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Èññëåäóåòñÿ ïîðÿäîê ãëàäêîñòè fNR(x1, x2, . . . , xn) � íàèìåíüøåãî âîãíóòîãî ïðî-
äîëæåíèÿ íà [0, 1]n ïðîèçâîëüíîé áóëåâîé ôóíêöèè fB(x1, x2, . . . , xn). Äîêàçà-
íî, ÷òî åñëè áóëåâà ôóíêöèÿ fB(x1, x2, . . . , xn) ñóùåñòâåííî çàâèñèò íå áîëåå
÷åì îò îäíîé ïåðåìåííîé, òî íà [0, 1]n å¼ íàèìåíüøåå âîãíóòîå ïðîäîëæåíèå
fNR(x1, x2, . . . , xn) áåñêîíå÷íî äèôôåðåíöèðóåìî, â ïðîòèâíîì ñëó÷àå ïðîäîë-
æåíèå fNR(x1, x2, . . . , xn) íà [0, 1]n âñåãî ëèøü íåïðåðûâíî. Ïðîäåìîíñòðèðîâà-
íî ïðèìåíåíèå íàèìåíüøåãî âîãíóòîãî ïðîäîëæåíèÿ ê ðåøåíèþ ñèñòåì áóëåâûõ
óðàâíåíèé.

Êëþ÷åâûå ñëîâà: âîãíóòîå ïðîäîëæåíèå áóëåâîé ôóíêöèè, áóëåâà ôóíêöèÿ,

âîãíóòàÿ ôóíêöèÿ, ãëîáàëüíàÿ îïòèìèçàöèÿ, ëîêàëüíûé ýêñòðåìóì.

ON THE ORDER OF SMOOTHNESS OF THE SMALLEST CONCAVE
EXTENSION OF A BOOLEAN FUNCTION

D.N. Barotov∗, R.N. Barotov∗∗

∗Financial University under the Government of the Russian Federation, Moscow, Russia
∗∗Khujand state university named after academician Bobojon Gafurov, Khujand, Tajikistan

In this paper, we study the order of smoothness of fNR(x1, x2, . . . , xn) — the least con-
cave extension on [0, 1]n of an arbitrary Boolean function fB(x1, x2, . . . , xn). We prove
that if the Boolean function fB(x1, x2, . . . , xn) essentially depends on at most one
variable, then on [0, 1]n its least concave extension fNR(x1, x2, . . . , xn) is infinitely
differentiable, otherwise the extension fNR(x1, x2, . . . , xn) on [0, 1]n is only continu-
ous. We demonstrate how the least concave extension can be used to solve systems of
Boolean equations.

Keywords: concave extension of a Boolean function, Boolean function, concave func-
tion, global optimization, local extremum.
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Ââåäåíèå
Ðàçëè÷íûå òðóäíîðåøàåìûå äèñêðåòíûå çàäà÷è, âîçíèêàþùèå âî ìíîãèõ îáëàñòÿõ,

âêëþ÷àÿ êîìáèíàòîðèêó, ñîâðåìåííóþ êèáåðíåòèêó, áèîèíôîðìàòèêó, àâòîìàòèçàöèþ
ïðîåêòèðîâàíèÿ ìèêðîýëåêòðîíèêè, ïðîåêòèðîâàíèå êëàññè÷åñêèõ ëîãè÷åñêèõ öåïåé,
ðàñïîçíàâàíèå îáðàçîâ, ôóíêöèîíèðîâàíèå êîíå÷íûõ àâòîìàòîâ ñïåöèàëüíîãî âèäà,
à òàêæå êðèïòîãðàôèþ, ìîãóò áûòü ñâåäåíû ê ñèñòåìàì áóëåâûõ óðàâíåíèé [1�5].
Ïîýòîìó, ñ îäíîé ñòîðîíû, ðåøåíèþ ñèñòåì áóëåâûõ óðàâíåíèé ïîñâÿùåíî çíà÷èòåëü-
íîå êîëè÷åñòâî ðàáîò, ðàçðàáîòàíî íåñêîëüêî íàïðàâëåíèé èññëåäîâàíèÿ è àëãîðèòìîâ
èõ ðåøåíèÿ, à, ñ äðóãîé ñòîðîíû, â ñâÿçè ñ òåì, ÷òî çàäà÷à ðåøåíèÿ ñèñòåìû áóëåâûõ
óðàâíåíèé â îáùåì ñëó÷àå ÿâëÿåòñÿ NP-òðóäíîé, â íàó÷íîì ñîîáùåñòâå ïðîäîëæàåò
ðàñòè èíòåðåñ ê ïîèñêó íîâûõ àëãîðèòìîâ êàê â êëàññè÷åñêèõ, òàê è â êâàíòîâûõ ìîäå-
ëÿõ âû÷èñëåíèé [6�9]. Îäíèì èç òàêèõ íàïðàâëåíèé ÿâëÿåòñÿ òî, ÷òî çàäà÷à ðåøåíèÿ
ñèñòåìû áóëåâûõ óðàâíåíèé, â òîì ÷èñëå ïóò¼ì ïðåäñòàâëåíèÿ íåêîòîðîãî âåùåñòâåí-
íîãî ïðîäîëæåíèÿ (àíàëîãà) äëÿ êàæäîé áóëåâîé ôóíêöèè, ïðåîáðàçóåòñÿ â çàäà÷ó
ñ âåùåñòâåííûìè ïåðåìåííûìè, êîòîðàÿ ìîæåò áûòü ëèáî çàäà÷åé îïòèìèçàöèè íåêî-
òîðîé ôóíêöèè, ÷òî ïîçâîëÿåò ïðèìåíÿòü îïòèìèçàöèîííûå ìåòîäû âû÷èñëèòåëüíîé
ìàòåìàòèêè [10�14], ëèáî çàäà÷åé MILP èëè QUBO, ðåøàåìîé êëàññè÷åñêèìè äèñêðåò-
íûìè àëãîðèòìàìè îïòèìèçàöèè èëè êâàíòîâûìè àëãîðèòìàìè [15, 16], ëèáî ñèñòåìîé
ïîëèíîìèàëüíûõ óðàâíåíèé, ðåøàåìîé íà ìíîæåñòâå öåëûõ ÷èñåë [17], ëèáî ýêâèâà-
ëåíòíîé ñèñòåìîé ïîëèíîìèàëüíûõ óðàâíåíèé, ðåøàåìîé è àíàëèçèðóåìîé ñèìâîëü-
íûìè ìåòîäàìè [18].

