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MNPUMEHEHHWE METOJ0OB OIITUMHN3AIIUNA JJIs1 PEHHEHUSA
CUCTEM HEJUHENHBIX YPABHEHUI T'MIPOJIMHAMHUKHA'

HccnenoBaHa BO3MOXKHOCTh PELIEHHs Pa3sHOCTHBIX 3a371ad, alNPOKCHMHPYIOLIHNX
CTaIMOHApHYIO cucTeMy ypaBHeHUH HaBbe — CTOKCa MHOTOIIATOBBEIMHU HTEpau-
OHHBIMU METOJAMH MHHUMH3AINH, 00JIaJalolIMU CBOHCTBAMH METOJA COMpS-
JKEHHBIX TPAUEHTOB. VCIONB30BAINCE METO] CONPSKEHHBIX TPAAUCHTOB M MHO-
TOIIArOBHIN pelaKCalMoOHHBIN CyOTrpaiueHThI METO.

KuroueBsble cioBa: ypasnenue Hasve — Cmokca, Memoo onmumusayuu, MHO20-
wazoswvlll Memoo MUHUMU3AYUU, CYO2PAOUEHMHDBIL MEMOO0, MeMOO CONPAHNCEHHBIX
2PAOUEHMO8.

Cy1ecTBYIOT /1Ba OAXO0/Ja YMCIEHHOIO PELIeHUs] CTAllMOHAPHBIX 3a]ad AJIs CUCTe-
Mbl ypaBHeHuil HaBbe — CTOKca, onmuchIBaroleil JBM)KEHUE BA3KOW OJHOPOAHON He-
CcKknMaeMoH >kuakoctu. OOuH, ¥ OH HanboJiee YacTO HMCIOJIb3yEeMBIH, CBOAUTCS K pe-
IICHUIO KaKUM-JINOO0 MPUOIMKEHHBIM METOIOM HECTAIMOHAPHOM 3a/1a4 YIS CHCTEMBI
ypaBHeHmit HaBbe — CTOKCa 1 MoNTydeHHe B Mpejelie YCTaHOBUBIIETOCs pereHus. Jpy-
TOH, MCHEE MOIYJISIPHBIN METO/, 3aKJII0YACTCSl B TOCTPOCHUH CHCTEMbI HETMHEHHBIX all-
rebpanyecknx ypaBHeHnii (CHAY) ¢ momomipio KakoW-Imb0 anmpOKCHMAIlUH perrae-
MOH CTAallMOHAPHOM 3a/1auy, a 3aTEM IOJTy4EHHAsl CUCTEMa DEIIAeTCs NTePALMOHHBIMU
meronamu. O630p 000HX MOJX00B MOKHO HaiTh B [1]. Kakaplil 13 moaxoq0B uMeer
CBOM IIPEUMYILECTBA U HENOCTATKU. | TaBHBIMU JOCTOMHCTBAMHU BTOPOIO IMOJXOAA K
PEIIEHUIO CTAlMOHAPHBIX 3a7au ABJIAIOTCS: 1) MPU CXOAMMOCTU UTEPAIHOHHOIO MPO-
1ecca aBTOMAaTHYECKH BBINOJHSETCs ycioBue Heckumaemoctu (div u =0), 2) MOXHO
UCIIONIb30BaTh CIIOKHO peain3yeMble OOBIYHBIM CIIOCOOOM KpaeBble YCIOBUS (CM.
[2—4]); 3) Takoii crioco0 pelIeHus CTAllMOHAPHBIX 33a4 He 3aBHCUT OT cIlocoda 3ame-
HbI cTaMoHapHOW cuctembl ypaBHeHud Hasbe — Crokca Ha CHAY. HegocraTku nas-
HOTO TIOAXOJa CBSI3aHBI ¢ TeM (PaKTOM, YTO HTepaluoHHBIe MeTonsl pemeHns CHAY
JUISL CBOEH CXOAMMOCTH TPeOYIOT OrpaHHYCHNI Ha HEIWHEHHBIC ONEpaToOphl CHCTEMbI U
HavdalbHOE MPUOIIKEHNE, YTO CYIIECTBEHHO OTPaHUINBAET BO3MOXKHOCTh TPUMEHEHHE
ATOrO0 METOJa pelIeHMs CTallMOHAPHBIX 3amad (cMm. [5—7]). B paborax [1, 8—12] Obut
pPaccMOTpeH UTEPALMOHHBIM METOJ HEMOJHON alNmpOKCHMALUU PELICHUS Pa3HOCTHBIX
3a/1a4 anmpoKCUMHPYIONUX pa3IU4YHbIe CTALlMOHAPHBIE 33Ja4M AJIS CHCTEMBI YpaBHE-
Huil HaBbe — CTOKCa, OCHOBAHHBIA HA MUHMMU3ALUH HOPMBI HEBSI3KH, KOTOPBIA OKa-
3aJ1csl 10CTaTOuHO (P (PEKTHBHBIM IPU UX PELICHUH.

