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Ðàññìîòðåí êîëè÷åñòâåííûé àíàëîã ïðîáëåìû äåêîäèðîâàíèÿ ïî ïðèíöèïó ìàê-
ñèìàëüíîãî ïðàâäîïîäîáèÿ. Óñòàíîâëåíà ýêîíîìíàÿ ñâîäèìîñòü îò ïðîáëåìû ñî-
âåðøåííîãî ïàðîñî÷åòàíèÿ è ñëàáî ýêîíîìíàÿ ñâîäèìîñòü îò ïðîáëåìû ìàêñè-
ìàëüíîãî ðàçðåçà. Ïîêàçàíà ïîëíîòà â êëàññàõWPP, C=P è PP äëÿ íåêîòîðûõ
êîëè÷åñòâåííûõ âàðèàíòîâ ïðîáëåìû äåêîäèðîâàíèÿ ïî ïðèíöèïó ìàêñèìàëüíîãî
ïðàâäîïîäîáèÿ.
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ON THE MAXIMUM-LIKELIHOOD DECODING PROBLEM

V.Yu. Popov

Ural Federal University named after the �rst President of Russia B.N. Yeltsin,

Ekaterinburg, Russia

Maximum likelihood decoding is an extensively used technique for digital commu-
nication systems. The hardness of the maximum likelihood decoding problem is the
fundamental basis of the security justification for code-based cryptography. The study
of code-based cryptography algorithms is considered as one of the main directions in
the development of post-quantum cryptography. Nevertheless, it is known relatively
little about the hardness of the maximum likelihood decoding problem. In this paper,
we present an alternative proof of the NP-completeness of the maximum likelihood
decoding problem that provides additional evidence for the security of cryptographic
algorithms based on Classic McEliece. Also, we consider the counting variant of
the maximum likelihood decoding problem, an important tool for finding collisions.
We obtain a parsimonious reduction from the perfect matching problem and a weakly
parsimonious reduction from the simple Max Cut problem. As a consequence, we
obtain the #P-completeness of the counting variant of the maximum likelihood de-
coding problem. Also, we consider some counting variants of the maximum likelihood
decoding problem for classes of computational complexity that are of interest from the
point of view of quantum computing and post-quantum cryptography. In particular,
we obtain completeness results for classes WPP, C=P, and PP.
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Ââåäåíèå
Ïðîáëåìà äåêîäèðîâàíèÿ ïî ïðèíöèïó ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ÿâëÿåòñÿ îä-

íîé èç êëþ÷åâûõ àëãîðèòìè÷åñêèõ ïðîáëåì òåîðèè êîäèðîâàíèÿ. Îò êà÷åñòâà å¼ ðå-
øåíèÿ çàâèñèò ýôôåêòèâíîñòü ïðèìåíåíèÿ êîäîâ. Îäíàêî, êàê ïîêàçàíî â ðàáîòå [1],
ýòà ïðîáëåìà ÿâëÿåòñÿ âû÷èñëèòåëüíî òðóäíîé äàæå äëÿ äâîè÷íûõ ëèíåéíûõ êîäîâ.
Ñ äðóãîé ñòîðîíû, òðóäíîñòü ýòîé ïðîáëåìû ñòàëà îáîñíîâàíèåì êðèïòîãðàôè÷åñêîé
ñòîéêîñòè àëãîðèòìà øèôðîâàíèÿ, ïðåäëîæåííîãî â [2]. Ñõåìà àëãîðèòìà [2] îêàçàëàñü
âåñüìà ïîïóëÿðíîé è ïðîäóêòèâíîé. Îíà ïîëó÷èëà ñóùåñòâåííîå äàëüíåéøåå ðàçâèòèå
(ñì., íàïðèìåð, [3�5]). Â ÷àñòíîñòè, â êîíêóðñå NIST (National Institute of Standards and
Technology) [6] â êà÷åñòâå êàíäèäàòîâ íà ïîñòêâàíòîâûé êðèïòîãðàôè÷åñêèé ñòàíäàðò
ó÷àñòâîâàëè àëãîðèòìû Classic McEliece è NTS-KEM [7, 8]. Àëãîðèòì Classic McEliece,
ïî ñóòè äåëà, îòðàæàåò èçíà÷àëüíî ïðåäëîæåííóþ â ðàáîòå [2] èäåþ. Àëãîðèòì NTS-
KEM ÿâëÿåòñÿ ñóùåñòâåííîé ïåðåðàáîòêîé àëãîðèòìîâ [2, 9] íà îñíîâå ïðåîáðàçîâàíèÿ,
ïîäîáíîãî ïðåîáðàçîâàíèÿì [10, 11]. Îäíàêî åãî êðèïòîãðàôè÷åñêàÿ ñòîéêîñòü âî ìíî-
ãîì îïèðàåòñÿ íà òîò æå ôóíäàìåíò, ÷òî è ó Classic McEliece. Ñóùåñòâåííîå âíèìàíèå
èññëåäîâàòåëè ïðîÿâëÿþò è ê ðàçðàáîòêå äëÿ àëãîðèòìà [2] êâàíòîâûõ àíàëîãîâ (ñì.,
íàïðèìåð, [12, 13]).

Ðàçâèòèå êâàíòîâûõ òåõíîëîãèé â ïîñëåäíèå ãîäû çíà÷èòåëüíî óñèëèëî èíòåðåñ
ê ïðîáëåìå äåêîäèðîâàíèÿ ñ ðàçëè÷íûõ òî÷åê çðåíèÿ. Ñóùåñòâóþùèå è ïåðñïåêòèâ-
íûå òåõíîëîãèè êâàíòîâûõ âû÷èñëåíèé êðèòè÷åñêè çàâèñÿò îò ìåòîäîâ êîäèðîâàíèÿ è
ýôôåêòèâíîñòè èñïðàâëåíèÿ îøèáîê. Ýòèì îáóñëîâëåíû èíòåíñèâíîå ðàçâèòèå êâàí-
òîâîé òåîðèè êîäèðîâàíèÿ è ðàçðàáîòêà íîâûõ êâàíòîâûõ êîäîâ [14�16]. Âîçìîæíàÿ
ñòîéêîñòü Classic McEliece îòíîñèòåëüíî êâàíòîâûõ àòàê îáóñëîâèëà ðÿä èññëåäîâà-
íèé ïî êðèïòîàíàëèçó [17�19]. Ñ äðóãîé ñòîðîíû, äëÿ íàõîæäåíèÿ áîëåå íàä¼æíîãî
àëãîðèòìà ñóùåñòâåííîå âíèìàíèå óäåëÿåòñÿ àäàïòàöèè Classic McEliece ê íîâûì êî-
äàì [20�22]. Èñõîäÿ èç ýòîãî, âîçðîñëà âàæíîñòü äîïîëíèòåëüíîãî èññëåäîâàíèÿ âû-
÷èñëèòåëüíîé ñëîæíîñòè ïðîáëåìû äåêîäèðîâàíèÿ êàê â êëàññè÷åñêîì, òàê è â êâàí-
òîâîì ñëó÷àå. Äëÿ êâàíòîâîé ïðîáëåìû äåêîäèðîâàíèÿ ðàññìîòðåí ðÿä ôîðìóëèðî-
âîê, äëÿ êîòîðûõ ïîëó÷åíû ðåçóëüòàòû íå òîëüêî ïî NP-òðóäíîñòè [23�25], íî è ïî
#P-òðóäíîñòè [26, 27]. Çíà÷èòåëüíûé èíòåðåñ ïðîÿâëÿåòñÿ ê ïîèñêó ýôôåêòèâíûõ ìå-
òîäîâ ðåøåíèÿ ïðîáëåìû äåêîäèðîâàíèÿ. Ðàññìàòðèâàþòñÿ ðàçëè÷íûå ïîäõîäû ê ðå-
øåíèþ ïðîáëåìû äåêîäèðîâàíèÿ íå òîëüêî äëÿ êëàññè÷åñêèõ êîäîâ, íî è äëÿ êâàí-
òîâûõ [28�30]. Ñðåäè èñïîëüçóåìûõ ìåòîäîâ ìîæíî âûäåëèòü îáó÷åíèå ñ ïîäêðåï-
ëåíèåì [31, 32], ãëóáîêîå îáó÷åíèå [33] è ðàçëè÷íûå òèïû íåéðîííûõ ñåòåé [34, 35].
Â ÷àñòíîñòè, ìîæíî îòìåòèòü àêòèâíîå ïðèìåíåíèå ñâ¼ðòî÷íûõ ñåòåé [36, 37]. Ñëåäó-
åò îòìåòèòü, ÷òî ãèïîòåçà î òðóäíîñòè ðåøåíèÿ ïðîáëåìû äåêîäèðîâàíèÿ, òàê æå êàê
è ïðîáëåìû îáó÷åíèÿ ñ îøèáêàìè (LWE), èñïîëüçóåìîé äëÿ îáîñíîâàíèÿ íàä¼æíîñòè
êðèïòîãðàôè÷åñêèõ àëãîðèòìîâ íà ðåø¼òêàõ, ÿâëÿåòñÿ íåêîòîðûì ïðîòèâîïîñòàâëå-
íèåì ãèïîòåçå îá ýôôåêòèâíîñòè ìàøèííîãî îáó÷åíèÿ [38]. Ìíîãî÷èñëåííûå ïîïûòêè
ïðèìåíåíèÿ ìåòîäîâ ìàøèííîãî îáó÷åíèÿ äëÿ ðåøåíèÿ çàäà÷, ñâÿçàííûõ ñ äåêîäèðîâà-
íèåì, â çíà÷èòåëüíîé ìåðå îáóñëîâëåíû óâåðåííîñòüþ â íåäîñòàòî÷íîé îáîñíîâàííîñòè
òðóäíîñòè ïðîáëåìû äåêîäèðîâàíèÿ ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ, ÷òî íåîäíîêðàòíî
îòìå÷àëîñü èññëåäîâàòåëÿìè [39�41].

Íà ïðàêòèêå êàê â òåîðèè êîäèðîâàíèÿ, òàê è â êðèïòîãðàôèè îáû÷íî ïðåäïî-
ëàãàåòñÿ, ÷òî îøèáêà äîëæíà áûòü ñðàâíèòåëüíî ìàëà. Æåëàòåëüíî, ÷òîáû îíà áûëà
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ìåíüøå ìèíèìàëüíîãî ðàññòîÿíèÿ êîäà. Äëÿ èñïðàâëåíèÿ w îøèáîê íåîáõîäèìî ìèíè-
ìàëüíîå ðàññòîÿíèå 2w+1. Äëÿ ïðîáëåìû äåêîäèðîâàíèÿ NP-òðóäíîñòü âîçìîæíîñòè
äåêîäèðîâàíèÿ äîêàçàíà ëèøü äëÿ î÷åíü áîëüøèõ çíà÷åíèé îøèáêè, êîòîðûå íàâåð-
íÿêà íå âñòðåòÿòñÿ íà ïðàêòèêå.

Âîïðîñ î êîëè÷åñòâå âàðèàíòîâ äåêîäèðîâàíèÿ ÿâëÿåòñÿ ïðèíöèïèàëüíî âàæíûì
äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ. Îò åãî ðåøåíèÿ çàâèñèò êà÷åñòâî äåêîäèðîâàíèÿ ïîëó-
÷àòåëåì èíôîðìàöèè. Êðîìå òîãî, çàäà÷à âûÿñíåíèÿ êîëè÷åñòâà âàðèàíòîâ äåêîäèðî-
âàíèÿ âîçíèêàåò ïðè ïîèñêå âîçìîæíûõ êîëëèçèé, ÷òî äåëàåò å¼ âàæíîé ñ êðèïòîãðà-
ôè÷åñêîé òî÷êè çðåíèÿ. Îäíàêî êîëè÷åñòâåííûå âàðèàíòû ïðîáëåìû äåêîäèðîâàíèÿ
äàæå íå ðàññìàòðèâàëèñü. Â ÷àñòíîñòè, â îòëè÷èå îò êâàíòîâûõ êîäîâ, #P-òðóäíîñòü
äëÿ êëàññè÷åñêèõ äâîè÷íûõ êîäîâ íå äîêàçàíà. Ñëåäóåò îòìåòèòü, ÷òî òðóäíîñòü êî-
ëè÷åñòâåííûõ âåðñèé íå ñëåäóåò àâòîìàòè÷åñêè èç NP-òðóäíîñòè ïðîáëåìû. Èíòå-
ðåñíûì ïðèìåðîì ÿâëÿåòñÿ ïðîáëåìà NAESAT [42, ï. 9.2]. Ýòà ïðîáëåìà ÿâëÿåòñÿ
NP-ïîëíîé [42, òåîðåìà 9.3]. Âàðèàíò NAESAT, òðåáóþùèé âûÿñíèòü åäèíñòâåííîñòü
ðåøåíèÿ, ðàçðåøèì çà ïîëèíîìèàëüíîå âðåìÿ [43], à âàðèàíò NAESAT, òðåáóþùèé
íàéòè êîëè÷åñòâî ðåøåíèé, ÿâëÿåòñÿ #P-ïîëíîé ïðîáëåìîé [44].

Â äàííîé ðàáîòå äîêàçàíà âû÷èñëèòåëüíàÿ òðóäíîñòü âîïðîñà î êîëè÷åñòâå âàðè-
àíòîâ äåêîäèðîâàíèÿ.

1. Îñíîâíûå îïðåäåëåíèÿ
Äâóõýëåìåíòíîå ïîëå áóäåì îáîçíà÷àòü ÷åðåç Z2; âåñ Õýììèíãà wt(x) âåêòîðà

x ∈ Zn2 �êîëè÷åñòâî åãî íåíóëåâûõ êîîðäèíàò. Ðàññìîòðèì ôîðìàëüíîå îïðåäåëåíèå
ïðîáëåìû äåêîäèðîâàíèÿ ïî ïðèíöèïó ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ.

Maximum Likelihood Decoding (MLD)
Äàíî: Äâîè÷íàÿ (m× n)-ìàòðèöà H ∈ Zm×n2 , âåêòîð s ∈ Zm2 , ÷èñëî k ∈ N.
Âîïðîñ: Ñóùåñòâóåò ëè âåêòîð x ∈ Zn2 , òàêîé, ÷òî Hx = s è wt(x) ⩽ k?

Ñëåäóÿ [45], ïîäñ÷èòûâàþùåé ìàøèíîé Òüþðèíãà áóäåì íàçûâàòü ñòàíäàðòíóþ
íåäåòåðìèíèðîâàííóþ ìàøèíó Òüþðèíãà ñ äîïîëíèòåëüíîé ëåíòîé, ïðåäíàçíà÷åííîé
äëÿ ïå÷àòè â äâîè÷íîì âèäå êîëè÷åñòâà äîïóñòèìûõ âû÷èñëåíèé ýòîé ìàøèíû äëÿ
äàííîãî âõîäà. Ïóñòü ìàêñèìàëüíîå âðåìÿ äîïóñòèìîãî âû÷èñëåíèÿ íà âõîäàõ, ðàçìåð
êîòîðûõ íå ïðåâîñõîäèò n, ðàâíî t(n). Ïðåäïîëàãàåòñÿ, ÷òî ïîäñ÷èòûâàþùàÿ ìàøèíà
Òüþðèíãà â õóäøåì ñëó÷àå èìååò ñëîæíîñòü ïî âðåìåíè t(n). Òàêèì îáðàçîì, òðóäî-
¼ìêîñòü ãåíåðàöèè êîëè÷åñòâà äîïóñòèìûõ âû÷èñëåíèé íà äîïîëíèòåëüíîé ëåíòå íå
ó÷èòûâàåòñÿ.

Êëàññ #P ñîñòîèò èç âñåõ ôóíêöèé, êîòîðûå ìîãóò áûòü âû÷èñëåíû ïîäñ÷èòû-
âàþùåé ìàøèíîé Òüþðèíãà çà ïîëèíîìèàëüíîå âðåìÿ [45]. Êîëè÷åñòâåííàÿ âåðñèÿ
ïðîáëåìû MLD ìîæåò áûòü ñôîðìóëèðîâàíà ñëåäóþùèì îáðàçîì:

#MLD
Äàíî: Äâîè÷íàÿ (m× n)-ìàòðèöà H ∈ Zm×n2 , âåêòîð s ∈ Zm2 , ÷èñëî k ∈ N.
Íàéòè: Êîëè÷åñòâî ïîïàðíî ðàçëè÷íûõ âåêòîðîâ x ∈ Zn2 , òàêèõ, ÷òî Hx = s è

wt(x) ⩽ k.

Ñòàíäàðòíûé ïîäõîä ê äîêàçàòåëüñòâó #P-òðóäíîñòè íåêîòîðîé àëãîðèòìè÷åñêîé
ïðîáëåìû A çàêëþ÷àåòñÿ â ñâåäåíèè ê íåé íåêîòîðîé #P-ïîëíîé ïðîáëåìû B. Îäíàêî
â îòëè÷èå îò NP-òðóäíîñòè, êðîìå ïîëèíîìèàëüíîñòè ñâîäèìîñòè äîëæíî âûïîëíÿòü-
ñÿ òðåáîâàíèå ñîõðàíåíèÿ êîëè÷åñòâà ðåøåíèé [42]. Â íåêîòîðûõ ñëó÷àÿõ íåîáõîäèìî
áîëåå òî÷íîå îïðåäåëåíèå óñëîâèÿ, íàêëàäûâàåìîãî íà ïîëèíîìèàëüíóþ ñâîäèìîñòü.
Äëÿ ïðîèçâîëüíûõ èñõîäíûõ äàííûõ I àëãîðèòìè÷åñêîé ïðîáëåìû Π îáîçíà÷èì ÷å-
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ðåç #I êîëè÷åñòâî ðåøåíèé ïðîáëåìû Π íà âõîäå I. Ñëåäóÿ [46], ïîëèíîìèàëüíóþ
ñâîäèìîñòü R ïðîáëåìû Π1 ê ïðîáëåìå Π2 áóäåì íàçûâàòü ñëàáî ýêîíîìíîé, åñëè
ñóùåñòâóåò ïîëèíîìèàëüíî âû÷èñëèìàÿ ôóíêöèÿ fR, òàêàÿ, ÷òî äëÿ ëþáûõ âõîäîâ
I1 ∈ Π1 è I2 ∈ Π2, òàêèõ, ÷òî R(I1) = I2, èìååò ìåñòî ðàâåíñòâî #I1 = fR(I1)#I2.
Ïîëèíîìèàëüíàÿ ñâîäèìîñòü R ïðîáëåìû Π1 ê ïðîáëåìå Π2 íàçûâàåòñÿ ýêîíîìíîé,
åñëè äëÿ ëþáûõ âõîäîâ I1 ∈ Π1 è I2 ∈ Π2, òàêèõ, ÷òî R(I1) = I2, èìååò ìåñòî ðàâåíñòâî
#I1 = #I2.

2. Àíàëèç ïîëèíîìèàëüíûõ ñâîäèìîñòåé äëÿ ïðîáëåìû äåêîäèðîâàíèÿ
Ìíîãèå èçâåñòíûå ïîëèíîìèàëüíûå ñâåäåíèÿ ñîõðàíÿþò êîëè÷åñòâî ðåøåíèé.

Â ýòèõ ñëó÷àÿõ äîêàçàòåëüñòâî NP-òðóäíîñòè ÿâëÿåòñÿ è äîêàçàòåëüñòâîì #P-òðóä-
íîñòè [42]. Ïîýòîìó èìååò ñìûñë ïðîàíàëèçèðîâàòü èçâåñòíûå ïîëèíîìèàëüíûå ñâî-
äèìîñòè äëÿ ïðîáëåìû MLD.

Äîêàçàòåëüñòâî NP-òðóäíîñòè ïðîáëåìû MLD, ïðåäëîæåííîå â ðàáîòå [1], îñíî-
âàíî íà ïîëèíîìèàëüíîì ñâåäåíèè ïðîáëåìû ñóùåñòâîâàíèÿ òð¼õìåðíîãî ñî÷åòàíèÿ,
NP-òðóäíîñòü êîòîðîé äîêàçàíà â [47]. Ïðîáëåìà ñóùåñòâîâàíèÿ òð¼õìåðíîãî ñî÷åòà-
íèÿ ìîæåò áûòü ñôîðìóëèðîâàíà ñëåäóþùèì îáðàçîì.

3-Dimensional Matching (3DM)
Äàíî: Íàòóðàëüíîå ÷èñëî n ∈ N, ìíîæåñòâî T , òàêîå, ÷òî |T | = n, ñåìåéñòâî

òð¼õýëåìåíòíûõ ìíîæåñòâ U ⊆ T × T × T .
Âîïðîñ: Ñóùåñòâóåò ëè W ⊆ U , òàêîå, ÷òî |W | = n è íèêàêèå äâà ýëåìåíòà W íå

èìåþò îáùèõ êîìïîíåíò?

Ïðåäïîëîæèì, ÷òî T = {1, 2, . . . , n}, U = {S1, S2, . . . , Sm}. Ïîëèíîìèàëüíîå ñâå-
äåíèå ïðîáëåìû 3DM ê MLD îïðåäåëÿåò ìàòðèöà H ðàçìåðà m × 3n, òàêàÿ, ÷òî
Si = (a, b, c) òîãäà è òîëüêî òîãäà, êîãäà â i-é ñòðîêå ìàòðèöû H ðîâíî òðè åäèíèöû
è ýòè åäèíèöû ðàñïîëàãàþòñÿ â ñòîëáöàõ ñ íîìåðàìè a, b+ n, c+ 2n. Ñëåäóÿ ðàññóæ-
äåíèÿì [1], ëåãêî ïðîâåðèòü, ÷òî ñóììà ìåíåå ÷åì n ñòðîê íå äà¼ò âåêòîð, ñîñòîÿùèé
èç îäíèõ åäèíèö, à ñóììà n ñòðîê, äàþùàÿ âåêòîð, ñîñòîÿùèé èç îäíèõ åäèíèö, íàõî-
äèòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè ñ íåêîòîðûì ðåøåíèåì ïðîáëåìû 3DM.
Òàêèì îáðàçîì, ïîëèíîìèàëüíîå ñâåäåíèå ïðîáëåìû 3DM ê ïðîáëåìåMLD ñîõðàíÿåò
êîëè÷åñòâî ðåøåíèé. Ðàññìîòðèì òåïåðü ïîëèíîìèàëüíûå ñâåäåíèÿ ê ïðîáëåìå 3DM.

Â ðàáîòå [47] äîêàçàòåëüñòâî NP-òðóäíîñòè ïðîáëåìû 3DM ïðîâåäåíî ïîñëåäî-
âàòåëüíûì ïîëèíîìèàëüíûì ñâåäåíèåì îò ïðîáëåìû âûïîëíèìîñòè ÷åðåç ïðîáëåìû
3-âûïîëíèìîñòè, õðîìàòè÷åñêîãî ÷èñëà è òî÷íîãî ïîêðûòèÿ. Ïîÿâëåíèå ïðîáëåìû õðî-
ìàòè÷åñêîãî ÷èñëà â ïîñëåäîâàòåëüíîñòè ïîëèíîìèàëüíûõ ñâåäåíèé î÷åâèäíûì îáðà-
çîì äåëàåò ýòó ïîñëåäîâàòåëüíîñòü ñâåäåíèåì, íå ñîõðàíÿþùèì êîëè÷åñòâî ðåøåíèé,
ïîñêîëüêó âìåñòå ñ êàæäîé äîïóñòèìîé ðàñêðàñêîé ðåøåíèåì áóäåò è ëþáàÿ âçàèìíî
îäíîçíà÷íàÿ ïåðåñòàíîâêà öâåòîâ. Îäíàêî ãèïîòåòè÷åñêè ýòî ìîæíî îáîéòè àíàëîãè÷-
íî òîìó, êàê ýòî ñäåëàíî äëÿ ïðîáëåìû âû÷èñëåíèÿ ïåðìàíåíòà [42, òåîðåìà 18.3],
óñòàíàâëèâàÿ ñîîòâåòñòâèå ìåæäó êîëè÷åñòâîì ðåøåíèé t ïðîáëåìû 3-âûïîëíèìîñòè
è êîëè÷åñòâîì ðåøåíèé c!d ïðîáëåìû õðîìàòè÷åñêîãî ÷èñëà, ãäå c îáîçíà÷àåò êîëè÷å-
ñòâî öâåòîâ. Ïîýòîìó ìû îñòàíîâèìñÿ íà ïîëèíîìèàëüíîì ñâåäåíèè 3-âûïîëíèìîñòè
ê ïðîáëåìå õðîìàòè÷åñêîãî ÷èñëà áîëåå ïîäðîáíî. Ðàññìîòðèì ïðîáëåìû 3-âûïîëíè-
ìîñòè è õðîìàòè÷åñêîãî ÷èñëà â ôîðìóëèðîâêàõ, ñîîòâåòñòâóþùèõ ðàáîòå [47].
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SATisfiability with at most 3 literals per clause (⩽3SAT)

Äàíî: Áóëåâà ôóíêöèÿ f(x1, x2, . . . , xm) =
r∧
i=1

Di, ãäå äëÿ ëþáîãî 1 ⩽ i ⩽ r ôóíê-

öèÿ Di ÿâëÿåòñÿ äèçúþíêöèåé íå áîëåå òð¼õ ëèòåðàëîâ èç ìíîæåñòâà ïåðåìåííûõ è
èõ îòðèöàíèé {x1, x2, . . . , xm,¬x1,¬x2, . . . ,¬xm}.

Âîïðîñ: Ñóùåñòâóåò ëè íàáîð çíà÷åíèé ïåðåìåííûõ xj ∈ {0, 1}, 1 ⩽ j ⩽ m, òàêîé,
÷òî âûïîëíÿåòñÿ ðàâåíñòâî f(x1, x2, . . . , xm) = 1?

Chromatic Number (CN)
Äàíî: Ãðàô G = (V,E), çàäàííûé ìíîæåñòâîì âåðøèí V è ìíîæåñòâîì ð¼áåð E,

íàòóðàëüíîå ÷èñëî k ∈ N.
Âîïðîñ: Ñóùåñòâóåò ëè ôóíêöèÿ ϕ : N → {1, 2, . . . , k}, òàêàÿ, ÷òî ϕ(u) ̸= ϕ(v) äëÿ

ëþáîãî ðåáðà (u, v) ∈ E?

Â ïðåäïîëîæåíèè m ⩾ 4 â ðàáîòå [47] ïîëèíîìèàëüíîå ñâåäåíèå ïðîáëåìû ⩽3SAT
ê ïðîáëåìå CN çàäà¼òñÿ ñëåäóþùèìè ñîîòíîøåíèÿìè:

V = {x1, x2, . . . , xm, } ∪ {¬x1,¬x2, . . . ,¬xm} ∪ {v1, v2, . . . , vm} ∪ {D1, D2, . . . , Dr},
E = {(xi,¬xi) : 1 ⩽ i ⩽ m}∪

∪{(vi, vj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ m, i ̸= j}∪
∪{(vi, xj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ m, i ̸= j}∪
∪{(vi,¬xj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ m, i ̸= j}∪
∪{(xi, Dj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ r, xi /∈ Dj}∪
∪{(¬xi, Dj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ r, ¬xi /∈ Dj},

k = m+ 1.

Âêëþ÷åíèå {(vi, vj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ m, i ̸= j} ⊂ E ãàðàíòèðóåò, ÷òî ϕ(vi) ̸= ϕ(vj)
äëÿ âñåõ 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ m, i ̸= j. Òàê êàê çíà÷åíèÿ ôóíêöèè ϕ äëÿ âñåõ âåðøèí èç
ìíîæåñòâà {v1, v2, . . . , vm} ïîïàðíî ðàçëè÷íû è k = m+1, èìååòñÿ ëèøü îäíî çíà÷åíèå
ôóíêöèè ϕ, òàêîå, ÷òî îíî íå ÿâëÿåòñÿ ýëåìåíòîì ìíîæåñòâà {ϕ(v1), ϕ(v2), . . . , ϕ(vm)}.
Îáîçíà÷èì ýòî çíà÷åíèå ÷åðåç a. Âêëþ÷åíèå

{(vi, xj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ m, i ̸= j} ∪ {(vi,¬xj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ m, i ̸= j} ⊂ E

ãàðàíòèðóåò, ÷òî äëÿ âñåõ 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ m, i ̸= j âûïîëíÿåòñÿ ϕ(vi) ̸= ϕ(xj) è
ϕ(vi) ̸= ϕ(¬xj). Ïîýòîìó ϕ(xj) ∈ {ϕ(vj), a} è ϕ(¬xj) ∈ {ϕ(vj), a} äëÿ âñåõ 1 ⩽ j ⩽ m.

Èç âêëþ÷åíèÿ {(xi,¬xi) : 1 ⩽ i ⩽ m} ⊂ E ïîëó÷àåì {ϕ(xj), ϕ(¬xj)} = {ϕ(vj), a} äëÿ
âñåõ 1 ⩽ j ⩽ m. Ïîñêîëüêó m ⩾ 4 è äèçúþíêöèè ñîäåðæàò íå áîëåå òð¼õ ëèòåðàëîâ,
äëÿ ëþáîãî i íàéä¼òñÿ òàêîå j, ÷òî xj /∈ Di è ¬xj /∈ Di. Òîãäà èç óñëîâèÿ

{(xi, Dj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ r, xi /∈Dj} ∪ {(¬xi, Dj) : 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ r,¬xi /∈Dj} ⊂ E

ïîëó÷èì, ÷òî ϕ(Di) ̸= a äëÿ âñåõ 1 ⩽ i ⩽ r. Êðîìå òîãî, îòñþäà æå ñëåäóåò, ÷òî

ϕ(Di) ∈ {ϕ(vj) : xj ∈ Di, 1 ⩽ j ⩽ m} ∪ {ϕ(vj) : ¬xj ∈ Di, 1 ⩽ j ⩽ m}

äëÿ âñåõ 1 ⩽ i ⩽ r. Òàêèì îáðàçîì, ôóíêöèÿ ϕ : N → {1, 2, . . . , k}, òàêàÿ, ÷òî
ϕ(u) ̸= ϕ(v) äëÿ ëþáîãî ðåáðà (u, v) ∈ E, ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà äëÿ
ëþáîé äèçúþíêöèè íàéä¼òñÿ ëèòåðàë w ñ óñëîâèåì ϕ(w) ̸= a. Ìû ìîæåì èíòåðïðåòè-
ðîâàòü a êàê 0, ðàññìàòðèâàÿ âñå ýëåìåíòû ìíîæåñòâà {ϕ(v1), ϕ(v2), . . . , ϕ(vm)} êàê 1.
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Ýòî ïîçâîëÿåò óáåäèòüñÿ â òîì, ÷òî äàííîå ïîëèíîìèàëüíîå ñâåäåíèå íå ñîõðàíÿåò êî-
ëè÷åñòâî ðåøåíèé. Â ÷àñòíîñòè, çíà÷åíèå ϕ(Di) ìîæåò ñîâïàäàòü ñî çíà÷åíèåì ϕ äëÿ
ëþáîãî èñòèííîãî ëèòåðàëà èç äèçúþíêöèè Di.

Êðîìå äîêàçàòåëüñòâàNP-òðóäíîñòè ïðîáëåìû 3DM, ïðåäëîæåííîãî â ðàáîòå [47],
èìååòñÿ äîêàçàòåëüñòâî, ïðèâåä¼ííîå â [42, 48], ÷åðåç ïîëèíîìèàëüíîå ñâåäåíèå ñòàí-
äàðòíîé âåðñèè ïðîáëåìû 3-âûïîëíèìîñòè, ïðåäïîëàãàþùåé íàëè÷èå ðîâíî òð¼õ ëèòå-
ðàëîâ â êàæäîé äèçúþíêöèè. Îäíàêî ýòî ïîëèíîìèàëüíîå ñâåäåíèå òîæå íå ñîõðàíÿåò
êîëè÷åñòâî ðåøåíèé. Â ÷àñòíîñòè, â îáîçíà÷åíèÿõ [48, òåîðåìà 3.2] êàæäîé äèçúþíê-
öèè cj ñîîòâåòñòâóåò ìíîæåñòâî

Cj = {(ui[j], s1[j], s2[j]) : ui ∈ cj} ∪ {(ui[j], s1[j], s2[j]) : (ui ∈ cj}.

Èç ýòîãî ìíîæåñòâà â òð¼õìåðíîå ñî÷åòàíèå M ′ ìîæíî âûáðàòü ëþáîé ýëåìåíò, ñî-
îòâåòñòâóþùèé èñòèííîìó ëèòåðàëó, ÷òî ïîçâîëÿåò ïî îäíîìó ðåøåíèþ ïðîáëåìû
3-âûïîëíèìîñòè ïîñòðîèòü íåñêîëüêî ðàçëè÷íûõ òð¼õìåðíûõ ñî÷åòàíèé.

Ìû óáåäèëèñü â òîì, ÷òî èìåþùèåñÿ äëÿ ïðîáëåìû 3DM ñâîäèìîñòè íå ïîäõîäÿò
äëÿ äîêàçàòåëüñòâà #P-òðóäíîñòè ïðîáëåìû #MLD. Îäíàêî ñâîäèìîñòü, ïîñòðîåí-
íóþ â ðàáîòå [1], íåñëîæíî àäàïòèðîâàòü äëÿ ïðîáëåìû ñîâåðøåííîãî ïàðîñî÷åòàíèÿ
äëÿ äâóäîëüíîãî ãðàôà. Ðàññìîòðèì íåñêîëüêî áîëåå îáùèé ïîäõîä, óñòàíîâèâ ñâîäè-
ìîñòü äëÿ ïðîèçâîëüíîãî ãðàôà.

Perfect Matching (PM)
Äàíî: Ãðàô G = (V,E), çàäàííûé ìíîæåñòâîì âåðøèí V è ìíîæåñòâîì ð¼áåð E.
Âîïðîñ: Ñóùåñòâóåò ëè M ⊆ E, òàêîå, ÷òî êàæäàÿ âåðøèíà ãðàôà G èíöèäåíòíà

ðîâíî îäíîìó ðåáðó èç ìíîæåñòâà M?

Òåîðåìà 1. Ñóùåñòâóåò ýêîíîìíàÿ ñâîäèìîñòü ïðîáëåìû PM ê ïðîáëåìå MLD.

Äîêàçàòåëüñòâî. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæåì ïîëàãàòü, ÷òî ãðàô èìå-
åò ÷¼òíîå êîëè÷åñòâî âåðøèí. Ðàññìîòðèì ãðàô G = (V,E), çàäàííûé ìíîæåñòâîì
âåðøèí V = {v1, v2, . . . , vn} è ìíîæåñòâîì ð¼áåð E = {e1, e2, . . . , em}. Äëÿ ãðàôà G ðàñ-
ñìîòðèì äâîè÷íóþ ìàòðèöó H ðàçìåðà m×n, òàêóþ, ÷òî å¼ ýëåìåíò hi,j ðàâåí åäèíèöå
òîãäà è òîëüêî òîãäà, êîãäà âåðøèíà vj èíöèäåíòíà ðåáðó ei. Ïóñòü k = n/2. Áóäåì
ïîëàãàòü, ÷òî âåêòîð s ñîñòîèò èç îäíèõ åäèíèö. Ëåãêî ïîíÿòü, ÷òî âåêòîð x ∈ Zn2 ,
òàêîé, ÷òî Hx = s è wt(x) ⩽ k, ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà â ãðàôå G
ñóùåñòâóåò ñîâåðøåííîå ïàðîñî÷åòàíèå, ò. å. òàêîå ïîäìíîæåñòâî M ⊆ E, ÷òî êàæäàÿ
âåðøèíà ãðàôà G èíöèäåíòíà ðîâíî îäíîìó ðåáðó èç ìíîæåñòâà M . Áîëåå òîãî, ð¼áðà
ìíîæåñòâàM è åäèíèöû âåêòîðà x íàõîäÿòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè.

Â ðàáîòå [45] äîêàçàíî, ÷òî ïðîáëåìà âû÷èñëåíèÿ ïåðìàíåíòà äâîè÷íîé ìàòðèöû
ÿâëÿåòñÿ #P-ïîëíîé îòíîñèòåëüíî ïîëèíîìèàëüíîé ñâîäèìîñòè. Ïîñêîëüêó çíà÷åíèå
ïåðìàíåíòà äâîè÷íîé ìàòðèöû ðàâíî êîëè÷åñòâó ñîâåðøåííûõ ïàðîñî÷åòàíèé â äâó-
äîëüíîì ãðàôå, çàäàííîì ýòîé ìàòðèöåé, èç òåîðåìû 1 è ðåçóëüòàòà [45] âûòåêàåò

Ñëåäñòâèå 1. Ïðîáëåìà #MLD ÿâëÿåòñÿ #P-ïîëíîé îòíîñèòåëüíî ïîëèíîìè-
àëüíîé ñâîäèìîñòè.

Êðîìå ïîëèíîìèàëüíîãî ñâåäåíèÿ, ïðåäëîæåííîãî â [1], ñóùåñòâóåò åù¼ îäèí ïîä-
õîä ê îáîñíîâàíèþ NP-òðóäíîñòè ïðîáëåìû MLD. Îí îñíîâàí íà èñïîëüçîâàíèè
NP-òðóäíîñòè ïðîáëåìû ñóùåñòâîâàíèÿ ìàêñèìàëüíîãî ðàçðåçà, êîòîðàÿ ìîæåò áûòü
ñôîðìóëèðîâàíà ñëåäóþùèì îáðàçîì [39, 42].
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Simple Max Cut (SMC)
Äàíî: Íàòóðàëüíîå ÷èñëî n ∈ N, ãðàô G = (V,E).
Âîïðîñ: Ñóùåñòâóåò ëè òàêîå ìíîæåñòâî âåðøèí W ⊆ V , ÷òî |F | ⩾ n, ãäå F =

= {(u, v) : u ∈ W, v ∈ V \W}?
NP-ïîëíîòà ïðîáëåìû SMC äîêàçàíà â ðàáîòå [49] (ñì. òàêæå [42, òåîðåìà 9.5]).

Â [50] ïðåäëîæåí ïîäõîä ê ïîñòðîåíèþ êîäîâ ïî ãðàôàì. Â [39] óêàçàíî, ÷òî ïðîáëå-
ìà MLD ÿâëÿåòñÿ NP-ïîëíîé, è ýòî ìîæíî äîêàçàòü, èñïîëüçóÿ ìàòðèöó ñìåæíîñòè
ãðàôà è âåêòîð, ñîñòîÿùèé èç îäíèõ åäèíèö [39, ïðåäëîæåíèå 1]. Èäåÿ [39] ïîëó÷èëà
ïîääåðæêó èññëåäîâàòåëåé (ñì., íàïðèìåð, [51]). Êðîìå òîãî, íà îñíîâå NP-ïîëíîòû
ïðîáëåìû SMC ïðåäëîæåí ðÿä ïîäõîäîâ ê ïîëó÷åíèþ àëüòåðíàòèâíûõ äîêàçàòåëüñòâ
NP-òðóäíîñòè ïðîáëåìûMLD ÷åðåç ïðîìåæóòî÷íûå ñâåäåíèÿ [52, 53]. Îäíàêî ïîäõîä,
ïðåäëîæåííûé â [39], áåç íåêîòîðîé äîðàáîòêè èñïîëüçîâàòü íåëüçÿ. Íàïðèìåð, ìîæíî
ðàññìîòðåòü ïîëíûé òð¼õâåðøèííûé ãðàô K3. Î÷åâèäíî, ÷òî äëÿ K3 ìàêñèìàëüíûé
ðàçðåç ðàâåí 2. Â òî æå âðåìÿ ãðàô K3 ìîæíî ïðåäñòàâèòü â âèäå

K3 = (V,E), V = {a1, a2, a3}, E = {b1, b2, b3},
b1 = (a1, a2), b2 = (a1, a3), b3 = (a2, a3).

Â ýòîì ñëó÷àå ñòðîêè ìàòðèöû H èìåþò âèä (1, 1, 0), (1, 0, 1), (0, 1, 1). Ìàòðè÷íîå óðàâ-
íåíèå Hx = s äëÿ âåêòîðà s, ñîñòîÿùåãî èç îäíèõ åäèíèö, ðàâíîñèëüíî ñèñòåìå óðàâ-
íåíèé 

x1 + x2 = 1,

x1 + x3 = 1,

x2 + x3 = 1,

êîòîðàÿ, î÷åâèäíî, íå èìååò ðåøåíèé. Àíàëîãè÷íàÿ ñèòóàöèÿ èìååò ìåñòî äëÿ ëþáîãî
ãðàôà, íå ÿâëÿþùåãîñÿ äâóäîëüíûì, à äëÿ äâóäîëüíûõ ãðàôîâ ìàêñèìàëüíûé ðàçðåç
âñåãäà ðàâåí êîëè÷åñòâó ð¼áåð ãðàôà, ÷òî òðèâèàëüíî âëå÷¼ò ðàçðåøèìîñòü ïðîáëåìû
SMC äëÿ äâóäîëüíûõ ãðàôîâ çà ëèíåéíîå âðåìÿ.

Íåïîñðåäñòâåííîå ïðèìåíåíèå ïîäõîäà èç [39] ïîçâîëÿåò ïîëó÷èòü àëüòåðíàòèâíîå
äîêàçàòåëüñòâî NP-òðóäíîñòè èçâåñòíîé ïðîáëåìû ñóùåñòâîâàíèÿ áëèæàéøåãî êîäî-
âîãî ñëîâà, êîòîðóþ ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì [54, 55].

Nearest codeword (NC)
Äàíî: Äâîè÷íàÿ ìàòðèöà H ∈ Zm×n2 , âåêòîð s ∈ Zm2 , ÷èñëî k ∈ N.
Âîïðîñ: Ñóùåñòâóåò ëè âåêòîð òàêîé x ∈ Zn2 , ÷òî wt(Hx+ s) ⩽ k?

3. Ïîëèíîìèàëüíàÿ ñâîäèìîñòü äëÿ ïðîáëåìû ìàêñèìàëüíîãî ðàçðåçà
Ïðîáëåìà MLD àêòèâíî èñïîëüçóåòñÿ â êðèïòîãðàôè÷åñêèõ öåëÿõ. Â ÷àñòíîñòè,

áîëüøîå êîëè÷åñòâî êðèïòîãðàôè÷åñêèõ àëãîðèòìîâ ïîñòðîåíî íà îñíîâå ñõåìû [2].
Îäíàêî ïîëèíîìèàëüíàÿ ñâîäèìîñòü, óñòàíîâëåííàÿ â [1], ãàðàíòèðóåò òðóäíîñòü ïðî-
áëåìû MLD ëèøü äëÿ èñõîäíûõ äàííûõ, êîòîðûå íå ìîãóò áûòü èñïîëüçîâàíû íà
ïðàêòèêå. Ïîýòîìó ïðåäñòàâëÿåò çíà÷èòåëüíûé ïðàêòè÷åñêèé èíòåðåñ íàõîæäåíèå
àëüòåðíàòèâíûõ äîêàçàòåëüñòâ NP-òðóäíîñòè ïðîáëåìû MLD. Ó÷èòûâàÿ ñóùåñòâåí-
íîå âíèìàíèå ê èñïîëüçîâàíèþ ïðîáëåìû SMC äëÿ îáîñíîâàíèÿ òðóäíîñòè ïðîáëåìû
MLD, óñòàíîâèì êîððåêòíîñòü ïîëèíîìèàëüíîé ñâîäèìîñòè ïðîáëåìû SMC ê ïðîáëå-
ìå MLD.

Äëÿ ïðîèçâîëüíîãî àëôàâèòà Σ îáîçíà÷èì ÷åðåç Σn, ãäå n ∈ N, ìíîæåñòâî âñåâîç-
ìîæíûõ ñëîâ äëèíû n â àëôàâèòå Σ. Îáîçíà÷èì ÷åðåç 0n è 1n, ãäå n ∈ N, åäèíñòâåííûå
ýëåìåíòû ìíîæåñòâ {0}n è {1}n ñîîòâåòñòâåííî.
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Ðàññìîòðèì ãðàô G = (V,E) áåç ïåòåëü è êðàòíûõ ð¼áåð, çàäàííûé ìíîæåñòâîì
âåðøèí V = {v1, v2, . . . , vp} è ìíîæåñòâîì ð¼áåð E = {e1, e2, . . . , eq}. Êàæäîé âåðøèíå vi
ïîñòàâèì â ñîîòâåòñòâèå ñëîâî hi ∈ {0, 1}(p+1)q. Ïóñòü äëÿ ëþáîãî 1 ⩽ i ⩽ p ñëîâî hi
èìååò âèä hi = ai,1ai,2 . . . ai,q, ãäå ai,j = 1p+1, åñëè ej = (vi, vk) äëÿ íåêîòîðîãî k ∈
∈ {1, . . . , p}, è ai,j = 0p+1, åñëè ej ̸= (vi, vk) äëÿ ëþáîãî k ∈ {1, . . . , p}. Îïðåäåëèì
ñëîâî

hi = hi,1hi,2 . . . hi,(p+1)q ∈ {0, 1}(p+1)q

äëÿ ëþáîãî p+ 1 ⩽ i ⩽ p+ (p+ 1)q, ïîëàãàÿ

hi,j =

{
1, j = i− p, 1 ⩽ j ⩽ (p+ 1)q,

0, j ̸= i− p, 1 ⩽ j ⩽ (p+ 1)q.
(1)

Ïóñòü âåêòîð s ñîñòîèò èç îäíèõ åäèíèö, m = p+(p+1)q, n = (p+1)q. Ñ ïîìîùüþ ñëîâ
hi, 1 ⩽ i ⩽ m, îïðåäåëèì ìàòðèöó H ðàçìåðà m× n, ãäå i-ÿ ñòðîêà ìàòðèöû H ðàâíà
ñëîâó hi äëÿ ëþáîãî 1 ⩽ i ⩽ m. Çàìåòèì, ÷òî ïîäìàòðèöà ðàçìåðà n× n ìàòðèöû H,
ñîñòîÿùàÿ èç ñòðîê hl, ãäå p+1 ⩽ l ⩽ m, â ñèëó ñîîòíîøåíèÿ (1) ÿâëÿåòñÿ åäèíè÷íîé.

Ïîêàæåì, ÷òî ìàêñèìàëüíûé ðàçðåç ãðàôà G íå ìåíüøå r òîãäà è òîëüêî òîãäà,
êîãäà ñóùåñòâóåò òàêîé âåêòîð x ∈ Zn2 , ÷òî Hx = s è wt(x) ⩽ k, ãäå k = p+(q−r)(p+1).

Äîïóñòèì, ÷òî ìàêñèìàëüíûé ðàçðåç ãðàôà G ðàâåí r. Áåç îãðàíè÷åíèÿ îáùíîñòè
ìîæíî ñ÷èòàòü, ÷òî r > 0. Òîãäà ñóùåñòâóåò ðàçáèåíèå V = V1 ∪ V2 íà íåïóñòûå
ïîäìíîæåñòâà V1 è V2, òàêèå, ÷òî

|{(u, v) : u ∈ V1, v ∈ V2, (u, v) ∈ E}| ⩾ r. (2)

Êàæäîìó ðåáðó et = (vi, vj) ∈ E, 1 ⩽ t ⩽ q, ïîñòàâèì â ñîîòâåòñòâèå íàáîð ñòîëáöîâ
ìàòðèöû H ñ íîìåðàìè îò (t − 1)(p + 1) + 1 äî (t − 1)(p + 1) + p + 1. Â êàæäîì èç
ýòèõ ñòîëáöîâ ðîâíî òðè åäèíèöû: äâå åäèíèöû â ïåðâûõ p ñòðîêàõ ñòîëáöà (ïî îäíîé
íà êàæäóþ âåðøèíó ðåáðà et), ÷òî ñëåäóåò èç îïðåäåëåíèÿ ñëîâ hl ïðè 1 ⩽ l ⩽ p, è
îäíà åäèíèöà â ïîñëåäíèõ n ñòðîêàõ â ñèëó åäèíè÷íîñòè ïîäìàòðèöû, ñîñòîÿùåé èç
ñòðîê hl, ãäå p + 1 ⩽ l ⩽ m. Ýòè åäèíèöû ðàñïîëîæåíû â ñòðîêàõ ñ íîìåðàìè i, j,
l + p, ãäå l�íîìåð ñòîëáöà. Ïîýòîìó â i-é ñòðîêå, ñîîòâåòñòâóþùåé âåðøèíå vi, äëÿ
êàæäîãî èíöèäåíòíîãî âåðøèíå vi ∈ V1 ðåáðà et èìååòñÿ ãðóïïà èç p+1 åäèíèö â òàêèõ
ñòîëáöàõ, ÷òî âñå îñòàëüíûå ñòðîêè, ñîîòâåòñòâóþùèå âåðøèíàì èç V1, èìåþò â ýòèõ
ñòîëáöàõ íóëè. Îòñþäà è èç íåðàâåíñòâà (2) ïîëó÷àåì ñîîòíîøåíèå

wt

( ∑
vi∈V1

hi

)
⩾ r(p+ 1). (3)

Èç íåðàâåíñòâà (3) î÷åâèäíûì îáðàçîì ñëåäóåò, ÷òî âåêòîð∑
vi∈V1

hi (4)

èìååò íå áîëåå n−r(p+1) íóëåâûõ êîîðäèíàò. Îáîçíà÷èì ÷åðåç N ìíîæåñòâî íóëåâûõ
êîîðäèíàò âåêòîðà (4). Ïî îïðåäåëåíèþ âåêòîðà s èç (1) ïîëó÷àåì ðàâåíñòâî∑

vi∈V1
hi +

∑
j−p∈N

hj = s. (5)

Ðàññìîòðèì âåêòîð
x = (x1, x2, . . . , xn)

T, (6)
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òàêîé, ÷òî äëÿ ëþáîãî i, 1 ⩽ i ⩽ n, ðàâåíñòâî xi = 1 âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà,
êîãäà vi ∈ V1 èëè i− p ∈ N . Çàìåòèì, ÷òî ñîîòíîøåíèå i− p ∈ N ãèïîòåòè÷åñêè ìîæåò
âûïîëíÿòüñÿ ëèøü ïðè i ⩾ p+ 1. Ïî îïðåäåëåíèþ ìàòðèöû H ïîëó÷àåì ðàâåíñòâî

Hx =
∑
vi∈V1

hi +
∑

j−p∈N
hj. (7)

Èç (5) è (7) ïîëó÷àåì ðàâåíñòâî Hx = s. Ïî îïðåäåëåíèþ âåêòîðà x èìååò ìåñòî

wt(x) = |V1|+ |N |. (8)

Ïîñêîëüêó âåêòîð (4) èìååò íå áîëåå n− r(p+ 1) íóëåâûõ êîîðäèíàò, ïî îïðåäåëåíèþ
ìíîæåñòâà N äîëæíî âûïîëíÿòüñÿ íåðàâåíñòâî

|N | ⩽ n− r(p+ 1). (9)

Ìîùíîñòü ìíîæåñòâà V1 íå ïðåâîñõîäèò ìîùíîñòè ìíîæåñòâà âñåõ âåðøèí ãðàôà G.
Ïîýòîìó èç ñîîòíîøåíèé (8) è (9) ñëåäóåò íåðàâåíñòâî wt(x) ⩽ p + n − r(p + 1). Òàê
êàê n = (p+ 1)q, wt(x) ⩽ p+ (p+ 1)q− r(p+ 1) = p+ (q− r)(p+ 1), ÷òî è òðåáîâàëîñü.

Ïðåäïîëîæèì òåïåðü, ÷òî ñóùåñòâóåò âåêòîð (6), òàêîé, ÷òî Hx = s è

wt(x) ⩽ p+ (q − r)(p+ 1). (10)

Ïóñòü
P = {i : xi = 1, i ⩽ p}, Q = {i : xi = 1, i > p}. (11)

Èç (11) ïî îïðåäåëåíèþ ìàòðèöû H ïîëó÷àåì ðàâåíñòâî

Hx =
∑
i∈P

hi +
∑
j∈Q

hj.

Ïî ïðåäïîëîæåíèþ Hx = s, ïîýòîìó s =
∑
i∈P

hi +
∑
j∈Q

hj. Îòñþäà ïî îïðåäåëåíèþ âåê-

òîðà s ïîëó÷àåì ñîîòíîøåíèå

wt

(∑
i∈P

hi +
∑
j∈Q

hj

)
= (p+ 1)q. (12)

Ïî îïðåäåëåíèþ ðàññòîÿíèÿ Õýììèíãà âûïîëíÿåòñÿ íåðàâåíñòâî

wt

(∑
i∈P

hi +
∑
j∈Q

hj

)
⩽ wt

(∑
i∈P

hi

)
+ wt

(∑
j∈Q

hj

)
. (13)

Ïî îïðåäåëåíèþ ìàòðèöû H èç (11) ïîëó÷àåì

wt

(∑
j∈Q

hj

)
= |Q|. (14)

Èç ñîîòíîøåíèé (6), (11) è (14) ñëåäóåò, ÷òî wt
( ∑
j∈Q

hj

)
⩽ wt(x). Îòñþäà ïî ïðåäïî-

ëîæåíèþ (10) ïîëó÷àåì

wt

(∑
j∈Q

hj

)
⩽ p+ (q − r)(p+ 1). (15)
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Èç ñîîòíîøåíèé (12) è (13) î÷åâèäíûì îáðàçîì ñëåäóåò, ÷òî

(p+ 1)q ⩽ wt

(∑
i∈P

hi

)
+ wt

(∑
j∈Q

hj

)
. (16)

Èç (15) è (16) ìîæíî ïîëó÷èòü íåðàâåíñòâî

(p+ 1)q ⩽ wt

(∑
i∈P

hi

)
+ p+ (q − r)(p+ 1). (17)

Ñîîòíîøåíèå (17) ðàâíîñèëüíî íåðàâåíñòâó

(r − 1)(p+ 1) + 1 ⩽ wt

(∑
i∈P

hi

)
. (18)

Ìíîæåñòâî P çàäàåò ìíîæåñòâî âåðøèí V (P ) = {vi : i ∈ P}, êîòîðîå îïðåäåëÿåò
íåêîòîðûé ðàçðåç E ′ ⊆ E ãðàôà G. Ïóñòü

∑
i∈P

hi = (a1, a2, . . . , a(p+1)q). Ëåãêî ïîíÿòü,

÷òî äëÿ ïðîèçâîëüíîãî t, 1 ⩽ t ⩽ q, âûïîëíèìîñòü ðàâåíñòâà aj = 1 äëÿ êàêîãî-ëèáî j,
óäîâëåòâîðÿþùåãî óñëîâèþ

(t− 1)(p+ 1) + 1 ⩽ j ⩽ (t− 1)(p+ 1) + p+ 1,

ðàâíîñèëüíà òîìó, ÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå et ∈ E ′ è ðàâåíñòâî ai = 1 èìååò
ìåñòî äëÿ âñåõ i, äëÿ êîòîðûõ ñïðàâåäëèâî

(t− 1)(p+ 1) + 1 ⩽ i ⩽ (t− 1)(p+ 1) + p+ 1,

ò. å. â âåêòîðå (a1, a2, . . . , a(p+1)q) âñå åäèíè÷íûå êîîðäèíàòû ðàçáèâàþòñÿ íà íåïåðåñå-
êàþùèåñÿ ãðóïïû, êàæäàÿ èç êîòîðûõ ñîñòîèò èç p + 1 åäèíèö è ñîîòâåòñòâóåò íåêî-

òîðîìó ðåáðó et èç ìíîæåñòâà E
′. Ñëåäîâàòåëüíî, wt

(∑
i∈P

hi

)
= (p + 1)|E ′|. Ïîýòîìó

èç íåðàâåíñòâà (18) ñëåäóåò òðåáóåìîå ñîîòíîøåíèå |E ′| ⩾ r.
Òàêèì îáðàçîì, ìû óñòàíîâèëè ïîëèíîìèàëüíóþ ñâîäèìîñòü ïðîáëåìû SMC ê ïðî-

áëåìåMLD. Îäíàêî ïîëó÷åííîå ñâåäåíèå íå ñîõðàíÿåò êîëè÷åñòâî ðåøåíèé, ïîñêîëüêó
äëÿ ôèêñèðîâàííîãî ðàçðåçà êàæäîå ðàçáèåíèå V = V1 ∪ V2 îïðåäåëÿåò äâà âåêòîðà x,
à êîëè÷åñòâî òàêèõ ðàçáèåíèé ñóùåñòâåííî çàâèñèò îò ñâîéñòâ ðàçðåçà. Áîëåå òîãî, ÿñ-
íî, ÷òî íèêàêàÿ ïîëèíîìèàëüíàÿ ñâîäèìîñòü, ðàçâèâàþùàÿ ïðåäëîæåííóþ â [39] èäåþ
êîäèðîâàíèÿ âåêòîðîâ âåðøèíàìè ãðàôà, íå áóäåò ñîõðàíÿòü êîëè÷åñòâî ðåøåíèé.

4. Êîëè÷åñòâåííàÿ âåðñèÿ ïðîáëåìû ìàêñèìàëüíîãî ðàçðåçà
Äëÿ êîëè÷åñòâåííîãî âàðèàíòà ïðîáëåìû SMC, ïîæàëóé, íàèáîëåå åñòåñòâåííî

ðàññìàòðèâàòü òðåáîâàíèå íàõîæäåíèÿ êîëè÷åñòâà ðàçðåçîâ. Îäíàêî íàñ èíòåðåñóåò
äðóãàÿ âåðñèÿ ïðîáëåìû.

#SMC
Äàíî: Íàòóðàëüíîå ÷èñëî n ∈ N, ãðàô G = (V,E).
Íàéòè:Êîëè÷åñòâî ìíîæåñòâ âåðøèíW ⊆ V , òàêèõ, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

|F | ⩾ n, ãäå F = {(u, v) : (u, v) ∈ E, u ∈ W, v ∈ V \W}.
Íåòðóäíî óáåäèòüñÿ, ÷òî ïîëèíîìèàëüíàÿ ñâîäèìîñòü ïðîáëåìû NAESAT ê ïðî-

áëåìå SMC [42, òåîðåìà 9.5] ÿâëÿåòñÿ ñëàáî ýêîíîìíîé ñâîäèìîñòüþ ïðîáëåìû
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#NAESAT ê ïðîáëåìå #SMC. Â ÷àñòíîñòè, äëÿ ëþáîãî ðåøåíèÿ ïðîáëåìû
#NAESAT ìû ïîëó÷àåì ðîâíî äâà ðåøåíèÿ ïðîáëåìû #SMC: W è V \ W .
Ñ ó÷¼òîì òðèâèàëüíîé ïðèíàäëåæíîñòè ïðîáëåìû #SMC êëàññó #P îòñþäà è èç
#P-ïîëíîòû ïðîáëåìû #NAESAT îòíîñèòåëüíî ñëàáî ýêîíîìíîé ñâîäèìîñòè [44] âû-
òåêàåò #P-ïîëíîòà ïðîáëåìû #SMC îòíîñèòåëüíî ñëàáî ýêîíîìíîé ñâîäèìîñòè.

Ëåãêî ïðîâåðèòü, ÷òî ïîëèíîìèàëüíàÿ ñâîäèìîñòü ïðîáëåìû SMC ê ïðîáëåìå
MLD, ðàññìîòðåííàÿ â ï. 3, ÿâëÿåòñÿ ýêîíîìíîé ñâîäèìîñòüþ ïðîáëåìû #SMC ê ïðî-
áëåìå #MLD: êàæäîìó ìíîæåñòâó âåðøèíW , çàäàþùåìó ðàçðåç, ñîîòâåòñòâóåò åäèí-
ñòâåííûé âåêòîð x, è íàîáîðîò. Ïîñêîëüêó ïðèíàäëåæíîñòü ïðîáëåìû #MLD êëàñ-
ñó #P î÷åâèäíà, îòñþäà è èç #P-ïîëíîòû ïðîáëåìû #SMC âûòåêàåò

Òåîðåìà 2. Ïðîáëåìà #MLD ÿâëÿåòñÿ #P-ïîëíîé îòíîñèòåëüíî ñëàáî ýêîíîì-
íîé ñâîäèìîñòè.

5. Ïîëíûå ïðîáëåìû äëÿ ðàçëè÷íûõ êëàññîâ êîëè÷åñòâåííûõ ïðîáëåì
Ñîâðåìåííàÿ òåîðèÿ êâàíòîâûõ âû÷èñëåíèé àññîöèèðóåò ýôôåêòèâíóþ âû÷èñëè-

ìîñòü ñ êâàíòîâîé ìàøèíîé Òüþðèíãà è ðàññìàòðèâàåò êëàññ BQP êàê êëàññ ýô-
ôåêòèâíî ðåøàåìûõ çàäà÷ [56, 57]. Òî÷íîå ñîîòíîøåíèå êëàññà BQP ñ êëàññè÷åñêèìè
êëàññàìè P, NP è PSPACE ïîêà íå âûÿñíåíî. Îäíàêî ãîñïîäñòâóåò ìíåíèå, ÷òî
NP ̸⊆ BQP. Ýòî ïîçâîëÿåò ðàçðàáàòûâàòü ïîñòêâàíòîâûå êðèïòîãðàôè÷åñêèå àëãî-
ðèòìû, îñíîâûâàÿñü íà òðóäíîñòè NP-ïîëíûõ ïðîáëåì [57]. Â òî æå âðåìÿ âåäóò-
ñÿ àêòèâíûå èññëåäîâàíèÿ â îáëàñòè ñïåöèàëèçèðîâàííûõ êâàíòîâûõ âû÷èñëèòåëåé.
Â ÷àñòíîñòè, àðõèòåêòóðà D-Wave îðèåíòèðîâàíà íà ýôôåêòèâíîå ðåøåíèå øèðîêî-
ãî êëàññà NP-ïîëíûõ ïðîáëåì [58�60]. Ïîýòîìó äëÿ âàæíûõ êðèïòîãðàôè÷åñêèõ ìî-
äåëåé ïðåäñòàâëÿåò çíà÷èòåëüíûé èíòåðåñ èññëåäîâàíèå âû÷èñëèòåëüíîé ñëîæíîñòè
ïðîáëåì çà ïðåäåëàìè êëàññà NP [61, 62].

Äëÿ ïðîèçâîëüíîé êâàíòîâîé ìàøèíû Òüþðèíãà T îáîçíà÷èì ÷åðåç Pacc(x) âåðî-
ÿòíîñòü òîãî, ÷òî íà âõîäå x ìàøèíà T ïåðåõîäèò â äîïóñòèìîå ñîñòîÿíèå. Ñîîòâåò-
ñòâåííî ÷åðåç Prej(x) îáîçíà÷èì âåðîÿòíîñòü òîãî, ÷òî ìàøèíà T îòâåðãàåò âõîä x.
Ñëåäóÿ [63] (ñì. òàêæå [64, 65]), áóäåì ïîëàãàòü, ÷òî

� EQP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóåò ïîëèíîìèàëüíàÿ êâàíòîâàÿ
ìàøèíà Òüþðèíãà T , òàêàÿ, ÷òî x ∈ L ⇒ Pacc(x) = 1 è x /∈ L ⇒ Prej(x) = 1 äëÿ
ëþáîãî x ∈ Σ∗;

� BQP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóåò ïîëèíîìèàëüíàÿ êâàíòîâàÿ
ìàøèíà Òüþðèíãà T , òàêàÿ, ÷òî x ∈ L⇒ Pacc(x) > 2/3 è x /∈ L⇒ Prej(x) > 2/3 äëÿ
ëþáîãî x ∈ Σ∗;

� NQP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóåò ïîëèíîìèàëüíàÿ êâàíòîâàÿ
ìàøèíà Òüþðèíãà T , òàêàÿ, ÷òî x ∈ L ⇒ Pacc(x) > 0 è x /∈ L ⇒ Pacc(x) = 0 äëÿ
ëþáîãî x ∈ Σ∗.

Äëÿ êëàññîâ EQP, BQP è NQP èìåþò ìåñòî ñëåäóþùèå î÷åâèäíûå âêëþ÷åíèÿ:

EQP ⊆ BQP ⊆ NQP.

Êëàññû EQP, BQP è NQP îáû÷íî ðàññìàòðèâàþòñÿ êàê êâàíòîâûå àíàëîãè êëàññè-
÷åñêèõ êëàññîâ P, BPP è NP ñîîòâåòñòâåííî [63]). Ñëåäóåò îòìåòèòü, ÷òî àëãîðèòìû
Øîðà ïîçâîëÿþò ðåøàòü çàäà÷è ôàêòîðèçàöèè è äèñêðåòíîãî ëîãàðèôìà â êëàññå
BQP [66]. Îáû÷íî èìåííî êëàññ BQP ðàññìàòðèâàåòñÿ êàê êëàññ àëãîðèòìè÷åñêèõ
ïðîáëåì, êîòîðûå ìîãóò áûòü ýôôåêòèâíî ðåøåíû íà êâàíòîâîé ìàøèíå Òüþðèíãà.
Ñîîòâåòñòâåííî êëàññNQP ñëåäóåò ðàññìàòðèâàòü â ðàìêàõ òåîðåòè÷åñêè äîïóñòèìîé
ïåðñïåêòèâû.
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Â ðàáîòå [67] ïðåäëîæåí ìîäèôèöèðîâàííûé âàðèàíò êâàíòîâîé ìàøèíû Òüþðèí-
ãà, äîïóñêàþùèé âîçìîæíîñòü èçìåðåíèÿ âåðîÿòíîñòè áèòà ïîñëå çàâåðøåíèÿ øàãà
âû÷èñëåíèÿ. Äëÿ ýòîãî âàðèàíòà êâàíòîâîé ìàøèíû Òüþðèíãà â [67] îïðåäåë¼í êëàññ
PostBQP, ÿâëÿþùèéñÿ àíàëîãîì BQP. Õîòÿ âîçìîæíîñòü ïðàêòè÷åñêîé ðåàëèçàöèè
âàðèàíòà ìàøèíû, ïðåäëîæåííîãî â [67], ñ òî÷êè çðåíèÿ ôèçèêè íå ñ÷èòàåòñÿ ðåà-
ëèñòè÷íîé, ñàì êëàññ PostBQP ïðè îïðåäåë¼ííûõ óñëîâèÿõ ìîæåò áûòü ðåàëèçîâàí
íà ñòàíäàðòíûõ êâàíòîâûõ ìàøèíàõ. Ïîýòîìó êëàññ PostBQP, êàê è êëàññ NQP,
ñëåäóåò ó÷èòûâàòü â ïåðñïåêòèâíûõ âîçìîæíîñòÿõ.

Îïðåäåëåíèå êëàññà NP è åãî êðèïòîãðàôè÷åñêîãî ïîäêëàññà UP ÷åðåç êëàññ #P
ïîçâîëÿåò ëåãêî óâèäåòü åñòåñòâåííûå àíàëîãè NP è UP, ðàñïîëîæåííûå âûøå
â èåðàðõèè êëàññîâ âû÷èñëèòåëüíîé ñëîæíîñòè. Îáîçíà÷èì ÷åðåç FP êëàññ ðàçðåøè-
ìûõ çà ïîëèíîìèàëüíîå âðåìÿ ôóíêöèîíàëüíûõ ïðîáëåì. Äëÿ ïðîèçâîëüíîé íåäåòåð-
ìèíèðîâàííîé ìàøèíû Òüþðèíãà T îáîçíà÷èì ÷åðåç #accT (x) è #rejT (x) êîëè÷åñòâî
äîïóñêàþùèõ è îòâåðãàþùèõ âõîä x âû÷èñëåíèé ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç
GapP êëàññ âñåõ ôóíêöèé f , äëÿ êîòîðûõ ñóùåñòâóåò íåäåòåðìèíèðîâàííàÿ ìàøèíà
Òüþðèíãà T , òàêàÿ, ÷òî f(x) = #accT (x)−#rejT (x) äëÿ âñåõ x. Ñëåäóÿ [63, 68], äàäèì
îïðåäåëåíèå ðÿäà êëàññîâ âû÷èñëèòåëüíîé ñëîæíîñòè êàê êëàññîâ ðàñïîçíàâàåìûõ
ÿçûêîâ:

� NP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóåò ôóíêöèÿ f ∈ #P, òàêàÿ, ÷òî
x ∈ L⇔ f(x) > 0 äëÿ ëþáîãî x ∈ Σ∗;

� UP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóåò ôóíêöèÿ f ∈ #P, òàêàÿ, ÷òî
x ∈ L⇒ f(x) = 1 è x /∈ L⇒ f(x) = 0 äëÿ ëþáîãî x ∈ Σ∗;

� PP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóåò ôóíêöèÿ f ∈ GapP, òàêàÿ,
÷òî x ∈ L⇔ f(x) > 0 äëÿ ëþáîãî x ∈ Σ∗;

� SPP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóåò ôóíêöèÿ f ∈ GapP, òàêàÿ,
÷òî x ∈ L⇒ f(x) = 1 è x /∈ L⇒ f(x) = 0 äëÿ ëþáîãî x ∈ Σ∗;

� C=P�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóåò ôóíêöèÿ f ∈ GapP, òàêàÿ,
÷òî x ∈ L⇔ f(x) = 0 äëÿ ëþáîãî x ∈ Σ∗;

� WPP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ ñóùåñòâóþò ôóíêöèè f ∈ GapP è
g ∈ FP, òàêèå, ÷òî äëÿ ëþáîãî x ∈ Σ∗ çíà÷åíèå ôóíêöèè g(x) îòëè÷íî îò íóëÿ è
x ∈ L⇒ f(x) = g(x) è x /∈ L⇒ f(x) = 0.

Äëÿ ýòèõ êëàññîâ ñïðàâåäëèâû ñëåäóþùèå âàæíûå ñîîòíîøåíèÿ [63]:

P ⊆ UP ⊆ SPP ⊆ WPP ⊆ C=P ⊆ PP,

co−NP ⊆ C=P,

NP ⊆ co−C=P = NQP,

P ⊆ EQP ⊆ BQP ⊆ WPP ⊆ co−C=P.