Îòìåòèì, ÷òî ñóùåñòâóåò ìíîãî ñïîñîáîâ, êàæäûé èç êîòîðûõ, èñïîëüçóÿ âåùå-
ñòâåííîå ïðîäîëæåíèå áóëåâîé ôóíêöèè, âûáðàííîå íà îñíîâå íåêîòîðîãî ñîîáðà-
æåíèÿ, ïîçâîëÿåò ïðåîáðàçîâàòü ñèñòåìó áóëåâûõ óðàâíåíèé â çàäà÷ó íåïðåðûâíîé
îïòèìèçàöèè, òàê êàê ïðèíöèïèàëüíîå îòëè÷èå òàêèõ ñïîñîáîâ îò ïåðåáîðíûõ àëãî-
ðèòìîâ ëîêàëüíîãî ïîèñêà ñîñòîèò â òîì, ÷òî íà êàæäîé èòåðàöèè àëãîðèòìà ñäâèã
ïî ãðàäèåíòó (àíòèãðàäèåíòó) ïðîèçâîäèòñÿ ïî âñåì ïåðåìåííûì îäíîâðåìåííî [19].
Îäíà èç îñíîâíûõ ïðîáëåì, âîçíèêàþùàÿ ïðè ïðèìåíåíèè ýòèõ ñïîñîáîâ, çàêëþ÷à-
åòñÿ â òîì, ÷òî îïòèìèçèðóåìàÿ öåëåâàÿ ôóíêöèÿ â èñêîìîé îáëàñòè ìîæåò èìåòü
ìíîæåñòâî ëîêàëüíûõ ýêñòðåìóìîâ, ÷òî çíà÷èòåëüíî óñëîæíÿåò èõ ïðàêòè÷åñêîå èñ-
ïîëüçîâàíèå [14, 20, 21].

Ïî èçëîæåííîé ïðîáëåìå â [14, 20�26] ïîëó÷åíû íåêîòîðûå ðåçóëüòàòû, à èìåííî:
â [14, 20] ðàññìîòðåíî êîíñòðóèðîâàíèå ïîëèëèíåéíîãî ïðîäîëæåíèÿ áóëåâîé ôóíêöèè
è àðãóìåíòèðîâàíî, ÷òî çàäà÷à ðåøåíèÿ ïðîèçâîëüíîé ñèñòåìû áóëåâûõ óðàâíåíèé
ñ n ïåðåìåííûìè ìîæåò áûòü ñâåäåíà ê çàäà÷å íåïðåðûâíîé ìèíèìèçàöèè íà [0, 1]n

