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RISK EFFICIENCY OF ADAPTIVE ONE-STEP PREDICTION
OF AUTOREGRESSION WITH PARAMETER DRIFT

A scalar stable autoregressive process with the dynamic parameter corrupted by additive noise is studied. The model pa-
rameters are assumed to be unknown. The truncated estimators of the parameters are used to build adaptive one-step
predictors. The associated problem is to minimize a risk function of special form, defined to account for sample size and
squared prediction error’s sample mean. A sequential procedure is introduced to achieve the minimal risk.
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When studying dynamic systems, the identification problem is often a major one to consider. A system’s
model is assumed to incorporate unknown parameters, estimation of which is vital for later research. Classic
methods, such as maximum likelihood estimation, least squares fitting, etc., have known asymptotic properties.
However, infinite samples do not occur in reality and efforts are being made to achieve non-asymptotic quali-
ties of estimators. E.g., one may consider confidence regions for finite number of measurements (see [1, 2]
among others).

Another approach are methods that employ sequential analysis. Among such methods is sequential esti-
mation method (see, e.g., [3—12]), which has guaranteed accuracy by samples of random and finite, albeit un-
bounded, size. Its idea was further developed into the truncated sequential estimation method (see, e.g., [12—
15]), which utilizes samples of bounded random size.

Recently, the truncated estimation method was suggested in [16] as a modification of the truncated se-
quential estimation method. Truncated estimators were constructed for ratio type functionals and only need
samples of fixed non-random size to achieve guaranteed accuracy in the sense of the L,,-norm, m >1.

One possible use for estimated parameters is to predict future values of the modeled random process by
existing observations. In order to control both the quality of predictions and the required sample size, a loss
function dependent on the two is introduced. A risk efficiency problem arises, where the expected loss is mini-
mized by choosing a certain duration of observations. Similar problems for autoregressive processes were ex-
amined in [17] and [18], the least squares estimators and sequential estimators of unknown parameters were
used.

In this paper we consider a scalar stable AR(1) with parameter drift and construct real-time predictors
based upon the truncated estimators of the parameters. All the parameters are assumed to be unknown. A simi-
lar model was studied in [14]. Sequential approach was, for the first time, applied to it to good effect. Resulting
estimators were shown to have preassigned mean square accuracy and uniform in parameter asymptotic nor-
mality. These estimators, however, had different form than in this paper due to some parameters being known.
We solve the optimization problem associated with the loss function of a special form. The proposed procedure
is shown to be asymptotically risk efficient as the cost of prediction error tends to infinity. The simulation re-
sults confirm the result, but are not included for editorial reasons.

The scalar case without the drift was considered in [ 19], multivariate AR(1) in [20] and ARMA(1,1) in [21].

1. Problem statement

Consider the stable scalar autoregressive process satisfying the equation
X =M T8, k21, (1)
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where

Ay =A+m,, k20,
the parameter A is unknown, the condition Exg <o holds, & and n, are sequences of independent identically
distributed (i.i.d.) zero mean random variables, that are also independent of each other, with finite variances

Gé = E&lz, Gfl = Enlz. In addition, to guarantee stability of the process (1) we assume the following
A +of <l )
It is known that the optimal in the mean square sense one-step predictor is the conditional expectation of
the process with respect to its past, i.e.
P =ax,, k>1.
Therefore, one needs an estimator A « for the unknown parameter A to construct the adaptive predictors
of the form
£ =k X, k=1 3)
Write the corresponding prediction errors
& =x = F = =h)x Ly + e + &y

Let e,f denote the sample mean of squared prediction error

» 1o,
e, =—2e . “4)
n k=1
Define the loss function
L, = —e,f +n.
n

One way the parameter A(> 0) can be interpreted is being the cost of prediction error.
The corresponding risk function

A
R, = EyL, =—Eqe> +n, (5)
n
Ey denotes expectation under the distribution P, with the given parameter Oz(k,cé,ci). Define

0= {9 A+ Gi <1, Gé < oo} the process’ stability parameter region.

