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Èññëåäóåòñÿ êðèâèçíà ðàçëè÷íûõ êëàññîâ áóëåâûõ ôóíêöèé, ïîñòðîåííûõ ñ ïî-
ìîùüþ ñóïåðïîçèöèè, ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ è áåíò-ôóíêöèé. Ïîëó÷àþò-
ñÿ îöåíêè è òî÷íûå çíà÷åíèÿ äëÿ êîýôôèöèåíòîâ Óîëøà � Àäàìàðà, êðèâèçíû è
íåëèíåéíîñòè ðàññìàòðèâàåìûõ êëàññîâ áóëåâûõ ôóíêöèé. Óñòàíàâëèâàåòñÿ ñâÿçü
êðèâèçíû è íåëèíåéíîñòè ïðîèçâîëüíûõ áóëåâûõ ôóíêöèé.
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íåëèíåéíîñòü áóëåâîé ôóíêöèè.

CURVATURE OF SOME CLASSES OF BOOLEAN FUNCTIONS

A.A. Panpurin

MIREA � Russian Technological University, Moscow, Russia

The curvature σ(f) of Boolean function f is defined as the sum of the absolute
values of its Walsh coefficients. In the paper, the curvature of various classes
of Boolean functions constructed using superposition, symmetric polynomials and
bent functions is investigated. Estimates and exact values have been obtained for
the Walsh coefficients, curvature, and nonlinearity of the classes of Boolean func-
tions under consideration. Let n be an odd number and f be a Boolean function
in n variables, constructed according to the rule f(x1, . . . , xn) = xnφ0(x1, . . . , xn−1)⊕
⊕ x̄nφ1(x1, . . . , xn−1), where φ0, φ1 are bent functions in n − 1 variables. It was
shown that for such a function σ(f) = 2(3n−1)/2. We also examine a function of
the form f = f(x1, . . . , xn) = xnxn−1φ(x1, . . . , xn−2) with an odd number of vari-
ables, where n ⩾ 6, φ is a bent function in n − 2 variables. For this function
σ(f) = (2n−4)2(n−2)/2+3 ·2n−1−2Wφ(0, . . . , 0), where Wφ(0, . . . , 0) is the Walsh co-
efficient of the function φ. Moreover, an inequality is provided that demonstrates the
relationship between the curvature and nonlinearity of arbitrary Boolean functions.

Keywords: Boolean functions, bent functions, curvature of Boolean function, non-
linearity of Boolean function.

Ââåäåíèå
Ïóñòü n�íàòóðàëüíîå ÷èñëî, f � áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ. Âñþäó äàëåå

Ω = {0, 1}. Êîýôôèöèåíò Wf (a) Óîëøà�Àäàìàðà ôóíêöèè f îïðåäåëÿåòñÿ äëÿ êàæ-
äîãî âåêòîðà a = (a1, a2, . . . , an) ∈ Ωn ðàâåíñòâîì [1]

Wf (a) =
∑

x=(x1,...,xn)∈Ωn

(−1)f(x)⊕⟨a,x⟩,
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ãäå ⟨a,x⟩ = a1x1 ⊕ . . .⊕ anxn. Ââåä¼ì îáîçíà÷åíèå

σ(f) =
∑

a∈Ωn

|Wf (a)|

è íàçîâ¼ì âåëè÷èíó σ(f) êðèâèçíîé áóëåâîé ôóíêöèè f .
Èññëåäîâàíèþ âåëè÷èíû σ(f) ïîñâÿùåíà ðàáîòà [2], ãäå ïîëó÷åíû ñëåäóþùèå îöåí-

êè, ñïðàâåäëèâûå äëÿ êàæäîé áóëåâîé ôóíêöèè f îò n ïåðåìåííûõ:

2n ⩽ σ(f) ⩽ 23n/2.

Íèæíÿÿ îöåíêà îáðàùàåòñÿ â ðàâåíñòâî òîãäà è òîëüêî òîãäà, êîãäà f � àôôèííàÿ
ôóíêöèÿ. Âåðõíÿÿ îöåíêà îáðàùàåòñÿ â ðàâåíñòâî òîãäà è òîëüêî òîãäà, êîãäà f �
áåíò-ôóíêöèÿ. Êðîìå òîãî, â [2] ïîêàçàíî, ÷òî ñðåäíåå çíà÷åíèå ïàðàìåòðà σ(f) â êëàñ-
ñå âñåõ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ è â åãî ïîäêëàññå èç âñåõ ñáàëàíñèðîâàííûõ
áóëåâûõ ôóíêöèé ýêâèâàëåíòíî ïðè n→∞ âåëè÷èíå√

2/π23n/2.

Â ýòîé æå ðàáîòå ïðèâîäÿòñÿ òî÷íûå çíà÷åíèÿ âåëè÷èí σ(f) â ñëó÷àå, êîãäà
f � ñáàëàíñèðîâàííàÿ ôóíêöèÿ, ïîëó÷åííàÿ èç íîðìàëüíîé áåíò-ôóíêöèè ìåòîäîì
Ã. Äîááåðòèíà [3]. Äîêàçûâàåòñÿ, ÷òî äëÿ ýòèõ ôóíêöèé ïðè n→∞

σ(f) ∼ 23n/2.

Â ðàáîòå [4] ïîëó÷åíî ðàâåíñòâî äëÿ êðèâèçíû ìàæîðèòàðíîé áóëåâîé ôóíêöèè
f(x1, . . . , xn) îò íå÷¼òíîãî ÷èñëà ïåðåìåííûõ:

σ(f) = σ(n) = 2n

(
n− 1

(n− 1)/2

)
(n−1)/2∑
i=0

1

2i+ 1

(
(n− 1)/2

i

)
,

à òàêæå äîêàçàíî, ÷òî ïðè n→∞ èìååò ìåñòî ñîîòíîøåíèå

σ(f) = σ(n) ∼ 2√
πn

23n/2.

