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Èçó÷àåòñÿ òàêîé ïàðàìåòð áóëåâûõ ôóíêöèé, êàê óðîâåíü ñèëüíîé àôôèííîñòè,
ðàâíûé ìèíèìàëüíîìó ÷èñëó ïåðåìåííûõ, ôèêñàöèÿ êîòîðûõ ëþáûìè çíà÷åíèÿ-
ìè äà¼ò àôôèííóþ ôóíêöèþ. Èññëåäîâàíû îñíîâíûå ñâîéñòâà óðîâíÿ ñèëüíîé
àôôèííîñòè è åãî ñâÿçü ñ äðóãèìè ïàðàìåòðàìè áóëåâûõ ôóíêöèé. Äîêàçàíà
àñèìïòîòè÷åñêàÿ ìàêñèìàëüíîñòü óðîâíÿ ñèëüíîé àôôèííîñòè áóëåâûõ ôóíêöèé.
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The paper is devoted to the study of such a parameter of a Boolean function as
the strong affinity level las(f), which is equal to the minimum number of variables
whose fixation by any values gives an affine function. A criterion for finding the
exact value of a strong affinity level has been obtained by searching for the emptiest
subgraph in the graph of a Boolean function. A correlation has been found between
the level of strong affinity and other parameters of Boolean functions, such as alge-
braic degree deg(f), weight ||f ||, and algebraic immunity Al(f), which are as follows:
las(f) ⩾ Al(f) if the function f is not balanced or does not contain first-degree mono-
mials; las(f) ⩾ deg(f)− 1; 2n−las(f)−1 ⩽ ||f || ⩽ 2n − 2n−las(f)−1. It has been proven
that symmetric Boolean functions and monotonic Boolean functions that significantly
depend on all their variables have the highest possible strong affinity level. Asymp-
totic maximality of the strong affinity level of Boolean functions has been proven too.
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Ââåäåíèå

Ñðåäè ìåòîäîâ ðåøåíèÿ ñèñòåì áóëåâûõ óðàâíåíèé, âîçíèêàþùèõ, â òîì ÷èñëå,
â çàäà÷àõ êðèïòîãðàôèè, âàæíîå ìåñòî çàíèìàþò ìåòîäû, îñóùåñòâëÿþùèå ñâåäåíèå
èñõîäíîé ñèñòåìû ê ñèñòåìå ëèíåéíûõ áóëåâûõ óðàâíåíèé. Ê íèì ìîæíî îòíåñòè êàê
ìåòîäû, èñïîëüçóþùèå îïåðàöèè â ïîëèíîìèàëüíûõ èäåàëàõ [1], òàê è ìåòîäû, îñó-
ùåñòâëÿþùèå îïðîáîâàíèå çíà÷åíèé ÷àñòè ïåðåìåííûõ: ìåòîä Æó�Âèòñå [2], ìåòîä
ëîêàëüíûõ àôôèííîñòåé [3] è ò. ä.
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Î÷åâèäíî, ÷òî ýôôåêòèâíîñòü ýòèõ ìåòîäîâ çàâèñèò îò ñâîéñòâ áóëåâûõ ôóíê-
öèé, âñòðåòèâøèõñÿ â èñõîäíîé ñèñòåìå. Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î
ñâîéñòâàõ ôóíêöèé, ïðåîáðàçóåìûõ â àôôèííûå ïóò¼ì ïðîèçâîëüíîé ôèêñàöèè çíà-
÷åíèé íåêîòîðîãî íàáîðà ïåðåìåííûõ. Ââîäèìîå ïîíÿòèå óðîâíÿ ñèëüíîé àôôèííî-
ñòè ñèëüíåå, ÷åì èçâåñòíîå ïîíÿòèå óðîâíÿ àôôèííîñòè, ðàíåå èçó÷àâøååñÿ â ðàáîòàõ
Â. Ã. Ðÿáîâà, Î.À. Ëîãà÷¼âà, Ì.Ë. Áóðÿêîâà è äð. [4�7].

Ââåä¼ì íåîáõîäèìûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ:

� F2 �ïîëå èç äâóõ ýëåìåíòîâ;
� Vn � n-ìåðíîå âåêòîðíîå ïðîñòðàíñòâî íàä ïîëåì F2;
� Fn �êëàññ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ;
� ||x||� âåñ Õýììèíãà äâîè÷íîãî âåêòîðà x ∈ Vn;
� ||f ||� âåñ ôóíêöèè f . Áóëåâà ôóíêöèÿ f ∈ Fn íàçûâàåòñÿ ñáàëàíñèðîâàííîé, åñëè
||f || = 2n−1;

� deg(f)� àëãåáðàè÷åñêàÿ ñòåïåíü áóëåâîé ôóíêöèèè f . Áóëåâó ôóíêöèþ f áóäåì
íàçûâàòü êâàäðàòè÷íîé, åñëè deg(f) ⩽ 2, è àôôèííîé, åñëè deg(f) ⩽ 1;

� ⟨u, x⟩� ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ èç Vn;
� ev(f)�÷èñëî ñóùåñòâåííûõ ïåðåìåííûõ ôóíêöèè f ;
� Al(f)�ïîðÿäîê àëãåáðàè÷åñêîé èììóííîñòè áóëåâîé ôóíêöèè f ;
� An �êëàññ àôôèííûõ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ;
� Sn �êëàññ ñèììåòðè÷åñêèõ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ;
� Mn �êëàññ ìîíîòîííûõ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ;
� Bn �êëàññ áåíò-ôóíêöèé îò n ïåðåìåííûõ;
� M2k �êëàññ ôóíêöèé Åëèñååâà �Ìàéîðàíà �Ìàêôàðëàíäà îò 2k ïåðåìåííûõ, òî

åñòü ôóíêöèé âèäà f(x, y) = ⟨x, s(y)⟩ ⊕ h(y), ãäå s�ïîäñòàíîâêà íà Vk; h(y)�
ïðîèçâîëüíàÿ ôóíêöèÿ èç Vk. Èçâåñòíî, ÷òî M2k ⊂ B2k.

Äëÿ ïðîèçâîëüíîé ôóíêöèè f ∈ Fn è ïðîèçâîëüíîãî u ∈ Vn ïðåîáðàçîâàíèå Óîë-
øà�Àäàìàðà ôóíêöèè f îïðåäåëÿåòñÿ âûðàæåíèåì

Wf (u) =
∑
x∈Vn

(−1)f(x)⊕⟨u,x⟩.

Íàáîð öåëûõ ÷èñåë {Wf (u) : u ∈ Vn} íàçûâàåòñÿ ñïåêòðîì ôóíêöèè f , à êàæäîå ÷èñëî
Wf (u)� ñïåêòðàëüíûì êîýôôèöèåíòîì Óîëøà�Àäàìàðà ôóíêöèè f .

Äëÿ íàáîðîâ 1 ⩽ i1 < i2 < . . . < ik ⩽ n, b = (b1, . . . , bk) ∈ Vk ïðè k ⩽ n îáîçíà-
÷èì ÷åðåç f b1,...,bk

i1,...,ik
áóëåâó ôóíêöèþ èç Fn−k, ïîëó÷àåìóþ èç f ôèêñàöèåé ïåðåìåííûõ

xi1 = b1, . . . , xik = bk è íàçûâàåìóþ ïîäôóíêöèåé ôóíêöèè f .

Îïðåäåëåíèå 1. Áóëåâà ôóíêöèÿ f ∈ Fn íàçûâàåòñÿ k-àôôèííîé, 1 ⩽ k ⩽ n− 1,
åñëè ñóùåñòâóþò òàêèå íàáîðû 1 ⩽ i1 < i2 < . . . < ik ⩽ n, b = (b1, . . . , bk) ∈ Vk, ÷òî
f b1,...,bk
i1,...,ik

ÿâëÿåòñÿ àôôèííîé, òî åñòü deg(f b1,...,bk
i1,...,ik

) ⩽ 1.

Îïðåäåëåíèå 2. Óðîâíåì àôôèííîñòè la(f) áóëåâîé ôóíêöèè f ∈ Fn íàçûâà-
åòñÿ ìèíèìàëüíîå íåîòðèöàòåëüíîå öåëîå ÷èñëî k, äëÿ êîòîðîãî ôóíêöèÿ f ÿâëÿåòñÿ
k-àôôèííîé.

Îïðåäåëåíèå 3. Áóëåâà ôóíêöèÿ f ∈ Fn íàçûâàåòñÿ ñèëüíî k-àôôèííîé,
1 ⩽ k ⩽ n− 1, åñëè ñóùåñòâóåò òàêîé íàáîð 1 ⩽ i1 < i2 < . . . < ik ⩽ n, ÷òî ïîäôóíêöèÿ
f b1,...,bk
i1,...,ik

ÿâëÿåòñÿ àôôèííîé äëÿ ëþáîãî b = (b1, . . . , bk) ∈ Vk, òî åñòü deg(f b1,...,bk
i1,...,ik

) ⩽ 1.

