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TEOPETNYECKNE OCHOBBI
IMTPUKJIAIJHON JIJMCKPETHOV MATEMATUKUA

VIIK 519.7

O HU>KHIUX OIIEHKAX CJIOXKHOCTU ®YHKIINI
MHOTI'O3HAYHOI JIOTUKU HAJT BECKOHEUHBIMU BA3MICAMMN!

A.A. Auapeen

Mockosckutl 2ocydapcmsennnids yrusepcumem um. M. B. Jlomonocosa, 2. Mockea, Poccus

PaccmarpuBaercs 3agada 0 CJIOXKHOCTH U TUIyOMHE peaju3anun (pyHKIUH MHOTO3HAU-
HOI JIoruKyu POpMyJIaMU M CXeMaM§ U3 (DYHKIMOHAJILHBIX 3JIEMEHTOB HaJl OECKOHEY-
HBIMU HEIOJHBIMU Oasucamu. [IpuBosTcest mpuMmepbl 66CKOHEIHBIX 0A3UCOB, MOMyCKa-
IOIUX BBICOKUE (B TOM YHUCJIE CBEPXIKCIIOHEHIMAJbHBIE) HIZKHIE OIEHKH CJIOYKHOCTH.

KuaroueBbie cioBa: gynkuuu MH0203Ha4H0T A02UKU, OECKOHEUHBIE DA3UCHL, HENOA-
Hole 0A3UCHL, CEEPTIKCIOHEHUUAADHBLE OUEHKYU CAOACHOCTNY HOPMYA, IKCIOHEHUUAAD-
HOLE OUEHKU 2AYOUHDL.

DOI 10.17223/20710410/29/1

ON LOWER BOUNDS FOR COMPLEXITY OVER INFINITE BASISES
FOR FUNCTIONS OF MULTI-VALUED LOGIC

A.A. Andreev

Lomonosov Moscow State University, Moscow, Russia

E-mail: sanchez 14@mail.ru

The complexity and the depth of multi-valued logic functions realization by formulas
and by circuits of functional gates over infinite incomplete basises are estimated. Some
examples of infinite basises allowing high (including overexponential) lower bounds for
complexity are presented.

Keywords: functions of multi-valued logic, infinite basises, incomplete basises, over-
exponential complexity bounds, exponential depth bounds.

B pabore ncciemyercst 3a1ada moIydeHNsT BHICOKMX HIKHUX OIEHOK PA3JIMIHBIX Mep
CJIOYKHOCTH pean3aIui (PYHKIII MHOTO3HATHOM JIOTMKY U3 3aMKHYTBIX KJIaCCOB HaJI Oec-
KOHEYHBIMI Oa3mucaMy, MOPOXKIAIOMMME 9TH Kjiaacchl. 1o 6a3mcoM moHMMaeTCsI JIrodast 1o-
pOXKIatoIasi CUCTeMa, He 00A3aTe/IbHO MOJIHasd U He 00s13aTe/IbHO MIHUMAJIbHAS 110 BKJIIO-
yeHno. BeckoneunbiM 6a3mcoM Has3bIBaeTCs Oa3mc, comepzKaliuil (pyHKIMH, CYIIeCTBEHHO
3aBUCSIIIE OT CKOJIb YTOIHO OOJIBIIIONO YHCJIa IePEMEHHBIX.

'Pa6ora Bemosaena mpu mosepxkke PO®U (mpoext Ne 14-01-00598-a) u IIporpammbr byHaMeHTATb-
wbix ucciegoBanuiit OMH PAH «Anrebpandeckue u KOMOMHATOPHBIE METO/IbI MATEMATUIECKONH KUOEpHETH-
KI ¥ MHQOPMAIMOHHBIE CUCTEMBI HOBOTO MOKOJIeHHsI» (IIPOEKT «3a/1aun ONTHMAIBHOIO CHHTE3a YIPABIIs-
FOIIUX CHCTEM> ).
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B kadgecTBEe OCHOBHOTO MOJIEJIBHOTO KJIACCa YIPABJISIONNX CUCTEM PACCMATPUBAIOTCS
dbopmysbr 1], oHAKO B HEKOTOPBIX CJIyYasX DACCYKJEHUS MPOBOMSTCS U JJIsl CXeM U3
DYHKIMOHATBHBIX 37eMeHTOB [2]. B KadecTBe Mep CI0KHOCTH PacCMaTPUBAIOTCS TIyOHHA
U COOCTBEHHO CJIOXKHOCTD. [lepeMeHHble 1 KOHCTaHTBI I YI00CTBa TakKe Oy/leM CUUTATh
dbopmyamu (Oymem Ha3bIBATH UX TPUBHAILHBIMIE). 1101 CJI0KHOCTBIO (DOPMYJIBI TIOHUMAET-
s KOJTMIECTBO CUMBOJIOB ITEPEMEHHBIX U KOHCTAHT, BXOJAIIUX B (DOPMYJLY, IOJ] CJIOZKHOCTHIO
cxeMbl 13 (DYHKIMOHAIBHBIX 9JIEMEHTOB (J1aJiee MPOCTO CXEMBbI) — 9UCI0 PYHKINOHAIBHBIX
snemerToB B Heil. [lonsrue ruy6unst D(F) dbopmynbr F onpemennm nHmayKTuBHO. Ecian
dbopmyna F tpusnasibhas, o D(F) = 0, a ectu F' = G(F,...,F,), tae G — HeKoTO-
pas dyukuus, ro D(F) = max D(F;) + 1, rae makcumym 6epércst o BceM @ = 1,...,m.
Caoxnocroio L (f) dynxmuu f upn peammsamuu dopmynamu naj Gasucom B HasbiBa-
eTcs MUHUMAJIbHAsT CJIO2KHOCTH (hOpMyJibl HaJl 6asucom ‘B, peanusyrorieir 3Ty OyHKIHIO.
Amnasioruuno onpe/iensiores cioxuocTb LGP (f) dynxiun f npu peajuszanun cxemamu Ha
6asucom B u raybuna Gynknun Deg(f) (moHsTre rryOuHbl QYHKINE HE OTIUYAETCS JIsT
ctyvaes peasusanuu cxemamu u dhopmysiamu). Oyukimeit [Hlennona Ly (n) Ha30BEM MaKCH-
MAJIBHYIO CJIOYKHOCTD peasin3anuu (popmyramu HaJl 6a3ucom B GYHKIHI OT 1 IepeMEHHBIX
u3 sambikanus [B] 6azuca B. Anasnoruuno onpenennm byukiumio Hlennona LGP (n) ciuox-
HOCTH peasm3anun DyHKIWI 13 Kiaacca [B] cxemamu Hal 6azucom B u dbyukimio [Hlennona
riry6unbl Dy (n) peanusarun GyHKnuii u3 kiacca [B] wvas 6aszucom B.

Acumnroruxa pocra dyukimit [ennona LGP (n), LE(n) u Dyg(n) Hag mpoussosb-
HBIM IIOJTHBIM KOHEYHbIM 6a3ucoM OyseBbix Gynknuii yeranosiena O. B. Jlynanoseim [3—5].
Jlist Besikoro KorewHoro mosimoro 6asuca B dynxius [ennona LEP® (n) cioxkuoctn pea-
Jim3aInuu OyJIeBbIX (DYHKIMI cXeMaMU HaJ[ 9TUM 0a3UCOM MpPU N — OO PACTET 10 TOPSJIKY
Kak 2" /n, cnozknocrn peanusaruu hopmynamvu L (n) — kak 2" /log n, a dbynxuust [Ilennona
riry6usbl Deg(n) — Kak n.

[Ipu mepexojie OT KOHETHOI'O IMOJHOTO Oasnca K OECKOHETHOMY IOJTHOMY Oas3ucy Oyiie-
BBIX (DYHKIHI MOpsIKM pocTa BBeAEHHBIX dyHKIuil [1lenHona nmonmxkarores. 13 pesyinb-
taroB O.B. JlynanoBa HemocpenCcTBEHHO CJIeAyeT, 9TO JJIsi JIOOBIX IOJHBIX 0a3ucoB ‘B
u By, 111e B — KOHEUHBIH, a By — OECKOHETHBIN, CIIPaBEIINBbI COOTHOIIEHUS L%‘st(n) =
= o(Lg™?(n)), Lg,(n) = o(Lg, (n)), Dg,(n) = o(Dgy,(n)). Ha camom gene, O. M. Kacuu-
Bage ycranosieno |6, 7|, 4To npu mepexoje OT KOHEUHBIX K GECKOHEYHBIM TIOJHBIM Oa3u-
cam Gysesbix (ynxiuit mopgaiok pocra dbyunkimit [ennona LGP (n) u Dy (n) menstercs
KavecTBeHHO: B ciiydae Geckomednbix Gasmcos LGP (n) pactér mo mopsaaxy kax 2™/2 wm
MeterHee, a Dy (n) nMeeT opsiJIoK pocTa He Gouibiite log n. B ciryaae peanuszarmn dyHKImi
k-3uaqnoit joruku npu k > 3 g pyuknuu [IlerHona riiyOnHbBI IPH IIepexo/ie OT KOHETHBIX
MOJIHBIX K OECKOHETHBIM TIOJTHBIM Ha31caM UMEeT MECTO aHAJIOTUYIHOE IMOHMKEHHUE TOPSIKa
pocra. st moboro konewanoro 6asuca B dyukuuit k-3naqnoii jgoruku (k > 3) dyHKIUSA
Mlennona riryoussl Dg(n) mpu n — 00 PacTET MO MOPSIKY Kak JuHefiHas QyHKIwms (11
9TOTO CJIydast TaKKe H3BeCTHA aCUMITOTUKA [8]). [yt GecKone HbIX 6a31COB MHOIO3HATHOI
noruku u3BecTHO (9], uro dyukiws [Tlennona riy6usbr Dg(n) pacTér mo mopsaaKy He GbICT-
pee, gem logn. CTOUT OTMETUTH, 9TO MPU TIEPEXOJIE OT KOHEUHBIX 0A3UCOB, TIOPOKIAIOIIIX
3aMKHYTBIE KJIACCHI OyJIeBbIX (DYHKINI, K OECKOHETHBIM MOXKET TaKZKe UMETh MECTO aHAJIO-
IMUYHBIH 9(D(DEKT MOHMKEHUs MOPSAIKOB pocTa coorBercTByomux dhyuknuii [[lennona (cm.,
Harnpumep, [10]). Ograko, K npumepy, /s Kaacca JHHEHHBIX (DYHKINHA U B cIydae KOHEd-
HOI'O, U B cJiydae OECKOHEYHOro 0asuca, MOpOoK/IAIonero 3ToT Kjiace, gpyukiug [Hlernnona
CJIOXKHOCTH pean3aruu hopMyIaMu PacTET MO MOPIIKY Kak 7.

B cBs3u ¢ 9TMM BO3HHKAET BOIIPOC O BO3MOXKHOCTH TIOJIyUEHUsT BHICOKMX HUYKHUX OIIe-
HOK CJIOYKHOCTH (JIJIs1 BCeX TPEX Mep) Hajl OECKOHETHBIME Oa3ucaMu, aHAJIOTUIHBIX U3BECT-
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HBIM |11 — 13| BBICOKMM HUYKHUM OIIEHKAM CJIOKHOCTU B KOHEYHBIX HEIIOJIHBIX 6a3ncax GyHK-
nuit k-3HavHON JIOTHKY, k > 3.

CronT OTMETHUTDH, 9TO B Cjaydae Oy/aeBbIX (DYHKIHI BCe 3aMKHYTBIE KJACCHI KOHETHO-
MTOPOXKIEHHBIE. DTO 3HAYUT, UTO JTFOO0H OecKOHeUHbIN 6asnc OyeT n30BITOYHBIM U U3 HETO
MOZKHO BBIJIEJINTH KOHEYHYIO MOJICUCTEMY, TIOPOK/IAIONIYIO TOT Ke 3aMKHYThIN Kjaacc. Cire-
JIOBATEJILHO, ITOPSAJIOK POCTA IIPH [IEPEX0Jie OT KOHEYHOT0 Da3uca OyeBbIX PyHKINT K OeCKO-
HEYHOMY HE MOXKET YBEJIUYIUTHCs. B ciryuae ke pyHKIUT MHONO3HAYHO JIOTUKY CUTYyaIUst
nnasi. CyIecTByIOT IPUMEPhl 3aMKHYTBIX KJIACCOB, HE MMEMIINX KOHeIHoro Gasuca [14],
YTO JAET JONOJTHUTETbHBIE BOSMOXKHOCTH JIJI ITOJTy9YeHNsT BHICOKUX HIKHUX OIIEHOK B Oec-
KOHEYHBIX 0a3ucax 10 CPaBHEHUIO C OT[eHKAMU B KOHEYHBIX Oa3ncax.

[Tokarkem, Kax Jijist IPOM3BOJILHOIO KOHEYHOTO MHOXKecTBa A DbyHKIMIT k-3HATHOIN JIOTH-
KII ¥ [IPOU3BOJILHON ToCe0BaTesbHOCTH QYHKIHNi (;, n3 Kiaacca [2A] mocrpouts 6ecKoHed-
HbIil 6asuc B dyukiwii (k+ 2)-3HATHON JIOTUKHU U IPEIbsIBUTH [TOCJIEI0BATEIBHOCTD (DYHK-
unit {n,} us xnacca [B], a1 KoTopbix cipaseymBel pasenctsa LGP () = L3> (n,),
Lg(cn) = L%(nn)7 DQl(Cn) - D‘B(nn)'

[Iycre B, = {0,...,k— 1} A = {pi(z1,...,24y)s s om(z1, ..., 74, )} — KOHEUHAS CH-
crema yHKImit k-3uaqnoii joruku, a (1(xy), G(x1, ), ..., (T, ..., X)), . . . — TOCIEI0BA~
TeJIbHOCTD (DYHKIWIA k-3Ha1HOI storuku. Pacemorpum ciesytorme dyukiun (k+-2)-3HaqHOit
JIOTUKW:

oi(x1,...,2y,), ecmu xq,...,x, € Ey,
i, o) =

k B OCTAJIbHBIX CJIy4YasdX;

Gz, .. 2y), ecnd xq,...,x, € Ey,
Na(T1, ..o xn) =

k B OCTAJIbHBIX CJIy4asX;

k, ecmzr=k+1,...,2,=k+1,
(T, .o x,) =

k+1 B OCTAJIBHBIX CIyYadx,

ried € {1,...,m}; n €N,

[Iycts B = {1, .., U, f1, f2, - - -}, B = {1, ..., ¥, }. [lokaxkem, aro Bce pacemar-
pUBaeMble MepbI CJI0XKHOCTH peau3anu QyHKIuni (, Hajl 6azucoM 2 paBHbI COOTBETCTBY-
IOIIIM MepaM CJIOXKHOCTH peasn3anuu hyHKIUi 7, Haj 6asucom B.

Ecnau B HeKOTOpO# (bopMmyste HaI cucTeMoit B JiIsT HEKOTOPOTO 71 €CTh XOTsI OBl OJIH
9JIEMEHT BUJIA [iy,, TO OYEBUJIHO, 9TO Takas (popMysa Ha BCeX HADOpAX MEePEeMEHHBIX MOYKET
NPUHUMATL TOJIBKO 3HadeHusd k u k + 1. B To ke Bpems (pyHKIMH 7),, TPU HEKOTOPBIX 3HA-
YEHUAX TTePEMEHHBIX TPUHUMAIOT 3HAYEHUS, OTJMIHBIE OT STUX JIBYX. SHAYUUT, CJIOKHOCTH
peanuzaruu GyHKIWA 17, HAJL CUCTEMON B He U3MEHWTCs, €CJIM U3 ITOH cucTeMbl yOpaTh
dbyukmn 1, (TEM CaMbiM TOTyYInB cucteMy ‘B').

Bosbmem dopmyiny Hag cucremoit A, peanusyontyio GyHKIUAL (, (T, ..., Ty), T s
Beex i € {1,...,m} 3amenum B Heil Bce BxoxKenus dbyHkmit p;(A1, ..., A;,) Ha GyHKIUI
i(Ay, ... Ay) (Ag, ..o Ay, — dopmyiisr). O4eBUIHO, YTO MBI TIOJTy 9UM (DOPMYJTY HaJl CUCTE-
Moii B, peanusyiontyo GyHKIUIO 0, (1, . . ., ;). VI Ha060poT, eciiu 3aMeHuTh Bee DyHKIUKT
U1,y Yy HA QYHKIUHA Q1 - . . , Py, TO U3 (DOPMYJIBI, PEATUIYIONIEit (DYHKITUIO 17);,, TTOJTY THM
dopmyity, peamusyiontyio GYHKIHUIO (,. Takum 06pa3oM, JOKa3aHbI CJIELYIONIE COOTHOIIIE-
uust: Ly (C,) = La(n), Du(Cn) = Dw(1,). AHATOrMUHBIM PacCyzK/IeHUEM T0JIyHaeM, 4To
LE¥((,) = LGP ().

CTouT OTMETHUTD, UTO KJIACC, TIOPOXKACHHBII ITIOCTPOCHHBIM H6a3ucoM B, ABIATCT KOHEU-
HO-TIOPOXKIEHHBIM. OJIHAKO HE MPEJCTABIISIET 0CODON TPYIHOCTH TPUBECTH aHAJIOTUIHBIN
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npuMep KJIAcca, He UMEIOIIEro KOHEYHOro 6asmca (BO3MOXKHO, ¢ YBEJIMYEHHEM 3HAYHOCTH
JIOTUKY elné Ha exunuily). s sroro jgocrarodno B KadecTBe (DYHKIWUIA i, B3SITh AHAJIOT
dbyukIwit u3 npumepa B [14].

Eciu B kauectse 2 B3sa1h cucremy dbyHkiuii k-3nadnoit joruku u3 [13], To npuseéHHbIM
c1rIocoboM OyIeT MOCTPOeH OECKOHETHBIH 0a3uc, CJI0KHOCTH peaIn3allii HEKOTOPOi Moc/Ie-
JIOBATEILHOCTU (PYHKIINNA HaJ KOTOPBIM PACTET CBEPXIKCIIOHEHIMAJILHBIM 0bOpa3oM. Bosee
TOYHO, JIJIst COOTBETCTBYIOMIEH ITOCIIEI0BATEILHOCTH {1, } dyHKImit (k+ 2)-3Ha4HOil TOrHKHI
cripaBeBo paBeHcTBO L (n,) = (n + 1) - 20E=3)"=*=D") _ ' rre dymxmma ¢, sapucut
or n + 1 nepemennoii. B aTom ke mpumepe i IIyOMHBI BepHa cjejyionas (popmyia:
Dg(n,) = (E—=3)"— (k—4)" +n— 1. Ecim ke B3arh B KauectBe 2 cucremy byHKImit
TPEX3HAUHOM JIoruKy U3 [11], To JyIst CJI0KHOCTH COOTBETCTBYOMEH (DYHKIUK MATU3HATHOI
JIOTUKH 1), B becKoHeuHoM Oasuce B CIpaBe//IMBO PABEHCTBO L%q)S(nn) = 207[1”/ 4.

Hemocrarok mpuBeIéHHONO MeTOa B TOM, UTO MOPOK/IAIOIIYI0 CUCTEMY MOYKHO pa3jie-
JINTH HAa JIBE MPAKTUYIECKU HE CBSI3aHHBIE YaCTU: OJHA JIOCTABJISIET HEOOXO[IUMYIO OIEHKY, a
BTOpas obecrednBaeT G€CKOHEIHOCTh CUCTEMBI. DTO JeIaeT CUCTeMY CHIBHO UCKYCCTBEH-
noit. ITocTponm npumMep GeCKOHETHOI cucTeMbl (DYHKITUI ¢ BHICOKUMU HUXKHIMEI OTIEHKAMUI
CJIOYKHOCTH, JIMIEHHBIA 9TOr0 M HEKOTOPBIX JIPYIUX HEI0CTaTKOB. Jljis 9T0or0 ompemesmm
nBa basuca dyukiwmii k-3uaqnoii joruku (k > 5): Koneunsiit A u 6eckoHedHbIi B, yI0BIIe-
TBOPSIIOIIUE CJIEJTYIOIIIM YCJIOBUSIM:

1) [/] = [B] (u, cremoBarenbho, Kiace [B] KOHETHO MOPOKIEH);

2) dyuknuu [1lenHoHa rryOUHBI U CJIOKHOCTH peasu3aryu (POpMyJIaMi B 9THX bas3ucax
ACUMIITOTUYIECKN PAaBHBI (I PACTYT COOTBETCTBEHHO IKCIOHEHIIHAJIBHO U CBEPXIKC-
HOHEHIHAJIBHO);

3) kaxJas dbyHKIMs 6asuca B UCIOIB3YeTCst XOTs Obl B OJTHON MUHUMAJIbHOI (hopMy:e,
peasmsyionieil pyHKIMIO, Ha KOTOPOii mocturaercs 3Hadenne pyuxmuii [1lennona.

s ommcanus Takoro nmprMepa CHadasa paccMOTpuM pumep u3 paborsl [13]. O6o3Ha-
qnM depe3 E} (n > 1) MHOXKecTBO Beex HAGOPOB (g, . . . , (v ), TAKHX, 9TO A1, . . ., Oy € Fy, a
gepes (), MHOZKECTBO BCeX HADOPOB U3 !, COCTOSAIINX TOIBKO U3 CUMBOJIOB 3, . . ., k—1, Ipu-
9éM XOTs1 ObI OJIMH CUMBOJI 3 JIOJIZKEH ObITh 00s3aTe/ibHo. Oupeaenum QYHKINNA k-3HATHON

noruku A(z,y), (2, y,2), em(z,y) u Cu(y,x1,...,2,), He M € {3,...,k — 1}, n € N|
CJIEJTYIOIUM 0Opa30M:

0, ecmzr =0, y=2,
AMz,y) =<1, ecmz =0, y=3wmwmecmux =1,

2 B OCTaJIbHBIX CJIyYadX]

Mz, z), ecmm x =y,

w(z,y, z) =
2 B IPOTUBHOM CJIYYAE;

3, ecmmx =3, y=m,

om(z,y) =
2 B OCTaJIbHBIX CHy‘IaHX;

0, ecimy =0, (x1,...,2,) & Qn,
Gy, @1, ., xn) =<1, ecmuy =0, (x1,...,2,) € Q, nin eciu y = 1,
2

B OCTaJIbHBIX CJIy4adX.

CrpaBe/IJIUBO CJIe/IyIOlee yTBeP:KIeHIe.
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Teopema 1 [13]. Ilycrs B = {p, ¢3,...,0x-1,2}, n > 1, k > 4. Torna miua dynknmn
k-3Ha4HO# JIOTUKHU (,, CIIPABEJIJINBO PABEHCTBO

L%(Cn) =(n+1)- on((k=3)"—~(k=4)") _ -

[Ipu nokazaresnbeTBe 9T0i Teopemsbl B [13| yeranosieno, uro mobas dopmyiaa F, pea-
Jmsyiomas GYHKIUIO (,, YCTPOEHA CTPOI'O OIPEICJICHHBIM 00pa30M, a uMeHHo: (phopmyta F
[OJIy9aeTcs U3 HEKOTOPOil (hOpMyJIbI

G=MM...\X Ny, 21),Z3),...), Zn), (1)

e Zy,...,Zn —dopmyinbl Hag B; N — HarypajbHOe, 3aMeHOil Bcex 1oadopMy 1 BHUja
A A, B) dopmynamu (A, A, B). Bo Bcex MunnMaIbHBIX (bopMy/iax Hal 6a3ucom B, peaiu-
BYIOMUX PYHKIUIO (,, MTOIPOPMYJIbl Z; TaKyKe YyCTPOEHbI CTPOI'O OIPEIeIEHHBIM 00pa30M:
OHU BCe UMEIOT BUT QO (- - om. (Hsy1, Hy), ..., Hy), tne Hy, ..., Hyy1 — pasnudnble mepe-
MEeHHbIe U3 MHOXKeCTBa {1, . . ., Ty }; KayK/ast IepeMeHHas 13 9TOr0 MHOYKECTBA BCTPEYaeTC s
B hopMmysie Z; KaK MUHEUMYM OJiH pa3. Kpome Toro, ycTaHOBJIEHO, 4TO KOJudecTBO N Ta-
kux 1ojdopmyn Z; B (popmyiie, peanusytomieii (pyHKImo (,, yI0BJIETBOPSIET COOTHOIIEHUTO
N> (k-=3)"—(k—4)"

Ocobennoctn crpoennsi (popMyJl, ONMCAHHBIE BBIIIE, HMOSCHUM, IIPUBEIA Pl CBOWCTB
dbopmyar naz 6asucamu B un A u3 paborsr [13], rme A = B U {\(z,y)}. s sToro BBeaém
CJIEJIyIONIHE OIIpeIeIeHrs U 0003HAYEHNS.

[Iycrs F(y,x1,...,x,) —HekoTopas dopmysa nax 2. [loctasum B coorBercTBue dop-
mysne F' naepeso 1T ¢ KOpHEM v,, B KOTOPOM BUCIYUM BEPINUHAM ITPUITUCAHBI CUMBOJIBI U3
MHOKeCTBa {71, ..., Ty, Y, 2}. Mexmy Bepumuamu gepesa T u modopmymamu dhopmysisr F

€CTECTBEHHBIM 00pa30M yCTAHAB/JIMBACTCA B3aUMHO OJHO3HAYHOE COOTBETCTBUE, B YACTHO-
CTH, KOPHEBOI BepIINHE U, COOTBETCTBYeT (popMmysa F', ryiaBHBIM 10dopmyaamM (popMy-
JIbl F'— BepIIUHbI, CMEKHbIE ¢ KOPHEBOi, M TakK JaJiee, BUCAIUM BePIIHHAM — BbIPAYKEHUsT
Buja X,y win 2, 1 < ¢ < n. Ecm A — nekoropas nojdopmysia dopmyisl F', a v — Heko-
Topas BepIuHa JiepesBa 1, To yepe3 vy OylaeM 0OO3HAYATH BEpIIUHY JepeBa 1', COOTBET-
cTBytomtyto mojdopmysie A, a depe3 A, —noadopmyny dopmyabl F, cOOTBETCTBYIOILYTO
BEPIIIHE 0.

Packpacum pébpa u Bepiinnbl jiepeBa 1’ B Oesiblil, YU€PHBIN 1 3€JIEHDIN 1IBETa CJIE LY IOIIIM
obpazom. Ilycts A — HekoTOpast HeTpuBHaabHas moadopmyaa dopmyisl F. Ecin ona nme-
er Bug A = A\(B,C), tae B,C — dopmynst Hag A, To packpacum pebpo (va,vp) B Oeblil
npert, a pebpo (v4,ve) B uéphbiit. Ecan A — dopmyna suga A = u(B,C, D), rne B,C, D —
dbopmysibl, To packpacum pébpa (va, vg), (Va, Vo) B Gesblii 1iBeT, a pebpo (v4, Up) B YEPHBIiL.
U naxownen, eciiu A — dopmyra suga ., (B, C), rue B, C'— dopmynbr, m € {3,... k — 1},
TO packpacuM pebpo (v4,vp) B 4épHBIl 11BET, a pebpo (v, vc) B 3enénbiii. Kopens v, je-
peBa T' packpammuBaeTcs B OeJiblil 11BeT. BepirHa v, OT/IMdHasg OT KOPHS, PACKPAIITNBAETCs
B OeJIbIil IIBET, eCJIi Bce pedpa eI, CoeInHOIIell KOpeHb v, jJepeBa 1’ ¢ BePIINHOI v, pac-
KpallleHbl B OeJIbIil 11BeT. BepimHa v packpammmBaeTcs B YEPHBIN IIBET, ecJin Bce PEOpa 1elu,
COeIUHAIOINIENl KOPEHb v, JAepeBa 1’ ¢ BEpPIINHON v, pacKpallleHbl B OeJIbIil MIN YEPHBIi I[BET,
prdeM YE€pHbIe ecTh 00s3aTe/IbHO. Bee ocTasibHbIe BEPIINHBI PACKPAIIUBAIOTCA B 3€IEHbII
1uBeT. bysiem roBoputsb, uTo nogdopmyna popmyssl £ 6esoro, 9EpHOTO WK 3€JIEHOTO 1IBETA,
€CJIN COTIOCTaBJICHHAs el BepIuHa jepesa 1’ packpaliiena B OeJIblil, YEPHBIN WU 3€JIEHDBII
nper coorBercTBeHHO. O603HAUNM Yepe3 V (F') MHOKECTBO BCeX BHCAUINX BePITHH jepesa T,
pacKpalleHHbIX B 6esblil nBet, a depe3 W (F') — MHOXKECTBO CHMBOJIOB, COOTBETCTBYIOIINAX
seprunam u3 V (F'). OueBujno, uro umeer mMecto coornomerune W(EF) C {xy, ..., x,,y,2}.
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Herpynuao nonyuurs (ananorudso [15]) ciaemyromue coiicrBa dopmysibr F:

1. Jaa mob6oit 6emoit momdopmynsr A dopmyias F u mobeix mabopos a, f € B
taknx, 9ro F(a) = 0, A(f) = 2, Bumodasiorcs coorHomenus A(a) =0, F(f) = 2.
2. Ilycrs dopmyna F' peanusyer dyuknuio G, (y, 1, .. ., x,), A —npousBosbaas 6ejas
nozdopmyna bopmynst F, 3 = (B, ..., B3,) — npoussosbubiit nabop uz E™!. Torma
BBITIOJTHSIIOTCST CJIE/TYFOTIE COOTHOITEHUST:
a) W(F) ={y};
6) eciim A(a) =0, 10 g = 0
B) ecau By = 1, To A(S) = 1;
r) dopmyra A umeer Bug A(B, C) win u(B,C, D), rne B, C, D — dbopmyiibi.
Teneps 3adukcupyem nekoropoe k u mocrpoum 6azuc € C Py (rae P, — MHOXKeCTBO
dbyukuumit k-3uaqanoii yorukn). s sroro BosbMéM 6azuc B C Py, u jyisi BCeX HATYpajib-
HBIX N JIJIA BCEX MUHUMAJbHBIX (hopmyst Ha B jyia hyHKImi (, i BcexX moadopmyst Z;
u3 (1) nobasum B 6aszuc GyHKINN, peanusyeMble popmyaamu Z; (To ecTb Bee GyHKIMT BUJIA
Omy (- om. (Hgy1, Hy), ..., Hy), tne Hy, ..., Hgy 1 — pa3indHble IepeMEHHBIE U3 MHOKECTBA
x1,...,%,). Homygaercs, aro Geckonednsii 6asnuc € MOpozKIaeT TOT ¥Ke 3aMKHYTBIN KJracc,
gTo u 6asuc B, u npu peanusanuu GyHKIUH (, Kaxaasd OYHKIHS 0a3Uca UCIOIL3YeTCs
x0Tt 6bI B OIHOI MUHUMAJIBbHOIT hopmyiie (MuHIMATBHBIE (DOPMYIIBI B 6asuce € — 910 Te kKe
caMble (POPMYJIbI, KOTOPBIE SIBJISIIOTCA MUHUMAJIbHBIMU B Oasuce B, ¢ BOSMOXKHOI 3aMeHOI
noadopmyn wHag {ps, ..., Qr_ 1} uMeromieiics B 6asuce QyHKIMEN UX CyNepIO3UIn), TP
5ToM (BOPMYJIBI BCE TaK K€ UMEIOT OIMUCAHHBIE BBIIIE OCOOEHHOCTA CTPOEHUS. ITO 3HAUUT,
9YTO CIIPABEJIUBO CJIEJIYIOIIEE YTBEPK ICHNUE.

Teopema 2. Ilycrs € — onmcanublil Beilie OeckoHeuHbI 6a3uc, n > 1, k > 4. Torna
Jutst PYHKIMN k-3HAIHON JIOrUKK (, CIPaBEJIMBO PABEHCTBO

L?(Cn) = (n + 1) gn((k=3)"—(k=4)") _

OrmeruM, 9TO Jjid TJIyOUHBI pACCMaTPUBAEMBIX (DYHKITHIT MOYKHO 3AIMCATbH COOTBET-
CTBYIOIIIAE COOTHOIICHUSI:

Da(Ga) = (k= 3)" = (k —4)" +n — 1,
De(Cn) =(k—=3)"— (k—4)" + 1.

Kpowme Toro, B 3amxmyToMm kiacce [B] = [€] dyukiun lennona ryGUHbI U CIOKHO-
cTu peajmsanuu hopMmyaamMu HaJl 0as3rcoMm B acUMITOTUYECKU PaBHBI COOTBETCTBYIOIIIM
dyukruam [Mennona mia popmyrr nas 6asucom €. [ogcaum 3TOT pakT.

CuavaJjia OTMETUM HECKOJIBKO OYEBUJIHBIX CBOHCTB hopmyst Haj1 6aszucom ‘B:

1) ecrm B HeKOTOPO# hopmyste DYHKIUSA [ TOMAETCS HA BXOM (DYHKIHN ©,, I HEKO-
TOPOT'O M, TO TIPU 3aMeHe ITOH (PYHKIUU 4 KOHCTAHTON 2 peasimzyemas (popMyJIoit
dyHKINS HE N3MEHUTCH;

2) ecam B HEKOTOPOH hopmysie YHKIHUA @, JJIsI HEKOTOPOrO 1M MOJAETCS Ha BXOJ
dyHKIINN {1 HE B KAYeCTBE TOCIETHET0 apryMEHTa, TO IPU 3aMeHe 3TOi (DyHKIUT @,
KOHCTAHTOU 2 peaju3yeMas popMysioit PYHKINS HE M3MEHUTCS;

3) s mpou3BOJIBbHBIX (opmyn A u B cripaBeyinBbl paBeHCTBa

Taxkum obpasoM, i Beex dyHKIumil u3 kiaacca [B] MuHUMAIbHBIE (HOPMYJIBI MOTYT
UMETh OJIMH U3 CJIEJYIONMX BUJIOB: KOHCTaHTa 2; dhopmysia Haj CUCTeMOR {@s, ..., Pr_1};
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dopmysia, B KOTopoit Bce U€pHbIe 110 1hOPMYJIbl UMEIOT OJIMH U3 JIBYX HMPEIbIIYIINX BUJIOB,
a Kaxkjas 6esas noadopmyia oo umeer Buj (A, B, C), rue A, B, C'— dopwmyiibl, 6o
ABJIFAeTCA IIePEeMEHHOM.

Ananornunbie cBoiicTBa crpaBeiuBbl U jist 6asuca € (Mbl 106aBuIM B 6A3UC TOJBKO
KOMOUHAIINY Y2Ke UMEIOIUXCst PYHKIN), 1 MUHUMAJIbHBIE (DOPMYJIbI TAKZKe UMEIOT OJIH U3
BBIIIENEPEINCICHHBIX BUJIOB (C MOMPABKON Ha TO, 94TO HAPsiAYy ¢ PyHKImIME {Q3, ..., Pr_1}
OPUCYTCTBYIOT W UX CYNEPIO3UINN). DTO 3HATUT, UTO Jyist 060l dyHKInm n3 Kiacca [B]
1o 11000 eé MuHuUMaJIbHOI (opmyse Haj Oaszucom € OYEBHIHBIM 00OPA30M IIOJIYIaETCHd
MUHHMAaJIbHasS (popMyJIa JIjid 9Toi ke dyHkiun Haj| 6aszucoM B. [TockoIbKy ¢ TouKu 3peHus
dyuknun [Mlernona Hac, 0YeBUIHO, UHTEPECYIOT (DYHKIUN TPETHEro BUJIA, MOXKHO CJe/IaTh
BBIBOJI, uTO acumiToruka dyukiuii [[lennona B 6a3ucax B u € oguHAKOBA.

Taxum 0Opazom, TPUBEIEH IIPUMEDP KOHETHO-TIOPOXKIEHHOTO KJIacca, a TaKyKe KOHETHOI'O
1 6ECKOHETHOTO DA3MCOB, €r0 MOPOKIAIONINX, /IS KOTOPBIX COBIIAIAI0T ACUMIITOTUKHA POCTA,
dyuxmuit [Hlennona riryOUHBI U CJIOKHOCTH peaU3aIuu (POPMYyTaMH.

Teneps mocTponM 3aMKHYThIE KJIACCHI (DYHKITUI MHOTO3HAYHOMN JIOTUKH, HE ABJISIONTNECS
KOHEYHO-ITOPOXKJIEHHBIMU, B KOTOPBIX JIJIsI BCEX TUIOB paccMmarpuBaeMbix gyukinit [emmno-
HA [IPU COOTBETCTBYIOIIEM BbIOOpe Gasuca (04eBUIHO, GECKOHETHOIO) CIIPABE/JINBbI HUKHUE
OIeHKHU ¢ 00Jiee BBICOKUM IMOPSIJKOM POCTa, deM y u3BecTHBIX [11-13] coorBercrBytomux
HIKHIX OIEHOK B CJIyYae KOHETHO-TIOPOKIEHHBIX KJIACCOB.

[Iycrs @(x) — dyHKIMA TPEX3HAYHON JIOMMKH, TIPUHAMAOIIAs 3HadeHne 1 npu © = 2
u 3nadenne 0 B ocTalbHBIX ciydasx; §2(Z) —orobpaxenune nz EY B EJ, koropoe HabOpy
(x1,...,2,) conocrasusger Habop (p(z1),...,o(x,)); & —uabop u3 EY. Oupeaennm byHK-
o A2 (y, zy, ..., x,) u3 Py cieayronmm o6pasoM:

3 0, ecmy=0uQz)# &, wm ecin y = 2,
A (Y, @1,y my) = . R
1, ecmy=1, nmecmy=0u Q) = a.

[Tokazkem, 4To Jj1st (POPMYJI CIIEIMAILHOIO BIJIA CIIPABEJIUBbI OIIPE/IEIEHHbBIE CBONCTRA.

1. Tlycts dopmyna F BeimigauT cieaytonmm obpazom: Fo= A3(Ag, ..., A,), e
Ao, ..., Ay, — dopmyibl, u st Hekotoporo ¢ € {1,...,n} dopmyna A; umeer Bugy A; =
= )\%(BO, ..., By). Torga npu 3amene dopmysbt A; Ha koHcranTy 0 DyHKIMs, peaansyemast
dopmyioit F', He u3MEHUTCS.

HeiicrBuresbrao, dpopmyna A; npunnmaer 3uadenns 0 u 1. [Ipu srom paBencrBo ¢(x;) =
= (v; BBIIIOJIHSETCS IIPU x; = 1 TOrIa 1 TOJLKO TOr/a, KOIa OHO BhIIOJIHAeTCS U npu -; = 0.
Suaunt, npu 3amere dopmyiabl A; koncranroit 0 3Haderue hopmysibl F' He N3MEHUTCS.

2. Ilyers bopmyna F = A2(0,x;,,...,2;,), LA i1, ..., 4m € {1,...,n}, peanusyer Kou-
crauty 0. Torja BepHO PaBEHCTBO )\g()\%(Ag, B AN T T,) = /\%(AO, ..., A), tae
Ag, ..., Aj — dopmyibL.

JleficTBUTE/ILHO, €CJIM Ha HEKOTOPOM Habope dopmysia )\%(Ao, ..., A;) npuHEMaeT 3Ha-
genne 1, To u dopmyna A%(A%(AO, oo Ay Xy, .., ;) TaKIKe NpUHUMAaeT 3HadeHue 1.
Ecmu ma stom nabope dopmyiia /\%(AO, ..., A;) paBHa HyJIO, TO B CHJy TOXKJECTBA
A0, iy, ... 1, ) = 0 umeem /\g()\%(AO, oA,y xg,) = 0 Ha 9TOM Habope. 3Ha-
yeHre 2 HU OJHA U3 9TUX (POPMYJI IPUHUMATH HE MOXKET.

[Iycrs Ry = |J EY. U3 ceoitcra 1 cieayer, uro B cemefictse dbopmys Haj 6a3ucom,
neN
cocrosmuM 13 Koucrautel 0 u dbynknuit A2, rjie & € Ry, B MUHUMAJILHBIX IO CJIOKHOCTH

domyitax Bee 1moadopMyabl MOTYT UMETh HETPUBHUAJIbHBIE ITOI(OPMYJIbI TOJIBKO B KauecTBe



12 A. A. Angpees

IIEpPBOT'0 apryMeHTa, TO €CTh B TaKHUX 0a3Mcax BCe MUHUMAJIbHBIE (POPMYJIBI «BBITSHYTHI
B IIEIIOYKY».

Omnpeiesum byHKIUE TPEXZHATHON JIOruKHU (3 (1, ..., 2, ), n = 1, ceayonmm o6pasoM.
Oynkuust 3 npunumaer sHadenue 0, €Ciu cpeji eé apryMeHTOB Y8THOE KOJMYECTBO JIBOEK,
u 3nadenne 1, ecqm meuérnoe. Pacemorpum nenosmnblii Geckoneunsiit 6asue A = {0} U {2 :
& € Ry}. JlokazkeM ciiejtyroriee yTBEp K/ ICHIeE.

Teopema 3. [lis dbynknum TpéxsHaunoit joruku 3, n > 1, BBIIOIHSAETCS PABEHCTBO
3\ _ on—1

Joxazameavcmeo. Chavana ormerum, uto (3 € [2A]. B nporecce nokazarenncTsa
dopmyna mHax A, peaausyromiasdg YKa3aHHYIO (PYHKIUIO, Oy/IeT eCTeCTBEHHBIM 00pa3oM II0-
JIydeHa.

[Tycrs dbopmyna F peammsyer dbynxuumio (3. Eciu y HekoTopoit €8 1oahopMyibl ecTh
HETPUBHUAJIBHBIE MTOI(DOPMYJIBI HE B Ka9eCTBE MEPBOrO apryMeHTa, TO 3aMEHUM UX Ha KOH-
crauty 0. Corytacuo cBoiicTBy 1, peasmmsyemast (hopmysioit pyHKIHA OT STOTO He TOMEHSETCs,
a TUIybuHa U CJI0XKHOCTH He yBeamdarcd. B jgasbheiieM cauraem, 910 y Beex moadopMya
BCE apryMEHTbI, KPOME TIepBOr0, TPUBUAJIbHBI.

Nrak, dopmyna F' umeer BuUI

F =2 (Ao, Aris- oy Aimy),
Al,O - /\g2 (A270, A271, Ce ,A27m2),

N @)
Agro =N (Ao, Adr, - Admy)s

e Ay, Avmgs ooy Ads ooy Adm, 1 Ago — TPUBHAJIBHBIE (DOPMYJIBL.

U3 onpenenenns GynKimit A ciemyer, aro ecim Ha Hekoropom Habope dopmyrta A; g
(1 € {1,...,d}) npuaumaer 3uaqdenue 1, To u dpopmysa F' Ha HEM TakkKe IPUHUMAET 3HA-
genne 1. V3 ompesiesiennss TakzKe CJIEYET, UTO €U Ha HEKOTOpoMm Habope dopmymra F
npunnmaer 3uadenne 0, To u s Beex ¢ € {1,...,d— 1} dopmyinsr A; ¢ TakzKe MPUHAMAIOT
3nagenue (.

IIycte dopmyma Ago nmeer Bug x; A zHekoroporo i. Torga ma mabope (1,1,...,1)
bynkuusa (3(xy,...,x,) npuanmaer suadenue 0, a gopmyna F—snauenue 1. Cienoba-
TeIbHO, Ay Ipeacraiisger u3 cedsa KoHcTaHnTy 0.

Pacemorpum dopmynsr By = AL (0, A1q,..., Aim,), ..., Bg = /\Z{d(O, Ag1, ooy Admy)-
Ecnu kakas-aHuOyip n3 HUX peayudyerT KoHCTaHTy (, TO, COIJIACHO CBOWCTBY 2, MOXKHO
VJAJIUTh COOTBETCTBYIONLYIO eil mojdopmyiy u3 «iemnoukus (2). [Ipu srom peasnzyemast
yHKIMST HEe W3MEHUTCs, IIyOnHa (GOPMYJIbl HE YBEIUUUTCS, & CJA0YKHOCTH YMEHBITUTCS.
[Iposenaem Takyro oreparuio co BceMH 1oOpMYIaMu, peau3yionmMn HoJlb. lajee Oy-
JIEM CYUTATh, 9TO Bce GOpMyIbl B; He peaymn3yioT KoHCTaHTy (), a 3HAYUT, PABHBI €/ INHUIIE
Ha HEKOTOpOM Habope (3HaveHus: 2 oHM TpUHUMATH He MOryT). Jljist bopmyser B; 0603Ha-
YUM TaKOi HAOOp 0;. 3aMeTuM, UTO B CHJIy MOKA3aHHBIX paHee COOTHOIIeHuit (opmyna F
Ha Bcex Habopax d; (i = 1,...,d) upuanmaer 3Hauenue 1.

ITyctp maiijyrca Takue 4ucia ¢ U j, 9To B GopMyldy [3; He BXOIUT II€PeMEHHAsd &)
(i € {1,...,d}, j € {1,...,n}). Torna B HAGOpe G; 3aMEHUM j-I0 KOMIIOHEHTY: €CJIH OHA
paBHsLIACH JBYM, TO 3aMEHUM €& HYJIEM, a eCJIi HeT, TO 3aMeHNM eé JIBOiiKoil. B pesysbrare
nostyanm Habop ;. C oxHOit cTOpOHBI, y 9TOr0 Habopa u y Habopa &; pasHas I6THOCTD
KOJINYECTBa, J[BOEK, U, CJIeJoBaTe/ b0, (byHKIUA (3 IPUHUMAET Ha HUX pasHble 3HAUCHUS.
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C apyroii cTOpoHBI, 9TH HaOOPHI OTJINYAIOTCSA TOJBKO B j-il KoMIOHeHTe. A Tak Kak Iepe-
MeHHas T; He BXogutr B opmyny B;, To B;(6;) = B;(6]). 3uaunr, B;(6,) = 1 u F(5)) = 1.
[Tony4gennoe mpoTuBoOpevne MOKA3BIBAET, YTO BO BceX (popMmysiax B; NPUCYyTCTBYIOT BCe Iie-
PEMEeHHbIE T, ..., T, B KadecTBe 10/ I(POPMY.I.
Coryacno onpejenennio pyHKIMI A2, Bece HaOOPHI, Ha KOTOPLIX B; NPUHUMAET 3HaYe-
Hre 1, orobpaykeHueM ) MepeBOJISITCS B OJIMH U TOT Ke Habop u3 P (eciim nepemeHHbBIE
YIOPSJIOYEHBI M BCTPEYAIOTCs IO OJHOMY pasy, TO 3ToT Habop — &). Paccmorpum Bee Ha-
Gopbl, Ha KOTOPBIX dyHKIma (3 npunnmaer snadenne 1. Ipu orobpaxkenuu 3T HaGOPBI
nepeiiyT B 2" ! nabopos u3 P,. IIpunnMas Bo BHUMaHHE TO, UTO IS paBeHCTBa (POpMy-
Jbl F' enuHUIE HA HEKOTOPOM Habope HeoOXOanMO, YTOOBI HA 9TOM HabOpe XOTd ObI OJHA
u3 dopmyn B; npuHEMasa 3HadYeHue 1, mojydaeM, 9To KoaudecTBo d dopmyin B; yioBie-
TBOpseT HepaBeHCTBY d > 271,

B kadectBe npumepa ¢opmyibl Lybunbl 2771 peanmsytomeit dynkuuio (3, MOXKHO
IPUBECTH CJEAYIOMYIO: My = ... = mgq = n, A;; = x; aa scex ¢ € {1,2,...,d},
je{1,2,...,n}, ai,..., &g — 310 BCe HAGOPBI JJIMHBI N ¢ YETHBIM KOJIMIECTBOM €/IMHUIL. M

3aMeTuM TakxKe, 9TO CJI0KHOCTH pean3aiuu GYHKIIUN CXeMaM#i HaJl HEKOTOPbIM Oa3u-
COM He MeHbIIe TJIYOHHBI 3Toil (pyHKIMKM Hal STuM OasucoM. [loaToMmy npuBeaéHHasT BBIIIE
dbopmyiia JlocTaB/IsgeT IpUMep MUHUMAJILHOI cxembl HaJ1 6azucom A st bynkuuu (3, 1. e.

1) =2,

HPUYEM TI0JIyIeHHOEe 3HAYEHHE CJIOXKHOCTU IPEBOCXOAUT MAKCUMAJbHbIE HUKHHUE OIEHKH,
usBecTHble [11] jyist corydast KOHEYHBIX 6a3UCOB.

ITokazkem Terepb, KaK Ha OCHOBE 3TOIO IIPUMepa MOCTPOUTH OeCKOHeUYHbIN Oasuc B Py
U [I0CJIeIOBATEILHOCTL (DYHKIIMIM, CJI0?KHOCTD Pean3aluil KOTOPLIX (DOPMYJIAMU HaJl STUM
6a3MCcoOM pacTéT CBEPXIKCIOHEHIUAILHO (U ObICTpee M3BECTHBIX PEKOP/IHBIX BBICOKUX OIle-
HOK JIJIs CJTy4asi KOHETHO-TIOPOKJIEHHBIX KJIAcCOB Pj).

[Tyctb () — DyHKIMS 9eTHIPEX3HAUHOM JIOTUKY, IPUHAMAIONIAadA 3HaYeHne 1 npu x = 2
u 3Haverne () B OCTaJbHBIX ciydasx; {2(Z) —orobpaxenune uz Ej B EY, koropoe HabOpY

(x1,...,x,) conocraBiusger nabop (¢(r1),...,¢(x,)); & —nabop uz EY. Oupeneanm GyHk-
4 .
i A5 (Y, X1, ..., Tp) 1 a2, ..o, Tppo) U3 Py caeayionmmM o6pa3oMm:
3
A Ay, @1, .., my), ecam (y,1,...,2,) € EY,
Ay, o, .o my) =
3 nHade,;
3 ecim r; = 3 JJII HEKOTOPOT'O
?
a1, ..o Tpyo) = ie{l,...,n+ 2}, nwm eciu x1 # Ta,
4
s (22, ...,y 0) uHAYE.
Onpejie/uM  10CI6I0BATEILHOCTh (DYHKIUN deTbipéx3naunoii joruku ((xy, ..., 1,),

n > 1, ciemyromum obpaszoM. Ecmu cpei apryMeHToB (DyHKIIMH €CTh XOTs ObI OJTHA TPOWi-
Ka, TO OHa PUHUMaeT 3Havenue 3. Eciu xe Her, To dynkiuma ¢} npunnmaer snavenne 0,
ecyii cpejii €€ apryMeHTOB YETHOE KOJIMYECTBO JIBOEK, U 3HadeHue 1, eciim nedérHoe. Pac-
cMOTpHM HenosHbIil Oeckorednblit 6asnc A = {0} U {us : & € Ro}. Hokaxkem ciemyroriee
yTBEpK/I€HUE.

Teopema 4. [Ijs dbyHKIuu 4eTbpéx3HadHoll jJoruku (1, n > 1, BepHO paBeHCTBO

1 =2 -1
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oxaszameavcmeo. Ormerum, uto dbynkimsa (} JIeKUT B 3aMbIKaHuK cucTeMbl 2, 1
COOTBETCTBYIOIIAsT hOpMyJIa Jiist Heé Oy/IeT MOCTpOeHa B IIPOIecce J0Ka3aTe/IbCTRA.

O4eBUIHO, YTO €C/IN KazKasl epeMeHHast y9acTBYeT B MOCTPOEHUH (POPMYJILI, TO YCJIO-
Bre paBeHCTBa (HOPMYJIbI TPOWKe Ha BceX HAOOPax, COMEPKAIINUX TPOWKY, BBITOJIHICTCS
BCerjia. 3aMeTUM TakKrKe, 9TO eC/IM KaKasd-To MojpopMysia Ha HEKOTOPOM HabOpe MpPUHU-
MaeT 3HadeHne 3, TO U BCsi (popMysia Ha 3TOM HabOpe Tak»Ke IMPUHUMAaeT 3HadeHue 3. JTO
cejIyeT u3 onpejiesienusd MYHKIUNR g .

[Tycrs F — dopmyna na A, peanusytomas byt (i (1, . . ., z,). [Ipeobpaszyem dhop-
Mmyiy F' 6e3 yBesmdeHus e€ CJIOKHOCTH U TJIyOMHBI U OJHOBPEMEHHO IOCTPOUM 10 HOp-
myste F' dopmysny G cniermasiboro Bupga. Vsznadaiabno Bozbmém G = F. Ilycts dopmy-
na F umeer Bug A = pg(Aq, ..., Apye) (uig mexkoroporo &). Ha Bcex mabopax, He cojep-
Kamux Tpoek, dopmysbl Ay u Ay npuHEMAOT OJMHAKOBBIE 3HadYeHUs. [lycth 6e3 orpa-
uudenus obmmuoctu L (A1) > Lg(Az). Torma B dbopmymne F samenum A Bbpazkenuem
pa(As, Ag, .o  Apya), a B dbopmyie G — Boipaskenuem Ai(As, ..., A,y»). Ha nabopax, ne
COJIepIKAINX TPOEK, 3HadeHus GOPMYyJI OT TAKOW 3aMeHbI He MOMeHsoTcd. /laree mpose-
JIEM TIOJIOOHYTO 3aMeHy Jist BeeX 1o iopmyit hopmyiiet F' (1 coorBercrBenno (5), 3aTeM st
Bcex mX 1oadopMy/I, U Tak Jajee, oKa dopmyna (G He mepecTaHeT cojepzKaTh (YHKIIUN
BUJIA fig (JI7Is1 BCEX BO3MOYKHBIX (V).

Tenepb 3aMeTUM, UTO TTOCKOJIBKY TOJIYUHUBIIHECA (POPMYJIbI Ha BCeX HADOpax, He COJIep-
JKaIUX TPOEK, MPUHUMAIOT 3HaueHus, paBHble 3HaYeHuAM (F Ha 3THX Ke Habopax, U 3Ha-
YeHUsT HA 9TUX HADOPax 3aBUCAT OT BCEX MEPEMEHHBIX, TO B hopMy/ibl F' u G Kaxjias mnepe-
MeHHAasl BXOJIUT B Ka4eCTBe MO(POPMYJIBbL. DTO 3HAUUT, UTO U HA BCEX HADOPAX, COJEPIKAIIIX
TpOIiKK, 3HaYeHus no/yuBIuxcs bopmy u yukimu (! rakxke papubl. [Ipu orpannyennn
Ha HAbOPBI 6e3 Tpoek dopMmysta G peann3yer paHee ONpeIeTEHHYI0 PYHKIINIO TPEXIHATHON
JIOTHKH U, CJIeJI0OBAaTe/IbHO, eé Irybuna He Menbite dem 2" 1. Ogesuano, uto y dopmyant F
rTy6UHa TaKast JKe, a CJIOKHOCTD Y/OBIeTBopseT cooTHomenno Ly (F) = 2P — 1,

[Tpumep dopmysasr G, st KOTOPOI MMOJIyUeHHAasT OIEHKa JOCTUTAETCs, TaKOH ke, Kak
u B Teopeme 3. Qopmyna F nojydaerca u3 meé TpunaibHOl 3amenoit Ai(Aj, ..., Apiy)
Ha fig(A1, Ay, Aoy oo Apgr). Jlerko BueTh, 9TO MOCTPOEHHAsT TAaKUM 06pas3oM hbopMyIia
peayuzyer GyHkimio ¢! m

OTrmeTnM, 9TO YCTAHOBJIEHHBIN B TeopeMe 4 POCT CJIOKHOCTH PEeAU3AINN TI0CIeI0Ba-
tesbHoCcTH yHKIWMi ¢} dhopmymamu na | GeckoneunbiM 6azncom 2, TOPOXK A0 3aMKHY-
THII Kj1ace B Py, He mMerormuit KoHeTHOro 6asnca, IIPEeBOCXOIUT U3BECTHYIO |12] pekopiHyo
OTIEHKY CJIOKHOCTHU PeAJIM3aIH IOCIe0BATEIbHOCTH (DYHKIUH HaJl KOHETHBIM 0a3MCcOM
B Pj, UMeIoIyio Bu

20" (In)2] + 1) — [n/2).

