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AHHOTanms. ONHCHIBAETCS KJIACC BCEX OBYMEPHBIX 3HI0-KOMMYTATHUBHBIX alreOp Hax
mo0bM monieM. O6o00mmeHsl HenaBHUE pe3ynbTaThl Takaxacu, Illupasnaru m Llykansl
0 KIacCH(UKALNKN ABYMEPHBIX SHJ0-KOMMYTATHBHBIX anredp A0 IPOM3BOJIBHOTO IMOJIS.
IToHsATHE 3HI0-KOMMYTATHBHO# aareOpbl BIEpBble ObUIO BBEICHO B paboTax BBIIIEYIIO-
MSHYTBIX aBTOPOB, TaM JK€ HMPHBEJICHBI JOBOJABI JUIS W3YYCHHUs 3TOrO Kiacca anreop.
B nanHoii paboTe OyayT mpencTaBieHbl KAHOHWYECKHE TIPEACTABUTENH KIIaCCOB H30MOD-
(GH3MOB HHI0-KOMMYTATHBHBIX alre0p pa3MEpHOCTH JBa HaJl IPOM3BOJIBLHBIM MOJIEM.
Ki1roueBble cj10Ba: 5H10-KOMMYTaTHBHAs anreOpa, n30Mophu3M, MaTpULa CTPYKTYPHBIX
KOHCTAHT, KJ1accuduxarms

EJ]aFO}lapHOCTﬂ: ABTOpLI 6nar011ap$[T AHOHUMHOI'O PCIICH3CHTA 3a OUCHb BHUMATCIIbLHOC
MMPOYTECHUE PYKOIIMCHU U BBICKa3aHHBIC IICHHLIC NIPEIJIOKECHUSA.

Jost murupoBanmsi: Acpopos /1.Y., bexbaes V./Ix., Paxumos 1.C. O6 3H10-KOMMYyTa-
THUBHBIX aJreOpanvecKux CTPYKTYpax Ha JBYMEPHBIX BEKTOPHBIX IPOCTPAHCTBAaX HaJ
pOM3BOJIBbHBIM mosieM // BecTHrK TOMCKOro rocy1apcTBEHHOTO YHUBEpcHTeTa. MaTema-
THKa 1 MexaHuka. 2026. Ne 99. C. 30-49. doi: 10.17223/19988621/99/3

1. Introduction

The classification problem for a given class of algebras, up to isomorphism, is one of
the important and difficult problems of algebra. So far, two approaches are known to the
solution of the problem. One of them is the structural (basis free, invariant) approach.
For instance, the classifications of finite-dimensional simple and semi-simple associative
algebras by Wedderburn and simple and semi-simple Lie algebras by Cartan are exam-
ples of such approach. But it is observed that this approach becomes more difficult when
considering more general types of algebras. Another approach to the solution
of the problem is coordinate-based. Many researchers have used this type of approach
to classify various, mainly finite-dimensional, classes of algebras: associative [1-2],
Lie [3-7], Jordan [8], and Leibniz [9-12]. These two approaches are somehow comple-
mentary to each other.

There were attempts to classify all fixed-dimensional algebras, for example, in [13]
a classification of all 2-dimensional algebras, by the basis-free approach, was stated over
any basic field. One disadvantage of the basis-free approach is that an application of the
obtained classification result to classification of a given class of algebras is hardly pos-
sible. In this respect, the coordinate-based classification has advantage over it. For the
coordinate-based approach in classification of all two-dimensional algebras over fields
with some restrictions, one can see [14-16] and, in [17, 18], its different applications.

The concept of endo-commutative algebra was first introduced in [19] (also see [20,
21]), where the authors gave a complete classification of two-dimensional endo-commu-
tative algebras over certain fields. In addition, these authors give a justification to study
the class of endo-commutative algebras.
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In this paper we provide a complete classification of all endo-commutative algebras
structures on a two-dimensional vector space over any base field. The result of the paper is
based on a result obtained recently in [22] on complete classification of all two-dimensional
algebras over any base field. The result of the paper generalizes those obtained in [19-21].

The organization of the paper is as follows. The next section is Preliminaries, where
we include the necessary definitions and results to be used throughout the paper. The
main results of the paper are in Section 3 and onward. Subsections 3.1, 3., and 3.3 contain
the description of all two-dimensional endo-commutative algebras over a field F whose
characteristic is neither 2 nor 3, characteristic 2 and characteristic 3, respectively.
In Corollary 3.1 we recover the result obtained in [19]. Section 4 contains the classifica-
tion of all two-dimensional curled algebras over any base field, and Section 5 is devoted
to the description of two-dimensional endo-commutative curled algebras, where we
show how to recover the result of [19] on the endo-commutative curled algebras.

2. Preliminaries

We begin with shortly recalling some concepts that are used in the paper.

