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3AJAYA Ob OTHOCTOPOHHEM KOHTAKTE TUBKOM
HEPACTS)KUMOUN HUTHU U TBEPJ1OI'O TEJIA

PaccmoTpeHa KOHTaKTHas 3afada O B3aMMOJIEHCTBHM C BOSMOXKHBIM OTCTaBaHUEM
TSDKETIOH THOKOM HepacTsDKUMOM HHMTH M TJIQAKOTO TBepaoro Tena. Hammuwme
TBEpP/IOTO TeNa NPHUBOJAWT K MalOMy OTKJIOHEHHIO HUTH OT BepTHKaIH. 3ajada
CBOAWTCS K OTHICKAHMIO TUIOTHOCTH CHJI B3auMoJecTBus HUTH H Tena. Chopmy-
JIMpOBaHa CTpOras MOCTaHOBKA 33/1a4M, YCTAHOBIICHA €IUHCTBEHHOCTD PEIICHUS U
MOCTPOEHO AHAIUTUYECKOE PEIICHHE B YaCTHBIX ciyuasx. [lokazaHo, 4To B 3aBU-
CHMOCTH OT ()OPMBI TeJla BO3MOXKEH KOHTAKT B OJJHOW TOYKE WIIH 110 HEKOTOPOMY
Y4acTKy HMTH.

KuaioueBble cioBa: cubkas Hepacmsdcumas HUmo, oz)HocmopOHHuzZ KOHmMaxkm,
KOHmMAaxKkmmuas 3(10(111(1, eOUHCMBEHHOCTb peuierus, anaiumuidecKkoe peuierue.

I'mbkasi HepacTsDKUMasi HUTH SIBIISIETCS] OJHOW M3 MPOCTEHIINX MEXaHHYECKHX CHC-
TeM ¢ OECKOHEYHBIM YHCIIOM cTereHeld cBoOoas [1]. s Takol HUTH, Kak | Juisi OJu3-
KX «OJHOMEPHBIX» CUCTEM (CTpyHa, Oayka), MOTyT OBITh IIOCTaBJICHbI KOHTAKTHBIE 3a-
naun. B [1] paccMoTpeHs! 331241 0 KOHTAKTe HUTH C aOCONIOTHO TBEPABIM TEJIOM, Kak
TJIQIKAM, TaK W IIepoXoBaThIM (3amada Jiuepa). [Ipu aToM 0051acTh KOHTAaKTa HUTH H
TeJa IpennonaraeTcs 0OBIYHO 3apaHee M3BECTHOH (COBIANAIONIEH cO BCEel HUTHIO), XO-
Ts1 (opMaTbHO KOHTAKT CUNTAETCS OJHOCTOPOHHUM M HHUTh MOXET OTCTaBaTh OT Tela.
3amaun c 3apaHee HEM3BECTHOW OOJIACTHIO KOHTAKTa MeHee M3ydeHsl; B [1, c. 53] nme-

eTcsl TONBKO OJHA Takas 3ajJada, B KOTOPOH 00OCHOBaHHE
9 NpaBHJILHOCTU HalICHHON 00JacTH KOHTaKTa SIBJISETCS He-
CIOXXHBIM. bojiee cioXHBIE 3aJadyd Takoro poaa MOTYT
OBITH MCCIIEIOBAHBI C IOMOIIBIO MOJX0/1A, MPEATI0KESHHOTO
B [2-5] s cTpyH U GaJIoK.
y=fx) B Hacrosmieli paboTe paccMOTpeHa IUIOCKas 3aaada o
KOHTaKTe HaXOJIIeicss B pABHOBECHH TSDKENOW TMOKOW He-
pacTsHKUMOI HUTH ¢ a0COJIIOTHO TBEPBIM TJIAIKHM TEJIOM
(puc. 1). OTKIIOHEHNE HUTH OT BEPTHUKAIH MPEIIIOIaracTcs
MaseIM. Llenpro paboThl sSBIsieTCSl cTporasi MaTeMaTHIecKas
MTOCTAaHOBKA 3aJadH, IOKa3aTelbCTBO €IAMHCTBCHHOCTH pe-
LICHUS ¥ TOCTPOCHHUE aHAJTMTUYECKOTO PEIICHHS B JBYX 4a-
CTHBIX CIy4asX. OTUM IOCTPOCHHEM OJHOBPEMEHHO JIOKa-
Puc. 1. Konrakr HuTH 3BIBAETCS CYIIIECTBOBAHUE PEIIEHHS.