KoncTpyKinn u3 j10Ka3aTebcTB TeopeMbl 3 (/171 (DYHKIHHA TPEX3HATHON JIOTUKY) W
reopembl 4 (1t DyHKIMIE I€TBIPEX3HAYHO JIOTUKU) MOTIYT ObITH 00OOIIEHBI Ha CJIydail
dyuknnit k-3aaqHoit JJoruKku it 66abmux 3uadennit k. [Ipu k > 3, n > 1 moxkHO nipuse-
CTU TPUMEDP 3aMKHYTOI'O KJIaCCa, HE MMEIOIIEero KOHEYHOTo 0a3nca, u MoC/Ie/I0BATEIbHOCTI
JeKAIUX B HEM (DYHKIHIA OT 1 IepEMEHHbIX, TIyOrnHA (M CJI0KHOCTh PeaTn3alii CXeMa-
M1) KOTOPBIX HaJl HEKOTOPBIM GECKOHEYHBIM GA3MCOM, MOPOZKIAIOIINM STOT KJIACC, PaBHA
(k—1)""1. TIpu k > 4, n > 1 MOXKHO IPUBECTH TIPEMEP 3aMKHYTOTO KJIacca, He UMEIOIIEro
KOHEIHOT0 0asuca, U IMOC/IeI0BATETbHOCTH JICXKAITUX B HEM (DYHKIHI OT 7 EePEMEHHBIX,
CJIOXKHOCTH Peain3anuu (pOpMy/IaMi KOTOPBIX HaJT HEKOTOPBIM OECKOHETIHBIM OA3UCOM, I10-
POZKIAIONIAM 3TOT Kiacc, pasHa 22" — 1.
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for calculation of the autocorrelation functions and Hamming distances between the
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BBenenue
[Iycrs P = GF(2), Fi(z),..., Fi(xz) — Maorousensr Haj moseMm P, UMeIOIie CTeleHn
my, ..., Mg coorBercTBeHHO. Jljist Kaxk0it OysieBoit dyHkiwu ¢(r,. .., Tx) OT k nepemMeH-

HBIX KOMOMHUpYommuii rereparop (eMm. [1, ¢.272; 2, ¢.311; 3, c.92]) BeIpabaThiBaeT BBIXO/I-
HYIO II0CJIEJ0BATEILHOCTD VU, 3JIEMEHTHI KOTOPOii MMEIOT BUJ,

v(i) = p(ur (i), uz(i), ..., uk(i)), =0, (1)

rle u; — HeHyJIeBas JIHMHefiHas peKyppeHTHas nocsenosarensHocts (JIPID) max momem P
C XapaKTePUCTHIeCKIM MHOrowienoM Fj(x) mas Beex j € {1,2,...,k}.
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Haubosbimuit unTepec K HCCACIOBAHUIO KOMOUHUDYIONIUX T'€HEPATOPOB OTMEYaJsICs
¢ 1966 o 1986 1. [ToapobHBIT 0030p 3apyOeKHBIX ITyOJIUKAIUIT 38 STOT IEPUOJ IIPEICTAB-
neH B pabore [3, ¢.92-93|. Tam ke MPUBOIATCS BCe OCHOBHBIE PE3YJIbTATBHI O paHrax (Jim-
HEHON CJIOKHOCTH) MOCJIEI0BATEIbHOCTEI ¥, TIOCTPOEHHBIX 1O TpaBuity (1) 1 OCHOBBI KOp-
peJIMOnHO aTaku Ha HadaabHble oTpesku JIPII, mpuBomgmeit K neobxoaumMocTu BuIOOpaA
KOPPEJIAIMOHHO-UMMYHHBIX (DYHKIMI ycioKueHus ¢ |3, ¢. 93-141].

Bormpoc 0 wacToTHBIX XapaKTepUCTUKAX TTOCIEI0BATE/ILHOCTEN ¥, IIOCTPOCHHBIX IO MPa-
Bty (1), okazajcg MeHee M3y9YeHHBIM. ABTOpaM He M3BECTHBI PE3YJIbTATBI O PaCIpejie-
JIEHUU 3JIEMEHTOB B IOCJIeI0BATeIbHOCTSX v. VIcKiouenne cocrapisier pabora [2], rue
B. M. ®omuues jyist ciydast P = GF(2) nosyunst Togtbie (hOPMYIIbI JIJIsi BBIYUCICHUST Ya-
CTOT IOsIBJICHUIT 9JIEMEHTOB Ha IUKJ/IAX MOCJIEI0OBATEILHOCTEN ¥ U IPUBEJI OIEHKH PACCMaT-
pUBaEMbIX YaCTOT.

Jannast paboTa Ipojo/zKaeT 3T uccjiegopanus. Ilpeanaraerca apyras dopmyaa i
BBIUHCJIEHNsT 9aCTOT MOSIBJIEHNIT 9JIEMEHTOB Ha IUKJIaX, OCHOBaHHAsT Ha 3HAHUN KO3DPUIim-
eHToB Yourma — Aamapa OysteBoit byHKImn @. C UCIoIb30BaHIeM 3TOM (OPMYJIbI IIPUBO-
JIATCS OIEHKU PACCMaTPUBAEMBIX YaCTOT B CUTYAIINU, KOTJIA (0 — KOPPEJIAINOHHO- UMMy HHas
oymnesa dyukius. Kpome Toro, npusogurcs Gpopmysia Jjisd BIMUC/IEHUsST aBTOKOPPE/ISIIINOH-
HOM (PYHKIIUU TOCTIEI0BATE/THHOCTA VU, YTO IMO3BOJISIET HAXOUTb PACCTOSHUS XEeMMUHTa
MeZKJTy OTPE3KaMU BBIXOIHBIX TOCIEI0BATEIHHOCTE KOMOMHUPYIONNX TeHepaTOPOB, TOJTY-
YEeHHBIX Ha Pa3/IMIHBIX KIIOYaX.

1. HepHOﬂbI 1 paHI'm BBIXO/JHDbIX HOCJIe[[OBaTeJTbHOCTeﬁ

[TocieoBaTelbHOCTD v, ONpeeséHHasT paBeHCTBOM (1), SIBJISIETCST HEPHOIIIECKOI.
Eé mMuHnManbHO BO3MOXKHBIN Tepuoj, T'(v) JeaurT HamMeHblllee OOINee KPATHOE YHCelT
T(up), T(ug),...,T(ux). B gactaocru, v asnsgerca JIPII wax nosem P[4, yreepxaenue 10,
c.319]. ITpuseném pesyabrar [1, Teopemad, c.273; 3, corollary 5.15|, nossoJisomuii gocra-
TOYHO ITPOCTO HAXOIUTDH PAHT MTOCIE0BATEILHOCTH U, KOTOPBIIl OIPEJIe/IAeTCsT KAaK HAMMEHb-
masi 13 BCeX BO3MOYKHBIX CTEIEHEH XapaKTepPUCTHIECKUX MHOTOYIEHOB IOC/IEI0BATEIBHO-

CTH 0.
Teopema 1. Ilycts P = GF(2), Fi(x),..., Fx(r) — HenpuBoMble MHOTOYUJICHBI HA/T
nosleM P TomapHO B3aMMHO IIPOCTBIX CTENeHei My, . .., My COOTBETCTBeHHO. Torma eciu

MHOTOYJIeH 7KeranknHa (OYHKINNA @ TMeeT BUJT

(@1, m) = X2 > Civig..isTiy Tig - - - Tis;
s=11<i1<i2<...<is<k
TO
k
rankv = ) > Civig.ia My My + o - M.
s=11<i1<i2<...<is<k
B mporiecce nokazarebeTBa 3TOM TEOPEMBI MTOIYUEHO CJIeyIOoNIee YTBEPKIECHNE.,
VrBepkaenue 1 [3, lemmab.12|. B ycinoBusix Teopembl 1 Jyuist Becex duces iy, g,
.. b, TAKUX, 9T0 1 < 91 < 19 < ... < 1y < k, IOCTIETOBATETBHOCTD Uy, U, - . . Uj, C JTEMEH-
TaMu

Uiy Uiy -+ - Uy (Z) = Uy, (Z)Ul2 (2) cee Uy (1), 1 2 0,

asaserca JIPII Ha 1 I1I0JIEM Pec HEIIPUBOJUMDBIM XapaKTECPUCTUICCKUM MHOT'OYJICHOM CTEIICHN
T Mg = e oMMy

s

Yrepxkjenne 1 mo3Bosisier Hajitu mepuoy 1'(v) mocse10BaTeIbHOCTH .
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Teopema 2. Ilycrb B ycstoBusax TeopeMbl 1 GyHKINMS ¢ CyNECTBEHHO 3aBUCAT OT BCEX
coux mepemensbix. Torma T'(v) = T'(uy)T (ug) - - - T'(ug)-

Jloxazameavcmeo. llociieioBaTe/IbHOCTD ¥ 381a€TCs CJIEIYIONIAM 00PA30M:

v=3 > Citig...is Wiy Uiy - - - Uj, -

k
s=11<11<i2<...<is<k

Cortacuo yrBepkKaernio 1, Bce Henysnerble JIPII, Bxomgdmue B paccMarpuBaeMyio CyMMY,
UMEIOT HEIPUBOJIMMBIC XapaKTEePUCTHIECKUE MHOTOUJIEHBI Pa3/IMYIHbIX cTerneneil. B pabo-
Te [4, yreepxkaenue 11, ¢. 321| nmokazano, aro mis JIPIT wy, wa, ..., w;, y KOTOPBIX yKA3aHbI

B3aUMHO MIPOCTBIE XaPAKTEPUCTHIECKIE MHOTOU/IEHDI, BBITOJIHEHO DABEHCTBO
T(w +ws+...+w) =[T(w1), T(wa),...,T(w)]

[Tosromy T'(v) paBeH HanMeHbIeMy o01eMy KpaTHOMY duces T'(u;, u;, . . . u;, ), paccMaTpu-
BaeMBIX JIJIsI TeX HAOOPOB %1, 12, ..., ts, IPH KOTOPBIX Cj iy i, = 1.

B pa6ore [5, reopema 8.70] mokazato, uro s venyaeBbix JIPIT wy, wo, . . ., w;, nMeronux
[TOIIAPHO B3aUMHO IIPOCTBIE TIEPHUO/IbI, BBIIIOJIHEHO PABEHCTBO

T(wwy - wy) =T ()T (w2) - - T(wy).

Hucma T'(uq), . .., T(uy) asasgiores nenurensMu quces 2™ —1, ..., 2™ — 1 cOOTBETCTBEHHO.
B cumty nmonapHoii B3aUMHOI IPOCTOTEL 9UCET My, . . . , My, It Beex @ # 7, 4,7 € {1,2,...,k},
HOJIy4uM paBeHCTBO (27 —1,2™ — 1) = 1, a suasnt, (T'(u;), T (u;)) = 1. Takum obpasom,

T(ugy iy - owiy) = T(uiy )T (uiy) - - T(ui,)

u T'(v) paBeH HamMenbIeMy obiemy Kparaomy wncen T (uy, ), T(ugy,), ..., T'(u;,), paccmar-
pUBaeMBbIX IJIsT TeX HADOPOB i1, 1%2,. .. ,%s, IPH KOTOPBIX Cj i, i, = l. YUHTBIBas, 9TO Oy-
neBa (DYHKIUS @ CYIIECTBEHHO 3aBUCHT OT BCEX CBOMX MEPEMEHHBIX, mojydum T(v) =
=T(u)T(uz) - T(ug). m

OrmernMm, 9TO paHee Teopema 2 OblLia JOKa3aHa B YaCTHOM CJIydae, KOTJA BCE MHO-
rowinensl Fy(z), ..., Fi(x) aBAA0OTCS TPUMUTUBHBIME MHOTOWICHAMH, T.€. MHOIOWICHAMH
MaKCUMAaJIbHO BO3MOXKHBIX 1eprojioB 2™ — 1, ..., 2™k —1 coorBercTBeHHO |2, Teopema 18.2].

B yciioBusix Teopembl 1 mocaegoBaTeIbHOCTD ¥ SBJIAETCA YUCTO IEPUOJIMIECKON, Tak
KaK BCe IMOCIeI0BATETHbHOCTH Uy, . . . , Uj SBJISIOTCS IUCTO TEPUOINIECKIMU.

Hekoropbie HUZKHEE OINEHKH [EPUo/ia TOCIeI0BaTeILHOCTH v (He 06s3aTeIbHO JIBOMY-
HOIT), TIOJTyYeHHOI B pe3y/Ibrare YCJI0KHEHHsI TT0CIe0BaATETbHOCTE Uy, . . ., Ug C UCIIOTIB30-
BaHueM (DYHKIMK @, TPUBOJATCs B pabore [6, Teopema 1].

2. ®opmyast B. M. ®omuyueBa

M3yunm 9acTOTHBIE XaPAKTEPUCTUKU IIOCIEAOBATEIHLHOCTH U, ONPEICTCHHON DaBEH-
crBoM (1). Uccaemyem Bemmanny N(z,v), paBHYIO KOJMYECTBY HOsIBJIEHUI ssieMeHTa 2 € P
cpeau vnementos v(0),v(1),...,v(T(v) — 1). [IpuBesém BcoMoraTeabHBIN PE3YJIBTAT W3
paboThl |2, mpeacTaBagIoNMi U CAMOCTOSITEBHDINH UHTEPEC. DTOT Pe3yJIbTaT (POPMyYIUpY-
eTcd Kak OYeBHJIHBIN (CM. |2, j0KazareabeTBo Teopembl 18.2]). [l HOJHOTHI U3JI0KEHUST
IIPUBEJIEM €ro JIOKa3aTeJIbCTBO.

VYreepxkaeuue 2. Ilycrs P = GF(2), Fi(x),..., Fy(x) € Plx] — upuMuTHBHbBIE MHO-
POYWIEHBI IIOIAPHO B3aUMHO HPOCTBIX CTENEeHEil My, ..., My COOTBETCTBEHHO, z; € P, uj —
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JIPII MakcHMAaIbHOTO HEPHOLa C XapaKTePHCTHYeCKHM MHorouienoM Fj(x), j € {1,2,
ook} T = (2™ —1)--- (2™ — 1). Torma musa aucaa N(z1,. .., 2k, Ui, ..., U) DEIICHHI
CHACTEMBbl yYpaBHEHUIA

Uy (2) = z1,

U2 (’L) = Z9,
otHOcuTebHO HemsBecTHoro @ € {0,1,...,7 — 1} cupaBe/yinBO paBeHCTBO

N(215e oy 2y Uty e ey tg) = (2™ = T4 20) (2727 — 14 29) - -+ (277 — 1+ 24).
Joxazameasvcmeo. Paccmorpum yropsiiodeHHbIe HAOOPbHI
05 = (un (i), - ua ity — 1), un(0), a4 ma — 1), i), - g g — 1)),

raei € {0,1,...,7—1}. BameTnnm, 9T0 paBeHCTBO (; = v; BieIeT coorHommenust 1'(uy) | i—7,
ooy T(ug) |7 — 7, asaaant, T(uy) - T(ux) =T |i — j. Orcroga cieyer, 4To BCce paccMar-
pUBaeMbIe BEKTOPBI (v; IIOIIAPHO pas3ndHbl. Torma

{ai:i=0,1,...,7 — 1} = (P™\{0}) x ... x (P™\{0})

u aucsio N(z1, ..., 2k, Ug, ..., Ux) DABHO KOJMYIeCTBY HabOpoB u3 MHOXKecTBa (P"1\{0}) X
... X (P™\{0}), nMerormux cJie/ Iy onuii BUT;:

(21, %, ooy, 2o,y oo ko 2Ry Ky K,
—— ——

m1—1 ma—1 mg—1

rJie Ha MecTax, 0003HAYCHHBIX CUMBOJIOM *, CTOAT IPOU3BOJILHBIC 31eMeHThI oyt P. Yucso
Takux HaGopoB paBHO (2™171 — 1 4 2)(2™271 — 14 29) - (2™ 1 — 1+ 2;). m

3aMeTuM, 9TO YUC/IO0 PereHnit He 3aBUCUT OT BbiOopa Heny/ieBbixX JIPIT wq, ... ug.

YTBepk/eHrne 2 ONMChIBAET CTpoenue rpada mepexoj 0B aBTOMATHON MOjen KoMOu-
HUPYIONIEro reneparopa. [Ipu BIOOpe TPOU3BOJILHOTO HAYAIBHOTO COCTOSHUA (g M3 MHO-
xkecra (P™\{0}) x ... x (P™\{0}) B momentnr Bpemenu i = 0,1,...,7 — 1 aBro-
MAT TPOXOJIUT IOCJIE0BATETHHOCTD COCTOSHUI (v, ..., p_1 W BCE IJIEMEHTHI MHOYKECTBa
(P™\{0}) x ... x (P™\{0}) pacrosioKeHbl Ha OJHOM IUKJE JJTAHBI 1.

3aMeTuM, 9To, COIVIACHO TeopeMe 2, B YCJIOBUAX YTBEPK/ICHUA 2 UMEET MECTO PABEHCTBO
T(v)=T(uy) - T(ug) = (2™ —1)--- (2™ —1) = T st KaxK10i1 QYHKIMHI @, CYIIECTBEHHO
3aBUCAINEN OT BCEX CBOMX ITepEMEHHBIX. TakmMm 0O6pa3oM, CIIpaBe/JInBa

Teopema 3 [2|. Ilycrb B ycsioBusix yTBepzK/ieHUs 2 (DYHKIHS ( CYIMIECTBEHHO 3aBUCHT
OT BCEX CBOMX IepeMeHHbBIX. Toraa

N(z,v) = > (2m=t — 1 2) (227 — 1 z) - (2 — 1 4 2).

z:(zlz"'7zk)epk7<)0(z):'z

Taxum obpazom, B HauboJiee THTEPECHOM C ITPAKTUYIECKON TOYKU 3PEHUs CJIydae Teope-
Ma 3 1103BOJIsIeT HAWTH TOYHOE 3HadYeHne dactor N(z,v).
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3. CriekTpaJjbHBII NOAX0/ K MCCJIEJOBAHUIO YAaCTOTHBIX XapaKTEPUCTUK

[Tpe11oKuM aIbTepHATUBHBIN MOIX0/] K uccienoBanuio yactotr N (z, v). Ilyers dyukiums
o(x1, ..., x) nmeer ko3 dburmenTsl Yosma — Anamapa |7, c. 76]

Ww(a) — Z (_1)4,0(321,...,:pk)@alxl@...eaakmk7

T1,..., L EP
e a = (ay, . ..,a;). Torma
(_1)go(a:1,.., _ Z 1% ( )( )a1$1® @akl'k
aEPk
u u3 paBencTBa (1) mosyanm
(—1)"® = (_Uw(ul(i), U 2k S W,(a)(— 1)@ (- Sagux (i) (2)

ac Pk

Cﬂeﬂyromee YTBEPKJICHUE CBOJIUT HCCJIEOBaHNE 9aCTOT N(Z, U) K HCCJIeJOBaHNIO KO-

spdunmentor Yosrma — Ajjamapa (DYHKIUN ¢ U HEKOTOPOH CyMMBI, 3aBUCAIIEH TOJTBKO OT
snakos JIPII.

VrBepxkaenue 3. Jljisi m0c/ie10BaTeIbHOCTH U, MOCTPOEHHOH 1o npasuiy (1), cripa-
BeJIJITUBbI PABEHCTBA

N((),U):T(u)( “¢”)+L S Woa)o(a ),

2k 25 e PR o)
T (v 1
N(1, ) = LIl — Y Waao(a,u,. .. ),

2 28+ acPk\{0}
rae ||p|| — Bec byukuum ¢, a Besmuuna o(a, uy, . . ., uy) ONpeIEIeHA PABEHCTBOM
T(v)—1 A A
U(au Upy oo ,Uk) - Z (_1)G1U1(Z)@...@akuk(z).
i=0

Jloxaszamenvcmeo. 3amMeTnm, 9TO CIIPABEIIUBBI COOTHOIIEHNUST

17w : T(v) 1 -t .
Neo) = 5 3 (14 (10 = T Sy 5 o
2 = 2 2 i=0
[Moxcrasnsst pasercTso (2), Oyaem UMeTh
T 1 Tt 1 . .
N(Z,’U) — (U) + _(_1) Z Z %% ( )( )alul(z)EB‘..EBakuk(z) _
2 2 1=0 2k aGPk
T(v) 1 T , .
— - \7/ — (—1) W -1 a1uy (1)®...Qapug (i) —
9 + 2k+1( ) aez;k »(a) ;} (=1)
Tw) 1 1 T(v)-1 | |
= — 7 — (—=1)*W..(0)T —1)* %% -1 alul(z)GB...@akuk(z)'
5 T i (T We(0)T(v) + g (1) ME\{O} ) 2 (1)

Jlu1st 3aBepIIeHns JI0KA3aTeIbCTBa OCTaéTCs BOCIOJIb30BaThes pasencTsoM W, (0) = 2F —
2] m

BHaquHH BeJIMYUHBI Oola, Uy, ..., U B HEKOTOPLIX CJIVHAAX a6TCd TOYHO IIOJICUNTATD.
) ) s Wk



22 N. 6. Bunsk, O.B. Kamaosckuii

VYreepxkaenne 4. Ilycrs P = GF(2), a = (ay,...,a;) € P*, u;— JIPII maxcu-
MaJILHOrO Iepuofa 2" — 1 ¢ IPUMHTHBHBIM XapPaKT€PUCTUIECKHM MHOrowienoMm Fj(x),
e j € {1,2,...,k}; T = (2™ —1)--- (2™ — 1). Torga ecau quciaa my, ..., My HOMAPHO
B3aMMHO IIPOCTHI, TO

(_1)\\aIIT
2m1 — 1)a1(2m2 — 1)a2  (2mk — ])an’

o(a,uy,...,up) = (

rae ||a| — Bec BekTOpa a.

Joxaszameavcmeo. Eciaum BeKTOp a HYJI€BOI, TO paBeHCTBO BbiNosHEeHO. [lycrs ||a|| =
=s5,s€ N, uaj,...,a; —Bce HEHyIeBble KOODJIUHATHI BeKTopa a, rje 1 < j1 < ... < js <

< k. Torna
T-1
O-(av Ui, - - - auk’) = Z (_1)%‘1 (i)EB‘..EBUj'S(i)'
i=0
Bsexém obosnauenne v, = uj, rae t € {1,2,...,s}. Torma
T-1 ‘ '
ola,ug,...,up) = > (=1)1@  (=1)v0), (3)
i=0

[Ipencrasum kaxkayio JIPIT v, ¢ ucnosms3oBanueM pyHKIUU e
vi(i) = try(aal), >0,

rae Q¢ = GF(2™t); a; — kopenb muorowrtena Fj,(z) B mose (Qy; a; — HEHyJIeBOIl 3/1eMeHT
nosist (). C ucnosszosamueM |5, paserctso (5.17)] momryaum

S > G (e, o)),

_q\ee(®) ter(atai): AR
(=170 = (D = o) =

o . - Qi
e X; — aJUIMTHBHBIN XapakTep mojs (Qy, onpeeénnbiii pasenctBoM x;(x) = (—1)7 (@),

T € (y, CYMMUPOBAHHE OCYIIECTB/ISETCS IO BCEM MYJIbTHUIIMKATUBHBIM XapakTepaMm
nosst Qy; Gy, x¢) — cymma laycca. Torma usz pasencrsa (3) GyemM nMmeTh

1 5 _ T-1 .
7@ ) = Ty g =y, 2o, LG xva@) 2 () b))

3amMeTuM, 4TO

(r(on) ()" 1
S (Wr(an) -+ Ys(as)) = Pi(ay) .. () — 1

ecan y () - - () # 1,

i=0
T, eci Yy (aq) -« - Ys(as) = 1,
a maxc Kax (¢1(n) -~ Ya(0))T = $1(0T) - u(07) = r(e) -+ u(e) = 1, 10
T ‘ 0, ecmu Yy(aq)---s(as) # 1,
S (Galon) - hs(as) =
=0 T, ecmu Py(ay) - s(as) = 1.
B cuny Toro, uro vy(cy) sBisieTcss KOopHeM crereHu 2™t — 1 W3 eIMHUILI JJIsT BCEX
t € {1,2,...,s}, a ancina 2™ — 1,...,2™s — 1 monapHO B3aMMHO IMPOCTBI, COOTHOIIE-

ure ¥1(aq) - - - s(as) = 1 BBIIOIHEHO TOJNBKO B ciydae, Korma ¢ (o) = ... = Pg(ay) = 1.
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JpyruMu cioBamMu, KazKblii 13 XapaKTepoB 1y, . . ., s JOKeH ObITh TPUBUAJILHBIM. 3Ha-
YUT,
T M (s)
O-(a7 U 7Uk) N (2mj1 — 1) . (Qmjs — 1)G(¢0 ’X1> T G(¢0 7X5)7
re él), ceey wés) — TPUBHUAJIbHBIE MYJIbTHILITHKATABHBIE XapaKTepbl moseir ()1, ...,  co-
orsercrBerno. Cornacho |5, pasencrso (5.14)], mas seex j € {1,2,...,k} BbimoaHeHo
G, x1) = —1. Takum oGpasom, momyHIM
(1T (1)l
ola,uy,...,up) = : : : = :
(2min — 1)(2M32 — 1) ... (2ms — 1) (2™ — 1)@ (2m2 — 1)o2 .. (2% — 1)

VTBepkKIeHIE J0Ka3aHO.

HermocpeicrBenno u3 yrBepkIeHnii 3 u 4 1moyduM OCHOBHOM pe3y/IbTaT 3TOTO ITyHKTA.

Teopema 4. Ilycrs P = GF(2), uy,...,u; — JIPII makcumaibaoro mepuosa Hajy mo-
JgieM P, umetorue iepuojibt 2™ — 1, ..., 2™k — 1 cOOTBETCTBEHHO, TPUIEM TUCTIA My, . . . , M
HOIAPHO B3auMHO TpocThl, ' = (2™ — 1) --- (2" — 1). Torga st HOCJIEI0BATEILHOCTH 0,
onpeieéHHoi paBeHCTBOM (1), Tie DYHKIMS ¢ CYIIECTBEHHO 3aBUCUT OT BCEX CBOHX II€pe-
MEHHBIX, CIIPABEJINBbI CJIEIYIOININE COOTHOIIEHNS:

Tlell , T - (L)W, (a)

26 2ML L pRey (2 = 1)m(2m2 — 1)o2 e (2 — 1)

Moy~ Tlel T (=11, (a)
) ok 9k+1 ac {0} (2m1 — 1)a1(2m2 — 1)az2 ... (2mk — 1)ax’

N(0,v) =T —

OrmeTrM, 9TO 10 CTOJIOIY 3HaYeHuit OyieBoit byHKIMU @(Z1, . . ., L)) JOCTATOYHO PO~
cro naxomutest Habop W, (a), a € P*\{0}, eé koacbdpunmentos Yosma — Anamapa, a Takzxe
nabop W,(a) = —W,(a)/2, a € P"\{0}, ¢& xosbdummenrtos @ypne. Taxim obpasom, Teo-
pema 4 1103BOJIsIET B HAKOOJIee MHTEPECHOM CJIydae BBIYUCIUTH 9acToThl N (z,v).

4. Ilpumepsl

PaccMorpuM HeKOTOpBIE TNpUMephbl HCHOb30BaHuA TeopeM 3 um 4. Bo Bcex mpume-
pax (yHKIHUS (p CYIHIECTBEHHO 3aBHCHUT OT BCEX CBOUX IE€PEMEHHBIX, MOITOMY, COTJIACHO
Teopeme 2, mepuoj; T(v) HOCIEI0BATENIBHOCTH ¥, HOCTPOEHHO# 1o mnpasuiay (1), paBen

T=(2™ —1)--- (27 — 1).
Vreepxkaeuue 5. Ilycrs o(zq,...,2) =21 D ... D x, Pe, rae € € {0,1}. Torma

T — (_1)k+s
2 )

T + (_1)k+e

N(0,v) = 5 ,

N(1,v) = rankv = my + ... + my.

Joxazameavecmeo. [l Oynesoit byukiwn p(xq,...,25) = 1 B ... S o) B € uMeeM
W,(1,...,1) = (=172 W,(a)=0 msascex a#(1,...,1).

Toryma ¢ ncronb3oBaHMEM TEOPEMBI 4 IOy IUM

—_1)k+e 1\kde
N(O,v):T<1_|’;H)+( 12) :T+(21) |

T -1 k+e T - (=1 k+e
N0 < Tllel (G0 T 1k
2 2 2
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PasenctBo mist rank v HermocpeICTBEHHO cjiejIyeT U3 TeopeMbl 1. i
OrmernM, 910 HOPMYJIBL JIJIsT 9aCTOT U3 YTBEPKICHUS D ObLIN paHee MOJIydIeHbl B pa-

ote [8, c.133].

VYrBepxxaenne 6. Ilycrs ¢(zy,...,x,) = " -+ ap*, tae ay, ..., ai € {0,1} (cunra-

eM, uro ¥ = Ty, x} = x5, i =1,..., k). Torna

NOw) =T — (2™ —1+ay) - (2™ — 1+ ),
N(,v)=2™ 7 —1+a)--- (2™ — 1+ ),
rank v = (m1 + C_‘él) tee (mk + C_Yk).
Zloxazamenvcmeo. C uCHob30BAHUEM YTBEPXKICHUS 2 TOJIYIIM
N(1,v) = N(aq, ..., ap,up, . yug) = (2™ =T+ ap) - (2™ — 1+ ap),
NOv) =T —-N(,v) =T — (2™ —1+aq)--- (2™ — 1+ ay).
PaBencTBo st rank v HelmocpeCTBEHHO CJIeyeT U3 TeopeMbl 1 1 paBHOCHIBHOCTU (DOPMYJI

IqiEI‘i@@i,i:l,Q,...,k..

Vreepxkaeuue 7. Ilycrs ¢(xq,...,71) = 11 @ 1923 - - - 7. Tora
N(0,v) = (2™~ —1)(2™2 — 1) --- (2™ — 1) 4 2matFme=htl
N(1,v) = 2m71(2m2 — 1)... (2™ — 1) — gmettme—ktl
rank v = my + moms - - - My.

Jloxaszameavcmeo. Ob6o3HaunM yepes v’ 10CIe10BaTEIbHOCTD Us « « + Ug. C HCIOIB30-
BaHUEM TEOPEMBI 3 U YTBEPK/IeHus 6 MoIydnM

N(1,v) = > (2m=l — 4 z)(2m2 — 14 zg) - (2T — 1 4 ) =
z=(21,..., zk)GPk
»(z)=1
= gmi—t Z (2m271 —1+4+29)--- (ka—l — 142+ (2m171 — 1)2m2+"'+m’“7k+1 =

(22y0r2)#(1,..0,1)
= 2MTIN(0,0') + (2m Tt — 1)2mat ekl
— 2m171((2m2 _ 1) .. (ka _ 1) _ 2m2+---+mk7k+1> + (2m171 _ 1)2m2+---+mk*k+1 —
— 2m1—1(2m2 _ 1) . (2mk _ 1) _ 2ﬂm+--.+mk—/€+17
N(0,0) =T — N(1,v) = (2™ —1)(27m2 — 1) --- (2™ — 1) 4 2m2FFme=htl,
PasencrBo sy rank v HEMoOCPEICTBEHHO CJIEIyeT U3 TeopeMbl 1. B

OTMGTI/IM, 9TO B yTBEP2KACHUN 7 JJIA HO,ILC‘{éTa HJaCTOT MO2KHO BOCIIOJIB30BaTLCA TeOpe-
MOM 4, €CJIN Y4€CTb, 9TO CIIpaBe/JINBbI PaBEHCTBA

0, ecm a = (0,as,...,az), (as,...,a;) € P*7L
W,(a) = 28 — 4, ecrm a = (1,0,...,0),
4(=D)lal ecmm a = (1,ay, ..., ax), (ag, ..., ar) # 0.
VYrBepxkaenue 8. Ilycrs o(xy,...,25) = 1B - - BTp_2BTk_12x. Toraa 1rst Kazxk0r0
z € {0,1}
T -1 k+z
N(Z, U) = E _( 2> (2mk—1+mk_1 — QMk—1 _ QM g 1)’

rankv = mq + - -+ + Mg_o + Mmp_1My.
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Zloxazameasbcmaeo. 3aMeTuM, U9TO CIIPABEJJIMBLI PABEHCTBA

0, ecint (ay,...,ap_0) # (1,...,1),
W,(a) = 2k=1 ecnm (ay,...,ap_2) = (1,...,1), (ag_1,ax) # (1,1),
—2k=1 ecma = (1,1,...,1).

Torma, corsacao Teopeme 4,

T (_1>I€+z Mp—1 mp mp Mg_1
N(z0) = 5 + 40— (@ = 1)(2™ — 1) = (@M — 1) = (271 — 1) — 1) =
T (_1)k+z
= — - 7 2mk71+mk_1 _ 2mk71 _ ka 1 )
SR +1)

PasencrBo sy rank v HermocpecTBEHHO cJie/IyeT U3 TeopeMbl 1. B

5. OmeHkKu 4acToT

UcnonwzoBanne dopmyr u3 teopeMm 3 u 4 He Bcerja yg00HO BBHJLY OOJIBIIOTO YHCIA
ciaaraeMbix B HuX. [Ipescraisier maTepec nosydenne orneHok dactor N(z,v). Ipuseném
OIEHKY, MOJIyYeHHYIO [0 AHAJIOTHH C JIOKA3aTebCTBOM U3 paboThl |2, Teopema 18.2].

Teopema 5. Ilyctes P = GF(2), z € P, uy,...,u; — JIPII makcumasibpaoro mnepuosa
HaJi nosieM P, mMmerorue repuojasl 2™ — 1,...,2™k — 1 COOTBETCTBEHHO, MPUYUEM UHUCJIA
My, ..., My MOMAPHO B3aUMHO MPOCTBI U My < My < ... < Mmy. Torga s mocaeaoBaTesb-
HOCTHU ¥, ONpeJIeJIEHHOl paBeHcTBoM (1) ¢ dyHKIHE ¢, CylecTBEHHO 3aBUCAIIEIl 0T BCex
CBOUX ITepEMEHHbBIX, CIIPABE/ITNBLI HEPABEHCTBA

2m1+...+mk—k(1 . 22—m1 + 22_m1_k>|80_1(2)| < N(Z,U) < 2m1+m+mk_k’@_1(2)|,

e o '(z) ={a € P": p(a) = z}.
Jloxazameavcmeo. BepxHgasa olleHKa BbITEKAET U3 TEOPEMbl 3 U HEPABEHCTBA

(2m171 -1+ Zl)(2m271 -1+ ZQ) s (kail -1+ Zk) < 2m1+...+mk7k7

CIIpaBeJJINBOTO JIJIsI BCEX 21, 29,...,2r € P. JloKaxKeM clIpaBeIMBOCTb HUXKHEI OIleH-
k. MerojoM MaTeMaTUdecKoil MHYKIIUN 110 MTapaMeTpy k HeTPYHO MOKa3aTb, UTO JIJIs
BCEX HEOTPUIIATEJIbHBIX JIEHCTBUTEIBHBIX YUCET Gy, - - . , ), BEPHO HepaBeHCTBO (1 —aq) - - - X
X(1—ag) >21—a; —...— ag. Torga ¢ ucrnoyib30BaHEM TEOPEMBI 3 TIOJIydaeM
ek 1—2 1 — 2z
N(z,v)= > 2mt-+m l— )\l =5 2
z€p~1(z) 2m 2Mk
> 2m1+---+mk—k| _1(Z)| 1— 1 1 — 1 >
= <p 2m171 e ka,1 =
> 2m1+...+mk—k| —l(z)’ 1— 1 _ _ 1 >
= ¥ om1—1 e gmy—1 =
1 1 1
mi—+...4+mr—k —1 _ _ _ _ _ —
>2 o™ (2)] (1 gl g T 2m1+k_2) —

— 2m1+'"+mk_k|@_1(2)|(1 o 22—m1 + 22—m1—k)‘

TeopeMa JTOKa3aHa. i
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Bepxusist oneHKka u3 TeopeMbl 5 jiokaszana B |2, Treopema 18.2]. B s1oit xke pabore npuso-
JIATCSl HUZKHAS OIeHKa, KOTOPas B YCJIOBUIX T€OPEMbBI D UMeEET CJIeTYIONNi BUI:

N(l,v) > 2m1+...+mkfk<1 - 217m1)‘9071(z)‘.

JlokazaTeabCTBO 9TO OIEHKU OMUOOYHO U caMa, OLCHKA He BepHa. [IpuBesiéM cooTBeTcTBy-
foruit ipumep. Ilyers k > 2, o(xy, 29, ..., x) = T1Z2 - - - Ty. Torma, cormacuo yTBepxKie-
HUIO 6,

N(Lv) = (2m = 1)@m= 1) (2™ — 1) < (M~ — 1)2metetmehtl

a paccMaTpuBaeMad OIleHKa nMeeT BH/

N(l, U) > 2m1+...+mk—k . 2m2+~-~+mk—k+17

YTO He BEPHO.

[Tonydenue obIIMX OIEHOK C WCIOJb30BAHMEM TeOpeMbl 4 IPeJCTaBJIsAeTCd 3aTPY/IHU-
TeJIbHBIM. [IpuMenumM 3mu pe3yabraThl i BaXKHOTO Kjacca (DYHKIUN YCJIOKHEHUS (0, Ha-
3BIBAEMBIX KOPPEJISIMOHHO-UMMYHHBIMHE |3, §5.3; 7, rur. 7].

Teopema 6. Ilycrn, B ycioBusix Teopemst b, T = (2™ —1)--- (2™ — 1) u ¢ aBageTcs
KOPPEJIAIIMOHHO-UMMYHHO#T opsiika d dyuknueit. Torma

1/2
IN(z,0) — 6(2)] < (2m+2 — 1) (2™ — 1) |M(90)\2{0}! |

e M(p) = {a € P*: W,(a) # 0}, a Besmuuna §(2) onpe/iejiena paBeHCTBAMU

TM, ecam z = 1,
9k
6(z) =
T( —%), ecm z = ()
Joxazameavcmeo. 113 Teopembl 4 nmeem
_ T (=1)=IW, (a)
|N<Z,U) - 5(2)‘ - W aePkZ\{O} (2m171)a1...(2;€%71)%

OTCIO,ZLa IIOJIYy9YHMM HEPaBEHCTBO

T [We(a)]
N(z,v) — 6(2)| < = - :
| (Z; U) (Z>| 2k+1 aeszi{O} (2m1 _ 1)@1 . (ka _ 1)ak

Cornacro [7, Teopema 7.10], W,(a) = 0 mna Beex Bektopos a € P* peca 1 < ||a|| < d.
CienoBaTesbHO,

L S (W)l (4)

N —0(z)] <
‘ (Z,U) (Z)‘ 2k+1(2m1 _ 1) o (2muz+1 — 1) acPF\{0}
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Bocnosnbsyemest nepasencrsom Komu [4, c¢. 131] u pasenctom [lapcesans |7, c. 80| mis
[IOJIy9€HUsI OIEHKU CBEPXy CyMMBbI MojtyJieit Koaddurmentos Yosarna — Aamapa. Torma

1/2
> Wea)= X IWw(a)|<|M(¢)\{0}|“2< > IW@(a)P) <

acPF\{0} acM(p)\{0} acM(p)\{0}

1/2
<|M(s0)\{0}|1/2< > IW@(a)P) = | M (p)\{0}|"/22F

aeM(p)

[TojicTaBuB MOJIyUEHHYIO OIEHKY B HEPABEHCTBO (4), HOJIyIrM

M)\ {0H?

IN(z,0) =d(2)] < (272 = 1)--- (2™ = 1) 5

Teopema mokazana. m

st cobasaHCHPOBAHHBIX KOPPEJISIIMOHHO-UMMYHHBIX mopsijika d GyHKimit (d-ycroitdu-
BbIX (DYHKIIHIT) TOJIydIaeM CJIeIY oMUl pe3yIbTar.

CraencrBue 1. llyctb, B ycioBugax TeopeMbl 5, (DyHKIUSA @ sBJIsA€TCH d-yCTOWYUBOI.

Torma
| M(p)\{0}]"
5 )

‘N(z,v) T

3| <@ 1@

[TpuBeném OlEHKY, HE 3aBUCAILY0 OT Beaudauabl M (o).

CraenctBue 2. IlycTb, B yCJIOBHSX TEOPEMBI D, (0 SIBJISIETCS KOPPEISIITUOHHO-IMMY H-
noit opsiyika d dgyukmueit. Toraa

(2F — s(k,d))"/?
5 :

() () ()++(0)

Aoxaszamenavcmeo. Vcnonssys paserncrso W, (a) = 0, cupaseinBoe i BCeX BEK-
Topos a € P seca 1 < ||al| < d |7, Teopema 7.10], momyaum

M()| < 2~ (’f) - (’;) - (’;)

Ecmm dyuxmus ¢ we asisgerca cbanancuposannoii, o W,(0) # 0 u 0 € M(p). Ecm
dbyukuus ¢ apisercs coamancuposanuoit, o W,(0) =0 u 0 ¢ M(p). Takum obpazom,

M)\ {0}] < 2 — (’0“) - (’j) - (’;) - (’jl) 9k s(k,d),

7 OCTaETCs BOCIIOJIH30BAThCS OIEHKOU n3 TeopeMbl 6. B

Ouenku 13 TeopeMsbl 6, coesicTril 1 u 2 obparaioTes B paBeHCTBa Jist Kaxk o u3 (k—1)-
yeroitunBbix GyHKuii p(rq,...,0) =21 B Brp u p(T1,..., %) =21 B - Prpr D1 (M.
yTBepK/IeHue 5).

[N(z,0) = 0(2)] < (272 = 1) --- (2™ = 1)



28 N. B. bunsk, O.B. Kamnosckuii

6. ABTOKOppeJsisnnOoHHAasA (PYHKIUSI U PACCTOSHUE MEXKYy OTpPe3KaMu
BBIXOJIHBIX IIOCJIE/IOBATEJIbHOCTEN

Pacemorpum coyuaait, korma Fi(z),. .., Fj(xz) — npuMuTHBHBIE MHOTOYJIEHBI HAJL HOJIEM
P = GF(2) monapHo B3aUMHO IIPOCTBIX CTEIEHEl My, . . ., M) COOTBETCTBEHHO, ¢ — Oy/ieBa
byHKIUSA, CYIMIECTBEHHO 3aBUCAIIAA OT BCEX CBOUX IMEPEMEHHBIX, a HAYAJbHOE COCTOSHUE

Qp = (Ul(O),Ul(l), c ,ul(ml — 1), PN ,uk(O),uk(l), N ,uk(mk — 1))

KOMOHMHEPYIOIIEro reHepaTopa Buionpaercs us Muozkectsa (P™\{0}) x...x(P"\{0}), T.e.
Bee JIPIL wy,...,uy sBisiorcs wenynesbivu. [lycrs T'= (2™ —1)--- (2™ — 1). Coruac-
HO TeopeMe 2, Kaykjas BBIXO/HAs I0CJIEJI0BATEILHOCTh U KOMOMHHUPYIOIIEro TeHepaTopa,
nocrpoensast 1o npasmiy (1), umeer nepuon T'(v) = T. Kak mokaszaHo B yTBepXKICHUN 2,
COCTOSIHUST

a; = (ur(i),u (i +1),...;ur (i +my — 1), u(d), ue(i + 1), ..o ug (i 4+ my — 1))

KOMOMHUPYIOIIEro reaeparopa B MOMeHTHI Bpemenn ¢ = 0, 1,...,T — 1 nmpoberaioT Bce MHO-
xkectBOo (P™\{0}) x ... x (P™\{0}) u jiezkaT Ha OAHOM IUKJIE.

g xkaxxkgoro r € Ny obo3HaduMm depe3 x'v CABUI IIOCTIEI0BATEILHOCTA ¥ Ha T INa-
OB, T. €. IIOCJIEIOBATEIBHOCTD Buja x'v = (v(r),v(r + 1),...). BaMeTuM, 9T0 MHOXKECTBO
BCEX TIOCJIe/IOBATE/IbHOCTEH Ha/l 1mojieM P obpasyer MOJy/Ib HaJl KOJIBIIOM MHOTOYJICHOB
Plz] [4, ¢.297], u BBeméHHOE OGO3HAUEHUE COIVIACYETCsI C BHEIHEN Olepalueil yMHOMXKe-
HHs 110CJIeI0BAaTeILHOCTH Ha MHorodien. Ilocienosarensnocts xlv, t = 0,1,...,7 — 1,
BbIpabaThIBAETCS HA HAYAJTBHOM COCTOSHUN (y, U B PACCMATPUBAEMOM CJIYYIAe BCE BBIXOJI-
HbIE TIOCJIe/IOBATEILbHOCTH MeHepaTopa SBJSIOTCA CJIBUTAMU JIPYT JIpyTra. B cury paBeHcTBa
T(v) = T nocieoBaTeIbHOCTH U, TV, . .., T 10 HOHAPHO Pa3IHIHbBI.

Hac mnnrepecyer sonpoc o paccrostaun Xammunra p(v, z'v), ¢ = 0,1,..., T — 1, mexuy
sextopamu (v(0),v(1),...,v(T—1)) u (v(t),v(t+1),...,v(t+T—1)), 7. e. MeKIY HUKIAME
nocsefoBaTesbHOCTE v 1 2w,

Pacemorpun  aBTOKOppEAMOHHYI0 (DYHKIHIO IocaegoBarebaocT v |5; 9, . 123],
OIIPEJICTIEHHY IO PABEHCTBOM

T-1

Co(t) = > (=1)p@OE 5 =0.1,...,T — 1. (5)

1=0

U3 pasencrsa C,(t) =T — 2p(v, v;) nosy<aum

p(v,z'v) = (T — Cy(1))/2. (6)
Bceroy B JaibHeilleM U3ydaeTca CUTyalld, KOraa s Beex j = 1,2, ..., k BBbIIOJIHEHO
(u;(0),u;(1), ... uj(my — 1)) # (ui(t), u;(t +1),...,u;(t +my; — 1)), (7)

T. e. IpU BEIpAabOTKe v U T'v BCe COOTBETCTBYIONIE Hada IbHble 3aIl0IHCHNs PETUCTPOB C/IBU-
ra pas3JIn4dHbl.

Jlemma 1. YcioBue (7) paBHOCHJIBHO TOMY, 9TO ¢ He KpaTHO KayKJIOMY W3 HHCEJ
m m
omi . omk 1.

ZJloxaszameavcmeo. llpu xkaxkjom j = 1,2,..., k cooTHOIIEHHE

(uj(0),u;(1),...,u;(m; — 1)) = (uj(t),u;(t +1),...,u;(t + m; — 1))

osHavaer, 4to u; = xr'u;, T.e. (¥ —1)u; = (0). 1o pasHOCHIBLHO TOMY, uTO T'(u;) = 2" —1
JeuT t. |
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Teopema 7. Ilycts P = GF(2), Fi(z),..., Fx(z) — npuMUTHBHBIC MHOTOWICHBI HA/J{
nosleM P monapHO B3aMMHO NMPOCTBIX CTENEeHed My, ..., My COOTBETCTBEHHO, Ui, . . ., Uk —
nenysesbie JIPIT, T = (2" — 1)-.- (2" — 1), DyHKIWs ¢ CYIMIECTBEHHO 3aBUCHT OT BCEX
CBOUX TI€peMeHHbBIX. Toraa Jijisd Beex ¢, He KpaTHBIX KaxK oMy u3 unces 27t —1, ..., 2™ — 1

C,(t)=T (1 _ el )2 + sz_l (1 - M) 3 (=D=IW, (a)

ok-1 21 ) gy (27— D)ar (27 — 1)
N T > (—1)laVorarVoliyy, (2) IV, (b)
2k az(asmar), (2m1 _ 1)(11\/b1 . (ka _ 1>ak\/bk :

b=(by,....b,)EPF\{0}

Hoxasamenvcmeo. U3 pasencrs (2) u (5) nmeem

T—1 ' ' 1 T—1 ‘ .
Co(t) = 32 (=1)PO(—1)v0+8) = = > We(a)W,(b) (—1)w1 & Bwr()
i=0 2 a,bePk i=0
rje Jd Kazkjoro j = 1,2,..., k 1mocieJoBaTeIbHOCTb w; ONpeJeaeHa PaBeHCTBOM W =

= (bjz" + a;j)u;. IMocnenoBarenbrocTs w; sapistercs JIPII ¢ XxapakTepucTndecKuM MHOIO-

.. t
wienoM Fj(x), npuuéM oHa HyseBasl TOIJIa U TOJBKO Torna, Korga Fj(x) memutr b;jx' + aj.
ITo BbIOODY |HCIA t 9TO BBIIOIHEHO TOJIBLKO IIPH ycsioBun a; = b; = 0. Orciona ¢ UCIoab30-
BaHMEM YTBEPKJICHUS 4 MOJIydIaeM CJIe/Iyoliee PABEHCTBO:

— a1Vbi,...,ar Vb
TZl (— 1)1 (D@ Buwr(i) — (-t
=0 (2m1 — 1)‘11Vb1 . (ka _ 1)akak
SHauur,
T (—1)llaxVbr,ar Vo)l
i W

Bouenss oriensho ciydan a = b = 0;a = 0, b € PP\{0}; b = 0, a € P*\{0} u
ucnonb3ys pasencrso W, (0) = 2% — 2[|p||, momyunm nyzKuyo dbopmysty.

Teopema 7 u paBeHcTBO (6) I03BOJISIFOT HAWTH TOUHBIE 3HAUEHUS JIJIsl PACCTOSTHUN XIM-
vutra p(v, z'v). Hanpumep, mycTh, B yeJI0BUsX TeOpeMbl 7, (1, ..., Tx) = 11 PB- - -DrpPe,
rie € € {0,1}. Torgma (cMm. yrBepxaeHue 5)

T(—1)*W,(1,...,1)?

Cy(t) = = (=D plv,a'v) =

T+ (—1)1!
T 22k(2m — 1) ... (2mk — 1) 2

2

B sToM ciyuae paccMarpuBaeMble BEKTOPBI OTJIMIAI0TCs IIPUMEPHO B IIOJIOBUHE KOOP/IMHAT.
Pacemorpum emé ogun ipumvep. [lycers, B yemoBusx teopemst 7, ¢(xq,...,2T) = 1 @
@ D rp_o D rp_12,. Torma (cM. yTBepKIeHue 8)

Colt) = 57

2% bef(1..100),(1..101),(1..110),(1..1)p (21 — 1)@V (2me — 1 )axVOr
OTciofa HEeTPY/JIHO HOIYYUTh PABEHCTBA
Cy(t) — (_1)k(2mk—1+mk—2 o 2mk—1 . ka + 1)7
p(0,2'0) = (T + (~1)~ (o2 _ gmies _gme 1)),

YeraHoBUM OIEHKY cBepxy BeauduHbl C,(t) J/Ig KOPPEeIAIMOHHO-UMMYHHbBIX (DYHKITHI
VCJIOYKHEHUSI.
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CrnencrBue 3. llycTb, B ycioBUSAX TEOPEMBI 7, my < Mo < ... < My U p dABJISACTCH
KOPPEJIAIMOHHO-UMMYHHOM ropgjka d dyuknueii. Tora

)~ (1= JEL) < ey o on (2 LEL + prongon )

Zloxazamenvcmeo. VI3 Teopembl 7 mOJIyduM

- (1- 11

T [l [We(a)]
<——(1-22
oF1 ( 31) 2 Gm—Tm . @m o1

acPk\{0}
+£ 5 (W (a)|[We(b)| _
922k A= (agag), (2m1 _ 1)a1\/b1 . (ka _ ]_)a,k\/b;c

b=(by,....bg)EPF\{0}

Tak kax W,(a) = 0 ayst Beex BekTopos a € P* Beca 1 < ||a|| < d |7, reopema 7.10], To

Cy(t) =T (1 - gﬂ)Q o @maz 1) (2 — 128 = 20])

= 92k—1

+(2md+2 — 1) e (ka _ 1) <

> [Wel(a)l+
acPk\{0}

2% acPF\{0}

2
2. IWw(a>|> :
I[.HH 3aBeplieHud JOKa3aTe/JIbCTBa OCTaETCI BOCIIOJIB30BATHCI HEPpABEHCTBOM

> [W(a)] < [M(p)\{0}'/22",

acPk\0
IIOJIYYE€HHBIM IIPpU JIOKa3aTe/JIbCTBE TECOPEMbI 6.m

CraenctBue 4. llyctb, B ycjioBUsIX TeOpeMbl 7, my < mg < ... < My U ( SABJISAETCS
d-ycroitauBoii Oynesoit pynkmueit. Tora

Cot)] < (242 = 1)+ (2™ = 1)IM(p)\{0}] < (272 — 1) -+ (2™ = 1)(2" — s(k, d)),
T 2k — s(k,d)

oot - 3| < moes = ) me = PO o ey ame -y 22

Jloxazameavcmeo. JlocraTtouno Bocmosmb3oBaThes omenkoit |M(p)\{0}] < 2F —
— s(k, d), mosryueHHOit TIpU JI0KA3aTeIbCTBE CJIEJICTBH 2, U paBeHCTBOM (6). W

Omuenku u3 ciespctBuii 3 u 4 JOCTHKUMBL 7151 OyseBoit pyHkmu ¢(xy,...,T) = o1 O
Gro® - D De, raee € {0,1}.
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HOBASI CEMAHTUYECKU CTOMKAS CUCTEMA ININ®POBAHNS
C OTKPBITHIM KJIFOUOM HA FA3E RSA!

B. A. PomanbkoB

Owmckutl 2ocydapemeennoiti ynusepcumem um. @. M. Jlocmoesckozo, 2. Omck, Poccus

[IpecraBiieHa cCEeMAHTUIECKH CTORKAsT CHCTEMA MU POBAHUSI ¢ OTKPBITHIM KJIIOUOM Ha
6aze cucrembl mudposanus RSA. Kpome ceMaHTHYIECKON CTOWKOCTH, OMMUCAHBI JPYTHUe
[IPEUMYIIECTBA JJAHHOM CHCTEMBI 10 OTHOIIEHUIO K 0a30Boit cucreme RSA, B ToMm dncie
BO3MOKHOCTD 00J1€€ IMHUPOKOTO BHIOOPA KJIIOYEH M BO3MOXKHOCTD BBIOOPa KJII049a, M-
poBaHus mojb3oBaresieM. IlokazaHo, 9To B pejiaraeMoil cucreme, B oTan4dre or RSA,
JUTST T POBAHIS HEJTIOCTATOYHO 3HAHUST PA3TOKEHUsT MOJIYJIsT Ha, MHOXKUTEIIH.

KiroueBble CJIOBa: CEMAHMUYNECKAA CMOUKOCb, CUCTEMA WUPPOSAHUA C OMKDYI-
moim Karowom, RSA, naampopma wudposarus, xmouu wudposanusi u pacuupposa-
HUA, MYALMUNAUKAMUBHAS 2PYNNG KOADUQ BBIYEMOE, N0JPYNNa K6adpamuHL 6vl-
Yemos.
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A SEMANTICALLY SECURE PUBLIC-KEY CRYPTOSYSTEM
BASED ON RSA

V. A. Romankov

Omsk State University, Omsk, Russia

E-mail: romankov48@mail.ru

We present a semantically secure public-key cryptosystem based on the RSA cryp-
tosystem. We describe possible preferences of the proposed cryptosystem with re-
spect to the basic RSA cryptosystem. These preferences include a semantic security
property, as well as more various choice of an encryption key, and the possibility to
select this key by an ordinary user. It is shown that the knowledge of the modulus
factorization does not allow to break the cryptosystem as it happens in the basic RSA.

Keywords: semantic security, public-key cryptosystem, RSA cryptosystem, encryp-
tion platform, encryption and decryption keys, the multiplicative group of a residue
ring, the subgroup of quadratic residues.

BBeaenue

Cucrema RSA, Beenénnas B obpamenune Ponom Pusectom, Agn Ilamupom u Jlenom
Annemanom B 1977 1. [1], siBasiercss HamboJIee TOMYJISIPHON KPHUITTOrPaGUIeCcKOii crucTeMoit

!Pa6ota BeImoHena npu dbunamcosoil momep:xkke POOU, mpoexkr Ne15.41.04312.
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¢ OTKPBITBIM KJIF09oM. OHa MIMPOKO HCIOJIB3YyeTCs BO BCEM MHpPe Kak s MuPOBAHUSI,
Tak u jis nudpooit nmoanucu. B HacTosee Bpemst RSA BxouT Bo Bee yueOHUKHN 110 KPUTI-
torpadun. Eil mocssaieno Hemasio crareit, oHa BbIIep:KaJjia MHOXKeCTBO aTak. He pas o0b-
SIBJISIJIOCH, 9TO CHCTeMa Hcuepliaia cedsi, HO TMO-TIPEsKHEMY I0JIOOHBbIE YTBEPXKICHUS OCTa-
forcst be3ocHoBaTeIbHBIME. OTHOCHTEIbHO cucTteMbl RSA 1 eé Kpunrorpadudeckoil cToii-
KOCTH M. [2—4].

