå ïåðåäà¼òñÿ ïî öåïè c ∈ C(s̃, i) èç s̃ â i:

x
(k+1)
i,c = vs̃(−d)ℓ(c), (8)

ãäå

vs̃ =

{
x
(k+1)
s̃ , åñëè c � öåïü òèïà (I),

x
(k)
s̃ , åñëè c � öåïü òèïà (II).

Âñå âû÷èñëåíèÿ íà èòåðàöèè (7) ìîãóò áûòü ïðåäñòàâëåíû êàê âû÷èñëåíèÿ âêëàäîâ
îòäåëüíûõ öåïåé, êîòîðûå ïðîèçâîäÿòñÿ ïî àëãîðèòìó 5.

Äëÿ s̃ ∈ F (k) îïðåäåëèì x
(k+1)
i(s̃) êàê

x
(k+1)
i(s̃) =

∑
c∈C(s̃,i)

x
(k+1)
i,c . (9)

Åñëè C(s̃, i) = ∅, òî x(k+1)
i(s̃) = 0, ïîñêîëüêó â ýòîì ñëó÷àå íåò öåïåé, ÷åðåç êîòîðûå

âêëàä vs̃ ìîæåò áûòü â õîäå (k+1)-é èòåðàöèè (7) ïåðåäàí â âåðøèíó i èç âåðøèíû s̃.

Çíà÷åíèå x
(k+1)
i(s̃) ðàâíî ñóììå âñåõ âêëàäîâ â çíà÷åíèå x

(k+1)
i , êîòîðûå ïåðåäàþòñÿ ÷åðåç

âñå öåïè èç C(s̃, i) â õîäå (k + 1)-é èòåðàöèè (7).
Îòìåòèì, ÷òî ïðè ïðîâåäåíèè èòåðàöèé (7) âåðøèíû èç F (k+1) ìîãóò äîñòèãàòüñÿ íå

òîëüêî â ðåçóëüòàòå îáõîäà ïðîñòûõ öåïåé. Îáõîä öåïè òèïà (II) ìîæåò ïðèâåñòè ê òî-
ìó, ÷òî ïðàâèëüíàÿ öåïü, èñõîäÿùàÿ èç âåðøèíû j, óæå äîñòèãíóòîé íà èòåðàöèè (7),
íà òîé æå èòåðàöèè áóäåò ïîâòîðíî ïðîõîäèòü ÷åðåç âåðøèíó s̃, èç êîòîðîé j áûëà äî-
ñòèãíóòà. Çíà÷åíèå, ïîëó÷åííîå ïðè îáõîäå òàêèõ öèêëîâ, áóäåò äîáàâëåíî ê èñõîäíîìó
çíà÷åíèþ x

(k)
s̃ è ïåðåäàíî äàëåå ÷åðåç âñå öåïè èç C(s̃, i). Òî åñòü îíî áóäåò âêëþ÷åíî

â çíà÷åíèå vs̃ èç (8) ïðè ïîâòîðíîì ïîñåùåíèè s̃. Ýòî ìîæåò ïðîèñõîäèòü, åñëè s̃ > j.
Íà ðèñ. 1 ïîêàçàía òàêàÿ ñèòóàöèÿ. Â äàííîì ñëó÷àå (7) èìååò ñëåäóþùèé âèä:

x
(k+1)
1 = x

(k)
2 (−d),

x
(k+1)
2 =

(
−1 + x

(k+1)
1 + x

(k)
3

)
(−d),

x
(k+1)
3 = x

(k+1)
2 (−d).

Ñòàðòîâàÿ âåðøèíà� âåðøèíà 2. Íà ïåðâîé èòåðàöèè x
(0)
1 = 0, x

(0)
2 = d, x

(0)
3 = 0,

ïîýòîìó

x
(1)
3 = x

(1)
2 (−d) =

(
−1 + x

(1)
1

)
d2 =

(
−1 + x

(0)
2 (−d)

)
d2 = (−1− d2)d2 = −d2 − d4.

Ïåðåäàííîå ïî öèêëó (2, 1, 2) çíà÷åíèå vs = d âíîñèò âêëàä −d4 â çíà÷åíèå x
(1)
3 ïðè

îáõîäå âñåãî ìàðøðóòà c1 = (2, 1, 2, 3) íà ïåðâîé èòåðàöèè. Ñóììèðóÿ åãî ñ âêëàäîì,
êîòîðûé ïåðåäà¼òñÿ ïî ïðîñòîé öåïè c2 = (2, 3), ñîñòîÿùåé èç îäíîãî ðåáðà, ïîëó÷à-

åì èòîãîâîå çíà÷åíèå x
(1)
3 íà ïåðâîé èòåðàöèè êàê ñóììó âêëàäîâ, ïåðåäàâàåìûõ èç

âåðøèíû 2 â âåðøèíó 3 ïî ìàðøðóòó c1 è ïî ïðîñòîé öåïè c2:

x
(1)
3 = x

(1)
3,c1

+ x
(1)
3,c2

= −d4 − d2.
Äëÿ ãðàôà íà ðèñ. 2 òàêèå ïåòëè (öèêëû) îòñóòñòâóþò â ñëó÷àå ñòàðòîâîé âåðøè-

íû 1. Íà ðèñ. 2 òàêæå ïîêàçàíî, êàê ñêëàäûâàþòñÿ âêëàäû, ïåðåäàâàåìûå â âåðøèíó 5
ïî äâóì ïðàâèëüíûì öåïÿì, êîòîðûå îáõîäÿòñÿ â õîäå îäíîé èòåðàöèè CSS. Ýòî öåïè
c1 = (1, 2, 5) è c2 = (1, 3, 4, 5);

x
(1)
5 = x

(1)
5,c1

+ x
(1)
5,c2

= d3 − d4.
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Ðèñ. 1. Ïîëó÷åíèå çíà÷åíèÿ x
(1)
3 äëÿ öåïè íà òð¼õ

âåðøèíàõ â õîäå îäíîé èòåðàöèè CCS

Ðèñ. 2. Ïîëó÷åíèå çíà÷åíèÿ x
(1)
5 äëÿ öèêëà íà ïÿòè

âåðøèíàõ â õîäå îäíîé èòåðàöèè CCS

6.2. È ò å ð à ö è è ì å ò î ä à Ã à ó ñ ñ à � Ç å é ä å ë ÿ ê à ê ð å à ë è ç à ö è ÿ
ê î ì á è í à ò î ð í î ã î C C S

Äëÿ i ̸= s èç (7) èìååì

x
(k+1)
i =

( i−1∑
j=1

aijx
(k+1)
j +

n∑
j=i+1

aijx
(k)
j

)
(−d) =

∑
j<i

(i, j)∈E

x
(k+1)
j (−d) +

∑
j>i

(i, j)∈E

x
(k)
j (−d). (10)

Äîêàçûâàåìàÿ äàëåå ëåììà 2 óòâåðæäàåò, ÷òî ïîëó÷åíèå íà (k + 1)-é èòåðàöèè (7)
âåêòîðà x(k+1) ýêâèâàëåíòíî åãî ïîëó÷åíèþ ïî ïðîñòûì öåïÿì èç C(s̃, i) (9) äëÿ âñåõ
s̃ ∈ F (k).

Îòìåòèì, ÷òî ìû íå ðàññìàòðèâàåì ñèòóàöèþ íàëè÷èÿ öèêëîâ, íà÷èíàþùèõñÿ è
çàêàí÷èâàþùèõñÿ â âåðøèíå s̃, ïðèìåð êîòîðîé ïðèâåä¼í âûøå. Ïîñêîëüêó ðàñïðî-
ñòðàíÿþùèéñÿ äàëåå ïîñëå ïðîõîæäåíèÿ òàêîé ïåòëè (öèêëà) âêëàä áóäåò îäèíàêîâî
ðàñïðîñòðàíÿòüñÿ ïî âñåì èñõîäÿùèì èç âåðøèíû ïðàâèëüíûì ïðîñòûì öåïÿì ïîñëå
ïîâòîðíîãî ïðîõîæäåíèÿ âåðøèíû, ýòî íå ïîìåíÿåò ðàâåíñòâà èëè íåðàâåíñòâà íóëþ
ñóììû âêëàäîâ, ïåðåäàííûõ ïî öåïÿì â õîäå èòåðàöèè (7).

Ëåììà 2. Ïóñòü i ∈ F (k+1) äëÿ êîìáèíàòîðíîãî CCS è x
(k+1)
i � çíà÷åíèå, âû÷èñ-

ëÿåìîå íà (k + 1)-é èòåðàöèè (7). Òîãäà

x
(k+1)
i =

∑
s̃∈F(k)

x
(k+1)
i(s̃) =

∑
s̃∈F(k)

∑
c∈C(s̃,i)

x
(k+1)
i,c =

∑
s̃∈F(k)

∑
c∈C(s̃,i)

vs̃(−d)ℓ(c),

ãäå vs̃ = x
(k)
s̃ �ïåðåäàâàåìîå íà (k + 1)-é èòåðàöèè èç s̃ çíà÷åíèå.

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî êîëè÷åñòâó èòåðàöèé êîìáèíàòîðíîãî CCS è
èòåðàöèé (7). Äîêàçàòåëüñòâî îñíîâàíèÿ èíäóêöèè è èíäóêòèâíîãî ïðåäïîëîæåíèÿ
ïðîâåä¼ì èíäóêöèåé ïî äëèíå öåïåé èç C(s̃, i) äëÿ s̃ ∈ F (k) è i ∈ F (k+1).
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Ïîêàæåì, ÷òî ëåììà 2 âåðíà äëÿ ïåðâîé èòåðàöèè. Íà ýòîé èòåðàöèè ôðîíòèð
ñîäåðæèò òîëüêî ñòàðòîâóþ âåðøèíó s: F (0) = {s}. Ïóñòü i ∈ F (1) � òàêàÿ âåðøèíà,
÷òî ℓ(s, i) = 1. Â ýòîì ñëó÷àå C(s, i) ñîñòîèò èç åäèíñòâåííîé öåïè c = (s, i) äëèíû 1,

ñîäåðæàùåé òîëüêî îäíî ðåáðî (s, i) ∈ E. Òàêèì îáðàçîì, ïî (8) ïîëó÷àåì x
(1)
i,c = −d2,

ïîñêîëüêó vs = d íà ïåðâîé èòåðàöèè (7).

Íà ïåðâîé èòåðàöèè (7) èìååì x
(0)
j = 0 äëÿ âñåõ j > i, (j, i) ∈ E, j ̸= s. Êðîìå òîãî,

x
(1)
j = 0 è äëÿ j < i, (j, i) ∈ E, j ̸= s. Äîïóñòèì, ýòî íå òàê è x

(1)
j ̸= 0 äëÿ òàêîãî j.

Çíà÷èò, ñóùåñòâóåò öåïü òèïà (I) èëè òèïà (II), ñîåäèíÿþùàÿ âåðøèíû s è j, òàêàÿ, ÷òî

ïðè ïîäñòàíîâêàõ íà ïåðâîé èòåðàöèè çíà÷åíèÿ x
(0)
s = d â óðàâíåíèÿ (7) ñ íîìåðàìè,

ðàâíûìè íîìåðàì âåðøèí èç ýòîé öåïè, ìû ïîëó÷èëè áû x
(1)
j ̸= 0. Íî â ýòîì ñëó÷àå

ℓ(s, i) > 1, ïîñêîëüêó (j, i) ∈ E, ÷òî ïðîòèâîðå÷èò ïðåäïîëîæåíèþ ℓ(s, i) = 1.

Ñëåäîâàòåëüíî, âñå ñëàãàåìûå â (10) íóëåâûå, êðîìå x
(0)
s , åñëè i < s, èëè êðîìå x

(1)
s ,

åñëè i > s. Ïîýòîìó èìååì
x
(1)
i = x

(1)
i(s) = x

(1)
i,c = −d2,

ãäå c = (s, i). Òàêèì îáðàçîì, ëåììà 2 âåðíà äëÿ âåðøèíû i, äîñòèãàåìîé íà ïåðâîé
èòåðàöèè (7) ïî öåïÿì äëèíû 1.

Ïðåäïîëîæèì, ÷òî ëåììà 2 âåðíà íà ïåðâîé èòåðàöèè (7) äëÿ âñåõ i ∈ F (1), òàêèõ,
÷òî ℓ(s, i) = l. Ïîêàæåì, ÷òî îíà âåðíà è äëÿ âñåõ i ∈ F (1), òàêèõ, ÷òî ℓ(s, i) = l + 1.

Ïîñêîëüêó íà ïåðâîé èòåðàöèè x
(0)
j = 0 äëÿ j > i, j ̸= s, òî èç (10) èìååì

x
(1)
i =

∑
j<i, j ̸= s,
(i, j)∈E

x
(1)
j (−d) + αvs(−d), (11)

ãäå α = 1, åñëè (s, i) ∈ E, s > i, è â ýòîì ñëó÷àå C(s, j) = {(s, i)}. Â ñëó÷àå α = 0,
j ̸= s âûïîëíÿåòñÿ ℓ(c) ⩽ ℓ(s, j) ⩽ l äëÿ âñåõ c ∈ C(s, j), ïîñêîëüêó ℓ(s, i) = l + 1.
Ñëåäîâàòåëüíî, ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ äëÿ l èìååì

x
(1)
j =

∑
c′∈C(s,j)

x
(1)
j,c′ . (12)

Ïîñêîëüêó x
(1)
i,c = x

(1)
j,c′(−d) äëÿ c′ ∈ C(s, j), òàêîé, ÷òî c = c′ + (j, i), c ∈ C(s, i), òî,

ïîäñòàâëÿÿ (12) â (11) è èìåÿ vs(−d) = x
(1)
i,c äëÿ c = (s, i), ïîëó÷àåì

x
(1)
i =

∑
c∈C(s,i)

x
(1)
i,c = x

(1)
i(s)

äëÿ îáîèõ âîçìîæíûõ çíà÷åíèé α.
Òàêèì îáðàçîì, äëÿ ïåðâîé èòåðàöèè ëåììà 2 âåðíà äëÿ âåðøèí i ∈ F (1), äîñòèãà-

åìûõ ïî öåïÿì èç C(s̃, i) ëþáîé äëèíû.
Ïðåäïîëîæèì, ëåììà 2 âåðíà äëÿ âñåõ èòåðàöèé ñ íîìåðàìè îò 1 äî k. Ïîêàæåì,

÷òî îíà âåðíà è äëÿ (k + 1)-é èòåðàöèè.
Ïóñòü âåðøèíà i ∈ F (k+1) òàêîâà, ÷òî ℓ(s̃, i) = 1 äëÿ âåðøèí s̃ ∈ F (k). Â ýòîì ñëó÷àå

âñå öåïè c ∈ C(s̃, i)� ýòî ð¼áðà (s̃, i) ∈ E, êàæäîå èç êîòîðûõ â (10) ñîîòâåòñòâóåò

íåíóëåâîìó ñëàãàåìîìó âèäà x
(k+1)
i,c = x

(k+1)
s̃ (−d), åñëè s̃ < i, èëè x

(k+1)
i,c = x

(k)
s̃ (−d), åñëè

s̃ > i. Ïîýòîìó èìååì

x
(k+1)
i =

∑
s̃∈F(k)

∑
c∈C(s̃,i)

x
(k+1)
i,c =

∑
s̃∈F(k)

x
(k+1)
i(s̃) .
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Òàêèì îáðàçîì, ëåììà 2 âåðíà äëÿ i ∈ F (k+1), òàêèõ, ÷òî ℓ(s̃, i) = 1 äëÿ s̃ ∈ F (k).
Ïðåäïîëîæèì, ÷òî ëåììà 2 âåðíà äëÿ i ∈ F (k+1), òàêèõ, ÷òî ℓ(s̃, i) ⩽ l, s̃ ∈ F (k).

Ïîêàæåì, ÷òî îíà âåðíà äëÿ âñåõ i ∈ F (k+1), òàêèõ, ÷òî ℓ(s̃, i) = l + 1 (èíäóêöèÿ ïî l).

Ïóñòü F (k)
1 = {s̃ ∈ F (k) : s̃ < i}, F (k)

2 = {s̃ ∈ F (k) : s̃ > i}, F (k)
1 ∪ F (k)

2 = F (k).
Ðàññìîòðèì ïåðâîå ñëàãàåìîå S1 â ïðàâîé ÷àñòè (10):

S1 =
∑
j<i,

(i, j)∈E

x
(k+1)
j (−d).

Åñëè j < i è x
(k+1)
j ̸= 0, òî C(s̃, j) ̸= ∅, ïîñêîëüêó ïî ïðåäïîëîæåíèþ èíäóêöèè ïî k

íåíóëåâûìè ìîãóò áûòü òîëüêî òå êîìïîíåíòû âåêòîðà ñîñòîÿíèÿ, êîòîðûå ñîîòâåò-
ñòâóþò âåðøèíàì, äîñòèãíóòûì íà èòåðàöèÿõ äî k-é âêëþ÷èòåëüíî. Äëÿ ïîëó÷åíèÿ
íåíóëåâîãî çíà÷åíèÿ x

(k+1)
j èç ïðàâîé ÷àñòè (10) òðåáóþòñÿ ïðîñòûå öåïè, ñîåäèíÿþ-

ùèå òàêèå âåðøèíû è j. Äëèíà ëþáîé öåïè èç C(s̃, j) ìåíüøå èëè ðàâíà l, ïîñêîëüêó
èíà÷å ℓ(s̃, i) > l + 1. Ïîýòîìó ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ïî l èìååì

S1 =
∑

s̃∈F(k)
1

∑
c∈C(s̃,j)

x
(k+1)
j,c (−d).

Ïîñêîëüêó ïî (8) âåðíî x
(k+1)
j,c (−d) = x

(k+1)
i,c′ , ãäå c′ = c+ (j, i), ñ ó÷¼òîì (9) ïîëó÷àåì

S1 =
∑

s̃∈F(k)
1

∑
c∈C(s̃,i)

x
(k+1)
i,c =

∑
s̃∈F(k)

1

x
(k+1)
i(s̃) . (13)

Ðàññìîòðèì âòîðîå ñëàãàåìîå S2 èç ïðàâîé ÷àñòè (10):

S2 =
∑
j>i,

(i, j)∈E

x
(k)
j (−d).

Ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ïî k äëÿ j > i èìååì x
(k)
j ̸= 0, åñëè j ∈ F (k)

2 .
Ïîýòîìó

S2 =
∑

s̃∈F(k)
2

x
(k+1)
i(s̃) , (14)

ïîñêîëüêó x
(k)
s̃ (−d) = x

(k+1)
i,c = x

(k+1)
i(s̃) äëÿ öåïåé c = (s̃, i), s̃ ∈ F (k)

2 , ℓ(c) = 1.

Ñêëàäûâàÿ S1 è S2, èç (13) è (14) ïîëó÷àåì

x
(k+1)
i = S1 + S2 =

∑
s̃∈F(k)

1

x
(k+1)
i(s̃) +

∑
s̃∈F(k)

2

x
(k+1)
i(s̃) =

∑
s̃∈F(k)

x
(k+1)
i(s̃) .

Çíà÷èò, ëåììà 2 âåðíà äëÿ âñåõ i ∈ F (k+1), òàêèõ, ÷òî ℓ(s̃, i) = l + 1. Òàêèì îáðàçîì,
ïî èíäóêöèè ïî l óòâåðæäåíèå ëåììû 2 âåðíî äëÿ âñåõ âåðøèí èç F (k+1), ò. å. ëåììà
âåðíà äëÿ (k + 1)-é èòåðàöèè, è ïî èíäóêöèè ïî k îíà âåðíà äëÿ âñåõ k (k ⩽ n).

Òåîðåìà 2. Äëÿ ãðàôàG è ñòàðòîâîé âåðøèíû s êîìáèíàòîðíûé CCS è èòåðàöèè
ìåòîäà Ãàóññà � Çåéäåëÿ ñ ïðàâîé ÷àñòüþ b = es è x

(0) = d·es äàþò îäèí è òîò æå îáõîä.
Äîêàçàòåëüñòâî. Íåîáõîäèìî ïîêàçàòü, ÷òî â õîäå âûïîëíåíèÿ èòåðàöèé (7)

óñëîâèå (5) äëÿ âåðøèíû i ∈ V âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà i ∈ F (k+1) äëÿ
êîìáèíàòîðíîãî CCS.
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Ïî ëåììå 2
x
(k+1)
i =

∑
s̃∈F(k)

∑
c∈C(s̃,i)

vs̃(−d)ℓ(c),

ãäå vs̃ = O(dℓ(s,s̃)) ̸= 0 è ℓ(s, s̃)�ìàêñèìàëüíàÿ äëèíà ïðîñòîé öåïè, ñîåäèíÿþùåé ñòàð-
òîâóþ âåðøèíó s è âåðøèíó s̃ ∈ F (k). Ïî (8), ïðè ïåðåõîäå ïî êàæäîìó ðåáðó òàêîé
öåïè çíà÷åíèå vs̃, êîòîðîå ÿâëÿåòñÿ ñóììîé ñòåïåíåé d ñ íåêîòîðûìè êîýôôèöèåíòàìè
ïåðåä íèìè, óìíîæàåòñÿ íà −d. Â ýòîì ñëó÷àå îäíè è òå æå ñòåïåíè d â èòîãîâîì
çíà÷åíèè x

(k+1)
i,c èìåþò îäèí è òîò æå çíàê, ïîñêîëüêó îíè ïîëó÷àþòñÿ â ðåçóëüòàòå

îäíîãî è òîãî æå êîëè÷åñòâà óìíîæåíèé íà −d, ïðîèçâîäèìûõ â ñîîòâåòñòâèè ñ aëãî-
ðèòìîì 5 äëÿ öåïåé îäíîé äëèíû. Ïîýòîìó åñëè C(s̃, i) ̸= ∅, òî x(k+1)

i ̸= 0 è óñëîâèå (5)
âûïîëíåíî äëÿ i ∈ F (k+1) êîìáèíàòîðíîãî CCS ïîñëå (k + 1)-é èòåðàöèè.

Ïóñòü i ∈ V \ C(k+1) äëÿ êîìáèíàòîðíîãî CCS, ò. å. âåðøèíà i íå äîñòèãàåòñÿ ïîñëå

(k+1)-é èòåðàöèè. Ýòî çíà÷èò, ÷òî C(s̃, i) = ∅ äëÿ âñåõ s̃ ∈ F (k). Ïîñêîëüêó x
(k+1)
i(s̃) = 0,

åñëè C(s̃, i) = ∅, òî ïî ëåììå 2 èç ýòîãî ñëåäóåò, ÷òî

x
(k+1)
i =

∑
s̃∈F(k)

x
(k+1)
i(s̃) = 0,

ò. å. óñëîâèå (5) íå âûïîëíåíî äëÿ i ∈ V \ C(k+1).
Òàêèì îáðàçîì, êàæäàÿ èòåðàöèÿ êîìáèíàòîðíîãî CCS äà¼ò òå æå ôðîíòèðû F (k),

k = 1, 2, . . ., ÷òî è èòåðàöèè (7). Çíà÷èò, ìû ïîëó÷èì òå æå ñàìûå îáõîäû ãðàôà ïðè
èõ âûïîëíåíèè.