öåëåâîé ôóíêöèè, íå èìåþùåé ñòðîãèõ ëîêàëüíûõ ìèíèìóìîâ âíóòðè ëþáîé k-ìåðíîé
ãðàíè êóáà [0, 1]n, k ∈ {1, 2, . . . , n}, à â [21�25] ïîñòðîåíû âûïóêëûå (âîãíóòûå) ïðîäîë-
æåíèÿ áóëåâûõ ôóíêöèé n ïåðåìåííûõ íà [0, 1]n è íà îñíîâå ïîñòðîåííûõ ïðîäîëæåíèé
êîíñòðóêòèâíî äîêàçàíî, ÷òî çàäà÷à ðåøåíèÿ ñèñòåìû áóëåâûõ óðàâíåíèé ìîæåò áûòü
ñâåäåíà ê çàäà÷å ìèíèìèçàöèè (ìàêñèìèçàöèè) öåëåâîé ôóíêöèè, ëþáîé ëîêàëüíûé
ìèíèìóì (ìàêñèìóì) êîòîðîé â èñêîìîé îáëàñòè ÿâëÿåòñÿ ãëîáàëüíûì ìèíèìóìîì
(ìàêñèìóìîì), à òàêæå ÷òî äëÿ ëþáîé áóëåâîé ôóíêöèè îò n ïåðåìåííûõ ñóùåñòâóåò
åäèíñòâåííàÿ âåùåñòâåííàÿ ôóíêöèÿ, ÿâëÿþùàÿñÿ ìàêñèìóìîì (ìèíèìóìîì) ñðåäè
âñåõ å¼ âûïóêëûõ (âîãíóòûõ) ïðîäîëæåíèé íà [0, 1]n. Â [26] ïðîâåäåíî ñðàâíèòåëü-
íîå èññëåäîâàíèå ìåæäó âûïóêëûìè, ïîëèëèíåéíûìè è âîãíóòûìè ïðîäîëæåíèÿìè
áóëåâûõ ôóíêöèé. Ïîýòîìó ïîñòðîåíèå âåùåñòâåííûõ ïðîäîëæåíèé áóëåâûõ ôóíê-
öèé, ïðåäñòàâëÿþùèõ èíòåðåñ ïðè ïðåîáðàçîâàíèè ñèñòåì áóëåâûõ óðàâíåíèé ê çàäà÷å
íåïðåðûâíîé îïòèìèçàöèè, è èçó÷åíèå èõ ñâîéñòâ òàêæå ÿâëÿþòñÿ âàæíûìè.
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Äàííàÿ ðàáîòà ïîñâÿùàåòñÿ èññëåäîâàíèþ ïîðÿäêà ãëàäêîñòè íàèìåíüøåãî âîãíó-
òîãî ïðîäîëæåíèÿ íà [0, 1]n ïðîèçâîëüíîé áóëåâîé ôóíêöèè fB : {0, 1}n → {0, 1}, ïðåä-
ñòàâëåííîãî â [24], è ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [14, 18, 20�26]. Óñòàíîâëåí ïîðÿäîê
äèôôåðåíöèðóåìîñòè íàèìåíüøåãî âîãíóòîãî ïðîäîëæåíèÿ íà [0, 1]n ïðîèçâîëüíîé áó-
ëåâîé ôóíêöèè fB : {0, 1}n → {0, 1}, à èìåííî: âî-ïåðâûõ, îöåíèâàÿ íàèìåíüøåå âî-
ãíóòîå ïðîäîëæåíèå íà [0, 1]n ïðîèçâîëüíîé áóëåâîé ôóíêöèè fB(x) ñ îáåèõ ñòîðîí,
äîêàçàíî, ÷òî îíî íåïðåðûâíî íà [0, 1]n; âî-âòîðûõ, äîêàçàíî, ÷òî åñëè ÷èñëî ñóùå-
ñòâåííûõ ïåðåìåííûõ áóëåâîé ôóíêöèè fB(x) ìåíüøå äâóõ, òî íàèìåíüøåå âîãíóòîå
ïðîäîëæåíèå ÿâëÿåòñÿ áåñêîíå÷íî äèôôåðåíöèðóåìûì, à èíà÷å � ëèøü íåïðåðûâíûì.

1. Èñïîëüçóåìûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ
Ïóñòü Bn = {(b1, . . . , bn) : b1, . . . , bn ∈ {0, 1}}�ìíîæåñòâî âñåâîçìîæíûõ äâîè÷íûõ

ñëîâ (áóëåâûõ âåêòîðîâ) äëèíû n; Kn = {(x1, . . . , xn) : x1, . . . , xn ∈ [0, 1]}� n-ìåðíûé
êóá, íàòÿíóòûé íà áóëåâû âåêòîðû äëèíû n; int(Kn) = {(x1, . . . , xn) : x1, . . . , xn ∈
∈ (0, 1)}�ìíîæåñòâî âíóòðåííèõ òî÷åê êóáà Kn.

Îïðåäåëåíèå 1. Îòîáðàæåíèå âèäà fB : Bn → {0, 1} íàçûâàåòñÿ áóëåâîé ôóíê-
öèåé.

Îïðåäåëåíèå 2. Ïåðåìåííàÿ xk, k ∈ {1, . . . , n}, áóëåâîé ôóíêöèè fB(x1, . . . , xn)
íàçûâàåòñÿ ñóùåñòâåííîé (ôóíêöèÿ fB(x1, x2, . . . , xn) ñóùåñòâåííî çàâèñèò îò xk), åñëè

fB(x1, . . . , xk−1, 0, xk+1, . . . , xn) ̸≡ fB(x1, . . . , xk−1, 1, xk+1, . . . , xn).

Ïóñòü Λ(x1, x2, . . . , xn) =
{(

λ(0,0,...,0), λ(0,0,...,1), . . . , λ(1,1,...,1)
)
∈ K2n :∑

(b1,b2,...,bn)∈Bn

λ(b1,b2,...,bn)(b1, b2, . . . , bn, 1) = (x1, x2, . . . , xn, 1)
}

� ìíîæåñòâî âåñîâûõ êîýôôèöèåíòîâ, èñïîëüçóåìûõ äëÿ ïðåäñòàâëåíèÿ òî÷êè
(x1, x2, . . . , xn) â âèäå âûïóêëîé êîìáèíàöèè âåðøèí êóáà Kn.

Îïðåäåëåíèå 3. Îòîáðàæåíèå âèäà f : Kn → R íàçûâàåòñÿ âîãíóòîé ôóíêöèåé
íà Kn, åñëè äëÿ ëþáûõ x, y ∈ Kn è ëþáîãî α ∈ [0, 1] âûïîëíÿåòñÿ

f(αx+ (1− α)y) ⩾ α f(x) + (1− α)f(y).