Îïðåäåëåíèå 4. Óðîâíåì ñèëüíîé àôôèííîñòè las(f) áóëåâîé ôóíêöèè f ∈ Fn

áóäåì íàçûâàòü ìèíèìàëüíîå íåîòðèöàòåëüíîå öåëîå ÷èñëî k, äëÿ êîòîðîãî ôóíêöèÿ f
ÿâëÿåòñÿ ñèëüíî k-àôôèííîé.
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Çàìå÷àíèå 1. Î÷åâèäíî, ÷òî äëÿ ëþáîé áóëåâîé ôóíêöèè f ∈ Fn ñïðàâåäëèâî

la(f) ⩽ las(f) ⩽ ev(f)− 1 ⩽ n− 1

è äëÿ ëþáîé êâàäðàòè÷íîé ôóíêöèè f ∈ Fn

la(f) = las(f).

Îáîçíà÷èì ÷åðåç SAk
n êëàññ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ ñ óðîâíåì ñèëüíîé

àôôèííîñòè, ðàâíûì k, à ÷åðåç SA⩽k
n �êëàññ áóëåâûõ ôóíêöèé îò n ïåðåìåííûõ ñ

óðîâíåì ñèëüíîé àôôèííîñòè, íå ïðåâîñõîäÿùèì k, ãäå k ∈ {0, . . . , n− 1}.
Çàìå÷àíèå 2. Äëÿ ëþáîé àôôèííîé ôóíêöèè êàê óðîâåíü àôôèííîñòè, òàê è

óðîâåíü ñèëüíîé àôôèííîñòè ðàâíû íóëþ.

Ïðèâåä¼ì íåñêîëüêî âñïîìîãàòåëüíûõ óòâåðæäåíèé, êîòîðûå ïðèãîäÿòñÿ â äàëü-
íåéøåì.

Óòâåðæäåíèå 1 [5]. Äëÿ áóëåâîé ôóíêöèè f ∈ Fn ñïðàâåäëèâî íåðàâåíñòâî

la(f) ⩾ Al(f)− 1.

Óòâåðæäåíèå 2 [5]. Äëÿ f ∈ B2k ñïðàâåäëèâî ñîîòíîøåíèå la(f) ⩾ k.

Äëÿ f ∈ Fn ñïðàâåäëèâî, ÷òî

||f || − íå÷¼òåí⇔ deg(f) = n. (1)

Äëÿ f ∈ B2k, ãäå k ⩾ 2, ñïðàâåäëèâî ñîîòíîøåíèå

deg(f) ⩽ k. (2)

Ïðè deg(f) ⩾ 1 ñïðàâåäëèâî ñîîòíîøåíèå

2n−deg(f) ⩽ ||f || ⩽ 2n − 2n−deg(f). (3)

Îïðåäåëåíèå 5. Îáûêíîâåííûì ãðàôîì íàçûâàåòñÿ óïîðÿäî÷åííàÿ ïàðà îáúåê-
òîâ G = (V,E), ãäå V �ìíîæåñòâî âåðøèí; E ⊆ V [2] �ìíîæåñòâî ð¼áåð. Ïîä V [2]

ïîäðàçóìåâàåòñÿ ìíîæåñòâî âñåõ íåóïîðÿäî÷åííûõ ïàð ðàçëè÷íûõ ýëåìåíòîâ èç V.
Åñëè |V | = n è E = ∅, òî òàêîé ãðàô íàçûâàåòñÿ ïóñòûì è îáîçíà÷àåòñÿ On.
Åñëè |V | = n è E = V [2], òî òàêîé ãðàô íàçûâàåòñÿ ïîëíûì è îáîçíà÷àåòñÿ Kn.

1. Îáùèå ñâîéñòâà óðîâíÿ ñèëüíîé àôôèííîñòè

Ïðèâåä¼ì êðèòåðèè äëÿ îïðåäåëåíèÿ óðîâíÿ ñèëüíîé àôôèííîñòè.
Îáîçíà÷èì ÷åðåç T ìíîæåñòâî ìîíîìîâ áóëåâîé ôóíêöèè f(x1, . . . , xn) ïðè å¼ ïðåä-

ñòàâëåíèè ìíîãî÷ëåíîì Æåãàëêèíà.

Òåîðåìà 1. Äëÿ áóëåâîé ôóíêöèè f(x1, . . . , xn) ñîîòíîøåíèå las(f) = n− 1 âû-
ïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáûõ i, j, 1 ⩽ i < j ⩽ n, ñóùåñòâóåò òàêîé
ìîíîì xt1 . . . xtsi,j ∈ T , si,j ∈ {2, . . . , n}, ÷òî {i, j} ⊆ {t1, . . . , tsi,j}.

Äîêàçàòåëüñòâî.

Íåîáõîäèìîñòü. Òàê êàê las(f) = n−1, òî las(f) > n−2. Çíà÷èò, äëÿ ëþáûõ 1 ⩽ i1 <

< . . . < in−2 ⩽ n ñóùåñòâóåò òàêîé íàáîð (b1, . . . , bn−2) ∈ Vn−2, ÷òî deg(f
b1,...,bn−2

i1,...,in−2
) > 1.

Òàê êàê ýòî ôóíêöèÿ îò äâóõ ïåðåìåííûõ, îíà êâàäðàòè÷íà è ñîäåðæèò ìîíîì xin−1xin .
Ýòî çíà÷èò, ÷òî èñõîäíàÿ ôóíêöèÿ f ñîäåðæèò íåêîòîðûé ìîíîì xt1 . . . xtsi,j ∈ T , òàêîé,
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÷òî {in−1, in} ⊆ {t1, . . . , tsi,j}. Äàííûå ðàññóæäåíèÿ ñïðàâåäëèâû äëÿ ëþáîãî íàáîðà
1 ⩽ i1 < . . . < in−2 ⩽ n, ïîýòîìó ëþáîå ïðîèçâåäåíèå xixj, 1 ⩽ i < j ⩽ n, ñîäåðæèòñÿ
â íåêîòîðîì ìîíîìå ôóíêöèè f .

Äîñòàòî÷íîñòü. Ïóñòü las(f) ⩽ n − 2. Òîãäà ñóùåñòâóåò òàêîé íàáîð 1 ⩽ i1 <
. . . < im ⩽ n, ãäå m ⩽ n − 2, ÷òî äëÿ ëþáîãî âåêòîðà (b1, . . . , bm) ∈ Vm ôóíêöèÿ
f b1,...,bm
i1,...,im

àôôèííà. Âîçüì¼ì i, j ∈ {1, . . . , n} \ {i1, . . . , im}. Òàê êàê íè îäíà èç ôóíêöèé
f b1,...,bm
i1,...,im

íå ñîäåðæèò ïðîèçâåäåíèÿ xixj, òî ôóíêöèÿ f íå ñîäåðæèò íè îäíîãî ìîíîìà,
ñîäåðæàùåãî ïðîèçâåäåíèå xixj, � ïðîòèâîðå÷èå.

Òåîðåìó 1 ìîæíî èíòåðïðåòèðîâàòü â òåðìèíàõ òåîðèè ãðàôîâ äëÿ áîëåå óäîáíîãî
å¼ ïîíèìàíèÿ è ïðèìåíåíèÿ íà ïðàêòèêå.

Äëÿ áóëåâîé ôóíêöèè f(x1, . . . , xn) ïîñòðîèì ãðàô Gf = (V,E), ãäå V = {1, . . . , n},
à ìíîæåñòâî ð¼áåð çàäàåòñÿ ïî ñëåäóþùåìó ïðàâèëó:

{i, j} ∈ E ⇔ cóùåñòâóåò òàêîé ìîíîì xi1 . . . xis ∈ T, ÷òî {i, j} ⊆ {i1, . . . , is}.

Òàêîå ñîïîñòàâëåíèå ãðàôà ôóíêöèè ÿâëÿåòñÿ ñþðúåêòèâíûì, íî íå áèåêòèâíûì, íà-
ïðèìåð, ôóíêöèÿì g1(x1, x2, x3) = x1x2x3 è g2(x1, x2, x3) = x1x2 ⊕ x1x3 ⊕ x2x3 ñîïîñòàâ-
ëÿåòñÿ îäèí è òîò æå ïîëíûé ãðàô K3.

Òîãäà â òåðìèíàõ òåîðèè ãðàôîâ òåîðåìà 1 èìååò ñëåäóþùóþ ýêâèâàëåíòíóþ ôîð-
ìóëèðîâêó:

Ñëåäñòâèå 1. Äëÿ áóëåâîé ôóíêöèè f(x1, . . . , xn) ñîîòíîøåíèå las(f) = n− 1 âû-
ïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà ãðàô Gf ïîëíûé.

Ïðèâåä¼ì åù¼ îäíó ýêâèâàëåíòíóþ ôîðìóëèðîâêó òåîðåìû 1.

Ñëåäñòâèå 2. Äëÿ áóëåâîé ôóíêöèè f(x1, . . . , xn) ñîîòíîøåíèå las(f) = n− 1 âû-
ïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáûõ 1 ⩽ i < j ⩽ n âûïîëíÿåòñÿ óñëîâèå

f 1,1
i,j ⊕ f

1,0
i,j ⊕ f

0,1
i,j ⊕ f

0,0
i,j ̸≡ 0.