7. Ïðèìåðû îáõîäîâ ãðàôîâ, ðåàëèçóåìûõ èòåðàöèÿìè ìåòîäîâ ßêîáè
è Ãàóññà � Çåéäåëÿ

Â ðàññìàòðèâàåìûõ ïðèìåðàõ ñòàðòîâàÿ âåðøèíà� ýòî âåðøèíà 1; d = 2.
Ñðàâíèì îáõîäû ãðàôîâ, ðåàëèçóåìûå BFS è CCS, äëÿ ãðàôà G1 (ðèñ. 3). Äëÿ ýòî-

ãî ãðàôà ïðåîáðàçîâàíèå F âåêòîðîâ ñîñòîÿíèÿ x(k) âèäà (6) çàäà¼òñÿ ñëåäóþùèìè
óðàâíåíèÿìè: 

x
(k+1)
1 =

(
−1 + x

(k)
2

)
(−d),

x
(k+1)
2 =

(
x
(k)
1 + x

(k)
3 + x

(k)
6

)
(−d),

x
(k+1)
3 =

(
x
(k)
2 + x

(k)
4 + x

(k)
7

)
(−d),

x
(k+1)
4 =

(
x
(k)
3

)
(−d),

x
(k+1)
5 =

(
x
(k)
6

)
(−d),

x
(k+1)
6 =

(
x
(k)
2 + x

(k)
5 + x

(k)
7

)
(−d),

x
(k+1)
7 =

(
x
(k)
3 + x

(k)
6 + x

(k)
8

)
(−d),

x
(k+1)
8 =

(
x
(k)
7

)
(−d).

(15)

Ðèñ. 3. Ãðàô G1
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Îáõîä, êîòîðûé ýòè èòåðàöèè äàäóò äëÿ G1, ïðåäñòàâëåí íà ðèñ. 4. Òðåáóåòñÿ ÷åòû-
ðå èòåðàöèè äëÿ òîãî, ÷òîáû çàâåðøèòü îáõîä ãðàôà, èñïîëüçóÿ àëãåáðàè÷åñêèé BFS,
ðåàëèçóåìûé èòåðàöèÿìè ìåòîäà ßêîáè (6).

Ðèñ. 4. Îáõîä ãðàôà G1, ðåàëèçóåìûé BFS

Äëÿ èòåðàöèé àëãåáðàè÷åñêîãî CCS ïðåîáðàçîâàíèå F âåêòîðîâ ñîñòîÿíèÿ x(k) çà-
äà¼òñÿ ñëåäóþùèìè óðàâíåíèÿìè:

x
(k+1)
1 =

(
−1 + x

(k)
2

)
(−d),

x
(k+1)
2 =

(
x
(k+1)
1 + x

(k)
3 + x

(k)
6

)
(−d),

x
(k+1)
3 =

(
x
(k+1)
2 + x

(k)
4 + x

(k)
7

)
(−d),

x
(k+1)
4 =

(
x
(k+1)
3

)
(−d),

x
(k+1)
5 =

(
x
(k)
6

)
(−d),

x
(k+1)
6 =

(
x
(k+1)
2 + x

(k+1)
5 + x

(k)
7

)
(−d),

x
(k+1)
7 =

(
x
(k+1)
3 + x

(k+1)
6 + x

(k)
8

)
(−d),

x
(k+1)
8 =

(
x
(k+1)
7

)
(−d).

(16)

Ïðîèçâîäÿ èòåðàöèè (16), ïîëó÷àåì îáõîä ãðàôà çà äâå èòåðàöèè. Êàê ìîæíî âè-
äåòü (ðèñ. 5), â îòëè÷èå îò BFS, íà ïåðâîé èòåðàöèè CCS ïðîèçâîäÿòñÿ ïåðåõîäû ïî
ð¼áðàì ïðàâèëüíûõ öåïåé, èñõîäÿùèõ èç âåðøèíû 2, êîòîðàÿ äîñòèãàåòñÿ èç âåðøè-
íû 1 íà òîé æå èòåðàöèè.

Âåêòîðû ñîñòîÿíèÿ x(k) è ìíîæåñòâà C(k) âåðøèí, äîñòèãàåìûõ ïîñëå k-é èòåðàöèè
BFS è CCS, ïðåäñòàâëåíû äàëåå.

BFS (ðåàëèçóìûé èòåðàöèÿìè (15))

Èíèöèàëèçàöèÿ: x(0) = (2, 0, 0, 0, 0, 0, 0, 0), F (0) = {1}, C(0) = {1};
x(1) = (2,−4, 0, 0, 0, 0, 0, 0), F (1) = {2}, C(1) = {1, 2};
x(2) = (10,−4, 8, 0, 0, 8, 0, 0), F (2) = {3, 6}, C(2) = {1, 2, 3, 6};
x(3) = (10,−52, 8,−16,−16, 8,−32, 0), F (3) = {5, 7}, C(3) = {1, 2, 3, 4, 5, 6, 7};
x(4) = (106,−52, 200,−16,−16, 200,−32, 64), F (4) = {8}, C(4) = {1, 2, 3, 4, 5, 6, 7, 8}.
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Ðèñ. 5. Îáõîä ãðàôà G1, ðåàëèçóåìûé CCS

CCS (ðåàëèçóåìûé èòåðàöèÿìè (16))

Èíèöèàëèçàöèÿ: x(0) = (2, 0, 0, 0, 0, 0, 0, 0), F (0) = {1}, C(0) = {1};
x(1) = (2,−4, 8,−16, 0, 8,−32, 64), F (1) = {2, 3, 4, 6, 7, 8}, C(1) = {1, 2, 3, 4, 6, 7, 8};
x(2)=(10,−52, 200,−400,−16, 200,−928, 1856), F (2)={5}, C(2)={1, 2, 3, 4, 5, 6, 7, 8}.
Äëÿ ãðàôà G2 (ðèñ. 6) ïðåîáðàçîâàíèå F âèäà (6) âåêòîðà ñîñòîÿíèÿ x(k) çàäà¼òñÿ

óðàâíåíèÿìè 

x
(k+1)
1 =

(
−1 + x

(k)
2

)
(−d),

x
(k+1)
2 =

(
x
(k)
1 + x

(k)
3

)
(−d),

x
(k+1)
3 =

(
x
(k)
2 + x

(k)
4

)
(−d),

x
(k+1)
4 =

(
x
(k)
3 + x

(k)
5

)
(−d),

x
(k+1)
5 =

(
x
(k)
4

)
(−d).

(17)

Ïðåîáðàçîâàíèå F, êîòîðîå ïðîèçâîäèòñÿ CCS äëÿ ýòîãî ãðàôà, èìååò âèä

x
(k+1)
1 =

(
−1 + x

(k)
2

)
(−d),

x
(k+1)
2 =

(
x
(k+1)
1 + x

(k)
3

)
(−d),

x
(k+1)
3 =

(
x
(k+1)
2 + x

(k)
4

)
(−d),

x
(k+1)
4 =

(
x
(k+1)
3 + x

(k)
5

)
(−d),

x
(k+1)
5 =

(
x
(k+1)
4

)
(−d).

(18)

Ðèñ. 6. Ãðàô G2 � ïðàâèëüíàÿ öåïü

Â ãðàôå G2 èìååòñÿ ïðàâèëüíàÿ öåïü, èñõîäÿùàÿ èç âåðøèíû 2, äîñòèãàåìîé íà
ïåðâîé èòåðàöèè, êîòîðîé ïðèíàäëåæàò âñå âåðøèíû ãðàôà, çà èñêëþ÷åíèåì ñòàðòî-
âîé. Ïîýòîìó âñå âåðøèíû ãðàôà áóäóò ïîñåùåíû â õîäå îäíîé èòåðàöèè CCS (ðèñ.7).
BFS äëÿ ýòîãî ïîòðåáóåòñÿ ÷åòûðå èòåðàöèè, ÷òî ñîñòàâëÿåò ìàêñèìàëüíî âîçìîæíîå
êîëè÷åñòâî èòåðàöèé äëÿ âñåõ âîçìîæíûõ âàðèàíòîâ ñòàðòîâîé âåðøèíû.
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Ðèñ. 7. Îáõîä ãðàôà G2, ðåàëèçóåìûé CCS

BFS (ðåàëèçóåìûé èòåðàöèÿìè (17))

Èíèöèàëèçàöèÿ: x(0) = (2, 0, 0, 0, 0), F (0) = {1}, C(0) = {1};
x(1) = (2,−4, 0, 0, 0), F (1) = {2}, C(1) = {1, 2};
x(2) = (10,−4, 8, 0, 0), F (2) = {3}, C(2) = {1, 2, 3};
x(3) = (10,−36, 8,−16, 0), F (3) = {4}, C(3) = {1, 2, 3, 4};
x(4) = (74,−36, 104,−16, 32), F (3) = {5}, C(4) = {1, 2, 3, 4, 5}.
CCS (ðåàëèçóåìûé èòåðàöèÿìè (18))

Èíèöèàëèçàöèÿ: x(0) = (2, 0, 0, 0, 0), F (0) = {1}, C(0) = {1};
x(1) = (2,−4, 8,−16, 32), F (1) = {2, 3, 4, 5}, C(1) = {1, 2, 3, 4, 5}.
Ïðè äðóãîé íóìåðàöèè âåðøèí (ðèñ. 8) íà êàæäîé èòåðàöèè CCS íåò ïðàâèëüíûõ

öåïåé, èñõîäÿùèõ èç äîñòèãíóòûõ íà ýòèõ èòåðàöèÿõ âåðøèí. Ïîýòîìó äëÿ òîãî, ÷òîáû
ïîñåòèòü âñå âåðøèíû ãðàôà, è BFS, è CSS òðåáóåòñÿ ïðîèçâåñòè ÷åòûðå èòåðàöèè;
îáõîä, êîòîðûé äà¼ò CCS, ïîëíîñòüþ ïîâòîðÿåò îáõîä, êîòîðûé äà¼ò BFS (ðèñ. 9).

Ðèñ. 8. Íåïðàâèëüíàÿ öåïü

Ðèñ. 9. Îáõîä ãðàôà, ðåàëèçóåìûé CCS

8. Áåççíàêîâûé CCS
Â êà÷åñòâå ïðåîáðàçîâàíèÿ F âåêòîðà ñîñòîÿíèÿ â àëãîðèòìå 3 îáõîäà êîìïîíåíòû

ñâÿçíîñòè ìîæåò áûòü èñïîëüçîâàíî ñëåäóþùåå ïðåîáðàçîâàíèå:

x
(k+1)
i =

(
bi +

i−1∑
l=1

aijx
(k+1)
j +

n∑
j=i+1

aijx
(k)
j

)
d. (19)
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Íàçîâ¼ì àëãîðèòì 3, êîòîðûé èñïîëüçóåò (19) â êà÷åñòâå ïðåîáðàçîâàíèÿ F, áåççíàêî-
âûì CCS.

Â õîäå âûïîëíåíèÿ áåççíàêîâîãî CCS, êîòîðûé äà¼ò òîò æå ñàìûé îáõîä ãðàôà,
÷òî è CCS, âû÷èñëåíèÿ ïðîèçâîäÿòñÿ ñ èñïîëüçîâàíèåì òîëüêî íåîòðèöàòåëüíûõ öå-
ëûõ ÷èñåë, åñëè d ∈ Z. Îòñóòñòâèå îïåðàöèé äåëåíèÿ è, âîçìîæíî, óìíîæåíèÿ â ñëó÷àå
d = 1 ïðè ÷èñëåííîé ðåàëèçàöèè ïîçâîëÿåò çíà÷èòåëüíî óìåíüøèòü âðåìÿ, òðåáóåìîå
äëÿ îáõîäà ãðàôà.

Ïðåîáðàçîâàíèå (19) ïðåäñòàâëÿåò ñîáîé ìîäèôèêàöèþ ïðåîáðàçîâàíèÿ F, èñïîëü-
çóåìîãî CSS. Âìåñòî ïðåîáðàçîâàíèÿ x(k+1) = (b−Lx(k+1) −Ux(k)) d èñïîëüçóåòñÿ ïðå-
îáðàçîâàíèå x(k+1) = (b+ Lx(k+1) + Ux(k)) d.

Åñëè íå ó÷èòûâàòü óìíîæåíèÿ íà d, èòåðàöèÿ áåççíàêîâîãî CCS ìîæåò áûòü ðàñ-
ñìîòðåíà êàê èòåðàöèÿ BFS, â êîòîðîé êàæäàÿ êîìïîíåíòà âåêòîðà ñîñòîÿíèÿ âû÷èñ-
ëÿåòñÿ ñ èñïîëüçîâàíèåì êîìïîíåíò ñ ìåíüøèìè èíäåêñàìè, óæå âû÷èñëåííûìè íà
òåêóùåé èòåðàöèè. Â òî æå âðåìÿ óìíîæåíèå (äåëåíèå) íà d è îïåðàöèÿ îáðàùåíèÿ
ïî ñëîæåíèþ ìîæåò áûòü ïðèíöèïèàëüíîé äëÿ ïðèìåíåíèÿ àëãîðèòìîâ îáõîäà ãðàôà
ïðè ðåøåíèè çàäà÷ äèñêðåòíîãî àíàëèçà è äèñêðåòíîé îïòèìèçàöèè. Íàïðèìåð, ðåàëè-
çàöèÿ CCS äëÿ âîçìóù¼ííûõ ìàòðèö ãðàôîâ ñ íåöåëî÷èñëåííûìè ýëåìåíòàìè ìîæåò
áûòü èñïîëüçîâàíà â ïîäõîäå ê ðåøåíèþ çàäà÷è ïðîâåðêè èçîìîôèçìà ãðàôîâ [11, 12].

9. Ðåãóëÿðèçàöèÿ âåêòîðà ñîñòîÿíèÿ è ìàñêèðîâêà âåðøèí
Èñïîëüçîâàíèå óìíîæåíèÿ âìåñòî äåëåíèÿ â ïðåîáðàçîâàíèè (7) ïîçâîëÿåò óìåíü-

øèòü âðåìÿ, òðåáóåìîå äëÿ ïðîâåäåíèÿ îáõîäà ãðàôà. Äëÿ òîãî ÷òîáû ïðåäîòâðàòèòü
êàê ïåðåïîëíåíèå çíà÷åíèé êîìïîíåíò, ïðåäñòàâëÿåìûõ ÷èñëàìè ñ îãðàíè÷åííîé äëè-
íîé ìàíòèññû, òàê è èõ çàíóëåíèå â ñëó÷àå d ∈ (0, 1), ïîñëå çàäàííîãî êîëè÷åñòâà
èòåðàöèé M âåêòîð ñîñòîÿíèÿ ìîæåò áûòü ðåãóëÿðèçîâàí:

x
(k)
i →

1

dM
x
(k)
i .

Êðîìå òîãî, áåç èçìåíåíèÿ ïîðÿäêà âû÷èñëèòåëüíîé ñëîæíîñòè CCS ñóùåñòâåííîå
óñêîðåíèå ìîæåò áûòü ïîëó÷åíî ïðè èñïîëüçîâàíèè ìàñêèðîâêè âåðøèí. Ìàñêèðîâ-
êà âåðøèíû îçíà÷àåò èñêëþ÷åíèå å¼ èç äàëüíåéøèõ âû÷èñëåíèé. Ìàñêèðóåìûå âåð-
øèíû� ýòî âåðøèíû, èç êîòîðûõ íå ìîãóò áûòü äîñòèãíóòû âåðøèíû, íå äîñòèãíó-
òûå íà ïðåäûäóùèõ èòåðàöèÿõ. Ìàñêèðîâàòüñÿ ìîãóò êàê âåðøèíû, ïðèíàäëåæàùèå
óæå ïîëó÷åííûì êîìïîíåíòàì ñâÿçíîñòè, òàê è óæå ïîñåù¼ííûå âåðøèíû êîìïîíåíòû
ñâÿçíîñòè, îáõîä êîòîðîé ïðîèçâîäèòñÿ íà òåêóùåé èòåðàöèè àëãîðèòìà 4. Âî âòîðîì
ñëó÷àå ïðè âû÷èñëåíèÿõ íà (k + 1)-é èòåðàöèè (7) ìàñêèðóþòñÿ âåðøèíû, ïðèíàäëå-
æàùèå ôðîíòèðàì, ïîëó÷åííûì íà ïðåäûäóùèõ (k − 1) èòåðàöèÿõ àëãîðèòìà 3.

Äëÿ ýêîíîìèè ïàìÿòè è óñêîðåíèÿ âû÷èñëåíèÿ äîëæíû ïðîâîäèòüñÿ ñ ïîðòðåòîì
ìàòðèöû ñìåæíîñòè. Ïîðòðåò ìàòðèöû ñìåæíîñòè ñîäåðæèò òîëüêî íåíóëåâûå ýëåìåí-
òû ìàòðèöû, òî åñòü îí ïðåäñòàâëÿåò ñîáîé ñïèñîê ð¼áåð ãðàôà. Ïðè èñïîëüçîâàíèè
ïîðòðåòà ìàòðèöû ñìåæíîñòè îäíà èòåðàöèÿ âèäà (6) èëè (7) èìååò âû÷èñëèòåëüíóþ
ñëîæíîñòü O(m), ïîñêîëüêó äëÿ îäíîé òàêîé èòåðàöèè òðåáóåòñÿ îäèí ïðîõîä ïî ñïèñ-
êó ð¼áåð.

10. Îáõîä ãðàôà è íóìåðàöèÿ åãî âåðøèí
Íàëè÷èå ïðàâèëüíûõ öåïåé â ãðàôå îïðåäåëÿåòñÿ íóìåðàöèåé åãî âåðøèí. Íóìå-

ðàöèÿ âåðøèí è âûáîð ñòàðòîâîé âåðøèíû îïðåäåëÿþò âû÷èñëèòåëüíóþ ñëîæíîñòü
ïðîâåäåíèÿ îáõîäà ãðàôà ñ ïîìîùüþ CCS. Íóìåðàöèÿ âåðøèí ãðàôà� ýòî îáÿçàòåëü-
íûé ïàðàìåòð èíäèâèäóàëüíîé çàäà÷è îáõîäà ãðàôà.
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Ïðåäïîëîæèì, ÷òî èíôîðìàöèÿ î ãðàôå, äëÿ êîòîðîãî íåîáõîäèìî ïðîâåñòè îáõîä,
ðåãóëÿðíî îáíîâëÿåòñÿ äîáàâëåíèåì èëè óäàëåíèåì åãî âåðøèí è ð¼áåð. Îïòèìèçàöèÿ
íóìåðàöèè âåðøèí ìîæåò áûòü ïðîèçâåäåíà, èñõîäÿ èç ðàññòîÿíèÿ îò íèõ äî âåðøèíû,
êîòîðàÿ âûáèðàåòñÿ êàê ñòàðòîâàÿ. Ïðè îïòèìàëüíîé íóìåðàöèè âåðøèí, êîãäà âñå
öåïè, èñõîäÿùèå èç ñòàðòîâîé âåðøèíû, ïðàâèëüíûå, CCS áóäåò èìåòü ìèíèìàëüíî
âîçìîæíóþ äëÿ àëãîðèòìà îáõîäà ãðàôà ñëîæíîñòü O(m).

Îòìåòèì, ÷òî íàçíà÷åíèå íîìåðîâ âåðøèí â ñîîòâåòñòâèè ñ óäàë¼ííîñòüþ ïðåäñòàâ-
ëÿåìûõ èìè îáúåêòîâ îò íåêîòîðîãî çàäàííîãî îáúåêòà ÷àñòî ÿâëÿåòñÿ åñòåñòâåííûì
ïîäõîäîì. Ýòî èìååò ìåñòî, íàïðèìåð, äëÿ òðàíñïîðòíûõ ñåòåé. Ñëó÷àéíîñòü â íóìå-
ðàöèè âåðøèí íåèçáåæíà â òàêèõ ïðèëîæåíèÿõ, íî îíà ìîæåò áûòü ìèíèìèçèðîâàíà.
Ãðàô, â êîòîðîì âñå âåðøèíû ïðîíóìåðîâàíû ñëó÷àéíî, ìîæåò áûòü èíòåðïðåòèðîâàí
êàê ãðàô òðàíñïîðòíîé ñåòè, õðàíÿùèéñÿ â áàçå äàííûõ ñî ñëó÷àéíî ïðîíóìåðîâàí-
íûìè çàïèñÿìè, ÷òî ìîæåò âñòðåòèòüñÿ â òàêèõ ïðèëîæåíèÿõ òîëüêî ãèïîòåòè÷åñêè
ïðè óñëîâèè, ÷òî äàííûå ââîäÿòñÿ â òå÷åíèå äîëãîãî âðåìåíè ïî ìåðå ðàçâèòèÿ ñåòè.
È äàæå ïðè ñîâåðøåííî ñëó÷àéíîé íóìåðàöèè âåðøèí ãðàôà â áîëüøèíñòâå ñëó÷àåâ
â òàêîì ãðàôå ïðèñóòñòâóþò ïðàâèëüíûå öåïè.

11. Êîëè÷åñòâî èòåðàöèé BFS è CCS,
òðåáóåìûõ äëÿ îáõîäà ñâÿçíîãî ãðàôà

Ñðàâíèì êîëè÷åñòâî èòåðàöèé BFS è CCS, òðåáóåìûõ äëÿ îáõîäà ãðàôà. Åñëè íå
ïðèíèìàòü âî âíèìàíèå òàêèå äåòàëè ðåàëèçàöèè àëãîðèòìîâ, êàê ðàñïàðàëëåëèâà-
íèå âû÷èñëåíèé è ìàñêèðîâêà âåðøèí, òî âû÷èñëèòåëüíàÿ ñëîæíîñòü îáõîäà ãðàôà
îïðåäåëÿåòñÿ êîëè÷åñòâîì èòåðàöèé, òðåáóåìûõ äëÿ ïîñåùåíèÿ âñåõ åãî âåðøèí.

Ïóñòü NBFS �êîëè÷åñòâî èòåðàöèé, òðåáóåìûõ äëÿ òîãî, ÷òîáû â õîäå BFS ïîñåòèòü
âñå âåðøèíû ãðàôà, è NCCS �êîëè÷åñòâî èòåðàöèé, òðåáóåìûõ CCS äëÿ îáõîäà òîãî
æå ãðàôà èç òîé æå ñòàðòîâîé âåðøèíû. Çíà÷åíèÿ NBFS è NCCS îïðåäåëÿþòñÿ âûáî-
ðîì ñòàðòîâîé âåðøèíû, íî, êðîìå òîãî, NCCS îïðåäåëÿåòñÿ òàêæå íóìåðàöèåé âåðøèí
ãðàôà.

Ïîñêîëüêó è BFS, è CCS ïðîèçâîäÿò ïåðåõîäû ÷åðåç ð¼áðà, èíöèäåíòíûå âåðøèíàì
ôðîíòèðîâ, ìîæíî óòâåðæäàòü, ÷òî äëÿ ëþáîãî ãðàôà NCCS ⩽ NBFS. Âìåñòå ñ òåì
åñëè â õîäå âûïîëíåíèÿ CCS äîñòèãàåòñÿ õîòÿ áû îäíà âåðøèíà, èç êîòîðîé èñõîäèò
õîòÿ áû îäíà ïðàâèëüíàÿ öåïü, òî äîñòèæèìîñòü âåðøèí ãðàôà èç ñòàðòîâîé âåðøèíû
îïðåäåëÿåòñÿ CCS çà ìåíüøåå êîëè÷åñòâî èòåðàöèé, ÷åì òðåáóåòñÿ äëÿ ýòîãî BFS, òî
åñòü â ýòîì ñëó÷àå NCCS < NBFS. Ïîýòîìó âåðíî ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1. Äëÿ îäíîé è òîé æå ñòàðòîâîé âåðøèíû CCS òðåáóåò íå áîëüøå
èòåðàöèé, ÷åì BFS.

12. Âû÷èñëèòåëüíûé ýêñïåðèìåíò
Öåëü ýêñïåðèìåíòà � îöåíèòü âëèÿíèå äèàìåòðà ãðàôà íà ðàçíèöó â êîëè÷åñòâå

ïðîâîäèìûõ â ñðåäíåì èòåðàöèé CCS è BFS. Äëÿ ýòîãî ìû ðàññ÷èòûâàëè îáùåå êîëè-
÷åñòâî èòåðàöèé, ïîòðåáîâàâøååñÿ äëÿ îáõîäîâ ñëó÷àéíûõ ãðàôîâ, è íàõîäèëè îòíîøå-
íèå ýòèõ çíà÷åíèé äëÿ CCS è BFS äëÿ îäíèõ è òåõ æå ñòàðòîâûõ âåðøèí. Ñëó÷àéíûå
ãðàôû� ýòî ãðàôû, â êîòîðûõ ïðè èõ ãåíåðàöèè:

1) ñëó÷àéíî çàäà¼òñÿ íóìåðàöèÿ âåðøèí;
2) ñëó÷àéíî âûáðàííûå íåñìåæíûå âåðøèíû ñîåäèíÿþòñÿ ðåáðîì.