Êðîìå òîãî, â ðàáîòå [67] äîêàçàíî, ÷òî PP = PostBQP.
Èñõîäÿ èç îïðåäåëåíèé, î÷åâèäíûìè àíàëîãàìè êëàññîâ NP è UP ïðåäñòàâëÿþòñÿ

êëàññû PP è SPP ñîîòâåòñòâåííî. Ïðè ýòîì êëàññû PP è C=P ðàçìåùàþò â èåðàð-
õèè êëàññè÷åñêèõ êëàññîâ âû÷èñëèòåëüíîé ñëîæíîñòè íà âåðõíåé ãðàíèöå êâàíòîâûõ
âû÷èñëåíèé, à êëàññWPP íà ñåãîäíÿøíèé äåíü îïðåäåëÿåò áåçîïàñíóþ ãðàíèöó äëÿ
êðèïòîãðàôèè. Ñîîòâåòñòâåííî êëàññ SPP ÿâëÿåòñÿ ¾ïëîõèì¿ àíàëîãîì äëÿ UP: ïåð-
ñïåêòèâíûå êðèïòîãðàôè÷åñêèå àëãîðèòìû æåëàòåëüíî ñòðîèòü íà áàçå WPP èëè
äàæå C=P.

Ñëåäóåò îòìåòèòü, ÷òî ñ òåîðåòè÷åñêîé òî÷êè çðåíèÿ íåò ôóíäàìåíòàëüíûõ ïðå-
ïÿòñòâèé äëÿ ïîñòðîåíèÿ êðèïòîãðàôè÷åñêèõ àëãîðèòìîâ íà áàçå ñòîëü ñëîæíûõ êëàñ-
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ñîâ, êàêèìè ÿâëÿþòñÿ êëàññû WPP è C=P. Ðàññìîòðèì ýêâèâàëåíòíîå îïðåäåëåíèå
êëàññà PP, íå èñïîëüçóþùåå êëàññ GapP: PP�êëàññ ÿçûêîâ L ⊆ Σ∗, äëÿ êîòîðûõ
ñóùåñòâóþò ôóíêöèè f ∈ #P è g ∈ FP, òàêèå, ÷òî x ∈ L ⇔ f(x) > g(x) äëÿ ëþáî-
ãî x ∈ Σ∗ [68]. Êëàññè÷åñêèå êðèïòîãðàôè÷åñêèå ñõåìû ïðåäïîëàãàþò, ÷òî ëåãàëüíûå
ó÷àñòíèêè ïåðåäà÷è èíôîðìàöèè A è B, çíàÿ íåêîòîðóþ ñåêðåòíóþ èíôîðìàöèþ K,
ìîãóò ëåãêî ðåøèòü çàäà÷ó f(x) > 0, à äëÿ çëîóìûøëåííèêà C, íå èìåþùåãî äîñòóïà
ê èíôîðìàöèè K, ðåøåíèå çàäà÷è f(x) > 0 ÿâëÿåòñÿ òðóäíûì. Â ñëó÷àå êëàññà PP
ó÷àñòíèêè A è B ìîãóò âûáèðàòü ôóíêöèè g ∈ FP ⊆ #P, óäîáíûå äëÿ îòîáðàæåíèÿ
f(x) − g(x) → f ′(x) ∈ #P. Â ðåçóëüòàòå, çíàÿ íåêîòîðóþ ñåêðåòíóþ èíôîðìàöèþ K
è ôóíêöèþ g(x), A è B ìîãóò ðåøèòü çàäà÷ó f ′(x) > 0, ñëîæíîñòü êîòîðîé ñðàâíèìà
ñî ñëîæíîñòüþ çàäà÷è f(x) > 0, ò. å. íàõîäèòñÿ íà óðîâíå NP. Çëîóìûøëåííèê C, íå
èìåþùèé äîñòóïà ê èíôîðìàöèè K, äîëæåí ðåøàòü çàäà÷ó f(x) > g(x), ñëîæíîñòü
êîòîðîé íàõîäèòñÿ íà óðîâíå PP, èëè ñóìåòü äåìàñêèðîâàòü f ′(x) ïî f(x) è g(x). Òà-
êèì îáðàçîì, ìû èìååì ñèòóàöèþ, êîòîðàÿ ñ òî÷êè çðåíèÿ âû÷èñëèòåëüíîé ñëîæíîñòè
ñîâåðøåííî àíàëîãè÷íà ñõåìå, ïðåäëîæåííîé â [2] è ïðåäïîëàãàþùåé, ÷òî çëîóìûø-
ëåííèê ëèáî äîëæåí ðåøàòü NP-òðóäíóþ çàäà÷ó äåêîäèðîâàíèÿ, ëèáî äåìàñêèðîâàòü
èñõîäíóþ ìàòðèöó G ïî ìàòðèöå G′ = SGP .

Åñòåñòâåííî, ìåæäó îòñóòñòâèåì ôóíäàìåíòàëüíûõ ïðåïÿòñòâèé è ïðàêòè÷åñêîé
ðåàëèçàöèåé âñåãäà èìååòñÿ çíà÷èòåëüíûé ðàçðûâ, òðåáóþùèé ïîñòðîåíèÿ ñîîòâåò-
ñòâóþùåé òåîðèè. Îäíàêî íåêîòîðóþ ïåðñïåêòèâó äëÿ ðàçðàáîòêè ïðàêòè÷åñêîãî ïîä-
õîäà äëÿ ïîñòðîåíèÿ êðèïòîãðàôè÷åñêèõ àëãîðèòìîâ íà áàçå êëàññà PP ìîæíî ïðî-
èëëþñòðèðîâàòü íà îñíîâå èçâåñòíûõ ðåçóëüòàòîâ äëÿ ñëåäóþùåé ïðîáëåìû.

Majority satisfiability (MajSAT)
Äàíî: Áóëåâà ôóíêöèÿ f(x1, x2, . . . , xm).
Âîïðîñ: Âåðíî ëè, ÷òî íå ìåíåå ïîëîâèíû íàáîðîâ çíà÷åíèé xj ∈ {0, 1}, 1 ⩽ j ⩽ m,

ïîçâîëÿþò ïîëó÷èòü f(x1, x2, . . . , xm) = 1?

Â îáùåì ñëó÷àå ïðîáëåìà MajSAT ÿâëÿåòñÿ PP-ïîëíîé [69]. Åñëè âìåñòî ïðî-
èçâîëüíîé áóëåâîé ôóíêöèè f(x1, x2, . . . , xm) ðàññìàòðèâàòü 3-ÊÍÔ, òî ïðîáëåìà
MajSAT ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ [70]. Êðîìå òîãî, èçâåñòíû âàðèàíòû
MajSAT, êîòîðûå ÿâëÿþòñÿ PP-ïîëíûìè ïðè îãðàíè÷åíèè ôóíêöèè f(x1, x2, . . . , xm)
íà ñëó÷àé 3-ÊÍÔ, íî òðåáóþò äðóãîé äîëè â îáùåì êîëè÷åñòâå ðåøåíèé [71]. Òàêèì
îáðàçîì, ëåãàëüíûå ó÷àñòíèêè ïåðåäà÷è èíôîðìàöèè A è B ìîãóò ïðåäñòàâëÿòü îò-
êðûòûé òåêñò â âèäå èñõîäíûõ äàííûõ ïðîáëåìû MajSAT äëÿ 3-ÊÍÔ. Øèôðîâàíèå
áóäåò çàêëþ÷àòüñÿ â ïðåîáðàçîâàíèè 3-ÊÍÔ â áóëåâó ôóíêöèþ ïðîèçâîëüíîãî âèäà
èëè äðóãóþ 3-ÊÍÔ ñ äðóãîé äîëåé ðåøåíèé. Õîðîøèé ôóíäàìåíò äëÿ ìàñêèðîâêè
áóëåâûõ ôóíêöèé ìîæåò ïðåäîñòàâèòü øèôðîâàíèå ëîãèêè [72�74], à ïðåîáðàçîâàíèÿ,
ïîçâîëÿþùèå èçìåíÿòü èëè ñîõðàíÿòü äîëþ ðåøåíèé, íàéòè íå ïðåäñòàâëÿåò òðóäà.
Íàïðèìåð, äëÿ ïðîèçâîëüíîé áóëåâîé ôóíêöèè f(x1, x2, . . . , xm) áóëåâà ôóíêöèÿ

(f(x1, x2, . . . , xm) ∧ xm+1) ∨ (f(x1, x2, . . . , xm) ∧ ¬xm+1)

èìååò ðîâíî â 2 ðàçà áîëüøå ðåøåíèé, ÷åì èñõîäíàÿ.
Ðàññìîòðèì ðÿä íåïîñðåäñòâåííûõ ñëåäñòâèé èç òåîðåìû 1, ïîçâîëÿþùèõ óñòàíî-

âèòü íåêîòîðûå àíàëîãè ïðîáëåìû MLD äëÿ êëàññîâ âû÷èñëèòåëüíîé ñëîæíîñòè çà
ïðåäåëàìè êëàññà NP è ïðåäñòàâëÿþùèõ èíòåðåñ ñ òî÷êè çðåíèÿ ïîñòêâàíòîâîé êðèï-
òîãðàôèè. Ñôîðìóëèðóåì ñëåäóþùèå ïðîáëåìû.
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DiffPM=0

Äàíî: Ãðàôû G1 = (V1, E1), G2 = (V2, E2).
Âîïðîñ: Âåðíî ëè, ÷òî êîëè÷åñòâî ìíîæåñòâ M1 ⊆ E1, òàêèõ, ÷òî êàæäàÿ âåð-

øèíà ãðàôà G1 èíöèäåíòíà ðîâíî îäíîìó ðåáðó èç ìíîæåñòâà M1, ðàâíî êîëè÷åñòâó
ìíîæåñòâ M2 ⊆ E2, òàêèõ, ÷òî êàæäàÿ âåðøèíà ãðàôà G2 èíöèäåíòíà ðîâíî îäíîìó
ðåáðó èç ìíîæåñòâà M2?

DiffPM>0

Äàíî: Ãðàôû G1 = (V1, E1), G2 = (V2, E2).
Âîïðîñ: Âåðíî ëè, ÷òî êîëè÷åñòâî ìíîæåñòâ M1 ⊆ E1, òàêèõ, ÷òî êàæäàÿ âåðøè-

íà ãðàôà G1 èíöèäåíòíà ðîâíî îäíîìó ðåáðó èç ìíîæåñòâà M1, áîëüøå êîëè÷åñòâà
ìíîæåñòâ M2 ⊆ E2, òàêèõ, ÷òî êàæäàÿ âåðøèíà ãðàôà G2 èíöèäåíòíà ðîâíî îäíîìó
ðåáðó èç ìíîæåñòâà M2?

DiffPM=g

Äàíî: Ãðàôû G1 = (V1, E1), G2 = (V2, E2), íàòóðàëüíîå ÷èñëî k.
Îáåùàíèå: ÏóñòüX �êîëè÷åñòâî ìíîæåñòâM1 ⊆ E1, òàêèõ, ÷òî êàæäàÿ âåðøèíà

ãðàôà G1 èíöèäåíòíà ðîâíî îäíîìó ðåáðó èç ìíîæåñòâàM1, Y �êîëè÷åñòâî ìíîæåñòâ
M2 ⊆ E2, òàêèõ, ÷òî êàæäàÿ âåðøèíà ãðàôà G2 èíöèäåíòíà ðîâíî îäíîìó ðåáðó èç
ìíîæåñòâà M2. Èçâåñòíî, ÷òî X = Y èëè X = Y + k.

Âîïðîñ: Âåðíî ëè, ÷òî X = Y + k?

DiffMLD=0

Äàíî: Äâîè÷íûå ìàòðèöû H1 ∈ Zm1×n1
2 , H2 ∈ Zm1×n1

2 , âåêòîðû s1 ∈ Zm1
2 , s2 ∈ Zm2

2 ,
íàòóðàëüíûå ÷èñëà k1 è k2.

Âîïðîñ: Âåðíî ëè, ÷òî êîëè÷åñòâî ïîïàðíî ðàçëè÷íûõ âåêòîðîâ x ∈ Zn1
2 , òàêèõ,

÷òî H1x = s1 è wt(x) ⩽ k1, ðàâíî êîëè÷åñòâó ïîïàðíî ðàçëè÷íûõ âåêòîðîâ y ∈ Zn2
2 ,

òàêèõ, ÷òî H2y = s2 è wt(y)) ⩽ k2?

DiffMLD>0

Äàíî: Äâîè÷íûå ìàòðèöû H1 ∈ Zm1×n1
2 , H2 ∈ Zm1×n1

2 , âåêòîðû s1 ∈ Zm1
2 , s2 ∈ Zm2

2 ,
íàòóðàëüíûå ÷èñëà k1 è k2.

Âîïðîñ: Âåðíî ëè, ÷òî êîëè÷åñòâî ïîïàðíî ðàçëè÷íûõ âåêòîðîâ x ∈ Zn1
2 , òàêèõ,

÷òî H1x = s1 è wt(x) ⩽ k1, áîëüøå êîëè÷åñòâà ïîïàðíî ðàçëè÷íûõ âåêòîðîâ y ∈ Zn2
2 ,

òàêèõ, ÷òî H2y = s2 è wt(y) ⩽ k2?

DiffMLD=g

Äàíî: Äâîè÷íûå ìàòðèöû H1 ∈ Zm1×n1
2 , H2 ∈ Zm1×n1

2 , âåêòîðû s1 ∈ Zm1
2 , s2 ∈ Zm2

2 ,
íàòóðàëüíûå ÷èñëà k1, k2, k.

Îáåùàíèå: Ïóñòü X �êîëè÷åñòâî ïîïàðíî ðàçëè÷íûõ âåêòîðîâ x ∈ Zn1
2 , òàêèõ,

÷òî H1x = s1 è wt(x) ⩽ k1, Y �êîëè÷åñòâî ïîïàðíî ðàçëè÷íûõ âåêòîðîâ y ∈ Zn2
2 ,

òàêèõ, ÷òî H2y = s2 è wt(y) ⩽ k2. Èçâåñòíî, ÷òî X = Y èëè X = Y + k.
Âîïðîñ: Âåðíî ëè, ÷òî X = Y + k?

Çàìåòèì, ÷òî â îòëè÷èå îò áîëüøèíñòâà êëàññîâ âû÷èñëèòåëüíîé ñëîæíîñòè, äëÿ
îïðåäåëåíèÿ êîòîðûõ äîñòàòî÷íî èñïîëüçîâàíèÿ îäíîé ôóíêöèè f , îïðåäåëåíèå êëàññà
WPP ñîäåðæèò ôóíêöèè f è g, ÷òî çàòðóäíÿåò ôîðìóëèðîâêó åñòåñòâåííûõ ïðîáëåì
äëÿ êëàññà WPP ïðè ïîìîùè òðàäèöèîííîãî îïðåäåëåíèÿ òîãî, ÷òî äàíî, è âîïðî-
ñà. Îáû÷íî ôîðìóëèðîâêà ïðîáëåìû äëÿ êëàññà WPP âêëþ÷àåò íå òîëüêî èñõîäíûå
äàííûå è âîïðîñ, íî è íåêîòîðîå îáåùàíèå âûïîëíèìîñòè êàêîãî-òî óñëîâèÿ. Ïðåä-
ïîëàãàåòñÿ, ÷òî àëãîðèòì, ðåøàþùèé ïðîáëåìó, ïîëó÷àåò íà âõîä èñõîäíûå äàííûå.
Àëãîðèòì íå çíàåò, âûïîëíÿåòñÿ ëè óñëîâèå, ñîäåðæàùååñÿ â îáåùàíèè, äëÿ ýòèõ èñ-
õîäíûõ äàííûõ, è íå ïðîâåðÿåò åãî âûïîëíèìîñòü. Àëãîðèòì, ðåøàþùèé ïðîáëåìó,
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äîëæåí ãàðàíòèðîâàòü ïðàâèëüíîñòü îòâåòà, åñëè óñëîâèå âûïîëíÿåòñÿ. Åñëè óñëî-
âèå íå âûïîëíÿåòñÿ, òî àëãîðèòì ìîæåò âûäàòü îøèáî÷íûé îòâåò. Â ÷àñòíîñòè, àëãî-
ðèòì, ðåøàþùèé ïðîáëåìó DiffMLD=g, äîëæåí îðèåíòèðîâàòüñÿ íà îáåùàíèå òîãî,
÷òî X = Y èëè X = Y +k, è îòâåòèòü íà âîïðîñ î òîì, âåðíî ëè, ÷òî X = Y +k. Ïîëó-
÷èâ íà âõîä èñõîäíûå äàííûå, àëãîðèòì äîëæåí âûäàòü îòâåò ¾Äà¿, åñëè X = Y + k;
îòâåò ¾Íåò¿, åñëè X = Y ; åñëè íè îäíî èç ðàâåíñòâ X = Y è X = Y + k íå âûïîëíÿåò-
ñÿ, òî àëãîðèòì ìîæåò âûäàòü ëþáîé èç îòâåòîâ ¾Äà¿ è ¾Íåò¿ èëè âîîáùå íå âûäàòü
îòâåòà, ïðîäîëæàÿ ðàáîòàòü âå÷íî.

Â [75] äîêàçàíî, ÷òî ïðîáëåìà DiffPM=0 ÿâëÿåòñÿ C=P-ïîëíîé. Â ðàáîòå [76] äëÿ
ïðîáëåì DiffPM>0 è DiffPM=g ïîêàçàíà ïîëíîòà â êëàññàõ PP è WPP ñîîòâåò-
ñòâåííî. Èç ýòèõ ðåçóëüòàòîâ è òåîðåìû 1 íåïîñðåäñòâåííî âûòåêàåò

Ñëåäñòâèå 2. ÏðîáëåìûDiffMLD=g,DiffMLD=0 èDiffMLD>0 ÿâëÿþòñÿ ïîë-
íûìè â êëàññàõ WPP, C=P è PP ñîîòâåòñòâåííî.

Çàêëþ÷åíèå
Â ðàáîòå ðàññìîòðåí êîëè÷åñòâåííûé àíàëîã #MLD ïðîáëåìû äåêîäèðîâàíèÿ ïî

ïðèíöèïó ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ MLD. Äëÿ ïðîáëåìû MLD óñòàíîâëåíà ýêî-
íîìíàÿ ñâîäèìîñòü îò ïðîáëåìû ñîâåðøåííîãî ïàðîñî÷åòàíèÿ è ñëàáî ýêîíîìíàÿ ñâî-
äèìîñòü îò ïðîáëåìû ìàêñèìàëüíîãî ðàçðåçà. Êàê ñëåäñòâèå, ìû ïîëó÷èëè #P-ïîë-
íîòó ïðîáëåìû #MLD. Êðîìå òîãî, ýòî ïîçâîëèëî ñôîðìóëèðîâàòü âû÷èñëèòåëüíî
òðóäíûå àíàëîãè ïðîáëåìû äåêîäèðîâàíèÿ ïî ïðèíöèïó ìàêñèìàëüíîãî ïðàâäîïîäî-
áèÿ äëÿ êëàññîâ âû÷èñëèòåëüíîé ñëîæíîñòè, ïðåäñòàâëÿþùèõ èíòåðåñ ñ òî÷êè çðåíèÿ
ïîñòêâàíòîâîé êðèïòîãðàôèè. Â ÷àñòíîñòè, äîêàçàíà ïîëíîòà ïðîáëåì DiffMLD=g,
DiffMLD=0 è DiffMLD>0 â êëàññàõ WPP, C=P è PP ñîîòâåòñòâåííî. Êðîìå òîãî,
ïîëó÷åíî àëüòåðíàòèâíîå äîêàçàòåëüñòâî NP-ïîëíîòû ïðîáëåìû MLD, ÷òî ÿâëÿåòñÿ
äîïîëíèòåëüíûì îáîñíîâàíèåì íàäåæíîñòè êðèïòîãðàôè÷åñêèõ àëãîðèòìîâ íà îñíîâå
Classic McEliece.
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A method to construct a net of sequential automata that realizes the given parallel au-
tomaton is described. The parallelism relation of partial states is used to decompose a
given parallel automaton. Each component automaton’s set of states is based on mu-
tually nonparallel partial states of the given parallel automaton. The state assignment
of a component automaton provides decreasing power consumption of the designed
device based on reducing the switching activity of memory elements. The joint low
power assignment of states of component automata takes into consideration the condi-
tional compatibility of states. The component automata exchange with binary signals.
The communication between component automata is minimized.
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Îáúåäèíåííûé èíñòèòóò ïðîáëåì èíôîðìàòèêè ÍÀÍ Áåëàðóñè, ã. Ìèíñê, Áåëàðóñü

Îïèñàí ñïîñîá ïîñòðîåíèÿ ñåòè èç ïîñëåäîâàòåëüíûõ àâòîìàòîâ, ðåàëèçóþùåé
çàäàííûé ïàðàëëåëüíûé àâòîìàò. Ïðè äåêîìïîçèöèè èñïîëüçóåòñÿ îòíîøåíèå ïà-
ðàëëåëüíîñòè ÷àñòè÷íûõ ñîñòîÿíèé çàäàííîãî ïàðàëëåëüíîãî àâòîìàòà. Ìíîæå-
ñòâî ñîñòîÿíèé êàæäîãî èç êîìïîíåíòíûõ ïîñëåäîâàòåëüíûõ àâòîìàòîâ îáðàçó-
åòñÿ íà îñíîâå ìíîæåñòâà âçàèìíî íåïàðàëëåëüíûõ ÷àñòè÷íûõ ñîñòîÿíèé çàäàí-
íîãî ïàðàëëåëüíîãî àâòîìàòà. Êîäèðîâàíèå ñîñòîÿíèé êîìïîíåíòíîãî àâòîìàòà
ïðåäóñìàòðèâàåò óìåíüøåíèå ýíåðãîïîòðåáëåíèÿ ïðîåêòèðóåìîãî óñòðîéñòâà íà
îñíîâå ñíèæåíèÿ èíòåíñèâíîñòè ïåðåêëþ÷åíèé ýëåìåíòîâ ïàìÿòè. Ïðè ñîâìåñò-
íîì ýíåðãîñáåðåãàþùåì êîäèðîâàíèè ñîñòîÿíèé êîìïîíåíòíûõ àâòîìàòîâ ó÷èòû-
âàåòñÿ óñëîâíàÿ ñîâìåñòèìîñòü ñîñòîÿíèé. Êîìïîíåíòíûå àâòîìàòû îáìåíèâàþò-
ñÿ äâîè÷íûìè ñèãíàëàìè. ×èñëî ìåæêîìïîíåíòíûõ ñâÿçåé ìèíèìèçèðóåòñÿ.

Êëþ÷åâûå ñëîâà: ïàðàëëåëüíûé àâòîìàò, ÷àñòè÷íîå ñîñòîÿíèå, äåêîìïîçèöèÿ
àâòîìàòîâ, ýíåðãîñáåðåãàþùåå êîäèðîâàíèå ñîñòîÿíèé àâòîìàòà, çàäà÷à âçâå-

øåííîãî ïîêðûòèÿ.
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1. Introduction
A parallel automaton is a functional model of a discrete device that gives a concise

representation of the parallelism of controlled interactive processes [1]. This model is close
to widely known Petri net [2]. Unlike the classical �nite sequential automaton, the parallel
automaton can be in several states simultaneously. They are called partial. The set of all
partial states that a parallel automaton can be in at some time, not being in any other
state, is called global state.

The application of the decomposition way gives the possibility to lower the dimension of
laborious tasks that appear in designing discrete devices. By decomposing a designed device
into separate units, it becomes possible to decrease its power consumption by blocking
clocks supplied to some units [3]. The decomposition of a parallel automaton into a net of
sequential automata is worthwhile because the model of a sequential automaton allows using
wide known e�ective methods for logical design of discrete devices. This paper considers, as
well, such problems of logical design as state assignment and constructing Boolean functions
of memory element excitation. The state assignment of component automata is ful�lled
jointly. The problem of minimizing interconnections is considered as well.

The problem of state assignment takes a special place in logical design of discrete
devices. Its solving in�uences considerably on complexity and power consumption of a
designed device. The amount of power consumption is one of the main optimization criteria
in designing discrete devices. It is caused by the tendency to increase the working time of
power supply for portable devices and, on the other hand, by the tendency to lower acuity
of the problem of heat rejection in designing VLSI circuits. As it is said in [4, 5], the power
consumption of a circuit built on the base of CMOS technology is proportional to switching
activity of its logical and memory elements. It allows solving this problem at the level of
logical design. In particular, decreasing power consumption can be achieved at the stage of
state assignment of an automaton.

2. The used model
A parallel automaton consists of the following objects: a set of partial states Q = {q1,

q2, . . . , qγ}, a set of input Boolean variables X = {x1, x2, . . . , xn}, a set of output Boolean
variables Y = {y1, y2, . . . , ym} and a set of transitions {τ1, τ2, . . . , τt}, which is a sequence
of lines of the following form [6]:

τi = Si : −Ki → K ′i → S ′i, (1)

where Si and S
′
i are subsets of Q, Ki is an elementary conjunction of variables from the

set X, and K ′i is an elementary conjunction of variables from the set Y .
The sense of the line (1) is the following. If a partial automaton is in states forming the

set Si and Boolean variables took values that convert Ki to 1, then K
′
i takes value 1 and the

automaton comes to partial states in S ′i from the states composing Si. In other words, let
P = {P1, P2, . . . , Pp} be the set of all reachable global states of a given parallel automaton.
Then if Si ⊆ Pg, where Pg is a current global state of the automaton, and the automaton
receives binary signals that turn the conjunction Ki into 1, then the global state will be
Ph = (Pg \ Si) ∪ S ′i at the next time and the automaton will produce binary signals that
turn K ′i into 1. Any conjunction, Ki and K

′
i, can be absent in the line. The absence of Ki

means its identical equality to 1. The absence of K ′i means, according to interpretation
of the model, that either all the variables in Y are equal to 0 or the values of them do
not change. In this paper, we do not consider output signals and omit K ′i. As well as
for a sequential automaton, the synchronous or asynchronous implementation can be for
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a parallel automaton. In a synchronous implementation, the time is divided into �xed
units, during which the automaton goes from one state to another. In an asynchronous
implementation, the duration of the unit is not �xed and is determined by the points of
changing external input signals. When a signal comes to input, the automaton goes to
stable partial states and do not go from them up to the next changing input. This changing
must not occur until the partial states being stable.

The following restrictions are introduced in the model:

1) The initial global state is a one-element set. For the sake of determinacy, it can
be {q1}.

2) For two di�erent lines, i-th and j-th, Si = Sj if Si ∩ Sj ̸= ∅.
There are a number of other restrictions given in [1] and connected with correctness of

an automaton description. They will not be considered here, as the correctness problem is
not regarded here. Also, the output signals will not be considered here.

Example 1. Let a parallel automaton be de�ned by the following sequence of lines:

τ1 = 1 : − x1x2 → 10; τ5 = 4 : − x1 → 7;

τ2 = 10 : − x2 → 2.3.4; τ6 = 7 : − x2 → 9;

τ3 = 2 : − x1 → 5; τ7 = 8.9 : − x2 → 6;

τ4 = 3.5 : − x2 → 8; τ8 = 6 : − x1 → 1.

Here Q = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and X = {x1, x2}. Let us take one-element set {1} as
an initial global state. The �rst line (transition τ1) means that the automaton goes from
state {1} and comes to state {10} in the next time unit if x1 = 0 and x2 = 1. The state {10}
is a global one, as well. The automaton stays in state {1} at any other value combination
of x1 and x2. The automaton goes from global state {10} to partial states 2, 3 and 4 at
x2 = 0 (transition τ2). Those partial states constitute the global state {2, 3, 4}. At the
next time unit, the automaton changes the partial state 2 for partial state 5 (transition τ3)
and the automaton will be in global state {3, 4, 5}. Having observed the functioning of the
automaton in this way, we get global states {2, 3, 7}, {2, 3, 9}, {3, 5, 7}, {3, 5, 9}, {7, 8},
{4, 8}, {8, 9} and {6}.

3. Constructing a set of sequential automata
implementing a given parallel automaton

A way of constructing a set of sequential automata implementing a given parallel
automaton is described in [7, 8]. Let a parallel automaton B with a set Q of partial
states be given. Its description is a sequence of lines of the form (1). Let us consider a
set N = (X,A1, A2, . . . , An), where X is the set of input Boolean variables, the same as in
the description of B, and A1, A2, . . . , An are component automata with sets Q1, Q2, . . . , Qn

of states. Each automaton Aj is one without outputs, i.e., only transitions are given for
them in the form similar to (1):

qj : − αj → qj
′
, (2)

where αj is a predicate of variables in X and states of component automata A1, A2, . . . ,
Aj−1, Aj+1, . . . , An. Its value is 1 at a certain value combination of some input variables and
a certain set of states of some component automata. The automaton Aj goes to state q

j′

from qj if αj = 1, otherwise it remains in qj.
A net N implements an automaton B if there exists a mapping φ of D ⊆ Q1×Q2× . . .×

×Qn into a set of subsets of Q, such that for any transition (1) of B at Si ⊆ φ(q1, q2, . . . , qn)
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it goes to S ′i ⊆ φ(q1
′
, q2

′
, . . . , qn

′
) if αj = 1, and S ′i ⊆ φ(q1, q2, . . . , qn) if αj = 0, according

to (2). The described net N implements in the sense of [9, 10] a sequential automaton A,
modelling B with global states of B.

The set of states Qj of a component automaton Aj (j = 1, 2, . . . , n) of N is speci�ed as
follows. Every state qj ∈ Qj is in a mutually one-to-one mapping with a partial state q of
a parallel automaton B. Among the partial states that correspond to states in Qj, no pair
can be parallel. Partial states of a parallel automaton are called parallel if the automaton
can be in them at the same time. The mapping is denoted as fj(q

j) = q. Let the set
{A1, A2, . . . , An} of component automata of N be enough to exist at least one component Aj
with such a state qj that fj(q

j) = q.
The transitions in the component automata are speci�ed according to (2) as follows.

Each line τi of the form (1) from the description of B corresponds to the set of transitions
in those component automata Aj, each of which has such a state qj that fj(q

j) ∈ Si ∪ S ′i.
The left part of (2) for the component automaton Aj is q

j, for which fj(q
j) ∈ Si. There

is exactly one such a state in Qj because, according to determination of Qj, no pair of
states in Qj corresponds to a pair of parallel partial states of B. The state qj

′
in (2) is

determined such that fj(q
j′) ∈ S ′i. At that, αj = 1 if and only if Ki = 1 and {f1(q1),

f2(q
2), . . . , fj−1(q

j−1), fj+1(q
j+1), . . . , fn(q

n)} ⊇ S ′i.
The set of sequential automata {A1, A2, . . . , An}, which constitutes the net N imple-

menting the given parallel automaton B, is constructed in the following way. We obtain
all maximal sets of mutually non-parallel partial states of B. The set is maximal in the
sense that any partial state not belonging to it is parallel to some state belonging to it.
Then, a set of these sets covering all the pairs of partial states connected in transitions
must be obtained. Each set in the obtained cover corresponds to the set of states of one of
the component sequential automaton constituting the desired net N .

In the case of low power assignment of a parallel automaton, the global states should
be considered and the parallelism of partial states can be easily determined according to
the global states. For the parallel automaton from the Example 1, the matrix of parallelism
relation of partial states is as follows, where only the elements above the main diagonal are
present because of symmetry of the relation:

2 3 4 5 6 7 8 9 10

0 0 0 0 0 0 0 0 0
1 1 0 0 1 0 1 0

1 1 0 1 0 1 0
1 0 0 1 0 0

0 1 0 1 0
0 0 0 0

1 0 0
1 0

0



1
2
3
4
5
6
7
8
9

.

We consider this matrix as the adjacency matrix of the graph representing parallelism
relation. The mentioned sets of non-parallel partial states correspond to the independent
sets in the graph. The methods to �nd independent sets in a graph are described in [11].
The sets {1, 2, 5, 6, 8, 10}, {1, 3, 6, 8, 10} and {1, 4, 6, 7, 9, 10} are independent sets in the
graph under consideration. All the sets constitute the only shortest cover, and so, the cover
problem must not be solved as it is done in [7, 8].

The states of the component automata are convenient to be denoted by the same symbols
that the corresponding partial states of the given parallel automaton are denoted. So three
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automata will constitute the desired net: A1 with set of states Q1 = {1, 2, 5, 6, 8, 10}, A2

with set of states Q2 = {1, 3, 6, 8, 10} and A3 with set of states Q3 = {1, 4, 6, 7, 9, 10}.
The transitions between states are determined as it is described above according to (2).
We give the behavior of the obtained net N as a system of discrete functions q1

′
, q2

′

and q3
′
that take values from Q1, Q2 and Q3, respectively. Their arguments are Boolean

variables x1, x2 and multivalued variables q
1, q2 and q3 that take values from Q1, Q2 and Q3.

Table 1, which has the generally accepted form of �ow tables for an automaton, represents
this system. The rows of Table 1 correspond to the states of the component automata,
and the columns to the triplet xi, xj, q

k′ (i, j = 1, 2; k = 1, 2, 3). Any element of Table 1
represents the state where the automaton goes under the conditions shown in the row and
column.

Ta b l e 1

q1 q2 q3
x1x2

00 01 11 10

q1
′

q2
′

q3
′

q1
′

q2
′

q3
′

q1
′

q2
′

q3
′

q1
′

q2
′

q3
′

1 1 1 1 1 1 10 10 10 1 1 1 1 1 1
10 10 10 2 3 4 10 10 10 10 10 10 2 3 4
2 3 4 2 3 7 2 3 7 5 3 4 5 3 4
2 3 7 2 3 9 2 3 7 5 3 7 5 3 9
5 3 4 5 3 7 8 8 7 8 8 4 5 3 4
2 3 9 2 3 9 2 3 9 5 3 9 5 3 9
5 3 7 5 3 9 8 8 7 8 8 7 5 3 9
5 3 9 5 3 9 8 8 9 8 8 9 5 3 9
8 8 7 8 8 9 8 8 7 8 8 7 8 8 9
8 8 4 8 8 7 8 8 7 8 8 4 8 8 4
8 8 9 6 6 6 8 8 9 8 8 9 6 6 6
6 6 6 6 6 6 6 6 6 1 1 1 1 1 1

As a result of state assignment, when any variable qj (relatively, qj
′
) is replaced by a

Boolean vector with components zji (relatively, z
j′

i ) representing states of memory elements,
the system of functions given by Table 1 is transformed into a system of Boolean functions.

4. The method for state assignment of a sequential automaton
The iterative way described in [11] for state assignment is used. The search for the

maximum cut in a weighted graph is based on it. Let the state assignment of an automaton A
be required. That is, the Boolean vectors (z1, z2, . . . , zk), called state codes, must be assigned
to the states q of A, and di�erent states are assigned with di�erent codes. Partial codes
(z1, z2, . . . , zj), j < k, and a weighted graph G = (V,E), whose vertices correspond to
the states of A, describe the current situation in the way ful�lling. An edge connects two
vertices in G if and only if the corresponding states have the same partial code. The partial
codes are empty and G is a complete graph in the initial situation. Every edge vsvt ∈ E
has a weight wst proportional to 1− pst, where pst is the probability of transition between
states qs and qt (independently of direction) corresponding to vertices vs and vt. Evidently,
the probability pst is equal to the sum of the probabilities of transitions from qs to qt and
from qt to qs. To lower the switching activity of memory elements, the Hamming distance
between the codes of states qs and qt in the space of Boolean variables z1, z2, . . . , zk must
be made shorter if pst is high.

The process of state assignment of a given automaton is a sequence of steps. At the
i-th step, a partition of the vertex set V of G into two subsets, V1 and V2, is obtained.
The variable zi is introduced and receives the value 0 (or 1) for the states corresponding



32 Yu. V. Pottosin

to vertices in V1 and value 1 (or 0) for the states corresponding to vertices in V2 if those
vertices are ends of any edge. Then, the edges connecting vertices in V1 with vertices in V2
are removed, and the next step, (i+1)-th one, is ful�lled. The process is over when graph G
becomes empty.

The problem to partition V into V1 and V2 is reduced to �nding the maximum cut in G,
i.e., �nding such a partition that the sum of weights of the edges connecting the vertices
of V1 to the vertices of V2 would be maximum. At the last step, only those edges remain
that correspond to the pairs of states connected with transitions of comparatively large
probabilities. The Hamming distances between the codes of those states are equal to one.
To �nd the cut, the method described in [12] can be applied. It is a sequence of steps, at
each of which a vertex v is selected in V1 and carried to V2. The initial meanings are V1 = ∅
and V2 = V , and the vertex v is selected in the following way.

Let d be the sum of weights of the edges incident with v ∈ V2, and c be the sum of
weights of edges connecting v with the vertices in V1. The transfer of the vertex v from V2
to V1 increases the sum of weights of edges connecting the vertices from V1 with the vertices
in V2 by h = d−2c if it is positive. At the �rst step, h is equal to d. At any step, the vertex v
with maximum value of h is selected. The process comes to the end when h is not positive
for all the vertices in V2.

5. Calculating probabilities of transitions
The following assumptions are accepted in calculating probabilities of transitions

between states of a sequential automaton. The automaton is completely speci�ed; all the
states are mutually reachable, i.e., for every two states there exists a sequence of input
signals transferring one of them to the other; the automaton works a long time enough.

The probability of transition of a sequential automaton from a state qi to a state qj
caused by an input signal x = (x1, x2, . . . , xn) is equal to the probability of coming x.
If there are several input signals transferring the automaton from qi to qj, the conditional
probability p′ij of such a transfer is equal to the sum of the probabilities of those signals as
a probability of incompatible events. The condition is that the automaton is in the state qi.
The absolute probability pij of the transition from qi to qj for all the time of the automaton
working is equal to the product p(qi)p

′
ij, where p(qi) is the probability that the automaton

is in the state qi � this event and the incoming signals that transfer the automaton from qi
to qj are independent events.

To calculate the probabilities p(qi), i = 1, 2, . . . ,m, where m is the number of
states of the automaton, the Chapmann�Kolmogorov equations for discrete-time Markov
Chains [13] can be applied. That method was used in [7, 8, 14]. Similarly to Kirchho�'s
low in electrical engineering, one may say that the sum of the probabilities of transitions
to some state is equal to the sum of the probabilities of transitions from this state.
Based on the considerations above, the following equations with unknown quantities p(qi)
(i = 1, 2, . . . ,m) can be derived:

m∑
i=1

p(qi)p
′
ij = p(qj), j = 1, . . . ,m,

m∑
i=1

p(qi) = 1.

The probabilities p′ij must be known. So, having solved this system of equations, the
probabilities p(qi) will be obtained. As it was said above, the absolute probability pij is
de�ned as pij = p(qi)p

′
ij.
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An input signal of a component automaton in a net consists of an input signal of the
net and signals on the states of the other components of the net. Due to interconnection
in the network, the state of a component automaton and the input signal it receives are
not independent events. To calculate the probabilities of transitions between component
automata, the modeling a parallel automaton by a sequential automaton is suggested. The
states of the modeling sequential automaton are the global states of the given parallel
automaton. The probabilities of transitions between the global states are de�ned as it
is shown above for the modeling sequential automaton. The probabilities of transitions
between the partial states and, relatively, between the states of component automata are
determined using the probabilities of transitions between global states. The probability of
the transition between partial states qi and qj is equal to the sum of the probabilities of the
transitions between those global states Ps and Pt, for which qi ∈ Ps and qj ∈ Pt, or qi ∈ Pt
and qj ∈ Ps.

The transitions between the global states of the parallel automaton in the considered
example is shown in Table 2, where rows and columns correspond to global states, and its
entry is the condition of the transition from the global state corresponding to the row into
the global state corresponding to the column. Using Table 2, the conditional probabilities
are determined easily. Table 3 shows them with common denominator. Here, we regard
binary input signals x1 and x2 as independent and equally probable.

Ta b l e 2

States {1} {10} {2, 3, 4} {2, 3, 7} {3, 4, 5} {2, 3, 9} {3, 5, 7} {3, 5, 9} {7, 8} {4, 8} {8, 9} {6}
{1} x1 ∨ x2 x1x2

{10} x2 x2

{2, 3, 4} x1 x1

{2, 3, 7} x1x2 x1x2 x1x2 x1x2

{3, 4, 5} x1x2 x1x2 x1x2 x1x2

{2, 3, 9} x1 x1

{3, 5, 7} x2 x2

{3, 5, 9} x2 x2

{7, 8} x2 x2

{4, 8} x1 x1

{8, 9} x2 x2

{6} x1 x1

Ta b l e 3

States {1} {10} {2, 3, 4} {2, 3, 7} {3, 4, 5} {2, 3, 9} {3, 5, 7} {3, 5, 9} {7, 8} {4, 8} {8, 9} {6}
{1} 3/4 1/4
{10} 2/4 2/4

{2, 3, 4} 2/4 2/4
{2, 3, 7} 1/4 1/4 1/4 1/4
{3, 4, 5} 1/4 1/4 1/4 1/4
{2, 3, 9} 2/4 2/4
{3, 5, 7} 2/4 2/4
{3, 5, 9} 2/4 2/4
{7, 8} 2/4 2/4
{4, 8} 2/4 2/4
{8, 9} 2/4 2/4
{6} 2/4 2/4
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The following system of equations is obtained for the probabilities of global states {1},
{10}, {2, 3, 4}, {2, 3, 7}, {3, 4, 5}, {2, 3, 9}, {3, 5, 7}, {3, 5, 9}, {7, 8}, {4, 8}, {8, 9} and {6}
according to Table 3:

p(1) = 3/4 p(1) + 2/4 p(6),

p(10) = 2/4 p(10) + 1/4 p(1),

p(2.3.4) = 2/4 p(10),

p(2.3.7) = 2/4 p(2.3.4) + 1/4 p(2.3.7),

p(3.4.5) = 2/4 p(2.3.4) + 1/4 p(3.4.5),

p(2.3.9) = 2/4 p(2.3.9) + 1/4 p(2.3.7),

p(3.5.7) = 1/4 p(3.4.5) + 1/4 p(2.3.7),

p(3.5.9) = 2/4 p(2.3.9) + 1/4 p(2.3.7) + 2/4 p(3.5.7) + 2/4 p(3.5.9),

p(7.8) = 2/4 p(7.8) + 1/4 p(3.4.5) + 2/4 p(3.5.7) + 2/4 p(4.8),

p(4.8) = 2/4 p(4.8) + 1/4 p(3.4.5),

p(8.9) = 2/4 p(7.8) + 2/4 p(8.9) + 2/4 p(3.5.9),

p(6) = 2/4 p(6) + 2/4 p(8.9),

p(1) + p(10) + p(2.3.4) + p(2.3.7) + p(3.4.5) + p(2.3.9) + p(3.5.7) + p(3.5.9)+

+ p(7.8) + p(4.8) + p(8.9) + p(6) = 1.

The solution of this system gives the probabilities

p(1) = 12/46, p(10) = 6/46, p(2.3.4) = 3/46, p(2.3.7) = 2/46,

p(3.4.5) = 2/46, p(2.3.9) = 1/46, p(3.5.7) = 1/46, p(3.5.9) = 3/46,

p(7.8) = 3/46, p(4.8) = 1/46, p(8.9) = 6/46, p(6) = 6/46.

The absolute probabilities of transitions between global states according to pij = p(qi)p
′
ij

are in Table 4.

Ta b l e 4

States {1} {10} {2, 3, 4} {2, 3, 7} {3, 4, 5} {2, 3, 9} {3, 5, 7} {3, 5, 9} {7, 8} {4, 8} {8, 9} {6}
{1} 18/92 6/92
{10} 6/92 6/92

{2, 3, 4} 3/92 3/92
{2, 3, 7} 1/92 1/92 1/92 1/92
{3, 4, 5} 1/92 1/92 1/92 1/92
{2, 3, 9} 1/92 1/92
{3, 5, 7} 1/92 1/92
{3, 5, 9} 3/92 3/92
{7, 8} 3/92 3/92
{4, 8} 1/92 1/92
{8, 9} 6/92 6/92
{6} 6/92 6/92

As it is said above, the probabilities of transitions between partial states are determined
using the probabilities of transitions between global states. For example, the automaton in
the considered example goes from partial state 2 to partial state 5 (transition τ3) when it
goes from global states {2, 3, 4}, {2, 3, 7} and {2, 3, 9} to global states {3, 4, 5}, {3, 5, 7}
and {3, 5, 9}. The sum of the probabilities of those incompatible events is 6/92. It is
the probability of the transition from partial state 2 to partial state 5. The component
automaton A1 goes from state 2 to state 5 with the same probability.
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6. Joint state assignment of component automata
As the weight of an edge in the graph Gi for the automaton Ai, i = 1, 2, 3, we take the

numerator of fraction 1− p∗st, where p
∗
st is the probability of the transition in any direction

between states qs and qt that correspond to the end of the edge. The adjacency matrices of
weighted graphs G1, G2 and G3 for automata A1, A2 and A3, where the values below the
main diagonal are omitted because of symmetry of the matrices, are the following:

A1 =

2 5 6 8 10
92 92 86 92 86

86 92 92 86
92 86 92

86 92
92


1
2
5
6
8

, A2 =

3 6 8 10
92 86 92 86

92 86 86
86 92

92


1
3
6
8

,

A3 =

4 6 7 9 10
92 86 92 92 86

92 86 92 86
92 86 92

86 92
92


1
4
6
7
9

.

The method described above is applied for the search for the maximum cuts in G1,
G2 and G3. The maximal values of d in G1, G2 and G3 determine the result of the �rst
step of the partition. They are d1(1) = 448, d2(1) = 356 and d3(1) = 448. According
to them, the following partitions are obtained: {{1}, {2, 5, 6, 8, 10}}, {{1}, {3, 6, 8, 10}}
and {{1}, {4, 6, 7, 9, 10}}. The next partitions are determined by the maximal values
h1(6) = 276, h2(6) = 184 and h3(6) = 276: {{1, 6}, {2, 5, 8, 10}}, {{1, 6}, {3, 8, 10}} and
{{1, 6}, {4, 7, 9, 10}}. Finally, according to h1(8) = 92, h2(10) = 0 and h3(9) = 92, we obtain
the cuts of the graphs in the form of partitions {{1, 6, 8}, {2, 5, 10}}, {{1, 6}, {3, 8, 10}} and
{{1, 6, 9}, {4, 7, 10}}.

The values of the coding variables z1i , z
2
i and z3i , which are introduced after having

found the recurrent cuts, are determined taking into consideration the state compatibility.
After i-th step in the process of state assignment, the variable zji must take di�erent values
for the states of Aj corresponding to the vertices from di�erent parts of the cut of Gj if
these states are incompatible, and must not take di�erent values if they are compatible.
The state compatibility of component automata is de�ned as it is described in [15], in the
following way. Let fj(q

j
l ) = fk(q

k
m) = qs and fj(q

j
u) = fk(q

k
v ) = qt, where q

j
l and q

j
u are the

states of the component automaton Aj, q
k
m and qkv are the states of Ak (j ̸= k), qs and qt are

partial states of the given parallel automaton B, fj and fk are mappings of the states of Aj
and Ak into partial states of B. One of the pairs, (qjl , q

j
u) and (qkm, q

k
v ), can be regarded

as compatible, while the other is incompatible. The optimal choice of it requires special
investigation is not considered in this paper.

The following matrices give the values of z11 , z
2
1 and z

3
1 :

1 2 5 6 8 10 q1[
0 1 1 0 0 1

]
z11
,

1 3 6 8 10 q2[
0 1 0 1 −

]
z21
,

1 4 6 7 9 10 q3[
0 1 0 1 0 −

]
z31
.

Here, the states 1 and 10 of the automaton A1 are incompatible, and the variable z
1
1 takes

di�erent values for them, while the values of z21 and z
3
1 remain inde�nite for the states of A2

and A3 mapped into the same partial state of B.
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The following matrices are obtained after removing the edges corresponding to the pairs
of states with di�erent values of coding variables and to the pairs of compatible states:

A1=

2 5 6 8 10
0 0 86 92 0

86 0 0 86
0 0 92

86 0
0


1
2
5
6
8

, A2=

3 6 8 10
0 86 0 0

0 86 86
0 0

0


1
3
6
8

, A3=

4 6 7 9 10
0 86 0 92 0

0 86 0 86
0 86 0

0 92
92


1
4
6
7
9

.

The partitions {{1, 5}, {2, 6, 8, 10}}, {{1, 3}, {6, 8, 10}}, {{7, 9, 10}, {1, 4, 6}} and, relatively,
the values of z12 , z

2
2 and z

3
2 are obtained by the same way:

1 2 5 6 8 10[
0 1 1 0 0 1
0 0 1 1 − 0

] q1

z11
z12

,
1 3 6 8 10[
0 1 0 1 −
− 0 − 1 1

] q2

z21
z22

,
1 4 6 7 9 10[
0 1 0 1 0 −
0 0 0 1 1 1

] q3

z31
z32

.

The values of z12 are given by vector (0 0 1 1 − 0) according to the partition {{1, 5},
{2, 6, 8, 10}} and taking into consideration the state compatibility. Vector (1 0 1 0−0) could
give the values of z12 as well, but then, the probability of the transitions between states
with changing values of z12 is 6/92, while there are no such transitions at the �rst variant.
Therefore, the �rst variant gives less switching activity.

After removing edges, the graph G2 has become empty and state assignment of A2 has
ful�lled. The matrices for A1 and A3 are

A1=

2 5 6 8 10
0 0 0 0 0

0 0 0 86
0 0 0

0 0
0


1
2
5
6
8

, A3=

4 6 7 9 10
0 0 0 0 0

0 0 0 0
0 0 0

0 92
92


1
4
6
7
9

.

They make us to introduce variables z13 and z
3
3 . The following matrices represent the result

of state assignment of the component automata:

1 2 5 6 8 10 0 1 1 0 0 1
0 0 1 1 − 0
− 0 − − − 1


q1

z11
z12
z13

,
1 3 6 8 10[
0 1 0 1 −
− 0 − 1 1

] q2

z21
z22

,

1 4 6 7 9 10 0 1 0 1 0 −
0 0 0 1 1 1
− − − − 0 1


q3

z31
z32
z33

.

Substituting the vectors of values of the components zji to the symbols of states in
Table 1, we obtain the interval representation of the system of incompletely speci�ed
Boolean functions zj

′

i of excitation of memory elements. It is convenient to represent the
system in Table 5.
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Ta b l e 5

x1x2 z11z
1
2z

1
3 z21z

2
2 z31z

3
2z

3
3 z1

′

1 z1
′

2 z1
′

3 z2
′

1 z2
′

2 z3
′

1 z3
′

2 z3
′

3

0 1 0 0 − 0 − 0 0 − 1 0 1 − 1 0 1 1
− 0 0 0 − 0 − 0 0 − 0 0 − 0 − 0 0 −
1 − 0 0 − 0 − 0 0 − 0 0 − 0 − 0 0 −
− 1 1 0 1 − 1 0 1 1 1 0 1 − 1 0 1 1
− 0 1 0 1 − 1 0 1 1 1 0 0 1 0 1 0 −
1 − 1 0 0 1 0 1 0 − 1 1 − 1 0 1 0 −
0 − 1 0 0 1 0 1 0 − 1 0 0 1 0 1 1 −
0 0 1 0 0 1 0 1 1 − 1 0 0 1 0 0 1 0
0 1 1 0 0 1 0 1 1 − 1 0 0 1 0 1 1 −
1 1 1 0 0 1 0 1 1 − 1 1 − 1 0 1 1 −
1 0 1 0 0 1 0 1 1 − 1 1 − 1 0 0 1 0
1 0 1 1 − 1 0 1 0 − 1 1 − 1 0 1 0 −
0 0 1 1 − 1 0 1 0 − 1 1 − 1 0 1 1 −
0 1 1 1 − 1 0 1 0 − 0 − − 1 1 1 1 −
1 1 1 1 − 1 0 1 0 − 0 − − 1 1 1 0 −
0 − 1 0 0 1 0 0 1 0 1 0 0 1 0 0 1 0
1 − 1 0 0 1 0 0 1 0 1 1 − 1 0 0 1 0
− 0 1 1 − 1 0 1 1 − 1 1 − 1 0 0 1 0
− 1 1 1 − 1 0 1 1 − 0 − − 1 1 1 1 −
− 0 1 1 − 1 0 0 1 0 1 1 − 1 0 0 1 0
− 1 1 1 − 1 0 0 1 0 0 − − 1 1 0 1 0
− 1 0 − − 1 1 1 1 − 0 − − 1 1 1 1 −
− 0 0 − − 1 1 1 1 − 0 − − 1 1 0 1 0
1 − 0 − − 1 1 1 0 − 0 − − 1 1 1 0 −
0 − 0 − − 1 1 1 0 − 0 − − 1 1 1 1 −
− 1 0 − − 1 1 0 1 0 0 − − 1 1 0 1 0
− 0 0 − − 1 1 0 1 0 0 1 − 0 − 0 0 −
0 − 0 1 − 0 − 0 0 − 0 1 − 0 − 0 0 −
1 − 0 1 − 0 − 0 0 − 0 0 − 0 − 0 0 −

7. Reduction of interconnection
The component sequential automata in the net implementing the given parallel

automaton exchange with binary signals as the Boolean variables zji . The problem of
reducing these connections makes sense when the reduction of the number of input pins of
a logic circuit is necessary. Solving this problem, as it is described in [16], by decreasing
the number of arguments of Boolean excitation functions of memory elements for each
component separately is suggested.

Let a pair of matrices (X,Y) be an interval representation of a system of incompletely
speci�ed Boolean functions, where the rows of X represent the intervals of Boolean space of
the arguments, and the rows of Y the values of the functions at the corresponding intervals.
The condition of correctness requires the row orthogonality of X and the orthogonality of
the corresponding rows of Y. The distinction matrix of the rows of X is constructed. For
each pair of rows of X corresponding to orthogonal rows of Y, the distinction matrix has
a row obtained by modulo 2 addition of those rows of X. The modulo 2 addition of don't
care �−� with zero or one gives zero. The shortest column cover must be found in the
distinction matrix, that is the least set of columns such that each row of the matrix has
one in these columns. The obtained cover shows the set of essential arguments, and when
selecting the columns to form the cover, we prefer those that correspond to the variables
coding the states of the automaton under consideration. Thus, we decrease interconnection
of components.
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For the system of excitation functions in automata A1, A2 and A3, the distinction
matrices are as follows after applying the reduction rule in solving the cover problem (if
row i has 1s everywhere, where row j has 1s, row i can be removed [17]):

x1 x2 z11 z12 z13 z21 z22 z31 z32 z33

0 0 1 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 1 0
0 0 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0 0 0
0 0 0 0 0 1 0 1 0 0
0 0 1 0 0 0 0 0 0 1
0 0 0 0 1 0 1 1 0 0
0 0 0 0 1 0 1 0 0 1



,

x2 z11 z12 z13 z21 z22 z31 z32 z33

0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 1 0
0 1 0 0 0 0 0 1 0
1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1
0 1 0 0 0 1 0 0 0
0 0 0 1 0 1 0 0 1
0 0 1 0 0 0 0 0 0


,

x1 x2 z11 z12 z13 z22 z31 z32 z33

0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 1 0 0
0 1 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 1
0 0 1 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 1 0 0 1


.

The process of forming the desired covers begins by introducing into them the columns
z11 , z

1
2 , z

1
3 from the �rst matrix, columns z21 , z

2
2 from the second matrix and z31 , z

3
2 , z

3
3 from

the third matrix. Relatively, the column covers {x1, x2, z11 , z12 , z13 , z21}, {x2, z11 , z12 , z21 , z22 , z31}
and {x1, x2, z11 , z12 , z31 , z32 , z33} are obtained.

Figure 1 shows the net implementing the given parallel automaton. The following
matrices represent the systems of disjunctive normal forms of the excitation functions in the
component automata that are obtained separately for each automaton by the minimization
method described in [18]:

x1 x2 z11 z12 z13 z21

0 − 0 1 − −
0 1 − 0 − 0
− 0 0 − − 1
− 1 − − 1 −
− − 1 0 − −
1 − − − 0 1
− 0 1 1 − −


,

z1
′

1 z1
′

2 z1
′

3

0 1 0
1 0 1
0 1 0
0 0 1
1 0 0
0 1 0
1 1 0


;

x2 z11 z12 z21 z22 z31
− 1 − − − −
1 − − − 1 −
− 0 − − − −
1 − 1 − − −
− − − − − 1
1 − − 1 − −


,

z2
′

1 z2
′

2
1 0
0 1
0 1
0 1
1 0
1 0


;

x1 x2 z11 z12 z31 z32 z33

0 − − 0 − 0 −
− 1 1 − − 1 1
− − − − 1 1 −
− 0 1 − − − 1
0 − − − 1 0 −
− 1 − − − 1 −
− 0 1 − − 1 0
− 1 − − 1 − −
− − − − 1 0 −


,

z1
′

1 z1
′

2 z1
′

3

0 1 1
0 1 1
0 1 0
1 0 0
0 1 0
0 1 0
0 1 0
1 0 0
1 0 0


.
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Fig. 1. Net of sequential automata

8. Asynchronous implementation
The probabilities of transitions between partial states of a parallel automaton were

determined above with the help of modelling its behavior by a sequential automaton
with the states corresponding to the global states of the parallel automaton. Not any
parallel automaton admits such modelling under asynchronous implementation [1]. Here, we
restrict ourselves to consideration of parallel automata that admit modelling by sequential
automaton. The parallel automaton in the Example 1 is an example of such an automaton.
We consider only transitions between stable states (partial and global) and regard the
probability of unstable state to be negligibly small. The stable global states of the automaton
in the Example 1 are {1}, {10}, {3, 4, 5}, {2, 3, 9}, {3, 5, 9}, {7, 8}, {4, 8}, {8, 9} and {6}.

The component sequential automata are determined by the same way that was applied
above. The given parallel automaton is decomposed into asynchronous automata A1, A2

and A3 with the sets of states Q1 = {1, 2, 5, 6, 8, 10}, Q2 = {1, 3, 6, 8, 10} and Q3 = {1, 4, 6,
7, 9, 10}. Table 6 shows transitions between states of the component automata, where the
stable states are marked with bold.

Ta b l e 6

q1 q2 q3
x1x2

00 01 11 10

q1
′

q2
′

q3
′

q1
′

q2
′

q3
′

q1
′

q2
′

q3
′

q1
′

q2
′

q3
′

1 1 1 1 1 1 10 10 10 1 1 1 1 1 1

10 10 10 2 3 9 10 10 10 10 10 10 5 3 4
5 3 4 5 3 9 8 8 7 8 8 4 5 3 4

2 3 9 2 3 9 2 3 9 8 8 9 5 3 9
5 3 9 5 3 9 8 8 9 8 8 9 5 3 9

8 8 7 6 6 6 8 8 7 8 8 7 1 1 1
8 8 4 6 6 6 8 8 7 8 8 4 8 8 4

8 8 9 6 6 6 8 8 9 8 8 9 1 1 1
6 6 6 6 6 6 6 6 6 1 1 1 1 1 1

For low power race-free state assignment of component automata, the approach
described in detail in [19] is applied. The pairs of transitions between states at the same
input signal are considered. For example, Table 6 shows that when x1 = 0, x2 = 1, the
automata A1, A2 and A3 have the pairs of transitions, (1 → 10, 5 → 8), (1 → 10, 3 → 8)
and (1 → 10, 4 → 7), relatively. The condition for absence of critical races in a pair of
transitions is formulated by a ternary vector whose components correspond to the states
of the automaton and have values 1 or 0 depending on what the transition of the pair
the corresponding states belong to. For the pairs named above, (0−1−10), (01−10) and
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(01−1−0) are such vectors where 0s and 1s can change places. Only one of such conditions
is su�cient to ful�ll. We call it obligatory. The optimal choice of obligatory conditions
requires a special research.

All the obligatory conditions in the form of the vectors above constitute the condition
matrix that has not implied rows [6]. A ternary vector a implies a ternary vector b if b is
obtained from a by replacing some 0s or 1s by the value �−� and, perhaps, by inverting the
obtained result. For example, vector (10−101) implies (10−−01) and (01−−1−). The sense
of this relation is that the condition represented by b is satis�ed if the condition represented
by a is satis�ed. For component automata of the considered net, the condition matrices can
be as follows:

1 2 5 6 8 10
− 0 1 − − 0
0 − − 1 1 −
0 1 1 − 0 −
0 − 1 − 1 0
− 0 − − − 1


1
2
3
4
5

,

1 3 6 8 10
− 0 1 1 0
0 1 0 − 1
0 1 0 1 −
0 − 1 − 0


1
2
3
4

,

1 4 6 7 9 10

0 1 − 0 − 1
0 1 − − 0 1
− 0 − 0 1 −
− − 0 0 1 −
0 − 0 − − 1
0 1 − 0 − 1
− 1 − − − 0



1
2
3
4
5
6
7

.

A ternary matrix R implies a matrix S if for every row of S there is a row in R that
implies it. The problem of race-free state assignment is reduced to �nding a matrix with the
minimal number of rows that implies the condition matrix and is called shortest implying

form of the condition matrix. The rows of this matrix represent the desired codes of the
states.

The shortest implying form of a ternary matrix is found in the following way. A set
of rows of a matrix is called compatible if there is a vector implying each row of this set.
A compatible set is the maximal one if it is not a proper subset of any other compatible
set. We should �nd all the maximal compatible sets of the rows of the condition matrix and
then obtain the shortest cover of the rows by these sets. Every compatible set correspond
to the vector implying all the rows belonging to this set. The vectors corresponding to the
elements of the obtained cover constitute the shortest implying form of the condition matrix
under consideration. Below, the matrices are given whose rows imply the elements of the
maximal compatible sets from the obtained shortest cover; the numbers of the rows of the
condition matrix implied by each row of the given matrices are to their right:

1 2 5 6 8 10[
0 0 1 1 1 0
0 1 1 − 0 0

]
1, 2, 4
3, 5

,

1 3 6 8 10 0 1 0 0 1
0 0 1 1 0
0 1 0 1 1

 1, 2
1, 4
2, 3

,

1 4 6 7 9 10
0 1 0 0 0 1
0 1 0 0 1 1
0 1 1 1 0 1
0 0 0 0 1 1


1, 2, 5, 6
1, 4, 5, 6
2, 3, 4
3, 4, 5, 7

.

We determine the relation for each variable zi and the set of transitions between states
with codes, where zi changes its value at those transitions. That is the i-th memory element
in the real circuit implementing the given automaton changes its state. The switching
activity is connected with the probabilities of transitions between states. The probability of
transition when zi changes its value is put into the correspondence to zi. This probability is
equal to the sum of the probabilities of all the transitions when zi changes its value, because
those transitions are incompatible events.

The probabilities of the transitions (independently of the direction) between the partial
states of the given parallel automaton coinciding with the probabilities of the transitions
in component automata are obtained by the method described above. Table 7 shows them,
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where the rows and columns correspond to the states and empty entries mean that there
are no corresponding transitions.

Ta b l e 7

States 2 3 4 5 6 7 8 9 10
1 13/282 3/282 8/282 8/282 24/282
2 6/282 6/282 12/282
3 4/282 24/282 24/282
4 6/282 4/282 12/282
5 18/282 12/282
6 3/282 13/282 8/282
7
8
9 12/282

Every compatible set of rows of the condition matrix and, correspondingly, vector
implying all the rows in the set have the weight as the value proportional to the sum of the
probabilities of the transitions connected with this vector. The minimal weight cover of the
row sets of the condition matrix with the maximal compatible sets is obtained. The weight
of a cover is the sum of the weights of its elements. The problem of minimal weighted cover
is investigated in detail in [20].

All the family of maximal compatible sets for A1 coincides with its shortest cover.
According to the matrices above, the sets {1, 4} and {2, 3} constitute the shortest cover
with the minimal weight for A2, and {1, 2, 5, 6} and {3, 4, 5, 7} for A3. The following matrices
give the codes of the states of A1, A2 and A3, respectively:

1 2 5 6 8 10[
0 0 1 1 1 −
0 1 1 − 0 0

] q1

z11
z12

,
1 3 6 8 10[
0 0 1 1 0
0 1 0 1 1

] q2

z21
z22

,
1 4 6 7 9 10[
0 1 0 0 0 1
0 0 0 0 1 1

] q3

z31
z32

.

Table 8 is the interval speci�cation of the system of incompletely speci�ed Boolean
functions zj

′

i of excitation of memory elements. In this speci�cation, the intervals of the
space of internal variables that are determined by the transitions between states of the
component automata are used [6].

After decreasing the number of arguments and minimization of the system of the
excitation functions, the following matrices representing the systems of disjunctive normal
forms are obtained:

x1 x2 z11 z12 z21 z22 z31

− 1 1 − − 1 −
0 − 0 1 − − −
1 1 − − − 1 0
− − 1 0 − − 1
0 − 1 − 1 − −
0 0 − − − 1 −
1 0 − − 0 − 1
− 0 1 1 − 1 −
1 0 − 1 − 1 −


,

z1
′

1 z1
′

2

1 0
0 1
1 0
1 0
1 0
0 1
1 1
1 1
1 1


;

x1 x2 z11 z12 z21 z22 z31

0 − − − 1 − −
0 − − − 0 1 −
1 − − − − − 1
0 1 0 − − − −
− 1 1 − − 1 −
1 1 − − − 1 0
− − − − 1 − 1
1 − 0 1 − 1 −
− 0 − 1 − 1 −


,

z2
′

1 z2
′

2

1 0
0 1
0 1
0 1
1 1
1 1
1 0
0 1
0 1


;
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x1 x2 z11 z12 z21 z31 z32

1 − − − − 1 −
− 1 0 − − 1 −
0 1 0 0 − − −
− 0 − 1 0 0 −
− 1 1 − − − 1
1 1 − − − − 1
0 − − − − − 1
0 0 − 1 0 − −


,

z3
′

1 z3
′

2

1 0
1 1
1 1
0 1
0 1
0 1
0 1
0 1


.

Ta b l e 8

x1x2 z11z
1
2 z21z

2
2 z31z

3
2 z1

′

1 z1
′

2 z2
′

1 z2
′

2 z3
′

1 z3
′

2

− 0 0 0 0 0 0 0 0 0 0 0 0 0
1 − 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 − 0 − 0 0 0 1 1 1
− 1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 − 0 1 − 1 0 1 0 1 0 1
1 0 − − 0 1 1 − 1 1 0 1 1 0
1 0 1 1 0 1 1 0 1 1 0 1 1 0
0 0 1 1 0 1 − − 1 1 0 1 0 1
0 1 1 − − 1 − 0 1 0 1 1 0 0
1 1 1 − − 1 1 0 1 0 1 1 1 0
0 − 0 1 0 1 0 1 0 1 0 1 0 1
1 1 − − − 1 0 1 1 0 1 1 0 1
1 0 − 1 0 1 0 1 1 1 0 1 0 1
− 0 1 1 0 1 0 1 1 1 0 1 0 1
− 1 1 − − 1 0 1 1 0 1 1 0 1
− 1 1 0 1 1 0 0 1 0 1 1 0 0
0 0 1 0 1 − 0 0 1 − 1 0 0 0
1 0 − 0 − − 0 0 0 0 0 0 0 0
1 − 1 0 1 1 1 0 1 0 1 1 1 0
0 1 1 0 1 1 − 0 1 0 1 1 0 0
0 0 1 0 1 − − 0 1 − 1 0 0 0
− 1 1 0 1 1 0 1 1 0 1 1 0 1
1 0 − 0 − − 0 − 0 0 0 0 0 0
0 0 1 0 1 − 0 − 1 − 1 0 0 0
0 − 1 − 1 0 0 0 1 − 1 0 0 0
1 − − − 1 0 0 0 0 0 − 0 0 0

Figure 2 shows the net of asynchronous sequential automata implementing the given
parallel automaton.

Fig. 2. Net of asynchronous sequential automata
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9. Conclusion
The suggested approach to decomposition of a parallel automaton can be applied in the

synthesis of distributed control systems. In such a system controlling a set of objects distant
from each other, all the blocks are connected in a network, with each block located at one
of the controlled objects. So the problem of minimization of interconnection considered in
the paper is interesting from the point of view of reliability. Using the decomposition of a
parallel automaton allows decreasing the dimension of laborious problems of logical design.
The suggested approach is intended for using in a computer aided logical design system.
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Î ÖÅËÎ×ÈÑËÅÍÍÎÌ ËÈÍÅÉÍÎÌ ÏÐÎÃÐÀÌÌÈÐÎÂÀÍÈÈ
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Çàäà÷è êëàñòåðèçàöèè ÿâëÿþòñÿ âàæíîé ÷àñòüþ àíàëèçà äàííûõ. Â íèõ òðåáóåò-
ñÿ ðàçáèòü çàäàííîå ìíîæåñòâî îáúåêòîâ íà íåñêîëüêî ïîäìíîæåñòâ (êëàñòåðîâ)
íà îñíîâå ñõîäñòâà îáúåêòîâ äðóã ñ äðóãîì. Çàäà÷à êëàñòåðèçàöèè âåðøèí ãðà-
ôà ÿâëÿåòñÿ ôîðìàëèçàöèåé çàäà÷è êëàñòåðèçàöèè. Ñõîäñòâî îáúåêòîâ çàäà¼òñÿ
ñ ïîìîùüþ ð¼áåð íåêîòîðîãî ãðàôà, âåðøèíû êîòîðîãî âçàèìíî îäíîçíà÷íî ñî-
îòâåòñòâóþò îáúåêòàì. Ñóùåñòâóåò ìíîæåñòâî âàðèàíòîâ çàäà÷è: ñ îãðàíè÷åíèåì
íà ÷èñëî è ðàçìåð êëàñòåðîâ, âçâåøåííûå è îðèåíòèðîâàííûå ïîñòàíîâêè; âñå
èçâåñòíûå âàðèàíòû çàäà÷è ÿâëÿþòñÿ NP-òðóäíûìè. Äàííàÿ ðàáîòà ïîñâÿùåíà
îäíîìó èç ïîäõîäîâ ê ðåøåíèþ çàäà÷è � ïîñòðîåíèþ ìîäåëåé öåëî÷èñëåííîãî
ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Ïðèâåä¼í îáçîð èçâåñòíûõ è ïðåäëîæåíû íîâûå
ïîäõîäû ê ïîñòðîåíèþ òàêèõ ìîäåëåé. Íîâûå ìîäåëè ìîãóò èñïîëüçîâàòüñÿ êàê
äëÿ íàõîæäåíèÿ òî÷íûõ ðåøåíèé, òàê è äëÿ ïîñòðîåíèÿ ïðèáëèæ¼ííûõ àëãîðèò-
ìîâ. Ïðîâåä¼í âû÷èñëèòåëüíûé ýêñïåðèìåíò, íàïðàâëåííûé íà îöåíêó âðåìåíè,
íåîáõîäèìîãî àëãîðèòìàì, îïèðàþùèìñÿ íà ðàçëè÷íûå ìîäåëè, äëÿ íàõîæäåíèÿ
òî÷íîãî ðåøåíèÿ. Ïîêàçàíî, ÷òî îäèí èç àëãîðèòìîâ, îïèðàþùèõñÿ íà íîâûå ìî-
äåëè, áûñòðåå äðóãèõ íàõîäèò ðåøåíèå äëÿ çàäà÷è ñ îãðàíè÷åííûì ÷èñëîì êëà-
ñòåðîâ.