Ôîðìóëà äëÿ âû÷èñëåíèÿ êðèâèçíû σ(f) ìàæîðèòàðíîé áóëåâîé ôóíêöèè f(x1, . . . , xn)
îò ÷¼òíîãî ÷èñëà ïåðåìåííûõ ïîëó÷åíà â ðàáîòå [5], â êîòîðîé äîêàçàíî, ÷òî

σ(f) =
σ(n+ 1)

2
∼ 2
√
2√
πn

23n/2, n→∞.

Â [6] ðàññìàòðèâàåòñÿ ïîäõîä ê êëàññèôèêàöèè áóëåâûõ ôóíêöèé íà îñíîâå ðàâåí-
ñòâà èõ ôóíêöèé àâòîêîððåëÿöèè. Äîêàçàíî, ÷òî åñëè ôóíêöèè f è g ëåæàò â îäíîì
êëàññå ðàññìàòðèâàåìîé ýêâèâàëåíòíîñòè, òî σ(f) = σ(g).

Â [7] áóëåâû ôóíêöèè èññëåäóþòñÿ êàê òî÷êè íà ãèïåðñôåðå â åâêëèäîâîì ïðî-
ñòðàíñòâå. Â íåé äîêàçûâàþòñÿ ñâîéñòâà êðèâèçíû áóëåâîé ôóíêöèè ñ òî÷êè çðåíèÿ
ãåîìåòðèè è ñâîéñòâ åâêëèäîâà ïðîñòðàíñòâà. Ïîíÿòèå ¾êðèâèçíà áóëåâîé ôóíêöèè¿
âïåðâûå áûëî ââåäåíî â ýòîé ðàáîòå.

Â ðàáîòàõ [8�10] âåëè÷èíà σ(f) èñïîëüçóåòñÿ äëÿ óñòàíîâëåíèÿ îöåíîê ÷àñòîò ïî-
ÿâëåíèé ýëåìåíòîâ íà îòðåçêàõ âûõîäíûõ ïîñëåäîâàòåëüíîñòåé ôèëüòðóþùèõ è êîì-
áèíèðóþùèõ ãåíåðàòîðîâ ñ ôóíêöèåé óñëîæíåíèÿ f . ×åì ìåíüøå çíà÷åíèå σ(f), òåì
áîëåå òî÷íûå îöåíêè ÷àñòîò óäà¼òñÿ ïîëó÷èòü.
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Â [11] ïîíÿòèå êðèâèçíû ðàñøèðÿåòñÿ íà âåêòîðíûå áóëåâû ôóíêöèè è èñïîëüçó-
åòñÿ äëÿ èññëåäîâàíèÿ ñâîéñòâ S-áîêñîâ.

Â äàííîé ðàáîòå èññëåäóåòñÿ êðèâèçíà ðàçëè÷íûõ êëàññîâ áóëåâûõ ôóíêöèé, ïî-
ñòðîåííûõ ñ ïîìîùüþ ñóïåðïîçèöèè, ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ è áåíò-ôóíêöèé.
Â ïðîöåññå èññëåäîâàíèé ïîëó÷àþòñÿ òî÷íûå çíà÷åíèÿ äëÿ êîýôôèöèåíòîâ Óîëøà�
Àäàìàðà, ïîýòîìó íàðÿäó ñ êðèâèçíîé, êàê ïðàâèëî, ïðèâîäÿòñÿ ðåçóëüòàòû î íåëè-
íåéíîñòè ïîñòðîåííûõ ôóíêöèé. Óñòàíàâëèâàåòñÿ ñâÿçü êðèâèçíû è íåëèíåéíîñòè ïðî-
èçâîëüíûõ áóëåâûõ ôóíêöèé.

1. Êðèâèçíà íåêîòîðûõ êëàññîâ áóëåâûõ ôóíêöèé
Ðàññìîòðèì êðèâèçíó êëàññîâ áóëåâûõ ôóíêöèé, ïîëó÷åííûõ â ðåçóëüòàòå ñóïåð-

ïîçèöèè. Îáîçíà÷èì: 1n = (1, . . . , 1) ∈ Ωn, 0n = (0, . . . , 0) ∈ Ωn; ∥u∥� âåñ Õýììèíãà
âåêòîðà u.

Óòâåðæäåíèå 1. Ïóñòü h(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ, òàêàÿ,
÷òî h(x1, . . . , xn) = f(x1, . . . , xk)⊕ g(xk+1, . . . , xn) äëÿ íåêîòîðîãî k ∈ {1, . . . , n}. Òîãäà

σ(h) = σ(f)σ(g).

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè h(x)
íà ïðîèçâîëüíîì âåêòîðå u ∈ Ωn. Ââåä¼ì îáîçíà÷åíèÿ x′ = (x1, . . . , xk), x

′′ = (xk+1,
. . . , xn), u

′ = (u1, . . . , uk), u
′′ = (uk+1, . . . , un). Òîãäà Wh(u) = Wf (u

′)Wg(u
′′) è äëÿ

ñóììû ìîäóëåé âñåõ ðàññìàòðèâàåìûõ êîýôôèöèåíòîâ ñïðàâåäëèâî ñîîòíîøåíèå

σ(h) =
∑

u∈Ωn

|Wh(u)| =
∑

u′∈Ωk

|Wf (u
′)|

∑
u′′∈Ωn−k

|Wg(u
′′)| = σ(f)σ(g).

Óòâåðæäåíèå 1 äîêàçàíî.