Äîêàçàòåëüñòâî. Ðàçëîæèì ôóíêöèþ f ïî ïåðåìåííûì xi, xj è ïðåîáðàçóåì
äàííîå ïðåäñòàâëåíèå:

f = xixjf
1,1
i,j ⊕ (xi ⊕ 1)xjf

0,1
i,j ⊕ xi(xj ⊕ 1)f 1,0

i,j ⊕ (xi ⊕ 1)(xj ⊕ 1)f 0,0
i,j =

= xixj(f
1,1
i,j ⊕ f

0,1
i,j ⊕ f

1,0
i,j ⊕ f

0,0
i,j )⊕ xi(f

1,0
i,j ⊕ f

0,0
i,j )⊕ xj(f

0,1
i,j ⊕ f

0,0
i,j )⊕ f

0,0
i,j .

Ïî òåîðåìå 1 ëþáîå ïðîèçâåäåíèå xixj, 1 ⩽ i < j ⩽ n, âñòðå÷àåòñÿ â íåêîòîðîì ìî-
íîìå ôóíêöèè f ïðè å¼ ïðåäñòàâëåíèè ìíîãî÷ëåíîì Æåãàëêèíà, à çíà÷èò, ôóíêöèÿ
f 1,1
i,j ⊕ f

0,1
i,j ⊕ f

1,0
i,j ⊕ f

0,0
i,j íèêîãäà íå ðàâíà òîæäåñòâåííîìó íóëþ.

Ïðèìåð 1. Ôóíêöèÿ f1(x1, x2, x3, x4, x5) = x1x2x3⊕x1x3x4⊕x1x3x5⊕x2x4x5 èìååò
ìàêñèìàëüíûé óðîâåíü ñèëüíîé àôôèííîñòè, ðàâíûé 4, òàê êàê ëþáîå èç 10 ïðîèç-
âåäåíèé âèäà xixj, 1 ⩽ i < j ⩽ 5, ÿâëÿåòñÿ ÷àñòüþ íåêîòîðîãî ìîíîìà ìíîãî÷ëåíà
Æåãàëêèíà ôóíêöèè f1(x1, . . . , x5) è ãðàô ôóíêöèè Gf1 ïîëíûé.

Ñëåäñòâèå 3. Åñëè äëÿ áóëåâîé ôóíêöèè f ∈ Fn ñïðàâåäëèâî, ÷òî deg(f) = n,
òî las(f) = n− 1.

Äîêàçàòåëüñòâî. Ôóíêöèÿ ñòåïåíè n ñîäåðæèò ìîíîì x1 . . . xn â å¼ çàïèñè
â âèäå ìíîãî÷ëåíà Æåãàëêèíà; ëþáîå ïðîèçâåäåíèå xixj, 1 ⩽ i < j ⩽ n, ñîäåðæèòñÿ
â ýòîì ìîíîìå, çíà÷èò, ïî òåîðåìå 1 óðîâåíü ñèëüíîé àôôèííîñòè äàííîé ôóíêöèè
ìàêñèìàëåí.
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Ëåììà 1. Åñëè äëÿ ôóíêöèè f ∈ Fn âåðíî, ÷òî f b1,...,bk
i1,...,ik

= c(b1, . . . , bk) äëÿ ëþ-
áîãî (b1, . . . , bk) ∈ Vk, ãäå c(b1, . . . , bk) ∈ F2, òî ëþáàÿ ïåðåìåííàÿ èç ìíîæåñòâà
{x1, . . . , xn} \ {xi1 , . . . , xik} ôèêòèâíà.

Äîêàçàòåëüñòâî. Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî i1 = 1,
. . . , ik = k. Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî t ∈ {k + 1, . . . , n} ïåðåìåí-
íàÿ xt ñóùåñòâåííà. Òîãäà íàéä¼òñÿ òàêîé íàáîð (a1, . . . , at−1, at+1, . . . , an), ÷òî
f(a1, . . . , at−1, 0, at+1, . . . , an) ̸= f(a1, . . . , at−1, 1, at+1, . . . , an). Íî ïî óñëîâèþ fa1,...,ak

i1,...,ik
≡

≡ const, à çíà÷èò, f(a1, . . . , at−1, 0, at+1, . . . , an) = f(a1, . . . , at−1, 1, at+1, . . . , an)�ïðîòè-
âîðå÷èå.

Äîêàæåì îñíîâíîé êðèòåðèé òî÷íîãî çíà÷åíèÿ óðîâíÿ ñèëüíîé àôôèííîñòè.

Òåîðåìà 2. Äëÿ áóëåâîé ôóíêöèè f(x1, . . . , xn) ñîîòíîøåíèå las(f) = k, ãäå
k ⩽ n− 2, âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà îäíîâðåìåííî âûïîëíÿþòñÿ ñëåäó-
þùèå ñâîéñòâà:

1) äëÿ íåêîòîðîãî íàáîðà 1 ⩽ i1 < i2 < . . . < in−k ⩽ n âûïîëíÿåòñÿ ñëåäóþùåå
óñëîâèå: íè îäèí ìîíîì ìíîãî÷ëåíà Æåãàëêèíà ôóíêöèè f íå ñîäåðæèò ïðîèç-
âåäåíèå âèäà xijxil , 1 ⩽ j < l ⩽ n− k;

2) íàáîðà 1 ⩽ i1 < . . . < it ⩽ n äëèíû t > n−k ñ òàêèì æå ñâîéñòâîì íå ñóùåñòâóåò.
Äîêàçàòåëüñòâî.

Äîñòàòî÷íîñòü äîêàæåì èíäóêöèåé ïî ïàðàìåòðó k.
Á à ç à: k = 0. Òîãäà ôóíêöèÿ f àôôèííà è las(f) = 0, òàê êàê äëÿ ëþáûõ

1 ⩽ i < j ⩽ n ìîíîì xixj íå ñîäåðæèòñÿ íè â êàêîì ìîíîìå ôóíêöèè f .
Ïóñòü k = 1. Òîãäà ñóùåñòâóåò òàêîé íàáîð 1 ⩽ i1 < i2 < . . . < in−1 ⩽ n, ÷òî íèêàêîå

ïðîèçâåäåíèå xixj, {i, j} ⊆ {i1, . . . , in−1}, íå âõîäèò â ìîíîìû ôóíêöèè f . Áåç îãðàíè-
÷åíèÿ îáùíîñòè ïîëîæèì i1 = 1, . . . , in−1 = n − 1. Ôóíêöèÿ f â ýòîì ñëó÷àå, êðîìå
ñâîåé àôôèííîé ÷àñòè, ìîæåò ñîäåðæàòü ìîíîìû x1xn, x2xn, . . . , xn−1xn. Î÷åâèäíî,
÷òî ïðè ôèêñàöèè ïåðåìåííîé xn ëþáûì çíà÷åíèåì b ∈ F2 ïîëó÷èì àôôèííóþ ïîä-
ôóíêöèþ, ïîýòîìó las(f) ⩽ 1. Ñëó÷àé las(f) = 0 íåâîçìîæåí ââèäó óñëîâèÿ 2, ïîýòîìó
las(f) = 1.

Ø à ã: èç ñïðàâåäëèâîñòè óòâåðæäåíèÿ ïðè k = d− 1 ⩾ 1 äîêàæåì åãî ñïðàâåäëè-
âîñòü ïðè k = d.

Èìååì òàêîé íàáîð 1 ⩽ i1 < i2 < . . . < in−d ⩽ n, ÷òî íè îäèí ìîíîì ìíîãî÷ëåíà
Æåãàëêèíà ôóíêöèè f íå ñîäåðæèò ïðîèçâåäåíèÿ âèäà xijxil , 1 ⩽ j < l ⩽ n − d.
Áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì i1 = 1, . . . , in−d = n− d. Ïðåäñòàâèì ôóíêöèþ f
â âèäå

f(x1, . . . , xn) = x1x2g0(x3, . . . , xn)⊕ x1g1(x3, . . . , xn)⊕ x2g2(x3, . . . , xn)⊕ g3(x3, . . . , xn).
Òàê êàê ôóíêöèÿ f íå ñîäåðæèò ìîíîìîâ, âêëþ÷àþùèõ ïðîèçâåäåíèå x1x2 (â ñèëó
òîãî, ÷òî n − d ⩾ 2), òî g0 ≡ 0. Ïî ýòîé æå ïðè÷èíå ôóíêöèè g1 è g2 íå ñîäåðæàò
ïåðåìåííûõ x3, . . . , xn−d â ìíîãî÷ëåíå Æåãàëêèíà è ôóíêöèÿ g3(x3, . . . , xn) ñîäåðæèò
ïåðåìåííûå x3, . . . , xn−d òîëüêî â ñâîåé àôôèííîé ÷àñòè, òî åñòü

g1(x3, . . . , xn) ≡ h1(xn−d+1, . . . , xn),

g2(x3, . . . , xn) ≡ h2(xn−d+1, . . . , xn),

g3(x3, . . . , xn) = h3(xn−d+1, . . . , xn)⊕ a3x3 ⊕ . . .⊕ an−dxn−d,

ãäå a3, . . . , an−d ∈ F2. Òàêèì îáðàçîì,

f(x1, . . . , xn) ≡ x1h1(xn−d+1, . . . , xn)⊕ x2h2(xn−d+1, . . . , xn)⊕
⊕h3(xn−d+1, . . . , xn)⊕ a3x3 ⊕ . . .⊕ an−dxn−d.

