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CUHEPITETHNYECKHUE 3®PEKTbBI B MHOT'OKAHAJIBHBIX
CUCTEMAX OBCJIY KUBAHUSA C I'PYHIIOBBIM ITIOCTYIIVIEHUEM 3ASIBOK

B pabore momydeHbl 3(h(eKTHBHBIE YCIOBHS, NPH KOTOPHIX MHOTOKAHAJIBHYIO CHCTEMY MAacCCOBOTO OOCITYXXHBaHHS
MOKHO alIIPOKCUMHPOBATH MOZAENBI0 OECKOHETHO KaHAIBHON CHCTEMBI, B ITOCIEIHEE BPEMS 4acTO HCIIOIb3YeMOi IIpu
MOZEIHMPOBAHUN KOMITBIOTEPHBIX CeTeH. DTH yCIIOBHSI OCHOBBIBAIOTCS Ha MPEACIBFHON TeopeMe ISl MPOoIecca, OMHCHI-
BAIOIIETO YHCIIO 3aHATHIX KAaHATOB B OCCKOHEUHO KaHAJIBHON CHCTEME, «MOMEHTHOM» yciaoBun KonMoropoBa—Yenmosa
U IPyr'UX TEOPETUUECKUX PEe3yIIbTaTax.

KiioueBble c10Ba: MHOrOKaHANIbHAss W OECKOHEYHO KaHAIbHAs CHCTEMBI MAacCOBOTO OOCITY)KHBaHHUS, BHHEPOBCKUIT
TIPOLECC; YHCIIO 3aHATHIX KaHAJIOB.

B mocnenHue ToApl y CHEMAIMCTOB MO MOJACIHPOBAHUIO KOMITBIOTEPHBIX CETEH MOSBUIICS OONBIIOH
WHTEpEC K HCIOIB30BAHUIO CHUCTEM MAacCOBOT'O OOCITYXMBaHUS C OCCKOHEYHBIM YHCIOM KaHAlloB (CM.,
Harmpumep, [1]). DTOT uHTEpeC BO MHOIOM OOYCIIOBIICH y0OCTBOM pacdera TaKMX CUCTEM HM3-3a OTCYTCTBHS B
HUX OYEPENU U BBITEKAIOICH OTCI0/Ia BOBMOXKHOCTH 3asBKaM HE3aBUCUMO MepeMeIIaThes no cucreMme. OqHako
peallbHbIe KOMITBIOTEPHBIE CETH COACPIKAT KOHEYHOE YKCIIO KaHAJIOB, U MOTOMY HEO0OXOAMMO OOOCHOBBLIBATH
WCIONb30BaHUE CUCTEM C OECKOHEUHBIM YUCIIOM KaHAJIOB K HX MOJICTHPOBAHUIO.

B Hacrosmieli pabore ycTaHaBIMBAIOTCS YCIOBHS, TIPH KOTOPHIX OOBEIWHEHHE 7 OJHOKaHAIBHBIX
CHCTEM MAacCOBOT'0 OOCITY)KHBaHHS B MHOTOKAHAILHYIO MPUBOJAUT MPH 1 —> 0 K UCUE3HOBEHUIO ouepenu (B
HEKOTOPOM BEPOSITHOCTHOM CMBICIIE). DTU YCIOBUS OCHOBBIBAIOTCS HA MPEACTHHONH TEOpeMe O CXOIUMOCTH
YHCIIa 3aHATHIX KaHAJOB B MHOTOKaHaJbHOW CHUCTEME K YHCIY 3aHSTHIX KaHAJIOB B CUCTEME ¢ OCCKOHEUHBIM
YHCIIOM KaHAJOB [2] ¥ Ha MPEIeTbHON TeOpeMe O CXOIUMOCTH CIEIHAIBHBIM 00pa30M HOPMHUPOBAHHOTO CITY-
YalfHOT'O MPOIECCa, OMUCHIBAIOLIETO YUCIO 3asBOK, MPUIIECAUINX B CUCTEMY JO MOMEHTA f, K HEKOTOPOMY TIpe-
nenpHOMY [3], Jare Bcero BUHEPOBCKOMY, Iporieccy. [Ipy mony4eHnn pe3ylibTaToB padoThl UCOIb30BAIKCH
«MoMeHTHoe» ycrnoBue KommoropoBa—UennoBa [4], oleHKa BEpOSTHOCTU MPEBBIIICHUS BBICOKOTO YPOBHS
rayCCOBCKHUM TporeccoM [5] u npuHiun naBapuanTHocTH JloHckepa—IIpoxoposa [6].