B 1o ke Bpems MoxKeT co3/iaThes BiedaTieHune, 9To cucrema RSA cyiecTtByer B 3aKOH-
YEeHHOM pa3 W HaBcerja 3adUKCHPOBAHHOM BHje. B oTinmdme OT CHCTEM, UCIOJIB3YIONINX
JIMCKPETHBIE JIOTapuMpMbI, JUId HEE He MPUIyMaHO SJUIAINTUYCCKUX WU ajaredpamdecKux
aHaJIoroB. Bo3HUMKaeT BOIPOC: MOYeMy TaK MpoucxoauT?! EcTh jm 4To-TO Takoe B caMoil
cucreme RSA, 9To He 103BOJIET pacCMaTPUBATL pa3/IMYHbIe €€ BepCuu, He JaéT BO3MOXK-
HOCTH HCIIOJIH30BATH IIaT(MOPMbI MMM POBAHUS, OTJIMYHBIE OT KOJIEI BEIYETOB 110 MOJIYJIIO,
SIBJISTFOITIEMYCST TIPOU3BEJIeHNeM JIByX (OOJIBINNX) Pa3IMIHbIX MpocThix unces’! Jlymaercs,
9TO 9TO He Tak. B Hacrosmmel paboTe mpeIoKeHbl IOCTATOYHO MMPOCThIE U eCTECTBEHHbBIE
CIIOCOOBI Pa3HOOOPa3UTh (OPMBI HCIOJIB30BaHUs cucTeMbl RSA m jgan Kparkuil aHan3
HOBBIX BO3MOXKHOCTEil. MBI OocTaB/isieM B CTOPOHE pa3IUYIHbIe TEXHUICCKUE BOIPOCHI, CBS-
3aHHBIE C IIPABUJIBHBIM BBIOOPOM IIapaMeTPOB CHUCTEMbI, TOHKOCTIMU €€ HUMILIeMEHTAIUN
u T. 1. OcHOBHOEe BHUMaHIE OyIeT COCPeIOTOYEHO Ha BOIPOcaxX ODIIero xapakrepa.

B nanbreitiiem Z,, 0603Ha"aeT KOJIBIIO BBIYETOB 10 MOJLYJIIO 11, KOTOPBIN B JAHHON paboTe
SIBJISIETCsT [TPOU3BEJIeHIeM JBYX (OOJIBIINX) Pa3IMIHBIX MPOCTHIX 4uces p u ¢. Hepes ZX
0603HaYAETCS My/IBTUIINKATHBHAS TPYIIIa KOublia Z,. Yepes Z() obo3HadaeM MHOKECTBO
BCEX YUCEJI, IPEJCTABIAIONINXCS B BUJIE IIPOU3BEACHUST ABYX PA3INIHBIX IIPOCTHIX HEIETHBIX
ancest. Takum obpasom, n € Z32).

1. Kiaccnyeckas Bepcusgs RSA

YcranoBka cucrembl RSA

[Tnardopmoii mist cucreMbl RSA Clly?KUT KOJIBIIO BBIUETOB Zy,, TJ€ MOILYJIb 1 €CTh IIPO-
U3BEJIEHIE JBYX PA3IUIHBIX JIOCTATOYHO OOJIBIIMX IPOCTBIX YHUCes p U ¢. ducia p u ¢
SIBJISIOTCS CEKPETHBIMU, MOJYJIb 1 — OTKPBITBIM. V3 coobparkeHuii CeKpeTHOCTH [ucjia p
U ¢ BbIOMpaoTCs ciaydaitHbiM obpaszoM. Cuuraercs, 9TO p U ¢ JOJKHBI ObITH PUMEPHO
OJIMHAKOBOIl OUTOBOMN JIJINHEI.

[Tocsie BEIGOpA p U ¢, OJAHOZHAYHO ONPEIEIONUX MOLYJIb N 1 IIATHOPMY Z,,, BHIYHC-
ngercs dyuxims ditnepa p(n) = @(p)p(q) = (p — 1)(¢ — 1). Eé 3navenne coxpansercs
B CEKpere.

HamomuuM, 910 (1) paBHO YHCITy HATYPATBHBIX YHCEN, He OOJIBIINX 1 U B3AUMHO PO~
CTBIX C 1. 3alMChIBAEMbIE STUMU YUCJIAMU BLIUETHI, U TOJHKO OHU, ABJSIIOTCA 0OPaTHMbIMU
[0 MOJIYJIIO 1, TO €CTh OOPATUMBIMHU B KOJIbIE Z,. 3HAIUT, p(n) = |Z| aBiagercs nopsiakom
IPyNIbl Z) 00pATUMBIX BBIYETOB KOIbIA Zy,.

Hasee BoIOMpaeTcs K04 3amndpoBaHust e — IeJioe IucIo B mpejenax 2 < e < ¢o(n)—1,
TaKoe, UTO € U p(n) B3aMMHO IPOCTHIE. B ambHeiiIeM e nerob3yeTcs Kak OTKPBITBIA K0T
sanmudpoBaHust (IKCIOHEHTa 3aIndpPOBaHNA).

OnHosnadno Beraucsserca dncyao d, takoe, 4to ed = 1 (mod ¢(n)). Boruer d =
= e ! mod p(n) sBasieTcs 0OGpATHBIM 3JIEMEHTOM K € B I'PyTIIIe L (y-

Yucsio d saBsieTcst CeKPETHLIM U UCIOJIL3YETCsl B JIajbHERIIeM B KadeCTBe KJI0ua pac-
mudpoBanus (KCoHeHTH! pacindpoBanus). OHo 3(MEKTUBHO BBIYHCISIETC 10 € U ¢(n)
PACHIMPEHHBIM aJaropuTMoM EBK/IHIa.

OTKpBITBIE JAHHBIE: MOLY/Ib N ¥ KJIOY 3aIludpoBaHus €.
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CekpeTHbIe JaHHBIE: TAPAMETPHI P U ¢, 3HaUeHHe (DyHKIuu Ditaepa @(n), K0T pac-
mudpoBanud d.

Asropurmbl 3anmdpoBaHus U pacinnd@poBaHUs

it mepejiadn CBOero cOOOIEeHNsT 1M, IIPEeJICTABJIEHHOIO KaK 3JIeMeHT KOJIbIa Z,, Koppe-
crioHyieHT AJtnca JOJKHA 3HATH OTKPBITHIH K04 (n, €) KoppecrnoneHTa boba, KoropoMmy
IpeIHa3HaYeHO JaHHoe coobinenue. CoolIeHne m 3alnchblBaeTCsi CBOUM CTaHIaPTHBIM 3HAa-
genneM, To ectb 0 < m < n — 1. 3ammudpoBaHHoe COODIIEHNE ¢ BBITUCISIETCS 10 ITPABUITY

¢ =m® mod n. (1)

[Ipu sTOM /1151 BBIYETA €, TIEpPeIaBaeMOro 1o OTKPBITOI CeTH, UCIIOIb3YeTCsl ero CTaHIapTHOE
3Hadenue, To ectb 0 <c<n — 1.

Yro0bI pacimmdpoBarh coodinerne, bob nCoab3yeT cBoit CeKpPeTHBINH KU paciindpo-
BaHus d, BLIIOJIHAS CJIEAYIONIee JIefACTBHE:

A =m““=m (mod n). (2)
CupaseyInBOCTh paBeHcTBa (2) B ciiydae 0OpATUMOrO BbIYeTa M CaeiayerT u3 (opMyJibl
Sitrepa m?™ =1 (mod n). Ecau m neobparum, papencTso (2) TakKe HMeeT MecTo (CM.,
Hanpumep, [5]).

Kpunrocroiikocrs cucrembl RSA 0CHOBLIBaETCA Ha TPYIHOCTH PEINCHHU 3aJ1a49U O Pas-
JIO?KEHUM Ha MHOXKHUTEIU OOJIBIIMX YHCe]I BUJAA N = pg. Ta 3ajada PeIIaeTcs y2Ke COTHH
JjeT, Ho 3(pPEKTUBHBINA aJIFOPUTM Pa3JIOKEHHd B OOIIeM CIydae TaK U He Haiigen. Eciu mo-
TeHHI/Ia.HbeIﬁ B3JIOMIIUK MJIN HEJINTUTUMHBIN 10JIb30BaTe]Ib cyMmeeT HaWTHU 4uCJIa puq, o
CMOZKET BbIYUCJIUTH KJIIOY d N 9YUTaTh BCE COO6HI€HI/IH, IIpeJHa3HaYCHHbIC B ,ZL&HHOI';I cucremMme
Boby. NzsectHo Takxke (cM., Hampumep, [6, ¢. 94-95]), uto mo K041y d MOXKHO, HCIOIb3YS
meton, Monrte-Kapiio, BBIMHCINTE TapaMeTphl p U ¢, 9TO IIOJHOCTBIO pa300/IadaeT I JejIaeT
HEIIPUTO/IHON K UCIIOJIB30BAHMIO YCTAHOBJICHHYI0 BoGoM cucremy.

3 npuBeI¢HHBIX PACCYKICHUH, OJHAKO, HE CJICAYET, YTO KPHUITOCTORKOCTL CHCTEMBI
RSA paBHOCHIBHA TPYAHOPA3PEIIUMOCTH IPOGIEMbI PA3IOKEHUs THUCEI BUIA N = pg HA
MHOZKUTEJIN. I/I3BeCTHbI aTaKM, B KOTOPBLIX MCIIOJIb30BaHbI ;prFI/Ie COO6pa}KeHI/IH (CM., Ha-
npumep, [7]). BosmoxkHO, 94TO0 CyiecTByer ené He HailIeHHBIN yHIUBEPCATIBHBINA C1OCO0 TIPO-
yTeHns coobuenus m 6e3 BLIYUCICHNS CEKPETHBIX IIapaMeTpOB p, ¢ M KJo4a pacmudpo-
Banns d. Ho 3T0 TOIBKO mpeno/iozKenue.

2. I/IH,I[I/IBI/I,H,yaJ'IbeIe n yHuBepcCaJibHbI€ KJIIOIN

[Tycrb mopsaiok |m| semenTa m rpymnbl Z* paBeH t. 9T0 O3HAYAET, YTO HAMMEHbINAsI
CTelleHb, B KOTOPOil ajileMeHT m paseH 1 B rpynne Z:, passa t. Torma 3amudposannoe co-
obrenre ¢ = m® mod n MOXKeT OBITH paciudPOBAHO UHIUBUIYATHLHBIM KJIIOUOM dy, OIIpe-
JesisteMbIM paBeHcTBoM ed; = 1 (mod t). Kuttoa d; Mmozker okasaThest CyecTBEHHO MEHBIIE,
TeM YHUBEPCAIbHBIN K04 paciudpoBarusa d. OH MOAXOAAT Ui paciindpoBaHus BCEX
sanmmdpPOBaHHBIX COOOIIEeHNH Buga ¢¢, Takux, uro g = 1 B rpynne Z* (wm, 910 TO XKe
camoe, g* = 1 (mod n)). HeiicrBurensno, us pasencrsa ed; = 1 (mod t) cremyer, 9To
ed; = 1 + tl piaa nexkoroporo nesoro . Torna (g¢)% = g°¥ = ¢g'* = g (mod n). B wacr-
HOCTH, BBIYUCJIEHNE YHUBEPCAJIBHOTO KJfo4da d, C MOMOIIBIO KOTOPOro pacindpoBbIBaeTCs
moboe 3ammndpoBaHHOE COOOIIEHIE, OCHOBAHO Ha TOM, UTO JId JII0O0TO0 g € Z; 10 (dopmyite
Aitrepa ¢¥™ =1 (mod n).

[Tycrs 7(Z%) obo3nauaer mepuo rpyimbl Z:, T0 eCTh HAMMEHbIIee HATYDATbHOE UUC-
70 t, Takoe, aro g' = 1 ;s moboro ssmementa g rpyunsl Z:. Yenosue gt = 1 (mod n)
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PaBHOCHUJILHO OJIHOBPEMEHHOMY BbInosiHennio yeyosuit ¢¢ = 1 (mod p) u ¢ = 1 (mod q).
* * L2

Tak Kaxk My/JIbTHIUIMKATHBHBIE TPYNbl Zy u Z, noneit Z, n 7, OUKINIECKHE HOPsIIKOB
p—1m q— 1 coorBeTCTBEHHO, I JIOO0TO 3/IeMEeHTa ¢ TPYIIBI Z,; BBIIOJHEHO PABEHCTBO
g =1,rmet=[p—1,q—1] ([a,b] o3HAUAET «HAMMeHbIIEE O0IIEE KPATHOE YUCEN 4 U b ).
BamMeTnM, 9T0 Takoe t 3aBeJIOMO MEHbIIE, YeM ¢(n), TaK Kak Mpu OOJIBIINAX IPOCTHIX P U
qucia p — 1 u ¢ — 1 oba uérubie. Hucyio ¢ mMo3BOJIAET ONPEJIETUTh YHUBEPCAJIbHBIN KJIIOY
paciudpoBanus d;, He BCerjia COBIaJIAIOMMil ¢ d.

MoxHo yrBep:kaarh, uro [p — 1,q — 1] coBnagaer ¢ nepuogom 7(Z}). okaxkem sto.

B k
[Iyctb p— 1 = [[p; u q—1 =[] p" — paszioxkenus B mpou3BeIeHUs TPUMAPHBIX MHO-
i=1 i=1
k
xkureneit. Torma [p — 1,q — 1] = [[ pi*, tme r; = max(l;,m;), i = 1,..., k. JocraToamno
i=1
k
JIOKa3aTh, 9TO B rpymme Z; Haiinérca smement nopsiaka t = [[ pi'. Iycrs t = tits, 1€
i=1
t1 = I ity te = I1 p;'. Torma ¢, nemmr p — 1 u ty mesmr g — 1.
ie{l,...,k}:riZZi iE{l,...,k}:li;ﬁmi,Tizmi

BameruM Takxke, 9T0 (t1,t2) = 1.

[Tycrs f — noposkjalomuii sjaeMentT rpynmbt Zs, h— IopoKIaiomuil 31eMeHT IpyTl-
nbl Z;. DIeMenT gy = fe=D/t pyveer nopsiok tp, smementT ¢go = h\97 D/ nopsiok ts.
Tak Kak 9TH MOPSAJIKU B3AUMHO IIPOCTHI, 9JEMEHT ¢ = ¢1¢o UMeeT HopsAo0K t. OTcioja 1mo-
JiydaeM TpebyeMoe yTBepKIeHIe.

Nrax, cucrema JIOycKaer JiBa Criocoba BEIYUCIEHHUS KII0Ya pacindpoBaHusl 10 COOTHO-
menuam ed = 1 (mod ¢(n)) ned; =1 (mod 7(n)) coorBercrsento, rae 7(n) = [p—1,¢—1].
B HEKOTOpBIX CiIydasgx 3TH KJOYU COBIAJIAIOT, WHOIA OTIUYAIOTCA JOCTATOYHO CHJIBHO.
Hanpumep, nipu p = 19, g = 37, n = 703, p(n) = 648, 7(n) = 36 ais kmova mudpoBaHus
e = 5 nonmyqaem d = 574, d; = 29.

[IpuBeiéaHbBIE pACCYKJIEHUST HATATKUBAIOT HA MBICb TIOCTPOEHUS TOICUCTEMbI JIAHHOM
cucreMbl RSA, 1m03BOJISIIONIEN MCIOIB30BATh KJIFOUN 3allli(POBaHUA, KOTOPbIE HE MOI'YT
OBITH TAKOBBIME JIJIsSI BCEil cHCTeMBbl. B 9acTHOCTH, 0Ka3a/10Ch BO3SMOXKHBIM HCIIOJIH30BAThH
B Ka4ecTBe € Y€THbIe Ynciia, 60jiee TOro — crenenn Japoiiku. Bosiee 1moapodbHO 06 3TOM TOBO-
puTCs Jasee.

3. HoBas cemaHTU4YeCcKHN CTOIiKasi cucTeMa IJ_II/ICl)pOBaHI/IH C OTKPBbBITBIM KJIIOYOM

Ha Oaze RSA

[lepeiigém K onmcaHUO OCHOBHOI cHUCTeMBI MUQPOBaHUsI, IIpejjlaraeMoil B JJaHHONH pa-
oore.

YcraHoBKa: miaatdopma mudpoBaHUA

Iycrs n = pg € Z»). B kauectse miardopMbl I CHCTEMbI IMTAMDPOBAHIS BHIOHpPAEM
KOJIBIIO BBIYETOB Z,,.

[Iycrs M — moprpynna MysibTUinKaTusaoit rpynnsl G, = Z%, r = |M|— eé nepuo
(mm opsANoK ). MoKHO Tak»Ke UCHOJIb30BATh JH060e YUCIIO T, Je/IsIneecs Ha MeproJl Moji-
rpynnbsl M. Cuauraem, 9TO MHOYXKECTBO BCEX BO3MOXKHBIX COOOIIEeHWit m cosrajaer ¢ M.
Takum obpazom, M BbICTyHAET B POJIU IIPOCTPAHCTBA COOOIECHUIA.

Bribepem apyryio noarpynny H < G, nepuojia (wimm nopsiika) t, B3AUMHO IIPOCTOTO
¢ r. B xagectBe t TakKe MOYKHO B34Th JTIO0O0€ UNCIIO, JEJSINeecs Ha MePUOJT HOArPYIbl H
7 B3AMMHO TTPOCTOE C 7.

Hannbrte n, M, H orkpoiThl. /lannvie p, q, 7,1 CEKpeTHHI.
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YcTaHOBKAa: KJIIOYA
Korou zamudpoBanus e — jiroboe HaTypaJbHOE HUHUCI0, B3aUMHO Ipoctoe ¢ r. Kioa
paciudpoBanust d = td; BbIYUCIAETCS U3 PABEHCTBA

(te)dy =1 (mod r).

DTO MOXKHO CJiejlaTh, TaK KakK te U 1 — B3aUMHO IIPOCThIe Yucja. KIrod e OTKPBITHINA, d —
CEKPETHDBIN.

AnropurMm 3ammmndgpoBaHust
JL71st TOro 9TO0OBI IEpeJATh [0 HE3AIMUINEHHON ceTn coobienne m € M, Anuca BeiOupaer
caydaiiuelii s;iement h € H u Beraucisier sjaemerat hm € G,,. Ilepenada mmeer BuI

A:c=(hm)*modn — B.

AnroputMm pacimudpoBaHus
Bob pacmudposbiBaeT moJydeHHOe COOOIIEHNE CISIYONIM 00pa30M:

B : ¢ = m mod n.

O0bsicHeHNEe MPaBUJIBHOCTI pacHInd@poBaHUsI
Tak kak ed =1 (mod r), Haiigérca nesaoe aucio k, takoe, uro ed = 1 + rk. Torga

= (hm)* = (KH)*"m"** =m  (mod n).

Bpi6bop m 3a/aHNEe COCTABJILAIOIINX CUCTEMBI

Kpome 0OBIMHBIX peKOMEeHIAINii, Kacaroluxcs cucTteMbl ImmdpoBanns RSA, myxHO
onpejenutsb noarpyiibl H u M. Ipemiaraercs 3amaBaTh 9T MOATPYIITH CBOUME TOPOXK A~
formuMu sjiementamu. Hampumep, oau MoryT 66iTh nukmdeckuMu noarpymnmnamu H = rp(h)
u M = rp(g), 1yt 3aaHusi KOTOPBIX JOCTATOTHO ONPEIEJUTh SJIEMEHThI h 1 ¢ B3auMHO
OPOCTHIX ITOPSJIKOB T U T COOTBETCTBEHHO.

O tanM n3 3 HEKTUBHBIX CIIOCOOOB BRIOOpA MUKJIMIECKUX TTOATPYIIT 38JAHHOTO TIOPSIIKA,
SIBJISIETCsI CJIEJLYOIAst TIPOIE/ypa, HEOJAHOKPATHO OIMCAHHAS B PA3HBIX UCTOYHUKAX (CM.,
Harnpumep, [5]). lenepupyercs mpocroe unciio p. [ljist 31oro BeIGUpaETCs MPOCTOe YUCIIO Py .
CityuaitabiM 00pa30M BBIONpAETCst YETHOE 9UC/I0 S B uHTEpBase p; < s < 4p; +2. [lomaraem
P2 = p1s + 1. Hamee ciaydaiiHbiM 0O0pa3oM HINMETCA YNUCJIO @ B UHTEpBase 2 < a < py — 1,
Y/IOBJIETBOPSIIOIEE yCIOBUSIM

a7l =1 (mod po), (a®—1,py) =1.

Ecau sTo ynasoch cienarb, TO po 1mpocToe. Mbl jinb0o ocTaHaBIMBaeMCcHd, Iojaras p = po,
JIOO MPOIOJIZKAEM TIPOIECC C Po BMECTO pp. VI3BECTHO, 9ITO TPHU MPOCTOM Py BEPOATHOCTH
BBIOOpA MOJXOSAIEro a He MenbIne 1 — 1/py. Eciu mocsie 1ocTaTrodHOro 4ucsa mpoBepok
YHCIO0 @ ¢ HYKHBIMHU CBOMCTBaMU I0J00paTh He yaaércs, MeHsieM s. [IpakTuka mokasasa,
YTO HAfTH yKa3aHHBIM CIIOCOOOM IIPOCTOE YHCJIO YAAETCs ¢ BEPOSITHOCTHIO OJIM3KON K 1.
Taxum 0Opa3zoM CTPOATCA CKOJIb YTOJIHO OOJIBINNE TTPOCTHIE YUCTIA.

3aMeTuM, 9TO B 9TOM IMOCTPOEHUU IPHU JOCTATOIHO OOJIBIIIOM P; MOYKHO BBIOMPATH S
¢ JIIOOBIM 3apaHee 3aJaHHBIM JeauTeneM 7. Ecau mpu 5ToM mojydaercs IMpocToe p, TO T
Jemut s = p — 1. B MyJIBTHIUIMKATUBHON TpyIiie Z; eCTh 3JIeMEHT ¢; HyZKHOTO IOPHAJIKa 7.
Haiitu ero MO»KHO M3BECTHBIME CIIOCODAMK, B TOM YHCJIe TIpaKTUIecKuMu. s mosyderus
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9JIEMEHTa ¢ IOPsiJiKa 1 B rpyiiie (G, JIOCTATOYHO COCTABUTH U PEIIUTD 110 KUTANCKO Teopeme
00 ocTaTKax CHUCTEMY CpaBHEHUI

g=g (mod p),
g=1 (mod q),

rjae ¢ — Apyroi IIpoCcTO MHOXKATEJIb MOJLYJId N.

3aMeTuM, 9TO MOCTPOEHUE ITPOCTOTO YUCTIA P OIIMCAHHOM ITPOTIE/ Iy POl MOYKHO OCYIIECTB-
JIATh, TOJIydas B UTOre He TOJILKO IIPOCTOe YHUCJIO P, HO M pa3jIoyKeHue Ha MHOXKUTEN
nopgaika p — 1 MyJBTHIVIMKATUBHON TPYHIIBL 11071 Zy. DTO JIAET BO3MOKHOCTH CTPOHUTDH
HOJAIPYIIbL B Zy, 38JIJAHHBIX HOPsIJIKOB.

Mo2KHO TTPeJIJIO?KUTH ¥ JIPYTOil BBIOOP IMPOCTOr0 YKCJIa, KOrjaa OepyTcesd ducia Buja 25+ 1
HYZKHOT'O pa3Mepa U IPOBEPSIOTCA Ha IIPOCTOTY U3BECTHBIMU BEPOATHOCTHBIMU aJITOPUTMa-
MHU. 3/IeCh TaKyKe MOXKHO KOHTPOJIMPOBATH Pa3jioyKeHne p — | Ha MHOYKUTEJH. 3aMeTHM,
YTO YIOMSHYTBIE JIBa CIOCODA SIBJIAIOTCA OCHOBHBIMHU JIJII TIOCTPOEHUS MPOCTHIX apaMeT-
poB B Kpunrtorpaduu.

Mo2KHO TTOCTPOUTD HECKOJIBLKO 9JIEMEHTOB g1, . . . , §; COOTBETCTBYIONINX 38 /IaHHBIX ITOPS/I-
KOB T'q, . .., ;. Toria mopoK IéHHas MU OArPYIIa rp(gi, - - . , §;) UMEET HePHOJL 1, JeIAIInil
[71,...,7]. Droro gocraTodno Jis 3ajaHus TOArpynsl M. AHAJIOrMIHBIM CIIOCOGOM MOXK-

HO 3aJ1aBaTh U noArpynmy H.

CsBoiicTBa MOCTPOEHHOI cUcTeMbl MIMQPOBAHUS

— Cucrema SBJISI€TCS CEMAHTUYECKHM CTOMKOI. DTO obecrieumBaeTcss TEM, UTO OJHO M TO
ke coobreHne m € M tepenaercs t pa3IUdHBIMEU CJIYIafiHO OIPEIEIsIeMbIMI CIIOCO-
6amu. [losTomy, uMmest aBa COOOIIEHUsT My U Mo, & TaK:Ke 3allu(poBaHHOE COODIIEeHIe
(hm)¢ mod n, HOTEHIUATBHBINA B3JOMIIUK HE MOYKET ONPE/IC/UTh, KAKOe U3 JIBYX CO00-
IeHni 3ammndpoBaHO. JTO OJHO M3 OHPEIETIeHNN CeMaHTHIECKON CTONKOCTH.

— Kurouom zammmdpoBanng e MoxKeT ObITh J000e YHC/I0, B3aUMHO IIpocToe ¢ r. Ecim,
HAIIPUMED, 7" — IIPOCTOE YUCJI0, TO MOYKHO JIOIIYCTUTH BBIOOP KJIIOYa € CaMUM IT10JIb30Ba-
teseM. /leficTBUTE/IbHO, TTOJIB30BATEIb MOYKET BHIOUPATH U3 UHTEPBAJIA C IIPABOi I'PAHU-
1eit, 3aBeJIoMO MeHbIreit 7. Jla u B o01ieM cirydae mpu 00JIbIIIOM HEU3BECTHOM IIPOCTOM 7
BEPOSITHOCTH CJIYIaiiHOIO BBIOOpA YUCTIA €, JeJIAIIerocs Ha 7', IPeHeOPerKNMO MaJia.

— JI;1st KOMIIpOMeTAIINHI IIpe/jIaraeMoil cucTeMbl M pOBaHUsT HEIOCTATOTHO 3HAHUS IIa-
paMeTpoB p # ¢.

OOBbsICHIM TIOCJIeTHEE U3 TIEPEINCIEHHBIX CBOMCTB.

SamernM, 4TO IIPOOJIEMa OIIPE/IesIeHHs TOPsI/IKa IPOU3BOIBLHOIO dJIeMeHTa I'PYIIBI 7
Byiedér pererne mpobseMbl RSA, To ecTh ompesesenne 3ammdpoOBaHHOIO COOOIEHUST 171
mo ¢ = m® mod n. 3HAYUT, 3Ty NPOOIEMY MOXKHO CUATATH TPYIHOPA3PEINMOii. 3HaHUEe
HapaMeTpoB p M ¢ TaKzKe He II03BOJIACT BBIYUC/IATHL IOPAJKU 3JE€MEHTOB I'PDYIIbLI Z) 32
MMOJIMTHOMUAJIbHOE BPEMS; 3TO BO3MOXKHO TOJIBKO NpHW 3HAHWU pasjoxkenwit p — 1 m g — 1.
JeficTBUTEILHO, MOXKHO CjejaTh Tak, 9ro p — 1 = 2n/, n' = p/'¢’, tue p’ u ¢ — 60518-
e pas3IndHble MPOCThIe Yncia. Kc/im yMeTh BBIYUC/IATE HOPSIKU CJIYIaiHBIX 3JIeMEeHTOR
MYJIBTHILTAKATHBHOM TPYIIIBI Z, TO MOYKHO MOJIYIUTh PA3JIoKeHne n'.

[Ipu 3HAHUU P U ¢ MOYXKHO BBIYUCIUTH hm mod N U HOIBITATHCH ONPEJICTUTh MHOXKH-
Teqn h m m. DTy 3a7a4y TaKxKe MOXKHO pacCMaTpUBaTh KakK TpyIHopaspemmumyio. Hampu-
Mep, eclN B3ATb B KadecTBe M HOArpyIIy KBaJPaTHYHBIX BBIUETOB B rpymie Z), Ipo-
OJ1eMa BXOXK/IEHUsI B KOTOPYIO TPaIUIIMOHHO PACCMaTPUBAETCsI KaK TPYIHOpa3pernMasi, TO
[IpU HAJIUYUN CII0CO0a OIpeIe/IeHIsT MHOXKUTE e h 1 m MOXKHO OIpeJie/InTh 110 hm mod n
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[PUHA/JIEXKHOCTD 9TOTO 3JICMEHTA K HOAIPYIIIE KBAPATHIHBIX BEIUETOB. DTO IIPOUCKOJHT
TOJIBKO B ciydae, Korja h =1 (mod n).

Ecim Bcé ke MOTEHITMAIBLHOMY B3JIOMIIUKY CUCTEMBI YJIACTCA OIPEJIC/IUTL apaMerp t,
TO JIS HAXOXKJIEHWS M €My IPHAETC pemaTh obbraHyio mpobiremy RSA. Bamermm, wro
npejylaraeMas cxeMa mudposains cBoauTcss K RSA npu BoiGope B Kadectse H e uHATHOlM
HOJArPYIIIBL, & B KadecTBe M — Beell My/IBTUIIINKATHBHON IPYIIIBL Z;, .

4. IIIndpoBanue Ha NMoArpyIiie KBaAPaTUIHbIX BbIYETOB

[IpecraBisieTcs ecTecTBeHHOI citetytoriast Bepcus RSA | KoTopyro Ha30BEM keadpamu-
noti nodcucmemoti RSA.

YcTaHOBKA KBaJpaTUIHON mozcucreMbl RSA

[Ipu BBIOOPE TTApAMETPOB p W ¢ Ha HUX HAKJIAJIBIBACTCS JIOMOJHUTEIHLHOE TpeboBaHUe:
OHU JIOJIKHBI UMETh BUJ p = 4k + 3 u ¢ = 41 + 3. B KadectBe miardopMbl mudpoBaHus
BBIOMpaeTcsd noArpynna (), < Z;, cocrodias U3 BCeX KBaIPATUIHBIX BBIYETOB I'DYIIILI Z .
Tak Kak KaxKJplil 3/IeMeHT ¢ € (), UMeeT B TOYHOCTH UYeThIPe Pa3JIUIHBIX KOPHsI BTOPOit
CTEIEHH, MOPSJIOK MOJArPYIIbI (), paBeH HedéTHOMY “mcity t = p(n)/4 = (2k + 1)(20 + 1).
Bostee Toro, mpu TakoM BIOOPE MIPOCTHIX YUCE]T BO3BEJICHUE B KBaIPAT OIIPe e isieT OMeKTHB-
HOe oToOpakeHne rpymisl (Q, Ha cebdst. CreaoBaTe/lbHO, U3BJIEUYeHNE KBaIPATHBIX KOPHEH
B rpytite (), ogHO3Ha4YHO. [Ipn 3HaHNMM apaMeTpoB p U ¢ MPOIECC M3BJICUYEHU KBaPaT-
HBIX KOPHEll B rpymIie Z' 1 IPOBEPKHU UX Ha IPUHAJJIEZKHOCTD MOJArpyIe (), MOXKeT ObITh
opraunzoBaH 3ddexkTrBHO. Ecan yKazaHHbIe TapaMeTpbl HEU3BECTHBI, U3BJIeUeHNEe KOPHEit
PABHOCUJIBHO PA3JIOXKEHUIO MOJYJId Ha MHOKuTeau. [IpoBepka MpuHAICKHOCTH BbhIYETa
rpytie (), B 9TOM CIydae TaKKe MPEJICTABIISIETCS TPYIHOPA3PEITNMOil 3a,/1a9ei.

B kadectre kimoua mudpoBanng Ha rpyiie (), BbIOUpaeTcs Jiodoe HATYpaJbHOe HHC-
JIO e, B3aUMHO IIpocToe ¢ e€ mopsiakom t. Hampumep, MOXKHO B3aThb € = 2°, re s — Ipo-
U3BOJIbHOE HaTypasbHoe umcyio. Kiou paciudpoBanus d 1moydaeTcs U3 COOTHOIIEHUS
ed =1 (mod t).

Aaropurmsbl mimmdpoBaHus 1 pacinn@poBaHUs

[[TudpoBanue ocyiecTBaseTcss OOBIYHBIM CIIOCOOOM. 3amndpoBaHHOE COODIEHNE ¢ JIJTsT
m € @, Bbraucsiercs 1o dhopmyiie (1). B kauecrse kiroua 3ammudpoBaHus € MOXKHO OpaTh
J1I000€e 9HC/I0, B3AUMHO IIPOCTOE C IMOPSJIKOM HOArpynibl (,. Eciu BoiOupaercs HedéTHBII
KJIIOY €, TO YCJIOBHE Ha mapaMerpbl p u ¢ (ocTaToK 3 1npu jejeHnn Ha 4) MOKHO He HaK/ia-
JbIBaTh. B ocobom ciytvae mosrydaercs

S
¢ =m? mod n.

Ecmm e = 2°, To pacmmdpoBanHne MOXKHO OCYIIECTBUTH U JIPYTHM CIIOCOOOM, TIOCJIEI0BA~
TEeJIbHO U3BJIEKasd S KBaJIPATHBIX KOPHEl, HAYMHAs C ¢, OCTABJIsAS /I JAJbHEHIINX BHIUUC-
JIGHUH TOT U3 KOpPHEH, UTO MPUHALIEKUT (),,. SHAHNIE TTapaMEeTPOB P U ¢ TIO3BOJISIET ITPOBO-
JIUTH Takoil mporece 3pdekTuBHO. B OCHOBHOM MBI paccMaTpuBaeM TaKyI0 BO3MOXKHOCTD
KaK 9HCTO TEOPETUUIECKYIO. Y Ka3aHHbIH CIIoco0 MudpPOBaHna MOXKHO CPABHUTH C HM3BECTHOM
cucremoii mudposanus Pabuna [8]. OcHoBHOE OT/IMYHE COCTOUT B TOM, 4TO MIATGHOPMOI
mudpoBaHus B IIpeJjIaraeMoil CUCTeMe CJIyKUT He BCs Ipymma Z), a TOJIbKO e€ HOJrPyIa
KBaJIPATUIHBIX BbIIeTOB (),. B cucreme Pabuna mcrosb3yercs Bo3BejeHHE B KBaJIpaT, HO
JuIg Jioboro Berdera m € Z). Pacmudgposanue 1aéT deThIpe BapuaHTa I 1M, U3 KOTO-
PBIX TOJIBKO OJIMH SIBJISIETCSI IPABUIBHBIM. B mpe yraraemMoit cucremMe MOXKHO HCIIOJIb30BATH
BO3Be/IeHNe B JIIOOYIO cTeleHb Buja 2°, e | B3auMHO mpocto ¢ ¢(n)/4, pacumdpoBanue
o/HO3HAYHO. JI1s1 3ammdpoBbIBAHNAS IPOM3BOIBLHOTO M € 7 MOXKHO HCIIOJIB30BaTh CJIEJTy-
IOIIKEe COOOPAYKEHNSI.
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3ameuanue 1. DjeMeHTHI HOATPyHIbI (), — IIOJHBIE KBaIpaThl. Keam Mbl XoTHM IIe-
peaBaTh Ji00ObIe coobienns m B npegenax ot 0 go n — 1, Kak 9to genaercs B RSA, moxHO
HCIIOJIb30BaTh TeopeMy Jlarpanzka o mpejcTaBIeHIN JTIOO0T0 HATYPAIBHOTO YHCJIA M B BHU-
JIe CYMMBI YeTBIPEX KBaJIPaToB m3 + m3 + m% + m3. VI3BeCTHO, ITO HAXOXKJIEHUE TAKOTO
IpeJICTaBICHAA JjIe IPOU3BOJIbHOrO m ddexkrusHo. Ocraerca nepeiaTh cjlaraeMble, II0
KOTOPBIM COOOIIIEHIE BOCCTAHAB/INBAETCS OJIHOZHAYHO. [IJIs1 yIIPOIeHns MOXKHO JlazKe 1epe-
naTh 060l KBajgpar u? < 1m U OTKPBITBIM CIOCOOOM pa3HHILy m — u?.

Wcnonb3oBanne KBaIpaTuaHoil mojcucteMbl RSA nnMeeT psiji OTIMarii, KOTOPhIE MOXKHO
B OIIPEJEJIEHHOM CMBbIC/Ie CHUTATH IIPEUMYIICCTBAMU:

— BO3MOKHOCTH HMCIIOJIb30BaHMS IETHBIX KJIIOUEil N POBAHNA;

— BO3MOYKHOCTb HCIIOJIL30BaHUSA KJIIOUEl Mg poBanus BujIa 2°, KOTOpbIe MOI'YT BIOUPATH
mostk3oBaTem mojicucreMbl RSA| a He TOIBKO €€ Bjiaieer;

— KJIOYM BUJa 2° MOT'YT MEHSIThCS OT payH/ia K payHy. DTO, HAIIPUMED, TO3BOJISIEeT epe-
JIaBaTh OJMHAKOBBIE COOOINEHUsI B Pa3HBIX BHIAX, 9TO JAET BO3MOKHOCTH 00ECIEUUTH
CEMAHTUIECKYIO CEKPETHOCTD;

— pacimdpoBaHie IIPU UCIOAb30BAHUN KIIOUel BIIa 2° MOXKHO OCYIIECTBJIATH OIHON 1
TOI Ke MPOrpaMMOil BBITHUC/IEHNsT KBaIPATHBIX KOpHE B rpyiie (),. OTiudne TOJIbKO
B § — YHCJIe Iaros paboThl mporpamMbl. IIporece pacimmdpoBannsg MoXKeT OBITH Opra-
HU30BaH 0e3 3HAHUSA ITOrO ITapaMeTpa;

— mudpoBaHUe B KBaIPATHIHON OJCUCTEME MOXKHO BKJIIOUUTH KaK JaCTh CUCTEMBI, OITH-
CAHHO B IPEJIBIIYIIEM IIyHKTE: MOATPYyIIy (), MOXKHO BBIOPATH B KavuecTBe (purypupy-
1omeit Tam nojarpynist M.

[Tocieqnee n3 MpPUBEIEHHBIX CBOMCTB IPEJICTaB/IsieTcs HanboJee BaXKHBIM JIJIsl IIPUIO-
JKEeHU.

5. UcnoJsib3oBaHue OOIIEro MOIYJIA N

B nurepatype HeoIHOKpATHO 00bICHSIOChH, 9TO 3HAHKUE KJII04Ya paciiudpoBanus d 1mo3-
BoJisier metosioM MonTe-Kapiio saddeKTuBHO pacKphITh CEKPETHBIE ITapaMeTPhl P U ¢ U TEM
caMbIM JIUCKDEJIUTHPOBATh JanHyio cucremy RSA (cm., nanpumep, [6, c.94-95|). Oxnako
MOXKHO IPEJICTABUTL ceOe HEKOTOPYIO CEeTh, IMOJIb30BATEIN KOTOPOi 00JIaJJal0T CUCTEMAMUI
RSA ¢ obmum momyinem n. B cers mepematorcs g poBaHHBIE COOOIIEHUsI, OOIIUE JIJIst
BCEX T0JIb30BaTe Ieil; HAllpUMep, MOIb30BATE/N — OTIEICHUS OHON U TOH YKe OpraHm3aIin.
PackpbiBaTh cekpeTHbIE TapaMeTpbl JIETUTUMHBIM IOJb30BaTE/IAM HEIEIecO00Pa3Ho.
B sroM ciydae MMeeT CMBIC/ HAJIEJATh HOJIb3oBaTesell pasubivMu mapamu (e, d) Kiouei
mndpoBanusd u paciindpoBanusd. B nporuBHOM ciydae, ecin OyleT JOCTATOYHO MHOI'O
OJMHaKOBBIX KJIIo4en HII/I(prBaHI/IEI e, HEJUTUTUMHBINA II0JIB30BaTEIb MOXKET IpoO9InuTaTh 3a-
mudpoBaHHOE COODITIEHNE, UCIIOJIB3YsI KUTANCKYIO TeopeMy 00 0CTaTKax. JTOT CIIOCOD TaK-
JKe XOpOIIo u3BecreH (cM., Hampumep, |2, ¢.51; 5, ¢. 105]).

[Ipu Hajenenun mosb3oBaTe/Iel PA3JIMIHBIMUA KJII0O9aMi MG POBAHNUA, B OCOOEHHOCTH
[IPU CJIYyYaffHOM UX BBIOODE, JIETKO BOZHUKAET CUTYyAIlUsl, KOIJIa YaCTh 3TUX KJIIOYell, CKayKeM
€1,...,€, OKAXKeTCs B COBOKYITHOCTH IIOIIAPHO B3auMHO IpocToit. Tora pacimpenublii aji-
roput™Mm EBKimna 1mo3BoJisieT 3p@GeKTUBHO BBIYUCINTD Ie/ible ducia ki, ..., k;, Takue, 9TO

!
> eik; = 1, 910 MO3BOJIFET MO COOTBETCTBYIOIIEMY HAGOPY 3arndpOBAHHBIX BapUAHTOB
i=1

c; =mf modn,t=1,...,l, OMHOrO U TOrO K€ COODIIEHUs 1M BOCCTAHOBUTH 3TO COOOIIIE-

HHUe:
l

l S eiks
[1c = m= T =m (mod n).
i=1
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Takoe BoccTaHOB/IEHIE HEBO3MOYKHO IIPU UCIIOJIB30BaHUU KJII04Yeil Buia 2° B KBa paTud-
Hoit mojcucreme RSA.
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A detailed overview of the problems, solutions and experience of the first international
student’s Olympiad in cryptography, NSUCRYPTO’2014, is given. We start with the
rules of participation and the description of rounds. All 15 mathematical problems of
the Olympiad and their solutions are considered in detail. The problems are about
differential characteristics of S-boxes, S-box masking, relations between cyclic rotation
and additions modulo 2 and 2", special linear subspaces in F%, the number of solutions
of the equation F(z)+ F(x+a) = b over the finite field Fon and APN functions. Some
unsolved problems in symmetric cryptography are also considered.
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Introduction

The First Siberian Student’s Olympiad in Cryptography with International participation
— NSUCRYPTO’2014 was held on November 2014. There exist several school competitions
in cryptography and information security, but this one is the first cryptographic Olympiad
for students and professionals. The aim of the Olympiad was to involve students and young
researchers in solving the curious and hard scientific problems of the modern cryptography.
From the very beginning, the concept was not to stop on the training olympic tasks but to
include unsolved research problems at the intersection of mathematics and cryptography.

In this article, we give a detailed overview of the Olympiad. We start with the rules of
participation and the description of rounds. Then in two big sections, we discuss 15 problems
of the Olympiad and their solutions. Among them, there are both some amusing tasks based
on historical ciphers and hard mathematical problems.We consider mathematical problems
related to cipher constructing such as studying differential characteristics of S-boxes, S-box
masking, determining relations between cyclic rotation and additions modulo 2 and 2",
constructing special linear subspaces in 5. Problems about the number of solutions of the
equation F'(z) + F(z + a) = b over the finite field Fo» and APN functions are discussed.
Some unsolved problems are proposed. The problem about the special watermarking ciphers
is one of them. All problems were developed by the Program committee of the Olympiad.
Solution check was also its duty.

1Olympiad was supported by Novosibirsk State University. A. Gorodilova and N. Kolomeec thank RFBR.
grant No. 15-07-01328 and Grant NSh-1939.2014.1 of President of Russia for Leading Scientific Schools,
G. Shushuev, N. Tokareva and V. Vitkup would like to thank RFBR grants No. 12-01-31097 and 15-31-
20635 for the financial support.
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Organizers of the Olympiad are Novosibirsk State University, Sobolev Institute of
Mathematics (Novosibirsk), Tomsk State University, Belarusian State University and
University of Leuven (KU Leuven, Belgium). Programm committee was formed by
G. Agibalov, S. Agievich, N. Kolomeec, S. Nikova, I. Pankratova, B. Preneel, V. Rijmen,
and N. Tokareva. Local organizing committee from Novosibirsk consisted of A. Gorodilova,
N. Kolomeec, G. Shushuev, V. Vitkup, D. Pokrasenko and S. Filiyzin. N. Tokareva was the
general chair of the Olympiad.

More than 450 participants from 12 countries were registered on the website of the
Olympiad, www.nsucrypto.nsu.ru. Fifteen participants of the first round and eleven teams
of the second round became winners and received prizes. The list of winners can be found
in the last section of this paper.

NSUCRYPTO will be a regular annual Olympiad held on November. In 2015, it starts
on November, 15. We invite pupils, students and professionals to participate!

1. Organization and rules of the Olympiad

Here we briefly formulate key points of the Olympiad. Its
emblem is shown in Fig. 1.

Rounds of the Olympiad. There were two independent Internet
rounds. The First round (duration 4 hours 30 minutes) was
individual and consisted of two sections: school and student’s. It
was held on November, 16. Theoretical problems in mathematics of
cryptography were offered to participants. The second, team, round
(duration 1 week; November, 17-24) was devoted to hard research
and programming problems of cryptography.

Everybody can participate! To become a participant of the Olympiad, it was necessary
and sufficient to register on the website www.nsucrypto.nsu.ru. There were no restrictions
on status and age of the participants. It means that senior pupils, students and all the others
who are interested in cryptography were able to participate. Participants from any countries
were welcome. During the registration, every participant had to choose his category: “senior
pupil”, “student” or “other / professional” and the section of the first round: “school” or
“student’s”. The second round was common for all the participants.

Language of the Olympiad. All problems were given in English. But solutions could be
written in English or Russian.

Format of the solutions. We accepted solutions in any electronic format (pdf, jpg, txt,
rtf, docx, tex, etc). For example, a participant was able to write his solutions on a paper
and send us a picture of it. Solutions should be written with all necessary details.

Prizes. There were several groups of prizes:

e for senior pupils — winners of the school section of the first round;

e for students — winners of the student’s section of the first round;

e for participants in category “other / professional” — winners of the student’s section
of the first round;

e for participants (for every category separately) — winners of the second round;

e special prizes from the Programm committee for unsolved problems.

Interesting moments. Sometimes we were asked: “The Olympiad is via Internet. Are not
you afraid that participants will use everything: supercomputers, books, articles, websites
on cryptography?” In fact, we only welcome such an active mobilization of all possible
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resources in purpose of solving the tasks! We hope that, in a future, such a brainstorm will
help to solve really hard cryptographic problems.

2. Problem structure of the Olympiad

There were 15 problems on the Olympiad. Some of them were included in both rounds.
Thus the school section of the first round consisted of 6 problems, whereas the student’s

section contained 8 problems. The first three problems were the same in each section
(Tables 1,2).

Table 1
Problems of the first round (school section)
N | Problem title Maximal scores
1 | A hidden message 4
2 | A crypto room 4
3 | The musical notation 4
4 | Boolean cubes 4
5 | A broken cipher machine 4
6 | The Snowflake cipher 4
Table 2
Problems of the first round (student’s section)
N | Problem title Maximal scores
1 | A hidden message 4
2 | A crypto room 4
3 | The musical notation 4
4 | Linear subspaces 12
5 | Number of solutions 8
6 | A special parameter 10
7 | S-box masking 8
8 | Add—Rotate—Xor 10

The second round was composed of 11 problems (Table 3); it was common for all the
participants. Three problems presented on the second round are unsolved (with declared
special prizes from the Program Committee).

Table 3
Problems of the second round

N | Problem title Maximal scores
1 | Watermarking cipher Special prize
2 | APN permutation Special prize
3 | The Snowflake cipher 4

4 | Number of solutions 8

5 | Super S-box Special prize
6 | Boolean cubes 4

7 | A special parameter 10

8 | A pseudo-random generator 6

9 | Add-Rotate—Xor 10

10 | Linear subspaces 12

11 | The musical notation 4
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3. Problems
3.1. Problem “A hidden message” (4 scores)

CrYPtogRapHY iS a SclEnce Of “seCrET wriTinG”. FOr aT Least Two THoUsANd yeaRS
ThErE haVE bEeN peOPIE WHo WAnTeD to SEnd MESsaGes WHiCh coUID oNly bEen
rEAd bY tHe pEOPLe FoR whOm tHey were iNteNdeD. a loT oF different MEtHODs
FoR coNcEalING mEssageS WerE invENtED stARTING WIth AnCleNt cIPHerS 1IKE
“SkytalLE” and “ATBAsH” and ending wiTH MOdErn SymmeTRiC ANd PubliC-kEy enCRYptioN
ALGOriTHmS SUch aS AeS and Rsa. the dEVELopMENT Of crYPtOgRaPHy cOntiNueS And
NEVER sTopS! decrYPt THe mESsaGe tHat iS hIDdEn in thE teXT oF this TASk! tHE al.phabet
FoR THE mEssAGE ConsisTs of ALl tWEnTy six enGliSh letTERS from “a” To “z” ANd Six
puNCTuaTIoN MARKS ¢ 77, «7) «7 7« «m,

Y b ) )

32. Problem “A crypto room” (4 scores)

You are in a crypto room with a secret message in hands (Fig. 2). Decrypt it!

Fig. 2.

3.3. Problem “The musical notation” (4 scores)

Alice and Bob invented a new way for encrypting messages based on musical notations
of melodies. They are not very good in musical notations, but they know the basic notes
“do”, “re”, “mi”, “fa”, “sol”, “la”, “ti” and their places in the staff:

re mi fa sol Ia ti do re
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To encrypt a message of length n in English alphabet, Alice chooses a melody consisting
of n notes. She writes the message under the musical notation of the melody in such a way
that each letter of the message corresponds to exactly one note’s position in the musical
notation. Then, for each note (“do”, “re”; ..., “ti”), Alice writes the row of the corresponding
letters, takes a random integer number k; for each ¢« = 1,...,7, and cyclically shifts letters
in the i-th row by k; positions to the right. Finally, Alice forms the ciphertext, writing
letters of the shifted sets under the musical notation again.

An example. Suppose that Alice wants to send the message H E L L 0.

The row for “re” is (E L); for “mi” — (H L 0). Alice takes
random numbers 2 and 1 for “re” and “mi” respectively. After
cyclical shifting to the right the first row by 2 positions and y Av— .
the second row by 1 position, she gets rows (E L) and (0 HL). o — =
Hence, the ciphertext for the message is0 E H L L.

Decrypt the following ciphertext sent to Bob by Alice:

ROLELISEOEEEHTOMVCPBDEFSON

It is known that Alice used the musical notation below.

n 1 1 l

v ' - o

— 2o p 3 = '?_15—%5-4
W I —d i af -
N3V N —— | 1 I  ——-
() -

ﬁ_ -4 }

< T O @ 3 P '—F
= o g @ o — ¥ J el
7 1 +® 7 — { 1

34. Problem “Boolean cubes” (4 scores)

Alice has two cubes E; and Fy of dimension 3 (Fig.3). Their vertices have labels
consisting of three integers; for example, (1,0,1) consists of integers 1, 0, 1. Consider an
operation A that can be applied to a cube. The operation A contains three steps:

Step 1. Take an arbitrary edge of the cube;

Step 2. Take a number a which equals 1 or —1;

Step 3. Add a to an arbitrary position of the first vertex of the chosen edge. Add a to
an arbitrary position of the second vertex of the edge.

Is it possible to get the cube F5 from the cube E; by applying the operation A as many
times as necessary? Give your arguments.

1,11
0,0,1
1,0,0 ’bi
. Q' 0,1,1
0,0,0
The cube E; The cube E,5

Fig. 3.
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An example of applying the operation. Step 1. Take the edge ((1,0,0);(1,1,0)).

Step 2. Let a = —1. Step 3. For the vertex (1,0,0), we choose the position 2 and, for the

vertex (1,1,0), we choose the position 1; after adding, the edge ((1,0,0); (1,1,0)) becomes
1,11 1,11

1,0,0 ‘b At

0,1,1

1,1,0

0,0,0 0,0,0

Fig. 4. An illustration of the example

3.5. Problem “A broken cipher machine” (4 scores)

Mary operates a cipher machine that encrypts messages like this:

Step 1. It represents a message as a natural number n = abedef . . ;

Step 2. Then it adds all the digits in the number, S, =a+b+c+d+e+ f+...;

Step 3. It inverts the order of digits in the number n and gets the number n’ = ... fedcba;

Step 4. As a result of the encryption, the machine prints the number m = n’ + 25,,.

But now the cipher machine is broken: sometimes it works correctly, sometimes it prints
a random number.

After encryption of her secret number n, Mary found out that the result m is the power
of two,that is, m = 2* for some integer k.

Determine: was the encryption correct in this case?

3.6. Problem “The Snowflake cipher” (4 scores)

Alice wants to encrypt some text using the Snowflake cipher. The encryption is described
by the following algorithm:

Step 1. Choose an arbitrary small triangle in the snowflake (see Fig.5);

Step 2. Put the first letter of your message into this triangle;

Step 3. Write the next letter of the message (without spaces) into an arbitrary empty
neighbouring triangle. Neighbouring means having a common edge. Repeat this step until
the end of the message.

Step 4. After inserting all the letters, write down the text from snowflake in horizontal
order from top to bottom and from left to right.

Determine what is the maximal possible length of a message that can be encrypted with

the Snowflake cipher? /V@w

Fig. 5.
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An example. We want to encrypt the message: LOOK HOW IT WORKS. As a result, we can
get the ciphertext: LHOWOOKITSKROW (Fig.6).

VAVAVAVAN
AVAVAVAVAN
VAVAVAVAN

Fig.6.

3.7. Problem “A pseudo-random generator” (6 scores)

Alice and Bob communicate in Russia through the Internet, using some protocol. In the
process of communication, Bob sends random numbers to Alice. It is known that Bob’s
pseudo-random generator works in the following way:

e it generates a binary sequence ug, u1, us, . . . such that, for some secret ¢y, ..., c15 € Fy,
Ui+16 = C15Ui+15 D C14Uj+14 D...D oy, for all integer 1 2 0,
e ¢-th random number r;, ¢ > 1, is calculated as
;= Ui + Urgi+12 + Wieir22” + ... + Urgir152";
i = U1ei T Ul6i+1 U16i4-2 <o T ULGIH154

e Bob initializes ug,uq, ..., us5, using some integer number IV (initial value) from the
interval (1,2'% — 1) in the same way, that is,

]V:u0+u12—|—u222+...+u15215;

e it is known that, as the value of IV, Bob uses the number ¢t modulo 2'¢, where ¢ is the
number of seconds from January 1, 1970, 00:00 (in Bob’s time zone) to his current time

(in his time zone too).

Eve has intercepted the third and the fourth random numbers, namely r3 = 9731 and
r4 = 57586. She lives in Novosibirsk and knows that Bob has initialized the generator on
November 17, 2014, at about 12:05 UTC+6 up to several minutes. The number of seconds
from January 1, 1970, 00:00 UTC-+6 to November 17, 2014, 12:05 UTC+6 is equal to
1416 225900. Help Eve to detect Bob’s time zone.

3.8. Problem “Number of solutions” (8 scores)
Let Fo56 be the finite field of characteristic 2 with 256 elements. Consider the function

F : Fos6 — Fos6 such that F(z) = 2%,

Since 2%° = 1 for all nonzero & € Fa56, we have F(x) = 27! for all nonzero elements of Fase.

Further, we have F'(0) = 0.
Alice is going to use the function F' as an S-box that maps 8 bits to 8 bits in a block
cipher. But before doing this, she wants to find answers to the following questions.

e How many solutions may the equation
F(x4+a)=F(z)+b (1)

have for all different pairs of parameters a and b with nonzero values from Fas47
e How many solutions does the equation (1) have for the function F(z) = 2*"~2 over the
field Fon with an arbitrary n?

Please, help Alice!
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39. Problem “S-box masking” (8 scores)

To provide the security of a block cipher against the side channel attacks, some ideas
of masking elements of the cipher are exploited. Here, we discuss masking S-boxes.