Êëþ÷åâûå ñëîâà: êëàñòåðíûé ãðàô, öåëî÷èñëåííîå ëèíåéíîå ïðîãðàììèðîâà-

íèå, NP-òðóäíàÿ çàäà÷à.

ON AN INTEGER LINEAR PROGRAMMING
FOR CORRELATION CLUSTERING

A.V. Morshinin

Sobolev Institute of Mathematics SB RAS, Omsk, Russia

Clustering problems form an important section of data analysis. In these problems,
we need to partition a given set of objects into several subsets (clusters) based on
the similarity of the objects to each other. Correlation clustering is a formalization
of the clustering problem. Similar objects are connected by edges of a graph and
vertices are in one-to-one correspondence with the objects. The problem has several
variants: with limited number and size of clusters, weighted, and directed. All known
variants are NP-hard. We investigate an approach to solve the problems that involves

1Èññëåäîâàíèå âûïîëíåíî çà ñ÷¼ò ãðàíòà ÐÍÔ �22-71-10015.
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building integer linear programming models. We review existing models and propose
new approaches to model building. The new models can be used both to find exact
solutions and to construct approximate algorithms. An experimental study has been
conducted to evaluate the computation time to find exact solutions by algorithms
based on different models. It showed that one of the algorithms based on the new
models is faster than others in finding solutions for a variant of the problem with a
limited number of clusters.

Keywords: cluster graph, integer linear programming, NP-hard problem.

Ââåäåíèå
Â çàäà÷å êëàñòåðèçàöèè òðåáóåòñÿ ðàçáèòü çàäàííîå ìíîæåñòâî îáúåêòîâ íà ïîä-

ìíîæåñòâà (êëàñòåðû) íà îñíîâå ñõîäñòâà ìåæäó îáúåêòàìè. Îäíîé èç íàèáîëåå íà-
ãëÿäíûõ ôîðìàëèçàöèé ýòîé çàäà÷è ÿâëÿåòñÿ çàäà÷à êëàñòåðèçàöèè âåðøèí ãðàôà [1]
(correlation clustering [2], cluster editing [3, 4] è äð.), ãäå ñõîäñòâî îáúåêòîâ çàäà¼òñÿ
ð¼áðàìè ãðàôà, âåðøèíû êîòîðîãî âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóþò îáúåêòàì.

Áóäåì ðàññìàòðèâàòü òîëüêî íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ð¼-
áåð, òî åñòü îáûêíîâåííûå ãðàôû. Îáûêíîâåííûé ãðàô G = (V,E) íàçûâàåòñÿ êëà-

ñòåðíûì, åñëè êàæäàÿ åãî êîìïîíåíòà ñâÿçíîñòè ÿâëÿåòñÿ ïîëíûì ãðàôîì.
ÅñëèG1 = (V,E1) èG2 = (V,E2)�ïîìå÷åííûå ãðàôû íà îäíîì è òîì æå ìíîæåñòâå

âåðøèí V , òî ðàññòîÿíèå d(G1, G2) ìåæäó íèìè îïðåäåëÿåòñÿ êàê

d(G1, G2) = |E1 \ E2|+ |E2 \ E1|,

òî åñòü d(G1, G2) ðàâíî ÷èñëó ðàçëè÷àþùèõñÿ ð¼áåð â ãðàôàõ G1 è G2.
Îïðåäåëèì ñëåäóþùèå ìíîæåñòâà êëàñòåðíûõ ãðàôîâ:

1) CGS(V ) (Cluster Graph Set) � ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà ìíîæåñòâå
âåðøèí V ;

2) CGSk(V )�ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà V , èìåþùèõ k êîìïîíåíò
ñâÿçíîñòè (1 ⩽ k ⩽ |V |);

3) CGS⩽k(V )�ìíîæåñòâî âñåõ êëàñòåðíûõ ãðàôîâ íà V , èìåþùèõ íå áîëåå k êîì-

ïîíåíò ñâÿçíîñòè (1 ⩽ k ⩽ |V |). Î÷åâèäíî, ÷òî CGS⩽k(V ) =
k⋃
i=1

CGSi(V ).

Ýòè ìíîæåñòâà òåñíî ñâÿçàíû ñî ñëåäóþùèìè ìèíèìèçàöèîííûìè âàðèàíòàìè çà-
äà÷è êëàñòåðèçàöèè âåðøèí ãðàôà:

� MIN-DISAGREE. Äëÿ ïðîèçâîëüíîãî ãðàôà G = (V,E) íàéòè áëèæàéøèé ê G
êëàñòåðíûé ãðàô C∗ ∈ CGS(V ), òî åñòü ãðàô, äëÿ êîòîðîãî âåëè÷èíà d(G,C∗)
ìèíèìàëüíà ñðåäè âñåõ ãðàôîâ èç CGS(V ).

� MIN-DISAGREEk. Äëÿ ïðîèçâîëüíîãî ãðàôà G = (V,E) è öåëîãî ÷èñëà k, 2 ⩽ k ⩽
⩽ |V |, íàéòè áëèæàéøèé ê G êëàñòåðíûé ãðàô C∗ ∈ CGSk(V ).

� MIN-DISAGREE⩽k ôîðìóëèðóåòñÿ àíàëîãè÷íî.

Èçó÷åíèå çàäà÷ êëàñòåðèçàöèè âåðøèí ãðàôà èìååò ìíîæåñòâî ïðèëîæåíèé. P. Sol�e
è T. Zaslavsky [5] ïîêàçàëè ñâÿçü ýòèõ çàäà÷ ñ òåîðèåé êîäèðîâàíèÿ; R. Shamir,
R. Sharan è D. Tsur [3], à òàêæå A. Ben-Dor, R. Shamir è Z. Yakhimi [4] � ñ âû÷èñëè-
òåëüíîé áèîëîãèåé. Èçó÷àÿ çàäà÷è êëàññèôèêàöèè äîêóìåíòîâ, N. Bansal, A. Blum è
S. Chawla [2] ôàêòè÷åñêè ïåðåîòêðûëè ýòè çàäà÷è. Êëàñòåðèçàöèÿ âåðøèí ãðàôà ñâÿ-
çàíà ñ òàêèìè ïðîáëåìàìè, êàê êëàñòåðèçàöèÿ ìíîãîìåðíûõ äàííûõ [6], áèêëàñòåðè-
çàöèÿ [7] è äð.
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Âû÷èñëèòåëüíàÿ ñëîæíîñòü çàäà÷ êëàñòåðèçàöèè âåðøèí ãðàôà äîëãîå âðåìÿ îñòà-
âàëàñü íåèçâåñòíîé. Â 1986 ã. M. K�riv�anek è J. Mor�avek [8] äîêàçàëè, ÷òî çàäà÷à MIN-
DISAGREE ÿâëÿåòñÿ NP-òðóäíîé, îäíàêî èõ ðàáîòà îñòàëàñü íåçàìå÷åííîé. Â 2004 ã.
N. Bansal, A. Blum è S. Chawla [2] è íåçàâèñèìî R. Shamir, R. Sharan è D. Tsur [3] ïî-
êàçàëè NP-òðóäíîñòü çàäà÷è MIN-DISAGREE. Â [2] òàêæå äîêàçàíî, ÷òî çàäà÷à MIN-
DISAGREEk ÿâëÿåòñÿ NP-òðóäíîé ïðè ëþáîì ôèêñèðîâàííîì k ⩾ 2; â 2006 ã. I. Giotis
è V. Guruswami [9] îïóáëèêîâàëè áîëåå ïðîñòîå äîêàçàòåëüñòâî ýòîãî ðåçóëüòàòà. Â òîì
æå ãîäó À.À. Àãååâ, Â.Ï. Èëüåâ, À.Â. Êîíîíîâ è À.Ñ. Òàëåâíèí [10] äîêàçàëè, ÷òî çà-
äà÷è MIN-DISAGREE2 è MIN-DISAGREE⩽2 NP-òðóäíû óæå íà êóáè÷åñêèõ ãðàôàõ,
îòêóäà âûâåëè, ÷òî âñå óïîìÿíóòûå ðàíåå çàäà÷è êëàñòåðèçàöèè âåðøèí ãðàôà ÿâëÿ-
þòñÿ NP-òðóäíûìè, âêëþ÷àÿ çàäà÷ó MIN-DISAGREE⩽k.

Èçâåñòíî ìíîæåñòâî ïðèáëèæ¼ííûõ àëãîðèòìîâ äëÿ çàäà÷ êëàñòåðèçàöèè âåðøèí
ãðàôà. Â [2] ïðåäñòàâëåí 3-ïðèáëèæ¼ííûé àëãîðèòì äëÿ çàäà÷è MIN-DISAGREE⩽k;
â [10] äîêàçàíî ñóùåñòâîâàíèå ðàíäîìèçèðîâàííîé ïîëèíîìèàëüíîé ïðèáëèæ¼ííîé
ñõåìû äëÿ çàäà÷è MIN-DISAGREE⩽2, à â [9] ïðåäëîæåíà ðàíäîìèçèðîâàííàÿ ïîëè-
íîìèàëüíàÿ ïðèáëèæ¼ííàÿ ñõåìà äëÿ çàäà÷è MIN-DISAGREE⩽k (äëÿ ëþáîãî ôèêñè-
ðîâàííîãî k ⩾ 2). Óêàçàâ, ÷òî ñëîæíîñòü ñõåìû èç [9] ëèøàåò å¼ ïåðñïåêòèâû ïðàê-
òè÷åñêîãî ïðèìåíåíèÿ, T. Coleman, J. Saunderson è A. Wirth [11] â 2008 ã. ðàçðàáîòàëè
2-ïðèáëèæ¼ííûé àëãîðèòì ðåøåíèÿ çàäà÷è MIN-DISAGREE⩽2, ïðèìåíèâ ïðîöåäóðó
ëîêàëüíîãî ïîèñêà ê êàæäîìó äîïóñòèìîìó ðåøåíèþ, ïîëó÷åííîìó ñ ïîìîùüþ 3-ïðè-
áëèæ¼ííîãî àëãîðèòìà èç [2]. Äëÿ çàäà÷è MIN-DISAGREE2 Â.Ï. Èëüåâ, Ñ.Ä. Èëüåâà
è À.À. Íàâðîöêàÿ [12] â 2011 ã. ïðåäëîæèëè 3-ïðèáëèæ¼ííûé àëãîðèòì, à â 2020 ã.
Â.Ï. Èëüåâ, Ñ.Ä. Èëüåâà è À.Â. Ìîðøèíèí [13] óñèëèëè ýòîò ðåçóëüòàò, ïðåäëîæèâ
2-ïðèáëèæ¼ííûé àëãîðèòì. Ýòè æå àâòîðû â [14] ïðåäñòàâèëè äâà 6-ïðèáëèæ¼ííûõ
àëãîðèòìà äëÿ çàäà÷è MIN-DISAGREE⩽3.

×òî êàñàåòñÿ çàäà÷è MIN-DISAGREE, òî â 2005 ã. M. Charikar, V. Guruswami è
A. Wirth [15] ïîêàçàëè, ÷òî îíà ÿâëÿåòñÿ APX-òðóäíîé, è ðàçðàáîòàëè 4-ïðèáëè-
æ¼ííûé àëãîðèòì å¼ ðåøåíèÿ, îïèðàþùèéñÿ íà ìîäåëü öåëî÷èñëåííîãî ëèíåéíîãî

ïðîãðàììèðîâàíèÿ (ÖËÏ). Â 2008 ã. N. Ailon, M. Charikar è A. Newman [16] ïðåäëî-
æèëè 2,5-ïðèáëèæ¼ííûé àëãîðèòì äëÿ çàäà÷è MIN-DISAGREE. Â 2015 ã. S. Chawla,
K. Makarychev, T. Schramm è G. Yaroslavtsev [17] ðàçðàáîòàëè äëÿ ýòîé çàäà÷è 2,06-
ïðèáëèæ¼ííûé àëãîðèòì.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ìîäåëåé ÖËÏ äëÿ çàäà÷ êëàñòåðèçàöèè
âåðøèí ãðàôà. Â ï. 1 ïðèâîäèòñÿ îáçîð èçâåñòíîãî ïîäõîäà ê ïîñòðîåíèþ ìîäåëåé
ÖËÏ äëÿ ðàññìàòðèâàåìûõ çàäà÷ è ïðåäëàãàåòñÿ ïðîñòîé ñïîñîá ñîêðàùåíèÿ êîëè÷å-
ñòâà ïåðåìåííûõ è îãðàíè÷åíèé ìîäåëè. Â ï. 2 îïèñàíû íîâûå ïîäõîäû ê ïîñòðîåíèþ
ìîäåëåé ÖËÏ, ïîêàçàíî, ÷òî îäèí èç íèõ ïîçâîëÿåò çíà÷èòåëüíî ñîêðàòèòü êîëè÷åñòâî
îãðàíè÷åíèé äëÿ âàðèàíòà çàäà÷è ñ îãðàíè÷åííûì ÷èñëîì êëàñòåðîâ. Â ï. 3 ïðèâåäå-
íû ðåçóëüòàòû ýêñïåðèìåíòàëüíîãî èññëåäîâàíèÿ âðåìåíè ðàáîòû òî÷íûõ àëãîðèòìîâ,
îïèðàþùèõñÿ íà èçâåñòíûå è íîâûå ìîäåëè ÖËÏ.

1. Èçâåñòíûå ìîäåëè ÖËÏ äëÿ çàäà÷ êëàñòåðèçàöèè âåðøèí ãðàôà
1.1. Õ à ð à ê ò å ð è ç à ö è ÿ ì í î æ å ñ ò â CGS, CGSk è CGS⩽k

ç à ï ð å ù ¼ í í û ì è ã ð à ô à ì è

Ìîäåëè ÖËÏ, ïðåäñòàâëåííûå çäåñü, îïèðàþòñÿ íà õàðàêòåðèçàöèþ êëàñòåðíûõ
ãðàôîâ çàïðåù¼ííûìè ãðàôàìè. Ìíîæåñòâî êëàñòåðíûõ ãðàôîâ ìîæåò áûòü îïèñàíî
êîíå÷íûì ìíîæåñòâîì çàïðåù¼ííûõ ãðàôîâ, êîòîðûå íå ìîãóò ñîäåðæàòüñÿ â êà÷åñòâå
(ïîðîæä¼ííûõ) ïîäãðàôîâ íè â îäíîì èç ãðàôîâ äàííîãî ìíîæåñòâà.
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Èçâåñòíî, ÷òî ãðàô G = (V,E) ïðèíàäëåæèò ìíîæåñòâó CGS(V ) òîãäà è òîëüêî
òîãäà, êîãäà îí íå ñîäåðæèò â êà÷åñòâå ïîðîæä¼ííîãî ïîäãðàôà ïðîñòóþ öåïü P2 [18].
Ëåãêî ïðîâåðèòü, ÷òî ãðàô G = (V,E) ïðèíàäëåæèò ìíîæåñòâó CGS⩽k(V ) òîãäà è
òîëüêî òîãäà, êîãäà îí ïðèíàäëåæèò ìíîæåñòâó CGS(V ) è íå ñîäåðæèò â êà÷åñòâå
ïîðîæä¼ííîãî ïîäãðàôà ïóñòîé ãðàô Ok+1.

Ñëîæíåå îïðåäåëèòü ïðèíàäëåæíîñòü ãðàôà ê ìíîæåñòâó CGSk(V ). Ïîìèìî îãðà-
íè÷åíèÿ êîëè÷åñòâà êëàñòåðîâ ñâåðõó, íåîáõîäèìî òàêæå îãðàíè÷èòü èõ êîëè÷åñòâî
ñíèçó. Èñïîëüçóåì ñëåäóþùåå îïðåäåëåíèå: çâ¼çäíûé ëåñ SF ãðàôà G = (V,E)� ýòî
îñòîâíûé ïîäãðàô ãðàôà G, êàæäàÿ êîìïîíåíòà ñâÿçíîñòè êîòîðîãî ÿâëÿåòñÿ çâåç-
äîé [19] (ðèñ. 1); SFk îáîçíà÷àåò çâ¼çäíûé ëåñ, ñîäåðæàùèé ðîâíî k çâ¼çä.

Ðèñ. 1. Çâ¼çäíûé ëåñ ãðàôà G âûäåëåí æèðíûì. Î÷åâèäíî, ÷òî G /∈ CGSi(V ), i = 1, 2, 3

Óòâåðæäåíèå 1. Ãðàô G = (V,E) ïðèíàäëåæèò ìíîæåñòâó CGSk(V ) òîãäà è
òîëüêî òîãäà, êîãäà:

1) G ∈ CGS⩽k(V );
2) G íå ñîäåðæèò â êà÷åñòâå ïîäãðàôà çâ¼çäíûé ëåñ SFk−1.

Äîêàçàòåëüñòâî.

Íåîáõîäèìîñòü. Ïóñòü G ∈ CGSk(V ). Î÷åâèäíî, ÷òî G ∈ CGS⩽k(V ). Ïîñêîëüêó
G èìååò ðîâíî k êîìïîíåíò ñâÿçíîñòè è êàæäàÿ êîìïîíåíòà ñîäåðæèò êàê ìèíèìóì
îäíó çâåçäó â êà÷åñòâå îñòîâíîãî ïîäãðàôà, òî ìèíèìàëüíûé çâ¼çäíûé ëåñ â G ñîñòîèò
ðîâíî èç k çâ¼çä.

Äîñòàòî÷íîñòü. Ïóñòü G ∈ CGS⩽k(V ) è G íå ñîäåðæèò â êà÷åñòâå ïîäãðàôà
çâ¼çäíûé ëåñ SFk−1. Ïî îïðåäåëåíèþ ìíîæåñòâà CGS⩽k(V ), ãðàô G ïðèíàäëåæèò
CGSj(V ) äëÿ íåêîòîðîãî 1 ⩽ j ⩽ k. Ïðåäïîëîæèì, ÷òî j < k. Òîãäà, êàê äîêàçà-
íî ðàíåå, G ñîäåðæèò íåêîòîðûé çâ¼çäíûé ëåñ SFj. Åñëè j = k − 1, òî G ñîäåðæèò
çâ¼çäíûé ëåñ SFk−1. Ïóñòü j < k − 1. Ïîñêîëüêó ïóñòîé ãðàô O1 ÿâëÿåòñÿ çâåçäîé,
ñäåëàåì ñëåäóþùóþ ïðîöåäóðó: â SFj âîçüì¼ì ëþáóþ âåðøèíó ñòåïåíè 1 è óäàëèì
ðåáðî, îäíèì èç êîíöîâ êîòîðîãî ÿâëÿåòñÿ ýòà âåðøèíà. Ïîëó÷åííûé òàêèì îáðàçîì
ãðàô áóäåò çâ¼çäíûì ëåñîì G ñ j + 1 çâåçäîé. Ïîñëåäîâàòåëüíî ïîâòîðÿÿ ïðîöåäóðó
k − 1 − j > 0 ðàç, ìîæíî ïîñòðîèòü çâ¼çäíûé ëåñ SFk−1. Ïîëó÷åííîå ïðîòèâîðå÷èå
äîêàçûâàåò, ÷òî k = j, à çíà÷èò, G ∈ CGSk(V ).

Óòâåðæäåíèå 1 äîêàçàíî.

1.2. Ì î ä å ë è Ö Ë Ï ä ë ÿ ç à ä à ÷ è M I N - D I S A G R E E

Ðàññìîòðèì ïðîèçâîëüíûé ãðàô G = (V,E) ñ n âåðøèíàìè. Â [15] ïðåäëîæåíà
ìîäåëü ÖËÏ äëÿ çàäà÷è MIN-DISAGREE. Êëàñòåðèçàöèÿ âåðøèí ìîæåò áûòü ïðåä-
ñòàâëåíà ñ ïîìîùüþ áèíàðíûõ ïåðåìåííûõ xij, îïðåäåë¼ííûõ äëÿ âñåõ ïàð âåðøèí i
è j, ãäå

xij =

{
0, åñëè âåðøèíû i è j ïðèíàäëåæàò îäíîìó êëàñòåðó,

1 èíà÷å.
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Ïî óìîë÷àíèþ áóäåì ñ÷èòàòü, ÷òî xii = 0. Èç òðàíçèòèâíîñòè îòíîøåíèÿ ïðèíàä-
ëåæíîñòè ê êëàñòåðó ñëåäóåò, ÷òî åñëè xij = 0 è xjr = 0, òî xir = 0. Ýòî ñâîéñòâî
îáåñïå÷èâàåòñÿ íåðàâåíñòâàìè òðåóãîëüíèêà:

xir ⩽ xij + xjr äëÿ âñåõ i, j, r ∈ V.

Ýòè íåðàâåíñòâà ãàðàíòèðóþò, ÷òî ðåçóëüòèðóþùèé êëàñòåðíûé ãðàô íå ñîäåðæèò
ïðîñòóþ öåïü P2 â êà÷åñòâå ïîðîæäåííîãî ïîäãðàôà. D. F. Wahid è E. Hassini â ëèòå-
ðàòóðíîì îáçîðå çàäà÷ êëàñòåðèçàöèè [20] â ÿâíîì âèäå çàïèñàëè îãðàíè÷åíèå, îòðà-
æàþùåå íåîðèåíòèðîâàííîñòü èñõîäíîãî ãðàôà:

xij = xji äëÿ âñåõ i, j ∈ V.

Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùóþ ìîäåëü ÖËÏ äëÿ çàäà÷è MIN-DISAGREE:∑
ij∈E

xij +
∑
ij /∈E

(1− xij) → min; (1)

xir ⩽ xij + xjr äëÿ âñåõ i, j, r ∈ V ; (2)

xij = xji äëÿ âñåõ i, j ∈ V ; (3)

xij ∈ {0, 1} äëÿ âñåõ i, j ∈ V. (4)

Ëåãêî âèäåòü, ÷òî äëÿ êàæäîé ïàðû âåðøèí íåîáõîäèìî äâå ñèììåòðè÷íûå ïåðåìåí-
íûå, äëÿ êàæäîé òðîéêè âåðøèí�øåñòü íåðàâåíñòâ òðåóãîëüíèêà. ×òîáû èçáàâèòüñÿ
îò ñèììåòðè÷íûõ ïåðåìåííûõ, çàïèøåì âìåñòî íåðàâåíñòâà òðåóãîëüíèêà äëÿ êàæäîé
óïîðÿäî÷åííîé òðîéêè âåðøèí òðè íåðàâåíñòâà òðåóãîëüíèêà äëÿ êàæäîé íåóïîðÿäî-
÷åííîé òðîéêè âåðøèí: ∑

ij∈E
xij +

∑
ij /∈E

(1− xij) → min; (5)
xir ⩽ xij + xjr

xij ⩽ xir + xjr

xjr ⩽ xij + xir

äëÿ âñåõ i, j, r ∈ V ; (6)

xij ∈ {0, 1} äëÿ âñåõ i, j ∈ V. (7)

Îáå ìîäåëè ñîäåðæàò O(n2) ïåðåìåííûõ è O(n3) îãðàíè÷åíèé, íî ìîäåëü (5)�(7) ñî-
äåðæèò â 2 ðàçà ìåíüøå ïåðåìåííûõ è îãðàíè÷åíèé, ÷åì ìîäåëü (1)�(4).

1.3. Ì î ä å ë è Ö Ë Ï ä ë ÿ ç à ä à ÷ è M I N - D I S A G R E E ⩽k

è M I N - D I S A G R E E k

Äëÿ ïîñòðîåíèÿ ìîäåëè ÖËÏ äëÿ çàäà÷è MIN-DISAGREE⩽k äîñòàòî÷íî äîïîëíèòü
áàçîâûå ìîäåëè (1)�(4) è (5)�(7) ñëåäóþùèì îãðàíè÷åíèåì:

xi1i2 + . . .+ xikik+1
⩽ (k + 2)(k − 1)/2 äëÿ âñåõ i1, . . . , ik+1 ∈ V. (8)

Ýòî íåðàâåíñòâî ãàðàíòèðóåò, ÷òî â ëþáîì ïîäìíîæåñòâå èç (k+1) âåðøèí õîòÿ áû îäíà
ïàðà ïðèíàäëåæèò îäíîìó êëàñòåðó, ÷òî èñêëþ÷àåò ïîÿâëåíèå ïóñòîãî ïîäãðàôà Ok+1.

Îáå ðàñøèðåííûå ìîäåëè (1)�(4),(8) è (5)�(8) ñîäåðæàò O(nk+1) îãðàíè÷åíèé òè-
ïà (8). Îäíàêî ìîäåëü (1)�(4),(8) òðåáóåò ïðèìåðíî â (k+1)! ðàç áîëüøå òàêèõ îãðàíè-
÷åíèé, ÷åì ìîäåëü (5)�(8), èç-çà íåîáõîäèìîñòè ó÷èòûâàòü âñå ïåðåñòàíîâêè âåðøèí.
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Â çàäà÷å MIN-DISAGREEk íåîáõîäèìî îãðàíè÷èòü êîëè÷åñòâî êëàñòåðîâ ñíèçó.
Óòâåðæäåíèå 1 ïîçâîëÿåò ëåãêî ââåñòè ýòî îãðàíè÷åíèå äëÿ k = 2, à èìåííî: íåîáõî-
äèìî, ÷òîáû G íå ñîäåðæàë â êà÷åñòâå ïîäãðàôà çâ¼çäíûé ëåñ SF1. Äëÿ ýòîãî äîñòà-
òî÷íî, ÷òîáû íå âñå âåðøèíû ãðàôà G áûëè ñìåæíû ñ âåðøèíîé 1. Ýòî óòâåðæäåíèå
ìîæíî çàïèñàòü â âèäå ñëåäóþùåãî íåðàâåíñòâà:

n∑
j=2

x1j ⩾ 1. (9)

Îäíàêî äëÿ ñëó÷àÿ k ⩾ 3 ïîñòðîåíèå àíàëîãè÷íûõ êîìïàêòíûõ ëèíåéíûõ îãðàíè÷åíèé
ïðåäñòàâëÿåò çíà÷èòåëüíóþ ñëîæíîñòü. Â ï. 2 ïðåäñòàâëåí íîâûé ïîäõîä ê ïîñòðîåíèþ
ìîäåëåé ÖËÏ äëÿ ýòèõ çàäà÷, êîòîðûé ïîçâîëÿåò ïðîñòûì ñïîñîáîì îãðàíè÷èòü êî-
ëè÷åñòâî êëàñòåðîâ êàê ñâåðõó, òàê è ñíèçó.

2. Íîâûå ìîäåëè ÖËÏ äëÿ çàäà÷ êëàñòåðèçàöèè âåðøèí ãðàôà
2.1. À í à ë è ç í å ð à â å í ñ ò â à ò ð å ó ã î ë ü í è ê à

Êàê áûëî îòìå÷åíî ðàíåå, äëÿ êàæäîé òðîéêè âåðøèí ìîäåëè (1)�(4) è (5)�(7) ñî-
äåðæàò ñîîòâåòñòâåííî 6 è 3 íåðàâåíñòâà òðåóãîëüíèêà. Ðàññìîòðèì ñëåäóþùèé ïîä-
õîä ê ñîêðàùåíèþ èõ êîëè÷åñòâà.

Êëþ÷åâîå íàáëþäåíèå: â ìîäåëÿõ (1)�(4) è (5)�(7) íåðàâåíñòâî òðåóãîëüíèêà çà-
ïðåùàåò ïîÿâëåíèå P2 êàê ïîðîæä¼ííîãî ïîäãðàôà. Äëÿ ëþáîé òðîéêè âåðøèí ñóììå
S = xij + xir + xjr ñîîòâåòñòâóåò (ðèñ. 2):

1) S = 3: ïóñòîé ãðàô O3;
2) S = 2: ãðàô K2 ∪O1;
3) S = 1: ïðîñòàÿ öåïü P2 (çàïðåùåííàÿ êîíôèãóðàöèÿ);
4) S = 0: ïîëíûé ãðàô K3 (âñå âåðøèíû â îäíîì êëàñòåðå).

Ðèñ. 2. Âñå íåèçîìîðôíûå ãðàôû ñ òðåìÿ âåðøèíàìè

Äëÿ èñêëþ÷åíèÿ çàïðåù¼ííîãî ñëó÷àÿ S = 1 ïðèìåíèì ìåòîä ëèíåàðèçàöèè èç
ðàáîòû [21]. Ââåä¼ì óñëîâèå

|xij + xir + xjr − 1| ⩾ ε

äëÿ íåêîòîðîãî íåáîëüøîãî ε > 0 (íàïðèìåð, ε = 10−3).
Èñïîëüçóÿ áèíàðíûå ïåðåìåííûå yijr ∈ {0, 1}, ñâÿçûâàþùèå äâå îáëàñòè äîïóñòè-

ìûõ çíà÷åíèé, è áîëüøîå ÷èñëî M (íàïðèìåð, M = 103), ïîëó÷àåì∑
ij∈E

xij +
∑
ij /∈E

(1− xij) → min; (10)

xij + xir + xjr − 1 ⩾ ε− (1− yijr)M äëÿ âñåõ i, j, r ∈ V ; (11)

xij + xir + xjr − 1 ⩽ −ε+ yijrM äëÿ âñåõ i, j, r ∈ V ; (12)

xij ∈ {0, 1} äëÿ âñåõ i, j ∈ V , (13)

yijr ∈ {0, 1} äëÿ âñåõ i, j, r ∈ V. (14)

Ïåðåìåííàÿ yijr ðàâíà 1, åñëè xij + xir + xjr − 1 ⩾ ε, èíà÷å îíà ðàâíà 0.
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Äëÿ êàæäîé òðîéêè âåðøèí âìåñòî øåñòè íåðàâåíñòâ â ìîäåëè (1)�(4) è òð¼õ íåðà-
âåíñòâ â ìîäåëè (5)�(7) èìååòñÿ äâà íåðàâåíñòâà. Íàì ïðèøëîñü äîáàâèòü O(n3) ïåðå-
ìåííûõ. Ýòà ìîäåëü èìååò èíóþ ñòðóêòóðó îáëàñòè äîïóñòèìûõ ðåøåíèé, ÷òî ÿâëÿåò-
ñÿ õîðîøèì àðãóìåíòîì äëÿ å¼ äàëüíåéøåãî òåîðåòè÷åñêîãî èññëåäîâàíèÿ (íàïðèìåð,
äëÿ ïîñòðîåíèÿ ïðèáëèæ¼ííûõ àëãîðèòìîâ). Îäíàêî äàííûé ïîäõîä íå ðåøàåò ôóí-
äàìåíòàëüíóþ ïðîáëåìó ïîèñêà òî÷íûõ ðåøåíèé: êîëè÷åñòâî íåðàâåíñòâ (8) âñ¼ åù¼
áûñòðî ðàñò¼ò. Ýòî òðåáóåò ðàçðàáîòêè íîâûõ ìåòîäîâ ïîñòðîåíèÿ ìîäåëåé ÖËÏ.

2.2. Ì î ä å ë è Ö Ë Ï ä ë ÿ ç à ä à ÷ M I N - D I S A G R E E ⩽2

è M I N - D I S A G R E E 2

Èäåÿ ðàáîòû ñ àáñîëþòíûìè âåëè÷èíàìè, ïðèìåí¼ííàÿ äëÿ ìîäåëè (10)�(14), ìî-
æåò áûòü ýôôåêòèâíî èñïîëüçîâàíà äëÿ ïîñòðîåíèÿ ìîäåëåé ÖËÏ äðóãîãî òèïà. Ðàñ-
ñìîòðèì çàäà÷ó MIN-DISAGREE⩽2.

Äëÿ êàæäîé âåðøèíû i ∈ V ââåä¼ì áèíàðíóþ ïåðåìåííóþ xi:

xi =

{
0, åñëè âåðøèíà i ïðèíàäëåæèò ïåðâîìó êëàñòåðó,

1, åñëè âåðøèíà i ïðèíàäëåæèò âòîðîìó êëàñòåðó.

Çàìåòèì, ÷òî åñëè äëÿ âåðøèí i, j ∈ V â ãðàôå G ñóùåñòâóåò ðåáðî ij ∈ E, òî âû-
ðàæåíèå |xi − xj| ðàâíî 0 ïðè xi = xj, èíà÷å îíî ðàâíî 1. Åñëè äëÿ ýòèõ âåðøèí íå
ñóùåñòâóåò ðåáðà ij /∈ E, òî âûðàæåíèå |xi + xj − 1| ðàâíî 0 ïðè xi ̸= xj, èíà÷å îíî
ðàâíî 1. Èñïîëüçóåì äàííûé ôàêò äëÿ ïîñòðîåíèÿ ìîäåëè öåëî÷èñëåííîãî ïðîãðàì-
ìèðîâàíèÿ (ÖÏ): ∑

ij∈E
|xi − xj|+

∑
ij /∈E

|xi + xj − 1| → min,

xi ∈ {0, 1} äëÿ âñåõ i ∈ V.

Ýòà ìîäåëü íå ÿâëÿåòñÿ ëèíåéíîé. Ïðèìåíèì èçâåñòíûé ïðè¼ì, êîòîðûé ñäåëàåò å¼
ëèíåéíîé [22]. Ïðåäñòàâèì êàæäûé ìîäóëü â öåëåâîé ôóíêöèè â âèäå ñóììû äâóõ
áèíàðíûõ ïåðåìåííûõ uij + vij, à âûðàæåíèå ïîä ìîäóëåì� â âèäå ðàçíîñòè ýòèõ ïå-
ðåìåííûõ vij − uij (uij · vij = 0): ∑

i,j∈V
uij + vij → min; (15)

xi − xj + uij − vij = 0 äëÿ âñåõ i, j ∈ V, ij ∈ E; (16)

xi + xj − 1 + uij − vij = 0 äëÿ âñåõ i, j ∈ V, ij /∈ E; (17)

xi ∈ {0, 1} äëÿ âñåõ i ∈ V ; (18)

uij ∈ {0, 1} äëÿ âñåõ i, j ∈ V ; (19)

vij ∈ {0, 1} äëÿ âñåõ i, j ∈ V. (20)

Ýòà ìîäåëü ñîäåðæèò O(n2) ïåðåìåííûõ è O(n2) îãðàíè÷åíèé. Ëåãêî ïîëó÷èòü ìîäåëü
ÖËÏ äëÿ çàäà÷è MIN-DISAGREE2, äîáàâèâ âñåãî äâà îãðàíè÷åíèÿ. Îíè ãàðàíòèðóþò,
÷òî íå âñå âåðøèíû îäíîâðåìåííî ïðèíàäëåæàò îäíîìó êëàñòåðó:∑

i∈V
xi ⩾ 1; (21)∑

i∈V
xi ⩽ n− 1. (22)
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2.3. Ì î ä å ë è Ö Ë Ï ä ë ÿ ç à ä à ÷ M I N - D I S A G R E E ⩽k

è M I N - D I S A G R E E k

Äëÿ çàäà÷ ñ îãðàíè÷åíèåì íà ÷èñëî êëàñòåðîâ ïðè k ⩾ 3 íåëüçÿ èñïîëüçîâàòü îäíó
áèíàðíóþ ïåðåìåííóþ äëÿ îïèñàíèÿ ïðèíàäëåæíîñòè âåðøèí ê êëàñòåðàì. Âìåñòî
ýòîãî èñïîëüçóåì óíèòàðíûé êîä. Äëÿ êàæäîé âåðøèíû i ∈ V è êëàñòåðà r ∈ {1, . . . , k}
ââåäåì áèíàðíóþ ïåðåìåííóþ xir:

xir =

{
1, åñëè âåðøèíà i ïðèíàäëåæèò êëàñòåðó r,

0 èíà÷å.

Òàêèì îáðàçîì, äëÿ êàæäîé âåðøèíû i ∈ V ñóùåñòâóåò óíèòàðíûé êîä (xi1, . . . , xik),
â êîòîðîì ëèøü îäíà êîîðäèíàòà ðàâíà 1.

Çàìåòèì, ÷òî ïðè òàêîì êîäèðîâàíèè åñëè äëÿ âåðøèí i, j ∈ V ñóùåñòâóåò ðåáðî

ij ∈ E, òî ñóììà
1

2

k∑
r=1

|xir − xjr| ðàâíà 0 òîãäà è òîëüêî òîãäà, êîãäà âåðøèíû i è j

ïðèíàäëåæàò îäíîìó êëàñòåðó, èíà÷å îíà ðàâíà 1. Ñ äðóãîé ñòîðîíû, åñëè ij /∈ E, òî

çíà÷åíèå
1

2

(
k∑
r=1

|xir + xjr − 1| − k + 2

)
ðàâíî 0 òîãäà è òîëüêî òîãäà, êîãäà âåðøèíû i

è j ïðèíàäëåæàò ðàçíûì êëàñòåðàì, èíà÷å îíî ðàâíî 1.
Äåéñòâèòåëüíî, åñëè âåðøèíû i è j ïðèíàäëåæàò îäíîìó êëàñòåðó, òî èì ñîîòâåò-

ñòâóþò îäèíàêîâûå óíèòàðíûå êîäû, åñëè ðàçíûì, òî èõ óíèòàðíûå êîäû îòëè÷àþòñÿ
â äâóõ êîîðäèíàòàõ. Â ïåðâîì ñëó÷àå, ïîêîìïîíåíòíî âû÷èòàÿ âåêòîðû è áåðÿ ïîëó-
÷åííóþ ðàçíîñòü ïî ìîäóëþ, ìû ëèáî ïîëó÷èì âåêòîð èç 0 (i è j ïðèíàäëåæàò îäíîìó
êëàñòåðó), ëèáî âåêòîð òîëüêî ñ äâóìÿ 1 (i è j ïðèíàäëåæàò ðàçíûì êëàñòåðàì). Àíà-
ëîãè÷íî âî âòîðîì ñëó÷àå: ìû ëèáî ïîëó÷èì âåêòîð èç 1 (i è j ïðèíàäëåæàò îäíîìó
êëàñòåðó), ëèáî âåêòîð òîëüêî ñ äâóìÿ 0 (i è j ïðèíàäëåæàò ðàçíûì êëàñòåðàì). Äàëü-
íåéøèå âû÷èñëåíèÿ òðèâèàëüíû.

Èñïîëüçóÿ çàìåíó, àíàëîãè÷íóþ çàìåíå äëÿ ìîäåëè (15)�(20), ìû ïîëó÷àåì ñëåäó-
þùóþ ìîäåëü ÖËÏ äëÿ çàäà÷è MIN-DISAGREE⩽k:

∑
i,j∈V

k∑
r=1

uijr + vijr → min; (23)

xir − xjr + uijr − vijr = 0 äëÿ âñåõ i, j ∈ V, ij ∈ E, r ∈ {1, . . . , k}; (24)

xir + xjr − 1 + uijr − vijr = 0 äëÿ âñåõ i, j ∈ V, ij /∈ E, r ∈ {1, . . . , k}; (25)

k∑
r=1

xir = 1 äëÿ âñåõ i ∈ V, r ∈ {1, . . . , k}; (26)

xir ∈ {0, 1} äëÿ âñåõ i ∈ V, r ∈ {1, . . . , k}; (27)

uijr ∈ {0, 1} äëÿ âñåõ i, j ∈ V, r ∈ {1, . . . , k}; (28)

vijr ∈ {0, 1} äëÿ âñåõ i, j ∈ V, r ∈ {1, . . . , k}. (29)

Ðàâåíñòâî (26) îçíà÷àåò, ÷òî îäíà âåðøèíà ìîæåò ïðèíàäëåæàòü îäíîìó êëàñòåðó.
Â îòëè÷èå îò ìîäåëåé (1)�(4),(8), (5)�(8) è (10)�(14),(8), ëåãêî ïîñòðîèòü ìîäåëü

ÖËÏ äëÿ çàäà÷è MIN-DISAGREEk. Äëÿ ýòîãî äîñòàòî÷íî äîáàâèòü íåðàâåíñòâà, ãà-
ðàíòèðóþùèå, ÷òî â êàæäîì êëàñòåðå åñòü õîòÿ áû îäíà âåðøèíà:∑

i∈V
xir ⩾ 1 äëÿ âñåõ r ∈ {1, . . . , k}. (30)
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Çàìåòèì, ÷òî ìîäåëè (23)�(29) è (23)�(30) ñîäåðæàò O(kn2) ïåðåìåííûõ è O(kn2) îãðà-
íè÷åíèé. Òàêèì îáðàçîì, ïîëó÷åííûå ìîäåëè èìåþò çíà÷èòåëüíî ìåíüøå îãðàíè÷åíèé,
õîòÿ êîëè÷åñòâî ïåðåìåííûõ â O(k) ðàç áîëüøå.

3. Ýêñïåðèìåíòàëüíîå èññëåäîâàíèå
3.1. Î ï è ñ à í è å â û ÷ è ñ ë è ò å ë ü í î ã î ý ê ñ ï å ð è ì å í ò à

Âñå ïåðå÷èñëåííûå ìîäåëè ÖËÏ ìîãóò áûòü èíòåðåñíû äëÿ ïîñòðîåíèÿ ïðèáëè-
æ¼ííûõ àëãîðèòìîâ, êîòîðûå ìîãóò ñòàòü îáúåêòîì äàëüíåéøåãî èññëåäîâàíèÿ. Ìû
æå ñîñðåäîòî÷èìñÿ íà èññëåäîâàíèè âðåìåíè ðàáîòû òî÷íûõ àëãîðèòìîâ, îïèðàþùèõ-
ñÿ íà îïèñàííûå ìîäåëè, ïðè íàõîæäåíèè îïòèìàëüíûõ ðåøåíèé íà ãðàôàõ ìàëîé ðàç-
ìåðíîñòè. Òàêîå èññëåäîâàíèå èíòåðåñíî ïî äâóì ïðè÷èíàì. Âî-ïåðâûõ, ñóùåñòâóþò
ïðàêòè÷åñêèå çàäà÷è, â êîòîðûõ êîëè÷åñòâî îáúåêòîâ íå ìîæåò áûòü ñëèøêîì âåëèêî.
Òàêîâîé ÿâëÿåòñÿ, íàïðèìåð, çàäà÷à ðàçäåëåíèÿ íåáîëüøîé ñîöèàëüíîé ãðóïïû (ðà-
áî÷èé êîëëåêòèâ, øêîëüíûé êëàññ è äð.) íà ïîäãðóïïû, ìàêñèìèçèðóþùàÿ âçàèìíóþ
ñèìïàòèþ âíóòðè ïîäãðóïï [23]. Î÷åâèäíî, ÷òî ïðåäïî÷òèòåëüíî óìåòü íàõîäèòü îï-
òèìàëüíîå ðåøåíèå äëÿ ãðóïï êàê ìîæíî áîëüøåãî ðàçìåðà. Âî-âòîðûõ, íàõîæäåíèå
òî÷íûõ ðåøåíèé ïîçâîëÿåò ïðîâîäèòü ïðåäâàðèòåëüíûé àíàëèç ïðèáëèæ¼ííûõ àëãî-
ðèòìîâ, íàïðàâëåííûé íà ïîñòðîåíèå ñòàòèñòè÷åñêèõ îöåíîê òî÷íîñòè. Çäåñü òàêæå
÷åì áîëüøóþ çàäà÷ó ìîæíî ðåøèòü îïòèìàëüíî, òåì êà÷åñòâåííåå áóäåò ïðåäâàðè-
òåëüíûé àíàëèç. Ïðè ýòîì äëÿ íàõîæäåíèÿ ¾õîðîøèõ¿ äîïóñòèìûõ ðåøåíèé íà ãðà-
ôàõ áîëüøåé ðàçìåðíîñòè ìîæíî èñïîëüçîâàòü ïðèáëèæ¼ííûå àëãîðèòìû, îïèñàííûå
âî ââåäåíèè.

Äëÿ ñðàâíåíèÿ âðåìåíè ðàáîòû òî÷íûõ àëãîðèòìîâ, îïèðàþùèõñÿ íà ðàçëè÷íûå
ìîäåëè ÖËÏ, ïðîâåä¼í âû÷èñëèòåëüíûé ýêñïåðèìåíò. Öåëü ýêñïåðèìåíòà çàêëþ÷à-
ëàñü â òîì, ÷òîáû íà îñíîâå ñòàòèñòè÷åñêèõ äàííûõ ñðàâíèòü ðàçëè÷íûå òî÷íûå àë-
ãîðèòìû ìåæäó ñîáîé è âûÿâèòü ëó÷øèé èç íèõ äëÿ êàæäîé èç çàäà÷. Âñå îïèñàííûå
ìîäåëè ðåàëèçîâàíû ñ ïîìîùüþ ÿçûêà ïðîãðàììèðîâàíèÿ Python è åãî áèáëèîòåêè
Python-MIP. Â êà÷åñòâå ðåøàòåëÿ âûáðàí IBM ILOG CPLEX. Âû÷èñëåíèÿ ïðîèçâî-
äèëèñü íà NEOS Server ñ ÷åòûðüìÿ ÿäðàìè öåíòðàëüíîãî ïðîöåññîðà. Âûáîð áèáëèî-
òåêè Python-MIP ìîòèâèðîâàí ïðîñòîòîé çàïèñè ðåàëèçîâàííîé ìîäåëè â ôàéë MPS-
ôîðìàòà, êîòîðûé îòïðàâëÿëñÿ íà NEOS Server. Âåñü íåîáõîäèìûé êîä äîñòóïåí ïî
ññûëêå github.com/BIGADIL/graph_correlation_clustering_mip.

Îïèøåì ñõåìó ïðîâåäåíèÿ âû÷èñëèòåëüíîãî ýêñïåðèìåíòà:

1) ââîäèòñÿ âåðîÿòíîñòíîå ðàñïðåäåëåíèå íà ìíîæåñòâå âõîäîâ èññëåäóåìîé çàäà-
÷è, òî åñòü çàäà¼òñÿ âåðîÿòíîñòíîå ïðîñòðàíñòâî íà ìíîæåñòâå ãðàôîâ;

2) â ñîîòâåòñòâèè ñ âåðîÿòíîñòíûì ðàñïðåäåëåíèåì ïðîâîäèòñÿ ñëó÷àéíûé âûáîð
N ãðàôîâ, íà êîòîðûõ èññëåäóåìûìè àëãîðèòìàìè ðåøàåòñÿ çàäà÷à;

3) äëÿ êàæäîãî ïîëó÷åííîãî ðåøåíèÿ âû÷èñëÿåòñÿ âðåìÿ ðàáîòû, êîòîðîå ÿâëÿåò-
ñÿ ñëó÷àéíîé âåëè÷èíîé;

4) íà îñíîâå ñòàòèñòè÷åñêèõ äàííûõ âû÷èñëÿþòñÿ îöåíêà ìàòåìàòè÷åñêîãî îæè-
äàíèÿ âðåìåíè ðàáîòû è åãî äîâåðèòåëüíûé èíòåðâàë äëÿ èññëåäóåìûõ àëãî-
ðèòìîâ.

Èòàê, ââåä¼ì íà ìíîæåñòâå âñåõ ãðàôîâ âåðîÿòíîñòíîå ðàñïðåäåëåíèå. Äëÿ ýòîãî
çàôèêñèðóåì ïàðàìåòð p ∈ (0, 1). Ñëó÷àéíûé n-âåðøèííûé ãðàô G = (V,E) áóäåì
ïîëó÷àòü ñ èñïîëüçîâàíèåì ñëåäóþùåé ïðîöåäóðû. Äëÿ êàæäîé ïàðû âåðøèí (u, v)
ïðîâîäèòñÿ íåçàâèñèìûé ñëó÷àéíûé ýêñïåðèìåíò, èñõîäàìè êîòîðîãî áóäóò íàëè÷èå
ðåáðà uv ñ âåðîÿòíîñòüþ p è îòñóòñòâèå ðåáðà ñ âåðîÿòíîñòüþ 1 − p. Òàêèì îáðàçîì,
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ãðàô G ìîæíî ðàññìàòðèâàòü êàê ñëó÷àéíûé âåêòîð, êàæäàÿ êîîðäèíàòà êîòîðîãî
ñîîòâåòñòâóåò ïàðå âåðøèí ãðàôà G. Ñåìåéñòâî n-âåðøèííûõ ãðàôîâ ñ ââåä¼ííûì
òàêèì îáðàçîì ðàñïðåäåëåíèåì îáîçíà÷àåòñÿ G(n, p) è èñïîëüçóåòñÿ êàê ïðè òåîðåòè-
÷åñêîì èçó÷åíèè ãðàôîâ, òàê è â ýêñïåðèìåíòàëüíûõ èññëåäîâàíèÿõ (ìîäåëü Ýðäåøà�
Ðåíüè) [24].

Ïàðàìåòð p â âåðîÿòíîñòíîé ìîäåëè ïðåäñòàâëÿåò ñîáîé ìàòåìàòè÷åñêîå îæèäà-
íèå ïëîòíîñòè ñëó÷àéíîãî ãðàôà G = (V,E), êîòîðàÿ îïðåäåëÿåòñÿ êàê 2|E|/n(n− 1).
Â ýêñïåðèìåíòàõ èñïîëüçîâàëèñü çíà÷åíèÿ p èç ìíîæåñòâà {0,33, 0,5, 0,67}.

Ðàññìîòðèì òåïåðü ïàðàìåòð n ñåìåéñòâà G(n, p). Ãëàâíûì îãðàíè÷åíèåì íà êîëè-
÷åñòâî âåðøèí â òåñòîâûõ çàäà÷àõ áûëà ñëîæíîñòü îòûñêàíèÿ îïòèìàëüíîãî çíà÷åíèÿ
öåëåâîé ôóíêöèè. Â ðàìêàõ ýêñïåðèìåíòà äëÿ êàæäîé ïàðû çíà÷åíèé n è p áûëî ðå-
øåíî ïî 100 çàäà÷. Åñëè äëÿ êàêîãî-òî çíà÷åíèÿ n èç 100 òåñòîâûõ çàäà÷ èññëåäóåìûé
àëãîðèòì íå ñïðàâëÿëñÿ õîòÿ áû ñ 3% çàäà÷ çà 6500 ñ, òàêîå çíà÷åíèå n íå ó÷àñòâîâà-
ëî â èññëåäîâàíèè. Òàêæå ñîáëþäàëîñü îãðàíè÷åíèå NEOS Server íà ðàçìåð ìîäåëè,
ðàâíîå 16,5 Ìáàéò. Òàêèì îáðàçîì, äëÿ êàæäîãî àëãîðèòìà è äëÿ êàæäîãî çíà÷åíèÿ p
áûëî ïîäîáðàíî ñâî¼ ãðàíè÷íîå çíà÷åíèå n.

Â êà÷åñòâå îöåíêè ìàòåìàòè÷åñêîãî îæèäàíèÿ âðåìåíè ðàáîòû àëãîðèòìà ïðè çà-
äàííûõ çíà÷åíèÿõ ïàðàìåòðîâ n è p âçÿòî åãî ñðåäíåå âðåìÿ ðàáîòû ïî ñåðèè çàäà÷
ïðè ýòèõ ïàðàìåòðàõ. Ïîñêîëüêó ðàñïðåäåëåíèå âðåìåíè ðàáîòû ÷àùå âñåãî íå ÿâ-
ëÿåòñÿ íîðìàëüíûì, ïîñòðîåíèå äîâåðèòåëüíîãî èíòåðâàëà ñðåäíåãî ïðîèçâîäèëîñü
ñ ïîìîùüþ ïðîöåäóðû áóòñòðåïà. Îïèøåì ïðîñòåéøóþ ðåàëèçàöèþ ýòîé ïðîöåäóðû.
Èç èìåþùåéñÿ âûáîðêè ãåíåðèðóåòñÿ B ïñåâäîâûáîðîê òîãî æå ðàçìåðà, ÷òî è èñ-
õîäíàÿ, ìåòîäîì ñëó÷àéíîãî âûáîðà ñ âîçâðàùåíèåì. Äëÿ êàæäîé ïñåâäîâûáîðêè âû-
÷èñëÿåòñÿ ïñåâäîñòàòèñòèêà ñðåäíåãî âðåìåíè ðàáîòû. Ïîñëå ýòîãî ïñåâäîñòàòèñòèêè
ñîðòèðóþòñÿ â ïîðÿäêå âîçðàñòàíèÿ. Íà óðîâíå çíà÷èìîñòè α ñëåâà è ñïðàâà îòáðà-
ñûâàåòñÿ ïî [αB/2] ýëåìåíòîâ. Ñðåäè îñòàâøèõñÿ êðàéíèå ëåâûé è ïðàâûé ýëåìåíòû
ÿâëÿþòñÿ ãðàíèöàìè äîâåðèòåëüíîãî èíòåðâàëà ñðåäíåãî âðåìåíè ðàáîòû. Â ðàìêàõ
ýêñïåðèìåíòà èñïîëüçîâàëàñü ðåàëèçàöèÿ ìåòîäà áóòñòðåïà ñ êîððåêöèåé ñìåùåíèÿ

è óñêîðåíèåì (BCa) èç áèáëèîòåêè SciPy ñî çíà÷åíèÿìè ïàðàìåòðîâ B = 10000 è
α = 0,05. Áîëåå ïîäðîáíî î ïðîöåäóðå áóòñòðåïà è BCa ìîæíî ïðî÷èòàòü â [25, 26].

Äëÿ èññëåäîâàíèÿ âûáðàíû çàäà÷è MIN-DISAGREE⩽k ïðè k = 2, 3 è MIN-
DISAGREE; çàäà÷à MIN-DISAGREEk íå èçó÷àëàñü. Òàêîé âûáîð îáóñëîâëåí ñëåäó-
þùèìè ôàêòîðàìè:

1) âûáðàííûå çàäà÷è ÿâëÿþòñÿ íàèáîëåå èçó÷åííûìè;
2) äëÿ çàäà÷è MIN-DISAGREE2 ê ìîäåëÿì (1)�(4),(8), (5)�(8) è (10)�(14),(8) íåîá-

õîäèìî äîáàâèòü îäíî îãðàíè÷åíèå (9), à ê ìîäåëè (15)�(20) � äâà îãðàíè÷å-
íèÿ (21) è (22), ÷òî çíà÷èòåëüíî ìåíüøå êîëè÷åñòâà äðóãèõ îãðàíè÷åíèé. Ýòî
äîïîëíåíèå íåçíà÷èòåëüíî âëèÿåò íà îáùåå âðåìÿ ðåøåíèÿ;

3) äëÿ çàäà÷è MIN-DISAGREEk, k ⩾ 3, ê ìîäåëè (23)�(29) íåîáõîäèìî äîáàâèòü
k îãðàíè÷åíèé (30), ÷òî çíà÷èòåëüíî ìåíüøå êîëè÷åñòâà äðóãèõ îãðàíè÷åíèé.
Ýòè äîïîëíåíèÿ íåçíà÷èòåëüíî âëèÿþò íà îáùåå âðåìÿ ðåøåíèÿ. Ê òîìó æå íå
ñóùåñòâóåò àëüòåðíàòèâû äëÿ ìîäåëè (23)�(30), ñ êîòîðîé å¼ ìîæíî áûëî áû
ñðàâíèòü.

Ìîäåëü (1)�(4) ýêâèâàëåíòíà ìîäåëè (5)�(7), íî ñîäåðæèò áîëüøå ïåðåìåííûõ è
îãðàíè÷åíèé. Ðåçóëüòàòû ðàçâåäî÷íîãî àíàëèçà ïîêàçàëè, ÷òî àëãîðèòìû, îïèðàþùè-
åñÿ íà ìîäåëü (1)�(4) è å¼ ïðîèçâîäíûå, òðåáóþò çíà÷èòåëüíî áîëüøå âðåìåíè äëÿ
äîñòèæåíèÿ îïòèìóìà ïî ñðàâíåíèþ ñ àëãîðèòìàìè, îïèðàþùèìèñÿ íà ìîäåëü (5)�(7)
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è å¼ ïðîèçâîäíûå. Òàê, äëÿ çàäà÷è MIN-DISAGREE⩽2 ïðè çíà÷åíèè ïàðàìåòðîâ n = 35
è p = 0,33 òî÷íûé àëãîðèòì, îïèðàþùèéñÿ íà ìîäåëü (1)�(4),(8), íàõîäèò îïòèìàëüíîå
ðåøåíèå â ñðåäíåì çà 2807,1 ñ. Ïðè òåõ æå ïàðàìåòðàõ òî÷íûé àëãîðèòì, îïèðàþùèé-
ñÿ íà ìîäåëü (5)�(8), íàõîäèò òî÷íîå ðåøåíèå â ñðåäíåì çà 123,1 ñ, ÷òî áîëåå ÷åì
â 22 ðàçà áûñòðåå. Íà îñíîâàíèè ýòèõ ðåçóëüòàòîâ áûëî ïðèíÿòî ðåøåíèå èñêëþ÷èòü
ìîäåëü (1)�(4) è å¼ ïðîèçâîäíûå èç ýêñïåðèìåíòàëüíîãî èññëåäîâàíèÿ.

3.2. Ý ê ñ ï å ð è ì å í ò à ë ü í î å è ñ ñ ë å ä î â à í è å à ë ã î ð è ò ì î â
ä ë ÿ ç à ä à ÷ è M I N - D I S A G R E E ⩽k

Íà÷í¼ì ñî ñëó÷àÿ k = 2. Îáîçíà÷èì ÷åðåç TR, IN è MOD òî÷íûå àëãîðèòìû,
îïèðàþùèåñÿ íà ìîäåëè (5)�(8), (10)�(14),(8) è (15)�(20) ñîîòâåòñòâåííî.

Òàáë. 1 ñîäåðæèò ðàçìåð (â ìåãàáàéòàõ) êàæäîé èç ìîäåëåé â çàâèñèìîñòè îò êîëè-
÷åñòâà âåðøèí. Âèäíî, ÷òî ìîäåëè (5)�(8) è (10)�(14),(8) èìåþò ïðèìåðíî îäèíàêîâûé
ðàçìåð è ïðåâûøàþò âûäåëåííûå 16,5 Ìáàéò ïðè n = 55. Â ñâîþ î÷åðåäü, ìîäåëü
(15)�(20) îñòà¼òñÿ êîìïàêòíîé äî n = 95 âêëþ÷èòåëüíî. Òåì íå ìåíåå äîïîëíèòåëüíûå
îãðàíè÷åíèÿ ìîãóò ñóæàòü îáëàñòü äîïóñòèìûõ ðåøåíèé, óñêîðÿÿ ïîèñê îïòèìàëüíîãî
ðåøåíèÿ.

Òà á ë è ö à 1
Ðàçìåð ìîäåëåé ÖËÏ äëÿ çàäà÷è

MIN-DISAGREE⩽2

n (5)�(8) (15)�(20) (10)�(14),(8)
20 0,56 0,04 0,60
25 1,13 0,07 1,23
30 2,02 0,10 2,18
35 3,29 0,15 3,55
40 4,98 0,20 5,40
45 7,17 0,25 7,79
50 9,94 0,32 10,81
55 13,36 0,39 14,50
60 17,61 0,46 18,97
65 22,61 0,55 24,37
70 28,46 0,64 30,73
75 35,23 0,74 38,05
80 42,97 0,84 46,47
85 51,75 0,96 55,99
90 61,65 1,07 66,80
95 72,72 1,20 78,83

Ñðåäíåå âðåìÿ ðàáîòû òî÷íûõ àëãîðèòìîâ ñèëüíî îòëè÷àåòñÿ ïðè p = 0,33 / 0,5 è
p = 0,67 (òàáë. 2�4 è ðèñ. 3).

Â ñëó÷àå p = 0,33 / 0,5 õóäøèå ðåçóëüòàòû ïðèíàäëåæàò àëãîðèòìó IN. Ïðè n = 40
è p = 0,5 åãî ñðåäíåå âðåìÿ ðàáîòû ñîñòàâëÿåò 3612,7 ñ, ÷òî ïî÷òè â 4 ðàçà áîëüøå, ÷åì
ó àëãîðèòìà TR. Ïðè n = 40 è p = 0,33 ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìà IN â 1,8 ðàç
áîëüøå, ÷åì ó àëãîðèòìà TR, ñðåäíåå âðåìÿ ðàáîòû êîòîðîãî ðàâíî 812,4 ñ. Îäíàêî
îáà àëãîðèòìà ñòàëêèâàþòñÿ ñ îãðàíè÷åíèåì ïî âðåìåíè ïðè n = 45. Ëó÷øèå ðåçóëü-
òàòû ïðèíàäëåæàò àëãîðèòìó MOD. Ëèøü ïðè p = 0,33 è n = 50 ñðåäíåå âðåìÿ åãî
ðàáîòû ïðèáëèæàåòñÿ ê 3600 ñ è ïðè n = 55 ñòàëêèâàåòñÿ ñ îãðàíè÷åíèåì ïî âðåìåíè.
Ïðè n = 40 è p = 0,33 ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìà MOD â 8,4 ðàç ìåíüøå ñðåä-
íåãî âðåìåíè ðàáîòû àëãîðèòìà TR, à ïðè n = 40 è p = 0,5� â 5,8 ðàç. Îòìåòèì, ÷òî
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Ðèñ. 3. Ñðåäíåå âðåìÿ (t, c) ðàáîòû àëãîðèòìîâ äëÿ çàäà÷è MIN-DISAGREE⩽2

äîâåðèòåëüíûå èíòåðâàëû ñðåäíåãî âðåìåíè ðàáîòû âñåõ àëãîðèòìîâ íå ïåðåñåêàþòñÿ,
à çíà÷èò, ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìàMOD ñòàòèñòè÷åñêè çíà÷èìî íàèìåíüøåå.

Òà á ë è ö à 2
Ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìîâ
äëÿ çàäà÷è MIN-DISAGREE⩽2, ñ

n
p

0,33 0,5 0,67
TR MOD IN TR MOD IN TR MOD IN

20 0,5 0,1 1,8 0,7 0,2 1,7 0,2 0,2 0,6
25 3,7 1,2 9,7 5,2 2,1 12,5 0,9 0,6 2,6
30 21,1 4,5 89,7 43,8 9,7 179,8 3,4 3,1 13,3
35 123,1 18,2 424,8 240,3 36,3 1344,9 7,3 6,7 37,4
40 812,4 96,2 1476,1 952,1 162,9 3612,7 16,6 24,3 131,7
45 − 499,4 − − 623,7 − 28,8 26,1 243,3
50 − 3598,5 − − 2153,2 − 63,9 53,1 407,9
55 − − − − − − 85,4 58,8 595,2
60 − − − − − − − 94,9 −
65 − − − − − − − 123,5 −
70 − − − − − − − 203,8 −
75 − − − − − − − 334,7 −
80 − − − − − − − 587,8 −
85 − − − − − − − 993,1 −
90 − − − − − − − 1560,5 −
95 − − − − − − − 2694,6 −

Â ñëó÷àå p = 0,67 õóäøèå ïîêàçàòåëè òàêæå ïðèíàäëåæàò àëãîðèòìó IN. Ïðè
n = 55 ñðåäíåå âðåìÿ åãî ðàáîòû ñîñòàâëÿåò 595,2 ñ. Â ñâîþ î÷åðåäü, àëãîðèòìû TR
èMOD ïðè òîì æå çíà÷åíèè n òðàòÿò â ñðåäíåì 85,4 è 58,8 ñ ñîîòâåòñòâåííî. Èíòåðåñ-
íî, ÷òî äîâåðèòåëüíûå èíòåðâàëû ñðåäíåãî âðåìåíè ðàáîòû àëãîðèòìîâ TR è MOD
ïåðåñåêàþòñÿ äî n = 55 âêëþ÷èòåëüíî. Ýòî íå ïîçâîëÿåò ãîâîðèòü î ñòàòèñòè÷åñêè
çíà÷èìûõ ðàçëè÷èÿõ. Îäíàêî ïðè n = 60 çàíèìàåìûé îáú¼ì ïàìÿòè ñòàíîâèòñÿ ïðå-
ïÿòñòâèåì ê îòûñêàíèþ îïòèìàëüíûõ ðåøåíèé äëÿ àëãîðèòìîâ TR è IN, â òî âðåìÿ
êàê àëãîðèòì MOD ñòàëêèâàåòñÿ ñ îãðàíè÷åíèåì ïî âðåìåíè ïðè n = 100.

Òàêèì îáðàçîì, ìîæíî óòâåðæäàòü, ÷òî íàèëó÷øèì àëãîðèòìîì äëÿ çàäà÷è MIN-
DISAGREE⩽2 ÿâëÿåòñÿ àëãîðèòì MOD. Åãî ñðåäíåå âðåìÿ ðàáîòû ïðè p = 0,33 / 0,5
ñòàòèñòè÷åñêè çíà÷èìî íàèìåíüøåå. Ïðè p = 0,67 íåò ñòàòèñòè÷åñêè çíà÷èìûõ îòëè-
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Òà á ë è ö à 3
Ãðàíèöû äîâåðèòåëüíîãî èíòåðâàëà ñðåäíåãî âðåìåíè ðàáîòû àëãîðèòìîâ

äëÿ çàäà÷è MIN-DISAGREE⩽2, p = 0,33 è p = 0,5, ñ

n
p

0,33 0,5
TR MOD IN TR MOD IN

20 [0,4, 0,6] [0,1, 0,2] [1,6, 2,1] [0,6, 0,8] [0,1, 0,2] [1,5, 1,9]
25 [3,4, 4,1] [1,1, 1,2] [9,2, 10,3] [4,6, 5,9] [1,8, 2,3] [11,3, 13,9]
30 [19,6, 22,9] [4,2, 4,7] [76,7, 109,2] [35,5, 54,7] [8,5, 10,9] [145,4, 221,7]
35 [111,8, 138,9] [16,6, 20,1] [372,4, 477,2] [189,1, 303,1] [30,5, 42,7] [1030,2, 1776,9]
40 [717,1, 946,1] [85,7, 109,5] [1275,5, 1799,9] [791,1, 1177,3] [133,6, 200,3] [2953,3, 4330,3]
45 − [453,2, 554,5] − − [511,4, 767,8] −
50 − [3031,5, 4373,9] − − [1881,5, 2479,4] −

Òà á ë è ö à 4
Ãðàíèöû äîâåðèòåëüíîãî èíòåðâàëà ñðåäíåãî
âðåìåíè ðàáîòû àëãîðèòìîâ äëÿ çàäà÷è

MIN-DISAGREE⩽2, p = 0,67, ñ

n TR MOD IN

20 [0,1, 0,3] [0,1, 0,2] [0,5, 0,7]
25 [0,8, 1,2] [0,5, 0,7] [2,1, 3,3]
30 [2,7, 4,4] [2,7, 3,4] [10,4, 16,8]
35 [5,9, 9,4] [6,1, 7,6] [29,7, 49,1]
40 [13,2, 23,8] [21,1, 28,4] [98,8, 186,9]
45 [23,1, 37,6] [22,9, 29,8] [181,5, 336,5]
50 [46,8, 98,2] [46,8, 60,2] [316,1, 545,1]
55 [62,5, 132,7] [53,9, 67,4] [437,6, 838,7]
60 − [84,2, 110,3] −
65 − [111,3, 140,3] −
70 − [182,3, 236,5] −
75 − [304,1, 375,7] −
80 − [503,2, 724,1] −
85 − [773,2, 1452,2] −
90 − [1121,1, 2000,1] −
95 − [2193,8, 3500,1] −

÷èé â ñðåäíåì âðåìåíè ðàáîòû àëãîðèòìîâ TR è MOD, îäíàêî ïîñëåäíèé òðåáóåò
ãîðàçäî ìåíüøå ïàìÿòè.

Îòìåòèì, ÷òî â ñëó÷àå p = 0,33 / 0,5 îïòèìàëüíûì ðåøåíèåì â 100% ñëó÷àåâ ÿâ-
ëÿåòñÿ êëàñòåðíûé ãðàô ñ äâóìÿ êëàñòåðàìè. Ïðè p = 0,67 ëèøü â 49,5% ñëó÷àåâ
îïòèìàëüíûì ÿâëÿåòñÿ ãðàô ñ äâóìÿ êëàñòåðàìè, â îñòàâøèõñÿ 51,5% ñëó÷àåâ îïòè-
ìàëüíûé ãðàô ñîäåðæèò îäèí êëàñòåð. Ýòî îäèí èç ôàêòîðîâ, îáúÿñíÿþùèõ ëó÷øåå
ñðåäíåå âðåìÿ ðàáîòû âñåõ àëãîðèòìîâ íà ïëîòíûõ ãðàôàõ.

Ïåðåéä¼ì ê ñëó÷àþ k = 3. Â òàáë. 5 ïðèâåäåíû ðàçìåðû ìîäåëåé äëÿ çàäà÷è MIN-
DISAGREE⩽3 â ìåãàáàéòàõ (Ìáàéò). Êàê è â ñëó÷àå k = 2, ìîäåëè (5)�(8) è (10)�(14),
(8) èìåþò ïðèìåðíî îäèíàêîâûé ðàçìåð è ïðåâûøàþò âûäåëåííûå 16,5 Ìáàéò ïðè
n = 40, ìîäåëü (23)�(29) çàíèìàåò íåìíîãî ïàìÿòè äî n = 70 âêëþ÷èòåëüíî.