Óòâåðæäåíèå 2. Ïóñòü h(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ, îïðå-
äåëÿåìàÿ ðàâåíñòâîì

h(x) = x1 . . . xk1 ⊕ xk1+1 . . . xk1+k2 ⊕ . . .⊕ xk1+...+kt−1+1 . . . xk1+...+kt (1)

äëÿ íåêîòîðûõ k1, . . . , kt ∈ {1, . . . , n}, òàêèõ, ÷òî k1 + . . .+ kt = n. Òîãäà

σ(h) = (3 · 2k1 − 4)(3 · 2k2 − 4) · . . . · (3 · 2kt − 4). (2)

Äîêàçàòåëüñòâî. Íàéä¼ì êðèâèçíó ôóíêöèè f(x1, . . . , xk) = x1 . . . xk. Äëÿ ýòîãî
ðàññìîòðèì ïðîèçâîëüíûé êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè f íà âåêòîðå u:

Wf (u) =
∑

x∈Ωk

(−1)x1...xk⊕⟨x,u⟩ =
∑

x∈Ωk,x ̸=1k

(−1)⟨x,u⟩ − (−1)∥u∥ =
∑

x∈Ωk

(−1)⟨x,u⟩ − 2 (−1)∥u∥.

Òîãäà

Wf (u) =

{
2k − 2, åñëè u = 0k,

−2 (−1)∥u∥, åñëè u ̸= 0k.
(3)

Îòñþäà ïîëó÷àåì

σ(f) =
∑

u∈Ωk

|Wf (u)| = 2k − 2 + (2k − 1) 2 = 3 · 2k − 4.

Èç óòâåðæäåíèÿ 1 è îïðåäåëåíèÿ ôóíêöèè h ñëåäóåò (2).
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Ïóñòü h(x)�ïðîèçâîëüíàÿ áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ; nl(h)� å¼ íåëèíåé-
íîñòü (ðàññòîÿíèå äî êëàññà àôôèííûõ ôóíêöèé). Èçâåñòíî, ÷òî ïðè ÷¼òíîì n

nl(h) ⩽ 2n−1 − 2n/2−1, (4)

à ïðè íå÷¼òíîì n
nl(h) ⩽ 2n−1 − 2(n−1)/2. (5)

Ïîêàæåì, ÷òî äàííûå îöåíêè äîñòèãàþòñÿ äëÿ ôóíêöèé èç êëàññà, îïðåäåë¼ííîãî
â óòâåðæäåíèè 2.

Óòâåðæäåíèå 3. Ïóñòü h(x)� áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ, îïðåäåëÿåìàÿ
ðàâåíñòâîì (1). Òîãäà ïðè ÷¼òíîì n íåðàâåíñòâî (4) îáðàùàåòñÿ â ðàâåíñòâî òîãäà è
òîëüêî òîãäà, êîãäà ki = 2 äëÿ âñåõ i ∈ {1, . . . , t}. Ïðè íå÷¼òíîì n îöåíêà (5) äîñòèæèìà
òîãäà è òîëüêî òîãäà, êîãäà kj = 1 äëÿ íåêîòîðîãî j ∈ {1, . . . , t} è ki = 2 äëÿ âñåõ i ̸= j.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç fi = xk1+...+ki−1+1 . . . xki áóëåâó ôóíêöèþ
îò ki ïåðåìåííûõ. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè fi íà ïðîèç-
âîëüíîì âåêòîðå u ∈ Ωki . Ñîãëàñíî ðàâåíñòâó (3), èìååì

Wfi(u) =

{
2ki − 2, åñëè u = 0ki ,

−2 (−1)∥u∥, åñëè u ̸= 0ki .

Ïóñòü n�÷¼òíîå ÷èñëî. Ïðè ki = 2 äëÿ âñåõ i ∈ {1, . . . , t} ñïðàâåäëèâî ðàâåíñòâî
h(x) = x1x2 ⊕ x3x4 ⊕ . . . ⊕ xn−1xn. Ôóíêöèÿ h ÿâëÿåòñÿ áåíò-ôóíêöèåé îò n ïåðåìåí-
íûõ [1] è nl(h) = 2n−1 − 2n/2−1. Ïîêàæåì, ÷òî ïðè äðóãèõ ki, ãäå i ∈ {1, . . . , t}, îöåí-
êà (4) íåäîñòèæèìà. Ïóñòü ki ⩾ 3 äëÿ íåêîòîðîãî i ∈ {1, . . . , t}, òîãäà |Wfi(0, . . . , 0)| =
= 2ki−2. Ïóñòü f ′ � ñóììà âñåõ îñòàëüíûõ ñëàãàåìûõ. Íàéä¼òñÿ u′ ∈ Ωn−ki , òàêîé, ÷òî
|Wf ′(u

′)| ⩾ 2(n−ki)/2; çíà÷èò, ïî óòâåðæäåíèþ 1

max
u∈Ωn

|Wh(u)| ⩾ (2ki − 2)2(n−ki)/2 > 2n/2,

ñëåäîâàòåëüíî, îöåíêà (4) íå äîñòèãàåòñÿ. Ïðåäïîëîæèì, ÷òî åñòü õîòÿ áû äâà ñëà-
ãàåìûõ ñòåïåíè 1. Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî f1 = x1 ⊕ x2, f2 � ñóììà
îñòàëüíûõ ñëàãàåìûõ è h = f1 ⊕ f2. Ñïðàâåäëèâî ðàâåíñòâî |Wf1(1, 1)| = 4 è íàéä¼òñÿ
u′ ∈ Ωn−2, òàêîé, ÷òî |Wf2(u

′)| ⩾ 2(n−2)/2. Òîãäà

max
u∈Ωn

|Wh(u)| ⩾ 4 · 2(n−2)/2 = 2(n+2)/2 > 2
n
2 ,

à çíà÷èò, âíîâü îöåíêà (4) íåäîñòèæèìà.
Ïóñòü n�íå÷¼òíîå ÷èñëî. Ïîêàæåì, ÷òî îöåíêà äîñòèãàåòñÿ ïðè kj = 1 äëÿ íåêî-

òîðîãî j ∈ {1, . . . , t} è ki = 2 äëÿ âñåõ i ̸= j. Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì,
÷òî j = t. Ðàññìîòðèì ôóíêöèþ

h(x) = x1x2 ⊕ x3x4 ⊕ . . .⊕ xn−2xn−1 ⊕ xn.