Alice takes a bijective function S (S-box) that maps n bits to n bits. Bob claims that,
for every such a function S, there exist two bijective S-boxes, say S’ and S”, mapping n
bits to n bits in such a way that

S(x) = 8"(z) ® S"(z) for all z € F7.

Hence, Alice is able to mask an arbitrary bijective S-box by “dividing it into parts” for
realization. But Alice wants to see the proof of this fact. Please help Bob to give the
arguments.

3.10. Problem “A special parameter” (10 scores)

In differential cryptanalysis of block ciphers, a special parameter P is used to measure
the diffusion strength. In this problem, we study its properties.

Let n, m be positive integers. Let a = (ay, ..., a,,) be a vector with coordinates a; taken
from the finite field Fy». Denote the number of nonzero coordinates a;, i = 1,...,m, by
wt(a) and call this number the weight of a.

The sum of a = (ay,...,a,) and b = (ay,...,by,) in F5 is defined as a + b = (a; +
bi, ..y + b))

The special parameter P of a function ¢ : F, — F1 is defined to be

P(p) = min, {wt(a +b) + wt(p(a) + (b))}

a,b,a#

Rewrite (simplify) the definition of P(¢) when the function ¢ is linear (recall that a
function ¢ is linear if ¢(z + y) = ¢(z) + ¢(y) for any x,y).

Rewrite the definition of P(y) in terms of linear codes, when the linear transformation ¢
is given by a m x m matrix M over Fon, i.e. p(z) = M - x.

Find the least upper bound for P(y) as a function of m.

Can you give an example of the function ¢ with the maximal possible value of P?

3.11. Problem “Add-Rotate-Xor” (10 scores)
Let F§ be the vector space of a dimension n over Fy = {0, 1} and z = (21, 22,...,2,) €

€ 5. The vector z can be interpreted as the integer x - "l 4y 2" 2,24,
Alice can produce hardware implementations for the following functions from F} to F3:

1) fu(z) = 2 B a — the addition modulo 2" of vectors x and a as integers for any fixed
a € Fy;

2) g.(x) = © <« r — the cyclic rotation of a vector x to the left by r positions for any
fixed positive integer r, 0 < r < n;

3) hy(x) = xHb — the coordinate-wise sum modulo 2 of vectors = and b for any fixed b € F%.

e Bob asks Alice to construct hardware implementations for the functions S; and S,
from F3 to F3 given by their truth table (Table4).
Table 4
[ = 00 [o01][10]11]|
Si(z) [ 01 [00] 10 11
Sy(z) |[ (01 | 11 | 00 | 01

Can Alice do this? If “yes”, show how it can be done; if “no”; give an explanation!
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e Generalizing the problem above, can we construct any function from F} to FJ, using
only a finite number of compositions of functions f,, g, and hy?
And what about any permutation over 3?7
Consider at last the cases n = 2,3, 4.

e Is it possible to compute every function hy, using only functions f, and g,7

3.12. Problem “Linear subspaces” (12 scores)

Recall several definitions and notions. Each element 2 € F} is a binary vector of length &,

i.e. x = (x,...,7;) and x1,...,2, € Fy. For two vectors z and y in F%, their sum is
r®y = (x1DY1,..., T DY) where & stands for XOR operation. Let 0 be the zero element
of the vector space, i.e. the vector with all-zero coordinates. A nonempty subset L C F%
is called a linear subspace if, for any x,y € L, v @y € L. It is easy to see that zero vector
belongs to every linear subspace. A linear subspace L of F% has a dimension n if it contains
exactly 2" elements.
Problem. For constructing a new secret sharing scheme, Mary has to solve the following
task on binary vectors. Let n be an integer number, n > 2. Let F3" be a 2n-dimensional
vector space over F, = {0, 1} that is the prime field of characteristic 2.

Do subsets Ly, ..., Lynyq of F2" satisfying the following conditions exist?

e [, is a linear subspace of dimension n for every i € {1,...,2" + 1};
o L;NL;={0}foralli,je{l,...,2" +1}, i # j;
® L1U...UL2n+1 :an
If “yes”, show how to construct these subspaces for an arbitrary positive integer n.
For example, in the vector space F3, we can choose the following five required subspaces:

Ly = {0000,0001, 1110, 1111};
L, = {0000, 0010, 1001, 1011};
L3 = {0000, 0011, 0100, 0111};
Ly = {0000, 0101, 1000, 1101};
Ls = {0000, 0110, 1010, 1100}.

3.13. Problem “Watermarking cipher” (unsolved)

The problem was stated by Gennady Agibalov.
Problem. Let X, Y, and K be the sets of plaintexts, ciphertexts, and keys respectively,
X =Y ={0,1}" and K = {0,1}"™ for some integers n and m. Recall that two functions
F:XxK—=YandD:Y x K — X are called an encryption algorithm and a decryption
algorithm respectively if, for any = € X, k € K, the equallity D(E(x, k), k) = x takes place.
Together E and D form a cipher.

Let us call a cipher watermarking if for any key k € K and any subset [ C {1,2,...,n},
there exists a key k; such that, for any = € X,

D(E(x, k), k;) =2

where 2’ differs from z in all bits with coordinates from 1.

An example of a trivial watermarking cipher. Let m = n and encryption and
decryption algorithms be the following: F(z,k) = x @ k and D(y, k;) = y ® k; where k; is
obtained from k by changing all bits with coordinates from /. The main disadvantage of
such a cipher is that the every key should be used only once.

How can we use a watermarking cipher? Suppose you own some digital product
(for example, video) that you want to sell. Let = represent a binary code of the product.
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For each customer of x, you choose an unique set I of bit coordinates in x, encrypt the
plaintext z, using a predetermined key k, and send the resulting ciphertext y and the
corresponding key k; to him. Then after receiving y and kj, the customer decrypts y and
gets /. The difference between the original x and 2z’ is not significant; thus the customer
does not know about it. If someone illegally spreads the product ' bought from you, you
can easily identify him by the set I.

Summarize the ideas we need to construct a cipher that has to put something like
a “watermark” into a video. Let’s try! So the problem is to construct a non-trivial
watermarking cipher. Please, think about the easy usage of it by an owner and a customer.

3.14. Problem “APN permutation” (unsolved)

Suppose we have a mapping F' from F} to itself (recall that Y is the vector space of all
binary vectors of length n). This mapping is called a vector Boolean function in n variables.
Such functions are used, for example, as S-boxes in block ciphers and should have special
cryptographic properties. In this problem, we consider the following two properties and the
problem of combining them.

e A function F' in n variables is a permutation if, for all distinct vectors z,y € F3, it has
distinct images, i.e. F(x) # F(y).

e A function F'in n variables is called Almost Perfect Nonlinear (APN) if, for any nonzero
vector a € Fy and any vector b € FY, the equation F(z) @ F(z @ a) = b has at most
2 solutions. Here, @& is the coordinate-wise sum modulo 2 of vectors.

Try to find an APN permutation in 8 variables or prove that it doesn’t exist.

History of the problem. The question “Does an APN permutation in even number
of variables exist?” has been studied for more than 20 years. If the number of variables is
odd, APN permutations exist as it was proved by K. Nyberg in 1994 [1]. It is known that,
for 2 and 4 variables, the answer is “No”. But for 6 variables, K. Browning, J. F. Dillon,
M. McQuistan, and A.J. Wolfe have found such a function in 2009 [2]. You can see it
bellow:

G=(0 54 48 13 15 18 53 35 25 63 45 52 3 20 41 33
99 36 2 34 10 8 57 37 60 19 42 14 50 26 58 24
39 27 21 17 16 29 1 62 47 40 51 56 7 43 44 38
31 11 4 28 61 46 5 49 9 6 23 32 30 12 55 22 ).

This function is presented as the list of its values, i.e. G(0) = 0, G(4) = 15, G(16) = 59 and
so on. For brevity, we use integers instead of binary vectors. A binary vector x = (x1, ..., z,)
corresponds to the integer ky = o1 - 2" P 4 29 2" 2 4 . 4 2pq - 2+ Ty,
Thus you are welcome to study the next case, n = 8.
3.15. Problem “Super S-box” (unsolved)

Another unsolved problem is directly related to AES construction. J. Daemen and
V. Rijmen, the designers of AES (Rijndael), have introduced the Super-Sbox representation
of two rounds of AES in order to study differential properties [3|. The function G used in
the problem can be considered as a simplified Super-Sbox model of two rounds of AES.
To study security of AES against the differential cryptanalysis, we welcome you to start
with the differential characteristics of the function G.
Problem. Let Fos be the finite field of 256 elements and « be a primitive element (it
means that, for any nonzero x € Fos6, there exists i € N such that z = af). Let Fjss be
the vector space of dimension 4 over Fos6. Thus any element z € Fisq is © = (1, T2, T3, 74)
where z; € Fas. An arbitrary function from Fj.; to Fjss can be considered as the set
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of 4 coordinate functions from Fj.s to Fass. Introduce the following auxiliary functions

_ (,.254 254 254 . .9254\.
Fy(wy, 29, 23, 24) = (2, 25°%, 23°%, 2%);

a+1 1 1 o

« a+1 1 1

M (xy1, 9,23, 24) = (21, T2, T3, T4) X 1 a a+1 1
1 1 o a+1

Define the function G : F3., — Fi., by the following combination of F; and M:
G(l’l, Z2,T3, fL’4> - F4(M(F4(I17 X2, XT3, I4)))

Find the number of solutions of the equation G(z + a) = G(z) + b with the parameters a
and b running all nonzero values from Fj.

4. Solutions of the problems

Here, we would like to discuss solutions of the problems. Our special attention is payed
to (right/wrong and beautiful) solutions given by the participants.

41. Problem “A hidden message” (4 scores)

Solution. The famous Bacon‘s cipher was used here. First of all, everyone can get from
the text that the alphabet of the message consists of 32 symbols (26 English letters and
6 punctuation marks) and notice that there are upper and lower case letters in the text.
Such observations suggest that a binary code was used and a letter case means either 0
or 1. Since the cardinality of the alphabet is 32 = 2°, a string of five Os and 1s is needed to
code each letter of a secrete message. Thus if we delete all spaces and punctuation marks
and divide the sequence obtained into words of 5 letters, we get the following text:

CrYPt ogRap HYiSa SclEn ceOfs eCrET wriTi nGFOr aTLea stTwo
THoUs ANdye aRSTh ErEha VEbEe NpeOP IEWHo WAnTe DtoSE ndMES
saGes WHiICh coUID oNlyb EenrE AdbYt HepEO PLeFo RwhOm tHeyw
ereiN  teNde DaloT oFdif feren tMEtH ODsFo RcoNc EalIN GmkEss
ageSW erEin  vENtE DstAR TINGW IthAn CleNt cIPHe rSIIK  ESkyt
aLEan dATBA sHand endin gwiTH MOdEr nSymm eTRiC ANdPu bliCk
EyenC RYpti oNALG OriTH mSSUc haSAe SandR sathe dEVEL opMEN
TOfcr YPtOg RaPHy c¢Onti NueSA ndNEV ERsTo pSdec rYPtT HemES
saGet  HatiS hIDdE ninth EteXT oFthi sTASk tHEalL phabe tFoRT
HEmEs sAGEC onsis TsofA LItWE nTysi xenGl iShle tTERS froma
TozAN dSixp uNCTu aTIoN MARKkS

If the upper case is coded by 0 and the lower case by 1, we get the strange beginning of
the text: “J,FJ,” and so on. Hence, we should use 0 and 1 for the lower and upper cases
respectively. In this way, you get “We welcome you to the first Siberian student’s
Olympiad in cryptography with international participation!”. We supposed that
the letters are coded in alphabetic order with the numbers from 0 to 25, and the punctuation
marks with the numbers from 26 to 31.

This problem was completely solved by 34 participants.

Some ideas and typical mistakes of participants are listed below:

e the most part of those participants who sent their answers for this problem succeeded
in its solving; as a rule, they wrote a program in order to decode the message more faster;
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e some participants mentioned in their solutions that Bacon‘s cipher was used;

e a few participants used the standard decoder BASE32 for decoding the binary string,
but they did not substituted the punctuation marks from the alphabet of this problem:;

e the most surprising comment for this problem was “Mendeleyev’s periodic table was
somehow used there!”.

42. Problem “A crypto room” (4 scores)

The answer to the question “Who is the author?” is Anton Pavlovich Chekhov, a Russian
classical writer. The encrypted message hides the name of his famous play “Three sisters”.
Solution. Let us consider the steps of solution. The information contained in the picture
allows to find the key needed for decryption. At first, we reflect from right to left the text
written on the blackboard. It says “Use all information you can find here to get the key.
The first part of it is AC”. It becomes clear that the key starts with AC. “The next part is
IWP”, as it is written below in the picture. In the upper right corner, there is the sentence
in which each word starts with the last letter of the original correct word. The result of the
letters permutation to the initial positions is the sentence “Then use letters on the photos
from up to down”. Let us do it. We get the third part of the key RRVM. The final part of the
key is JOV because of “JOV completes the key”.

As a result, we obtain the key ACIWPRRVMJOV. Observe that its length is equal to 12
letters, that is exactly equal to the length of the encrypted message.

The Vigenere cipher was used for encryption. Each letter has its position number in the
alphabet: A — 1, B — 2, ..., Z — 26, or 0. Using the example of ciphering above the portrait
of Julius Caesar, we determine the rule of encryption:

A+D=E; thatis 1 +4 =5 (mod 26);
X+ D =B; that is 24 +4 = 2 (mod 26).

To decrypt the ciphertext, you need to subtract the key from the ciphertext according to
the same rule. The decryption of two first letters of the message is given here:

U— A =T since 21 — 1 = 20 (mod 26);
K — C = Hsince 11 — 3 = 8 (mod 26).

Thus we obtain the secret message THREESISTERS. This problem was completely solved by
one pupil and 30 students. And only one participant has read the last strange lettering in
the picture: it was a word “algorithm” written in Malayalam.

This problem was completely solved by 33 participants. The most detailed solution,
illustrated with the step-by-step pictures, was proposed by O. Smirnov (Saratov State
University).

Typical mistakes were:

e the inclusion of symbols 5 and * into the third part of the key (actually they are not
letters);

e using the Caesar cipher with the key being equal to 4, although it was only a helpful
(or unhelpful) example.

43. Problem “The musical notation” (4 scores)

Solution. This is a classical permutation cipher. At first, according to the ciphertext and
the used musical notation, we should form the rows corresponding to all different notes
“do”, “re”, ..., “ti” (Table5).
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Table 5

do E E ' N
re 0 E S B E 0
mi||R L L E T C|P D F
fa
sol 0
la 0 E
ti I H M S

Our next task is to find the right cyclical shifts for all the rows to form a readable
message. The number of all possible variants is equal to 9-6-4-4-2-1 = 1728. Fortunately,
we do not need to check all these variants because if we start with two the biggest rows
(“mi” and “re”), we find that the beginning and the end of the plaintext could be “LBEET*0"
and “DFOREL*S*” respectively. To find the rest, we cyclically shift other rows. Thus we get
the secrete message: L. Beethoven composed “For Elise”.

This problem was presented in both rounds and was solved by 33 participants. It is
interesting to note some creative ways for solving. The extraordinary majority of solutions
were programming. The participants generated all possible variants of row shifts and then
filtered them according to some rules:

e tests for invalid combination of three or four consecutive alphabetic letters. Some
participants used the known such combinations, but one participant, D. Zajcev (Saratov
State University), generated invalid combinations by himself using the novel “War and
peace” by Leo Tolstoy in English. The team of P. Hvoryh and V. Laptev (the winners of
the second round of NSUCRYPTO in category “students”) used a formula for naturalness
of the language;

e one participant (S. Shabelnikov from Saratov State University) wrote a program that
puts the next variant into the Internet for a search and then considered the number of
results obtained.

There were also solutions made by hand. The list of some ideas is here:

e as well as in the solution presented above, some participants began with determining
possible shifts for the biggest rows “mi” and ‘re”. For example, the team of pupils
S. Derevyanchenko and E. Klochkova (Specialized Educational Scientific Center of NSU)
did this in details;

e we are pleased to tell that many participants have recognized the musical notation
and its composer L. V. Beethoven; they tried to find shifts in order to form any of words
“Beethoven”, “Elise”, and “composed”. So the team of V. Marchuk, D. Emelyanov, and
A. Gusakova (Belarusian State University) mentioned that the mistake of Alice was in
taking the famous musical fragment.

44. Problem “Boolean cubes” (4 scores)

Solution. In the first cube, let us assign vertices (0,0, 0), (1,0,0), (0,1,0), (0,0, 1) with “+”
and vertices (1,1,1),(1,1,0), (0,1,1),(1,0,1) with “=”. If we add all the coordinates of
vertices in both subsets “+” and “—” taken with the plus and minus signs respectively, we
obtain the following results: for the subset “+”, we have 0+1+1+1 = 3 (since there is one
zero vector and three vectors each with only one nonzero coordinate), for the subset “—",
we have —3 — 2 — 2 — 2 = —9, and the total sum is —6. Consider the operation A. We can
see that A adds 1 or —1 in both sums of subsets “4+” and “—” simultaneously. This fact
means that the total sum is invariant under the multiple applying the operation A and is
equal to —6. If we repeat the assignment of vertices in matching layers of the second cube,
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we will see that the total sum is equal to 0. Thus we can not get the cube E5 from the
cube F; by applying the operation A any number of times.

In the first round, two pupils solved this problem with maximal scores, both used the idea
of the sum’s invariant property. The solution of N. Dobronravov (Lyceum 130, Novosibirsk)
was very compact and logical.

This problem was also included in the second round and was properly solved by 18
teams. We want to outline some interesting non-trivial ideas of solutions. The team of
G. Beloshapko, A. Taranenko, and E. Fomenko (Novosibirsk State University) introduced
the following value for a cube C:

MC) = | 2 (-1)FWlwt(v)

veC

where wt(v) is the weight of vector v, x(v) is the number of edges between vector v and
null vector. They proved that this value does not depend on which vertex is considered
to be the zero vertex. After this proof, the team underlined that A(C') is invariant under
operation A and since A(E;) = 6 and A\(E;) = 0, we can not obtain Es from Ej.

The most nontrivial and clear solution belongs to the team of A. Udovenko (Saint
Petersburg). The participant divided vertices into 4 subsets with no edges inside each subset
and with all edges between neighboring subsets:

1. (0,0,0); 2.(1,1,0), (1,0,1), (0,1,1); 3. (1,0,0), (0,1,0), (0,0,1); 4. (1,1,1).

Any application of the operation A adds or subtracts 1 from sums of two neighboring
subsets. We can write this operations as vectors: (1, 1, 0, 0), (0, 1, 1, 0), (0, 0, 1, 1). Then the
participant proved that none of the vectors of differences between sums of the subsets for
all possible positions of (0,0,0) in E, can be obtained as a linear combination of operation’s
vectors. So it is impossible to get the cube F5 from Ej, using operation A.

The team of S. Skresanov, A. Miloserdov, and D. Kirin (Novosibirsk State University)
found a short and nice solution via colorings of the vertices. O. Smirnov, P. Razumovsky,
and A. Ripinen (Saratov State University) transformed the problem to the task about two
special segments and showed that one cannot be obtained from the other.

45. Problem “A broken cipher machine” (4 scores)

Solution. It is well known that any positive integer n and the sum S, of its digits are
congruent modulo 3, i.e. n = S, (mod3). It follows from the algorithm that m = 0(mod3),
since n = n/(mod3) and m mod 3 = n' 4+ 25,, mod 3 =n + 2n mod 3 = 0.

Since the result got by Mary was a power of two, we conclude that she obtained an
incorrect encrypted message.

This problem was completely solved by 6 pupils. The five of them have sent solutions
that are very close to the presented one. For example, such a solution was proposed by the
youngest participant A. Dorokhin (Novosibirsk school 159) — the winner of the first round
of NSUCRYPTO in category “senior pupil”. One participant solved the problem through
the implicit proof of the property of congruence between an integer and its sum of digits.

46. Problem “The snowflake cipher” (4 scores)

Solution. We may see that the problem is equivalent to finding the longest path through
triangles with common edge such that every triangle can be found in this path only once.
Let us consider nine ledges each consisting of three triangles with only one common edge
with the rest of snowflake. Clearly, if some of these ledges is crossed by our path, then it
can be only the beginning or the end of the path. So the path may contain not more than
4 triangles from 2 chosen ledges.
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Let us paint triangles in the rest part of snowflake in black and white colours such that
neighbouring triangles have different colours. Among them, there are 93 black triangles and
114 white, but since colours of triangles in the path should alternate, not more than 93 black
triangles and 94 white triangles can be in the longest path. So we can say that length of a
path in the snowflake is not more than 93 + 94 + 4 = 191. We present an example (Fig.7)
of such a path constructed by the team of G. Beloshapko, A. Taranenko, and E. Fomenko
(Novosibirsk State University).

Unfortunately, the pupils did not cope with this problem
on the highest score, nevertheless, three of them got some
scores due to the right but incomplete ideas of estimation.

In the second round, 6 teams have solved this problem
with full possible scores.

Let us consider an interesting solution proposed by
A. Udovenko (Saint Petersburg).

e At the first stage, two kinds of ledges were introduced,
the first one, P1, is the same as in the solution above,
consisting of three triangles, but there are only 6 such ledges
in the group, because the rest three of them are supposed to -
be the part of the second type bigger ledges, P2. We may see Fig. 7.
that ledges of the type P2 consist of 24 triangles. Define the P3 as the main big triangle,
obtained by deleting all P1 and P2 ledges from the original snowflake.

e At the second stage, the author also painted P3 in black and white so that any moving
between triangles is possible only if they have different colours. Then he got an estimate
that the longest path in P3 will skip at least 11 triangles.

e At third, the author considered all possible pairs “start-end” and, for each pair,
counted minimal number of skipped triangles. He obtained that the lower bound on this
number is 43 and gave a right example of path with 191 length.

The team of V. Marchuk, D. Emelyanov, and A. Gusakova (Belarusian State University)
proposed very nice solution by transforming the problem to the following one: find a
Hamilton cycle in a special graph corresponding to the snowflake.

47. Problem “A pseudo-random generator” (6 scores)

Solution. It is a simple task. First of all, the binary sequence from r3 and ry is
11000000011001000100111100000111. Because the length of the generator is 16, linear
complexity of the sequence is not more than 16. Next, we have the sequence of 32 consecutive
bits and can uniquely restore its recurrent relation using, for example, the Berlekamp —
Massey algorithm. This relation is

Uit16 = Uirs D Ui+3 D U1 D ;.

Since we know the recurrent relation, we obtain: IV is 58 390. We also know that the
generator was initialized on November 17, 2014, at 12:05 UTC+6. Therefore, IV would
be 58476. In Russia, there are time zones from UTC+2 to UTC+12. So Bob initialized
the generator 58476 — 58 390 = 86 seconds to November 17, 2014, 12:05 UTC-+6, i.e. at
12:03:34. Consequently, both Bob and Eve live in Novosibirsk time.

There were 18 solutions from the teams and only one solution was wrong, the most of
teams just solved a system of linear equations and have not used the Berlekamp — Massey
algorithm.
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48. Problem “Number of solutions” (8 scores)

Solution. Consider a general case, i.e. F': Fon — Fon, F(z) = 2%"72 (and F(z) = z for
n = 1). We need to determine how many solutions the equation F(z + a) = F(x) + b
may have for all different pairs of nonzero parameters a and b where a,b € Fy.. Since
characteristic of Fo. is 2, the operations “—” and “+4” coincide.

First of all, note that, for n = 1, there exists only one pair (a,b) = (1,1). In this case,
there are 2 solutions of the equation. In what follows let n > 1.

Note that the function F,(z) = F(z)+ F(z+ a) has some symmetry: F,(z) = F,(z+a).
This means that 2 divides the number of solutions and, at least for 27! distinct b € Fan,
F,(z) # b for all x € Fan.

Therefore, for all n > 1, there exist b # 0 and a # 0 such that the equation has no
solutions. That is why the number of solutions of the equation F(x + a) = F(x) + b can
be 0. Consider other possibilities.

Simplify the given equation. For this, note that y>"~' = 1 for all y € F%.. Then
after multiplying the equation (z + a)* =2 + 2*"~2 = b by z(z + a), we get the equation
bz? + abr + a = 0. After multiplying the last by a 20!, we get 2?/a® + z/a + (ab)™* = 0.
Note that the number of solutions of the equation z?/a* + x/a + (ab)™* = 0 only depends
on ab, and the values x = 0, x = a are not its solutions. Rewrite this equation as

242+ (ab)™t =0

where z = x/a. Then we have two cases:

e v = 0 and =z = a are solutions of F'(z) + F(z + a) = b. Then a = b! and ab = 1.
We already have 2 solutions. Next, solve the equality 2% + z + 1 = 0. Both roots of
the polynomial z? + z + 1 belong to the field Fy.. This field is contained in Fy. if and
only if n is even. So in the case of even n, the equation F(z) + F(x + a) = b has
exactly 4 solutions. In the case of odd n, there are exactly 2 solutions of the equation
F(z)+ F(z+a)=b.

e = =0 and x = a are not solutions of F'(x)+ F(x+a) = b. Therefore, ab ¢ Fs. Note that
the equation 2% + z = z(z + 1) = (ab)~! has 0 or 2 solutions. Since (ab)™! can be an
arbitrary element from Fon \ Fy, at least for 2"~! — 2 distinct ab, there are exactly two
solutions. So if n > 2, then 2 solutions can be in this case. If n = 2, then 22 + z € [y,
i.e. for ab ¢ Fy, there is no solution.

The answer is the following. For n = 1, there are always 2 solutions; for n = 2, there
can be 0 or 4 solutions; for odd n (n > 1), there can be 0 or 2 solutions; for even n (n > 2),
there can be 0, 2 or 4 solutions.

This problem was completely solved during the second round. The teams of P. Hvoryh
and V. Laptev (Omsk State Technical University), A. Udovenko (Saint Petersburg),
A. Oblaukhov (Novosibirsk State University), S.Belov and G. Sedov (Moscow State
University) proposed the right and complete solutions.

49. Problem “S-box masking” (8 scores)

Solution. We would like to give the solution proposed by L. Qu et al. in the first variant
of the paper [4]. Let us represent an arbitrary bijective function S : F} — F} by the sum
S'(z)® S"(x) where ', S” : F — F7 are bijective too. Consider F3 as Fon. Let a € Fan and
a #0,1. If n > 1, such an element « does exist. It is clear that S(z) = aS(z)+ (a+1)S(z).
Note that aS(x) and (o + 1)S(z) are bijective, since each of them is a composition of two
bijective mappings. So for n > 1, the required representation exists. If n = 1, there are only



Problems, solutions and experience of NSUCRYPTO'2014 57

two bijective functions S(z) = x and S(z) = x @ 1; their sum is a constant and hence there
is no the required representation in this case.

There were two complete combinatorial solutions proposed by S. Godzhaev (Moscow
State University) and A. Udovenko (Saint Petersburg).

4.10. Problem “A special parameter” (10 scores)

A special parameter that we consider in this problem is called the differential branch
number of a transformation, see for example book [3]. In differential cryptanalysis of block
ciphers, this parameter is used to measure the diffusion strength of a cipher. Some properties
of it are discussed in the problem.

Solution. Let ¢ : F, — F5. be a linear function and a,b € FZ,.

e Since ¢ is linear, i.e. p(x + y) = ¢(x) + p(y) for all z,y € Fi., and the condition

a # b is equivalent to a + b # 0, we can rewrite the definition of P(¢p) in the following way:
P(yp) = min {wt(a + ) + wt(p(a +0))}.
a+b#0

e Let us consider vectors (z,p(z)) = (x, M - x) of length 2m where x € FJ.. Then the
set C' = {(x,M -x) | z € F4.} is a linear code. Since we have wt(a + b) + wt(p(a + b)) =
= wt((a+b,p(a) + ¢(b))) = dist((a, ¢(a)), (b, »(b))), where dist(z,y) means the Hamming
distance between vectors x and y, the parameter P(p) is equal to the minimal distance
between distinct codewords of the code C.

e Since a # b, the minimal value of wt(a + b) is equal to 1. The maximal possible value
of wt(p(a) + (b)) is m by the definition. Thus the maximal possible value of P(¢p) is not
more than m + 1.

e One can construct an example of such a transformation using a Maximal Distance
Separable code with parameters [2m,m, m + 1] (for example, Reed — Solomon code).

This problem was completely solved by two teams: P. Hvoryh and V. Laptev (Omsk
State Technical University); K. Kogos and S. Kyazhin (Moscow Engineering Physics
Institute).

411. Problem “Add-Rotate—Xor” (10 scores)

The complicated algebraic solution of this problem was given by T. Zieschang in 1997 [5].
Here, we introduce a simple solution proposed by the participants of the Olympiad.
Solution.

o Si(z) = g1(fi(g1(f2(x))). It is obvious that the functions f,, g,, and h; are all bijective.
Therefore, any its composition is bijective too. The function Sy is not bijective, so it
can not be represented as a composition of them.

e Only permutations on Fs» can be constructed in this way. It is well known that
the compositions of the function f; (a cycle of length 2™) and the transpositions of
adjacent elements in the cycle give us all the permutations on Fyn. The following
construction gives a certain transposition 7: 7(z) = g1(fan—1(gn-1(f2(x)))). Indeed,
gn-1(y) = 2"y, + |y/2] and if z < 2" — 2, then fo(x) =z + 2, so

gn1(fo(2) = gna(z+2) = 2"z +2), + [(z +2)/2] =
=21y, + |2/2] +1 = (p, 21, .., T0n1) + 1.

Next, fon_; eliminates “+1” and ¢y cyclically rotates (x,,z1,...,z,_1) to the left by one
position. That is, 7(2" — 1) = 2" — 2. Also, 7(2" — 2) = 2" — 1 because f»(2" — 2) =0,
gn-1(0) =0, fon_1(0) =2" =1, g4(2" — 1) = 2™ — 1. Therefore, 7 transposes 2" — 1 with
2" — 2 and does not change all other elements.
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e Yes. The third item is obvious, since we can construct any permutation on Fy» using
the mentioned functions.

In the second round, there were 7 right solutions. The most of teams have found a
full cycle and a transposition. The solution given above is based on the solution that was
presented by the team of G. Beloshapko, A. Taranenko, and E. Fomenko (Novosibirsk State
University). Very clear and simple solution was proposed by the team of R. Zhang and
A. Luykx (KU Leuven, Belgium); they constructed all transpositions in an explicit way.

412. Problem “Linear subspaces” (12 scores)

Here, the solution given by the program committee is presented.
Solution. Consider F2" as 2-dimensional vector space V over Galois field Fy» consisting of
2" elements. Define the following family of sets:

La = {(;C,O[LU) T e ]an}, o€ an, L2n+1 = {(0,y) NS ]an}

It is obvious that every such a set is a linear subspace in V' and contains exactly 2" elements.
Let us show that an arbitrary element (x,y) € V is covered by the union of these subspaces.
If z = 0, it is covered by Lan . Otherwise, (z,y) = (z, (y/x)x) belongs to the subspace L, /.
Note that every two subspaces have only one common element, 0, since the cardinality of V
is exactly 22" = (2" 4+ 1)(2" — 1) + 1. Thus, the answer for the problem is “yes” and the
system is constructed.

Another approach (but still using Galois fields) was proposed by the team of
P. Hvoryh and V. Laptev (Omsk State Technical University) during the second round. They
constructed linear subspaces in the following way:

Lo = {0,a%@" D) o@D @D N and L ={a'z:x € Ly}, i=1,...,2",

where o is a generating element of F7,,.
There was also a nice right solution obtained by the team of S. Skresanov, A. Miloserdov,
and D. Kirin (Novosibirsk State University). This is more close to the solution above.
Some teams proposed algorithms for constructing subspaces, but they made mistakes
in their constructions.

413. Problem “Watermarking cipher” (unsolved)

The most deep analysis of this problem was proposed by R.Zhang and A. Luykx
(winners of the second round of NSUCRYPTO in category “professional”), but nobody
has introduced a concrete solution. May be you can do it?

Some details on this problem and some non-trivial watermarking ciphers based on
symmetric stream ciphers with functional keys are considered in the talk of G.P. Agibalov
on the conference Sibecrypt’l5 and published in [6].

414. Problem “APN permutation” (unsolved)

This is another unsolved problem of the Olympiad; it is the well known long standing
problem of cryptography. Some ideas on it were proposed by the team of G. Beloshapko,
A. Taranenko, and E. Fomenko (winners of the second round of NSUCRYPTO in category
“students”). They proved some basic properties of APN functions; namely, if a permutation
is an APN function, then its inverse function is APN too.

One participant, D. Svitov from NSU, has proposed an online service for distributed
search of APN permutations |7]. But till now this problem is unsolved.
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4.15. Problem “Super S-box” (unsolved)

The problem is still unsolved. Only one team of G. Beloshapko, A. Taranenko, and
E. Fomenko from Novosibirsk State University has sent a solution with an analysis of the
problem for smaller field. They considered Fi5 and found the exact number of pairs a, b
for each number of solutions. It seems that any even number between 0 and 44 can be the
number of solutions. They proposed a hypothesis that the same result is true for Fosq: it
may be any even number of solutions bounded by some number.

5. Awarding

Awarding of the winners was held on December 2014 in Novosibirsk State University
(Fig. 8).
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6. Winners of the Olympiad-2014
In this section, we publish the names of winners of NSUCRYPTO-2014 and some

information about them. There are 15 winners in the first round and 11 teams in the
second one (Tables 6-11).

Table 6
Winners of the first round in school section (“senior pupils”)
’ Place \ Name \ Country \ City \ School \ Class \ Scores ‘
1 Alexander Dorokhin | Russia Novosibirsk | MOU 159 8 12
2 Nikita Dobronravov | Russia Novosibirsk | Lyceum 130 9 10
3 Artem Uskov Russia Novosibirsk | Gymnasium 3 11 8
3 Egor Dobronravov Russia Novosibirsk | Lyceum 130 9 8
Table 7
Winners of the first round in student’s section (in category “students”)
’ Place \ Name \ City \ University \ Department \ Course \ Scores ‘
1 George Novosibirsk, | Novosibirsk State | Mechanics and 6 23
Beloshapko | Russia University Mathematics
2 Roman Novosibirsk, | Novosibirsk State | Physics 2 14
Lebedev Russia University
3 Dmitry Saratov, Saratov State | Computer Science 5 12
Zajcev Russia University and Information
Technology
3 Gleb Saratov, Saratov State | Computer Science 4 12
Shalyganov | Russia University and  Information
Technology
3 Samir Moscow, Moscow State | Mechanics and 1 12
Godzhaev Russia University Mathematics
3 Alexander Saratov, Saratov State | Computer Sciences 5 12
Shein Russia University and Information
Technologies
3 Pavel Saratov, Saratov State | Computer Sciences 5 12
Grachev Russia University and  Information
Technologies
3 Sergey Saratov, Saratov State | Computer Sciences 5 12
Shabelnikov | Russia University and  Information
Technologies
3 Angelina Saratov, Saratov State | Computer Sciences 4 12
Sadohina Russia University and  Information
Technologies
3 Alexander Novosibirsk, | Novosibirsk State | Information 2 12
Tkachev Russia University Technologies
Table 8

Winners of the first round in student’s section (in category “professionals”)

’ Place \ Name
1

\ Country \ City \ Organization \ Scores ‘

- [ 12 ]

\ Alexey Udovenko \ Russia \ Saint-Petersburg \

Table 9

Winners of the second round (in category “senior pupils”)

| School

Specialized Educational
Scientific Center of NSU

| Class | Scores |
11 6

’ Place \ Name \ Country \ City

1 Stepan Russia | Novosibirsk
Derevyanchenko,

Elizaveta Klochkova
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Winners of the second round (in category “students”)

Table 10

] Place \ Names \ City \ University \ Department \ Course \ Scores ‘
1 | George Beloshapko, | Novosibirsk, | Novosibirsk State | Mechanics  and| 5-6 55
Anna  Taranenko, | Russia University Mathematics
Evarist Fomenko
1 | Pavel Hvoryh, | Omsk, Omsk State | Information 3 55
Vladimir Laptev Russia Technical Technologies
University and  Computer
Systems, RTF
2 | Saveliy Skresanov, | Novosibirsk, |Novosibirsk State | Mechanics  and 2 36
Alexey Miloserdov, | Russia University Mathematics
Denis Kirin
3 | Alexey Oblaukhov | Novosibirsk, | Novosibirsk State | Mechanics  and 3 33
Russia University Mathematics
3 |Vadim  Marchuk, | Minsk, Belarusian State | Applied 6 33
Dmitry Emelyanov, | Belarus University Mathematics
Anna Gusakova and  Computer
Science
3 | Oleg Smirnov, | Saratov, Saratov State | Computer 4 29
Peter Razumovsky, | Russia University Science and
Alexey Ripinen Information
Technology
3 | Sergey Belov, | Obninsk, Moscow State | Computational 5 28
Grigory Sedov Moscow, University Mathematics and
Russia Cybernetics
Table 11
Winners of the second round (in category “professional’)
’ Place \ Names \ Country \ City \ Organization \ Scores ‘
1 Ren Zhang, Atul | Belgium | Leuven KU Leuven, COSIC 65
Luykx
2 Konstantin Kogos, | Russia Moscow Moscow Engineering 41
Sergey Kyazhin Physics Institute
3 Alexey Udovenko | Russia Saint-Petersburg | — 37
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Finite dynamic systems of binary vectors associated with palms orientations are con-
sidered. A palm is a tree which is a union of paths having a common end ver-
tex and all these paths, except perhaps one, have the length 1. States of a dy-
namic system (Psyc, 7), s > 0, ¢ > 1, are all possible orientations of a palm with
trunk length s and leafs number ¢, and evolutionary function v transforms the given
palm orientations by reversing all arcs that enter into sinks. The following formula

for the number of inaccessible states in the considered dynamic systems is proved:
[(s—z)/4] . o
25+ 25 25734 O(—1)—-2Q(1)+Q(3), where Q(z) = > (—1)itl.2s—2—4.Ct

s—xr—3%"
=1

As a corollary, the number of accessible states equals 2° 42573 —Q(—1)+2Q(1) — Q(3).
The corresponding statistical tables for systems with different parameters s and ¢ are
given.

Keywords: finite dynamic system, inaccessible state, palm, starlike tree.
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BBenenue

['padosbie Moje/H, B KOTOPBIX OTKA3bl MIPOIECCOPOB MHTEPIPETUPYIOTCI KAK yJIAJICHUE
COOTBETCTBYIOIIUX BEPIIUH, & OTKA3bl CETEBBIX KAHAJOB — KaK yJajeHue JIyT, 3aHIMAIOT
BasyKHOE MECTO B 33/a9aX, CBI3aHHBIX C OTKA30yCTONINBOCTHIO KOMITBIOTEPHBIX ceTeil. 3/1ech
MOXKHO BBIJICJTUTH CJIEIYIONINE TPU OCHOBHBIE KOHCTPYKITUH, ITOJIYUUBIITUE U CAMOCTOSITE b
HOe 3HavYeHue B Teopun rpadoB: MUHUMAJbHOE pacipenne rpada |1, 2|, T-nenpusoumoe
pacimpenue rpada [3], 6eckonTypHBIi rpad ¢ 3aJaHHON CTPYKTYPO MCTOYHUKOB U CTO-
koB [4]. B mozenu [4] B kauecTBe MexaHm3Ma BOCCTAHOBJICHHS PABGOTOCIOCOOHOCTH CETH
IpeJiyiaraeTcst Tak HazbiBaemasi SER-mnHaMmka 66CKOHTYPHBIX CBSI3HBIX OPUEHTHPOBAHHBIX
rpadoB. DTO MO3BOJIET MCIOJIH30BATH IIPU U3YUEHUU MOJIEIbHBIX IPadOB UIEH U METOJIbI
TEOPUN KOHEYHBIX JMHAMUIECKUX CHUCTEM ¥, B YACTHOCTH, JUHAMUIECCKUX CHCTEM JIBOUY-
HBIX BEKTOPOB (CM., Hanpumep, [5, 6]) — Koryia nmeercs ecTecTBeHHAs JBOMYHAS KOJMPOBKA
rpacdoB paccMaTpuBaeMoro kjacca. B ykazaHHBIX paboTax MO OTKa30yCTOWYUBOCTH I'Da-
G OBBIX CcHCTEM OCHOBHBIE PE3y/IbTaThl MOJIYIEHBbI JIsi CHCTEM, B OCHOBE KOTODBIX JIEZKAT
eI, TUKJIBI U 9aCTHBIE TUIIBI JIepeBbeB. K 9uc/Iy J1epeBbeB, JJisT KOTOPBIX HaMIeHO OIi-
caHHe KaK MUHUMAJIbHBIX, TaK ¥ T-HElPUBOAUMBIX PACIIHPEHUIT, OTHOCSTCS MaabMbl |2, 3].
JlepeBo HA3BIBAECTCH NAABMOU, €CJIU OHO ABJISIETCH 00beIMHEHUEM TIeTIeil, UMEIOITIX OOIILYIO
KOHIIEBYIO BEPINUHY, IPUIEM BCE ITU IEIH, 38 UCKIIOUCHUEM, ObITh MOYKET, OJIHOW, UMEIOT
iy 1. [asbMa gBISe€TCS 9aCTHBIM CIIydaeM ceeprempotinozo (36e30000pasnozo) depesa
(lepeBo, B KOTOPOM B TOYHOCTH OJ[HA BepIIINHA UMeeT CTerieHb 6oJibiie 2). B Hacrosieit pa-
6oTe MajbMbl U3YYAIOTCA ¢ TOYKU 3PEHUs TUHAMUYIECKOTO TOJIX0/Ia K OTKA30YCTONIMBOCTH
rpadOBBIX CHUCTEM.

[on komewnot dunamuueckotl cucmemoti monmMaercs uapa (S, 0), rme S — KoHed-
HOE HEIyCTOEe MHOXKECTBO, 3JIEMEHTBI KOTOPOI'O0 HA3BIBAIOTCH COCMOAHUAMU CUCTEMbL;
0 : S — S—orobpaxKeHne MHOKECTBaA COCTOSHUI B ceDsi, HA3BIBAEMOE 260.410UUOHHOT
Ppynryuets cucmemo. Takmm oOpa3zoM, KazKkI0f KOHEUHOW JTUHAMWIECKONW CHCTEMe COIO-
CTaBJIgeTCd KapTa, IPeJCcTaBJIdIonias codboil oprpad ¢ MHOXKECTBOM BepIIUH S U Jyramu,
POBEJIEHHBIMU U3 KaxKJI0il BepiuHbl s € S B Bepiuny 0(s). KoMIoHeHThI cBA3HOCTH I'pa-
da, 3a/1a10111ero JJMHAMUYECKYIO0 CHCTEeMY, Ha3bIBaloTCs €€ baccetinamu. lomydaercs, aTo
KasK/JIblit DacceifH mpejicTaBiser coboit KOHTYDP C BXOJAINMA B HETO JiepeBbaMu. KOHTYPHI,
B CBOIO OY€pe/Ib, HA3bIBAIOTCH PEJIC/IbHBIMUA TUKIAMEI WU GMMPAKIMOPAMU.

OcCHOBHBIMU TTPOOJIEMAMU TEOPUKM KOHEUHBIX JTUHAMUYIECKUX CHUCTEM SIBJISIOTCH 3aJ1a9n
OTBICKAHUST 9BOJIIOIMOHHBIX ITAPAMETPOB 0e3 IpoBejieHns JuHaMuKn. K ux quciy oTHOCIT-
cst gemeaerue (KOJUIeCTBO HEOCPEeICTBEHHBIX PE/IIECTBEHHUKOB JAHHOIO COCTOSIHUSI ) H,
B YACTHOCTHU, CBOWCTBO HeJOCTNUNMCUMOCTMU COCTOsIHUS (TO €CTh KOIJa COCTOSIHUE MMEeeT
HyJIeBOe BeTBJIeHHe). ABTOPOM COCTaBJIeHbI TporpaMMbl jist 9BM, M03BOJISIONINE BBIYIC-
JIATH Pa3/IndHbIe TapaMeTPbl JUHAMUYIECKHX CHUCTEM JBOMYHBIX BEKTOPOB, aCCOIMMPOBAH-
HBIX ¢ HEKOTOPBIME TUIaMU I'padoB, B 9aCTHOCTHU [7]; OIMCAHBI HEJOCTUKUMBIE COCTOSTHUST
KOHEYHBIX JIHAMIYECKAX CHCTEM JBOMYIHBIX BEKTOPOB, aCCOMMMPOBAHHBIX ¢ Tpadamu [8);
[IOJ/ICINTAHBI KOJIUYIECTBA HEJIOCTUKUMBIX COCTOSTHUI B CUCTEMAaX, CBA3AHHBIX C OPUEHTAIN-
SIMU TIeTell 1 IUKJI0B [9].

B nmannoit pabote mpesaraercs opmysia JiId MOACYETA KOJTUICCTBA HEJIOCTUXKIMbBIX
COCTOSIHUN B KOHEUHBIX JMHAMUYIECKUX CUCTEMAaX JIBOMIHBIX BEKTOPOB, aCCOIMUPOBAHHBIX
C OPUEHTAIIUSAMU TAJHM.

1. Onucanmne ,Z[PIHaMI/I‘{eCKOﬁ cCucreMbl

[Iycts masmpma p obpazoBaHa 0O0bEIMHEHHEM Ieneit py, Pi1, ..., Pe, UMEIONIUX OOIILYIO
KOHIIEBYIO BEpIINHY. ByleM cauTaTh, ITO pg UMEeT CPeId ITUX Iereil MaKCUMAJIbHYIO JI/TH-
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ny s > 1. Hazosém py cmeosom naavmolr p, Uenu pi, pa, ..., Pe, AMEIOIINE IJIAHY 1, — eé
AUCMBAMU, & TX COBOKYITHOCTH — KpoHOU. ByjeM roBOpUTh, UTO p sBJIAETCA MAJIbMON THU-
na (s,c¢). [MambMa ¢ TOYHOCTBIO 710 n30MOPQU3Ma OIpeJIeIgeTcs CBoUM THoM. Ilpu ¢ = 1
najibMa BBIPOXKJaeTcsi B 1enb (cM., HanpuMep, [6, 9]), mosromy jasee He Gyjem paccMmar-
pHUBATL 3TOT CJydaii, canrag ¢ > 1.

[Tycrb umMeercs najabMa p Tuna (s, c), s + ¢ = n. [lepenymepyem pébpa najabMbl P, Kak
IIOKa3aHO Ha pHuc. 1.

Puc. 1. Hymeparust pébep najibMbl

[Ipuaagum Kaxk oMy peOpy HajabMbl TPOU3BOJIBHYIO OPUEHTAIIMIO U COIMTOCTABUM TIOJIY-
YEeHHOMY OPHEHTHPOBAHHOMY Tpady p n-MEepPHBIH JIBOMIHBIN BEKTOP v(p), HOJaras ero i-fo
KOMITOHEHTY paBHOM 1, ecyin i-e pebpo MajbMbl P OPUEHTHPOBAHO OT KOPHs (HAYAILHOIL
BEPIIMHBI €TBOJIA), U () —B HPOTHBHOM cijiydae. Terepb MOXKHO TOCJIEJIOBATE/IHHO BBINU-
CaTh MOJIYYUBIIYIOCS TIOC/IEIOBATEILHOCTh U3 HYJICH W €IUHUIL U = vy ...VUs.Usiq - - - Usic,
e v;, 0 < i < s+ ¢, npuanmaer 3Hadernne 0 win 1 B 3aBUCUMOCTH OT OPHEHTAIIUH -TO
pebpa majabMbl (it yruporenus GyjieM paboTrarTh ¢ JIBOMYHBIM BEKTOPOM HUMEHHO B Ta-
Koit 3ammcn). Takum 06pazom, KazxKJI0i OpHEHTAIMN MAJIbMbI TUIA (S, C) COMOCTABIISICTCS
N-MEPHBII JIBOUYHBI BEKTOP, I'le 1 = S + ¢. B cBolo ouepesb, KaxKJblii TaKOil BEKTOD
UV = Up...Ug.Usi]...VUste OJHOBHATHO OIPEJETSIET HEKOTOPYIO OPUEHTAIMIO MAaIbMbl p(v)
tura (s, c¢). Takum obpazom, Mexky MHOKeCTBOM Psy., s > 0, ¢ > 1, BCeBO3MOXKHBIX OpU-
eHTUPOBAHHBIX MAJTbM THIIA (S, €) YKA3aHHOTO BUJA M MHOXKeCTBOM B*T¢ s > 0, ¢ > 1, Bcex
JIBONYHBIX BEKTOPOB PA3MEPHOCTU N = S + ¢ YKa3aHHOTO BUJIa YCTaHAB/JIUBAETCH B3aUMHO
OJIHOBHATHOE COOTBETCTBHE. B majbHelieM oprueHTAIIMT TaJIbMbI I IIPOCTOTHI TaKkKe Oy-
JIeM Ha3bIBaTh IaJibMaMM, 9aCTh V1 . .. Us BEKTOpa v OyJeM Ha3bIBaThb CMB0AOM BEKMOPa U,
Q& Vg1 - .. Use — €TO KPOHOTL.

OnuirieM KOHEYHYO JIMHAMIYECKYIO CHCTEMY OpUeHTaIuil (S, ¢)-IajibMbl p Ha sI3bIKe JIBO-
WYHBIX BEKTOPOB. llycTh cocTosgnmem TUHAMUYECKON CHCTEMBI B JIAHHBIE MOMEHT BpeMEHU
SIBJIAETCS BEKTOP U = V1 ... Ug.Vsq1 - - . Vst € B¢ Torma B ciemyronmii MOMEHT BpEMEHH
OHA OKayKeTcsl B cocTosHUM Y(v) = v/, MOJIy9IeHHOM IyTEM OJHOBPEMEHHOIO IIPUMEHEHHUSI
CJIEIYIOIIUX TIPABUIL:

1) ecm vy = 0, To v] = 1;

2) ecim v; = 1 m v;41 = 0 g vHekoroporo 0 < i < s, o v, =0 u v,fH =1;

3) ecam v; = 1 1 HEKOTOPOIO s < i < § + ¢, TO V) = 0;

4) ecmn v, = lumv; =0 masa Beex s < @ < s+¢, Tov, = 0um v, =1 1y Beex s < i < s+¢;
5) Apyrux oTamduii Mexkiy v u 7y (v) HeT.
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Hampumep, na puc. 2 nokazana sBosiorusg BekTopa 011.11 B aunamMudeckoit cucreme
342
(B*%,7).

Puc. 2. Dposmonus cocrogrus 011.11 B qunavmaeckoit cucreme (B372) )

I[Tycth Tenepb umeercst n-pébepnas (s, ¢)-naabMa. Ha s3bike opuenTanumii majabM 3800
Ul UHAMUYECKON CHCTEeMBI BBOJUTCH CJICLYIONMM OOpa3oM: eCJIM JlaHa HEKOTOpad OpPU-
eHTHpOBaHHAg majibMa p € Pyi., TO eé JuHAMUYECKUM 06pa3oM 7(p) sABJgercs HajbMa,
IIojiydaeMad U3 p OJHOBPEMCHHBIM IIpEBpallleHueM BCEX CTOKOB B MCTOYHHKH. HaHOl\lHI/HVI,
4YTO CMOKOM B OPUEHTHPOBAHHOM I'pade Ha3bIBaeTCsl BEPIINHA ¢ HyJIeBOIl CTeleHbI0 NCXOA,
a UCTMOYHUKOM — BEPIIUHA C HYJIEBOI CTENEHBIO 3aX0/]a. JTO YACTHDLIA cilydail JUMHAMUKH
GECKOHTYPHBIX CBA3HBIX OPUEHTUPOBAHHBIX rpadoB, BBenénnoii B [4]. [Ipeobpazosanus opu-
eHTaIMil TaIbM B JuHamMudeckoit cucreme (Pyye,y), $ > 0, ¢ > 1, COOTBETCTBYIOT BOJIOIHU-
OHHBIM HpeO6pa3OBaHI/IHM COOTHOCHUMBIX UM ABOUMYHBIX BEKTOPOB B ,ZLI/IHal\/IquCKOﬁ cucremMme
(B¥t¢,7), s > 0, ¢ > 1, u obparno, a umenno v(y(p)) = y(v(p)) [10]. Taxkum obpasom,
JquHaMugeckue cucreMbl (B¢ ) u (Pyie, ), s > 0, ¢ > 1, usomopdusl. Hanpumep, Ha
puc. 3 n300pazkeHbl KapThl N30MOPGHBIX auHamMuuecknx cucrem (B2 v) u (P q, 7).

U1
s

a o0

Puc. 3. Kapror qunamugeckux cucrem: a — (B2, 7); 6 — (Py2, )

2. HemocTu>KuMble COCTOSIHUSI JUHAMUYIECKON cucrembl (B¢ ~)

Cocrosauus, 00J/aJa0mue CBORCTBOM HEJIOCTHKUMOCTH, OyleM Ha3BaTb HedoCmudicu-
MBLMU, B THOM CJIy9ae — QOCTNUNCUMBLMU.

B pabore [§] mosyuensl ciieyronume cBORCTBA HEJOCTUKUMOCTH COCTOSTHUN JIMHAMUIE-
ckoii cucrembl (B*7¢ ), s >0, ¢ > 1.
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Teopema 1 [§8]. Cocrosinume v = V1 ... Vs.Vsy1 - - - Vst JUHAMUIECKOTT crCTEMBI (B¥T¢ ),
s > 0, ¢ > 1, HEJIOCTUKUMO TOIJIa U TOJBKO TOIJIA, KOTJIa BBIIIOJHAETCS XOTs Obl OJTHO U3
CJIE/LYIOIIUX YCJIOBUA:

1) V1V = OO,

2) VU 1V42V 43 = 1100 s wHekoroporo 0 < i < s — 1;

3) Ccpe/iu MOCJIeHUX ¢ KOMIOHEHT MMEIOTCS PA3JINIHBIE;

4) vy =Vs11=...= Vs = L.

C moMmoIIpio TporpaMMel |7| Oy deHbl TaHHbIE [0 KOJMYeCTBY HEJIOCTHKIMBIX COCTOSI-
auit (KHC) B munamuveckoii cucreme (B¢ ), npescrasiennbie mig 0 < s < 8,1 < ¢ < 8
B TabJI. 1.

Tabauma 1

KonudecTBo HEJOCTUXKUMBIX COCTOSTHUIA
B cucremax (B51¢, ~), 0<s<8,1<c<8

c
2 3 4 5 6 7
6 14 30 62 126 254
12 | 28 60 124 252 508
24 | 56 120 248 504 1016
50 | 114 | 242 498 | 1010 | 2034
102 | 230 | 486 998 | 2022 | 4070
208 | 464 | 976 | 2000 | 4048 | 8144
424 1 936 | 1960 | 4008 | 8 104 | 16 296

N O YR |WNF®

BbIBe,ZLeM CbOpMy.TIy JJId BBIYUCJICHNA KOJIMYeCTBa HEIJOCTHUXKMMDBIX COCTOAHUI B JMHa-

Mu4ecKoit cucreme (B¢ ), s >0, ¢ > 1.
Hanomunm gpopMysty BKIIOUEHMI U UCKIIOUEHNI 13 KOMOMHATOPUKHU, KOTOPAs IOHAI0-

6urcs. [Tycrs nansl Hemycrbie MuoxkecTBa Ap, Ao, ..., Ay, Ob03HaTNM Yepes k(A) kommde-
CTBO 3JIEMEHTOB, IpUHaIexKamx MaoxKecTBy A. Torna KojmuecTBO pas3/ImIHbIX 3JIEMEHTOB
B 00beMHEeHN MHOXKECTB A1, Ao, ..., A,, HoacYuThIBaeTCA 110 POPMYJIe

k(AiUAsU...UA,) =k(A1) +k(A2) + ...+ k(An) — k(A1 N Ag) — k(A1 N As)—
— . —k(AiNA,) — k(AN Ag) — ... — k(AN A,) — .. — k(A1 NAL)+ (1)
+hk(A1N AN A3) + ...

€CcJIi YHUCJIO IepeceKaloluXcsd MHOXKECTB HEUYETHO, TO cJlaraeMoe BXOJIUT CO 3HAKOM ILJIIOC,
€CJIM 9€THO — CO 3HAKOM MHHYC.