B kauyecTBe WUCXOMHOH OJHOKAaHAIBHOH CHUCTEMBI Oepercsi CcHCTeMa C IIyaCCOHOBCKUM WK
JETCPMUHUPOBAHHBIM BXOJHBIM TIOTOKOM M TPYINOBBIM TOCTYILICHHEM 3asBOK, B TOM YHCIE CHUCTEMa C
MTOBTOPHBIM OOCTY>KUBaHHEM 3asBOK, OCOOCHHO YaCTO BCTPEUAIOIIASCS B MPIJIOKEHHSIX [7].

1. BcioMorarteJbHbIe YTBepKACHUS

PaCCMOTpI/IM cXemy CepI/If/’I, B KOTOpOfI XapaKTCPUCTUKHU n-KaHAJIbHOM CHCTEMBI MAacCCOBOTO
06CJ'Iy>KI/IBaHI/I$I OIIPCACIAIOTCA MapaMEeTPOM 71 —> 00, XapaKTCPHUIYIOIIHUM YCTPEMIIAIOIIYIOCA B OECKOHEYHOCTh

MHTCHCUBHOCTb BXOIHOr0 ITOTOKa. O003Ha4unM e, (1) — KOIMYECTBO 3asiBOK BXOIHOT'O IOTOKA, IPHIIEIIINX 10
MOMEHTa ¢ BKIoUMTENbHO, e,(0)=0, Me, (t)=nm(t), rne m(t) — HeyObIBatomas Qynkuus. Ilycts g, () —
KOJIMYECTBO 3aHSATBIX KAaHAIOB B CHCTeMe B MOMeHT f, ¢,(0)=0;7; — Bpems oOciyxuBaHus j-i 3asBKH,

npuiceM ’Ej, ] > 1, — HOCJICAOBATCIBHOCTh HE3ABUCUMbBIX U OAMHAKOBO PaCpCACIICHHBIX CHy‘IaﬁHBIX BCIINYHMH C

¢bynkuumen pacrpenenenus F(t) (F =1-F), uMeromieil HEMPEPHIBHYIO U OIPAaHUYCHHYIO YHCIIOM ]_" ILJIOT-
HOCTb.
Teopema 1. ITycts nipu HekoTOpbiX 7 >0, ¢ > 0 BBINOIHSIOTCA CACAYIOLIUE YCIOBUS:

68



e,(t)—nm(t)
Jn

[0, T] x crangapTHOMY BHHEPOBCKOMY Tipoueccy &(f), yMHOKEHHOMY Ha © .

1. ITocnenoBaTeNnbHOCTh CIy4alHBIX MPOLECCOB X, (1) = npu n—>o0 C — CXOAMTCA Ha

T_
2. CnpaBeiBo HepaBeHCTBO [ F(1)dm(t) <1. Torma P[ sup q,(t) = nj -0, n—> oo,
0 0<t<T

okazamenvcmeo. B cuny cnenannsix npeanonoxkenuit uz [2, ri. 1I, § 1, teopema 1] cnemyer, 4ro

— -
4, () =n0()) rae Q(t)= [ F(u)dm(u), npu n—> oo C — CXOOUTCS K MPOLIECCY

max(c,l)\/; ’ 0

npouece z,(t) =

C(t) = o] F(t —u)dE(u) + KO(), 0<t <T,
0
riae ©(f) — HEeHTPUPOBAHHBIA TayCCOBCKUH IMPOIECC, HE 3aBUCSIIUN OT &(f) ¢ KOBapHAIMOHHON (DYHKIMEH