Íåòðóäíî ïðîâåðèòü, ÷òî nl(h) = 2n−1 − 2(n−1)/2, à çíà÷èò, íåðàâåíñòâî (5) îáðàùàåòñÿ
â ðàâåíñòâî. Ïîêàæåì, ÷òî äëÿ äðóãèõ ôóíêöèé îöåíêà íåäîñòèæèìà. Ïóñòü ki ⩾ 3
äëÿ íåêîòîðîãî i ∈ {1, . . . , t}. Àíàëîãè÷íî ñëó÷àþ ÷¼òíîãî n ïîëó÷àåì

max
u∈Ωn

|Wh(u)| ⩾ (2ki − 2)2(n−ki)/2 > 2(n+1)/2.
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Ïóñòü â ìíîãî÷ëåíå Æåãàëêèíà ôóíêöèè f åñòü õîòÿ áû òðè ìîíîìà ñòåïåíè 1, òîãäà
àíàëîãè÷íî ñëó÷àþ ÷¼òíîãî n ïðîâåðÿåòñÿ, ÷òî

max
u∈Ωn

|Wh(u)| ⩾ 23 · 2(n−3)/2 = 2(n+3)/2 > 2(n+1)/2.

Â îáîèõ ñëó÷àÿõ max
u∈Ωn

|Wh(u)| > 2(n+1)/2, ñëåäîâàòåëüíî, îöåíêà (5) íå äîñòèãàåòñÿ.

Ïîêàæåì, ÷òî àôôèííûå ïðåîáðàçîâàíèÿ íå ìåíÿþò êðèâèçíó áóëåâîé ôóíêöèè.

Óòâåðæäåíèå 4. Ïóñòü f(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò n ïåðåìåííûõ; ôóíê-
öèÿ g(x1, . . . , xn) ïîëó÷åíà èç f ïóò¼ì ñëåäóþùåãî ïðåîáðàçîâàíèÿ:

g(x) = f(xA⊕ a)⊕ ⟨b,x⟩ ⊕ c.

Çäåñü A� îáðàòèìàÿ ìàòðèöà íàä ïîëåì GF(2); a,b ∈ Ωn; c ∈ Ω. Òîãäà σ(g) = σ(f).

Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííî ñëåäóåò èç ðàâåíñòâà [1]

Wg(u) = (−1)⟨(b⊕u)(A−1)T,a⟩⊕cWf

(
(b⊕ u)(A−1)T

)
.

Óòâåðæäåíèå 4 äîêàçàíî.

Ïóñòü n = 2k. Ðàññìîòðèì îòîáðàæåíèå Φ : Ωk → Ωk, îáëàäàþùåå ñëåäóþùèìè
ñâîéñòâàìè:

1) Φ(a) ̸= 0k äëÿ âñåõ a ∈ Ωk;

2) Φ(b) = Φ(b̂) = c äëÿ íåêîòîðûõ ðàçëè÷íûõ ýëåìåíòîâ b, b̂ ∈ Ωk;

3) îòîáðàæåíèå Φ′ : Ωk\{b, b̂}→Ωk\{0k, c}, îïðåäåëÿåìîå ðàâåíñòâîì Φ′(x)=Φ(x)

äëÿ âñåõ x ∈ Ωk \ {b, b̂}, èíúåêòèâíî.
Â ðàáîòå [11] èññëåäîâàíà ôóíêöèÿ fΦ(x,y) = ⟨Φ(x),y⟩, x,y ∈ Ωk. Ðàññìîòðèì

óñëîæíåíèå ýòîé ôóíêöèè, ïðèáàâèâ ê íåé ïðîèçâîëüíóþ áóëåâó ôóíêöèþ h(x) îò k ïå-
ðåìåííûõ. Â èòîãå ïîëó÷èì êîíñòðóêöèþ Åëèñååâà �Ìýéîðàíà �ÌàêÔàðëàíäà [1].
Èçó÷èì ôóíêöèþ

fΦ(x,y) = ⟨Φ(x),y⟩ ⊕ h(x), x,y ∈ Ωk. (6)

Óòâåðæäåíèå 5. Ïóñòü ôóíêöèÿ fΦ(x,y) çàäàíà ôîðìóëîé (6). Òîãäà fΦ � ñáà-
ëàíñèðîâàííàÿ ôóíêöèÿ è

σ(fΦ) = 23n/2 − 2n.

Äîêàçàòåëüñòâî. Êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè fΦ(x,y), ñîîòâåò-
ñòâóþùèé âåêòîðó (v,w), ãäå v,w ∈ Ωk, ðàâåí

WfΦ(v,w) =
∑

(x,y)∈Ωn

(−1)fΦ(x,y)⊕⟨(x,y),(v,w)⟩ =
∑

x∈Ωk

(−1)h(x)⊕⟨x,v⟩
∑

y∈Ωk

(−1)⟨y,Φ(x)⊕w⟩.

Çàìåòèì, ÷òî ∑
y∈Ωk

(−1)⟨y,Φ(x)⊕w⟩ =

{
0, åñëè Φ(x)⊕w ̸= 0k,

2k, åñëè Φ(x)⊕w = 0k.

Çíà÷èò,
WfΦ(v,w) = 2k

∑
x∈Φ−1(w)

(−1)h(x)⊕⟨x,v⟩,
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ãäå Φ−1(w)�ïîëíûé ïðîîáðàç âåêòîðà w ïðè îòîáðàæåíèè Φ. Ñëåäîâàòåëüíî, ïîëó-
÷àåì

WfΦ(v,w) =


2k(−1)⟨v,Φ−1(w)⟩⊕h(Φ−1(w)), åñëè w /∈ {0k, c},
0, åñëè w = 0k,

2k((−1)⟨v,b⟩⊕h(b) + (−1)⟨v,b̂⟩⊕h(b̂)), åñëè w = c.