(4)
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Òåïåðü î÷åâèäíî, ÷òî, çàôèêñèðîâàâ ïåðåìåííûå xn−d+1, . . . , xn ëþáûìè çíà÷åíèÿìè,
ïîëó÷èì àôôèííóþ ôóíêöèþ, òî åñòü las(f) ⩽ d.

Ïðåäïîëîæèì, ÷òî las(f) = p < d. Òîãäà ñóùåñòâóåò òàêîé íàáîð ïåðåìåííûõ

{y1, . . . , yp} ⊊ {xn−d+1, . . . , xn}, ÷òî f b1,...,bp
y1,...,yp àôôèííà ïðè ëþáûõ b1, . . . , bp ∈ F2. Ýòî

îçíà÷àåò, ÷òî h
b1,...,bp

1 y1,...,yp
è h

b1,...,bp
2 y1,...,yp

�êîíñòàíòû ïðè ëþáûõ b1, . . . , bp ∈ F2.
Òîãäà ïî ëåììå 1 âñå ïåðåìåííûå èç ìíîæåñòâà {xn−d+1, . . . , xn} \ {y1, . . . , yp}

ÿâëÿþòñÿ ôèêòèâíûìè äëÿ ôóíêöèé h1 è h2. Ðàññìîòðèì ïðîèçâîëüíûé xl ∈
∈ {xn−d+1, . . . , xn} \ {y1, . . . , yp} ̸= ∅ è íàáîð èíäåêñîâ 1 < 2 < . . . < n − d < l äëèíû
n − d + 1. Ó ôóíêöèè f â ìíîãî÷ëåíå Æåãàëêèíà íåò ìîíîìîâ, ñîäåðæàùèõ ïðîèç-
âåäåíèÿ x1xl, x2xl, . . . , xn−dxl, à çíà÷èò, äëÿ íàáîðà 1 < 2 < . . . < n − d < l äëèíû
n− d + 1 âåðíî, ÷òî äëÿ ëþáûõ {i, j} ⊆ {1, . . . , n− d, l} íå cóùåñòâóåò ìîíîìà ìíîãî-
÷ëåíà Æåãàëêèíà ôóíêöèè f , ñîäåðæàùåãî ïðîèçâåäåíèå âèäà xixj. Òàêèì îáðàçîì,
las(f) = d.

Íåîáõîäèìîñòü. Äîêàæåì ïåðâîå ñâîéñòâî îò ïðîòèâíîãî. Ïóñòü íå ñóùåñòâóåò òà-
êîãî íàáîðà äëèíû n − k, ÷òî äëÿ ëþáûõ i, j èç ýòîãî íàáîðà íå ñóùåñòâóåò ìîíîìà
ìíîãî÷ëåíà Æåãàëêèíà ôóíêöèè f , ñîäåðæàùåãî ïðîèçâåäåíèå âèäà xixj, òî åñòü äàí-
íîå ñâîéñòâî ìîæåò âûïîëíÿòüñÿ ëèøü äëÿ êàêîãî-òî íàáîðà ìåíüøåé äëèíû. Òîãäà ïî
äîêàçàòåëüñòâó äîñòàòî÷íîñòè ýòîé òåîðåìû ñëåäóåò, ÷òî las(f) < k, � ïðîòèâîðå÷èå.

Äîêàæåì âòîðîå ñâîéñòâî òàêæå îò ïðîòèâíîãî. Ïóñòü ñóùåñòâóåò íàáîð äëèíû
t > n− k, äëÿ êîòîðîãî âûïîëíÿþòñÿ âûøåóêàçàííûå ñâîéñòâà. Òîãäà ïî äîêàçàòåëü-
ñòâó äîñòàòî÷íîñòè ýòîé òåîðåìû ñëåäóåò, ÷òî las(f) > k, � ïðîòèâîðå÷èå.

Òàêèì îáðàçîì, îáà ñâîéñòâà âåðíû.

Òåîðåìó 2 ìîæíî ñôîðìóëèðîâàòü â òåðìèíàõ òåîðèè ãðàôîâ ñëåäóþùèì îáðàçîì:

Ñëåäñòâèå 4. Äëÿ áóëåâîé ôóíêöèè f(x1, . . . , xn) ñîîòíîøåíèå las(f) = k, ãäå
k ⩽ n− 2, âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà ãðàô Gf ñîäåðæèò ïîäãðàô On−k è
íå ñîäåðæèò ïîäãðàôà Ot, ãäå t > n− k.

Çàìå÷àíèå 3. Òàêèì îáðàçîì, çàäà÷à îïðåäåëåíèÿ óðîâíÿ ñèëüíîé àôôèííîñòè
ñâîäèòñÿ ê çàäà÷å ïîèñêà ìàêñèìàëüíî ïóñòîãî ïîäãðàôà, êîòîðàÿ áîëåå èçâåñòíà êàê
çàäà÷à ïîèñêà ìàêñèìàëüíî íåçàâèñèìîãî ìíîæåñòâà. Â îáùåì ñëó÷àå äàííàÿ çàäà÷à
îòíîñèòñÿ ê êëàññó òðóäíîðåøàåìûõ, âìåñòå ñ òåì ñóùåñòâóþò ïðèáëèæ¼ííûå àëãî-
ðèòìû å¼ ðåøåíèÿ.

Ñëåäñòâèå 5. Äëÿ áóëåâîé ôóíêöèè f ∈ Fn ñîîòíîøåíèå las(f) = k, ãäå
k ⩽ n− 2, âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà îäíîâðåìåííî âûïîëíÿþòñÿ ñëåäó-
þùèå ñâîéñòâà:

1) ñóùåñòâóåò òàêîé íàáîð 1 ⩽ i1 < i2 < . . . < in−k ⩽ n, ÷òî äëÿ ëþáûõ
{i, j} ⊆ {i1, . . . , in−k} âûïîëíÿåòñÿ

f 1,1
i,j ⊕ f

1,0
i,j ⊕ f

0,1
i,j ⊕ f

0,0
i,j ≡ 0;

2) íàáîðà 1 ⩽ i1 < . . . < it ⩽ n äëèíû t > n−k ñ òàêèì æå ñâîéñòâîì íå ñóùåñòâóåò.
Äîêàçàòåëüñòâî. Äîñòàòî÷íî âîñïîëüçîâàòüñÿ ðàçëîæåíèåì ôóíêöèè f èç äî-

êàçàòåëüñòâà ñëåäñòâèÿ 2 è çàìåòèòü åãî ñâÿçü ñ ðàçëîæåíèåì (4).

Ñëåäóåò òàêæå îòìåòèòü, ÷òî ñëåäñòâèÿ 2 è 5 ÿâëÿþòñÿ ÷àñòíûìè ñëó÷àÿìè òåîðå-
ìû 7 èç ðàáîòû [8].

Ïðèìåð 2. Ôóíêöèÿ f2(x1, . . . , x8) = x2x3x4x7x8 ⊕ x2x5x6x7x8 ⊕ x3x4x5x7x8 ⊕
⊕x1x2x7x8⊕x1x3x4⊕x2x6x7⊕x4x5x7⊕x1x7⊕x2x6⊕x5x8⊕x6x7 èìååò óðîâåíü ñèëüíîé
àôôèííîñòè las(f2) = 5, òàê êàê ãðàô Gf2 ñîäåðæèò ïîäãðàô O3.
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Çàìå÷àíèå 4. Èç äîêàçàòåëüñòâà òåîðåìû 2 ñëåäóåò, ÷òî óñëîâèå 1 èç å¼ ôîðìó-
ëèðîâêè èñïîëüçóåòñÿ äëÿ îöåíêè óðîâíÿ ñèëüíîé àôôèííîñòè ñâåðõó, à óñëîâèå 2 �
äëÿ åãî îöåíêè ñíèçó, è ïåðåñå÷åíèå ýòèõ óñëîâèé äà¼ò òî÷íîå çíà÷åíèå óðîâíÿ àô-
ôèííîñòè. Ïîýòîìó óêàæåì âàæíîå ñëåäñòâèå:

Ñëåäñòâèå 6.

1) Åñëè äëÿ ôóíêöèè f(x1, . . . , xn) è ôèêñèðîâàííîãî k, k ⩽ n − 2, ñóùåñòâóåò
òàêîé íàáîð 1 ⩽ i1 < i2 < . . . < in−k ⩽ n, ÷òî íè îäèí ìîíîì ìíîãî÷ëåíà
Æåãàëêèíà ôóíêöèè f íå ñîäåðæèò ïðîèçâåäåíèÿ âèäà xijxil , 1 ⩽ j < l ⩽ n−k,
òî las(f) ⩽ k.

2) Åñëè äëÿ ôóíêöèè f(x1, . . . , xn) è ôèêñèðîâàííîãî k, k ⩽ n − 2, íå ñóùåñòâóåò
òàêîãî íàáîðà 1 ⩽ i1 < i2 < . . . < in−k ⩽ n, ÷òî íè îäèí ìîíîì ìíîãî÷ëåíà
Æåãàëêèíà ôóíêöèè f íå ñîäåðæèò ïðîèçâåäåíèÿ âèäà xijxil , 1 ⩽ j < l ⩽ n−k,
òî las(f) > k.