Let A be an n-dimensional algebra over a field F and e = (ey, e, ..., e,) be a basis of
the underlying vector space of A. Then on the basis e the algebra A is represented by an
n % n? matrix (called the matrix of structure constants, shortly MSC)

n n nl n2 nn
2 2 2 2 2 2 2 2 2

A — all a12 aln aln a22 a2n anl an2 ann
n n n n n n n n n

al 1 al 2 aln aln a22 a2n anl an 2 ann

as follows
n
k ..
e e = Zaij e, ,wherei,j=1,2, ..., n.

k=1
Therefore, the product on A with respect to the basis e is written as follows:
xy=ed(x®y) 2.1
for any x = ex, y = ey, where x = (x1, x2, ..., x,)  and y = (31, 2, ..., yu)! are column coor-
dinate vectors of x and y, respectively, x® y is the tensor (Kronecker) product of the
vectors x and y. Now and onward for the product “x-y” on A we use the juxtaposition
“xy”. Since in this paper we work with a basis, we do not distinguish an algebra A and
its MSC 4 in a fixed basis.
If A is a two-dimensional algebra over a field F and e = (e, e») is a basis, then we

take MSC of A as follows:
e (oc1 a, o, oc4j .
Bl Bz |33 B4

In the paper, we make use of the following results on classification, up to isomor-
phism, for all two-dimensional algebras over any base field F . The results were obtained
in [22] in terms of their MSC.

Theorem 1. Any nontrivial two-dimensional algebra over a field F with Char (F) = 2,3

is isomorphic to only one of the following algebras listed by their matrices of structure
constants:
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a o, l+a o
s A(c)=| ' |, where ¢ =(ay,a,,0,,B,) € F;
[31 -, l_al —Q,

0 0
'A2(0)=(Oil B 1-a (:)4J,Wherec=(al,a4,[32)elﬁ'3 and a4 % 0;
2 1
0 0 2
’Az(c)z[al a4]={al 0 0 aa4j,where
0 B, 1-o, 0) 10 B, 1-0, O
c=(a,,0,,B,)elF’, acF anda#0;
0 1 1 O
.« 4,(c)= 8 B, 1 _J,where c=(B.B,) e F*;
@ 0 0 0
. = , wh =o,elF;
A= 201 1-g, 0) where €=
0 0
* 4(c)= O;l o —a O:;],where c=(a,,0,)eF and as # 0;
1 1
a 0 0 o 0 0 a°
« 4,(c)=| " | ™ “ %1 where
0 1-a, —a, O 0 1-a, —a, O
c=(a,0,)elF?, aeF and a#0;
0O 11 0
. = ,where c=f, €F;
w@p 1o Y b
% 0 0 O
. A9= ;
12 Loy
3 3
01 1 1 0 I 1 1
. Alo(c)z( j: . , where ¢=B, €F, aeF, the
B 00 -1) (B/'(a) 0 0 -1

polynomial (Biff —3¢— 1)(B12? + Piz + D(B1f? + 6B1£2 + 31t + P1 — 2) has no root in F
(B, +6B,* +3p, +B, ~2)

and B, (1) = -
([3lt2 +Bt+ 1)
0 0 0 1 0 0 0 1
« A, (c)= = , 4 , where the polynomial B;—#
B, 00 0) (aB™ 0 0 0

hasnorootsin F, a,c=B, €F and g, B; #0;

01 1 0 0 1 1 0
« A,(c)= = ,where a,c=p, €F anda#0;
B, 0 0 -1

ap, 0 0 -1
00 00
Ay = .
1 000
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Theorem 2. Any nontrivial two-dimensional algebra over a field F with Char(IF) =2

is isomorphic to only one of the following algebras listed by their matrices of structure
constants:

* 4, (c) =(
a 0 0 a,

'Am(c):(1 B, 1o, 0],wherec=(al,a4,ﬁz)elﬁ‘3 and o4 # 0;

a o, l+a, o, .
. where ¢ =(ay,0,,0,,B ) eF*;
Bl al 1—"_(]'l a2

(00,0,1) a, 0 0 0
* (l,, =
A2l 1 1 1+a, 0

0 0 o o0 &
e 4, (e)=| %l @y
0 B, 1+a, 0 0 B, 1+a, 0
c=(o,0,,B,)eF’, acF and a#0;

A ( ) a, 1 1 0 a, 1 1 0 N

d c)= =

4,2 |31 Bz 1+a1 1 [31"‘(1"'[32)‘1""12 ﬁz 1+OL1 1 , where

c=(a,,B.B,)eF;
(03

. As,z(c)=( |

1000
'4’2(1’0)2[1 0 1 Oj

A (¢)= o 0 0 a) (o 0 0 a‘o, where
o2 0 l+a, o O 0 l+a, o 0 )

j,where o elF;