Teopema 2. KosmdecTBO HEIOCTHMKUMBIX COCTOAHUN B JIMHAMHYECKOH CcHCTEME
(B¢, 5), s > 0, ¢ > 1, paBHO

KHC (5 ¢ = 27— 2° — 2573 + Q(—1) — 2Q(1) + Q(3),

rae
[(s—z)/4] 4 ‘ ,
Q)= > (“D)F-2770 00 g, (2)

NpUIEM eciu KOI(MMUITUEHTHI WU CTEIIeHN TPUHUMAIOT OTPUIATE/IbHbIE 3HAYEHHS, TO CO-
OTBETCTBYIONTNE BhIpAXKEHUs MPUHNMAIOT 3HadeHne (.
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Jloxaszameavcmeo. B cooTBeTcTBUU ¢ BUJIOM HEIOCTHKUMBIX COCTOSHHUI 0003HA-
YUM MHOYKECTBO HEJIOCTUKUMBIX COCTOSHUI, ¥ KOTOPBIX v1vs = 00, uepe3 A; y KOTOPBIX
ViVi11V;42Vir3 = 1100 g1g sexkoroporo ¢, 0 < ¢ < s—1, — depe3 B; y KOTOPBIX CPEIH TOC/IE/I-
HUX ¢ KOMIIOHEHT UMEIOTCsT pasimaable — depe3 C'; ¥ KOTOPBIX Uy = Ugy] = ... = Ugpe = 1 —
qepe3 D. [logcanraem obinee KOJIMIECTBO HEIOCTUXKUMBIX COCTOSHUN B CHCTEME, JIJISI 9ero
npuMernM GopMmysty BKJoueHuin u uckiodenuii (1). [osyanm, aro

KHC (s4¢y) = K(AUBUCUD) = k(A) + k(B) + k(C) + k(D) — k(AN B)—
—k(ANC)—k(AND)—k(BNC)—k(BND)—k(CND)+k(ANBNC)+
+k(ANBND)+kE(ANCND)+k(BNCND)—kANBNCND) = (3)
=k(A)+k(B)+k(C)+ k(D) —Ek(ANB) —k(ANC)—k(AND)—-k(BNC)—
—k(BND)+k(ANBNC)+k(ANBND,).

1. Tloncunraem k(A). st cocrostauii, y KOTopbix v1v9 = 00, mojydaercs, 4To JiBe
Hava/IbHbIE KOMIIOHEHTBI 3aPe3ePBUPOBAHbI, & OCTAIbHBIE KOMIIOHEHTBI 3aHUMAIOT S 4 ¢ — 2
nozunuu 1 npuHuMaior sHadenns 0 wiu 1. Takum obpasom, k(A) = 257672,

2. Mogcunraem k(B). Pacemorpum mogpo6HO miepsbie s + 1 KOMIOHEHT COCTOSIHMUSI, TIPH
9TOM 3aMETHM, YTO OCTAJLHBIE ¢ — 1 KOMIIOHEHT COCTOSIHUS MOT'YT IPUHUMATEL 3HadeHust 0
w1, To ectb k(B) = 271 - ky(B). B gannom ciaydae MOXKET HPUCYTCTBOBATH OT OJHOM
110 [(s+ 1) /4] rerparpamm 1100 BrirounTebHo. O6O3HATUM KOJMIECTBO 9THX TETPArPAMM
qepes [. KoMIOHEHTBI, 3aHIMaeMble TeTparpaMMaMi, 3ape3ePBUPOBAHBI, & OCTAJIbHbBIE 3a-
HUMaoT S + 1 — 4] nosunuit u npuarMaior 3Hadernst 0 wau 1. [Tpu srom 31i | Terparpamm
MOT'YT 3aHUMATDh PA3JINIHbIE O3UIUKE B COCTOSAHUE U UX KOJUIECTBO OIPEIE/ISeTC IPU 0~
moru opmyssl uncia coderanuit: CL . = CL. ;.. Ho npu paccMOTpeHHH COCTOSIHUIA,
cojiepKaiux | + 1 TerparpamMm, HEKOTOPBIE TeTparpaMMbl yKe ObLIM YUTEHbI, [TOTOMY,
npuMeHnB (hbOpMyITy BKIIOUEHHI 1 uckimodernii (1), moxyanm

k1(B) = k(Bioq)) — k(B1ioo2)) + k(Biiooa) — - - -

¥ TaK jiasee Jio [(s+1)/4]-ro ciaraemMoro BKIIOUATENBHO, Te Bi1gg(z) — MHOXKECTBO HEJIOCTH-
JKUMBIX COCTOSIHUI, IMEIOIINX B COCTaBE PACCMATPUBAEMbIX KOMIIOHEHT & TeTparpaMM 1100.
Torna

kl(B) — 25+174 . Cl+173 _ 2s+178 . 052+176 4 25+1712 X Cg+179 -

s

u Tax jgasee J10 [(s + 1)/4]-ro ciaraemoro B/OUHTENBHO. B HTore mosydaercs, 4o

[(s+1)/4]
1

k(B) — 9c— (_1)i+1 . 25+1—4i L

s+1-3i°
i=1

3. Hoxcanraem k(C). st 5TOro Hy?KHO UCKTIOYUTH COCTOSTHUS, B KPOHE KOTOPBIX MMe-
IOTCST TOJIBKO OJIMHAKOBBIE KOMIIOHEHTHI, TO ecTh umeeM k(C') = 2°(2°¢ — 2).

4. Tlopcuamraem k(D). s cocTosiHU, Y KOTOPBIX Uy = VUgy) = ... = Usye = 1, HOJTyda-
eTcsd, 9TO ¢ + 1 KOMIIOHEHT 3ape3epPBUPOBAHbBI, & OCTaJIbHbIE KOMIIOHEHTHI 3aHUMAT § — 1
nosunuit 1 npunumaior suadenns 0 wn 1. Takum obpasom, k(D) = 2571,

5. Hogcunraem k(A N B). st cocrostHuil, KOTOPbIE UMEIOT B CBOEM COCTaBE OJHOBDPE-
MeHHO HadaJbHyio Oourpammy 00 M y KOTOPBIX V;U;41Vi42Vir3 = 1100 g mekoToporo ¢,
0 <i<s—1, mosydaeM CUTyallnio, AaHAJOTUIHYIO PACCMOTPEHHOMN B II. 2, TOJBKO TYT €Ié
MIOCTOSIHHO 3aPE3€PBUPOBAHBI IIEPBbIE JIBE KOMIIOHEHTHI. Takum oOpa3oM,

k’(A N B) _ 2c—1 [(8721)/4](_1)14-1 . 23—1—4i el
- et s—1-3i"
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6. [ogcuuraem k(A N C). s cocrosuuii, y KOTopbix v1v2 = 00 U cpejn MOC/IeIHUX
¢ KOMIIOHEHT MMEIOTCs Pa3JIMIHbIe, PACCMOTPUM JBA CJIyYad:

a) s = 1. [losygaem, 910 JiBe MepBbIe KOMIIOHEHTBI COCTOSIHISI TIOCTOSIHHO 3ape3epBUPO-
BaHbI, & OCTAJIbHbIE KOMIIOHEHTHI IIPUHUMaOT 3HadeHns 0 min 1, 0JJHaKO HY’KHO UCKJIIOYUTh
eIIé COCTOSIHMS, B CTBOJIE KOTOPBIX UMEIOTCHA TOJILKO OJMHAKOBBIE KOMIIOHEHTHI. Tak Kak
vy = 0, Hy?>KHO UCKJIIOUUTH €IUHCTBEHHOE cOCTosAHIe, Y KoToporo v; = 0 musa 0 < i < s + c.
Taxum obpasom, k(AN C) = 2572 — 1.

6) s > 1. [lomywaem, 94To jiBe HEpPBBIE KOMIIOHEHTHI CTBOJIA COCTOSHUS MOCTOSIHHO 3a-
PE3EPBUPOBAHBI, & OCTAJIbHBIE KOMIIOHEHTHI TPUHUMAIOT 3HadeHnst 0 wau 1, oJHAKO HY>KHO
UCKJIIOUHTh €IE COCTOSHUS, B KPOHE KOTOPBIX UMEIOTCS TOJIHKO OJMHAKOBBIE KOMIIOHEHTHI.
Takum obpazom, k(AN C) = 2572(2¢ — 2) = 25Fe=2 — 251,

B ob6mem ciyuae nmeem k(AN C) = 25+e2 — 2571,

7. Hoacuauraem k(A N D). lusa cocrostauii, y KOTOPbIX 1109 = 00 U vg = Vg4 = ... =
= Vspe = 1, 0Bs13aTEIBLHO OYAET § > 2, IPU TOM TPU KOMIIOHEHTHI CTBOJIA U BCE KOMIIOHEHTBI
KPOHBI 3ape3ePBUPOBaHbI, & ocTajbHble npuHuMaioT 3uadenust 0 wm 1. Torma k(AN D) =
— 2373‘

8. Iogcunraem k(B N C). s cocTosiHuii, Y KOTOPBIX ;V;410V;12V;+3 = 1100 mj1st HeKo-
Toporo 7, 0 < i < s — 1, U y KOTOPBIX CPeAy HOCACIHAX ¢ KOMIIOHCHT UMEIOTCS PA3/JINIHbIC,
HOJIy9aeM CHTYAIUIO, aHAJOTUIHYIO PACCMOTPEHHOM B II. 2, IIPU 9TOM KOMIIOHEHTHI KPOHBI
npuHEMaioT 3Hadenns 0 uiam 1, ogHaKO HYKHO y4ecTh Cydail, Korjga B KpoHEe BCe KOMIIO-
HEHTBI OJIMHAKOBBL. Takum o6paszom,

k(BNC) = (2c—1 .y [(8+21:)/4}(_1)i+1 L 9stl—4i | (i
o s+1—3i°

=1

9. Moxpcuuraem k(B N D). s cocrosiauii, y KOTOPBIX ;U410 429V;+3 = 1100 151 HEKO-
TOoporo 2, 0 <1< s—1, 1 V5 = V541 = ... = Vgp = 1, HOJIy4daEM CUTYyaIIUIO, AHAJOTUIHYIO
PacCMOTPEHHOI B 1I. 2, IIPU 9TOM IOCeHNIE ¢ + 1 KOMIIOHEHTHI 3ape3epBUpPOBaHbI. Takum
obpaszoM,

k e R/ i+l 9s—1—4i _ (i
(BND) = Z (—1) .2 " Ms—1-3i
i=1

10. TToxcumraem k(AN BN C). s cocrostanii, y KOTOPbIX v1vy = 00, 0041042043 =
= 1100 gyt mexkotoporo 4, 0 < ¢ < s — 1, ¥ y KOTOPBIX CPeJIN MOCJETHNX C KOMIIOHEHT
UMEIOTCS pa3IndHble, TIOJIydaeM CUTYaIluio, aHAJOTHIHYIO PACCMOTPEHHON B II. 8, IIPH 9TOM
IIepBBIE JIBE KOMIIOHEHTHI 3ape3epBUPOBAHbI. TakuM 00pa3oM,

[(s=1)/4] , , .
KANBNC) = (25 —1) S (=1)+l.2 4. i

=1

11. TToncuauraem k(AN BN D). Jlns cocrosiamit, y KOTOPbIX v1vy = 00, 0;0;110i1 20543 =
= 1100 g1 HekoToporo ¢, 0 < ¢ < s—1, 1 Vg = Vsy1 = ... = VUsp = 1, NIOJIydaEM CUTYAIUIO,
AHAJIOTMYIHYIO PACCMOTPEHHO B I1. 9, IPU 9TOM IePBbIE JBe KOMIIOHEHTHI 3ape3ePBUPOBAHHI.
Takum obpazom,

[(s—3)/4] , ) 4
k(ANBND)= 5 (=1)tt.2s=3 4. i , .

=1
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[MoscraB/isiss IO/IydeHHbIe BbhIpaskeHus B popmyiy (3) u UCHosb3yst BBEJACHHYIO (DYyHK-

muio §)(z) (2), umeem
KHC (510 = 25772 4 20710(—1) +25(2° — 2) + 271 — 2°71Q(1) — 2572
42571 2573 (27 — )Q(—1) — Q1) + (27 — 1)Q(1) + Q(3).

[Tocsie npuBeeHus NOJOOHBIX CJAIaEMbIX B UTOIE UMEEM, YTO KOJUIECTBO HEIOCTUKHI-
MbIX COCTOSIHMI B JimHAMU4YecKoii cucreme (B¢ v), acconuupoBanHoil ¢ (S, ¢)-TIAIBMOII,
s >0, ¢c> 1, paBHo

KHC (s4c,) = 25F¢

IpUIEM ecii Ko MUIIMEHTHI WM CTeeHN TPUHUMAIOT OTPHUIlATE/IbHbIE 3HAYEHU, TO 9TO
3HAYHUT, 9TO IPU TAKUX PA3MEPHOCTAX S U ¢ IPOCTO HE BOSHUKAET IOJO0HBIX CUTYAIUH, 1

2% — 278 1 Q(—1) — 2Q(1) + Q(3),

9THU BbIpaXKeHUsd IpUHUMAIOT 3HadeHue (). W
B TabJ1. 2 mpuBeieHbl TaHHbIE TT0 KOJUYECTBY HEJIOCTUZKUMBIX COCTOSHUN B JMHAMUYE-
ckux cucremax (B¢ ) g pasiuvHbIX § U ¢, TOJYYEHHBIE C TIOMOIIBIO BEIIUCIUTETbHBIX

SKCIIEPUMEHTOB.
Tadbnauma 2

Konu4uecTBo HeJOCTUKUMBIX COCTOSIHMN B cucreme (B3¢ v)

c
S 2 3 18 35
8 862 1886 67108702 8796093022046
9 1750 3798 134217430 17592186044118
10 3548 7644 268434908 35184372088284
11 7184 15376 536869904 70368744176656
12 14530 30914 1073739970 140737488353474
13 29358 62126 2147480238 281474976707246
14 59264 124800 4294961024 562949953415040
15 119536 250608 8589923056 1125899906831088
16 240926 503070 17179847966 2251799813664030
17 485262 1009550 34359699342 4503599627331470
18 976796 2025372 68719404956 9007199254669212
19 1965128 4062280 137438821448 18014398509349960
20 3951474 8145778 274877664114 36028797018721138
27 519578784 1056449696 35184354796704 4611686018410095776
35 | 135174079768 | 272613033240 | 9007196989867288 | 1180591620715146429720

CneacrBue 1. KosmuecTBo JIOCTHKUMBIX COCTOSHHII B JIMHAMUYECKOH CHCTEME

(B*¢, ), s > 0, ¢ > 1, paBHO
KﬂC(erc;y) =2° + 28_3 - Q(_l) + 29(1) - Q<3)’

rie (x) 3amaéres dopmysoit (2), npuaéM ecsn KOI(OOUIHMEHTHI NI CTEECHN TPUHIMAIOT
oTpHIaTeIbHbIE 3HAYEHUsI, TO COOTBETCTBYIOIINE BhIpAXKEHUsT IPUHUMAIOT 3HadeHue (.

CortacHO CJIeACTBUIO 1, KOJUYIECTBO JIOCTUKUMBIX COCTOSTHUN B JIMHAMUYIECKUX CHUCTE-
max (B*t¢ v), s > 0, ¢ > 1, He 3aBUCUT OT ¢; TAKUM OOPA30M, B JIAHHBIX CHCTEMaX MPH
PABEHCTBE § COBIAJIAET U KOJIUIECTBO JOCTUIKUMBIX COCTOSTHUIA.

B 1abu1. 3 puBe/ieHbl TaHHbBIE IO KOJTMIeCTBY JOCTIKUMBIX cocrosuuit (KJIC) B nuna-
Mudeckux cucreMax (B¢ ) mua 0 < s < 41 u ¢ > 1, nosry4eHHble ¢ TIOMOIIBIO BBIYUC/IH-

TEJIbHBIX 9KCIIEPUMEHTOB.
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Tadonauma 3
Konu4decTBo IOCTUXKUMBIX cOCTOsiHUIT B cuctemax (B3¢, v),
O0<s<4l,c>1

S | KAC(icqy) | 8 | KAC(iey | 5 | KAC(oicy) | 8 | KAC(i ey
1 2 11 1008 21 | 446634 | 31 | 107900192

2 1 12 1854 22 | 821488 | 32 | 3063995202

3 8 13 3410 23 | 1510052 | 33 | 669491554

1 14 14 6272 24 | 2779074 | 34 | 1231386948
5 26 15 | 11536 | 25 | 5111514 | 35 | 2264873704
6 18 16 | 21218 | 26 | 9401540 | 36 | 4165752206
7 88 17 | 30026 | 27 | 17292128 | 37 | 7662012858
8 162 18 | 71780 | 28 | 31805182 | 38 | 14092638768
9 208 19 | 132024 | 29 | 58498850 | 39 | 25920403832
10 548 20 | 242830 | 30 | 107596160 | 40 | 47675055458

3. lonosiHuTEeIbHBbIE 3aMeYaHus

PaccMOTpeB 110C/1e10BATeILHOCTH /I KOJIUIECTBA, JOCTHKUMBIX COCTOSIHUI B JTUHAMU-
gyeckux cucremax (B¢ ), 0 < s <41, ¢ > 1, BBeJéM DYHKIHUIO

3
Jky =2 fk—0), k>3 f(1)=2, f(2) =4 f(3)=8 (4)
iz

[Tepsbie 40 3/1eMEHTOB paCcCMaTPUBAEMON OC/IEJ0BATEIBHOCTH BBIUUCIISIIOTCSA € TIOMO-
b0 peKyppenTHoit dhopmyinbl (4). Ecin 9ra 3aKOHOMEPHOCTH PACHPOCTPAHSIETCST HA BCIO
HOCJIEI0OBATEILHOCTD, TO KOJUYECTBO HEJOCTUXKUMBIX COCTOSIHU JIMHAMUYECKON CHCTEMBI
(B5*¢, ), s > 0, ¢ > 1, MOXKHO TIOJICYUTATDH C TIOMOIIBIO PEKYPPEHTHOTO COOTHOIEHUs (4)
o opmyJre

KHC(S_FC’,Y) = 2s+c - f(S)

BaMeTuM, 4TO COOTBETCTBYIOIIUE TIOC/IEI0BATETLHOCTH /IS KOJUIECTBA JIOCTUKUMBIX
COCTOSIHUIN JInHAMIYecKuX cucreM (BT¢ ), 0 < s < 41, ¢ > 1, u Jyisi KOJIM9IecTBa JOCTU-
JKUMBIX COCTOsiHUIT mHamudeckux cucreM (B™, §) [9], 1 < n < 42, coBuajaror.

B oHJIaiiH-9HIMKIONE N [EJIOINCICHHBIX TOCIEI0BATEILHOCTE IPUCYTCTBYET MOCIe-
nosaresibHOCTh A135491 [11]: «2, 4, 8, 14, ..., 2264873704 », 571eMeHTHI KOTOPOIi MOy Iar0T-
cst o dopmyie a(k) = a(k—1)+a(k—2)+a(k—3) a3 < k < 36 mpu a(l) = 2, a(2) = 4,
a(3) = 8. Jannas 1oC/IeI0BaTEILHOCT CBA3aHA C 3ajadeil o OGpocannu MoHeTH [12| u
HOJICYUTHIBAET KOJUIECTBO CIIOCOOOB MOAOPOCUTL MOHETY k pas Tak, YToObI B pe3yJbTaTe
B IIOCJIEIOBATETHHOCTH UCXOJI0B HE ObLIO YE€TBIPEX MOJPSiJ CTOSIIUX OJMHAKOBBIX UCXOJIOB.
[Tocienosarensnocrs A135491 coBmagaeT ¢ IMOCTIEI0BATEILHOCTIME JOCTUXKUMBIX COCTO-
sHuil B cucreMax (B*T¢, ) ¢ 1 mo 35 seMeHT (MMEHHO CTOJIBKO 3JIEMEHTOB IIPUBEJIEHO
B OHJIAH-9HITUKJIOTIE NN ).

[Ipoanam3upoBaB MOCIEI0BATETHLHOCTD HEJIOCTHKUMBIX cocTosHuit st 0 < s < 41 u
1 < ¢ < 41, MOXKHO TaK»Ke 3aMEeTUTh, YTO

3
KHC (s4¢,7) = 2777 + 3 KHC (404 )

=1

IIpu COOTBETCTBYIOIMNX HaYaJIbHBIX 3HaAYCHUAX.
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3akJiroueHue

B pa60Te IIOJIy9Y€HbI (bOpMyﬂbI JJIA HO,ZLC‘{éTa KOJIn49eCTBa HEJOCTU2KUMBIX 1, KaK CJIe/-

CTBHUE, KOJINIECTBa JOCTU2KHNMbIX COCTOAHMI B KOHEUYHBIX JMHaMUYIECKUX CHUCTeMaX JABOMY-
HBIX BEKTOPOB, aCCOIMMUPOBAHHbLIX C OPUEHTaIUAMU IIaJIbM, IIPUBCACHBLI Pa3/JIMYHbIC CTaTH-
CTHYEeCKUEe JaHHbIC.

10.

11.

12.

JINMTEPATYPA

Hayes J. P. A graph model for fault-tolerant computing system // IEEE Trans. Comput.
1976. V. C25. No. 9. P.875-884.

Abpocumos M. B. I'pacdosbie Momenn orkazoycroiunsoctu. Caparos: Usn-so Capart. yH-Ta,
2012. 192c.

Kypnocosa C. I. T-nenpusoguMble paciiupeHust Jjis HEKOTOPBIX Kjaccos rpados // Teope-
THYecKre mpobemMbl nHGopMaTuku u ee npuaokeruii. 2004. Ber. 6. C. 113-125.

Barbosa V. C. An Atlas of Edge-Reversal Dynamics. Boca Raton: Chapman&Hall/CRC, 2001.
385 p.

Colon-Reyes O., Laubenbacher R., and Pareigis B. Boolean monomial dynamical systems //
Ann. Combinatorics. 2004. V. 8. P. 425-439.

Caauti B. H. O6 ognoM Kjacce KOHEIHBIX guHaMndeckux cucreMm // Becraumk Tomckoro ro-
cynapcrBenHoro yuusepcurera. [pumoxenune. 2005. Ne14. C. 23-26.

Baacosa A. B. VccmenoBamue 9BOIONMOHHBIX MAPAMETPOB B JTUHAMUYIECKUX CHCTEMAX IBO-
UYHBIX BEKTOPOB // CBUJIETENBCTBO O TOCYAPCTBEHHON perucTpaIu mporpaMmbl jijis 9BM
Ne 2009614409, Bermannoe PocarenTom. 3aperucrpupoBano B Peectpe mporpavmm st 9BM
20 aBrycra 2009 r.

2Kaprosa A. B. ATTpaKkTOpBI B KOHEUHBIX JIMHAMUYECKUX CUCTEMAaX JBOUIHBIX BEKTOPOB, ac-
COIMUPOBAHHBIX ¢ opueHTalmsaMu majgbM // IlpuknanHas nuckpernast maremaruka. 2014.
Ne3(25). C. 58-67.

Kaprosa A. B. HenocruzkumMble COCTOSIHUS B JUHAMUYECKUAX CUCTEMAX, aCCOIMUPOBAHHBIX C
nensiMu u iukJamu // Mzs. Capar. yu-ra. Hos. cep. 2011. T. 11. Cep. Maremaruka. Mexanuka.
Nudopmaruka. Beim. 4. C. 116-123.

Baacosa A. B. Jlunamuueckue cucTeMbl, onpejiensembie najbmamu // KomiboorepHbie HayKu
u nndopmarmonnble Texnosoruun: Marepuasist Mexaynap. Hayd. koud. Caparos: U3zn-Bo
Capar. yu-Ta, 2009. C. 57-60.

https://oeis.org/A135491 — Sequence A135491. OHIaiH-3HIUKIONETUS TETOINCTIEHHBIX
nocsenoparenbaocTeit. Jlata obpamenns: 04.08.2015.
http://mathworld.wolfram.com/CoinTossing.html — Coin tossing. Wolfram MathWorld:
the web’s most extensive mathematical resource. lara obpamrenust: 04.08.2015.

REFERENCES
Hayes J. P. A graph model for fault-tolerant computing system. IEEE Trans. Comput., 1976,
vol. C25, no. 9, pp. 875-884.
Abrosimov M. B. Grafovye modeli otkazoustoychivosti [Graph Models for Fault-Tolerance].
Saratov, SSU Publ., 2012. 192 p. (in Russian)
Kurnosova S. G. T-neprivodimye rasshireniya dlya nekotorykh klassov grafov |T-irreducible
extensions of some classes of graphs|. Teoreticheskie problemy informatiki i ee prilozheniy,
2004, iss. 6, pp. 113-125. (in Russian)
Barbosa V. C. An Atlas of Edge-Reversal Dynamics. Boca Raton: Chapman&Hall/CRC, 2001.
385 p.



Konn4ectBo HEAOCTUXXKUMBbIX COCTOSIHUI B AUHAMUYECKUX CUCTEMAX OPUEHTALMIT NaslbM 73

10.

11.

12.

Colon-Reyes O., Laubenbacher R., and Pareigis B. Boolean monomial dynamical systems.
Ann. Combinatorics, 2004, vol. 8, pp. 425-439.

Salii V. N. Ob odnom klasse konechnykh dinamicheskikh sistem |On a class of finite dynamic
systems|. Vestnik Tomskogo gosudarstvennogo universiteta. Prilozhenie, 2005, no. 14, pp. 23—
26. (in Russian)

Vlasova A. V. Issledovanie evolyutsionnykh parametrov v dinamicheskikh sistemakh
dvoichnykh vektorov |The study of evolutionary parameters in dynamic systems of binary
vectors|. Certificate of state registration of the computer program No. 2009614409, 20 august
2009. (in Russian)

Zharkova A.V. Attraktory v konechnykh dinamicheskikh sistemakh dvoichnykh vektorov,
assotsiirovannykh s orientatsiyami pal’'m [Attractors in finite dynamic systems of binary
vectors associated with palms orientations|. Prikladnaya diskretnaya matematika, 2014,
no. 3(25), pp. 58-67. (in Russian)

Zharkova A. V. Nedostizhimye sostoyaniya v dinamicheskikh sistemakh, assotsiirovannykh s
tsepyami i tsiklami [Inaccessible states in dynamic systems associated with paths and cycles|.
Izv. Sarat. un-ta. Nov. ser., 2011, vol. 11. Ser. Matematika. Mekhanika. Informatika, vyp.4,
pp. 116-123. (in Russian)

Viasova A. V. Dinamicheskie sistemy, opredelyaemye pal’'mami [Dynamic systems defined
by palm trees|. Komp’yuternye nauki i informatsionnye tekhnologii: Materialy Mezhdunar.
nauch. konf. Saratov, SSU Publ., 2009. pp.57-60. (in Russian)

https://oeis.org/A135491 — Sequence A135491. The online encyclopedia of integer
sequences. Date use: 04.08.2015.
http://mathworld.wolfram.com/CoinTossing.html — Coin tossing. Wolfram MathWorld:
the web’s most extensive mathematical resource. Date use: 04.08.2015.



NPUKNAOHAA OANCKPETHAA MATEMATUKA

2015 Mpuknagnas Teopus rpados Ne 3(29)

VIIK 519.172

9BOJIIOIIMOHHO-®PPATMEHTAPHBIN AJITOPUTM HAXOXKJIEHU I
MAKCHUMAJIBHOTO IIJTAHAPHOTI'O CYI'PA®A

N.B. Kozun, C. B. Kypamos, C. 1. Tlosora

3anopootccruti HaUUOHAADHBOIT YHUBEPCUMEM, 2. 3anopodtcve, YKPauHa

PaccmarpuBaerca 3ajada HaXOXKIeHUsST MaKCHMAJILHOIO IJIAHApPHOIO cyrpada B Hece-
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The problem of finding a maximal flat part of a separable undirected graph is consi-
dered. It is shown that this problem can be represented as an optimization problem
on a fragmented structure. An evolutionary-fragmented algorithm for finding appro-
ximate solutions of the problem is proposed.

Keywords: graph, mazimally flat part of graph, isometric cycles, fragmented struc-
ture, evolutionarily-fragmented algorithm.

BBenenune

[Tpu mocrpoennn pucynka rpada |1, 2| B aBTOMATH3MPOBAHHBIX CHCTEMAX ITPOEKTUPO-
BaHU{ IJIOCKAX KOHCTPYKTHBOB, TAaKNX, KaK Ie4aTHBIE IJIAThl, THTerpaJIbHble MUKPOCXEMBI,
CBUC u . 1., BO3HUKAET 3aJa4a BblJeIeHusl II0CKoil dactu rpada |3, 4]. Byaem pacemar-
pHUBaTh 3aja49y IOCTPOEHUsT MaKCUMAJILHOI 110cKoii uactu rpada G(X, U). UssectHo, uT0
9Ta 3aja4a sBJIseTcst TPY/IHO permaeMoii |5, 6. [losromy ompasian HOUCK METOIOB IpUOIIH-
JKEHHOI'O PeIeHus 33/1a4H.

Onpepenienne 1 [7|. Heopuenruposauubiii rpad 6e3 merTesib n KpaTHbIX PEdep, 6e3
MOCTOB M TOYEK COUJIeHEHUs, Oe3 BEpIINH C JOKaJbHOI cTeleHbio 1 u 2 OyneM Ha3bIBaTh
HecenapadeTbHbIM HEOPUEHTUPOBAHHBIM I'paoM.

Onpenenenne 2. Ilnanapusiii cyrpad ¢ MakcuMaIbHBIM KOJIMIECTBOM pédbep rpada
Ha3bIBAETCAd MAaKCUMAJILHBIM ILJIAHAPHBIM CyrpadoM 3Toro rpada.

MHuozkecTBO cyrpadoB B Hecenapadbe/ IbHOM HEOPUEHTHPOBAHHOM I'pade MOKHO paccMar-
pPUBATDH KaK JIMTHEITHOE IPOCTPAHCTBO HaJ IoJieM Zo. Otneparnus cymmbl G PG cyrpados G



DBOJSIIOLNOHHO-(DParMEHTAPHBIN aIFOPUTM HAXOXAEHUS MAKCUMAJIbHOMO MJ1aHapHoro cyrpagpa 15

u (G5 ompejiesieHa Kak cyrpad, MHOXKECTBO PEOGEP KOTOPOTO sIBJISIETCSI CAMMETPUIECKO pas-
HOCTBIO MHOXKeCTB pébep cyrpados Gy u Go [8].

B kadecTBe 6a3ucHOil cCUCTEMBI BEKTOPOB IIPOCTPAHCTBA CyTIPacOB BHIOMPAIOTCS CyTpa-
&bl ¢ emHCTBEHHBIM pebpoM. PazmepHocTh mpocTpancTBa cyrpados rpada G, cocTosImero
u3 N BepiIuH 1 m peébep, paBua m. B npocrpancrse cyrpadoB MOXKHO BBILJIEIUTD JBa 0/I-
IIPOCTPAHCTBA, KOTOPbIE HA3BIBAIOTCS IOIIIPOCTPAHCTBOM pPa3pe30B U IOAIPOCTPAHCTBOM
ukJ10B rpada. PasmepHocTs mogmpocTpaHcTBa pa3pe3oB paBHa N — 1, a 9JIEMEHTBI 9TOTO
ITOIIPOCTPAHCTBA HA3BIBAIOTCSA KBaJMpaspe3aMiu. PasMepHOCTh MOAIPOCTPAHCTBA, ITUKJIOB
paBHa M — n + 1, & 9JI€MEHTHI STOrO TOIPOCTPAHCTBA HA3BIBAIOTCs KBa3uUIUKIaMu [9).

B n06om HecenapabelbHOM HEOPUEHTHPOBAHHOM T'pade MOXKHO BBIICIUTH MOJIMHOMKE-
CTBO TIPOCTBIX IUKJIOB — MHOKeCTBO (), m30Merpuyueckux MukJjos rpada [10].

Onpepesienne 3 [11, 12|. Mzomerpudeckum nukjaoM B rpade Ha3bIBA€TCs MPOCTOM
IIUKJI, JIJI KOTOPOro KPATYalIuil MyTh MeXK/Iy JIIOOBIMU JIBYMsI €r0 BEPIIMHAMU COCTOUT
u3 pédep TOro NnuKJa.

Bynem nckaTh npubInKEHHOE PellleHre 3a/1a91 ITOCTPOCHUA MAKCUMAJIHLHOTO TIJIaHAPHO-
ro cyrpada B Bujie CyMMbI HEKOTOPOI'0 HabOpa M30METPUIECKUX ITUKJIOB.

1. ®parmeHTapHasa CTPYKTypa u (pparMeHTapHbI aJIrOpPUTM

Onpepesienne 4. Pparmentapuoit crpykrypoit (Y, E) Ha KOHeIHOM MHOXKecTBe Y
Ha3bIBaeTCsl ceMeicTBO ero nojmuoxkecrs = {Fy, Es, ..., E,}, Takoe, 4To

VEZ EE,EZ#Q EIeEEZ (Ez\{e} GE)

DJIeMeHTHI U3 MHOXKecTBa F OyjieM Ha3bIBaTh JOIMYCTUMBIME (DPArMEHTAMU.

Takum 06pazom, st JI000ro A0IyCcTUMOro dpparmMenta F; cylecrByeT HyMepalus ero
sy1eMeHTOB E; = {€;1, €, . . ., €5, }, TaKas, 910 {€;1, €0, ... €} € B mnaBcex k =1,2,...,s;.

Omnpenenenne 5. OaHOdIEMEHTHBIE MHOXKECTBA, KOTOPBIE SBJISIOTCH JIOIYCTUMbBIMUI
dparmenTamu, OyjeM Ha3bIBATH 3JIEMEHTAPHLIMU (bparMeHTaMA.

Omnpenenenne 6. DparmeHT Ha3bIBAETCsT MAKCUMAJIbLHBIM, €CJIM OH HE FBJIAETCS 1101~
MHOKECTBOM HUKAKOI'O JIPyroro (parmeHra.

OueBuIHBI CJIe/IYIONINE CBOWCTBA (PparMeHTOB:
CBoitctBo 1. Ilycroe MHOXKECTBO ABJISIETCS JOMYCTUMBIM (pparmeHTom: & € F.

Ceoitcrno 2 Ilyerb M = max |FE;|. Torna miag o6oro mesioro ducia m
ie{1,...,n}

B unTepBaJie 0 < m < M HaiAETCd 3JIeMEeHT B MHOXKEeCTBe [/, MOIITHOCTh KOTOPOI'O paBHA M.

Teopema 1 [13]. Ecmu (Y, F) — dparmenraprasi CTpyKTypa Ha MHOYKECTBE Y, TO Jijist
mar0boro Herycroro MHOXKecTBa A € E cymiectByer Hymepanus ero sgemetop A = {xy,
T, ..., Ty}, TaKasd, 970 st Beex k = 1,2, ... m MHOXKecTBO {X1,Z9,..., 2} € E.

N3 Teopembl BBITEKAET, UTO BCAKUI JOMYCTUMBINH (hpArMEHT MOYKHO HOCTPOUTD U3 IIy-
CTOTO MHOXKECTBA, TIOCJIEJIOBATEIHLHO JT00aB/IAsd K HEMY 3JIEMEHTHI TaK, 9YTOObI Ha KaXKJIOM
1are Takou MpoIEeyPhl MOJIYUYeHHOE TTOJIMHOXKECTBO ObLIO JOIMYCTUMBIM (pparMeHTOM.

MakcumasrbHBIH (pparMeHT MOKeT OBITh TOCTPOEH C TIOMOIIBIO CJIETYIONIETO «KaTHOTO»
aJrOPUTMA:

— 3JIEMEHTHI MHOXKECTBa Y JIMHEHO yHOPAI0INBAIOTCS;

— Ha Ha4YaJLHOM IIare BLIOMpAETCs IyCTOe MHOMKECTBO Yy = O;

— ma mare ¢ HomepoM k + 1 BeiGupaercs nepsblii 110 opsaaKy s1ement y € Y \ Y, Taxoi,
aro Y, U{y} € E. Crpourcsa muokKecTBO Yii1 = Y U {y};
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— aJI'OPUTM 3aKaHIMBaeT paboTy, €c/ii Ha OYEPEJIHOM IIare He yJIaJoCh HAWTH SJIeMEHT
y € Y \ Yy ¢ TpebyeMbIM CBOFICTBOM.

[IpuBenéunbtii ajroput™m OyJieM HA3BIBATH (HPaA2MEHMAPHHIM GA20PUMMOM. Pe3ynbrar
HpuMeHeHusi (pparMeHTApHOIO AJITOPUTMa, OIPEJIEIIeTCs 3aJaHHbIM JIMTHEHHBIM TTOPSIKOM
na MHOXkKecTBe Y. Takum obpazoM, 1000 MaKCUMAaJIBHBIN (DparMeHT MOXKeT OBIThL 3aJIaH
HEKOTOPOIT IepecTaHOBKOI 3/1eMeHTOB MHO)KecTBa Y. [Iycte A € E. YcmoBue 115 3/1eMeHTa
y € Y, upu koropom AU {y} € E, GyjeM Ha3bIBaTh YCJIOBUEM [PUCOEMHEHS JIEMEHTA §.

2. ®parmeHTapHas CTPYKTypa Ha MHOXKECTBE IIUKJIOB

C MHOXKeCTBOM mM30MeTpHuiecKuX 1uKiIoB B rpade G(X,U) cBsa3aH psi NHBADHAHTOB
rpada [10]. Oganm U3 TaKUX WHBAPUAHTOB SABJSETCS MOIIHOCTH MHOYKECTBa W30METPUIe-
ckux 1ukioB card C... JIpyrumM nHBAPpUAHTOM MOZKET CJIY?KUTH BEKTOP KOJUYIECTBA M30MET-
PUYECKUX IUKJIOB, YIOPSIOUYEeHHBII 110 BO3pacTanuio ux JyimH. CJie/1yionuM HHBAPUAHTOM,
10 AHAJIOITUU C BEKTOPOM JIOKAJIBHBIX CTEIEHE, ABIIeTCd BEKTOP KOJIMYECTBA N30MeTpUYe-
CKUX IHUKJIOB, MMPOXOIAIIIX 110 pédpam rpada, — OyaeM Ha3bIBaATh €r0 BEKTOPOM IUKJIOB 10
pébGpam:

Vi = (Quy s Quyy Qg - -+ Q)

IJie Q,, — KOJIMYECTBO M30METPUIECKHIX IIUKJIOB cyrpada, IPOXOJLAINX 110 PeOPY U;.
NuBapuanTom sBIgeTCd TaKyKe BEKTOP KOJUIECTBA N30METPUYECKUX ITUKJIOB, ITPOXO/Is-
IUX 110 BepiuHaM rpada. ByaeM Ha3bIBaTh €ro BEKTOPOM IMKJIOB 110 BEPIIIITHAM:

V;c - (a/:vlua’r27az37 v 7azn>7

LJI€ dg; — KOJIMIECTBO IUKJIOB, IPOXOJIAIIUX 1ePe3 BEPIIUHY T;.
JList J1r060T0 MOAMHOXKECTBa, N30METPUIECKUX IHUKJI0B () MOITHOCTBIO k MOYKHO OIIpe-
JeauTh 3HadeHne pyHKImoHa a Makieitna:

F(CHy = Zaii — 3> ay, +2m, (1)
i=1 —1

1=

rJIe @, — KOJMYIECTBO IUKJIOB, IPOXOJAIINX 10 peOPY ¢ HOMEPOM i, & 1M — KOJMIEeCTBO PEGep
rpada (cyrpada).

Cuemyer 3aMeTuThb, 4To pyHKIuMonaa Maxieiina npuHuMaeT HyJeBoe 3Ha4eHue TOrJA,
KOI'JIa BLIOpaAHHOE HOAMHOXKECTBO N30METPHYECKUX [IUKJIOB OIIpee/isdeT IJIaHapHbIA cyrpad
B rpade G:

F(C,), =0. (2)

Mek 1y KOJIM4IeCTBOM BBIOPAHHBIX M30METPUUIECKUX IIUKJIOB K, KOJIMIeCTBOM PEGED m 1
KOJIMIECTBOM BEPIIIH 7, JIJIA JAHHOTO TOIMHOYKECTBa N30METPUIECKHX IIUKJIOB CYIIECTBYET
cBa3b (popmysta Diiiepa):

E—m+n—-1=0. (3)

Omnpenenenne 7. Cymmy 3/IEMEHTOB TOIMHOYKECTBA N30METPUIECKAX ITUKJIOB MOIII-
HOCTBIO k OyJieM Ha3bIBaTh 00OIOM:

Cokh=CL D D...Dcg.

Bynem paccmaTpuBaTh MHOXKECTBO IUKJIOB rpada Kak (parMeHTapHyIO CTPYKTYDPY,
NpUIEM U30METPUIECKHE IUKJIbI MPEJICTABISIOT dJIeMeHTapHbIe (pparMeHThl 3TOH CTPYK-
Typbl. JI1060it mranapublit cyrpad rpada G MOXKHO NPEJICTABUTH B BUJIE CYMMbBI U30MET-
PHYECKUX IUKJIOB (3JIeMEHTAPHBIX (DPArMEHTOB).
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[TocTpoenne MakcuMaaIbHOIO pbparMenTa M 3a1a9d TOCTPOEHUsT MaKCUMAIbHOM ILI0C-
KOil wacTu rpada OmIuIleM C ITOMOIIbIO ITPUBEJIEHHOTO BBIIIE (DparMeHTapHOI'0 aJIOPUTMa
¢ coOJIIo/IeHneM CJIeIYIONINX CBOMCTB:

a) 9JIEMEHTBI MHOXKECTBA M30METPHYeCKUX NUK/IOB C HPEICTaB/IAEM B BHJE KOPTEKA
(ymopsiziounBaeM U HyMepyeM);

0) mHa HAYAIBLHOM IIare BEIOGMPAEM IIyCTOE MHOKECTBO H30METPUICCKUX IUKIIOB C) = &,

B) Ha IIare ¢ HOMepoM k BBIOHpaeM CJIeLyIOMuil [0 HOPSIAKY 9JIEMEHT KOPTeXKa, NMeIO-
it obiee pebpo ¢ BHEIIHIM IIPOCTHIM IIUKJIOM (0000M), HOCTPOEHHBIM KaK CyMMa
IUKJIOB IIPEJIBLIYIINX IIAroB Cop = Co(k—1) D Ck, IPH YCIOBUU, UTO 0001 HE ABJIACTCS
IIyCTBIM MHOXKECTBOM;

) €CJIU BBIIOJIHEHB ycioBud (2) u (3), TO BHIOPAHHDIA H30METPUTICCKHI IINKJI ITOMe-
maeTcd B MHOKeCTBO Cy;

JI) aJICOPUTM 3aKaHIUBaeT PAbOTY, €CIIN Ha OUePEHOM IIare He yIaJloCh HAHTH SJIeMEHT
¢; € C, ¢ TpebyeMbIM CBOHCTBOM.

Pacemorpum paboTy JaHHOTO ajropuT™a Ha IpUMEPE.

ITpumep 1. Beigenum miockyio gacts rpada G, npeacTaBieHHOro Ha puc. 1.

Puc. 1. I'pad G

MHuozkecTBO n30MeTpuvIecKuX MUK/I0B rpada G mpecraB/isieM B BUIE KOPTEXKA:

Cr = {c1, ¢a, €3, ¢4, C5Cg, €7, Cg, Cy, C10)
c1 = {ur,ug, us} — (r1,29,23); c2 = {ur,us,ug} — (1, T2, 24);
c3 = {ur, ug, ur} — (21, 29,25) ; ¢4 = {ug, ug,ug} — (1,3, 14);
c5 = {ug, us, ug} = (w1, 23,%5); 6 = {us, 10, ur} — (1,24, 25);
cr = {us, ug,us} — (9, w3, 24); cs = {us, uz, ug} — (T2, x3,Ts5);

Cg = {U67U7,U10} — ($2,$4,$5); Ci0 = {U8,U9,U10} — ($3,$4,$5) .

JList TpoCcTOTHI 3alc UHOT A pEdpa OyjieM 0003HAYATH YUCTIAMMU.
BribupaeM B MHOXKECTBE M30METPUUECKUX ITUKJIOB IEPBbIN 110 MOPSJIKY UK/ U ITOMe-
IIIaeM €ro B CIIUCOK IHNKJIOB, XapaKTepu3yIOIuil IIOCKYI0 JacTh Ipada:

c1 = {uy, ug, us} — (21,22, 23) , C, = {c1}.

Crpoum BekTOpHI IWKJIOB 10 pébpam V, = (1,1,0,0,1,0,0,0,0,0) u mo Bepurmaam
Ve = (1,1,1,0,0). Beraucasiem 3nadenue dbyskimonarsa Maxkieiina (1) 11 BeIOpaHHOM
cucremsl nukiaos: F(C,) = 0; orpanndenue (3) takske BeimosHeHo: 1 —3 +3 — 1 =0.

Tak Kak IUKJI eJIMHCTBEHHbI, ero BHENIHUiT TpocToil kI (000/1) OIpeIessiercs caMuM
IITKJTOM:

Co = TDce = {Ul,UQ,U,5}.
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BribupaeM B MHOXKECTBE M30METPUYECKUX IUKJIOB CJICYIONUI 10 TOPSJIKY HepeceKa-
oIuiicst (B MHOXKECTBEHHOM CMBIC/IE) UK Co = {uy, ug, U} — (X1, T2, 24), |co Nea| = 1.
Crpoum BekToper V,, = (2,1,1,0,1,1,0,0,0,0) u V, = (2,2,1,1,0). Orcroga onpenessiem
sunadenne dynknuonana Makseitaa (1) s BoOpansoit cucrems! nukios: F(C,) = 0; orpa-
urdenne (3) Takxke BbimosHeHo: 2 — 5 4+ 4 — 1 = 0. 0601 onpe/jiesercs CyMMIPOBAHIEM
[IUKJIOB €] ¥ Cy:

co=c ®e=1{1,2,5}®{1,3,6} = {2,3,5,6} .

0601, ¢y # . Bee yenous BoinosiHeHbl. [lomeraem MUK ¢; B MHOYKECTBO, XapaKTePH-
3yoree II0cKy1o dacThb rpada: C, = {1, c2}.
Boibupaem B MHOYKECTBE U30METPUUYECKUX IUKJIOB CJIEAYIONINN ePECeKAIONMNAC UKL

cs = {w, ug, ur} = (1,22, 25), |coNes| =1

Ho MBI He MOXKeM TTOMECTUTH €r0 B CIIMCOK ITUKJIOB, XapaKTePU3YIOMINi IIJIOCKYIO JacTh
rpada, Tak Kak 3HavdeHune GpyHKIMoHaa Makieiina it BLBIOpaHHOW COBOKYITHOCTH ITUKJIOB
6oatbine HyJ1s1, cormacuo V, = (3,1,1,1,1,1,1,0,0,0).

BribupaeM B MHOXKeCTBE M30METPUYIECKUX ITUKJIOB CJICIYIONIUI TepeceKaronuiics KT

¢y = {ug, us, ug} — (1,3, 24), [coNea| =1

Crpoum BekToph V,, = (2,2,2,0,1,1,0,1,0,0) u V,, = (3,2,2,2,0). Orcroza onpeses-
eM 3Havenne dynkimonana Makseitna (1) ais BeiOpamnnoii cucrems! nukios: F(C,) = 0;
orpanndvenue (3) rakze BoinosHgercsa: 3 — 6 4+ 4 — 1 = 0. O6oz onpejensercs Kak cyMMma
HPeJBLIYIIEero 06oja ¢o U Cy:

co=1{2,3,5,6} ®{2,3,8} = {5,6,8}.

Bce yc10Bust BBIIOIHEHBI, IIOMEAeM IUKJI ¢4 B MHOZKECTBO, XapaKTEPU3YIOIIee IIOCKYIO
qacTb rpada: C, = {c1,¢2,¢4} .

[ukybl c5 U cg He UMET o0mUX PEGep ¢ 0DOJOM M MCKJIIYAIOTCSI U3 PacCMOTpe-
Hust. ClIeyronmM IUKJIOM, UMEIONINM € TIPEIBIIYIIM 00070M 001Iee pedpo, sIBJISTeTCS
ks ¢; = {us, ug, ug} — (22,3, x4). Ho ero npucoeaunenne wapymaer orpanudenue (3):
4—644—1+# 0. Kpome Toro, BaemHuil mpoctoii ks (060/1) B 9TOM CJIydae ecTh IIyCTOe
MHOXKeCTBO: ¢ = {5, 6,8} @ {5,6,8} = @. CireroBaTebHO, IUKII HE MOXKET OBITH 100aB/ICH
B MHOKeCTBO ().

[TpocMmaTpuBast maJjiee CIMCOK, MOCIEI0BATEIHLHO IPUCOCINHIM UKL Cg, 4 3aTE€M Cg:

Cg = {U5,U77U9} — (5E27373,375); Cg = {U67U77U10} — ($2,$4,375)~

Orpanndennst (2) u (3) BBIIOJHSIOTCS U IUKJIBL Cg U Cg MOIYT OBITH ITOMEIEHbI B MHO-
KecTBO ().

B komnewnom urore jyist muoxkectsa C, = {c1, ¢2, ¢4, Cs, Co} nmomydaem V, = (2,2,2,0, 2,
2,2,1,2,2) u V, = (3,4,3,3,2). 3uauenne pynkrmonana Mak-Jleitna (1) mis Beibpanuoii
cucreMsl NUKJIOB pasHo Hy/o: F'(C,) = 0; orpanndenue (3) rakzke BbIIOIHEHO: H—9+5—1 =
= 0. Obox ompeesasieTcss KaK CyMMa IIPEIbIAYIINEro 0601a U ¢g U Co:

co = {5,6,8} & {5,7,9} & {6,7,10} = {8,9,10} .

Ha mocsrepyrormux marax He yJIaeTcs HAfTH IMKJI, YIOBJICTBOPSIONINIi ycaoBusM (2)
u (3); KoHer paboThI AIrOpUTMa BblIeIeHnsT (parMeHToB (CM. puc. 2).

Taxum 0O6pa3oM, MbI BBIJIEIUIA MHOXKECTBO M30METPUYECKUX IHKJIOB, XapaKTePU3yIo-
Iiee MJIOCKYIO 9acTh rpada, onucbiBaeMyo repecranopkoii (1,2,3,4,5,6,7,8,9,10). Kosu-
4ecTBO pedep B JlaHHO 110cKoit yactu K, = 9, a koyqmdecTso Beprma K, = 5.
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{1,2,3 ,4,5,6,7,8,9, 1 0} _— Cp: {Cl, C),Cy,Cg, C9}

C={ciepcq04}

C={ci.crcq000)

Puc. 2. Ilnockast wacts rpada

OrMmernM B 3akK/IIOUEHHE CJIeIYIONIee CBOMCTBO IMOCTPOEHHOH (bparmMeHTapHO MOoIe
3a/1a4n: JII000M MaKCUMaJIbHBIN TIaHapHblil cyrpad B HecenapabebHOM HEOPUEHTUPOBAH-
HoM rpade G MOXKeT OBITh IMOCTPOEH IMPeIaraeMbIM METOJIOM IIPU HaJljIeKalleM BbIOOpe
[IePEeCTAaHOBKU 3JIEMEHTAPHBIX (PPArMEHTOB. JTO CBOMCTBO (bparMeHTapHOW MOJIE/I HA3bI-
BaeTCd CBOMCTBOM JOCTUXKUMOCTH.

3. llpnbam>KEHHbIE aJITOPUTMBI TIONCKA ONTUMAJIBHBIX pPEeNIeHUd
Ha pparMeHTapHbIX CTPYKTypax

N3 pe3yabTaToB II. 2 BRITEKAET, UTO 3a/a4a MOUCKa IJIaHapHOTO cyrpada ¢ MaKCHMAaJIhb-
HBIM YHCJIOM PEOEP CBOMMTCS K ITOMCKY MaKCHMAJBLHOI'O (bparMeHTa BO (parMeHTapHOI

CTPpYKTYype, T.€. K K01V16I/IHaTOpHOI71 3aJa49¢e F(S) —S> max OTBICKaHUA HeKOTOpOfI IKC-
SESN

TpeMaHbHOﬁ IIepeCTaHOBKHN Ha MHOXKECTBE€ II€pEeCTaHOBOK HN30METPHUYCCKUX IMUKJIOB (N—
MOIITHOCTh MHOYKECTBa M30METPUIECKUX IUKJIOB). [Ipn 5T0M j1t06ast iepecTaHOBKa SIBJISIET-
CdA OOILyCTUMOM.

[TocTaBuM B COOTBETCTBUE KayKIOW I€peCTaHOBKE 3HAUCHUE KPUTEPHUs HA COOTBETCTBY-
o1eM eff MakcuMaJibHOM (bpparmMenTe, a MMEHHO Yucjo pébep manapHoro cyrpada. Ha
MHO2KECTBE IIepeCTaHOBOK MOXKHO IIPEAJIOZKUTH HECKOJIBKO ITPOCTBLIX aJI'OPUTMOB HpI/I6J'H/I-
JKEHHOTO TTOMCKa ONTUMAJIBHOM mmepecTtaHnoBKU. ONuIeM HEKOTOpbBIE U3 HUX.

a) MetoJ1 JlokasbHOrO Toncka. MHOKECTBO [epeCTaHOBOK MOXKET PacCMaTPUBAThLCST KAk
METPUYECKOE IPOCTPAHCTBO ¢ HEKOTOPOil Merpukoil p : Sy x Sy — R [14]. Beibupaer-
Cd Ha4daJIbHagd IIepeCTaHOBKa W HINETCA OIITHMaJIbHad IIepeCTaHOBKa B ee €E-OKPECTHOCTHU.
OTa HaiileHHas IepecTaHOBKa SIBJIAETCA 0A30BOIM ISl CJEIYIOIIEro Iara. YCJIoBHE OCTa-
HOBKHU aJI'OPpUTMa: B €-OKPECTHOCTU HE CYHIECTBYET IIEPECTAHOBKU C JIYYIIIMM KPUTEPpHUEM.
B kadecTBe € MOX)HO OpaTh JiIoO0Oe HaTypaabHOE Yucyo 1,2, . ..

6) Xoporue pe3ysabTaThl JaéT SBOJIONUOHHAS MOJEJb Ha (DpArMEHTApHON CTPYKTY-
pe [13, 15|. B sroit Momenn B KadecTBe MPOCTPAHCTBA IOUCKA BBIOMPAETCS MHOXKECTBO
Sy = {i1,42,...,in} Beex mepectaHoBoK umncen 1,2,..., N.

OHepaTop IIOCTPOEHUA Ha4daJIbHOI IIOITYJIAIWU BbIJCJ/IACT IIPOU3BOJILHOE ITOJIMHOZKECTBO
3aJIAHHON MOIITHOCTH () n3 MHOXKecTBa Y . [IpaBuio BEIYNCIEHUST KPUTEPHS CEJIEKITNH YCTPO-
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€HO CJICJYIONMKUM 00pa30M: 10 3aJIaHHON MepecTaHOBKe (hParMeHTOB ¢ MOMOIIBIO (pparmMen-
TapPHOrO AJITOPUTMa, CTPOUTCS MAKCUMAJIBHBIN TOMyCTUMBIH (bparment. Boraucisercs 3Ha-
JeHwue 1eIeBoil (pyHKIUHU Jjid 9TOTO (pparMenTa.

Onwutem oniepatop kpoccoepa Kr. Ilycrs U = (uy, ug, ..., uy) u V= (v, v, ..., 05) —
JIBE MPOU3BOJILHBIE IepecTaHOBKU. [lepecTaHOBKA-IIOTOMOK CTPOUTCH CJEAYIONIUM 00pa-
3oM: rocsenoBarebHoct U u V' pocMaTpuBalOTCA B MOPSIIKE CJIEIOBAHUS SJEMEHTOB.
Ha k-m mrare Buibupaercss MUHMMAJILHBIA U3 TEPBBIX 3JIEMEHTOB ITIOC/IEI0BATE/ILHOCTEN 1
JI00ABJISIETCST B HOBYIO MEPECTAHOBKY-ITOTOMOK. 3aTeM ITOT SJIEMEHT VIAJseTcsd U3 JIBYX
nocJietoBaresibHocTei-pouresteii. Hanpumep, Kr((4,7,3,2,8,1,6,5), (1,4,5,2,6,3,8,7)) =
=(1,4,5,2,6,3,7,8).