Äàííîå ñëåäñòâèå òàêæå ìîæíî ñôîðìóëèðîâàòü â òåðìèíàõ òåîðèè ãðàôîâ:

Ñëåäñòâèå 7.

1) Åñëè ãðàô Gf ôóíêöèè f(x1, . . . , xn) ñîäåðæèò ïîäãðàô On−k, ãäå k ⩽ n− 2, òî
las(f) ⩽ k.

2) Åñëè ãðàô Gf ôóíêöèè f(x1, . . . , xn) íå ñîäåðæèò ïîäãðàôà On−k, ãäå k ⩽ n−2,
òî las(f) > k.

2. Ñâÿçü óðîâíÿ ñèëüíîé àôôèííîñòè ñ äðóãèìè õàðàêòåðèñòèêàìè
áóëåâûõ ôóíêöèé

Â ðàáîòå [5] èññëåäîâàíà ñâÿçü óðîâíÿ àôôèííîñòè áóëåâîé ôóíêöèè ñ ðÿäîì å¼
êðèïòîãðàôè÷åñêèõ ïàðàìåòðîâ.

Òåîðåìà 3 [5]. Äëÿ êîýôôèöèåíòîâ Óîëøà�Àäàìàðà ôóíêöèè f ∈ Fn âûïîëíÿ-
åòñÿ íåðàâåíñòâî

max
u∈Vn

∣∣Wf (u)
∣∣ ⩾ 2n−la(f).

Ðàññìîòðèì ñâÿçü ìåæäó óðîâíåì ñèëüíîé àôôèííîñòè áóëåâîé ôóíêöèè è å¼ ñïåê-
òðàëüíûìè õàðàêòåðèñòèêàìè.

Ïóñòü äëÿ áóëåâîé ôóíêöèè f ∈ Fn ñïðàâåäëèâî ðàâåíñòâî las(f) = k è äëÿ
íàáîðà 1 ⩽ i1 < i2 < . . . < ik ⩽ n ïîäôóíêöèÿ f b1,...,bk

i1,...,ik
àôôèííà äëÿ ëþáîãî

b = (b1, . . . , bk) ∈ Vk. Ïîëîæèì

R =
∣∣{v ∈ Vn−k : f

b1,...,bk
i1,...,ik

= ⟨v, x⟩ ⊕ w, (b1, . . . , bk) ∈ Vk
}∣∣,

ãäå w ∈ F2. Î÷åâèäíî, ÷òî 1 ⩽ R ⩽ min{2k, 2n−k} ⩽ 2n/2. Èçâåñòåí ñëåäóþùèé ôàêò:

Ëåììà 2 [9]. Äëÿ ëþáîé ôóíêöèè f ∈Fn, ïðîèçâîëüíîãî ïîäïðîñòðàíñòâà L⊆Vn
è ïðîèçâîëüíûõ âåêòîðîâ a, c ∈ Vn ñïðàâåäëèâî ðàâåíñòâî

2dimL−n(−1)⟨a,c⟩
∑

x∈L⊥⊕c

Wf (x)(−1)⟨a,x⟩ =
∑

x∈L⊕a

(−1)f(x)⊕⟨c,x⟩. (5)

Òåîðåìà 4. Ñóùåñòâóåò ïî êðàéíåé ìåðå R ðàçëè÷íûõ âåêòîðîâ u ∈ Vn, äëÿ
êàæäîãî èç êîòîðûõ âûïîëíÿåòñÿ íåðàâåíñòâî∣∣Wf (u)

∣∣ ⩾ 2n−las(f).
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Äîêàçàòåëüñòâî. Ïóñòü las(f) = k. Òîãäà íàéä¼òñÿ òàêîé íàáîð 1 ⩽ i1 < i2 <
< . . . < ik ⩽ n, ÷òî f b1,...,bk

i1,...,ik
(x) = ⟨v, x⟩ ⊕ w äëÿ ëþáîãî (b1, . . . , bk) ∈ Vk, ïðè÷¼ì v =

= v(b1, . . . , bk) ∈ Vn−k, w = w(b1, . . . , bk) ∈ F2.
Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 3, äëÿ ôèêñèðîâàííîãî (b1, . . . , bk) ∈ Vk ïîëî-

æèì:

� L = {u ∈ Vn : ui1 = . . . = uik = 0}�ïîäïðîñòðàíñòâî ðàçìåðíîñòè dimL = n − k
ïðîñòðàíñòâà Vn;

� âåêòîð a, òàêîé, ÷òî aij = bj äëÿ j ∈ {1, . . . , k} è aij = 0 äëÿ j ̸∈ {1, . . . , k};
� âåêòîð c, òàêîé, ÷òî cij = vij äëÿ j ̸∈ {1, . . . , k} è cij = 0 äëÿ j ∈ {1, . . . , k}.
Ïðàâàÿ ÷àñòü ðàâåíñòâà (5) â ýòîì ñëó÷àå åñòü∑

x∈L⊕a

(−1)f(x)⊕⟨c,x⟩ =
∑

x∈Vn−k

(−1)f
b1,...,bk
i1,...,ik

(x)⊕⟨v,x⟩
=

=
∑

x∈Vn−k

(−1)⟨v,x⟩⊕w⊕⟨v,x⟩ =
∑

x∈Vn−k

(−1)w = 2n−k(−1)w.

Òàêèì îáðàçîì, èìååì (−1)⟨a,c⟩
∑

x∈L⊥⊕c

Wf (x)(−1)⟨a,x⟩ = 2n(−1)w.

Ïåðåõîäÿ ê àáñîëþòíûì âåëè÷èíàì, ïîëó÷èì∣∣∣ ∑
x∈L⊥⊕c

Wf (x)(−1)⟨a,x⟩
∣∣∣ = 2n.

Òàê êàê ÷èñëî ñëàãàåìûõ â ïîñëåäíåé ñóììå ðàâíî 2k, â ïëîñêîñòè L⊥ ⊕ c åñòü òàêîé
âåêòîð u ∈ Vn, äëÿ êîòîðîãî |Wf (u)| ⩾ 2n−k. Òàê êàê ïîäïðîñòðàíñòâî L⊥ ôèêñèðîâà-
íî, à âåêòîð c ∈ Vn ïðîáåãàåò ðàçëè÷íûå R çíà÷åíèé, ìíîæåñòâî {L⊥ ⊕ c} ïðîáåãàåò
R ðàçëè÷íûõ íåïåðåñåêàþùèõñÿ ïëîñêîñòåé è â êàæäîé èç íèõ íàéä¼òñÿ òàêîé âåêòîð
u ∈ Vn, ÷òî

∣∣Wf (u)
∣∣ ⩾ 2n−k.

Óòâåðæäåíèå 3 [5]. Äëÿ ëþáûõ n ⩾ 3, 2 ⩽ d ⩽ n, 1 ⩽ k ⩽ n − 2 ñóùåñòâóåò
òàêàÿ ôóíêöèÿ f ∈ Fn, ÷òî deg(f) = d, la(f) = k.

Ñëåäóþùåå óòâåðæäåíèå óñòàíàâëèâàåò ñâÿçü ìåæäó óðîâíåì ñèëüíîé àôôèííîñòè
áóëåâîé ôóíêöèè è å¼ àëãåáðàè÷åñêîé ñòåïåíüþ, ÷òî îòëè÷àåò èññëåäóåìóþ õàðàêòå-
ðèñòèêó îò óðîâíÿ àôôèííîñòè (ñì. óòâåðæäåíèå 3).

Óòâåðæäåíèå 4. Äëÿ áóëåâîé ôóíêöèè f ∈ Fn ñïðàâåäëèâî ñîîòíîøåíèå

las(f) ⩾ deg(f)− 1.

Åñëè f ∈ Bn è n ⩾ 4, òî
las(f) > deg(f)− 1.

Äîêàçàòåëüñòâî. Ïóñòü deg(f) = t. Òîãäà ôóíêöèÿ f ñîäåðæèò ìîíîì xs1 . . . xst ,
ãäå 1 ⩽ s1 < . . . < st ⩽ n, â å¼ ïðåäñòàâëåíèè â âèäå ìíîãî÷ëåíà Æåãàëêèíà. Ïî òåî-
ðåìå 2 íè îäíà èç ïàð ýòèõ èíäåêñîâ íå ìîæåò íàõîäèòüñÿ â íàáîðå 1 ⩽ i1 < i2 < . . . <
< in−las(f) ⩽ n, ïîýòîìó ìàêñèìàëüíàÿ äëèíà ýòîãî íàáîðà íå ïðåâûøàåò n − t + 1.
Òàêèì îáðàçîì, n− las(f) ⩽ n− t+ 1, îòêóäà las(f) ⩾ t− 1 = deg(f)− 1.

Âòîðîå ñîîòíîøåíèå ñëåäóåò èç (2), óòâåðæäåíèÿ 2 è çàìå÷àíèÿ 1.

Ñëåäñòâèå 8. Åñëè âåñ áóëåâîé ôóíêöèè f ∈ Fn íå÷¼òåí, òî las(f) = n− 1.

