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ACUMIITOTUNYECKOE PA3JIOKEHUE PEINIEHUA
BO3MYUWEHHOT'O JIJIMIITUYECKOI'O YPABHEHNA,
KOI'IA MIPEJEJBHOE YPABHEHUE UMEET OCOBBIE TOUKH

Jloka3aHa BO3MOXKHOCTh IIPHMEHCHHS METOJa IOTPaHUYHBIX (QYHKIUH It
MOCTPOCHUSI PAaBHOMEPHOTO ACHMITOTHYECKOTO PAa3lIOKEHHS PEIICHUS 3aJadud
Juprxie Uit ONCHHTYIISIPHO BO3MYIIEHHOTO SJUIMITHYECKOTO YpaBHEHHs, KOTria
IpeseNIbHOe ypaBHEHHUE SBIIETCS AN hepeHnInaIbHEIM YpaBHEHHEM IIepBOTo I0-
psinKa ¢ 0cOOBIMM TOYKaMH, IPHYEM B 3THX TOUYKax ycioBue Teopembl A.H. Tu-
XOHOBA He BbINONHseTCs. [ToyueHa OleHKa OCTaTOYHOIO YIeHa, T.€. 000CHOBAaHO
(hopManpHOE ACUMITOTHYECKOE PA3JIOKEHHE PEIICHHUS HCCIIeLyeMON 3a1auH.

KnroueBsble ciioBa: acumnmomuxa, peuwienue, OUCUHSYIAPHOE BO3MYUEHUE, YPAG-
HeHue YIAIUNMuUYecKo2o mund, ocobas mouka, 3adaua [upuxie, 0600wenHbll
MemooO NOZPAHUYHBIX DYHKYUIL, ROCPAHUYHbBLE DYHKYUU, MATbLIL NApAMemp.

IlocTanoBka 3agauu

Paccmorpum 3amauy Jlupuxie it GUCHHTYISIPHO BO3MYIIIEHHOTO AIUTHITHIECKOTO
muddepeHnansHOro ypaBHEHHS

eAu — (1) uy = fxy), (xp)eD = {(xy) y > 2*~1, y < 0}; M
u|r = W(xay)a I'= aD: (2)
2 2
rine A= 8_2+§ — omeparop Jlammaca, u=u(x,y.e), yxy), f(xy) e C*UD),
X

0 < & << 1 — maunsrii napametp, I' = 0D — rpanuna odnactu D.
CHauana nokaxxeM OucHHTYISpHOCTH 3a1auu (1), (2). [lepBast CHHTYISIPHOCTD — pe-
IIEHHE TIPEIeILHOTO ypaBHEHHUS
~(1x%) u, = f(x,y)
HE MOXET yIOBIIETBOPATH TPAHUIHOMY YCIOBHIO (2). UTOOBI MOKa3aTh BTOPYIO 0COOEH-
HOCTh (CHHTYISIPHOCTb), PACCMOTPHM CTPYKTYPY BHEIIHETO Pa3lIOKCHUS PEIICHUS 3a-
nmaau (1), (2), koTopoe uIieM B BUIE

0
v=> £, (x,y) , npu 0. 3)
k=0
[opcrasisis (3) B (1) u nmpupaBHuBast KOOQGUIMEHTHI IPH OAMHAKOBBIX CTEICHSIX €,

MOJIy4UM PEKYPPEHTHYIO cucTeMy nuddepeHInanbHbIX YpaBHEHUI:

aﬁ9%§ﬂ=ﬂwx

5
(1-2) % — AT, (xy), keN,
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Otciona onpezensieM v, (x,):

Vo (x,p)=- (x,xz—l),
x2-1
|
Ve (x,p) = — f AV, (x,s)ds , keN.
h x2-1

3amernM, uto V, (x,y)€ c®) (5 \(il,O)) , T.e. B Toukax (1,0) u (=1,0) Bce atH

Gyukuun v, (x,y) EMEIOT HAPACTAIOILYI0 OCOOCHHOCTh BUIA
¥, (x,9) = 0(1/(1x%)"5, k=0,1,2,.....

(Tepmun Hapacraromas 0cOOEHHOCTh O3HAYAET, UTO C yBEJINYEHHEM HOMepa k pac-
TET U 0COOEHHOCTH (MOPSIOK MOTI0COB) DyHKIME V) (X, ) .)