Ðåçóëüòàòû ýêñïåðèìåíòà ïðåäñòàâëåíû â òàáë. 6�8 è íà ðèñ. 4. Õóäøåå ñðåäíåå âðå-
ìÿ ðàáîòû â ñëó÷àå p = 0,33 / 0,5 ïðèíàäëåæèò àëãîðèòìó IN. Ïðè p = 0,5 è n = 30
äîâåðèòåëüíûå èíòåðâàëû ñðåäíåãî âðåìåíè ðàáîòû àëãîðèòìîâ IN è TR ïåðåñåêà-
þòñÿ, ÷òî íå ïîçâîëÿåò ãîâîðèòü î ñòàòèñòè÷åñêè çíà÷èìûõ îòëè÷èÿõ. Îäíàêî ïðè
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Òà á ë è ö à 5
Ðàçìåð ìîäåëåé ÖËÏ äëÿ çàäà÷è

MIN-DISAGREE⩽3

n (5)�(8) (23)�(29) (10)�(14),(8)
15 0,48 0,07 0,50
20 1,55 0,14 1,60
25 3,92 0,22 4,01
30 8,25 0,33 8,40
35 15,37 0,46 15,64
40 26,48 0,61 26,82
45 42,98 0,79 43,49
50 66,16 0,98 66,87
55 97,47 1,19 98,45
60 138,64 1,43 139,91
65 191,46 1,69 193,18
70 258,65 1,97 260,48

p = 0,33 èõ äîâåðèòåëüíûå èíòåðâàëû ñðåäíåãî âðåìåíè ðàáîòû íå ïåðåñåêàþòñÿ, à
ïðè p = 0,33 è n = 30 ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìà TR ñîñòàâëÿåò 1039,1 ñ, ÷òî
áîëåå ÷åì â 3 ðàçà ìåíüøå, ÷åì ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìà IN. Îáà àëãîðèòìà
ñòàëêèâàþòñÿ ñ îãðàíè÷åíèåì ïî âðåìåíè ïðè n = 35. Âíîâü ëó÷øèå ðåçóëüòàòû ïðè-
íàäëåæàò àëãîðèòìó MOD. Åãî äîâåðèòåëüíûå èíòåðâàëû ñðåäíåãî âðåìåíè ðàáîòû
íå ïåðåñåêàþòñÿ ñ äîâåðèòåëüíûìè èíòåðâàëàìè àëãîðèòìîâ IN è TR. Ñðåäíåå âðåìÿ
ðàáîòû àëãîðèòìà MOD ïðè p = 0,33 è n = 30 â 5 ðàç ìåíüøå, ÷åì ó àëãîðèòìà TR,
à ïðè p = 0,5 è n = 30�ïî÷òè â 19 ðàç.

Òà á ë è ö à 6
Ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìîâ
äëÿ çàäà÷è MIN-DISAGREE⩽3, ñ

n
p

0,33 0,5 0,67
TR MOD IN TR MOD IN TR MOD IN

15 0,1 0,4 0,7 0,2 0,3 0,7 0,1 0,2 1,3
20 2,6 2,6 18,6 4,7 3,2 20,1 0,4 1,8 4,4
25 51,8 18,1 179,9 104,1 16,5 250,9 2,8 6,2 28,1
30 1039,1 187,1 3282,5 4773,7 254,9 6138,6 21,3 18,9 75,2
35 − 1996,5 − − 2438,8 − 127,1 61,5 600,8
40 − − − − − − 81,6 −
45 − − − − − − 242,3 −
50 − − − − − − − 352,1 −
55 − − − − − − − 488,1 −
60 − − − − − − − 877,9 −
65 − − − − − − − 1631,5 −
70 − − − − − − − 2432,2 −
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Òà á ë è ö à 7
Ãðàíèöû äîâåðèòåëüíîãî èíòåðâàëà ñðåäíåãî âðåìåíè ðàáîòû àëãîðèòìîâ

äëÿ çàäà÷è MIN-DISAGREE⩽3, p = 0,33 è p = 0,5, ñ

n
p

0,33 0,5
TR MOD IN TR MOD IN

15 [0,1, 0,2] [0,4, 0,5] [0,6, 1,0] [0,2, 0,3] [0,3, 0,4] [0,6, 1,0]
20 [2,3, 3,0] [2,5, 2,8] [16,5, 20,9] [4,1, 5,5] [3,1, 3,3] [18,2, 22,1]
25 [46,1, 59,2] [16,1, 21,2] [156,3, 212,6] [80,3, 142,3] [15,3, 17,9] [228,8, 280,0]
30 [914,4, 1216,7] [171,5, 205,8] [2824,7, 3977,8] [3743,3, 6002,5] [232,2, 280,6] [5378,5, 7125,8]
35 − [1813,2, 2254,9] − − [2211,5, 2715,7] −

Òà á ë è ö à 8
Ãðàíèöû äîâåðèòåëüíîãî èíòåðâàëà ñðåäíåãî
âðåìåíè ðàáîòû àëãîðèòìîâ äëÿ çàäà÷è

MIN-DISAGREE⩽3, p = 0,67, ñ

n TR MOD IN

15 [0,1, 0,2] [0,2, 0,3] [1,2, 1,5]
20 [0,4, 0,6] [1,6, 1,9] [3,4, 6,2]
25 [2,1, 4,1] [5,7, 6,6] [20,3, 39,2]
30 [13,8, 41,4] [17,3, 21,2] [45,9, 160,8]
35 [86,7, 217,4] [56,2, 72,1] [413,0, 983,7]
40 − [73,8, 92,3] −
45 − [185,1, 426,4] −
50 − [316,1, 412,5] −
55 − [438,4, 567,1] −
60 − [787,5, 994,2] −
65 − [1405,0, 1942,8] −
70 − [2054,9, 2990,1] −
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Ðèñ. 4. Ñðåäíåå âðåìÿ (t, c) ðàáîòû àëãîðèòìîâ äëÿ çàäà÷è MIN-DISAGREE⩽3

Ïðè p = 0,67 àëãîðèòì IN îïÿòü ïîêàçûâàåò ñåáÿ õóæå àëãîðèòìîâ TR è MOD.
Èíòåðåñíî, ÷òî äî n = 25 àëãîðèòì TR èìååò ëó÷øåå ñðåäíåå âðåìÿ ðàáîòû, ÷åì
àëãîðèòì MOD, ïðè÷¼ì èõ äîâåðèòåëüíûå èíòåðâàëû íå ïåðåñåêàþòñÿ. Ïðè n = 30
ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìà MOD ñòàíîâèòñÿ ìåíüøå ñðåäíåãî âðåìåíè ðàáîòû
àëãîðèòìà TR, îäíàêî èõ äîâåðèòåëüíûå èíòåðâàëû ïåðåñåêàþòñÿ. Ïðè n = 35 äî-
âåðèòåëüíûå èíòåðâàëû ïåðåñòàþò ïåðåñåêàòüñÿ è ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìà
MOD ñòàíîâèòñÿ ìåíüøå, ÷åì ó àëãîðèòìà TR. Ïðè n = 40 îïîðíûå ìîäåëè àëãîðèò-
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ìîâ IN è TR èñ÷åðïûâàþò ïàìÿòü, à àëãîðèòì MOD ñòàëêèâàåòñÿ ñ îãðàíè÷åíèåì
ïî âðåìåíè ïðè n = 70.

Çàìåòèì, ÷òî ðåçóëüòàòû ýêñïåðèìåíòà î÷åíü ïîõîæè íà ðåçóëüòàòû ýêñïåðèìåíòà
ïðè k = 2. Ïðè p = 0,33 / 0,5 îïòèìàëüíûì ðåøåíèåì â 99,4% ñëó÷àåâ ÿâëÿåòñÿ ãðàô
ñ òðåìÿ êëàñòåðàìè, à â 0,6%� ñ äâóìÿ. Ïðè p = 0,67 ëèøü â 7,4% ñëó÷àåâ îïòèìàëü-
íîå ðåøåíèå ñîäåðæèò òðè êëàñòåðà, â îñòàâøèõñÿ ñëó÷àÿõ � îäèí èëè äâà êëàñòåðà
(41 è 51,6% ñîîòâåòñòâåííî).

3.3. Ý ê ñ ï å ð è ì å í ò à ë ü í î å è ñ ñ ë å ä î â à í è å à ë ã î ð è ò ì î â ä ë ÿ
ç à ä à ÷ è M I N - D I S A G R E E

Åñëè â ìîäåëè (23)�(29) çàìåíèòü k íà n, òî ïîëó÷èòñÿ ìîäåëü ÖËÏ äëÿ çàäà-
÷è MIN-DISAGREE. Ýòà ìîäåëü ñîäåðæèò O(n3) ïåðåìåííûõ è O(n3) îãðàíè÷åíèé.
Ñðàâíèì å¼ ñ äðóãèìè ìîäåëÿìè. Âíîâü îáîçíà÷èì ÷åðåç TR, IN è MOD òî÷íûå
àëãîðèòìû, îïèðàþùèåñÿ íà ìîäåëè (5)�(7), (10)�(14) è (23)�(29) (òàáë. 9�12).

Òà á ë è ö à 9
Ðàçìåð ìîäåëåé ÖËÏ äëÿ
çàäà÷è MIN-DISAGREE,

Ìáàéò

n (5)�(7) (23)�(29) (10)�(14)
15 0,15 0,38 0,17
20 0,39 0,96 0,44
25 0,79 1,96 0,90
30 1,42 3,47 1,59
35 2,31 5,64 2,58
40 3,51 8,55 3,93
45 5,05 12,30 5,67
50 7,01 17,07 7,88
55 9,39 22,93 10,58

Òà á ë è ö à 10
Ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìîâ
äëÿ çàäà÷è MIN-DISAGREE, ñ

n
p

0,33 0,5 0,67
TR MOD IN TR MOD IN TR MOD IN

15 0,1 1,0 0,1 0,1 1,4 0,4 0,1 0,7 0,1
20 0,7 187,0 1,1 2,3 602,9 5,8 0,2 57,6 0,4
25 4,8 3787,5 9,4 22,6 − 50,2 0,8 2972,9 1,9
30 27,7 − 94,3 841,2 − 1227,3 3,2 − 11,2
35 440,5 − 971,8 − − − 6,4 − 19,9
40 − − − − − − 19,9 − 264,4
45 − − − − − − 58,6 − 866,8
50 − − − − − − 204,1 − −
55 − − − − − − 519,3 − −

Èç òàáë. 9 âèäíî, ÷òî äëÿ çàäà÷è MIN-DISAGREE áîëüøå âñåãî ïàìÿòè òðåáóåòñÿ
ìîäåëè (23)�(29). Ïðè n = 50 îíà çàíèìàåò áîëåå 16,5 Ìáàéò, â òî âðåìÿ êàê ðàçìåð
ìîäåëåé (5)�(7) è (10)�(14) ðàñò¼ò ìåäëåííåå è ïî÷òè îäèíàêîâî.
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Òà á ë è ö à 11
Ãðàíèöû äîâåðèòåëüíîãî èíòåðâàëà ñðåäíåãî âðåìåíè ðàáîòû àëãîðèòìîâ

äëÿ çàäà÷è MIN-DISAGREE, p = 0,33 è p = 0,5, ñ

n
p

0,33 0,5
TR MOD IN TR MOD IN

15 [0,1, 0,2] [0,9, 1,2] [0,1, 0,2] [0,1, 0,2] [1,3, 1,6] [0,3, 0,5]
20 [0,7, 0,9] [155,2, 231,4] [0,9, 1,3] [2,1, 2,5] [525,3, 698,9] [5,3, 6,4]
25 [4,3, 5,3] [2303,9, 5508,2] [8,3, 10,6] [20,5, 25,4] − [46,2, 54,7]
30 [23,1, 34,8] − [79,9, 112,9] [730,1, 1003,3] − [1112,6, 1461,2]
35 [328,1 636,4] − [795,4, 1479,3] − − −

Ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà p àëãîðèòì MOD èìååò íàèõóäøåå ñðåäíåå âðåìÿ
ðàáîòû (òàáë. 10�12 è ðèñ. 5). Òàê, ïðè p = 0,33 è n = 25 ñðåäíåå âðåìÿ åãî ðàáîòû
ðàâíî 3785,5 ñ, ÷òî â 789 ðàç áîëüøå, ÷åì ó àëãîðèòìà TR, è â 403 ðàçà áîëüøå, ÷åì ó
àëãîðèòìà IN. Ïðè âñåõ çíà÷åíèÿõ ïàðàìåòðà p ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìà TR
ìåíüøå, ÷åì ó àëãîðèòìà IN. Ïîñêîëüêó äîâåðèòåëüíûå èíòåðâàëû âñåõ àëãîðèòìîâ
íå ïåðåñåêàþòñÿ, òî ñðåäíåå âðåìÿ ðàáîòû àëãîðèòìà TR ñòàòèñòè÷åñêè çíà÷èìî íàè-
ìåíüøåå.

Òà á ë è ö à 12
Ãðàíèöû äîâåðèòåëüíîãî èíòåðâàëà ñðåäíåãî
âðåìåíè ðàáîòû àëãîðèòìîâ äëÿ çàäà÷è

MIN-DISAGREE, p = 0,67, ñ

n TR MOD IN

15 [0,0, 0,1] [0,6, 0,7] [0,0, 0,1]
20 [0,2, 0,3] [45,6, 73,4] [0,3, 0,6]
25 [0,6, 1,1] [2457,2, 3697,9] [1,4, 2,8]
30 [2,3, 4,8] − [7,1, 18,1]
35 [4,9, 8,9] − [13,8, 36,2]
40 [13,8, 31,7] − [125,2, 861,7]
45 [41,3, 87,5] − [315,8, 2355,5]
50 [125,7, 469,6] − −
55 [292,9, 1288,1] − −
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Ðèñ. 5. Ñðåäíåå âðåìÿ (t, c) ðàáîòû àëãîðèòìîâ äëÿ çàäà÷è MIN-DISAGREE
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Ïî ðåçóëüòàòàì èññëåäîâàíèÿ ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû:

1) â çàäà÷àõ ñ îãðàíè÷åíèåì ÷èñëà êëàñòåðîâ íàèìåíüøåå ñðåäíåå âðåìÿ äîñòèæå-
íèÿ îïòèìóìà ïðèíàäëåæèò àëãîðèòìó MOD, ïðè ýòîì îïîðíàÿ ìîäåëü ÖËÏ
òðåáóåò íåáîëüøîé îáúåì ïàìÿòè. Àëãîðèòìû TR è IN òðåáóþò áîëüøå âðåìå-
íè è ïàìÿòè;

2) â çàäà÷àõ áåç îãðàíè÷åíèÿ ÷èñëà êëàñòåðîâ íàèìåíüøåå ñðåäíåå âðåìÿ äîñòè-
æåíèÿ îïòèìóìà ïðèíàäëåæèò àëãîðèòìó TR, ïðè ýòîì îïîðíàÿ ìîäåëü ÖËÏ
òðåáóåò íåáîëüøîé îáúåì ïàìÿòè. Àëãîðèòì IN òðåáóåò áîëüøå âðåìåíè, à àë-
ãîðèòì MOD� áîëüøå âðåìåíè è ïàìÿòè;

3) âñå ìîäåëè ÿâëÿþòñÿ ïåðñïåêòèâíûìè äëÿ äàëüíåéøåãî òåîðåòè÷åñêîãî èññëå-
äîâàíèÿ èç-çà ðàçíîé ñòðóêòóðû îáëàñòåé äîïóñòèìûõ çíà÷åíèé (íàïðèìåð, äëÿ
ïîñòðîåíèÿ ïðèáëèæ¼ííûõ àëãîðèòìîâ).

Çàêëþ÷åíèå
Â ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è êëàñòåðèçàöèè âåðøèí ãðàôà. Èçó÷àåòñÿ ïîä-

õîä ê ïîñòðîåíèþ ìîäåëåé ÖËÏ äëÿ ýòèõ çàäà÷. Ïðèâåä¼í îáçîð èçâåñòíûõ ìîäåëåé
ÖËÏ, à òàêæå ïðåäëîæåíû íîâûå ïîäõîäû ê èõ ïîñòðîåíèþ, îäèí èç êîòîðûõ ïîçâî-
ëÿåò çíà÷èòåëüíî ñîêðàòèòü êîëè÷åñòâî íåðàâåíñòâ äëÿ çàäà÷è ñ îãðàíè÷åíèåì ÷èñëà
êëàñòåðîâ. Èç ðåçóëüòàòîâ âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ñëåäóåò, ÷òî îäèí èç àë-
ãîðèòìîâ, îïèðàþùèéñÿ íà íîâûå ìîäåëè, ÿâëÿåòñÿ íàèëó÷øèì ïðè ïîèñêå òî÷íûõ
ðåøåíèé â çàäà÷àõ ñ îãðàíè÷åíèåì ÷èñëà êëàñòåðîâ. Â òî æå âðåìÿ â âàðèàíòå çà-
äà÷è áåç îãðàíè÷åíèé ëó÷øèå ðåçóëüòàòû ïðèíàäëåæàò àëãîðèòìó, îïèðàþùåìóñÿ íà
èçâåñòíóþ ìîäåëü. Âñå îïèñàííûå ìîäåëè ïðåäñòàâëÿþò èíòåðåñ äëÿ òåîðåòè÷åñêîãî
èññëåäîâàíèÿ â êîíòåêñòå ïîñòðîåíèÿ ïðèáëèæ¼ííûõ àëãîðèòìîâ.
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Âåðøèííîé ñâÿçíîñòüþ k íàçûâàåòñÿ íàèìåíüøåå ÷èñëî âåðøèí, óäàëåíèå êîòî-
ðûõ ïðèâîäèò ê íåñâÿçíîìó èëè òðèâèàëüíîìó ãðàôó. Ð¼áåðíîé ñâÿçíîñòüþ λ
íåòðèâèàëüíîãî ãðàôà íàçûâàåòñÿ íàèìåíüøåå ÷èñëî ð¼áåð, óäàëåíèå êîòîðûõ
ïðèâîäèò ê íåñâÿçíîìó ãðàôó. Ä. Ôàëêåðñîí è Ë. Øåïëè ðåøàëè çàäà÷ó îïðåäå-
ëåíèÿ ìèíèìàëüíîãî ÷èñëà ð¼áåð â ãðàôå ñ çàäàííûì ÷èñëîì âåðøèí n è ñ çàäàí-
íîé ð¼áåðíîé ñâÿçíîñòüþ λ. Â ðàáîòå èññëåäóþòñÿ ìèíèìàëüíûå ïî ÷èñëó ð¼áåð
n-âåðøèííûå ãðàôû, êîòîðûå èìåþò çàäàííûå çíà÷åíèÿ âåðøèííîé è ð¼áåðíîé
ñâÿçíîñòè. Îñíîâíîé ðåçóëüòàò ñîñòîèò â òîì, ÷òî îïðåäåëÿåòñÿ ìèíèìàëüíîå ÷èñ-
ëî ð¼áåð, êîòîðûå ìîãóò èìåòü n-âåðøèííûå ãðàôû ñ òî÷êîé ñî÷ëåíåíèÿ è çàäàí-
íîé ð¼áåðíîé ñâÿçíîñòüþ λ > 1: [(λn+ λ+ 1)/2]. Ïðåäëàãàåòñÿ ñõåìà ïîñòðîåíèÿ
ãðàôîâ ñ òàêèì ÷èñëîì ð¼áåð. Ýòî âñåãäà âîçìîæíî ïðè n ⩾ 2λ.

Êëþ÷åâûå ñëîâà: ãðàô, âåðøèííàÿ ñâÿçíîñòü, ð¼áåðíàÿ ñâÿçíîñòü.

OPTIMAL GRAPHS WITH A CUT VERTEX AND GIVEN EDGE
CONNECTIVITY

B.A. Terebin, M.B. Abrosimov

Saratov State University, Saratov, Russia

The vertex connectivity k is the smallest number of vertices whose removal leads to
a disconnected or trivial graph. The edge connectivity λ of a nontrivial graph is the
smallest number of edges whose removal leads to a disconnected graph. D. Fulkerson
and L. Shapley solved the problem of determining the minimum number of edges in
a graph with a given number of vertices n and a given edge connectivity λ. In this
paper, we study the minimal n-vertex graphs with given values of vertex and edge
connectivity. The main result is that we determine the minimum number of edges
that n-vertex graphs with an articulation point and a given edge connectivity λ > 1
can have: [(λn+ λ+ 1)/2]. A scheme for constructing graphs with such a number of
edges is proposed. This is always possible for n ⩾ 2λ.

Keywords: graph, vertex connectivity, edge connectivity.

1. Ïðåäâàðèòåëüíûå ðåçóëüòàòû
Ñâÿçíûì íàçûâàåòñÿ ãðàô, ëþáàÿ ïàðà âåðøèí êîòîðîãî ñîåäèíåíà ïóò¼ì. Â ïðî-

òèâíîì ñëó÷àå ãðàô íàçûâàåòñÿ íåñâÿçíûì. Òðèâèàëüíûì íàçûâàåòñÿ îäíîâåðøèí-
íûé ãðàô. Ãðàô, ëþáûå äâå âåðøèíû êîòîðîãî ñìåæíû, íàçûâàåòñÿ ïîëíûì. Â ðàáîòå
ðàññìàòðèâàþòñÿ ïðîñòûå íåîðèåíòèðîâàííûå ãðàôû. Îñíîâíûå ïîíÿòèÿ èç òåîðèè
ãðàôîâ èñïîëüçóþòñÿ â ñîîòâåòñòâèè ñ ðàáîòàìè [1, 2].
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Îïðåäåëåíèå 1. Âåðøèííîé ñâÿçíîñòüþ k ãðàôàG íàçûâàåòñÿ íàèìåíüøåå ÷èñ-
ëî âåðøèí, óäàëåíèå êîòîðûõ ïðèâîäèò ê íåñâÿçíîìó èëè òðèâèàëüíîìó ãðàôó.

Îïðåäåëåíèå 2. Ð¼áåðíîé ñâÿçíîñòüþ λ íåòðèâèàëüíîãî ãðàôà G íàçûâàåòñÿ
íàèìåíüøåå ÷èñëî ð¼áåð, óäàëåíèå êîòîðûõ ïðèâîäèò ê íåñâÿçíîìó ãðàôó.

Îáîçíà÷èì ìèíèìàëüíóþ ñòåïåíü âåðøèíû â ãðàôå ÷åðåç δ.
Âåðøèííàÿ ñâÿçíîñòü, ð¼áåðíàÿ ñâÿçíîñòü è ìèíèìàëüíàÿ ñòåïåíü âåðøèíû δ ñâÿ-

çàíû íåðàâåíñòâîì Óèòíè [3].

Òåîðåìà 1 [3]. Äëÿ ëþáîãî ãðàôà G ñïðàâåäëèâî íåðàâåíñòâî k ⩽ λ ⩽ δ.

Ã. ×àðòðýíä è Ô. Õàðàðè â ðàáîòå [4] äîêàçàëè, ÷òî äëÿ ïîäõîäÿùèõ çíà÷åíèé k, λ
è δ ñóùåñòâóåò ñîîòâåòñòâóþùèé ãðàô:

Òåîðåìà 2 [4]. Äëÿ ëþáûõ íàòóðàëüíûõ ÷èñåë a, b, c, òàêèõ, ÷òî 0 < a ⩽ b ⩽ c,
ñóùåñòâóåò ãðàô G, ó êîòîðîãî k = a, λ = b, c = δ.

Â ðàáîòå [5] ðàññìàòðèâàåòñÿ çàäà÷à î ïîèñêå ãðàôîâ ñ ìèíèìàëüíûì ÷èñëîì âåð-
øèí è ð¼áåð äëÿ ëþáûõ a, b, c èç òåîðåìû 2. Íàéäåíî ïîëíîå ðåøåíèå ýòîé çàäà÷è,
ïðè÷¼ì äëÿ âñåõ ðàññìàòðèâàåìûõ íàáîðîâ çíà÷åíèé a, b, c äîêàçûâàþòñÿ çíà÷åíèÿ
ìèíèìàëüíîãî ÷èñëà âåðøèí è ð¼áåð, à òàêæå ñòðîÿòñÿ ãðàôû ñ óêàçàííûì ÷èñëîì
âåðøèí è ð¼áåð. Íåêîòîðûå èç ïîëó÷åííûõ ðåçóëüòàòîâ ñóùåñòâåííûì îáðàçîì èñïîëü-
çóþòñÿ äëÿ ðåøåíèÿ çàäà÷è, êîòîðàÿ ðàññìàòðèâàåòñÿ â äàííîé ðàáîòå: íàõîæäåíèå è
îïèñàíèå ìíîæåñòâ ãðàôîâ, ñîñòîÿùèõ èç çàäàííîãî ÷èñëà âåðøèí n ñ ìèíèìàëüíûì
÷èñëîì ð¼áåð äëÿ ïàð âîçìîæíûõ çíà÷åíèé k è λ. Â ÷àñòíîñòè, äàëåå èñïîëüçóþòñÿ
ñëåäóþùèå ðåçóëüòàòû èç ðàáîòû [5]:

Òåîðåìà 3 [5]. Ãðàô ñ íàèìåíüøèì êîëè÷åñòâîì âåðøèí è ð¼áåð, óäîâëåòâîðÿþ-
ùèé óñëîâèþ a < b = c, ó êîòîðîãî k = a, λ = b, c = δ, ÿâëÿåòñÿ ãðàôîì ñ ÷èñëîì
âåðøèí 2(c+ 1)− a è ÷èñëîì ð¼áåð c2 − a2 + a+ c+ σ, ãäå

σ =

{
0, åñëè ⌈(2a2 − ac− 2a)/2⌉ ⩽ 0,

⌈(2a2 − ac− 2a)/2⌉ èíà÷å.

Â [6] Ä. Ôàëêåðñîí è Ë. Øåïëè ðàññìàòðèâàþò çàäà÷ó îïèñàíèÿ ãðàôîâ ñ ìèíè-
ìàëüíûì ÷èñëîì ð¼áåð äëÿ çàäàííîãî ÷èñëà âåðøèí è ð¼áåðíîé ñâÿçíîñòè λ(G). Â äàí-
íîé ðàáîòå ìû ðàññìîòðèì áîëåå îáùóþ çàäà÷ó: äëÿ çàäàííîãî ÷èñëà âåðøèí n, âåð-
øèííîé ñâÿçíîñòè k(G) è ð¼áåðíîé ñâÿçíîñòè λ(G) òðåáóåòñÿ îïðåäåëèòü ìèíèìàëüíîå
÷èñëî ð¼áåð, êîòîðîå ìîæåò èìåòü ãðàô G ñ óêàçàííûìè ïàðàìåòðàìè [7, 8]. Ñîãëàñ-
íî íåðàâåíñòâó Óèòíè, ìèíèìàëüíàÿ ñòåïåíü âåðøèíû â ãðàôå íå ìåíüøå ð¼áåðíîé
ñâÿçíîñòè, ïîýòîìó î÷åâèäíî, ÷òî â èñêîìîì ãðàôå íå ìîæåò áûòü ìåíüøå ÷åì ⌈λn/2⌉
ð¼áåð. Ñåìåéñòâî ãðàôîâ èìåííî ñ òàêèì ÷èñëîì ð¼áåð îïèñàíî â ðàáîòå [7]. Îäíàêî
â îáùåì ñëó÷àå íå îáÿçàòåëüíî, ÷òî ãðàô ñ òàêèì ÷èñëîì ð¼áåð äëÿ çàäàííûõ ïà-
ðàìåòðîâ ñóùåñòâóåò. Íàïðèìåð, îïòèìàëüíûå ïî ÷èñëó ð¼áåð n-âåðøèííûå ãðàôû
ñ k = λ = 1� ýòî äåðåâüÿ ñ ÷èñëîì ð¼áåð n− 1. Ïðèâîäèìûå äàëåå ïîëíûå ðåçóëüòàòû
áûëè àíîíñèðîâàíû â ðàáîòå [8].

Â [9] ïðèâîäèòñÿ ñïèñîê èç 14 íåðåø¼ííûõ çàäà÷ òåîðèè ãðàôîâ. Çàäà÷à � 11 ñëå-
äóþùàÿ: êàêîâà íàèáîëüøàÿ ñâÿçíîñòü ãðàôà ñ n âåðøèíàìè è m ð¼áðàìè? Ðåøåíèå
áûëî íàéäåíî Ô. Õàðàðè â ðàáîòå [10]: íàèáîëüøàÿ ñâÿçíîñòü k ãðàôà ñ n âåðøèíàìè
è m ð¼áðàìè ðàâíà ⌈2m/n⌉ ïðè m ⩾ n − 1. Äîñòèãàåòñÿ îíà íà ãðàôàõ Õàðàðè Hk,n,
â êîòîðûõ âñå âåðøèíû èìåþò ñòåïåíü k, åñëè kn ÷¼òíî, ëèáî îäíà âåðøèíà èìååò
ñòåïåíü k + 1, à âñå îñòàëüíûå âåðøèíû èìåþò ñòåïåíü k, åñëè kn íå÷¼òíî. Ðàññìîò-
ðèì â íåêîòîðîì ñìûñëå îáðàòíóþ çàäà÷ó: êàêîå ìèíèìàëüíîå ÷èñëî âåðøèí è ð¼áåð
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ìîæåò áûòü â ãðàôå ñ çàäàííîé âåðøèííîé ñâÿçíîñòüþ k è ð¼áåðíîé ñâÿçíîñòüþ λ.
Ñîîòâåòñòâóþùèå çíà÷åíèÿ íåïîñðåäñòâåííî ñëåäóþò èç ðåçóëüòàòîâ ðàáîòû [5].

Îáîçíà÷èì ÷åðåç Nk,λ ìèíèìàëüíîå ÷èñëî âåðøèí, êîòîðîå ìîæåò ñîäåðæàòü
ãðàô G ñ çàäàííîé âåðøèííîé ñâÿçíîñòüþ k è ð¼áåðíîé ñâÿçíîñòüþ λ:

Nk,λ =

{
2(λ+ 1)− k ïðè λ > k,

λ+ 1 ïðè λ = k.
(1)

Îáîçíà÷èì ÷åðåç Ek,λ ìèíèìàëüíîå ÷èñëî ð¼áåð, êîòîðîå ìîæåò ñîäåðæàòü ãðàô G
ñ çàäàííîé âåðøèííîé ñâÿçíîñòüþ k è ð¼áåðíîé ñâÿçíîñòüþ λ:

Ek,λ =

{
λ2 − k2 + k + λ+ σ ïðè λ > k,

λ(λ+ 1)/2 ïðè λ = k,
(2)

ãäå

σ =

{
0, åñëè ⌈(2k2 − kλ− 2k)/2⌉ ⩽ 0,

⌈(2k2 − kλ− 2k)/2⌉ èíà÷å.

Çàìåòèì, ÷òî åñëè íàñ èíòåðåñóåò ìèíèìàëüíîå ÷èñëî âåðøèí Nk, êîòîðîå ìîæåò
ñîäåðæàòü ãðàô ñ çàäàííîé âåðøèííîé ñâÿçíîñòüþ k, òî ïîëó÷àåì Nk = Nk,k = k + 1,
÷òî ñîîòâåòñòâóåò ïîëíîìó ãðàôó ñ ÷èñëîì âåðøèí k + 1. Àíàëîãè÷íî äëÿ ñëó÷àÿ
ìèíèìàëüíîãî ÷èñëà âåðøèí Nλ, êîòîðîå ìîæåò ñîäåðæàòü ãðàô ñ çàäàííîé ð¼áåðíîé
ñâÿçíîñòüþ λ.

Åñëè íàñ èíòåðåñóåò ìèíèìàëüíîå ÷èñëî ð¼áåð Ek, êîòîðîå ìîæåò ñîäåðæàòü ãðàô
ñ çàäàííîé âåðøèííîé ñâÿçíîñòüþ k, òî ïîëó÷àåì Ek = Ek,k = k(k+1)/2, ÷òî ñîîòâåò-
ñòâóåò ïîëíîìó ãðàôó ñ ÷èñëîì âåðøèí k + 1. Àíàëîãè÷íî äëÿ ñëó÷àÿ ìèíèìàëüíîãî
÷èñëà ð¼áåð Eλ, êîòîðîå ìîæåò ñîäåðæàòü ãðàô ñ çàäàííîé ð¼áåðíîé ñâÿçíîñòüþ λ.

Äîáàâèì åù¼ îäèí ïàðàìåòð ê ïîèñêó è áóäåì ðàññìàòðèâàòü òàêóþ çàäà÷ó: êàêîå
ìèíèìàëüíîå ÷èñëî ð¼áåð ìîæåò áûòü â n-âåðøèííîì ãðàôå ñ çàäàííîé âåðøèííîé
ñâÿçíîñòüþ k è ð¼áåðíîé ñâÿçíîñòüþ λ? Îáîçíà÷èì ýòî çíà÷åíèå ÷åðåç Ek,λ,n. Èç óñëî-
âèÿ Óèòíè èìååì, ÷òî ìèíèìàëüíàÿ ñòåïåíü âåðøèíû â ãðàôå δ ⩾ λ, ïîýòîìó ñïðà-
âåäëèâà î÷åâèäíàÿ îöåíêà:

Ek,λ,n ⩾ ⌈λn/2⌉.
Â ðàáîòå [7] óäàëîñü îïèñàòü ìíîæåñòâî çíà÷åíèé k è λ, ïðè êîòîðûõ äîñòèãàåò-

ñÿ óêàçàííàÿ îöåíêà. Çàäà÷à ïîèñêà îïòèìàëüíûõ ãðàôîâ ñ ìàêñèìàëüíûìè ìåðàìè
ñâÿçíîñòè ïðåäñòàâëÿåò èíòåðåñ íå òîëüêî ñ òåîðåòè÷åñêîé, íî è ñ ïðàêòè÷åñêîé òî÷êè
çðåíèÿ, íàïðèìåð äëÿ ïîñòðîåíèÿ îòêàçîóñòîé÷èâûõ ñåòåé [11, 12].

2. Îñíîâíîé ðåçóëüòàò
Òî÷êîé ñî÷ëåíåíèÿ â ñâÿçíîì ãðàôå íàçûâàåòñÿ âåðøèíà, óäàëåíèå êîòîðîé âìåñòå

ñî âñåìè èíöèäåíòíûìè åé ð¼áðàìè ïðèâîäèò ê íåñâÿçíîìó ãðàôó. Åñëè â ãðàôå åñòü
òî÷êà ñî÷ëåíåíèÿ, òî ÷èñëî âåðøèííîé ñâÿçíîñòè k = 1. Ðàññìîòðèì ñíà÷àëà ÷àñòíûé
ñëó÷àé, êîãäà è ÷èñëî ð¼áåðíîé ñâÿçíîñòè λ = 1. Ïî ôîðìóëàì (1) è (2) ïîëó÷àåì, ÷òî
N1,1 = 2 è E1,1 = 1. Î÷åâèäíî, ÷òî ìèíèìàëüíîå ÷èñëî ð¼áåð ñðåäè ãðàôîâ ñ n âåð-
øèíàìè ñ k = 1 è λ = 1 èìåþò äåðåâüÿ. Êàê èçâåñòíî, n-âåðøèííîå äåðåâî ñîäåðæèò
n− 1 ðåáðî.

Äàëåå ðàññìîòðèì ñëó÷àé k = 1 è λ > 1. Â ýòîì ñëó÷àå N1,λ ìîæíî âû÷èñëèòü
ñëåäóþùèì îáðàçîì:

N1,λ = 2(λ+ 1)− k = 2λ+ 1.
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Òåîðåìà 4. Ïóñòü k = 1, λ > 1. Òîãäà äëÿ âñåõ n ⩾ Nk,λ = 2λ + 1 ìèíèìàëüíîå
÷èñëî ð¼áåð E1,λ,n, êîòîðîå ìîæåò èìåòü n-âåðøèííûé ãðàô ñ çàäàííûìè k è λ, ðàâíî
[(λn+λ+1)/2]. Ýòà îöåíêà ÿâëÿåòñÿ äîñòèæèìîé. Ñîîòâåòñòâóþùèé îïòèìàëüíûé ïî
÷èñëó ð¼áåð n-âåðøèííûé ãðàô ñ çàäàííûìè k è λ ñóùåñòâóåò è èìååò ñëåäóþùèé
âèä:

� åñëè λ ÷¼òíîå èëè n íå÷¼òíîå, òî â òàêîì ãðàôå ñòåïåíü îäíîé âåðøèíû (òî÷êè
ñî÷ëåíåíèÿ) ðàâíà 2λ, à îñòàëüíûõ� λ;

� åñëè λ íå÷¼òíîå è n ÷¼òíîå, òî ãðàô ìîæåò èìåòü îäèí èç äâóõ âèäîâ:
� ñòåïåíü îäíîé âåðøèíû (òî÷êè ñî÷ëåíåíèÿ) ðàâíà 2λ+ 1, à îñòàëüíûõ� λ;
� ñòåïåíü îäíîé âåðøèíû (òî÷êè ñî÷ëåíåíèÿ) ðàâíà 2λ, ñòåïåíü åù¼ îäíîé âåð-

øèíû� λ+ 1, à îñòàëüíûõ� λ.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíûé n-âåðøèííûé ãðàô G ñ k = 1,
λ > 1, n ⩾ 2λ+1. Ïóñòü âåðøèíà v� òî÷êà ñî÷ëåíåíèÿ ãðàôà G. Ñîãëàñíî íåðàâåíñòâó
Óèòíè, ìèíèìàëüíàÿ ñòåïåíü âåðøèíû â ãðàôå G íå ìîæåò áûòü ìåíüøå λ. Ïîêàæåì,
÷òî ñòåïåíü d(v) òî÷êè ñî÷ëåíåíèÿ íå ìîæåò áûòü ìåíüøå 2λ. Ïðåäïîëîæèì îáðàòíîå:
ïóñòü d(v) < 2λ. Óäàëåíèå âåðøèíû v èç ãðàôà G ïðèâîäèò ê íåñâÿçíîìó ãðàôó,
êîòîðûé ñîñòîèò íå ìåíåå ÷åì èç äâóõ êîìïîíåíò ñâÿçíîñòè. Îáîçíà÷èì ÷åðåç G1 îäíó
èç ýòèõ êîìïîíåíò, ÷åðåç G2 � îñòàâøóþñÿ ÷àñòü. Òàê êàê d(v) < 2λ, òî âåðøèíà v
èíöèäåíòíà ìåíåå ÷åì λ âåðøèíàì ëèáî èç G1, ëèáî èç G2. Íå îãðàíè÷èâàÿ îáùíîñòè,
ìîæíî ñ÷èòàòü, ÷òî âåðøèíà v èíöèäåíòíà ìåíåå ÷åì λ âåðøèíàì èç G1. Óäàëèâ ýòè
ð¼áðà èç ãðàôà G, ìû íàðóøèì åãî ñâÿçíîñòü, à ýòî ïðîòèâîðå÷èò òîìó, ÷òî ð¼áåðíàÿ
ñâÿçíîñòü ãðàôà G ðàâíà λ. Ñëåäîâàòåëüíî, ñòåïåíü òî÷êè ñî÷ëåíåíèÿ íå ìîæåò áûòü
ìåíüøå 2λ.

Òàêèì îáðàçîì, îïòèìàëüíûé ïî ÷èñëó ð¼áåð n-âåðøèííûé ãðàô G ñ k = 1, λ > 1
äîëæåí èìåòü ïî êðàéíåé ìåðå îäíó âåðøèíó ñòåïåíè íå ìåíåå 2λ (òî÷êó ñî÷ëåíåíèÿ)
è îñòàëüíûå âåðøèíû� ñî ñòåïåíüþ íå íèæå λ, ÷òî äà¼ò îöåíêó ÷èñëà ð¼áåð

E1,λ,n ⩾ λ(n+ 1)/2.

Îäíàêî ñ ó÷¼òîì òîãî, ÷òî êîëè÷åñòâî âåðøèí íå÷¼òíîé ñòåïåíè äîëæíî áûòü ÷¼òíî,
îöåíêó ìîæíî óòî÷íèòü äëÿ ñëó÷àÿ, êîãäà λ íå÷¼òíî, à n ÷¼òíî. Ðàññìîòðèì ïîäãðàôû
ãðàôà G, ïîðîæä¼ííûå âåðøèíàìè G1 è âåðøèíîé v, G2 è âåðøèíîé v. Îáîçíà÷èì
÷åðåç n1 è n2 ÷èñëî âåðøèí â ýòèõ ïîäãðàôàõ. Î÷åâèäíî, ÷òî n = n1 + n2 − 1. Òàê êàê
n ÷¼òíî, êîëè÷åñòâî âåðøèí â îäíîì èç ýòèõ ïîäãðàôîâ ÷¼òíîå, à â äðóãîì íå÷¼òíîå.
Ñëåäîâàòåëüíî, â ïîäãðàôå ñ íå÷¼òíûì ÷èñëîì âåðøèí âñå âåðøèíû íå ìîãóò èìåòü
íå÷¼òíóþ ñòåïåíü è îäíà èç âåðøèí äîëæíà èìåòü ñòåïåíü íà 1 áîëüøå, ÷åì óêàçàíî.
Ýòî ìîæåò áûòü ëèáî âåðøèíà v, êîòîðàÿ èìååò ñòåïåíü λ+1 (è ñîîòâåòñòâåííî 2λ+1
â ãðàôå G), ëèáî êàêàÿ-òî äðóãàÿ âåðøèíà, êîòîðàÿ èìååò ñòåïåíü λ + 1. Â ëþáîì
ñëó÷àå ýòî äà¼ò ñëåäóþùóþ îöåíêó ÷èñëà ð¼áåð:

E1,λ,n ⩾ (λ(n+ 1) + 1)/2.

Ñ ó÷¼òîì ïåðâîãî ñëó÷àÿ ìîæíî çàïèñàòü îöåíêó â îáùåì âèäå:

E1,λ,n ⩾ [(λn+ λ+ 1)/2].

Äàëåå ïîêàæåì, ÷òî ýòà îöåíêà ÿâëÿåòñÿ äîñòèæèìîé: n-âåðøèííûé ãðàô ñ k = 1,
λ > 1 è ÷èñëîì ð¼áåð [(λn+ λ+ 1)/2] ñóùåñòâóåò äëÿ âñåõ n ⩾ Nk,λ = 2λ+ 1.

Ïðåäûäóùèå ðàññóæäåíèÿ ïðåäëàãàþò è ñõåìó ïîñòðîåíèÿ ñîîòâåòñòâóþùåãî îï-
òèìàëüíîãî ãðàôà: íåîáõîäèìî âçÿòü äâà ãðàôà H1 è H2 ñ êîëè÷åñòâîì âåðøèí n1 è n2
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ñ ð¼áåðíîé ñâÿçíîñòüþ λ. Åñëè n1 è n2 ÷¼òíûå, òî ãðàôû H1 è H2 äîëæíû áûòü λ-ðåãó-
ëÿðíûìè. Åñëè ÷èñëî âåðøèí â îäíîì èç ãðàôîâ íå÷¼òíî, òî îí äîëæíåí áûòü ïî÷òè
λ-ðåãóëÿðíûì ñ åäèíñòâåííîé âåðøèíîé ñòåïåíè λ + 1. Äàëåå â ãðàôàõ H1 è H2 âû-
áèðàþòñÿ ïðîèçâîëüíûå âåðøèíû v1 è v2, ãðàôû ñîåäèíÿþòñÿ ïóò¼ì îòîæäåñòâëåíèÿ
âûáðàííûõ âåðøèí. Ïîëó÷àåì n-âåðøèííûé ãðàô G, n = n1 + n2 − 1.

Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî ýòà ñõåìà ðåàëèçóåìà, çàìåòèì, ÷òî äîñòàòî÷íî â êà-
÷åñòâå ãðàôîâ H1 è H2 âçÿòü ãðàôû Õàðàðè Hλ,n1 è Hλ,n2 , ñòåïåíè âåðøèí â êîòîðûõ
èìåþò â òî÷íîñòè óêàçàííûå çíà÷åíèÿ. Êàê èçâåñòíî, ãðàô Õàðàðè Hk,n ñóùåñòâóåò
äëÿ k > 1 è n ⩾ k + 1 [9].

Ðàññìîòðèì áîëåå ïîäðîáíî ñõåìó ïîñòðîåíèÿ èñêîìûõ ãðàôîâ èç äîêàçàòåëüñòâà
òåîðåìû 4 äëÿ êàæäîãî ñëó÷àÿ ïî îòäåëüíîñòè ñ ïðèìåðàìè è îáñóäèì âîïðîñ åäèí-
ñòâåííîñòè ïîñòðîåíèÿ:

1) Ïóñòü λ ÷¼òíîå èëè n íå÷¼òíîå. Ãðàôû H1 è H2 �äâà λ-ðåãóëÿðíûõ ãðàôà ñ ð¼-
áåðíîé ñâÿçíîñòüþ λ, êîòîðûå ñîåäèíÿþòñÿ îäíîé îáùåé âåðøèíîé (òî÷êîé ñî÷ëåíå-
íèÿ). Å¼ ñòåïåíü ðàâíà 2λ. Ïðè ýòîì îáà ïîäãðàôà äëÿ ñëó÷àÿ, êîãäà λ íå÷¼òíîå,
äîëæíû ñîäåðæàòü ÷¼òíîå ÷èñëî âåðøèí.

2) Ïóñòü λ íå÷¼òíîå è n ÷¼òíîå. Îäèí èç ïîäãðàôîâ ïåðåñòà¼ò áûòü λ-ðåãóëÿðíûì:
ñòåïåíü îäíîé èç åãî âåðøèí ðàâíà λ+1. Çà ñ÷¼ò âûáîðà âåðøèíû äëÿ îòîæäåñòâëåíèÿ
ïîÿâëÿåòñÿ äâà âàðèàíòà. Åñëè âûáèðàþòñÿ âåðøèíû ñòåïåíè λ, òî òî÷êà ñî÷ëåíåíèÿ
áóäåò èìåòü ñòåïåíü 2λ, îäíà âåðøèíà� ñòåïåíü λ+ 1, à îñòàëüíûå âåðøèíû� ñòåïå-
íè λ. Ëèáî âåðøèíà, êîòîðàÿ ÿâëÿåòñÿ îáùåé (òî÷êîé ñî÷ëåíåíèÿ) äëÿ ïîäãðàôîâ, ñî
ñòîðîíû îäíîãî ïîäãðàôà èìååò ñòåïåíü λ+ 1, ñî ñòîðîíû äðóãîãî � ñòåïåíü λ, ñòåïå-
íè âñåõ îñòàëüíûõ âåðøèí ðàâíû λ. Òàêèì îáðàçîì, ñòåïåíü òî÷êè ñî÷ëåíåíèÿ ðàâíà
2λ+ 1.

Íà ðèñ. 1 ïîêàçàíà ðåàëèçàöèÿ ãðàôà ñ ìèíèìàëüíûì ÷èñëîì ð¼áåð ïðè n = 6,
λ = 2, k = 1. Êîëè÷åñòâî ð¼áåð â ýòîì ãðàôå ðàâíî [(λn+λ+1)/2] = [(12+2+1)/2] = 7.

Ðèñ. 1. Ïðèìåð ãðàôà, óäîâëåòâîðÿþùåãî ïåðâîìó ñëó÷àþ (λ = 2, k = 1, n = 6)

Íà ðèñ. 2 ïîêàçàíû äâå ðåàëèçàöèè ãðàôà ñ ìèíèìàëüíûì ÷èñëîì ð¼áåð ïðè n = 8,
λ = 3, k = 1. Â ïåðâîì ñëó÷àå òî÷êà ñî÷ëåíåíèÿ (âåðøèíà 3) èìååò ñòåïåíü 2λ = 6,
ñòåïåíü âåðøèíû 8 ðàâíà 4 = λ + 1, à ñòåïåíè âñåõ îñòàëüíûõ âåðøèí ðàâíû λ = 3.
Âî âòîðîì ñëó÷àå ñòåïåíè âñåõ âåðøèí, êðîìå òî÷êè ñî÷ëåíåíèÿ, ðàâíû λ = 3. Ñòåïåíü
òî÷êè ñî÷ëåíåíèÿ ñî ñòîðîíû ëåâîãî ïîäãðàôà ðàâíà λ = 3, à ñî ñòîðîíû ïðàâîãî �
λ + 1 = 4. Òàêèì îáðàçîì, ñòåïåíü òî÷êè ñî÷ëåíåíèÿ ðàâíà 2λ + 1 = 7. Î÷åâèäíî,
÷òî ãðàôû íåèçîìîðôíû. Êîëè÷åñòâî ð¼áåð â ýòèõ ãðàôàõ ðàâíî [(λn + λ + 1)/2] =
= [(24 + 3 + 1)/2] = 14.

Ïîñëåäíèé ïðèìåð ïîêàçûâàåò, ÷òî åñòü äâà íåèçîìîðôíûõ 8-âåðøèííûõ ãðàôà,
êîòîðûå èìåþò òî÷êó ñî÷ëåíåíèÿ è ð¼áåðíóþ ñâÿçíîñòü λ = 3, ñ ìèíèìàëüíûì âîç-
ìîæíûì ÷èñëîì ð¼áåð. Ôîðìóëèðîâêà òåîðåìû óêàçûâàåò, ÷òî ïðè íå÷¼òíîì λ > 1
è ÷¼òíîì n ⩾ 2λ + 1 ñóùåñòâóåò êàê ìèíèìóì äâà íåèçîìîðôíûõ îïòèìàëüíûõ
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Ðèñ. 2. Ïðèìåðû ãðàôîâ, óäîâëåòâîðÿþùèõ âòîðîìó ñëó÷àþ (λ = 3, k = 1, n = 8)

n-âåðøèííûõ ãðàôà ñ çàäàííûìè çíà÷åíèÿìè k è λ. Îäíàêî èç äîêàçàòåëüñòâà ñëåäó-
åò, ÷òî â îáùåì ñëó÷àå òàêèõ îïòèìàëüíûõ ãðàôîâ ìîæåò áûòü áîëüøå: âìåñòî ãðàôà
Õàðàðè ìîæíî âçÿòü ëþáîé k-ñâÿçíûé ãðàô ñ òàêèì æå ÷èñëîì ð¼áåð ëèáî ãðàôû
Õàðàðè ñ ðàçíûì ÷èñëîì âåðøèí. Íàïðèìåð, äëÿ ñëó÷àÿ n = 7, λ = 2 áóäåò òàêæå äâà
íåèçîìîðôíûõ îïòèìàëüíûõ ãðàôà. Äåéñòâèòåëüíî, èìååì äâà ñïîñîáà âûáîðà ãðàôîâ
äëÿ ñîåäèíåíèÿ: äâà öèêëà ñ ÷èñëîì âåðøèí 4 ëèáî öèêë ñ ÷èñëîì âåðøèí 3 è öèêë
ñ ÷èñëîì âåðøèí 5.

Âûáîð âåðøèí äëÿ îòîæäåñòâëåíèÿ òàêæå ìîæåò ïðèâåñòè ê íåèçîìîðôíûì îïòè-
ìàëüíûì ãðàôàì. Ïðîâåä¼í ýêñïåðèìåíò ïî âû÷èñëåíèþ êîëè÷åñòâà íåèçîìîðôíûõ
îïòèìàëüíûõ ãðàôîâ ñ òî÷êàìè ñî÷ëåíåíèÿ è çàäàííîé ð¼áåðíîé ñâÿçíîñòüþ, åãî ðå-
çóëüòàòû ïðèâåäåíû â òàáëèöå.

Êîëè÷åñòâî îïòèìàëüíûõ n-âåðøèííûõ ãðàôîâ
ñ òî÷êîé ñî÷ëåíåíèÿ è ð¼áåðíîé ñâÿçíîñòüþ λ

n
λ

1 2 3 4 5
3 1 − − − −
4 2 − − − −
5 3 − − − −
6 6 1 − − −
7 11 2 1 − −
8 23 2 2 − −
9 47 3 2 1 −
10 103 3 19 1 −
11 235 4 11 4 1

Êàê óæå îòìå÷àëîñü, ïðè λ = 1 îïòèìàëüíûìè ïî ÷èñëó ð¼áåð ãðàôàìè ÿâëÿþòñÿ
äåðåâüÿ, çíà÷åíèÿ â ñòîëáöå 2 ñîãëàñóþòñÿ ñ èçâåñòíûìè äàííûìè [13]. Äëÿ n < 10 çíà-
÷åíèÿ ñîãëàñóþòñÿ ñ äàííûìè ñàéòà ¾Ìèð ãðàôîâ¿ [14]. Ïðî÷åðêè â òàáëèöå îçíà÷àþò,
÷òî ïðè ñîîòâåòñòâóþùèõ çíà÷åíèÿõ n è λ ïîäõîäÿùèõ ãðàôîâ íå ñóùåñòâóåò.
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EFFICIENT EQUIVALENCE-CHECKING ALGORITHMS FOR
PROPOSITIONAL MEALY PROGRAMS OVER BALANCED FRAMES

V.V. Podymov

Lomonosov Moscow State University, Moscow, Russia

We propose and investigate propositional Mealy programs (PMPs), a model that
is a slight syntactic generalization of the discrete processor model studied by
V.M. Glushkov and A.A. Letichevsky. PMPs employ a “modernized” semantics
based on notions used in the model of propositional sequential programs proposed
by V.A. Zakharov (PSPZs). A technique for constructing efficient equivalence check-
ing algorithms for PMPs is proposed, adapting a known technique for PSPZs based on
analysis of a graph of consistent program computations. Efficient PMP equivalence-
checking algorithms based on the proposed technique are obtained for some kinds of
applied semantics.
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Ââåäåíèå
Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ïðîáëåìû ýêâèâàëåíòíîñòè ïðîãðàìì: äëÿ

äâóõ çàäàííûõ ïðîèçâîëüíûõ ïðîãðàìì âûÿñíèòü, èìåþò ëè îíè îäèíàêîâîå ïîâå-
äåíèå. Èç òåîðåìû Ðàéñà �Óñïåíñêîãî [1], êîíñòàòèðóþùåé íåðàçðåøèìîñòü ëþáîãî
íåòðèâèàëüíîãî ñâîéñòâà ÷àñòè÷íî ðåêóðñèâíûõ ôóíêöèé, è àëãîðèòìè÷åñêîé ïîë-
íîòû ýòîãî êëàññà ôóíêöèé [2] ñëåäóåò íåðàçðåøèìîñòü ïðîáëåìû ýêâèâàëåíòíîñòè
äëÿ ëþáîãî äîñòàòî÷íî âûðàçèòåëüíîãî (àëãîðèòìè÷åñêè ïîëíîãî) êëàññà ïðîãðàìì.
Â ñâÿçè ñ ýòèì ïðîáëåìà ýêâèâàëåíòíîñòè èññëåäóåòñÿ, â ÷èñëå ïðî÷åãî, äëÿ ìîäåëåé
ïðîãðàìì ñ óïðîù¼ííîé ñåìàíòèêîé, ïîçâîëÿþùåé èçáåæàòü òàêîé íåðàçðåøèìîñòè,
ñ òåì ÷òîáû èñïîëüçîâàòü ðåøåíèå ýòîé ïðîáëåìû â ìîäåëè â êà÷åñòâå äîñòàòî÷íîãî
óñëîâèÿ ýêâèâàëåíòíîñòè ïðîãðàìì. Ñðåäè òàêèõ ìîäåëåé íàñ èíòåðåñóþò äèñêðåòíûå
ïðåîáðàçîâàòåëè Ãëóøêîâà �Ëåòè÷åâñêîãî (ÄÏÃË) [3] è ïðîïîçèöèîíàëüíûå ïîñëåäî-
âàòåëüíûå ïðîãðàììû Çàõàðîâà [4].

Îáùèå ÷åðòû ìîäåëåé ÄÏÃË è ÏÏÏÇ òàêîâû. Ïðîãðàììà ðàçäåëåíà íà ñèíòàê-
ñè÷åñêóþ è ñåìàíòè÷åñêóþ ÷àñòè. Âû÷èñëåíèå ïðîãðàììû ïðåäñòàâëÿåò ñîáîé âçàè-
ìîäåéñòâèå ýòèõ äâóõ ÷àñòåé, ñîãëàñíî êîòîðîìó âûñòðàèâàåòñÿ ïîñëåäîâàòåëüíîñòü
ñîñòîÿíèé óïðàâëåíèÿ è ñîñòîÿíèé äàííûõ ïðîãðàììû, íà÷èíàÿ ñ çàäàííûõ âõîäíûõ
çíà÷åíèé è ïîêà íå áóäåò äîñòèãíóòî çàäàííîå âûõîäíîå çíà÷åíèå ñîñòîÿíèÿ óïðàâëå-
íèÿ ëèáî äî áåñêîíå÷íîñòè. Ðåçóëüòàòîì êîíå÷íîãî âû÷èñëåíèÿ îáúÿâëÿåòñÿ ïîñëåä-
íåå ñîñòîÿíèå äàííûõ. Ïîñòðîåíèå âû÷èñëåíèÿ îñíîâûâàåòñÿ íà îïåðàòîðàõ è ëîãè÷å-
ñêèõ óñëîâèÿõ� ñèìâîëàõ, îáîçíà÷àþùèõ ñîîòâåòñòâåííî ñïîñîáû èçìåíåíèÿ ñîñòîÿ-
íèÿ äàííûõ ïðîãðàììû è ñïîñîáû âûáîðà ñëåäóþùåãî ñîñòîÿíèÿ óïðàâëåíèÿ â çàâèñè-
ìîñòè îò òåêóùèõ ñîñòîÿíèé óïðàâëåíèÿ è äàííûõ. Ñïîñîá ïðåîáðàçîâàíèÿ ñîñòîÿíèé
äàííûõ îïåðàòîðàìè è âûáîð ëîãè÷åñêèõ óñëîâèé ïðè ïðîäîëæåíèè âû÷èñëåíèÿ çà-
äàþòñÿ ñåìàíòè÷åñêîé ÷àñòüþ. Âûáîð îïåðàòîðà, âûïîëíÿþùåãîñÿ ïðè ïðîäîëæåíèè
âû÷èñëåíèÿ, çàäà¼òñÿ ñèíòàêñè÷åñêîé ÷àñòüþ.

Îñíîâíûå ðåçóëüòàòû, îòíîñÿùèåñÿ ê èññëåäîâàíèþ ïðîáëåìû ýêâèâàëåíòíîñòè
ÄÏÃË [3, 5, 6], ïðåäñòàâëÿþò ñîáîé ðàçäåëåíèå âàðèàíòîâ ýòîé ïðîáëåìû íà ðàçðå-
øèìûå è íåðàçðåøèìûå. Íî ââèäó ïðàêòè÷åñêîé çíà÷èìîñòè àëãîðèòìîâ ïðîâåðêè ýê-
âèâàëåíòíîñòè (ïîäðîáíåå î íåé ñì., íàïðèìåð, â [7]) èíòåðåñ ïðåäñòàâëÿåò íå òîëüêî
ðàçðåøèìîñòü êàê òàêîâàÿ, íî è ýôôåêòèâíûå ðåøàþùèå àëãîðèòìû � ïîëèíîìèàëü-
íûå äîñòàòî÷íî íèçêîé ñëîæíîñòè. Â [4] ââåäåíà ìîäåëü ÏÏÏÇ, äëÿ íå¼ ïðåäëîæå-
íà òåõíèêà ïðîåêòèðîâàíèÿ òàêèõ àëãîðèòìîâ � òåõíèêà ñîâìåñòíûõ âû÷èñëåíèé� è
â êîíöå ââåäåíèÿ êîðîòêî, áåç äåòàëåé è äîêàçàòåëüñòâ, îòìå÷àåòñÿ, ÷òî ìîäåëü ÏÏÏÇ
ÿâëÿåòñÿ îáîáùåíèåì ìîäåëè ÄÏÃË. Â ïîñëåäóþùèõ ðàáîòàõ, ïîñâÿù¼ííûõ ïðîáëå-
ìå ýêâèâàëåíòíîñòè ÏÏÏÇ [7�21] (âêëþ÷àÿ òðóäû, óïîìÿíóòûå â ñïèñêàõ ëèòåðàòóðû
ýòèõ ðàáîò), ýòî ñîîòíîøåíèå ìåæäó ìîäåëÿìè íå îáñóæäàåòñÿ.

Â äàííîé ðàáîòå îáðàùàåòñÿ îñîáîå âíèìàíèå íà òî, ÷òî ïîêà åù¼ ñòðîãî íå óñòà-
íîâëåíî, èìååò ëè ìåñòî âêëþ÷åíèå ìåæäó ñòðóêòóðîé èëè âûðàçèòåëüíûìè âîçìîæ-
íîñòÿìè ìîäåëåé ÏÏÏÇ è ÄÏÃË. Ñèíòàêñèñ ýòèõ ìîäåëåé íåñðàâíèì: â ìîäåëè ÄÏÃË
îïåðàòîð îáÿçàí âûïîëíÿòüñÿ íà êàæäîì øàãå âû÷èñëåíèÿ, à â ìîäåëè ÏÏÏÇ ìîæåò
è íå âûïîëíÿòüñÿ íà ïîñëåäíåì øàãå; â ìîäåëè ÏÏÏÇ âûïîëíÿþùèéñÿ îïåðàòîð îä-
íîçíà÷íî çàäà¼òñÿ ñëåäóþùèì ñîñòîÿíèåì óïðàâëåíèÿ, à â ìîäåëè ÄÏÃË îí ìîæåò
çàâèñåòü òàêæå è îò âûáîðà ëîãè÷åñêîãî óñëîâèÿ, àíàëîãè÷íî òîìó, êàê âûõîäíîé ñèì-
âîë àâòîìàòà Ìóðà çàâèñèò òîëüêî îò ñîñòîÿíèÿ, òîãäà êàê â àâòîìàòå Ìèëè ìîæåò
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çàâèñåòü è îò âûáîðà âõîäíîãî ñèìâîëà [22]. Ïðè ýòîì ñåìàíòèêà ÏÏÏÇ, õîòÿ è áîëåå
¾ñîâðåìåííà¿ â âûáîðå òåðìèíîëîãèè ïî ñðàâíåíèþ ñ ñåìàíòèêîé ÄÏÃË, íî â êîíå÷-
íîì èòîãå íå êàæåòñÿ áîëåå øèðîêîé, ÷òî êîðîòêî îòìå÷àåòñÿ â òîì ÷èñëå è â [23],
õîòÿ ýòî ñðàâíåíèå òðåáóåò áîëåå ðàçâ¼ðíóòîãî îáñóæäåíèÿ.

Â ñâÿçè ñ îáîçíà÷åííûì ñîîòíîøåíèåì ñèíòàêñèñà è ñåìàíòèêè ÄÏÃË è ÏÏÏÇ
ðåçóëüòàòû, ïîëó÷åííûå äëÿ ýòèõ ìîäåëåé, âîîáùå ãîâîðÿ, ñëåäóåò ñ÷èòàòü íåçàâè-
ñèìûìè, ïîêà íå áóäåò ñòðîãî óñòàíîâëåíà ñâÿçü ìåæäó ýòèìè ìîäåëÿìè. Â äàííîé
ðàáîòå âûïîëíåí ïåðâûé ýòàï óñòàíîâëåíèÿ ýòîé ñâÿçè: ïðåäëîæåíà ìîäåëü ïðîïî-
çèöèîíàëüíûõ ïðîãðàìì Ìèëè, ñîâìåùàþùàÿ ñèíòàêñèñ ÄÏÃË è ñåìàíòèêó ÏÏÏÇ,
è ê íåé, â ÷èñëå ïðî÷åãî, àäàïòèðîâàíû ðåçóëüòàòû ðàáîòû [4]: òåõíèêà ñîâìåñòíûõ
âû÷èñëåíèé è ïîëó÷àþùèåñÿ ñ å¼ ïîìîùüþ ýôôåêòèâíûå àëãîðèòìû ïðîâåðêè ýê-
âèâàëåíòíîñòè äëÿ íåêîòîðûõ âèäîâ ñåìàíòèê ïðèêëàäíîãî õàðàêòåðà. Ïðèìåíåíèå
ïðåäëîæåííîé òåõíèêè, òî åñòü ýòè âèäû ñåìàíòèê è äåòàëè ñîîòâåòñòâóþùèõ àëãî-
ðèòìîâ, îïèñàíî â ï. 7. Êðîìå òîãî, ïîëó÷åíû íåêîòîðûå ïîáî÷íûå ðåçóëüòàòû, ñâÿ-
çàííûå ñ ðàñøèðåíèåì è ñòðóêòóðèðîâàíèåì òåõíèêè ñîâìåñòíûõ âû÷èñëåíèé, îíè
îáñóæäàþòñÿ â çàêëþ÷åíèè.

Ðàáîòà èìååò ñëåäóþùóþ ñòðóêòóðó. Â ï. 1 äàþòñÿ èñïîëüçóåìûå ïîíÿòèÿ è îáîçíà-
÷åíèÿ îáùåãî õàðàêòåðà. Â ï. 2 ââîäÿòñÿ ñèíòàêñèñ è ñåìàíòèêà ÏÏÌ, ñòàâèòñÿ ðàñ-
ñìàòðèâàåìàÿ ïðîáëåìà ýêâèâàëåíòíîñòè è îáñóæäàþòñÿ ñïåöèàëüíûå ïîíÿòèÿ è ôàê-
òû, îòíîñÿùèåñÿ ê ÏÏÌ è òðåáóþùèåñÿ äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ. Â ï. 3 ïðè-
âîäèòñÿ ãðàôîâàÿ êîíñòðóêöèÿ, îïèñûâàþùàÿ ñèíõðîííîå âûïîëíåíèå äâóõ ÏÏÌ�
ãðàô ñîâìåñòíûõ âû÷èñëåíèé. Â ï. 4 ââîäèòñÿ ïîíÿòèå êðèòåðèàëüíîé ñèñòåìû, ïðåä-
íàçíà÷åííîå äëÿ îöåíêè êàæäîé ïàðû ñîñòîÿíèé äàííûõ ÏÏÌ õàðàêòåðèñòèêîé ¾óäà-
ë¼ííîñòè¿ ýòèõ ñîñòîÿíèé äðóã îò äðóãà. Â ï. 5 îáñóæäàåòñÿ ãðàôîâàÿ êîíñòðóêöèÿ, ïî
ñóòè ïðåäñòàâëÿþùàÿ ñîáîé ãðàô ñîâìåñòíûõ âû÷èñëåíèé, ñíàáæ¼ííûé èíôîðìàöèåé
îá ¾óäàë¼ííîñòè¿ ñîñòîÿíèé äàííûõ îïèñûâàåìûõ ïàð âû÷èñëåíèé, � êðèòåðèàëüíûé
ãðàô. Â ï. 6 ïðèâîäèòñÿ àëãîðèòì ïðîâåðêè ýêâèâàëåíòíîñòè ÏÏÌ, ñîñòîÿùèé â îáõî-
äå êðèòåðèàëüíîãî ãðàôà è ïàðàìåòðèçîâàííûé âûáîðîì ñåìàíòèêè è êðèòåðèàëüíîé
ñèñòåìû, ñ îáîñíîâàíèåì êîððåêòíîñòè è îöåíêîé ñëîæíîñòè. Íàêîíåö, â ï. 7 ïîêàçû-
âàåòñÿ, êàê êðèòåðèàëüíóþ ñèñòåìó èç [4] ìîæíî ïåðåôîðìóëèðîâàòü â âèäå êðèòåðè-
àëüíîé ñèñòåìû äàííîé ðàáîòû, è îáñóæäàþòñÿ àëãîðèòìû ïðîâåðêè ýêâèâàëåíòíîñòè
ÏÏÌ íåâûñîêîé ñëîæíîñòè, îñíîâàííûå íà àëãîðèòìå ï. 6 è êðèòåðèàëüíûõ ñèñòåìàõ
èç [4].

Íåêîòîðûå óòâåðæäåíèÿ â äàííîé ðàáîòå ïðåäñòàâëÿþò ñîáîé àäàïòàöèþ óòâåð-
æäåíèé èç [4] è ñìåæíûå íå î÷åíü ñëîæíî îáîñíîâûâàåìûå ñâîéñòâà ðàññìàòðèâàåìûõ
ïîíÿòèé. Òàêèå óòâåðæäåíèÿ, ñòðîãî ãîâîðÿ, ÿâëÿþòñÿ íîâûìè è òðåáóþò îáîñíîâàíèÿ,
íî ýòà íîâèçíà â îñíîâíîì òåõíè÷åñêàÿ, à íå ñîäåðæàòåëüíàÿ, è ýòè óòâåðæäåíèÿ îçà-
ãëàâëåíû ñëîâîì ¾Óòâåðæäåíèå¿. Óòâåðæäåíèÿ, ïîëàãàþùèåñÿ ñóùåñòâåííî íîâûìè
è íåòðèâèàëüíûìè, îçàãëàâëåíû ñëîâàìè ¾Ëåììà¿ è ¾Òåîðåìà¿.

1. Îáùèå ïîíÿòèÿ è îáîçíà÷åíèÿ
Â ñâÿçè ñ îáèëèåì îáëàñòåé, èç êîòîðûõ äàëåå îáøèðíî èñïîëüçóþòñÿ ïîíÿòèÿ è ðå-

çóëüòàòû, ïðèâåä¼ì íàçâàíèÿ ýòèõ ïîíÿòèé, êðîìå ñàìûõ îáùåèçâåñòíûõ, ñî ññûëêàìè
íà ðàáîòû, â êîòîðûõ ìîæíî èõ íàéòè. Çäåñü æå èçëîæèì ñîïóòñòâóþùèå îáîçíà÷åíèÿ,
êàê âçÿòûå èç óïîìÿíóòûõ ðàáîò, òàê è îòñòóïàþùèå îò íèõ.

Èñïîëüçóåìûå ïîíÿòèÿ òåîðèè ôîðìàëüíûõ ÿçûêîâ [24]: àëôàâèò; áóêâà (ñèìâîë)
àëôàâèòà; ñëîâî â çàäàííîì àëôàâèòå; ïóñòîå ñëîâî; äëèíà ñëîâà. Îáîçíà÷åíèÿ: λ�
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ïóñòîå ñëîâî; Σ∗ �ìíîæåñòâî âñåõ ñëîâ â àëôàâèòå Σ; |S|�ðàçìåð ìíîæåñòâà S è
äëèíà ïîñëåäîâàòåëüíîñòè S, â òîì ÷èñëå äëèíà ñëîâà.