ITocTaHoBKa KOHTAKTHOM 3a1a4u

dopma TBepaOro Teja omuchIBaeTcs 3amaHHOW ¢yHkuued f(x). Hepacrsoxkumas
HUTh JUTHHBI L 3aKperuieHa B Touke O U HAXOIHUTCS B MOJIEe CHIIBI TshKeCTH. TpeHue me-
Iy HUTBIO U TENOM OTCYTCTByeT. DOpMa HUTH B PABHOBECHH OIMHCBHIBACTCS HCKOMOIT
¢dynkument u(x) (puc. 1). O6o3HaunMm r(x) = u(x) —f (x) (paccrosiHne MeXIy HHUTBIO U
tenoM). [Ipu ManoM OTKIOHEHHH HHUTH OT BepTHKanu 0 < x < L, CHJIBL, ¢ KOTOPBIMH Te-
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JIO IEHCTBYET Ha HUTh, HAMIPABJICHBI BJIOJb OCHU ; TUNIOTHOCTh 3THX CHJI 0003HAYMM Ye-
pe3 g(x). Mcronmp3ysi IPUHITAT BO3MOKHBIX ITEPEMEIICHUI [6], HETPYIHO HANTH, U4TO

@ =[] Fawar) s, M)

m(s

Ile ¢ — YCKOpPEHHE CBOOOTHOTO TajeHUs, /m(s) — 3aJaHHAs Macca y4JacTKa HHUTH
s<x<L. Oyaxmuo m(x) OyoeM CUNTAaTh TIIOJIOKUTEIFHOW W HENPEePHIBHOW TIpU
0 <x < L. IlonoxwurensHocTh m(L) 03HAYaET, YTO HA KOHIIE HUTH MUMEETCS COCPENI0TO-
YeHHast Macca. JTO TIPEIIONIOKEHNE CAETaHO Ul TOTrO, YTOOBI M30€XKaTh BO3ZMOXKHOM
pacxoamumoctn nHTerpana (1) mpu x = L (M aHaIOTHYHBIX MHTErpanoB HIxKe). OThICcKa-
HUE u(X) CBOOUTCS, TAKUM 00pa3oM, K OTBICKaHUIO ¢(x). Bynmem cumnrats, 9to g(x) nmeet
BUJT

p(x)+ziPi6(x—xi), 2)

rae p(x) = 0 — KycouHO-HeTpephIBHAs, HelpephIBHAS ciieBa mpu 0 < x < L 1 HempepsIB-
Has crpasa mipu x = 0; P;>0; x;> 0 (Bce x; pa3nuyHbl); cyMMa KOHEYHa; 0 — JIeNbTa-
¢ynxupns Jupaka. YcioBre KOHTaKTa HUTH M TeJla COCTOUT, IOMHMO HEOTPUIATeIbHO-
CTH ¢(x), B TOM, YTO PACCTOSIHUE MEXIY HUTHIO M TEJIOM HEOTPHLATEIBHO, a B TEX TOU-
Kax, Tae q(x) MoNoXUTeNbHa, paBHO HyJ0. OKOHYATEIHHO NMPHUXOIUM K CIEAYIONIEeH
MaTeMaTHIeCKOH ITOCTAHOBKE 3a1a4u.

3apayva. Haiitu ¢pyaxomio ¢(x) Buga (2), Takyto, yto npu 0 <x < L

oy [P0 (@)>0),

3
>0 (g(x)=0), @

rzie #(x) Belpaxkaercst hopmyutoit (1).
YrBep:xaenne 1. [locraBneHHas 3a1a4a MOXKET UMETh TOJIBKO OJHO PEIICHHE.
Jokazamenvcmeo Ilycts g(x) u q*(x) — nBa penrenus 3amaud. 1o gopmyne (1) um
COOTBETCTBYIOT (yHKIHH r(x) 1 ' (x). O6O3HAUNM