Jisi MUHMMU3alUU HOPMBI HEBSI3KM MOYKHO HCIIOJIb30BaTh METOJbI ONTHMH3ALUH
(MO), xoTopble MPUMEHSIOTCS AJIs TOMCKAa MUHIMYMOB MHOTOMEPHBIX QyHKuunii. B Ha-
cTosIel paboTe paccMaTpUBAaeTCsT BO3MOXKHOCTh PELICHHUs Pa3sHOCTHBIX 33j1ad, arl-
MPOKCUMHPYIOIINX CTalMOHAapHYyIo cucrteMy ypaBHeHHH HaBbe — CTokca MTEpaIyoH-
HBIMH MeToJaMu MUHUMEU3anwH [13-23], koTopele 00aaloT CBOWCTBAMH METOJa CO-
MPsDKEHHBIX TPAINEHTOB Ha KBapaTHIHBIX pyHKIsx [13].

' PaGoTa BBINONHEHA B paMKaX MPOEKTHOH YacTH rocy1apcTBEHHOro 3ananus Ne 1.630.2014/K.
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1. [TocTaHoBKa 3a1aun

PaccMoTpuM B orpann4eHHoit oOnactu  cieayIolyo CTalOHapHYO 3a1aqy:

u-Vi+Vp=v-Au; )
divii =0; (2)
(i) =0, (3)

rae I’ rpanuna Q, # — IByXMEpHBIH WM TPEXMEPHBIH BEKTOp CKOPOCTEH, p — naBie-
HUE, V — KO3 DUIIMCHT KHHEMATHUECKOW BS3KOCTH, /(i) — HEKOTOPBIC KpacBbIe YCIIO-

Bus. B nanpHeitmem cunraem, uto 3amava (1) — (3) mocraBiieHa KOPPEKTHO.

Jus pemenus 3amgaun (1) — (3) OyaeM UCIONB30BaTh METOJ] CETOK (XOTS BCE JIaib-
HEWIIMe BHIKJIAKU U BBIBOJBI CIIPABEUINBLI U VIS JPYTHX YUCICHHBIX METOJOB pellie-
Hus 3amaud (1) — (3)), KOTOpBIN 3aKIFOYaeTCS B TIOCTPOCHUH CETKH B oOmactu ( U 3a-
MeHe craraeMbiX B (1) pasHocTHBIME cooTHomeHusIMH (cM. [21-23]). B urore momyya-
€M, C YU4ETOM KpaeBbIX yclIoBui (3), cucTeMy HETMHEHHBIX alreOpandeckux ypaBHEHUH
(CHAY), pa3aMepHOCTh KOTOPOH IPONOPITMOHATbHA YuCIy TodeKk B QU T, B KOTOpBIX
HEOOXOIMMO BBIUUCISTH CKOPOCTh U JiaBiieHue. Takum oOpazom, HE yriayOJsisch B Me-
Tobl 3ameHnsl 3a1a4n (1) — (3) CHAY, B urore umeem cucremy Buza (0osee oapoOHO
cmotpu [1])

A(u,u) = f, 4)
rne u e R" A(u,u) = A (u,u)+ Au, A (u,u) — OGununeiinoe orobpaxenue, A, — nu-
HEUHBIIl OmepaTop B BEKTOPHOM MPOCTPAHCTBE F, KOMIIOHEHT BEKTOpa CKOPOCTEH u

JIaBJICHUS.