J , Where

0 0

o, 2
, where ¢ =(a,,a F* and a4 # 0;
I+o, o, 0] ¢=(o.0)e e

>

c=(a,a,)elF’, acF anda#0;

4, ( ) o : Lo . ! bo where
. c)= = N
: +o, o +aa, +a+a® l+a, o
? Bl 1 1 1 1 Bl 1 : 1 1 1 1
c=(a,,p,)elF* and acF;
01 1 1 0 111
. A&Z(C)z(ﬁ 0 o J: Bi(a) 0 0 1 , where the polynomial
1 (a
2 4Bt +B,)
Bif? + ¢+ 1)(Pi2+ Pit+ 1) hasnorootin F, aeF and B, (’)=MQ
(B, +Byr+1)

©) 0 0 0 1 0 0 01
. Cc)= =

oz B, 0 0 0) (&B" 0 0 0O
polynomial B; + # has no rootin F;

1 110 1 110
'Aloz(c)z = 2 , where a,CZBIGF;
' B, 1 1 1 B+a+a® 1 1 1

],where a,c=P, €F and a #0, the
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0110 0 110
* Auz(c): =| 5 ) ,where a,b,c=0, €F andb#0;
' B, 0 0 1 b(Bl+a)001

) (000 0
2211 0 0 0)

Theorem 3. Any non-trivial two-dimensional algebra over a field F with Char (IF) =3

is isomorphic to only one of the following algebras listed by their matrices of structure
constants:

a, o, o, +1 «a
* Al,3(c)=(Bl _(; li(l _(; j,where c=(a1»(12»(14,[31)€F4;
1 1 1 2

1 B, 1-a

2
o 0 0 a, _[o 0 0 Jada, _where
0 B, l-a, O 0
c=(a,,a,,B,)elF’, acF anda#0;

0O 1 1 0
.A4.3(C)=([31 B, 1 _IJ’Wherecz(Bl’Bz)GFz;

0 0
* 4, (c):(a‘ (:)4],where c=(a,,0,,B,)eF’ and oy # 0;
1

0 Bz l_al

a 0 0 0
. = ,where c=a, €T ;
45(0) (1 20,-1 1-a, OJ !
o 0 0 a,
* Ag5(c =( ! ],where c=(a,,0,) e F* and a4 # 0;
+(¢) 1 1-o, —a, 0 v

0 0 0 0 o
* A73(C)= % ol @ , where
’ 0 1-a, —a, O 0 1-a, —a, O

c=(a,a,)elF*, acF and a#0;
011 0
. Aw(c):( 1o _J,Where c=PB eF;
(0 11 1] o 1 1 1 here the bol -
. = =l , where the polynomia
A B=lp 0 0 1) pr(@) 0 0 -

(Blzt3 +B1 _2)2 .

(1—A)Bi2 + Pt + 1)(Bi*A + B1 —2) hasnoroots in F, aeF and B, (1) = ( )3 ;
Bt +Bt+1

0 0 0 1 0 0 01 .
. A10’3(c)=([31 0 0 OJ:(fBIH 0 0 0J,where the polynomial B; — # has

no roots a,c =0, €F and a, B £ 0;

01 1 0Y(0 110
'A“’g(c):(ﬁl 0 0 —J:(azﬁl 00 —J’Where a.c=P, eF,a#0;
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(1 0 0 0)
Pes=1 1 1 o)

(0000
Al3’3_1000'

Definition 1. An algebra A is said to be endo-commutative if x2y? = (xy)?, for any
X,YEA.

Lemma 1. An algebra A is endo-commutative if and only if
A(A® A)(x2 @y~ (x®Y) ™) =0, (2.2)
where A is MSC of A.
Proof. According to (2.1) we write
x2=e A%, y2 =e Ay, X'y’ = A(AX" @ Ay ) =e A(A® A)(x” ® y*)

and (xy)’ =cA(A(x®Y)®A(x®Y))=cA(A®A)(x®y)™. Therefore, the equality
x%y? = (xy)? in terms of MSC and the coordinate vectors are written as follows
eA(A®A)(x* ®y™)=cA(A®A)(x®Y)” ie.,
A(A® A)(x®2 ® Yy —(x® y)®2) =0
what is required to get.

In [19], the class of endo-commutative algebras was split into two classes: those of
curled and straight algebras. One can find there a list of such curled algebras, up to iso-
morphism, over the field F =Z, as well. The definition was given as follows:

Definition 2. An algebra A is said to be curled if x? = X(x)x for any x € A, where
A(x)eF.

Let e =(ey, €2, ..., €y) be a basis of A. According to (2.1) one has x* =e Ax®?,

MX)x = eA(X)x and, therefore, the equality x? = A(x)x in terms of MSC of A and the coor-
dinate vector of x can be written as follows:
AX®2 = (x)x =0. (2.3)

In Section 4 we give a complete classification of all two-dimensional curled algebras
over any base field and then split them into curled and straight algebras. The lists of these
algebras given in [19] come as a particular case.