Èñïîëüçóåìûå ïîíÿòèÿ òåîðèè ãðàôîâ [25]: îðèåíòèðîâàííûé ãðàô ñ ïåòëÿìè è
êðàòíûìè äóãàìè (äàëåå � îðãðàô); âåðøèíà è äóãà îðãðàôà; âåðøèíà, èç êîòîðîé
èñõîäèò äóãà è â êîòîðóþ çàõîäèò äóãà; ïîëíûé îðãðàô; ïîäãðàô; îðãðàô, îáðàòíûé
ê G; ïóòü; äëèíà ïóòè; ïðîñòîé öèêë; êðàò÷àéøèé ïóòü îò îäíîé âåðøèíû äî äðóãîé;
äîñòèæèìîñòü îäíîé âåðøèíû èç äðóãîé. Ðàññìîòðèì òàêæå ïóòè ñ âåðøèíàìè çàäàí-
íîãî ìíîæåñòâà áåç óïîìèíàíèÿ ãðàôà, èìåÿ â âèäó ïóòè â ïîëíîì îðãðàôå ñ ýòèìè
âåðøèíàìè. Ïðî ïóòü áóäåì ãîâîðèòü, ÷òî îí èñõîäèò èç ïåðâîé ñâîåé âåðøèíû è
åñëè îí êîíå÷åí, òî îí âåä¼ò â ïîñëåäíþþ ñâîþ âåðøèíó. Îáîçíà÷åíèÿ: v1 → v2 �
äóãà (v1, v2) è ÷àñòü ïóòè (v1, (v1, v2), v2); ρ(i) = vi è ρ|n = (v0 → v1 → · · · → vn)
äëÿ ïóòè ρ = v0 → v1 → . . . Áóäåì íàçûâàòü îòðåçêîì ïóòè v0 → v1 → . . . âñÿêóþ
÷àñòü vi → · · · → vj ýòîãî ïóòè è òàêîé îòðåçîê íà÷àëüíûì, åñëè i = 0. Êàê è â [25],
ðàññìîòðèì òàêæå îðãðàôû ñ ïîìå÷åííûìè âåðøèíàìè è äóãàìè, ñ÷èòàÿ, ÷òî ìåòêè
ñîõðàíÿþòñÿ ïðè ïðåîáðàçîâàíèè ãðàôîâ è ðàññìîòðåíèè è ïðåîáðàçîâàíèè ïóòåé, è
èñïîëüçîâàòü â ïðèìåðàõ ïîíÿòèå èçîìîðôèçìà òàêèõ ãðàôîâ. Äóãó v1 → v2, ïîìå-
÷åííóþ çíà÷åíèåì x, áóäåì çàïèñûâàòü êàê v1

x−→ v2; êðàòíûå äóãè v1 → v2 ñ ðàçíûìè
ìåòêàìè x1, . . . , xk �êàê îäíó ïîìå÷åííóþ äóãó v1

x1,...,xk−−−−→ v2.
Áóäåì èñïîëüçîâàòü òàêæå ïîíÿòèÿ ñóæåíèÿ ôóíêöèè f : X → Y íà ìíîæåñòâî

Z ⊆ X [26] è ÷àñòè÷íî îïðåäåë¼ííîé ôóíêöèè [2] è ñëåäóþùèå îáîçíà÷åíèÿ: f |Z �
ñóæåíèå ôóíêöèè f íà Z; ⊥� çíà÷åíèå íåîïðåäåë¼ííîñòè, íå âõîäÿùåå íè â îäíî èç
ðàññìàòðèâàåìûõ ìíîæåñòâ, êðîìå ñëó÷àåâ, êîãäà ýòî ñêàçàíî ÿâíî; f : X → Y ∪{⊥}�
÷àñòè÷íî îïðåäåë¼ííàÿ ôóíêöèÿ, â êîòîðîé f(x) = ⊥ îçíà÷àåò, ÷òî çíà÷åíèå f(x) íå
îïðåäåëåíî; 2X = {Y : Y ⊆ X}; N0 = N ∪ {0}.

Ïðè îáñóæäåíèè àëãîðèòìîâ ñëåäóåì òåðìèíîëîãèè è ðåêîìåíäàöèÿì [27] è èñ-
ïîëüçóåì èçâåñòíûå ñòðóêòóðû äàííûõ: îäíîìåðíûé è äâóìåðíûé ìàññèâû (äàëåå �
ñîîòâåòñòâåííî âåêòîðû è ìàòðèöû); îäíîñâÿçíûé ñïèñîê; ñïèñîê ñìåæíîñòè îðèåí-
òèðîâàííîãî ãðàôà. Ïîä ñëîæíîñòüþ àëãîðèòìà ïîíèìàåì åãî ñëîæíîñòü ïî âðåìåíè
â õóäøåì ñëó÷àå â ìîäåëè RAM [27, ðàçä. 2.2]. Ýòî îçíà÷àåò, â ÷àñòíîñòè, ÷òî ïðè
ïîäñ÷¼òå ñëîæíîñòè ïîëàãàåì, ÷òî â ðàñïîðÿæåíèè àëãîðèòìà åñòü ëþáîå íåîáõîäèìîå
êîëè÷åñòâî ïðîíóìåðîâàííûõ ÿ÷ååê ïàìÿòè, ñïîñîáíûõ õðàíèòü ëþáûå öåëûå ÷èñëà,
è åäèíèöà ñëîæíîñòè îòâå÷àåò âûïîëíåíèþ ëþáîé ïðîñòåéøåé êîìàíäû: ïåðåõîä ê çà-
äàííîé êîìàíäå, áåçóñëîâíûé èëè óñëîâíûé ñ ïðîâåðêîé çíà÷åíèÿ â çàäàííîé ÿ÷åéêå è
ñðàâíåíèÿìè (=, ̸=, <,⩽, >,⩾) çíà÷åíèé â ÿ÷åéêàõ; âû÷èñëåíèå â çàäàííîé ÿ÷åéêå ñóì-
ìû, ðàçíîñòè, ïðîèçâåäåíèÿ, ÷àñòíîãî èëè îñòàòêà îò äåëåíèÿ çíà÷åíèé çàäàííûõ ÿ÷å-
åê; êîïèðîâàíèå çíà÷åíèÿ èç îäíîé ÿ÷åéêè â äðóãóþ. Äëÿ àëãîðèòìà A çàïèñüþ A(x)
áóäåì îáîçíà÷àòü ðåçóëüòàò âûïîëíåíèÿ A íà âõîäå x.

Èñïîëüçóåìûå ïîíÿòèÿ îáùåé àëãåáðû [28, 29]: ìîíîèä; îáðàçóþùèå (ïîðîæäàþ-
ùèå) ýëåìåíòû; îïðåäåëÿþùèå ñîîòíîøåíèÿ; ïîäìîíîèä; êîíå÷íî ïîðîæä¼ííûé ìî-
íîèä; ñâîáîäíûé ìîíîèä; ñâîáîäíûé êîììóòàòèâíûé ìîíîèä; ÷àñòè÷íî êîììóòàòèâ-
íûé ìîíîèä; ïðÿìîå ïðîèçâåäåíèå ìîíîèäîâ; ãîìîìîðôèçì ìîíîèäà A íà ìîíîèä B
(ñþðúåêòèâíîå îòîáðàæåíèå ýëåìåíòîâ A â ýëåìåíòû B, ñîõðàíÿþùåå íåéòðàëüíûé
ýëåìåíò è îïåðàöèþ). Äëÿ êðàòêîñòè áóäåì íàçûâàòü ìîíîèä ñ ìíîæåñòâîì îáðàçó-
þùèõ X ïðîñòî X-ìîíîèäîì. Îáîçíà÷åíèÿ: M = (M, ε, ◦)�ìîíîèä ñ ìíîæåñòâîì
ýëåìåíòîâ M , íåéòðàëüíûì ýëåìåíòîì ε è îïåðàöèåé ◦; m ∈ M� ñèíîíèì çàïèñè
m ∈ M ; M(a1 . . . ak) = a1 ◦ · · · ◦ ak, ãäå a1, . . . , ak ∈ M; m ◦ U = {m ◦ x : x ∈ U};
U ◦m = {x ◦m : x ∈ U}; M1 ×M2 �ïðÿìîå ïðîèçâåäåíèå ìîíîèäîâ M1 è M2.
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2. Ìîäåëü ïðîãðàìì
2.1. Ñ è í ò à ê ñ è ñ

Ñèìâîëàìè A è C áóäåì îáîçíà÷àòü êîíå÷íûå íåïóñòûå ìíîæåñòâà îïåðàòîðîâ è
ëîãè÷åñêèõ óñëîâèé ñîîòâåòñòâåííî; ýòè äâà ìíîæåñòâà ñ÷èòàþòñÿ çàäàííûìè. Ñëîâà
â àëôàâèòå A áóäåì íàçûâàòü (îïåðàòîðíûìè) öåïî÷êàìè.

Ïðîïîçèöèîíàëüíîé ïðîãðàììîé Ìèëè íàä A è C (äàëåå � (A,C)-ïðîãðàììîé è ïðî-
ñòî ïðîãðàììîé) áóäåì íàçûâàòü ñèñòåìó π = (S, en,EX, T ), ãäå:

� S �íåïóñòîå ìíîæåñòâî ñîñòîÿíèé;
� en ∈ S � âõîä ;
� EX ⊆ S �ìíîæåñòâî âûõîäîâ;
� T : (S \ EX)× C → (A× S) ∪ {⊥}�÷àñòè÷íî îïðåäåë¼ííàÿ ôóíêöèÿ ïåðåõîäîâ.

Áóäåì òàêæå èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: åñëè T (s, c)= (a, r), òî TA(s, c)= a
è T S(s, c) = r.Ïåðåõîäîì ïðîãðàììû π áóäåì íàçûâàòü ÷åòâ¼ðêó (s, c, a, r), äëÿ êîòîðîé
âåðíî T (s, c) = (a, r). Áóäåì ñ÷èòàòü, ÷òî ïðîãðàììà π ïðåäñòàâëÿåò ñîáîé ðàçìå÷åí-
íûé îðãðàô, â êîòîðîì S �ìíîæåñòâî âåðøèí, ¾âõîä¿ è ¾âûõîä¿�ìåòêè âåðøèí è

êàæäûé ïåðåõîä (s, c, a, r) ïðåäñòàâëÿåò ñîáîé ïîìå÷åííóþ äóãó s
c/a−−→ r.

Ïðèìåð 1. Íà ðèñ. 1 ïîêàçàíû ñëåäóþùèå ïðîïîçèöèîíàëüíûå ïðîãðàììû Ìè-
ëè íàä ìíîæåñòâàìè A = {a, b} è C = {c1, c0}: π1 = ({s1, s2, s3, s4}, s1, {s3}, T1),
π2 = ({r1, r2, r3, r4}, r1, {r3, r4}, T2), òàáëèöû çíà÷åíèé ôóíêöèé ïåðåõîäîâ T1 è T2 ïðè-
âåäåíû íà ðèñ. 2. Çäåñü è äàëåå âõîä ïîìå÷àåòñÿ ñèìâîëîì ∗, à âûõîä� äâîéíûì êîíòó-
ðîì. Ñîäåðæàòåëüíîå ïîíèìàíèå ýëåìåíòîâ ñèíòàêñèñà ïðîïîçèöèîíàëüíûõ ïðîãðàìì
Ìèëè ñîâïàäàåò ñ ïîíèìàíèåì ñîîòâåòñòâóþùèõ ýëåìåíòîâ ñèíòàêñèñà äèñêðåòíûõ
ïðåîáðàçîâàòåëåé Ãëóøêîâà �Ëåòè÷åâñêîãî è ìîæåò áûòü ïî÷åðïíóòî èç [3, ðàçä. 2].
Â äàííîé ðàáîòå îãðàíè÷èìñÿ íåáîëüøèì ïðèìåðîì äëÿ èëëþñòðàöèè îñíîâíûõ ïî-
íÿòèé è ðåçóëüòàòîâ. Íà ðèñ. 3 ïðèâåä¼í ôðàãìåíò êîäà íà ÿçûêå C++ [30], êîòîðîìó
îòâå÷àåò ïðîãðàììà π1, åñëè áóêâàìè a è b îáîçíà÷åíû ñîîòâåòñòâåííî ïðèñâàèâàíèÿ
¾x = x + 1¿ è ¾y = y + 1¿, à áóêâàìè c1 è c0 �ìíîæåñòâà ñîñòîÿíèé äàííûõ, â êîòîðûõ
ñîîòâåòñòâåííî èñòèííî è ëîæíî óñëîâèå ¾y < 1¿.

Программа π1

s1 s2 s3

s4

∗ c0/a, c1/a c0/b

c1/a c0/b, c1/b

Программа π2

r1 r2

r3 r4

∗ c1/b

c0/a c1/a

Ðèñ. 1. Ïðîïîçèöèîíàëüíûå ïðîãðàììû Ìèëè (ïðèìåð 1)

T1(s, c)
c

c0 c1

s
s1 a, s2 a, s2
s2 b, s3 a, s4
s4 b, s2 b, s2

T2(s, c)
c

c0 c1

s
r1 a, r3 b, r2
r2 ⊥ a, r4

Ðèñ. 2. Òàáëèöû çíà÷åíèé ôóíêöèé ïåðåõîäîâ
ïðîãðàìì (ïðèìåð 1)

x = x + 1 ;
while ( y < 1) {

x = x + 1 ;
y = y + 1 ;

}
y = y + 1 ;

Ðèñ. 3. Ôðàãìåíò êîäà íà ÿçûêå
C++ (ïðèìåð 1)
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Ïóòü â ïðîãðàììå è â äðóãèõ ãðàôàõ áóäåì íàçûâàòü âõîäíûì, åñëè îí èñõîäèò

èç âõîäà, è âûõîäíûì, åñëè îí êîíå÷åí è âåä¼ò â âûõîä. Öåïî÷êîé ïóòè ρ = (s0
c1/a1−−−→

s1
c2/a2−−−→ . . . ) áóäåì íàçûâàòü öåïî÷êó a1a2 . . . (äëÿ áåñêîíå÷íîãî ïóòè� áåñêîíå÷íóþ

ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ).
Ïðîãðàììó áóäåì íàçûâàòü êîíå÷íîé, åñëè ìíîæåñòâî å¼ ñîñòîÿíèé êîíå÷íî, è ïîë-

íîé, åñëè å¼ ôóíêöèÿ ïåðåõîäîâ âñþäó îïðåäåëåíà. Ðàçìåðîì |π| êîíå÷íîé ïðîãðàììû
π = (S, en,EX, T ) áóäåì íàçûâàòü ÷èñëî |S|.

2.2. Ñ å ì à í ò è ê à

Äåòåðìèíèðîâàííîé äèíàìè÷åñêîé øêàëîé íàä A (äàëåå �A-øêàëîé è ïðîñòî øêà-
ëîé) íàçûâàåòñÿ ñèñòåìà F = (D, d0, ◦), ãäå:
� D�íåïóñòîå ìíîæåñòâî ñîñòîÿíèé;
� d0 ∈ D� âõîä ;
� ◦ : D × A → D� îïåðàöèÿ øêàëû.

Ïåðåõîäîì øêàëû F áóäåì íàçûâàòü òðîéêó (d, a, e), óäîâëåòâîðÿþùóþ ðàâåíñòâó
d ◦ a = e. Ñ÷èòàåì, ÷òî øêàëà F ïðåäñòàâëÿåò ñîáîé ðàçìå÷åííûé îðãðàô, â êîòî-
ðîì D�ìíîæåñòâî âåðøèí, ¾âõîä¿�ìåòêà âåðøèí è ïåðåõîä (d, a, e) ïðåäñòàâëÿåò
ñîáîé ïîìå÷åííóþ äóãó d

a−→ e. Öåïî÷êîé ïóòè ρ = (d0
a1−→ d1

a2−→ . . . ) áóäåì íàçûâàòü
öåïî÷êó a1a2 . . . (äëÿ áåñêîíå÷íîãî ïóòè� áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü îïåðàòî-
ðîâ). Çàïèñüþ F(d, h) äëÿ d ∈ D è h ∈ A∗ áóäåì îáîçíà÷àòü ïîñëåäíåå ñîñòîÿíèå ïóòè
â F , èñõîäÿùåãî èç d è èìåþùåãî öåïî÷êó h, è çàïèñüþ F(h)� ñîñòîÿíèå F(d0, h).

Ïðèìåð 2. Íà ðèñ. 4 ïðåäñòàâëåí ôðàãìåíò øêàëû Fx0,y0 = ({x0, x0 + 1, x0 + 2,
. . . }×{y0, y0+1, y0+2, . . . }, (x0, y0), ◦) íàä A = {a, b}, ãäå x0, y0 ∈ Z, (x, y)◦a = (x+1, y)
è (x, y) ◦ b = (x, y+1). Ýòîé øêàëîé îïðåäåëÿåòñÿ ñåìàíòèêà îïåðàòîðîâ èç ïðèìåðà 1
äëÿ (íåîãðàíè÷åííûõ) öåëî÷èñëåííûõ ïåðåìåííûõ x, y, èìåþùèõ çíà÷åíèÿ x0 è y0
ñîîòâåòñòâåííî â íà÷àëå âûïîëíåíèÿ ïðîãðàììû. Çàìåòèì, ÷òî äëÿ âñåõ x0, y0 ∈ Z
øêàëû Fx0,y0 èçîìîðôíû êàê ðàçìå÷åííûå ãðàôû. Ïîýòîìó äàëåå â ïðèìåðàõ â îñíîâ-
íîì èñïîëüçóåì øêàëó F0,0.

x0, y0 x0, y0 + 1 x0, y0 + 2

x0 + 1, y0 x0 + 1, y0 + 1 x0 + 1, y0 + 2

∗

...
...

... . .
.

· · ·

· · ·
a

a

a

a

a

a

b

b

b

b

b

b

Ðèñ. 4. Ôðàãìåíò äåòåðìèíèðîâàííîé äèíàìè÷åñêîé øêàëû (ïðèìåð 2)

Ãðàôîì F-âû÷èñëåíèé ïðîãðàììû π = (S, en,EX, T ) íàçîâ¼ì ïðîãðàììó π ⊕ F =
= (S × D, (en, d0), EX × D, T ), â êîòîðîé ôóíêöèÿ ïåðåõîäîâ T çàäà¼òñÿ òàê: åñëè
T (s, c) = ⊥, òî T ((s, d), c) = ⊥, èíà÷å T ((s, d), c) = (TA(s, c), (T S(s, c), d ◦ TA(s, c))).
Âåðøèíû ãðàôà π ⊕F è ïóòè â í¼ì áóäåì íàçûâàòü ñîîòâåòñòâåííî F-êîíôèãóðàöèÿ-
ìè è F-òðàññàìè ïðîãðàììû π, ýëåìåíòû s è d êîíôèãóðàöèè (s, d)� ñîîòâåòñòâåííî
ñîñòîÿíèåì óïðàâëåíèÿ è ñîñòîÿíèåì äàííûõ ýòîé êîíôèãóðàöèè. Ïóòü â ïðîãðàììå
è ïóòü â øêàëå áóäåì íàçûâàòü ïàðíûìè, åñëè èõ öåïî÷êè îäèíàêîâû. Äëÿ ïàðíûõ ïó-

òåé ρ1 = (s0
c1/a1−−−→ s1

c2/a2−−−→ . . . ) è ρ2 = (d0
a1−→ d1

a2−→ . . . ) îäèíàêîâîé äëèíû â ïðîãðàììå

è øêàëå ñîîòâåòñòâåííî çàïèñüþ ρ1⊕ρ2 îáîçíà÷àåì ïóòü (s0, d0)
c1/a1−−−→ (s1, d1)

c2/a2−−−→ . . . ;
ïóòè ρ1, ρ2 íàçûâàåì ñîîòâåòñòâåííî ïóò¼ì óïðàâëåíèÿ è ïóò¼ì äàííûõ ïóòè ρ1⊕ ρ2.
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Ïðèìåð 3. Íà ðèñ. 5 ïðèâåä¼í ôðàãìåíò ãðàôà âû÷èñëåíèé ïðîãðàììû π1 èç

ïðèìåðà 1 íà øêàëå F0,0 èç ïðèìåðà 2. Âõîäíîé ïóòü (s1, (0, 0))
c1/a−−→ (s2, (1, 0))

c0/b−−→
(s3, (1, 1)) â ýòîì ãðàôå ìîæíî ïðåäñòàâèòü â âèäå ρ1 ⊕ ρ2, ãäå ïóòü óïðàâëåíèÿ ρ1 =

=
(
s1

c1/a−−→ s2
c0/b−−→ s3

)
� ýòî âõîäíîé ïóòü â π1 è ïóòü äàííûõ ρ2 =

(
(0, 0)

a−→ (1, 0)
b−→

(1, 1)
)
� ýòî ïàðíûé âõîäíîé ïóòü â F0,0.

s1, (0, 0) s2, (1, 0) s3, (1, 1)

s4, (2, 0) s2, (2, 1) s3, (2, 2)

s4, (3, 1) · · ·

∗ c0/a, c1/a c0/b

c1/a
c0/b, c1/b c0/b

c1/a
c0/b, c1/b

Ðèñ. 5. Ôðàãìåíò ãðàôà âû÷èñëåíèé (ïðèìåð 3)

Óòâåðæäåíèå 1. Äëÿ ëþáûõ ïðîãðàììû π è øêàëû F âõîäíûìè ïóòÿìè â π⊕F
ÿâëÿþòñÿ âñåâîçìîæíûå ïóòè ρ1⊕ρ2, ãäå ρ1 è ρ2 �ïàðíûå ïóòè â π è F , è òîëüêî îíè.

Äîêàçàòåëüñòâî. Ïóñòü π = (S, en,EX, T ) è F = (D, d0, ◦). Ïî óñòðîéñòâó
ïóòåé âèäà ρ1⊕ρ2 è ãðàôà π⊕F , âî-ïåðâûõ, âñå òàêèå ïóòè íà÷èíàþòñÿ ñî âõîäà ýòîãî
ãðàôà, è, âî-âòîðûõ, ìíîæåñòâà ïåðåõîäîâ (s, d)

c/a−−→ (r, e), èñõîäÿùèõ èç çàäàííîé
êîíôèãóðàöèè (s, d) â òàêèõ ïóòÿõ è â ýòîì ãðàôå, ðàâíû: ìåòêà c/a ïðîèçâîëüíî
âûáèðàåòñÿ ñðåäè ìåòîê ïåðåõîäîâ, èñõîäÿùèõ èç s â π; r = T (s); e = d ◦ a.

Äåòåðìèíèðîâàííîé äèíàìè÷åñêîé ìîäåëüþ íàä A è C (äàëåå � ïðîñòî ìîäåëüþ)
íàçûâàåòñÿ ñèñòåìà I = (F , L), ãäå F = (D, d0, ◦)�øêàëà è L : D → C. Òàêóþ
ìîäåëü áóäåì òàêæå íàçûâàòü F-ìîäåëüþ è ñ÷èòàòü ãðàôîì, ïîëó÷àþùèìñÿ èç F
ïîìåòêîé êàæäîé âåðøèíû d çíà÷åíèåì L(d). Áóäåì íàçûâàòü I-òðàññîé, à òàêæå

òðàññîé, ðåàëèçóþùåéñÿ â I, F -òðàññó, äëÿ êàæäîãî ïåðåõîäà (s, d)
c/a−−→ σ êîòîðîé

âåðíî c = L(d). Áóäåì íàçûâàòü I-òðàññó τ ïðîãðàììû ïîëíîé, åñëè îíà ÿâëÿåòñÿ ñàìîé
äëèííîé ñðåäè âñåõ I-òðàññ ýòîé ïðîãðàììû, èñõîäÿùèõ èç τ(0). Ïîëíóþ âõîäíóþ
I-òðàññó ïðîãðàììû áóäåì íàçûâàòü I-âû÷èñëåíèåì ýòîé ïðîãðàììû.

Ïðèìåð 4. Íà ðèñ. 6 ïðèâåä¼í ôðàãìåíò ìîäåëè I1 íàä A = {a, b} è C = {c0, c1},
ñîäåðæàùåé øêàëó F0,0 èç ïðèìåðà 2 è ðàçìåòêó å¼ ñîñòîÿíèé ëîãè÷åñêèìè óñëîâèÿìè
ñîãëàñíî ñîäåðæàòåëüíîé òðàêòîâêå èç ïðèìåðà 1. Ðàññìîòðèì òàêæå F0,0-ìîäåëü I2,
â êîòîðîé êàæäîå ñîñòîÿíèå ïîìå÷åíî óñëîâèåì c1, è ïðîãðàììû π1 è π2 èç ïðèìå-

ðà 1. I1-âû÷èñëåíèå τ1 ïðîãðàììû π1 óñòðîåíî òàê: (s1, (0, 0))
c1/a−−→ (s2, (1, 0))

c1/a−−→
(s4, (2, 0))

c1/b−−→ (s2, (2, 1))
c0/b−−→ (s3, (2, 2)). I2-âû÷èñëåíèå τ2 ïðîãðàììû π1 áåñêîíå÷-

íî è íà÷èíàåòñÿ òàê: (s1, (0, 0))
c1/a−−→ (s2, (1, 0))

c1/a−−→ (s4, (2, 0))
c1/b−−→ (s2, (2, 1))

c1/a−−→
(s4, (3, 1))

c1/b−−→ . . . I1-âû÷èñëåíèå τ3 ïðîãðàììû π2 óñòðîåíî òàê: (r1, (0, 0))
c1/b−−→

(r2, (0, 1)).

Óòâåðæäåíèå 2. Äëÿ ëþáîé ïðîãðàììû π è ëþáîé ìîäåëè I ñóùåñòâóåò ðîâíî
îäíî I-âû÷èñëåíèå ïðîãðàììû π.

Äîêàçàòåëüñòâî. Ïóñòü I = (F , L).
Ñ ó ù å ñ ò â î â à í è å . Âõîäíîé ïóòü äëèíû 0 â ãðàôå π⊕F ñóùåñòâóåò è ÿâëÿåòñÿ

âõîäíîé I-òðàññîé. Çíà÷èò, ñóùåñòâóåò è âõîäíàÿ I-òðàññà íàèáîëüøåé äëèíû.
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0, 0 0, 1 0, 2 0, 3

1, 0 1, 1 1, 2 1, 3

∗

...
...

...
... . .

.

· · ·

· · ·
c1 c0 c0 c0

c1 c0 c0 c0

a

a

a

a

a

a

a

a

b

b

b

b

b

b

b

b

Ðèñ. 6. Ôðàãìåíò äåòåðìèíèðîâàííîé äèíàìè÷åñêîé ìîäåëè (ïðèìåð 4)

Å ä è í ñ ò â å í í î ñ ò ü . Äîñòàòî÷íî ïîêàçàòü åäèíñòâåííîñòü âõîäíîé I-òðàññû τ
ïðîãðàììû π çàäàííîé äëèíû. Äëÿ ýòîãî çàìåòèì, ÷òî 1) ïåðâàÿ êîíôèãóðàöèÿ êàæ-

äîé F -òðàññû çàäàíà îäíîçíà÷íî è 2) äëÿ êàæäîãî ïåðåõîäà (s, d)
c/a−−→ (r, e) çíà÷å-

íèÿìè s è d îäíîçíà÷íî çàäàþòñÿ îñòàëüíûå çíà÷åíèÿ: c = L(d), â π ñîäåðæèòñÿ íå
áîëåå îäíîãî ïåðåõîäà, èñõîäÿùåãî èç s è ïîìå÷åííîãî óñëîâèåì c, è ýòèì ïåðåõîäîì
îäíîçíà÷íî çàäàþòñÿ a, r è e = F(d, a).

Äàëåå áóäåì áåç îòñûëêè ê óòâåðæäåíèþ 2 èñïîëüçîâàòü ïîíÿòèå I-âû÷èñëåíèÿ
ïðîãðàììû äëÿ ìîäåëè I, èìåÿ â âèäó, ÷òî òàêîå âû÷èñëåíèå ñóùåñòâóåò è åäèíñòâåí-
íî. Áóäåì íàçûâàòü èòîãîì êîíå÷íîé òðàññû ñîñòîÿíèå äàííûõ å¼ ïîñëåäíåé êîíôèãó-
ðàöèè, ðåçóëüòàòîì âûõîäíîé òðàññû� å¼ èòîã, à ðåçóëüòàòàìè òðàññ, íå ÿâëÿþùèõñÿ
âûõîäíûìè, � çíà÷åíèå ⊥. Ðåçóëüòàò I-âû÷èñëåíèÿ ïðîãðàììû π îáîçíà÷èì I(π). Äëÿ
øêàëû F áóäåì íàçûâàòü F-âû÷èñëåíèåì I-âû÷èñëåíèå äëÿ ëþáîé F -ìîäåëè I.

Ïðèìåð 5. Ðåçóëüòàòû âû÷èñëåíèé τ1, τ2 è τ3, ïðèâåä¼ííûõ â ïðèìåðå 4, ðàâíû
ñîîòâåòñòâåííî (2, 2), ⊥ è ⊥.

2.3. Ý ê â è â à ë å í ò í î ñ ò ü

Ïðîãðàììû π1, π2 áóäåì íàçûâàòü ýêâèâàëåíòíûìè â ìîäåëè I, à òàêæå I-ýêâè-
âàëåíòíûìè, åñëè I(π1) = I(π2), è ýêâèâàëåíòíûìè íà øêàëå F , à òàêæå F-ýêâèâà-
ëåíòíûìè, åñëè îíè ýêâèâàëåíòíû â êàæäîé F -ìîäåëè. Áóäåì îáîçíà÷àòü F -ýêâèâà-
ëåíòíîñòü ïðîãðàìì π1 è π2 êàê π1 ∼F π2. Ïðîáëåìà ýêâèâàëåíòíîñòè ïðîãðàìì íà

øêàëå F ñîñòîèò â òîì, ÷òîáû äëÿ çàäàííûõ ïðîèçâîëüíûõ êîíå÷íûõ ïðîãðàìì π1, π2
ïðîâåðèòü ñîîòíîøåíèå π1 ∼F π2. Áóäåì íàçûâàòü ïðîãðàììû ñèëüíî ýêâèâàëåíòíû-

ìè, åñëè îíè ýêâèâàëåíòíû â ëþáîé ìîäåëè (à çíà÷èò, è íà ëþáîé øêàëå).

Ïðèìåð 6. Ýêâèâàëåíòíîñòü ïðîãðàìì íà øêàëå îçíà÷àåò, ÷òî ðåçóëüòàòû âû-
÷èñëåíèé ýòèõ ïðîãðàìì îáÿçàòåëüíî ðàâíû, åñëè ñìûñë ëîãè÷åñêèõ óñëîâèé íåèçâå-
ñòåí, à îòíîñèòåëüíî îïåðàòîðîâ èçâåñòíû òîëüêî ñâîéñòâà, çàäàâàåìûå ýòîé øêàëîé.
Â ÷àñòíîñòè, øêàëà F0,0 èç ïðèìåðà 2 îòâå÷àåò ñâîéñòâó ïåðåñòàíîâî÷íîñòè (êîììóòà-
òèâíîñòè) îïåðàòîðîâ a è b: èòîã òðàññû íå çàâèñèò îò ïîðÿäêà âûïîëíåíèÿ îïåðàòîðîâ.
Ýòèì ñâîéñòâîì îáëàäàþò ïðèñâàèâàíèÿ, êîòîðûì ñîïîñòàâëåíû áóêâû a è b â ïðèìå-
ðå 1. Äëÿ ïðîãðàìì π1 è π2 èç ïðèìåðà 1 âåðíî I1(π1) ̸= I1(π2) (ñì. ïðèìåðû 4 è 5), à
çíà÷èò, π1 ≁F0,0 π2.

2.4. Â ñ ï î ì î ã à ò å ë ü í û å ï î í ÿ ò è ÿ è ñ â î é ñ ò â à

Áóäåì ñ÷èòàòü çàäàííîé øêàëó F = (D, d0, ◦) è âñå óòâåðæäåíèÿ ñôîðìóëèðóåì
äëÿ ïðîèçâîëüíîé òàêîé øêàëû.

Øêàëó F áóäåì íàçûâàòü óðàâíîâåøåííîé, åñëè äëÿ ëþáûõ öåïî÷åê h, g èç ðà-
âåíñòâà F(h) = F(g) ñëåäóåò |h| = |g|. Çàïèñÿìè RF è BF îáîçíà÷àåì ñîîòâåòñòâåííî
ìíîæåñòâà {F(h) : h ∈ A∗} è {(F(h),F(g)) : h, g ∈ A∗, |h| = |g|}.

Ïðèìåð 7. Øêàëà F0,0 èç ïðèìåðà 2 óðàâíîâåøåííà, òàê êàê äëÿ ëþáûõ k,m ∈
∈ N0 âñå ñëîâà h, äëÿ êîòîðûõ F0,0(h) = (k,m), èìåþò îäèíàêîâóþ äëèíó (k + m).
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Øêàëà F = ({d}, d, ◦) íàä A = {a, b}, â êîòîðîé d ◦ a = d ◦ b = d, íå óðàâíîâåøåííà:
F(a) = F(aa), íî |a| ≠ |aa|.

Ïîïîëíåíèåì ïðîãðàììû π = (S, en,EX, T ) äëÿ çíà÷åíèé loop /∈ S è a ∈ A áóäåì
íàçûâàòü ïðîãðàììó πloop,a = (S ∪ {loop}, en, EX, T a,loop), ãäå T loop,a îòëè÷àåòñÿ îò T
òîëüêî òåì, ÷òî åñëè T (s, c) = ⊥ èëè s = loop, òî T loop,a(s, c) = (a, loop). Ñîñòîÿíèå s
ïðîãðàììû íàçîâ¼ì çàâåðøàåìûì, åñëè èç íåãî â ýòîé ïðîãðàììå äîñòèæèì âûõîä,
èíà÷å � íåçàâåðøàåìûì. Âåñîì ∥s∥π ñîñòîÿíèÿ s ïðîãðàììû π ñ÷èòàåì äëèíó êðàò-
÷àéøåãî ïóòè èç s â êàêîé-ëèáî âûõîä â π (åñëè òàêîãî ïóòè íåò, òî âåñ áåñêîíå÷åí).

Ïðèìåð 8. Ïîïîëíåíèå πloop,a
2 ïðîãðàììû π2 èç ïðèìåðà 1 ïðèâåäåíî íà ðèñ. 7.

r1 r2

r3 r4

∗ c1/b

c0/a c1/a
loop

c0/a c0/a, c1/a

Ðèñ. 7. Ïîïîëíåíèå ïðîãðàììû (ïðèìåð 8)

Ïðèìåð 9. Äëÿ ïðîãðàìì π1 èç ïðèìåðà 1 è π
′
2 = πloop,a

2 èç ïðèìåðà 8 âåðíî ñëå-
äóþùåå: ∥s3∥π1 = ∥r3∥π′

2
= ∥r4∥π′

2
= 0; ∥s2∥π1 = ∥r1∥π′

2
= ∥r2∥π′

2
= 1; ∥s1∥π1 = ∥s4∥π1 = 2;

∥loop∥π′
2
= ∞. Ñîñòîÿíèå loop íåçàâåðøàåìî, îñòàëüíûå ñîñòîÿíèÿ çàâåðøàåìû.

Íàçîâ¼ì F -òðàññû ïðîãðàìì ñîâìåñòíûìè (â òîì ÷èñëå îäíó òðàññó � ñîâìåñò-
íîé), åñëè ñóùåñòâóåò F -ìîäåëü, â êîòîðîé ðåàëèçóþòñÿ âñå ýòè òðàññû. Ïðîèçâåäå-

íèåì F-òðàññ τ1 = ((s0, d0)
c1/a1−−−→ (s1, d1)

c2/a2−−−→ . . . ) è τ2 = ((r0, e0)
ℓ1/b1−−−→ (r1, e1)

ℓ2/b2−−−→
. . . ) îäèíàêîâîé äëèíû áóäåì íàçûâàòü ïóòü τ1 ⊗ τ2 = (((s0, r0), (d0, e0))

(c1,ℓ1)/(a1,b1)−−−−−−−−→
((s1, r1), (d1, e1))

(c2,ℓ2)/(a2,b2)−−−−−−−−→ . . . ), òàêèå òðàññû τ1 è τ2 áóäåì íàçûâàòü ñîîòâåòñòâåííî
ïåðâîé è âòîðîé ïðîåêöèÿìè ýòîãî ïóòè.

Ïðèìåð 10. Ðàññìîòðèì ìîäåëè I1, I2 è F0,0-òðàññû τ1, τ2, τ3 èç ïðèìåðà 4. Òðàñ-
ñû τ1 è τ3 ñîâìåñòíû, òàê êàê îáå îíè ðåàëèçóþòñÿ â I1. Òðàññû τ2 è τ3 ñîâìåñòíû, òàê
êàê îáå îíè ðåàëèçóþòñÿ â I2. Òðàññû τ1 è τ2 íåñîâìåñòíû, òàê êàê åñëè îíè îáå ðåàëè-
çóþòñÿ â íåêîòîðîé ìîäåëè I, òî, ñîãëàñíî óñòðîéñòâó τ1, ñîñòîÿíèå (2, 1) â I äîëæíî
áûòü ïîìå÷åíî óñëîâèåì c0, à ñîãëàñíî óñòðîéñòâó τ2, � óñëîâèåì c1. Ïóòü τ1|1 ⊗ τ3

èìååò âèä ((s1, r1), ((0, 0), (0, 0)))
(c1,c1)/(a,b)−−−−−−−→ ((s2, r2), ((1, 0), (0, 1))).

Óòâåðæäåíèå 3. Ëþáûå äâå ïðîãðàììû F -ýêâèâàëåíòíû òîãäà è òîëüêî òîãäà,
êîãäà ðåçóëüòàòû ëþáûõ ñîâìåñòíûõ F -âû÷èñëåíèé ýòèõ äâóõ ïðîãðàìì ðàâíû.

Äîêàçàòåëüñòâî. Íàïðÿìóþ ñëåäóåò èç ñîîòâåòñòâóþùèõ îïðåäåëåíèé.

Óòâåðæäåíèå 4. Ëþáàÿ ïðîãðàììà ñèëüíî ýêâèâàëåíòíà ëþáîìó ñâîåìó ïîïîë-
íåíèþ.

Äîêàçàòåëüñòâî. Äëÿ ëþáîé ìîäåëè I I-âû÷èñëåíèÿ ïðîãðàììû è å¼ ïîïîë-
íåíèÿ îòëè÷àþòñÿ òîëüêî òåì, ÷òî åñëè âû÷èñëåíèå ïðîãðàììû êîíå÷íî è âåä¼ò íå
â âûõîä, òî âû÷èñëåíèå å¼ ïîïîëíåíèÿ áåñêîíå÷íî. Ïðè ýòîì ðåçóëüòàòû âñåõ êîíå÷-
íûõ I-âû÷èñëåíèé, îêàí÷èâàþùèõñÿ íå â âûõîäå, è áåñêîíå÷íûõ âû÷èñëåíèé ðàâíû ⊥.
Çíà÷èò, äëÿ ëþáîé ìîäåëè I ðåçóëüòàòû I-âû÷èñëåíèé ïðîãðàììû è å¼ ïîïîëíåíèÿ
ðàâíû.

Óòâåðæäåíèå 5. Ëþáàÿ êîíå÷íàÿ F -òðàññà τ ëþáîé ïðîãðàììû èìååò èòîã
F(d, h), ãäå d� ñîñòîÿíèå äàííûõ êîíôèãóðàöèè τ(0) è h�öåïî÷êà òðàññû τ .
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Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïðèìåíèòü èíäóêöèþ ïî äëèíå òðàññû, çàìåòèâ,

÷òî äëÿ ëþáîãî ïåðåõîäà (s,F(d, h))
c/a−−→ (r, e) òðàññû τ âåðíî e = F(d, ha) (ïî îïðåäå-

ëåíèþ òðàññû).

Óòâåðæäåíèå 6. Èòîãîì ëþáîé êîíå÷íîé âõîäíîé F -òðàññû τ ëþáîé ïðîãðàììû
ÿâëÿåòñÿ çíà÷åíèå F(h), ãäå h�öåïî÷êà òðàññû τ .

Äîêàçàòåëüñòâî. Ñëåäóåò èç óòâåðæäåíèÿ 5 è òîãî, ÷òî ñîñòîÿíèå äàííûõ êîí-
ôèãóðàöèè τ(0) åñòü F(λ) (ïî ñîîòâåòñòâóþùèì îïðåäåëåíèÿì).

Óòâåðæäåíèå 7. Äëÿ ëþáîé âåðøèíû (ss, dd) ïðîèçâåäåíèÿ τ1 ⊗ τ2 ëþáûõ âõîä-
íûõ F -òðàññ τ1, τ2 îäèíàêîâîé äëèíû ëþáûõ ïðîãðàìì âåðíî dd ∈ BF .

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïîêàçàòü, ÷òî óòâåðæäåíèå âåðíî äëÿ ïîñëåäíåé
âåðøèíû (ss, dd) êàæäîãî êîíå÷íîãî íà÷àëüíîãî îòðåçêà ρ ïóòè τ1 ⊗ τ2. Ïóñòü ïóòü ρ
èìååò äëèíó n. Ïî îïðåäåëåíèþ ïðîèçâåäåíèÿ òðàññ ρ = τ1|n ⊗ τ2|n è dd = (d1, d2) äëÿ
ñîñòîÿíèé äàííûõ d1, d2 êîíôèãóðàöèé τ1(n), τ2(n). Ïî óòâåðæäåíèþ 6 äëÿ íåêîòîðûõ
öåïî÷åê h è g îäèíàêîâîé äëèíû n âåðíî d1 = F(h) è d2 = F(g). Çíà÷èò, (d1, d2) ∈ BF
ïî îïðåäåëåíèþ ýòîãî ìíîæåñòâà.

Óòâåðæäåíèå 8. Ëþáîé íàáîð F -òðàññ ëþáûõ ïðîãðàìì ñîâìåñòåí â òîì è òîëü-

êî â òîì ñëó÷àå, åñëè äëÿ ëþáûõ äâóõ ïåðåõîäîâ (s1, d1)
c1/a1−−−→ σ1 è (s2, d2)

c2/a2−−−→ σ2
ëþáûõ òðàññ ýòîãî íàáîðà èç ðàâåíñòâà d1 = d2 ñëåäóåò ðàâåíñòâî c1 = c2.

Äîêàçàòåëüñòâî.

Í å î á õ î ä è ì î ñ ò ü . Åñëè íàáîð F -òðàññ ñîâìåñòåí, òî ñóùåñòâóåò ìîäåëü
I = (F , L), â êîòîðîé ðåàëèçóþòñÿ âñå òðàññû ýòîãî íàáîðà, è äëÿ ëþáîãî ñîñòîÿ-

íèÿ äàííûõ d è ëþáûõ ïåðåõîäîâ (s1, d)
c1/a1−−−→ σ1 è (s2, d)

c2/a2−−−→ σ2 òðàññ ýòîãî íàáîðà
c1 = L(d) = c2.

Ä î ñ ò à ò î ÷ í î ñ ò ü . Ïóñòü ñâîéñòâî ïåðåõîäîâ, ñôîðìóëèðîâàííîå â óñëîâèè,
âåðíî. Ðàññìîòðèì ëþáóþ ìîäåëü I = (F , L), îáëàäàþùóþ òàêèì ñâîéñòâîì: åñëè

â êàêîé-ëèáî èç òðàññ ñîäåðæèòñÿ ïåðåõîä (s, d)
c/a−−→ σ, òî L(d) = c. Ñîãëàñíî ïðåä-

ïîëàãàåìîìó ñâîéñòâó ïåðåõîäîâ, äëÿ ëþáîãî ïåðåõîäà (r, d)
ℓ/b−→ δ ðàññìàòðèâàåìîãî

íàáîðà òðàññ âåðíî ℓ = c = L(d). Çíà÷èò, èíòåðïðåòàöèÿ I çàäàíà êîððåêòíî (ñóùå-
ñòâóåò). Ïî îïðåäåëåíèþ âñå òðàññû ðàññìàòðèâàåìîãî íàáîðà ðåàëèçóþòñÿ â I.

Óòâåðæäåíèå 9. Ëþáûå îòðåçêè ëþáûõ ñîâìåñòíûõ F -òðàññ ñîâìåñòíû.
Äîêàçàòåëüñòâî. Ñëåäóåò èç óòâåðæäåíèÿ 8 è òîãî, ÷òî âñå ïåðåõîäû îòðåçêà

òðàññû ÿâëÿþòñÿ ïåðåõîäàìè ýòîé òðàññû.

Óòâåðæäåíèå 10. Ëþáûå F -òðàññû ëþáûõ ïðîãðàìì ñîâìåñòíû òîãäà è òîëüêî
òîãäà, êîãäà ñîâìåñòíà êàæäàÿ ïàðà êîíå÷íûõ íà÷àëüíûõ îòðåçêîâ ýòèõ òðàññ.

Äîêàçàòåëüñòâî.

Í å î á õ î ä è ì î ñ ò ü ñëåäóåò èç óòâåðæäåíèÿ 9.
Ä î ñ ò à ò î ÷ í î ñ ò ü . Ðàññìîòðèì ïðîèçâîëüíûé íåñîâìåñòíûé íàáîð òðàññ.

Ïî óòâåðæäåíèþ 8 â ýòèõ òðàññàõ ñóùåñòâóþò ïåðåõîäû t1 = ((s1, d1)
c1/a1−−−→ σ1) è

t2 = ((s2, d2)
c2/a2−−−→ σ2), äëÿ êîòîðûõ d1 = d2 è c1 ̸= c2. Òîãäà ñóùåñòâóþò è êîíå÷íûå

íà÷àëüíûå îòðåçêè τ ′1, τ
′
2 íåêîòîðûõ òðàññ ýòîãî íàáîðà, ñîäåðæàùèå ïåðåõîäû t1 è t2

ñîîòâåòñòâåííî. Òðàññû τ ′1, τ
′
2 íåñîâìåñòíû ïî óòâåðæäåíèþ 8.
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3. Ãðàô ñîâìåñòíûõ âû÷èñëåíèé
Â äàííîì ïóíêòå ñ÷èòàåì çàäàííûìè ïîëíûå ïðîãðàììû π1 = (S1, en1, EX1, T1)

è π2 = (S2, en2, EX2, T2) è óðàâíîâåøåííóþ øêàëó F = (D, d0, ◦). Âñå óòâåðæäåíèÿ
ôîðìóëèðóþòñÿ äëÿ ïðîèçâîëüíûõ òàêèõ π1, π2 è F .

Ïðîèçâåäåíèåì ïðîãðàìì π1 è π2 áóäåì íàçûâàòü (A × A,C × C)-ïðîãðàììó
π1 ⊗ π2 = (S1 × S2, (en1, en2), (EX1 × S2) ∪ (S1 × EX2), T ), ôóíêöèÿ ïåðåõîäîâ
êîòîðîé çàäà¼òñÿ òàê: åñëè T1(s, c) ̸= ⊥ è T2(r, ℓ) ̸= ⊥, òî T ((s, r), (c, ℓ)) =
= ((TA

1 (s, c), T
A
2 (r, ℓ)), (T

S1
1 (s, c), T S2

2 (r, ℓ))), èíà÷å T ((s, r), (c, ℓ)) = ⊥. Ïðîèçâåäåíèåì
øêàë F1 = (D1, d

0
1, ◦1) è F2 = (D2, d

0
2, ◦2) íàçûâàåì (A×A)-øêàëó F1 ⊗F2 = (D1 ×D2,

(d01, d
0
2), ◦), â êîòîðîé îïåðàöèÿ ◦ çàäà¼òñÿ ðàâåíñòâîì (d, e) ◦ (a, b) = (d ◦1 a, e ◦2 b).

Äëÿ (A × A)-øêàëû F è öåïî÷åê h = a1 . . . ak è g = b1 . . . bk, ãäå k ∈ N0 è
a1, . . . ak, b1, . . . , bk ∈ A, èñïîëüçóåì ñîêðàùåíèÿ F(d, h1, h2) = F(d, (a1, b1) . . . (ak, bk))
è F(h1, h2) = F(d0, h1, h2). Ãðàôîì ñîâìåñòíûõ âû÷èñëåíèé ïðîãðàìì π1 è π2 íà øêà-
ëå F íàçîâ¼ì ïîäãðàô ΓFπ1,π2 ãðàôà (π1 ⊗ π2) ⊕ (F ⊗ F), ñîäåðæàùèé âñå âåðøèíû è

äóãè, êðîìå äóã âèäà ((s, r), (d, e))
(c,ℓ)/(a,b)−−−−−→ v, â êîòîðûõ d = e è c ̸= ℓ.

Ïðèìåð 11. Ðàññìîòðèì ïðîãðàììû π1 è π
′
2 = πloop,a

2 è øêàëó F0,0 èç ïðèìåðîâ 1,
2 è 8. Ïîëîæèì cij = (ci, cj), axy = (x, y) è dij km = ((i, j), (k,m)). Íà ðèñ. 8�11 ïðèâåäåíû
ñîîòâåòñòâåííî ïðîãðàììà π1⊗π′2, ôðàãìåíò øêàëû F0,0⊗F0,0, ôðàãìåíò ãðàôà (π1⊗
π′2)⊕ (F0,0 ⊗F0,0) è ôðàãìåíò ãðàôà ΓF

0,0

π1,π′
2
.

s4, r4

s1, r1 s2, r2 s4, loop

s2, loops2, r3

s3, r4

s3, loop

∗
c01/aab,
c11/aab

c00/aaa,
c10/aaa

c01/aba
c11/aaa

c00/aba

c10/aaa

c00/aba, c01/aba,
c10/aba, c11/aba

c10/aaa,
c11/aaa

c00/aba,
c01/aba

Ðèñ. 8. Ïðîèçâåäåíèå ïðîãðàìì (ïðèìåð 11)

d02 11 d01 01 d11 02

d01 10 d00 00 d10 01

d11 20 d10 10 d20 11
∗

. .
.

. . .

. . .

. . .

. . .

. . .

. . .

. .
....

...
...

...

...
...

...
...

aba

aba

aba

aab

aab

aab

aaa aaa aaa

abb abb abb

Ðèñ. 9. Ôðàãìåíò ïðîèçâåäåíèÿ
øêàë (ïðèìåð 11)

(s1, r1), d00 00

(s2, r3), d10 10

(s2, r2), d10 01

(s3, r4), d11 11 (s4, r4), d20 11

(s3, loop), d11 11

(s4, loop), d20 11

(s2, loop), d21 21 (s4, loop), d31 31

(s3, loop), d22 31
...

∗
c01/aab,
c11/aab

c00/aaa,
c10/aaa

c01/aba
c11/aaa

c00/aba

c10/aaa
c00/aba, c01/aba, c10/aba, c11/aba

c10/aaa,
c11/aaa

c00/aba,
c01/aba

c00/aba, c01/aba,
c10/aba, c11/aba

Ðèñ. 10. Ôðàãìåíò ãðàôà âû÷èñëåíèé ïðîèçâåäåíèÿ ïðîãðàìì (ïðèìåð 11)

Óòâåðæäåíèå 11. Äëÿ ëþáûõ ñîâìåñòíûõ âõîäíûõ F -òðàññ τ1, τ2 îäèíàêîâîé
äëèíû ïðîãðàìì π1, π2 ñîîòâåòñòâåííî ïóòü τ1 ⊗ τ2 � ýòî âõîäíîé ïóòü â ΓFπ1,π2 .

Äîêàçàòåëüñòâî. Äîêàæåì óòâåðæäåíèå äëÿ êîíå÷íûõ òðàññ èíäóêöèåé ïî
äëèíå, ïîñëå ÷åãî � äëÿ áåñêîíå÷íûõ òðàññ.

Á à ç à: τ1 è τ2 èìåþò äëèíó 0. Òîãäà τi � ýòî òðàññà èç îäíîé êîíôèãóðàöèè (eni, d
0),

i ∈ {1, 2}, è τ1 ⊗ τ2 �ïóòü èç îäíîé âåðøèíû ((en1, en2), (d
0, d0)), ÿâëÿþùåéñÿ âõîäîì

ãðàôà ΓFπ1,π2 , òî åñòü âõîäíîé ïóòü â ΓFπ1,π2 .
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(s1, r1), d00 00

(s2, r3), d10 10

(s2, r2), d10 01

(s3, r4), d11 11 (s4, r4), d20 11

(s3, loop), d11 11

(s4, loop), d20 11

(s2, loop), d21 21 (s4, loop), d31 31

(s3, loop), d22 31
...

∗
c11/aab

c00/aaa

c01/aba
c11/aaa

c00/aba

c10/aaa
c00/aba, c01/aba, c10/aba, c11/aba

c11/aaa
c00/aba c00/aba, c11/aba

Ðèñ. 11. Ôðàãìåíò ãðàôà ñîâìåñòíûõ âû÷èñëåíèé ïðîãðàìì (ïðèìåð 11)

È í ä ó ê ò è â í û é ï å ð å õ î ä: τ1 è τ2 èìåþò äëèíó n + 1, n ∈ N0, è ρ′ =

= τ1|n⊗τ2|n � ýòî âõîäíîé ïóòü â ΓFπ1,π2 . Ïîëîæèì äëÿ ÿñíîñòè, ÷òî (si, di)
ci/ai−−−→ (ri, ei)�

ïîñëåäíèé ïåðåõîä òðàññû τi, i ∈ {1, 2}. Ïî óñòðîéñòâó ïðîèçâåäåíèÿ òðàññ ïîñëåäíåé
âåðøèíîé ïóòè ρ′ ÿâëÿåòñÿ ((s1, s2), (d1, d2)). Ïî óñòðîéñòâó ãðàôà (π1 ⊗ π2)⊕ (F ⊗F)

â í¼ì ñîäåðæèòñÿ äóãà t = (((s1, s2), (d1, d2))
(c1,c2)/(a1,a2)−−−−−−−−→ ((r1, r2), (e1, e2))). Åñëè

d1 = d2, òî ïî óòâåðæäåíèþ 8 c1 = c2. Çíà÷èò, â ëþáîì ñëó÷àå äóãà t ñîäåðæèòñÿ

â ΓFπ1,π2 , òîãäà τ1 ⊗ τ2 = (ρ′
(c1,c2)/(a1,a2)−−−−−−−−→ ((r1, r2), (e1, e2)))� ýòî âõîäíîé ïóòü â ΓFπ1,π2 .

Ï å ð å õ î ä ê á å ñ ê î í å ÷ í û ì ò ð à ñ ñ à ì: ïóñòü τ1 è τ2 èìåþò áåñêîíå÷íóþ
äëèíó è óòâåðæäåíèå ñïðàâåäëèâî äëÿ ëþáûõ êîíå÷íûõ òðàññ óêàçàííîãî â óñëîâèè
âèäà. Òîãäà äëÿ êàæäîãî n ∈ N0 â ΓFπ1,π2 ñîäåðæèòñÿ âõîäíîé ïóòü ρn = τ1|n ⊗ τ2|n è
ρn+1 ïîëó÷àåòñÿ èç ρn äîáàâëåíèåì â êîíåö îäíîãî ïåðåõîäà ýòîãî ãðàôà, îáîçíà÷èì
ýòîò ïåðåõîä tn. Çíà÷èò, â Γ

F
π1,π2

ñóùåñòâóåò áåñêîíå÷íûé ïóòü ρ èç âõîäà ïî ïåðåõîäàì
t0, t1, t2, . . . è ïî óñòðîéñòâó ïðîèçâåäåíèÿ òðàññ ρ = τ1 ⊗ τ2.

Óòâåðæäåíèå 12. Ëþáîé âõîäíîé ïóòü ρ â ΓFπ1,π2 ïðåäñòàâèì â âèäå ρ = τ1 ⊗ τ2,
ãäå τ1 è τ2 � ñîâìåñòíûå âõîäíûå F -òðàññû ïðîãðàìì π1, π2 ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî. Äîêàæåì óòâåðæäåíèå äëÿ êîíå÷íûõ ïóòåé èíäóêöèåé ïî
äëèíå, ïîñëå ÷åãî � äëÿ áåñêîíå÷íûõ ïóòåé.

Á à ç à: ρ èìååò äëèíó 0. Òîãäà ρ = τ1⊗τ2, ãäå τi ñîñòîèò èç îäíîé âåðøèíû (eni, d
0),

i ∈ {1, 2}, è ïî óòâåðæäåíèþ 8 τ1 è τ2 � ñîâìåñòíûå âõîäíûå F -òðàññû ïðîãðàìì π1,
π2 ñîîòâåòñòâåííî.

È í ä ó ê ò è â í û é ï å ð å õ î ä: ρ èìååò äëèíó n+1, n ∈ N0, è ñóùåñòâóþò ñîâìåñò-
íûå âõîäíûå F -òðàññû τ ′1, τ

′
2 ïðîãðàìì π1, π2, óäîâëåòâîðÿþùèå ðàâåíñòâó ρ|n = τ ′1⊗τ ′2.

Ïîëîæèì, ÷òî ((s1, s2), (d1, d2))
(c1,c2)/(a1,a2)−−−−−−−−→ ((r1, r2), (e1, e2))�ïîñëåäíÿÿ äóãà ïóòè ρ.

Äëÿ êàæäîãî i ∈ {1, 2} âåðíî ñëåäóþùåå. Ïî îïðåäåëåíèþ ïðîèçâåäåíèÿ òðàññ òðàñ-
ñà τ ′i âåä¼ò â êîíôèãóðàöèþ (si, di). Ïî óñòðîéñòâó ãðàôà âû÷èñëåíèé, ïðîãðàììû

π1 ⊗ π2 è øêàëû F ⊗ F ïåðåõîä (si, di)
ci/ai−−−→ (ri, ei) âõîäèò â ãðàô πi ⊕ F , à çíà-

÷èò, τi = (τ ′i
ci/ai−−−→ (ri, ei))� âõîäíàÿ F -òðàññà ïðîãðàììû πi. Ïî óòâåðæäåíèþ 6 è

óðàâíîâåøåííîñòè øêàëû F ñîñòîÿíèå äàííûõ di îòëè÷àåòñÿ îò ñîñòîÿíèé äàííûõ
îñòàëüíûõ êîíôèãóðàöèé òðàññ τ ′1 è τ

′
2, êðîìå, áûòü ìîæåò, ñîñòîÿíèÿ d3−i. Ïî îïðå-

äåëåíèþ ãðàôà ñîâìåñòíûõ âû÷èñëåíèé åñëè d1 = d2, òî c1 = c2. Ïî ïîñëåäíåìó ñîîò-

íîøåíèþ, óòâåðæäåíèþ 8 è ñîâìåñòíîñòè òðàññ τ ′1, τ
′
2 òðàññû τ1 = (τ ′1

c1/a1−−−→ (r1, e1)) è

τ2 = (τ ′2
c2/e2−−−→ (r2, e2)) ñîâìåñòíû. Ïî îïðåäåëåíèþ ïðîèçâåäåíèÿ òðàññ ρ = τ1 ⊗ τ2.

Ï å ð å õ î ä ê á å ñ ê î í å ÷ í û ì ï ó ò ÿ ì: ρ èìååò áåñêîíå÷íóþ äëèíó; ïîëàãà-
åì, ÷òî óòâåðæäåíèå ñïðàâåäëèâî äëÿ ëþáûõ êîíå÷íûõ ïóòåé óêàçàííîãî â óñëîâèè
âèäà. Òîãäà äëÿ êàæäîãî n ∈ N0 ïóòü ρn = ρ|n ïðåäñòàâèì â âèäå ρn = τn1 ⊗ τn2 ,
ãäå τn1 è τn2 � ñîâìåñòíûå âõîäíûå F -òðàññû ïðîãðàìì π1, π2, è äëÿ êàæäîãî i ∈ {1, 2}
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òðàññà τn+1
i ïîëó÷àåòñÿ èç τni äîáàâëåíèåì â êîíåö îäíîãî ïåðåõîäà ïðîãðàììû πi (îáî-

çíà÷èì ýòîò ïåðåõîä tni ), çíà÷èò, áåñêîíå÷íûé ïóòü τi èç êîíôèãóðàöèè (eni, d
0) ïî ïå-

ðåõîäàì t0i , t
1
i , t

2
i , . . . ÿâëÿåòñÿ áåñêîíå÷íîé âõîäíîé F -òðàññîé ïðîãðàììû πi. Ïðè ýòîì

òðàññû τ1 è τ2 ñîâìåñòíû� èíà÷å ïî óòâåðæäåíèþ 10 ñóùåñòâóþò íåñîâìåñòíûå êîíå÷-
íûå íà÷àëüíûå îòðåçêè ýòèõ òðàññ è ïî óòâåðæäåíèþ 9 äëÿ íåêîòîðîãî n íåñîâìåñòíû
òðàññû τn1 è τn2 , ÷åãî áûòü íå ìîæåò ïî ïîëó÷åííîìó âûøå.

Âåðøèíó ((s1, s2), (d1, d2)) ãðàôà ΓFπ1,π2 íàçîâ¼ì äîñòèæèìîé â ýòîì ãðàôå, åñëè
îíà äîñòèæèìà èç âõîäà, è îïðîâåðãàþùåé, åñëè âåðíî îäíî èç ñëåäóþùèõ óñëîâèé:

1) s1 ∈ EX1 è s2 /∈ EX2;
2) s1 /∈ EX1 è s2 ∈ EX2;
3) s1 ∈ EX1, s2 ∈ EX2 è d1 ̸= d2.

Ïðèìåð 12. Ñðåäè âåðøèí ãðàôà ñîâìåñòíûõ âû÷èñëåíèé íà ðèñ. 11 îïðîâåð-
ãàþùèìè ÿâëÿþòñÿ âñå âûõîäû, êðîìå ((s3, r4), d11 11), è òîëüêî îíè. Â ýòîì ãðàôå
ñîäåðæèòñÿ áåñêîíå÷íî ìíîãî íåèçîáðàæ¼ííûõ îïðîâåðãàþùèõ âåðøèí� íàïðèìåð,
íåäîñòèæèìàÿ âåðøèíà ((s3, r4), d20 02).

Óòâåðæäåíèå 13. Äëÿ ëþáîé äîñòèæèìîé âåðøèíû (ss, dd) ãðàôà ΓFπ1,π2 âåðíî
dd ∈ BF .

Äîêàçàòåëüñòâî. Ñëåäóåò èç óòâåðæäåíèé 7 è 12.

Óòâåðæäåíèå 14. Ñîîòíîøåíèå π1 ≁F π2 âåðíî òîãäà è òîëüêî òîãäà, êîãäà
â ΓFπ1,π2 ñóùåñòâóåò äîñòèæèìàÿ îïðîâåðãàþùàÿ âåðøèíà.

Äîêàçàòåëüñòâî.

Í å î á õ î ä è ì î ñ ò ü . Ïóñòü π1 ≁F π2. Ïî óòâåðæäåíèþ 3 ñóùåñòâóþò ñîâìåñòíûå
F -âû÷èñëåíèÿ τ1, τ2 ïðîãðàìì π1, π2 ñîîòâåòñòâåííî, èìåþùèå ðàçëè÷íûå ðåçóëüòàòû.
Ýòî îçíà÷àåò, â ÷àñòíîñòè, ÷òî îäíî èç ýòèõ âû÷èñëåíèé êîíå÷íî. Ïîëîæèì áåç îãðà-
íè÷åíèÿ îáùíîñòè, ÷òî äëèíà n òðàññû τ1 êîíå÷íà è íå ïðåâîñõîäèò äëèíó τ2 (èíà÷å
äîñòàòî÷íî ïîìåíÿòü ìåñòàìè èíäåêñû 1 è 2). Ïî óòâåðæäåíèþ 9 òðàññû τ1 è τ

′
2 = τ2|n

ñîâìåñòíû. Ïî óòâåðæäåíèþ 11 ρ = τ1⊗τ ′2 � âõîäíîé ïóòü â ΓFπ1,π2 , ïî óñòðîéñòâó ïðîèç-
âåäåíèÿ òðàññ ýòîò ïóòü êîíå÷åí. Ïîëîæèì, ÷òî ρ âåä¼ò â âåðøèíó v = ((s1, s2), (d1, d2)).
Çíà÷èò, âåðøèíà v äîñòèæèìà â ΓFπ1,π2 . Ïî âûáîðó τ1 âåðíî s1 ∈ EX1. Ïî óñòðîéñòâó
ïðîèçâåäåíèÿ òðàññ è íåðàâåíñòâó ðåçóëüòàòîâ âû÷èñëåíèé τ1 è τ2, åñëè s2 ∈ EX2, òî
d1 ̸= d2. Çíà÷èò, â ëþáîì ñëó÷àå âåðøèíà v ÿâëÿåòñÿ îïðîâåðãàþùåé.

Ä î ñ ò à ò î ÷ í î ñ ò ü . Ïîëîæèì, ÷òî â ΓFπ1,π2 ïî íåêîòîðîìó ïóòè ρ äîñòèæèìà
íåêîòîðàÿ îïðîâåðãàþùàÿ âåðøèíà v = ((s1, s2), (d1, d2)). Ïî óòâåðæäåíèþ 12 è óñòðîé-
ñòâó ïðîèçâåäåíèÿ òðàññ ñóùåñòâóþò êîíå÷íûå ñîâìåñòíûå âõîäíûå òðàññû τ1, τ2 îäè-
íàêîâîé äëèíû (îáîçíà÷èì å¼ n) ïðîãðàìì π1, π2, âåäóùèå â êîíôèãóðàöèè (s1, d1) è
(s2, d2) ñîîòâåòñòâåííî.

Ñ ë ó ÷ à é 1: s1 ∈ EX1 è s2 ∈ EX2. Òîãäà d1 è d2 �ðåçóëüòàòû ñîâìåñòíûõ
F -âû÷èñëåíèé τ1, τ2 ñîîòâåòñòâåííî. Òàê êàê âåðøèíà v ÿâëÿåòñÿ îïðîâåðãàþùåé, âåð-
íî d1 ̸= d2. Çíà÷èò, ïî óòâåðæäåíèþ 3 π1 ≁F π2.

Ñ ë ó ÷ à é 2: s1 ∈ EX1 è s2 /∈ EX2. Ïî ñîâìåñòíîñòè òðàññ τ1, τ2 ñóùåñòâóåò ìî-
äåëü I, â êîòîðîé ðåàëèçóþòñÿ ýòè òðàññû. Ïîëîæèì, ÷òî τ ′2 � I-âû÷èñëåíèå ïðîãðàì-
ìû π2. Òàê êàê s1 ∈ EX1, âåðíî I(π1) = d1. Òàê êàê s2 /∈ EXw, äëèíà τ ′2 áîëüøå
äëèíû τ2. Åñëè äëèíà τ

′
2 áåñêîíå÷íà, òî I(π2) = ⊥ ≠ d1 = I(π1). Èíà÷å äëèíà τ ′2 êîíå÷-

íà, ïî óòâåðæäåíèþ 6 I(π1) = F(h1) è I(π2) = F(h2), ãäå h1 è h2 �öåïî÷êè òðàññ τ1
è τ ′2, è èç ýòîãî, íåðàâåíñòâà |h1| < |h2| (òàê êàê τ ′2 äëèííåå τ2 è äëèíà τ2 ðàâíà äëèíå τ1)
è óðàâíîâåøåííîñòè øêàëû F ñëåäóåò I(π1) ̸= I(π2), à çíà÷èò, π1 ≁F π2.
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Ñ ë ó ÷ à é 3: s1 /∈ EX1 è s2 ∈ EX2 �ïîâòîðÿåò ñëó÷àé 2 ñ âçàèìíîé çàìåíîé
èíäåêñîâ 1 è 2.

4. Êðèòåðèàëüíàÿ ñèñòåìà
Äëÿ øêàëû F = (D, d0, ◦) è (A × A)-øêàëû W = (W,w0,⊙) êðèòåðèàëüíûì ìîð-

ôèçìîì φ : F → W áóäåì íàçûâàòü ôóíêöèþ φ : BF → W , çàäàííóþ òàê:

� φ(d0, d0) = w0;
� åñëè (d, e) ∈ BF è a, b ∈ A, òî φ(d, e)⊙ (a, b) = φ(d ◦ a, e ◦ b).
Çàïèñüþ Eφ áóäåì îáîçíà÷àòü ìíîæåñòâî {φ(d, d) : d ∈ RF}. Êðèòåðèàëüíîé ñèñòå-

ìîé øêàëû F = (D, d0, ◦) íàçîâ¼ì ïàðó (W , φ), ãäå W � (A× A)-øêàëà, φ : F → W è
äëÿ ëþáîé ïàðû (d, e) ∈ BF èç ñîîòíîøåíèÿ φ(d, e) ∈ Eφ ñëåäóåò d = e. Øêàëó W ñè-
ñòåìû K áóäåì íàçûâàòü êðèòåðèàëüíîé è å¼ ñîñòîÿíèÿ� êðèòåðèÿìè; ñèñòåìó K�
k-îãðàíè÷åííîé, åñëè äëÿ ëþáûõ öåïî÷åê h1, h2 îäèíàêîâîé äëèíû ñóùåñòâóåò íå áî-
ëåå k êðèòåðèåâ w, äëÿ êîòîðûõ W(w, h1, h2) ∈ Eφ.

Ïðèìåð 13. Ðàññìîòðèì øêàëó F0,0 ñ îïåðàöèåé ◦ èç ïðèìåðà 2, (A×A)-øêàëó
W = (Z, 0,⊙), ãäå m⊙ (a, a) = m⊙ (b, b) = m, m⊙ (a, b) = m+ 1 è m⊙ (b, a) = m− 1,
è ôóíêöèþ φ : BF → Z, çàäàííóþ ðàâåíñòâîì φ((n1,m1), (n2,m2)) = n1 − n2. Òîãäà
íåòðóäíî óáåäèòüñÿ, ÷òî (W , φ)� 1-îãðàíè÷åííàÿ êðèòåðèàëüíàÿ ñèñòåìà äëÿ F0,0:

� φ((0, 0), (0, 0)) = 0;
� φ((n1,m1), (n2,m2))⊙ (a, a) = n1 − n2 = φ((n1,m1) ◦ a, (n2,m2) ◦ a);
� φ((n1,m1), (n2,m2))⊙ (b, b) = n1 − n2 = φ((n1,m1) ◦ b, (n2,m2) ◦ b);
� φ((n1,m1), (n2,m2))⊙ (a, b) = (n1 + 1)− n2 = φ((n1,m1) ◦ a, (n2,m2) ◦ b);
� φ((n1,m1), (n2,m2))⊙ (b, a) = n1 − (n2 + 1) = φ((n1,m1) ◦ b, (n2,m2) ◦ a);
� Eφ = {0} è ïðè ýòîì φ((n,m), (n,m)) = n− n = 0;
� äëÿ ëþáûõ öåïî÷åê h1 è h2, ñîäåðæàùèõ ñîîòâåòñòâåííî n1 è n2 áóêâ a, òîëüêî äëÿ

êðèòåðèÿ w = (n2 − n1) âåðíî W(w, h1, h2) = 0.