Omneparop myTtaruun M, BBIIOJHIET CAyYallHyIO0 TPAHCIO3UIUIO B repectanoBke. Orre-
paTop CeeKINKH BBIOMpaeT ciydailHbIM oOpaszoM Habop P map m3 TeKyiei MOIyJIsIuu.
OmnepaTop oTOOpa yHOPSIOIUBAET JIEMEHTHI ITPOMEKYTOIHON TOIMYJIAINNA 110 YOBIBAHUIO
3HAYEHUsI KPUTEPUs CEJIEKITNU. B KadecTBe HOBOM TEKYIeil TOMyJIsAnd BEIONPAIOTCS TIep-
BbIe () 9JIEMEHTOB ITOCJIe0BATETHHOCTH.

OO6bIvHOE MTPABUIIO OCTAHOBKU — KOJIMYECTBO MTOKOJICHUH JIOCTUTIO TIPEJIEILHOTO 3HAMe-
uust L. Jlydmias 1o 3HAYEHUIO KPUTEPHUST CEJIEKIUN IePeCTAaHOBKA U3 TOC/IeHEll TOCTPOEH-
HO¥ TIOTIYJISIIIUH OIIPeie/iseT MPUOINKEHHOE PeIlleHre 38 1a9H.

OrneHnM BBITUCIUTEBHYIO CIOKHOCTD  BOJIIONMOHHO-(PPArMEeHTAPHOTO  AJITOPUTMA.
B coorBercrBun ¢ [12] TpyoéMKOCTb IOCTPOEHUST MHOXKECTBA M30METPUIHBIX IIUKJIOB OIPe-
nensercs semmaunoit O(m?n/logyn + mn?). 3nech n— 4ucI0 BepmUH, M — YUCTO PEGED
rpada. MakcumaabHO BO3MOYXKHAS MOITHOCTH MHOXKECTBA M30METPUUECKUX ITUKJIOB PaBHA
N = O(n?®). Tpymnoémxocts dparmentapHoro ajroputMa [15] B paccmarpuBaeMoM city-
qae orpanudena pemaunoit O(N?2). TakuM o6pasoM, MOJIydaeM OIEHKY TPYJI0EMKOCTH 3BO-
mouonHo-dparMentapioro anropurma B suge O(QN log, N + LPN3). Cuenosaresbho,
TPYA0EMKOCTH MPUBEJIEHHOIO B HACTOAIIEH paboTe aaropurMa BbIJIEIEHIT MAKCUMAILHOTO
miockoro cyrpada B rpade MoxkeT 6bITH onenena sesmuunoit O(3Qn3 log, n + LPn?).

C menbio anpobaruu pe3yabTaToB HMCC/IEJOBAHUS B PAMKAX MPOTPAMMHON CHUCTEMBbI
«DBOJTIOIMOHHO-(DPArMEeHTAPHOE MOJIEJINPOBAaHUE» ObLT MMOCTABJIEH YHUC/IEHHBIH SKCIIepU-
MEHT 10 OTHICKAHUIO MAKCHMAJIHLHOTO IIaHAPHOTO cyrpada. s moncka pemennit nernob-
30BaJIaCh aBTOPCKAas TPOrPaMMa, PEeATU3YIOIIasi SBOIOIIMOHHYIO MOJIETh HA TEPECTAHOBKAX.
[Iporpamma namucana na VBA moj ynpasieanem WINDOWS XP /7. Boraucsienust mpoBo-
munchk Ha Komibiorepe ACPIx64-based PC ¢ mpomeccopom 4x 3400 MHz. Bpems pacuéra
JUTS KazK 10 3a/1a9u ObL1o orpaHuveHo 3 MuH. KomaecTBo OKOJIEHNI B PA3HBIX 3a/1avdax
coctapiszio ot 500 ;o0 1000, ucmob30BaJicsd TPOIOPIMOHAIBHBIN TPUHITAIT 0TOOPa POJIU-
resieii. KosmdectBo sBostonuii (0TIeIbHBIX 3aIlyCKOB ajropuTMa) MeHsijiock ot 1 g0 10
B 3aBUCHMOCTH OT 33/I1a9H. YCJIOBUEM OCTAHOBKHU SIBJISIJIOCH JIOCTUYKEHHE T'DAHUIILI BPEMEHN
pacuéra.

st oneHKu 3(PEKTUBHOCTU aJITOPUTMa OBLIO BBIIIOJHEHO CPaBHEHUE C AJITOPUTMOM
JIOKQJTBHOTO TIONCKA CO CJIyYalHBIM BBIOOPOM HAYAJIBHONW TOYKU U € YKATHBIM aJITOPUTMOM
€O CJIydailHbIM BBIOOpOM ToOpsijika 3jemenToB. Pacemorpeno 100 TectoBbix 3aja4. ['pad
B KaxKJIOll 3ajiade T'eHEePUPOBAJICH CJIyUaflHbIM 00pPa30M B COOTBETCTBUU C MOJIETBIO DPJI0-
mra — Penbn [16]. Kosmaectso Bepmnn rpada mensiiocs B auamnazone 100-500.

[TapameTpbl aJropuTMOB OBLIIH CJIETYIOIIHE:

a) JIOKAJBHBIN TOMCK CO CJIyYailHBIM BBIOOPOM HAYAJBHONW TOUKHU: JIst KAXKIO# 3a/1adn
IPOBOIMJIOCH 250 3aIyCKOB aJIrOPUTMa, BHIOUPAJICS JIYUIINl Pe3y/IbTaT;

6) KaJHBIN aJTOPUTM CO CIIy9aillHBIM BBIOOPOM IIOCJIE0BATEIHLHOCTH PEGEp rpada: Kosm-
9eCTBO 3aIlyCKOB cocTanisio 2500;
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B) 9BOJIOIMOHHBIN ajroputM: pasmep nomyssinun 500, kosmdectso nokosenuii 100, Kosm-
YeCTBO AP CKPENUBAHUA B KaxKJIOM ToKojieHnn 20, MponopImoHabHbI METOI, 0TOOpa
mnap.

B pesysibrare sKCIIEpUMEHTa yCTaHOJEHO, 9TO B 73 % TecTOB 3BOJIIONMOHHO-(DPArMeH-

TapHbIi aaropur™m naét yiyurnue u B 97 % TecToB He XyJliine pe3ysibTaThbl, YeM JIOKAIbHbII

AJTOPUTM W JITOPUTM CJIyIaifHOTO ITOMCKA.

3akJiroueHue

B pabotre mpeyiozKeH Moaxo K MOUCKY ITPUOIHKEHHOIO PEIeHUs 33/ 1a9i ITOCTPOCHUST
MaKCHUMaJIbHOW IIJIOCKO dacTu rpada Ha ocHOBe (pparMeHTapHOW CTPYKTYpPbl Ha MHOXKe-
CcTBe M30METPUYIecKux IUKJIOB rpada. Kak cieacrsue, 3aj1ada 1OMCKa ONTHMAJIBLHOIO pe-
IIEHNsT CBOJIUTCA K TOUCKY OINTUMAJIbHON IIEPECTAHOBKU HA MHOXKECTBE IepecTaHoBOK. JIis
Takux 3aJ1a49 3PHEKTUBHBIM SBJISIETCA PUMEHEHNEe YHUBEPCAJIHLHOTO dBOJIIOIMOHHO-(pPAar-
MeHTapHOro ajaropurma. IlocTtpoena dpparmeHTapHas MOJEIb JIsI PEIICHUsT pacCMaTpUBa-
emoii 3ajiaun. [lokazaHo, UTO oNTHMaJIbHOE pellleHne 3aJa"ui BbIJIE/JIEHUsS MaKCUMaJIbHOI'O
ITAHAPHOTO cyrpada JOCTUKUMO B paMKax pparMeHTapHON MOJIeIn.
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AN ALTERNATIVE WAY OF DEFINING FINITE GRAPHS
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In this paper, we consider the graph linear notation — a complete graph invariant,
which is positioned as an alternative to description of finite graphs. This invariant is
constructed using an algorithm which is close to the search algorithm for canonical
forms of graphs. The storage in a memory of a graph linear notation instead of the
graph itself simplifies the procedures for constructing graph illustrations and testing
two graphs for isomorphism. We demonstrate how the main graph theory concepts
including colouring and graph paths can be defined in terms of graph linear notations.

Keywords: graph isomorphism, automorphism classes of vertices and edges, graph
muvariants.

BBegenne

B pa6ore [1| BBesena suneiinas norarus aberpakraoro rpada I[G]. dusa wnorarun I[G]
ITPOJIEMOHCTPUPOBAHO, UTO OHA SIBJISIETCS MTOJTHBIM MHBAPUAHTOM U 110 CBOUM CBOWCTBAM BO
MHOIOM aHaJornvHa oobraubiM rpadam G. B gyacrnocru, jist I[G] BBesenbl nonsTust ab-
CTPAKTHBIX BEPIIMH U aOCTPAKTHBIX pEdep, a Takzke moArpadbl, paCKpacKu, IIyTH U HEKO-
TOpBIE dJIeMEeHTapHbIe onepaluu Ha rpadax. OTAeNbHO Cie/lyeT OTMETUTh, YTO aJrOPUTM
nepexofia or I[G] K obbraabiM Tpadam G sBiagercs nosnHOMuabHbIM. [lockoibky 1[G
SIBJITETCSI TIOJTHBIM MWHBAPUAHTOM, JTAHHBIA (DaKT CIYKUT OCHOBAHWEM JIJIsT MCIIOJIH30BAHUST
Horanuu I[G] B KauecTBe aabTepPHATUBHOIO CIOCO6a XpaHeHus rpados.
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PeaymzoBana muneiinas votaus I[G] ¢ momorsio Homepos I (0) u I(W, U) K1accoB aBTo-
Mopdu3Ma BepiuH u pédep rpados. g maHHbIX HOMEPOB JIOKA3aHO, YTO OHU ABJIAIOTCH
OJIHOBHAYHBIMU MIeHTH(DUKATOPAME JJIsT KJIACCOB aBTOMOPGU3Ma BepIIUH U pEGEp U 103~
BOJIAIOT BBECTH Ha MHOKECTBE 9THX KJIACCOB JIMHEHHBbIE HOpAIKN: Uy < Uy < [(v7) < I(T3)
u (v, u1) < (g, uz) & I(v,ur) < I(U3,03). DT0 0O3HAYAET, YTO MOXKHO MIPOHYMEPOBATDH
KJIACCHI BEPIIUH 9HCIaMu 1,...,m, a Kiacchl pébep — umcsmamu 1,...,k, ecsm y rpada
M KJIACCOB aBTOMOPMHBIX BEPIIUH U Kk KJaccoB aBTOMOPMHBIX pédep. Hykmo orMeTnTs,
4q10 B pabore |1] Oblaa JomyIeHa HETOIHOCTB: BO BCEX WILIIOCTPANUSAX ¥ IIPHMEPax Bep-
IMIUHBI U PEGPa MOMeYeHbl UMEHHO TaKUMU HOPSIKOBbIMU MHIeKcamu, a we () u I(w, ),
KaK yTBEpPXK/JaeTcsd B IIO/INCAX K HUM. B jmannoit pabote MbI B IepBYyI0 OUepeib IPOBEIEM
pasrpaHnyuenne MeKly HHJIEKCaMI W HOMEPAaMHU KJIACCOB aBTOMODPQU3Ma BEPIIHH U PEOED
u epeOpMyIpyeM BCe OCHOBHBIE Pe3yJIbTaThl n3 [1| B MpHiIoXKeHNN K HH/IEKCAM KJIACCOB
aBTOMOPGU3MA.

s memoncrpanuy mpenMyIiecTs JmHeiiHoi Hotarun I[G] mo OTHOMIEHNIO K KJIACCH-
YEeCKOMY OIHUCAHHIO I'PAadOB JIONOTHATEHLHO PACCMOTPUM IIPUMEDDI 33/IaHIs CTAHIAPTHBIX
rpadoB, a TakXKe IPUBEIEM aJITOPUTMBI /IS HOCTPOCHUS IIyTell U Pean3anui Packpacok

na I[G].

1. IlocTpoeHue JIMHETHBIX HOTAUN JISI KJIACCOB N30MOPQHBIX rpadoB

MbI HCKJTIOUaEM U3 PACCMOTPEHUsT OPUEHTUPOBAHHBIE Tpadbl, rpadbl ¢ METIIME, KpaT-
HBIME pEOpaMu u Geckonednbie rpadbl [2]. OTMmernM, 4To MOCTPOUTH 06OOIIEHNe HAIIEH
MEeTOIUKHU Oy/IeT OTHOCUTEIBHO MPOCTO TOJBKO JjIs KJIACCOB OPUEHTUPOBAHHBIX IPAdOB U
rpadoB ¢ HeT/IAMA.

Onpenesienne 1. [I'pagom Gynem naszwiBarh napy G = (V, E), rige MHOXKeCTBO Bep-
il V' — 370 J11000e KOHEIHOEe MHOXKECTBO, a MHOXKecTBO pébep K C V x V — 510 buHapHOe
oTHOIIEeHNe Ha, V', J7IsT KOTOPOT'O BBIMIOJIHAIOTCS CJIEIYIONINE YCIOBUS:

1) Va,beV ((a,b) € E = (b,a) € F)— oTHOIIEHIE CUMMETPUIHO;

2) YaeV ((a,a) ¢ F)— orHomieHne aHTUPEDICKCUBHO.

Onpepesienne 2. Ilycrs gan npoussosbhbiii rpad G = (V) E), y xoroporo |V| = n.
Torma, ecin BHIOpATh HEKOTOPBIH MOPSAIOK « = (Vq,...,V,) Ha MHOXKeCTBe BepiuH V', TO
MOXKHO IIOCTaBUTH B cooTBercTBHE T'pacdy G mampuyy cmesrcnocmu A 10 ciaemgyromemy
IpaBUIIY:

Al ) =16 (v) € B & Ai,j) =0 (v,v;) ¢ B.

Ha pwc.1 mpeacraBien mpumep JIBYX MaTpPHUIl CMEXKHOCTH, KOTOPbIE MOCTPOEHBI I
PA3HBIX MOPSIKOB (vp M vy Ha MHO2KecTBe Bepiun V rpada G.

o = (CL, b, C, d, 6) a, = (Ca €, ba d7 a)

d
A Ailalblcld]|e Asfclelbld|a
Ce a lOl1]1]0]1 cl0j1/1/1]1
b|11/0/1/0]|1 e|1/0|1|1]1
G c|1f1]o]1]1 b [1/1]0]0]1
d|0j0[1]0]1 d|{1/1/000
a e|1/1/1/1/0 all/1/1/0/0

Puc. 1. [Ipumep aByxX pasHbix MaTpui cMexxuoct Ap u As st ogHOro rpada
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Omnpenenenne 3. Kodom mampuuyv. cmescrnocmu A xonednoro rpada G Oyiaem Ha-
spiBarh unciao p(A) = A(n,n) + A(n,n—1) -2+ ...+ A(n,1) - 2"t + A(n — 1,n) - 2" +
+...+ A1) 27’1 e A(1, j) — 91€eMeHTBI MATPHIBI CMEKHOCTH A.

Hanpumep, mig naByx marpull, n300paKEHHBIX Ha PUC. 1, MOJIYYUM CJIEYIONINe KOIbI:
w1(Ay) =110110101110110010111110 w p(Az) = 111110111110011100011100.

Onpenesienne 4. HaubGosbimii 13 BceX BO3MOXKHBIX KOJIOB fi(A) MaTPHIl CMEXKHO-
cru A tpada G Haz0BEM Mmakcu-kodom rpada fim.(G). Ecin s HeKOTOporo mopsiika
BEPIINH (¢ KOJ MATPUIIbI CMEKHOCTH [1(A) = fimax(G), TO TOBOPUM, UTO v coomeemcmeyem
MaKCH-KOJLY.

B [1] mokazano ciiemytoriee yTBEpXKIEHHE 0 MAKCU-KOJIE [imax(G)-

Vreepxkaenne 1 [1]. Ecmu gpa nopsyika sepmmn o = (vf,...,0)) n ay = (v

., V%) COOTBETCTBYIOT MaKCH-KOMLY fimax(G) rpada G, TO BepHIUHBI B 3TUX HOPSIKAX 10-
apHO aBTOMOP(HBL: V) ~ UZ-Q ang Bcex 1 =1,...,n.

DJIeMEHTBI HOCIEA0BATEILHOCTE! Bepn o = (v, . . ., Uy,) Oymem obosnagars v; = 7).

Onpenenenne 5. llycrs makcu-komy rpada (G COOTBETCTBYET HEKOTOPBIH MOPSIOK
ciesioBanug BepiH «. HazoBém nomepom xaacca asmomoppusma eepwiur U HATYPATHHOE
qucsio N (T), KoTopoe paBHO MEPBOMY BXOXKJIEHUIO B TOPSJIOK (v BEPIIMHBI M3 KJacca U:

N(7) = min 1.
t:a(i)€v

Onpenenenne 6. Ilycrs makcu-koay rpada (G COOTBETCTBYET HEKOTOPBIH MOPSIOK
cJieToBaHust BepiimH «. HazoBéM nomepom kaacca asmomopgusma pébep (T, ) HaTypaIbHOE
qucsio N (T, y), paBHOE HOMepY [EepBOro BXOXKJeHUs pebpa u3 Kiacca (T,y) B MATPHUILY
cmexkroctn A rpada G, HOCTPOEHHYIO B COOTBETCTBUU € «v (IPU HYMEPAIUU JIEMEHTOB
MaTpuUIs! 110 crpokam): N (T, y) = Arzrljn X j+(@E—1)-n.

(@(),a(7)~(z.9)
VrBepxkaenue 2. Homepa N(T) ecrecTBeHHBIM 06pa30M MOPOXKIAIOT JIMHEHHBIN 110~
PSIZIOK Ha KJaccaxX aBTOMODP(MHBIX BepinH: U7 < U3 < N (77) < N (7).
oxazameavcmeo. Ilo onpenenennto Homepa N (T) SBIISIOTCS HATYPATBHBIMI 9UC/Ia~
MIT; COTJIACHO yTBEPZKJICHMIO 1, HoMepa COBHAJAIOT TOJIBKO y aBTOMOP(HLIX BepiimH. 11ory-
gaeM, 9T0 MHOKecTBO HOMepoB N (T7), ..., N(Uy) JuHeiiHO ynopsiJioueHo u, Cae0BaTe/bHO,
HOpsiIoK U7 < Uz < N(77) < N(U3) uHeiHbIi. B

YrBepxkaenne 3. Homepa N(U,u) ecrecTBeHHBIM 00pa30M MOPOXKIAIOT JIMHEHHBII
HOPSIJIOK Ha Kjraccax aBTOMOPGhHBIX pebep: (U1, uy) < (U, uz) < N (1, u1) < N(v2, uz).

oxazameavcmeo. JlokazaTebCTBO aHAJOTMYIHO JIOKA3ATEILCTBY YTBEPXKICHUST 2.
Eciu 1Ba mopsi/ika BepINH (p M (ty COOTBETCTBYIOT MAKCH-KOLY rpada fimax(G), TO MaT-
PHUIIBI CMEXKHOCTH JII 9TUX TOPSIJIKOB COBIAIAIOT. B pesysibraTe pébpa, KOTOpbIe COOTBET-
CTBYIOT OJIMHAKOBBIM ITO3UIIUSIM B 9TUX MaTPHUIlAX, aBTOMOP(MHLI. B

Onpenenenune 7. Bpeném g rpada G undexco kaaccos asmomoppuama eep-
wun I(v) aepe3 Homepa KyiaccoB N (U) ¢ HOMOIIBIO CJIEIYIONUX WHIYKTUBHBIX [TPABILL:

1) N(@) = minN(u) = I(v) = 1 —06a3uc MHILYKIMU JJId OUPEJICJCHHs] IePBOrO UH-
Jekca;

(N(@) > N@)) &
& Yu* # u (N(v) > N(u*) = N(u) > N(u¥))

Onpenesienne 8. AHAJIOTUYIHO ONPEIETICHUIO [T BEPIIUH BBEJACM TOHATHE UHOEKCA
Kaaccos asmomopguama pébep I1(T,7), 3aMEHUB KJIACCHI aBTOMOPGhU3Ma BEPIIUH Ha KJIACChI
aBToMopdu3sMa péoep.

2) } = I(v) = I(u) + 1 —mepexo.
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Teopema 1. Eciu G = H, 1o nna v € V(G), v € V(H) pasencrso I(u) = I(7)
BBIIIOJTHSIETCsT TOTJIA W TOJBKO TOTJa, Korja cyiiecrByer uzomopdusm ¢ : V(G) — V(H),
Takoii, 9to ¢(u) = v.

Hoxazameavcmeo. Jlokaxkem cHavasa, 910 u3 ¢(u) = v, rje ¢ — u30MOpGU3M,
CJIeJIyeT COBIAJICHNE HHIEKCOB KiaaccoB aBroMopdusma I(u) = 1(0).

Ecan nBa rpada m3oMopdHBI, TO y HUX OJMH U TOT XK€ MAKCH-KOJ [max(G) =

Uy...uw
= lmax(H). B 910M cityuae uzoMopdusM MOXKHO MPEJICTaBUTL B BHJE ¢ = " v”),
1...Up
e a; = (uq, ..., U,) — HEKOTOPBIA TOPSJIOK, KOTOPBIl COOTBETCTBYET MakKCH-KOIy B (7, a
ay = (v1,...,v,) —HOPSIOK, CcOOTBeTCTByIOMUiT Makcu-kopy B H. Ilockonbky HO-

mep N () — HarypasabHoe uncio, 1o a1(N (1)) 3amaér HekoTopyto BepimHy u* = oy (N (7)).
OTa BepimHa u* 00JaJaeT JIBYMsl CBOWCTBAME: U ~ Uu* W CPEIN BCEX CUMMETPUIHBIX
[0 OTHOIIEHMIO K U BEPIIMHAM u* MMeeT HauMEHbINil WHIEKC B «y. Ecam pomycrum,
aro N(u) # N(v), o momyanm ¢(u*) = ¢(u). B pesynbrare mosydaem mpoTHBOpEUHE:
d(u*) = ¢(u) mu ~ u*. Takum obpazom, y Bcex n3oMopdHBIX BepiuH (¢(u) = v) HOMEpa
KJ1accoB aBToMopdu3ma obszarenbHo copnagaor (N(u) = N(v)). [oab3yscs yTBepKie-
HEEeM 2 U y9uThIBas onpejesenue s uniekcos (), nomygaem, aro () = (7).

IIycte G = H u cosuamu nujexcsl [(u) = 1(7). Iockoasky G = H, TO CyIiecTByer
HeKOTODbIH n3omopdusm ¢y : V(G) — V(H). Jaa obpaza v* = ¢g(u) 1m0 neppoit qactu
JaHHOrO yTBepKIeHus nosxyanm I(v*) = I(u) = I(v). VI3 91010 MOKHO 3aKJIIOYNTE, YTO
BepImHbI v, v* aBToMOpdHBI. O603HATIM aBTOMOPGMU3M, IEPEBOJISAIIIA ST BEPITUHBI O/THA
B JIpyryto, depe3 ¢: ¢ (v*) = v. Torma uckoMmbiil m30MOPGU3M ¢ MOKHO OIPEETUTH B BHJIE
KOMIIO3UITUH JBYX U30MOP(PU3MOB ¢ = ¢y 0 1. B

Teopema 2. Eciu G = H, 1o ajusa aByx pébep (up,us) € E(G) u (v,v2) € E(H)
paBercTBo (Uy, uz) = I(U1,03) BBINOJHAETCS TOLJ@A U TOJLKO TOIJIA, KOTJIA CYIIECTBYET
uzomopbusm ¢ : V(G) — V(H), takoit, at0 ¢(u1) = v 1 ¢(ug) = vy, mm ¢(uy) = vg U
P(uz) = v1.

oxazameavecmeo. JlokazaTeabcTBO JTOCTATOYHOCTH AHAJOTUTHO JIOKA3ATEIBCTBY
Jst BeprmH. Ecom gomycturs, ato cymectByer uzomopdusm ¢ @ V(G) — V(H), Taxkoii,
910 P(u1) = v1 1 ¢(ug) = vy, TO coBuamyT Homepa N (uy, uz) = N(v7,0z). U3 coBnajenus
HOMEPOB JIJIsl BCexX KJaccoB pébep caemyer I(uy, uz) = I(T7, 03).

HeobxomuMocTh TakKe MOXKHO JI0Ka3aTh 110 aHajgoruu ¢ reopemoii 1. Ilycrs G = H u
I(uy,uz) = I(vg,v3). g obpazos nzomopduzma v = ¢o(uy) u v3 = ¢o(ug) 1O 1EPBOIL
qacTH JAHHOTO yTBepxienns noayuum I (uy, uz) = I(vy,v3) = I(vf,v). U3 aToro mMoxHo
3aKJIIOYUTh, 9TO PEOpa aBToMOpMbHBL: (v1,v3) ~ (v],v3). O6o3HAUNM Yepe3 1) cireryroruii

*

asromopdusm: Vi (¢ (vf) = v;). Vckomblit n3oMopdusM — KOMIO3HIH ¢ = ¢g 0 1. B

HermocpeicrBenubiM ciiefcTBUeM u3 TeopeM 1 u 2 sBjsgeTcs TOT (PaKT, ITO HHIEKCHI
I(v) u I(U1,U3) 9BJSIIOTCS YHUKATHHBIME HJICHTU(DUKATOPAMHI JJIsi KJIACCOB aBTOMOPQhU3-
Ma. Takum 0O6paszoM, 9TH MHJEKChI MOXKHO HCIIOJIb30BaTh BMECTO CAMUX BEPIIUH U pPedEp
[IPU OTpeJIeIeHNI HHBapUaHTa JiJIs Kiiacca n3oMopdubix rpados [G]. B yacrrocTr, MOXKHO
cHavaJIa 1peJicTaBuTh rpad G B BIJE CTPOKU CHUMBOJIOB C TIOMOIIBIO aJITOPUTMA, ITOXOKETO
Ha aJIFOPUTM TIOCTPOEHHUsI JIMHEHHON HOTaIlmu Jyist MoJieKy spHbix rpados SMILES (3], a
3aTeM B JIAHHOW CTPOKE 3aMEHUTHh HA3BaHWs BEPIIMH U HA UX WHJEKCHI [(T) M MOJIyYnuTh
uHBapuant i rpada G.

Onpenesnienne 9. Cummempuueckas aunetnas nomayus £(G) s CBI3HOTO Tpa-
da G —3T0 cTpOKa CUMBOJIOB, KOTOpasl OLPEIE/IAETCA Ha OCHOBE CJIEAYIOIIErO aJrOPUTMA.
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I a r 0. Beeném mHOMXKECTBA UCK/IIOUEHHBIX BEPIIUH VEp U BPEMEHHO 3aMEHCHHBIX
BepinH V. Ha Havaso paboTsl ajiropurma 00a 9T MHOYKECTBA TOJIAraloTCA MyCThIME: Vi =
= Vp = &. Kax10it HOBOI1 BepIIuHe v, MOMEMIEHHON B MHOXKECTBO 3aMEHEHHBIX Vg, Oy/ieM
[PUCBAMBATDH CIENUAJBHBIN KOJL #m, e m — ducio 3aeMentoB |Vgz| nocie nobasienust
Bepmunbl v. [IpusnakoM okonvanus paboThl aJITOPUTMA SIBJISETCS TIOMEIEHNe BCeX BEPITTIH
V(G) rpacda G B MHOKECTBO UCKJIIOUEHHBIX BepIiuH V.

I ar 1. Beibupaem mo6yto Beprmuny vy nepsoro uajekca (I(v;) = 1) u 3anucbiBaem eé

B HoTarmo £(G), nobasiisst K Hell OTKPBIBAOIILYIO CKOOKY 1epBoro nomepa: £(G) = vy

[Ipu sTOM MHOMeEIIaeM v; B MHOXKECTBO VR U IIpUCBaUBaeM eii IIEePBBIil crieruaabHbIi KO #1.

I ar 2 (peKprI/IBHHﬁ). [Iycrs nuHeiinasg HOTAIMA JTOBEJIEHA JI0 HEKOTOPOW BEPIIHU-
HBI Ug. Ilpm 3TOM YacThb U3 pacCMOTPEHHBIX BEPIIUH V1, ..., U, IIOMEIIeHa B MHOXKECTBO
UCKJIOYEHHBIX Vg, a Japyrad JacThb — B MHOYXKECTBO 3aMeHeHHBIX V. BmecTo 3aMeHEHHBIX
BEPIIIH MOYKEM HUCIOJIB30BaTh KOJIbI #1, . .., #m (kox #m coorBercTByeT vy ). Cpeu Beex
BEPIIUH U3 OKPYXKEHUsS Vg, KOTOPble He ObLIN y/aJeHbl WU 3aMEHEHbI Ha IIPeJIbILYIIIX
9Tanax, BRIONpaeM JIOOYIO Vg1, KOTOPas Y/IOBJICTBOPSET CJICIYIONIUM YCIOBUSIM:

1) wambGosbIuil TPUOPUTET Y BEPIIUHBI ¢ MUHUMAJBHBIM UHICKCOM [ (TUpt1);
— N —

2) ecim y aByx BepumH unjexcs cosnanu (I (U 1) = I(vi,,)), To npeanouTenne oria-
. o . —_ * .
éTcA BEPIIMHE Vgy1, Y KOTOPOil Menbmie miexc pedpa: I(Vg, Ugyr) < I (v, v ,4);

3) IpH COBIAJEHUN MHJEKCOB BEPIIMH U PEOED y Vi1 U U, HPEIOYTEHHE OTJAETCA
BepimHe, Koropas B rpade GG Omke K BeprimHe Koja #1 (To ecTb MOXKeT OBITDH
COeJIMHEHA C Heil TyTéM M3 MEHBIIero Juc/ia BepiwH). Ecim 5Tu paccrosiHust coBiia-
JAIOT J/I BEPIINH Vgy1 B Vf,, TO BEPIIMHE, KOTOpad O/IMzKe K BeplInHe Koga #2,
u Tak jgasee 10 #(m — 1);

*

4) ecim BEPUIMHBI Upiq M Uy, U3 OKPYKEHHd V), HE YJIAJIOCh Pa3JIUYIUTh C IIOMO-
b0 yeaoBHi 1-3 10 mMHIEeKcaM BepInuH, pébep M PacCTOSHUSIM 10 BEPIINH KOJOB
#1,...,#m, To BBIOMpPaeTCs Jitodasi U3 HUX.

Ecim ¢ momorpio yemoBuii 1-4 yaaaoch HaTH BEPIIUMHY Vg1, TO J0OaB/IsieM €€ B JTUHE-

i Tk+1
nyio Hotanmio £(G) = ... = vk[ AN vk+1[ ... n B MHOXKecTBO V. Ilocie sToro
m m+1

[IePEXO/IUM K PEKYPCUBHOMY IIAry 3 I VUgi1. LCJIM BEPIIUHY Uk HE YJIAJIOCH HAWTHU, TO
yJaJsieM vy U3 MHOXKecTBa Vi m niepeBoguM €€ B Vg, MOJIHOCTBIO UCKJIIOYast U3 PACCMOTpe-
HUsI. 3aTeM 3aKpbIBaeM CKOOKY ypOBHsI m B JmHeitHo# HoTaruu £(G) 1 OBTOpsieM mar 2
JUIsL TOW BEPIIMHLI v;, KOTOPast HA TEKYIIH MOMEHT COOTBETCTBYeT Koy #(m — 1).

I a r 3 (pexypcususiii). [lycrs jmHeliHas HOTAIUS JTOBEJIEHA JIO0 HEKOTOPOil BEPINU-
HBI U;. B niepByto ouepesp mpoBepsieM, HET Jin B rpacde pedbpa, KOTOPOe COeMHSIET BEPIIN-
Hy U W Bepmuny Koja #1. Eciau takoe peOpo mmeeTcd u OHO JI0 CUX TIOP He 0bla0 YumeHo

6 nomayuu, To nobasisgem 3amucek: £(G) = ... 5 vk[ 5 #1;..., e i = I(v,vy). Hosro-
m

psieM TIpoIiece Jist Kojia #2 1 Tak jajee j10 nociensero koga #(m — 1). Ilo 3aBepriennn

[IePEXO/IUM K PEKYPCUBHOMY INary 2 Jjisi BEPIIHHBI V.

Onpepenenne 10. Jlunetinot nomayuet kaacca usomopprux epagos [G] HA30BEM
cTpoky [ [G], KOTOpasl IoJIydaeTcd u3 JIFoOOH ITPOU3BOJILHON CHMMETPUYIECKOH JmHeHHOI
sotarun £(G) myTéM 3aMeHBbI BCeX BEPIINH v Ha WHIEKCHI KIaccoB Beputud (7).

IIpumep 1. Pacemorpum pabory asropurma st nocrpoerns £(G) u nepexo/ia K Jin-
ueitnoit noranmu [[G] ¢ nomaroseim BeiBogoM MuoxkecTsB Vi u Vi (puc. 2).

Cortacuo omnpegenennto 9, ogaomy rpady G MOXKET COOTBETCTBOBATH HECKOJILKO Pas-
JMIHBIX cuMMeTprndecknx Hotarmit £(G). g sroro mocrarouno, arobsl y rpada G xors
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‘ Step H Symmetric Linear Notation ‘ Vi ‘ Vi
T [dl (o) 2
2 [alore] wd | o
3 el =] e T o
4 | al— c[z—> d[ —#1 (a,c,d) %)

5 a[l—>c[2—>d[g—>#1;—> el (a,c,d,e) %)

6 a[]—>c[2—> d[.—=#1,—e[] (a,c,d) e

7 a[l—>c[2—>d[g—>#1:—>e[]] (a,¢) e, d

8 a[1—>c[2—> d.—#1;— e[|l b (a,c,b) e, d

9 a[l—>c[2—>d[g—>#1;—> el]l— b[%—>#1} (a,¢) e,d,b
10 a[l—>c[2—>d[, —#1L;—e[]]—= b —#1]]] %) e,d,b,c,a

Puc. 2. [Ipumep nocrpoenust uHeiHoit HoTanun I[G]

Obl JiBe BepIIMHBLI ObLTM aBTOMOpdHBbIME. Hampumep, eciiu B rpade G ecthb JiBe Bepiiu-
HBI TIEPBOTO UHJIEKCa, TO HoTalmio £(G) MOXKHO HAaYaTh ¢ JI0O0H u3 HuX. Takum ob6paszom,
HEeoOXOIMMO JI0Ka3aTh, 9TO JMHelHas HoTanus [ [G] omnpe/iejieHa KODPEKTHO U HE 3aBHCHUT

ot BeIbopa £(G).

YrBepxkaeuue 4. Jluneitnas noranus [[G] onpenensieTcs OJHO3ZHATHBIM 00pPa30M
JUTS JTIODOTO KOHETHOTo ¢Bsi3HOTO rpada G.

Zoxaszameavcmeo. Ilposeném jrokazarenbcTBo oHO3HaYHOCTH |G 110 MHIYKITHH.
Basuc nmunyxnuu Pacemorpum mar 1 anropurma onpenenerns £(G). [oce
3aMeHbI BepIINHbI vy Ha eé mHjeke [(v7) = 1 uMmeeMm OHY U Ty Ke HAYAJBHYIO CTPOUKY
1G] = 1[ ... Jyist mobeix £(G).
1
MuanykKTuUBHB | mepex o a Jomyctum, 9T0 HEOTHO3HAYHOCTD B OIIPEICICHII
I[G] He BO3HUKJIA JI0 HAaYAJa OT/IEJIbHOI UTEPAIH PEKYDPCUBHOTO IIara 2 aJropuTMa OIpe-

nenenns £(G). Tlocsie 3aMeHbl BepIUH vy U Vg1 Ha ux uHjgekcsl [(Tg) u I(Tgy7) momydnm

onmy u Ty ke crpouky [[G] = ... % I(v_k)[ ;ik—H) I(m)[ ... Juist mobbix £(G).
m 1

m-+
JotrycTuM, 9TO HEOTHO3HAYHOCTD B orpejesieHun [ [G] He BO3HUKJIA& 10 HadaJjia OTAEIb-

HOIT UTepaluy PeKypCcuBHOrO Iiara 3 ajgropurMa onpejenenns £(G). Ecim npennonoxum,
9TO KOJIbI #J, C KOTOPBIMHU CBSI3aHA Vg, Pa3jndaorcd jijis AByX pasHbeix £(G), TO moLy-
YUM [IPOTUBOPEYHNE C YCJIOBUEM 3 BBIOOpPA HOBBIX BEPIIUH HA PEKypcUBHOM Irare 2. Takum
o6pason, mepexon k I[G] = ... & T (v_k)[ X #1;... Ha mare 3 TaxkyKe OJHO3HAYHBIL. M
m

Bameuanue 1. Ormern™, 9to s jmHeiinoi Hotaruu /|G| MOXKHO BBECTH HOHSTHS
abCTPAKTHBIX BEPIMH U abCTPAKTHBIX PEOEp, CBA3aB MX C COOTBETCTBYIONUME HUHJIEKCA-
mu apromopdusma. [Ipu srom y 1[G MOKeT GBITH HECKOJIBKO 9K3EMILISIPOB abCTPAKTHBIX
BEPIIH, KOTOPbIE COOTBETCTBYIOT OJHOMY U TOMY XK€ UHJEKCY j, ¥ TO JKe camMoe Jjist ab-
CTPaKTHBIX pEdep.

Onpepesienne 11. Packpackotl das aunetnot nomavyuu I[G] otmenbhoit aberpakt-
HOIl sepuunbl j 6 ysem o OyaeM Ha3BIBATH TAKyIO CTPOKY I . [G], KoTopast moJrydaeTcs u3
muHerHoi HoTanuu [[G] myTéM 3aMeHbI IepBOro BXOXKJeHUst j Ha mapy (j, ). Packpacky
JUTs OOJIBIIIEr0 KOJIMIECTBA, BEPIINH 1 OOJIBIIEro KOJMIECTBa [IBETOB OIPEIe/INM UHTYKTHB-
HO KaK IOCJIe0BATE/IFHYI0 PACKPACKy rpada 1o oIHON OTJIeIHbHON abCTPAKTHOI BEpIIIHE.
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[Ipu 5TOM HOCTATOYHO MOTPEOOBATH, YTOOBI HA KAXKJIOM ITare pacKpPackKu BLIOUPAIUCH TOJIhb-
KO Te BEPIIUHBI, KOTOPbIe He ObLIN PACKPAIIEeHbl HA ITPEIbITYIIIX.

Teopema 3. Jluneiinas noraius Kiacca n3oMopdHbIX rpados I[G] sBiisieTcst MoTHbIM
MHBAPUAHTOM JIjIsI JIIOOOI0 KOHEIHOro CBsI3HOrO rpada G.

Jloxazamenvcmeo. [lokazkem HEOOXOIMMOCTh, TO €CTh 9TO U3 U30MOpdu3Ma rpadon
G1 = Go caenyer, uro I[G1] = I[Gs]. U3 teopem 1 u 2 nosydaem, uro y rpados G
u G oiuH u TOT Ke HAOOP WHIEKCOB [y BepiuH u pédep. Kak ciesncrBue, ¢ yuérom
yreeperns 4, Hotarun £(G1) u £(Gy) OTIHYAI0TCS TOIBKO HA3BAHUAME BepIinH. Takum
obpasom, I[G4] = I[Gs).

JlokazkeM JI0CTaTOIHOCTD, TO €CTh YTO U3 COBIA/CHI TuHeHHbIX HoTarmil [[G] = I[Go
caeyer nzomopdusm rpados Gy = Gy. 1 9TOro ¢ MOMOIIBIO PACKPACKH Ha3BaHUAMU V)
seprma Gy = (V4, Ey) nepeiiném or I[G1] x £(G1). Ilpu sT0M 0CcTaHOBHMCST Ha TOM BapHaH-
Te packpacku £((G ), KOTOPbIii 0JJHO3HATHO cOOTBeTCTBYET Tpady G 1o cBa3aM Ey MexKty
BepIIMHAMHI, TIOTEeHIAIbHO epebpas Bee |V |! BapnanToB. 3aTeM MOBTOPUM aHAJOTHIHYO
nporeaypy Juist Gy u osryunm £(Gs). Tloctpoum uzomMopdusm B sIBHOM BHUjie, OTOOPA3WB
BCce Topsiy uiayinue Bepimabl u3 £(G1) B COOTBETCTBYIONINE UM TI0 HOPSJIKY BEPIIHHbI
u3 £(Gq). Ecmu jonyctuTs Jjist JJAHHOTO OTOOPAXKEHUs, 9TO yCJIOBUE U30MOopdusMa He
BBIIOJTHAETCS, TO HEMEJJICHHO TIOJIyYUM poTuBopedne. JleifcTBuTebH0, HApyIIEeHne yCJI0-
BUs M30MOPGU3Ma 03HAYALT, YTO KOJBI #1, ... , #m croaT Ha pasHbx no3unuax B £(G)
u £(Gy), aro meBosmokHO BBHIY TokiecTBa [[Gi| = I[G3] u oxmosmadnoro ompesmese-
ung I[G] va ocuose £(G). m

Jlu1st leMOHCTpaIuy n3JI07KEHHBIX PE3YJIbTATOB Ha PUC. 3 TpUBOJATCs ipuMepst 1 |G st
Tpéx rpados G, G u G3, UbK BepIIUHbI IOMeveHbl uHIekcamu [ (), a pébpa — I(w, ).

G3]

ol b #1 B2 b #1 B 2l b FT; 2 #2]]]])

T
T S
SB[ BFL B 1S #L 5 1D #2; 2 #3]]]]]
? 7T

Puc. 3. Ilpumepst mmueiinsix notammit I[G] st knaccoB uzomopdueix rpados [G1], [Ga] u [G3]

2. IlpakTumyeckoe ITPpUJIO>KEHUE JIMHEMHBIX HOTAITUI

Kiracenuecknii criocod npuMeHeHUs MHBApUAHTOB TI'PadOB CBOJIUTCH K BBIYUCIEHUIO
U CPaBHEHUIO MHBAPUAHTOB KaXKJIblil pa3 IpH IPOBEPKe JIBYX I'padoB Ha HM30MOPGMOU3M.
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JocraTrodHo oueBHHO, YTO MOJ0OHAsI CXeMa, COBEPIIEHHO HElPUMEHUMA JIJIsl TIOJHbIX HH-
BapMaHTOB, TaK KaK 3ajlada WX MOCTpoeHus: oTHocuTcd K Kiaaccy NP. B wacrnocru, s
Horanuit I[G] nmeem cieytormue ornenkn (mapamverp n = |V(G)|):

1) mepexoz or G x I[G] — 3a1a9a skBUBaJeHTHA 3a1at1e 00 m3oMopdusme rpados;

2) mposepka Ha cosnajenue st I[G] — 3anaua caoxknoctu O(n?);

3) mepexos or I[G] k G na ocHose packpacku — 3ajada ciaoxkuoctu O(n?).

Ob1mast njest 3aK/IIOIAETCS B TOM, 9TOOBL ZPAHUMb 6 namamu xomnvtomepa I[G] Bmecto
obbranoro rpada G. IIpu Takom 1oxo1e yrporaeTcs IpoBepKa Ha H30MOP(U3M, TTOCKOIb-
Ky He TpebyeTcst IpeiBapUTeIHbHO BBIYUCIATh nHBapuaHT [ |G|, a mporie/rypa CBOAUTCS K M0~
JMHOMUAJILHOI 3aj1a4e mpoBepku Ha coBnajienue I[G1] = I[Gs]. s rpados ¢ HebobImM
YUCJIOM BEPIIUH MOXKHO UCIIOJIb30BaTh 6a30BbIil ajropurym nepexoia ot G k I[G], necmorpst
HAa ero IpuHa/Ie’KHOCTh K KJiaccy NP, mockosibKy morpedyercsi IpUMEHUTDb €ro OJINH Pa3
nepe/1 coxpaxeHneM JinHeiiHo# HoTanuu [ [G]. Onnako jyist rpadoB ¢ GOIBITIM THCIOM Bep-
IIMH TAKO! TO/X0/ HenpakTiieH. GakTuaecKn, ocTpoeHne JnHeiiHbix HoTanuit |G| s
OoJIbINX IpadoB TpedyeT OlpeJie/IeHIs CTaHJIAPTHBIX KJIACCOB I'padoB HEIOCPEICTBEHHO
Ha ocuose [[G], a TakyKe BBeJIEHUs HEKOTOPOIO HAOOPa Olepaluii MOJUHOMUAIBHOMN CJI0XK-
Hoctu Ha |G| miist nostydenus: 6ojiee CIOKHBIX KJIACCOB M30MOPMHBIX IpadoB.

PacemorpuM, Kak MOXKHO ¢ HOMOIIbIO JinHeiHON HOTanuu [[G] onucarb B obriem Bu-
Jie CJIeJIyTOINe CTaHIapTHRIe Kaacchl rpados: nytu P, nukisr C),, nmoaube rpadbr K, n
HOJIHBIE JIBY10IbHBIE Tpadsl K, ., |2, 4].

IIpumep 2. s myreit P, paccMoTpuM JBa ciaydas: Korjga n aéraoe (n = 2k) u
ueuéraoe (n =2k — 1):

1[13%]:1[1#1[23&[3...&71[]}...];i2[2i>3[3...£>n[]}...H,
1[P2k,1]:1[1$2[2i3[3...”—‘1>n[]]...};#2[2i3[3...”—*>n[]]...H.

ITpumep 3. Jluneitnas norarus s mukaoB C, 3a1aHa OJHO3HATHO:

1

I[Cn}:1[1—>1[2...l>1[ni>#1]...H.

IIpumep 4. Jluneitnas HoTamus i mojaHoro rpada K, TakxKe 3aJaHa OJHO3ZHATHO:

I[Kn]:1[1#1[2i>1[3i>#1;i> 1[4...#1Li>#1;i>#2;...;i>#n—2]...HH.

IIpumep 5. [lna nBynonabnbIx rpados K, , PACCMOTPHM JBa Ciaydad: n < M un = m:

I[Kn,m}=1[...i>1[ Loyo 4 #2m—4;i>2[ Lo Loas L #2m—3];
2m

1 2m—1

...;#2[%# WEHEN #3;...;##2771—3“...],

1 1 1 1
[[Kpn] = 1[ —>1[ Lo N aon 4l 1[ N7 O T NN #271—3“ }
1 2n—1 2n
Sameuanue 2. Kaxk Buano us npumepoB mist [[Poy_1] u I[K,, ], MHieiinyo HOTAIMIO
I[G] serko MOXKHO aJalTUPOBATH I CZKATUS JAHHBIX, €CJIN UCIIOJIB30BATh CIIEIUATHHYTO
HOTAIuIo S X n Jyist HOJCTPOK, KOTOPbIe MOBTOPSIOTCS N pa3 noapsi. B ciaydae ¢ [[Poy_1]

nostyanm [*[Poy_q] = 1[1 i>2[ AB[ n—_1>n[]} ...];XQ}

2 3
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[Tepeitiém K paccMOTPEHUIO JIEMEHTAPHBIX omepalinii Ha rpadax. [Ipu sroMm mpousBosib-
HYIO Ollepalliio Ha Kjaccax n30MopdHbIX rpadoB OyaeM OonuchbiBaTh B (hopMe ajaropurMa
CTPOKOBO# 00paboTKM Jist JuHeiHbIX HoTamuil I[G].

ITpumep 6. Bsejém omepanuio yIJIMHEHUS ITENOYEK, OIPEICTUB PE3YIbTHUPYIONINi
rpad G Kak moydeHHbl u3 ucxonHoro rpada G IyTéM HPUCOSIUHEHHS KO BCEM BEp-
[IMHAM [IePBOil CTeNeHr POBHO TI0 OJIHOM HOBOI BeprinHe (peaau3aluio olepanu CM. Ha
puc. 4).

3 [GY]

Puc. 4. Ilpumep ucnob30BaHus OEpaIdn Y THHEHUS TEIIOTEK

Autropury™ noctpoenust JuneiiHOi HoTarmu [[G] 1yst pesyabTupyomniero rpada Ha 0CHO-
Be HCxoHO# HoTarwu [ [(G] MOXKHO CBECTH K CJIE/IYIONIM TPEM IaraM CTPOKOBOi 00pabOTKH.
I ar 1. [Iposoaum mouck 1o crpoke I[G] BepiiuH, KOTOPbIE COOTBETCTBYIOT ABIOHY

(... 5 K[]...) aas Bepummmer mepsoit cremenn. Cpeu BCX STHX BEDIIHH BBIMHC/IIEM M-
HUMAJIbHBIN WHJIEKC aBTOMOpdU3Ma k U MaKCUMaJbHBI k + M, KOTOPbIe COOTBETCTBYIOT
JIAHHOMY IT1a0JIOHY.

III a r 2. BBoguMm HOBBIE MHIAEKCH Ki1accoB k+m + 1, k+m+2,...,k + 2m, KoTopbie
6y/LYT COOTBETCTBOBATH HOBBIM Bepinnam rpada G.

Il ar 3. Homyuaem I[G] n3 ucxonoit muHeitnoit Hotarun [ |G myTéM 3aMeHbI HOICTPOK
10 1a0JI0HY: CTPOKY ( ALY k+i[] .. > MeHsIeM Ha ( JEALN k—i—z’[ EARAEUN k—i—m—l—z’[]} . )

ITpumep 7. PaccmoTpum oreparuio IpucoeIuHEHsT BEPIIUH [I€PBOil CTENEHN K BEP-
[IKHAM [IEPBOTO KJiacca aBToMopdusMa (pean3aryo oleparyu Jijist KOHKPETHBIX TpadoB
cM. Ha puc. ). PopmanbHO pu OTPaAbOTKE JAHHON ONMEpAIlK Mbl K KayKJIOW BEPIIHHE U
¢ uHeKkcoM aproMopdusma I (T) = 1 npucoennHsieM POBHO OJIHY BepIinuHy v* cremenn 1.

Autropur™ nocrpoenus jmHeitnoit Horaruu [[G*] st pesynbrupyorero rpada Ha oc-
HOBe uCxXOMHON HoTaruu I[G] MOXKHO CBECTH K CJIEJYIONMM TPEM IIIAraM.

OI ar 1. [IpoBomum mouck 1o crpoke I[G] BepinuH, KOTOPbIE COOTBETCTBYIOT IAOIOHY

J .
(... = k[]...) u npu 570M CBsI3aHBI PEGPOM € BEPIIMHOI MEpBOro Kiacca. Kcim Takux Bep-
IIUH HET, TO IepexouM K 1mary 2. B mpoTruBHOM ciiydae j106aBjisgeM B OKpY2KeHUe KazKJIon

BEPIIMHBI ITIEPBOT'0O KJIACCA OJIHY JIONOJTHUTETLHYIO BEPIIUHY KJjacca k, OCYIIECTBUB CTPOKO-

BYIO 3aMeHY 110 IabJI0Hy: CTPOKH (1[ N k[]} . ) MeHsIeM Ha (1[ ER E[]; EN k[]} . .);

BBIXO/I.

" J
OI a v 2. Mmewm Bepumnel nepBoii crenenu (... — k[]...). Cpean Bcex 9TuxX BepImH
BBIUUC/ISEM MAHUMAJBHBIA HHIEKC aBroMopdusMa k 1 MakCUMAaJIbHBIT k + m.
III a r 3. IIpouzBouM CTPOKOBYIO 3aMEHY BCEX MHJIEKCOB BepIIUH OT k 710 k + m 110

cJieIyroreMy mabJIoOHy: CTPOKH ( AN k+i[] .. ) MeHsIEM Ha ( RREARAEN k+i+1[] .. )

[Tocsie aToro mobaBisieM B OKPYKEHHE KarXKJI0i BEPITUHBI KJ1acca 1 110 0JIHO HOBOI BepIITHHE

Kj1acca k B COOTBETCTBHN C I1abyioHOM: | 1 [ Y k[]} . )
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Puc. 5. HpI/IMep HCIIOJIb30OBaHU A Oll€epaliyi IIPUCOCIUHEHM A HOBOIH BEpHINHBI K BEP-
mIMmHaM IIEPBOTO KJiacca

3ameuanue 3. /[lj1g9 BcexX pacCMOTPEHHBIX OIEPAIMil, a TakKe JIjIsd ONUCAHUS CTaH-
JIAPTHBIX KJIACCOB IpadOB OIYCTUM J0KA3aTeILCTBO KOppeKTHOCTH. [Ipu Keranun 3tu J10-
Kaz3aTeJbCTBA MOXKHO JIETKO MOJIYIUTD 110 aHAJIOTHH C YK€ PACCMOTPEHHBIMMU.

B onpenestennn 11 BBeeHO MOHATHE PACKPACKU JJISI OTJAETHHBIX a0CTPAKTHBIX BEPITNH
muneitnoii woraiuu I[G]. Tlo anasoruu ¢ 3TuM OIpe/ie/ieHIeM MOXKHO BBECTU PACKPACKY U
It abcTpakTHBIX pébep Ha [[G]. Ecim y ucxopnoro rpada G 6bLIO 1 BEPIINH, TO, PACKPa-
CHB UTEPAIMOHHO Bce abeTpakTHble BepmuHbl [ |G| B n pasubix nsetos, noxyanm £(G*) n
BOCCTAHOBUM WCXOJIHBIN rpad ¢ TOUHOCTBIO 110 m3oMopdusma G* = G. BaxkHo ormMeTnTsh,
9710 moobHast onepaitus mepexoga ot I[G] k obbranomy rpady G* = G B mpeesbHOM
caydae moTpedyeT BOCCTAHOBUTDH CBA3U MKy KayKJIBIMU JIBYyMs BepiinHamu rpada u, Kak
CJIeJICTBUE, UMeeT MaKcuMaJibHylo ciokuocTh O(n?). IIoMUMO BOCCTAHOBJIEHHS OGBLIYHOTO
rpada Ha ocuoBe |G|, aaropuT™M pacKpacku MOYKHO HCIIOJB30BATH JJIsi TIOCTPOEHHS MO-
JeKyJIIpHBIX TpadoB [5], ecam B KadecTBe Kpacok JJIs BEPINUH HCIOJb30BATH HA3BAHMUSI
xumnaeckux smemeHToB H, O, C, N, a B KadecTBe Kpacok i pédbep — THUIIbI CBA3EI.

ITpumep 8. Ha puc. 6 npejicTaB/ien MOJIEKYIIPHBIN rpad TUPUINHA, & TAKZKE MApPKH-
pOBaHHasI JTUHEIHAST HOTAIINsI, KOTOPas TOJIyIeHa JIJIsT 9TOro rpada ¢ mOMOIIBIO aJrOpUTMa,
UTePAIMOHHON PACKPACKH JIJIsT BEPIUH U péGep (JBOUHBIE CBA3M MOKA3aHbI IBOHON CTpeI-
KOt =).

H

C C
H/ \N / \H
(6] = 1O [0V [ZE.0) [ BN [23.0) [ B(2.0) [B#15(6.1) | E(7.1) | |07, 1) |26, 1) | (5, 1)]

5

Puc. 6. [lpumep 3amanus MoeKyasspHOro rpada B Bl MAPKUPOBAHHON JIMHEHHON HOTAIIUN
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[Tpu ommcanuu MOJIEKy/ISIPHBIX I'padoB HA OCHOBE MAapKUPOBAHHBLIX JTUHEHHBIX HOTa-
it [*[G] mosydaeM TpH OYEBUJIHBIX IIPEUMYIIECTBA:

— nposepKa Ha u3oMopdusM JByX rpados umeer ciaoknoctb O(n?);

— BCE BO3MOYKHBIC CUMMETPUU MOJICKYJIbI IIPEJICTABICHBI B YA00HOI popMe depe3 HHIEKChI
KJIaCCOB aBTOMOpQU3Ma BEPIINH U PEOEp;

— 3aJlaHue peakImil MexKjy MOJIEKyJaMu B BHje ornepanuii Ha woramusx I[G] cBoaures
K TIPOIelypaM CTPOKOBO# 00pabOTKMU, ITO YIIPOIAeT UX PeaTu3alluio.