P(x)=g(x)—q"(x). “

Tak xak q(x) u q*(x) uMeroT BHL (2), To ¢(x) Takxe umeer BuA (2), Ho p(x) u P; B (2)
MOTYT OBITh HEMOIOKUTEIEHBIMU. O003HAYNM

E=| OL(r(x) —r () p(x)dx (5)

U3 (3), (4) HeTpyAHO YCTaHOBUTH, YTO B (5) MOABIHTErpasibHAsT (QYHKINS HETOJIOKH-
TeNbHA; ciefoBatensHo, £ < 0. C apyroii ctoponsl, noactasiss (1) B (5) u yuuTeiBas
(4), natinem

L J*(x)
i lrrd ©
L
e J(x) = f g(s)ds . (7)

W3 (6) ciexyer, uto E > 0. Tak xax BeImie ObII0 JOKa3aHO HepaBeHCTBO £ < 0, To £ = 0.
[Hamnee, yautsiBas (7) ¥ yHOMSHYTHIH BBIIIE BUI ((X), JIETKO YCTaHOBHUTH, YTO U3 (6) U
paBerctBa E =0 crnexyer, uto J(x) =0 mpu 0 <x<L. Torma ¢(x)=0 npu 0<x<L.
JleiicTBUTENFHO, TIPEATIONIOKUM, UTO I ((x) B (2) p(x) > 0 mpu HEKOTOpOM x > 0. To-
I71a, B CHJIy HEMPEephIBHOCTH p(X) clieBa ¥ KOHEYHOCTH CYMMBI, MOKHO HalTW Takue
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€1>¢€,>0, uro orpe3ok 0 <x —g,<x<x —¢, He COJICP)KUT HU OJHOW TOYKU X; U
p(x) > 0 Ha 3TOM OTpe3Ke; 3TO MPOTUBOPEUUT paBeHCTBY J(x) = 0 mpu 0 < x < L. AHarno-
THYHO YCTAaHABIMBAETCS HEBO3MOXXHOCTh HepaBeHCTB p(x) <0 mpu x>0 u p(0) #0;
cienoBarenbHo, p(x) =0 mpu 0<x <L, u ans ¢(x) B (2) ocraercsi TOIBKO CymMMa O-
¢yukumid. [Tycts x , > 0 — MakcUMalIbHOE M3 YUCEIN X ; , COOTBETCTBYIOLIMX HEHYJIEBbIM
3HaueHusM P ;. Toraa u3 (7) cnenyert, 4to J(x) # 0 B HEKOTOPOH JIEBOM MOIYOKPECTHO-
CTH X ,, , YTO IIPOTHBOPEUUT paBeHCTBY J(x) = 0 pu 0 < x < L. Takum obpazom, ¢(x) =0
¥ g(x) = ¢ (x) mpu 0 < x < L; TeM caMbIM, yTBepKaeHHe | 10Ka3aHo.

AHaJIHTHYECKOE pemieHue 3a1a491 B HEKOTOPBIX YaCTHBIX CJIyYasix

YrBepkaenne 2. Ilycte f(x) aBaxnasl HempepbiBHO nuddepeHunpyema npu

0<x<L; m(x) nenpepsiBHO nuddepenuupyema mpu 0<x<L; (m(x)f'(x))'<0;

f£(0)<0;f'(0)>0; f"(L) < 0; f(B) > 0, rne 0 < B < L — xopens ypaBuenus f'(B) =0 (3tu
YCIIOBUSI COOTBETCTBYIOT pucC. 1); 0 < o < B — kopeHs ypaBHenust O(A) = 0, rae

, 4 ds

O(A) =m(A)f (A)_[ —f(A).

0 m(s)

Torna perieHre OCTaBICHHON 331241 UMEET BHU]T

4() = {—(m(xz)f'(x))' (a<x<p) ®)

(x<a, x>p).