Óòâåðæäåíèå 15. Äëÿ ëþáîé êðèòåðèàëüíîé ñèñòåìû (W , φ) ëþáîé øêàëû F
è äëÿ ëþáîé ïàðû (d, e) ∈ BF âåðíî ñëåäóþùåå: d = e òîãäà è òîëüêî òîãäà, êîãäà
φ(d, e) ∈ Eφ.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü ñëåäóåò èç îïðåäåëåíèÿ ìíîæåñòâà Eφ, äîñòà-
òî÷íîñòü � èç îïðåäåëåíèÿ êðèòåðèàëüíîé ñèñòåìû.

Ïðè îáñóæäåíèè àëãîðèòìîâ, èñïîëüçóþùèõ êðèòåðèàëüíóþ ñèñòåìó K = (W , φ),
ãäå W = (W,w0,⊙), áóäåì ïîëàãàòü çàðàíåå çàäàííîé àëãîðèòìè÷åñêóþ ñîñòàâëÿþ-

ùóþ ýòîé ñèñòåìû� ïðåäñòàâëåíèå ýëåìåíòîâ øêàëû W , àëãîðèòìû AK0 , AKe , AK⊙, AK=
è AK← è ôóíêöèè fKe , f

K
⊙, f
K
=, f
K
← : N0 → N0 ñëåäóþùåãî âèäà:

� AK0 () = w0;
� AKe (w) = ¾Äà¿, åñëè w ∈ Eφ, è ¾Íåò¿ èíà÷å; fKe (n)� ñëîæíîñòü ýòîãî àëãîðèòìà íà

çíà÷åíèÿõ âèäà w = W(h1, h2), ãäå |h1| = |h2| ⩽ n;
� AK⊙(w, a, b) = w ⊙ (a, b); fK⊙(n)� ñëîæíîñòü ýòîãî àëãîðèòìà íà çíà÷åíèÿõ âèäà w =

= W(h1, h2), ãäå |h1| = |h2| ⩽ n;
� AK=(w, u) = ¾Äà¿, åñëè w = u, è ¾Íåò¿ èíà÷å; fK=(n)� ñëîæíîñòü ýòîãî àëãîðèòìà

íà çíà÷åíèÿõ âèäà w = W(h1, h2) è u = W(g1, g2), ãäå |h1| = |h2| ⩽ n, |g1| = |g2| ⩽ n;
� âûïîëíåíèå AK←(x,w) óñòàíàâëèâàåò (êîïèðóåò) â x çíà÷åíèå w; fK←(n)� ñëîæíîñòü

ýòîãî àëãîðèòìà íà çíà÷åíèÿõ âèäà w = W(h1, h2), ãäå |h1| = |h2| ⩽ n.

Ñëîæíîñòíîé õàðàêòåðèñòèêîé êðèòåðèàëüíîé ñèñòåìû äëÿ òàêîé àëãîðèòìè÷åñêîé
ñîñòàâëÿþùåé áóäåì íàçûâàòü ôóíêöèþ fK : N0 → N0, çàäàþùóþñÿ ðàâåíñòâîì
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fK(n) = max(fKe (n), f
K
⊙(n), f

K
=(n), f

K
←(n)). Äàëåå äëÿ íàãëÿäíîñòè âìåñòî âûçîâîâ âñïîìî-

ãàòåëüíûõ àëãîðèòìîâ áóäåì çàïèñûâàòü ñîîòâåòñòâåííî çíà÷åíèÿ è ñîîòíîøåíèÿ w0,
w ∈ Eφ, w ⊙ (a, b), w = u è îïèñàíèå óñòàíîâêè êðèòåðèÿ.

Ïðèìåð 14. Äëÿ êðèòåðèàëüíîé ñèñòåìû èç ïðèìåðà 13 ñ àëãîðèòìè÷åñêîé
ñîñòàâëÿþùåé, åñòåñòâåííî îòâå÷àþùåé îïðåäåëåíèþ ýòîé êðèòåðèàëüíîé ñèñòåìû,
ñëîæíîñòíàÿ õàðàêòåðèñòèêà èìååò ïîðÿäîê O(1), òàê êàê òàêîé ïîðÿäîê ñëîæíîñòè
èìåþò âñå òðåáóåìûå àëãîðèòìû: ïðîâåðêà ðàâåíñòâà ÷èñëà-êðèòåðèÿ íóëþ, ïðèáàâ-
ëåíèå èëè âû÷èòàíèå åäèíèöû â çàâèñèìîñòè îò ïàðû îïåðàòîðîâ, ïðîâåðêà ðàâåíñòâà
êðèòåðèåâ, êîïèðîâàíèå ÷èñëà.

5. Êðèòåðèàëüíûé ãðàô
Ïðåäïîëîæèì çàäàííûìè ïîëíûå ïðîãðàììû π1 = (S1, en1, EX1, T1) è π2 =

= (S2, en2, EX2, T2), óðàâíîâåøåííóþ øêàëó F = (D, d0, ◦) è å¼ êðèòåðèàëüíóþ ñèñòåìó
K = (W , φ), ãäå W = (W,w0,⊙). Âñå óòâåðæäåíèÿ ôîðìóëèðóþòñÿ äëÿ ïðîèçâîëüíûõ
òàêèõ π1, π2, F è K.

Êðèòåðèàëüíûì ãðàôîì ïðîãðàìì π1, π2 è ñèñòåìûK íàçîâ¼ì ïîäãðàô ΓKπ1,π2 ãðàôà

(π1⊗π2)⊕W , ñîäåðæàùèé âñå âåðøèíû è âñå äóãè, êðîìå äóã ((s1, s2), w)
(c1,c2)/(a1,a2)−−−−−−−−→ v,

â êîòîðûõ w ∈ Eφ è c1 ̸= c2. Âåðøèíû êðèòåðèàëüíîãî ãðàôà áóäåì íàçûâàòü óçëà-

ìè, ïóòè â í¼ì�ìàðøðóòàìè, çíà÷åíèÿ s1, s2 è w� ñîîòâåòñòâåííî ñîñòîÿíèÿìè è

êðèòåðèåì óçëà ((s1, s2), w). Íàçîâ¼ì φ-îáðàçîì âåðøèíû v = ((s1, s2), (d1, d2)) ãðà-

ôà ΓFπ1,π2 è ïóòè v0
(c11,c

1
2)/(a

1
1,a

1
2)−−−−−−−−→ v1

(c21,c
2
2)/(a

2
1,a

2
2)−−−−−−−−→ . . . â ýòîì ãðàôå ñîîòâåòñòâåííî íàáîð

φ(v) = ((s1, s2), φ(d1, d2)) è ïóòü φ(v0)
(c11,c

1
2)/(a

1
1,a

1
2)−−−−−−−−→ φ(v1)

(c21,c
2
2)/(a

2
1,a

2
2)−−−−−−−−→ . . .

Ïðèìåð 15. Ðàññìîòðèì ïðîãðàììû π1, π
′
2 è êðèòåðèàëüíóþ ñèñòåìó K = (W , φ)

èç ïðèìåðîâ 11 è 13. Íà ðèñ. 12 ïîêàçàí ôðàãìåíò ãðàôà ΓKπ1,π′
2
, ñîäåðæàùèé φ-îáðàçû

âñåõ âåðøèí íà ðèñ. 11.

(s1, r1), 0

(s2, r3), 0

(s2, r2), 1

(s3, r4), 0 (s4, r4), 1

(s3, loop), 0

(s4, loop), 1

(s2, loop), 0 (s4, loop), 0

(s3, loop),−1
...

∗
c11/aab

c00/aaa

c01/aba
c11/aaa

c00/aba

c10/aaa
c00/aba, c01/aba, c10/aba, c11/aba

c11/aaa
c00/aba c00/aba, c11/aba

Ðèñ. 12. Ôðàãìåíò êðèòåðèàëüíîãî ãðàôà (ïðèìåð 15)

Óòâåðæäåíèå 16. Âõîäíûìè ïóòÿìè â ΓKπ1,π2 ÿâëÿþòñÿ âñå φ-îáðàçû âõîäíûõ
ïóòåé â ΓFπ1,π2 , è òîëüêî îíè.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî îáîñíîâàòü ñëåäóþùåå: 1) φ-îáðàçû âñåõ äîñòè-
æèìûõ âåðøèí ãðàôà ΓFπ1,π2 ÿâëÿþòñÿ âåðøèíàìè ãðàôà ΓKπ1,π2 ; 2) φ-îáðàçîì âõîäà
â ΓFπ1,π2 ÿâëÿåòñÿ âõîä â ΓKπ1,π2 ; 3) ìåòêè äóã, èñõîäÿùèõ â ΓFπ1,π2 èç äîñòèæèìîé âåð-
øèíû v, ñîâïàäàþò ñ ìåòêàìè äóã, èñõîäÿùèõ èç φ(v) â ΓKπ1,π2 ; 4) åñëè â ΓFπ1,π2 äóãà èç
äîñòèæèìîé âåðøèíû v çàõîäèò â δ, òî â ΓKπ1,π2 äóãà èç φ(v) ñ òîé æå ìåòêîé çàõîäèò
â φ(δ). Âñ¼ ýòî ñëåäóåò èç îïðåäåëåíèé ãðàôîâ ΓFπ1,π2 , Γ

K
π1,π2

è êðèòåðèàëüíîé ñèñòåìû
è óòâåðæäåíèé 13 è 15.

Óçåë ((s1, s2), w) ãðàôà ΓKπ1,π2 íàçîâ¼ì äîñòèæèìûì â ýòîì ãðàôå, åñëè îí äî-
ñòèæèì èç âõîäà, íåéòðàëüíûì, åñëè w ∈ Eφ, è îïðîâåðãàþùèì, åñëè âåðíî îäíî èç
ñëåäóþùèõ óñëîâèé:



Ýôôåêòèâíûå àëãîðèòìû ïðîâåðêè ýêâèâàëåíòíîñòè ïðîãðàìì Ìèëè 87

1) s1 ∈ EX1 è s2 /∈ EX2;
2) s1 /∈ EX1 è s2 ∈ EX2;
3) s1 ∈ EX1, s2 ∈ EX2 è w /∈ Eφ.
Ïðèìåð 16. Ñ ó÷¼òîì èçëîæåííîãî â ïðèìåðå 13 ñðåäè óçëîâ êðèòåðèàëüíîãî

ãðàôà íà ðèñ. 12 íåéòðàëüíûìè ÿâëÿþòñÿ âñå ïîìå÷åííûå ÷èñëîì 0, è òîëüêî îíè,
îïðîâåðãàþùèìè� âñå âûõîäû, êðîìå ((s3, r4), 0). Â ýòîì ãðàôå ñîäåðæèòñÿ áåñêî-
íå÷íî ìíîãî íåèçîáðàæ¼ííûõ îïðîâåðãàþùèõ óçëîâ � íàïðèìåð, íåäîñòèæèìûé óçåë
((s3, r4), 2).

Óòâåðæäåíèå 17. Äîñòèæèìûìè îïðîâåðãàþùèìè óçëàìè â ΓKπ1,π2 ÿâëÿþòñÿ
φ-îáðàçû âñåõ äîñòèæèìûõ îïðîâåðãàþùèõ âåðøèí ãðàôà ΓFπ1,π2 , è òîëüêî îíè.

Äîêàçàòåëüñòâî. Ñ ó÷¼òîì óòâåðæäåíèÿ 16 è óñòðîéñòâà φ-îáðàçîâ ïóòåé
äîñòàòî÷íî ïîêàçàòü, ÷òî äîñòèæèìàÿ âåðøèíà v ãðàôà ΓFπ1,π2 ÿâëÿåòñÿ îïðîâåðãà-
þùåé òîãäà è òîëüêî òîãäà, êîãäà óçåë φ(v) îïðîâåðãàþùèé. Ïîëîæèì, ÷òî v =
= ((s1, s2), (d1, d2)). Òîãäà ïî óòâåðæäåíèþ 13 âåðíî (d1, d2) ∈ BF , à çíà÷èò, φ(v) =
= ((s1, s2), w), ãäå w = φ(d1, d2). Îñòàëîñü çàìåòèòü, ÷òî ñîñòîÿíèÿ ïðîãðàìì â v è φ(v)
îäèíàêîâû è èç óòâåðæäåíèÿ 15 ñëåäóåò ðàâíîñèëüíîñòü (d1 = d2 ⇔ w ∈ Eφ).

Óòâåðæäåíèå 18. Ñîîòíîøåíèå π1 ≁F π2 âåðíî òîãäà è òîëüêî òîãäà, êîãäà
â ΓKπ1,π2 ñóùåñòâóåò äîñòèæèìûé îïðîâåðãàþùèé óçåë.

Äîêàçàòåëüñòâî. Ñëåäóåò èç óòâåðæäåíèé 17 è 14.

Óòâåðæäåíèå 19. Åñëè ñèñòåìà K k-îãðàíè÷åííàÿ, â ΓKπ1,π2 äîñòèæèìû óçëû
v1, . . . , vk+1, ãäå vi = ((s1, s2), wi), i ∈ {1, . . . , k + 1}, õîòÿ áû îäíî èç ñîñòîÿíèé s1, s2
çàâåðøàåìî è êðèòåðèè wi, i ∈ {1, . . . , k+ 1}, ïîïàðíî ðàçëè÷íû, òî π1 ≁F π2.

Äîêàçàòåëüñòâî. Ïîëîæèì, ÷òî ∥s1∥π1 ⩽ ∥s2∥π2 (åñëè ∥s1∥π1 > ∥s2∥π2 ,
òî äàëåå äîñòàòî÷íî ïîìåíÿòü ìåñòàìè èíäåêñû 1 è 2). Òîãäà â π1 ñóùåñòâó-

åò ïóòü èç s1 â âûõîä. Ðàññìîòðèì êðàò÷àéøèé òàêîé ïóòü p0
c1/a1−−−→ p1

c2/a2−−−→
. . .

cn/an−−−→ pn, p0 = s1, pn ∈ EX1. Òîãäà ïî óñòðîéñòâó êðèòåðèàëüíîãî ãðàôà,
óòâåðæäåíèþ 12 è íåðàâåíñòâó â íà÷àëå äîêàçàòåëüñòâà â ΓKπ1,π2 ñóùåñòâóþò ïóòè

vi
(c1,c1)/(a1,b1)−−−−−−−−→ ((p1, q1), w

i
1)

(c2,c2)/(a2,b2)−−−−−−−−→ . . .
(cn,cn)/(an,bn)−−−−−−−−→ ((pn, qn), w

i
n), i ∈ {1, . . . , k+ 1},

äëÿ íåêîòîðûõ q1, . . . , qn, b1, . . . , bn, w
1
1, . . . , w

1
n, . . . , w

k+1
1 , . . . , wk+1

n è ïðè ýòîì win =
= W(wi, a1 . . . an, b1 . . . bn). Çíà÷èò, ïî k-îãðàíè÷åííîñòè ñèñòåìû K õîòÿ áû äëÿ îäíîãî
i ∈ {1, . . . , k+ 1} âåðíî win /∈ Eφ. Òîãäà õîòÿ áû îäíà èç âåðøèí v′i = ((pn, qn), w

i
n) ÿâëÿ-

åòñÿ îïðîâåðãàþùåé, ïðè ýòîì âñå âåðøèíû v′i äîñòèæèìû â ΓKπ1,π2 è èç óòâåðæäåíèÿ 18
ñëåäóåò π1 ≁F π2.

6. Àëãîðèòì ïðîâåðêè ýêâèâàëåíòíîñòè ïðîãðàìì
Â îïèñàíèè è àíàëèçå àëãîðèòìà ïðîâåðêè ýêâèâàëåíòíîñòè ïðîãðàìì (àëãîðèò-

ìà 4) è âñïîìîãàòåëüíûõ àëãîðèòìîâ 1�3 ñ÷èòàåì çàäàííûìè êîíå÷íûå ìíîæåñòâà îïå-
ðàòîðîâ A è ëîãè÷åñêèõ óñëîâèé C, øêàëó F = (D, d0, ◦) è å¼ k-îãðàíè÷åííóþ êðèòåðè-
àëüíóþ ñèñòåìó K = (W , φ) ñî øêàëîé W = (W,w0,⊙) è íåêîòîðîé àëãîðèòìè÷åñêîé
ñîñòàâëÿþùåé. Äëÿ ñîõðàíåíèÿ ïîíÿòíîñòè èçëîæåíèÿ äåéñòâèÿ àëãîðèòìîâ îïèñûâà-
þòñÿ ¾âûñîêîóðîâíåâî¿ ñ èñïîëüçîâàíèåì ìàòåìàòè÷åñêîé òåðìèíîëîãèè. Â êîììåíòà-
ðèÿõ ïðèâîäÿòñÿ ¾íèçêîóðîâíåâûå¿ äåòàëè, íåîáõîäèìûå, â ÷èñëå ïðî÷åãî, äëÿ îöåíêè
ñëîæíîñòè àëãîðèòìîâ.

Áóäåì èñïîëüçîâàòü ñëåäóþùèå ñïîñîáû ïðåäñòàâëåíèÿ äàííûõ: A = {1, 2, . . . , na},
C = {1, 2, . . . , nc}; ìíîæåñòâî ñîñòîÿíèé S êàæäîé ïðîãðàììû èìååò âèä {1, 2, . . . , nS};
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ìíîæåñòâî âèäà {1, 2, . . . , n} ïðåäñòàâëÿåòñÿ ÷èñëîì n; îäíîìåñòíàÿ ôóíêöèÿ
f : {1, 2, . . . , n} → X � âåêòîðîì (f(1), f(2), . . . , f(n)); ìíîæåñòâî X ⊆ {1, 2, . . . , n}�
òàê æå, êàê ôóíêöèÿ f : {1, 2, . . . , n} → {0, 1}, çàäàþùàÿñÿ ðàâíîñèëüíîñòüþ
f(x)= 1 ⇔ x ∈ X. Äâóõìåñòíàÿ ôóíêöèÿ f : {1, 2, . . . , n1} × {1, 2, . . . , n2} → X (â òîì
÷èñëå ôóíêöèÿ ïåðåõîäîâ ïðîãðàììû) ïðåäñòàâëÿåòñÿ ìàòðèöåé, ãäå f(i, j)� çíà÷åíèå
ýëåìåíòà ìàòðèöû â i-é ñòðîêå è j-ì ñòîëáöå. Ïîñëåäîâàòåëüíîñòü íåôèêñèðîâàííîé
äëèíû çàäà¼òñÿ ñïèñêîì ýëåìåíòîâ, çà èñêëþ÷åíèåì öåïî÷êè: îíà ïðåäñòàâëÿåòñÿ âåê-
òîðîì ýëåìåíòîâ. Äëÿ öåïî÷êè ïåðåìåííîé äëèíû ñðàçó âûäåëÿåòñÿ ñòîëüêî ÿ÷ååê
ïàìÿòè, ñêîëüêî íåîáõîäèìî äëÿ õðàíåíèÿ ëþáîé öåïî÷êè äëèíû, ðàâíîé íàèáîëü-
øåìó èç ðàçìåðîâ ðàññìàòðèâàåìûõ ïðîãðàìì. Êîíå÷íîå ìíîæåñòâî äðóãèõ âèäîâ ïî
óìîë÷àíèþ ïðåäñòàâëÿåòñÿ ñïèñêîì ñâîèõ ýëåìåíòîâ � äîáàâëåíèå ýëåìåíòà ïðîèñõî-
äèò â êîíåö ñïèñêà, ïðîâåðêà ïðèíàäëåæíîñòè ýëåìåíòà ìíîæåñòâó ñîñòîèò â ïðîõîäå
ïî ñïèñêó ñ ïðîâåðêîé ðàâåíñòâà.

Àëãîðèòì 1. Ïîïîëíåíèå ïðîãðàììû

Âõîä: êîíå÷íàÿ ïðîãðàììà π = (S, en,EX, T ).
Âûõîä: ïîïîëíåíèå π′ ïðîãðàììû π.
1: Ïðîèçâîëüíî âûáðàòü çíà÷åíèÿ loop /∈ S è a ∈ A.

// Ïî âûáîðó ïðåäñòàâëåíèÿ ìíîæåñòâà ñîñòîÿíèé loop = nS + 1. Äëÿ îïðåäå-
ë¼ííîñòè âûáèðàåòñÿ a = 1.

2: Âåðíóòü (S ∪ {loop}, en, EX, T loop,a).
// Ìàòðèöó T loop,a ìîæíî âû÷èñëèòü òàê: óñòàíîâèòü âî âñåõ ñòðîêàõ ýòîé ìàò-

ðèöû, êðîìå ïîñëåäíåé, òå æå çíà÷åíèÿ, ÷òî è â T , à â êàæäîé ÿ÷åéêå ïîñëåäíåé
ñòðîêè� çíà÷åíèå (loop, a). Çàòåì çàìåíèòü êàæäîå çíà÷åíèå T loop,a(s, c) = ⊥, ãäå
s /∈ EX, íà T loop,a(s, c) = (loop, a).

Àëãîðèòì 2. Âû÷èñëåíèå çàâåðøàåìûõ ñîñòîÿíèé ïðîãðàììû

Âõîä: êîíå÷íàÿ ïîëíàÿ ïðîãðàììà π = (S, en,EX, T ).
Âûõîä: ìíîæåñòâî Sf âñåõ çàâåðøàåìûõ ñîñòîÿíèé ïðîãðàììû π.
1: Âû÷èñëèòü îðãðàô G, îáðàòíûé ê îðãðàôó π. Äîáàâèòü â G ïðîèçâîëüíûé ïðîñòîé
öèêë, ñîäåðæàùèé âñå âåðøèíû ìíîæåñòâà EX è òîëüêî èõ.
// Äëÿ îïðåäåë¼ííîñòè âûáèðàåòñÿ öèêë, â êîòîðîì âûõîäû ñîåäèíÿþòñÿ äó-

ãàìè ïî âîçðàñòàíèþ è ñàìûé áîëüøîé âûõîä ñîåäèíÿåòñÿ ñ ñàìûì ìàëåíüêèì.
Ãðàô G ïðåäñòàâëÿåòñÿ ñïèñêîì ñìåæíîñòè. Âû÷èñëåíèå ãðàôà G ïðîèçâîäèòñÿ
ïîëíûì ïåðåáîðîì ÿ÷ååê ìàòðèöû T ñ äîáàâëåíèåì ñîîòâåòñòâóþùèõ äóã è çàòåì
äîáàâëåíèåì äóã öèêëà.

2: Ïðîèçâîëüíî âûáðàòü âåðøèíó s ∈ EX è ïðèìåíèòü ê íåé è ãðàôó G ïîèñê â øè-
ðèíó [27], âû÷èñëÿþùèé ìíîæåñòâî X ñîñòîÿíèé, äîñòèæèìûõ èç s.

3: Âåðíóòü Sf = X.
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Àëãîðèòì 3. Îáõîä êðèòåðèàëüíîãî ãðàôà

Âõîä: êîíå÷íûå ïîëíûå ïðîãðàììû π1 = (S1, en1, EX1, T1) è π2 = (S2, en2, EX2, T2) è
ñîîòâåòñòâóþùèå ìíîæåñòâà Sf1 è S

f
2 âñåõ çàâåðøàåìûõ ñîñòîÿíèé ýòèõ ïðîãðàìì.

Âûõîä: îòâåò ¾Äà¿, åñëè π1 ∼F π2, è ¾Íåò¿ èíà÷å.
// Â àëãîðèòìå èñïîëüçóþòñÿ ñëåäóþùèå âñïîìîãàòåëüíûå çíà÷åíèÿ:

� íàáîð (s1, s2, w) ∈ S1 × S2 ×W , â íà÷àëå âûïîëíåíèÿ ðàâåí (en1, en2, w
0);

� ðàçìåòêà F : S1 × S2 → 2W , â íà÷àëå âûïîëíåíèÿ âñå çíà÷åíèÿ F ðàâíû ∅
(èñïîëüçóþòñÿ òîëüêî êîíå÷íûå ïîäìíîæåñòâà W );

� ìíîæåñòâî X ⊆ C× C, çíà÷åíèå â íà÷àëå âûïîëíåíèÿ íåâàæíî;

� êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü P ýëåìåíòîâ ìíîæåñòâà S1 × S2 × W × 2C×C,
â íà÷àëå âûïîëíåíèÿ ýòà ïîñëåäîâàòåëüíîñòü ïóñòà.

1: Åñëè
à) (s1 /∈ Sf1 è s2 /∈ Sf2 ) èëè
á) w ∈ F (s1, s2), òî

2: âûõîä, îòâåò ¾Äà¿.
3: Åñëè
a) (s1 ∈ EX1 è s2 /∈ EX2) èëè (s1 /∈ EX1 è s2 ∈ EX2) èëè (s1 ∈ EX1, s2 ∈ EX2 è
w /∈ Eφ) èëè
á) |F (s1, s2)| = k, òî

4: âûõîä, îòâåò ¾Íåò¿.
5: Äîáàâèòü â ìíîæåñòâî F (s1, s2) êðèòåðèé w.
6: Âû÷èñëèòü ìíîæåñòâî ïàð X ⊆ C× C: åñëè w ∈ Eφ, òî X = {(c, c) : c ∈ C}, èíà÷å
X = C× C.
// Äëÿ ïðîâåðêè w ∈ Eφ èñïîëüçóåòñÿ ðåçóëüòàò ïðîâåðêè w /∈ Eφ ñ øàãà 3.

7: Äëÿ âñåõ (c1, c2) ∈ X:
// Çíà÷åíèÿ (c1, c2) ïåðåáèðàþòñÿ â ïîðÿäêå ðàñïîëîæåíèÿ â ñïèñêå è óäàëÿ-

þòñÿ èç ñïèñêà ïðè ðàññìîòðåíèè.
8: Âû÷èñëèòü çíà÷åíèÿ (a1, r1) = T1(s1, c1) è (a2, r2) = T2(s2, c2).
9: Çàìåíèòü íàáîð (s1, s2, w) íà (r1, r2, w ⊙ (a1, a2)).

// Ïåðåä çàìåíîé íàáîð (s1, s2, w,X) äëÿ òåêóùåãî çíà÷åíèÿ X äîáàâëÿåòñÿ
â êîíåö ïîñëåäîâàòåëüíîñòè P .

10: Âûïîëíèòü òåëî àëãîðèòìà 3 (îñíîâíîé ðåêóðñèâíûé âûçîâ).
Åñëè åãî ðåçóëüòàò ¾Íåò¿, òî âûõîä, îòâåò ¾Íåò¿.

11: Âîññòàíîâèòü çíà÷åíèÿ (s1, s2, w) è X, êîòîðûå áûëè â íà÷àëå âûïîëíåíèÿ øà-
ãà 9.
// Çíà÷åíèÿ áåðóòñÿ èç ïîñëåäíåãî ýëåìåíòà P , ýòîò ýëåìåíò óäàëÿåòñÿ èç P .

12: Âåðíóòü ¾Äà¿.

Ëåììà 1. Àëãîðèòì 1 èìååò ñëîæíîñòüO(n), ãäå n�ðàçìåð ïðîãðàììû íà âõîäå.

Äîêàçàòåëüñòâî. Íà øàãå 1 âûïîëíÿåòñÿ O(1) äåéñòâèé. Íà øàãå 2 ïåðåáèðà-
þòñÿ (n + 1)nc = O(n) ÿ÷ååê ìàòðèöû T loop,a è äëÿ êàæäîé ÿ÷åéêè âûïîëíÿåòñÿ O(1)
äåéñòâèé. Çíà÷èò, ñóììàðíî ïîëó÷àåì O(n) äåéñòâèé.
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Ëåììà 2. Äëÿ ëþáîé êîíå÷íîé ïðîãðàììû π ðåçóëüòàò âûïîëíåíèÿ àëãîðèòìà 1
íà âõîäå π� ýòî ïîïîëíåíèå ïðîãðàììû π.

Äîêàçàòåëüñòâî. Ïóñòü π = (S, en,EX, T ). Àëãîðèòì 1 âûäà¼ò ïðîãðàììó
(S ∪ {loop}, en, EX, T loop,a) äëÿ íåêîòîðûõ loop /∈ S è a ∈ A, òî åñòü, ïî îïðåäåëå-
íèþ, ïîïîëíåíèå πloop,a ïðîãðàììû π.

Ëåììà 3. Àëãîðèòì 2 èìååò ñëîæíîñòüO(n), ãäå n�ðàçìåð ïðîãðàììû íà âõîäå.

Äîêàçàòåëüñòâî. Íà øàãå 1 ïðîñìàòðèâàåòñÿ nnc = O(n) ÿ÷ååê ìàòðèöû T è äëÿ
êàæäîé ÿ÷åéêè âûïîëíÿåòñÿ O(1) äåéñòâèé, ïîñëå ÷åãî çà O(n) äåéñòâèé äîáàâëÿåòñÿ
öèêë. Ïîèñê â øèðèíó íà øàãå 2 èìååò ñëîæíîñòü O(n), ñîãëàñíî [27] è òîìó, ÷òî
ïðîãðàììà èìååò O(n) ïåðåõîäîâ. Çíà÷èò, ñóììàðíî ïîëó÷àåì O(n) äåéñòâèé.

Ëåììà 4. Äëÿ ëþáîé êîíå÷íîé ïîëíîé ïðîãðàììû π ðåçóëüòàò âûïîëíåíèÿ àë-
ãîðèòìà 2 íà âõîäå π� ýòî ìíîæåñòâî âñåõ çàâåðøàåìûõ ñîñòîÿíèé ïðîãðàììû π.

Äîêàçàòåëüñòâî. Äîñòèæèìîñòü âåðøèíû t èç s ∈ EX íà øàãå 2 ðàâíîñèëüíà
äîñòèæèìîñòè t õîòÿ áû èç îäíîãî âûõîäà â ãðàôå, îáðàòíîì ê π, à ýòî ðàâíîñèëüíî
äîñòèæèìîñòè õîòÿ áû îäíîãî âûõîäà èç t â π, òî åñòü çàâåðøàåìîñòè t.

Ïóñòü çàäàíî âûïîëíåíèå E àëãîðèòìà 3. Áóäåì íàçûâàòü èòåðàöèåé âûïîëíåíèÿ E
îäíîêðàòíîå ïîñëåäîâàòåëüíîå âûïîëíåíèå øàãîâ 1�12, êðîìå äåéñòâèé â îñíîâíûõ ðå-
êóðñèâíûõ âûçîâàõ íà øàãå 10, çàïèñüþ E(i) îáîçíà÷èì i-þ èòåðàöèþ âûïîëíåíèÿ E
ïðè íóìåðàöèè ñ åäèíèöû ñ óïîðÿäî÷èâàíèåì ïî âðåìåíè íà÷àëà. Óçëîì èòåðàöèè I
íàçîâ¼ì çíà÷åíèå [I] = ((s1, s2), w) â íà÷àëå èòåðàöèè I. Èòåðàöèþ Ic áóäåì ñ÷èòàòü
ðåá¼íêîì èòåðàöèè Ip, åñëè èòåðàöèÿ Ic íà÷èíàåòñÿ îñíîâíûì ðåêóðñèâíûì âûçîâîì
íà øàãå 10 èòåðàöèè Ip, íàáîð çíà÷åíèé (c1, c2, a1, a2, r1, r2) â íà÷àëå ýòîãî øàãà áóäåì
íàçûâàòü ïåðåõîäíûì íàáîðîì èòåðàöèè Ic. Èòåðàöèîííûì ïóò¼ì íàçîâ¼ì ïóòü âè-

äà I0
(c1,ℓ1)/(a1,b1)−−−−−−−−→ I1

(c2,ℓ2)/(a2,b2)−−−−−−−−→ . . . , ãäå Ii+1 �ðåá¼íîê èòåðàöèè Ii è ci, ℓi, ai, bi �
ïåðâûå ÷åòûðå ýëåìåíòà ïåðåõîäíîãî íàáîðà Ii+1. Èòåðàöèîííûé ïóòü áóäåì íàçûâàòü
âõîäíûì, åñëè îí èñõîäèò èç èòåðàöèè E(1). Òðàññà èòåðàöèîííîãî ïóòè P �ïóòü, ïî-
ëó÷àþùèéñÿ èç P çàìåíîé êàæäîé èòåðàöèè íà å¼ óçåë; òðàññà èòåðàöèè I� òðàññà
âõîäíîãî èòåðàöèîííîãî ïóòè, âåäóùåãî â I.

Ëåììà 5. Äëÿ ëþáîé èòåðàöèè I ëþáîãî âûïîëíåíèÿ àëãîðèòìà 3 âåðíî ñëåäó-
þùåå: åñëè [I] = ((s1, s2), w) è â íà÷àëå èòåðàöèè I èìååò ìåñòî u ∈ F (s1, s2), òî
ñóùåñòâóåò èòåðàöèÿ I′ ñ ìåíüøèì íîìåðîì, äëÿ êîòîðîé [I′] = ((s1, s2), u).

Äîêàçàòåëüñòâî. Ïîëó÷èòü ýëåìåíò u â ìíîæåñòâå F (s1, s2) â íà÷àëå èòåðà-
öèè I ìîæíî, òîëüêî äîáàâèâ åãî âûïîëíåíèåì øàãà 5 äî íà÷àëà ýòîé èòåðàöèè, òî
åñòü íà øàãå 5 íåêîòîðîé èòåðàöèè I′ ñ ìåíüøèì íîìåðîì. Äëÿ òàêîãî äîáàâëåíèÿ u
íåîáõîäèìî ðàâåíñòâî [I′] = ((s1, s2), u).

Ëåììà 6. Â íà÷àëå ëþáîé èòåðàöèè ëþáîãî âûïîëíåíèÿ àëãîðèòìà 3 âåðíî
|F (s1, s2)| ⩽ k, ãäå s1 è s2 � ñîñòîÿíèÿ óçëà èòåðàöèè.

Äîêàçàòåëüñòâî. Â íà÷àëå âûïîëíåíèÿ àëãîðèòìà |F (s1, s2)| = 0 äëÿ âñåõ
s1 ∈ S1 è s2 ∈ S2. Çíà÷åíèÿ F èçìåíÿþòñÿ òîëüêî íà øàãå 5. Ïðè âûïîëíåíèè ýòî-
ãî øàãà ðàçìåð çíà÷åíèÿ F (s1, s2) äëÿ ñîñòîÿíèé s1, s2 óçëà èòåðàöèè óâåëè÷èâàåòñÿ
íà 1, à îñòàëüíûå çíà÷åíèÿ F íå èçìåíÿþòñÿ. Ïðè ýòîì óâåëè÷åíèå ðàçìåðà F (s1, s2)
íà øàãå 5 âîçìîæíî òîëüêî â òîì ñëó÷àå, åñëè íà ýòîé èòåðàöèè íå âûïîëíåíî óñëî-
âèå 3á, ýòî âîçìîæíî, òîëüêî åñëè |F (s1, s2)| < k, òîãäà ðàçìåð ýòîãî ìíîæåñòâà ïîñëå
äîáàâëåíèÿ ýëåìåíòà íå ïðåâîñõîäèò k.
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Ëåììà 7. Òðàññà ëþáîé èòåðàöèè I ëþáîãî âûïîëíåíèÿ àëãîðèòìà 3 ÿâëÿåòñÿ
âõîäíûì ìàðøðóòîì â ΓKπ1,π2 .

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíîå âûïîëíåíèå E àëãîðèòìà 3 è ïðè-
ìåíèì èíäóêöèþ ïî ñòðóêòóðå âõîäíîãî èòåðàöèîííîãî ïóòè, âåäóùåãî â I.

Á à ç à: åñëè I = E(1), òî [I] = ((en1, en2), w
0), òðàññà èòåðàöèè I ñîñòîèò èç îäíîãî

óçëà, è ýòîò óçåë � âõîä ãðàôà ΓKπ1,π2 .
È í ä ó ê ò è â í û é ï å ð å õ î ä: I�ðåá¼íîê èòåðàöèè Ip, è òðàññà èòåðàöèè Ip ÿâ-

ëÿåòñÿ âõîäíûì ìàðøðóòîì â ΓKπ1,π2 . Ïóñòü [Ip] = ((s1, s2), w) è (c1, c2, a1, a2, r1, r2)�
ïåðåõîäíûé íàáîð èòåðàöèè I. Ïî óñòðîéñòâó øàãà 10 è ñîîòâåòñòâóþùèì îïðåäåëå-
íèÿì òðàññà èòåðàöèè I ïîëó÷àåòñÿ èç òðàññû èòåðàöèè Ip ïðîäîëæåíèåì íà îäíó äóãó

t = (((s1, s2), w)
(c1,c2)/(a1,a2)−−−−−−−−→ ((r1, r2), w ⊙ (a1, a2))). Çíà÷èò, äîñòàòî÷íî ïîêàçàòü, ÷òî t

âõîäèò â ãðàô ΓKπ1,π2 .
Ïî óñòðîéñòâó øàãà 9 (a1, r1) = T1(s1, c1) è (a2, r2) = T2(s2, c2). Çíà÷èò, t âõîäèò

â ãðàô (π1 ⊗ π2) ⊕ W ïî îïðåäåëåíèþ ýòîãî ãðàôà. Ïî óñòðîéñòâó ìíîæåñòâà X íà
øàãå 6 åñëè w ∈ Eφ, òî c1 = c2. Çíà÷èò, â ëþáîì ñëó÷àå t ñîäåðæèòñÿ â ãðàôå ΓKπ1,π2 ïî
îïðåäåëåíèþ ýòîãî ãðàôà.

Â ëåììàõ 8�10 ñèìâîëîì n îáîçíà÷åíî çíà÷åíèå max(|π1|, |π2|) äëÿ ïðîãðàìì π1
è π2, ïîäàþùèõñÿ íà âõîä àëãîðèòìó 3.

Ëåììà 8. Â ëþáîì âûïîëíåíèè E àëãîðèòìà 3 ñîäåðæèòñÿ O(n2) èòåðàöèé.

Äîêàçàòåëüñòâî. Åñëè íà èòåðàöèè I âûïîëíÿåòñÿ øàã 5, òî âñå çíà÷åíèÿ F ,
êðîìå F (s1, s2), ãäå s1 è s2 � ñîñòîÿíèÿ óçëà [I], íå èçìåíÿþòñÿ, à ðàçìåð ìíîæåñòâà
F (s1, s2) óâåëè÷èâàåòñÿ íà 1 (òàê êàê åñëè âûïîëíÿåòñÿ øàã 5, òî íå âåðíî óñëîâèå 1á,
ò. å. äîáàâëÿåìûé êðèòåðèé íå ñîäåðæèòñÿ â F (s1, s2)). Èç ýòîãî è ëåììû 6 ñëåäóåò,
÷òî â E øàã 5 âûïîëíÿåòñÿ íå áîëåå k n2 ðàç. Íà êàæäîé èòåðàöèè øàãè 5 è 7 ëèáî îáà
íå âûïîëíÿþòñÿ, ëèáî îáà âûïîëíÿþòñÿ ïî îäíîìó ðàçó. Íà øàãå 7 íå áîëåå |X| ðàç,
ò. å. íå áîëåå |C|2 ðàç, âûïîëíÿåòñÿ îñíîâíîé ðåêóðñèâíûé âûçîâ, îòâå÷àþùèé îäíîìó
î÷åðåäíîìó ðåá¼íêó. Ñëåäîâàòåëüíî, íå áîëåå k n2 èòåðàöèé èìåþò äåòåé è êàæäàÿ
òàêàÿ èòåðàöèÿ èìååò íå áîëåå |C|2 äåòåé. Çíà÷èò, âñåãî â E ñîäåðæèòñÿ íå áîëåå (1 +
+ |C|2 k n2) = O(n2) èòåðàöèé.

Ëåììà 9. Êðèòåðèé w óçëà ëþáîé èòåðàöèè I ëþáîãî âûïîëíåíèÿ E àëãîðèòìà 3
ïðåäñòàâèì â âèäå w = W(h1, h2), ãäå h1, h2 ∈ A∗ è |h1| = |h2| = O(n2).

Äîêàçàòåëüñòâî. Åñëè I = E(1), òî [I] = ((en1, en2), w
0), w0 = W(λ, λ) è

äëèíû öåïî÷åê λ ðàâíû 0. Åñëè I�ðåá¼íîê èòåðàöèè Ip, [Ip] = ((s1, s2),W(g1, g2))
è (a1, a2, c1, c2, r1, r2)�ïåðåõîäíûé íàáîð èòåðàöèè I, òî [I] = ((r1, r2),W(g1a1, g2a2)), è
åñëè äëèíû öåïî÷åê g1 è g2 ðàâíû k, òî äëèíû öåïî÷åê g1a1 è g2a2 ðàâíû (k+ 1). Çíà-
÷èò, êðèòåðèé w óçëà ëþáîé èòåðàöèè I ïðåäñòàâèì â âèäå w = W(h1, h2), ãäå äëèíû
öåïî÷åê h1, h2 ðàâíû äëèíå âõîäíîãî èòåðàöèîííîãî ïóòè, âåäóùåãî â I. Äëèíà ýòîãî
ïóòè îöåíèâàåòñÿ êàê O(n2) ïî ëåììå 8 è ïîïàðíîé ðàçëè÷íîñòè èòåðàöèé â ëþáîì
èòåðàöèîííîì ïóòè.

Ëåììà 10. Àëãîðèòì 3 èìååò ñëîæíîñòü O(n2f(n2)) äëÿ íåêîòîðîé ôóíêöèè
f :N0→N0, óäîâëåòâîðÿþùåé ðàâåíñòâó f(m) = fK(O(m)), ãäå fK � ñëîæíîñòíàÿ õà-
ðàêòåðèñòèêà àëãîðèòìè÷åñêîé ñîñòàâëÿþùåé ñèñòåìû K, èñïîëüçóåìîé â àëãîðèòìå.

Äîêàçàòåëüñòâî. Ïî ëåììå 8 â ëþáîì âûïîëíåíèè E àëãîðèòìà 3 ñîäåðæèòñÿ
O(n2) èòåðàöèé. Ñëåäîâàòåëüíî, äîñòàòî÷íî ïîêàçàòü, ÷òî ëþáàÿ èòåðàöèÿ I âûïîëíå-
íèÿ E èìååò ñëîæíîñòü O(f(n2)) äëÿ ïîäõîäÿùåé ôóíêöèè f .
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Ïîëîæèì, ÷òî [I] = ((s1, s2), w). Ïî ëåììå 9 w = W(h1, h2) äëÿ íåêîòîðûõ
h1, h2 ∈ A∗, óäîâëåòâîðÿþùèõ ðàâåíñòâàì |h1| = |h2| = O(n2), è èç ýòîãî è óñòðîéñòâà
àëãîðèòìà 3 è åãî øàãà 5 ñëåäóåò, ÷òî âñå ýëåìåíòû ìíîæåñòâà F (s1, s2) ïðåäñòàâèìû

â âèäå W(g1, g2), ãäå g1, g2 ∈ A∗ è |g1| = |g2| = O(n2). Ïîëîæèì f(m) = fK(f̃(m)), ãäå

f̃(n2) = O(n2)� îáîçíà÷åííàÿ âûøå îöåíêà äëèí öåïî÷åê h1, h2, g1, g2. Ïî ëåììå 6 íà
êàæäîé èòåðàöèè ïðîâåðêà óñëîâèÿ 3á ñîäåðæèò íå áîëåå k = O(1) ïðîâåðîê ðàâåí-
ñòâà êðèòåðèåâ è ïðè ýòîé ïðîâåðêå âû÷èñëÿåìûé ðàçìåð ìíîæåñòâà íå ïðåâîñõîäèò
k = O(1). Íà ýòîì îñíîâûâàþòñÿ îöåíêè ñëîæíîñòè, èçëîæåííûå äàëåå.

Óñëîâèå 1à ïðîâåðÿåòñÿ çà O(1) äåéñòâèé, 1á � çà O(f(n2)), 3à � çà O(f(n2)), 3á �
çà O(1) äåéñòâèé. Øàã 5 âûïîëíÿåòñÿ çà O(f(n2)) äåéñòâèé. Íà øàãå 6 çà O(1) äåéñòâèé
âû÷èñëÿåòñÿ ìíîæåñòâî X, ñîäåðæàùåå O(1) ýëåìåíòîâ, è äëÿ êàæäîãî ýëåìåíòà íà
øàãàõ 7�11 èòåðàöèè âûïîëíÿåòñÿ O(f(n2)) äåéñòâèé. Çíà÷èò, ñóììàðíî íà âñåõ øàãàõ
èòåðàöèè âûïîëíÿåòñÿ O(f(n2)) äåéñòâèé.

Ëåììà 11. Äëÿ ëþáûõ êîíå÷íûõ ïîëíûõ ïðîãðàìì π1 è π2 è ìíîæåñòâ èõ çà-
âåðøàåìûõ ñîñòîÿíèé Sf1 è Sf2 âûïîëíåíèå àëãîðèòìà 3 íà âõîäå (π1, π2, S

f
1 , S

f
2 ) èìååò

ðåçóëüòàò ¾Íåò¿ òîãäà è òîëüêî òîãäà, êîãäà π1 ≁F π2.
Äîêàçàòåëüñòâî. Îáîçíà÷èì ñèìâîëîì E âûïîëíåíèå àëãîðèòìà 3 íà âõîäå

(π1, π2, S
f
1 , S

f
2 ).

Í å î á õ î ä è ì î ñ ò ü . Ïîëîæèì, ÷òî âûïîëíåíèå E èìååò ðåçóëüòàò ¾Íåò¿. Ïóñòü
E(n)�ïîñëåäíÿÿ èòåðàöèÿ âûïîëíåíèÿ E è [E(n)] = ((s1, s2), w). Èç îòâåòà ¾Íåò¿ è
óñòðîéñòâà àëãîðèòìà ñëåäóåò, ÷òî íà èòåðàöèè E(n) íå âûïîëíåíû óñëîâèÿ øàãà 1 è
âûïîëíåíî õîòÿ áû îäíî èç óñëîâèé øàãà 3. Ïî ëåììå 7 â ΓKπ1,π2 äîñòèæèì óçåë [E(n)].

Åñëè íà èòåðàöèè E(n) âûïîëíåíî óñëîâèå 3à, òî óçåë [E(n)] îïðîâåðãàþùèé è
ñîîòíîøåíèå π1 ≁F π2 ñëåäóåò èç óòâåðæäåíèÿ 18. Äàëåå ïîëàãàåì, ÷òî íà E(n) âûïîë-
íåíî |F (s1, s2)| = k. Òàê êàê íå âûïîëíåíî óñëîâèå 1á, âñå ýëåìåíòû F (s1, s2) îòëè÷íû
îò w (è ïîïàðíî ðàçëè÷íû). Ïî ëåììå 5 ñóùåñòâóþò èòåðàöèè âûïîëíåíèÿ E ñ óçëà-
ìè ((s1, s2), u) äëÿ âñåõ u ∈ F (s1, s2). Ïî ëåììå 7 âñå ýòè óçëû äîñòèæèìû â ΓKπ1,π2 .
Òàê êàê íå âûïîëíåíî óñëîâèå 1à, õîòÿ áû îäíî èç ñîñòîÿíèé s1, s2 çàâåðøàåìî. Òîãäà
ñîîòíîøåíèå π1 ≁F π2 ñëåäóåò èç óòâåðæäåíèÿ 19.

Ä î ñ ò à ò î ÷ í î ñ ò ü . Ïîëîæèì, ÷òî π1 ≁F π2. Ïî óñòðîéñòâó àëãîðèòìà 3 äîñòà-
òî÷íî ïîêàçàòü: à) íà øàãå 2 èòåðàöèè E(1) íå âûäà¼òñÿ îòâåò ¾Äà¿; á) íà øàãå 4
õîòÿ áû îäíîé èòåðàöèè I âûïîëíåíèÿ E âûäà¼òñÿ îòâåò ¾Íåò¿� òîãäà, ñîãëàñíî øà-
ãó 10, íà âñåõ èòåðàöèÿõ âõîäíîãî èòåðàöèîííîãî ïóòè â I âûäà¼òñÿ îòâåò ¾Íåò¿, â òîì
÷èñëå íà èòåðàöèè E(1), íà÷èíàþùåé ýòîò ïóòü è ïðåäîñòàâëÿþùåé îòâåò àëãîðèòìà.
Ïîêàæåì ýòî:

à) Óñëîâèå 1à íå âûïîëíåíî íà èòåðàöèè E(1)�èíà÷å âõîäû îáåèõ ïðîãðàìì íåçà-
âåðøàåìû è âñå âû÷èñëåíèÿ ýòèõ ïðîãðàìì èìåþò ðåçóëüòàò ⊥, à çíà÷èò, ïðîãðàììû
F -ýêâèâàëåíòíû, ÷òî ïðîòèâîðå÷èò ïðåäïîëîæåíèþ äîñòàòî÷íîñòè. Ïî îïèñàíèþ àë-
ãîðèòìà â íà÷àëå èòåðàöèè E(1) âåðíî F (s1, s2) = ∅. Çíà÷èò, è óñëîâèå 1á íå âûïîëíåíî
íà èòåðàöèè E(1), è îòâåò ¾Äà¿ íà øàãå 1 ýòîé èòåðàöèè íå âûäà¼òñÿ.

á) Ïî óòâåðæäåíèþ 18 â ãðàôå ΓKπ1,π2 ñóùåñòâóåò âõîäíîé ìàðøðóò ρ =

= (v0
(c1,ℓ1)/(a1,b1)−−−−−−−−→ v1

(c2,ℓ2)/(a2,b2)−−−−−−−−→ . . .
(cn,ℓn)/(an,bn)−−−−−−−−→ vn) â íåêîòîðûé îïðîâåðãàþùèé

óçåë vn. Ïîëîæèì, ÷òî vi = ((si, ri), wi) è sn ∈ EX1 (èíà÷å ïî îïðåäåëåíèþ îïðîâåð-
ãàþùåãî óçëà rn ∈ EX2 è â äàëüíåéøèõ ðàññóæäåíèÿõ äîñòàòî÷íî ïîìåíÿòü ðîëÿìè
(si, ci, ai) è (ri, ℓi, bi) è èíäåêñû 1 è 2, îòíîñÿùèåñÿ ê ïðîãðàììàì). Âîçìîæíû äâà ñëó-
÷àÿ:
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Ñ ë ó ÷ à é 1: vn ÿâëÿåòñÿ óçëîì êàêîé-ëèáî èòåðàöèè âûïîëíåíèÿ E. Ðàññìîòðèì
èòåðàöèþ E(m) ñ íàèìåíüøèì íîìåðîì m, óçëîì êîòîðîé ÿâëÿåòñÿ vn. Óñëîâèå 1à íå
âûïîëíåíî íà E(m), òàê êàê sn çàâåðøàåìî. Óñëîâèå 1á òàêæå íå âûïîëíåíî íà E(m)�
èíà÷å ïî ëåììå 5 ñóùåñòâîâàëà áû èòåðàöèÿ E(m′) ñ íîìåðîì m′ < m è óçëîì vn,
÷åãî íå ìîæåò áûòü ïî âûáîðó m. Çíà÷èò, íà èòåðàöèè E(m) íà øàãå 2 íå âûäà¼òñÿ
îòâåò ¾Äà¿ è âûïîëíÿåòñÿ øàã 3. Òàê êàê óçåë vn îïðîâåðãàþùèé, íà èòåðàöèè E(m)
âûïîëíåíî óñëîâèå 3à è íà øàãå 4 âûäà¼òñÿ îòâåò ¾Íåò¿.

Ñ ë ó ÷ à é 2: vn íå ÿâëÿåòñÿ óçëîì íè îäíîé èòåðàöèè âûïîëíåíèÿ E. Ðàññìîòðèì
íàèìåíüøèé íîìåð k, äëÿ êîòîðîãî vk+1 íå ÿâëÿåòñÿ óçëîì íè îäíîé èòåðàöèè âû-
ïîëíåíèÿ E. Òàê êàê v0 = [E(1)], òî k ∈ {0, 1, . . . , n − 1}. Ðàññìîòðèì èòåðàöèþ E(m)
ñ íàèìåíüøèì íîìåðîì m, óçëîì êîòîðîé ÿâëÿåòñÿ vk. Ïî óòâåðæäåíèÿì 16, 12 è 1
â π1 ñóùåñòâóåò ïóòü èç sk â sn. Çíà÷èò, ñîñòîÿíèå sk çàâåðøàåìî è óñëîâèå 1à íå âû-
ïîëíåíî íà E(m). Óñëîâèå 1á íå âûïîëíåíî íà E(m) ïî òåì æå ñîîáðàæåíèÿì, ÷òî è
â ñëó÷àå 1. Çíà÷èò, íà øàãå 2 èòåðàöèè E(m) íå âûäà¼òñÿ îòâåò ¾Äà¿.

Ïðåäïîëîæèì îò ïðîòèâíîãî, ÷òî íà øàãå 4 èòåðàöèè E(m) íå âûäà¼òñÿ îòâåò
¾Íåò¿. Òîãäà íà èòåðàöèè E(m) âûïîëíÿþòñÿ øàãè 6�11. Ñîãëàñíî óñòðîéñòâó øà-
ãîâ 6�11 è îïðåäåëåíèþ ãðàôà ΓKπ1,π2 , âåðíî (ck+1, ℓk+1) ∈ X è ó èòåðàöèè E(m) åñòü
ðåá¼íîê Ic, äëÿ êîòîðîãî ëîãè÷åñêèìè óñëîâèÿìè ïåðåõîäíîãî íàáîðà ÿâëÿþòñÿ ck+1

è ℓk+1 è [Ic] = vk+1. Ïîëó÷åíî ïðîòèâîðå÷èå ñ òåì, ÷òî vk+1 ïî âûáîðó k íå ÿâëÿåòñÿ
óçëîì íè îäíîé èòåðàöèè.

Àëãîðèòì 4. Ïðîâåðêà ýêâèâàëåíòíîñòè ïðîãðàìì

Âõîä: êîíå÷íûå ïðîãðàììû π1 = (S1, en1, EX1, T1) è π2 = (S2, en2, EX2, T2).
Âûõîä: îòâåò ¾Äà¿, åñëè π1 ∼F π2, è ¾Íåò¿ èíà÷å.
1: Âû÷èñëèòü çíà÷åíèÿ π′1 = A1(π1), π

′
2 = A1(π2), S

f
1 = A2(π

′
1) è S

f
2 = A2(π

′
2), ãäå A1

è A2 � àëãîðèòìû 1 è 2 ñîîòâåòñòâåííî.
2: Âû÷èñëèòü è âåðíóòü çíà÷åíèå A3(π

′
1, π

′
2, S

f
1 , S

f
2 ), ãäå A3 � àëãîðèòì 3.

Òåîðåìà 1. Àëãîðèòì 4 èìååò ñëîæíîñòü O(n2f(n2)) äëÿ íåêîòîðîé ôóíêöèè
f : N0 → N0, óäîâëåòâîðÿþùåé ðàâåíñòâó f(m) = fK(O(m)), ãäå n = max(|π1|, |π2|)
äëÿ ïðîãðàìì π1 è π2 íà âõîäå è fK � ñëîæíîñòíàÿ õàðàêòåðèñòèêà àëãîðèòìè÷åñêîé
ñîñòàâëÿþùåé ñèñòåìû K, èñïîëüçóåìîé â àëãîðèòìå 4.

Äîêàçàòåëüñòâî. Ïî ëåììàì 1 è 3, øàã 1 èìååò ñëîæíîñòü O(n). Ïî óñòðîéñòâó
ïîïîëíåíèÿ ïðîãðàììû |π′1| = |π1| + 1 è |π′2| = |π2| + 1. Çíà÷èò, íà øàãå 2 àëãîðèòì 3
âûïîëíÿåòñÿ íà ïðîãðàììàõ ðàçìåðà íå áîëåå n+1; ïî ëåììå 10 øàã 2 èìååò ñëîæíîñòü
O((n+1)2f(n2)) = O(n2f(n2)) äëÿ íåêîòîðîé f , äëÿ êîòîðîé f(m2) = fK(O((m+1)2)) =
= fK(O(m2)), à çíà÷èò, f(m) = fK(O(m)).

Òåîðåìà 2. Äëÿ ëþáûõ êîíå÷íûõ ïðîãðàìì π1 è π2 âûïîëíåíèå àëãîðèòìà 4 íà
âõîäå (π1, π2) èìååò ðåçóëüòàò ¾Äà¿ òîãäà è òîëüêî òîãäà, êîãäà π1 ∼F π2.

Äîêàçàòåëüñòâî. Ñëåäóåò èç óñòðîéñòâà àëãîðèòìà, óòâåðæäåíèÿ 4 è ëåìì 2,
4 è 11.

Ïðèìåð 17. Ðàññìîòðèì ïðîãðàììû π1, π2 èç ïðèìåðà 1, øêàëó F0,0 èç ïðèìå-
ðà 2, 1-îãðàíè÷åííóþ êðèòåðèàëüíóþ ñèñòåìó K = (W , φ) èç ïðèìåðà 13 è àëãîðèò-
ìè÷åñêóþ ñîñòàâëÿþùóþ ýòîé ñèñòåìû ñî ñëîæíîñòíîé õàðàêòåðèñòèêîé O(1), êàê
îòìå÷åíî â ïðèìåðå 14. Òîãäà àëãîðèòì ïðîâåðêè ýêâèâàëåíòíîñòè (àëãîðèòì 4) âû-

ïîëíÿåòñÿ ñëåäóþùèì îáðàçîì. Íà øàãå 1 âû÷èñëÿþòñÿ ïðîãðàììû π′1 = πloop′,a
1 è
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π′2 = πloop,a
2 è ìíîæåñòâà Sf1 = {loop′} è Sf2 = {loop} (ïðîãðàììà π′2 ïðåäñòàâëåíà íà

ðèñ. 7). Íà øàãå 2 âûïîëíåíèå àëãîðèòìà 3 ïðåäñòàâëÿåò ñîáîé îáõîä ãðàôà ΓKπ′
1,π

′
2
â

ãëóáèíó [27] ñ ïðîèçâîëüíûì âûáîðîì ïîðÿäêà èñõîäÿùèõ äóã. Ñîñòîÿíèå loop′ íåäî-
ñòèæèìî èç âõîäà â π′1, ïîýòîìó îáõîäÿòñÿ òîëüêî óçëû ãðàôà ΓKπ1,π′

2
(ôðàãìåíò ýòîãî

ãðàôà ïðåäñòàâëåí íà ðèñ. 12), è óñëîâèå 1à àëãîðèòìà 3 íå âûïîëíÿåòñÿ íè äëÿ îä-
íîãî ïîñåù¼ííîãî óçëà. Åñëè óçåë ïîñåùàåòñÿ áîëüøå îäíîãî ðàçà, òî ïî óñëîâèþ 1á
àëãîðèòìà 3 äóãè, èñõîäÿùèå èç ýòîãî óçëà, íå èññëåäóþòñÿ, ÷òî ñîîòâåòñòâóåò îáõîäó
â ãëóáèíó. Åñëè ïîñåùàåòñÿ îïðîâåðãàþùèé óçåë (êàê, íàïðèìåð, îòìå÷åííûå â ïðè-
ìåðå 16), òî ïî óñëîâèþ 3à àëãîðèòìà 3 àëãîðèòì 4 çàâåðøàåòñÿ ñ îòâåòîì ¾Íåò¿. Åñëè
ïîñåùàþòñÿ óçëû âèäà ((s, r), n1) è ((s, r), n2), ãäå n1 ̸= n2 (íàïðèìåð, óçëû ((s3, loop), 0)
è ((s3, loop),−1) íà ðèñ. 12), òî ïî 1-îãðàíè÷åííîñòè ñèñòåìû K è óñëîâèþ 3á àëãî-
ðèòìà 3 àëãîðèòì 4 çàâåðøàåòñÿ ñ îòâåòîì ¾Íåò¿. Åñëè îáõîä ãðàôà çàâåðøàåòñÿ áåç
îòâåòà ¾Íåò¿ ïî óêàçàííûì ïðè÷èíàì, òî àëãîðèòì 4 çàâåðøàåòñÿ ñ îòâåòîì ¾Äà¿. Â
äàííîì ïðèìåðå àëãîðèòì îáÿçàòåëüíî çàâåðøàåòñÿ ñ îòâåòîì ¾Íåò¿ â ñâÿçè ñ íàëè-
÷èåì îòìå÷åííûõ âûøå óçëîâ, ýòèì îáîñíîâûâàåòñÿ ñîîòíîøåíèå π1 ≁F0,0 π2.

7. Ïðèìåíåíèå àëãîðèòìà ïðîâåðêè ýêâèâàëåíòíîñòè ïðîãðàìì
Ðàññìîòðèì A-ìîíîèä M = (M, ε, ◦). Çàïèñüþ BM îáîçíà÷èì ïîäìîíîèä ìîíîèäà

M×M ñ ìíîæåñòâîì ýëåìåíòîâ {(M(h),M(g)) : h, g ∈ A∗, |h| = |g|}; çàïèñüþ FM �
øêàëó ìîíîèäà M, ïîëó÷àþùóþñÿ èçM çàìåíîé îïåðàöèè ◦ íà å¼ ñóæåíèå íà ìíîæå-
ñòâî M × A. Ìîíîèäàëüíîé ñèñòåìîé äëÿ M íàçîâ¼ì ñèñòåìó K = (W ,U , w+, w∗, φ),
ãäå W = (W, ϵ,⊙)�êîíå÷íî ïîðîæä¼ííûé ìîíîèä; U � åãî ïîäìîíîèä; w+, w∗ ∈ W ;
φ� ãîìîìîðôèçì ìîíîèäà BM íà U è äëÿ ëþáîé ïàðû (m1,m2) ∈ BM ñïðàâåäëè-
âà ðàâíîñèëüíîñòü m1 = m2 ⇔ w+ ⊙ φ(m1,m2) ⊙ w∗ = ϵ. Òàêóþ ñèñòåìó K íàçîâ¼ì
k-îãðàíè÷åííîé, åñëè äëÿ ëþáîãî ýëåìåíòà w ∈ U ·w∗ ñóùåñòâóåò íå áîëåå k ýëåìåíòîâ
u ∈ w+ · U , óäîâëåòâîðÿþùèõ ðàâåíñòâó u ⊙ w = ϵ. Ïðîèçâîäíîé ñèñòåìîé äëÿ K
íàçîâ¼ì ïàðó K′ = (W ′, ψ), â êîòîðîé W ′ = (W ′, w+,⊖), W ′ = w+ ⊙ U , ψ : BFM → W ′

çàäà¼òñÿ ðàâåíñòâîì ψ(m1,m2) = w+⊙φ(m1,m2) è ⊖ : W ′×(A×A) → W ′ �ðàâåíñòâîì
w ⊖ (a, b) = w ⊙ φ(a, b).

Ïðèìåð 18. Øêàëà F0,0 èç ïðèìåðà 2 � ýòî øêàëà ñâîáîäíîãî êîììóòàòèâíîãî
ìîíîèäà M, ïîðîæä¼ííîãî ìíîæåñòâîì A = {a, b}. 1-Îãðàíè÷åííàÿ ìîíîèäàëüíàÿ
ñèñòåìà K = (W ,U , w+, w∗, φ) äëÿ M ìîæåò áûòü óñòðîåíà òàê: W = U = (Z, 0,+);
w+ = w∗ = 0; φ(M(h),M(g)) = (n−m), ãäå n è m�êîëè÷åñòâî áóêâ a â ñëîâàõ h è g
ñîîòâåòñòâåííî. Êðèòåðèàëüíàÿ ñèñòåìà èç ïðèìåðà 13 ÿâëÿåòñÿ ïðîèçâîäíîé ñèñòåìîé
äëÿ K.

Ëåììà 12. Ïóñòü M�A-ìîíîèä, K� åãî ìîíîèäàëüíàÿ ñèñòåìà è K′ � ñèñòåìà,
ïðîèçâîäíàÿ äëÿ K. Òîãäà K′ � ýòî êðèòåðèàëüíàÿ ñèñòåìà øêàëû FM, è ñèñòåìà K
k-îãðàíè÷åííà òîãäà è òîëüêî òîãäà, êîãäà k-îãðàíè÷åííà ñèñòåìà K′.

Äîêàçàòåëüñòâî. Ïîëîæèì, ÷òî M, K è K′ èìåþò òàêîé âèä, êàê â îïðåäåëå-
íèÿõ ïåðåä ëåììîé, è FM = (M, ε, ·). Çàìåòèì, ÷òî RFM = M (òàê êàê M ïîðîæä¼í
ìíîæåñòâîì A) è ìíîæåñòâî ýëåìåíòîâ ìîíîèäà BM åñòü BFM . Òîãäà âåðíî ñëåäóþùåå
(ïî ñîîòâåòñòâóþùèì îïðåäåëåíèÿì):

1) ψ(ε, ε) = w+ ⊙ φ(ε, ε) = w+ ⊙ ϵ = w+;
2) äëÿ ëþáûõ m1,m2 ∈ M èìååò ìåñòî ψ(m1,m2) ⊖ (a, b) = w+ ⊙ φ(m1,m2) ⊙

⊙ φ(a, b) = w+ ⊙ φ(m1 ◦ a,m1 ◦ b) = ψ(m1 · a,m2 · b);
3) äëÿ ëþáûõ m1,m2 ∈ BM åñëè w+ ⊙ φ(m1,m2) ∈ Eψ, òî ñóùåñòâóåò m ∈ M,

óäîâëåòâîðÿþùèé ðàâåíñòâó w+ ⊙ φ(m1,m2) = ψ(m,m), ò. å. w+ ⊙ φ(m1,m2) =
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= w+ ⊙ φ(m,m), à çíà÷èò, w+ ⊙ φ(m1,m2) ⊙ w∗ = w+ ⊙ φ(m,m) ⊙ w∗, ïðè
ýòîì ïî îïðåäåëåíèþ ìîíîèäàëüíîé ñèñòåìû w+ ⊙ φ(m,m) ⊙ w∗ = ϵ, à çíà÷èò,
w+ ⊙ φ(m1,m2)⊙ w∗ = ϵ; ïî òîìó æå îïðåäåëåíèþ m1 = m2;

4) äëÿ ëþáûõ (m1,m2) ∈ BM åñëè ψ(m1,m2) ∈ Eψ, òî w+⊙φ(m1,m2) ∈ Eψ è ïî ï. 3
âåðíî m1 = m2.

Èç ïï. 1, 2 è 4 ñëåäóåò, ÷òî K′ �êðèòåðèàëüíàÿ ñèñòåìà äëÿ FM.
Ïîëîæèì, ÷òî ñèñòåìàK′ íå k-îãðàíè÷åííà. Òîãäà ñóùåñòâóþò öåïî÷êè h = a1 . . . ak,

g = b1 . . . bk è ïîïàðíî ðàçëè÷íûå êðèòåðèè w1, . . . , wk+1 ∈ W ′ = w+ ⊙ U , óäîâëå-
òâîðÿþùèå ñîîòíîøåíèþ W ′(wi, h, g) ∈ Eψ äëÿ âñåõ i ∈ {1, . . . , k + 1}. Ïðè ýòîì
W ′(wi, h, g) = wi⊖(a1, b1)⊖ . . .⊖(ak, bk) = wi⊙φ(a1, b1)⊙· · ·⊙φ(ak, bk) = wi⊙φ(m1,m2)
äëÿ m1 = M(h) è m2 = M(g). Ñîîòíîøåíèå wi ∈ w+ ⊙ U îçíà÷àåò, ÷òî wi
ïðåäñòàâèì â âèäå w+ ⊙ φ(mi

1,m
i
2) äëÿ íåêîòîðîé ïàðû (mi

1,m
i
2) ∈ BM. Çíà÷èò,

wi ⊙ φ(m1,m2) = w+ ⊙ φ(mi
1,m

i
2) ⊙ φ(m1,m2) = w+ ⊙ φ(mi

1 ◦ m1,m
i
2 ◦ m2) ∈ Eψ,

ïî äîêàçàííîìó ï. 3 mi
1 ◦ m1 = mi

2 ◦ m2 è ïî îïðåäåëåíèþ ìîíîèäàëüíîé ñèñòåìû
w+ ⊙ φ(mi

1,m
i
2) ⊙ φ(m1,m2) ⊙ w∗ = ϵ. Òî åñòü ñóùåñòâóþò w′ = w ⊙ w∗ ∈ U ⊙ w∗ è

ïîïàðíî ðàçëè÷íûå wi ∈ w+ ⊙ U , i ∈ {1, . . . , k+ 1}, äëÿ êîòîðûõ wi ⊙ w′ = ϵ. Ñëåäîâà-
òåëüíî, ñèñòåìà K íå k-îãðàíè÷åííà.

Ïîëîæèì, ÷òî ñèñòåìà K íå k-îãðàíè÷åííà. Òîãäà ñóùåñòâóþò w ∈ U⊙w∗ è ïîïàðíî
ðàçëè÷íûå w1, . . . , wk+1 ∈ w+ ⊙ U , äëÿ êîòîðûõ wi ⊙ w = ϵ. Ïî óñòðîéñòâó êëàññîâ
U ⊙ w∗ è w+ ⊙ U , w = φ(m1,m2) ⊙ w∗ äëÿ íåêîòîðîé ïàðû (m1,m2) ∈ BM è wi =
= w+ ⊙ φ(mi

1,m
i
2) äëÿ íåêîòîðîé ïàðû (mi

1,m
i
2) ∈ BM äëÿ êàæäîãî i ∈ {1, . . . , k + 1}.

