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N.B. KopsiTOB

PABHOMEPHAS BBIITYKJIOCTb
BECOBOI'O TIPOCTPAHCTBA COBOJIEBA

ITpuBoauTCs BBIBOJ MEPBOTO U BTOPOTO HepaBeHCTB KitapkcoHa Juis Hermmb0ep-
TOBBIX BECOBBIX IIPOCTPAHCTB (PYHKIMH HECKOIBKMX MEepeMeHHbIX. [IpocTpancTBO
CoboneBa HOpMUpPOBaHO Oe3 momMonu NceBaoAn((HepeHINANTBEHBIX OMEPaTOPOB.
Hopma BiIOUaeT IpOM3BOJHBIE BCEX NPOMEXYTOUHBIX MOPSAAKOB. BecoBas
(yHKIMS paccMaTpuBaeTcst B Hanbosee obmeM Buze. [1pu BEIBoJE TPUMEHSIOTCS
oOpaTHBIE HEpaBeHCTBA MMHKOBCKOTO C YYacTHEM HHTETPAIOB M KOHEYHBIX
CYMM, UHTEIPUPOBAHUE IPABOH U JI€BO YacTell HEpaBEHCTB.

KuaroueBblie ClI0Ba: pasHoMepHO 6bINYKIOe BAHAX080 NPOCHMPAHCMEO, 8ECOB0E
npocmpancmeo Cob6oresa, He2unbOEpmoso NPOCMPAHCMEO, 6eC08as QYHKYuU,
nepsoe Hepasencmeo Knapkcona, smopoe nepasencmeo Knapkcoua.

1. BBegenne

OyHKIMOHAIFHO-aHATUTHYECKUH TOAXO0J K OIEHKE MOTPEHIHOCTEH YHCICHHBIX
METOIOB TPeOYeT pPacCMOTPEHUS CaMHX HOTpPEeIIHOCTel Kak (GyHKIMOHAIOB Ha (YHK-
musix 13 0aHaxoBbIX TpocTpaHcTB. OIeHKa CBs3aHa ¢ HOPMOH (DyHKIMOHajIa B CO-
NpPsHKEHHOM TpocTpaHcTBe. MHTerpanbHoe npeacraBieHue (QyHKIMOHAJIA 4epe3 JIo-
KaJbHO CYMMHPYEMYI0 (YHKIUIO JaeT BO3MOXHOCTh IMOJIYYUTh YUCIOBOC 3HAYCHHE
HOpMbI. EMHCTBEHHOCTh MpEACTaBICHUsI obecrednBaeTcsi pedaeKCUBHOCTBIO MPO-
CTPAHCTBAa OCHOBHBIX (YHKIUH. Pe(ieKCUBHBIM SIBIISETCS BCSKOE PABHOMEPHO BbI-
nykjioe 0aHaXoBO MPOCTpaHCTBO. CBOMCTBO PaBHOMEPHOH BBIMYKIOCTH MPOCTPAHCTB
BriepBbie onucano Jx.D. Kirapkconom.

B pa6ote [1] k. O. Knmapkcona mpuBOISATCS CICAYIOIINAE YTBEPKACHUS.

[Mpennoxenue (J. A. Clarkson). Bece rmiib0epToBbI IpoCTpaHCTBA PABHOMEPHO BbI-
MYKJIBL, YTO CJIEyeT U3 PaBEHCTBA

e AP +lbe= AP = 2l + 7).

Teopema (J.A. Clarkson). [l mpocTpaHcTBa L, p > 2, ClIpaBEeJTHBEI ClIeAyIOIINe
HEPABCHCTBA, CBA3LIBAIOIINE HOPMBI JABYX HNPOU3BOJBHBIX 3JIEMCHTOB JOTOI'0 IIPO-
CTpaHCTBA:

2(ll” +I” ) < e+ AP + =217 <277 (el + 1017 5
q-1
(Il 7)< e+ A =

p-1
e w7 o= < 2( el +1017) "

3mech ¢ — COnpsHKEHHBIN MoKa3arenb, ¢ =p / (p — 1).

Jusa 1 < p <2 HepaBeHCTBa CTAHOBSTCSA OOPAaTHBIMHU.