OnuH U3 TOAXOJOB PEIICHUS CHUCTEM HENWHEWHBIX YpaBHEHUH (4), ammpoKCHUMHU-
pyrommx ypaBHeHUs TuapoauHaMuku (1) — (3), COCTOUT B CBEIEHUU 3324l PEIICHUs
CUCTEMBI yPaBHEHUI

W) =(Aw,u)—-f); =0, i=1,2,..,m, ueR", 5)
K 3aJjaue MHHUMH3AIMA HOPMBI HeBSI3KH (cM. [1])
m
"rllz = f(u) = z’”lz (14), ueR" . (6)
i=1

3n1ech m — pa3MepHOCTH 3a7a4Hu.

Pa3Buteie B [1] uTepannoHHBIE METOIBI PEIIEHHS CHCTEMBI (4) OCHOBBIBAIOTCS Ha
CHENHaTbHO Pa3pabOTaHHBIX CXEMax IMOCTPOEHHsS CONPSDKEHHBIX HalpaBlICHUH 11 3a-
Jlaud MUHUMH3aIMHY (6) U JAI0T HaAekay Ha BO3MOXKHOCTbH HCIIOJIb30BaHMS CIELUANIN-
3MPOBAaHHBIX METOJOB ONTHMH3auuH. B pabore mccienyercs BO3MOXKHOCTH pPEIICHHMS
CHCTEM ypaBHEHHH ruaponuHamMuku (1) MeTogaMu MHHUMH3ALMH, HCHOJIb3YIOIUMU
3HaueHus QyHKuuu f(u#) u rpagumeHTa Vf(u). B oTnmume oT cnenmaim3mpOBaHHBIX

METOJIOB, I'/le KpoMe (YHKIHMU U IPaJIMeHTa UCIIOIb3YyeTCs IONOJIHUTEIbHAS HH(pOpMa-
1Ms B BUJIE MaTpPUIl, Ipu ucnoss3oBanuu MO cokpaiaercsi BpeMsi IOArOTOBKH 33/1a41
quist cyera. [lpu ncnonbzoBanun MO HECIIOKHO HAJIOXKHUTh HA PELICHHE JOMOJHHUTEIb-
HblE OTPAaHUYEHUsI, HApUMEpP B BHJE (YHKIHOHAIOB PEryJspu3alii, KOTOpbIE TPaHC-
(hopMUpYIOTCSA B IOTIOJHUTEIbHBIC U3MeHeHHs Buaa QyHkuuu f(u) (6). Apyroit Bax-

HBII (pakTOp aKTyasbHOCTH HCIOIb30BaHNs MO cOCTOUT B TOM, YTO UX IPUMEHEHHE HE
HATAJKUBACTCS HAa OTPAHMYCHUS XAPAKTEPUCTUK (YHKIIUH, HaKJIaJbIBa€Mble MTEPAIU-
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OHHBIM IIPOIIECCOM, HalpuMep, Ha OTPaHHUUEHHs] CBOWCTB MaTPUI] JIMHEApU3aIllUl ypaB-
HeHu# (5) unu reccuana (6). C 1pyroif CTOpOHBI, OCKOJIBKY IIPU HETMHEHHOCTH ypaB-
HeHuit (5) it MO He cymiecTByeT J10Ka3aTelbCTBa UX CXOAUMOCTH K TpeOyeMoMmy pe-
HIEHUIO U OLIEHOK UX CKOPOCTU CXOAMMOCTH, TO 3TH BOINPOCHI CIEAyEeT U3ydaTh Ha OC-
HOBAHUU BBIYHCIIUTENIBHOTO OMBITA.