Äîêàçàòåëüñòâî. Ñëåäóåò èç (1) è óòâåðæäåíèÿ 4.

Îòñþäà, ââèäó óòâåðæäåíèÿ 3, ìîæíî âûâåñòè ñâÿçü ìåæäó óðîâíåì ñèëüíîé àô-
ôèííîñòè è âåñîì áóëåâîé ôóíêöèè.
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Óòâåðæäåíèå 5. Äëÿ áóëåâîé ôóíêöèè f ∈ Fn, deg(f) ⩾ 1, ñïðàâåäëèâà îöåíêà

2n−las(f)−1 ⩽ ||f || ⩽ 2n − 2n−las(f)−1, (6)

ïðè ýòîì:
1) íèæíÿÿ îöåíêà äîñòèãàåòñÿ òîëüêî íà ôóíêöèÿõ f âèäà

f(x) = (xi1 ⊕ c1)(xi2 ⊕ c2) . . . (xik ⊕ ck)l(xik+1
, xik+2

, . . . , xin);

2) âåðõíÿÿ îöåíêà äîñòèãàåòñÿ òîëüêî íà ôóíêöèÿõ f âèäà

f(x) = (xi1 ⊕ c1)(xi2 ⊕ c2) . . . (xik ⊕ ck)l(xik+1
, xik+2

, . . . , xin)⊕ 1,

ãäå k = las(f), c1, . . . , ck ∈ F2, deg(l) = 1.

Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü îöåíêè ñëåäóåò èç (3) è Óòâåðæäåíèÿ 4.
Äîêàæåì êðèòåðèé äîñòèæèìîñòè íèæíåé îöåíêè â (6).
Äîñòàòî÷íîñòü. Äëÿ ôóíêöèé òàêîãî âèäà ñïðàâåäëèâî

||f || = ||xik+1
⊕ xik+2

⊕ . . .⊕ xin|| = 2n−k−1 = 2n−las(f)−1.

Íåîáõîäèìîñòü. Ïî óñëîâèþ las(f) = k, çíà÷èò, ñóùåñòâóåò òàêîé íàáîð 1 ⩽ i1 <
< . . . < ik ⩽ n, ÷òî f b1,...,bk

i1,...,ik
∈ An äëÿ âñåõ (b1, . . . , bk) ∈ Vk. Îòñþäà

||f b1,...,bk
i1,...,ik

|| ∈ {0, 2n−k−1, 2n−k}

äëÿ âñåõ (b1, . . . , bk) ∈ Vk. Î÷åâèäíî, ÷òî

||f || =
∑

(b1,...,bk)∈Vk

||f b1,...,bk
i1,...,ik

|| = 2n−k−1.

Îòñþäà ñëåäóåò, ÷òî ñóùåñòâóåò åäèíñòâåííûé íàáîð (a1, . . . , ak) ∈ Vk, òàêîé, ÷òî
||fa1,...,ak

i1,...,ik
|| = 2n−k−1, è ||f b1,...,bk

i1,...,ik
|| = 0 äëÿ âñåõ (b1, . . . , bk) ∈ Vk \ {(a1, . . . , ak)}, òî åñòü

f b1,...,bk
i1,...,ik

≡ 0 äëÿ âñåõ (b1, . . . , bk) ∈ Vk \ {(a1, . . . , ak)} è deg(fa1,...,ak
i1,...,ik

) = 1.
Ðàñêëàäûâàÿ ôóíêöèþ f ïî ïåðåìåííûì xi1 , . . . , xik , ïîëó÷àåì

f(x1, . . . , xn) =
⊕

(b1,...,bk)∈Vk

(xi1 ⊕ b1 ⊕ 1) . . . (xik ⊕ bk ⊕ 1)f b1,...,bk
i1,...,ik

(xik+1
, xik+2

, . . . , xin) =

= (xi1 ⊕ a1 ⊕ 1) . . . (xik ⊕ ak ⊕ 1)fa1,...,ak
i1,...,ik

(xik+1
, xik+2

, . . . , xin).

Äëÿ äîêàçàòåëüñòâà íåîáõîäèìîñòè îñòà¼òñÿ ïîëîæèòü c1 = a1 ⊕ 1, . . . , ck = ak ⊕ 1 è
l(xik+1

, xik+2
, . . . , xin) = fa1,...,ak

i1,...,ik
(xik+1

, xik+2
, . . . , xin).

Äîêàçàòåëüñòâî âåðõíåé îöåíêè àíàëîãè÷íî; â ýòîì ñëó÷àå f b1,...,bk
i1,...,ik

≡ 1 äëÿ âñåõ
(b1, . . . , bk) ∈ Vk \ {(a1, . . . , ak)} è deg(fa1,...,ak

i1,...,ik
) = 1.

Èç óòâåðæäåíèÿ 1 è çàìå÷àíèÿ 1 ñëåäóåò, ÷òî äëÿ áóëåâîé ôóíêöèè f ∈ Fn ñïðà-
âåäëèâî ñîîòíîøåíèå

las(f) ⩾ Al(f)− 1.

Äàííóþ îöåíêó ìîæíî óñèëèòü äëÿ îïðåäåë¼ííûõ êëàññîâ áóëåâûõ ôóíêöèé.

Óòâåðæäåíèå 6 [5]. Äëÿ ëþáîé áóëåâîé ôóíêöèè f ∈ Fn ñïðàâåäëèâî

Al(f) ⩽ min
0⩽s⩽⌈n/2⌉

1⩽i1<i2<...<is⩽n
(b1,...,bs)∈Vs

{
deg

(
f b1,...,bs
i1,...,is

)
+ s
}
.
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Óòâåðæäåíèå 7. Åñëè áóëåâà ôóíêöèÿ f ∈ Fn íå ÿâëÿåòñÿ ñáàëàíñèðîâàííîé,
òî

las(f) ⩾ Al(f).

Äîêàçàòåëüñòâî. Ïóñòü las(f) = k. Òîãäà ñóùåñòâóåò òàêîé íàáîð 1 ⩽ i1 < . . . <
< ik ⩽ n, ÷òî f b1,...,bk

i1,...,ik
∈ An äëÿ âñåõ (b1, . . . , bk) ∈ Vk. Îòñþäà

||f b1,...,bk
i1,...,ik

|| ∈ {0, 2n−k−1, 2n−k}

äëÿ âñåõ (b1, . . . , bk) ∈ Vk. Åñëè ||f b1,...,bk
i1,...,ik

|| = 2n−k−1 äëÿ âñåõ (b1, . . . , bk) ∈ Vk, òî

||f || =
∑

(b1,...,bk)∈Vk

||f b1,...,bk
i1,...,ik

|| = 2k · 2n−k−1 = 2n−1

� ïðîòèâîðå÷èå ñ íåñáàëàíñèðîâàííîñòüþ ôóíêöèè f . Ïîýòîìó ñóùåñòâóåò òàêîé íà-
áîð (a1, . . . , ak) ∈ Vk, ÷òî ||fa1,...,ak

i1,...,ik
|| ∈ {0, 2n−k}, òî åñòü fa1,...,ak

i1,...,ik
≡ const, à çíà÷èò, ââèäó

óòâåðæäåíèÿ 6, ïîëó÷àåì

Al(f) ⩽ deg
(
fa1,...,ak
i1,...,ik

)
+ k = k.

Óòâåðæäåíèå 7 äîêàçàíî.

Ïðåäñòàâèì áóëåâó ôóíêöèþ f ∈ Fn â âèäå

f(x1, . . . , xn) = g(x1, . . . , xn)⊕ l(x1, . . . , xn)⊕ a0,

ãäå a0 = f(0, . . . , 0), ôóíêöèÿ g ñîäåðæèò òîëüêî ìîíîìû ñòåïåíè 2 è âûøå, à ôóíê-
öèÿ l� òîëüêî ìîíîìû ñòåïåíè 1.

Óòâåðæäåíèå 8. Åñëè äëÿ áóëåâîé ôóíêöèè f ∈ Fn ñïðàâåäëèâî, ÷òî l ≡ 0, òî

las(f) ⩾ Al(f).

Äîêàçàòåëüñòâî. Ïóñòü las(f) = k. Òîãäà ñóùåñòâóåò òàêîé íàáîð 1 ⩽ i1 <
< . . . < ik ⩽ n, ÷òî f b1,...,bk

i1,...,ik
∈ An äëÿ âñåõ (b1, . . . , bk) ∈ Vk. Èç òåîðåìû 2 ñëåäóåò, ÷òî

â ëþáîì ìîíîìå ôóíêöèè f íàéä¼òñÿ ïåðåìåííàÿ èç ìíîæåñòâà {xi1 , . . . , xik}. Òîãäà,
çàôèêñèðîâàâ êàæäóþ ïåðåìåííóþ èç ýòîãî ìíîæåñòâà íóë¼ì, ïîëó÷èì f 0,...,0

i1,...,ik
= a0, à

çíà÷èò, ââèäó óòâåðæäåíèÿ 6, Al(f) ⩽ deg
(
f 0,...,0
i1,...,ik

)
+ k = k.