Òîãäà äëÿ êàæäîãî òàêîãî i âåðíî ñëåäóþùåå (ïî ñîîòâåòñòâóþùèì îïðåäåëåíèÿì):
w+ ⊙ φ(mi

1 ◦ m1,m
i
2 ◦ m2) ⊙ w∗ = w+ ⊙ φ(mi

1,m
i
2) ⊙ φ(m1,m2) ⊙ w∗ = wi ⊙ w = ϵ;

mi
1 ◦m1 = mi

2 ◦m2 ïî îïðåäåëåíèþ ìîíîèäàëüíîé ñèñòåìû; ψ(mi
1 ◦m1,m

i
2 ◦m2) ∈ Eψ

ïî óòâåðæäåíèþ 15; m1 = M(h) è m2 = M(g) äëÿ íåêîòîðûõ öåïî÷åê h, g îäèíàêîâîé
äëèíû, òàê êàê A�ìíîæåñòâî îáðàçóþùèõ ìîíîèäà M è (m1,m2) ∈ BM. Ïîëîæèì,
÷òî h = a1 . . . ak è g = b1 . . . bk, ãäå k ∈ N0 è a1, . . . , ak, b1, . . . , bk ∈ A; ψ(mi

1◦m1,m
i
2◦m2) =

= w+⊙φ(mi
1◦m1,m

i
2◦m2) = w+⊙φ(mi

1,m
i
2)⊙φ(a1, b1)⊙. . .⊙φ(ak, bk) = wi⊖(a1, b1)⊖. . .⊖

⊖ (ak, bk) = W ′(wi, h, g). Çíà÷èò, W ′(wi, h, g) ∈ Eψ, è òàê êàê ýòî âåðíî äëÿ âñåõ i ∈
∈ {1, . . . , k+ 1}, òî ñèñòåìà K′ íå ÿâëÿåòñÿ k-îãðàíè÷åííîé.

Ìîíîèäîì óñëîâíîé ýêâèâàëåíòíîñòè îòíîñèòåëüíî ìíîæåñòâà J ⊆ A × A × A
íàçîâ¼ì A-ìîíîèä ñ îïðåäåëÿþùèìè ñîîòíîøåíèÿìè {ca = cb : (a, b, c) ∈ J}. Èç ëåì-
ìû 12, óñòðîéñòâà è ñâîéñòâ ìîíîèäàëüíûõ ñèñòåì, îïèñàííûõ â [4, ðàçä. 5] (òàì îíè
íàçûâàþòñÿ êðèòåðèàëüíûìè ñèñòåìàìè), è óñòðîéñòâà ñîîòâåòñòâóþùèõ ïðîèçâîä-
íûõ ñèñòåì ñëåäóþò ïðèâåä¼ííûå äàëåå ëåììû 13�16.

Ëåììà 13. Äëÿ ñâîáîäíîãî A-ìîíîèäà M ñóùåñòâóþò 1-îãðàíè÷åííàÿ êðèòåðè-
àëüíàÿ ñèñòåìà K øêàëû FM è å¼ àëãîðèòìè÷åñêàÿ ñîñòàâëÿþùàÿ ñî ñëîæíîñòíîé
õàðàêòåðèñòèêîé fK(n) = O(1).

Ëåììà 14. Äëÿ ñâîáîäíîãî êîììóòàòèâíîãî A-ìîíîèäà M ñóùåñòâóþò 1-îãðà-
íè÷åííàÿ êðèòåðèàëüíàÿ ñèñòåìà K øêàëû FM è å¼ àëãîðèòìè÷åñêàÿ ñîñòàâëÿþùàÿ
ñî ñëîæíîñòíîé õàðàêòåðèñòèêîé fK(n) = O(1).

Ëåììà 15. Äëÿ ëþáîãî ÷àñòè÷íî êîììóòàòèâíîãî A-ìîíîèäà M ñóùåñòâóþò
1-îãðàíè÷åííàÿ êðèòåðèàëüíàÿ ñèñòåìà K øêàëû FM è å¼ àëãîðèòìè÷åñêàÿ ñîñòàâ-
ëÿþùàÿ ñî ñëîæíîñòíîé õàðàêòåðèñòèêîé fK(n) = O(n).

Ëåììà 16. Äëÿ ëþáîãî ìîíîèäà óñëîâíîé ýêâèâàëåíòíîñòè M ñóùåñòâóþò
2|A|-îãðàíè÷åííàÿ êðèòåðèàëüíàÿ ñèñòåìà K øêàëû FM è å¼ àëãîðèòìè÷åñêàÿ ñîñòàâ-
ëÿþùàÿ ñî ñëîæíîñòíîé õàðàêòåðèñòèêîé fK(n) = O(1).
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Íà îñíîâàíèè ýòèõ ëåìì è àëãîðèòìà 4 ìîæíî ïîëó÷èòü ñîîòâåòñòâóþùèå ðåçóëü-
òàòû î ïðîâåðêå ýêâèâàëåíòíîñòè ïðîãðàìì, ïðèâåä¼ííûå äàëåå â òåîðåìàõ 3�6. Ïðè-
êëàäíûå ïðè÷èíû ðàññìîòðåíèÿ øêàë, äëÿ êîòîðûõ ñôîðìóëèðîâàíû ýòè òåîðåìû,
ìîæíî ïîäðîáíî èçó÷èòü, íàïðèìåð, â [4].

Òåîðåìà 3. Ñóùåñòâóåò àëãîðèòì ïðîâåðêè ñèëüíîé ýêâèâàëåíòíîñòè ïðîïîçè-
öèîíàëüíûõ ïðîãðàìì Ìèëè, èìåþùèé ñëîæíîñòü O(n2).

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ñèëüíàÿ ýêâèâàëåíòíîñòü ïðîãðàìì ðàâíîñèëü-
íà èõ ýêâèâàëåíòíîñòè íà øêàëå ñâîáîäíîãî ìîíîèäà: íåîáõîäèìîñòü � ïî îïðåäåëåíèþ
ñèëüíîé ýêâèâàëåíòíîñòè, äîñòàòî÷íîñòü ñôîðìóëèðîâàíà â [4, ñëåäñòâèå 3]. Ñïðàâåä-
ëèâîñòü òåîðåìû 3 ñëåäóåò èç ýòîãî, òåîðåì 1 è 2 è ëåììû 13.

Òåîðåìà 4. Äëÿ ëþáîãî ñâîáîäíîãî êîììóòàòèâíîãî A-ìîíîèäà ñóùåñòâóåò àëãî-
ðèòì ïðîâåðêè ýêâèâàëåíòíîñòè ïðîïîçèöèîíàëüíûõ ïðîãðàìì Ìèëè íà øêàëå ýòîãî
ìîíîèäà, èìåþùèé ñëîæíîñòü O(n2).

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 1 è 2 è ëåììû 14.

Òåîðåìà 5. Äëÿ ëþáîãî ÷àñòè÷íî êîììóòàòèâíîãî A-ìîíîèäà ñóùåñòâóåò àëãî-
ðèòì ïðîâåðêè ýêâèâàëåíòíîñòè ïðîïîçèöèîíàëüíûõ ïðîãðàìì Ìèëè íà øêàëå ýòîãî
ìîíîèäà, èìåþùèé ñëîæíîñòü O(n4).

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 1 è 2 è ëåììû 15.

Òåîðåìà 6. Äëÿ ëþáîãî ìîíîèäà óñëîâíîé ýêâèâàëåíòíîñòè ñóùåñòâóåò àëãî-
ðèòì ïðîâåðêè ýêâèâàëåíòíîñòè ïðîïîçèöèîíàëüíûõ ïðîãðàìì Ìèëè íà øêàëå ýòîãî
ìîíîèäà, èìåþùèé ñëîæíîñòü O(n2).

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåì 1 è 2 è ëåììû 16.

Çàêëþ÷åíèå
Êàê îòìå÷àëîñü âî ââåäåíèè, ñîîòíîøåíèå ìåæäó ÏÏÏÇ è ÏÏÌ ñõîæå ñ ñîîòíî-

øåíèåì ìåæäó àâòîìàòàìè Ìóðà è Ìèëè, òî åñòü ìîäåëü ÏÏÌ ìîæíî ñ÷èòàòü â íåêî-
òîðîì ðîäå áîëåå îáùåé ïî ñðàâíåíèþ ñ ÏÏÏÇ. Íî âñ¼ æå ýòè ìîäåëè, âîîáùå ãîâîðÿ,
íåñðàâíèìû ïî òåì æå ïðè÷èíàì, îòìå÷åííûì âî ââåäåíèè, ïî êîòîðûì íåñðàâíèìû
ìîäåëè ÏÏÏÇ è äèñêðåòíûõ ïðåîáðàçîâàòåëåé Ãëóøêîâà �Ëåòè÷åâñêîãî. Èññëåäîâà-
íèå ñîîòíîøåíèÿ ìåæäó ýòèìè ìîäåëÿìè îñòàâëåíî íà áóäóùåå.

Êëþ÷åâûå ðåçóëüòàòû äàííîé ðàáîòû� ýòî ïåðåëîæåíèå ðåçóëüòàòîâ [4] ñ ÏÏÏÇ íà
ÏÏÌ: òåõíèêè ñîâìåñòíûõ âû÷èñëåíèé (ïîíÿòèå êðèòåðèàëüíîãî ãðàôà, àëãîðèòì 4 è
òåîðåìû 1 è 2) è ýôôåêòèâíûõ àëãîðèòìîâ ïðîâåðêè ýêâèâàëåíòíîñòè ÏÏÌ íà íåêîòî-
ðûõ ïîëåçíûõ øêàëàõ, ïîëó÷àþùèõñÿ ïðèìåíåíèåì ýòîé òåõíèêè (òåîðåìû 3�6). Åù¼
îäèí ðåçóëüòàò, ïðåäñòàâëÿþùèé èíòåðåñ, � ýòî ëåììà 12, ïîçâîëÿþùàÿ ïðè ïîëó÷å-
íèè àëãîðèòìîâ ïðîâåðêè ýêâèâàëåíòíîñòè ÏÏÏÇ íà îñíîâå òåõíèêè èç [4] íåìåäëåííî
â êà÷åñòâå ñëåäñòâèÿ ïîëó÷àòü íàñòîëüêî æå ýôôåêòèâíûå àíàëîãè÷íûå àëãîðèòìû
ïðîâåðêè ýêâèâàëåíòíîñòè ÏÏÌ. Êðîìå òîãî, ìîæíî âûäåëèòü åù¼ íåñêîëüêî îñîáåí-
íîñòåé ïîëó÷åííûõ ðåçóëüòàòîâ, ïîêàçûâàþùèõ èõ öåííîñòü.

Â ðàáîòàõ, èñïîëüçóþùèõ òåõíèêó ñîâìåñòíûõ âû÷èñëåíèé ñ êðèòåðèàëüíûìè ñè-
ñòåìàìè [4, 8�11, 14, 20, 21, 31�37], ðàññìàòðèâàþòñÿ òîëüêî øêàëû A-ìîíîèäîâ, èìå-
þùèå êðèòåðèàëüíûå ñèñòåìû, îñíîâûâàþùèåñÿ íà êîíå÷íî ïîðîæä¼ííûõ ìîíîèäàõ
àíàëîãè÷íî òîìó, êàê â äàííîé ðàáîòå çàäàíèå ìîíîèäàëüíîé ñèñòåìû íà÷èíàåòñÿ ñ òà-
êîãî ìîíîèäà. Â ðàáîòå ïîêàçàíî, ÷òî ìîæíî ïðèìåíÿòü ýòó òåõíèêó è ê øêàëàì, íå
áàçèðóþùèìñÿ íà ìîíîèäàõ (ñîãëàñíî òåîðåìàì 1 è 2), è íå îñíîâûâàòü ïîíÿòèå êðè-
òåðèàëüíîé ñèñòåìû íà ìîíîèäàõ. Â ëåììå 12 ïîêàçàíî, ÷òî ïîíÿòèå êðèòåðèàëüíîé
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ñèñòåìû èç [4], îïèðàþùååñÿ íà ìîíîèäû, ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ïîíÿòèÿ êðèòå-
ðèàëüíîé ñèñòåìû, ââåä¼ííîãî â äàííîé ðàáîòå.

Òåõíèêà ñîâìåñòíûõ âû÷èñëåíèé â äàííîé ðàáîòå ïî ñðàâíåíèþ ñ [4] çàìåòíî ïðè-
áëèæåíà ê òåõíèêå ïðîâåðêè ýêâèâàëåíòíîñòè êîíå÷íûõ àâòîìàòîâ ñ ïîìîùüþ èõ äå-
êàðòîâà ïðîèçâåäåíèÿ [22, 38], ÷òî âûðàæàåòñÿ, â ÷èñëå ïðî÷åãî, â èñïîëüçîâàíèè
â êëþ÷åâûõ îïðåäåëåíèÿõ îïåðàöèé ⊕ è ⊗, ÿâëÿþùèõñÿ ïî ñóòè ðàçíîâèäíîñòÿìè
äåêàðòîâà ïðîèçâåäåíèÿ âû÷èñëèòåëåé àâòîìàòíîãî òèïà.

Êðîìå òîãî, â ðàáîòå èñïðàâëåí ðÿä îãðåõîâ, ñîäåðæàùèõñÿ â [4] è ïðîÿâëÿþùèõñÿ
â îñòàëüíûõ ðàáîòàõ, ïîñâÿù¼ííûõ ÏÏÏÇ è òåõíèêå ñîâìåñòíûõ âû÷èñëåíèé:

1. ßâíî óêàçàí ñïîñîá ïîäñ÷¼òà ñëîæíîñòè àëãîðèòìîâ, âêëþ÷àÿ ìîäåëü ñëîæíî-
ñòè è ñïîñîáû ïðåäñòàâëåíèÿ äàííûõ. Äëÿ ðåçóëüòàòîâ, êîíñòàòèðóþùèõ èëè
îïðîâåðãàþùèõ ïîëèíîìèàëüíóþ ðàçðåøèìîñòü, ýòî áûëî áû íåâàæíî, íî êîãäà
ðå÷ü èä¼ò î áîëåå òî÷íûõ îöåíêàõ ñëîæíîñòè, ýòî ñòàíîâèòñÿ âàæíûì.

2. Ðàññóæäåíèÿ î ñðàâíåíèè ïðåîáðàçîâàòåëåé çà ëîãàðèôìè÷åñêîå âðåìÿ â äî-
êàçàòåëüñòâå òåîðåìû 7 ðàáîòû [4] ñêëîíÿþò ê òîìó, ÷òî â [4] äëÿ ïîäñ÷¼òà
ñëîæíîñòè èñïîëüçóåòñÿ ìîäåëü ìàøèí Òüþðèíãà èëè ðîäñòâåííàÿ åé. Â äàí-
íîé ðàáîòå âìåñòî íå¼ èñïîëüçóåòñÿ áîëåå øèðîêî ïðèìåíÿþùàÿñÿ íà ïðàêòèêå
ìîäåëü RAM-ìàøèí è â ñâÿçè ñ ýòèì ïîëó÷àþòñÿ îöåíêè ñëîæíîñòè, áîëåå áëèç-
êèå ê ïðàêòèêå.

3. Àëãîðèòìû ñíàáæåíû âñåìè ïîäðîáíîñòÿìè, íåîáõîäèìûìè äëÿ àíàëèçà è ïîä-
ñ÷¼òà ñëîæíîñòè, è íå ñîäåðæàò ñóùåñòâåííûõ íåäîñêàçàííîñòåé, êîòîðûå â [4]
ïðèâîäÿò, íàïðèìåð, ê òîìó, ÷òî:

� â ôîðìóëèðîâêå òåîðåìû 7 èñïîëüçóåòñÿ ñëîæíîñòü fK=, à ñëåäîâàëî áû
èñïîëüçîâàòü fK (åñëè ïðèìåíèòü îáîçíà÷åíèÿ äàííîé ðàáîòû ïî àíàëî-
ãèè);

� ïîñëå èçó÷åíèÿ äîêàçàòåëüñòâà òåîðåìû 7 îñòà¼òñÿ ñîìíåíèå, íå ïîòåðÿí
ëè â îöåíêå ñëîæíîñòè êàêîé-ëèáî äîïîëíèòåëüíûé ìíîæèòåëü, ïðîèñòå-
êàþùèé èç êîïèðîâàíèÿ äàííûõ è îñîáåííîñòåé ðàáîòû ñî ñòðóêòóðàìè
äàííûõ (äîñòîâåðíûé âûâîä, ÷òî íå ïîòåðÿí, ìîæíî ñäåëàòü òîëüêî ïîñëå
äîïîëíèòåëüíîãî íå î÷åíü òðèâèàëüíîãî àíàëèçà îáîñíîâàíèÿ);

� â òåîðåìå 10 áåç äîñòàòî÷íûõ ïîÿñíåíèé ïðèâîäèòñÿ îöåíêà O(n3 log n),
òîãäà êàê, ñîãëàñíî ëåììå 15 äàííîé ðàáîòû, ðàçóìíî áûëî áû ïðåäïî-
ëîæèòü îöåíêó íå ëó÷øå ÷åì O(n4) (íàéòè, îòêóäà ñëåäîâàëà áû îöåíêà
O(n3 log n), íå óäàëîñü).

Â áóäóùåì ïëàíèðóåòñÿ: à) îáîñíîâàòü, ÷òî ìîäåëü ÏÏÌ ìîæíî ñ÷èòàòü îáîá-
ùåíèåì ìîäåëè ÏÏÏÇ; á) óñîâåðøåíñòâîâàòü òåõíèêó ñîâìåñòíûõ âû÷èñëåíèé äëÿ
ïîëó÷åíèÿ áîëåå íèçêîãî ïîðÿäêà ñëîæíîñòè ñîîòâåòñòâóþùèõ àëãîðèòìîâ ïðîâåðêè
ýêâèâàëåíòíîñòè; â) ïðèìåíèòü ïîëó÷åííûå íàðàáîòêè äëÿ àíàëîãè÷íîãî óñîâåðøåí-
ñòâîâàíèÿ èçâåñòíûõ ñìåæíûõ ðåçóëüòàòîâ è çàòåì äëÿ óñòàíîâëåíèÿ íîâûõ ôàêòîâ
îá ýôôåêòèâíîé ðàçðåøèìîñòè ïðîáëåìû ýêâèâàëåíòíîñòè â ìîäåëÿõ ïðîãðàìì.
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Èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü äâóõ âàðèàíòîâ ïðîáëåìû ðåøåíèÿ óðàâíåíèé
áåç êîíñòàíò íàä êîíå÷íûìè ïðåäèêàòíûìè àëãåáðàè÷åñêèìè ñèñòåìàìè: ðàñïî-
çíàâàíèÿ ðàçðåøèìîñòè è ïîèñêà ðåøåíèÿ. Äëÿ îáåèõ ïðîáëåì âî ìíîãèõ ñëó÷à-
ÿõ íåèçâåñòíî ýôôåêòèâíûõ ïîëèíîìèàëüíûõ àëãîðèòìîâ. Ïðåäëàãàåòñÿ ïîëèíî-
ìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì äëÿ ïðîáëåìû ðàñïîçíàâàíèÿ ðàçðåøèìîñòè.
Ñ äðóãîé ñòîðîíû, äëÿ ïðîáëåìû ïîèñêà ðåøåíèÿ äîêàçûâàåòñÿ, ÷òî åñëè äëÿ
íå¼ íåò ïîëèíîìèàëüíîãî âåðîÿòíîñòíîãî àëãîðèòìà, òî ñóùåñòâóåò ïîäïðîáëå-
ìà ýòîé ïðîáëåìû, äëÿ êîòîðîé íåò ïîëèíîìèàëüíîãî ãåíåðè÷åñêîãî àëãîðèòìà.
Ïîëó÷åííûé ðåçóëüòàò ÿâëÿåòñÿ òåîðåòè÷åñêèì îáîñíîâàíèåì âîçìîæíûõ ïðèëî-
æåíèé ïðîáëåìû ïîèñêà ðåøåíèÿ â êðèïòîãðàôèè, ãäå íóæíî, ÷òîáû ïðîáëåìà
âçëîìà êðèïòîàëãîðèòìà áûëà òðóäíîé äëÿ ïî÷òè âñåõ âõîäîâ.

Êëþ÷åâûå ñëîâà: ãåíåðè÷åñêàÿ ñëîæíîñòü, êîíå÷íûå àëãåáðàè÷åñêèå ñèñòåìû,

óðàâíåíèÿ.

ON GENERIC COMPLEXITY OF SOLVING OF EQUATIONS
IN FINITE PREDICATE ALGEBRAIC STRUCTURES

A.N. Rybalov

Sobolev Institute of Mathematics, Omsk, Russia

In this paper, we study the generic complexity of two variants of the problem of sol-
ving equations without constants over finite predicate algebraic systems: the solvabil-
ity recognition problem and the solution search problem. For both problems, efficient
polynomial algorithms are not known in many cases. We propose a polynomial generic
algorithm for the solvability recognition problem. On the other hand, for the solution
search problem, we prove that if there is no polynomial probabilistic algorithm for it,
then there is a subproblem of this problem for which there is no polynomial generic
algorithm. The obtained result is a theoretical justification for possible applications of
the solution search problem in cryptography, where the problem of breaking a crypto-
graphic algorithm is required to be hard for almost all inputs. To prove this theorem,
we use the method of generic amplification, which allows to construct generically hard
problems from the problems hard in the classical sense. The main ingredient of this
method is a technique of cloning, which unites inputs of the problem together in the
large enough sets of equivalent inputs. Equivalence is understood in the sense that
the problem is solved similarly for them.

Keywords: generic complexity, finite algebraic structures, equations.
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Ââåäåíèå
Ðåøåíèå óðàâíåíèé è ñèñòåì óðàâíåíèé íàä âåùåñòâåííûìè, êîìïëåêñíûìè, ðàöè-

îíàëüíûìè, öåëûìè ÷èñëàìè ÿâëÿåòñÿ êëàññè÷åñêîé òåìîé èññëåäîâàíèé â ðàçëè÷íûõ
îáëàñòÿõ ìàòåìàòèêè â òå÷åíèå òûñÿ÷ ëåò. Â ïîñëåäíèå äåñÿòèëåòèÿ ôîêóñ èññëåäîâà-
íèé ïåðåìåùàåòñÿ íà íåêëàññè÷åñêèå îáëàñòè, òàêèå, êàê ãðóïïû [1], ïîëóãðóïïû [2�5],
ãðàôû [6], ÷àñòè÷íûå ïîðÿäêè [7]. Ïîòðåáíîñòü ðåøåíèÿ óðàâíåíèé â ýòèõ ñèñòåìàõ
âîçíèêàåò ïðè ðàññìîòðåíèè ðàçëè÷íûõ ïðàêòè÷åñêèõ ïðîáëåì èíôîðìàòèêè, êðèï-
òîãðàôèè, òåîðèè ÿçûêîâ ïðîãðàììèðîâàíèÿ. Íàïðèìåð, ñâîáîäíûå ïîëóãðóïïû ÿâ-
ëÿþòñÿ áàçèñîì äëÿ îïèñàíèÿ âàæíåéøèõ êëàññîâ ôîðìàëüíûõ ÿçûêîâ è ãðàììàòèê:
ðåãóëÿðíûõ, êîíòåêñòíî ñâîáîäíûõ. ×àñòî ïðè ýòîì èçó÷àåìûé ôîðìàëüíûé ÿçûê
çàäà¼òñÿ íåêîòîðûì íàáîðîì óðàâíåíèé, ìíîæåñòâî ðåøåíèé êîòîðûõ äà¼ò íóæíûé
ÿçûê. Ê íåîáõîäèìîñòè ðåøåíèÿ óðàâíåíèé íàä ãðàôàìè ïðèâîäÿò çàäà÷è ïðîâåðêè
âëîæèìîñòè (ñîâìåñòèìîñòè) îäíîé êîììóíèêàöèîííîé ñåòè â äðóãóþ.

Îñîáûé èíòåðåñ ïðåäñòàâëÿåò èçó÷åíèå âû÷èñëèòåëüíîé ñëîæíîñòè ïðîáëåìû ðå-
øåíèÿ óðàâíåíèé íàä êîíå÷íûìè àëãåáðàè÷åñêèìè ñèñòåìàìè. Î÷åíü ÷àñòî çäåñü âîç-
íèêàåò òàê íàçûâàåìàÿ äèõîòîìèÿ: äëÿ êàêèõ-òî êîíå÷íûõ ñèñòåì äàííîãî êëàññà ýòà
ïðîáëåìà ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ, äëÿ âñåõ äðóãèõ ÿâëÿåòñÿ NP-ïîëíîé.
Ýòî ÿâëåíèå õàðàêòåðíî äëÿ êëàññîâ êîíå÷íûõ ãðóïï [8], êîíå÷íûõ ïîëóãðóïï [9], êî-
íå÷íûõ ãðàôîâ [6] (äëÿ ñèñòåì óðàâíåíèé áåç êîíñòàíò). Íàïðèìåð, äëÿ êîíå÷íûõ
ãðàôîâ äèõîòîìèÿ çàâèñèò îò õðîìàòè÷åñêîãî ÷èñëà ãðàôà, íàä êîòîðûì ðåøàþòñÿ
óðàâíåíèÿ: åñëè îíî íå ïðåâîñõîäèò äâóõ, òî ïðîáëåìà ðàçðåøèìà çà ïîëèíîìèàëüíîå
âðåìÿ, èíà÷å �NP-ïîëíà. Íàïîìíèì, ÷òî õðîìàòè÷åñêîå ÷èñëî ãðàôà� ýòî ìèíèìàëü-
íîå ÷èñëî öâåòîâ, â êîòîðûå ìîæíî ðàñêðàñèòü âåðøèíû òàê, ÷òîáû ëþáûå âåðøèíû,
ñîåäèí¼ííûå ðåáðîì, áûëè ïîêðàøåíû â ðàçíûå öâåòà. Ýòîò ðåçóëüòàò [6] áûë ïîëó-
÷åí äëÿ ñèñòåì óðàâíåíèé áåç êîíñòàíò, îäíàêî àíàëîãè÷íûé ðåçóëüòàò äëÿ ñèñòåì
ñ êîíñòàíòàìè ëåãêî ñëåäóåò èç ðàáîò [6, 10].

NP-ïîëíîòà ïîçâîëÿåò ýôôåêòèâíî ñâîäèòü äðóãèå ïðàêòè÷åñêè âàæíûå NP-ïîë-
íûå ïðîáëåìû ê ïðîáëåìå ðåøåíèÿ óðàâíåíèé è èñïîëüçîâàòü ìîùíûå àëãåáðàè÷å-
ñêèå ìåòîäû äëÿ ðàçðàáîòêè áîëåå ýôôåêòèâíûõ àëãîðèòìîâ èõ ðåøåíèÿ. Êðîìå òîãî,
â ñëó÷àå NP-ïîëíîòû ïðîáëåìû ðåøåíèÿ óðàâíåíèé àêòóàëüíûì ÿâëÿåòñÿ èçó÷åíèå å¼
ãåíåðè÷åñêîé ñëîæíîñòè [11]. Â ðàìêàõ ãåíåðè÷åñêîãî ïîäõîäà àëãîðèòìè÷åñêàÿ ïðî-
áëåìà ðàññìàòðèâàåòñÿ íå íà âñ¼ì ìíîæåñòâå âõîäîâ, à íà íåêîòîðîì ïîäìíîæåñòâå
¾ïî÷òè âñåõ¿ âõîäîâ. Ñ îäíîé ñòîðîíû, ïîëîæèòåëüíûå ðåçóëüòàòû î âîçìîæíîñòè
ýôôåêòèâíîãî ðåøåíèÿ êàêèõ-ëèáî òðóäíûõ çàäà÷ äëÿ ïî÷òè âñåõ âõîäîâ ïîëåçíû äëÿ
ïðàêòèêè. Ñ äðóãîé ñòîðîíû, íåãàòèâíûå ðåçóëüòàòû î ãåíåðè÷åñêîé òðóäíîñòè íåêî-
òîðûõ ïðîáëåì äàþò íàäåæäó íà âîçìîæíîå èõ èñïîëüçîâàíèå â êðèïòîãðàôèè, ãäå
êàê ðàç âàæíî, ÷òîáû ïðîáëåìà âçëîìà êðèïòîñèñòåìû áûëà òðóäíîé äëÿ ïî÷òè âñåõ
âõîäîâ. Ãåíåðè÷åñêàÿ ñëîæíîñòü ïðîáëåì ðåøåíèÿ óðàâíåíèé íàä êîíå÷íûìè ïîëÿìè
è ïîëóãðóïïàìè ðàññìîòðåíà â [12].

Â äàííîé ðàáîòå èçó÷àåòñÿ ãåíåðè÷åñêàÿ ñëîæíîñòü äâóõ âàðèàíòîâ ïðîáëåìû ðå-
øåíèÿ óðàâíåíèé áåç êîíñòàíò â êîíå÷íûõ ïðåäèêàòíûõ àëãåáðàè÷åñêèõ ñèñòåìàõ.
Ïåðâûé âàðèàíò � ïðîáëåìà ðàñïîçíàâàíèÿ ðàçðåøèìîñòè ñèñòåì óðàâíåíèé. Çäåñü
âõîäîì ÿâëÿåòñÿ ïðîèçâîëüíàÿ ñèñòåìà óðàâíåíèé áåç êîíñòàíò, íåîáõîäèìî îïðåäå-
ëèòü, ñóùåñòâóåò ëè ó íå¼ ðåøåíèå. Âòîðîé âàðèàíò � ïðîáëåìà ïîèñêà ðåøåíèÿ ñè-
ñòåìû óðàâíåíèé. Äëÿ ýòîé ïðîáëåìû âõîäîì ÿâëÿåòñÿ ñèñòåìà óðàâíåíèé áåç êîí-
ñòàíò, äëÿ êîòîðîé çàâåäîìî ñóùåñòâóåò ðåøåíèå, íóæíî íàéòè õîòÿ áû îäíî å¼ ðå-
øåíèå. Ïðîáëåìû ïîèñêà, â îòëè÷èå îò ïðîáëåì ðàñïîçíàâàíèÿ, íàõîäÿò ïðèìåíåíèÿ
â êðèïòîãðàôèè, ãäå âñåãäà èçâåñòíî, ÷òî ðåøåíèå åñòü è íàäî åãî íàéòè. Â ðàáîòå
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ïðåäëàãàåòñÿ ïîëèíîìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì äëÿ ïðîáëåìû ðàñïîçíàâàíèÿ
ðàçðåøèìîñòè ñèñòåì óðàâíåíèé. Ñ äðóãîé ñòîðîíû, äëÿ ïðîáëåìû ïîèñêà ðåøåíèÿ
äîêàçûâàåòñÿ, ÷òî åñëè äëÿ íå¼ íå ñóùåñòâóåò ïîëèíîìèàëüíîãî âåðîÿòíîñòíîãî àëãî-
ðèòìà, òî ñóùåñòâóåò ïîäïðîáëåìà ýòîé ïðîáëåìû, äëÿ êîòîðîé íåò ïîëèíîìèàëüíîãî
ãåíåðè÷åñêîãî àëãîðèòìà. Âåðîÿòíîñòíûå àëãîðèòìû â ïðîöåññå ñâîåé ðàáîòû ìîãóò
èñïîëüçîâàòü äàò÷èê ñëó÷àéíûõ ÷èñåë, ÷òî ïîçâîëÿåò óñêîðÿòü âû÷èñëåíèÿ. Îäíàêî
ñ÷èòàåòñÿ, ÷òî ëþáîé ïîëèíîìèàëüíûé âåðîÿòíîñòíûé àëãîðèòì ìîæíî ýôôåêòèâíî
äåðàíäîìèçèðîâàòü, ïîñòðîèâ ïîëèíîìèàëüíûé àëãîðèòì, íå èñïîëüçóþùèé ãåíåðàòîð
ñëó÷àéíûõ ÷èñåë è ðåøàþùèé òó æå ñàìóþ ïðîáëåìó. Õîòÿ ýòîò ôàêò äî ñèõ ïîð íå
äîêàçàí, èìåþòñÿ âåñêèå îñíîâàíèÿ â ïîëüçó íåãî [13].

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Íà ïðîòÿæåíèè âñåé ðàáîòû áóäåì ðàññìàòðèâàòü ñèñòåìû óðàâíåíèé áåç êîíñòàíò.

Ïóñòü A = ⟨A, σ⟩� àëãåáðàè÷åñêàÿ ñèñòåìà ñ ïðåäèêàòíîé ñèãíàòóðîé σ = {P (ki)
i :

i = 1, . . . ,m}. Óðàâíåíèåì íàä A íàçûâàåòñÿ ôîðìóëà îäíîãî èç äâóõ òèïîâ:

1) (xi = xj);
2) Pi(x1, . . . , xki), Pi ∈ σ, i = 1, . . . ,m.

Ñèñòåìîé óðàâíåíèé íàä A íàçûâàåòñÿ êîíå÷íûé íàáîð óðàâíåíèé. Ðåøåíèå ñè-
ñòåìû óðàâíåíèé S îò ïåðåìåííûõ x1, . . . , xt � ýòî òàêîé íàáîð a1, . . . , at ýëåìåíòîâ
èç A, êîòîðûé ïðè ïîäñòàíîâêå â êàæäîå óðàâíåíèå ñèñòåìû S äà¼ò èñòèííóþ íàä A
ôîðìóëó. Ëåãêî âèäåòü, ÷òî äëÿ ëþáîé ñèñòåìû S íàä A ñóùåñòâóåò ýêâèâàëåíòíàÿ
åé ñèñòåìà S ′, â êîòîðîé îòñóòñòâóþò óðàâíåíèÿ âèäà (xi = xj). Äåéñòâèòåëüíî, äëÿ
óäàëåíèÿ òàêèõ óðàâíåíèé äîñòàòî÷íî âî âñåõ îñòàëüíûõ óðàâíåíèÿõ çàìåíèòü ïåðå-
ìåííóþ xj íà ïåðåìåííóþ xi. Ïîýòîìó â äàëüíåéøåì áóäåì ðàññìàòðèâàòü ñèñòåìû,
â êîòîðûõ âñå óðàâíåíèÿ èìåþò òèï 2, òî åñòü ÿâëÿþòñÿ ïðåäèêàòàìè îò ïåðåìåííûõ.

Ïðîáëåìà ðàñïîçíàâàíèÿ ðàçðåøèìîñòè ñèñòåì óðàâíåíèé íàä A ôîðìóëèðóåòñÿ
ñëåäóþùèì îáðàçîì. Ïî ïðîèçâîëüíîé çàäàííîé ñèñòåìå óðàâíåíèé S îïðåäåëèòü, ñó-
ùåñòâóåò ëè ó íå¼ ðåøåíèå â A. Ïðîáëåìà ïîèñêà ðåøåíèÿ ñèñòåì óðàâíåíèé íàä A
ôîðìóëèðóåòñÿ íåìíîãî èíà÷å. Ïî ïðîèçâîëüíîé çàäàííîé ðàçðåøèìîé ñèñòåìå óðàâ-
íåíèé S íàéòè õîòÿ áû îäíî å¼ ðåøåíèå â A.

Íàïîìíèì îñíîâíûå îïðåäåëåíèÿ ãåíåðè÷åñêîãî ïîäõîäà [11]. Ïóñòü I �íåêîòîðîå
ìíîæåñòâî âõîäîâ, à In �ïîäìíîæåñòâî âõîäîâ ðàçìåðà n. Äëÿ ïîäìíîæåñòâà Sn ⊆ I
îïðåäåëèì ïîñëåäîâàòåëüíîñòü

ρn(S) =
|Sn|
|In|

, n = 1, 2, 3, . . . ,

ãäå Sn = S∩In �ìíîæåñòâî âõîäîâ èç S ðàçìåðà n. Àñèìïòîòè÷åñêîé ïëîòíîñòüþ S
íàçîâ¼ì ïðåäåë

ρ(S) = lim
n→∞

ρn(S).

Ìíîæåñòâî S íàçûâàåòñÿ ïðåíåáðåæèìûì, åñëè åãî àñèìïòîòè÷åñêàÿ ïëîòíîñòü
ρ(S) = 0.

Àëãîðèòì A ñ ìíîæåñòâîì âõîäîâ I è ìíîæåñòâîì âûõîäîâ J ∪ {□} (□ /∈ J) íàçû-
âàåòñÿ ãåíåðè÷åñêèì, åñëè

1) A îñòàíàâëèâàåòñÿ íà âñåõ âõîäàõ èç I;
2) ìíîæåñòâî {x ∈ I : A(x) = □} ÿâëÿåòñÿ ïðåíåáðåæèìûì.
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Çäåñü ñèìâîë □ îáîçíà÷àåò íåîïðåäåë¼ííûé îòâåò. Ãåíåðè÷åñêèé àëãîðèòì A âû÷èñ-

ëÿåò ôóíêöèþ f : I → N, åñëè äëÿ âñåõ x ∈ I âûïîëíåíî

(A(x) ̸= □) ⇒ (f(x) = A(x)).

Ïðîáëåìà ðàñïîçíàâàíèÿ ìíîæåñòâà A ⊆ I ãåíåðè÷åñêè ðàçðåøèìà çà ïîëèíîìèàëüíîå

âðåìÿ, åñëè ñóùåñòâóåò ïîëèíîìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì, âû÷èñëÿþùèé õà-
ðàêòåðèñòè÷åñêóþ ôóíêöèþ ìíîæåñòâà A. Íàïîìíèì, ÷òî õàðàêòåðèñòè÷åñêîé ôóíê-

öèåé ìíîæåñòâà A ⊆ I íàçûâàåòñÿ ôóíêöèÿ χA : I → {0, 1}, îïðåäåë¼ííàÿ ñëåäóþùèì
îáðàçîì:

χA(x) =

{
1, åñëè x ∈ A,

0, åñëè x /∈ A.

Íàïîìíèì òàêæå íåêîòîðûå ïîíÿòèÿ êëàññè÷åñêîé òåîðèè ñëîæíîñòè âû÷èñëåíèé [14].
Âðåìÿ ðàáîòû tM(x) ìàøèíû Òüþðèíãà M íà âõîäå x ∈ I � ýòî ÷èñëî øàãîâ ìàøèíû
îò íà÷àëà ðàáîòû äî îñòàíîâêè. Ìàøèíà ÒüþðèíãàM ïîëèíîìèàëüíà, åñëè ñóùåñòâóåò
ïîëèíîì p(n), òàêîé, ÷òî äëÿ ëþáîãî x ∈ I èìååò ìåñòî tM(x) < p(size(x)).

Âåðîÿòíîñòíàÿ ìàøèíà Òüþðèíãà� ýòî ìàøèíà Òüþðèíãà, â ïðîãðàììå êîòîðîé
äîïóñêàþòñÿ ïàðû íåäåòåðìèíèðîâàííûõ ïðàâèë, êîòîðûå îäíîâðåìåííî ïðèìåíèìû
â äàííîé ñèòóàöèè. Â ïðîöåññå ðàáîòû òàêîé ìàøèíû ñ âåðîÿòíîñòüþ 1/2 âûáèðàåòñÿ
ïåðâîå ïðàâèëî è ñ âåðîÿòíîñòüþ 1/2� âòîðîå. Âðåìÿ ðàáîòû tM(x, τ) âåðîÿòíîñòíîé
ìàøèíû Òüþðèíãà íà âõîäå x çàâèñèò îò âû÷èñëèòåëüíîãî ïóòè (ïîñëåäîâàòåëüíî-
ñòè âûïîëíåííûõ êîìàíä) τ . Âåðîÿòíîñòíàÿ ìàøèíà Òüþðèíãà M íàçûâàåòñÿ ïîëè-

íîìèàëüíîé, åñëè ñóùåñòâóåò ïîëèíîì p(n), òàêîé, ÷òî äëÿ ëþáîãî x è äëÿ ëþáîãî
âû÷èñëèòåëüíîãî ïóòè τ ìàøèíû M íà x èìååò ìåñòî tM(x, τ) < p(size(x)).

Îáîçíà÷èì ÷åðåç Pr[M(x) = y] âåðîÿòíîñòü òîãî, ÷òî ìàøèíà M íà âõîäå x âûäà¼ò
îòâåò y. Âåðîÿòíîñòíàÿ ìàøèíà M âû÷èñëÿåò ôóíêöèþ f : I → J , åñëè äëÿ ëþáîãî
x ∈ I èìååò ìåñòî (

f(x) = y
)

⇒ Pr[M(x) = y] > 2/3.

Âåðîÿòíîñòíûå ìàøèíû Òüþðèíãà ôîðìàëèçóþò ïîíÿòèå àëãîðèòìà, èñïîëüçóþùåãî
ãåíåðàòîð ñëó÷àéíûõ ÷èñåë.

2. Ãåíåðè÷åñêèé àëãîðèòì ðàñïîçíàâàíèÿ ðàçðåøèìîñòè ñèñòåì óðàâíåíèé
Ïóñòü A = ⟨A, σ⟩�êîíå÷íàÿ àëãåáðàè÷åñêàÿ ñèñòåìà ñ ïðåäèêàòíîé ñèãíàòóðîé

σ = {P (ki)
i : i = 1, . . . ,m}. Áóäåì ïðåäñòàâëÿòü ñèñòåìû óðàâíåíèé íàä A ñëåäóþ-

ùèì îáðàçîì. Âî-ïåðâûõ, çàôèêñèðóåì ïåðåìåííûå ñèñòåìû x1, . . . , xn. ×èñëî ïåðå-
ìåííûõ n� ðàçìåð ñèñòåìû. Ïî êàæäîìó ïðåäèêàòó P

(ki)
i , i = 1, . . . ,m, èç ñèãíàòó-

ðû σ ðàññìîòðèì òàê íàçûâàåìóþ òàáëèöó âêëþ÷åíèÿ� ýòî ki-ìåðíûé êóá ñ n ïîçè-
öèÿìè ïî êàæäîé ðàçìåðíîñòè. Èòîãî ïîëó÷àåòñÿ nki ìåñò. Íà ìåñòå ñ êîîðäèíàòàìè
(j1, . . . , jki) çàïèñûâàåì 1, åñëè â ñèñòåìå åñòü óðàâíåíèå Pi(xj1 , . . . , xjki ), è 0, åñëè íåò.
Ïðåäñòàâëåíèåì ñèñòåìû óðàâíåíèé ÿâëÿåòñÿ íàáîð òàáëèö âêëþ÷åíèÿ äëÿ êàæäîãî
ïðåäèêàòà ñèãíàòóðû, âñòðå÷àþùåãîñÿ â ýòîé ñèñòåìå. Îáîçíà÷èì ÷åðåç S ìíîæåñòâî
ñèñòåì óðàâíåíèé íàä A, ïðåäñòàâëåííûõ òàêèì îáðàçîì.

Ëåììà 1. ×èñëî ñèñòåì ðàçìåðà n íàä A ðàâíî

|Sn| =
m∏
i=1

2n
ki .

Äîêàçàòåëüñòâî. Ïðÿìîé ïîäñ÷¼ò.
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Íàçîâ¼ì àëãåáðàè÷åñêóþ ñèñòåìó A íåòðèâèàëüíîé, åñëè ñóùåñòâóåò ñèñòåìà óðàâ-
íåíèé, êîòîðàÿ íå èìååò ðåøåíèÿ íàä A. Â ïðîòèâíîì ñëó÷àå A òðèâèàëüíàÿ. Î÷åâèä-
íî, ÷òî äëÿ òðèâèàëüíûõ àëãåáðàè÷åñêèõ ñèñòåì ïðîáëåìà ðàñïîçíàâàíèÿ ðàçðåøèìî-
ñòè ñèñòåì óðàâíåíèé ðàçðåøèìà çà ïîëèíîìèàëüíîå âðåìÿ.

Òåîðåìà 1. Ïðîáëåìà ðàñïîçíàâàíèÿ ðàçðåøèìîñòè ñèñòåì óðàâíåíèé íàä êî-
íå÷íîé íåòðèâèàëüíîé àëãåáðàè÷åñêîé ñèñòåìîé A ãåíåðè÷åñêè ðàçðåøèìà çà ïîëèíî-
ìèàëüíîå âðåìÿ.

Äîêàçàòåëüñòâî. Ïóñòü S ′ �êàêàÿ-òî ôèêñèðîâàííàÿ ñèñòåìà óðàâíåíèé ðàç-
ìåðà t, íåðàçðåøèìàÿ íàä A. Ïîëèíîìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì äëÿ ðàñïî-
çíàâàíèÿ ðàçðåøèìîñòè ñèñòåì óðàâíåíèé íàä A ðàáîòàåò íà ñèñòåìå S ðàçìåðà n
ñëåäóþùèì îáðàçîì:

1) Èùåò â ñèñòåìå S ïîäñèñòåìó, ýêâèâàëåíòíóþ S ′: ïåðåáèðàåò âñå âûáîðêè
ïî t ïåðåìåííûõ èç n ïåðåìåííûõ ñèñòåìû S; äëÿ êàæäîé âûáîðêè èùåò â S âñå
ïðåäèêàòû èç ñèñòåìû S ′ ñ ó÷¼òîì çàìåíû ïåðåìåííûõ S ′ ñîîòâåòñòâóþùèìè
ïåðåìåííûìè èç âûáîðêè. ×èñëî òàêèõ âûáîðîê Ctn = O(nt) ïîëèíîìèàëüíî, è
ïðîâåðêà êàæäîé âûáîðêè äåëàåòñÿ çà ïîëèíîìèàëüíîå îò n âðåìÿ.

2) Åñëè ýêâèâàëåíòíàÿ ïîäñèñòåìà íàøëàñü, òî âûäà¼ò îòâåò ¾ÍÅÒ¿.
3) Åñëè íåò, âûäà¼ò îòâåò ¾ÍÅ ÇÍÀÞ¿.

Äëÿ äîêàçàòåëüñòâà ãåíåðè÷íîñòè ýòîãî àëãîðèòìà ïîêàæåì, ÷òî ìíîæåñòâî ñèñòåì
óðàâíåíèé, íå ñîäåðæàùèõ ïîäñèñòåìû, ýêâèâàëåíòíîé S ′ (îáîçíà÷èì ýòî ìíîæå-
ñòâî A), ÿâëÿåòñÿ ïðåíåáðåæèìûì. Ðàññìîòðèì ìíîæåñòâî ñèñòåì B, â êîòîðûõ íà
ïåðåìåííûõ {x1, . . . , xn} çàïðåùåíà ïîäñèñòåìà S ′ äëÿ ïåðåìåííûõ {x1, . . . , xt}, äëÿ ïå-
ðåìåííûõ {xt+1, . . . , x2t}, . . ., äëÿ ïåðåìåííûõ {xt([n/t]−1)+1, . . . , xt[n/t]}. Çäåñü ÷åðåç [x]
îáîçíà÷åíà öåëàÿ ÷àñòü ÷èñëà x. Òàê êàê äëÿ ñèñòåì èç B çàïðåòîâ ìåíüøå, ÷åì äëÿ
ñèñòåì èç A, òî A ⊆ B.

Îáîçíà÷èì ÷åðåç I ìíîæåñòâî èíäåêñîâ òåõ ïðåäèêàòîâ èç Pi, i = 1, . . . ,m, ñèãíà-
òóðû σ, êîòîðûå âñòðå÷àþòñÿ â ñèñòåìå óðàâíåíèé S ′. Ìîæíî ïîäñ÷èòàòü, ÷òî

|Bn| =
∏
i/∈I

2n
ki
∏
i∈I

2n
ki−tki [n/t](2t

ki − 1)[n/t].

Ýòî ñëåäóåò èç òîãî, ÷òî â òàáëèöàõ âêëþ÷åíèÿ äëÿ êàæäîãî ïðåäèêàòà ñ èíäåêñîì èç I
äëÿ ñèñòåì èç ìíîæåñòâà B ¾çàïðåùåíû¿ [n/t] ïîäòàáëèö ðàçìåðà t, ñîîòâåòñòâóþùèõ
ïðåäèêàòàì èç ñèñòåìû S ′. Ýòè ïîäòàáëèöû èìåþò ïî 2t

ki ìåñò äëÿ ðàññòàíîâêè íóëåé
è åäèíèö.

Òåïåðü çàïèøåì:

ρ(B) = lim
n→∞

|Bn|
|Sn|

= lim
n→∞

∏
i/∈I

2n
ki
∏
i∈I

2n
ki−tki [n/t](2t

ki − 1)[n/t]

m∏
i=1

2n
ki

=

= lim
n→∞

∏
i∈I

(2t
ki − 1)[n/t]∏

i∈I
2t

ki [n/t]
=
∏
i∈I

lim
n→∞

(
1− 2−t

ki

)[n/t]
= 0.

Ýòî äîêàçûâàåò, ÷òî ìíîæåñòâî B ÿâëÿåòñÿ ïðåíåáðåæèìûì, à çíà÷èò, åãî ïîäìíîæå-
ñòâî A òåì áîëåå ïðåíåáðåæèìî.
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3. Ïðîáëåìà ïîèñêà ðåøåíèÿ ñèñòåì óðàâíåíèé
Íàïîìíèì, ÷òî ïðîáëåìà ïîèñêà ðåøåíèÿ ñèñòåì óðàâíåíèé íàä àëãåáðàè÷åñêîé

ñèñòåìîé A ñîñòîèò â òîì, ÷òî ïî çàäàííîé ïðîèçâîëüíîé ðàçðåøèìîé íàä A ñèñòåìå
óðàâíåíèé òðåáóåòñÿ íàéòè ëþáîå å¼ ðåøåíèå. Îáîçíà÷èì ýòó ïðîáëåìó SEPA. Äëÿ íå¼
òàêæå íå èçâåñòíî ïîëèíîìèàëüíûõ àëãîðèòìîâ.

Ðàññìîòðèì áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü ñèñòåì óðàâíåíèé

σ = {S1, S2, . . . , Sn, . . .},

òàêóþ, ÷òî Sn èìååò ðàçìåð n äëÿ n = 1, 2, 3, . . . Äëÿ êàæäîé ïîñëåäîâàòåëüíîñòè ñè-
ñòåì σ îïðåäåëèì ïîäïðîáëåìó ïîèñêà ðåøåíèÿ ñèñòåì óðàâíåíèé SEPA(σ) êàê îãðà-
íè÷åíèå èñõîäíîé ïðîáëåìû SEPA íà ìíîæåñòâî âõîäîâ

{S : S ∼= Sn, Sn ∈ σ, n ∈ N}.

Çäåñü S1
∼= S2 îçíà÷àåò, ÷òî ñèñòåìû S1 è S2 � ýòî ñèñòåìû îò îäíîãî ìíîæåñòâà ïåðå-

ìåííûõ {x1, . . . , xn} è S1 ïîëó÷åíà èç S2 íåêîòîðîé ïåðåñòàíîâêîé ïåðåìåííûõ.

Ëåììà 2. Åñëè íå ñóùåñòâóåò ïîëèíîìèàëüíîãî âåðîÿòíîñòíîãî àëãîðèòìà äëÿ
ðåøåíèÿ ïðîáëåìû SEPA, òî íàéä¼òñÿ ïîñëåäîâàòåëüíîñòü ñèñòåì σ, òàêàÿ, ÷òî
íå ñóùåñòâóåò ïîëèíîìèàëüíîãî âåðîÿòíîñòíîãî àëãîðèòìà äëÿ ðåøåíèÿ ïðîáëå-
ìû SEPA(σ).

Äîêàçàòåëüñòâî. Ïóñòü P1, P2, . . . � âñå ïîëèíîìèàëüíûå âåðîÿòíîñòíûå àëãî-
ðèòìû. Åñëè íå ñóùåñòâóåò ïîëèíîìèàëüíîãî âåðîÿòíîñòíîãî àëãîðèòìà äëÿ ïðîáëå-
ìû SEPA, òî äëÿ ëþáîãî âåðîÿòíîñòíîãî ïîëèíîìèàëüíîãî àëãîðèòìà Pn íàéä¼òñÿ
áåñêîíå÷íî ìíîãî ñèñòåì, äëÿ êîòîðûõ àëãîðèòì Pn íå ìîæåò ðåøèòü SEPA. Ïîýòîìó
ìîæíî âûáðàòü òàêóþ ïîñëåäîâàòåëüíîñòü ñèñòåì σ′ = {S1, S2, . . . , Sn, . . .}, ÷òî àëãî-
ðèòì Pn íå ìîæåò ðåøèòü SEPA äëÿ Sn äëÿ âñåõ n. Áîëåå òîãî, ìîæíî ñ÷èòàòü, ÷òî
σ′ óïîðÿäî÷åíà ïî âîçðàñòàíèþ ðàçìåðîâ. Òåïåðü ìîæíî ðàñøèðèòü ïîñëåäîâàòåëü-
íîñòü σ′ äî ïîñëåäîâàòåëüíîñòè σ ñ ñèñòåìàìè Sn äëÿ âñåõ ðàçìåðîâ n. Èç ïîñòðîåíèÿ σ
ñëåäóåò, ÷òî íå ñóùåñòâóåò ïîëèíîìèàëüíîãî âåðîÿòíîñòíîãî àëãîðèòìà äëÿ ðåøåíèÿ
ïðîáëåìû SEPA(σ).

Èç îïðåäåëåíèÿ âèäíî, ÷òî ìíîæåñòâî âñåõ âõîäîâ ðàçìåðà n äëÿ ïðîáëå-
ìû SEPA(σ) âûãëÿäèò òàê:

In = {S : S ∼= Sn, Sn ∈ σ}.

Ëåììà 3. Ïóñòü σ�ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü ñèñòåì óðàâíåíèé. Åñëè
ñóùåñòâóåò ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àëãîðèòì, ðåøàþùèé ïðîáëåìó SEPA(σ),
òî ñóùåñòâóåò âåðîÿòíîñòíûé ïîëèíîìèàëüíûé àëãîðèòì, ðåøàþùèé ýòó ïðîáëåìó íà
âñ¼ì ìíîæåñòâå âõîäîâ.

Äîêàçàòåëüñòâî. Äîïóñòèì, ÷òî ñóùåñòâóåò ãåíåðè÷åñêèé ïîëèíîìèàëüíûé àë-
ãîðèòì A, ðåøàþùèé ïðîáëåìó ïîèñêà ðåøåíèÿ ñèñòåì óðàâíåíèé SEPA(σ). Ïîñòðîèì
âåðîÿòíîñòíûé ïîëèíîìèàëüíûé àëãîðèòì B, ðåøàþùèé ýòó ïðîáëåìó íà âñ¼ì ìíî-
æåñòâå âõîäîâ. Íà ñèñòåìå S ðàçìåðà n àëãîðèòì B ðàáîòàåò ñëåäóþùèì îáðàçîì:

1) Çàïóñêàåò àëãîðèòì A íà S.
2) Åñëè A(S) ̸= □, òî B âûäà¼ò îòâåò A(S) è îñòàíàâëèâàåòñÿ, èíà÷å èä¼ò íà øàã 3.
3) Ãåíåðèðóåò ñëó÷àéíî è ðàâíîìåðíî ïåðåñòàíîâêó π íà ìíîæåñòâå íîìåðîâ ïåðå-

ìåííûõ {x1, . . . , xn} è âû÷èñëÿåò ñèñòåìó S ′ = π(S).
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4) Çàïóñêàåò àëãîðèòì A íà S ′.
5) Åñëè A(S ′) = □, òî âûäà¼ò îòâåò (a, . . . , a), ãäå a ∈ A, � âîçìîæíî, íåïðàâèëü-

íûé.
6) Åñëè A(S ′) = {a1, . . . , an}�ðåøåíèå ñèñòåìû S ′, òî

π−1(a1, . . . , an) =
(
aπ−1(1), . . . , aπ−1(n)

)
ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû S = π−1(S ′).

Äëÿ äîêàçàòåëüñòâà êîððåêòíîñòè ðàáîòû âåðîÿòíîñòíîãî àëãîðèòìà íàäî ïîêàçàòü,
÷òî âåðîÿòíîñòü òîãî, ÷òî A(S ′) = □, ìåíüøå 1/3. Çàìåòèì, ÷òî π(S) ïðè âàðüèðîâàíèè
ïåðåñòàíîâêè π ïðîáåãàåò âñ¼ ìíîæåñòâî âõîäîâ ðàçìåðà n. Ìíîæåñòâî {S : A(S) = □}
ïðåíåáðåæèìî, ïîýòîìó âåðîÿòíîñòü òîãî, ÷òî A(S ′) = □, ñòðåìèòñÿ ê íóëþ ïðè óâå-
ëè÷åíèè n.

Òåîðåìà 2. Åñëè äëÿ ïðîáëåìû ïîèñêà ðåøåíèÿ ñèñòåì óðàâíåíèé íàä àëãåá-
ðàè÷åñêîé ñèñòåìîé A íå ñóùåñòâóåò âåðîÿòíîñòíîãî ïîëèíîìèàëüíîãî àëãîðèòìà, òî
ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ñèñòåì óðàâíåíèé σ, òàêàÿ, ÷òî äëÿ ðåøåíèÿ ïðîáëå-
ìû SEPA(σ) íå ñóùåñòâóåò ãåíåðè÷åñêîãî ïîëèíîìèàëüíîãî àëãîðèòìà.

Äîêàçàòåëüñòâî. Ïóñòü äëÿ ïðîáëåìû SEPA íåò âåðîÿòíîñòíîãî ïîëèíîìè-
àëüíîãî àëãîðèòìà. Ïî ëåììå 2 íàéä¼òñÿ òàêàÿ ïîñëåäîâàòåëüíîñòü ñèñòåì σ, ÷òî è
äëÿ SEPA(σ) íåò ïîëèíîìèàëüíîãî âåðîÿòíîñòíîãî àëãîðèòìà. Òåïåðü åñëè äîïóñòèòü,
÷òî äëÿ SEPA(σ) ñóùåñòâóåò ïîëèíîìèàëüíûé ãåíåðè÷åñêèé àëãîðèòì, òî ïî ëåììå 3
äëÿ SEPA(σ) íàéä¼òñÿ ïîëèíîìèàëüíûé âåðîÿòíîñòíûé àëãîðèòì. Ïîëó÷åííîå ïðîòè-
âîðå÷èå äîêàçûâàåò òåîðåìó.
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Ðàññìàòðèâàåòñÿ çàäà÷à êàëåíäàðíîãî ïëàíèðîâàíèÿ ïðîåêòîâ. Ïåðâàÿ ÷àñòü ïî-
ñâÿùåíà îáçîðó ðàçëè÷íûõ ïîñòàíîâîê çàäà÷è â óñëîâèÿõ îãðàíè÷åíèÿ íà ðåñóð-
ñû. Âî âòîðîé ÷àñòè èññëåäóåòñÿ âàðèàíò çàäà÷è ñ êðèòåðèåì ìàêñèìèçàöèè ÷è-
ñòîé ïðèâåä¼ííîé ïðèáûëè âñåãî ïðîåêòà. Îñíîâíîå âíèìàíèå óäåëÿåòñÿ ïîñòàíîâ-
êå, âîçíèêàþùåé ïðè ðåàëèçàöèè êðóïíîìàñøòàáíûõ ïðîåêòîâ, êîãäà ðåñóðñû ìî-
ãóò áûòü çàìåíåíû èõ äåíåæíûì ýêâèâàëåíòîì. Â ýòîì ñëó÷àå â ìîäåëè èñïîëüçó-
åòñÿ åäèíñòâåííûé âèä ðåñóðñà � ôèíàíñîâûé. Îïèñàíà òðàäèöèîííàÿ ïîñòàíîâêà
çàäà÷ è ïðåäëàãàåòñÿ íîâûé ïîäõîä ê èõ ìîäåëèðîâàíèþ: âìåñòî îãðàíè÷åíèé íà
ðåñóðñû ââîäèòñÿ îïëàòà çà èõ èñïîëüçîâàíèå. Èíñòðóìåíòàðèåì îïëàòû ÿâëÿåòñÿ
êðåäèòîâàíèå ïî ôèêñèðîâàííîé ñòàâêå. Ïðè òàêîì ïîäõîäå ëþáîå ñîãëàñîâàííîå
ñ ÷àñòè÷íûì ïîðÿäêîì ðàñïèñàíèå ñòàíîâèòñÿ äîïóñòèìûì. Îïèñàíà ìîäåëü äëÿ
ðàñ÷¼òà ïîòåíöèàëüíûõ âîçìîæíîñòåé ïðîåêòà, ïðåäëîæåí àëãîðèòì âû÷èñëåíèÿ
ñîáñòâåííîé ïðèáûëè ïðè çàäàííîì ðàñïèñàíèè âûïîëíåíèÿ ðàáîò, èññëåäóåòñÿ
âû÷èñëèòåëüíàÿ ñëîæíîñòü çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî ðàñïèñàíèÿ, âûäå-
ëåí ïîëèíîìèàëüíî ðàçðåøèìûé ñëó÷àé çàäà÷è ïðè âîçìîæíîñòè êðåäèòîâàíèÿ.

Êëþ÷åâûå ñëîâà: êàëåíäàðíîå ïëàíèðîâàíèå, èíâåñòèöèîííûå ïðîåêòû, ÷è-

ñòàÿ ïðèâåä¼ííàÿ ïðèáûëü, êðåäèòîâàíèå.

INVESTMENT PROJECT SCHEDULING WITH LENDING

S.A. Malakh, V.V. Servakh

Sobolev Institute of Mathematics, Siberian Branch of the Russian Academy of Sciences, Omsk,

Russia

This paper addresses the project scheduling problem. It provides an overview of
various problem formulations under resource constraints, including those aimed at
maximizing the Net Present Value of the entire project. Special attention is given
to modeling scenarios typical of large-scale projects, where traditional resources can
be substituted with their monetary equivalents. In such cases, the model is reduced
to a single type of resource: financial resources. The standard problem formulation
is described, and a novel modeling approach is proposed: instead of hard resource
constraints, additional resource usage incurs a cost. This cost is modeled through

1Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñçàäàíèÿ ÈÌ ÑÎ ÐÀÍ, ïðîåêò FWNF-2022-0020.
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borrowing at a fixed interest rate. Under this framework, any schedule consistent with
the partial order of activities becomes feasible. A recursive procedure is proposed for
calculating net profit given a fixed activity schedule. It is shown that determining a
schedule that maximizes net profit is strongly NP-hard. A special case of the problem
is identified as polynomially solvable when the total number of profitable, technologi-
cally independent activities is bounded by a constant. A model is also presented to
estimate the potential of a project under full self-financing. The question of whether
this problem is polynomially solvable remains open. To address it, an approximate
integer linear programming model with a unimodular matrix is proposed. However,
the complexity status of this formulation likewise remains unresolved.

Keywords: scheduling, investment project, Net Present Value, lending.

Ââåäåíèå
Ïðîåêòîì áóäåì íàçûâàòü ìíîæåñòâî òåõíîëîãè÷åñêè âçàèìîñâÿçàííûõ ðàáîò i ∈ V ,

ãäå V = {1, 2, . . . , n}�ìíîæåñòâî âñåõ ðàáîò ïðîåêòà, âûïîëíåíèå êîòîðûõ íàïðàâëåíî
íà äîñòèæåíèå îïðåäåë¼ííîé öåëè. Âçàèìîñâÿçü îïðåäåëÿåòñÿ ÷àñòè÷íûì ïîðÿäêîì E,
à ñàì ïðîåêò çàäà¼òñÿ ãðàôîì G = (V,E). Äëÿ êàæäîé ðàáîòû i ∈ V èçâåñòíà äëè-
òåëüíîñòü å¼ âûïîëíåíèÿ pi. Â âûáðàííûõ åäèíèöàõ èçìåðåíèÿ âðåìåíè âåëè÷èíû pi
ÿâëÿþòñÿ öåëî÷èñëåííûìè. Çàäà÷à ìèíèìèçàöèè îáùåãî ñðîêà âûïîëíåíèÿ ïðîåêòà
áûëà óñïåøíî ðåøåíà â 1958 ã. ïðè ðåàëèçàöèè ïðîåêòà ñîçäàíèÿ ðàêåòíîé ñèñòåìû
¾Ïîëÿðèñ¿ [1]. Ïðîåêò, ñîñòîÿùèé èç 60 òûñ. ðàáîò, óäàëîñü çàêîí÷èòü íà äâà ãîäà
ðàíüøå îæèäàåìîãî ñðîêà. Ïðèìåðíî â ýòî æå âðåìÿ ïðè ïëàíèðîâàíèè ðàáîò ïî ìî-
äåðíèçàöèè çàâîäîâ ôèðìû ¾Äþïîí¿ áûë ïðåäëîæåí ìåòîä êðèòè÷åñêîãî ïóòè [2]. Ýòè
ðàçðàáîòêè ïîëó÷èëè øèðîêîå ïðàêòè÷åñêîå ïðèìåíåíèå áëàãîäàðÿ ïðîñòîòå, íàãëÿä-
íîñòè è ýôôåêòèâíîñòè èõ èñïîëüçîâàíèÿ. Îíè ïîçâîëÿþò ðàññ÷èòûâàòü ïîòðåáíîñòè
â ðåñóðñàõ íà êàæäîì ýòàïå ðåàëèçàöèè ïðîåêòà.

Òðóäíîñòè ïðè ñîñòàâëåíèè ðàñïèñàíèÿ âûïîëíåíèÿ ðàáîò âîçíèêëè, êîãäà ïðî-
åêòû òðåáîâàëîñü ðåàëèçîâûâàòü â óñëîâèÿõ îãðàíè÷åíèÿ íà ðåñóðñû. Òàêàÿ çàäà÷à
ïîëó÷èëà íàçâàíèå Resource Constrained Project Scheduling Problem (RCPSP) è çàêëþ-
÷àåòñÿ â òîì, ÷òîáû ïëàíèðîâàòü ðàáîòû ñ ó÷¼òîì èõ ïðèîðèòåòà è îãðàíè÷åíèé íà
ðåñóðñû, ïðè ýòîì âðåìÿ âûïîëíåíèÿ äîëæíî áûòü ìèíèìàëüíûì. Ìàòåìàòè÷åñêàÿ
ìîäåëü, ïðåäñòàâëÿþùàÿ RCPSP, áûëà ðàçðàáîòàíà â 1969 ã. [3]. Â 1983 ã. äîêàçàíà
ñèëüíàÿ NP-òðóäíîñòü ýòîé çàäà÷è [4]. Â äàëüíåéøåì áûëè ïðåäëîæåíû ðàçíîîáðàç-
íûå ïîñòàíîâêè çàäà÷è ïëàíèðîâàíèÿ ïðîåêòîâ ñ îãðàíè÷åííûìè ðåñóðñàìè, â òîì
÷èñëå è ñ ðàçëè÷íûìè êðèòåðèÿìè.

Çàäà÷ó ñ êðèòåðèåì ÷èñòîé ïðèâåäåííîé ïðèáûëè ïðîåêòà âïåðâûå ðàññìîòðåë
A.H. Russell [5] â 1970 ã. Â ðàáîòå [6] äëÿ ïëàíèðîâàíèÿ êðóïíîìàñøòàáíûõ ïðîåê-
òîâ ïðåäëîæåíî ñâåñòè çàäà÷ó ê îãðàíè÷åíèÿì íà ðåñóðñ ôèíàíñîâîãî òèïà, à äðóãèå
ðåñóðñû òðàíñôîðìèðîâàòü â èõ äåíåæíûé ýêâèâàëåíò. Â [7] äîêàçàíà ñèëüíàÿ NP-
òðóäíîñòü ýòîé çàäà÷è. Çàäà÷à ñ êðåäèòîâàíèåì áûëà ïðåäñòàâëåíà â [8], à å¼ ñèëüíàÿ
NP-òðóäíîñòü äîêàçàíà â [9]. Â íàñòîÿùåé ðàáîòå ìû ðàçâèâàåì ïîäõîäû ê ðåøåíèþ
çàäà÷è ñ êðåäèòîâàíèåì.

Â ï. 1 ñäåëàí îáçîð ðàçëè÷íûõ ïîñòàíîâîê çàäà÷è, îïèñàíà îáùàÿ êîíöåïöèÿ ðå-
ñóðñíûõ îãðàíè÷åíèé. Ïóíêò 2 ïîñâÿù¼í êëàññè÷åñêîé ïîñòàíîâêå çàäà÷è ñ êðèòåðèåì
ìàêñèìèçàöèè ÷èñòîé ïðèâåä¼ííîé ïðèáûëè. Â ï. 3 îïèñàíà ïîñòàíîâêà çàäà÷è ìàê-
ñèìèçàöèè ñîáñòâåííîé ïðèáûëè ñ ó÷¼òîì âîçìîæíîñòè êðåäèòîâàíèÿ ïðîåêòà. Â ï. 4
ïðåäëîæåí ïîäõîä ê ìîäåëèðîâàíèþ çàäà÷è, â êîòîðîì ðåñóðñíûå îãðàíè÷åíèÿ îò-
ñóòñòâóþò, à íåäîñòàþùèå ðåñóðñû ïîêðûâàþòñÿ çà ñ÷¼ò êðåäèòîâ. Îïèñàí àëãîðèòì
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ðàñ÷¼òà ñîáñòâåííîé ïðèáûëè äëÿ çàäàííîãî ðàñïèñàíèÿ âûïîëíåíèÿ ðàáîò. Â ï. 5 ïðî-
âåä¼í àíàëèç ñëîæíîñòè ïðåäëîæåííîé ïîñòàíîâêè, âûäåëåí ïîëèíîìèàëüíî ðàçðåøè-
ìûé ïîäñëó÷àé çàäà÷è. Â ï. 6 ðàññìàòðèâàåòñÿ çàäà÷à îöåíêè ïîòåíöèàëüíûõ âîçìîæ-
íîñòåé ïðîåêòà è ïðåäëàãàåòñÿ ïîäõîä ê å¼ ðåøåíèþ.