Êàê ðàñøèðåííóþ çâåçäó îïðåäåëèì ãðàô, â êîòîðîì îäíà âåðøèíà ÿâëÿåòñÿ îá-
ùåé äëÿ íåêîòîðîãî êîëè÷åñòâà èñõîäÿùèõ ïðîñòûõ öåïåé. Íàçîâ¼ì ýòè öåïè ëó÷àìè
ðàñøèðåííîé çâåçäû. ×òîáû îöåíèòü âëèÿíèå äèàìåòðà íà ðàçíèöó â êîëè÷åñòâå ïðî-
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âîäèìûõ â ñðåäíåì èòåðàöèé CCS è BFS, âñå ãðàôû ãåíåðèðîâàëèñü íà îñíîâå ãðàôîâ
äâóõ òèïîâ:

(I) ðàñøèðåííûõ çâ¼çä ñ ëó÷àìè ðàçíîé (ñëó÷àéíîé) äëèíû;
(II) ðàñøèðåííûõ çâ¼çä ñ ëó÷àìè îäèíàêîâîé äëèíû.

Ê ñãåíåðèðîâàííîìó ãðàôó (ðàñøèðåííîé çâåçäå ñî ñëó÷àéíîé íóìåðàöèåé âåð-
øèí) äîáàâëÿëèñü ð¼áðà, ñîåäèíÿþùèå íåñìåæíûå äî ýòîãî âåðøèíû. Ïóñòü E(G)�
ìíîæåñòâî ð¼áåð ãðàôà G. Àëãîðèòì ãåíåðèðàöèè ñëó÷àéíîãî ãðàôà ñëåäóþùèé:

1) Ãåíåðèðóåì íà ìíîæåñòâå âåðøèí V = {1, . . . , n} ðàñøèðåííóþ çâåçäó G(0) òè-
ïà (I) èëè òèïà (II).

2) Äîáàâëÿåì ñëó÷àéíûå ð¼áðà ê G(0):

E(G(i+1)) := E(G(i)) ∪ {ei+1},

ãäå ei+1 ̸∈ E(G(i)), i = 1, . . . , m̃− 1; m̃�êîëè÷åñòâî äîáàâëÿåìûõ ê G(0) ñëó÷àé-
íûõ ð¼áåð. Êîëè÷åñòâî ð¼áåð â ñãåíåðèðîâàííîì ãðàôå G = G(m̃) ñîñòàâëÿåò

m = |E(G(m̃))| = |E(G(0))|+ m̃ = n− 1 + m̃.

Ïàðàìåòðû ãðàôîâ, èñïîëüçóåìûõ â ýêñïåðèìåíòå, ñëåäóþùèå: n�êîëè÷åñòâî âåð-
øèí ðàñøèðåííîé çâ¼çäû, íà îñíîâå êîòîðîé ãåíåðèðóåòñÿ ñëó÷àéíûé ãðàô; m̃�êî-
ëè÷åñòâî äîáàâëÿåìûõ ñëó÷àéíûõ ð¼áåð, õàðàêòåðèçóþùåå ïëîòíîñòü ãðàôà. Äëÿ ãðà-
ôîâ, ãåíåðèðóåìûõ íà îñíîâå ðàñøèðåííûõ çâ¼çä ñ ëó÷àìè îäèíàêîâîé äëèíû, ïàðà-
ìåòðû ñëåäóþùèå: ℓ�äëèíà ëó÷à ðàñøèðåííîé çâ¼çäû; r�êîëè÷åñòâî ëó÷åé.

Çàìåòèì, ÷òî ÷åì ïëîòíåå ãðàô, òî åñòü ÷åì áîëüøå çíà÷åíèå m̃, òåì, êàê ïðàâèëî,
ìåíüøå äèàìåòð ñãåíåðèðîâàííîãî ãðàôà. Ïðè äîáàâëåíèè ñëó÷àéíûõ ð¼áåð óìåíüøå-
íèå äèàìåòðà ãðàôà ìîæåò ïðîèñõîäèòü î÷åíü áûñòðî, ÷òî ìîæíî îöåíèòü ïî ðåçêîìó
óìåíüøåíèþ êîëè÷åñòâà èòåðàöèé è CCS, è BFS ïðè äîáàâëåíèè â ðàñøèðåííóþ çâåç-
äó ñëó÷àéíûõ ð¼áåð, êàê ïîêàçàíî äàëåå â òàáëèöàõ äëÿ çíà÷åíèé m̃ = 0 è 2n. Êðîìå
òîãî, äèàìåòð ãåíåðèðóåìîãî ãðàôà òèïà (II), êàê ïðàâèëî, òåì ìåíüøå, ÷åì ìåíüøå
äëèíà ℓ ëó÷à ðàñøèðåííîé çâåçäû, èç êîòîðîé ïîëó÷åí ãðàô.

Ïóñòü N
(i)
CCS è N

(i)
BFS �êîëè÷åñòâà èòåðàöèé, êîòîðûå íåîáõîäèìî ïðîâåñòè ñ ïîìî-

ùüþ CCS è BFS ñîîòâåòñòâåííî äëÿ îáõîäà i-ãî ãðàôà èç íàáîðà, ñîñòîÿùåãî èç M
ñëó÷àéíûõ ãðàôîâ ñ çàäàííûìè ïàðàìåòðàìè. Ïóñòü

NCCS =
M∑
i=1

N
(i)
CCS, NBFS =

M∑
i=1

N
(i)
BFS.

Â òàáë. 1�4 ïðèâåäåíû ðåçóëüòàòû ýêñïåðèìåíòîâ, â õîäå êîòîðûõ äëÿ âû÷èñëå-
íèÿ NCCS/NBFS ñ ïîìîùüþ CCS è BFS ïðîèçâîäèëèñü îáõîäû M = 10 000 ñëó÷àéíî
ñãåíåðèðîâàííûõ ãðàôîâ òèïîâ (I) è (II) ñ n = 101 è óêàçàííûìè ïàðàìåòðàìè.

Òà á ë è ö à 1
Ðàçðåæåííûå ãðàôû òèïà (I),

n = 101

m̃ NCCS/NBFS

0 315 990/619 604 ≈ 0,51
2n 44 646/60 148 ≈ 0,56
5n 30 288/52 269 ≈ 0,58
10n 25 285/40 431 ≈ 0,63

Òà á ë è ö à 2
Ðàçðåæåííûå ãðàôû òèïà (II),

n = 101, ℓ = 50, r = 2

m̃ NCCS/NBFS

0 381 702/752 844 ≈ 0,51
2n 24 563/41 462 ≈ 0,59
5n 20 007/30 059 ≈ 0,67
10n 19 925/23 346 ≈ 0,85
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Òà á ë è ö à 3
Ðàçðåæåííûå ãðàôû òèïà (II),

n = 101, ℓ = 20, r = 5

m̃ NCCS/NBFS

0 95 746/154 515 ≈ 0,62
2n 24 705/41 494 ≈ 0,59
5n 20 005/30 062 ≈ 0,67
10n 19 933/23 360 ≈ 0,85

Òà á ë è ö à 4
Ðàçðåæåííûå ãðàôû òèïà (II),

n = 101, ℓ = 10, r = 10

m̃ NCCS/NBFS

0 170 693/304 627 ≈ 0,56
2n 24 637/41 540 ≈ 0,59
5n 20 005/30 052 ≈ 0,67
10n 19 939/23 429 ≈ 0,85

Äëÿ ïëîòíûõ ãðàôîâ ñ êîëè÷åñòâîì ð¼áåð n+n2/4, n = 101, ÷òî ñîñòàâëÿåò 60% îò
êîëè÷åñòâà ð¼áåð â ïîëíîì ãðàôå, èìååìNCCS/NBFS = 16 851/20 000 ≈ 0,84. Óñðåäíåíèå
ïîëó÷åíî ïî M = 10 000 ñëó÷àéíûõ ãðàôîâ.

Äëÿ âû÷èñëåíèÿ êàæäîãî îòíîøåíèÿ NCCS/NBFS, ïðåäñòàâëåííîãî â òàáë. 5�8, ñ ïî-
ìîùüþ CCS è BFS ïðîèçâîäèëèñü îáõîäû M = 1000 ñëó÷àéíî ñãåíåðèðîâàííûõ ãðà-
ôîâ óêàçàííûõ òèïîâ ñ óêàçàííûìè ïàðàìåòðàìè.

Òà á ë è ö à 5
Ðàçðåæåííûå ãðàôû òèïà (I),

n = 1001

m̃ NCCS/NBFS

0 310 023/618 989 ≈ 0,5
2n 3 140/6 006 ≈ 0,52
5n 2 102/4 046 ≈ 0,52
10n 2 000/3 189 ≈ 0,63

Òà á ë è ö à 6
Ðàçðåæåííûå ãðàôû òèïà (II),

n = 1001, ℓ = 500, r = 2

m̃ NCCS/NBFS

0 376 913/752 406 ≈ 0,5
2n 3 119/6 001 ≈ 0,52
5n 2 076/4 045 ≈ 0,51
10n 2 000/3 185 ≈ 0,63

Òà á ë è ö à 7
Ðàçðåæåííûå ãðàôû òèïà (II),

n = 1001, ℓ = 200, r = 5

m̃ NCCS/NBFS

0 154 000/298 341 ≈ 0,52
2n 3 114/6 011 ≈ 0,52
5n 2 079/4 041 ≈ 0,51
10n 2 000/3 220 ≈ 0,62

Òà á ë è ö à 8
Ðàçðåæåííûå ãðàôû òèïà (II),

n = 1001, ℓ = 100, r = 10

m̃ NCCS/NBFS

0 79 238/148 825 ≈ 0,53
2n 3 122/5 993 ≈ 0,52
5n 2 089/4 063 ≈ 0,51
10n 2 000/3 202 ≈ 0,62

Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïîêàçûâàþò, ÷òî ÷åì áîëüøå äèàìåòð
ãðàôà, òåì áîëüøå â ñðåäíåì ðàçíèöà â êîëè÷åñòâå èòåðàöèé CCS è BFS, òðåáóåìûõ
äëÿ îáõîäà ãðàôà. Äëÿ ðàçðåæåííûõ ãðàôîâ ýòà ðàçíèöà â ñðåäíåì ñîñòàâëÿåò îò 15
äî 49% ïðîöåíòîâ îò êîëè÷åñòâà èòåðàöèé, òðåáóåìûõ äëÿ îáõîäà BFS, ïðè n = 101
(òàáë. 1�4) è îò 37 äî 50% ïðîöåíòîâ ïðè n = 1001 (òàáë. 5�8). Äëÿ ïëîòíûõ ãðàôîâ
ïðè n = 101 ðàçíèöà ñîñòàâëÿåò â ñðåäíåì 16%.

Âûâîäû
Ðàññìîòðåíû ìåòîäû ïðîñòîé èòåðàöèè ðåøåíèÿ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ

óðàâíåíèé ñ ìîäèôèöèðîâàííûìè ìàòðèöàìè ñìåæíîñòè ãðàôîâ è çàäàííîé ïðàâîé
÷àñòüþ êàê ðåàëèçàöèè îáõîäîâ ãðàôà. Òàêîé ïîäõîä äà¼ò äâà âàðèàíòà àëãîðèòìîâ
îáõîäà ãðàôà. Îäèí èç íèõ ðåàëèçóåòñÿ èòåðàöèÿìè ìåòîäà ßêîáè, âòîðîé� èòåðàöè-
ÿìè ìåòîäà Ãàóññà � Çåéäåëÿ. Îáõîä, ðåàëèçóåìûé â õîäå ïðîâåäåíèÿ èòåðàöèé ìåòîäà
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ßêîáè, ýêâèâàëåíòåí ïîèñêó â øèðèíó, òîãäà êàê îáõîä, ðåàëèçóåìûé ñ ïîìîùüþ ìå-
òîäà Ãàóññà � Çåéäåëÿ, íå ýêâèâàëåíòåí íè ïîèñêó â øèðèíó, íè ïîèñêó â ãëóáèíó.
Äëÿ ëþáîé èíäèâèäóàëüíîé çàäà÷è íàõîæäåíèÿ êîìïîíåíò ñâÿçíîñòè ãðàôà êîëè÷å-
ñòâî èòåðàöèé, òðåáóåìûõ äëÿ òàêîãî àëãîðèòìà, íå ïðåâûøàåò êîëè÷åñòâà èòåðàöèé,
òðåáóåìûõ äëÿ ïîèñêà â øèðèíó äëÿ îäíîé è òîé æå ñòàðòîâîé âåðøèíû â ãðàôå.
Äëÿ ìíîãèõ èíäèâèäóàëüíûõ çàäà÷ íàõîæäåíèÿ êîìïîíåíò ñâÿçíîñòè ãðàôà àëãîðèòì
îáõîäà, àññîöèèðîâàííûé ñ èòåðàöèÿìè ìåòîäà Ãàóññà � Çåéäåëÿ, òðåáóåò ìåíüøåãî
êîëè÷åñòâà èòåðàöèé.
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A k-role coloring is an assignment of k colors to the vertices of a graph such that if
any two vertices receive the same color, then the set of colors assigned to their neigh-
borhood will also be the same. Any graph with n vertices can have n-role coloring.
Although it is easy to determine whether a graph with n vertices accepts a 1-role
coloring, the challenge of k-role coloring is known to be difficult for k ⩾ 2. In fact,
k-role coloring is known to be NP-complete for k ⩾ 2 on general graphs. In this paper,
we determine k-role coloring of the rooted product of various graphs.

Keywords: role coloring, role graph, rooted product, binary product.

ÐÎËÅÂÀß ÐÀÑÊÐÀÑÊÀ ÃÐÀÔÎÂ ÈÇ ÊÎÐÍÅÂÛÕ ÏÐÎÈÇÂÅÄÅÍÈÉ

Ì. Êîìàòè, Ï. Ðàãóêóìàð

Øêîëà ïåðåäîâûõ íàóê, Òåõíîëîãè÷åñêèé èíñòèòóò, ã. Âåëëîð, Èíäèÿ

k-Ðîëåâàÿ ðàñêðàñêà � ýòî íàçíà÷åíèå k öâåòîâ âåðøèíàì ãðàôà òàêèì îáðàçîì,
÷òî åñëè ëþáûå äâå âåðøèíû îêðàøåíû â îäèí è òîò æå öâåò, òî íàáîð öâåòîâ,
íàçíà÷åííûõ èõ ñîñåäÿì, òàêæå áóäåò îäèíàêîâûì. Ëþáîé ãðàô ñ n âåðøèíàìè
ìîæåò áûòü ðàñêðàøåí n ðîëÿìè. Ëåãêî îïðåäåëèòü, äîïóñêàåò ëè ãðàô ñ n âåð-
øèíàìè 1-ðîëåâóþ ðàñêðàñêó, íî çàäà÷à k-ðîëåâîé ðàñêðàñêè äëÿ k ⩾ 2 íà ïðî-
èçâîëüíûõ ãðàôàõ ÿâëÿåòñÿ NP-ïîëíîé. Â ðàáîòå îïèñàíà k-ðîëåâàÿ ðàñêðàñêà
êîðíåâîãî ïðîèçâåäåíèÿ ðàçëè÷íûõ ãðàôîâ.

Êëþ÷åâûå ñëîâà: ðîëåâàÿ ðàñêðàñêà, ðîëåâîé ãðàô, êîðíåâîå ïðîèçâåäåíèå, áè-

íàðíîå ïðîèçâåäåíèå.

1. Introduction
All graphs considered in this paper are simple, �nite, and undirected (except the role

graph R; it may have loops). The graph G = (V,E) has the vertex set V (G) and the edge
set E(G). The (open) neighborhood NG(v) = N(v) of vertex v in a graph G is the set of
all vertices in G that are adjacent to v, v ∈ V . The degree of a vertex v is indicated by
deg(v), and the minimum and maximum degrees of vertices in G are represented by δ(G)
and ∆(G), respectively. Let α(v) denote the color of the vertex v, and α(N(v)) denote the
color set of the neighborhood of v. For the standard graph terminology notions, we follow
J.A. Bondy and U. S.R. Murty [1].

Social networks are a part of everyone's life these days. A social network is envisioned
as a graph where the edges indicate the relationships between the persons and the vertices
represent the individuals in order to research their behavior. In 1991, M.G. Everett and
S. Borgatti [2] de�ned role assignment under the term �role coloring� based on graph models
for social networks. A k-role coloring for any graph G is the assignment of precisely k colors
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to its vertices such that if any two vertices get the same color, then the set of colors
assigned to their neighborhood is also the same. That is, k-role coloring is a surjective map
α : V (G) → {1, . . . , k} such that, for all u, v ∈ V (G), if α(u) = α(v), then α(N(u)) =
= α(N(v)) [3]. Figure 1 provides an example of role coloring of a graph G.

Fig. 1. 2-Role coloring of G

In general, every graph has two trivial role coloring for k = 1, n. The color image
graph R of a graph G is called a role graph. The role graph R is de�ned as the graph with
V (R) = {1, 2, . . . k} and E(R) = {(α(u), α(v)) : (u, v) ∈ E(G)} and |V (R)| ⩽ |V (G)|. Also,
for all v ∈ V (G), degG(v) ⩾ degR(α(v)) [3]. Figure 2 displays the possible role graphs for
2-role coloring of connected graphs.

R1

R2

R3

1 2

1 2

1 2

1 2
(or)

Fig. 2. Role graph

Since each color is assigned to some vertex ofG, it is easy to see that ifG is connected, the
role graph R is also connected. This problem is equivalent to deciding if there exists a locally
surjective homomorphism between the graphs G and R [4]. Finding out whether a graph G
has a 2-role coloring is NP-complete, as demonstrated by F. S. Roberts and L. Sheng [5]. If
the graph is chordal, then k-role assignment can be solved in linear time for k = 2 and NP-
complete for k ⩾ 3 [6]. Role assignments can be computed in polynomial time for proper
interval graphs [7]. C. Purcell and P. Rombach [8] proved that k-role coloring is NP-hard
for planar graphs, while for trees and cographs it can be solved in polynomial time. They
also examined the role coloring for hereditary classes of graphs [9]. Characterization has
been done to acquire 3-role coloring in split graphs; it is one of the fascinating graph classes
where 2-role coloring is always achievable [10]. S. Pandey and V. Sahlot [3] demonstrated
that k-role coloring is NP-complete for bipartite graphs when k ⩾ 3. D. Castonguay et
al. [11] demonstrated that role assignments restricted to Cartesian products are invariably
2-role colorable.

Based on the work [3], the complexity of 2-role coloring of non-bipartite graphs is
evident. So, we are intended to characterize graphs that are 2-role colorable from the rooted
product of G and H. Also, we restrict G and H by considering at least one of the graph as
non-bipartite.

The rooted product of graphs is one of the well-known binary operations. It was
introduced by C.D. Godsil and B.D. McKay [12] in 1978.
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De�nition 1. The rooted product of two graphs G and H is de�ned as the graph
obtained from G and H by taking one copy of G and |V (G)| copies of H and identifying
the i-th vertex of G with the root vertex v in the i-th copy of H for every i = 1, . . . , |V (G)|.
It is denoted by G ◦v H.

The paper is organised as follows. The results of role coloring the rooted product of
cycles with cycles are presented in Section 2. In Section 3, we determine the role coloring
of the rooted product of graphs generated by considering at least one graph from G and H
as non-bipartite. The conclusion is given in Section 4.

2. Rooted product of Cm and Cn

Theorem 1. Let G ∼= Cm and H ∼= Cn, where m = 2k, k ⩾ 2 and n = 2t, t ⩾ 2. Then
G ◦v H is 2-role colorable with role graph R1.

Proof. Let {u1, . . . , um} = V (Cm) and {v1, . . . , vn} = V (Cn). Let vr be any arbitrary
vertex in Cn. Now we obtain Cm◦vCn by identifying each ui ∈ V (Cm) with vr, this produces
m copies of Cn with vertices {v1,1, v1,2, . . . , v1,n, v2,1, v2,2, . . . , v2,n, . . . , vm,1, vm,2, . . . , vm,n}.
Let us assume vr = v1. Now de�ne α : V (Cm ◦v Cn)→ {1, 2} as follows:

α(vi,1) =

{
1, if i is odd,

2, if i is even,
1 ⩽ i ⩽ m.

Now, for all v1,j ∈ V (C
(1)
n ) we have:

α(v1,j) =

{
1, if j is odd,

2, if j is even,
1 ⩽ j ⩽ n.

In general, for all vi,j ∈ V (Cm ◦v Cn) we have:

α(vi,j) =

{
1, if i, j have the same parity,

2, otherwise.

This gives a 2-role coloring of Cm ◦v Cn with role graph R1 since every vertex assigned
color 1 has color 2 in its neighborhood and every vertex assigned color 2 has color 1 in its
neighborhood.

Theorem 2. Let G ∼= Cm and H ∼= Cn, where m ⩾ 3 and n = 2t + 1, t ⩾ 1. Then
G ◦v H is 2-role colorable with role graph R3.

Proof. Let {v1,1, v1,2, . . . , v1,n, v2,1, v2,2, . . . , v2,n, . . . , vm,1, vm,2, . . . , vm,n} be the vertices
of Cm ◦v Cn. Let vr be any arbitrary vertex in Cn. Let vr = v1 and vi,1 be the root vertices
identi�ed with the vertices of Cm. Since Cn is odd and non bipartite, assigning colors with
role graph R1 is not possible. Let us de�ne α : V (Cm ◦v Cn)→ V (R3).

C a s e (i). Let H ∼= C2t+1, where t is an odd positive integer. Let us consider α(vi,1) = 1
for all vi,1 ∈ V (Cm ◦v Cn). Here 2 /∈ α(N(vi,1)), thus we have α(vi,2) = α(vi,3) = 2. Again
1 /∈ α(N(vi,3), thus α(vi,4) = α(vi,5) = 1. Proceeding in this way we get

α(vi,j) =

{
1, if j ≡ 0 or 1 (mod 4),

2, if j ≡ 2 or 3 (mod 4).
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C a s e (ii). LetH ∼= C2t+1, where t is an even positive integer. If suppose α(vi,1)= 1, then
there exist two vertices vi,g, vi,h ∈ V (Cm ◦v C2t+1), where α(vi,g) = α(vi,h) but α(N(vi,g)) ̸=
̸= α(N(vi,h)). Thus, we have

α(vi,1) =

{
1, if i is odd,

2, if i is even.

In general, for all vi,j ∈ V (Cm ◦v C2t+1), j > 1, we have

α(vi,j) =

{
1, if

(
i is odd, j ≡ 1 or 2 (mod 4)

)
or
(
i is even, j ≡ 0 or 3 (mod 4)

)
,

2, if
(
i is odd, j ≡ 0 or 3 (mod 4)

)
or
(
i is even, j ≡ 1 or 2 (mod 4)

)
.

Here, each vertex assigned color 1 has both the colors 1 and 2 in its neighborhood; similarly,
every vertex assigned color 2 has both the colors 1 and 2 in its neighborhood. This gives a
2-role coloring of Cm ◦v Cn with role graph R3.