Joxazamenvcmeo. Tax kak f'(B) nenpepsiBHa pu 0 <B <L; f'(0)>0; f"(L) <0,
TO KOopeHb P cymectByer. Tak kak O(A) HenpepbiBHa npu 0 < A < ; ©(0) =—f(0) > 0;
dP)=—1(B) <0, To kopens 0 < a < P cymecrnyer. [anee, g(x), 0O4eBUAHO, UMEET BU
(2). Ocraetcst nokaszate crpaBeuBocTh (3). HepaBeHCTBO ¢(x) > 0 BBIMOIHEHO TOIBKO
npu o < x < fB; gt atux x u3 (1), (8) (c yueroM ynomsHyTHIX B ()OPMYJIHPOBKE YTBEP-
JKJIEHHs 2 CBOMCTB (QyHKIMU f (X)) HETPYAHO HaWTH, 4TO r(x) = 0; TeM caMmbIM, IEpPBOE
cooTHomeHue B (3) BeimonHeHo. Ilpu x < o u3 (1), (8) u pasencts f'(B) =0, ®(a) =0
MOYHO MOJIYYUTh CIIyIOIIee IpeICTaBIeHHE IS 7(X):

0 =—[ ([ “ @) ar) -2

m(s)’

otkyna cueayet, uto r(x) = 0. IIpu x> u3 (1), (8) u paserncts f'(f) =0, ®(a) =0
MO>KHO MOJTYYHTH CIEAYIOIIee peacTaBIeHue s 7(X):

) ==[ ([, m s )

ds

m(s)’

OTKyZa ciemyer, 9to 7(x) = 0; TeM caMbIM, BTOPO€ COOTHOIIECHHE B (3) BBIIOIHEHO H
yTBEepKICHHUE 2 JOKa3aHO.

Yr1Bep:kaenue 3. Ilycts f(x) nBaxkasl HempepslBHO audepeHmpyeMa mnpu
0<x<L; m(x) mempepsiBHO muddepenmmpyemMa mpu 0=<x<L; (m(x)f'(x))'>0;
f(0)<0; AL) > 0. Torxma pemieHne OCTABICHHON 3a1a91 MMeeT B (puC. 2)

g(x)=Fd(x—-L), ©)
T F =f(L)g/joL md();) . (10)
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W

L

X

Puc. 2. OnHOTOYEYHBIH KOHTAKT
HUTH U TeNa

Jokazamenscmeo. Oyuxrus (9), oueBuano, umeeT Buf (2). Ocraercs mokas3arh
copaBemmuBocTh (3). HepaBeHcTBO ¢(x) > (0 BBHIIONHEHO TONBKO TIpH X =L; ©3
(1), (9), (10) merpynuo Haiitu, uto 7(L)=0; TeM caMbIM, IepBoe cooTHOIIeHHE B (3)
BormontHeHO. [Ipr 0 <x < L u3 (1), (9), (10) MOXHO TTOMYUYHUTH CIIeAYIOIIee MPeICTaBIIe-
HUE 1A 7(X):

_ _J(O)F L ds x\y(s)ds
Shririv B e v
F L s , ’ ds x , ’
e = [ (] @) dr| [ Smo @)

Tak kak (m(x) f'(x))"> 0, To W(0) > 0 n y(x) yosBaet npu 0 <x < L. Eci w(L) = 0, To
y(x) >0 mpu 0 <x < L; Torna u3 (11) cexyer HeBepHOE HepaBeHCTBO r(L) > 0; cieno-
BatenbHO, Y(L) < 0. Torma cymectsyer 0 < x* < L, Takoe, 9T0 W(x) >0 mp 0 < x <x u
y(x) <0 mpu x < x < L; crexoBaTenbHo, BTopoe caraemoe B (11), obpamasics B HyIIb
npu x = L (tax xak (L) = 0), Bo3pacraer npu 0 <x <x u yObBaer npu x <x < L. TTo-
ATOMY JaHHOE ciaraemoe HeoTpunaTenbHo npu 0 < x < L. TlepBoe cnaraemoe B (11) He-
otpumnarenbHo Beaencteue yciopus f(0) < 0. Takum obpaszom, r(x) >0; TeM cambiM,
BTOpOE COOTHONIEHHE B (3) BBIMOJIIHEHO U YTBEPIKACHHE 3 TI0Ka3aHO.