3. Óðîâåíü ñèëüíîé àôôèííîñòè áóëåâûõ ôóíêöèé èç íåêîòîðûõ êëàññîâ

Îáñóäèì çàäà÷ó íàõîæäåíèÿ óðîâíÿ ñèëüíîé àôôèííîñòè äëÿ íåêîòîðûõ êëàññîâ
ôóíêöèé. Ðàññìîòðèì êëàññ ñèììåòðè÷åñêèõ áóëåâûõ ôóíêöèé. Â ðàáîòå [10] ïîëó÷åíà
îöåíêà óðîâíÿ àôôèííîñòè äëÿ ôóíêöèé èç ýòîãî êëàññà:

Óòâåðæäåíèå 9 [10]. Äëÿ ôóíêöèè f ∈ Sn, òàêîé, ÷òî deg(f) > 1, ñïðàâåäëèâà
îöåíêà

la(f) > n− deg(f).

Íàéä¼ì çíà÷åíèå óðîâíÿ ñèëüíîé àôôèííîñòè äëÿ ôóíêöèé ýòîãî êëàññà.

Óòâåðæäåíèå 10. Äëÿ ôóíêöèè f ∈ Sn, òàêîé, ÷òî deg(f) > 1, ñïðàâåäëèâà
ñëåäóþùàÿ îöåíêà:

las(f) = n− 1.
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Äîêàçàòåëüñòâî. Òàê êàê deg(f) > 1, òî ôóíêöèÿ f ñîäåðæèò ìîíîì ñòåïåíè
âûøå 1, à çíà÷èò, ñóùåñòâóåò ïðîèçâåäåíèå xjxk, êîòîðîå ÿâëÿåòñÿ ÷àñòüþ íåêîòîðîãî
ìîíîìà ôóíêöèè f ïðè å¼ ïðåäñòàâëåíèè ìíîãî÷ëåíîì Æåãàëêèíà. Òàê êàê ïî îïðå-
äåëåíèþ ñèììåòðè÷åñêîé ôóíêöèè

f(x1, . . . , xj, . . . , xk, . . . , xn) = f(xi1 , . . . , xij , . . . , xik , . . . , xin)

äëÿ ëþáîé ïåðåñòàíîâêè (i1, . . . , in) ýëåìåíòîâ ìíîæåñòâà {1, . . . , n}, òî ïðîèçâåäå-
íèå xijxik òàêæå ÿâëÿåòñÿ ÷àñòüþ íåêîòîðîãî ìîíîìà ôóíêöèè f . Äàííûå ðàññóæ-
äåíèÿ ñïðàâåäëèâû äëÿ ëþáîé ïåðåñòàíîâêè ýëåìåíòîâ ìíîæåñòâà {1, . . . , n}, çíà÷èò,
äëÿ ëþáûõ 1 ⩽ i < j ⩽ n ñóùåñòâóþò òàêèå si,j ∈ {2, . . . , n} è ìîíîì xt1 . . . xtsi,j ∈ T ,
÷òî {i, j} ⊆ {t1, . . . , tsi,j}. Òàêèì îáðàçîì, èç òåîðåìû 1 ñëåäóåò ñïðàâåäëèâîñòü óòâåð-
æäåíèÿ 10.

Èç óòâåðæäåíèÿ 2 è çàìå÷àíèÿ 1 ñëåäóåò, ÷òî äëÿ áóëåâîé ôóíêöèè f ∈ B2k ñïðà-
âåäëèâî ñîîòíîøåíèå

las(f) ⩾ k. (7)

Ñëåäñòâèå 9. Äëÿ áóëåâîé ôóíêöèè f ∈M2k ñïðàâåäëèâî ðàâåíñòâî las(f) = k.

Äîêàçàòåëüñòâî. Ïðè ôèêñàöèè âñåõ ïåðåìåííûõ y ëþáûìè çíà÷åíèÿìè ôóíê-
öèÿ f ñòàíîâèòñÿ àôôèííîé, ò. å. las(f) ⩽ k. Ââèäó (7) ïîëó÷àåì èñêîìîå ðàâåíñòâî.

Ðàññìîòðèì êëàññ ìîíîòîííûõ áóëåâûõ ôóíêöèéMn.

Óòâåðæäåíèå 11. Åñëè ôóíêöèÿ f ∈ Mn ñóùåñòâåííî çàâèñèò îò âñåõ ñâîèõ
ïåðåìåííûõ, òî

las(f) = n− 1.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå: las(f) = k ⩽ n−2. Òîãäà ñóùåñòâóåò
òàêîé íàáîð 1 ⩽ i1 < . . . < ik ⩽ n, ÷òî f b1,...,bk

i1,...,ik
∈ An−k. Áåç îãðàíè÷åíèÿ îáùíîñòè ïîëî-

æèì i1 = 1, . . . , ik = k. Òîãäà äëÿ íåêîòîðîãî ôèêñèðîâàííîãî íàáîðà (b1, . . . , bk) ∈ Vk
èìååì

f b1,...,bk
1,...,k (xk+1, . . . , xn) = ⟨v, x⟩ ⊕ w = vk+1xk+1 ⊕ . . .⊕ vnxn ⊕ w,

ãäå vk+1, . . . , vn, w ∈ F2. Ââèäó ëåììû 1 v ̸= 0, èíà÷å ó ôóíêöèè f áûëè áû ôèêòèâíûå
ïåðåìåííûå. Áåç îãðàíè÷åíèÿ îáùíîñòè ïîëîæèì vk+1 ̸= 0. Òîãäà ââèäó ìîíîòîííîñòè
ôóíêöèè f ñïðàâåäëèâî

vk+2ck+2 ⊕ . . .⊕ vncn ⊕ w = f(b1, . . . , bk, 0, ck+2, . . . , cn) ⩽

⩽ f(b1, . . . , bk, 1, ck+2, . . . , cn) = 1⊕ vk+2ck+2 ⊕ . . .⊕ vncn ⊕ w
(8)

äëÿ ëþáûõ ck+2, . . . , cn ∈ F2. Äàííîå íåðàâåíñòâî ñïðàâåäëèâî ëèøü â ñëó÷àå, êî-
ãäà vk+2 = . . . = vn = w = 0. Çíà÷èò, f b1,...,bk

1,...,k (xk+1, . . . , xn) = vk+1xk+1, è òîãäà

f
b1,...,bk,bk+1

1,...,k,k+1 = const äëÿ ëþáîãî ôèêñèðîâàííîãî íàáîðà (b1, . . . , bk, bk+1) ∈ Vk+1. Ïî ëåì-
ìå 1 ïåðåìåííûå xk+2, . . . , xn ôèêòèâíû� ïðîòèâîðå÷èå ñ óñëîâèåì.

Ñëåäñòâèå 10. Åñëè ôóíêöèÿ f ∈ Fn àíòèìîíîòîííà è ñóùåñòâåííî çàâèñèò îò
âñåõ ñâîèõ ïåðåìåííûõ, òî

las(f) = n− 1.

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó óòâåðæäåíèÿ 11, çà èñêëþ÷åíèåì
òîãî, ÷òî âìåñòî (8) èìååò ìåñòî íåðàâåíñòâî

vk+2ck+2 ⊕ . . .⊕ vncn ⊕ w = f(b1, . . . , bk, 0, ck+2, . . . , cn) ⩾

⩾ f(b1, . . . , bk, 1, ck+2, . . . , cn) = 1⊕ vk+2ck+2 ⊕ . . .⊕ vncn ⊕ w
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äëÿ âñåõ ck+2, . . . , cn ∈ F2; îíî ñïðàâåäëèâî ëèøü â ñëó÷àå, êîãäà w = 1, vk+2 = . . . =
= vn = 0. Äàëåå äîêàçàòåëüñòâî àíàëîãè÷íî.

Îáîáùåíèåì óòâåðæäåíèÿ 11 ÿâëÿåòñÿ

Ñëåäñòâèå 11. Äëÿ ôóíêöèè f ∈Mn ñïðàâåäëèâî ðàâåíñòâî

las(f) = ev(f)− 1.

Äîêàçàòåëüñòâî. Ñëó÷àé ev(f) = n äîêàçàí â óòâåðæäåíèè 11.
Ïóñòü ôóíêöèÿ f ñîäåðæèò d < n ñóùåñòâåííûõ ïåðåìåííûõ. Áåç îãðàíè÷åíèÿ

îáùíîñòè ñ÷èòàåì ïåðåìåííûå xd+1, . . . , xn ôèêòèâíûìè, ò. å. â ìíîãî÷ëåíå Æåãàë-
êèíà ôóíêöèè f ïðèñóòñòâóþò òîëüêî ìîíîìû, ñîäåðæàùèå ïåðåìåííûå x1, . . . , xd.
Òîãäà las(f) ⩽ d − 1. Åñëè las(f) < d − 1, òî àíàëîãè÷íî äîêàçàòåëüñòâó óòâåðæäå-
íèÿ 11 ïîëó÷èì, ÷òî ôóíêöèÿ f ñîäåðæèò áîëåå ÷åì n − d ôèêòèâíûõ ïåðåìåííûõ,
ò. å. ñóùåñòâåííûõ ïåðåìåííûõ ìåíüøå ÷åì d, � ïðîòèâîðå÷èå. Çíà÷èò, las(f) = d−1.