Buewnee penienue uMeeT BUA,

8 m
Ve | —fy)+——5F(xp)+. +[ﬁ] F, (%,)+ ... |, npn £—0,
1_

(‘— ’) (1—X)
rae Fy (x,y)e C™™ (D), keN.

IMostomy 3amaga (1), (2) sBiseTcs OUCHHTYIISPHON — KO GHUIMEHTH! €¢ BHEITHETO
pa3okeHUs UMEIOT HapacTaroue ocodeHHocTH B Toukax (1,0) u (—1,0). B oxpectHO-
CTH ATHX TOYeK psf (3) He TONBKO He MPHUONIKAeT pereHue u(x,y,e), Ho Iaxe TepseT
acuMnToTh4yeckui xapaxrep [1].

IHocTpoenue popmManbHOr0 ACHMITOTHYECKOTO PA3JI0KEHUS

Jns moctpoernst (GOpMaTBFHOTO aCHMIITOTHYECKOTo pasznoxkeHus (PAP) pemenns
3amaun (1), (2) mpumeHsieM MOTUGHUIMPOBAHHBIN MeTO MOorpaHdyHKIWH [2, 3]. OTuM
’Ke MeToIoM B paboTax [4, 5] uccnenoBaHbl OUCHHTYIISIPHO BO3MYIICHHbIE JUTHIITHYE-
CKHE YpaBHEHUsI, B KOTOPBIX MpeJebHOE YpaBHEHHE He sBIsieTcs: Au(depeHInaaIbHbIM

YpaBHEHHUEM.
Pemenne 3anaun (1), (2) Oyznem uckare B BUze
u(x.y,e) = V(x.y,e) + l(x,t.€) + Wn.y,p) + O(Cy0), “4)
rae V(x,y,€)= zgkvk (x,»)
k=0

— PETYJIAPHOC BHCIIHES PCIICHUC,
M(x,t,e)=), ehm, (x,7)
k=0
— KJITaCCUYECCKasd MorpaHn4Has q)yHKIII/IH;
W(n,y,H) = Z Mkwk (T]aJ/) ) Q(Q%H) = Z p'qu (Q?y)
k=—1 k=-1

— 06061IIeHHbIe orpaHIHEIe GyHKIUK; T = y/e, 1 = (1-x)/u, § = (1+x)/, € = W’
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Y4uTHIBas TpaHUYHOE YCIIOBHE (2), UMeeM

V(x,y,«S)‘y:xz_l= y(xx”-1); (5)

H(x,7,8)| =0 = W(x,0)-V(x,0,¢), I1(x,T,e)—0, mpu T—>—0; (6)
w(0,0,u) = 0, W(n,y,1) =0, mpu n—>+00; 7
0(0,0,u) = 0, O(C,y,1) =0, mpu L—+o0. ®)

Honcrapnss (4) B (1), momyunm

0

iskHAvk (x’y)_(l_XZ)zak aVk (x,y)+

k=0 oy
z(ﬂ o M;;; ) 1) ),
- 2, >
2
+ZH ( qu(Cy) - C)éqk(yéy) o2 qu(;;,y)}
= f(x,y)—kzzz,)ﬁkhk (x,y)+§u3"hk (x.7)- ©)

Ilo nace Meroga, Mbl B MPAaBYH0 4aCTb MNOCICAHEIO PABCHCTBA BBEJIM HOBYIO, IOKa

HEHM3BECTHYIO (DYHKIIHIO Z ek y (x,y) , dyHKIMH hx(X,)) KOHKPETH3UPYIOTCS HUKE.
k=0

PeryasipHoe BHellIHee peleHHe

N3 (5) u (9) nns yHKIMH vi(x,y) nMeemM
kisk (Avk_l (x,)- (1 —x? )W+ Iy, (x,y)j -
=1

—(l—xz)%;’y):f(x,y)—ho (x,»),

Yo (x,y)‘yzxz_lz \V(x,x2 —1),vk (x,y)‘y:xz_lz 0, keN.