R(t,t +u)= jf(v +u)F(v)dm(v). Tormanpu 0<t<t+u<T umeeM
0
e (t,t +u) =M (g(t)— gt +u))* = K* (R(t,t) + R(t +u,t +u) — 2R(t,t +u)) +
+o’M ﬁf(f —u)dE(u) —Hj”f(t tu- v)di(v)} <uC, C=(c* +K*a)2T [ +1).
0 0
CrnenoBaTenbHO, MUHUMaJIbHOE Yncino N(7) mapoB paguyca » B MerpuueckoM npocrpanctse ([0,77], €), mo-

kpeiBatormx orpe3ok [0,7] (3mechk e&(t,f+u) — momymerpuka Ha [0,77]), yIOBJIETBOpSET HEPABEHCTBY

N(r)<max(l, TCr™), W 3HAYNT, HOCTPOCHHBI IO OTHOCHTENBHOH SHTpormu InN(r) waTerpan Jamiu

WY(T)= ?(lnN(r))l/2 dr < oo, Torma us [5] P( supg(t) > uj = 0,u > oo,
0

0<t<T

Tax Kak —=—>c IpH 1>, 10 P( sup (1) > 120D

Jn 0<t<T max (o, 1)

npouecca z, () k citydaifHoMy mpoueccy C(f) mpu n—» oo CleLyer, 4To

J—) 0. N3 C-cxomuMOCTH CITy4ailHOro

P( sup qn(t)Z”J:P( sup qn(t)ZnJSP( sup z,, (1) 2 (=0 J—)O.

0<i<T 0<i<T 0<(<T max (o, )\n
3ameuanne 1. YTBep)K)leHI/Ie TCOPCMbI 1 o3Hauaer CXOOAMMOCTb K HYJIKO BUPTYaJIbHOI'O BPCMCHHU
OXKHNJaHUA B n-KaHaJIbHOH CHCTEME Ha OTPEC3KEC BpPEMCHU [O,T ] ", 3HAYUT, XapaKTCPU3YyCT HCUC3HOBCHUC

ouepcau 1nmpu 06’BCILI/IHCHI/II/I n OJHOKAHAJIBHBIX CUCTEM, 1 —> O .

2. OcCHOBHBIE Pe3yJabTAThI

Iycte 0<t <t,<... — IyacCOHOBCKMH INOTOK Touek; N(¢)=max(i:t;<t), t=0, — IIyacCCOHOBCKHII
npolecc MHTeHCHBHOCTH a > (. Ilpennonoxum, 4to mM;,M,,... — HE3aBHCHMbIE U OAMHAKOBO pACIpPEIC/ICHHbIE
Cloyd4ailHble BEIMYMHBI C HEOTPULATEIbHBIMU LEIOUMCICHHBIME 3HaueHusMu, M, = f;, Dn, = f, <o, u

N(t)
paccMoTpuM OOOOLIEHHBIH ITyaccOHOBCKUiI mpouecc S(¢£)= > m,. Ilpouecc S(¢) omuchBaeT MOCTYILIEHUE 1),
k=1
3aBOK B MOMEHT f;, k>1, TOrma BXOZHOW MOTOK B 71 -KAaHAJIBHYIO CHCTEMY MAacCOBOTO OOCITyKUBaHHS
n
ONpEJIENAETCsl PABEHCTBOM e, (1) = Y. S, (¢), rae S, (¢),...,S,(t) —He3aBHCHMbIe KOIUHU ciTydaiiHoro npouecca S(t) .

Teopema 2. Eciu npum Hekoropom 7 >0 BBIIOIHEHO YCIOBHE 2 TeopeMbl 1, TO CIpaBeAIuBO

COOTHOIIICHUE P( sup q,(t) = nj -0, n—> oo,
0<t<T

69



Jlokazamenscmeo. VI3 nepBoro u BTOporo Tox/ecTs Basbaa ciienyroT paBeHcTBa
n n
M 3.8, (t)=afint, D 3.5, (1) = af,nt. (1)
k=1 k=1

B cmity paBenctB (1), He3aBHCHMOCTH TIpHpalleHui mpouecca S(f) Ha HemepeceKaloluxcs WHTepBajlax U