Òàê êàê WfΦ(0) = 0, òî ôóíêöèÿ fΦ ñáàëàíñèðîâàííàÿ [1].

Ðàññìîòðèì, ïðè êàêèõ âåêòîðàõ v âûðàæåíèå (−1)⟨v,b⟩⊕h(b) +(−1)⟨v,b̂⟩⊕h(b̂) íå ðàâ-
íî 0, òî åñòü ⟨v,b⟩ ⊕ h(b) = ⟨v, b̂⟩ ⊕ h(b̂):

1) åñëè h(b)⊕h(b̂) = 0, òî ⟨v,b⊕ b̂⟩ = 0�äàííîå óðàâíåíèå îòíîñèòåëüíî v èìååò
2k−1 ðàçëè÷íûõ ðåøåíèé;

2) åñëè h(b)⊕h(b̂) = 1, òî ⟨v,b⊕b̂⟩ = 1�äàííîå óðàâíåíèå îòíîñèòåëüíî v òàêæå
èìååò 2k−1 ðàçëè÷íûõ ðåøåíèé.

Çíà÷èò,

σ(fΦ) =
∑

(v,w)∈Ω2k

|WfΦ(v,w)| = 2k · 2k (2k − 2) + 2k+1 · 2k−1 = 23k − 22k = 23n/2 − 2n.

Óòâåðæäåíèå 5 äîêàçàíî.

Èç äîêàçàòåëüñòâà óòâåðæäåíèÿ 5 ñëåäóåò, ÷òî äëÿ áóëåâîé ôóíêöèè fΦ(x,y) ñïðà-
âåäëèâî ðàâåíñòâî

nl(fΦ) = 2n−1 − 2n/2.

Óòâåðæäåíèå 6. Ïóñòü n ⩾ 3, f(x1, . . . , xn) = σn−1(x1, . . . , xn)� ýëåìåíòàðíûé
ñèììåòðè÷åñêèé ìíîãî÷ëåí ñòåïåíè n− 1 îò n ïåðåìåííûõ, îïðåäåëÿåìûé ðàâåíñòâîì

σn−1(x1, . . . , xn) =
⊕

1⩽i1<...<in−1⩽n
xi1xi2 . . . xin−1 . Òîãäà

ïðè ÷¼òíîì n

σ(f) = 2n − 4n+ 2n

(
n

n/2

)
,

à ïðè íå÷¼òíîì n

σ(f) = 2n − 4n− 4 + 4n

(
n− 1

(n− 1)/2

)
.

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà Wf (a) ôóíê-
öèè f(x) íà ïðîèçâîëüíîì âåêòîðå a. Ðàçîáü¼ì ìíîæåñòâî Ωn íà ïîäìíîæåñòâà: Ω1 �
ìíîæåñòâî âåêòîðîâ x, ó êîòîðûõ íå ìåíåå äâóõ êîîðäèíàò íóëåâûå; Ω2 �ìíîæåñòâî
âåêòîðîâ x, ó êîòîðûõ ðîâíî îäíà íóëåâàÿ êîîðäèíàòà; Ω3 = {1n}.

Íåòðóäíî âèäåòü, ÷òî

f(x) =


0, åñëè x ∈ Ω1,

1, åñëè x ∈ Ω2,

n mod 2, åñëè x ∈ Ω3.

Òîãäà
Wf (a) =

∑
x∈Ω1

(−1)⟨a,x⟩ +
∑

x∈Ω2

(−1)1⊕⟨a,x⟩ +
∑

x∈Ω3

(−1)n mod 2⊕⟨a,x⟩.

Èñïîëüçóÿ ðàâåíñòâî Ω1 = (Ωn \ Ω2) ∪ (Ωn \ Ω3), ïîëó÷èì

Wf (a) =
∑

x∈Ωn

(−1)⟨a,x⟩ − 2
∑

x∈Ω2

(−1)⟨a,x⟩ −
∑

x∈Ω3

(−1)⟨a,x⟩ +
∑

x∈Ω3

(−1)n⊕⟨a,x⟩.
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Çàìåòèì, ÷òî ∑
x∈Ωn

(−1)⟨a,x⟩ =

{
0, åñëè a ̸= 0n,

2n, åñëè a = 0n.

Çíà÷èò,
Wf (a) = 2nδa,0n − 2

∑
x∈Ω2

(−1)⟨a,x⟩ + (−1)n⊕∥a∥ − (−1)∥a∥,

ãäå δa,0n � ñèìâîë Êðîíåêåðà, îïðåäåë¼ííûé ðàâåíñòâàìè

δa,0n =

{
0, åñëè a ̸= 0n,

1, åñëè a = 0n.

Âåðíî ðàâåíñòâî ∑
x∈Ω2

(−1)⟨a,x⟩ = ∥a∥(−1)∥a∥+1 + (n− ∥a∥)(−1)∥a∥,

è êîýôôèöèåíòû Óîëøà�Àäàìàðà ôóíêöèè f ïðèíèìàþò ñëåäóþùèé âèä:

Wf (a) = 2nδa,0n + (−1)∥a∥(4∥a∥ − 2n− 1 + (−1)n).

Ñëåäîâàòåëüíî,

|Wf (a)| =

{
2n − 2n− 1 + (−1)n, åñëè a = 0n,∣∣ 4∥a∥ − 2n− 1 + (−1)n

∣∣, åñëè a ̸= 0n.
(7)

Òîãäà

σ(f) =
∑

a∈Ωn

|Wσn−1(a)| = |Wσn−1(0)|+
∑

a∈Ωn\{0n}
|Wσn−1(a)| =

= 2n − 2n− 1 + (−1)n +
∑

a∈Ωn\{0n}

∣∣ 4∥a∥ − 2n− 1 + (−1)n
∣∣.