An example illustrating Theorem 2 is shown in Fig. 3.

v1,1 v2,1

v4,1 v3,1

v1,2

v4,4
v4,2

v1,5
v1,3

v1,4

v4,5

v4,3

v3,5

v3,2

v3,4

v3,3

v2,2

v2,5

v2,4

v2,3

Fig. 3. 2-Role coloring of C4 ◦v C5

Theorem 3. Let G ∼= Cm and H ∼= Cn, where m = 2k + 1, k ⩾ 1 and n = 2t, t ⩾ 2.
If n satis�es any of the following conditions:

(i) n ≡ 0 or 6 (mod 12),
(ii) n ≡ 2 or 8 (mod 12),
(iii) n ≡ 4 (mod 12),

then G ◦v H is 2-role colorable.

Proof. Let {u1, . . . , um} = V (Cm) and {v1, . . . , vn} = V (Cn). Let {v1,1, . . . , v1,n, v2,1,
. . . , v2,n, . . . , vm,1, . . . , vm,n} be the vertices of Cm◦vCn. Let vr be any arbitrary vertex in Cn.
Let vr = v1 and vi,1 be the root vertices identi�ed with the vertices of Cm. Now we de�ne
α : V (Cm ◦v Cn)→ {1, 2} as follows.

C a s e (i). Let n ≡ 0 or 6 (mod 12), then for all vi,1 ∈ V (C2k+1 ◦v C2t) we have
α(vi,1) = 1. In general, for all vi,j ∈ V (C2k+1 ◦v C2t) we have

α(vi,j) =

{
2, if j ≡ 0 (mod 3),

1, otherwise.
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C a s e (ii). If suppose n ≡ 2 or 8 (mod 12), then

α(vi,j) =

{
1, if j ≡ 0 or 1 (mod 3),

2, if j ≡ 2 (mod 3).

Here, every vertex assigned color 1 has both the colors 1 and 2 in its neighborhood. Every
vertex assigned color 2 has color 1 in its neighborhood. Thus, it is a 2-role coloring with
role graph R2.

C a s e (iii). Let us consider the case n ≡ 4 (mod 12). Then for all vi,j ∈ V (C2k+1 ◦vC2t)
we have

α(vi,j) =

{
1, if j ≡ 0 or 1 (mod 4),

2, if j ≡ 2 or 3 (mod 4).

Here, every vertex assigned color 1 has both the colors 1 and 2 in its neighborhood; similarly,
every vertex assigned color 2 has both the colors 1 and 2 in its neighborhood. This gives a
2-role coloring of Cm ◦v Cn with role graph R3.

An example illustrating Theorem 3 is shown in Fig. 4.

v1,1

v1,2 v1,6

v1,3 v1,5

v1,4

v2,1

v2,2 v2,3

v2,4

v2,5v2,6v3,1

v3,2v3,6
v3,3v3,5

v3,4

v4,1

v4,2

v4,3

v4,6

v4,5

v4,4

v5,1

v5,2v5,3

v5,4

v5,5 v5,6

Fig. 4. 2-Role coloring of C5 ◦v C6

Theorem 4. Let G ∼= Cm and H ∼= Cn, where m = 2k + 1, k ⩾ 1 and n = 2t, t ⩾ 2.
If n ≡ 10 (mod 12), then G ◦v H is not 2-role colorable.

Proof. Let {v1,1, . . . , v1,n, v2,1, . . . , v2,n, . . . , vm,1, . . . , vm,n} be the vertices of G ◦v H.
Let vr be any arbitrary vertex in Cn. Let vr = v1 and vi,1 be the root vertices identi�ed
with the vertices of Cm. Let Cn be an even cycle, thus assigning colors with role graph R1

results in a contradiction, since the graph Cm is not bipartite. Hence, it can be role colored
with the role graph R2 or R3. By Theorem 3, the only case left is n ≡ 10 (mod 12). Let us
assume α : V (Cn)→ V (R2) with a loop on 1 such that, given the vertices v1, v2, vn ∈ V (H),

we have α(v1) = α(v2) = α(vn) = 1, where 2 /∈ α(N(v1)). Now consider v1,j ∈ V (C
(1)
n ) from

V (Cm ◦v Cn), thus we have

α(v1,j) =

{
2, if j ≡ 0 (mod 3),

1, otherwise.
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Here α(v1,1) = 1, where 2 /∈ α(N(v1,1)). Thus, we assign α(v2,1) = 2, which satis�es the
neighborhood condition. Hence, for all v2,j ∈ V (Cm ◦v Cn), 1 ⩽ j ⩽ n, we have

α(v2,j) =

{
1, if j ≡ 0 or 2 (mod 3),

2, otherwise.

Here α(v2,1) = α(v2,m) = 2 and v2,1 is adjacent to v2,m, it follows that α(N(v2,1)) =
= α(N(v2,m)) ∈ {1, 2} but this is not true for other vertices colored 2. Hence, it is not
2-role colorable with role graph R2. Now we de�ne α : V (Cn) → V (R3). Consider the
vertices v1, v2, vn−1, vn ∈ V (Cn) such that α(v1) = α(v2) = α(vn−1) = α(vn) = 1, where

2 /∈ α(N(v1)) and 2 /∈ α(N(vn)). Let us consider v1,j ∈ V (C
(1)
n ). Thus, we have

α(v1,j) =

{
1, if j ≡ 0 or 1 (mod 4),

2, otherwise.

Here 1 /∈ α(N(v1,1)), therefore α(v2,1) = 1. But α(v1,n) = 2, where 2 /∈ α(N(v1,n)) since
α(v1,1) = α(v1,(n−1)) = 1. Hence, Cm ◦v Cn is not 2-role colorable with role graph R3 when
n ≡ 10 (mod 12).

The following table summarizes the results from Theorem 1�4.

Role coloring of rooted product of cycles with cycles

Cycles (Cm) Cycles (Cn) k-Role coloring of cycles Cm and Cn

When m is even When n is even k = 2
When m is even When n is odd k = 2
When m is odd When n is odd k = 2
When m is odd When n is even k = 2 when n ̸≡ 10 (mod 12)

3. Rooted product on other graph classes
In this section, we �nd the role coloring of graphs that are obtained from rooted product

of other graph classes.

Theorem 5. Let G be any graph and H ∼= Kn orWn. Then G◦vH is 2-role colorable.

Proof. Let {v1,1, . . . , v1,n, v2,1, . . . , v2,n, . . . , vm,1, . . . , vm,n} be the vertices of G ◦v H.
C a s e (i). If suppose H ∼= Wn, then the root can be either a universal vertex or any

vertex in a cycle. Let vr be any arbitrary vertex in Wn or Kn. Let vi,1 be the universal
vertex in Wn and vr = vk, then vi,k be the root vertices identi�ed with the vertices of G.
Now de�ne α : V (G ◦v H)→ {1, 2} as follows:

α(vi,j) =

{
1, if j = 1,

2, otherwise.

Let us assume vr = v1. Then again α(vi,1) = 1 and α(vi,j) = 2 for j ̸= 1. If suppose vr
is a universal vertex, then every vertex assigned color 1 has both the colors 1 and 2 in its
neighborhood; similarly, every vertex assigned color 2 has both the colors 1 and 2 in its
neighborhood. Thus, we obtain a 2-role coloring with role graph R3. Otherwise, it can have
2-role coloring with role graph R2.
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C a s e (ii). Let us consider H ∼= Kn. Let vr = vk be any arbitrary vertex and vi,k be
the root vertices identi�ed with the vertices of G. Then we have

α(vi,j) =

{
1, if j = k,

2, otherwise.

Hence, G ◦vKn is 2-role colorable with role graph R3 since every vertex colored 1 has both
the colors 1 and 2 in its neighborhood; similarly, every vertex colored 2 has both the colors
1 and 2 in its neighborhood.

An example illustrating Theorem 5 is shown in Fig. 5.

v1,1

v1,2

v1,3

v1,4

v1,5

v1,6

v2,1

v2,2

v2,3

v2,4

v2,5

v2,6

v3,1

v3,2

v3,3

v3,4

v3,5

v3,6

Fig. 5. 2-Role coloring of P3 ◦v K6

Theorem 6. Let G ∼= Wm or Km and H ∼= Cn, where n = 2t+1, t ⩾ 1. Then G ◦v H
is 2-role colorable with role graph R3.

Proof. Let {u1, . . . , um} = V (G) and {v1, . . . , vn} = V (H). Let {v1,1, . . . , v1,n, v2,1,
. . . , v2,n, . . . , vm,1, . . . , vm,n} be the vertices of G ◦v H. Let vr be any arbitrary vertex of Cn.
Let vr = v1 be the root. Let {v1,1, . . . , vm,1} ∈ V (G) in the graph G ◦vH. Here we have two
cases based on t.

C a s e (i). Let us consider the case where t is an odd positive integer. Now we de�ne
α : V (G ◦v H)→ {1, 2} as follows:

α(vi,j) =

{
1, if j ≡ 0 or 1 (mod 4),

2, if j ≡ 2 or 3 (mod 4).

C a s e (ii). Let us consider the case where t is an even positive integer. Let vi,1 be a
universal vertex in Wm and any arbitrary vertex in Km. Then we have

α(v1,j) =

{
1, if j ≡ 1 or 2 (mod 4),

2, if j ≡ 0 or 3 (mod 4),

α(vi,j) =

{
1, if j ≡ 0 or 3 (mod 4),

2, if j ≡ 1 or 2 (mod 4),
i > 1.

Here, every vertex assigned color 1 has both the colors 1 and 2 in its neighborhood; similarly,
every vertex assigned color 2 has both the colors 1 and 2 in its neighborhood. Hence, this
is a 2-role coloring of G ◦v H with role graph R3.

Lemma 1. Let Pn be a path, where n ⩾ 2. If Pn is 2-role colorable with role graph R2,
then |E(Pn)| = 3k, where k is a positive integer.
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Proof. Let {v1, . . . , vn} = V (Pn). Let us assume that |E(Pn)| ≠ 3k, k = 1, 2, . . . Let
us de�ne α : V (Pn)→ V (R2). Thus, |V (Pn)| ⩾ 4, and hence the length of Pn should be at
least 3. Now assume |E(Pn)| > 3k and |V (Pn)| > 3k + 1. Let us de�ne α : V (Pn)→ {1, 2}
as follows:

α(vi) =

{
2, if i ≡ 0 or 2 (mod 3),

1, otherwise.

Thus, each vertex assigned color 1 must have color 2 in its neighborhood, and each vertex
assigned color 2 must have both the colors 1 and 2 in its neighborhood. Here, α(vn) = 2 and
either 2 /∈ α(N(vn)) or 1 /∈ α(N(vn)), since n ≡ 0 or 2 (mod 3). This gives a contradiction
that Pn is 2-role colorable. Hence, |E(Pn)| = 3k.

Theorem 7. Let G be a non-bipartite graph and H ∼= Pn be a path where n ⩾ 2.
Let vr be a root vertex in Pn. If Pn satis�es any of the following conditions:

(i) |V (Pn)| = 3k + 1, where k is a positive integer and vr = vs, s ≡ 0 or 2 (mod 3);
(ii) |V (Pn)| = 3k + 2 and vr = vn,

then G ◦v H is 2-role colorable with role graph R2.

Proof. Let {u1, . . . , um} = V (G) and {v1, . . . , vn} = V (Pn). Let {v1,1, . . . , v1,n, v2,1, . . . ,
v2,n, . . . , vm,1, . . . , vm,n} be the vertices of G◦vPn. Let us de�ne a mapping α : V (G◦vPn)→
→ {1, 2}. Here, assigning colors to Pn with role graph R1 is not possible because G is
non-bipartite. Hence, we consider the role graph R2.

C a s e (i). Let |V (Pn)| = 3k + 1 and vr = vs, s ≡ 0 or 2 (mod 3). By Lemma 1, it is
obvious that Pn of length 3k is 2-role colorable by role graph R2. Thus, for all vi ∈ V (Pn), if
α(vi) = 1, then α(N(vi)) = 2, and if α(vi) = 2, then α(N(vi)) ∈ {1, 2}. If suppose vr = v1,
then α(v1) = 1. Now for all vi,1 ∈ V (G◦vPn) we have α(vi,1) = 1, where α(N(vi,1)) ∈ {1, 2},
but for all vi,j ∈ V (G ◦v Pn), j ̸= 1, s, we have α(vi,j) = 1, where 1 /∈ α(N(vi,j)). Thus, we
consider vr = vs, here α(vs) = 2 for all s ≡ 0 or 2 (mod 3) such that for all vi,s ∈ V (G◦vPn)
we have α(vi,s) = 2 and α(N(vi,s)) ∈ {1, 2}. This gives a 2-role coloring of G◦v Pn with role
graph R2.

C a s e (ii). Let |V (Pn)| = 3k+2 and vr = vn. Here 2 /∈ α(N(vn)), but vi,n ∈ V (G◦v Pn)
be the root vertices identi�ed with vertices of G such that α(vi,n) = 2 and α(N(vi,n)) ∈
∈ {1, 2}, which satis�es the adjacency condition with role graph R2.

Theorem 8. Let G be a non-bipartite graph and H ∼= Sn be a star where n ⩾ 2.
Let vr be a root vertex in Sn. Then G ◦vH is 2-role colorable if and only if vr is the central
vertex.

Proof.

⇒: Let G ◦v Sn be 2-role colorable. On the contrary, we assume vr = v1 as the leaf
vertex in Sn. Let us de�ne a mapping α : V (G ◦v Sn)→ {1, 2}. Let vi,1 be the root vertices
identi�ed with the vertices of G and vi,2 be the central vertex of S

(i)
n . Let (vi,j), j ̸= 1, 2,

be the leaf vertices of S
(i)
n . Now, we assume that α(vi,j) = 1 for j ̸= 1, 2 and α(vi,2) = 2.

Here, vi,1 cannot be colored with role graph R1, since the graph G is non-bipartite. Thus,
if we assign color 1 to vi,1, then α(N(vi,1)) ∈ {1, 2} but this is not true for all (vi,j), since
1 /∈ α(N(vi,j)) for j ̸= 1, 2. And if we assign color 2 to vi,1 then 1 /∈ α(N(vi,1)). Thus,
the color of vi,1 cannot be the same as the color of (vi,j) for j ̸= 1, which contradicts the
assumption that G ◦v Sn is 2-role colorable. Hence, vr must be the central vertex.
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⇐: Let vr = v1 be the central vertex. Let us de�ne α : V (G ◦v Sn)→ {1, 2} as follows:

α(vi,j) =

{
1, j = 1,

2, otherwise.

Here, every vertex assigned color 1 has both the colors 1 and 2 in its neighborhood. Every
vertex assigned color 2 has color 1 in its neighborhood. Hence, it is a 2-role coloring with
role graph R2.

4. Conclusion
In this paper, we explored the role coloring of non-bipartite graphs generated by rooted

products between various generic graph classes. Since k-role coloring is NP-complete on
non-bipartite graphs when k = 2, we characterized graphs obtained from rooted product
that are 2-role colorable.
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Àíàëèçèðóþòñÿ õàðàêòåðèñòèêè ðåøåíèé çàäà÷è îá îãðàíè÷åííîì ðþêçàêå. Âû-
âåäåíû âûðàæåíèÿ äëÿ âû÷èñëåíèÿ ñðåäíåãî çíà÷åíèÿ öåëåâîé ôóíêöèè ñðåäè
âñåõ äîïóñòèìûõ ðåøåíèé, à òàêæå ôîðìóëû, ñâÿçûâàþùèå êîëè÷åñòâî ðåøåíèé
ñ ïîäçàäà÷àìè ìåíüøåé ðàçìåðíîñòè. Äëÿ ñëó÷àåâ, êîãäà ïåðåìåííûå ïðèíèìà-
þò çíà÷åíèÿ èç ìíîæåñòâà {0, 1} èëè {0, 1, 2}, îïðåäåëåíû ôîðìóëû äëÿ îöåí-
êè ñðåäíåãî ÷èñëà äîïóñòèìûõ ðåøåíèé âî âñåõ çàäà÷àõ çàäàííîé ðàçìåðíîñòè
ïðè îãðàíè÷åííûõ çíà÷åíèÿõ êîýôôèöèåíòîâ âåñîâ. Ðàññìîòðåíà ïðîèçâîäÿùàÿ
ôóíêöèÿ, îïèñûâàþùàÿ êîëè÷åñòâî ðåøåíèé ðþêçà÷íûõ çàäà÷ ôèêñèðîâàííîé
ðàçìåðíîñòè, ãäå êîìïîíåíòû âåêòîðà âåñîâ ïðèíàäëåæàò çàäàííîìó äèàïàçîíó.
Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü ïîëåçíû ïðè àíàëèçå âû÷èñëèòåëüíîé ñëîæ-
íîñòè àëãîðèòìîâ ðåøåíèÿ çàäà÷è î ðþêçàêå.

Êëþ÷åâûå ñëîâà: çàäà÷à î ðþêçàêå, ïðîèçâîäÿùèå ôóíêöèè, äèíàìè÷åñêîå ïðî-
ãðàììèðîâàíèå, NP-ïîëíûå çàäà÷è, ìåòîä êîýôôèöèåíòîâ
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∗Bauman Moscow State Technical University, Moscow, Russia
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Exact analytical expressions are derived for the average number of solutions to the
bounded knapsack problem over a set of fixed-dimension instances. The average num-

ber of solutions for a set of knapsack problems with the constraint
n∑
i=1

aixi ⩽ b, where

the coefficients ai do not exceed a given value p, is denoted as |V̄p|. Formulas are ob-
tained that relate the number of solutions to problem parameters such as the dimen-
sion n, weight limit p, and allowable variable values. For Boolean variables xi ∈ {0, 1},
the following formula is derived:

|V̄b| =
1

(b+ 1)n

n∑
k=0

(
n

k

)(
b

n− k

)
(b+ 2)k.
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For the case xi ∈ {0, 1, 2}, a generalized expression is obtained:

|V̄b|=
n∑
k=0

(
n

k

)
(b+1)k−n

n−k∑
t=0

(
n−k
t

)
2t

((
(n−k+t+b−1)/2

n− k

)[
n−k+t+b=1 (mod 2)

]
+

+

(
(n− k + t+ b)/2

n− k

)[
n− k + t+ b = 0 (mod 2)

])
.

Additionally, a formula is derived that defines the generating function for the volume
of the set of solutions to problems of dimension n with components of the weight
vector (a1, . . . , an) taking values in the range from 0 to p. The obtained results can
be applied to assess the computational complexity of knapsack problem algorithms,
select optimal solution methods, develop decomposition algorithms, and analyze com-
binatorial structures arising in discrete optimization problems.

Keywords: knapsack problem, generating functions, dynamic programming, NP-
complete problems, coefficient method.

Ââåäåíèå
Çàäà÷à îá îãðàíè÷åííîì ðþêçàêå ïðåäñòàâëÿåò ñîáîé îáîáùåíèå êëàññè÷åñêîé çà-

äà÷è î 0-1-ðþêçàêå, â êîòîðîé êàæäûé ïðåäìåò ìîæåò áûòü âûáðàí íå áîëåå çàäàííîãî
êîëè÷åñòâà ðàç. Â äàííîé ïîñòàíîâêå êàæäîìó ïðåäìåòó ñîïîñòàâëÿþòñÿ òðè ïàðàìåò-
ðà: âåñ, öåííîñòü è ìàêñèìàëüíî äîïóñòèìîå ÷èñëî êîïèé. Êàê è â áàçîâîì âàðèàíòå,
öåëü ñîñòîèò â òîì, ÷òîáû ïîäîáðàòü òàêîé íàáîð ïðåäìåòîâ, êîòîðûé ìàêñèìèçèðó-
åò ñóììàðíóþ öåííîñòü, íå ïðåâûøàÿ çàäàííîå îãðàíè÷åíèå íà âåñ. Ìàòåìàòè÷åñêàÿ
ìîäåëü ýòîé çàäà÷è ïðåäñòàâëåíà ñëåäóþùèìè óñëîâèÿìè [1]:

n∑
j=1

cjxj → max; (1)

n∑
i=1

aixi ⩽ b, (2)

ãäå x = (x1, . . . , xn)� n-ìåðíûé âåêòîð ñ öåëî÷èñëåííûìè êîìïîíåíòàìè xi ∈ {0, 1,
. . . ,m}; c1, . . . , cn, a1, . . . , an, b�íåîòðèöàòåëüíûå öåëûå ÷èñëà.

Çàäà÷à î ðþêçàêå ÿâëÿåòñÿ îäíîé èç ôóíäàìåíòàëüíûõ ïðîáëåì êîìáèíàòîðíîé
îïòèìèçàöèè, íàõîäÿ ïðèìåíåíèå â ðàçëè÷íûõ îáëàñòÿõ íàóêè è òåõíèêè, ãäå íåîáõî-
äèìî âûáðàòü îïòèìàëüíûé íàáîð ýëåìåíòîâ èç îãðàíè÷åííîãî ìíîæåñòâà. Âàðèàíòû
äàííîé çàäà÷è ÷àñòî âîçíèêàþò ïðè îñëàáëåíèè óñëîâèé çàäà÷ öåëî÷èñëåííîãî ïðî-
ãðàììèðîâàíèÿ, ÷òî îáóñëîâèëî å¼ àêòèâíîå èçó÷åíèå â ïîñëåäíèå äåñÿòèëåòèÿ. Ýòî
ïðèâåëî ê ïîÿâëåíèþ çíà÷èòåëüíîãî îáú¼ìà èññëåäîâàíèé, çàòðàãèâàþùèõ êàê àëãî-
ðèòìè÷åñêèå àñïåêòû ðåøåíèÿ çàäà÷è, òàê è å¼ òåîðåòè÷åñêèå ñâîéñòâà. Äåòàëüíûé
îáçîð ñóùåñòâóþùèõ ïîäõîäîâ ïðåäñòàâëåí, â ÷àñòíîñòè, â ôóíäàìåíòàëüíûõ ðàáî-
òàõ [1, 2].

Çàäà÷à î ðþêçàêå îòíîñèòñÿ ê êëàññó NP-òðóäíûõ çàäà÷, ÷òî îçíà÷àåò, ÷òî íàõîæ-
äåíèå òî÷íîãî ðåøåíèÿ òðåáóåò çíà÷èòåëüíûõ âû÷èñëèòåëüíûõ ðåñóðñîâ äàæå ïðè
îòíîñèòåëüíî íåáîëüøèõ çíà÷åíèÿõ n. Â ñâÿçè ñ ýòèì øèðîêî ïðèìåíÿþòñÿ ìåòîäû
äåêîìïîçèöèè, ïîçâîëÿþùèå ðàçáèðàòü èñõîäíóþ çàäà÷ó íà áîëåå ìåëêèå ïîäçàäà÷è,
÷òî óïðîùàåò ïðîöåññ ïîèñêà îïòèìàëüíîãî ðåøåíèÿ.