The main aim is to minimize the risk R, on the sample size 7.
2. Main result

To solve the stated problem we shall use the truncated estimation method introduced in [16]. This meth-
od makes it possible to obtain the ratio type estimators with guaranteed accuracy using a sample of fixed size.
According to the method, the truncated estimator of the autoregressive parameter A is based on a ratio type
estimator, the least-squares type in this case

ixi—lxl
A =E— k2], (6)
23624
i=1
and has the form
e =hx (A 2 Hy), k21, (7)

- 1k . o .
where A, = p > xl-z_1 , the notation y(B) means the indicator function of the set B and
i=1

H, =log " (k +1). ®)
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It should be noted, that according to [16], H; can be taken as any decreasing slowly changing positive
function.

A model similar to (1) was studied in [14], but variances of the noises &; and 1;, i> 1 were assumed to be
known. This information allowed construction of true sequential least-squares estimators. However, it is absent
in our case, forcing one to use estimators of the form (7).

Rewrite the formulae (3)—(5) with A « replaced by A « as follows
X = jlk—lxk—la ©)

¢ =(- ik—l WXy + Mgy Xy + &

PR )
en Z_Zeka
n k=1

A
R, =—Eee5+n. (10)
n
To minimize the risk R, we rewrite the risk function (10) using the definition of e,f
A
R, =—(0§+0310)2(+Dnj+n, (11)
n
where
2
(¢ 1 5 o, n
0)26 :%’ D, ==3 Eq (x/(:pt _xk)z +— 3 (G)zc,k—l - G;zc)a G)zc,k = Eexi-
1-(A" +0o7) k=1 n k=1

From here on C denotes those non-negative constants, the values of which are not critical.
Further we show that
D,=o0(l) as n—oo. (12)
To this end we establish the two following estimates

<C, (13)

élEe (P — %)% < Clog? 1. (14)

In order to prove (13), write the solution of x; using its definition (1) as follows
k=1 i k

j=1 Jj=1
Squaring and taking the expectation of both sides, we use independence and zero mean of &; and 1;, i> 1 to ob-
tain

2 k-1 2 i 5 ) k 5
=0 " j=1 j=1

k-1 .
i 2 2\k
=c§i§)(k2+cﬁ) + Exg(\ + ;).

Using (2) one gets
L SN Gé 2 2k 2 2 2\k-1
cég)(k +07) =m(l—(k +oy)" D=0 (I-(A"+0y) )
and thus,

ci,k ~o’ 0)2((7»2 + csfl)k_1 +Ex§(k2 + Gfl)k.

=

From (2) it follows, that

hence (13).
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To prove (14) rewrite its left-hand side
élEe (" _551()2 = élEe (ik—l _k)lef—r (15)
We establish the properties of the estimators A .
Define k, = rnax{l, [e(c’i)_2 ]l}, where [a]; denotes the integer part of a.

Lemma 1. Assume the model (1) and let for some integer m > 1 the conditions
EEM™ <o, Exg™ <o, E(h+m)*" <1 (16)
be true. Then the truncated estimators %, satisfy
(1) for 1<k<k,

Ey(h, — 1) < C; (17)
(i1) for k>k,
Ey(hy —0)" sai—ik. (18)

The proof of Lemma 1 is presented in Section 4.

Remark 1. The parameter H, can be taken as a constant H, provided that H € (0, o2). The condition 2
p 3

then guarantees H < lim A, considering
k—o0

.
limA, =

———=—— PR -as, (19)
k0 1-(* +o7)

which follows from the ergodicity of the process (x;),s, (see, e.g., [7]). Then the estimators A, would satisfy
km

for every k >1, which can be proved similarly to Theorem 2 of [16]. This, though, requires knowledge of Gé.

The Cauchy-Schwarz-Bunyakovsky inequality, (15) and (18) yield (14). The relation (12) follows direct-
ly from (13), (14).