HEKOTopre 3aMe€4YaHUus K MOJYY€HHBIM pe3yJbTaTaM U BBIBOAbI

MO>KHO TTOKa3aTh, YTO YTBEPKAEHHS 2 U 3 OCTAIOTCS CIIPABEAJIMBBIMU U TIPH 3aMeT-
HOM oOcyabieHnu TpeOoBaHMH Ha TIankocTh GYHKIMHA f(x) m m(x). ynkuo f(x)
MOXHO CUMTaTh JIMIIb HENpepblBHO muddepeHInpyeMoii W IBaXABl KyCOYHO-
HETpephIBHO MuddepeHnmpyeMoii, noonpenenss f'/(x) B Toukax uzioma f'(x) mo He-
HpephIBHOCTH clieBa. DYHKIUIO 71(X) MOXKHO CUHMTATh JIMIIb KyCOYHO-HEIPEPHIBHON H
KyCOYHO-HEIIPEPHIBHO MU PEpeHIIPYEMOii, Joonpeneisis m '(x) B TOUKaxX u3Ioma m(x)
10 HETIPePHIBHOCTH clieBa U 100aBisiA K m (x) B TOUKax paspsiBa m(x) (TIepBoro poja)
COOTBETCTBYOIIHE O -(YHKIIUH.

Hcnonb30BaHHBII TOOXO0/ K IIOCTAHOBKE M PELICHHIO KOHTAKTHOW 33/1a4¥l I HUTH
Y TBEPAOro Tella MOXKET OBITh IPUMEHEH Kak Ui JaJbHEHIIEero HCCIeJOBaHuUs TaHHOM
3amaun (cirydau, xkorma (m(x) f'(x))’ MeHsieT 3HaK), TaK W U pEeIIeHus] OJMM3KNX KOH-
TaKTHBIX 3aJa4 11 HUTEH, CTpyH 1 OaJIOK.
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Osipenko M.A. THE PROBLEM OF UNILATERAL CONTACT OF FLEXIBLE NON-
STRETCHABLE ROPE AND RIGID SOLID. DOI 10.17223/19988621/33/8

The flexible nonstretchable rope is one of simplest mechanical systems with the infinite num-
ber of degrees of freedom. Contact problems can be posed for such ropes, as well as for the re-
lated one-dimensional systems (strings and beams). The unbounded contact problem for heavy
flexible nonstretchable rope and smooth rigid solid of a given shape is considered. The rope has
one end fixed and the other end free. The rope density may be variable. The presence of a rigid
solid slightly deflects the rope from the vertical line. The problem is to find the rope shape and
can be reduced to finding the density of the interacting forces between the rope and the solid. This
density is the sum of the piecewise-continuous part and concentrated forces. These forces are de-
scribed by Dirac’s delta-function. The contact conditions are as follows. The density should be
non-negative, the distance between the rope and the body should be non-negative, and this dis-
tance should be equal to zero at points where the density is positive. There are two approaches to
such problems. The first one is variational. Here, the rope shape is in question. The rigorous
problem statements and (rather complicated) proofs of uniqueness and existence of solutions are
possible in this approach. However, the analytical solutions usually are not considered here. Even
if the hypothetical analytical solution is obtained, it is not easy to establish whether it is really the
solution (i.e., whether it minimizes some functional or satisfies some variational inequality). The
second approach is based on the theory of strength of materials. It is convenient here to consider
the density of the interacting forces as the function to be found. It is often possible to construct
and to verify the hypothetical analytical solution. However, this approach lacks for the rigorous
problem statement. Even the formulation of the theorem of the uniqueness of the solution is im-
possible without this rigorous statement. The present article uses the second approach with some
improvements and refinements. Then, as in the first approach, the rigorous problem statement can
be formulated. Further, it is easy to prove the uniqueness of the solution and to substantiate the
constructed analytical solution. This construction also proves the existence of the solution. The
substantiation of the solution includes proving the non-negativity of the contact forces and contact
distances and proves the existence of a root of transcendental equation that yields the length of the
contact segment. It is shown that different contact patterns are possible: a contact at the point and
a contact along a rope segment. The pattern kind depends on the shape of the rigid solid.

Keywords: flexible nonstretchable rope, unilateral contact, contact problem, uniqueness of solu-
tion, analytical solution.
Osipenko Michael Anatol'evich (Candidate of Physics and Mathematics, Assoc. Prof.,

Perm National Research Polytechnic University, Perm, Russian Federation)
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