First, we start with the classification of all two-dimensional endo-commutative alge-
bras based on the result of Theorems 1-3.

Let now A be a two-dimensional algebra over a field F and let

Az[al oy O 0‘4}

B B, Bs B

be its MSC on a basis e = (e1, €2), X = (X1, X2) and y = (Y1, ¥2). Then, (2.2) is nothing else than
X12y1YZ(A3_A5)+X12y22(A4_Ae)"'x1xzy1YZ(A6_A4+A11_A13)

+X1X2y12(A5—A3)+X1X2y22(A12—A14)+X22y12(A13—A11)+X22y1y2(A14—Alz)=0,
X12y1y2(83—BS)+X12y22(BA—BG)+X1X2y1y2(BG—B4+Bll—Bl3)

+X1Xzy12(Bs_Ba)+X1X2y22(Blz_814)+Xzzy12(813_Bn)"'xzz)’lyz(BiA_Blz)zov

(24)
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where

A, = afag +a,0,B; + o5B, +a,BiBs, A, = afo, +00,B, +aga,B + BB,

A = afa, + 0,7 By + o0, +o,BB, A = 0,0, + 0,7 B, + 0,0, + 0B,

A = 0007 + 04,085 +aiBy + By, A, = 0401500, + 01,04, + 000, B + 0By,
A = oo, +0L,00,B; +0,0B, + 0B, Ay = 040,01, +0,0,B, + 0,08, +0,B,B,

B, = 0,058, + 0B, B5 + 05,85 +BBB, B, =a,a,B, +0,B,B, +0,B,B; + 31542 )
By = o, 0,8, +o,B,B, + 3,85 + BB, B, = Otﬁﬁl + 0‘2[322 +a,B,B; + BZZB4 )
Bn = 0‘261 + 0‘3[32B3 + 0L3l332 + Bszﬁa ' B12 = 0‘3“4B1 + OL3BzB4 + OL4B32 + BsB42 ’
B13 = O51054[31 + OL4Ble + OL1B3B4 + B1B42 ) Bl4 = O°20L4Bl + OL4[322 + O°2B3B4 + BzBAZ-
Note that the set of functions
{xa2y1y2, X12Y2?, X1XaY1?, XaXoY1Ya, XiXoy12, XiXaYa?, X2?Y12, Xo?Y1Y2}
is linearly independent. Therefore, system (2.4) in terms of Ajand B;j (i, j = 3, 4, ..., 14)
can be rewritten as follows:

A-A=0 A-A=0 A,-A,=0 A;-A,=0 (2.5)
B,-B,=0 B,-B,=0 B,-B,=0 B;-B;,=0 .
In terms of the structure constants a5 (i, j =1, 2, ..., 4), system (2.5) is written as
follows:

2 2 2 2
(alas +0,0,B; + atgPy + By ) - (alaz +a, By +oy0B, +oupiB, ) =

2 2 2 2

(al 0y + 000, +ag0L,B; + BB, ) - (alaz +0, By + 0,0B, + B,
(alo“3a4 + 01,0058, + 0100, B; + o, ) - (alazaél +0,00,B, +0,0,B, +o,ByB,
2 2 2 2

(alazl + 0L, 00,P, +oy0B, + BB, ) - (alas +0,005; + 0Py + By

)
)
)
(040t + 4B, By + 1By + BBy ) — (s + 0B, + 4By +BBB.)
)
)

(2.6)

(st + BB, + BBy +BB )~ (3B, + 1B, + 0B By +B, By
(0‘30‘4[31 +aB,B, + 0‘4[332 + BsBAZ ) - (0‘20%[31 + OL4[322 +a,ByB, + B2B42 =

(00t By + BB, + BBy + BB, ) — (3B, + P,y + oy’ +B B, )= 0
Further we refer to (2.6) as a general system of equations for two-dimensional endo-
commutative algebras.

0
0
0
0
0
0
0

3. A complete classification of two-dimensional endo-commutative algebras

In this section and the following ones, we give canonical representatives of the iso-
morphism classes of two-dimensional endo-commutative algebras over a field F whose
characteristic is neither 2 nor 3, characteristic 2, and characteristic 3, respectively.

3.1. Classification over F with Char(F)= 2,3.

The list of canonical representatives of the isomorphism classes of two-dimensional
endo-commutative algebras over a field F with Char([F) # 2,3 is given as follows.
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Theorem 4. Any nontrivial two-dimensional endo-commutative algebra over a field
F with Char(F)+ 2,3 is isomorphic to only one of the following listed by their matrices
of structure constants, such algebras:

a O 0
. A3(0Ll,0,[32)=( !