Îïðåäåëåíèå 4. Îòîáðàæåíèå âèäà fC : Kn → R íàçîâ¼ì âîãíóòûì ïðîäîëæå-
íèåì íà Kn áóëåâîé ôóíêöèè fB : Bn → B, åñëè âûïîëíÿþòñÿ ñëåäóþùèå äâà óñëîâèÿ:

1) îòîáðàæåíèå fC íà Kn ÿâëÿåòñÿ âîãíóòîé ôóíêöèåé;
2) èìååò ìåñòî ðàâåíñòâî fC(b1, . . . , bn) = fB(b1, . . . , bn) äëÿ âñåõ (b1, . . . , bn) ∈ Bn.
Îïðåäåëåíèå 5. Îòîáðàæåíèå âèäà fNR : Kn → R íàçîâ¼ì íàèìåíüøèì ñðåäè

âñåõ âîãíóòûõ ïðîäîëæåíèé íà Kn áóëåâîé ôóíêöèè fB : Bn → B, åñëè âûïîëíÿþòñÿ
ñëåäóþùèå äâà óñëîâèÿ:

1) îòîáðàæåíèå fNR ÿâëÿåòñÿ âîãíóòûì ïðîäîëæåíèåì áóëåâîé ôóíêöèè fB íà Kn;
2) äëÿ ëþáîãî fC � âîãíóòîãî ïðîäîëæåíèÿ íà Kn áóëåâîé ôóíêöèè fB �è ëþáîãî

(x1, . . . , xn) ∈ Kn ñïðàâåäëèâî íåðàâåíñòâî fNR(x1, . . . , xn) ⩽ fC(x1, . . . , xn).

2. Óñòàíîâëåíèå ïîðÿäêà äèôôåðåíöèðóåìîñòè íàèìåíüøåãî âîãíóòîãî
ïðîäîëæåíèÿ íà Kn ïðîèçâîëüíîé áóëåâîé ôóíêöèè

Ëåììà 1. Äëÿ êàæäîé áóëåâîé ôóíêöèè fB(x1, x2), êîòîðàÿ ñóùåñòâåííî çàâèñèò
îò ïåðåìåííûõ x1 è x2, ñïðàâåäëèâî íåðàâåíñòâî

fB(0, 0)− fB(0, 1)− fB(1, 0) + fB(1, 1) ̸= 0. (1)
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Äîêàçàòåëüñòâî. Ïåðåìåííûå x1 è x2 ÿâëÿþòñÿ ñóùåñòâåííûìè äëÿ áóëåâîé
ôóíêöèè fB(x1, x2) òîãäà è òîëüêî òîãäà, êîãäà

(fB(0, 0), fB(0, 1), fB(1, 0), fB(1, 1)) ∈
{
(0, 0, 0, 1), (0, 0, 1, 0), (0, 1, 0, 0),

(0, 1, 1, 0), (0, 1, 1, 1), (1, 0, 0, 0), (1, 0, 0, 1), (1, 0, 1, 1), (1, 1, 0, 1), (1, 1, 1, 0)
}
.

(2)

Ëåãêî çàìåòèòü, ÷òî èç (2) ñëåäóåò ñïðàâåäëèâîñòü (1).

Â [24] äîêàçàíî, ÷òî äëÿ ïðîèçâîëüíîé áóëåâîé ôóíêöèè fB(x1, . . . , xn) âåùåñòâåí-
íàÿ ôóíêöèÿ

fNR(x1, . . . , xn) = max
λ∈Λ(x1,...,xn)

[ ∑
(b1,...,bn)∈Bn

λ(b1,...,bn)fB(b1, . . . , bn)

]
(3)

ÿâëÿåòñÿ åäèíñòâåííûì íàèìåíüøèì ñðåäè âñåõ å¼ âîãíóòûõ ïðîäîëæåíèé íà Kn.
Âîîáùå ãîâîðÿ, îãðàíè÷åííàÿ âîãíóòàÿ (âûïóêëàÿ) ôóíêöèÿ, îïðåäåë¼ííàÿ íà ìíî-

æåñòâå Kn, íåïðåðûâíà âî âíóòðåííèõ òî÷êàõ ìíîæåñòâà Kn è ðàçðûâíà â åãî ãðàíè÷-
íûõ òî÷êàõ. Â êà÷åñòâå èëëþñòðèðóþùåãî ïðèìåðà ïðèâåä¼ì âåùåñòâåííóþ ðàçðûâ-
íóþ âîãíóòóþ ôóíêöèþ

fC(x) =

{
0, åñëè x ∈ {0, 1},
1, åñëè x ∈ (0, 1),

êîòîðàÿ òàêæå ÿâëÿåòñÿ âîãíóòûì ïðîäîëæåíèåì íà [0, 1] áóëåâîé ôóíêöèè fB(x) = 0.
Íî â íàøåì ñëó÷àå âåùåñòâåííàÿ ôóíêöèÿ fNR(x1, . . . , xn), ÿâëÿþùàÿñÿ íàèìåíü-
øèì âîãíóòûì ïðîäîëæåíèåì íà Kn áóëåâîé ôóíêöèè fB(x1, . . . , xn), íåïðåðûâíà
íà Kn äëÿ êàæäîãî íàòóðàëüíîãî n. Íèæå, ðàäè ïîëíîòû èçëîæåíèÿ, ïóò¼ì ïî-
ñòðîåíèÿ äâóñòîðîííåé îöåíêè ìû ïðåäúÿâèì ïîëíîå äîêàçàòåëüñòâî íåïðåðûâíîñòè
fNR(x1, . . . , xn) äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî n è óñòàíîâèì ïîðÿäîê äèôôåðåíöè-
ðóåìîñòè fNR(x1, . . . , xn).