Denote

o’ = Gé + Gici. (20)

In view of (12) we minimize the principal term of R,, analogously to [17]

A .
R ~26*> +n—>min

n

n n
to get the optimal sample size
n%=4"c (21)
and the corresponding approximate minimal risk value
R, = 2426 +0(log? 4) as A—> . (22)

Similarly to [17, 18, 20], we introduce the stopping time 7, as an estimator of n%, replacing o? in its
2

definition with an estimator G;,

T, = inf {n=4"s,}, (23)

where 7, is the initial sample size depending on A4 and specified below (see Theorem 1),

» 1 n ~
n k=1
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We formulate a theorem to prove the asymptotic equivalence of 7, and n¢ in the sense of almost sure

and mean convergences (see respectively (27), (28) below) and the optimality of the adaptive prediction proce-

dure in the sense of equivalence of R , and the modified risk
ny

| —
R, =EyLy = AE, T—ei +EyT,, (25)
4
see (29).
Theorem 1. Assume that
EE® <o, Ex)® <o, E(L+m))"° <l (26)

and n4 in (23) is such that
n, >max{ky, A" log> 4}, n, -A_I/ZW 0
with € (2/5,1/2). Let the predictors X, be defined by (9) and the risk functions defined by (5), (25). Then

for every 6 € ® and 62 >0

_—oo> 1 Pe —a.s., (27)
—= 1, (28)

———1. (29)
The proof of Theorem 1 is presented in Section 2.
3. Proofs

3.1. Proof of Lemma 1

It can be shown (see, e.g., [22], Lemma 1), that to guarantee Eex,%’” <C, k,m=>1, the following suffices
EEM™ <o, Exi™ <o, E(h+m,)"<l.
Thus, from the conditions of Lemma 1 on noise moments for 0 € ® it follows

sup Egx{™ < C. (30)
k=0

By the definition (7) of truncated estimators A «» their deviation has the form
The definitions (6) and (1) yield

k k 5
PIPTRTSE DI PRE A
}\‘k —A= i=1 i=1

B

&

2
2 X
i=1

Hence, from (31)

k k 5 2m
B lei—lai + Zlni—lxi—l] _ _
(A — )P = = XAy 2 Hy) £ XAy <Hp).

i ) 2m
2 X
i=1

From the definition of A « (see(7))and H, (8) it follows
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log" k

. k k 2m _
Ey(hy =)™ <=5 Ee[gxi_léﬁ;m_lxil] 22 Ry(By < Hy). (32)

It can be easily shown, that the sums le & and an x7, for k>1 form martingales. Thus, by the

i=1 i=1

Burkholder inequality and the Holder inequality and (30), similarly to [16], Section 5.2, we get

log” k g2l k 2 k o
2 EG[szlé—'—anl ] ng[Ee[lelé] +E€[Zlni—1xi2—1] =

k2m
C log™ k " k "1 Clog"k
k i=1 k
The first assertion (17) of Lemma 1 follows from (32) and (33).
For the second summand of (6), using the Chebyshev inequality for k >k, one has
_ _ E Z _2\2m
meJJe(Ak<Hk)scpe(Ak—o§ >G§—H,JSC%. (34)
(cy—H)™
Note that for k >k,
_ 1 < 1 ___ Gi
Jlog(k +1) \/mge(“«r)’
and hence the difference 62— H, >0.
To estimate (34) we rewrite o>
2 _ o _ oz(1-47) _
T 1= +0)) 1-AH)(A-(C +op)
2 2 2
c C:0
- é2+ 2 : =5 (6L +oy00).
1-27 (A-2)A-(A"+oy)) 1-A
Using this and the definition of the process (1), one can write A, —c> as follows
— 1 xg—x} 2Ak 2k
A, —c2= y e e SRl o TR D 3 WS S
¢ (1—x2)( PR
20y L& 5 2
+kZ:1(é _G§)+;§(ni—1xz’—l T] xz 1)+ ZG (le 1 Gx) .
Then (34), the Burkholder inequality, (30) and (13) yield
A" Ry(A, <H,)< Cklm.
Together with (33) this proves the second assertion of Lemma 1.
3.1. Proof of Theorem 1
The conditions on noise moments (26) yield for 06 € ®
sup Eex}{6 <C. (35)

k>0
Note that assuming the distribution of n); is symmetrical, the condition E(A + nl)16 <1 reduces to
MO +120(0 o7 + 4701 +1820(1 %6} + 170 ?) +8008(L' oY +1°5))) + 1287016 +0,° <1,

wherec —Enlzm,m 2.8.
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~2

Rewrite formula (24) for &; using the definition of the process (1)