Îäíèì èç êëþ÷åâûõ äåêîìïîçèöèîííûõ ïîäõîäîâ ÿâëÿåòñÿ ìåòîä âåòâåé è ãðàíèö.
Îí îñíîâàí íà ïîýòàïíîì ðàçäåëåíèè çàäà÷è íà ïîäçàäà÷è ñ ïîñëåäóþùèì èñêëþ÷å-
íèåì òåõ èç íèõ, êîòîðûå íå ìîãóò ñîäåðæàòü îïòèìàëüíîå ðåøåíèå.
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Îñîáûé èíòåðåñ ïðåäñòàâëÿþò èññëåäîâàíèÿ, ïîñâÿùåííûå àíàëèçó òî÷íîé è ïðè-
áëèæ¼ííîé îöåíîê ñëîæíîñòè ìåòîäà âåòâåé è ãðàíèö ïðèìåíèòåëüíî ê çàäà÷å î ðþê-
çàêå. Çíà÷èòåëüíûé âêëàä â ýòó îáëàñòü âíåñëè Ì.À. Ïîñûïêèí è Ð.Ì. Êîëïàêîâ, êî-
òîðûå ðàññìàòðèâàëè ÷àñòíûå ñëó÷àè ïðèìåíåíèÿ äàííîãî ìåòîäà. Â ðàáîòå [3] ïðåä-
ëîæåíû äâå âåðõíèå îöåíêè ñëîæíîñòè ðåøåíèÿ çàäà÷è î ðþêçàêå ìåòîäîì âåòâåé è
ãðàíèö, âûðàæåííûå ÷åðåç ïàðàìåòðû èñõîäíûõ äàííûõ, à òàêæå âûäåëåí ñëó÷àé,
ïðè êîòîðîì ñëîæíîñòü ìåòîäà îãðàíè÷åíà ïîëèíîìèàëüíî îòíîñèòåëüíî ðàçìåðíîñòè
çàäà÷è. Â [3] ðàññìîòðåíû òàêæå îöåíêè ñëîæíîñòè ìåòîäà äëÿ çàäà÷è î ñóììå ïîäìíî-
æåñòâ, ÿâëÿþùåéñÿ ÷àñòíûì ñëó÷àåì çàäà÷è î ðþêçàêå. Â [4] ïðåäñòàâëåíà âåðõíÿÿ
îöåíêà ñëîæíîñòè ðåøåíèÿ çàäà÷è î ñóììå ïîäìíîæåñòâ ñ äîïîëíèòåëüíûì êðèòåðè-
åì îòñå÷åíèÿ ïîäçàäà÷, îñíîâàííûì íà ñðàâíåíèè ïðåäåëüíîãî è ìèíèìàëüíîãî ÷èñëà
ïðåäìåòîâ, êîòîðûå ìîãóò áûòü äîáàâëåíû â ðþêçàê.

Â [5�7] ðàññìàòðèâàþòñÿ âîïðîñû, ñâÿçàííûå ñî ñëîæíîñòüþ ïàðàëëåëüíûõ âû÷èñ-
ëåíèé ïðè ðåøåíèè çàäà÷ îïòèìèçàöèè, âêëþ÷àÿ çàäà÷ó î ðþêçàêå, â ðàñïðåäåë¼ííûõ
âû÷èñëèòåëüíûõ ñðåäàõ. Ðàçëè÷íûå âàðèàöèè çàäà÷è î ðþêçàêå è ïîäõîäû ê èõ ðåøå-
íèþ èññëåäóþòñÿ â ðàáîòàõ [8�10].

Îäèí èç ðåçóëüòàòîâ íàñòîÿùåé ðàáîòû ìîæíî ðàññìàòðèâàòü êàê îáîáùåíèå ìå-
òîäà, ïðåäëîæåííîãî â [11], ãäå àâòîð àíàëèçèðóåò îïòèìàëüíóþ ñòðàòåãèþ ïðèìåíå-
íèÿ ìåòîäà âåòâåé è ãðàíèö ê ÷àñòíîìó ñëó÷àþ çàäà÷è î ðþêçàêå ñ ðàâíûìè âåñàìè
ïðåäìåòîâ è äâóìÿ âîçìîæíûìè çíà÷åíèÿìè èõ ñòîèìîñòè. Ýòî ðàñøèðÿåò ïîíèìàíèå
ýôôåêòèâíîñòè ìåòîäà âåòâåé è ãðàíèö â ðàçëè÷íûõ ñöåíàðèÿõ çàäà÷è î ðþêçàêå.

Ïðîâåä¼ííûå èññëåäîâàíèÿ, ïîñâÿù¼ííûå òî÷íûì è ïðèáëèæ¼ííûì îöåíêàì ñëîæ-
íîñòè ìåòîäà, ó÷èòûâàþò îñîáåííîñòè ðàçëè÷íûõ âàðèàíòîâ çàäà÷è, ÷òî ñïîñîáñòâóåò
áîëåå òî÷íîìó ïðîãíîçèðîâàíèþ åãî ïðîèçâîäèòåëüíîñòè è âûáîðó íàèáîëåå ýôôåê-
òèâíîé ñòðàòåãèè ðåøåíèÿ. Â òàêèõ ïîäõîäàõ àêòèâíî èñïîëüçóþòñÿ îöåíêè çíà÷åíèé
ôóíêöèîíàëà íà ìíîæåñòâå äîïóñòèìûõ ðåøåíèé, ÷òî äåëàåò çàäà÷ó èõ âû÷èñëåíèÿ
àêòóàëüíîé.

Â äàííîé ðàáîòå âûâåäåíû êîìáèíàòîðíûå ôîðìóëû äëÿ îöåíêè ìîùíîñòè ìíî-
æåñòâà ðåøåíèé çàäà÷è î ðþêçàêå â çàâèñèìîñòè îò çàäàííûõ ïàðàìåòðîâ. Â ï. 1
ïðåäñòàâëåíû ïðîèçâîäÿùèå ôóíêöèè â âèäå ðàöèîíàëüíûõ âûðàæåíèé, îïèñûâàþùèå
ìíîæåñòâî äîïóñòèìûõ ðåøåíèé è ñîîòâåòñòâóþùèå çíà÷åíèÿ ôóíêöèîíàëà. Ïóíêò 2
ñîäåðæèò îöåíêè ñðåäíåãî ÷èñëà äîïóñòèìûõ ðåøåíèé äëÿ âñåõ çàäà÷ ðàçìåðíîñòè n,
ãäå êîìïîíåíòû âåêòîðà âåñîâ íàõîäÿòñÿ â ïðåäåëàõ îò 0 äî b. Ïîëó÷åííûå ðåçóëüòà-
òû ìîãóò áûòü ïîëåçíû ïðè àíàëèçå âû÷èñëèòåëüíîé ñëîæíîñòè àëãîðèòìîâ ðåøåíèÿ
çàäà÷è î ðþêçàêå. Ïîíèìàíèå ñòðóêòóðû ïðîñòðàíñòâà ðåøåíèé è ðàñïðåäåëåíèÿ çíà-
÷åíèé öåëåâîé ôóíêöèè íà ìíîæåñòâå äîïóñòèìûõ ðåøåíèé ïîçâîëÿåò îöåíèòü ïîòåí-
öèàëüíóþ ñëîæíîñòü èëè ýôôåêòèâíîñòü ïðèìåíÿåìûõ àëãîðèòìîâ.

Äëÿ ïîëó÷åíèÿ êëþ÷åâûõ ðåçóëüòàòîâ èñïîëüçîâàí ìåòîä êîýôôèöèåíòîâ [12].
Ýòîò ìåòîä ÿâëÿåòñÿ ðàçíîâèäíîñòüþ ìåòîäà ïðîèçâîäÿùèõ ôóíêöèé, çàäàâàÿ ëèíåé-
íûé ôóíêöèîíàë äëÿ ìíîæåñòâà ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ ñ êîíå÷íûì ÷èñëîì
÷ëåíîâ ñ îòðèöàòåëüíûìè ñòåïåíÿìè. Ìåòîä ñîîòíîñèò êàæäîìó ñòåïåííîìó ðÿäó êî-
ýôôèöèåíò ïðè åãî ÷ëåíå ñ ïîêàçàòåëåì ìèíóñ ïåðâîé ñòåïåíè. Äëÿ ðÿäîâ, ñõîäÿùèõñÿ
â îêðåñòíîñòè íóëÿ, çíà÷åíèå êîýôôèöèåíòà ñîâïàäàåò ñ âû÷åòîì ôóíêöèè â òî÷êå 0.
Ïðèìåíåíèå ìåòîäà ïðîèçâîäÿùèõ ôóíêöèé ê çàäà÷å î ðþêçàêå ñ áóëåâûìè ïåðåìåí-
íûìè ðàññìîòðåíî â ðàáîòàõ [13, 14]. Â äàííîé ðàáîòå ýòîò ïîäõîä èñïîëüçóåòñÿ äëÿ
ïîëó÷åíèÿ ôîðìóë äëÿ çàäà÷è îá îãðàíè÷åííîì ðþêçàêå ñ âîçìîæíîñòüþ ïîâòîðíîãî
èñïîëüçîâàíèÿ ïðåäìåòîâ.
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1. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ
Îïðåäåëèì ïðîèçâîäÿùèå ôóíêöèè â âèäå ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ, êîòîðûå

îïèñûâàþò ìíîæåñòâî äîïóñòèìûõ ðåøåíèé è ìíîæåñòâî âîçìîæíûõ çíà÷åíèé ôóíê-
öèîíàëà çàäà÷è. Îáîçíà÷èì ìíîæåñòâî äîïóñòèìûõ ðåøåíèé èñõîäíîé çàäà÷è Vb. Îíî
ñîñòîèò èç n-ìåðíûõ âåêòîðîâ x ñ xi ∈ {0, 1, . . . ,m}, i = 1, . . . , n, óäîâëåòâîðÿþùèõ
íåðàâåíñòâó (2). Îáú¼ìîì Vb íàçîâ¼ì ÷èñëî |Vb| äîïóñòèìûõ ðåøåíèé íåðàâåíñòâà (2).
Äëÿ âûðàæåíèÿ ðàñïðåäåëåíèÿ òî÷åê íà ìíîæåñòâå äîïóñòèìûõ ðåøåíèé èñïîëüçóåòñÿ
ñòåïåííîé ðÿä

Pb(z1, z2, . . . , zn) =
∑
x∈Vb

za1x11 za2x22 . . . zxnann .

Â ðàáîòå [15] ïðè ïîìîùè ïðîèçâîäÿùèõ ôóíêöèé ïîëó÷åíû îöåíêè ôóíêöèîíàëà
çàäà÷è î ðþêçàêå ñ áóëåâûìè ïåðåìåííûìè. Ïðèâåä¼ííûå äàëåå ëåììà è ñëåäñòâèå
ñòðîãî äîêàçàíû â [16], îíè èñïîëüçóþòñÿ äëÿ ïîëó÷åíèÿ è îáîñíîâàíèÿ òåêóùèõ ðå-
çóëüòàòîâ, ñâÿçàííûõ ñ îöåíêîé êîëè÷åñòâà ðåøåíèé çàäà÷è îá îãðàíè÷åííîì ðþêçàêå.

Ëåììà 1 [16]. Äëÿ çàäà÷è îá îãðàíè÷åííîì ðþêçàêå (1), (2) ñïðàâåäëèâà ôîðìóëà

∞∑
b=0

Pb(z1, . . . , zn)u
b =

(1+(z1u)
a1+ . . .+(z1u)

ma1) . . . (1+(znu)
an+ . . .+(znu)

man)

1− u
.

Ñëåäñòâèå 1 [16]. Äëÿ îáú¼ìà ìíîæåñòâà äîïóñòèìûõ ðåøåíèé çàäà÷è (1), (2)
ñ m ∈ N èìååò ìåñòî

|Vb| = coef
u

{
(1 + ua1 + . . .+ uma1) . . . (1 + uan + . . .+ uman)

(1− u)ub+1

}
. (3)

Çäåñü è äàëåå coef
u
{A(u)} =

1

2πi

∮
|u|=ρ

A(u)du = a−1, ãäå a−1 �êîýôôèöèåíò ïðè ìè-

íóñ ïåðâîé ñòåïåíè ìíîãî÷ëåíà A(u). Ïîäðîáíîå îïèñàíèå äàííîãî ôóíêöèîíàëà è åãî
ñâîéñòâ ïðèâåäåíî â [12].

2. Ñðåäíåå ÷èñëî ðåøåíèé ìíîæåñòâà çàäà÷ îäèíàêîâîé ðàçìåðíîñòè
Â âûðàæåíèè (3) ïðèâåäåíà ôîðìóëà äëÿ âû÷èñëåíèÿ ÷èñëà ðåøåíèé êîíêðåòíîé

çàäà÷è î ðþêçàêå. Îïðåäåëèì ñðåäíåå ÷èñëî ðåøåíèé äëÿ íåêîòîðîãî ìíîæåñòâà çàäà÷
î ðþêçàêå ñ ôèêñèðîâàííûìè ïàðàìåòðàìè.

Îáîçíà÷èì ÷åðåç V̄p ñðåäíåå ÷èñëî ðåøåíèé íàáîðà çàäà÷ îá îãðàíè÷åííîì ðþêçà-
êå (1), (2), ãäå êîýôôèöèåíòû âåñîâ ai, i = 1, . . . , n, íå ïðåâûøàþò íåêîòîðîãî çàäàí-
íîãî çíà÷åíèÿ p. Ýòî ÷èñëî âûðàæàåòñÿ ñëåäóþùåé ôîðìóëîé:

|V̄p| =
1

(p+ 1)n
∑

0⩽ai⩽p,
i=1,...,n

|Vb(a1, . . . , an)|. (4)

Ðàññìîòðèì âîïðîñ î ñðåäíåì ÷èñëå äîïóñòèìûõ ðåøåíèé çàäà÷ î ðþêçàêå ïðè ðàç-
ëè÷íûõ çíà÷åíèÿõ êîëè÷åñòâà êîïèé ïðåäìåòîâ m.

Ïóñòü çíà÷åíèå b è ðàçìåðíîñòü çàäà÷è n ôèêñèðîâàíû, à êîìïîíåíòû âåêòîðà âå-
ñîâ (a1, . . . , an) ïðèíèìàþò çíà÷åíèÿ â äèàïàçîíå îò 0 äî b. Ôîðìóëà äëÿ âû÷èñëåíèÿ
ñðåäíåãî ÷èñëà ðåøåíèé ïî âñåì òàêèì çàäà÷àì â ÷àñòíîì ñëó÷àå, êîãäà m = 1, ïî-
ëó÷åíà è äîêàçàíà â ðàáîòå [17]. Äàëåå ïðèâîäèòñÿ ôîðìóëèðîâêà ñîîòâåòñòâóþùåé
òåîðåìû, êîòîðàÿ áóäåò îáîáùåíà íà ñëó÷àé, êîãäà ïåðåìåííûå ïðèíèìàþò çíà÷åíèÿ
èç ìíîæåñòâà x ∈ {0, 1, 2}n.
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Òåîðåìà 1 [17]. Ïðè x ∈ {0, 1}n ñïðàâåäëèâà ôîðìóëà

|V̄b| =
1

(b+ 1)n

n∑
k=0

CknC
n−k
b (b+ 2)k. (5)

Ïðîäåìîíñòðèðóåì ñïðàâåäëèâîñòü ôîðìóëû íà ýëåìåíòàðíîì ïðèìåðå.

Ïðèìåð 1. Ïðè n = 2, b = 2, x ∈ {0, 1}n ñóùåñòâóåò äåâÿòü îãðàíè÷åíèé: 2x1 +
+2x2 ⩽ 2; 2x1+x2 ⩽ 2; x1+2x2 ⩽ 2; x1+x2 ⩽ 2; x1+0x2 ⩽ 2; 2x1+0x2 ⩽ 2; 0x1+x2 ⩽ 2;
0x1 + 2x2 ⩽ 2; x1 + 0x2 ⩽ 2.

Î÷åâèäíî, ÷òî ïîñëåäíèå øåñòü íåðàâåíñòâ âûïîëíÿþòñÿ äëÿ âñåõ x, ò. å. èìåþò ïî
÷åòûðå ðåøåíèÿ. Ïåðâûå òðè íåðàâåíñòâà èìåþò ïî òðè ðåøåíèÿ.

Òàêèì îáðàçîì, |V̄b| = 33/9 = 11/3. Òàêîå æå çíà÷åíèå ïîëó÷àåòñÿ èç ôîðìóëû (5):

|V̄b| =
1

(2 + 1)2

2∑
k=0

Ck2 C
2−k
2 (2 + 2)k =

1

9
(C0

2C
2
2 4

0 + C1
2C

1
2 4

1 + C2
2C

0
2 4

2) =
33

9
=

11

3
.

Ôîðìóëà (5) ìîæåò áûòü ïîëåçíà äëÿ îöåíêè ñëîæíîñòè àëãîðèòìîâ ðåøåíèÿ çà-
äà÷è î 0-1-ðþêçàêå, ïîñêîëüêó ïîçâîëÿåò îïðåäåëèòü ÷èñëî äîïóñòèìûõ ðåøåíèé è
èõ ðàñïðåäåëåíèå. Ýòî ïîìîãàåò ïðîãíîçèðîâàòü âû÷èñëèòåëüíûå çàòðàòû è âûáèðàòü
íàèáîëåå ïîäõîäÿùèå ìåòîäû ðåøåíèÿ. Êðîìå òîãî, îíà ìîæåò èñïîëüçîâàòüñÿ äëÿ
àíàëèçà ñòðóêòóðû ìíîæåñòâà ðåøåíèé, ÷òî âàæíî ïðè ðàçðàáîòêå ïðèáëèæ¼ííûõ
àëãîðèòìîâ è èçó÷åíèè ýôôåêòèâíîñòè ðàçíûõ ïîäõîäîâ ê çàäà÷å î ðþêçàêå.

Ðàññìîòðèì òåïåðü âîïðîñ î ñðåäíåì çíà÷åíèè ìîùíîñòè ìíîæåñòâà äîïóñòèìûõ
ðåøåíèé â áîëåå îáùåì ñëó÷àå. Ñëåäóþùàÿ ôîðìóëà âûðàæàåò ÷èñëî ðåøåíèé êàæ-
äîé çàäà÷è ðàçìåðíîñòè n ñ êîìïîíåíòàìè âåêòîðà âåñîâ (a1, . . . , an), ïðèíèìàþùèìè
çíà÷åíèÿ â äèàïàçîíå îò 0 äî p:

Rp(z1, . . . , zn) =
∑

0⩽ai⩽p,
i=1,...,n

za11 , . . . , z
an
n |Vb(a1, . . . , an)|. (6)

Òåîðåìà 2. Ñïðàâåäëèâà ôîðìóëà

Rp(z1, . . . , zn) =

= coef
u

{
n∏
k=1

(
1− zp+1

k

1− zk
+

1− (zku)
p+1

1− zku
+ . . .+

1− (zku
m)p+1

1− zkum

)/(
ub+1(1− u)

)}
.

(7)

Äîêàçàòåëüñòâî. Ïîäñòàâèì â (6) âûðàæåíèå äëÿ ÷èñëà ðåøåíèé èç (3):

Rp(z1, . . . , zn) =
∑

0⩽ai⩽p,
i=1,...,n

za11 , . . . , z
an
n coef

u

{
(1 + ua1 + . . .+ uma1) . . . (1 + uan + . . .+ uman)

(1− u)ub+1

}
.

Îáúåäèíèì âûðàæåíèÿ, â êîòîðûõ ñóììèðîâàíèå ïðîèçâîäèòñÿ ïî îäèíàêîâîìó êîì-
ïîíåíòó ai:

Rp(z1, . . ., zn)=coef
u

{
1

(1−u)ub+1

( p∑
a1=1

za11 (1+ua1+. . .+uma1) . . .
p∑

an=1

zann (1+uan+. . .+uman)
)}

.

Òåïåðü çàìåòèì, ÷òî êàæäîå âûðàæåíèå ïîä çíàêîì ñóììû ìîæíî ðàçëîæèòü â p + 1
ñóììó ãåîìåòðè÷åñêîé ïðîãðåññèè:
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p∑
ak=1

zakk (1 + uak + . . .+ umak) =
p∑

ak=1

zakk +
p∑

ak=1

zakk u
ak
k + . . .+

p∑
ak=1

zakk u
mak
k =

=
1− zp+1

k

1− zk
+

1− (zku)
p+1

1− zku
+ . . .+

1− (zku
m)p+1

1− zkum
.

Ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèå â èñõîäíóþ ôîðìóëó, ïîëó÷èì (7).

Çàìåíèâ âñå àðãóìåíòû ëåâîé ÷àñòè ôîðìóëû (7) çíà÷åíèåì z, ïîëó÷èì ïðîèç-
âîäÿùóþ ôóíêöèþ, âûðàæàþùóþ îáùåå ÷èñëî ðåøåíèé çàäà÷ ñ îäèíàêîâîé ñóììîé
êîýôôèöèåíòîâ:

Rp(z) = coef
u

{
n∏
k=1

(
1− zp+1

1− z
+

1− (zu)p+1

1− zu
+ . . .+

1− (zum)p+1

1− zum

)/(
ub+1(1− u)

)}
.

Äàííàÿ ïðîèçâîäÿùàÿ ôóíêöèÿ ìîæåò áûòü àäàïòèðîâàíà äëÿ ðåøåíèÿ çàäà÷, ñâÿçàí-
íûõ ñ èñïîëüçîâàíèåì ñïåöèôè÷íûõ êîìáèíàòîðíûõ ìîäåëåé, îòðàæàþùèõ îñîáåííî-
ñòè êîíêðåòíîé îáëàñòè.

Òåîðåìà 3. Ïðè x ∈ {0, 1, 2}n ñïðàâåäëèâà ôîðìóëà

|V̄b| =
n∑
k=0

Ckn(b+ 1)k−n
n−k∑
t=0

Ctn−k2
t
(
Cn−k(n−k+t+b−1)/2

[
n− k + t+ b = 1 (mod 2)

]
+

+Cn−k(n−k+t+b)/2
[
n− k + t+ b = 0 (mod 2)

])
.

(8)

Çäåñü [P ]� ñêîáêà Àéâåðñîíà, ðàâíàÿ 1, åñëè óñëîâèå P âûïîëíÿåòñÿ, è 0 â ïðîòèâíîì
ñëó÷àå.

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ çíà÷åíèå èç ôîðìóëû (3) ïðè m = 2 â âûðàæå-
íèå (4), ïîëó÷àåì

|V̄b| =
1

(b+ 1)n
coef
u


b∑

a1=0

(1 + ua1 + u2a1) . . .
b∑

an=0

(1 + uan + u2an)

(1− u)ub+1

 .

Çàìåòèì, ÷òî êàæäóþ ñóììó â ÷èñëèòåëå ïîä çíàêîì êîýôôèöèåíòà ìîæíî ðàçëîæèòü,
à ñòåïåíè u ñîáðàòü â äâå ñóììû ãåîìåòðè÷åñêèõ ïðîãðåññèé:

b∑
ai=0

(1 + uai + u2ai) = b+ 3 +
b∑

ai=1

uai +
b∑

ai=1

u2ai = b+ 3 +
(1− ub)u
1− u

+
(1− u2b)u2

1− u2
.

Ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå âìåñòî ñóìì ïî ai äëÿ êàæäîãî i = 1, . . . , n:

|V̄b| =
1

(b+ 1)n
coef
u


(
b+ 3 +

(1− ub)u
1− u

(
1 +

(1 + ub)u

1 + u

))n
(1− u)ub+1

 .

Ðàçëîæèì ÷èñëèòåëü ïî ôîðìóëå áèíîìà Íüþòîíà:

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)
n∑
k=0

Ckn(b+ 3)k
(u(1− ub)

1− u

)n−k(
1 +

(1 + ub)u

1 + u

)n−k}
.



Î ñðåäíåì ÷èñëå äîïóñòèìûõ ðåøåíèé â çàäà÷å î ðþêçàêå 109

Ïîëó÷èâøóþñÿ ñóììó ðàçëîæèì íà ñëàãàåìûå ñ k < n è k = n:

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)
n−1∑
k=0

Ckn(b+ 3)k
(u(1− ub)

1− u

)n−k(
1 +

(1 + ub)u

1 + u

)n−k}
+

+
(b+ 3)n

(b+ 1)n
coef
u

{
1

ub+1(1− u)

}
.

(9)

Òåïåðü ðàçëîæèì ìíîæèòåëü (1−ub)n−k èç ÷èñëèòåëÿ ïåðâîãî ñëàãàåìîãî ïî ôîðìóëå
áèíîìà Íüþòîíà:

(1− ub)n−k = 1− C1
n−ku

b + C2
n−ku

2b − . . .+ (−1)n−kCn−kn−ku
(n−k)b =

n−k∑
i=0

(−1)iCin−kuib. (10)

Ïîäñòàâëÿÿ â ôîðìóëó (9) ðàçëîæåíèå (10), ïîëó÷àåì

|V̄b| =
1

(b+ 1)n
coef
u

{( 1

ub+1(1− u)
n−1∑
k=0

Ckn(b+ 3)k
( u

1− u

)n−k(
1 +

(1 + ub)u

1 + u

)n−k
×

×
n−k∑
i=0

(−1)iCin−kuib
)}

+
(b+ 3)n

(b+ 1)n
coef
u

{
1

ub+1(1− u)

}
.