Òåîðåìà 1. Ôóíêöèÿ fNR(x1, . . . , xn), îïðåäåë¼ííàÿ ôîðìóëîé (3), íà Kn íåïðå-
ðûâíà.

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî n.
Á à ç à è í ä ó ê ö è è . Ñîãëàñíî [24, ñëåäñòâèÿ 1 è 2], èìååì, ÷òî, âî-ïåðâûõ, äëÿ

ëþáîé áóëåâîé ôóíêöèè fB(x), çàâèñÿùåé îò îäíîé ïåðåìåííîé, âåùåñòâåííàÿ ôóíêöèÿ

fNR(x) = (1− x)fB(0) + x fB(1) (4)

ÿâëÿåòñÿ åäèíñòâåííûì íàèìåíüøèì ñðåäè âñåõ å¼ âîãíóòûõ ïðîäîëæåíèé íà K; âî-
âòîðûõ, äëÿ ëþáîé áóëåâîé ôóíêöèè fB(x, y), çàâèñÿùåé îò äâóõ ïåðåìåííûõ, âåùå-
ñòâåííàÿ ôóíêöèÿ âèäà

fNR(x, y) = (1− x− y)fB(0, 0) + x fB(1, 0) + y fB(0, 1)+

+
fB(0, 0)− fB(0, 1)− fB(1, 0) + fB(1, 1)

4
(2x+ 2y − 1− |x− y|+ |x+ y − 1|)−

−|fB(0, 0)− fB(0, 1)− fB(1, 0) + fB(1, 1)|
4

(|x− y|+ |x+ y − 1| − 1)

(5)

ÿâëÿåòñÿ åäèíñòâåííûì íàèìåíüøèì ñðåäè âñåõ å¼ âîãíóòûõ ïðîäîëæåíèé íà K2.
Íåïðåðûâíîñòü ôóíêöèé fNR(x) è fNR(x, y), ââèäó (4) è (5), î÷åâèäíà.
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Ï ð å ä ï î ë î æ å í è å è í ä ó ê ö è è . Ïóñòü ïðè n = k äëÿ ïðîèçâîëüíîé áóëåâîé
ôóíêöèè fB(x1, . . . , xk) íàèìåíüøåå âîãíóòîå ïðîäîëæåíèå fNR(x1, . . . , xk) íåïðåðûâíî
íà Kk.

Ø à ã è í ä ó ê ö è è . Äîêàæåì, ÷òî ôóíêöèÿ fNR(x1, . . . , xk+1), ÿâëÿþùàÿñÿ íàè-
ìåíüøèì âîãíóòûì ïðîäîëæåíèåì íà Kk+1 áóëåâîé ôóíêöèè fB(x1, . . . , xk+1), íåïðå-
ðûâíà íà Kk+1. Ïóñòü (x∗1, . . . , x

∗
k+1)�ïðîèçâîëüíàÿ òî÷êà êóáà Kk+1. Ïîêàæåì, ÷òî

èìååò ìåñòî ðàâåíñòâî

lim
(∆x1,...,∆xk+1)→(0,...,0)

fNR(x
∗
1 +∆x1, . . . , x

∗
k+1 +∆xk+1) = fNR(x

∗
1, . . . , x

∗
k+1). (6)

Ðàññìîòðèì äâà ñëó÷àÿ.
Ñ ë ó ÷ à é 1 . Ïóñòü (x∗1, . . . , x

∗
k+1) ∈ int(Kk+1). Ââèäó îòêðûòîñòè ìíîæåñòâà

int(Kk+1) äîêàçàòåëüñòâî ìîæíî ïðîâåñòè ïî èçâåñòíîé ñõåìå, íàïðèìåð [27].
Ñ ë ó ÷ à é 2 . Ïóñòü (x∗1, . . . , x

∗
k+1) ∈ ∂(Kk+1) = Kk+1 \ int(Kk+1). Òîãäà ñóùåñòâóåò

i ∈ {1, . . . , k+1}, òàêîå, ÷òî x∗i ∈ {0, 1}. Ñîãëàñíî ïðåäïîëîæåíèþ èíäóêöèè, ôóíêöèè,
ïîëó÷åííûå ïóò¼ì ñóæåíèÿ, âèäà

f0(x1, . . . , xi−1, xi+1, . . . , xk+1) = fNR(x1, . . . , xi−1, 0, xi+1, . . . , xk+1) =

= max
λ∈Λ(x1,...,xi−1,

xi+1,...,xk+1)

[ ∑
(b1,...,bi−1,

bi+1,...,bk+1)∈Bk

λ(b1,...,bi−1,bi+1,...,bk+1)fB(b1, . . . , bi−1, 0, bi+1, . . . , bk+1)

]
(7)

è

f1(x1, . . . , xi−1, xi+1, . . . , xk+1) = fNR(x1, . . . , xi−1, 1, xi+1, . . . , xk+1) =