Èñõîäÿ èç òîãî, ÷òî â ìíîæåñòâå Ωn âåêòîðîâ âåñà k ðîâíî

(
n

k

)
, ïîëó÷àåì

σ(f) = 2n − 2n− 1 + (−1)n +
n∑
k=1

(
n

k

)
|4k − 2n− 1 + (−1)n|,

÷òî ïðè ÷¼òíûõ n ïðèíèìàåò âèä

σ(f) = 2n − 4n+ 2n

(
n

n/2

)
,

à ïðè íå÷¼òíûõ�

σ(f) = 2n − 4n− 4 + 4n

(
n− 1

(n− 1)/2

)
.

Óòâåðæäåíèå 6 äîêàçàíî.

Ñëåäñòâèå 1. Ïóñòü f(x1, . . . , xn) = σn−1(x1, . . . , xn), n ⩾ 4. Òîãäà

nl(f) = n+ (1− (−1)n)/2.
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Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî max
a∈Ωn
|Wf (a)| = |Wf (0

n)|. Èñõîäÿ èç ðàâåíñòâ (7),
|Wf (a)| =

∣∣ 4∥a∥ − 2n− 1 + (−1)n
∣∣ ïðè a ̸= 0n. Òàê êàê 1 ⩽ ∥a∥ ⩽ n è n ⩾ 4, òî

0 ⩽
∣∣ 4∥a∥ − 2n− 1 + (−1)n

∣∣ ⩽ 2n− 1 + (−1)n,

à çíà÷èò, max
a∈Ωn\{0n}

|Wf (a)| ⩽ 2n − 1 + (−1)n. Íî |Wf (0
n)| = 2n − 2n − 1 + (−1)n è ïðè

n ⩾ 2 ñïðàâåäëèâî íåðàâåíñòâî

2n − 2n− 1 + (−1)n ⩾ 2n− 1 + (−1)n,

ñëåäîâàòåëüíî, |Wf (0
n)| ⩾ max

a∈Ωn\{0n}
|Wf (a)|. Òîãäà

nl(f) = 2n−1 − 1

2

(
2n − 2n− 1 + (−1)n

)
= n+

1− (−1)n

2
.

Ñëåäñòâèå 1 äîêàçàíî.

2. Áóëåâû ôóíêöèè, ïîëó÷åííûå èç áåíò-ôóíêöèé
Óòâåðæäåíèå 7. Ïóñòü n�÷¼òíîå ÷èñëî, n ⩾ 4, f(x1, . . . , xn)� áóëåâà ôóíêöèÿ

îò n ïåðåìåííûõ, çàäàâàåìàÿ ðàâåíñòâîì

f(x1, . . . , xn) = σn−1(x1, . . . , xn)⊕ φ(x1, . . . , xn),

ãäå φ(x1, . . . , xn)� áåíò-ôóíêöèÿ. Òîãäà

23n/2 − n2n+1 ⩽ σ(f) ⩽ 23n/2. (8)

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà Wf (a) ôóíê-
öèè f(x). Èñïîëüçóÿ îáîçíà÷åíèÿ èç äîêàçàòåëüñòâà óòâåðæäåíèÿ 6, çàïèøåì

Wf (a) =
∑

x∈Ω1

(−1)φ(x)⊕⟨a,x⟩ +
∑

x∈Ω2

(−1)1⊕φ(x)⊕⟨a,x⟩ +
∑

x∈Ω3

(−1)φ(x)⊕⟨a,x⟩.

Ñëåäîâàòåëüíî,

Wf (a) =
∑

x∈Ωn

(−1)φ(x)⊕⟨a,x⟩ − 2
∑

x∈Ω2

(−1)φ(x)⊕⟨a,x⟩ + (−1)φ(1)+∥a∥ − (−1)φ(1)+∥a∥,

à çíà÷èò,
Wf (a) = Wφ(a)− 2

∑
x∈Ω2

(−1)φ(x)⊕⟨a,x⟩.

Òàê êàê φ(x)� áåíò-ôóíêöèÿ, òî Wφ(a) = ±2n/2. Òîãäà

2n/2 − 2n ⩽ |Wf (a)| ⩽ 2n/2 + 2n;

îòñþäà ñëåäóåò (8).

Òåîðåìà 1. Ïóñòü n�íå÷åòíîå ÷èñëî, f(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò n ïåðå-
ìåííûõ, îïðåäåëÿåìàÿ ðàâåíñòâîì

f(x1, . . . , xn) = xnφ0(x1, . . . , xn−1)⊕ xnφ1(x1, . . . , xn−1),

ãäå φ0(x1, . . . , xn−1), φ1(x1, . . . , xn−1)� áåíò-ôóíêöèè. Òîãäà σ(f) = 2(3n−1)/2.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè f(x),
ñîîòâåòñòâóþùèé âåêòîðó a:

Wf (a) =
∑

x∈Ωn

(−1)xnφ0(x1,...,xn−1)⊕xnφ1(x1,...,xn−1)⊕⟨x,a⟩.

Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ: x′ = (x1, . . . , xn−1); a
′ = (a1, . . . , an−1). Òîãäà

Wf (a) =
∑

x∈Ωn,xn=1

(−1)φ0(x′)⊕⟨x′,a′⟩⊕an +
∑

x∈Ωn,xn=0

(−1)φ1(x′)⊕⟨x′,a′⟩.

Ñëåäîâàòåëüíî,
Wf (a) = (−1)anWφ0(a

′) +Wφ1(a
′).

Òàê êàê φ0(x
′), φ1(x

′)� áåíò-ôóíêöèè, òî Wf (a) ∈ {0,±2(n+1)/2}. Ââåä¼ì îáîçíà÷åíèÿ:
a1 = (a1, . . . , an−1,︸ ︷︷ ︸

a′

0); a2 = (a1, . . . , an−1,︸ ︷︷ ︸
a′

1). Òîãäà

Wf (a1) = Wφ0(a
′) +Wφ1(a

′), Wf (a2) = −Wφ0(a
′) +Wφ1(a

′).