MHOFOMepHOﬁ LleHTpaJ'IBHOﬁ npeneanoﬁ TeopeMBI nonyqaeM, qT0 KOHe‘-IHOMepHBIe pacnpeneneHI/m npouecca
2 Sy (t)—afint
x, (1) ==
Jn
o&(?), t[0,T].
B CBOIO oqepesz, B CI/IJ‘Iy OHpeILeJ'IeHI/ISI 0606H.ICHHOF0 HyaCCOHOBCKOFO npouecca
sup M (| x, (t,) —x, () [* | x,,(£) = x,,(t,) ) = D(S(t,) = (1)) - D(S(£) - S (1)) =

CXOOATCA K KOHCYHOMCPHBIM pacrnpeaciCHUuAM BHUHCPOBCKOI'O mnmpouoecca

=afs(t, —1)-af,(t—1) <(afy(t, 1)), 0<t; <1<, <T.
CnenoarensHo, npu a=2, =2, A=1, C=(a f,)"2 BbIIOIHEHO «MOMEHTHOe» yciaoBue Kommoroposa—
UYenriiosa [4]
supM (| x,(6) = x,(0) [* | x, () = x, () ") < Cty = 1), 4y <t <1, <T.

W3 [3, rnaBa 3, Teopemsl 6, 7, cieacrsue 1] npuxoaum k C-cXOOMMOCTH ciaydaliHOro mpouecca X, (f) mnpu

n—» o0 K BUHEpOBCKoMY mpoueccy o&(f), t€[0,7], npu c=./af, . Tem cambim ycioBue 1 Teopems! |

BBIMIOJIHEHO, a 3HAYUT, YTBEPKACHUE 2 MOIHOCTHIO JOKA3aHO.
3ameuanue 2. YTBepiKIECHHE TEOPEMbl 2 COXPAHUTCS, €CIU ONPENENUTh CIydaliHbIM Ipouecc e, (t)

paBEHCTBOM e, (1) = ¢ (nt).
3ameuyanne 3. VYTBEpKICHUE TEOPEMBbl 2 COXPAHUTCS, €CIM HCXOAHBIM IyaCCOHOBCKUM IMOTOK
0<f# <t,<... 3aMEHUTb IIyaCCOHOBCKHM IIOTOKOM C MHTEHCUBHOCTbIO a(t)>0, rae a(tf) — HempepbIBHasi,

orpaHundeHHas ¢yHkuusa. B atom ciydae npouecc x,(f) mpu n—> oo C-CXOAUTCS K CIy4alfHOMY IPOLIECCY

t
o&(m(t)), m(t)=[a(t)dr, raoe &(f) — craHmapTHBIA BUHEPOBCKHIA MPOLIECC.
0

3ameuanne 4. YTBEpKICHUE TEOPEMbl 2 COXPAHUTCS, €CIM HCXOAHBIM IMyaCCOHOBCKUM IMOTOK
0<f# <t,<... 3aMEHUTHb ACTEPMHHUPOBAHHBIM IOTOKOM HHTEHCUBHOCTU 1, a cilydaiiHblil mpouecc e, ()

[nt]
3aMEHMTb Ha ), 1), H BOCIIOJIb30BaThCs NMPUHLUIIOM UHBapuaHTHOCTH JloHckepa—IIpoxoposa [6]. Tem camslm,
k=1