Otcroza nomy4um

~(1-x )avO(xy) S 6=k (x,3)s v (53)] o =w(xx’=1)5 (10)

ov, (x,y
(l—xz)% =Av_ (%) +h (x,y), v, (x,y)‘y:xA]: 0, keN. (11)

Perrenus 3anau (10), (11) uMer0T COOTBETCTBEHHO BUJT
v
! J. (f(x,s)—ho(x,s))ds+\|/(x,x2—1),

(1 —x2 ) x271

VO(x’y):_
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1 ¥
v (%) (l_xz)xz_[_l(Avkl(x,s)—i-hk (x,5))ds.
[ycTs 2il(x, ¥) = —Avi1(x,p),
Toraa v (x,p)€e c* Oo)( ) k=0,1,...
npu ho(x.y) = (F(Ly)(1+0)+4/ (- 1y)(1x))/2,

hix.y) = (1) (1+x)+ g(=1.9)(1-x))/2, keN.
Taxum 006pa3oM, MBI IOCTPOUIIH PETYJIIPHOE BHEIIHEE PEIICHHE!

X (f(l,s)(l+x)+f(—1,s)(1—x)
2

1
V(x,y,e)=vy x, x> —1)+ 5 {
e ]

x2-1

+§8k ( -T (gk (x,5)— 2k (o)l x)+28k (_LS)(I_X)de]} .

—f(x,s)jds+

x2-1

Kanaccuyeckasi norpannyHasi pyHKumus

U3 (6) u (9) mnsa pyHKImn mi(x,T) tMeeM

(azno(x,r)_(l_xz)ano (x,r)}_’_s(@%cl(x,r)_(l_xz)ﬁnl(x,r)j_'_

ot ot ot ot

+Zs [a m ) (g >ank<x,r>+azn“(x,r>}o,

ot o’

TE()()C,O) = W(X,O)_V()(X,O), nk(xao) = _Vk(xﬂo)a kENa
T(x,7) > 0 mput —> —o, k=0,1,2,....

o G
Otcroga ITEO EM_(I_XZ)M :0,
o’ ot
TE()(.X',O) = \V(x,O)va(x,O), TC()(X,'C)—)O, pu T—>—00; (12)
Imy =0, 7;(x,0) = —v1(x,0), 7(x,7)—>0, npu T—>—0; (13)
0? ,
In, = —%(”) , 1(x,0) = —13(x,0), T(x,0)—>0, mprt 100, k>1.  (14)
x

3amaun (12) — (14) uMeIOT €AMHCTBEHHBIE PEIICHUS, MPEICTABUMbIE COOTBETCTBEH-
HO B BHUIC

70 (5,7) = (w (.0) -y (5,0,
T (x,1)=—W ()c,O)e(ch)T ,

r () =7 (o, (6,0) 4B, (7)),

k>1, Py(x,T)— orpaHnYeHHAas, TIIaaKast (pyHKITHS.
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O0001eHHBbIE TOTPAHNYHBIE GYHKIHH

o0
DYHKIHIO Z Skhk (x,y) mpexcTaBuM B BHJE
k=0

Z 8khk (x,y)= Z H3kh1k (x,y)+ z H3kh2k (x,5),
k=0 k=0 k=0
1-x S & 1-x
rre hy (x,y)= f(l,y)—Tf(l,y)+Z8 g (l,y)—Tgk (Ly) |
k=1

hyy (%, )= f(—l,y)—HTxf(—layngk (gk (—Ly)—HTxgk (—Ly)) :

U3 (7) u (9) s dpyskumm wy(n,y) nMeeM

o0

il 62w n,y 6w n,y azw n,y
Z uk+1 {—k (2 )—n(2—;,m) k( )+H2 k(2 ) :ZHSkhlk (l_unsy)s
k=1 on % %» k=0

Wk(0,0) = 09 Wk(ﬂy)’) _>07 pH N—>+0.

OTcroa MoTyYuM

- 2

on =f(Ly),

w_1(0,0) = 0, w_i(n,y) =0, npx N—>-+0; (15)

2
L, =2 7)o 6w_la(yn,y)

1w, ()
2 81]2 ’
WO(an) = O> WO(nay) _)07 IpH N—>+0; (16)

Lw, =

20w (M) o*w.y (n,y)
8y ayz ’
w1(0,0) = 0, wi(n,y) =0, mpu n—>-+o0; a7

Lw, =-m

2 0wy » (M,0) 82w3k_3 (,»)
-n _ -
oy Oy
w31(0,0) = 0, wy1(n,y) =0, mpu n—>+0, keN; (18)