Âîçìîæíû ñëåäóþùèå âàðèàíòû:

1) Wf (a1) = 0, |Wf (a2)| = 2(n+1)/2;
2) Wf (a2) = 0, |Wf (a1)| = 2(n+1)/2.

Òàêèì îáðàçîì, âñå âåêòîðû èç Ωn ðàçáèâàþòñÿ íà ïàðû è ñïðàâåäëèâî ñîîòíîøåíèå

σ(f) =
∑

a∈Ωn

|Wf (a)| = 2n−1(2(n+1)/2) = 2(3n−1)/2.

Òåîðåìà 1 äîêàçàíà.

Èç äîêàçàòåëüñòâà ñëåäóåò, ÷òî f ñáàëàíñèðîâàíà òîãäà è òîëüêî òîãäà, êîãäà
Wφ0(0

n−1) +Wφ1(0
n−1) = 0, òî åñòü, ó÷èòûâàÿ ðàâåíñòâà ∥φ0∥ = 2n−2 −Wφ0(0

n−1)/2
è ∥φ1∥ = 2n−2 −Wφ1(0

n−1)/2, φ0 è φ1 � áåíò-ôóíêöèè ðàçíîãî âåñà. Ïðè ýòîì nl(f) =
= 2n−1 − 2(n−1)/2

Òåîðåìà 2. Ïóñòü n�÷¼òíîå ÷èñëî, n ⩾ 6, f(x1, . . . , xn)� áóëåâà ôóíêöèÿ îò
n ïåðåìåííûõ, îïðåäåëÿåìàÿ ðàâåíñòâîì

f(x1, . . . , xn) = xnxn−1φ(x1, . . . , xn−2),

ãäå φ(x1, . . . , xn−2)� áåíò-ôóíêöèÿ. Òîãäà

σ(f) = (2n − 4) 2(n−2)/2 + 3 · 2n−1 − 2Wφ(0
n−2).

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè f(x),
ñîîòâåòñòâóþùèé âåêòîðó a = (a1, . . . , an−2, an−1, an). Ðàçîáü¼ì ìíîæåñòâî Ωn íà ñëåäó-
þùèå ïîäìíîæåñòâà: Ω1 �ìíîæåñòâî âåêòîðîâ x, äëÿ êîòîðûõ xn−1 = 0, xn = 0; Ω2 �
ìíîæåñòâî âåêòîðîâ x, äëÿ êîòîðûõ xn−1 = 0, xn = 1; Ω3 �ìíîæåñòâî âåêòîðîâ x, äëÿ
êîòîðûõ xn−1 = 1, xn = 0; Ω4 �ìíîæåñòâî âåêòîðîâ x, äëÿ êîòîðûõ xn−1 = 1, xn = 1.
Ââåä¼ì îáîçíà÷åíèÿ: x′ = (x1, . . . , xn−2); a

′ = (a1, . . . , an−2). Òîãäà

Wf (a) =
∑

x∈Ω1

(−1)⟨x′,a′⟩+
∑

x∈Ω2

(−1)⟨x′,a′⟩⊕an+
∑

x∈Ω3

(−1)⟨x′,a′⟩⊕an−1+
∑

x∈Ω4

(−1)φ(x′)⊕⟨x′,a′⟩⊕an⊕an−1 .
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Åñëè a′ ̸= 0n−2, òî
∑

x′∈Ωn−2

(−1)⟨x′,a′⟩ = 0. Òîãäà Wf (a) = (−1)an⊕an−1Wφ(a
′), à çíà÷èò,

òàê êàê φ(x′)� áåíò-ôóíêöèÿ, âåðíî ðàâåíñòâî |Wf (a)| = |Wφ(a
′)| = 2(n−2)/2. Åñëè

a′ = 0n−2, òî
∑

x′∈Ωn−2

(−1)⟨x′,a′⟩ = 2n−2 è ñïðàâåäëèâî ðàâåíñòâî

Wf (a) = 2n−2((−1)an−1 + (−1)an + 1) + (−1)an−1⊕anWφ(a
′).

Âîçìîæíû ñëåäóþùèå âàðèàíòû:

1) åñëè a = (0, . . . , 0, 0), òî Wf (a) = 3 · 2n−2 +Wφ(0
n−2);

2) åñëè a = (0, . . . , 0, 1), òî Wf (a) = 2n−2 −Wφ(0
n−2);

3) åñëè a = (0, . . . , 1, 0), òî Wf (a) = 2n−2 −Wφ(0
n−2);

4) åñëè a = (0, . . . , 1, 1), òî Wf (a) = −2n−2 +Wφ(0
n−2).

Åñëè Wφ(0
n−2) = 2(n−2)/2, òî∑
a∈Ωn,a′=0n−2

|Wf (a)| = 6 · 2n−2 − 2 · 2(n−2)/2 = 3 · 2n−1 − 2Wφ(0
n−2).

Åñëè Wφ(0
n−2) = −2(n−2)/2, òî∑
a∈Ωn,a′=0n−2

|Wf (a)| = 6 · 2n−2 + 2 · 2(n−2)/2 = 3 · 2n−1 − 2Wφ(0
n−2).

Òàêèì îáðàçîì, ïîëó÷àåì

σ(f) =
∑

a∈Ωn

|Wf (a)| =
∑

a∈Ωn,a′ ̸=0n−2

|Wf (a)|+
∑

a∈Ωn,a′=0n−2

|Wf (a)| =

= (2n − 4)2(n−2)/2 + 3 · 2n−1 − 2Wφ(0
n−2).

Òåîðåìà 2 äîêàçàíà.

Â ðàáîòå [2] èçó÷åíà ôóíêöèÿ

f(x1, . . . , xn) = x1x2 . . . xn−1 ⊕ φ(x1, . . . , xn−2)⊕ xn,

ãäå φ(x1, . . . , xn−2)� áåíò-ôóíêöèÿ îò n−2 ïåðåìåííûõ; n�÷¼òíîå ÷èñëî. Ðàññìîòðèì
íåêîòîðîå èçìåíåíèå äàííîé ôóíêöèè è èññëåäóåì ïîëó÷åííûé êëàññ.