= max
λ∈Λ(x1,...,xi−1,

xi+1,...,xk+1)

[ ∑
(b1,...,bi−1,

bi+1,...,bk+1)∈Bk

λ(b1,...,bi−1,bi+1,...,bk+1)fB(b1, . . . , bi−1, 1, bi+1, . . . , bk+1)

]
(8)

íåïðåðûâíû íà Kk. Äîêàæåì, ÷òî âåùåñòâåííàÿ íåïðåðûâíàÿ ôóíêöèÿ âèäà

g(x1, . . . , xk+1) = min(1− xi, f0(x1, . . . , xi−1, xi+1, . . . , xk+1))+

+min(xi, f1(x1, . . . , xi−1, xi+1, . . . , xk+1))
(9)

ÿâëÿåòñÿ âîãíóòûì ïðîäîëæåíèåì íà Kk+1 áóëåâîé ôóíêöèè fB(x1, . . . , xk+1). Äëÿ ýòî-
ãî äîñòàòî÷íî ïîêàçàòü ñïðàâåäëèâîñòü ñëåäóþùèõ äâóõ ñâîéñòâ:

1) g(b1, . . . , bk+1) = fB(b1, . . . , bk+1) äëÿ âñåõ (b1, . . . , bk+1) ∈ Bk+1;
2) ôóíêöèÿ g(x1, . . . , xk+1) íà Kk+1 ÿâëÿåòñÿ âîãíóòîé.

Îáîñíóåì ýòè ñâîéñòâà:
1) Äëÿ âñåõ (b1, . . . , bk+1) ∈ Bk+1 èìååì

g(b1, . . . , bk+1) = min(1− bi, f0(b1, . . . , bi−1, bi+1, . . . , bk+1))+

+min(bi, f1(b1, . . . , bi−1, bi+1, . . . , bk+1)) =

= (1− bi)f0(b1, . . . , bi−1, bi+1, . . . , bk+1) + bi f1(b1, . . . , bi−1, bi+1, . . . , bk+1) =

= (1− bi)fNR(b1, . . . , bi−1, 0, bi+1, . . . , bk+1) + bi fNR(b1, . . . , bi−1, 1, bi+1, . . . , bk+1) =

= bi fNR(b1, . . . , bi−1, 0, bi+1, . . . , bk+1)⊕ bi fNR(b1, . . . , bi−1, 1, bi+1, . . . , bk+1) = fB(b1, . . . , bk+1).

2) Ôóíêöèè f0(x1, . . . , xi−1, xi+1, . . . , xk+1) è f1(x1, . . . , xi−1, xi+1, . . . , xk+1), ââèäó (7)
è (8), íà Kk ÿâëÿþòñÿ âîãíóòûìè è, ñëåäîâàòåëüíî, äëÿ ëþáûõ x, y ∈ Kk+1 è ëþáîãî
α ∈ [0, 1] èìååì

g(αx+ (1− α)y) = min
(
1− (αxi + (1− α)yi), f0(αx1 + (1− α)y1, . . . , αxi−1 + (1− α)yi−1,
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αxi+1 + (1− α)yi+1, . . . , αxk+1 + (1− α)yk+1)
)
+min

(
αxi + (1− α)yi, f1(αx1 + (1− α)y1,

. . . , αxi−1 + (1− α)yi−1, αxi+1 + (1− α)yi+1, . . . , αxk+1 + (1− α)yk+1)
)
⩾

⩾ min
(
α(1− xi) + (1− α)(1− yi), αf0(x1, . . . , xi−1, xi+1, . . . , xk+1)+

+(1− α)f0(y1, . . . , yi−1, yi+1, . . . , yk+1)
)
+min

(
αxi + (1− α)yi,

αf1(x1, . . . , xi−1, xi+1, . . . , xk+1) + (1− α)f1(y1, . . . , yi−1, yi+1, . . . , yk+1)
)
⩾

⩾ αmin(1− xi, f0(x1, . . . , xi−1, xi+1, . . . , xk+1)) + (1− α)min(1− yi, f0(y1, . . . , yi−1, yi+1,

. . . , yk+1)) + αmin(xi, f1(x1, . . . , xi−1, xi+1, . . . , xk+1))+

+(1− α)min(yi, f1(y1, . . . , yi−1, yi+1, . . . , yk+1)) = αg(x) + (1− α)g(y).

Äàëåå, ñ îäíîé ñòîðîíû, ââèäó îïðåäåëåíèÿ íàèìåíüøåãî âîãíóòîãî ïðîäîëæåíèÿ, äëÿ
(x∗ +∆x) ∈ Kk+1 âûïîëíÿåòñÿ

fNR(x
∗ +∆x)− fNR(x∗) ⩽ g(x∗ +∆x)− fNR(x∗), (10)

à, ñ äðóãîé ñòîðîíû, ââèäó âîãíóòîñòè ôóíêöèè fNR(x), äëÿ (x∗ +∆x) ∈ Kk+1 èìååì

fNR(x
∗ +∆x)− fNR(x∗) = fNR

(
(1−(1−2x∗i )∆xi)(x∗1+∆x1, . . . , x

∗
i−1+∆xi−1,

x∗i , x
∗
i+1+∆xi+1, . . . , x

∗
k+1)+(1−2x∗i )∆xi(x∗1+∆x1, . . . , x

∗
i−1+∆xi−1, 1−x∗i ,

x∗i+1+∆xi+1, . . . , x
∗
k+1)

)
−fNR(x∗)⩾

⩾(1−(1−2x∗i )∆xi)fNR(x∗1+∆x1, . . . , x
∗
i−1+∆xi−1, x

∗
i , x
∗
i+1+∆xi+1, . . . , x

∗
k+1)+

+(1−2x∗i )∆xi fNR(x∗1+∆x1, . . . , x
∗
i−1+∆xi−1, 1−x∗i ,

x∗i+1+∆xi+1, . . . , x
∗
k+1)−fNR(x∗).