C yuetoM 3¢ (eKTUBHOCTH CYHIECTBYIOIUX YHUBEPCATbHBIX MO TpaJueHTHOTO TH-
I1a, OTPaHIYMMCS UCCIIEIOBAaHNEM BO3MOXHOCTH HCIOIb30BaHUS IPUMEHHUTENIBHO K 3a-
Jade (6) pemakcalioHHBIX METOAOB, KOTOPBIE NPH ONPEICICHHBIX YCIOBHAX Ha KBaJ-
paTHuHBIX (YHKIMSX OOJIAAIOT CBOMCTBAMU METOJA CONPSDKCHHBIX TI'PAJNCHTOB
(MCT) [13, 14]. CpoiictBa MCI crnemyromue: 1) Ha KBaApaTHYHBIX (QYHKIHMIX MTOCIIC-
JoBaTeIbHbIE HampasieHus ciycka B MCI' SBISIFOTCSI CONPSXKEHHBIMH BEKTOPAMHU, 9YTO
o0ecrieynBaeT KOHEYHOE OKOHUAHHE IPOLIECcca 3a YHCIO UTEpPaIiii, He MPEeBOCXOAIIee
pa3MepHOCTh 3agauu m [16], mpu 3TOM TeHepalys MOCIe0BATEIILHOCTH HEe TpedyeT
XpaHEHHsI BCEH CHCTEMBI CONPSDKCHHBIX BEKTOPOB; 2) Ha IMaAKuX (yHKOUAX, B CHITY
CIPaBEVINBOCTH KBAaJPATHYHOTO TPEICTaBICHHS (DYHKIMH B HEKOTOPOH JIOKAJIbHOU
OKPECTHOCTH TOYKH, CBOMCTBO KOHEYHOM CXOJMMOCTH METOJa HAa KBaJAPAaTHYHBIX
(YHKUMSIX CYLIECTBEHHO BIHSET Ha YBEIWYEHHE CKOPOCTH CXOAMMOCTH METOJlda MUHH-
MU3AIHH.

CBOICTBOM reHepaliy NOCIIEI0BATEILHOCTH CONPSDKEHHBIX HAIpaBlieHnH o0iana-
I0T CJeIyIOUIMe KJIacChl METOAOB: 1) METOAbl COMPSKEHHBIX rpaaueHToB [13, 14];
2) KBa3MHBIOTOHOBCKKE MeTobl [16, 17]; 3) MHOrOIIAroBbIe pellakcalMoHHbIe cyOrpa-
JMEeHTHBIE MeTonbl [24-29]; 4) penakcaunoHHbIe cyOrpaJreHThle METOAbBI C pacTshKe-
HueM npoctpaHcTsa [16—20]. Meroas! kinaccoB 1 1 2 OCHOBaHbI Ha KBaJpaTUYHOMU MO-
nmemn gyskmun [13, 14], a aaropuTmsel kiaccoB 3 W 4 OpraHW30BaHBI 10 THIY € -
cyOrpaaueHTHBIX MeTo/10B [15]. B MeTonax kiaccoB 1 u 3 TpeOyemast mamsTh JUisl Xpa-
HEHUS IPOMEXYTOYHOW MH(OPMALMK W BBIYNCIUTENBHBIC 3aTPaThl HA UTEPALMH TPO-
HNOPLMOHAIBHBI Pa3MEPHOCTH MPOCTpaHCTBA m . B MeTromax kiaccoB 2 U 4 aHanoruu-
HbIE 3aTPAThl IPOIOPIHOHATBHBI 71°, YTO OrPAHHYMBAET HX MPUMEHEHHE B 3a1aYax Bbi-
COKOU pa3MepHOCTH.

Ha npenBaputenbHOM 3Tare oT00Opa METOJIOB MPHU MaJbIX Pa3MEPHOCTSIX YUCICHHO
UCCIIEIOBAIUCH AJITOPUTMBI KJIACCOB 2 M 4: KBa3sHHBIOTOHOBCKUI METOJ, OCHOBaHHBIN
Ha ¢opmyne BFGS [14] u cyOrpajueHTHBIA METOJ| C PacTSHKEHHUEM — CKaTHEM Mpo-
crpanctBa [18]. IlepeunciieHHbIE AITOPUTMBI 10 3aTpaTaM BBIYUCICHUH (QYHKIUH U
rpajineHTa MUHUMH3UpYyeMol (DYHKIMH HA HOPSAIOK MPEBOCXOIAT HCIOIb3yeMbIe Me-
ToIBI KiaccoB | m 3. B cmily X HEIPUMEHMMOCTH B 337adax BBICOKOW Pa3MEpHOCTH
JUISL pEILICHNS TOCTAaBJICHHBIX 33124 NCIIOJIb30BAINCH TOIBKO METOABI KiaccoB 1 u 3.

2. I/ICHOJIL3yeM[>le METOAbI ONITUMU3AIIUHA

Jlst perienust 3agauyu MuUHUMU3auK (6) ObII0 BEIOpAHO JBa METOJA, OTIMCAHUE KO-
TOPBIX IIPUBEJEHO HUKE.