0
],where a,,B, eF*;
0 B, l-a, 0

—

« 4 —,0l4,—)= ,where o, € F and a4 # 0;
2 2 0 1

- 0
2

|

0 0 «a
, where a, € F and a4 # 0;
0

0
J,Where o el;
0

0
J,where o, el;
0

1 1 0 0 a,
. A{_’%J: 2 . , where o, € F and o4 # 0;
0

W | =
o
o
o

* 4, = ;
1

w | o
—_

0 1 1 1] o 1 1 1 N BT the pol
s 4,(B)= =| , Where a,p, €I, the polyno-
10( 1) (Bl 0 0 _1 Bl (a) 0 0 _1 1

mial (Bif® —3¢— D)(B1f? + Bat + 1)(B1£ + 6B1> + 3P4t + B1 —2) has no root in F and
£ +6B,7 +3Bt+B, -2 ’
Bl'(f)=(B he 3 ? ) ;
(B> +Bt+1)

0 0 01 0 0 1
e A4 = = , where the polynomial B; — £ has
1 (Bl) (Bl 0 0 OJ (a3B1+1 0 OJ poly ﬁl
norootin F, a,f, €F anda #0;
0 11 0 0 1 0
* 4 = = , where a,p, € F and a#0;
12 (ﬁl ) (Bl 0 0 _IJ (GZBI 0 _lj Bl 7£

0000
* Ay = :
1 000
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Proof. To classify the two-dimensional endo-commutative algebras, it suffices to solve
the general system of equations (2.6) with respect to MSC of each Ai (i=1, 2, ..., 13)
given in Theorem 1.

re A

tem of equations (2.6) looks like
((xlz (1+ ocz)+ o, 0L, (1—(xl)+(l+ o, )2 B, +o,B; (1—0(1))—

- (oclzotz +a,B—ay’ (1+ az)—a1a4[31) =0

a, o, 1l+a a
v 2 j,where c=(oy,0,,0,B )eF", the sys-
B —o, l-0, -o,

(oclzoc4 -0, +(1+a, )o,p, —a2a4ﬁl)—(ala22 -0, —oua, (1+a, )—OL40L12) =0
(o (T ot oty + (Lot oty (1= ) —oy00, (1=t )) = (g0, — 000,00, + 040400, ) = 0
(ocfoc4 +a,00,B; +oy (14 ocz)(—cxz)—(x4[310c2)=
(o (10, )+, (L 0y ) (1=, ) + (2 1, ) (L= 0y )~y (L= 0 )) = O
(oc1 (I+0, )Ry +(1+0,)B (1—0y ) +B, (1—ay ) (—a, ))—

- (alazﬁl — 0,0, + B, (—ocl)(—ocz)) =0
((xl(x4[31 —a, 0,3, +a,B, (1—(11)4—[31 (—oc )2)—

~ (o%By oty (= )+ (ot ) (1=t ) + (-, ) (=t )) = 0
(2 0oty + (2 01, ) (01 ) (01, )+ (- ocl) +(1 o) (o1, )’ ) -
~ (orp00,By ot (01 )+ ey (1=t ) (—t, ) — oty (<01, )*) = O
(10148, — i By + ay (1=t ) (—ot, ) +By (<01, ) ) -

(L By (L ) (o)1 0)+ (1)1 (10, ) (-,)) =0

Simplifying, we get an inconsistent system of equations. Thus, there is no endo-com-
mutative algebra among As(c).
o, O 0 o

Similarly, if A=Az(c)=(1 B, 1-a, O

a4 £ 0, then system (2.6) implies o = 0, which contradicts with o # 0. Hence, Ax(c) also

does not contain an endo-commutative algebra.

o, O 0

0 B, 1-o

the system of equations (2.6) for As(c) looks like
oo, —oB," =0

ala, —(1-a,) a, =0

(1—0(1)2 o, _0(4[522 =0

j, where ¢ =(o,,a,,B,)eF* and

Let consider A=A, (c)= ( %‘j,where c=(oy,0,.B,)eF°. Then
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which has the following solutions: (as, 0, B2), (%,a4,—%j and (%,%éj . These solu-

tions produce the endo-commutative algebras:

1
- 0 0 «
a O 0O o 1 1 2 4
As(otl,o,ﬁz)= ! 1A3(_1a41_j:
0 B, 1-a, O 2 2 11
0 - = 0
2 2
1
- 0 0 q
and Aﬁ(%‘a‘"_%j: i 11 |
0 - = 0
2 2

where a,,a,,B, € F and a4 # 0.

Letting A—A4(C)—(O Ll
B Bt

sistent system of equations.

0 0 0
If A=A(c)= % , Where c=a, € I, then all the equations
1 20,-1 1-0, O

0 , .
1) where ¢=(pB,,B,)eF?, we get an incon-

of system (2.6) become identities; therefore, all the algebras in this class are endo-com-
mutative.