B Hactosimiee Bpems B JHTEpaType HCHOJB3YeTCs APYroe NpeicTaBlIeHHe TaHHBIX
yTBepaeHUH. J{s Kakaoro u3 ciuydaeB p > 2 u 1 < p < 2 IpUBOIUTCS IO OJTHOMY HE-
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PaBE€HCTBY, KOTOPBIC HA3bIBAIOTCA COOTBETCTBCHHO ICPBBIM U BTOPLIM HEPABEHCTBAMH

Knapkcona
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C. JI. CoGones B [2] npuBOAMT AJ1s NPOCTPAHCTBA L, (£2) HOKA3aTENECTBO TAKUX yT-
BEpKJIeHUH. B 3TOM IpeiCcTaBIeHUM BO3MOKHBI BapUaHThl HAIMCAHUS IOKa3aTesled
crenieHeil 1 HopMm (yHkumii. HezaBucumo OT (OpMBI HEM3MEHHBIM OCTAETCSI CMBICI
CBOMCTBA BBIMYKJIOCTH, BBIpa)KEHHBII B reoMeTpHuecKuXx TepMmuHax. CepeauHa mepe-
MEHHOU XOpJIbl €AMHUYHON c(hepbl IPOCTPAHCTBA HE MOXKET JOCTUTHYThH IIOBEPXHOCTH
cdepsl 3a UCKIIOUYECHHEM MpPEAEIbHOr0 CiIydasi, KOrja JUIMHA XOPAbl AOCTUTHET HYJIs
[1]. Apyrumu cioBaMu, cepeyHa XOpJbl JISKUT CYIIECTBEHHO B TiIyOmHe mapa [2].
JeiicTBue Kaxxnoro u3 HepaBeHCTB KiapkCOHa pacIpOCTpaHSAETCs Ha ONpeeIICHHBII
JIMaIa3oH MOKa3aTelns p CyMMHUPYEMOCTH (YHKIHH paccMaTpuBaeMoro GaHaxoBa Ipo-
crpaHcTBa. ['paHunell Auamna3oHOB SABISETCS IOKA3aTelb CYMMHPYEMOCTH p =2, 4TO
COOTBETCTBYET TMIb0EpTOBY IpocTpaHcTBy. [Ipn 3TOM 06a HepaBeHCTBa MPEBPAINAIOT-
Csl B OZJHO €IMHCTBEHHOE PAaBEHCTBO.

[TokaxxeM BBITIOJTHEHHE CBOWCTBA PAaBHOMEPHOHN BBIMYKJIOCTH JIsi HETHJIBOEPTOBA
npoctpancrBa CoboneBa ¢ HOPMOH, copepIKalield MPOU3BOAHBIE BCEX MPOMEXKYTOUHBIX
MOPSIIKOB Y MPOM3BOJILHYIO TIOJIOKUTENBHYIO (DYHKIUIO B KauecTBe Beca. MHTerpupye-
MOCTh OCHOBHBIX (yHKIMHI B R, HeoOXonmMa B TeX 3ajayax, Ie MpeArnoaracTcs IpH-
MEHEHHE HMHTETPAIBHBIX MpeoOpa3oBaHUil Ul HaXOXKAEHHS OOOOIIEHHBIX pPEHICHHUN
muddepeHnInanbHbIX YpaBHEHUI B YaCTHBIX IPOU3BOIHBIX.

2. UcxoaHbIe MOJIOKEeHHUST

Hopma ¢yHskiuu ¢ B npoctpancTse L, (2), rae Q < R,, — orpannyena, 1< p < oo,
I/p + 1/q = 1, paBHa

o]z, (@) =| [lo(x) dx |- 3)

Hopma ¢dyHKIMu ¢ B BecoBoM npoctpancTse L, (R, o) ynkuuii, 3a1aHHbX Ha R,
1

=| [ o(x)o(x)" dx " (4)

R

o]z, (&,)

n

3nech dynkmms o(x) > 0 Takas, uto mpomsseneHne ®' F(x)|@ (X)| cymmmpyemo B p-it
CTCTICHH.

Hopma B BecoBom mpocrpanctBe CoboneBa Wp("’) (R,, ®) (QyHKIWH, 3adaHHBIX
Ha R,

ol (R0l =| | 32 B o ofpogofa | ©)
R, o<m N

3nech dyrkmms o(x) > 0 Takas, uTo mpomsseaeHne o'’ (x)|D* @(x)|, o < m, cymmupye-
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MO B p-ii cTteniend. Ha BecoBYIO ()YHKIIMIO MPH PEIICHUH KOHKPETHBIX 3a7a4 MOTYT Ha-
Jlaratbcs JOTOJHUTEIbHBIE OrpaHnueHus [3, 4].

[Ipu mokaszaTenbCTBE YTBEPKICHHUMA OyIyT MCIOIB30BAHBI CIEAYIONIAE HEPaBEHCT-
Ba [2].