Èç ñâîéñòâ êîýôôèöèåíòà ñëåäóåò, ÷òî äàííîå âûðàæåíèå ïðèíèìàåò íóëåâîå çíà÷åíèå,
êîãäà ñòåïåíü u â ÷èñëèòåëå áîëüøå èëè ðàâíà ñòåïåíè u ñ ïîëîæèòåëüíûì çíàêîì
â çíàìåíàòåëå. Ïîñêîëüêó â ïåðâîì ñëàãàåìîì k < n, äàííîå âûðàæåíèå îáðàùàåòñÿ
â íóëü äëÿ âñåõ i > 0. Òàêèì îáðàçîì, ïîëó÷àåì

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)
n−1∑
k=0

Ckn(b+ 3)k
( u

1− u

)n−k(
1 +

(1 + ub)u

1 + u

)n−k}
+

+
(b+ 3)n

(b+ 1)n
coef
u

{
1

ub+1(1− u)

}
.

Ðàçëîæèì ìíîæèòåëü

(
1 +

(1 + ub)u

1 + u

)n−k
â ïåðâîì ñëàãàåìîì ïî ôîðìóëå áèíîìà

Íüþòîíà:

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)
n−1∑
k=0

Ckn(b+ 3)k
( u

1− u

)n−kn−k∑
t=0

Ctn−k

((1 + ub)u

1 + u

)t}
+

+
(b+ 3)n

(b+ 1)n
coef
u

{
1

ub+1(1− u)

}
.

(11)

Ðàçëîæèì òåïåðü ïåðâûé êîýôôèöèåíò ïî ìíîæèòåëþ (1 + ub)
t
àíàëîãè÷íî (10):

(1 + ub)
t
= 1 + C1

tu
b + C2

tu
2b + . . .+ Cttu

tb =
t∑
i=0

(−1)iCituib.
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Ïîäñòàâëÿÿ ýòî ðàçëîæåíèå â âûðàæåíèå (11) è ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ,
ïîëó÷àåì

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)
n−1∑
k=0

Ckn(b+ 3)k
( u

1− u

)n−kn−k∑
t=0

Ctn−k

( u

1 + u

)t}
+

+
(b+ 3)n

(b+ 1)n
coef
u

{
1

ub+1(1− u)

}
.

Ïðåîáðàçóåì îáðàòíî â áèíîì ïîñëåäíþþ ñóììó â ïåðâîì ñëàãàåìîì:

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)
n−1∑
k=0

Ckn(b+ 3)k
( u

1− u

)n−k( u

1 + u
+ 1
)n−k}

+

+
(b+ 3)n

(b+ 1)n
coef
u

{
1

ub+1(1− u)

}
.

Çàìåòèì, ÷òî Cnn

( u

1− u

)n−n( u

1 + u
+ 1
)n−n

= 1, è çàíåñ¼ì âòîðîå ñëàãàåìîå ïîä çíàê
ñóììû ïåðâîãî:

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)
n∑
k=0

Ckn(b+ 3)k
( u

1− u

)n−k( u

1 + u
+ 1
)n−k}

.

È ñíîâà ñîáåð¼ì ïîëó÷èâøóþñÿ ñóììó â áèíîì:

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)

(
b+ 3 +

2u2 + u

1− u2
)n}

.

Òåïåðü ðàçëîæèì ïî ôîðìóëå áèíîìà Íüþòîíà, îñòàâëÿÿ 2 âî âòîðîì ñëàãàåìîì:

|V̄b| =
1

(b+ 1)n
coef
u

{
1

ub+1(1− u)
n∑
k=0

Ckn(b+ 1)k
( u+ 2

1− u2
)n−k}

.

Âûíåñåì ìíîæèòåëè, íå çàâèñÿùèå îò u, çà çíàê êîýôôèöèåíòà, ðàçëîæèì âûðàæåíèå
ïî ïîñëåäíåìó ìíîæèòåëþ è ñãðóïïèðóåì ïîëó÷èâøèåñÿ ìíîæèòåëè:

|V̄b| =
n∑
k=0

Ckn(b+ 1)k−ncoef
u

{
n−k∑
t=0

Ctn−k2
tun−k−t−b−1(1− u2)k−n−1(1 + u)

}
.

Ðàçëîæèâ ïîñëåäíåå âûðàæåíèå ïî ìíîæèòåëþ (1+u) íà äâà ñëàãàåìûõ è ïðåîáðàçîâàâ
ïîëó÷èâøèåñÿ âûðàæåíèÿ â áèíîìèàëüíûå êîýôôèöèåíòû â ñîîòâåòñòâèè ñ ïðàâèëîì

coef
u

{
(1− v)nv−k−1

}
= (−1)kCkn ìåòîäà êîýôôèöèåíòîâ äëÿ u2, ïîëó÷èì

|V̄b| =
n∑
k=0

Ckn(b+1)k−n
n−k∑
t=0

Ctn−k2
t
(
C

(k−n+t+b−1)/2
k−n−1 (−1)(k−n+t+b−1)/2

[
n−k+t+b = 1 (mod 2)

]
+

+C
(k−n+t+b)/2
k−n−1 (−1)(k−n+t+b)/2

[
n− k + t+ b = 0 (mod 2)

])
.

Íàêîíåö, ïðåîáðàçóÿ áèíîìèàëüíûå êîýôôèöèåíòû ïî ïðàâèëó (−1)n−mCn−m−(m+1) = Cmn
[18, ñ. 89], ïîëó÷èì èñêîìîå âûðàæåíèå (8).
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Ïðèìåð 2. Ïðè n = 2, b = 2, x ∈ {0, 1, 2}n ñóùåñòâóåò äåâÿòü îãðàíè÷åíèé:
2x1+2x2⩽2; 2x1 + x2 ⩽ 2; x1 + 2x2 ⩽ 2; x1 + x2 ⩽ 2; 2x1 + 0x2 ⩽ 2; 0x1 + 2x2 ⩽ 2;
x1 + 0x2 ⩽ 2; 0x1 + x2 ⩽ 2; 0x1 + 0x2 ⩽ 2. Î÷åâèäíî, ÷òî ïîñëåäíèå òðè íåðàâåíñòâà
âûïîëíÿþòñÿ äëÿ âñåõ x, ò. å. èìåþò äåâÿòü ðåøåíèé. Îñòàëüíûå èìåþò ñîîòâåòñòâåííî
3, 4, 4, 6, 6 è 6 ðåøåíèé. Òàêèì îáðàçîì, |V̄b| = 56/9. Òàêîå æå çíà÷åíèå ïîëó÷àåòñÿ èç
ôîðìóëû (8):

|V̄b| =
2∑

k=0

Ck2(b+ 1)k−2
2−k∑
t=0

Ct2−k2
t
(
C2−k

(2−k+t+b−1)/2
[
n− k + t+ b = 1 (mod 2)

]
+

+C2−k
(2−k+t+b)/2

[
n− k + t+ b = 0 (mod 2)

])
= C0

2 3
−2(C0

2 2
0C2

2+

+C1
2 2

1C2
2 + C2

2 2
2C2

3) + C1
2 3
−1(C0

1 2
0C1

1 + C1
1 2

1C1
2) + C2

2 3
0(C0

0 2
0C2

2) = 56/9.

Òàêèì îáðàçîì, èñïîëüçóÿ ïîëó÷åííûå ôîðìóëû, ìîæíî îöåíèòü êîëè÷åñòâî âîç-
ìîæíûõ ðåøåíèé â çàâèñèìîñòè îò ðàçìåðà ìíîæåñòâà ïðåäìåòîâ è îãðàíè÷åíèé íà èõ
âåñ. Äàííûå ôîðìóëû ìîãóò áûòü ïîëåçíû äëÿ âûáîðà îïòèìàëüíîãî ïîäõîäà ê ðåøå-
íèþ çàäà÷, îïðåäåëåíèÿ âåðîÿòíîñòè èõ óñïåøíîãî ðåøåíèÿ, à òàêæå äëÿ èññëåäîâàíèÿ
ñâîéñòâ çàäà÷ è îïòèìèçàöèè ïðîöåññà ïîèñêà èõ ðåøåíèé.

Çàêëþ÷åíèå
Ðàññìîòðåíû ìåòîäû âû÷èñëåíèÿ è îöåíêè êîëè÷åñòâà äîïóñòèìûõ ðåøåíèé çà-

äà÷è îá îãðàíè÷åííîì ðþêçàêå. Èññëåäîâàíèå îñíîâàíî íà àíàëèçå êîìáèíàòîðíûõ
ñâîéñòâ çàäà÷è, ÷òî ïîçâîëèëî ïîëó÷èòü íîâûå ôîðìóëû äëÿ âû÷èñëåíèÿ ñðåäíåãî
÷èñëà äîïóñòèìûõ ðåøåíèé äëÿ ñëó÷àåâ x ∈ {0, 1}n è x ∈ {0, 1, 2}n, ãäå êîìïîíåí-
òû âåêòîðà âåñîâ (a1, . . . , an) ïðèíàäëåæàò äèàïàçîíó îò 0 äî b. Â ÷àñòíîñòè, â îäíîì
èç îáùèõ ñëó÷àåâ íàéäåíà ïðîèçâîäÿùàÿ ôóíêöèÿ, îïðåäåëÿþùàÿ îáú¼ì ìíîæåñòâà
äîïóñòèìûõ ðåøåíèé äëÿ çàäà÷ ðàçìåðíîñòè n, â êîòîðûõ êîìïîíåíòû âåêòîðà âåñîâ
ïðèíèìàþò çíà÷åíèÿ â ïðåäåëàõ îò 0 äî ôèêñèðîâàííîãî ÷èñëà p.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò ñòàòü îñíîâîé äëÿ äàëüíåéøåãî èçó÷åíèÿ ñâîéñòâ
ìíîæåñòâà äîïóñòèìûõ ðåøåíèé çàäà÷è î ðþêçàêå. Íàéäåííûå ôîðìóëû òàêæå ìîãóò
ïðèìåíÿòüñÿ â âû÷èñëèòåëüíûõ ïðîöåäóðàõ äëÿ îöåíêè îïòèìàëüíîñòè àëãîðèòìîâ
ðåøåíèÿ ðàçëè÷íûõ òèïîâ ïîäîáíûõ çàäà÷, à òàêæå â äåêîìïîçèöèîííûõ è ýâðèñòè-
÷åñêèõ àëãîðèòìàõ èõ ðåøåíèÿ.
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Ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî ðàçìåùåíèÿ îáúåêòîâ íà íåîðèåíòèðîâàí-
íîé âçâåøåííîé ñåòè, ðàñïîëîæåííîé íà ïëîñêîñòè. Âåðøèíàì ïðèïèñàíû ïîëî-
æèòåëüíûå âåñà, à ð¼áðà ïðåäñòàâëåíû îòðåçêàìè. Âåñ âåðøèíû îòðàæàåò òðå-
áîâàíèå ðàçìåùàòü îáúåêòû êàê ìîæíî äàëüøå îò íå¼. Çàäàíû îãðàíè÷åíèÿ íà
ìèíèìàëüíî äîïóñòèìûå ðàññòîÿíèÿ îò âåðøèí äî îáúåêòîâ. Íåîáõîäèìî íàéòè
òàêèå òî÷êè íà ð¼áðàõ ñåòè äëÿ ðàçìåùåíèÿ îáúåêòîâ, ÷òîáû ìèíèìàëüíîå âçâå-
øåííîå ðàññòîÿíèå îò âåðøèí äî îáúåêòîâ áûëî ìàêñèìàëüíûì. Ïðåäëîæåí àë-
ãîðèòì ðåøåíèÿ çàäà÷è ñ çàäàííîé òî÷íîñòüþ äëÿ äâóõ îáúåêòîâ.

Êëþ÷åâûå ñëîâà: âûïóêëàÿ îáîëî÷êà, çàäà÷à ðàçìåùåíèÿ, ìàêñèìèííûé êðè-

òåðèé, îïàñíûé îáúåêò, ñåòü.

APPROXIMATE SOLUTION OF THE MAXIMIN PROBLEM OF
LOCATING FACILITIES ON A NETWORK WITH CONSTRAINTS

ON MINIMUM DISTANCES

G.G. Zabudsky

Sobolev Institute of Mathematics, Novosibirsk, Russia

We consider the problem of the optimal location of facilities on an undirected weighted
network located on a plane. The vertices are assigned positive weights and the edges
are segments. The weight of a vertex reflects the requirement to locate the facilities
as far away from it as possible. Constraints are given on the minimum admissible
distances from vertices to the facilities. It is necessary to find such points on the
edges of the network to locate the facilities that the minimum weighted distance from
the vertices to the facilities is maximum. An algorithm for solving the problem with
a given accuracy for two facilities is proposed.

Keywords: convex hull, location problem, maximin criterion, obnoxious facility, net-
work.

Ââåäåíèå
Çàäà÷è îïòèìàëüíîãî ðàçìåùåíèÿ îáúåêòîâ ðàçëè÷íîãî íàçíà÷åíèÿ èìåþò ìíîãî

ïðàêòè÷åñêèõ ïðèëîæåíèé. Â îáùåì ñëó÷àå çàäà÷à çàêëþ÷àåòñÿ â ðàçìåùåíèè îäíî-
ãî èëè íåñêîëüêèõ îáúåêòîâ â çàäàííîé îáëàñòè ñ ôèêñèðîâàííûìè â íåé îáúåêòàìè
(êëèåíòàìè) òàêèì îáðàçîì, ÷òîáû îïòèìàëüíîé áûëà íåêîòîðàÿ ôóíêöèÿ (ôóíêöèè)

1Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ ÈÌ ÑÎ ÐÀÍ, ïðîåêò �FWNF-2022-0020.
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ðàññòîÿíèé ìåæäó êëèåíòàìè è ðàçìåùàåìûìè îáúåêòàìè. Îáçîð èññëåäîâàíèé çàäà÷
îïòèìàëüíîãî ðàçìåùåíèÿ íà ñåòÿõ è ïëîñêîñòè ìîæíî íàéòè â [1�5].

Â òåîðèè îïòèìàëüíîãî ðàçìåùåíèÿ íàèáîëåå èññëåäîâàíû çàäà÷è, â êîòîðûõ îáú-
åêòû äîëæíû áûòü ðàñïîëîæåíû êàê ìîæíî áëèæå ê êëèåíòàì. Òàêèå îáúåêòû íàçû-
âàþò æåëàòåëüíûìè, íàïðèìåð ïîëèêëèíèêè, ïîæàðíûå ÷àñòè, ìàãàçèíû. Äîñòàòî÷íî
õîðîøî èçó÷åíû çàäà÷è ñ êðèòåðèÿìè ìèíèìèçàöèè ìàêñèìàëüíîãî ðàññòîÿíèÿ (çàäà-
÷è î öåíòðàõ) è ñóììàðíîãî ðàññòîÿíèÿ (çàäà÷è î ìåäèàíàõ) îò êëèåíòîâ äî îáúåê-
òîâ [1].

Â ïîñëåäíèå ãîäû â ñâÿçè ñ âîçðîñøèìè ýêîëîãè÷åñêèìè òðåáîâàíèÿìè ïðîâîäÿò-
ñÿ èññëåäîâàíèÿ ïî ïðîáëåìàì ðàçìåùåíèÿ íåæåëàòåëüíûõ (îïàñíûõ) îáúåêòîâ. Îíè
îáñëóæèâàþò íàñåëåíèå, íî îêàçûâàþò íåãàòèâíîå âëèÿíèå íà íåãî. Ïðåäïîëàãàåòñÿ,
÷òî âëèÿíèå óìåíüøàåòñÿ ïî ìåðå óâåëè÷åíèÿ ðàññòîÿíèÿ äî îáúåêòîâ. Ïîýòîìó íåîá-
õîäèìî ðàçìåùàòü òàêèå îáúåêòû êàê ìîæíî äàëüøå îò íàñåëåíèÿ. Ïðè ýòîì ìîæíî
ìèíèìèçèðîâàòü íåãàòèâíîå âëèÿíèå íà íàèáîëåå ïîñòðàäàâøåå íàñåëåíèå èëè ñðåä-
íåå âëèÿíèå íà âñ¼ íàñåëåíèå ðàéîíà. Â ïåðâîì ñëó÷àå ìàêñèìèçèðóåòñÿ ìèíèìàëüíîå
ðàññòîÿíèå (ìàêñèìèííàÿ çàäà÷à), à âî âòîðîì� ñóììàðíîå ðàññòîÿíèå (ìàêñèñóìì-
íàÿ çàäà÷à) îò êëèåíòîâ äî îáúåêòîâ [5�8].

Íà ïðàêòèêå ìîæíî âûäåëèòü ñëåäóþùèå ñèòóàöèè, â êîòîðûõ íåîáõîäèìî ó÷èòû-
âàòü íåãàòèâíîå âëèÿíèå ïðè ðàçìåùåíèè îáúåêòîâ:

1) óãðîçà îáùåñòâåííîé áåçîïàñíîñòè èëè íàðóøåíèå êîìôîðòà ëþäåé (èñïðàâè-
òåëüíûé öåíòð);

2) óùåðá îêðóæàþùåé ñðåäå è çäîðîâüþ íàñåëåíèÿ (õèìè÷åñêèé çàâîä);
3) òðåáîâàíèå ÷èñòîé è çäîðîâîé ñðåäû (ñàíàòîðèé).

Ðåøåíèå çàäà÷ ðàçìåùåíèÿ îïàñíûõ îáúåêòîâ íà ñåòÿõ ñ ðàññòîÿíèÿìè, èçìåðÿåìû-
ìè ïî òðàíñïîðòíîé ñåòè, ìîæåò áûòü èñïîëüçîâàíî ïðè ó÷¼òå âëèÿíèÿ ïåðâîãî òèïà.
Îáîñíîâàíèåì ýòîãî ÿâëÿåòñÿ òî, ÷òî ÷åì áîëüøå ðàññòîÿíèå îò íàñåë¼ííûõ ïóíêòîâ
äî îáúåêòîâ ïî òðàíñïîðòíîé ñåòè, òåì îíè áåçîïàñíåå è òåì ìåíüøå íåóäîáñòâ äîñòàâ-
ëÿþò îáùåñòâó [6�8]. Äëÿ îáúåêòîâ âòîðîãî è òðåòüåãî òèïîâ áîëåå ðåàëüíûì áóäåò
ïðèìåíåíèå, íàïðèìåð, åâêëèäîâîé ìåòðèêè [9, 10]. Òàê, â ñëó÷àå õèìè÷åñêîãî çàâîäà
çàãðÿçíåíèå ðàñïðîñòðàíÿåòñÿ íå ïî òðàíñïîðòíîé ñåòè. Îáùèì äëÿ âñåõ òèïîâ îáúåê-
òîâ ÿâëÿåòñÿ òî, ÷òî îíè íå äîëæíû ðàñïîëàãàòüñÿ âáëèçè ãóñòîíàñåë¼ííûõ ðàéîíîâ.

Îñíîâíàÿ ÷àñòü èññëåäîâàíèé çàäà÷ ðàçìåùåíèÿ îïàñíûõ îáúåêòîâ ïîñâÿùåíà âà-
ðèàíòàì ðàçìåùåíèÿ îäíîãî îáúåêòà. Ïîëèíîìèàëüíûå àëãîðèòìû äëÿ çàäà÷ íà ñïå-
öèàëüíûõ ñåòÿõ è îáùåãî âèäà ïðåäëîæåíû â [6�8].

Íåáîëüøîå êîëè÷åñòâî ðàáîò ïîñâÿùåíû çàäà÷àì ðàçìåùåíèÿ íåñêîëüêèõ îïàñíûõ
îáúåêòîâ íà ñåòÿõ. Â [11] ïðåäñòàâëåíû ðåçóëüòàòû èññëåäîâàíèÿ ñëîæíîñòè èõ ðåøå-
íèÿ. Äëÿ îáùåãî ñëó÷àÿ äîêàçàíî, ÷òî çàäà÷è NP-òðóäíûå, äàæå åñëè ñåòü ñîñòîèò èç
îäíîãî ðåáðà. Íàõîæäåíèå 2/3-ïðèáëèæ¼ííîãî ðåøåíèÿ äëÿ ìàêñèìèííîé çàäà÷è òàê-
æå ÿâëÿåòñÿ NP-òðóäíûì. Ýâðèñòè÷åñêèå àëãîðèòìû äëÿ ðåøåíèÿ çàäà÷ ïðåäëîæåíû,
íàïðèìåð, â [12, 13].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìàêñèìèííàÿ çàäà÷à ðàçìåùåíèÿ îáúåêòîâ íà
ñåòè, ðàñïîëîæåííîé íà ïëîñêîñòè. Âåðøèíû ñåòè ñîîòâåòñòâóþò êëèåíòàì, à ð¼áðà �
äîðîãàì. Âåðøèíû èìåþò ïîëîæèòåëüíûå âåñà. Ð¼áðà ïðåäñòàâëåíû îòðåçêàìè ñ äëè-
íàìè â åâêëèäîâîé ìåòðèêå. Çàäàíû îãðàíè÷åíèÿ íà ìèíèìàëüíî äîïóñòèìûå ðàññòî-
ÿíèÿ îò êëèåíòîâ äî îáúåêòîâ. Íåîáõîäèìî íàéòè òàêîå ðàçìåùåíèå îáúåêòîâ íà ñåòè,
÷òîáû ìèíèìàëüíîå ðàññòîÿíèå îò íèõ äî áëèæàéøåãî êëèåíòà áûëî ìàêñèìàëüíûì.
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Ïðåäëîæåí àëãîðèòì ðåøåíèÿ çàäà÷è ñ çàäàííîé òî÷íîñòüþ äëÿ äâóõ îáúåêòîâ. Èñ-
õîäíàÿ íåïðåðûâíàÿ çàäà÷à ðåøàåòñÿ ñ ïîìîùüþ ñåðèè äèñêðåòíûõ çàäà÷.

1. Ïîñòàíîâêà çàäà÷è
Çàäàíà îáëàñòü íà ïëîñêîñòè ñ íàñåë¼ííûìè ïóíêòàìè, ñîåäèí¼ííûìè ñåòüþ äî-

ðîã, è îáúåêòû, íàïðèìåð ìóñîðîïåðåðàáàòûâàþùèå çàâîäû, êîòîðûå íåîáõîäèìî ðàç-
ìåñòèòü íà äîðîæíîé ñåòè. Îáúåêòû îêàçûâàþò íåãàòèâíîå âëèÿíèå íà íàñåëåíèå.
Âëèÿíèå óìåíüøàåòñÿ ñ óâåëè÷åíèåì ðàññòîÿíèÿ îò íàñåë¼ííûõ ïóíêòîâ äî îáúåêòîâ.
Çàäàíû ìèíèìàëüíî äîïóñòèìûå ðàññòîÿíèÿ îò íàñåë¼ííûõ ïóíêòîâ äî îáúåêòîâ (ñà-
íèòàðíûå çîíû), â êîòîðûõ íåëüçÿ ðàçìåùàòü îáúåêòû. Êðîìå òîãî, ìåæäó îáúåêòàìè
òàêæå îïðåäåëåíî ìèíèìàëüíîå ðàññòîÿíèå, ÷òîáû èçáåæàòü ñóììàðíîãî íåãàòèâíîãî
âëèÿíèÿ îò íèõ. Íåîáõîäèìî íàéòè òàêîå ðàçìåùåíèå îáúåêòîâ, ÷òîáû áûëè âûïîë-
íåíû îãðàíè÷åíèÿ ïî ìèíèìàëüíûì ðàññòîÿíèÿì è íåãàòèâíîå âëèÿíèå áûëî ìèíè-
ìàëüíûì. Â êà÷åñòâå êðèòåðèÿ ðàññìàòðèâàåòñÿ ìèíèìèçàöèÿ âëèÿíèÿ íà íàèáîëåå
ïîñòðàäàâøåå íàñåëåíèå. Ïîýòîìó ìàêñèìèçèðóåòñÿ ìèíèìàëüíîå ðàññòîÿíèå îò íàñå-
ë¼ííûõ ïóíêòîâ äî áëèæàéøåãî îáúåêòà.