2

n owy 1 (M) O wy_r (M)
Lw, =——| 2n——"—"""1g, (1,y) |- —22=2 "~
Wik 2( n oy g (Ly) ayz

w31(0,0) = 0, wax(n,y) =0, mpu N>+, keN; (19)

Lwy_, = +g,(Ly),

d o*
Ly, = —112 Wy (0,0) O Wy (m,») ,

oy o
wi3t1(0,0) = 0, w31 (n,y) =0, mpu n—>+0, keN. (20)

Bce 3TH 3amaun MMEIOT €IMHCTBEHHBIC PEIICHHS, YIOBJICTBOPSIONINE 3aJTaHHBIM
TPaHUYHBIM YCIOBHSAM. 3aJa4ll TAKOTO THIIA BCTPEYAIOTCSA B 3ajadaxX TUPPY3HOHHOTO
MOTPaHUYHOTO cJiost [6].
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JelicTBUTENbHO, 32129y
dwny) _, ow(n.y)
6n ay
w(0,0) = 0, w(n,y) =0, mpu n—>+o
¢ TIOMOIIBIO TIpeoGpasoBanus ¢ = 9y/8, z = 1> MOKHO IPHBECTH K YPABHEHHMIO
ow(z,t) sz(z,t) 1 ow(z,t) 4
= +_ —
ot or 3z a2 g2
w(0,0) = 0, w(z,t) =0, mpu z—+0,
KOTOpO€ UMeeT perieHue [6]

=®(n,y),

D(z,t),

22 H’;z

_ 20T 27 Cae
W(Z’t)—_a_l._fq)(aﬂ):e 13
00

8
dédr,
2(r=1)
rae [15(s) — MogudunupoBanHas GyHkus beccens.
AcumnroTHyeckoe noseseHue pemeHns 3anad (15) — (20) mpu  — +00, MOXKHO OII-
peenuTh C HOMOIIBIO psifa:

w, (M, y) =2 W), % (2y)+...+a” W), @1
n n n’
IMoxncrasnss (21) B (15), umeem
{2% ), 2otDa, ), o e 1(y) (y)} Flly).
n n
Orcrona
w,(m,y)= a,T(]y)+a4n(4y)+m+a3;;11£1y) s
rae ay(y)=-f(Ly)/2, a'y,(¥)=(Bn-2)(3n-1)ay, 5 (»),

a3,1(v) = a3,(y) =0, neN.
st pemenns 3ana4 (16) — (20) noixyunm

wo (M, )= 0(713}%(11 y)= O[nzja%k 1(n,y)= O(nj

W3k(n y) O( 3ja W3k+1(1'] y) 0[ j keN.
n n’

CreqoBaTeNnbHO, CIIPaBEUTUBO
Yk, wi(n, ¥)—0 mpu n—+o0;

w1, »)eC(D), k=-1,0,1,....

Amnanorndso, u3 (8) u (9) mst dysxuun g(C,y) noryunm

kg “k+1£a QgéC ,)) —¢(2- C)aqu};’y) 20 ‘Igjfc J’)J Zu3"h2k (1-uly),

qk(oao) = 05 (]k(CaJ/) —0 npu Q_>+OO'
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OTcroa UMeeM

o B
Pq_l = q—l (Z(Ny)_zq qla(y(;y) =f(_1,y) ,

q-1(0,0) =0, g_1(C,y) =0, npu {—>+x;

PQO = 2 q I(CJ y) , qO(O 0) O qo(g’y) _>O npu C—>+OO

_ 2040(&y) 2%q,(5y)
Pq] - C ay ayz

P ql(0,0) =0, QI(C,J’) -0, npu C_,—)—i—OO;

_Cz 0q35 (G, ) _ 82q3k—3 (&)
oy 6y2
q3x-1(0,0) = 0, g3,.1(C,y) =0, mpu —>+o0, keN;
B g3 (G,
Py, =—C[2C 31 (G, y)+gk (_Ly)j_ B3ie 22@ ) ’
y y
¢3(0,0) = 0, g3(C,y) =0, mpu {—>+0, keN;
2 0gy (5] a2‘I3k—1 (C.»)
o - ,
oy o

‘hkﬂ(O,J’) = 07 q3k+l(gay) _>O> npu C_)+OO, keN.
ACHMHTOTH‘IeCKOe TMOBCACHUC PCIICHUA DTUX 3ada4 Ipru g—)"rw HUMCEECT BU

q3k1(c’y):0(gj 73 (Gy) = O(Q j G (G 1) = O(C ] k=0,1,2,....