OO0paTHOE HEPaBEHCTBO MHUHKOBCKOTO JUIS CYMM

n m Y m n 1/r
(Z[Zhﬂj } ZZ(ZMX} , O<r<l. ©6)
k=1\iml

i=1 \k=1 i=

O6patHOe HepaBEeHCTBO MUHKOBCKOTO IS HHTETPAJIOB

[‘[(,ﬁ‘{lfk(x)lj dx] Zi(ﬂfk(x)rde , O<r<l. (7)

Jlemma 1 (C. JI. Cobomnes). Ilpup>2,0<x<1

P o\
(1+ij +(17x) S%(Hx”). ®)
Jlemma 2 (C. JI. Co6ones). IIpu p < 2 u n100bIX X U )
p -l
X+y|p-1  |x—=y|p-1 1
bt e

3. HepaBenctBa KilapkcoHa /11 BeCOBOro NpocTPaHCTBA
CYMMHPYeEMbIX B HEKOTOPOH cTeneHr PyHKIUI

C.JI. Coboner [2] mpuBen mokaszarenbcTBa HepaBeHCTB (1) u (2) ¢ HopMamu (3).
BHauase nokaxxem crpaBeJIMBOCTh HepaBeHCTB KitapkcoHa i BECOBOTO IIPOCTPAHCT-
Ba L, (R,, ®) c Hopmoii (4). Cnenyst [2], nnst dyrkmit ¢, v € L, (R,, ©), p = 2, Tae mis
OTpeNIeICHHOCTH TIpuMeM || < |¢| B TaHHO# TOYKe U, CIIEA0BATEIbHO, |y / ¢| < 1, mpe-
obpazyem cymmy
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CornacHo nemMe 1, Juisl BEIpayKeHUs], CTOSAIIETO B KBaJpaTHBIX ckoOkax (10), BbI-

MONHSIETCS. HEPaBeHCTBO (8), rae x = |y / @|:
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Torna anst cymmsl u3 eBoii yact (10) OyaeT BepHBIM HEpaBEHCTBO
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[Tpn noTovyeyHOM yMHOXEHUH 00erX dacTell Ha 3HaueHHe QyHKIuH © > 0 3HaK He-
pPaBEHCTBA COXpaHAETCS

lo+w|” |o-w|” ~L( »
ml | +(o| 2| Sz(m|(p| +olyl ), (12)

2<p<o.
Hanee unterpupys obe yactu (12) o R,, a MHTErpalbl MO YCIOBUIO CYIICCTBYIOT,

nojxyvdacm

[o[2¥

R

n

P _ul?
dx + J. w‘u‘ dr<l J o|¢|” dx+ J. o|y|” dx |, (13)
R 2 2 Rn R”

2<p<o.

Iepexoxns k 3ammcu B HOpMax (4), moxy4aeM mepBoe HepaBeHCTBO KiapkcoHa s
BECOBOI'0 IIPOCTPaHCTBa L, (R, ):

< %("(plL,, (R,.0) +|vlL, (Rn,m)"”), S

J1s ycTaHOBIIEHHs BTOPOro HepaBeHCTBa KiapkcoHa B BECOBOM NPOCTPaHCTBE L,
(R,, ®) HEOOXOIMMO K JIEBOI YacTH HepaBeHCTBa (9) TeMMBI 2
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I<p<L2,
OCJIOKHEHHOTO BECOM
Slorvl lemv ]
(m‘”%ﬁ +mp_l%p] S5(0)|(p|p+0)|\v|p), (14)
I<p<L2,

MPUMEHUTH 00paTHOE HEPaBEeHCTBO MUHKOBCKOTO (7), KOTOPOE BEPHO IS MTOKa3aTeei
r=p—1,takux,uto 0 <p—-1<1:
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JHanee nocie ynpoueHus
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C npyroii CTOPOHBI, U3 HHTETPUPOBAHMS HepaBeHCTBA (14)
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Ilepexons x 3anmcu B HOpMax (4), MOIy4uM BTOpoe HepaBeHCTBO Kitapkcona s
npoctpanctea L, (R, o):
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4. HepaBEHCTBa K.nachona JIsA BECOBOT0O MPOCTPAHCTBA CoboseBa

Jns dyHkiwmii u3 BecoBoro npoctpanctea Cobosiea @, ¥ € Wp("’) (R,, ®), mo ompe-
nenenuto D* @, D* y € L, (R,, ®), |0 < m. B cuiy nprHAIIeKHOCTH POU3BOIHBIX
NpPOCTPaHCTBY L, (R,, ®) BEPHBIM OCTAETCsl HEpaBeHCTBO (13) As KAk a0 U3 HUX:

Imw dx+J'(o
R R

n n

p Do— D%y p
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< %[J. 0)|Datp|p dx+1}f 0)|qu|” dxj, 2<p<o, loj<m.

n n

BepHBIM HEPABCHCTBO 6y,E[CT " IIpu CYMMHPOBAHUU BCEX IMPOU3BOAHBIX C MOCTOSH-
HBIM 06H_[I/IM MHOXHTCIIEM
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1 ! !
SE{ z %1}[ (u|D°‘(p|p dx + z %1}[ (0|D°‘\|l|p dx],

of<m of<m

2<p<w, |a|<m.