Ââåä¼ì îáîçíà÷åíèÿ è ñôîðìóëèðóåì ìàòåìàòè÷åñêóþ ìîäåëü. Ïóñòü G = (V,E)�
íåîðèåíòèðîâàííàÿ ñåòü, ñîîòâåòñòâóþùàÿ íàñåëåííûì ïóíêòàì è äîðîãàì; V =
= {v1, . . . , vn}�ìíîæåñòâî âåðøèí, I = {1, . . . , n}�ìíîæåñòâî èõ íîìåðîâ. Äëÿ êàæ-
äîé âåðøèíû vi çàäàíû êîîðäèíàòû (ai, bi) è âåñ αi > 0, i ∈ I. Åñëè αi < αj, òî îáúåêòû
äîëæíû ðàçìåùàòüñÿ äàëüøå îò âåðøèíû vi, ÷åì îò âåðøèíû vj. Âåñ âåðøèíû ìîæåò
áûòü âåëè÷èíîé, îáðàòíîé êîëè÷åñòâó íàñåëåíèÿ â ïóíêòå, ñîîòâåòñòâóþùåì âåðøèíå.
Ð¼áðà ñåòè E = {e1, . . . , em} ñ ìíîæåñòâîì íîìåðîâ J = {1, . . . ,m} ïðåäñòàâëåíû îòðåç-
êàìè, äëèíû êîòîðûõ îïðåäåëÿþòñÿ â åâêëèäîâîé ìåòðèêå ρ(vi, vj), i ̸= j, i, j ∈ I. Ìíî-
æåñòâà òî÷åê ðàçìåùåíèÿ îáúåêòîâ è èõ íîìåðîâ îáîçíà÷èì ÷åðåç z = {z1, z2, . . . , zp} è
P = {1, . . . , p} ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç di, i ∈ I, è d ìèíèìàëüíî äîïóñòèìîå
ðàññòîÿíèå ìåæäó âåðøèíîé vi è îáúåêòàìè è îáúåêòîâ ìåæäó ñîáîé ñîîòâåòñòâåííî.

Ìíîæåñòâî âîçìîæíûõ òî÷åê ðàçìåùåíèÿ îáúåêòîâ íà ñåòè (òî÷êè íà ð¼áðàõ è
âåðøèíû) áóäåì îáîçíà÷àòü êàê Z(G). Ïîëîæåíèå îáúåêòà íà ðåáðå îïðåäåëÿåòñÿ ðàñ-
ñòîÿíèåì îò åãî âåðøèí. Íàïðèìåð, òî÷êà x ðàçìåùåíà íà ðåáðå (vi, vj) íà ðàññòîÿíèè
ρ(vi, x) = λρ(vi, vj) îò âåðøèíû vi è íà ðàññòîÿíèè ρ(vj, x) = (1− λ)ρ(vi, vj) îò âåðøè-
íû vj, ãäå 0 ⩽ λ ⩽ 1.

Ìàòåìàòè÷åñêàÿ ìîäåëü ìàêñèìèííîé çàäà÷è ðàçìåùåíèÿ íà ñåòè èìååò âèä

min
i∈I

min
j∈P

αiρ(vi, zj)→ max; (1)

ρ(vi, zj) ⩾ di, i ∈ I, j ∈ P ; (2)

ρ(zi, zj) ⩾ d, i, j ∈ P, i ̸= j; (3)

z ⊆ Z(G). (4)

Ìàêñèìèííàÿ çàäà÷à ðàçìåùåíèÿ îäíîãî îáúåêòà íà ñåòè, â êîòîðîé ðàññòîÿíèÿ
èçìåðÿþòñÿ ïî êðàò÷àéøèì ïóòÿì, ðàññìàòðèâàåòñÿ, íàïðèìåð, â [8]. Äëÿ ñåòè îáùå-
ãî âèäà ïðåäëîæåí ïîëèíîìèàëüíûé àëãîðèòì ðåøåíèÿ. Àëãîðèòì îñíîâàí íà ïîèñêå
óçêèõ ð¼áåðíûõ òî÷åê, àíàëîãè÷íî çàäà÷å ðàçìåùåíèÿ îáúåêòà íà ñåòè ñ ìàêñèìèçà-
öèåé ñóììàðíîãî ðàññòîÿíèÿ îò âåðøèí äî îáúåêòà [6, 7]. Â [10] ïðåäëîæåí àëãîðèòì
ïîèñêà ïðèáëèæ¼ííîãî ðåøåíèÿ ìàêñèìèííîé çàäà÷è äëÿ îäíîãî îáúåêòà íà ñåòè, ðàñ-
ïîëîæåííîé íà ïëîñêîñòè. Äâóõêðèòåðèàëüíàÿ çàäà÷à ðàçìåùåíèÿ îáúåêòà íà ñåòè
äîðîã ñ ìàêñèñóììíûì è ìàêñèìèííûì êðèòåðèÿìè ðàññìîòðåíà â [9].
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Äàëåå ðàññìîòðèì âàðèàíò ìàêñèìèííîé çàäà÷è äëÿ ðàçìåùåíèÿ äâóõ îáúåêòîâ �
z1 è z2.

2. Îáëàñòü äîïóñòèìûõ ðåøåíèé çàäà÷è (1)�(4)
Ïðîâåðêà ñóùåñòâîâàíèÿ äîïóñòèìîãî ðåøåíèÿ çàäà÷è (1)�(4) âêëþ÷àåò äâà ýòàïà.

Íà ïåðâîì ýòàïå íàõîäèòñÿ îáëàñòü S, â êîòîðîé âûïîëíÿþòñÿ îãðàíè÷åíèÿ íà ìè-
íèìàëüíî äîïóñòèìûå ðàññòîÿíèÿ ìåæäó âåðøèíàìè è îáúåêòàìè. Íà âòîðîì ýòàïå
ïðîâåðÿåòñÿ âîçìîæíîñòü ðàçìåùåíèÿ îáúåêòîâ â îáëàñòè S ñ îãðàíè÷åíèåì (3).

2.1. Ý ò à ï 1

Îáëàñòü S ïîñëåäîâàòåëüíî îïðåäåëÿåòñÿ íà ð¼áðàõ ñåòè. Îïèøåì àëãîðèòì äëÿ
ïðîèçâîëüíîãî ðåáðà (vh, vq).

Ø à ã 1. Îò èñõîäíîé ñèñòåìû êîîðäèíàò ïåðåõîäèì ê ñèñòåìå, â êîòîðîé ðåáðî
áóäåò ðàñïîëîæåíî íà îñè àáñöèññ. Âåðøèíà vh � â íà÷àëå êîîðäèíàò, à âåðøèíà vq �
íà ðàññòîÿíèè ρ(vh, vq) îò íà÷àëà êîîðäèíàò.

Ø à ã 2. Äëÿ êàæäîé âåðøèíû íàõîäèì îòðåçêè íà ðåáðå, â êîòîðûõ âûïîëíÿþòñÿ
îãðàíè÷åíèÿ (2).

Ø à ã 3. Íàõîäèì ìíîæåñòâî íåïåðåñåêàþùèõñÿ îòðåçêîâ.
Ø à ã 4. Îïðåäåëÿåì îáëàñòü S â èñõîäíîé ñèñòåìå êîîðäèíàò.
Íà øàãå 1 îáîçíà÷èì êîîðäèíàòû âåðøèíû vi â íîâîé ñèñòåìå êàê (a′i, b

′
i), i ∈ I,

êîòîðûå îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

a′i = (ai − ah) cosφ+ (bi − bh) sinφ,
b′i = −(ai − ah) sinφ+ (bi − bh) cosφ,

ãäå φ� óãîë íàêëîíà ïðÿìîé, ïðîâåä¼ííîé ÷åðåç âåðøèíû vh è vq (òî÷êè ñ êîîðäèíà-
òàìè (ah, bh) è (aq, bq)). Âåðøèíû vh è vq â íîâîé ñèñòåìå èìåþò êîîðäèíàòû (0, 0) è
(ρ(vh, vq), 0) ñîîòâåòñòâåííî.

Íà øàãå 2 äëÿ òåêóùåé âåðøèíû vk îïðåäåëÿåì ðàññòîÿíèå ρk îò íå¼ äî ðåá-
ðà (vh, vq). Çíà÷åíèå ρk âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

ρk =


b′k, 0 ⩽ a′k ⩽ ρ(vh, vq),√
a′2k + b′2k , a′k < 0,√
(a′k − ρ(vh, vq))2 + b′2k , a′k > ρ(vh, vq).

Åñëè ρk > dk, òî ïåðåõîäèì ê äðóãîé âåðøèíå. Â ïðîòèâíîì ñëó÷àå äëÿ y = 0 ðåøàåì
óðàâíåíèå √

(x− a′k)2 + (y − b′k)2 = dk.

Åñëè rk1 , r
k
2 �äåéñòâèòåëüíûå êîðíè óðàâíåíèÿ, òî îáëàñòü íà ðåáðå, â êîòîðîé íå âû-

ïîëíÿåòñÿ îãðàíè÷åíèå (2) îòíîñèòåëüíî âåðøèíû vk, ïðåäñòàâëÿåò èíòåðâàë (rk1 , r
k
2).

Îáëàñòü, â êîòîðîé âûïîëíÿåòñÿ îãðàíè÷åíèå, îáðàçîâàíà îáúåäèíåíèåì äâóõ îòðåç-
êîâ [0, rk1 ] è [rk2 , ρ(vh, vq)]. Ïîñëå ïðîñìîòðà âñåõ âåðøèí ñåòè ïîëó÷àåì íàáîð íå áîëåå
2n îòðåçêîâ íà ðåáðå (vh, vq), â êîòîðûõ âûïîëíÿþòñÿ îãðàíè÷åíèÿ (2) äëÿ âñåõ âåð-
øèí. Îáîçíà÷èì èõ êàê [si1, s

i
2], i ∈ I2n = {1, . . . , 2n}. Îòðåçêè ìîãóò ïåðåñåêàòüñÿ. Åñëè

îáúåäèíåíèå èíòåðâàëîâ, â êîòîðûõ íå âûïîëíÿþòñÿ îãðàíè÷åíèÿ (2), ïîêðûâàåò âñ¼
ðåáðî, òî îíî íå ïðèíàäëåæèò îáëàñòè S.

Îïèøåì àëãîðèòì ïîñòðîåíèÿ íåïåðåñåêàþùèõñÿ îòðåçêîâ îáëàñòè S íà ðåáðå
(vh, vq) (øàã 3). Ïóñòü îòðåçêè ïåðåíóìåðîâàíû òàê, ÷òî èìåþò ìåñòî íåðàâåíñòâà

s11 < s21 . . . < s2n1 .
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Ôîðìèðóåì ìíîæåñòâî íîìåðîâ îòðåçêîâ, ëåâàÿ ãðàíèöà êîòîðûõ ïðèíàëåæèò [s11, s
1
2]:

I11 = {i ∈ I2n : s11 ⩽ si1 ⩽ s12}.

Åñëè I11 = ∅, ïîëàãàåì o11 = s11 è o
1
2 = s12. Èíà÷å íàõîäèì íîìåð i1, òàêîé, ÷òî

max
i∈I2n

si2 = si12 .

Ôîðìèðóåì ìíîæåñòâî íîìåðîâ îòðåçêîâ I12 , I
1
2 ∩ I11 = ∅. Ïîëàãàåì I2n = I2n \ I11 ,

I12 = {i ∈ I2n : s12 ⩽ si1 ⩽ si12 }.

Åñëè I12 = ∅, òî ïîëàãàåì o11 = s11 è o
1
2 = si12 . Èíà÷å íàõîäèì íîìåð i2, òàêîé, ÷òî

max
i∈I21

si2 = si22 .

Ôîðìèðóåì ìíîæåñòâî I13 è òàê äàëåå. Â èòîãå ïîëó÷èì ïåðâûé îòðåçîê [o11, o
1
2] îáëà-

ñòè S íà ðåáðå, êîòîðûé íå ïåðåñåêàåòñÿ ñ äðóãèìè îòðåçêàìè.
Äëÿ ïîñòðîåíèÿ ñëåäóþùåãî îòðåçêà íàõîäèì ìèíèìàëüíûé íîìåð k, äëÿ êîòîðî-

ãî sk1 > o12. Ôîðìèðóåì ìíîæåñòâî íîìåðîâ îòðåçêîâ

I21 = {i ∈ I2n : sk1 ⩽ si1 ⩽ sk2}

è ïîâòîðÿåì ïðîöåññ ïîñòðîåíèÿ îòðåçêà.
Â ðåçóëüòàòå íàõîäèì îáëàñòü S íà ðåáðå (vh, vq) â âèäå ìíîæåñòâà íåïåðåñåêàþ-

ùèõñÿ îòðåçêîâ [o11, o
1
2], [o

2
1, o

2
2], . . . , [o

k
1, o

k
2], k ⩽ 2n. Òðóäî¼ìêîñòü ïîñòðîåíèÿ íåïåðåñå-

êàþùèõñÿ îòðåçêîâ íå ïðåâîñõîäèò O(n).
Íà øàãå 4 îïðåäåëÿåì êîîðäèíàòû ãðàíèö îòðåçêîâ îáëàñòè S íà ðåáðå (vh, vq) â èñ-

õîäíîé ñèñòåìå êîîðäèíàò. Äëÿ îòðåçêà ñ íîìåðîì i èìåþò ìåñòî ñëåäóþùèå ôîðìóëû:

xi1 = ah + oi1 cosφ, yi1 = bh + oi1 sinφ,

xi2 = ah + oi2 cosφ, yi2 = bh + oi2 sinφ.

Ïîñëå âûïîëíåíèÿ øàãîâ 1�4 äëÿ âñåõ ð¼áåð ñåòè G ïîëó÷èì íàáîð O(n3) îòðåçêîâ
îáëàñòè S: [(xi1, y

i
1), (x

i
2, y

i
2)], i ∈ In

3
= {1, . . . , n3}.
2.2. Ý ò à ï 2

Íà ýòîì ýòàïå ïðîâåðÿåòñÿ âîçìîæíîñòü ðàçìåùåíèÿ îáúåêòîâ z1 è z2 â îáëàñòè S
íà ðàññòîÿíèè íå ìåíåå d äðóã îò äðóãà.

Óòâåðæäåíèå 1. Ìàêñèìàëüíîå ðàññòîÿíèå ìåæäó äâóìÿ îòðåçêàìè íà ïëîñêî-
ñòè äîñòèãàåòñÿ â èõ ãðàíè÷íûõ òî÷êàõ.

Äîêàçàòåëüñòâî. Ìàêñèìàëüíîå ðàññòîÿíèå ìåæäó òî÷êîé t è îòðåçêîì äîñòè-
ãàåòñÿ â îäíîé èç ãðàíè÷íûõ òî÷åê îòðåçêà. Ýòî ñëåäóåò èç òîãî, ÷òî ìîæíî ñ÷èòàòü,
÷òî òî÷êà t íàõîäèòñÿ íà îñè îðäèíàò, à îòðåçîê � íà îñè àáñöèññ. Ðàññòîÿíèå îò òî÷-
êè t äî ëþáîé òî÷êè s îòðåçêà � ýòî äèàãîíàëü â òðåóãîëüíèêå, îäèí êàòåò êîòîðîãî �
îðäèíàòà òî÷êè t, îí îáùèé äëÿ âñåõ òî÷åê îòðåçêà, à äðóãîé� êîîðäèíàòà òî÷êè s.
Äèàãîíàëü òðåóãîëüíèêà ìàêñèìàëüíà, êîãäà âòîðîé êàòåò èìååò ìàêñèìàëüíóþ äëè-
íó. Ýòî äîñòèãàåòñÿ â îäíîé èç ãðàíè÷íûõ òî÷êàõ îòðåçêà. Ôèêñèðóÿ òî÷êó â îäíîì
èç êîíöîâ îäíîãî îòðåçêà, àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî ìàêñèìàëüíîå ðàññòîÿíèå
îò íå¼ äî äðóãîãî îòðåçêà äîñòèãàåòñÿ â åãî ãðàíè÷íîé òî÷êå.
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Â ðàññóæäåíèÿõ ìîæíî áûëî èñïîëüçîâàòü ñâîéñòâî, ÷òî ìàêñèìàëüíîå ðàññòîÿíèå
ìåæäó òî÷êîé íà ïëîñêîñòè è âûïóêëûì ìíîãîóãîëüíèêîì äîñòèãàåòñÿ â îäíîé èç
âåðøèí ìíîãîóãîëüíèêà [3].

Îáîçíà÷èì ÷åðåç S1 ìíîæåñòâî ãðàíè÷íûõ òî÷åê îòðåçêîâ îáëàñòè S, áëèæàéùèõ
ê âåðøèíàì ñîîòâåòñòâóþùèõ ð¼áåð.

Ñëåäñòâèå 1. Ìàêñèìàëüíîå ðàññòîÿíèå ìåæäó òî÷êàìè ìíîæåñòâà S äîñòèãà-
åòñÿ â òî÷êàõ ìíîæåñòâà S1.

Äîêàçàòåëüñòâî. Îòðåçêè îáëàñòè S íà ðåáðå âëîæåíû â îòðåçîê ñ ãðàíè÷íûìè
òî÷êàìè, áëèæàéøèìè ê âåðøèíàì ðåáðà. Ìàêñèìàëüíîå ðàññòîÿíèå ìåæäó äâóìÿ
òàêèìè îòðåçêàìè äëÿ ðàçëè÷íûõ ð¼áåð ñåòè äîñòèãàåòñÿ â èõ ãðàíè÷íûõ òî÷êàõ, ò. å.
â òî÷êàõ ìíîæåñòâà S1.

Åñëè ÷èñëî îòðåçêîâ îáëàñòè S íà ðåáðå (vp, vq) ðàâíî k, òî äëÿ âûïîëíåíèÿ ýòà-
ïà 2 äîñòàòî÷íî ðàññìàòðèâàòü äâå òî÷êè ñ êîîðäèíàòàìè (x11, y

1
1) è (xk2, y

k
2). Â ìíî-

æåñòâå S1, ñîñòîÿùåì èç O(n2) òî÷åê, íåîáõîäèìî íàéòè íàèáîëåå óäàë¼ííûå äðóã
îò äðóãà òî÷êè� äèàìåòð ìíîæåñòâà S1. Åñëè äèàìåòð S1 áîëüøå ëèáî ðàâåí d, òî
èñõîäíàÿ çàäà÷à èìååò äîïóñòèìîå ðåøåíèå. Íàõîæäåíèå äèàìåòðà ìíîæåñòâà òî÷åê
ïåðåáîðîì ïàð èìååò òðóäî¼ìêîñòü O(n4).

Â ðàáîòàõ [14, 15] îïèñàí àëãîðèòì íàõîæäåíèÿ äèàìåòðà ìíîæåñòâà èç k òî÷åê íà
ïëîñêîñòè. Àëãîðèòì îñíîâàí íà òîì, ÷òî äèàìåòð ìíîæåñòâà òî÷åê ðàâåí äèàìåòðó èõ
âûïóêëîé îáîëî÷êè. Àëãîðèòì ïîñòðîåíèÿ âûïóêëîé îáîëî÷êè k òî÷åê èìååò òðóäî¼ì-
êîñòü O(k log k) [16]. Äèàìåòð âûïóêëîé îáîëî÷êè íàõîäèòñÿ çà ëèíåéíîå îò êîëè÷åñòâà
òî÷åê âðåìÿ. Ïîýòîìó ñëîæíîñòü îïðåäåëåíèÿ äèàìåòðà ìíîæåñòâà S1 îöåíèâàåòñÿ êàê
O(n2 log n) îïåðàöèé.

Ïðèâåä¼ì íåîáõîäèìûå ïîíÿòèÿ è êðàòêî îïèøåì ýôôåêòèâíûé àëãîðèòì íàõîæ-
äåíèÿ äèàìåòðà ìíîæåñòâà òî÷åê íà ïëîñêîñòè ïðè óñëîâèè, ÷òî âûïóêëàÿ îáîëî÷êà
ïîñòðîåíà [14, 15]. Àëãîðèòì ïîñòðîåíèÿ âûïóêëîé îáîëî÷êè øèðîêî èçâåñòåí è åãî
ìîæíî íàéòè, íàïðèìåð, â [16].

Îïðåäåëåíèå 1. Îïîðíîé ïðÿìîé âûïóêëîãî ìíîãîóãîëüíèêà íàçûâàþò ïðÿ-
ìóþ, ïðîõîäÿùóþ ÷åðåç åãî âåðøèíó è îáëàäàþùóþ òåì ñâîéñòâîì, ÷òî ìíîãîóãîëüíèê
ëåæèò ïî îäíó ñòîðîíó îò íå¼.

Îïðåäåëåíèå 2. Ïàðà òî÷åê ìíîãîóãîëüíèêà, ÷åðåç êîòîðûå ìîæíî ïðîâåñòè ïà-
ðàëëåëüíûå îïîðíûå ïðÿìûå, íàçûâàåòñÿ ïðîòèâîëåæàùåé ïàðîé.

Òåîðåìà 1. Äèàìåòð âûïóêëîé ôèãóðû ðàâåí íàèáîëüøåìó èç ðàññòîÿíèé ìåæäó
äâóìÿ ïàðàëëåëüíûìè îïîðíûìè ïðÿìûìè ýòîé ôèãóðû.

Èç òåîðåìû 1 ñëåäóåò, ÷òî äëÿ íàõîæäåíèÿ äèàìåòðà ìíîæåñòâà òî÷åê íåîáõîäèìî
ðàññìàòðèâàòü òîëüêî ïðîòèâîëåæàùèå ïàðû. Ñäåëàòü ýòî ìîæíî çà ëèíåéíîå îò êî-
ëè÷åñòâà òî÷åê O(n2) â ìíîæåñòâå S1 âðåìÿ ñ ïîìîùüþ ìåòîäà, êîòîðûé íàçûâàåòñÿ
¾âðàùàþùèåñÿ êàëèïåðû¿ (àíãë. rotating calipers).

Íà ðèñ. 1 îïîðíûå ïàðàëëåëüíûå ïðÿìûå L è M ïðîâåäåíû ÷åðåç âåðøèíû A è D,
ýòè âåðøèíû îáðàçóþò ïðîòèâîëåæàùóþ ïàðó. Åñëè âðàùàòü ïðÿìûå L è M ïðîòèâ
÷àñîâîé ñòðåëêè âîêðóã âåðøèí, îíè áóäóò îïîðíûìè äî òåõ ïîð, ïîêà îäíà èç íèõ
íå ñîâïàä¼ò ñî ñòîðîíîé ìíîãîóãîëüíèêà. Óãîë ïîâîðîòà äî ðåáðà (E,D) ìåíüøå, ÷åì
äî ðåáðà (A,B), ïîýòîìó âåðøèíû A è E áóäóò ñëåäóþùåé ïðîòèâîëåæàùåé ïàðîé.
ÄàëååM áóäåò âðàùàòüñÿ âîêðóã âåðøèíû E. Ïðîäîëæàÿ ïðîöåññ âðàùåíèÿ, ïîëó÷èì
âñå ïàðû ïðîòèâîëåæàùèõ âåðøèí. Ïðè ýòîì äëÿ ïîëó÷åíèÿ íîâîé ïðîòèâîëåæàùåé
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ïàðû íåîáõîäèìî ñðàâíèòü óãëû ìåæäó îïîðíûìè ïðÿìûìè è ð¼áðàìè ìíîãîãðàííèêà.
Òðóäî¼ìêîñòü íàõîæäåíèÿ âñåõ ïðîòèâîëåæàùèõ ïàð äëÿ S1 ñîñòàâëÿåò O(n2).