Pgy_y =

+gk (_LJ’)’

Pqsiy =

OobocuHoBanne ®AP pemenus 3axaum (1), (2)

HyCTI’ R(x,y,s) = u(st/aS)*un(X,ysS)

e u(xy.e) = ZS v (x, y)+28 m (x,7)+ Z wEw (n.y) + Z Mg (C.y),
k=1
R(x,y,€) — ocTaTOYHBIH WIEH.

Toraa mist R(x,y,e) IOMyduM 3aa4y:
eAR—(1-X")R, = O("™?), Rlr = O(e"").
W3 npuHImna MakcCuMyMa ClIeayeT, 4To
R — 0(871+1/3)
Hamu nokasana

Teopema. Ecrn f(x,y)e C™( D), f(+1,)#0, Toraa ms peurenust 3amaun (1), (2)
CIIPaBEIMBO PABHOMEPHOE aCHMIITOTUIECKOE PA3IOKEHUE

u(x,,e) = ZS vi (%, J/)+28 T (x —) 28"/3wk (l_ ,yj ngqk (l}x,yj
k=1

pu €—>0.
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3akJar4yenue

[TocTpoeHO paBHOMEPHOE aCHMNTOTHYECKOE Pa3IoKEHHE peIeHus 3amadu JAupux-
Je Uil OMCHHTYJSIPHO BO3MYIIEHHOTO JJIUIMITHYECKOTO ypPaBHEHHWS C TPaHUIHBIMU
0COOBIMH TOYKaMH, KOTJja COOTBETCTBYIOIIEE HEBO3MYIICHHOE ypaBHEHHE MMEET IMpo-
CTbIe TOYKH [TOBOPOTa Ha TpaHUIle 0oOsiacTh. ['NTaBHBIM WICH aCUMOTOTHKU DEIICHHS
UMeeT OTpHUIaTelIbHYI0 APOOHYIO CTENeHb 1Mo MaioMy mapamerpy. [loctpoennas pas-
HOMEpHasi aCUMIITOTHKA PEeIIeHNs TOCTaBICHHON 3a7auyl He yiIydlaemas.
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Cratbs noctynuia 27.10.2014 r.

Tursunov D.A., Erkebaev U.Z. ASYMPTOTIC EXPANSION OF THE SOLUTION OF A PER-
TURBED ELLIPTIC EQUATION WHEN THE LIMIT EQUATION HAS SINGULAR POINTS

DOI 10.17223/19988621/35/4

The classical method of boundary functions is used to construct asymptotic expansions of so-
lutions of perturbed Prandtl-Tikhonov type equation in the case of the exponential asymptotic
stability of solutions of the equation in the fast variable, i.e. when the condition of A.N. Tikho-
nov’s theorem is satisfied. When this condition is not satisfied, the boundary functions method
cannot be applied directly. For this reason, in such cases, many researchers previously used the
Van Dyke matching principle. But the disadvantage of the method of matching is that the formal
asymptotic expansion of the solution constructed by matching cannot be justified is all cases. We
have proved the possibility of applying the method of boundary functions for constructing a uni-
form asymptotic expansion of the solution of the Dirichlet problem for the bisingular perturbed
elliptic equation when the limit equation is the first order differential equation with singular
points, and the condition of A.N. Tikhonov's theorem is not satisfied at these points. An estimate
of the remainder term has been obtained, i.e., the formal asymptotic expansion solution of the
problem has been justified. The uniform asymptotic expansion of the solution of the problem we
have constructed consists of four solutions: the regular (smooth) external solution, the classical
boundary layer solution, and two generalized boundary layer solution. The regular external part of
the solution satisfies the boundary condition, and this solution has no singularities, i.e. is an eve-
rywhere smooth function. The classical boundary layer solution satisfies the second part of the
boundary condition, and tends exponentially to zero outside the border inside the area. The gener-
alized boundary functions satisfy the boundary condition at the singular points, and have the
power damping property outside the singular points inside the region.

Keywords: asymptotic, solution, bisingular perturbed, elliptic type equation, singular point, Dirichlet
problem, generalized method of boundary functions, boundary function, small parameter.
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