1. Odmas cxeMa pejJaKCallMOHHOrO mMpouecca MUHMMH3anuu. Urepauus pac-
CMaTpUBAEMbIX B paboTe penakcarioHHbIX MO ¢ TOYHBIM OJTHOMEPHBIM CITyCKOM HMe-
€T BUJ]

u"" =u" - 5", ocn:argminf(u"—(xs"), n=0,1,.., @)
a>0

0
€ 3aJaeTcs HadadbHas TOYKa u , a §' — IPaJUEHTHO-COTNIACOBAHHOE HAIIPABJICHHE
cmycka, T.e. (Vf(u"),s") > 0.
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2. Metoa conpsKEHHBIX TPagHeHTOB. B MeTomax CONPSKEHHBIX TPaJNEHTOB
(MCT’) HanpaByIeHUE CITyCKa BBIYUCIIAETCS 110 MIPABUILY

s=g%, s"=g"+B,s" " ,n=12,.., ®)
rae napamerp P, =0 mpu # KpaTHOM 71, a IPH 7 HE KPaTHOM M BBIYMCISIETCS MO
onHoit u3 gpopmyan [10, 117:

n

_ @Y _ @Y _ (g".gh

P, =T OB =g BB s ©)
"™ (g .¢") (g".g"")

3nech npuHsATO 0603Hauenne g" =V (u"), y" =VfW")-Vf@""). Cxempt MCT B

cootBercTBUH ¢ (9) Oynem o6o3Hauath MCI'a, MCI'6 u MCT'B.

3. MHoromaroBblii peJlakcalMOHHBbIN cyOrpaauenTsrii meron [21, 22]. Kak ot-
MeueHO B [14], 3a9acTyio METOJl CONPSDKEHHBIX I'PAJUEHTOB SIBISETCS €AWHCTBEHHBIM
YHHBEpPCAJIBHBIM CPEICTBOM pEIICHHs OoJblIepasMepHBIX 3a1ad. K HemocTaTkam MeTo-
Jla cIeyeT OTHECTH HeOOXOIMMOCTh BBICOKOM TOYHOCTH OJHOMEPHOTO CITyCKa W Obl-
CTpPO€ HAKOIUIEHHWE MOTPEIIHOCTEN B BHIYMCICHUU COIPSHKCHHBIX HANPaBICHUN JaKe B
ciaydae kBaapaTHuHbIX QyHKImid (cm. [13, 14]). ITo sToif npuunHe B paboTe A pere-
HUS TTIAKHAX 3379 MUHIMH3AIIN UCTIOJIB30BaH PEIaKCAMOHHBIA CyOrpaleHThIi Me-
Tox [21, 22], meHee TpeOOBATENBHBIA K TOYHOCTH OJHOMEPHOTo ciycka. HampaBieHnue
CIIyCKa 3TOro aJiropuT™Ma Gopmupyetcs 1o cxeme [22]

0 1— Sn—l)gn
=, s"=sn_l+—( — )p",nzl,Z,...; (10)
(g.g") (r".2")
g", ecau (gnsgn_l)ZO,
n_ n _n-1
" g"—(‘|g ;g1||2)gn_]= ecu (g",g") <0. an
g

3necy g" =Vf(u").

Anroput™m (7), (10), (11) [22] (HazoBeM ero MPCM) npemnoxkeH B [22] mias MUHH-
MU3AIH HeTIaaKuX (QYHKIMA U SBISETCS yHpolleHneM anroputMa u3 [21]. Ha xBag-
patuuHbIX (QYHKUUSIX OH T€HEPHPYET MOCIEA0BATEIbHOCTh MPUOIMKEHUI MUHUMYMa,
UACHTHYHYIO IIOCJIeIOBATEIbHOCTH, TeHepupyeMmoil aimroputmamMu MCI. Anroputm
MPCM xopoliio 3apekoMeH0Ball ceds MPU PEIIeHNH HEerJIaJKuX 3a/ad BBICOKOH pa3-
MepHocTU. B padote [20] npuBoasTCS pe3ysbTaThl PEIIEHHUs] STHM METO/IOM PEryJIsipH-
30BaHHOH 3aJauu JMHEWHOro MPOTrPaMMUPOBAHUS BBICOKOW Pa3MEPHOCTU C JBYXCTO-
POHHHUMH OTPaHHYEHUSIMH.