Auropurm packpacku st |G|, HOMIMO yKe PACCMOTPEHHBIX HPUJIOKEHUI, MOXKeT
OBITH UCIIOJIL30BAH JIJIA TIOCTPOEHU 1TyTell Ha rpade. B aToMm cirydae packpacKka MpOBOIUT-
cd HATYyPAJbHBIMU duciaamMu 1,2,...,m, a JIBe COCEeJIHIE BEPIINHBI, IOy IUBIIUE TOPSIKO-
BbIe HOMepA 1, § + 1, JIOJIKHBL ObITh coeuHenbl pebpoM B I[G]. OrMernM, 9TO OT/IE/ILHBII
HHTEPEC MPEJCTaBIAeT MOUCK Ha JrHeitHoi HoTtarun [ |G| rammisronosa mytn [6]. Ha ocmo-
BaHuu 1epebopa rpados ¢ ducsoM Bepriud |V| < 7 6blia BBIIBHHYTA CJICTYOMAsT TUIIOTE3a
OTHOCHUTEJILHO CYIIECTBOBAHUS MaMUJIBTOHOBA, Iy TH.

I'mmoresza 1. /Iy toro urobsl Ha I[G] cymiecTBOBa raMIIBTOHOB 11y Th, HEOOXOIIMO

u JocrarodHo, 9To0sl [G] yiroBieTBopsisl oHOMY U3 ABYX mabsonos: jsmbo [[G] = 1[ KN
1

k:LH, oo I[G] = 1[1 ER kL],A mL...”, rjie BHYTPU CKOOKH L] YUCIIO

BJIO’KEHHBIX CKOOOK B TOYHOCTU PaBHO YHUCJIY a6CTpaKTHI>IX BEPIINH.

3akJiroueHue

Takum 00pazoM, MOXKHO yTBEp:KJaTh, 4To JuHeliHas HoTarus [[G] crmocobHA cTaTh
yJI00HOH aIbTepHATUBOM I KJaccudeckux rpadoB G B NPUIOKEHUN K IEJIOMY DSy
npakTuieckux 3ajad. [Ipescrasisercs akTyaabHBIM MPOJIOJIZKEHNE HCCJIEIOBAHUN B JIAH-
HOM HAIPABJIEHUH U TOCTPOEHHWE HOBBIX ajroputMoB Ha [[G|, B TOM dunciie u ajJropurMoB
JUIS peasi3aln omepanuii Ha rpadax. Bojiee Toro, ecim ymacres mocTpouTh 6a3uc (Ha-
Oop orepalinii, ¢ MOMOIIBIO KOTOPBIX MOXKHO MOJIyYUTh JII000N KOHEYHBIH rpad, MpuMeHsist
UX CYTEPIO3UINI0 K HEKOTOPBIM TpocreiinmMm rpadam) omeparmii Ha [[G] moaumHOMEIATB-
HOIT cj103kHOCTH, TO HOTanuio I[G] MOXKHO GyjIeT NCHOIb30BATh Ha TIPAKTHKE JIJisi XPAHEHUST
6osbmux rpados.

Cnoxknocts xpanenust B namaru 1[G acumnroruuecku pasna O(n?), rae n— uucio
BepimH rpada. Moo HoBbICcHTh KO3 bUIMEHT cxKxaTus JaHHbX st 1[G, ecim Bocosb-
30BaTbCd MPUEMOM 3aMedaHusd 1, a TaKxKe eciu OTOPOCUTH MHJIEKCHI M JIJId BCEX CKODOK

[ . ] B 3anucu [[G] (nannble unaekcsl BBeAeHbI B onpenesennn £(G) ToIbKO it Gosee
m

HATJISITHOTO [IPEJICTaBIeHNsT HOTAIIHT ).

[ToMuMO y7Ke PACCMOTPEHHBIX MPUJIOKEHUH jijist JiuHelHbIX Hotanuit [[G], MoXKHO 110-
Ipo0OBATH TOCTPOUTH ONTUMU3IUPOBAHHBIN AJITOPUTM JIJIsl IIOJIHOTO 1epebopa rpadoB u3 n
BEPINH ¢ 0TOpackIBaHIeM BeexX m30MOopdHbIX Kormil. PakTuaecku, ecan nepebupars I[G],
a He MaTpuibl cMexxaoctn A rpadoB G, TO MOXKHO TOOUTHCS MHOTOKPATHOTO ITPUPOCTA
[IPOU3BOJINTEIBHOCTH TAKOTO aJlOPUTMa, TaK KaK YHCJIO KJIACCOB M30MOPMHBIX rpadoB
U3 N BEpIIUH CYNIeCTBEHHO MeHbIIle duc/ia Tab/Iuil u3 HyJdeil u ejauHul] pasmepa n X n [7].

Kaxk ormeueno B pabore [1], muneiinyio noranuio I[G| MOXKHO JTOCTATOUHO JIETKO 0600-
MIUTH Ha CJydail ynopsodeHHbIX rpadoB, a Takxke Ha runeprpadest [8]. C apyroit cropoHsbI,
JIJTsT KJTacCOB aBTOMOPdU3Ma BepIiH U 1 pébep (U, U) MOKHO BBECTH aJIbTePHATHBHBIE HH-
JIEKCBI, €CJIU BBIOPATH BMECTO MaKCH-KOa JPYTO MOTHBIN IMC/IEHHBII MHBAPUAHT MaTPUTIBI
CMEXKHOCTH. B JacTHOCTH, MOXKHO 3a/1eiCTBOBATh MUHU-KOJI BMECTO Makcu-koja. C mpax-
THYECKOI TOYKH 3PEHUs TaKue aJIbTePHATHBHBIE KOHCTPYKIIUU OYIIYT 1e1eCO00Pa3HbI, €CIN
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yJIacTCs MOKA3aTh, YTO C UX MOMOIIBIO YIPOIIAETC OIpeJie/IeHne HEKOTOPBIX aJI'OPUTMOB
Ha KjIaccaxX n30MOPQHBIX rpados.
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The class of maximal outerplane graphs with two simplicial vertices is considered.
The following results are obtained for graphs of this class: recursive characterization,
a formula for computation of unlabeled graphs, a complete invariant that differs from
the known complete invariant of arbitrary maximal outerplane graphs, and a polyno-
mial algorithm for computation of the complete invariant.

Keywords: mazimal outerplanar graphs, 2-path, enumeration, unlabeled graphs,
complete invariant.

BBegenne

OunM m3 00BEKTOB M3YyYeHHs TeOpUN IpapoB SIBJIAIOTCS MaKCHMAaJbHBbIE BHeEITHE-
wiockue rpadol (MBII-rpadsi), kKoropble Brepsble Oblin uccaenoBanbl . YapTpasgom u
®. Xapapu B 1967 1. [1].

Buermmnensiockum rpadoM Ha3bIBaeTCsd IIOCKUN T'pad, BCe BEPIIMHBI KOTOPOT'O IPHU-
HaJIJIezKaT BHEITHel rpann. MaKcuMaJIbHBIM BHEITHEIIOCKIM I'padOM HA3BIBAETCS TAKOM
BHEITHEILIOCKHUI rpad, KOTOPIi 1Ipu J100aBIeHnH XO0Tsd ObI OJIHONO pebpa mepecTaéT ObITh
BHerHerIockuM [2]. T'padbl 91010 BHIA ABIAIOTCS TPUAHTY/IANMSIMEA BBITYKJIONO MHOTO-
YIOJIBHUKA U OTHOCATCS K KJIACCY XOPJAJIbHBIX Ipados [3].

Pa6otn! o uccnenosanuio MBII-rpadoB mocTaTrodHo XOpOIIo mpeacTaBIeHbl B MaTeMa-
THaeckoii mreparype (cM., Hanpumep, [1—11]). OcroBrbie cpoiictea MBII-rpados omuca-
Hbl B [2]. Xapakrepusaius B TepMUHAX 3alpeniéHbix noarpados gana B [1], a pekypcuBHast
xapakrepusanus — B |4, 5|. Hekoropsle «koncTpyKTUBHBIE» cBOiicTBa MBII-rpados pac-
cMoTpenbl B [5— 7|, a yeaosust BozmozkaocTr ykiaaku MBIT-rpados Ha aByx napajuie/ibHbIX
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muHusgx — B [8]. B pabore [9] mosyuens npousBosiiue dbyHKIUN /71T TOMEYEHHBIX U HEIO-
Meuenubix MBII-rpados u dpopmyna mia yucina menomedennbrx MBII-rpados, ucronb3y-
romag uncia Karamana. [Tomaerit unBapuant MBII-rpadoB u momHoMuaIbHbIH aJITOPUTM
onpejeenus nzoMopdusma npejcrasienst B [10]. B pabore 11| pazpaboran mosuHOMEIA B
HBII ajyroputM pacuéra nnjekca Bunepa MBII-rpados. Taxoit mmpokunit unrepec K u3y-
genuto MBII-rpados BoizBan tem, uro MBII-rpadsr BxojgT B Ki1acc XopaaabHbIX Ipados,
JIg KOTopbhix MHOrre NP-Tpymbie 3a1a4n Teopun rpadoB MOJTTHOMUAILHO PA3PEITUMBbI.

Crpykrypa MBII-rpadoB omnpeessiercss KOJUIeCTBOM BEPINMH CTEIEHN 2, sIBJISTIONTNX-
sl CUMIUTUIAATBHBIMA (T. €. TAKKMH, YTO UX OKPECTHOCTH MOPOXKIaeT Kauky). Bece MBII-
rpadbl, umeronye 6osee JIByX CUMILIUIUAIBHBIX BEPIIUH, CYTh HPOCThe 2-7epeBbs (6], a
MBII-rpadbl ¢ JByMs CUMILTUIUTATLHBIMEI Bepiimaamu — 310 2-tiern [12]. Tasnee stu rpadbr
oymem naswiBarh MBII-rpacdamu kiacca 2-erb.

MBII-rpadsr kitacca 2-1ernb MOTYT OBITH HCIIOJIb30BaHbl B KadecTBe IpadOBOil MO N
ITIOTOKOBBIX CeTell ¢ ICTOYHUKOM U CTOKOM, CETE€BBIX I'PAPUKOB, JIEKTPUIECKUX JIBYXITOTIOC-
HUKOB, 9JIEKTPUIECKUX CeTeli ¢ JByMs HCTOYHUKAMU ¥ C HONEPEeYHbIMU CBsi3simu |13, 14].
Onako HeCMOTps Ha MHOTOYHNCIeHHbIe uccaenopanus 1o MBII-rpadam, noka ne mosryueno
nosiroro ormcanuss MBII-rpados kiacca 2-1erb. 9To onpejieiser akKTyaabHOCTh UCCIEI0-
BaHud rpadoB JaHHOTO KJIacca.

B pa6ore nosinocteio onucanbl MBII-rpadsr kinacca 2-nierib. B 1. 1 mpuBoggTcs THITBI
MBII-rpados k/acca 2-1emb, IX OCHOBHBIE CBOWCTBa M YCJOBUS YKJIAJIKH rpadoB Ha JIBYX
napaJsuieJIbHbIX JUHUAX. PeKypcuBHas XapaKTepusallysd, MMOJHBIH WHBApUAHT U (hopMyIia
i gaucyia weriomedernubix MBII-rpados kiracca 2-nienb npejcrasiens B 1.2, 3 u 4. B 1.3
OTIMCAH MTOJIMHOMUAJIBHBIN aJITOPUTM BBIYUCIEHUS UX TOJIHBIX NHBAPUAHTOB.

1. Tunsr MBII-rpadoB kJjacca 2-menb u UX CBOMCTBaA

Beeném HeoOxomnmble ob6o3HaueHust u onpejeienns. Besne nanee gepes G(V, E) obo-
3HAYAETCS KOHEUHBIN HEOPUEHTUPOBAHHbBIN CBS3HBIN rpad G 6e3 mereb U KpaTHbIX pédbep
¢ MHOXKecTBOM BepiinH V' u MHOX)KecTBoM pédbep E. Hucso Bepiun u pédep rpada o60-
snavaercs depe3 n(G) = |V| u m(G) = |E| coorBercTtBerHo. Bee OCHOBHBIE T€PMUHBI
0603HAYEHNs IPUBOJIATCS B COOTBETCTBHUH C [3].

[Tonubrit rpad u3 k BepiuH ecTh k-depeso; k-aepeBo ¢ n+ 1 BeplInHaMu 101y daeTcs U3
k-nepeBa ¢ n BepimHAMU IIyTEM J00ABICHIS B HETO BEPIIUHBI ¥ U k pEGEP, COETUHSIONINX
BEPIINHY ¥ CO BCEMU BEPIIMHAME HEKOTODOil Kiukn pasmepa k (k-xauku) [6].

IIpocmuvim k-depesom HazbiBaeTcst k-I1epeBo, B KOTOPOM Ji0bast €ro k-KJINKa SIBJISIETCS
noarpadgom we 6osee nByx (k + 1)-kmuk. IIpocroe k-mepeBo ¢ aByMsi CHMILIHIITATBHBIMEI
BepIIMHAMHU eCTh 2-uyenv [12].

Brympennum epagom Int(G) MBII-rpada G HasbiBaercs cBa3ublil rpad, 06pasyomuii-
csl TIocJIe yJiasieHnst Bcex BHenmHuX pébep rpada G [7]. I'pad muna «eycenuyas (wim mpocto
2Ycenuya) — 9TO JepeBo, B KOTOPOM YIaJleHHe BCeX BEPIIMH CTereHn 1 MpuBONUT K 06pa3o-
Bauuio mpocroii renu [15]. TIpocrast nems, octafomasicst mocye yaaleHnst U3 IYCeHUIbl BCeX
BEpIINH CTeleHn 1, HA3bIBAETCA CNUHOM. BepHmmHbl crereHn 1 Ha3bIBAIOTCA KOHUEEHLMU
BEPUWUHAMU TITH AUCTNDAMU.

Hynonbueiii rpad G(A U B, E) nassiBaerca BA-naanaprovim, eCiam ero MOXKHO YJIO-
JKUTHb Ha IJIOCKOCTH TaK, YTO BCE BEPIIMHBI PA3MEIEeHbl Ha JBYX MapaslieIbHbIX JIMHUSX
(BepIuHBI W3 MHOXKeCTBa A Ha OJ[HON JIMHWUU, & BEPIINHBI U3 MHOXKeCTBa B — Ha JPyToii)
0e3 mepecedeHUil pédep M KaxKjoe pedpo SABJIAETCS OTPE3KOM IPIMOil. Y¥Ke YI0yKEHHDIM
TakuM obpaszom rpad HasbiBaercs naockol BA-ykaadkot rpada G(A U B, E) nm BA-
naockum epagom [8].



O MaKCcUMasibHbIX BHELLIHENIOCKUX rpad)ax C AByMA CUMNANYNAJTIbHbIMW BEPLUNHAMU 97

I'pad G naswiBaercs LL-naanaprvim, €Ciu €ro MOXKHO YJIOXKUTH Ha IIJIOCKOCTH TaK, 9TO
BCE BEPIIIHBI PA3MEIEHBI HA JIBYX MAPaJIIEIbHBIX JIMHAAX 03 repecedeHnit peoep n Kaxk i0e
pedpo ABJISIETCST OTPE3KOM MPAMOM. Y2Ke YIOXKEHHBIN TaKuM o0paszoM rpad Ha3bIBaeTCs
naockoti LL-yxkaadkoti rpada G(V, E) nim LL-naockum epagom [8].

T'amunrvmonosoti cmenennot nocaedosamesvrocmuvro MBII-rpada naszbBaeTcs crmcox
D = (dy,ds,...,d,) creneneii BepimH rpada, yHOPsiOYeHHBII B COOTBETCTBUN C HOPSI/I-
KOM CJIEJIOBaHUS BEPIIUH B TaMIJIBTOHOBOM IHKae H = (vy,vq, ..., Uy, v1). B pabore [10]
ITI0Ka3aHO, YTO TaMHUJIbTOHOBA CTelleHHas IocseaoBarebHocTh MBII-rpada sBiasercs ero
ITOJTHBIM UHBAPUAHTOM.

Ocuoguble cpoiicrBa MBII-rpados omucanst B |2, 4-6, 8-11|. Pacemorpum ocHoBHBIE
croiticrea MBII-rpados kinacca 2-1ernb.

[Iycrs G(V, E) — MBII-rpad kmracca 2-tens ¢ n Bepummnamu. Torga rpad G umveer e
HECMEYKHbIe CUMILTUIIA/IbHBIE BEPIIUHBI S1, So, KOTOPBIE PA3JIE/ISIIOT TaMUIBTOHOB UK O,
rpada Ha e et Pp = (81,21, %2, ..., Tq,S2) U Po = (S1,Y1, Y2, - - -, Yp, S2), JJIsI KOTOPBIX

PIUP2:Cn> PlﬂP2:{$1a82}7
X = {ZEhZL’Q,...,ZL‘a}, Y = {y17y27°"ayb}' (1)

Taxkum ob6pasom, MHOXKeCTBO Beprud V' cocrout u3 noamuoxkectsa V' (|[V!| = n — 2),
pase/IéHHOTO Ha jiBe Aoy X 1 Y, U CHMILIUIUAJIBHBIX BEPIINH S1, So:

V:V/U{Sl,SQ}, V/:XUY, XNY =0. (2)

MuozkectBo pébep E cocrouT m3 mojMHOKECTB BHemtHuX pédep Eo (|Eo| = n) u BHyT-
pennux péoep E; (|Er| = n — 3), npuuém moboe BuyTpentee pebpo {u, w} coeaunser mapy
BEPIIUH ¥ U W U3 MHOXKecTB X u Y:

E=FEocUE;, Eo={e:e,€C,}, Er={e:e;&C,}. (3)

DtuM ycioBusM yaosiersopsitor Tpu tuna MBII-rpados kiracca 2-nenb. 'padsr mep-
BOro Tuita OyJileM Ha3bIBaTh rpadamu TUIa «Beep», BTOPOro TUla — rpadamMu TUIA <«JIeCT-
HUIIAa», TPEThEro Tuna — rpadamu Tumna «ienby. Obpasisl rpadoB ITUX TPEX TUIIOB MPU-
BejleHbl Ha puc. | (BHyTpeHHUE DEOpa M300pa’KeHbl YTOJIIEHHBIME JIMHUSMU, & BHEITHUE
pé6pa — TOHKIMM).

Puc. 1. MBII-rpads! knacca 2-1enb: ¢ — THIIA «BeEP»; O — TUIA «JIECTHUIAY; 6 — TUIA <IEIb>
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Herpymuao 3ameruts, uro npu yiaaienuu srueraux pebep MBII-rpada nosyuaercs BuyT-
peHHuit rpad M HECKOJILKO W30 IMPOBAHHBIX BEPIIUH, KaxKJasd W3 KOTOPBIX B HMCXOJHOM
MBII-rpade 6bL1a CUMIIAITUATILHON BEPITUHOIA.

Taxum obpazom, BuyTpennuit rpad MBII-rpada npejcrasiser coboit rpad, mosydeH-
HBI y/1ajleHreM BHEITHUX PEOEP ¢ MOCIE Y IONNM yIaJIeHIeM N30 IMPOBAHHbIX BepiiuH. Vc-
[OJIb3Yysl IPUHATHIE B BbipaxkeHusx (1)—(3) obo3HaueHMsi MHOYKECTB BepIIUH U PEOEp, st
BayTpennero rpacda H nexkoroporo MBIl-rpada G kimacca 2-1enb MOXKHO HAIIUCATH

Imt(G) = H(V', Ey) = H(V \ {s1, 52}, E \ Eo).

VrBepxkaenue 1 [7|. Eciu Buyrpennunit rpad MBII-rpada — aepeso, To sror rpad
€CTh T'YCEHUIIA.
CrnencrBue 1. Buyrpennwnit rpacd MBII-rpada knacca 2-1mienb ecTb ryceHuria.

HokazaresbeTBo cieyer u3 Toro, uro s jgoboro MBII-rpada G(V, E) knacca 2-nienb
ero BuyTpennwuii rpad H (V' Ef) saBiasercs 1epeBom.

Omnpenenenne 1. B MBII-rpade G knacca 2-1ierb BepImnHbI cTelleHn 3 Oy1eM Ha3bl-
BaTh TEPMUHAJIBHBIMU BEPIIMHAMU, & BEPIIUHBI cTernenn 4 u 6oJjiee — CIUHAJIBHBIME.

Ha puc.1 TepMuHa/ibHBIE BEPIIMHBI M300paKeHbI MPOCTBIMU KPY2KKaMU, & CIUHAJIb-
HblEe — 3a9€ePHEHHBIMU.

3ameuanue 1. Herpynno 3amerutsb, 9TO mocie yiaajienus saemuunx péoep MBII-rpa-
da G kmacca 2-1enb CMHAIBHBIE U TEPMUHAJIbBHBIE BEPITUHBI Tpada Oy/IyT COOTBETCTBEHHO
BepIIMHAMHI CIIMHA U KOHIEBBIMU BepIMHaMu BHYTpeHHero rpada Int(G).

C y4éroMm BBEJIEHHOW TEPMUHOJIOTUN UMEEM:
a) BHyrpennuil rpad n-sepruanoro MBII-rpada Tuna «seep» ectbh 3Be3na S, o
¢ (n — 2) BepuHaAMU (BBIPOZKICHHAS TYCEHUIIA C OJIHO BEPIITHHON CIIUHA);
6) BryTpennuii rpad n-sepmurnoro MBII-rpada tuna «gecrHumnas ects mpocrast Melb
P,_5 ¢ (n—2) Bepmuaamu (BBIDOXKIeHHAs IYCEHUIIA C JBYMs BEPITHHAME CTeIeHH 1);
B) BHyTpenuuii rpad n-sepruanoro MBII-rpada tuna «ienb» ecTb HEBBIPOXKIEHHAS
I'YCEHUIIA.
Omnpeseum ycstoBust BodmozkaocTH 1tockoit L L-yxiragku MBII-rpados knacca 2-mienb.
st sroro ucnosib3yeM pesysbraThl, moydeHsbie B |6, 8, 16].
VrBepxkaenune 2 [16]. symnoabnsiii rpad G umeer mwiockyo BA-yKIaJKy Toria u
TOJIBKO TOrj1a, Korja (G eCTh TyCeHUIIA.
VrBepkaenue 3 [8|. syceasueiii rpad G mmer 1miockyio LL-yKiaJaky Torja u
TOJIBKO TOTJIa, KOT/IA:
1) rpad G ecTb BHEIIHEILIAHAPHBIIL;
2) cnabwiit gpoiicrennbiit rpad DV (G) Bremmensockoit yknagku G rpacda G ecThb
IpocTast Mellb.
Vreepxkaeuue 4 [6]. Jlo6oit MBII-rpad kiracca 2-nienb umeer ciaabblil JBOCTBEH-
HbII Tpad, n30MOPQHBIN TTPOCTOI TIern.

N3 yrBepxkaennit 3 u 4 BeITeKaeT
CaexnctBue 2. Jlioboit MBII-rpad xracca 2-tmienb nmeet miockyio L L-yKaky.

[Ipumep minockoit LL-yknagaku MBII rpados kiacca 2-menb mpejcraBjien Ha puc. 1, a.
['padbl, n306pakénnble HA puc. 1, 6,6, TakKe UMEIOT IIOCKYIO L L-yKJIaJKy, Jjid 3TOrO JI0-
CTATOYHO MMOMECTUTH WX CUMILIUINAJIbHBIE BEPIUHBI Ha IMapaJLIe/bHbIX JuHusaX A u B.
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CrnencrBue 3. MBIl-rpad G xnacca 2-tienb sapisiercs LL-ttockum rpadoM Toraa u
TOJIBKO TOTJIA, KOrja ero BHyTpenuuii rpad Int(G) asiasercs BA-mrockum rpadgom.

AHamusupyst BCE BBIMEN3I0KEHHOE, MOYKHO C/IeJIaTh CJIeIYIOIIHe BhIBOIBI:

a) crpykrypa un Buj (ykiaaaka) MBII-rpada kitacca 2-1ienb MOTHOCTBIO ONMPEIEISIOTCS
€ro BHYTPEHHHUM T'padoM;

6) mobeie aBa MBII-rpada kiacca 2-1emb ¢ 0JMHAKOBBIM KOJTMYECTBOM BEPIIUH OTJIH-
JaloTCA JPYT OT JPyra CBOMME BHYTPEHHUMHI TpadaMu.

2. Xapakrtepu3zarnusa MBII-rpados kiacca 2-1mienib
MBII-rpadbr umeoT cieayiomnme, IMeIonne KOHCTPYKTHBHBIN XapaKTep, CBONWCTBA.

VYrBepxkaenune 5 [5|. U3 mroboro n-seprmaaoro MBII-rpada MoxKHO oIy IuTh 1pY-
roit MBII-rpad ¢ (n + 1) BeprmHamMu oCpecTBOM J00aBI€HUsT OHON BEPIIUHBI U JIBYX
pEGEP, COEIMHSTONINX STy BEPIINHY C JIByMs BepIIUHAME pedpa, TPUHAICKAIIErO BHEITHEH
rpanu ucxoanoro MBII-rpada.

YrBepxkaenue 6. U3 yoboro n-sepmunnoro MBII-rpada MoxkHO m0/IydnuTh JApyroii
MBII-rpad ¢ (n — 1) BeprmmHAME TOCPEJICTBOM VJIAJEHUST CUMILIAIUAIBHON BEPIIUHBI 1
JIBYX MHITUJICHTHBIX eii pebep.

JlokazaTebCTBa 3TUX YTBEPKICHUI OI€BUIHBI U HEIIOCPEICTBEHHO BBITEKAIOT U3 OIpe-
nenennst MBII-rpacdor. Onucannas Beime onepanys J00aBIeHs BEPITNHBI U JIBYX PEGEp,
MHOIJIa HA3bIBAEMAsl AEMEHMAPHLLM pacuiuperuem 5], crama oCHOBOI JijIs peKypCUBHOI
xapakrepusanuu MBII-rpados [10].

JIroboit MBII-rpad, umeroruit n > 3 BepimH, MOXKeT ObITh OINPEIETEH PEKYPCUBHO
CIIeTYIOMNM 00Pa3oM:

1) Kj ects MBII-rpad;

2) eciu G ectb MBII-rpad, ymokeHblil Ha IIOCKOCTH TaK, YTO BCE €10 BEPIIHHBI MIPH-
HaJ|jlexKaT BHeITHe rpanu, a rpad G’ mosyden g06aBIeHIeM HOBOI BEPIIUHBL U JIBYX
pEGEp, COeMHLAIONINX €€ C BePIIMHAMU pedpa, PUHAJIJIEZKAIIEro BHEIIHel IPaHu, TO
G’ ecrb MBII-rpad;

3) H ectb MBII-rpad Torma m TosbKO TOT/A, KOTJa OH MOXKeT ObITh IoJIydeH u3 K
BBITIOJTHEHIEM KOHETHOM 10C/Ie/I0BATETbHOCTI OIEePAIii 2.

Haanm xapakrepusanuio MBII-rpados kimacca 2-mens. [Ijist 9Toro monaodburcs jgera-
JIN3alus paHee BBEJIEHHOIO OIPeIeICHUs 3JIeMEHTAPHOTO PACITUPEHUA.

Onpenenenune 2. SaemeHmaprovim pacuuperuem s-muna Oy1eM Ha3bIBATb JJIeMeH-
TapHOE pAacIIupeHne, MMPpU KOTOPOM HOBasd BEPIINHA COeIUHSIeTCs PEOpaMH ¢ BEpIIHHAMU
pebpa, HHIIACHTHOIO CUMILIUIINAILHON BEPIINHE.

YrBepxkaenue 7. llycrs G — MBII-rpad kinacca 2-tiens, umeroruii n Bepiu. Toraa
[IOCJIe BBITIOJTHEHUS OIEPAIUU 3JIeMEHTAPHOTO paciupenus s-tura Oyjaer mosyden MBII-
rpad G’ Kitacca 2-1enb ¢ KOJIMIeCTBOM BepIuH 1 + 1.

ZJloxaszameavcmeo. Ilycrs G— MBII-rpad kiacca 2-1ienb ¢ CUMILIAITHAJIBLHBIMEA BEP-
MUHAMI S; U So (cM. puc.2). [l BBINOJHEHUsI OMEPAIN SJIEMEHTAPHOIO PaCIIUPEHHUST
S-ThIa BbLIGEpEeM CUMILINIUAILHYIO BePIIMHY, HAIIPUMED So. JTa BEPIINHA UMEET JIBE CMEK-
HBIE C Hell BEpIIUHBI T, U Yp. BEPIUHBL X4, Yy, So U COeAUHSIONIE UX PEOPa {Tq, Yp }, {Ta, S2}
u {yp, S2} 00Pa3yIOT KOHIEBYIO I'DAHb.

BeimosinuM onepanmo 3eMeHTapHOro pPACHIMPEeHns S-THUIIA, TO €CTh J00ABUM HOBYIO
BEPIINHY S, U COJUHUM eé PEOpaMu ¢ BepIIMHAMU OJHOTO U3 JBYX DEOEp, MHIIMIEHTHBIX
CUMILIUIUAJIbHON BepIINHE So, HAPUMED ¢ BeprinHaMu pebpa {sz, z,} (uam ¢ BepumHamu

pebpa {s2, Y }).
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B rpade G’ nogsisiercst HOBasi CUMILTHIMAIbLHAS BEPIINHA Sy, TIPU ITOM OOIIEe KOJIH-
YeCTBO CUMILIUIMAJILHBIX BEPIINH HE M3MEHHUTCH, IIOCKOJILKY B rpade G BepiiuHa Sy yiKe
He sBJsieTcd cuMinmnuaabioit. CrenoBaTesibHo, B pesyiabrare mnosyydaercd nosbrit MBII-
rpad G’ kinacca 2-1emnb ¢ KoJmaecTBoM BepiuH n + 1 (puc.2). |

Puc. 2. Onepariust 5;1eMEHTAPHOTO PACIIUPEHNs! S-TUIIA; J0OABIICHIE HOBO
BEpIIUHBI cyieBa (a) u cipasa (0) oT KOHIEBOI rpanu {4, Y, S2}

Sameuanue 2. Ilycrs G — MBII-rpad, nmetonuit n sepmun u Kg(G) cuMimimaib-
HBIX BepimuH. Torjaa 1mociie BBIIOJHEHUS OIePAIlnK 3JIEMEHTAPHOIO PACIIUPEHUS, HE SIBJIfA-
fomelics oneparueii s-tuta, oyger noayden MBII-rpad G ¢ kommuectsom Bepiua 1+ 1 n
C KOJTMIEeCTBOM cUMILTUIMAIbHbIX BepimH Kg(G') = Kg(G) + 1.

Ha puc. 2, a B kKauecTBe npumepa upeacrapien MBII-rpad kmacca 2-1ienb ¢ cuMInmmim-
AJIbHOW BEPIIUHON S3, JI00ABIEHHON IIPU BBIMTOJIHEHUH OTIEPAIlIU 3JIEMEHTapHOIO pacIIupe-
HUs, HE SBJIAIONIEHCs olepaleil s-THia.

[To anasorun ¢ TepMuHOM «6a30Bast KauKa k-JepeBa», BBJIEHHBIM B |7], Jajum ormpe-
nenenne 6aszosoro noarpada MBII-rpada kiaacca 2-memnb.

Onpepenenune 3. Iloarpad Gy MBII-rpacda G knacca 2-miens, nMmeromnuii ng > 4 Bep-
IIUH, HA3BIBAETCS 6a306biMm nodepagom (6a30h) rpada G, ecin on seasiercs MBII-rpadom
KJ1acca 2-1ellb, WHIYIIUPOBaH Ng BepmuHamu G 1 ogHO# n3 BepiuH G SIBJISIETCS CUMILIN-
nuajbHag BepiuHa G.

s rpada, n306parkEHHOI0 Ha puc. 1, 8, 0a30BbIME HOATIPadhaMi SIBJISIOTCS oA PadBbI,
WHyIIUPOBaHHble Bepmunamu 1, 2, 3, 4, wian Bepmunavu 1, 2, 3, 4, 5, u 1. 1.

YrBepxkaenune 8. Ilycrs Gy — MBII-rpad xmacca 2-miens mopsiaika ng = 4, k > 1 —
resioe ymncyo. Torga cinpaBe BB CIIEYIONINE YTBEPKIEHUS:

a) J00oit n-BeprmHHbI (N = ng + k) MBII-rpad kracca 2-nenb, nmerormuii 6a30BbIit
noarpad G, MOXKHO 1TOJTyanTh n3 rpada Gg OCPEeICTBOM MOCIEI0BATETLHOTO TTPHU-
MeHeHUs k orneparuii 3/leMeHTapHOIO PACIINPEHHsT S-TUIIA,;

6) KOJIMYECTBO BAPDMAHTOB TAKOIO IIOCTPOEHHsI paBHO 2" "0,

Zloxazameasvcmeo. PaccMoTpum mporiece BBITIOJTHEHUST TIOCIEI0BATEILHOCTH k Omtepa-
Ui 3JIEeMEHTApPHOTO paciupenns s-tuna. /s coxpanenus 6aszoBoro nogrpada G j106aB-
JIEHE HOBBIX BEPIIUH B 9TOM IIPOIECcce JIOJKHO MPOU3BOIUTHCA TOJBKO CO CTOPOHBI OJIHOI
CUMILTHITUAIBLHON BepimuHbl Gy Tak, 9TOOBI Jpyrasl ero CUMILIAIHAAIbHAs BEpIINHA BCe-
IJa OCTaBajaach CUMILIAIMAILHON. [lycTh 3TOT mporecc nMmeer HekKoTOpOe KOIM4IecTBO Np
peasm3aruii (BApHAHTOB) €ro BBIMOJTHEHUS.
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O6oznaunm uepe3 G,.1,Gr o, . . ., Gr MBII-rpadet, nomyuaemsie u3 Gy mocsie UCIOIHe-
HUS 1I€PBOIi, BTOPOI, ..., k-il oneparum 3JIeMeHTapHOIO PACIIUPEHUs S-THUIIa B -l peasiu-
sanuu. VI3 yrBepxkenus 7 ciaemyer, 9To mjist aoboit r-it (r = 1,2,. .., Ng) peanmsanuu Bce
stu rpads! geisores MBII-rpadamn kracca 2-nens u aucio n(G,.;) Bepumu rpada G,
i=1,2,...,k, onpenenserca oipazkenueM n(G,;) = n(G,;—1) + 1 = n(Gy) + i.

CitetoBaTesibHO, JIJIsd JIIOOOM r-if peajim3aliuu 10ocjie BBIIOJHEHUs Kk oneparuii 3/ieMeH-
TapHOT'O PACIIUpPEHnd s-TUlla OyneT nosydeH n-sepummaneiii MBII-rpad G, kn1acca 2-mens
¢ 6azoBbiM TIoIrpadom Gy, KomniaecTBo BO3MOXKHBIX BAPUAHTOB TAKOTO ITIOCTPOEHUST PABHO
N = 2k = on—mo g

Herpynno 3ameruts, uro Benuunna Np sBJI€TCS BEPXHEN OIEHKONH YNC/Ia HEOMeYeH-
ubix n-pepmuaabix MBII-rpados kiacca 2-mienb, nmeromux 6a3oBbiit mogarpad Gy.

VTBepxjenud 7 u 8 OTpayKaloT KOHCTpyKTuBHBIe cBoiicTBa MBII-rpados kiacca
2-nienb, anajorundnbie ceoiicrBaM MBII-rpados, omucanubiv B yrBepKaeauax b u 6. Ho mpu
9TOM HMCXOHBIM 3JeMeHTOM it roctpoenuss MBII-rpados kiacca 2-1ienb gBiigercs 4-Bep-
munnblit MBII-rpad, momydennblii yaaaeHueM oJiHOro pedbpa u3 moJiHoro rpacda Ky, Koto-
pblit obo3HavaoT depe3 Dy 1 HA3BIBAIOT rpadOM JTUAMOH/I.

Yr1BepxKaenue 9. Jlwoooit MBII-rpad kiracca 2-mienib ¢ n > 5 BepHIMHAMU HUMEET
rpad D, B KauecTBe 6a30BOro moarpada.

Joxazameavcmeo. U3 yrBepxjenus 4 cjejayer, 4YTO CJaadbI JIBONCTBEHHDIN
rpad DY (G) rpada G umeer jBe KOHIEBbIe BepIIMHbLI CO CTEIEHBbIO 1, BCe OCTAIbHBIE
BepimHbl uMmeror crerenb 2. CrenoBaresbio, B rpade G ecthb e rpanu (Oy1emM Ha3bIBATDH
UX KOHIIEBBIMH), KaxKJas M3 KOTOPBIX CMEXKHA C OJIHON I'DAHbIO, IPUYIEM B KAXKIYIO KOH-
[IEBYIO T'PAHb BXOJIUT OJIHA CUMILIUIUA/IbHAs BepiinHa. Bee rpanu rpada G TpeyrosbHbIE.
Takum obpazoM, KOHIIEBasl 'paHb BMECTe CO CMEXKHOI eii rpanbio obpazyer nogrpad Dy,
KOTOPBIi gBjIsieTcss 6a30BbIM mToarpacdom rpacda G. B

YrBepxKkaenue 10. ['pad G, umerommit n > 4 BepmmH, sgBigerca MBII-rpadom
KJIacca 2-IIellb TOTIa U TOJIBKO TOTJIA, KOT/Ia OH sIBJIsSIeTCsI rpadoM AuaMOHI [y WK IOy YeH
u3 D4 ¢ TOMOIIBIO0 KOHEYHON II0C/I€I0BATEILHOCTH SJIEMEHTaPHBIX PACIIUPEHMI S-THUIIA.

Zoxazameavcmeo. Heobxomumocts. [lycrs G — MBII-rpad kiracca 2-niens. Torma u3
pekypcusnoro onpejesenust MBII-rpacdos cienyer, uro G MOxKHO 1OJTy9uTh 13 rpada K
IIOCPEJICTBOM k ollepaliuii 3/ieMeHTapHOro paciupenus. HeTpyHo 3aMeTuThb, 9TO oreparus
9JIEMEHTAPHOT'O PACIINPEHUs, BBINOJHAeMas Ha rpade K3, dBjsgeTcd omneparueil s-Twura,
B pesy/brare Koropoii mosydaercs MBII-rpad D,4. Takum obpazom, rpad G mosrydaercs n3
MBII-rpada D, nocpencrsom Boinosinenust (k — 1) onepanuii 3/ileMeHTaAPHOTO PACIIAPEHUSL.

U3 3amevanus 2 ciemyer, uto Bee (k — 1) omeparun 71eMEHTAPHOTO PACIIUPEHUST TOXKE
JIOJIKHBI OBITH OIEpaIusiMU S-THIIA, TOCKOJIbKY B IMPOTUBHOM ciydae rpad G ne ObL1 ObI
MBII-rpadom kitacca 2-1ienib. KomdecTBo oneparinii 3ieMeHTapHOTO PACIIUPEHNs S-THUIIa,
BBINOJTHsIEMBIX TIpU niocTpoennn rpada G u3 Dy, pasao (n — 4).

Hocrarounoctsb. Ilycts Dy —rpad guamons, k > 1 —1menoe unciio. OdeBugno, 9o Dy
ectb MBII-rpad kiacca 2-miensb ¢ gerbipbMs Bepiunamu. [lo yrBep:xkienuio 8 us rpada Dy
ITOCPEJICTBOM k-KPATHOTO BBITIOJTHEHUS OTEPAIMH 3JIEMEHTAPHOTO pacIIupenus s-Tuma Oy-
JIeT ToJTy9eHo MHO)KecTBO Mg Beex n-sepmuHHBIX (n = 4+ k) MBII-rpados kiacca 2-1ierb,
nmeromux rpad Dy B KadecTBe 6a3oBoro nogarpada. Jlokazkem, aro B MHO)KeCTBO M BXO-
14T Bce n-Bepiunabie MBII-rpadnr kiacca 2-1enb.
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Ot nporusnoro. Ilpeanosnoxkum, uro cymectsyer n-epimunbiii MBII-rpad kiracca
2-1enb, He NpUHaIeKanmit MuoxkectBy Mg, T.e. He umelonuii [y B KadecTBe 6a30BOrO
noarpada. Ho o yreepxkienuio 9 Takoe HEBO3MOKHO. B

YrBepxkaenue 11. Ilycrs G — MBII-rpad knacca 2-niernb, numeromnuit n 2> 5 BEpPIINH.
Torna cripaBe i IUBbI CJIEYIONINE YTBEPK ICHUS:

a) U3 JIBYX BEPIINH, CMEXKHBIX ¢ CHMILIUIIHAIBHOI BEPIIUHOM, OJIHA ABJISETCS CIINHAb-
HOM, a JApyrad — TepMUHAJIbLHO;

6) mocie ynanenns u3 G cuMIUIAIIAIBHON Bepinuabl Oy1et nosryden MBII-rpad kiracca
2-11e11b ¢ KOJIMYECTBOM BepiuH 1 — 1.

Joxazameavcmeo. Ilycrs G — MBII-rpad kinacca 2-1ierib, S; — 0JiHA U3 €0 CUMILIH-
[UAJTBHBIX BEPIIUH, X, Y, — BEPIIMHBI, CMEYKHBIE C So.

a) Paccmorpum pacipe/iesieHue crereHeil BEpInH, CMEXKHBIX ¢ BEPIIUHOI Sy. [Ipu aToM
BO3MOKHBI TPHU CJIydasi paclpe/IeJieHus CTelleHel BEPIHH L4, Yy (pUC. 3).

B mepsom cirydae (puc. 3, a) BEPIIHHBI T, Y nMeIoT crernenn deg(z,) > 4 u deg(y,) = 4.
Bo Bropom cityuae (puc. 3, 6) BEPIIUHBI X4, Y, UIMEIOT CTENeHN paBHble 3, TO ecThb deg(z,) = 3
u deg(y,) = 3. U B Tperbem ciayuae (puc. 3, 6) deg(x,) > 4 u deg(yy) = 3 nim deg(z,) = 3
u deg(yy) > 4.

[TepBorit cityvait HEBO3MOXKEH, TaK Kak B 3ToM ciydae rpad G He mtockuii. Bropoit
caydail HEBO3MOXKEH, TaK Kak B 3ToM ciydae rpad G we MBII-rpad, mockonbKy ogHa u3
ero rpaneit He TpeyrosibHasg. CjemoBaTe/IbHO, BO3MOXKEH TOJBKO TPETUil ciiydail u, B COOT-
BETCTBUHU C OIpeJieJieHueM 1, OJlHA U3 BEPIIUH T, Y, SABJIAETCI TEPMUHAILHOM, a JIpyras —
CHUHAJIbHOIA.

Ky S S
2 2 2

X & Doy, X V., X & Dy
% 7

oz

)cly1 X, Y, xly1
Sl Sl Sl
a 8

Puc. 3. Pacnpenenenune creneneit BepIIuH Tq, Yp, CMEZKHBIX ¢ CHMILIAIINAJIBHON BepIuHoit s MBII-
rpada Kiacca 2-1elb: IepBblii ciay4vaii (a), Bropoii cay4aii (6), Tperuii ciay4daii (6)

6) ITo cBoiicTBY II. & TOJILKO OJIHA U3 BEPIIUH, CMEKHBIX C Sp, UMeEeT CTereHb 3. VIMeHHO
9Ta BepIIUHA I0C/Ie yIaJeHusl BEPIIUHbI Sp CTAHeT CUMILIUIMaIbHON. /Ipyras Bepiinna
(¢ GoJibIIell CTENeHbI0) He OYIeT CUMILIUIUATLHO. W

3. Ilonnwrii naBapuanT MBII-rpadoB Kjacca 2-1iemnb

Tax xkak ykaajka MBII-rpacda moaHocThio omnpejiensieTcss ero BHyTPEeHHUM TI'padoM,
€CcTeCTBeHHO onpejesarh noJnblit maBapuanT MBII-rpada 2-nens depes mnoJinblit mHBA-
puanT ero BHyTpenHero rpada. [losTtomy paccmorpum cBoiicTBa rpadoB THIla T'yCEHUIIA,
ITIOCKOJILKY OHU sABJIsTioTcA BHyTpennumu rpadamvu MBII-rpados. Beeném nekoropyio unc-
JIOBYIO XapaKTePUCTUKY TYCEHUIIBI.
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Onpegnenenne 4 [17). Ilycrs T —rycemuma co cuunoM (wi, Ws,...,w,). Torma
S-KOJIOM TIyCeHHuIbl 1 HA3BIBAETCSA IIOCJICI0BATEILHOCTL HEILIX HEOTPHUIATEILHBIX THCEN
(t1,ta,...,ty), 1€ t; €CTH KOJIMYECTBO BEPIINH CTEHEHH 1, CMEXKHBIX ¢ w; B 1.

Mot kaxkgoro @ = 1,2, ..., q Bemunna t; u crenenb deg;(w;) BEPIIUHBI w; CIUHA CBSI-
3aHbI CJIEIYIONUMHI COOTHOITEHUSMU:

= degT(wl) - 17 tq = degT(wq> - 17 t; = degT(wz) - 27 S 27 37 s g — L.

CyMMa BCeX BEJHUHH ty,to, .. ., t, OIpPeIe/IseT KOJIMIeCTBO N KOHIEBLIX BEPIINH Iyce-
HUnbL. J1JIs n-BepIIMHHON IYCEHHIBI ¢ KOJIUYIECTBOM BEPIIMH CIMHA ¢ BEPHO Ny = N — ¢.
B pasbheiinem s-koj, ryceHulis Oyjiem obo3Hadars depes S(T).

OueBnHO, 9TO JII0OAsT HEBBIPOXK IEeHHASA I'yCeHnIa 1 MMeeT JIBa S-KOJIA:

SUT) = (trtas o oty)s Sa(T) = (tgrtyots- .. 1)

B kauectBe npumepa paccmorpum BayTpennne rpadst MBII-rpados, n3o06pakénubix ma
puc. 1. I'pad 3Be31a S5, KOTOPHI siBisiercs BHyTpeHHnM rpacdom MBII-rpada tuma «Beep»,
nmeer s-kox S(S5) = (4), rpad Py — BayTtpennnii rpad MBII-rpada tuna «iectauay —
MeeT J[Ba OJMHAKOBBIX S-KOJA!

S1(Ps) =(1,0,0,0,0,1), Sy(Fs) =(1,0,0,0,0,1).

Buyrpennuit rpad T’ rpada, m3obpazkéHHOrO Ha puc. 1,6, mMeer JjBa pas3HBIX S-KOja:
SH(T') = (2,1,2,0,0,1) u Sy(T") = (1,0,0,2,1,2).

B [17] npe/yiozkeH0 HCTIOB30BaTh YHUKAIBHBIN ¢-KOJ| I'yCeHuIIbl 1’ KakK JIeKCHKorpadie-
cku MakcuMasibHbIi u3 ero kKojoB S1(T) u Se(T). Tak, c-ko BayTpernero rpada T rpada,
n300pazkénnoro Ha puc. 1, 6, pasen Si(71"), To ectb ¢(T") = (2,1,2,0,0,1), mocKOIBKY u3
ero nByx s-Ko70B S1(1") u So(T") xom S1(T") nekcukorpaduaeckn MaKCHMAJIbHBIA.

HerpynHo 3ameTuthb, uTo 10 rycenute 1’ oJHO3HATHO onpeeisercs eé c-kox ¢(T'), a 1o
C-KOJLy OIIPEJIE/ISCTCS T'yCCHUIIA.

Jlemma 1. Jlpa rpada tuna «rycenuriay 1) u Th m30MopdHBI TOra U TOJIHKO TOTJIA,
korya ¢(17) = c(Ty).

Zlokazameavcmeo. Heobxomumocts. JTokazkem, 9To 10 TYCEHHIIE OJIHO3ZHAYHO IOy Ya-
ercst €€ c-KoJl. JleficTBUTEILHO, 110 ONPEJIE/IEHIIO C-KOJIa, IOPSAIOK CJIeI0OBAHNS U BEJTUINHBI
9JIEMEHTOB C-KOJIa OIIPEJIEIAIOTCS MOPSAIKOM CJIeJI0OBAHUS U BEJUIMHAME CTEIeHel BepIInH
CIIMHA W He 3aBUCAT HU OT HyMepaIy BEpIIMH, HU OT CIOcOba yKJIaJKu I'yceHurpl. Ecam
nBe Tycerunbl 17 u Ty m30MOpPdHBI, TO MEXKJIy MHOYKECTBAMH UX BEPINUH €CTh B3aUMHO
OJTHO3HAYHOE COOTBETCTBUE, COXPAHSIIOIIEE CMEXKHOCTD 1 crereHn BepiuH. Cie10BaTeIbHO,
UX C-KOJIbl PaBHBI JApyT jipyry, To ecthb ¢(17) = ¢(T3).

Hocrarounocts. JlokaxkeMm, 9TO U3 C-KOJa OJHO3HAYHO IIOJIydaeTcs TyceHuna. llycrb
umMeeM ¢-Kof (cq, Ca, - . ., ¢4). 1o HeMy cTponTCst IpoCTast MENb ¢ BEPIIMHAMA Wy, Wa, . . . , Wy.
BaTeM K KaxKJI0if BepIuHe w; T00ABJISIETCSI ¢; BEPINNH, KayK/asi M3 KOTOPBIX COEJIMHSIEeTC S
pebpom ¢ BepiuHoit w;. [losiydennsrit rpad dBiigeTcsd TyceHUIei, B KOTOPOH KazKJIOMY
9JIEMEHTY ¢; C-KOJIa COOTBETCTBYET OJIHA BEPIIUHA W; CIUHA U IMOJIMHOKECTBO U3 ¢; KOHIIEBBIX
BEPIINH, CMEXKHBIX C BepIuHOi w; (puc.4,6).

CuieioBaTeIbHO, U3 JBYX PABHBIX JAPYT JAPYIY C-KOJOB IIOJIYYalOTCA JIBE€ M30MOpPQHbIE
ryceHuribl, To ectb u3 pasercrsa ¢(T7) = ¢(Ty) crenyer T} = Ty, m

Jlerko mokasarhb, 9TO aJrOPUTM HOCTPOEHHs I'YCEHUIBI 110 €€ C-KOJLy MMeeT BPEMEHHYIO
caoxuoCcTbL O(n).
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Puc. 4. MBII-rpad knacca 2-niens (a) u ero BuyTpennnii rpad — rycenura (6)

N3 jemmMbl 1 cieyer, 9To ¢-KOJI TYCEHUIIbI ABJISeTCsI €€ TOJTHBIM NHBAPUAHTOM U JII00ast
I'yCEHHIa MOXKET ObITh OJIHO3HAYHO BOCCTAHOBJIEHA 11O €€ C-KOJTy.

JlokazkeMm, 9TO KOJI I'yCEHHIIbI siBjsieTcsd u moJinbiM nnBapuanTom MBII-rpada kiracca
2-11el1b, JIJIsI KOTOPOTO T'YCEHUIa ABJIsieTCsl ero BHyTpeHHuM rpadom. /s sroro cragasia
JIOKAXKeM CJIEJIYIONLYIO JIEMMY.

Jlemma 2. U3 c-xoma rycenunnsl 1o omnosnadno nosydaercds MBII-rpad G kiracca
2-11el1b, JIJIsI KOTOPOTO T'yceHuna 1o sABaseTcs BHYTPEeHHUM rpadom.

Jloxaszameavcmeo. Ilyctb nmeem rycenuity To ¢ OOIUM KOJMYECTBOM BEPIIUH P,
KOJIMYECTBOM ¢ BEDIINH CIHHA U C-KOJOM (C1,Ca, . . ., Cq).

[Inockast BA-ykmagka TyceHUNbl 1o BIs€TCd BHYTPEHHHM rpadoM HEKOTOPOro
LL-mockoro MBII-rpada G kiacca 2-nienib nopsiika n = p + 2. OupejiesiuM CTpyKTYpy
rpacda G. OHa MOJHOCTHIO OINPEIEIIeTCs TI0CKONH BA-yKIaaKoi ero BHYTPEHHEIO I'pa-
da Te (em. puc. 1 u 4). Orcioza, ucnoib3ys yreepxKaenne 11,a u IBYJ0JIbHOCTD I'YCEHHUIL,
HETPY/IHO MOKa3aTh, 9YTO rpad G uMeeT CJIeIyIoIIre CBOHCTBA:

1) mepBas crmHaJIbHAsI BEpIIUHA W OJHA M3 CMEXKHBIX C Hell TePMUHAJBHBIX BEPIIHH
HCIOJIB3YIOTCST TIPU CO3JIAHUN CITUCKa pébep KoHieroii rpanu {1, 2, 3};

2) TepMUHAJIbHBIE BEPIIMHBI, CMEXKHbIE C i-i crimHabHON BepuuHoil, u (i + 1)-s1 cru-
HaJIbHas BePIINHA HaXOJATCAd Ha OJHON JIMHUM, OTJIMYHONW OT JIMHWH, Ha KOTOPOit
HaXOUTCS 4~ CIIMHAJbHAS BEPITNHA;

3) ecJim TPOHYMepOBATh CIUHAJbHBIE BEPIINHBI (B MODSJIKEe UX CJIEJ0OBAHUS B CIIHHE)
qucsgaMu 1,2, ..., ¢, TO BCe BEPIIMHBI ¢ HEYETHBIMUA HOMEPaMU OY/IyT PACIOIaraTbCs
Ha OJIHOI JIMHUU, & C YETHBIMU HOMEPaMu — Ha JIPYTOMH.

Taxum obpazom, ipejytaraeTces cieyiomuii aaroputM nocrpoerus MBII-rpada kimacca
2-1enb U3 ¢-Koza ¢ = (C1,Ca, ..., Cy):
1) Iocrpouts gpe mapasutesnbHble Juann A u B; mocrponts rpad K3 ¢ BeprumHamm
1, 2, 3; upu nocrpoernu rpacda BepliimHy 2 pa3sMecTUTb Ha JuHUU B, BepimHy 3 —
Ha JuHEM A Tak, 4Tobbl pebpo {2,3} pacrnosaraaock BepTHKaIbHO, & BepiinHy 1 —
ciieBa ot pebpa {2, 3}.
2) st i =1,2,...,q BBIIOJHUTH CJIEYIONINE JIeHCTBUS:
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a) OIpeJeTUTh KOJUIeCTBO k; 100aBISeMBbIX BEPIIUH O CJICIYIONIIM BbIpazKe-
HusaMm: ecm i =1luqg > 1,10 k; =cj;ecmi=1uqg=1,10 kj = 1 — 1; ecimn
l<i<gq,mok;=(c;+1); ecmui=gq, 10 k; =cy
6) BBIIOJHUTH k; pa3 Oleparyio 3JeMeHTaPHOIO PACIIUPEHUsT S-THUIA; KayK1asi
JobaB/IsieMasl BepIInHA COeMHAETCs IBYMsI pEOpaMU C IOCTIeTHIMHI BEPIIH-
HaMM, HAXOISIIUMUCA Ha JuHusAX A, B, m pa3smemaercd Ha OIHONW U3 STUX
JIMHUI B 3aBUCUMOCTH OT YE€THOCTU HOMEPA %.
3) lobGapisteTcst HOBast BepInHa U JBa pebpa, COeIUHSIIONTE €6 ¢ IBYMsl MOCJIeTHIMEI
BePIIMHAME, HAXOIANUMICS Ha JUHUSIX A n B.

JIerko BUJIETD, 9TO MPEJJIOKEHHBIN aJropuTM 1o3BoJigeT nocrpoutsh MBII-rpad kiac-
ca 2-Telb 0 C-KOJIy €ro BHyTpeHHero rpada, sBisomierocsa rycenurieit. O IHO3HATHOCTD
TaKOI'0 TIOCTPOEHUS CJIeyeT U3 JIeMMbI 1. |

Omnpejie/iuM BpeMEHHYO CJIOYKHOCTD aJIropuT™Ma. AJITOPUTM UMEET OJIMH BHEITHUN 1 OJIHH
BJIOXKEHHDIN UK. BHemnuii ks BeinosHsgercs ¢ pa3. Komudectso k; mosTopenuit Bjio-
JKEHHOT'O TUKJI (JJ1s i-#f WTepaly BHEITHEro IUKJa) PaBHO k; = ¢;+ 1l pu i # q u k; = ¢;
npu ¢ = 1 u i = ¢q. Ob6IIee KOIUIECTBO BBIOIHIEMbIX UTEpaIuii paBHO

q q
dYla+1l)—2=>c+@—2)=n;+(q—2)=n—4.
i=1 i=1
CretoBaTeIbHO, BpeMeHHasl CJIOKHOCTH ajropuTMma mnosiaydennss MBII-rpada kiracca
2-ienb 3 c-koza pasua O(n).
W3 memmbl 2 BeITEKaACT crieftytoriee yrBepxkaeaue oo uzomopdusme MBII-rpados kiracca
2-11€e1Ib.