Ðèñ. 1. Ôîðìèðîâàíèå ïðîòèâîëåæàùèõ ïàð

3. Àëãîðèòì ðåøåíèÿ çàäà÷è (1)�(4)
Ìîäåëü (1)�(4) äëÿ äâóõ îáúåêòîâ ìîæåò áûòü ïðåäñòàâëåíà ñëåäóþùèì îáðàçîì:

T → max; (5)

ρ(vi, zj) ⩾ max
i∈I

(di, T/αi), i ∈ I, j = 1, 2; (6)

ρ(z1, z2) ⩾ d; (7)

z ⊂ Z(G). (8)

Èäåÿ àëãîðèòìà íàõîæäåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ çàäà÷è (5)�(8) ñîñòîèò â ïå-
ðåáîðå çíà÷åíèé ïàðàìåòðà T è ïðîâåðêå ñóùåñòâîâàíèÿ äîïóñòèìîãî ðåøåíèÿ äëÿ
íèõ. ×åðåç S(T ) îáîçíà÷èì îáëàñòü, â êîòîðîé âûïîëíÿþòñÿ îãðàíè÷åíèÿ (6) äëÿ ôèê-
ñèðîâàííîãî T . Îáëàñòü S(T ) íàõîäèòñÿ àíàëîãè÷íî îáëàñòè S. Â ýòîì ñëó÷àå ìèíè-
ìàëüíîå ðàññòîÿíèå îò âåðøèíû ñåòè vi äî îáúåêòîâ ðàâíî max(di, T/αi) äëÿ i ∈ I.
Çíà÷åíèÿ T âûáèðàþòñÿ èç îïðåäåë¼ííîãî îòðåçêà ñ ïðèìåíåíèåì ìåòîäà äèõîòîìèè.
Àíàëîãè÷íî S1 îïðåäåëèì îáëàñòü S1(T ). Äëÿ î÷åðåäíîãî çíà÷åíèÿ T ðåøàåòñÿ âñïî-
ìîãàòåëüíàÿ çàäà÷à � çàäà÷à ðàñïîçíàâàíèÿ (ÇÐ) â îáëàñòè S1(T ).

Çàäà÷à 1 (ÇÐ). Ìîæíî èëè íåò ðàçìåñòèòü äâà îáúåêòà z1 è z2 â îáëàñòè S1(T )
òàê, ÷òîáû âûïîëíÿëîñü îãðàíè÷åíèå íà ìèíèìàëüíîå ðàññòîÿíèå ìåæäó íèìè?

Åñëè â ðåçóëüòàòå ðåøåíèÿ ÇÐ ïîëó÷àåì îòâåò ¾äà¿, òî íà ñëåäóþùåé èòåðàöèè
ïðîèñõîäèò óâåëè÷åíèå íåäîïóñòèìûõ äëÿ ðàçìåùåíèÿ îáëàñòåé ïðîïîðöèîíàëüíî âå-
ñàì âåðøèí ñåòè. Åñëè îòâåò ¾íåò¿� ïðîïîðöèîíàëüíîå óìåíüøåíèå. Ýòî ïðîèñõîäèò
äî òåõ ïîð, ïîêà íå íàéä¼òñÿ äîïóñòèìîå çíà÷åíèå ïàðàìåòðà T , óäîâëåòâîðÿþùåå
çàäàííîé òî÷íîñòè ðåøåíèÿ çàäà÷è.

Îïðåäåëèì îòðåçîê, ñîäåðæàùèé îïòèìàëüíîå çíà÷åíèå T ∗ ïàðàìåòðà T . Âû÷èñëèì
çíà÷åíèÿ H = max

i∈I
ai −min

i∈I
ai è U = max

i∈I
bi −min

i∈I
bi.

Óòâåðæäåíèå 2. Åñëè S1(T ) ̸= ∅, òî äëÿ îïòèìàëüíîãî çíà÷åíèÿ T ∗ ñïðàâåäëè-
âû ñëåäóþùèå íåðàâåíñòâà:

min
i∈I

αidi ⩽ T ∗ ⩽ max
i∈I

αi
√
H2 + U2.

Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü ëåâîãî íåðàâåíñòâà ñëåäóåò èç òîãî, ÷òî
ðàññìàòðèâàåòñÿ çàäà÷à ìàêñèìèçàöèè è äëÿ íå¼ ñóùåñòâóåò äîïóñòèìîå ðåøåíèå.
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Ïîýòîìó T ∗ ⩾ min
i∈I

αidi. Ïðàâîå íåðàâåíñòâî ñëåäóåò èç òîãî, ÷òî max(di, T/αi) ⩽

⩽ αimax
j=1,2

ρ(vi, zj) ⩽ max
i∈I

αi
√
H2 + U2.

Çàìå÷àíèå 1. Ïðè ðåøåíèè ÇÐ íàõîäèòñÿ ðàçìåùåíèå z1 è z2, òàê êàê äèàìåòð
ìíîæåñòâà îïðåäåëÿåòñÿ ñ ïîìîùüþ íàõîæäåíèÿ âåðøèí âûïóêëîé îáîëî÷êè, íà êî-
òîðûõ îí äîñòèãàåòñÿ.

Ïðèâåä¼ì îïèñàíèå àëãîðèòìà ðåøåíèÿ ÇÐ äëÿ ôèêñèðîâàííîãî Tk.
Îáîçíà÷èì ÷åðåç Ok = [lk, rk] îòðåçîê, ðàññìàòðèâàåìûé íà øàãå k, ãäå l1 =

= min
i∈I

(αidi), r1 = max
i∈I

αi
√
H2 + U2. Íà øàãå k âûáèðàåòñÿ Tk � ñåðåäèíà îòðåçêà Ok è

ðåøàåòñÿ ÇÐ. Åñëè îòâåò â ÇÐ ¾äà¿, òî ïîëàãàåì Ok+1 = [Tk, rk], èíà÷å �Ok+1 = [lk, Tk].
Êîëè÷åñòâî èòåðàöèé (ðåøåíèÿ ÇÐ) ðàâíî log ((r1 − l1)/ε), ãäå ε� òî÷íîñòü, ñ êî-

òîðîé íàõîäèòñÿ ðåøåíèå. Òðóäî¼ìêîñòü ðåøåíèÿ ÇÐ îöåíèâàåòñÿ êàê O(n2 log n)
îïåðàöèé. Îáùàÿ òðóäî¼ìêîñòü àëãîðèòìà ðåøåíèÿ èñõîäíîé çàäà÷è íå ïðåâûøàåò
O
(
n2 log n log ((r1 − l1)/ε)

)
.

Çàêëþ÷åíèå
Ðàññìîòðåíà ìàêñèìèííàÿ çàäà÷à ðàçìåùåíèÿ äâóõ îáúåêòîâ íà ñåòè, ðàñïîëîæåí-

íîé íà ïëîñêîñòè. Çàäàíû ïîëîæèòåëüíûå âåñà âåðøèí è ìèíèìàëüíûå ðàññòîÿíèÿ
îò âåðøèí äî îáúåêòîâ. Ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ
çàäà÷è ñ çàäàííîé òî÷íîñòüþ.

Ñåòüþ ìîæåò áûòü òðàíñïîðòíàÿ ñåòü, ñîåäèíÿþùàÿ íàñåëåííûå ïóíêòû. Îáúåêòû
äîëæíû áûòü ðàçìåùåíû òàê, ÷òîáû èõ íåãàòèâíîå âëèÿíèå íà íàèáîëåå ïîñòðàäàâøåå
íàñåëåíèå áûëî ìèíèìàëüíûì. Ðåøåíèå çàäà÷è ìîæåò áûòü ïîëåçíûì ïðè âûáîðå ìåñò
ðàñïîëîæåíèÿ, íàïðèìåð, ìóñîðîïåðåðàáàòûâàþùèõ ïðåäïðèÿòèé.

ËÈÒÅÐÀÒÓÐÀ

1. Êðèñòîôèäåñ Í. Òåîðèÿ ãðàôîâ. Àëãîðèòìè÷åñêèé ïîäõîä. Ì.: Ìèð, 1978. 432 ñ.

2. Drezner Z. Facility Location. A Survey of Applications and Methods. N.Y.: Springer, 1995.
571 p.

3. Nickel S. Location Theory. A Uni�ed Approach. Berlin: Springer Verlag, 2005. 437 p.

4. Farani R. Z. and Hekmatfar M. Facility Location: Concepts, Models, Algorithms and Case
Studies. Berlin: Springer Verlag, 2009. 549 p.

5. Eiselt H.A. and Marianov V. Foundations of Location Analysis. N.Y.: Springer, 2011. 509 p.

6. Church R. L. and Gar�nkel R. S. Locating an obnoxious facility on a network // Trans. Sci.
1978. V. 12. No. 2. P. 107�118.

7. Çàáóäñêèé Ã. Ã. Ðåøåíèå ìàêñè-ñóììíîé çàäà÷è ðàçìåùåíèÿ íà ñåòè ñ îãðàíè÷åíèÿìè íà
òðàíñïîðòíûå çàòðàòû // Ïðèêëàäíàÿ äèñêðåòíàÿ ìàòåìàòèêà. 2023. �60. Ñ. 120�127.

8. Melachrinoudis E. and Zhang G. An O(mn) algorithm for the 1-maximin problem on a
network // Comput. & Oper. Res. 1999. V. 26. No. 9. P. 849�869.

9. Heydari R. and Melachrinoudis E. Location of a semi-obnoxious facility with elliptic maxmin
and network minisum objectives // Eur. J. Oper. Res. 2012. V. 223. No. 2. P. 452�460.

10. Zabudsky G. and Lisina M. Approximately algorithm for maximin location problem on
network // Proc. XII Intern. Conf. �Dynamics of Systems, Mechanisms and Machines�.
13�15 November 2018, Omsk, Russia. P. 1�6.

11. Tamir A. Obnoxious facility location on graphs // SIAM J. Discrete Math. 1991. V. 4. No. 4.
P. 550�567.



122 Ã. Ã. Çàáóäñêèé

12. Welch S. B. and Wesolowsky S. The obnoxious p facility network location problem with
facility interaction // Eur. J. Oper. Res. 1997. V. 102. No. 2. P. 302�319.

13. Tamir A. Locating two obnoxious facilities using the weighted maximin criterion // Oper.
Res. Let. 2006. V. 34. No. 1. P. 97�105.

14. ßãëîì È.Ì., Áîëòÿíñêèé È.Ì. Âûïóêëûå ôèãóðû. Ì.: Òåõíèêî-òåîðåòè÷åñêàÿ ëèòåðà-
òóðà, 1951. 344 ñ.

15. Shamos M. I. Computational Geometry. PhD Thesis. New Haven, Yele University, 1978. 236 p.

16. Ïðåðàðàòà Ô., Øåéìîñ Ì. Âû÷èñëèòåëüíàÿ ãåîìåòðèÿ: Ââåäåíèå. Ì.: Ìèð, 1989. 478 ñ.

REFERENCES

1. Christo�des N. Graph Theory: An algorithmic approach. N.Y., Academic Press, 1975. 400 p.

2. Drezner Z. Facility Location. A Survey of Applications and Methods. N.Y., Springer, 1995.
571 p.

3. Nickel S. Location Theory. A Uni�ed Approach. Berlin, Springer Verlag, 2005. 437 p.

4. Farani R. Z. and Hekmatfar M. Facility Location: Concepts, Models, Algorithms and Case
Studies. Berlin, Springer Verlag, 2009. 549 p.

5. Eiselt H.A. and Marianov V. Foundations of Location Analysis. N.Y., Springer, 2011. 509 p.

6. Church R. L. and Gar�nkel R. S. Locating an obnoxious facility on a network. Trans. Sci.,
1978, vol. 12, no. 2, pp. 107�118.

7. Zabudskiy G.G. Reshenie maksi-summnoy zadachi razmeshcheniya na seti s ogranicheniyami
na transportnye zatraty [Solving of the maxisum location problem on network with a rest-
riction on transport costs]. Prikladnaya Diskretnaya Matematika, 2023, no. 60, pp. 120�127.
(in Russian)

8. Melachrinoudis E. and Zhang G. An O(mn) algorithm for the 1-maximin problem on a
network. Comput. & Oper. Res., 1999, vol. 26, no. 9, pp. 849�869.

9. Heydari R. and Melachrinoudis E. Location of a semi-obnoxious facility with elliptic maxmin
and network minisum objectives. Eur. J. Oper. Res., 2012, vol. 223, no. 2, pp. 452�460.

10. Zabudsky G. and Lisina M. Approximately algorithm for maximin location problem on
network. Proc. XII Intern. Conf. �Dynamics of Systems, Mechanisms and Machines�,
13�15 November 2018, Omsk, Russia, pp. 1�6.

11. Tamir A. Obnoxious facility location on graphs. SIAM J. Discrete Math., 1991, vol. 4, no. 4,
pp. 550�567.

12. Welch S. B. and Wesolowsky S. The obnoxious p facility network location problem with facility
interaction. Eur. J. Oper. Res., 1997, vol. 102, no. 2, pp. 302�319.

13. Tamir A. Locating two obnoxious facilities using the weighted maximin criterion. Oper. Res.
Let., 2006, vol. 34, no. 1, pp. 97�105.

14. Yaglom I.M. and Boltyanskiy I.M. Vypuklye �gury [Convex Figures]. Moscow, Tekhniko-
teoreticheskaya literatura, 1951. 344 p. (in Russian)

15. Shamos M. I. Computational Geometry. PhD Thesis. New Haven, Yele University, 1978. 236 p.

16. Prerarata F. and Sheimos M. Computational Geometry: Introduction. N.Y., Springer Verlag,
1985. 478 p.



2025

ÏÐÈÊËÀÄÍÀß ÄÈÑÊÐÅÒÍÀß ÌÀÒÅÌÀÒÈÊÀ

Ñâåäåíèÿ îá àâòîðàõ � 68

ÑÂÅÄÅÍÈß ÎÁ ÀÂÒÎÐÀÕ

ÁÀÐÎÒÎÂ Äîñòîíæîí Íóìîíæîíîâè÷ � ñòàðøèé ïðåïîäàâàòåëü êàôåäðû ìà-
òåìàòèêè è àíàëèçà äàííûõ Ôèíàíñîâîãî óíèâåðñèòåòà ïðè Ïðàâèòåëüñòâå ÐÔ,
ã. Ìîñêâà. E-mail: DNBarotov@fa.ru

ÁÀÐÎÒÎÂ Ðóçèáîé Íóìîíæîíîâè÷ � ïðåïîäàâàòåëü êàôåäðû ìàòåìàòè÷åñêîãî
àíàëèçà èì. ïðîôåññîðà À. Ìóõñèíîâà Õóäæàíäñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà
èì. àêàä. Á. Ãàôóðîâà, ã. Õóäæàíä. E-mail: ruzmet.tj@mail.ru

ÂÎËÊÎÂ Ìàðèÿ Ñàáèíà Àëåêñàíäðîâíà � àñïèðàíòêà Ìîñêîâñêîãî ãîñóäàð-
ñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà èì. Í.Ý. Áàóìàíà, ã. Ìîñêâà.
E-mail: sabina-volko�@yandex.ru

ÃÎÐÄÅÅÂ Ýäóàðä Íèêîëàåâè÷ � äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî-
ôåññîð Ìîñêîâñêîãî ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà èì. Í.Ý. Áàóìàíà,
ã. Ìîñêâà. E-mail: werhorn@yandex.ru

ÇÀÁÓÄÑÊÈÉ Ãåííàäèé Ãðèãîðüåâè÷ � äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,
ïðîôåññîð, âåäóùèé íàó÷íûé ñîòðóäíèê Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà
ÑÎ ÐÀÍ, ã. Íîâîñèáèðñê. E-mail: zabudsky@o�m.oscsbras.ru

ËÅÎÍÒÜÅÂ Âëàäèìèð Êîíñòàíòèíîâè÷� äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,
ïðîôåññîð, çàâåäóþùèé ñåêòîðîì êîìáèíàòîðíîãî àíàëèçà Âû÷èñëèòåëüíîãî öåíòðà
èì. À.À. Äîðîäíèöûíà ÔÈÖ ÈÓ ÐÀÍ, ã. Ìîñêâà. E-mail: vkleontiev@yandex.ru

ÏÀÍÏÓÐÈÍ Àíäðåé Àëåêñàíäðîâè÷ � ñòóäåíò ÐÒÓ ÌÈÐÝÀ, ã. Ìîñêâà.
E-mail: aa.panpurin@yandex.ru

ÏÐÎËÓÁÍÈÊÎÂÀëåêñàíäð Âÿ÷åñëàâîâè÷� êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ
íàóê, äîöåíò Íîâîñèáèðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà, ã. Íîâîñèáèðñê.
E-mail: a.v.prolubnikov@mail.ru

ÒÐÈÔÎÍÎÂ Äìèòðèé Èãîðåâè÷ � ýêñïåðò òåõíè÷åñêîãî êîìèòåòà ïî ñòàíäàðòè-
çàöèè ¾Êðèïòîãðàôè÷åñêàÿ çàùèòà èíôîðìàöèè¿, ã. Ìîñêâà.
E-mail: d.arlekino@gmail.com

ÔÎÌÈÍÄåíèñ Áîíèñëàâîâè÷� êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, âåäóùèé
íàó÷íûé ñîòðóäíèê Àêàäåìèè êðèïòîãðàôèè Ðîññèéñêîé Ôåäåðàöèè, ã. Ìîñêâà.
E-mail: dbfomin@kryptonian.ru

×ÈÆÎÂ Èâàí Âëàäèìèðîâè÷ � êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò
êàôåäðû èíôîðìàöèîííîé áåçîïàñíîñòè ôàêóëüòåòà ÂÌÊÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà,
ñ.í.ñ. Ôåäåðàëüíîãî èññëåäîâàòåëüñêîãî öåíòðà ¾Èíôîðìàòèêà è óïðàâëåíèå¿ ÐÀÍ,
çàì. ïî íàóêå ðóêîâîäèòåëÿ ëàáîðàòîðèè êðèïòîãðàôèè ÀÎ ¾ÍÏÊ ½Êðèïòîíèò�¿,
ã. Ìîñêâà. E-mail: ichizhov@cs.msu.ru

KOMATHI M.Mani � Master of Science, Research Scholar, Department of Mathe-
matics, Vellore Institute of Technology, Vellore. E-mail: komathirk2108@gmail.com

RAGUKUMAR Pandurangan � Doctor of Philosophy, Assistant Professor Senior,
Department of Mathematics, Vellore Institute of Technology, Vellore.
E-mail: ragukumar2003@gmail.com



Æóðíàë ¾Ïðèêëàäíàÿ äèñêðåòíàÿ ìàòåìàòèêà¿ âõîäèò â ïåðå÷åíü ÂÀÊ ðåöåíçè-
ðóåìûõ íàó÷íûõ èçäàíèé, â êîòîðûõ äîëæíû áûòü îïóáëèêîâàíû îñíîâíûå ðåçóëüòà-
òû äèññåðòàöèé íà ñîèñêàíèå ó÷¼íîé ñòåïåíè êàíäèäàòà è äîêòîðà íàóê ïî ñïåöèàëü-
íîñòÿì 2.3.5. ¾Ìàòåìàòè÷åñêîå è ïðîãðàììíîå îáåñïå÷åíèå âû÷èñëèòåëüíûõ ñèñòåì,
êîìïëåêñîâ è êîìïüþòåðíûõ ñåòåé¿ (òåõíè÷åñêèå íàóêè), 2.3.6. ¾Ìåòîäû è ñèñòåìû
çàùèòû èíôîðìàöèè, èíôîðìàöèîííàÿ áåçîïàñíîñòü¿ (ôèçèêî-ìàòåìàòè÷åñêèå è òåõ-
íè÷åñêèå íàóêè), 1.1.5. ¾Ìàòåìàòè÷åñêàÿ ëîãèêà, àëãåáðà, òåîðèÿ ÷èñåë è äèñêðåòíàÿ
ìàòåìàòèêà¿ (ôèçèêî-ìàòåìàòè÷åñêèå íàóêè), 1.2.3. ¾Òåîðåòè÷åñêàÿ èíôîðìàòèêà, êè-
áåðíåòèêà¿ (ôèçèêî-ìàòåìàòè÷åñêèå íàóêè), à òàêæå â ïåðå÷åíü æóðíàëîâ, ðåêîìåí-
äîâàííûõ ÔÓÌÎ ÂÎ ÈÁ â êà÷åñòâå ó÷åáíîé ëèòåðàòóðû ïî ñïåöèàëüíîñòè ¾Êîìïüþ-
òåðíàÿ áåçîïàñíîñòü¿.

Æóðíàë èíäåêñèðóåòñÿ â áàçàõ äàííûõ Web of Science (Emerging Sources Citation
Index (ESCI) è Russian Science Citation Index (RSCI)), Scopus, MathSciNet è Zentralblatt
MATH. Ïî ðåøåíèþ ÂÀÊ îò 21.12.2023 îí îòíåñ¼í ê ïåðâîé êàòåãîðèè (Ê1) íàó÷íûõ
æóðíàëîâ, âõîäÿùèõ â Ïåðå÷åíü ÂÀÊ.

Æóðíàë ¾Ïðèêëàäíàÿ äèñêðåòíàÿ ìàòåìàòèêà¿ ðàñïðîñòðàíÿåòñÿ ïî ïîäïèñêå;
åãî ïîäïèñíîé èíäåêñ 38696 â îáúåäèí¼ííîì êàòàëîãå ¾Ïðåññà Ðîññèè¿. Ïîëíîòåê-
ñòîâûå ýëåêòðîííûå âåðñèè âûøåäøèõ íîìåðîâ æóðíàëà äîñòóïíû íà åãî ñàéòå
journals.tsu.ru/pdm è íà Îáùåðîññèéñêîì ìàòåìàòè÷åñêîì ïîðòàëå www.mathnet.ru.
Íà ñàéòå æóðíàëà ìîæíî íàéòè òàêæå ïðàâèëà ïîäãîòîâêè ðóêîïèñåé ñòàòåé äëÿ ïóá-
ëèêàöèè â æóðíàëå.

Òåìàòèêà ïóáëèêàöèé æóðíàëà:

� Òåîðåòè÷åñêèå îñíîâû ïðèêëàäíîé äèñêðåòíîé ìàòåìàòèêè

� Ìàòåìàòè÷åñêèå ìåòîäû êðèïòîãðàôèè

� Ìàòåìàòè÷åñêèå ìåòîäû ñòåãàíîãðàôèè

� Ìàòåìàòè÷åñêèå îñíîâû êîìïüþòåðíîé áåçîïàñíîñòè

� Ìàòåìàòè÷åñêèå îñíîâû íàä¼æíîñòè âû÷èñëèòåëüíûõ è óïðàâëÿþùèõ ñèñòåì

� Ïðèêëàäíàÿ òåîðèÿ êîäèðîâàíèÿ

� Ïðèêëàäíàÿ òåîðèÿ àâòîìàòîâ

� Ïðèêëàäíàÿ òåîðèÿ ãðàôîâ

� Ëîãè÷åñêîå ïðîåêòèðîâàíèå äèñêðåòíûõ àâòîìàòîâ

� Ìàòåìàòè÷åñêèå îñíîâû èíôîðìàòèêè è ïðîãðàììèðîâàíèÿ

� Âû÷èñëèòåëüíûå ìåòîäû â äèñêðåòíîé ìàòåìàòèêå

� Ìàòåìàòè÷åñêèå îñíîâû èíòåëëåêòóàëüíûõ ñèñòåì

� Èñòîðè÷åñêèå î÷åðêè ïî äèñêðåòíîé ìàòåìàòèêå è å¼ ïðèëîæåíèÿì