OTinuMsg KCHOJB30BAHHBIX ANTOPUTMOB cymectBeHHOo. B MPCM wucnons3yercs
MeHee TOYHBIH OTHOMEpHBIN mouck, Hexxenn B MCT. Tlpu oOMeHe mporexypamMu OqHO-
MepHOIl MUHMMH3anuH 3(HEKTUBHOCTh 000MX METOJOB pe3Ko cHikaercs. CyOrpaau-
enTHBI MeTog MPCM wmcnonp3yeT TEXHHKY BBIOOpa HalpaBlIeHHs CITyCKa, COTIaco-
BAaHHOTO C HAIPaBJICHUAMH CyOTpaJineHTa HEKOTOPOH OKPECTHOCTH, YTO 0OECTIeunBacT
BBIXOJl METO/Ia U3 3TOH OKPECTHOCTH C OJHOBPEMEHHBIM YMEHBIIEHHEM MUHUMH3HPYE-
Mot ¢pyukuuu [15]. Hu3kast TOYHOCTh OJTHOMEPHOTO MOMCKA IS CyOTPaIHeHTHBIX Me-
TOJOB 0OoJiee MPEANOUYTHTENbHA, TOCKOJIbKY 00ECIIeYnBaeT OXBaT U MOCIEAY 0NN BbI-
X0 u3 0oJiee IUPOKOIT OKPECTHOCTH.
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B peanmzamnusx merogo MCI'a, MCI'6, MCI's 1 MPCM ucnonb30Baiics OAHOMED-
HBII TIOMCK ¢ KyOMYeCKOW MHTEpIIOJIIUeH, TOYHOCTh IOMCKa MUHHMYMa KOTOPOI'O Ha-
CTPOEHA TaK, YTOObI MUHUMH3HPOBATh KOJIMYECTBO BBHIYMCICHUH (PyHKIMHM W TpajneH-
Ta, HEOOXOAUMBIX JUIS PeAIN3ally METO/1a.

3. Pe3yJIbTaThl YHCICHHBIX PACYETOB

[Mpexxne yem oOCyXIaTh NPEACTABISIEMBIC PE3yJIbTATHl PAcUETOB, CIEAYET OTME-
THUTb, YTO MOJTyYEHHbIE HAMH PEIICHUS, KaK B IByXMEPHOM, TaK M B TPEXMEPHOM CIIy-
Yasx, CPAaBHUBAJIINCH C PEIICHUSAMH, ITOTyYeHHBIMH JPYTUMH aBTopamiu (cum. [1, 27 — 32]
U OUTHPYEMYIO TaM JINTEPATypy). DTO COMOCTABICHUE NTOKA3aJI0, YTO HAIIK PE3YJIbTATHI
Ka4eCTBEHHO M KOJMYECTBEHHO COBIAJAIOT C N3BECTHBIMH PACUETAMHU.

[t IpoBepKH BO3MOXKHOCTH 4HCJIEHHOTO PEIIEHUs CTAlIMOHAPHBIX 3aa4 AJIsl CHC-
TeMbl ypaBHeHuil (1) — (3) MeTomaMu ONTUMHU3AINH PELIATUCH CIEAYIONIE TUITHYHBIC
Y XOPOIIO U3BECTHBIE KpaeBble 3aaaun (cMm. [1]).

B nanpHelinieM OBYMEpHBIH BEKTOP CKOPOCTH UMeEeT BUI U = (4,V), a TPEXMEPHBIN

—u=Wv,w).

PaccmoTpum cnenyromue 3a1aun:
3agaua 1. 3agaua upuxie ans onHoMepHOro ypaBHeHus broprepca:

du du
uE:de_Z”(x)’ xe(a,b), (13)

u(a)=o¢p, ub)=9, ,
rae ¢;, ¢, —3aJaHHbIe TOCTOSHHBIC, /(X) — M3BECTHAA QYHKIHU.

3apaua 2. /[ByMepHOe TeUeHUE B MPSIMOYTONBHOM KaHaine (puc. 1).

3amaua 3. /[BymMepHOE TeUYEHUE B KaHAJIE C YCTYIIOM (pHC. 2).

3amaua 4. /[BymMepHOe TeUeHHUE B KBa[paTHON KaBepHe (puc. 6).

3agaua 5. TpexMmepHOe TeUCHHE B €AUHUYHON KyOudeckoi kaBepHe (puc. 10).