BXOJIHOM MOTOK CTAHOBUTCS JCTEPMUHUPOBAHHBIM C IPYIIIOBBIM MOCTYIICHUEM 3aSBOK.
3akjIoueHne

B peanbHBIX TeXHMUECKHX MPHIIOKEHUSAX OONBIIOH MHTEPEC BBI3BIBAIOT CHCTEMBI C MTOBTOPHBIMHU BBI30-
Bamu [7]. Ilomyuennsie B pabore pe3yabTaThl MOIYT OBITH PaclpOCTpaHEHbl Ha OIUH M3 M3BECTHBIX KIIACCOB
Takux cucteM. IlycTh 3asBKa MocTynaeT B MHOTOKaHAIBHYIO CHCTEMY M TI0CJIE 0)KHJIaHUSA B OUEpEI HAaUNHAET
00cImyXMBaTbCsl HA OOTHOM M3 MpHOopoB. [lo OKOHUAHNH OOCTYKUBAHHUS MOXET BOSHHKHYTH HEOOXOIMMOCTD
MOBTOPHOTO 00CTYXMBaHHUsI, KOTOPOE MOXKET HAauaThCA Ha TOM >K€ MPUOOpeE, eClTd B TOT MOMEHT O4epeIH HeT.
B mpoTtuBHOM ciiydae 3asBKa CTAHOBUTCS B OU€peab U JOKUIACTCS OCBOOOXKAEHUS OAHOrO U3 MPHUOOPOB U T.1I.
Uro0Bl K TaKOH cUCTEME MPUMEHUTH TeOpeMy 2, HeOOXOAMMO 3aMEHUTh (PYHKLHUIO paclpenelieHus] BpeMeHU
obcnyxuBanus F(f) Ha QYHKIHUIO pacrpeneieHrss CyMMapHOTro BpeMEHH OOCTY)KHBaHUs 3asBKHA BO BCEX IO-
BTOPHBIX BbI30BaxX. OTHAKO OCTAETCS OTKPBITHIM BOIPOC AJISI CUCTEM OOCTYXHBaHHS C TOBTOPHBIMH BBI30BAMH,
paboTaromKMU 110 APYTUM IIPOTOKOIAaM, U JUII MHOTOKaHaJIbHBIX CHCTEM O0CITYKMBaHUS B CIy4alfHOH cpene.
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In recent years, experts in a modelling of computer networks have shown great interest to an application of queuing systems with an
infinite number of channels. This interest mainly is determined by a convenience of such systems calculations because of a queue
absence and so a possibility for customers to choose channels freely. But real computer networks contain finite numbers of channels. So,
it is necessary to establish an application of systems with infinite number of channels for their modelling.

In this paper, we establish conditions, in which an aggregation of n oneserver systems into multiserver system for 7 — 0 reduce
to a queue disappearance. These conditions are based on limit theorems on a convergence of a number of busy channels in multiserver
system to a number of busy channels in a system with the infinite number of channels and on a convergence of specially normed random
process, described a number of customers arrived into a system up to a moment # to some limit the Wiener process. To obtain these re-
sults, we used the «moment» Kolmogorov-Chencov condition, an upper bound for a probability that a Gaussian process exceeds a high
level and the Donsker-Prokhorov invariance principle.

We take as initial a oneserver queuing system with a Poisson or deterministic input flow and group arrivals of customers including
retrial queuing systems widely used in applications.

In this paper, a model of n - server queuing system is considered, in which e, (f) is a number of customers, arrived in the system up
to the moment ¢ inclusively, e, (0) =0, Me,(¢) = nm(t), where m(t) is a non decreasing function, ¢, (¢) is the number of busy
servers at the moment ¢, ¢,(0)=0, 1 j is the service time of j -th customer, T Iz j =1, is the sequence of independent and identically
distributed random variables with the distribution function F(¢) (F(t) =1-F(¢) ), which has a continuous and bounded by some

positive number density.
Assume that 0<¢ <t, <... is a Poisson flow, N(¢f)=max(i:¢, <¢), t =0, is a Poisson process with the intensity a >0,

N;>MNy,... are independent and identically distributed random variables with integer and positive values, Mn, = f;, Dn; = f, <o

N()
and S(£)= X m,; is the generalized Poisson process describing an arrival of 1, customers at the moment ¢;, &k >1. Then, input
k=1

n
flow into the »n channel queuing system is defined by the equality e, (1) = . S; (¢), where S (¢),...,S, (¢) are independent copies of
k=1

the process S(¢) . A main result of this paper is the following statement.

T_
Theorem. If for some 7 > 0 the inequality [ F(¢#)dm(¢) <1 is hold, then P[ sup g, ()= nj —0, n—> oo
0 0<t<T
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In manifold technical applications, there is a large interest to queuing systems with retrial calls. Results obtained in this paper may
be spread onto one of some known classes of such systems. Assume that a customer arrives in a multichannel system and after a waiting
begins to be served at some channel. After the end of this service, it is possible to appear a necessity for this customer to repeat a service
again. This service may be realized at some free channel if it is possible. In opposite case the customer waits for a disposal of some
channel and so on. To apply Theorem to such system it is necessary to replace the distribution function F(¢) by a distribution function of
a summary service time. But there is a problem how to analyze queuing systems with repeated services which works using another pro-
tocols and multichannel queuing systems in a random environment.
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