» n ~ 1 n
Gi =— Z (& + Moy Xy + (A — kn)xkq)z =—2 (i;zc + T]/%—1x1§—1) +W, 4V, (36)
k=1 k=1
where
(}\‘ -\ n 2 n 2 n .
w,= ) Z V, == 2 &My Xy —— 2 (A = )X (& + M1 Xpy)-
n k=1 k=1 k=1

Analogously to [17], we show that
6% — ¢’ By —as. (37)
n—»00
Consider W,. Using the properties (18) and the Chebyshev inequality for any € >0 we get
P( A, —\|>e)< %Ee (A, -0 <Cn?log? n.
€
From the Borel-Cantelli lemma it follows that
r,—— & By —as.
n—»00
Together with (19) and (35) this yields

Wn W) 0 Pe —a.s. (38)
Similar arguments can be used to show
Vnﬁ) 0 Pe —a.s. (39)

At the same time, strong law of large numbers, (13) and the Borel-Cantelli lemma yield
1 n
;kZ:l (E_,/Z‘T + n,%_lx,%_l)w 02 Pe —a.s. (40)

Then (37) follows from the representation (36), (38)—(40).
From the definition (23) of 7, it follows that with F,-probability one 7, = as 4 — oo. Therefore, by

(11) we have 6% —o” Py-a.s. and hence

T,
T
A 47

1 F-as.

To prove (28) we introduce for any positive 4 the auxiliary sequence of numbers v, ,

a1
yA,nznzA1 , nxl.

2log A
Denote

lLara o2 2 2
My =—2 (ék FNj1Xj1 —C )
1 k=1

Observe that m, can be represented as a sum of two martingales and decaying to zero as O(n"') sequence
la o o0 1a o 5 2 la 5 > 2
m, =— 3 (E —0%) +— X (M_1Xi Gncx 1)+ — 2 6,,(0% 4 —O)-
n k=1 nk=l nk=l
By the definition of 7, and (36) we have

EfTy<n,+ X Pe[ Z(ék +nk lxk D+W, +v ]

nzny

<yt ¥ {B(n4" <o’ +2vA,n]+Pe<|vn >V an ! DBV, >y 0 | D+ Bollm, [> 7,0} (41)

nxn,

It can be shown, analogously to [19], that for n>n,,
RV, 1>V 1 2+ B W, >4,/ 2+ By m, [>7,4,) <Cy L' =4CA% log® A-n”>

and at the same time
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ng+ 2 Pe(nzA_ISGZ+2yA,nj

nn
: AI/ZG Ao L. (42)

Therefore, by assumptions on 7,
A ARV a0 D+ B, >y 4, | 2+ By, > 74,0} <
nzn,
<CA Mo A Y n<CAP log? A-nf <CAT 7 log® A—— 0. 43)
nzn,

Then from (41) — (43) it follows that

— E,T
lim =24 <1, (44)
A-w 425

Analogously it can be shown that
E,T
lim —&4
1o A%
and thus, in view of (44) the assertion (28) holds.
To prove (29) we need the following properties
BT, <N)=0(4"), R(T;>N")=0(4""), (45)
N'=[(c-¢)4"?],, N"=[(c+e)4d"*],+1, O<e<o,
which can be established similarly to (4.31) of [19].
Rewrite the left-hand side of (29) using (22) and (25)

2
RA B AEe TZeTA +E9TA

>1

= . (406)
R, 24"c+0(log’ 4)
From (28) and (46) it follows that to prove (29) it suffices to show the convergence
2, 1 >y
AE, TAGeTA —— 1 47)
To this end we show that
1 7 ' 1 > "
A"?E, T—e;AX(TA <N')———0, 4"E, T—e%Ax(TA >N")———0, (48)
4 4
/2 1 ®y ’ "
A EeT—GeTAx(N ST <SN")———1. (49)

4
All three relations are proved analogously to (4.39)—(4.41) of [19] using the definition of e,% . E.g., for (49) we
write
1 5 1 T -
A"?E, T—e%A W(N'<T,<N")= A"?E, = szl (A=hy ) X x(N'<ST,<N")+
4 4 k=