(11)

Ââèäó (9) è íåïðåðûâíîñòè ôóíêöèé f0(x1, . . . , xi−1, xi+1, . . . , xk+1) è f1(x1, . . . , xi−1,
xi+1, . . . , xk+1), ïåðåõîäÿ ê ïðåäåëó â îöåíêàõ (10) è (11) ïðè (∆x1, . . . ,∆xk+1) →
→ (0, . . . , 0), ïîëó÷èì (6).

Òåîðåìà 2. Åñëè ó áóëåâîé ôóíêöèè fB(x1, . . . , xn) íå ìåíüøå äâóõ ñóùåñòâåííûõ
ïåðåìåííûõ, òî âåùåñòâåííàÿ ôóíêöèÿ fNR(x1, . . . , xn), êîòîðàÿ ÿâëÿåòñÿ å¼ íàèìåíü-
øèì âîãíóòûì ïðîäîëæåíèåì íà Kn, íå äèôôåðåíöèðóåìà íà Kn.

Äîêàçàòåëüñòâî. Íå òåðÿÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî âñå ïåðåìåííûå
ôóíêöèè fB(x1, . . . , xn) ÿâëÿþòñÿ ñóùåñòâåííûìè. Äîêàæåì îò ïðîòèâíîãî: ïóñòü âå-
ùåñòâåííàÿ ôóíêöèÿ fNR(x1, . . . , xn), êîòîðàÿ ÿâëÿåòñÿ íàèìåíüøèì âîãíóòûì ïðî-
äîëæåíèåì íà Kn áóëåâîé ôóíêöèè fB(x1, . . . , xn), ÿâëÿåòñÿ äèôôåðåíöèðóåìîé
â êàæäîé òî÷êå (x∗1, . . . , x

∗
n) êóáà Kn ïðè n ⩾ 2. Òîãäà äëÿ âñåõ (b1, . . . , bi−1,

bi+1, . . . , bj−1, bj+1, . . . , bn) ∈ Bn−2 ñóæåííàÿ âåùåñòâåííàÿ ôóíêöèÿ fNR(b1, . . . , bi−1, xi,
bi+1, . . . , bj−1, xj, bj+1, . . . , bn) ÿâëÿåòñÿ äèôôåðåíöèðóåìîé â êàæäîé òî÷êå (x

∗
i , x
∗
j) êâàä-

ðàòà K2. Ñîãëàñíî [28], ñóùåñòâóåò (b∗1, . . . , b
∗
i−1, b

∗
i+1, . . . , b

∗
j−1, b

∗
j+1, . . . , b

∗
n) ∈ Bn−2, òàêîé,

÷òî ïåðåìåííûå xi è xj ñóæåííîé áóëåâîé ôóíêöèè fB(b
∗
1, . . . , b

∗
i−1, xi, b

∗
i+1, . . . , b

∗
j−1, xj,

b∗j+1, . . . , b
∗
n) ÿâëÿþòñÿ ñóùåñòâåííûìè. Îòñþäà ïîëó÷èì, ÷òî âåùåñòâåííàÿ ôóíêöèÿ

gNR(xi, xj) = fNR(b
∗
1, . . . , b

∗
i−1, xi, b

∗
i+1, . . . , b

∗
j−1, xj, b

∗
j+1, . . . , b

∗
n),

êîòîðàÿ ÿâëÿåòñÿ íàèìåíüøèì âîãíóòûì ïðîäîëæåíèåì íà K2 áóëåâîé ôóíêöèè

gB(xi, xj) = fB(b
∗
1, . . . , b

∗
i−1, xi, b

∗
i+1, . . . , b

∗
j−1, xj, b

∗
j+1, . . . , b

∗
n),
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ÿâëÿåòñÿ äèôôåðåíöèðóåìîé â êàæäîé òî÷êå (x∗i , x
∗
j) êâàäðàòà K2. Òåïåðü, ñ îäíîé

ñòîðîíû, ââèäó ëåììû 1, èìååì, ÷òî

gB(0, 0)− gB(0, 1)− gB(1, 0) + gB(1, 1) ̸= 0, (12)

à, ñ äðóãîé ñòîðîíû, ââèäó [24, ñëåäñòâèå 2], ïîëó÷àåì

gNR(xi, xj) = (1−xi−xj)gB(0, 0)+xi gB(1, 0)+xj gB(0, 1)+

+
gB(0, 0)−gB(0, 1)−gB(1, 0)+gB(1, 1)

4
(2xi+2xj−1−|xi−xj|+|xi+xj−1|)−

−|gB(0, 0)−gB(0, 1)−gB(1, 0)+gB(1, 1)|
4

(|xi−xj|+|xi+xj−1|−1).