Iepexox k 3amucu (16), BeIpaXXeHHOW Yepe3 HOPMBI (5), TaeT MmepBoe HEPABEHCTBO
Knapkcona aist BecoBoro npoctpanctBa CoboseBa Wp(m) (R,, ®):

P
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<lolw oyl (R ). 25 5.

s BBIBOAA BTOpOro HepaBeHcTBa KitapkcoHa BBeIEM NMPOU3BOAHBIC (DYHKIMNA B
HepaBeHCTBO (14):
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Mocyie 4ero BO3BOIUM B crenenb 1 / (p — 1) > 0:
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[ToaroroBum neByto yacts (18) Tak, 9TOOBI MOXKHO OBIIIO MIPUMEHUTH 00OpaTHOE He-
paBeHCTBO MuHKOBCKOTO (6) C mokazateneM » =p — | K cyMMe 10 MyJIbTHHHAEKCY O,
CTOSIIIEH O/ 3HAKOM MHTErpaa:
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Janee mpuMmeHsieM o0paTHOE HEpaBEeHCTBO MUHKOBCKOrO (6) K CyMMe BHYTpH
CKOOOK:
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[MocnenHee paBeHCTBO MOJTYYEHO C YUETOM MOJIOKUTEIHHOCTH BECOBOH (QDYHKIINH O.
BosBpamas cymmy moJl 3HaK HMHTerpaja, IPUMEHUM Tereph o0paTHOEe HEPaBEHCTBO
MWuHKOBCKOTO (7) K 3TOMY HHTETrpary
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C yuerom JuHeHHOCTH oneparopa auddeperipoBanns D* MOKHO TEpeHTH K 3a-
mUcH B HOpMax (5):
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TakuMm 006pa3oM, MOJYy4YEHO BTOPOE HEPABEHCTBO KIapKCOHa s BECOBOTO MpO-
crpanctea CoGonesa Wp(”’) (R,, ®):

1

(o o+l (o))

-1
Py

oty p-1 <

2

(m) -y (m)
Wp (R,,®) TWP (R

no

®)

I<p<2.

5. 3akiaouenue

CrpaBenIMBOCTb HepaBeHCTB KitapkcoHa, CBA3BIBAIOIIUX HOPMBI JBYX IPOU3BOJNIb-
HBIX 3JIEMEHTOB BecoBOro mpocrpaHctBa CoOojeBa ¢ IOKazaTelIeM CyMMHPYEMOCTH
p € (1,0) o3HaYaeT BBHIONHEHHWE CBOWCTBA PABHOMEPHOW BBHIMYKJIOCTH €IXMHIYHON
cdepsl. BeiBog ocHOBaH Ha YHCIIOBBIX HEPaBEHCTBAX, KOTOPBIE pacCMaTpPHUBAINCH JUIS
3Ha4eHNH (PyHKIMI B TOYKAX #-MEPHOTO NMPOCTPAHCTBA, IO KOTOPOMY 3aTE€M IIPOBOAU-
JIOCh MHTETpHUpOBaHUE. Pe3ynbTaT mpegHasHaueH AU UCIONB30BaHMA B 3ajadax, IIe
HEoOX0MMO TIpeJIcTaBIeHHe 0000MeHHBIX (QYHKIUI Yepe3 CyMMHUpPYEMbIE B POCTPaH-
CTBaX, HOPMUPYEMBIX C Pa3IMYHBIMU BecaMH. PacumpeHnue o01acTy MHTErPHUPOBAHMS
10 R, naet OCHOBY JUIsl IPUMEHEHHS B TAKUX 33/1a4aX MHTErPaJIbHBIX MIPE0Opa30OBaHUM.
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Korytov I.V. UNIFORM CONVEXITY OF THE WEIGHTED SOBOLEV SPACE

In this paper, uniform convexity of the non-Hilbert weighted Sobolev space of functions of
several variables is established. The Sobolev space is normed without pseudodifferential opera-
tors. The norm contains partial derivatives of all intermediate orders from zero to the given one.
The norm includes a weight function represented in this work in the most general form. The norm
is expressed in terms of an improper integral over the entire space of several variables. The first
and second Clarkson inequalities are established for such norms. Validity of the two inequalities
may be expressed in geometrical terms. It means that the mid-point of a variable chord of a unit
sphere of the space cannot approach the surface of the sphere unless the length of the chord tends
to zero. Each of the two Clarkson inequalities is valid on a certain range of the summability index
of the Banach space under consideration. The limit value of the range is p = 2, which corresponds
to the Hilbert space. In this case, the two inequalities turn into a single identity. The proof is based
on well-known numerical inequalities. The derivation involves reverse Minkowski inequalities for
finite sums and integrals, as well as integration of the right- and left-hand sides of the inequalities.
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