Jlemma 3. JlBa n-sepmunnbix MBII-rpada kiacca 2-1ierb n3oMop@HbBI TOT/Ia U TOThb-
KO TOT/Ia, KOTJIJa N30MOP(MHBI UX BHYTPEHHUE I'DadBbI.

Zloxazameavcmeo. Heobxomumocts. [Iycth nmeem aBa m30MOPQMHBIX N-BEPITUHHBIX
MBII-rpada G u G, kiacca 2-1ienb, a 11 u Ty — ux BHyTpeHHUE IPadbl, ABJISIONNEC Ty-
ceanriamu. Tak kak BHyTpeHuue rpadnt 171 u T, nosydennst u3 rpados Gy u Gy yiaaeHuem
n BHemHuX péoep, To nzomopdusim MBII-rpacdam oiHO3HAYTHO COOTBETCTBYIOT N30MOP(d-
Hble BHYTpeHHHUe rpadbl, To ecTb ecn G = Gy, 1o T) = Th.

Hoctrarounoctsb. Ilycts Ty u T, — uzomopdubie BHyTpenuue rpadnl rpados Gy u Gs.
[To siemme 1 rpadnt 17 u Th, ABJISIONIMECST IYCEHUIIAMEI, IMEIOT OJIMHAKOBBIE C-KOJIbI, TO €CTh
c(Ty) = c(Ts). U3 nemmbr 2 ciiefyer, 9To u3 c-Kojia rpada Tuma «rycenurias 1. ¢ p Bepiu-
HAMHJ MOYKHO C TOYHOCTBIO JI0 M30MOPGU3Ma MOCTPOUTE Nn-BepIiuHHbIil (n = p + 2) MBII-
rpad G kmacca 2-menb, i kotoporo 1, Oymer BHyTpeHHUM rpadom. CreaoBaresibHO, U3
JIBYX ouHakoBbIX ¢-KozoB ¢(T1) n ¢(T3) nomywarorcs nsa nzomopdubx MBIl-rpada Gy
u (9 Kiacca 2-1emb, To ecTb ecyit 17 = T, o G1 = Go. m

U3 pmemm 1 u 3 cjeayeT CIIpaBeJ/JIMBOCTD CJACAYIOUIECI'O YTBEP2KJICHNA.

Teopema 1. /[IBa n-pepmunnbix MBII-rpada G; u G5 Kitacca 2-1ieib ¢ BHyTPEHHIUMUI
rpacdavu T u Th m30MopdHBI TOT/Ia U TOJIHKO TOTJIA, KOIJIa PABHBI C-KOJIbl MX BHYTPEHHUX
rpados T} u Ty, 10 ectb G = Gy < (1Y) = ¢(Th).

Takum 06pa3oM, ¢-KoJi ABJISETCsI TIOJHBIM UHBAPUAHTOM JIJIs TyceHuIl (JieMMa 1) u jiyist
MBII-rpados kracca 2-tens (Teopema 1).

[Honyuennstit nostabiit naBapuanT MBII-rpada kinacca 2-menb oryindaercs OT MOJTHOTO
MHBApUAHTA, ONUCAHHOTO B [10], KaK 110 KOJIUIECTBY €ro 3JIEMEHTOB, TaK ¥ 110 UX 3HATCHUSIM.
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Herpynno 3aMeTuTh, 9TO C-KOJ SABJISI€TCS JIMHEHHBIM CIIMCKOM B OTJIMYHE OT T'aMHUJIbTOHO-
BOII CTEIIEHHO 110C/Ie/I0BaTEIbHOCTH, KOTOPasi sIBJISIeTCA MUKJIMIECKUM CIIMCKOM. [losTomy
KOJTMYECTBO 3JIEMEHTOB C-KOJIa MOYKET OBITh JIETKO YBEJMYEHO TOCPEJICTBOM JT00ABJICHUS
HOBBIX CUMILIHITUAIBHBIX BEPIINH.

[IpuBeném anroputm pacuéra mosgHoro napapuanta MBII-rpados kiacca 2-menn. By-
JIeM HUCXOJUTh u3 Toro, 4ro s Joboro MBII-rpacda kmacca 2-menb ero c-Koj orpe-

JIeJISeTCST U3 [OCJIe/OBATEIbHOCTH CIMHAJBHBIX BEPIINH Wi, Wa, ..., W, 110 UX CTCICHIM
degq(wy), dega(ws), . .., degq(w,). HeitcrBurensno, 8 MBIl-rpade G kimacca 2-miens npu
q > 1 nya xaxxgoro ¢ = 1,2,...,q Besmunna t; u crenendb degq(w;) CIUHAIBHON BepIn-

HBI W; CBS3aHBI CJICIYIONUMU COOTHONICHUAMME:
ty = degg(wy) — 3, t, =dega(w,) —3, t; =degg(w;) —4, i=2,3,...,q—1. (4)

B ciyqae, korma B MBII-rpade ectb To/1bKO O/1HA ClIMHAIbHAS BEPIIHHA, TO €CTh TIpu ¢ = 1,
JUTA t1 BBITIOJIHSAETCS PABEHCTBO

t; = degq(wq) — 2. (5)

C yuérom 3roro ayroputM nojydenus c-koga MBII-rpada kinacca 2-miens coctout u3s ce-
AYIONIUX ITaroB:
1) cozmarh cimcok D creneHeil BEpIyH, CIIUCOK P = {$1, Sg } CUMIUIAIMATBHBIX BEPITHH
u OIIpeJeJIUTh KOJIMIECTBO ¢ CIIMHAJIbHBIX BEPIIINH,

2) ompeJesIUTh JIBe BEPIIUHBL G U b, CMEXKHBIE ¢ CUMILIUINAIBbHON BepinHoit s1 = p(1);
3) u3 JABYX BepUIMH ¢ U b BHIOpATH OJHY CIHUHAILHYIO BEPIIHHY W]

4) co31aTh yHOPsIOYeHHbIH clMcOK W CIIMHAJIBHBIX BEPIIUH;

5) ompeneauTsb S-Koabl S7 u So;

6) ompeIe/uTh C-KOJ KaK JIeKCHKOrpadnaecKn MaKCUMAaJIbHBIH U3 S-KOJIOB.

Ucxomuwiit MBII-rpad G yao6HO 3a/1aBaTh CIUCKOM A CMEKHOCTEHl BEPIIHH.

Ha nepBom miare cozmaérces crmcok crerneneit Bepiiud. Ompejie/ieHne CUMILIAIATbHBIX
BEPIIUH S1, Sg U BCEX CIUHAIBHBIX BEPIUH ITPOU3BOIUTCS IO UX CTEIICHSIM.

Ha Bropom mrare ompejesienne BepIiuH @ u b, CMEKHBIX C CUMILIAIAAIBLHON BEPIIN-
HOI S1, IPOU3BOJUTCA 110 CIUCKY CMEKHOCTEH.

Ha Tperbem miare us BepmuH a 1 b BIOUpaeTCcs CIIMHAJIBHAS BEPITHHA W .

Ha derBeproM miare co3maéres CIIMCOK METOK BEPIINWH, 3alOJHEHHbIN HyjisaMu. Cum-
IJIAIIAATBHBIE BEPIIUHBL S1, So W II€pPBas CIIMHAJbHAS BEPINUHA Wi [TOMEYAIOTCI KaK yiKe
IIPOCMOTPEHHHBIE. 3aTeM CO3aETCsI IMyCcTOl crucok W cHUHAJBHBIX BEPIIUH U B HETO JI0-
OaBjseTcsd BepiuHa wy. ajee jiig KaxK10il ClIMHAJIBLHON BEPIITUHDBI W, ONPEJIE/IAeTCA CIIN-
coK N, CMEXKHBIX C Hell BEPIINH, BEPIIUHBI U3 9TOr'0 CIIMCKA IIPOCMATPUBAIOTCA W KazK 1as
HeroMeveHHast BepiHa v € N, co crenenbio deg,(v) > 4 nobasisercs: B ciiucok W, 3arem
BCE TIPOCMOTPEHHBIE BEPIIUHBI TTOMEYAIOTCH.

Ha ngrom mrare iposepsiercs yemosue g > 1. [Ipu ¢ = 1 BeimostasieTcst pacdér s-koja Sy
no Beipaxkenuto (5), npu ¢ > 1—mno Beipaxkenusim (4). [lanee ¢ mOMOIIBIO peBEePCHPOBa-
Hug S7 HMoJydaercsa S-Kojl So.

Ha mecrom mare (B IUKJ/Ie) 9/1eMEHTHI KOJIOB S U Sy CPABHUBAIOTCS JIPYT C JPYTOM U
B Ka4IeCTBE C-KOJIa IPUHUMACTCS JIEKCUKOTpa(pUIecKn MaKCUMAJIBHBIN U3 S-KOJIOB.

OrnpeiesTuM BpeMeHHYO CJI0YKHOCTE ajropurMa. KogmaecTBo onepariuii, BBITOJTHIEMBIX
Ha IIEPBOM IlIare, paBHO CyMMe CTeIleHell BCeX BEpINWH U, CJIeJIOBaTE/IbHO, PABHO 21M.
Taxk kak gua MBII-rpacdoB m = 2n — 3, KoJim4ecTBO ollepalinii, BHIIOJHIAEMbIX Ha IEp-
BOM miare, paBuo 4n — 6. KoJyimaecTBo onepariuil, BBIMOTHIEMBIX Ha I€TBEPTOM IlIare, PaBHO
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CyMMe CTelleHell CIIMHAJIbHBIX BEPINUH U, CJIEJOBATEIHLHO, PABHO KOJUYECTBY TE€PMUHAIbH-
HAJIBHBIX BEPINUH, TO eCTh paBHO (n — ¢ — 2). KosmmdaecTBo omepariyii, BBIIOTHIEMBIX HA
[ISITOM IIare, OMpeJesseTcss KOJTUIeCTBOM CIIMHAIBHBIX BEPIUH U PaBHO 2¢. Makcnmalib-
HOe KOJIMYeCTBO Ollepallyii [ecToro mara pasHo |q/2].

Takum obpasoM, BpeMeHHas CJIOKHOCTb ajropuTma mnosydenus c-Kojga MBII-rpada
Kiracca 2-tiertb pasaa O(n).

3ameuanue 3. Ilonneii naapuant MBII-rpados Kiaacca 2-11e11b MOXKHO OIIPE/IEIUTH
METOJIOM TIOC/IE/I0BATE/ILHOTO VIAJeHUsT CUMILINIAAIbHBIX BepiiuH. B ocHOBe MeTojia Jre-
xut cBoiictBo MBII-rpados kiacca 2-1enb, jJokazanHoe B yTBepxkaenun 11,a. OaHako
AJICOPUTM, PEATU3YIOIINi 9TOT METOJI, JIOBOJIBHO CJIOYKEH U 37IeCh HE PACCMATPUBAETCS.

4. Tloacuér koamyecrBa HenmoMedeHHbIXx MBII-rpados kJjacca 2-menb

Haiiyiém Tounoe xosmdectso HenomevdeHHbix MBII-rpados kiacca 2-1ernb ¢ UCIOIb30-
BaHEM OCHOBHBIX CBOMCTB I'yCEHMUII, KOTOPBIE SIBJIAIOTCS BHyTpeHHuME rpadamvu MBII-rpa-
dbos kiacca 2-nienb. Byjem ncnospzoBars pabory [15], B KOTOpOit OnpeieseHo KoJamaecTBo
HEIIOMEYCHHBIX I'YCEHUII.

VrBepkaenue 12 [15]. KosmdecTBo n-BepuuHHbIX (1 2> 3) HEIIOMEUEHHBIX I'YCEHUIL
pasuo C,, = 274 4 2L(n=4)/2]

Hust n = 1,2,3,4,... KOJUYECTBO N-BEPIINHHBIX T'YCEHUI] OIPEIEJISeT MOCIe0BaTE b
Hocrs 1,1,1,2,3,5,10,20,36,72,... (mocaenosarensrocts A005418 B [18]).

Teopema 2. Kosmvecto n-pepuunubix (n > 5) nenomeuennsix MBII-rpados kiacca
2-miens pasuo 276 4 2L(n=6)/2]

3akJiroueHue

B pabore mano nosmoe onucanne MBII-rpados kinacca 2-nienib. [lomyduena ux pekyp-
CUBHaf XapaKTepusallusd, B OCHOBY KOTOPOl MOJIOXKEHO MTOHATHE 3JIEMEHTAPHOTO PaCIIupe-
Hust s-tunia. OCHOBHBIMU Pe3yJIbTATAMU SABJISIIOTCS: YCIOBHE n30Mopdu3Ma (JieMMa 3), moJ-
HbII nHBapuaHT (Teopema 1) u dopmysia jisa ducia wenomedeHubix MBII-rpados kiacca
2-1iertb (Teopema 2). IostyaeHs! moamHOMIATBHBIE AJTOPUTMBI TocTpoeHust Tycenurt u MBII-
rpadoB Kjiacca 2-T1elb 10 ¢-KOJIy, a TaKKe MOJHHOMHUAJILHBIN aJrOPUTM PACIETa ITOJTHOTO
naBapuanTa MBII-rpadop kiacca 2-menb.

[lepcrieKTUBHBIM HallpaBJeHUEM JIAJIHLHEUIITNX UCCJIeIOBAHUN SABJISETCS MCIOIb30BaHUE
c-xkoza MBII-rpacdos kimacca 2-1iens [Jid KOAUpOBaHUs HHMOPMAIIHH.
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JANCKPETHBIE MOJIEJIN PEAJIbBHBIX ITPOIHECCOB

VIK 519.6:576.3
ITIOCTPOEHUVE HEOJHOPO/JIHOTI'O MACCHUBA AYEEK
JAJId BAZTAY KITETOYHO-ABTOMATHOI'O MOAEJIMPOBAHU A
POCTA U JEJEHUSA KJIETOK BAKTEPUIT!

A. A. Bursunkunii

Hrnemumym eviwucaumensoti mamemamury u mamemamueckot eeofusuru CO PAH,
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[IpencrapiieH MeTOI OPTAaHU3AIMN MACCUBA sTIEEK KJIETOTHOTO aBTOMATA, KOTOPBIH M03-
BOJISIET MOJIEJIMPOBATL JUHAMUKY ITOBEPXHOCTH KJIETOK OaKTEepuil pas/jndHbIX (POpM.
OcHoBHas WesT METO/Ia 3aK/II0YaeTCsd B TOM, YTO IIOBEPXHOCTH pa3OMBaeTCcs Ha CJIOU
sg9eeK, YTO JIAET BO3MOXKHOCTb U3MEHATH OT/EJTbHbIE YACTU CTPYKTYPhI MOJIEINPYEMOI
IIOBEPXHOCTH, He TIepeCcTpanBasi BCIO MOBEPXHOCTH IeukoM. Kpome Toro, Takas opra-
HU3aIs d9€eK O3BOJINIA PEean30BaTh OBICTPHI aJrOPUTM OIPEIe/IeHIs COCEICTBA
s9eeK, TaK»Ke IMPeJICTaBIeHHBIN B 3Toit paboTe. Ha ocHOBe IIpejI10sKeHHBIX aJIrOPUTMOB
peaan30BaH MPOTPAMMHBIN KOMIIJIEKC W TTPOBENEHBI BBIUUCINTETbHBIE SKCIIEPUMEHTHI,
KOTOpbIe TToKazan 3hHEeKTUBHOCTD MIPEJJIOKEHHOT0 0/IX0/1a B 3aJa49aX, Ijie HeoOXOo-
JAMO M3yYeHNe JIBYCTOPOHHEN CBS3W MEYK/IY MPOIeCCaMU, TPUBOISIIIAMA K JTUHAMUIKE
MMOBEPXHOCTH, U HEMIOCPEJICTBEHHO CaAMOU JIMHAMUKOIL.

KuaroueBbie ciioBa: KACMOUHBIE ABMOMAMbL, COMOOP2AHUSAGUUA, OUHAMUKE NOGEDT-
HOCTIU, KOMNBIOMEPHOE MOJeAUPOBaHUEe, pocm u deaenue kaemok, E.coli.
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CONSTRUCTION OF INHOMOGENEOUS 3D MESH FOR SIMULATION
OF BACTERIAL CELL GROWTH AND DIVISION BY CELLULAR
AUTOMATA
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Russia
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A method for constructing a 3D mesh for computer simulating the dynamics of a
bacterial cells surface by cellular automata is presented. The idea of the proposed
method is based on the dividing the cell surface into layers having the form of rings of
nodes. This enables to change separate parts of the mesh structure without rebuilding
the entire surface. Moreover, a fast algorithm for determining the neighbourhood of
nodes on the spheroidal parts of the cell surface has been developed. The proposed
algorithms have been implemented as a software package. A series of computational
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experiments showed the effectiveness of the proposed method for simulation of the in-
teractions between the complex processes inside bacterial cells, leading to dynamical
change of their surface.

Keywords: cellular automata, self-organization, surface dynamics, computer simu-
lation, cell growth and division, E.coli.

Bsenenune

MexaHU3MBI, YIPaBJIAONINE POCTOM U JleJleHneM OaKTepHuaIbHbIX KJIETOK, JIO CHX IIOD
MaJIO U3y4deHbl. J[OmoIMHHO H3BECTHO, YTO JieJIeHne KJIETKH OAKTEPUU HAYMHAETCS C 00pa-
30BaHUs Z-KOJIbIIA B T€OMETPUYIECKOil cepejinHe KaeTKu (puc. 1). Z-KOJbIo MpeJICcTaBIIsier
cO0O0I1 CJIOYKHBIN OEJTKOBBIIT KOMIIJIEKC, KOTOPBIN CTATHBAET KJIETKY, 00pa3ys pa3ienTe b
HYIO CEITy, U, B KOHEYHOM UTOre, JIEJUT OakTepuio Ha jBe jnodeprux [1, 2]. Beibop mecra
cOOpKH Z-KOJIbIla (& 3HAYUT, U MEeCTa JIEJIeHUsI) SIBJISIeTCs] KPUTUIECKU BAsKHbBIM JIJIsT JKH3-
Hu OAKTEpUH, TaK KakK JieJleHre B HeITPABUILHOM MeCTe IPUBOJIUT K OOJIBITION BEPOATHOCTI
CMEpTH JIoUepHUX KJeToK. Kak ycranosieHo B [3], 3a kKoopauHanuio mosunuu c6opku Z-
KOJIBI[A OTBEYAIOT HEKOTOPBIE CAMOOPTaHU3AIMOHHBIE MEXaHI3MbI, OEJIKOBBII COCTAaB KOTO-
PBIX U3BECTEH, HO TOYHBIN IPUHITUIIL JIEHCTBUA He J10 KOoHIa n3ydeH. [lociiernee obcTosaTesb-
CTBO OOYCJIOBJIEHO TPY/IHOCTSIMU, KOTOPbIe BOZHUKAIOT IPU IOIBITKE OTCIEIUTh TUHAMUKY
OT/IeJIbHBIX OEJIKOB, YIACTBYIOININX B 9TUX MeXaHU3MaxX, B TA00PATOPHBIX ycaoBuAX. [1o aToit
[pUYNHE UCCIIe0BATEN NHTEHCUBHO IPUMEHSIOT KOMIILIOTEPHOE MOJIEIMPOBAHIE, KOTOPOE
HOMOTaeT IMPOBEPUTh Pas/IndHble TeopeTudeckne mMojesn [4—6].

»)-(@iul)y)- (@)

Puc. 1. Z-koib1io cobupaercs B cepejiHe KJIETKH, IJie KOHIEHTPAIUs HEraTUBHBIX PEryJIsiTOPOB
cOOpKH JIOCTATOYHO Majia. PucyHok ajganruposan us [1]

O 1HaKO OOJIBITUHCTBO CYIIECTBYIONIUX MO/Ie/Ieil, KOTOPbIE TPUMEHSIIOTCS JIJIsT M3y IeHUsT
BBIIIEYIIOMSAHYThIX CAMOOPIaHU3aIMOHHBIX MEXaHU3MOB, OTOOPAXKAIOT ITPOIECCHI, ITPOUCXO-
JIAIIAE B CTATUIHBIX CTPYKTYPaX, UMUTUPYIOMIX (POPMY MOBEPXHOCTU KJIETKU OAKTEPHUH,
He m3MeHsieMyio BO BpemeHu. llociiemgree mckiodaer npsmMoe u3ydeHune oOPATHONW CBs3U
MEZK/Iy CAaMOOPIaHU3AINOHHBIMEI MEXaHU3MAMU, IIPUBO/ISIIIUMEI K POCTY U JICJICHUIO, U CAMIU-
MU IIPOTIECCAME POCTA U JiesieHust. JlaHHasT C/T0KHOCTD OObSICHAETCST T€M, 9TO KJIACCUIeCKIe
UHCTPYMEHTBI MOJIE/IMPOBAHUS, UCIIOJb3yeMbIe B TAKUX MOJIE/IAX, 0018 1aI0T ca1aboit 3 dek-
THUBHOCTBIO B 33Ja49aX C JUHAMUKON CTPYKTYPbI MojeupyemMoii opepxaoctu. Hamnpumep,
B [7] ycnermno emoenuposana camoopranusaiusi cucreMbl 6ekoB MinCDE, kotopast KOH-
TPOJIIPYET BBIOOP MecTa cOOpKM Z-KOJiblla B OakTepusix F.coli. B kadecTBe mHCTpyMeHTa
MO/IEJTUPOBAHNS UCIOJIb30BaHa cucTeMa JnddepeHInaaibHbIX YPaBHEHNN, perraemMas Ipu
ITOMOII MEeTO/Ia KOHEUHBIX 3j1eMeHTOB. OIHAKO MOJIeTMPOBaHNEe MPOM3BOINIOCH HA CTa-
TUYHON TPEXMEPHOI ceTKe, KOTOpas MMUTHPOBaJa MOBEepXHOCTL KieTku F.coli. B [7] emo-
JIEJTIPOBAH TaK»Ke POCT KJETKH BO BpeMs camoopranmsaruu OejgkoB MinDE, Ho ToJsibKO
B OJIHOMEPHOM CJIydae, 9TO O0bsACHIETCS CJI0YKHOCTBIO MOJIE/IUPOBAHNS JTUHAMUKHI [TOBEPX-
HOCTHU B OOJIBIINX Pa3MEPHOCTSX (TIPU MOMOIIH BHIOPAHHOTO MHCTPYMEHTA MOJICTMPOBAHNS ).

Kuerounsie aBromarsl (KA) nmokazasmm cBoto 3hHeKTHBHOCTD TP MOJIEJTUPOBAHUI MHO-
IUX CAMOOPTaHU3AIMOHHBIX MexaHu3MoB [8 — 10| , 4To Jenaer ux BechMa IMPHUBJIEKATEbHBI-
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MU JIJIs1 38/1a9 MOJICTMPOBAHMUSI POTIECCOB, MPOUCXOJIAIINX B KiieTKax bakrepuit. KA saBis-
€Tcd JUCKPETHON MaTeMaTU4eCKON MOJEJIbIO, COCTOLAIIEH U3:

1) maccuBa siueex, rje Kaxkjas sdeiika uMeer KOOPJAUHATY U 00JIaaeT COCTOSTHUEM:;
2) TpaBUJI MEPEXOJIOB, IPU MOMOIIHM KOTOPBIX sSTYEHKH U3MEHSIIOT CBOM COCTOSIHUSI.

Kpome toro, KA ob6ajaor TakuMu HEOCTIOPUMBIMU ITPEMMYIIECTBAMU, KaK IIPOCTOTa
COCTABJIEHUST MOJIEJILHBIX MIPABIJI U €CTECTBEHHBIN MeJIKO3epHUCTBIH mapasuiesmsm |11, 12].
Oanako B KiaccmdeckoM KA MaccuB sideex MpecTaBiIseTcs B BUIE OJIHOPOIHON peryJisp-
HOI CTPYKTYpBI. Takas opraHuzarug 3aTPyIHIeT MOJIEIUPOBAHUE CTPYKTYP, H3MEHAEMbIX
BO BpeMeHH (HampuMmep, pocT u jesenne). Takum o6pa3om, B 9Toit pabore mocraB/ieHa 3a-
Jlada pa3spaboTaTh MeTOJ OPTaHU3aIMi HEOTHOPOJHOTO MaccuBa gdeek KA, mo3Bosidrommii:

1) mvuTHpoBaTh pasiudnable 3D-moBepxHOCTH GaKTEPUATBHBIX KJIETOK;

2) U3MEHSTH CTPYKTYPY IIOBEPXHOCTH BO BPEMEHH (T. €. MOJIEINPOBATH [IPOIIECCH POCTA
U JieJieHusi GaKTepUabHBIX KJIETOK);

3) KA, ucnonb3yomuii Takoii MacCuB sUeeK, JOJZKEH UMeTh BO3MOYKHOCTH MO/IEIH-
pPOBATh KaKue-Jnb0 JIOTOJHUTE/IHLHBIE TTPOIECCHI, ITPOUCXO/ISIIIE BO BPpEMs POCTa U
JleJIeHnsT GaKTepuasbHON KiIeTKu (Hampumep, camoopranusanuio 6eskos MinCDE).

1. Opranusanus MaccuBa sS9€eK C HEOJHOPOIHOI CTPYKTYPOit

Opraamsanuio MacCuBa siIeeK, MpejIaraeMyio B 9Toil paboTe, MOXKHO MPEJICTABUTH B BU-
Jie nepapxuu cTpyKTyp (puc. 2). Ha Bepxaem ypoBHe pacrojiaraeTcst MojeupyemMast oBepX-
HOCTB (B JIAHHOM CJIydae MOBEPXHOCTH KJIeTKN bakTepnn). /lajee moBepxHOCTH pa3sbuBaeTCst
Ha csion (KOJIbIIa), KOTOPbIe, B CBOIO OY€Pe/Ib, COCTOAT U3 sideek. Takas OpraHu3alis B BU-
Jie KoJIer], yJI00Ha B 3a/1a9aX ¢ JUHAMUKON MOJIEeJNPYyeMOil TTOBEPXHOCTH, TaK KaK MO3BOJISIET
U3MEHSATH CTPYKTYPY MOBEPXHOCTH, He U3MeHsis BCIO MMOBEPXHOCTD IEJIUKOM. TakuMm oOpa-
30M, OCYIIIECTBJIAETCA PEIYKIUS U3MEPEHUil: U3 TPEXMEPHOI'O TPOCTPAHCTBA ITOBEPXHOCTU
(XY Z, rne och Z HampasiieHa BJIOJIb MOBEPXHOCTH) K JIByMEPHOIT miockocTn Kosibiia (XY)
U Jlajiee K OJTHOMEPHOMY BeKTOpy staeek (X).

Y
X/ z
Cnucok savyeek

mp [RELLLLIT R

X

MosepxHoCTb

X

Puc. 2. Uepapxust oprannsanuu MacCuBa SUeeK KJIETOTHOTO aBTOMAaTa

OCHOBHOI CTPYKTYPHOI €IMHUTIE TOBEPXHOCTH SIBJISETCs KOJIBIT0. KaxK10e KoJIbIo Xa-
paKkTepHu3yeTcst TpeMs mapamMerpaMu: pajnycoM, 3D-kKoopmHaToit OTHOCUTETIHHO TOBEPXHO-
CTH ¥ CITUCKOM sideeK. KaxKias ddeiika u3 CIucKa, B CBOIO 09epeb, 00/1a1aeT COCTOTHIEM 1
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2D-koopauHaTOi OTHOCHTEILHO IIeHTpa KoJiblia. OTHOocuTeIbHas 2D-KoopauHaTa BeIOpaHna
JIJIsT TOrO, YTOOBI IIPU CMEHe IOJIOXKEHHUs KOJIbIla B IPOCTPAHCTBE HE HYKHO OBLIO Iepe-
[IUCBIBATH KOOP/MHATY KarKJI0H OTIAebHON sueiiku 97oro KoJibia. Creayer OTMeTHTh, 9TO
00XOJ1, T9eeK B KOJIbIIE HAUMHAETCS C sT9eiiKi, MMEoNIeil MaKCUMAJIbHYIO 110 OCH Y KOOPJIH-
Hary (mo3unus 7 /2 KoJblia). ITor GakT BazKeH MPH OIPEJIEIEHUN COCEJICTBA TIeeK U OyIeT
OObSACHEH B II. 2.

1.1. AaropuT™M HOoCTpPpOeHUST KOJET
AjropuT™ mocTpoeHusi KoJiblia sdeek Ha 1tockoctu XY (puc. 3):

1) Ilnockocth pasbuBaercs Ha stueiiku ¢ maroM h (pasmep sidefiku) Tak, 4To IEHTD
OJIHON M3 si9eeK JIEXKUT B Havaje KOOPAMHAT (T.e. MMeeT KoopjauHarbl z; = 0 u

2) dueitkn (x;,y;), I KOTOPBIX BBINOJIHSIETCS yeaoBue 7 — h < d; < 1+ h, tme r—
3a/IaHHBIIT pajyc Koabla, d; = \/x? + y2, 00pasyioT CIIMCOK S9eeK JTAHHOTO KOJIBIIA.

r+h

AlueiikK, UbM LEHTpbI

nonanmn mexay
OKPY>KHOCTAMM

Puc. 3. I'padutieckoe npescrapienne aaropuTMa reHepaluu KOJIell i9eeK U Pe3yJIbTaT ero padboThl
(cocetHIE KOJIBIIA TIPEJICTABICHB Y€PE/ Y IOIINMICS [IBETAMMN)

TaknuM crocoboM MOXKHO HOCTPOUTDH KOJIbIIA PA3JIMYHOIO pPajuyca, KOTOPbIE pacIoJia-
PaloTCsl IIOTHO JPYD K JPYTY, HE OCTaBiisisd IPOMEXKYTKOB M HE IIePECEeKasiCh MEeXKJly CO-
6oit (puc. 3).

Yr1Bepxkaenue 1. lliockocTh MOXKeT OBITH IUIOTHO U 0O€3 IepeceveHuil 3aIo/THeHa
KOJIBIIAMU SI9€EK, €CJIM BBIOTHIIOTCS YCIIOBHS:

1) r; = a;h, vue r; — pajguyc i-ro KoJbia, a; € N, h > 0 — pasmep siaeiiku;

2) Va;da;(Ja; — aj| = 1), me. mis KaKIOro KOJIbIIA CYIIECTBYeT 1O KpaiiHeil Mepe
OJIHO COCEJIHEE KOJIBIIO C PajiMyCcoM, OTJIMIHBIM Ha BeJIUYUHY h, 9TO rapaHTHpyeT
[JIOTHOCTD 3aIl0JIHEHUSI;

3) Vi# j(a; # a;), T.e. He CyIECTBYET KOJIEI| C OJMHAKOBBIME DaJIyCaMH, ITO TapaH-
TUPYET OTCYTCTBUE IIEPECCUCHMI.

YrBepxkaeHue 2. llpocrpancTBo MOXKeT OBITH IIOTHO 1 0e3 IepecedeHuil 3aIo/IHe-
HO KOJIBIIAMU si9€eK, €CJIM JJIsi KOJIEI C OJIMHAKOBOW KOOPJIMHATON 2; BBIOJHAECTCA YTBEP-
JKJIeHre 1 | yCJIOBHSI 9TOIO YTBEP:KJICHUSI PACIPOCTPAHAIOTCS Ha KOOPAUHATY 2; TaK, UTO
Zi = b,h, e bl € R.

1.2. AnropuT™M mHoCTpoeHNsS MNOBEPXHOCTHU KJIETKHN OaKTepuu

Kiterky 6akTepun MOXKHO yCJIOBHO Pa3/eUTh Ha TEJIO KJIETKHU U €€ MOJIIOChL. Tes1o yi100-
HO IIPEJICTABUTL B BUJE IUJINHJIPA, & MOJIOCHl — B BUJE JIBYX IOJIOBUH OJHOrO ceponia
(puc.4). Takum obpazom, 3a/1a9a OpraHU3AIUN CTPYKTYPbI, IMUTHPYIONIEH MOBEPXHOCTH
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KJIETKH OaKTepUU, CBOJIUTCI K MOCTPOEHUIO M3 s4eeK MuanHjapa u aByxX cdepoumos. [u-
JIMHJIP JIETKO COCTABJISIETCS M3 KOJIEI[ siaeeK (pHC. b, CJIeBa) 1 MOXKET ObITh OIPEIESIEH BBICO-
TOI1, KOTOpas 3aJa€T YUCII0 KOJIel] B IUJINHIPE, U PaJIyCOM OCHOBAHUA, 33 1AM DaJILyC
Beex Kouter 1unHipa. Cdepons, B CBOIO 0Yepe/ib, ONPEIEIAETCS MOJIYOChI0 G, KOTOpas
napaJsuiesibHa OCU KOODJWHAT Z, W JABYMs PaBHBIMU IOJIYOCSIMU b U ¢, TMapaJuleIbHBIMU
ocsim X u Y coorBerctBerHo (puc. b, cupasa). [locrpoerne cdeponjia u3 sveek siBIsieTCst
boJtee CJI0OXKHOMN 3ajatieil, ueM IMOCTPOCHNE IUINHIPA, TaK KaK JOMOJTHUTEIBHO Tpedyercs
OTIPEJIETNTD PAJINYC JIJTA KarK/IOTO KOJIbIA.

Monroc Teno Knetkmu Montoc

Yactb chepomnpa Uunungp YacTtb chepoupa

Puc. 4. Hpe,H‘CTaBJ'IeHI/Ie ITIOBEPXHOCTHU KJIETKU B BUJAE NUJIMHAPa U ABYX IIOJIOBUH C(bepopma

Pacemorpum anzopumm nocmpoenus cepouda (puc. 6):

1) B mnockoctn YOZ cTpositcs JiBa BCIOMOTATEIbHBIX JLIHICA (BepHEe, TOJIBKO UX
nepBasi 9eTBepTh) C IEHTPAMU B Hadasje KoopamHar u ocamu (a — h,b — h) u
(a+ h,b+ h), tae h— pasmep gdeitku.

2) Ha mwiockocrs Y OZ HakIapIBaeTCs CeTKa € IMAroM h Tak, 9T0 OJIUH U3 Y3JI0B JIEXKUT
B HadaJie KOOPJUHAT, & KOOPJANHATHI OCTAJIbHBIX Y3JI0B 00JIbIe 00 paBHbI ().

3) V3uIbl, TONABIINE MEKJLy BCIOMOIATEIBHBIMU SJUIUIICAMHE, OIIPEJIEISIOT PAJINYChI T;
1 KOOPIMHATHI 2; KasKI0ro U3 KoJiell cpeponia.

Puc. 5. ITocrpoenne nuunpa (ciaesa) u nojaoBuHbl ceponia (cripasa)

CTouT OTMETUTD, YTO AJITOPUTM IIOCTPOEHUSI ¢heponia UAEHHO CX0K C aJrOPUTMOM II0-
CTPOEHUs KOJIEIl, OJHAKO MMeeT pPelraroliee OTJINYINe: B aJrOpUTMe OCTPOEHHUS KOJIEeT MbI
pabotaeMm B miockocTu XY U 10 3aJaHHBIM IIapaMeTpaM OIpejesideM d9efikKi, COCTaBJIs-
OIIIe KOJIBIIO, B TO BPeMsl KaK B aJI'OPUTMe IOCTPOeHUsT cheponia Mbl paboTaeM B ILJIOC-
KOCTH Y Z ¥ TOJIbKO OIPEIE/IsieM PaJiychl M KOOPAMHATHI KOJIEIl;, JaJjiee 0 HailJeHHbIM
rmapaMeTpaM y2Ke CTPOATCs caMu Kojibia. Ha puc. 6 Tak:ke MOXKHO YBHIAETH, 9TO AJTOPUTM
HoCTpoeHust cheponia JOMyCKaeT BIOKEHHbIE KOJIBIIA (T. €. KOJIbI[a, € OJTHON KOOP/IMHATOM Z,
HO Pa3HBIMU PaJILyCAMU T ).
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-~
Y ¥snbl, nonaswmne mexagy anaumncamm

Puc. 6. I'pacduaeckoe mpejicrapienne aJropuTMa OIpeIeseHnsT IapaMeTpoB KoJell chepounia

1.3. lpumepn pa3JIUMYHBIX BAPDUAHTOB MNOBEPXHOCTEN

Ha puc. 7 npescraBjienbl Tpu HMOBEPXHOCTH, KOTOPbIE UMUTUPYIOT Pa3indHblie (hOPMbI
OakTepruabHON KJIETKU. DTU MOBEPXHOCTH MOJIYIEHBI B Pe3y/IbTaTe BAPbUPOBAHUS ITapa-
METPOB IPHU IMOCTPOCHUU IUINHpa U cdeponja. B mpaBoM HUKHEM YTy H300pazKeHa
yBeJIMUeHHas MTOBEPXHOCTDb, HA KOTOPOIl MOYKHO BHJETH, YTO OHA COCTOUT U3 OTJETbHBIX
saeek. KieTounbrit aBroMaT, paboTaIONIMil Ha STUX MAaCCHBAX g9eeK, MOJEJUPYET MPOIECC
camoopranuzarnun 6esikoB MinDE.

Puc. 7. Paznuaable BapuaHTBl TOBEPXHOCTEHN, MOJIEIUPYIONTNX KIETKY

2. AJsropuTtM oIIpejieJIeHUs COCEJICTBA dgYeeK

3a/1aga OlpeJIe/IeHIS COCEJICTBA TUEEK UTPACT OJHY U3 KJIIOUEBBIX POJICH IIPU COCTaBJIE-
nun npasmi KA-momenu. Boraucienne cocencrsa Ha pery/isipHoil pemrérke Tpedyer JIUInb
pacdéra cMelleHuit Mo nHaeKcam (oco6oe BHUMAaHUE VJCJIACTCA TOJILKO I'PAHUYHBIM CJIyYa-
HM). OpmHako cuTyarust KapInHAJIbHO MEHSIeTCsl Ha HEOJIHOPOIHON PEIIETKE, MOIEIHPYIO-
et Kakyro-aud0 moBepxHocThb. OyHKIMSA COCEJ/ICTBA B 9TOM CJIydas BeCbMa HeTpUBUAJIbHA,
a BBIYHCJIEHHE COCEJICTBA C JIOCTATOYHO OOJIBIITIM PAJIMYCOM MOXKET OBITh OYeHb PECcypco-
EéMKOI1 omepalineii, BBIITOJHEHTE KOTOPOii, B OOJIBIITUHCTBE CIyYaeB, MOXKET OTPeOOBAThCs
Ha KarKJI0i mreparun Ijist Kaxkaoi sdaeiiku. O HuM u3 crocobOB pereHus 3Toil mpodaeMbl
ABJISIETCA OJTHOKPATHBIN PaAcUET COCEeACTBa I KarK/ 0 d9eliK1 U 3aHeCeHNe 3TOr0 Pe3yJIb-
tata B Tabauiry. OJHAKO ¢ POCTOM UHC/Ia A9€eK W BeJTMIHHBI PAJIIyCa COCEICTBA MOMKET
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OTpebOBATHCS I'POMAJHOE KOJIMYECTBO IMaMsTh, Tpedyemoe JIjisi XPAHeHUs] TaKuX TaOJIuII.
K npumepy, kyoudeckast perérka co croponoii B 1000 keTok u pajimycom cocejictsa 10 Kite-
Tok Tpebyer 10002 - 103 - 8 GaiiT namaTu (B ciyuae 64-pa3psIHBIX cUCTEM ).

Kpowme Toro, B 3a/1a9ax ¢ AMHAMUKON CTPYKTYPBI MOYKET TOTPEOOBATHCSA MPOU3BO/INTH
repepacyér 3TuX TabJIUIL MOcae KaXKJI0ro M3MeHeHnsl CTPYKTYpPbI pocTpancTBa. [losromy
OJIHUM U3 OCHOBHBIX KPUTEPHUEB, KOTOPbIl IPUHSAT IIPU BLIOOPE METO/Ia OPTaHU3aIluu HEeO I
HOPO/IHOTO MACCUBa d49€eK B 9TON paboTe, ABJISIETCS BO3MOXKHOCTb PEAJIM30BaTh HA TAKOM
MaccuBe TPOCTOi 1 3DPEKTUBHBIN aJTOPUTM OIIPEJIE/IEHUs COCEJICTBA.

CaMmpblit OYeBU/IHBIN CIIOCOO BBIYUCAUTDL HA TPEXMEPHON MOBEPXHOCTU COCEJCTBO I
KOHKPETHOI STYeiKHN 3aKJII0UaeTCsl B IOWCKe IIepecedeHns 9TOU IMOBEPXHOCTU co cdepoii
3a/IAHHOTO PaJIyca COCEJICTBa U C IIEHTPOM B 3a/IaHHON gdeiike. Bee sg4eliku moBepxHOCTH,
KOTOpBIE TIoTau B chepy, U COCTABJISIOT COCEJICTBO JJIst 9TOH sueiiku. BBuIy TOTO, ITO 110~
BEPXHOCTH COCTOUT U3 KOJIEI T9eeK, 3a/la9a IMOUCKa IepecevyeHns MOBEPXHOCTH cO cdepoit
CBOJIUTCS K HAXOXKJICHUIO TiepecedeHus chepbl ¢ KOJIbIaMU, KOTOPBIE sIBJSIOTCHA COCETHUMEI
JUI KOJIbITa 3aiaHHoi gdefiku. Kpome TOro, KoJIbIO sIBJASETCS CHMMETPUYHON (HUTYDPOIi,
a IEHTPBI BCEX KOJIEI, COCTABJIAIONINX MOBEPXHOCTD, JiexKaT Ha ocu Z. [lostomy Bee cde-
Pbl, YbU TIEHTPHI PACIIOJIOZKEHBI B d9eiiKaxX MCXOIHOTO KOJIbIla, B PE3YyJIbTaTe MepecevdeHust
C OJTHUM W TEM K€ KOJIBIIOM-COCE/IOM 00Pa3yloT CerMEHTBhI paBHOW JIMHBI. Takum obpa3oM,
JIOCTATOYHO BBIYUC/IUTD IT€PEeCEeUeHUs JINIIH OJHOM TaKOil cpepbl ¢ KOJIBIIOM-COCEJIOM, HATH
YUCJIO g4eeK, MONaTAI0NINX B COCEJICTBO, M IIPU ITOMOIIU CMEIEHNN BBIYUCINTDL COCEICTBO
JUIST KarKJIOM ST9eKM MCXOIHOTO KOJIBITA.

Kaxk0oe KoJIbIlo MOXKeT OBITh PaCCMOTPEHO KaK MHOXKECTBO IIEHTPOB SUEEK, JICZKAIIUX
Ha OKPY?KHOCTH (C KOODJIMHATON z¢ TEHTpa CBOero Kouibiia). [losromy Toukm mepecederust
KOJIbIIa-coceia U c¢pepbl MOTYT OBITH HailJIEHbI TIPU TTOMOIIKA CUCTEMbI YpaBHEHU

(z—2)? + (y —ys) + (2 — 25)2 =13, 0
(0= o 4 (g — o)+ 25 =12,
rje IepBoe ypaBHeHHe — ypaBHeHue chepbl B IPAMOYIOILHOM crucTeMe KOOpAUHAT; BTO-
poe — ypaBHEHHe OKPYKHOCTU (KOJIbIA) B IIPOCTPAHCTBE; (I, Ys, Z5) U T — KOOPJAUHATHI
cdepnl u eé pagnyc; (z,, Y, 25) U 7, — KOOPIUHATHI KOJIbIa-cocena (25 — KOHCTAHTA) U €ro
pajuyc; (x,y, z) — UCKOMBIE TOYKH IlepecevdeHns (WIN eIMHCTBeHHAsT TOUKa, B CIydae Kaca-
HIS).

YT0ObI YIPOCTUTL 3TY CHCTEMY yPaBHEHWI, HAYAJO CHCTEMbI KOOPJMHAT CJBUTAETCS
B IEHTP KOJIbIA-COCE/IA, ITO HMPUBOJUT K OOHYJEHUIO KoopauHatr T, = y, = 25 = 0. Ko-
OpJ/IMHATHI Z TOYEK TepecedeHusi chepbl U KOJIbIa-coceia (eCl OHU CYIIECTBYIOT) MMEIOT
Ty »Ke KOOPJAMHATY 2, 4TO U KOJIbIo-coces. OTcioma TpeTbe cjaraeMoe IepBoro ypaBHeHust
npunnmMaer B (2 — 2,)2 = z2. Eciim B KauecTBe g4eiiku, JIg KOTOPON BBIUUC/IAETCS €8
COCEJICTBO, B3ATh SUYEHKY, HAXOJAILYIOC Ha TO3UIUK /2 KOJIbIla, TO KoopjauHata T = 0,
TaK Kak IEeHTD ¢epbl JIEKUT B IIeHTpe 3Toi stuefiku. Takum obpasom, ypasaenue (1) npu-
HUMAaeT BUL

Y= (y? + ’23 + Tz T Tg)/st, (2)
T =\/r2—y>
Pemmenne cucrembl ypaBHeHUil (2) MOYKET MPUBECTH K CJIEJLYIONIAM PE3YJIbTaTAM:

1) Touxu nepecevernun omcymemeytom: audo cdepa U KOJIbIO-COCE] He TEPECeKAIOTCs
(T. €. B KOJIbIIE OTCYTCTBYIOT COCEJIU JIJIsl 3aJIAHHON ST9eiiKn), JIMOO KOJIBIIO BIIMCAHO
B cepy (Torma Bee sTUeiiKu BXOIAT B COCEJICTBO).



lNocTpoenne HEOAHOPOAHOrO MaccuBa sHeeK A1 KNETOYHO-aBTOMAaTHOro mogeanposanus 117

2)  Odna mouka nepecenenus: COCEIOM 3aJIAHHOI sSTICHKH SIBIAETCS TIeiKa, HAXO/IsIIa-
siCsl B KOJIbIIE-coceie OJIMXKe JIPYTUX K TOUYKE IepecedeHus.

3) Jlse mouru nepeceuenua: Bee sIefiKu, JiesKalye BbIllle TOYEK MepecedeHus (1o Ko-
OpJiMHAaTE y)7 ABJIAIOTCS COCENAMM 3aJaHHON TYelKU.

O06006111as1 BCE BBIIECKA3aHHOE, CHOPMYIUPYEM AITOPUTM OIPEIEJTeHIA COCEACTBA, JIJIs
s9eeK KOJIbIIA ¢ B KOJIBIIE J:

1) peumnrh ypaBHenue (2) jijist st9eiiKu, JieXKaIeil Ha MO3UIUK T /2 UCXOHOTO KOJIbIIA 7;
HajiTu JynHy cermenta | = 2 arccos(y/r, )7y, MOIYIEHHOIO B PE3y/IbTaTe Iepecetde-
HUSI;

2) [pu TOMOIIM TOJIyYeHHOH JIUHBI | BBIYHCIUTD KOJUYECTBO N SIEEK, MO IAONIX
B cocesctBo: n = I/ L;- N;, rne L; — pymna Kosbla j; N; — 9HCII0 sieeK B KOJIBIIE J;

3) ist SUEHKU ¢ UHJIEKCOM k MCXOJHOIO KOJIBIA i COCEJISIME SIBJISTIOTCST T [IOCJIEI0BA~
TEJILHO PACIIOIOZKEHHBIX s9€eK KOJIbIIA j, HaduHas ¢ uujexca index = (k—1)N; /N, —

—n/2, tae N; —9ucyio sueex B KOJIBIIE i.

[Tocneannii MyHKT aaropuTMa OObsICHSIETCS TeM, UTO T9efiKi B KOJIbIE PACIIOJIArafoTCsI
YIOPsIZIOUeHHBIM 06pa30M, HaunHasl ¢ HHJeKca 1 (Ha mo3urun /2 KoJIbIia) U jaJiee 1Mo da-
coBoit crpesike. Cjielyer OTMETUTD, 9TO MPU BBIYNCIEHUN UHIEKCOB MOYKET OBITh IOJIYIeH
index < 1 mibo index+n > N;. B aTom cirydae neodXoanmo cjieaTh HOpMaTU3aIIio HHICK-
COB C YUYETOM TOT'0, YTO MHJEKCHI 3aMKHYTHI B KPYT, T. €. ITOCJIe MaKCUMAaJILHOTO NHeKca N
uIyT UHJAEKCH 1,2, ... u naobopor — neperd 1 ugyr N, N —1,... u T 1.

[IpetoXKeHHbI aJITOPUTM 00J1aJ1aeT OOJIBINON CKOPOCTHIO BBIIIOJIHEHHUS U He Tpedyer
3HAYUTE/THHBIX 3aTPaT IMaMdATH, HO JIOIMYCKAET HEKOTOPYIO AIIIPOKCUMAIIMIO TIPU BBLIYUCIIC-
HUU COCEJICTB MaJleHbKOro pajmyca (r < 3). OJHAKO ¢ yBeJIUYeHHeM pajinyca 3Ta MOrpell-
HOCTb CTAHOBHUTCS HE3HAYUTEJLHOM jijist GosbiuHeTBa 3a1a9 KA-MonenmpoBanus (Hampu-
Mep, IIPU BBIYUC/IEHNN KOHIIEHTPAIIUN BEIECTBA B HEKOTOPOI TOUKE MOTI'YT ObITh HCIIOJIB30-
BaHbI COCTOSTHUSI COTHA CMEYKHBIX d9€€K, IJIe OITMOKa N3-3a IO IaHus B COCEICTBO JIUITHIX
sT9eeK, PACIOJIOKEHHBIX Ha KPAK COCEJICTBA, MIHIMAJILHA).

3. MopaeaupoBaHue pocTa U JieJIeHUus

MosesimpoBanne pocta OakTepuabHONW KJIETKH OCYIIECTB/ISIETCs] BCTABKON HOBBIX KO-
jter; B nmnaap. 1lpu 9TroM cocTosinust sideek HOBOTO KOJIbIIA YCTAHABINBAIOTCS B 3aBUCH-
MOCTH OT perniaeMoii 3aa4au. Hampumep, cocTosiHUst MOTYT OBITH YCTAHOBJIEHBI CJIyIailHBIM
00pa3oM € BEPOATHOCTDBIO, KOTOpas 3aBUCUT OT OCPEJIHCHHOW KOHIEHTPAIIUH HEKOTOPOTO
BeIleCcTBa B COCETHUX KOJIBIAX; WJIU IIOCJIe BCTABKM HOBOI'O KOJIBIIA MOYKET OBITh IPOU3BE-
JIeHa, JIOTIOJIHUTE IbHAs orepanns Juddy3un, KoTopas CIVIaJIAT KOHIEHTPAIMIO BEIIECTBA
B 9roit obsiactu. Ha puc. 8 (ciieBa) m306pazkeHO TPH IIOC/IEI0BATEIBHBIX KaJIpa, KOTOPBIE
0TOOPaXKaT IIPOIECC PocTa MoJeaupyemMoit bakrepun F.coli Bo Bpemsi caMOOpraHu3alium
6ekoB MinDE. B sTom nmpumepe mocite KazKk10it BCTAaBKH HOBOT'O KOJIBIA B IIUJIUHJID CPa3y
BBITOJIHSAJIOCh HECKOJIBKO oneparuii quddy3un.

[Ipu geeHuN MPOUCXOIUT Cy:KeHUE IeHTpasabHOl dacTu KjaeTKu. CyzKeHne UMHUTUHPY-
eTCs TOCJIe0BATE/IbHBIM YMEHbIIIEHUEM PAINyca KOJIell, HAXOAIINXCA B IEHTPAJILHON Ja-
ctu mnHIpa. Kak u B cIydae co BCTABKOH HOBOT'O KOJIbIIA, HEOOXOIMMO PEITUTh, KAKIM
CTIIOCODOM YCTAHOBUTH COCTOSTHUSI STI€eK KOJIbIIa C HOBBIM PAJIMYyCOM, TaK KakK B OOJIBITNH-
CTBE CJIyJaeB I0C/Ie OIePaIly CYyKEHUsT KOJIMIEeCTBO A9eeK B KOJIbIle YMeHbImaeTcsd. Kakue
UMEHHO KOJIbIIa CY>KaTh U B KAKOI II0C/IeI0BATEIbHOCTH, OIIPEIe/IAeTCsS HEKOTOPOI 3apaHee
3aaHHOI (DYHKIIMEH ¢ YCJIOBHEM, UTO IIOC/E BCEX IOC/IeI0BATEIbHBIX OIEPAIUil CYy>KeHUsT
[eHTpaJbHAS 9aCTh MOBEPXHOCTU MOJIEUPYEMON KJIETKU ITPUMET OTPAKEHHBIN BUJI €€ 110~
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Puc. 8. MozenmmnpoBaHne KJIETOYHOTO POCTa (CJI€Ba) 1 JieJleHus (Crpasa)

mocoB (T.e. ¢popmy mosoBuH cheponia, oOpaméHHbIx apyr K aApyry). Ha puc. 8 (cinpasa)
NPUBEJIEH IIPUMED IPOLECCca, JIeJIeHHsT MojieupyeMoil Kierku E.coli.

3akJiroueHue

[Ipeozken MeTO OpraHU3alln MACCUBA A9€€K KJIETOYHOTO aBTOMAaTa B BUJIE NePAPXUT
(MOBEPXHOCTb — KOJIbIIA — CIIMCKHU sI9€eK), KOTOPbIii MO3BOJISIET MeHEepUPOBaTh MOBEPX-
HOCTH OaKTEPUAIBHBIX KJIETOK pasjndHbix dhopMm. OcHOBHAA mjes MeToja 3aKJII09IaeTCs
B TOM, YTO BCd MOBEPXHOCTH pPasdMBaeTcs Ha KOJblla, cocTosdrme n3 sieek. Maccus, opra-
HUB0BAHHBIN TAKIM 00Pa30M, [TO3BOJISIET UBMEHSATH CTPYKTYPY MOJIE/IUPYEMO TOBEPXHOCTHU
BO BpeMeHH (T. €. MOJICJUPOBATH POCT U JIEJICHUE KJIETOK ), He IIePecTpanBasi P 3TOM BCIO
MMOBEPXHOCTD TEJIMKOM. Kpome Toro, JaHublii criocod opraHu3aliiy M03BOJIIET Peam30BaTh
9P EKTUBHBIN aJTOPUTM OIIPEJIESIEHNsT COCEJICTBA sd4deeK, He TPeOYIOMMil 3HATNTETbHBIX
3aTpaT BBIYUCIUTEIBHBIX PECYPCOB, YTO ABJACTCA KPUTUYECKU BaKHBIM B 33J1a49aX KOM-
HbIOTEPHOI'0 MOJECJIUPOBAHU.

Ha ocnose mpe1jiozkeHHOTO MeTO/a pazpadoTaH MIPOrPaMMHBIN KOMILIEKC Ha st3bike C+4+
¢ ucnosibzoBaruem o6ubanorek Qt m OpenGL. [Ipu momorm 9T0r0 KOMILIEKCA TPOBE/IEHBI
BBbIYUCAATEJIbHBIE 9KCIIEPUMEHTHI, KOTOPbIE II0KA3aJIi, 9YTO MAaCCUB A4eeK, OPraHu30BaAHHbBINA
TaKuM 00pa3oM, Mo3BoJIsIeT 3PDMDEKTUBHO UCCIEI0BATH JBYCTOPOHHIOIO CBA3b MEYKY ITPO-
[IeCCaMU, MPUBOJLAIINMEI K POCTY U JIEJCHUIO OAKTEPUAIBHBIX KJIETOK, U HEIOCPEJICTBEHHO
CaMUMU IIPOIeCCaMU POCTa U JICJICHUA.

Ciie1ytornuM MaroM pasBUTUsI METOJA sIBJISIETCs aaIllTaIlis TPeI0KEHHBIX AJITOPUT-
MOB JIJIsT 3a/1a9 MOJIEJIMPOBAHIS TIOBEPXHOCTEH JIPYruX 0ObEKTOB KUBbIX cucteM [13], Ha-
[IpUMep, MOJICJINPOBaHNEe POCTa U JICJICHUS 9YKAPUOTUICCKAX KJIETOK, MOJIC/IMPOBaHUe -
HAMUKH aluKaJbHON MepucTeMbl 1obera, Mopdorenes 1uanobaKTepuil u T. Ii.
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