For A=A (0)<|

system of equations (2.6) gives a4 = 0 which is a contradiction.
a 0 0

If A=A (c)=|
A () (0 1-o,

equations (2.6) is equivalent to 01?04 — au(1 — 01)? = 0 and we have the solutions (a4, 0)

o, O 0

Oy 2
, Where ¢c=(a,,a F° and 0, the
1 1-0, —oy Oj (0,01, ) € w

Oé“j , where ¢ = (o, 0, )eF? then the system of

and (%,%j ,Where a4 #0, i.e.,

o 0 0 0
0)=| " , o, €F
A (a.,0) (0 l1-o, -o 0} 1<
1 1 0 0 o
and A’[E’a“j: 2 11 ,0,#20eF
0= -= 0
2 2

are endo-commutative.
Letting
0 11 O]

A= c)=
A@(5 1o 5
where ¢ =p, € ', we obtain an inconsistent system of equations.

Verifying the system of equations (2.6) for Ag, A1o(c), A11(c), A12(c), and A3, we get
identities, i.e., all these algebras turn out to be endo-commutative algebras.
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3.2. Classification over F with Char(F):2,3.

The description of two-dimensional endo-commutative algebras over F for the cases
Char(F)=2 and Char(IF)=3 can be obtained by using Theorems 2 and 3, respectively.

The proof is similar to that of Theorem 4. Therefore, we give here the results without the

proof.
Theorem 5. Any nontrivial two-dimensional endo-commutative algebra over a field ¥

with Char(IF)=2 is isomorphic to only one of the following algebras listed by their

matrices of structure constants:
a, O 0 0
. a,,01)=] ! ,where o, e F;
Aoz (03,01) (1 1 1+a, OJ '

°A;,z(%oyﬁz):(0 5 1ia 3j,whereal,ﬁzeF;

o, 1 1 0 o, 1 1 0
* A, (0yB,0)= = , , Where
' B, 0 140, 1 B,+a+a” 0 l+o, 1

a,o,p el;

o, O 0

0
, Where o, e F;
0 1+o0y oy

A 0,0) -

0110 0 110
* = = h ,ael;
A ,(0,8,) [Bl 10 1) (Bl+a+a2 L o 1j,w ere B,ac
0 111 0 111
. Agz(Bl)=[ J: , , where the polynomial
' B, 0 0 1) (B/(a) 0 0 1

(Bt +Bt+B,)

(But® +t + 1)(Bst? + Bst + 1) hasnoroots in F,aeF and B, (t) = :
(Bt* +Bit+1)

0 001 0 001
. = = , Where B,,aelF, a#0 and the
Az () [ﬁl 00 oj [a3[31*1 00 0] Poae ?

polynomial B; + t2 has no roots in I ;

1 110 1 110
. - = , Where B,,aelF;
Aoz (B) (Bl 11 1) (B1+a+a2 11 1} Puae

. B 0 110
M)y o o 3]

(0000
Aiz'2_1000'

0 110 b
= ,where a,beF and b #0;
b2 (Bl @) 00 1 where a,beF and b #
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If F =27, ,we obtain the list of representatives of endo-commutative algebras over Z,

as a particular case of the theorem, as follows.
Corollary 3.1. Any nontrivial two-dimensional endo-commutative algebra over
afield F =Z, isisomorphic to only one of the following algebras listed by their matrices

of structure constants:

‘A (0oq) [0 000 A (Loq [t 000
AZ,Z( ! ’)_El 1 1 OJ’ AZZ(’ ’) (l 1 O ij
0000 000 0)
'A“(O’O’O):(o 0 1 oj' 'AS*Z(O’O’l)_(o 11 oj’
100 0) . (1000
'A“(l’o’o):(o 00 oj' A“(l’o’l)_(o 10 o]’
011 0) . (011 0)
'A“Z(O’O’O):(o 01 1]’ A4,2(0,1,0)—(1 01 1)’
-A42(1,0,0)=£1 L1 oj; -A4,2(l,1,0):[l L1 OJ,
0001 1001
100 0) . (000 0
'A“(l’o):(l 01 OJ' A‘”(O’O)_(o 10 0]’
100 0) . (011 0)
'A“(l’o):(o 0 1 oj’ A”(O’O)_(o 10 1)’
011 0) . (0111
'A"Z(O’l):(l 10 1]’ A”(l)_(l 00 1]’
111 0) . (1 110)
.AIO,Z(O):{O 1 1 1}’ A10,2(1)_(1 1 1 1}’
A (g (0110 (0000
Az )_[o 00 J’ Am_[l 00 oj'

Theorem 6. Any nontrivial two-dimensional endo-commutative algebra over a field ¥
with Char(IE‘) =3 is isomorphic to only one of the following algebras listed by their

matrices of structure constants:

a, 0 0 O
. Aj’g(al,O,Bz):[ol 5 1-o, 0J,where o,p,eF;
200 a 2 0 0 a’a
'%'3(2,(14,1):[0 L o 04]:[0 L o 4j,where a,a, € and a, a4 #0;