1 o A N ' "
+2A1/2Ee F 2 (aknk—lxk—l — (A = MEx o — (Mg - k)nk—1x1§—1 jX(N STy <N")+
k=

1 I ’ "
+AEy— 3 (& +mixio u(V < T, < N"). (50)
T} k=1
By the definitions of N' and N", the Cauchy-Schwarz-Bunyakovsky inequality and Lemma 1, for the first
summand one gets
T ~ N" ~
A"?E, % > =Ry ) (N ST, <N")Y<CA2Y Eg(h—F, )2 x2, <CA™ log? A———0.
TG k=1 k=1 -
For the second summand of (50) the Doob’s maximal inequality for martingales (see, e.g., [3]) and the
Cauchy-Schwarz-Bunyakovsky inequality can be used to show
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1 L 5 X ' " -
AE, szl(éknk—lxk—l — (Ao = MEexp o — (M —K)m_mf_ljx(N <T,<N"<c4™* ——0.
2 4=

Rewrite the left-hand side of the last summand of (50)

AE, Gzl(akmk G A(N'ST, <N")=
26 i

1
= A Ey——my x(N'<T, < N")+ A"*GE, ix(zv' <T,<N").
Iy ™ T,
We show that the first summand converges to 0 and the second one converges to 1. By (13) the Doob’s maxi-
mal inequality and the Cauchy-Schwarz-Bunyakovsky inequality
12

2
2, 1 , " 2 1
4 Ee%‘mTA‘X(N <T,<N")<C4 ) Eel<n<N Z(ék +MiiXi — (0% + 0307 41) <

12
< CA_UZ[ Y Eo(5; + M1 Xey (Gg + GnGx k1)) ] <ca ——0

The almost sure convergence of the second summand to 1 follows from (27), boundedness of the family
A2 Ly(N'<T,<N") and bounded convergence theorem.
Ty 4 A1
The assertion (29) follows from (48) and (49).

Summary

The problem of building optimal predictions for the values of scalar stable autoregressive process with
parameter drift is considered. The predictors are constructed on the basis of the truncated estimators, which are
shown to have prescribed mean-square accuracy on samples of fixed size. The optimal sample size is establish
both theoretically and as a stopping time defined on observational data. Asymptotic equivalence of the two is
proved in the sense of almost sure convergence and convergence in mean, as well as asymptotic equivalence of
the corresponding risk functions.
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Puck-3¢p¢eKTHBHOCTD 2JaNITUBHBIX OJHOIIATOBBIX IIPOrHO30B ABTOPErPECCUH ¢ IIYMSALIUM ApaMeTpoOM.

Ki1ioueBble cj10Ba: aalTUBHBIEC TPOTHO3BI; ACHMIITOTHYIECKAst pUCK-3(Q(EKTUBHOCTD; ONTUMAIBHBIN pa3Mep BBIOOPKH; CKaJIsIpHAs aB-
TOpPErpeccHs; MOMEHT OCTAHOBKH; YCEUEHHOE OLICHUBAHHUE.

DOI 10.17223/19988605/32/4

N3yuaercs cKalsApHBIA YCTOMYMBBIM MPOLECC aBTOPETPECCUU € aAJUTHBHBIM IIyMOM B IIapameTpe JuHaMuku. [lapamerpsl Mogenu
IIPEIIONAralOTCs. HEU3BECTHBIMU. Y CCUEHHBIC OLICHKHU NapaMeTPOB HUCIOJIB3YIOTCSA AJI IOCTPOCHUS aJalTUBHBIX OJHOIIATOBBIX IIPO-
rao30B. CoIryTcTBYyIOmas MpodiaeMa 3aKII0YacTCsl B MUHUMU3AIUK (YHKIIMH PUCKA CIICIMAIFHOTO BH/A, OMHCBHIBAIONIEH pa3Mep BBI-
OOpKH 1 BEIOOPOYHOE CpeaHee KBaaparTa ommOky nporHo3a. IlociaenoBarensHast nmporeaypa BBOAUTCS VISl JOCTYDKCHUSI MUHUMAIBHOTO
pucka.
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