Óòâåðæäåíèå 8. Ïóñòü n�÷¼òíîå ÷èñëî, n ⩾ 4, f(x1, . . . , xn)� áóëåâà ôóíêöèÿ
îò n ïåðåìåííûõ, îïðåäåëÿåìàÿ ðàâåíñòâîì

f(x1, . . . , xn) = x1x2 . . . xn−2 ⊕ φ(x1, . . . , xn−2)⊕ xn−1 ⊕ xn,

ãäå φ(x1, . . . , xn−2)� áåíò-ôóíêöèÿ. Òîãäà σ(f) = 2(3n−2)/2 − 2(n+4)/2.

Äîêàçàòåëüñòâî. Ðàññìîòðèì êîýôôèöèåíò Óîëøà�Àäàìàðà ôóíêöèè f(x),
ñîîòâåòñòâóþùèé âåêòîðó a. Çàìåòèì, ÷òî åñëè an = 0 èëè an−1 = 0, òî Wf (a) = 0,
ïîýòîìó ïóñòü a = (a1, . . . , an−2, 1, 1). Ââåä¼ì îáîçíà÷åíèÿ: a′ = (a1, . . . , an−2); x

′ =
= (x1, . . . , xn−2). Òîãäà

Wf (a
′, 1, 1) =

∑
x∈Ωn

(−1)x1x2...xn−2⊕φ(x1,...,xn−2)⊕⟨a′,x′⟩ =

= 4

( ∑
x′∈Ωn−2\{1n−2}

(−1)φ(x′)⊕⟨a′,x′⟩ − (−1)φ(1n−2)⊕∥a′∥

)
= 4Wφ(a

′)− 8(−1)φ(1n−2)⊕∥a′∥.



26 À.À. Ïàíïóðèí

Ðàññìîòðèì áåíò-ôóíêöèþ φ̃(x′), äóàëüíóþ ê φ(x′); äëÿ íå¼ ñïðàâåäëèâî ðàâåíñòâî

Wφ(a
′) = (−1)φ̃(a′)2(n−2).2.

Ðàññìîòðèì áóëåâó ôóíêöèþ ψ(x′) = φ̃(x′) ⊕ ∥x′∥ ⊕ φ(1n−2). Êîýôôèöèåíò Óîëøà�
Àäàìàðà ôóíêöèè ψ(x′), ñîîòâåòñòâóþùèé âåêòîðó 0n−2, ðàâåí

Wψ(0
n−2) =

∑
x′∈Ωn−2

(−1)φ̃(x′)⊕∥x′∥⊕φ(1n−2) = (−1)φ(1n−2)Wφ̃(1
n−2) = 2(n−2)/2.

Òîãäà

∥ψ∥ = 2n−3 − 1

2
Wψ(0

n−2) = 2n−3 − 2(n−4)/2.

Äàëåå çàìåòèì, ÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå

(−1)∥a′∥⊕φ(1n−2)Wφ(a
′) = 2(n−2)/2(−1)ψ(a′),

ñëåäîâàòåëüíî,

Wφ(a
′) =

{
−2(n−2)/2(−1)∥a′∥⊕φ(1n−2), åñëè a′ ∈ Nψ,

2(n−2)/2(−1)∥a′∥⊕φ(1n−2), åñëè a′ /∈ Nψ,

ãäå Nψ = {a′ ∈ Ωn−2 : ψ(a′) = 1}�íîñèòåëü ôóíêöèè ψ. Òàêèì îáðàçîì, ïîëó÷àåì
ðàâåíñòâî äëÿ êðèâèçíû

σ(f) = (2n−3−2(n−4)/2)(4·2(n−2)/2+8)+(2n−3+2(n−4)/2)(4·2(n−2)/2−8) = 2(3n−2)/2−2(n+4)/2.

Óòâåðæäåíèå 8 äîêàçàíî.

3. Ñâÿçü êðèâèçíû è íåëèíåéíîñòè áóëåâîé ôóíêöèè
Óòâåðæäåíèå 9. Äëÿ ïðîèçâîëüíîé áóëåâîé ôóíêöèè f(x1, . . . , xn) îò n ïåðåìåí-

íûõ ñïðàâåäëèâà îöåíêà
σ(f) ⩽ S(f)(2n − 2 nl(f)),

ãäå S(f) = |{a ∈ Ωn : Wf (a) ̸= 0}|� ñïåêòðàëüíàÿ ñëîæíîñòü ôóíêöèè f .

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

max
a∈Ωn
|Wf (a)| = 2n − 2 nl(f).

Òîãäà

σ(f) =
∑

a∈Ωn

|Wf (a)| ⩽
∑

a∈Ωn

max
b∈Ωn

|Wf (b)| = S(f)max
a∈Ωn
|Wf (a)| = S(f)(2n − 2 nl(f)).

Óòâåðæäåíèå 9 äîêàçàíî.

Îöåíêà èç óòâåðæäåíèÿ 9 äîñòèãàåòñÿ äëÿ áåíò-ôóíêöèé, àôôèííûõ è ïëàòîâèä-
íûõ ôóíêöèé [1].

Çàêëþ÷åíèå
Â ðàáîòå ïîëó÷åíû îöåíêè è òî÷íûå çíà÷åíèÿ êðèâèçíû è íåëèíåéíîñòè ðàçëè÷íûõ

êëàññîâ áóëåâûõ ôóíêöèé, ïîëó÷åííûõ ñ ïîìîùüþ ñóïåðïîçèöèè áóëåâûõ ôóíêöèé,
ñèììåòðè÷åñêèõ ìíîãî÷ëåíîâ è áåíò-ôóíêöèé. Äîêàçàíî íåðàâåíñòâî, ñâÿçûâàþùåå
êðèâèçíó áóëåâîé ôóíêöèè ñ åå íåëèíåéíîñòüþ.
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