200 a 2 0 0 da
. 2, ’2 — 4 ~ 4 .
A;(2,0,,2) (0 ) ) Oj (O 29 0 ],where a,o, €F and a, 04 #0;

@ 0 0 0
. = , Where a, e IF;
Aa (o) (1 2a,-1 1-0, o] 1=
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o, 0 0
0 1-0, —o4
200 a) (200 aa
. 2’ = 4 = 4
Ars(2.0) (o 2 1 0} (0 2 1

0111][0 11 1

0
. A7v3(a1,0)=( OJ,Where a,eF;

j,where a,o, €F and a, as #0;

'A_),s(Bl):(Bl 00 -1 =

(1 - B)(Bat? + Prt + 1)(B:? + P1—2) hasno roots in F, ae F and B, (t)=

, , Where the polynomial
B,(a) 0 0 -1

(B12t3 + Bl - 2)2 .
(B +pt+1)

(B)_ 0 00 1) [0 001 where polynomial p; — t has no
A10,3 1) — Bl 000 - aSB:ltl 000 ! poly 1

roots, a,p, € F and a, B1 #0;

‘A11,3(31)=(0 - OJ:(O L1 OJ,Wherea,Ble]Fanda;EO;

B, 0 0 -1) (a®p, 0 0
10 0 0
.Am:(l 1 -1 0]’
0000
'A”’S:(l 0 0 oj'

4. Two-dimensional curled algebras

Let A be a two-dimensional algebra and

A [al' ocz' ag' oc!}
B, B, B, B,
be its MSC with respect to a basis e = (e, €2). Then (2.3) in terms of the elements of A
and the coordinate vector of x is written as follows:

o, %’ +(0L2' +0L3')x1x2 +a, % = (%, %, )% =0,

Bl’xiz +(B2, +B3,)X1X2 "'B4’X22 _x(xll Xz)xz =0.

We consider two options:
(1) There exists a nonzero x such that A(x) # 0. Since (4.1) is an identity, it must hold

forany x =(x,X,)eF?. Particularly, it must hold for x = (0, xz) and x = (x1, 0) as well.

Therefore, X1 =0, x2#0 (X2 #0, x2 =0) implies a4’ =0, A0, X2) = Ba'x2 (respectively,
B1" =0, AMX1, 0) = a1'xq) and (4.1) becomes

a, X2 +(oc2' +oc3')x1x2 —1(%. % )% =0,

(Bz' +Bs’)x1xz +B4’Xz2 —X(Xl,XZ)XZ =0.

4.1)
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Thus, if x1 # 0, X2 # 0, then system (4.1) can be rewritten as follows:
o, X, +(oc2' +oc3')x2 -1(%,%)=0,

(BZ’ +B3’)X1 +B4IX2 _K(Xl’XZ): 0
This yields (a1’ — B2’ — Ba)Xs + (02’ + 03’ — Pa’)Xz and, if Card(F)>2 (thatis, F=Z,),
then the latter is nothing else than a1’ = 2" + B3', Ba’ = o’ + a3'. So, if F=Z,, then we
have a1'x1 + Ba’X2 = M(X1, X2), at least one of a4’, B4’ is not zero, and

A= {all azl B4I _azr 0 } (4.2)
0 le 0L1, _B2, [34,
If F=2Z,, then oai'x1 + (& — B2’ — B3')x2 = A(X1, X2), at least one of a1’, a— P2’ — B3’ is
not zero, and one has

A:[al' a, a-o, —o, 0 ] 43)
0 le Bs’ a_Bz, _Ba'
where a =A(1,1).

(2) Let A(x) be identically zero on F*\(0,0). In this case, system (4.1) is equivalent
to o’ =ad =B1" =B4 = a2’ + 03’ = B2’ + B3’ = 0 and, therefore, we have

[0 a, —a, OJ
A= . (4.9)
0 Bz’ _le 0

These types of algebras were said to be zeropotent (see [1, 20, 23, 24]). The forms
(4.2), (4.3) and (4.4) for MSC are the conditions for A to be curled. Now having the

conditions (4.2), (4.3) and (4.4) we can give the description of two-dimensional curled
algebras by using Theorems 1, 2, and 3. For example, in the case of F with

Char(FF) # 2,3, a two-dimensional algebra given by

A=A o)

where ¢ =(oy,0,,a,,p,)eF*, is a curled algebra if and only if A has the following

form:
A= [al' O‘2, [34’ - OLz' 0 J
0 le 0‘1' _le BA'

a, o, l+a, 0L4j
1

B -0y l-o, -0,

that is,
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which takes place if and only if o, :% , O, = —% , a4 =0, B2 = 0. Therefore, among the

algebras As(c), only A (%,—%,0,0j is curled.