(13)

Â ñèëó (12) èç (13) ñëåäóåò, ÷òî ôóíêöèÿ gNR(xi, xj) íå ÿâëÿåòñÿ äèôôåðåíöèðóå-
ìîé íà K2, ò. å. íå ÿâëÿåòñÿ äèôôåðåíöèðóåìîé â êàæäîé òî÷êå (x∗i , x

∗
j) êâàäðàòà K2.

Ïîëó÷åííîå ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2.

Ïðîèëëþñòðèðóåì îäíî èç âîçìîæíûõ ïðèìåíåíèé íàèìåíüøåãî âîãíóòîãî ïðîäîë-
æåíèÿ ê ðåøåíèþ ñèñòåì áóëåâûõ óðàâíåíèé íà ïðèìåðå ñèñòåìû èç äâóõ óðàâíåíèé{

p1(x, y) = x · y ⊕ x = 1,

p2(x, y) = x⊕ y = 1,
(14)

ïðèâåä¼ííîé â [14], ò. å. ïðîèëëþñòðèðóåì îáùèé ìåòîä, ðàçâèòûé â [24]. Ñèñòåìó (14)
íà îñíîâå (5) ïðåîáðàçóåì â ñèñòåìó âîãíóòûõ óðàâíåíèé âèäàf1(x, y) =

1

2
(x− y + 1− |x+ y − 1|) = 1,

f2(x, y) = 1− |x+ y − 1| = 1,
(15)

ãäå fk(x, y)�íàèìåíüøåå âîãíóòîå ïðîäîëæåíèå íà K2 ôóíêöèè pk(x, y), k ∈ {1, 2}.
Â ñâîþ î÷åðåäü, äëÿ ñèñòåìû (15) êîíñòðóèðóåì ìàêñèìèçèðóåìóþ âîãíóòóþ öåëåâóþ
ôóíêöèþ âèäà

f(x, y) = f1(x, y) + f2(x, y). (16)

Ââèäó (3) èìååì, ÷òî äëÿ âñåõ (x, y) ∈ K2 è k ∈ {1, 2} èìåþò ìåñòî íåðàâåíñòâà

0 ⩽ fk(x, y) ⩽ 1. (17)

Èç (16) è (17) ïîëó÷àåì, ÷òî (x∗, y∗) ∈ K2 �ðåøåíèå ñèñòåìû (15) òîãäà è òîëüêî òî-
ãäà, êîãäà max

(x,y)∈K2
f(x, y) = f(x∗, y∗) = 2. Íà ðèñ. 1 ïðèâåä¼í ãðàôèê ôóíêöèè f(x, y);

íåòðóäíî çàìåòèòü, ÷òî (x∗, y∗) = (1, 0)� åäèíñòâåííàÿ òî÷êà ìàêñèìóìà ôóíêöèè
f(x, y) íà K2.

Îòìåòèì, ÷òî åñëè ïðè ïðåîáðàçîâàíèè äëÿ êàæäîé áóëåâîé ôóíêöèè áðàòü â êà-
÷åñòâå âîãíóòîãî ïðîäîëæåíèÿ íå íàèìåíüøåå, à, íàïðèìåð,

f̃1(x, y) =
1

2
(x− y − |x− y|) + 1− |x− 1 + y| è f̃2(x, y) = 1− |x+ y − 1|,

òî ñèñòåìà âîãíóòûõ óðàâíåíèé {
f̃1(x, y) = 1,

f̃2(x, y) = 1
(18)
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áóäåò èìåòü ðåøåíèå, íå ÿâëÿþùååñÿ ðåøåíèåì áóëåâîé ñèñòåìû (14), ò. å. öåëåâàÿ
ôóíêöèÿ

f̃(x, y) = f̃1(x, y) + f̃2(x, y)

èìååò òî÷êó ìàêñèìóìà, íàïðèìåð (3/4, 1/4), êîòîðàÿ ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (18),
íî íå ÿâëÿåòñÿ ðåøåíèåì áóëåâîé ñèñòåìû (14) (ðèñ. 2).

Ðèñ. 1. Ãðàôèê ôóíêöèè f(x, y) Ðèñ. 2. Ãðàôèê ôóíêöèè f̃(x, y)

Çàêëþ÷åíèå
Òàêèì îáðàçîì, ââèäó ôîðìóëû (4) è òåîðåì 1 è 2 èìååì, ÷òî åñëè ÷èñëî ñóùåñòâåí-

íûõ ïåðåìåííûõ ïðîèçâîëüíîé áóëåâîé ôóíêöèè íå ìåíüøå äâóõ, òî å¼ íàèìåíüøåå
âîãíóòîå ïðîäîëæåíèå íà Kn íåïðåðûâíî, íî íå äèôôåðåíöèðóåìî íà Kn, à åñëè ìåíü-
øå äâóõ, òî ëèíåéíî è, ñëåäîâàòåëüíî, áåñêîíå÷íî äèôôåðåíöèðóåìî íà Kn.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü ðåöåíçåíòàì çà ïîëåçíûå çàìå÷àíèÿ, èñïðàâëå-
íèå êîòîðûõ ïîçâîëèëî óëó÷øèòü ñîäåðæàíèå ñòàòüè.
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