1. Çàäà÷à êàëåíäàðíîãî ïëàíèðîâàíèÿ
Ïðèâåä¼ì êëàññè÷åñêóþ ïîñòàíîâêó çàäà÷è [10]. Ðàññìîòðèì äâà òèïà ðåñóðñîâ:

âîçîáíîâèìûå è ñêëàäèðóåìûå. Ê ïåðâûì îòíîñèòñÿ îáîðóäîâàíèå, ðàáî÷èå, ñïåöèàëè-
ñòû, ïðîèçâîäñòâåííûå ïîìåùåíèÿ, à ê ñêëàäèðóåìûì� ðàñõîäíûå ìàòåðèàëû, ñûðü¼,
ôèíàíñû è ò. ä. Ïóñòü W r è W a �ìíîæåñòâà âèäîâ âîçîáíîâèìûõ è ñêëàäèðóåìûõ ðå-
ñóðñîâ ñîîòâåòñòâåííî. Îáú¼ì ðåñóðñà âèäà w ∈ W r∪W a íà èíòåðâàëå [t−1, t) îáîçíà-
÷èì Kw(t), t ∈ N. Âîçîáíîâèìûå ðåñóðñû äîñòóïíû â òå÷åíèå âñåãî èíòåðâàëà, à ñêëà-
äèðóåìûå� íà íà÷àëî óêàçàííîãî ïåðèîäà. Áåç îãðàíè÷åíèÿ îáùíîñòè ïðåäïîëàãàåò-
ñÿ, ÷òî äëèòåëüíîñòè âñåõ ðàáîò öåëî÷èñëåííûå. Ðàáîòà i ∈ V íà èíòåðâàëå [τ − 1, τ),
τ = 1, 2, . . . , pi, ïîòðåáëÿåò k

w
i (τ) åäèíèö ðåñóðñà âèäà w. Íåîáõîäèìî íàéòè si � âðåìÿ

íà÷àëà âûïîëíåíèÿ ðàáîòû i ∈ V . Îáîçíà÷èì ÷åðåç Nt = {i ∈ V : si < t ⩽ si + pi}
ìíîæåñòâî ðàáîò, âûïîëíÿåìûõ íà èíòåðâàëå [t − 1, t). Ðàñïèñàíèå (s1, s2, . . . , sn) íà-
çûâàåòñÿ äîïóñòèìûì, åñëè:

� ñîáëþäàåòñÿ òåõíîëîãè÷åñêàÿ ïîñëåäîâàòåëüíîñòü âûïîëíåíèÿ ðàáîò:

si + pi ⩽ sj, (i, j) ∈ E;

� ñîáëþäàþòñÿ îãðàíè÷åíèÿ íà ðåñóðñû ñêëàäèðóåìîãî òèïà:

t∑
τ=1

∑
i∈Nτ

kwi (τ − si) ⩽
t∑

τ=1

Kw(τ), w ∈ W a, t = 1, 2, . . . ;

� ñîáëþäàþòñÿ îãðàíè÷åíèÿ íà ðåñóðñû âîçîáíîâèìîãî òèïà:∑
i∈Nτ

kwi (τ − si) ⩽ Kw(t), w ∈ W r, t = 1, 2, . . .

Åñëè èìåþòñÿ òîëüêî ðåñóðñû ñêëàäèðóåìîãî òèïà, òî çàäà÷à ìèíèìèçàöèè îáùåãî
âðåìåíè çàâåðøåíèÿ âñåõ ðàáîò ïîëèíîìèàëüíî ðàçðåøèìà [10]. Äëÿ äðóãèõ êðèòåðè-
åâ çàäà÷à NP-òðóäíà â ñèëüíîì ñìûñëå. Åñëè ðåñóðñû âîçîáíîâèìûå, òî äàæå ïîèñê
äîïóñòèìîãî ðåøåíèÿ ÿâëÿåòñÿ ñèëüíî NP-òðóäíîé çàäà÷åé. Â ýòîì ñëó÷àå ëåãêî ñêîí-
ñòðóèðîâàòü ïðèìåðû, êîãäà õîòÿ áû îäíî äîïóñòèìîå ðåøåíèå åñòü, íî îòûñêàòü åãî
òðóäíî. Äëÿ ýòîãî äîñòàòî÷íî âçÿòü ïðîèçâîëüíîå ðàñïèñàíèå âûïîëíåíèÿ ðàáîò è ðàñ-
ñ÷èòàòü, ñêîëüêî â òî÷íîñòè òðåáóåòñÿ ðåñóðñîâ äëÿ åãî ðåàëèçàöèè. Ýòîò ìèíèìàëüíî
íåîáõîäèìûé óðîâåíü ðåñóðñîâ çàôèêñèðîâàòü êàê âõîäíûå äàííûå. Äàëåå èíôîðìà-
öèþ î ðàñïèñàíèè óáðàòü. Â ðåçóëüòàòå ïîëó÷àåì ïðèìåð ñ íåïóñòûì ìíîæåñòâîì
äîïóñòèìûõ ðåøåíèé. Íàéòè äîïóñòèìîå ðàñïèñàíèå òàêîãî ïðèìåðà � î÷åíü òðóäíàÿ
çàäà÷à, òàê êàê îãðàíè÷åíèÿ íà ðåñóðñû ïîëó÷àþòñÿ î÷åíü æ¼ñòêèå. Òàêèå ïðèìåðû
ÿâëÿþòñÿ íàèáîëåå ñëîæíûìè â äèñêðåòíîé îïòèìèçàöèè.

Â ëèòåðàòóðå ïðåäñòàâëåíî ìíîæåñòâî èäåé ïî ïîâîäó òîãî, êàêèì îáðàçîì ìîæíî
îñëàáèòü æ¼ñòêîñòü ðåñóðñíûõ îãðàíè÷åíèé. Â [11, 12] âîçîáíîâèìûå ðåñóðñû çàìåíÿ-
þòñÿ ñêëàäèðóåìûìè, ÷òî ïîçâîëÿåò ïîëó÷èòü íèæíèå îöåíêè îïòèìàëüíîãî ðåøåíèÿ
çàäà÷è. Õîðîøî èçâåñòíà çàäà÷à trade-o�, â êîòîðîé äëèòåëüíîñòü ðàáîòû çàâèñèò îò
âûäåëåííûõ íà íå¼ ðåñóðñîâ [13]: èìååòñÿ âîçìîæíîñòü ïåðåðàñïðåäåëèòü îãðàíè÷åí-
íûå ðåñóðñû â ïîëüçó êðèòè÷åñêèõ ðàáîò. Ñ äðóãîé ñòîðîíû, â ñëó÷àå íåõâàòêè ðåñóð-
ñîâ â íåêîòîðûé ìîìåíò âðåìåíè ìîæíî óâåëè÷èòü äëèòåëüíîñòü ðàáîò è óëîæèòüñÿ
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â îãðàíè÷åíèÿ. Åù¼ îäíèì âàæíûì ïîäõîäîì, íàïðàâëåííûì íà áîëåå ãèáêóþ ðàáîòó
ñ ðåñóðñíûìè îãðàíè÷åíèÿìè, ÿâëÿåòñÿ ïðèîáðåòåíèå ðåñóðñîâ. Çàäà÷à ìèíèìèçàöèè
çàòðàò íà çàêóïêó ðåñóðñîâ âïåðâûå áûëà ðàññìîòðåíà â 1984 ã. [14]. Èç ïîñëåäíèõ
èññëåäîâàíèé îòìåòèì ðàáîòû [15, 16]. Â [17, 18], ïîìèìî ñîñòàâëåíèÿ ðàñïèñàíèÿ, ðå-
øàåòñÿ çàäà÷à, â êîòîðîé íåîáõîäèìî îïðåäåëèòü äîïîëíèòåëüíûå ïàðàìåòðû: â êàêèå
ìîìåíòû âðåìåíè, ãäå è â êàêîì êîëè÷åñòâå çàêàçûâàòü ìàòåðèàëû äëÿ ïðîåêòà. Â ðà-
áîòàõ [15, 18] ó÷èòûâàåòñÿ åù¼ è ñêèäêà íà êîëè÷åñòâî çàêàçîâ. Íåäîñòàòêîì òàêîãî
ïîäõîäà ÿâëÿåòñÿ íåîáõîäèìîñòü îïòèìèçàöèè âòîðîé öåëåâîé ôóíêöèè� ñòîèìîñòè
çàêóïëåííûõ ðåñóðñîâ.

Â íàñòîÿùåå âðåìÿ ïðåäñòàâëåíèÿ î ðåñóðñàõ ñóùåñòâåííî ðàñøèðèëèñü. Ïðåæ-
äå âñåãî îòìåòèì ïîíÿòèå ðåãåíåðàöèè ðåñóðñîâ [19, 20]. Ïðåäïîëîæèì, ÷òî êàæäàÿ
âûïîëíÿåìàÿ ðàáîòà ïîòðåáëÿåò íåêîòîðîå êîëè÷åñòâî åäèíèö ðåñóðñà, ýòî èíòåðïðå-
òèðóåòñÿ êàê ðàñõîä, è âîñïðîèçâîäèò äðóãîå êîëè÷åñòâî åäèíèö ðåñóðñà ïîñëå ñâîåãî
çàâåðøåíèÿ, êîòîðîå èíòåðïðåòèðóåòñÿ êàê äîõîä. Äëÿ âîçîáíîâèìûõ ðåñóðñîâ ðàñõîä
ðàâåí äîõîäó, à äëÿ ñêëàäèðóåìûõ äîõîä ðàâåí íóëþ. Ðåãåíåðàöèÿ ðåñóðñîâ ïðåäïîëà-
ãàåò íàëè÷èå êîýôôèöèåíòà β âîññòàíîâëåíèÿ ðåñóðñîâ ïîñëå âûïîëíåíèÿ ðàáîòû. Ðà-
íåå ðàññìàòðèâàëîñü äâà çíà÷åíèÿ ýòîãî êîýôôèöèåíòà: åñëè β = 1, òî ðåñóðñ ÿâëÿåòñÿ
âîçîáíîâèìûì, åñëè β = 0� ñêëàäèðóåìûé. Â áîëåå îáùåì ñëó÷àå çíà÷åíèå β ìîæåò
ïðèíèìàòü ëþáûå çíà÷åíèÿ. Â êà÷åñòâå ïðèìåðà ìîæíî ðàññìîòðåòü ðàáîòû [21, 22],
â êîòîðûõ èññëåäóåòñÿ ìîäåëü ïðîìåæóòî÷íîãî ïåðåñåëåíèÿ æèòåëåé â ðàìêàõ ïðî-
åêòà ïåðåïëàíèðîâêè ðàéîíîâ ãîðîäà. Îïèñàííàÿ çàäà÷à îòëè÷àåòñÿ îò êëàññè÷åñêîé
çàäà÷è êàëåíäàðíîãî ïëàíèðîâàíèÿ ñ îãðàíè÷åííûìè ðåñóðñàìè òåì, ÷òî äîõîä ëþáîé
âûïîëíåííîé ðàáîòû ìîæåò áûòü íå òîëüêî ïîëîæèòåëüíûì èëè ðàâíûì íóëþ, íî è
îòðèöàòåëüíûì. Àâòîðû ðàáîòû [23] ðàññìàòðèâàþò îñîáûé ñëó÷àé ñ ïàðàìè ðàáîò,
êîãäà ïåðâàÿ ðàáîòà çàíèìàåò ðåñóðñ â ìîìåíò ñâîåãî íà÷àëà, ïðè ýòîì òàêîå æå êîëè-
÷åñòâî ìîùíîñòè âûñâîáîæäàåòñÿ ïî çàâåðøåíèè âòîðîé ðàáîòû. Ñâÿçàííûå ðåñóðñû
íàçûâàþòñÿ ðåñóðñàìè ¾áðàòü � äàâàòü¿.

Ýòîò ïîäõîä ìîæíî îáîáùèòü, ïðåäïîëàãàÿ âîñïðîèçâåäåíèå ðåñóðñà íå òîëüêî ïî-
ñëå îêîí÷àíèÿ ðàáîòû, íî è â ïðîöåññå å¼ âûïîëíåíèÿ, à òàêæå ñ âðåìåííûì ëàãîì
ïîñëå å¼ çàâåðøåíèÿ. Áûëè ââåäåíû ïîíÿòèÿ ÷àñòè÷íî âîçîáíîâèìûõ ðåñóðñîâ, à òàê-
æå ïîíÿòèå ïîñëåäîâàòåëüíî âîññòàíîâèìûõ ðåñóðñîâ. Â [24] àâòîðû èñïîëüçóþò ÷à-
ñòè÷íî âîçîáíîâèìûå ðåñóðñû â ðàìêàõ çàäà÷è ïëàíèðîâàíèÿ íåñêîëüêèõ ïðîåêòîâ.
Â [25] ðàññìàòðèâàåòñÿ çàäà÷à ñ ÷àñòè÷íî âîçîáíîâèìûìè ðåñóðñàìè è ìèíèìàëüíû-
ìè è ìàêñèìàëüíûìè âðåìåííûìè çàäåðæêàìè.

Îòìåòèì åù¼ íåñêîëüêî àñïåêòîâ, ñâÿçàííûõ ñ ðåñóðñàìè [26]. Ýòî ïîíÿòèå îáùåãî
èëè ñîâîêóïíîãî ðåñóðñà, êîãäà ïîäìíîæåñòâî ðàáîò èñïîëüçóåò îáùèé ðåñóðñ. Äðó-
ãîå íàïðàâëåíèå ñâÿçàíî ñ ðåñóðñàìè, êîòîðûå îáëàäàþò ìíîæåñòâåííûìè íàâûêàìè
(multiple skills), à êàæäàÿ ðàáîòà òðåáóåò íàëè÷èÿ îïðåäåë¼ííîãî íàáîðà ýòèõ íàâûêîâ.
Íåêîòîðûå èññëåäîâàòåëè ðàññìàòðèâàþò ïðîáëåìó ìíîæåñòâåííûõ íàâûêîâ ñ ýôôåê-
òàìè îáó÷åíèÿ èëè óñòàëîñòè. Íî èññëåäîâàíèå ðåñóðñîâ òàêèõ òèïîâ âûõîäèò çà ðàìêè
äàííîé ðàáîòû.

Õîòÿ RCPSP ÿâëÿåòñÿ êëàññè÷åñêîé ìîäåëüþ, îíà íå ìîæåò îõâàòèòü âñå ñèòóàöèè,
âîçíèêàþùèå íà ïðàêòèêå. Ïîýòîìó ìíîãèå èññëåäîâàòåëè ðàçðàáîòàëè áîëåå îáùèå
çàäà÷è ïëàíèðîâàíèÿ ïðîåêòîâ, ÷àñòî èñïîëüçóÿ ñòàíäàðòíóþ RCPSP â êà÷åñòâå îò-
ïðàâíîé òî÷êè. Â [27] ñîáðàíî áîëåå 60 ñòàòåé, îõâàòûâàþùèõ ìíîãèå âàæíûå ìîäåëè
è ìåòîäû ïëàíèðîâàíèÿ ïðîåêòîâ. S. Hartmann è D. Briskorn [26] ïðåäñòàâèëè øèðîêèé
îáçîð âàðèàíòîâ è ðàñøèðåíèé RCPSP, êîòîðûå áûëè ïðåäëîæåíû äðóãèìè àâòîðàìè.
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2. Êðèòåðèè, îñíîâàííûå íà ÷èñòîé ïðèâåä¼ííîé ñòîèìîñòè
Îäíèì èç âàæíûõ âàðèàíòîâ ðàññìàòðèâàåìîé çàäà÷è ÿâëÿåòñÿ ïëàíèðîâàíèå èí-

âåñòèöèîííûõ ïðîåêòîâ, îñíîâíàÿ öåëü êîòîðûõ íàïðàâëåíà íà ïîëó÷åíèå ïðèáûëè
îò âûïîëíåíèÿ êîìïëåêñà òåõíîëîãè÷åñêè âçàèìîñâÿçàííûõ ðàáîò. Â òàêîé ïîñòàíîâ-
êå âîçíèêàþò äåíåæíûå ïîòîêè, à äëÿ èõ ñðàâíåíèÿ â ðàçëè÷íûå ìîìåíòû âðåìå-
íè èñïîëüçóåòñÿ îïåðàöèÿ äèñêîíòèðîâàíèÿ. Ïðè ñîâåðøåíèè ôèíàíñîâûõ îïåðàöèé
ïðåäïîëàãàåòñÿ, ÷òî èìååòñÿ âîçìîæíîñòü àëüòåðíàòèâíîãî áåçðèñêîâîãî ëèêâèäíîãî
ðàçìåùåíèÿ êàïèòàëà ïîä ñòàâêó r0 çà åäèíè÷íûé ïåðèîä âðåìåíè. Òîãäà êàïèòàë K0,
êîòîðûì ðàñïîëàãàåò èíâåñòîð â ìîìåíò t0, ê ìîìåíòó t óâåëè÷èâàåòñÿ äî âåëè÷èíû
Kt = K0(1 + r0)

t−t0 . Òåì ñàìûì êàïèòàë Kt â ìîìåíò âðåìåíè t ýêâèâàëåíòåí êàïèòà-
ëó Kt/(1 + r0)

t−t0 â ìîìåíò t0. Îïåðàöèÿ ïðèâåäåíèÿ ê íà÷àëüíîìó ìîìåíòó âðåìåíè
íàçûâàåòñÿ äèñêîíòèðîâàíèåì è ïîçâîëÿåò ñðàâíèâàòü äåíüãè â ðàçíûå ìîìåíòû âðå-
ìåíè.

Â ëèòåðàòóðå ðàññìàòðèâàþòñÿ ðàçíûå ïîäõîäû ê ìîäåëèðîâàíèþ èíâåñòèöèîí-
íûõ ïðîåêòîâ. Îòòîê äåíåæíûõ ñðåäñòâ âûçâàí âûïîëíåíèåì ðàáîò è èñïîëüçîâàíè-
åì ðåñóðñîâ, ïðèòîê äåíåæíûõ ñðåäñòâ ïðîèñõîäèò ïî çàâåðøåíèè îïðåäåë¼ííûõ ÷à-
ñòåé ïðîåêòà. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè ìàêñèìèçèðîâàòü ÷èñòóþ òåêóùóþ ñòî-
èìîñòü (Net Present Value, NPV) ïðîåêòà. Â äîïîëíåíèå ê ñòàíäàðòíîìó ïðèîðèòåòó
è îãðàíè÷åíèÿì ïî ðåñóðñàì ó÷èòûâàåòñÿ îãðàíè÷åíèå ïî ñðîêàì. RCPSP ñ öåëüþ
ìàêñèìèçàöèè NPV èçó÷àëîñü â [28�31]. Ýòè èññëåäîâàíèÿ îñíîâàíû íà íåïðåðûâíîì
íà÷èñëåíèè ñëîæíûõ ïðîöåíòîâ, òî åñòü äåíåæíûå ïîòîêè äèñêîíòèðóþòñÿ ñ êîýô-
ôèöèåíòîì e−βt. Â [32] ðàññìàòðèâàåòñÿ òà æå ñèòóàöèÿ, íî èñïîëüçóåòñÿ íà÷èñëåíèå
ñëîæíûõ ïðîöåíòîâ çà ïåðèîä ñ êîýôôèöèåíòîì äèñêîíòèðîâàíèÿ (1 + α)−t. Îäíà-
êî ýòè äâà òèïà äèñêîíòèðîâàíèÿ ñóùåñòâåííî íå îòëè÷àþòñÿ, ïîñêîëüêó ìîãóò áûòü
êîíâåðòèðîâàíû äðóã â äðóãà. Â ðàáîòå [33] ðàñøèðÿåòñÿ RCPSP ñ öåëåâîé ôóíêöèåé
NPV� ðàññìàòðèâàåòñÿ îòòîê äåíåæíûõ ñðåäñòâ ëèáî â íà÷àëå, ëèáî â êîíöå ðàáîòû,
ëèáî íà ïðîòÿæåíèè âñåãî ïåðèîäà å¼ âûïîëíåíèÿ (ïðèòîê äåíåæíûõ ñðåäñòâ ïðîèñõî-
äèò òîëüêî â êîíöå ïåðèîäà). Îãðàíè÷åíèå ãàðàíòèðóåò, ÷òî êàïèòàë íèêîãäà íå ñòàíåò
îòðèöàòåëüíûì.

Â [34] ïðèìåíÿåòñÿ àíàëîãè÷íûé ïîäõîä, ãäå òðè âàðèàíòà ïîñòóïëåíèÿ ïëàòåæåé
ïðèìåíÿþòñÿ òàêæå ê ïðèòîêó äåíåæíûõ ñðåäñòâ. Â [35] ðàññìàòðèâàþòñÿ ïëàòåæè
â ðåãóëÿðíûå è íåðåãóëÿðíûå ìîìåíòû âðåìåíè, à òàêæå ïëàòåæè, ñâÿçàííûå ñ ðàáî-
òàìè, êîòîðûå âêëþ÷åíû êàê â îäíîìîäîâóþ, òàê è â ìíîãîðåæèìíóþ RCPSP.

Â [36] ïðåäëàãàåòñÿ ðàññìàòðèâàòü öåëü, îñíîâàííóþ íà ÷èñòîé ïðèâåä¼ííîé ñòîè-
ìîñòè, êîòîðàÿ ó÷èòûâàåò ïðèòîê äåíåæíûõ ñðåäñòâ ïîñëå çàâåðøåíèÿ äåÿòåëüíîñòè,
çàòðàòû íà ðåñóðñíûå ìîùíîñòè, à òàêæå áîíóñû è øòðàôíûå ïëàòåæè â çàâèñèìîñòè
îò çàâåðøåíèÿ ïðîåêòà â îòíîøåíèè ñðîêà âûïîëíåíèÿ. Ó÷èòûâàåòñÿ òàêæå óðîâåíü
èíôëÿöèè.

Çàòðàòû íà îáú¼ì ðåñóðñîâ îòíîñÿòñÿ òîëüêî ê èíòåðâàëó âðåìåíè, â òå÷åíèå êî-
òîðîãî ðåñóðñ ôàêòè÷åñêè èñïîëüçóåòñÿ. Â [37] èññëåäóåòñÿ RCPSP ñ öåëüþ ìàêñèìè-
çèðîâàòü ÷èñòóþ òåêóùóþ ñòîèìîñòü è äîïîëíèòåëüíûé åäèíûé íåïðåðûâíûé ðåñóðñ.

Â [38] ìàêñèìèçèðóåòñÿ ÷èñòàÿ ïðèâåä¼ííàÿ ñòîèìîñòü; â [39] â RCPSP ñ çàäàííûìè
ñðîêàìè âûïîëíåíèÿ ðàáîò ìèíèìèçèðóåòñÿ ÷èñòàÿ ïðèâåä¼ííàÿ ñòîèìîñòü øòðàôîâ
çà íàðóøåíèå äèðåêòèâíûõ ñðîêîâ ýòèõ ðàáîò.

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ïîäõîä, êîòîðûé ìîæåò áûòü èñïîëüçîâàí äëÿ ìî-
äåëèðîâàíèÿ êðóïíîìàñøòàáíûõ ïðîåêòîâ è âêëþ÷àåò â ñåáÿ áîëüøèíñòâî îïèñàííûõ
âûøå ïîíÿòèé. Êðîìå òîãî, â ìîäåëè óäà¼òñÿ èçáåæàòü ìíîãîêðèòåðèàëüíîñòè.
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Çàìåòèì, ÷òî â êðóïíîìàñøòàáíûõ ïðîåêòàõ ìîæíî çàìåíèòü âñå ðåñóðñû èõ äå-
íåæíûì ýêâèâàëåíòîì è ðàññìàòðèâàòü òîëüêî îäèí âèä ðåñóðñà �ôèíàíñîâûé. Èìåÿ
ôèíàíñîâûé ðåñóðñ, ðàáî÷èõ ìîæíî íàíÿòü, íåîáõîäèìûå ïîìåùåíèÿ è îáîðóäîâà-
íèå àðåíäîâàòü, âçÿòü â ëèçèíã èëè êóïèòü, âîçìîæíî, ñ ïîñëåäóþùåé ïðîäàæåé. Åñ-
ëè æå ôèíàíñîâîãî ðåñóðñà íå õâàòàåò, òî åãî ìîæíî ïðèîáðåñòè ñ ïîìîùüþ êðå-
äèòà. Â èòîãå âñå ïëàòåæè, ñâÿçàííûå ñ ðàáîòîé i ∈ V , ñâîäÿòñÿ ê îäíîìó ïî-
òîêó (ci(0), ci(1), . . . , ci(pi)), ãäå ci(τ)� áàëàíñ ïëàòåæåé ðàáîòû i â ìîìåíò âðåìåíè
τ = 0, 1, . . . , pi. Ïîä áàëàíñîì ïëàòåæåé áóäåì ïîíèìàòü ðàçíîñòü ìåæäó ïîñòóïëåíè-
ÿìè è ðàñõîäàìè. Åñëè ci(τ) < 0� çàòðàòû ïðåâîñõîäÿò ïîñòóïëåíèÿ, åñëè ci(τ) > 0�
ïîñòóïëåíèÿ áîëüøå çàòðàò. Âåëè÷èíà

NPVi =
pi∑
τ=0

ci(τ)

(1 + r0)τ

íàçûâàåòñÿ ÷èñòîé ïðèáûëüþ ðàáîòû i ∈ V , ïðèâåä¼ííîé ê íà÷àëó å¼ âûïîëíåíèÿ.
Ïðåäïîëàãàåòñÿ, ÷òî êàæäàÿ ðàáîòà âûïîëíÿåòñÿ áåç ïðåðûâàíèé. Íàëè÷èå ðåñóðñîâ
â ìîìåíò âðåìåíè t òàêæå çàäà¼ì â äåíåæíîì ýêâèâàëåíòå ñîâîêóïíîé âåëè÷èíîéK(t),
t = 0, . . . , T , ãäå T � ãîðèçîíò ïëàíèðîâàíèÿ ïðîåêòà.

Îáîçíà÷èì, êàê è ðàíåå, ÷åðåç si ìîìåíò íà÷àëà âûïîëíåíèÿ ðàáîòû i ∈ V . Âåêòîð
S = (s1, s2, . . . , sn) çàäà¼ò ðàñïèñàíèå âûïîëíåíèÿ ðàáîò ïðîåêòà. Òàê êàê pi �öåëûå
÷èñëà è ïîòîêè ïëàòåæåé äèñêðåòíû, äîñòàòî÷íî ðàññìîòðåòü ðàñïèñàíèÿ ñ öåëûìè
çíà÷åíèÿìè si.

Â äàííîé ïîñòàíîâêå ïëàòåæè ïðèâÿçàíû ê ìîìåíòàì τ = 0, 1, . . . , pi. Ïîýòî-
ìó ïåðåîïðåäåëèì ìíîæåñòâî Nt êàê ìíîæåñòâî ðàáîò, âûïîëíÿåìûõ â ìîìåíò t ∈
∈ {0, 1, . . . , T}, òî åñòü Nt = {i ∈ V : si ⩽ t ⩽ si + pi}. Ðàñïèñàíèå S íàçûâàåòñÿ
äîïóñòèìûì, åñëè:

� ïðîåêò çàâåðøàåòñÿ ê ìîìåíòó T :

si + pi ⩽ T, i ∈ V ;

� ñîõðàíÿåòñÿ çàäàííûé ÷àñòè÷íûé ïîðÿäîê âûïîëíåíèÿ ðàáîò:

si + pi ⩽ sj, (i, j) ∈ E;

� â êàæäûé ìîìåíò âðåìåíè ñ ó÷¼òîì ðåèíâåñòèðîâàíèÿ äîõîäà è ðàçìåùåíèÿ ñâî-
áîäíîãî êàïèòàëà ïîä ñòàâêó r0 ôèíàíñîâûõ ðåñóðñîâ äîñòàòî÷íî äëÿ âûïîëíåíèÿ
ðàáîò ïðîåêòà:

t∗∑
t=0

K(t)

(1 + r0)t
+

t∗∑
t=0

∑
i∈Nt

ci(t− si)

(1 + r0)t
⩾ 0, t∗ = 0, . . . , T.

Òðåáóåòñÿ îïðåäåëèòü äîïóñòèìîå ðàñïèñàíèå âûïîëíåíèÿ ðàáîò, ïðè êîòîðîì ÷èñòàÿ
ïðèâåä¼ííàÿ ïðèáûëü âñåãî ïðîåêòà áóäåò ìàêñèìàëüíîé. ×òîáû ïðîñóììèðîâàòü ïðè-
áûëü îò âñåõ ðàáîò, òðåáóåòñÿ âåëè÷èíûNPVj ïðèâåñòè ê ìîìåíòó âðåìåíè t = 0. Òîãäà
öåëåâàÿ ôóíêöèÿ áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:

NPVrc(S) =
∑
i∈V

NPVi
(1 + r0)si

→ max
S

.

Äàííàÿ çàäà÷à ÿâëÿåòñÿ NP-òðóäíîé â ñèëüíîì ñìûñëå [7]. Ðàçëè÷íûå âàðèàíòû ýòîé
ìîäåëè èññëåäîâàëèñü â [28, 29, 33, 35].
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Îòìåòèì, ÷òî êðèòåðèé ÷èñòîé ïðèâåä¼ííîé ïðèáûëè óäîáíî èñïîëüçîâàòü äëÿ äî-
ñòèæåíèÿ ðàçëè÷íûõ öåëåé ïðîåêòà, â ÷àñòíîñòè äëÿ ìèíèìèçàöèè îáùåãî âðåìåíè åãî
âûïîëíåíèÿ. Äîñòàòî÷íî ââåñòè ôèêòèâíóþ çàêëþ÷èòåëüíóþ ðàáîòó, êîòîðàÿ çàâèñèò
îò âñåõ ðàáîò ïðîåêòà, è ñäåëàòü å¼ äîõîä áîëüøå, ÷åì ìàêñèìàëüíî âîçìîæíûé îáùèé
äîõîä ïðîåêòà. Òîãäà ïðè îïòèìèçàöèè NPV-êðèòåðèÿ ýòà ðàáîòà àâòîìàòè÷åñêè áóäåò
âûïîëíÿòüñÿ â ðàííèå ñðîêè, è âåñü ïðîåêò çàâåðøèòñÿ êàê ìîæíî ðàíüøå.

3. Çàäà÷à ïëàíèðîâàíèÿ èíâåñòèöèîííûõ ïðîåêòîâ
ïðè âîçìîæíîñòè êðåäèòîâàíèÿ

Îáîáùèì ìîäåëü, äîïóñòèâ âîçìîæíîñòü ïðèâëå÷åíèÿ çà îïðåäåë¼ííóþ ïëàòó äî-
ïîëíèòåëüíûõ ðåñóðñîâ. Ðàññìîòðèì ïðîáëåìû ôèíàíñèðîâàíèÿ ïðîåêòà. Îñíîâíûìè
èñòî÷íèêàìè ôèíàíñèðîâàíèÿ èíâåñòèöèîííîãî ïðîåêòà ÿâëÿþòñÿ ñîáñòâåííûå ñðåä-
ñòâà, êðåäèòû è ñðåäñòâà ñîèíâåñòîðîâ. Â îïèñàííîé âûøå ïîñòàíîâêå ôèíàíñèðîâàíèå
ïðîåêòà ïîëíîñòüþ îñóùåñòâëÿåòñÿ çà ñ÷¼ò ñîáñòâåííûõ ñðåäñòâ èíâåñòîðà. Åñëè èõ
íå õâàòàåò, òî ëèáî áåð¼òñÿ êðåäèò, ëèáî ïðèâëåêàþòñÿ ñîèíâåñòîðû. Ñîèíâåñòèðîâà-
íèå è êðåäèòîâàíèå ïðîåêòà � ýòî äâà ðàçíûõ ïîäõîäà ê ôèíàíñèðîâàíèþ, êàæäûé èç
êîòîðûõ èìååò ñâîè îñîáåííîñòè è öåëè.

Ñîèíâåñòèðîâàíèå ïîäðàçóìåâàåò, ÷òî êàæäûé ñîèíâåñòîð âíîñèò ñâîþ äîëþ êàïè-
òàëà è, êàê ïðàâèëî, ïîëó÷àåò ïðîïîðöèîíàëüíóþ äîëþ â ïðèáûëè è óáûòêàõ ïðîåêòà.
Ñîèíâåñòîðû ìîãóò ó÷àñòâîâàòü â óïðàâëåíèè ïðîåêòîì, ïðèíèìàÿ ðåøåíèÿ î åãî ðàç-
âèòèè, ÷òî ìîæåò ïðèâåñòè ê áîëåå àêòèâíîìó âîâëå÷åíèþ â ïðîöåññ.

Êðåäèòîâàíèå ïðîåêòà � ýòî ïðîöåññ ïîëó÷åíèÿ çà¼ìíûõ ñðåäñòâ îò ôèíàíñîâûõ
ó÷ðåæäåíèé ïîä îïðåäåë¼ííûå óñëîâèÿ (ïðîöåíòíàÿ ñòàâêà, ãðàôèê ïîãàøåíèÿ è ò. ä.).
Çà¼ìùèê îáÿçàí âîçâðàùàòü çà¼ì ñ ïðîöåíòàìè íåçàâèñèìî îò óñïåõà èëè íåóäà÷è
ïðîåêòà. Êðåäèòîðû, êàê ïðàâèëî, íå ó÷àñòâóþò â óïðàâëåíèè ïðîåêòîì, íî ìîãóò
óñòàíàâëèâàòü óñëîâèÿ è òðåáîâàíèÿ ê çà¼ìùèêó.

Êàæäûé èç ýòèõ ìåòîäîâ èìååò ñâîè ïðåèìóùåñòâà è íåäîñòàòêè, è âûáîð ìåæäó
íèìè çàâèñèò îò êîíêðåòíûõ îáñòîÿòåëüñòâ ïðîåêòà è öåëåé èíâåñòîðîâ. Äàëåå ðàñ-
ñìîòðèì òîëüêî âàðèàíò ñ êðåäèòîâàíèåì ïðîåêòà, à ñîèíâåñòèðîâàíèå îñòàâèì äëÿ
äàëüíåéøèõ èññëåäîâàíèé.

Ïðè ìîäåëèðîâàíèè êðåäèòîâ âîçíèêàåò áîëüøîå êîëè÷åñòâî äîïîëíèòåëüíûõ õà-
ðàêòåðèñòèê, òàêèõ, êàê ïðîöåíòíàÿ ñòàâêà, òèï êðåäèòà, åãî ðàçìåð, ñðîê, ñõåìà âû-
ïëàò è ò. ä. Ñäåëàåì íåêîòîðîå ïðåäïîëîæåíèå, êîòîðîå óïðîùàåò ïîñòàíîâêó, íî ïî
ñóùåñòâó íå âëèÿåò íà àäåêâàòíîñòü ìîäåëè. Áóäåì ñ÷èòàòü, ÷òî: 1) â ëþáîé ìîìåíò
âðåìåíè ìîæíî âçÿòü êðåäèò; 2) ïðîöåíòíàÿ ñòàâêà ôèêñèðîâàíà è íå ìåíÿåòñÿ â çàâè-
ñèìîñòè îò ñðîêà è ñóììû êðåäèòà; 3) ëþáàÿ ñóììà êðåäèòà äîñòóïíà â ëþáîå âðåìÿ;
4) ïîãàøåíèå êðåäèòà äîïóñêàåòñÿ â ëþáîå âðåìÿ. Òîãäà ëþáîé êðåäèò ìîæíî ïðåä-
ñòàâèòü â âèäå ïîòîêà ïëàòåæåé (

t0 t1 . . . tk
ξ0 ξ1 . . . ξk

)
,

îáëàäàþùåãî ñâîéñòâîì
k∑
i=0

ξi
(1 + r)ti−t0

= 0,

ãäå r�ïðîöåíòíàÿ ñòàâêà ïî êðåäèòó çà åäèíè÷íûé ïåðèîä âðåìåíè.
Êðåäèò ëþáîé ñëîæíîñòè ìîæíî ðàçáèòü íà ïîñëåäîâàòåëüíîñòü ïðîñòûõ êðåäèòîâ,

ðåàëèçóåìûõ ïî ñõåìå ¾âçÿë� âåðíóë ñ ïðîöåíòàìè¿. Òàê êàê ó íàñ âðåìÿ äèñêðåòíî
è t ïðèíèìàåò öåëî÷èñëåííûå çíà÷åíèÿ, òî ñïðàâåäëèâî ñëåäóþùåå
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Óòâåðæäåíèå 1 [9]. Ïðè ôèêñèðîâàííîé ïðîöåíòíîé ñòàâêå êðåäèò ëþáîãî âèäà
ìîæíî ðàçáèòü íà ýêâèâàëåíòíóþ ïîñëåäîâàòåëüíîñòü êðåäèòîâ åäèíè÷íîé äëèòåëü-
íîñòè.

Äåéñòâèòåëüíî, ïðè äèñêðåòíîì âðåìåíè â î÷åðåäíîé öåëî÷èñëåííûé ìîìåíò âðå-
ìåíè âîçâðàùàåòñÿ âåñü äîëã ïî êðåäèòó âìåñòå ñ íà÷èñëåííûìè ïðîöåíòàìè. Êðåäèò
ïîëíîñòüþ çàêðûâàåòñÿ. È â òîò æå ìîìåíò îòêðûâàåì íîâûé êðåäèò íà òó æå ñóì-
ìó. Ïîëó÷åííàÿ ïîñëåäîâàòåëüíîñòü ïîòîêîâ ïëàòåæåé ñîîòâåòñòâóåò èñõîäíîé ñõåìå
êðåäèòà.

Òàêîé ïîäõîä ïîçâîëÿåò ââåñòè òîëüêî îäèí äîïîëíèòåëüíûé òèï ïåðåìåí-
íûõ D(t)�ðàçìåð êðåäèòà, âçÿòîãî â ãîä t. Òîãäà ìîäåëü ñ êðåäèòàìè è ðåèíâå-
ñòèðîâàíèåì äîõîäà èìååò ñëåäóþùèé âèä: ïîñòðîèòü ðàñïèñàíèå âûïîëíåíèÿ ðàáîò
S = (s1, s2, . . . , sn), si ∈ {0, 1, . . . , T − pi}, ïðè êîòîðîì:
� ñîáëþäàåòñÿ òåõíîëîãè÷åñêèé ïîðÿäîê âûïîëíåíèÿ ðàáîò:

si + pi ⩽ sj, (i, j) ∈ E;

� â êàæäûé öåëî÷èñëåííûé ìîìåíò âðåìåíè t∗ ∈ Z+ ñîõðàíÿåòñÿ íåîòðèöàòåëüíûé
ïëàò¼æíûé áàëàíñ ñ ó÷¼òîì âçÿòûõ êðåäèòîâ, âûïëàò ïî íèì, ðåèíâåñòèðîâàíèÿ
äîõîäà è ðàçìåùåíèÿ ñâîáîäíîãî êàïèòàëà ïîä ñòàâêó r0:

t∗∑
t=0

(
K(t)

(1 + r0)t
+
∑
i∈Nt

ci(t− si)

(1 + r0)t
+
D(t)− (1 + r)D(t− 1)

(1 + r0)t

)
⩾ 0;

� ÷èñòàÿ ïðèâåä¼ííàÿ ïðèáûëü ñ ó÷¼òîì âûïëàò ïî êðåäèòàì äîñòèãàåò ìàêñèìàëü-
íîãî çíà÷åíèÿ:

NPVloan(S, D) =
∑
i∈V

NPVi
(1 + r0)si

+
T∑
t=0

D(t)− (1 + r)D(t− 1)

(1 + r0)t
→ max

S,D
,

ãäå T � ãîðèçîíò ïëàíèðîâàíèÿ ïðîåêòà; D(−1) = 0 è D(T ) = 0.

Èñïîëüçîâàíèå êðåäèòîâ ðàñøèðÿåò ìíîæåñòâî äîïóñòèìûõ ðåøåíèé çàäà÷è, ïî-
ýòîìó îïòèìàëüíîå ðåøåíèå NPV ∗loan äîëæíî áûòü ïî êðàéíåé ìåðå íå õóæå, ÷åì
îïòèìàëüíîå ðåøåíèå NPV ∗rc äëÿ çàäà÷è áåç êðåäèòîâ. Òàêèì îáðàçîì, åñëè çàäà÷à
ñ êðèòåðèåì NPVrc ðàçðåøèìà, òî ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

NPV ∗rc ⩽ NPV ∗loan.

Âûäåëèì îñîáåííîñòè ïîñòðîåííîé ìîäåëè:
• öåëü � ïîëó÷åíèå èíâåñòîðîì ìàêñèìàëüíîé ïðèáûëè;
• èñïîëüçóåòñÿ åäèíñòâåííûé ðåñóðñ �ôèíàíñîâûé;
• ó÷èòûâàåòñÿ âðåìåííîé ôàêòîð ñòîèìîñòè äåíåæíûõ ñðåäñòâ;
• èìååòñÿ âîçìîæíîñòü èñïîëüçîâàíèÿ êðåäèòà;
• ïîëó÷åííûé â ïðîöåññå âûïîëíåíèÿ ïðîåêòà äîõîä ðåèíâåñòèðóåòñÿ.
Äàííàÿ çàäà÷à òàêæå ÿâëÿåòñÿ NP-òðóäíîé â ñèëüíîì ñìûñëå [9]. Áîëåå òîãî, â íåé

óâåëè÷èëîñü êîëè÷åñòâî ïåðåìåííûõ. Äàëåå ïðåäëàãàåòñÿ èñïîëüçîâàòü äðóãîé ïîäõîä
ê ìîäåëèðîâàíèþ ýòîé çàäà÷è, îñíîâíûå èäåè êîòîðîãî èçëîæåíû â [40].
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4. Ðåêóðñèâíûé ïîäõîä ïðè ïëàíèðîâàíèè èíâåñòèöèîííûõ ïðîåêòîâ
Ïóñòü, êàê è ïðåæäå, r0 � ñòàâêà àëüòåðíàòèâíîãî áåçðèñêîâîãî ëèêâèäíîãî ðàç-

ìåùåíèÿ ñâîáîäíîãî êàïèòàëà, r� ñòàâêà ïî êðåäèòó. Äëÿ ôèíàíñèðîâàíèÿ ïðîåêòà
â ìîìåíò t èìååòñÿ êàïèòàë Kt, ãäå t = 0, 1, . . . , T . Åñëè â êàêîé-òî ìîìåíò âðåìå-
íè åãî íå õâàòàåò, òî èíâåñòîð áåð¼ò êðåäèò. Çàìåòèì, ÷òî ïðè çàäàííîì ðàñïèñà-
íèè âûïîëíåíèÿ ðàáîò êðåäèòíûå çàèìñòâîâàíèÿ îïðåäåëÿþòñÿ îäíîçíà÷íî. Äëÿ ýòîãî
â êàæäûé öåëî÷èñëåííûé ìîìåíò âðåìåíè íåäîñòàòîê ôèíàíñîâûõ ñðåäñòâ ïîêðûâà-
åòñÿ ìèíèìàëüíî íåîáõîäèìûì êðåäèòîì, êîòîðûé, â ñîîòâåòñòâèè ñ óòâåðæäåíèåì 1,
âîçâðàùàåòñÿ â ñëåäóþùèé öåëî÷èñëåííûé ìîìåíò âðåìåíè. Â òàêîé ñèòóàöèè ïðè
çàäàííîì ðàñïèñàíèè âûïîëíåíèÿ ðàáîò ñîáñòâåííóþ ÷èñòóþ ïðèâåä¼ííóþ ïðèáûëü
ïðîåêòà NPVtaut(S) ìîæíî âû÷èñëÿòü àëãîðèòìè÷åñêè (àëãîðèòì 1).

Àëãîðèòì 1. Âû÷èñëåíèå ñîáñòâåííîé ÷èñòîé ïðèâåä¼ííîé ïðèáûëè äëÿ çàäàííîãî
ðàñïèñàíèÿ

1: Ñôîðìèðóåì îáùèé ïîòîê ïëàòåæåé ïðîåêòà äëÿ ðàñïèñàíèÿ S. Äëÿ ýòîãî äî-
ñòàòî÷íî ñëîæèòü ïîòîêè ðàáîò (ci(0), ci(1), . . . , ci(pi)), ïðèâÿçûâàÿ èõ ê ìîìåíòó
íà÷àëà âûïîëíåíèÿ ðàáîòû si. Â ðåçóëüòàòå ïîëó÷èì îáùèé ïîòîê ïëàòåæåé ïî
ïðîåêòó (C0, C1, . . . , Ct, . . . , CT ) äëÿ äàííîãî ðàñïèñàíèÿ S, ãäå T = max

i∈V
(si + pi).

Äàííûé ïîòîê ïëàòåæåé è ïîñòóïëåíèé íå çàâèñèò îò òîãî, êàê ýòîò ïðîåêò áóäåò
ôèíàíñèðîâàòüñÿ.

2: Îáîçíà÷èì ÷åðåç Ft òåêóùèé ïëàò¼æíûé áàëàíñ íà ìîìåíò t c ó÷¼òîì èñïîëüçîâà-
íèÿ êðåäèòîâ è âûïëàò ïî íèì, t = 0, 1, . . . , T . Ïåðâîíà÷àëüíî ïîëàãàåì F0 = K0.

3: Åñëè K0 + C0 < 0, òî
íåîáõîäèìî âçÿòü êðåäèò ïî ñòàâêå r è F1 = (K0 + C0)(1 + r).

4: Åñëè K0 + C0 ⩾ 0, òî
ñâîáîäíûå äåíüãè ðàçìåùàåì ïîä ñòàâêó r0 è F1 = (K0 + C0)(1 + r0).

5: Äëÿ âñåõ t = 1, 2, . . . , T − 1
çíà÷åíèÿ Ft+1 äëÿ t = 1, 2, . . . , T − 1 âû÷èñëÿþòñÿ ðåêóðñèâíî:
Ft+1 = (Ft +Kt + Ct)(1 + r), åñëè Ft +Kt + Ct < 0;
Ft+1 = (Ft +Kt + Ct)(1 + r0), åñëè Ft +Kt + Ct ⩾ 0.

6: Äèñêîíòèðóÿ âåëè÷èíó FT +CT ê íà÷àëüíîìó ìîìåíòó âðåìåíè è âû÷èòàÿ âëîæåí-
íûé êàïèòàë, ïîëó÷àåì ñîáñòâåííóþ ÷èñòóþ ïðèáûëü, ïðèâåä¼ííóþ ê íà÷àëüíîìó
ìîìåíòó âðåìåíè:

NPVtaut(S) =
FT + CT
(1 + r0)T

−
T−1∑
i=0

Kt

(1 + r0)t
.

7: Âûâåñòè NPVtaut(S).

Â êîíå÷íîì èòîãå òðåáóåòñÿ íàéòè ðàñïèñàíèå âûïîëíåíèÿ ðàáîò ïðîåêòà, ïðè êî-
òîðîì ñîáñòâåííàÿ ïðèáûëü áóäåò íàèáîëüøåé:

NPVtaut(S) → max
S
,

si + pi ⩽ sj, (i, j) ∈ E,

si ∈ {0, 1, . . . , T − pi}, i ∈ V.

Óòâåðæäåíèå 2. Îïòèìàëüíûå çíà÷åíèÿ öåëåâûõ ôóíêöèé NPV ∗taut è NPV ∗loan
ñîâïàäàþò.
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Äîêàçàòåëüñòâî. Ïîñòðîåííàÿ ìîäåëü îòëè÷àåòñÿ îò ìîäåëè ñ êðèòåðè-
åì NPVloan äîïîëíèòåëüíûì òðåáîâàíèåì èñïîëüçîâàíèÿ ìèíèìàëüíî íåîáõîäèìîãî
îáú¼ìà êðåäèòà â ëþáîé ìîìåíò âðåìåíè. Ïîíÿòíî, ÷òî â îïòèìàëüíîì ðåøåíèè ìîäå-
ëè ñ îãðàíè÷åíèåì çíà÷åíèÿ Dt òàêæå áóäóò ìèíèìàëüíî íåîáõîäèìûìè. Îáà ïîäõîäà
ÿâëÿþòñÿ ðåøåíèåì îäíîé è òîé æå çàäà÷è.

Òðóäî¼ìêîñòü øàãà 1 àëãîðèòìà 1 ñîñòàâëÿåò
∑
i∈V

pi îïåðàöèé. Øàã 3 ðåàëèçóåòñÿ

çà O(T ) îïåðàöèé. Ó÷èòûâàÿ, ÷òî äëèía âõîäà çàäà÷è çàâèñèò ëèíåéíî îò
∑
i∈V

pi è T ,

àëãîðèòì ðàñ÷¼òà ñîáñòâåííîé ïðèáûëè äëÿ çàäàííîãî ðàñïèñàíèÿ âûïîëíåíèÿ ðàáîò
ÿâëÿåòñÿ ïîëèíîìèàëüíûì.

5. Âû÷èñëèòåëüíàÿ ñëîæíîñòü è ïîäõîäû ê ðåøåíèþ çàäà÷è
Ïðèâåä¼ì íåñêîëüêî ðåçóëüòàòîâ ïî âû÷èñëèòåëüíîé ñëîæíîñòè ðåøåíèÿ ïîñòàâ-

ëåííîé çàäà÷è.

Óòâåðæäåíèå 3. Çàäà÷à ìàêñèìèçàöèè NPVtaut(S)NP-òðóäíà â ñèëüíîì ñìûñëå.

Äîêàçàòåëüñòâî. Â ñèëó óòâåðæäåíèÿ 2 ïðè íàõîæäåíèè îïòèìóìà çàäà÷è
ñ êðèòåðèåì NPVtaut ìû íàõîäèì è îïòèìóì çàäà÷è ñ êðèòåðèåì NPVloan. Òàê êàê ïî-
ñëåäíÿÿ çàäà÷à NP-òðóäíà â ñèëüíîì ñìûñëå [9], òàêóþ æå ñëîæíîñòü èìååò èñõîäíàÿ
çàäà÷à.

Çàìåòèì, ÷òî âêëàä ðàáîòû i â öåëåâóþ ôóíêöèþ ñîñòàâëÿåò
NPVi

(1 + r0)si
. Åñëè

NPVi < 0, òî äàííàÿ ôóíêöèÿ óáûâàåò ñ ðîñòîì si Ñëåäîâàòåëüíî, ïðè óâåëè÷åíèè
ìîìåíòà si îáùàÿ ïðèáûëü ïðîåêòà âîçðàñòàåò. Ýòî ñâîéñòâî ïîçâîëÿåò âûäåëèòü ïî-
ëèíîìèàëüíî ðàçðåøèìûé ñëó÷àé çàäà÷è. Åñëè NPVi > 0, òî ðàáîòó i áóäåì íàçûâàòü
ïðèáûëüíîé.

Òåîðåìà 1. Åñëè ÷èñëî ïðèáûëüíûõ ðàáîò îãðàíè÷åíî êîíñòàíòîé m, òî çàäà÷à
ìàêñèìèçàöèè ñîáñòâåííîé ïðèáûëè NPVtaut(S) ïîëèíîìèàëüíî ðàçðåøèìà.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî îñíîâàíî íà ïðèâåä¼ííîì âûøå çàìå÷àíèè.
Â îïòèìàëüíîì ðàñïèñàíèè ðàáîòû, èìåþùèå îòðèöàòåëüíóþ ÷èñòóþ ïðèâåä¼ííóþ
ïðèáûëü, âûïîëíÿþòñÿ êàê ìîæíî ïîçäíåå. Òàêèì îáðàçîì, åñëè çàôèêñèðîâàòü ìî-
ìåíòû íà÷àëà âûïîëíåíèÿ ïðèáûëüíûõ ðàáîò Si, òî äëÿ âñåõ îñòàëüíûõ ðàáîò äî-
ñòàòî÷íî íàéòè ïîçäíèå ìîìåíòû èõ íà÷àëà. À òàê êàê Si ∈ {0, 1, . . . , T − pi}, ãäå
T � ãîðèçîíò ïëàíèðîâàíèÿ ïðîåêòà, òî òðóäî¼ìêîñòü ïåðåáîðà ðàñïèñàíèé ñîñòàâèò
íå áîëåå O(Tm) øàãîâ. Äëÿ ðàñ÷¼òà ïðèáûëè äëÿ êàæäîãî ðàñïèñàíèÿ òðåáóåòñÿ íå
áîëåå

∑
i∈V

pi îïåðàöèé. Ñëåäîâàòåëüíî, â äàííîì ñëó÷àå àëãîðèòì ÿâëÿåòñÿ ïîëèíîìè-

àëüíûì.

Òðóäî¼ìêîñòü O(Tm) ÿâëÿåòñÿ ãðóáîé âåðõíåé îöåíêîé è ìîæåò áûòü óìåíüøåíà
çà ñ÷¼ò èñïîëüçîâàíèÿ àëãîðèòìà èç [6], îñíîâàííîãî íà ñõåìå äèíàìè÷åñêîãî ïðî-
ãðàììèðîâàíèÿ. Åãî òðóäî¼ìêîñòü ýêñïîíåíöèàëüíî çàâèñèò îò ìàêñèìàëüíîãî ÷èñëà
òåõíîëîãè÷åñêè íåçàâèñèìûõ ïðèáûëüíûõ ðàáîò. Åñëè ÷èñëî òàêèõ ðàáîò îãðàíè÷åíî
êîíñòàíòîé, òî àëãîðèòì ñòàíîâèòñÿ ïîëèíîìèàëüíûì. Ýòî óñèëèâàåò ðåçóëüòàò òåî-
ðåìû1, íî åãî äîêàçàòåëüñòâî âûõîäèò çà ðàìêè äàííîé ðàáîòû.

Ïëþñîì ïîñòðîåííîé ìîäåëè ÿâëÿåòñÿ òî, ÷òî â íåé îòñóòñòâóþò îãðàíè÷åíèÿ íà
ðåñóðñû, à çíà÷èò, ëþáîå ñîãëàñîâàííîå ñ ÷àñòè÷íûì ïîðÿäêîì ðàñïèñàíèå ÿâëÿåò-
ñÿ äîïóñòèìûì. Ýòî ïîçâîëÿåò èñïîëüçîâàòü øèðîêèé ñïåêòð ìåòàýâðèñòèê, âêëþ÷àÿ
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ýâîëþöèîííûå àëãîðèòìû. Ðàçðàáîòêà òàêèõ àëãîðèòìîâ ÿâëÿåòñÿ öåëüþ íàøèõ äàëü-
íåéøèõ èññëåäîâàíèé.

6. Îöåíêà ýôôåêòèâíîñòè ïðîåêòà
Ðàññìîòðèì çàäà÷ó ìàêñèìèçàöèè NPV â ïðåäïîëîæåíèè, ÷òî ðåñóðñû íå îãðàíè-

÷åíû. Âåëè÷èíà

NPV (S) =
∑
j∈V

NPVj
(1 + r0)sj

õàðàêòåðèçóåò ÷èñòóþ ïðèâåä¼ííóþ ïðèáûëü ïðîåêòà ïðè îòñóòñòâèè îãðàíè÷åíèé íà
ðåñóðñû. Çàìåòèì, ÷òî äëÿ ëþáîãî òåõíîëîãè÷åñêè äîïóñòèìîãî ðàñïèñàíèÿ S âûïîë-
íÿåòñÿ íåðàâåíñòâî

NPVloan(S) ⩽ NPV (S).

Íàõîæäåíèå ðàñïèñàíèÿ, äëÿ êîòîðîãî NPV (S) ïðèíèìàåò íàèáîëüøåå çíà÷åíèå,
ïîçâîëÿåò:

1) îïðåäåëèòü ïîòåíöèàëüíûå âîçìîæíîñòè ïðîåêòà;
2) ïîñòðîèòü âåðõíþþ îöåíêó îïòèìóìà äëÿ çàäà÷è ñ ðåñóðñíûìè îãðàíè÷åíèÿìè;
3) íàéòè îïòèìàëüíîå ðåøåíèå çàäà÷è â ñëó÷àå, êîãäà ñîáñòâåííûõ ñðåäñòâ õâàòàåò

íà ïîëíîå ôèíàíñèðîâàíèå ïðîåêòà.

Îòìåòèì, ÷òî äëÿ ÷àñòè ðàáîò NPVi < 0. Ýòî â îñíîâíîì ñòàðòîâûå ðàáîòû. Íî
îòðèöàòåëüíîñòü NPVi âîçìîæíà òàêæå è äëÿ çàêëþ÷èòåëüíûõ ðàáîò. Ýòî ïðîèñõîäèò,
êîãäà â ïðîåêò âêëþ÷åíû, íàïðèìåð, ñîöèàëüíî çíà÷èìûå ðàáîòû (áëàãîóñòðîéñòâî
òåððèòîðèè, ñòðîèòåëüñòâî ñïîðòèâíîé ïëîùàäêè, êóëüòóðíûõ îáúåêòîâ è ò. ä.) èëè
ðàáîòû, ñâÿçàííûå ñ îáåñïå÷åíèåì áåçîïàñíîñòè îáúåêòà. Íåêîòîðûå èç íèõ ìîãóò áûòü
âåñüìà çàòðàòíûìè. Ìàêñèìèçàöèÿ ïðèáûëè â ýòîì ñëó÷àå ïðèâîäèò ê òîìó, ÷òî äëÿ
ýòèõ ðàáîò si → ∞, òî åñòü ôàêòè÷åñêè ðàáîòà i ∈ V íå áóäåò âûïîëíåíà. ×òîáû
èçáåæàòü òàêèõ ñèòóàöèé, íåîáõîäèìî ââåñòè ëèáî äèðåêòèâíûé ñðîê, ëèáî ãîðèçîíò
ïëàíèðîâàíèÿ ïðîåêòà, ê êîòîðîìó âñå ðàáîòû äîëæíû áûòü çàâåðøåíû, îáîçíà÷èì
åãî ÷åðåç T . Òàêèì îáðàçîì, âîçíèêàåò ñëåäóþùàÿ ìîäåëü:

NPV (S) =
∑
i∈V

NPVi
(1 + r0)si

→ max
S
,

si + pi ⩽ sj, (i, j) ∈ E,

si ∈ {0, 1, . . . , T − pi}, i ∈ V.

Äàííàÿ çàäà÷à ïðåäñòàâëÿåò îïðåäåë¼ííûé ìàòåìàòè÷åñêèé èíòåðåñ, íî ê íàñòîÿùåìó
ìîìåíòó ïîñòðîèòü ïîëèíîìèàëüíûé àëãîðèòì å¼ ðåøåíèÿ íå óäàëîñü è âîïðîñ î å¼
âû÷èñëèòåëüíîé ñëîæíîñòè îñòà¼òñÿ îòêðûòûì. Äàëåå ïðåäëàãàåòñÿ àëãîðèòì ïîñòðî-
åíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ, îñíîâàííûé íà ëèíåàðèçàöèè öåëåâîé ôóíêöèè.

Öåëåâàÿ ôóíêöèÿ ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé âûïóêëûõ è âîãíóòûõ ñòðîãî

ìîíîòîííûõ ôóíêöèé. Ïðè NPVj < 0 ôóíêöèÿ
NPVj

(1 + r0)sj
âîçðàñòàåò, è çíà÷èò, óâåëè-

÷åíèå sj ïðèâîäèò ê óâåëè÷åíèþ ïðèáûëè. Â ðåçóëüòàòå ýòó ðàáîòó íåîáõîäèìî âûïîë-
íÿòü êàê ìîæíî ïîçäíåå. Åñëè NPVj > 0, òî, íàîáîðîò, ðàáîòà äîëæíà áûòü âûïîëíåíà
êàê ìîæíî ðàíüøå. Îãðàíè÷åíèåì ÿâëÿåòñÿ íàëè÷èå ÷àñòè÷íîãî ïîðÿäêà âûïîëíåíèÿ
ðàáîò E.

Ðàññìîòðèì ðåëàêñàöèîííóþ ìîäåëü çàäà÷è, â êîòîðîé óñëîâèå öåëî÷èñëåííîñòè
îòñóòñòâóåò, òî åñòü 0 ⩽ si ⩽ T − pi, i ∈ V. Êîìïîíåíòû ãðàäèåíòà öåëåâîé ôóíê-
öèè çíàêîïîñòîÿííû è íå ìîãóò áûòü ðàâíû íóëþ. Çíà÷èò, îïòèìóì äîñòèãàåòñÿ íà
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ãðàíèöå. Áîëåå òîãî, íà ãðàíè ìåíüøåé ðàçìåðíîñòè âñå ñâîéñòâà öåëåâîé ôóíêöèè
ñîõðàíÿþòñÿ. Äëÿ ãðàíåé si = 0 è si = T −pi ýòî î÷åâèäíî. Íà ãðàíè si+pi = sj ñóììà
äâóõ ÷ëåíîâ ðàâíà

NPVi
(1+r0)si

+
NPVj
(1+r0)sj

=
NPVi
(1+r0)si

+
NPVj

(1+r0)si+pi
=

1

(1+r0)si

(
NPVi +

NPVj
(1+r0)pi

)
=

NPVij
(1+r0)si

,

ãäå NPVij � îáùàÿ äîõîäíîñòü ðàáîò i è j. Ïîëó÷àåì òàêóþ æå ôóíêöèþ ñî çíàêîïî-
ñòîÿííûì ãðàäèåíòîì. Òàêèì îáðàçîì, ìîæíî ñäåëàòü âûâîä, ÷òî îïòèìàëüíîå ðåøå-
íèå ðåëàêñàöèîííîé çàäà÷è äîñòèãàåòñÿ â âåðøèíå ìíîãîãðàííèêà. À òàê êàê ìàòðèöà
îãðàíè÷åíèé óíèìîäóëÿðíà, òî îïòèìàëüíîå ðåøåíèå áóäåò öåëî÷èñëåííûì.

Ê ñîæàëåíèþ, ýòî ìàëî ÷òî äà¼ò äëÿ ïîèñêà îïòèìàëüíîãî ðåøåíèÿ çàäà÷è. Îïè-
øåì àëãîðèòì, èñïîëüçóþùèé ëèíåàðèçàöèþ öåëåâîé ôóíêöèè. Àïïðîêñèìàöèÿ ýêñ-
ïîíåíòû (1 + r0)

−si ëèíåéíîé ôóíêöèåé äà¼ò î÷åíü ãðóáîå ïðèáëèæåíèå, èëëþñòðàöèÿ
ïðè r0 = 0,1 è si ∈ {0, . . . , 40} ïðèâåäåíà íà ðèñ. 1.

Ðèñ. 1. Ëèíåéíàÿ àïïðîêñèìàöèÿ NPVi íà èíòåðâàëå ïëàíèðîâàíèÿ 40 ëåò

Îäíàêî â íàøåé çàäà÷å åñòü îñîáåííîñòè, êîòîðûå ìîæíî èñïîëüçîâàòü ïðè àï-
ïðîêñèìàöèè. Ðåàëüíûå èíâåñòèöèîííûå ïðîåêòû íà 40 ëåò íå ïëàíèðóþò. Åñëè
si ∈ {0, . . . , 10}, òî ïðèáëèæåíèå ñòàíîâèòñÿ çíà÷èòåëüíî ëó÷øå (ðèñ. 2). Åñëè æå ïðî-
öåíòíàÿ ñòàâêà ïîâûøàåòñÿ, òî â ñèëó ýêîíîìè÷åñêèõ îñîáåííîñòåé ãîðèçîíò ïëàíèðî-
âàíèÿ ïðîåêòîâ ñòàíîâèòñÿ ìåíüøå è êà÷åñòâî ïðèáëèæåíèÿ íå óõóäøàåòñÿ.

Ðèñ. 2. Ëèíåéíàÿ àïïðîêñèìàöèÿ NPVi íà èíòåðâàëå ïëàíèðîâàíèÿ 10 ëåò

Åñëè ìåíÿåòñÿ åäèíèöà èçìåðåíèÿ, òî ñîîòâåòñòâåííî ìåíÿåòñÿ è ïðîöåíòíàÿ ñòàâ-
êà. Íà ðèñ. 3 ðàññìàòðèâàåìàÿ ôóíêöèÿ è å¼ ëèíåéíàÿ ðåãðåññèÿ îòîáðàæåíû íà èí-
òåðâàëå ïëàíèðîâàíèÿ 120 ìåñÿöåâ.

Ñëåäóþùèé ýòàï ó÷èòûâàåò òî îáñòîÿòåëüñòâî, ÷òî ïåðåìåííàÿ si èçìåíÿåòñÿ â ñó-
ùåñòâåííî ìåíüøåì äèàïàçîíå, ÷åì {0, . . . , T − pi}. Îïèøåì àëãîðèòì 2 ëîêàëèçàöèè
çíà÷åíèé ïåðåìåííîé si.
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Ðèñ. 3. Ëèíåéíàÿ àïïðîêñèìàöèÿ NPVi íà èíòåðâàëå ïëàíèðîâàíèÿ 120 ìåñÿöåâ

Àëãîðèòì 2. Ëîêàëèçàöèÿ çíà÷åíèé ïåðåìåííûõ si
1: Äëÿ âñåõ i ∈ V

íàõîäèì ðàííèå tri è ïîçäíèå t
p
i âðåìåíà íà÷àëà âûïîëíåíèÿ ðàáîòû i.

2: Äëÿ âñåõ i ∈ V , òàêèõ, ÷òî NPVi > 0
3: ðàáîòó i íà÷èíàåì â ñðîê tri , à îñòàëüíûå ðàáîòû âûïîëíÿåì êàê ìîæíî ïîçäíåå.

Ýòîò ñðîê áåð¼ì çà íîâîå ðàííåå âðåìÿ âûïîëíåíèÿ ðàáîò ñ íåïîëîæèòåëüíûì
çíà÷åíèåì NPVi.

4: Äëÿ âñåõ i ∈ V , òàêèõ, ÷òî NPVi < 0
5: ðàáîòó i íà÷èíàåì â ñðîê tpi , à îñòàëüíûå ðàáîòû âûïîëíÿåì êàê ìîæíî ðàíüøå.

Ýòîò ñðîê áåð¼ì çà íîâîå ïîçäíåå âðåìÿ âûïîëíåíèÿ ðàáîò ñ íåîòðèöàòåëüíûì
çíà÷åíèåì NPVi.

6: Äëÿ âñåõ i ∈ V
7: èìååì si ∈ [tri , t

p
i ]

Ôóíêöèþ (1 + r0)
−si íà èíòåðâàëå [tri , t

p
i ] àïïðîêñèìèðóåì ëèíåéíîé ôóíêöèåé

aisi + bi. Âîçìîæíû äâà ñïîñîáà ëèíåàðèçàöèè. Â ïåðâîì ñòðîèì ëèíåéíóþ ðåãðåñ-
ñèþ. Âî âòîðîì ïðîâîäèì ïðÿìóþ ÷åðåç äâå êðàéíèå òî÷êè. Âòîðîé ñïîñîá ó÷èòûâàåò
òî îáñòîÿòåëüñòâî, ÷òî ôóíêöèÿ ñòðîãî ìîíîòîííà è ïðè ïðî÷èõ ðàâíûõ óñëîâèÿõ îï-
òèìóì äîñòèãàåòñÿ â êðàéíåì ïîëîæåíèè.

Ðàññìîòðèì ôóíêöèþ yi =
NPVi

(1 + r0)si
íà âðåìåííîì îòðåçêå [tri , t

p
i ]. Îáîçíà÷èì

α1 =
NPVi

(1 + r0)t
r
i
, α2 =

NPVi

(1 + r0)t
p
i

. Âûïèøåì óðàâíåíèå ïðÿìîé â êîîðäèíàòàõ (si, yi),

ïðîõîäÿùåé ÷åðåç òî÷êè A(tri , α1) è B(tpi , α2):

t− tri
tpi − tri

=
yi − α1

α2 − α1

.

Óðàâíåíèå ïðÿìîé ìîæíî çàïèñàòü â âèäå

yi =
α2 − α1

tpi − tri
si −

tri (α2 − α1)− (tpi − tri )α1

tpi − tri
= aisi − bi.

Ïîñêîëüêó êîíñòàíòà bi â öåëåâîé ôóíêöèè íå âëèÿåò íà ðåøåíèå, ïîëó÷àåì ñëåäóþ-
ùóþ çàäà÷ó ëèíåéíîãî ïðîãðàììèðîâàíèÿ:

∑
i∈V

aisi → max
S
,

si + pi ⩽ sj, (i, j) ∈ E,

tri ⩽ si ⩽ tpi , i ∈ V.
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Ìàòðèöà äàííîé çàäà÷è óíèìîäóëÿðíà è ïàðàìåòðû pi, t
r
i , t

p
i öåëî÷èñëåííûå. Çíà÷èò,

îïòèìàëüíîå ðåøåíèå òîæå áóäåò öåëî÷èñëåííûì. Îñòà¼òñÿ ïîäñòàâèòü ïîëó÷åííîå
ðåøåíèå â öåëåâóþ ôóíêöèþ.

Ïðîâåäåí ýêñïåðèìåíò íà çàäà÷àõ ñ 30 ðàáîòàìè. Ïðîåêòû ôîðìèðîâàëèñü íà îñ-
íîâå çàäà÷ èç áèáëèîòåêè PSLIB. Ïîòîêè ïëàòåæåé ðàáîò ãåíåðèðîâàëèñü ñëó÷àéíûì
îáðàçîì. Òî÷íîå ðåøåíèå çàäà÷è áûëî ïîëó÷åíî ñ ïîìîùüþ ðåøàòåëÿ NLP â ñðåäå
GAMS. Äëÿ àïïðîêñèìàöèîííîé çàäà÷è èñïîëüçîâàëñÿ ðåøàòåëü LP. Âî âñåõ 20 ïðè-
ìåðàõ îïòèìàëüíîå ðåøåíèå èñõîäíîé è àïïðîêñèìàöèîííîé çàäà÷ ñîâïàëè. Ïîñòðîèòü
ïðèìåð, íà êîòîðîì ðåøåíèÿ ýòèõ çàäà÷ îòëè÷àëèñü áû äðóã îò äðóãà, ïîêà íå óäàëîñü.

Çàêëþ÷åíèå
Ïðåäëîæåííûé ïîäõîä ðàñøèðÿåò âîçìîæíîñòè àíàëèçà èíâåñòèöèîííûõ ïðîåêòîâ

è ïîçâîëÿåò ýôôåêòèâíåå èñïîëüçîâàòü ñîâðåìåííûå ìåòîäû ðåøåíèÿ çàäà÷ ïðè ïîèñ-
êå îïòèìàëüíûõ ðàñïèñàíèé âûïîëíåíèÿ ðàáîò. Êðîìå ïðîâåäåíèÿ ýêñïåðèìåíòàëüíûõ
ðàñ÷åòîâ ñ ýâîëþöèîííûìè è äðóãèìè àëãîðèòìàìè ïîñòðîåíèÿ ïðèáëèæ¼ííîãî ðåøå-
íèÿ, ïëàíèðóåòñÿ àäàïòèðîâàòü òî÷íûé àëãîðèòì, îñíîâàííûé íà ñõåìå äèíàìè÷åñêî-
ãî ïðîãðàììèðîâàíèÿ. Îòêðûòûì îñòà¼òñÿ âîïðîñ î ïîëèíîìèàëüíîé ðàçðåøèìîñòè
çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî ðàñïèñàíèÿ ïðè äîñòàòî÷íîì ñîáñòâåííîì ôèíàíñè-
ðîâàíèè ïðîåêòà.
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