Äëÿ àíòèìîíîòîííûõ ôóíêöèé ñïðàâåäëèâî àíàëîãè÷íîå óòâåðæäåíèå, äîêàçàòåëü-
ñòâî êîòîðîãî àíàëîãè÷íî.

Ñëåäñòâèå 12. Äëÿ àíòèìîíîòîííîé ôóíêöèè f ∈ Fn ñïðàâåäëèâî ðàâåíñòâî

las(f) = ev(f)− 1.

4. Àñèìïòîòè÷åñêèå îöåíêè óðîâíÿ ñèëüíîé àôôèííîñòè

Áóäåì ãîâîðèòü, ÷òî íåêîòîðîå ñâîéñòâî àñèìïòîòè÷åñêè âûïîëíÿåòñÿ äëÿ ïî÷òè
âñåõ áóëåâûõ ôóíêöèé, åñëè äîëÿ ôóíêöèé â Fn, äëÿ êîòîðûõ ýòî ñâîéñòâî âûïîëíÿ-
åòñÿ, ïðè n→∞, ñòðåìèòñÿ ê åäèíèöå.

Àñèìïòîòè÷åñêîå ïîâåäåíèå óðîâíÿ àôôèííîñòè îïèñàíî Â. Ã. Ðÿáîâûì â íà÷àëå
1980-õ è â áîëåå îáùåì âèäå îïóáëèêîâàíî â [11]. Äëÿ êâàäðàòè÷íûõ ôîðì àñèìïòî-
òè÷åñêîå ïîâåäåíèå óðîâíÿ àôôèííîñòè èçó÷åíî â [12].

Â ðàáîòàõ [6, 7, 13] òàêæå èññëåäîâàíî àñèìïòîòè÷åñêîå ïîâåäåíèå óðîâíÿ àôôèí-
íîñòè, â ÷àñòíîñòè, äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 5 [13]. Àñèìïòîòè÷åñêè ïðè n → ∞ äëÿ ïî÷òè âñåõ áóëåâûõ ôóíêöèé
f ∈ Fn ñïðàâåäëèâî

n− ⌊log2 n⌋ ⩽ la(f) ⩽ n− ⌈log2 n⌉+ 1.

Èçó÷èì àñèìïòîòè÷åñêîå ïîâåäåíèå óðîâíÿ ñèëüíîé àôôèííîñòè. Äëÿ ýòîãî ñíà-
÷àëà îöåíèì ìîùíîñòü ìíîæåñòâà SA⩽k

n äëÿ ïðîèçâîëüíîãî k ∈ {0, . . . , n− 2}.
Óòâåðæäåíèå 12. Äëÿ ïðîèçâîëüíîãî k ∈ {0, . . . , n−2} ñïðàâåäëèâî ñëåäóþùåå

íåðàâåíñòâî:

2(n−k+1)2k ⩽ |SA⩽k
n | ⩽

(
n

k

)
2(n−k+1)2k .

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ äëÿ f ∈ SA⩽k
n âûïîëíåíî las(f) ⩽ k. Òîãäà,

âîñïîëüçîâàâøèñü ëîãè÷åñêèì îòðèöàíèåì ï. 2 ñëåäñòâèÿ 6, ïîëó÷èì, ÷òî ñóùåñòâóåò
òàêîé íàáîð 1 ⩽ i1 < i2 < . . . < in−k ⩽ n, ÷òî íè îäèí ìîíîì ìíîãî÷ëåíà Æåãàëêèíà
ôóíêöèè f íå ñîäåðæèò ïðîèçâåäåíèÿ âèäà xijxil , 1 ⩽ j < l ⩽ n− k.

Ââèäó óòâåðæäåíèÿ 4, deg(f) ⩽ k+1. ßñíî, ÷òî íèêàêîé ìîíîì, ñîäåðæàùèé äâå è
áîëåå ïåðåìåííûõ èç ìíîæåñòâà {xi1 , . . . , xin−k

}, íå ñîäåðæèòñÿ â ìíîãî÷ëåíå Æåãàë-

êèíà ôóíêöèè f ∈ SA⩽k
n , ò. å. ñðåäè ìîíîìîâ ýòîãî ìíîãî÷ëåíà ìîãóò áûòü ìîíîìû, ñî-

äåðæàùèå ïåðåìåííûå òîëüêî èç ìíîæåñòâà {x1, . . . , xn}\{xi1 , . . . , xin−k
} = {y1, . . . , yk}
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ëèáî îäíó ïåðåìåííóþ èç {xi1 , . . . , xin−k
}, à îñòàëüíûå èç {y1, . . . , yk}. Òàêèå ìîíîìû

íàçîâ¼ì äîïóñòèìûìè. Ïîñ÷èòàâ êîëè÷åñòâî äîïóñòèìûõ ìîíîìîâ è âîçâåäÿ äâîéêó
â ñòåïåíü ýòîãî ÷èñëà, ïîëó÷èì êîëè÷åñòâî ôóíêöèé èç êëàññà SA⩽k

n c ôèêñèðîâàííûì
íàáîðîì 1 ⩽ i1 < i2 < . . . < in−k ⩽ n, ýòî è áóäåò èñêîìîé îöåíêîé ñíèçó:

� ÷èñëî äîïóñòèìûõ ìîíîìîâ ñòåïåíè 0: 1;
� ÷èñëî äîïóñòèìûõ ìîíîìîâ ñòåïåíè 1: n;

� ÷èñëî äîïóñòèìûõ ìîíîìîâ ñòåïåíè 2:

(
k

2

)
+ (n− k)

(
k

1

)
;

� ÷èñëî äîïóñòèìûõ ìîíîìîâ ñòåïåíè 3:

(
k

3

)
+ (n− k)

(
k

2

)
;

. . .

� ÷èñëî äîïóñòèìûõ ìîíîìîâ ñòåïåíè k − 1:

(
k

k − 1

)
+ (n− k)

(
k

k − 2

)
;

� ÷èñëî äîïóñòèìûõ ìîíîìîâ ñòåïåíè k:

(
k

k

)
+ (n− k)

(
k

k − 1

)
;

� ÷èñëî äîïóñòèìûõ ìîíîìîâ ñòåïåíè k + 1: (n− k)
(
k

k

)
.

Âñåãî äîïóñòèìûõ ìîíîìîâ:

1 + n+

(
k

2

)
+ (n− k)

(
k

1

)
+

(
k

3

)
+ (n− k)

(
k

2

)
+ . . .+

(
k

k − 1

)
+ (n− k)

(
k

k − 2

)
+

+

(
k

k

)
+ (n− k)

(
k

k − 1

)
+ (n− k)

(
k

k

)
= 1 + n+

k∑
i=2

(
k

i

)
+ (n− k)

k∑
i=1

(
k

i

)
=

= 1 + n+ (2k − 1− k) + (n− k)(2k − 1) = (n− k + 1)2k.

Òàêèì îáðàçîì, äîêàçàíà îöåíêà ñíèçó. Íàáîð äëèíû n− k ìîæåì âûáðàòü

(
n

k

)
ñïî-

ñîáàìè, îòêóäà ñëåäóåò èñêîìàÿ îöåíêà ñâåðõó.

Çàìå÷àíèå 5. Äàííàÿ îöåíêà ñâåðõó íå ÿâëÿåòñÿ äîñòèæèìîé, òàê êàê ðàçëè÷-
íûì íàáîðàì äëèíû n − k ìîæåò ñîîòâåòñòâîâàòü îäíà è òà æå ôóíêöèÿ. Íàïðèìåð,
äëÿ ôóíêöèè g(x1, . . . , x6) = x1x2x5x6⊕x1x2x3⊕x1x2x4⊕x1x5x6 ñïðàâåäëèâî las(g) = 3
è åé ñîîòâåòñòâóþò äâà ðàçëè÷íûõ íàáîðà äëèíû 3: 1 < 2 < 5 è 1 < 2 < 6.

Òåîðåìà 6. Àñèìïòîòè÷åñêè ïðè n→∞ äëÿ ïî÷òè âñåõ áóëåâûõ ôóíêöèé f ∈ Fn

ñïðàâåäëèâî ðàâåíñòâî
las(f) = n− 1.

Äîêàçàòåëüñòâî. Îöåíèì ÷èñëî ôóíêöèé ñ óðîâíåì ñèëüíîé àôôèííîñòè, ðàâ-
íûì n− 1.

Òàê êàê |SA⩽n−1
n | = 22

n
è ïî óòâåðæäåíèþ 12 |SA⩽n−2

n | ⩽
(
n

2

)
23·2

n−2
, òî

|SAn−1
n | = |SA⩽n−1

n | − |SA⩽n−2
n | ⩾ 22

n −
(
n

2

)
23·2

n−2

.

Îöåíèì äîëþ òàêèõ ôóíêöèé ïðè n→∞:

|SAn−1
n |

22n
⩾ 1−

(
n

2

)
23·2

n−2/
22

n

= 1−
(
n

2

)
23·2

n−2−2n = 1− n(n− 1)

22n−2+1
→ 1.

Îòñþäà ñëåäóåò èñêîìîå óòâåðæäåíèå.
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