Going through Az(c) — Ai3 of Theorem 1 in this manner, one comes to the following
result.
Theorem 7. Any nontrivial two-dimensional curled algebra over a field F with

Char([F) # 2,3 is isomorphic to only one of the following algebras listed by their matri-
ces of structure constants:

1 2
11 3 33"
“A|2.-2.00]= ;
3 3 o 1 21
3 3 3
a 0 0 0
. 0,20, —1)=| * , Where F;
A (040,20, -1) (o 20,1 1-0, oj % s
Lo 0 o0
1 3
'A’(?O): 2 1 |
02 -= 0
3 3

Among the listed algebras, only A3(0, 0, 1) is zeropotent.
Similarly, in the cases of Char(IF) = 2,3, the following results hold true.

Theorem 8. Any nontrivial two-dimensional curled algebra over a field F = Z, with
Char(]F) =2 is isomorphic to only one of the following algebras listed by their matrices
of structure constants:

. A, (110, 0):[

0101

0 0 0
% , where o, e F;
0 1 1+, O

1100}

A 0,00)

1000
'A“(l’o):[o 01 o]'

And among them only As2(0, 0, 1) is zeropotent.
Theorem 9. Any nontrivial two-dimensional curled algebra over a field F=Z, is

isomorphic to only one of the following algebras listed by their matrices of structure
constants:

. A, (110, o):[

1100
0101
o, 0 O

'A3*2(a1‘0'1):[0 1 1+,

0
j,where o, €Z,,;
0
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1 1 0
« A,(,,0,0) :[al j,where o, €Z,;

0 0 1+0, 1

100 0)
'A“(l’o):[o 01 o]’
A (0o_(0 11 0)

A2 (0, )_(o 10 1}’

‘Am,z(O)Z(l 11 Oj.

0111
Among these algebras, only As,(0, 0, 1) is zeropotent.
Theorem 10. Any nontrivial two-dimensional curled algebra over a field F with
Char(F) =3 is isomorphic to only one of the following algebras listed by their matrices
of structure constants:

a 0 0 0
. ,0,2+42a,)=| * ,where o, eF;
Aoa (o ) [o 2420 1+2a, oj :

-A“(O,Z):[O 11 oj;

0212
-Am(O){

0110
000 2)
Among the listed algebras, only Az 3(0, 0, 2) is zeropotent.

5. Two-dimensional endo-commutative curled algebras

In this section, we make use of the results of the last two sections to get a classifica-
tion of two-dimensional endo-commutative curled algebras up to isomorphism.

Theorem 11. Any nontrivial two-dimensional endo-commutative curled algebra over
afield F with Char(IE‘) # 2,3 is isomorphic to only one of the following algebras listed
by their matrices of structure constants:

@ 0O 0 0
. 0,20, —1)=| * ,where o, e F;
A (0,0,20, -1) [0 20, -1 1-a, 0] '
1000
1 3
'A’(?Oj: 2 1
0o £ _Z
3 3

Among them, only A3(0, 0, 1) is zeropotent.

Theorem 12. Any non-trivial two-dimensional endo-commutative curled algebra
over a field F = Z, with Char (]F) =2 is isomorphic to only one of the following, listed
by their matrices of structure constants, such algebras:

.A&Z(ocl,O,l):(al 0 0

0
, where o, e IF;
0 1 1+ O
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1000
°A6’2(1’0)=(0 01 o]'

Among the algebras listed above, only As2(0, 0, 1) is a zeropotent algebra.
Theorem 13. Any nontrivial two-dimensional endo-commutative curled algebra over
afield F=Z, isisomorphic to only one of the following algebras listed by their matrices

of structure constants:

-A32(O,O,l)=[o 00 Oj; -A32(1,0,1)=[1 00 0];

’ 0110 : 0100

'AAZ(Ovl'O)z(O - 0]; .AAZ(l’l’O)z(l - 0];
’ 1 011 ’ 1001

1000 0110
Wi(lﬁ)z(o 0 1 oj; 'A”(O’O):(o 10 J;
1110
'A“"Z(O):(o 11 1)'

Here, only A32(0, 0, 1) is zeropotent.
Note that the endo-commutative curled algebras given in [19] can be found in Theo-

rem 13 as A,,(0,01)=C,, A,,(101)=C,, A,(010)=C,, A,,(110)=C,,

A,(10)=C,, A,(0,0)=C,,and A,,(0)=C,.
Theorem 14. Any nontrivial two-dimensional endo-commutative curled algebra over
a field F with Char(IF) =3 is isomorphic to only one of the following algebras listed

by their matrices of structure constants:

o 0 0 O
. 0,20, —1)=| * ,where o, e F;
Ao (0,0,20, -1) (o 20,1 1-q, oj '

0110
'Ail,B(O)z[O 00 2]

Among the algebras listed above, only A33(0, 0, —1) is zeropotent.
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