B obnactu pemiennst BBeEM paBHOMEPHYIO COTJIACOBAHHYIO C I'paHMIEH CETKy, Ha
KOTOpOIl anmpokcumupyeM 3anadu 1| — 5 co BTopbiM nopsakoMm. st perieHus noiy-
YEHHBIX Pa3HOCTHBIX 3a]ad, SBISIOIIUXCS] CHCTEMaMy HEIMHEHHbBIX ypaBHeHHH (4), nc-
MOJIB30BAINCH ClieAylomue anroputMbl mMuHEMm3aimun MCl'a © MPCM (cm. 1m.2).
OyHKIUSA ¥ TPAAUCHT BO BCEX METOJAX BBIYMCIUINCH OAHOBPEMEHHO. OCTaHOB anro-
pUTMa OCYIIECTBILIICS NPU IOCTIDKEHHHM TpeOyeMoil TOYHOCTH € 10 MPaBHITY

f"=fw")<e.

[Ipu pemennn OTMEYEHHBIX CTAlMOHAPHBIX 33134 JUIA CUCTeMBI ypaBHeHnH (1) — (3)
OKa3aJI0Ch, YTO METOABI CONMpPsDKEHHBIX TpaaneHToB MCI'a, MCI'6 u MCI'B mpaxTuye-
CKH 3KBUBaJICHTHEI. [103TOMY ITpHBOANM pe3ynbTaThl TOJIBKO st MeTomga MCl a.

B Tabnmiax yxasaHbl pa3MepHOCTH 71, TApaMeTPhl UCTIONb3YEMBIX CETOK, TOYHOCTh
€, uncno urepaunit (It), konmuectBo Berunciennid GpyHkuun u rpaauenrta (Nfg), HeoO-
XOAMMBIE AJISI TOCTIDKEHNUS 3aaHHOl TouHOCTH €. CpaBHEHHE METOJ0B OyaeM IpOBO-
JIUTh HAa OCHOBE BenM4yMHBl Nfg, Tak Kak oaHO BbhluMciieHHe Nfg npeBocXoauT IO BbI-
YHCIIUTENLHOM EMKOCTH alrOPUTMHUYECKUE 3aTpaThl METOJa Ha OJHY UTEpaLUIO B HTe-
pauuoHHbIX MeTonax pemenus CHAY.

[lanee Ha Bcex pUCYHKax IIpHBE/ICHBI NOJTy4YEHHbIE JIMHUN TOKA, a B TaONMIax 3Ha-
YEHUS KOJIMYECTBA UTEPALMii, BEIUUCICHUM MIPaBbIX YacTed U rpaiueHTa.
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B Tabun. 1 mpuBeneHs! pe3ysbTaThl pacueToB 3anauu Jupuxie s pa3HOCTHOM 3a-

Jauu
U, — U, U —2u; +u.
u, =L il Ll i=12,.,m—1,
i 2% ]’l2 i
(b-a)
uy=A4, u,=B, h=——,
m

anmpoxcuMupytomeit (13).
3nechk npaBasi 4acTh M TOCTOSIHHBIE 4, B 3ajaHbl Tak, 4ToObl pemieHue 3anauu (13)

AMeNo BU  sin(7x)
Tab6numa 1

Oanomepusbie ypaBHeHus Boprepca v =0.001

Pa3zmepHOCTH/TOUHOCTD Hrep aunn/ov6p Attt MPCM MCra
K ITpaBOU 4acCTH
m = 500, It 40570 59659
e=10" Nfg 68000 119421
m = 1000, It 358411 578891
g=10" Nfg 592019 1158354

Ha puc. 1 u B Ta0u. 2 npuBeaeHo pelieHue 3agaduu 2

I,
1
Fl 3 F3
:——c——v——‘—v* I I I I 1 1 1 ! 1 1 1 1 1 I 1 L
0 1 2 I, 3 4 5
_ ou
Puc. 1. Kanan v=0.001, #|. =0, u|. =1, v|. =0, — =0, v|. =0;
r I I ox|r I3
3
Nx=100, Ny=500, h=0.01
TaOnauma 2
JlBymepHblIii kanan v =0.001
Nx, Ny Pa3MepHOCTB/TOYHOCTh HTepaHHI/I/(i6paH_IeHI/I${ MPCM MCTa
K IIpaBOH 4acTH
Nx =30 m=13323 It 4692 4582
Ny =150 g=10" Nfg 8442 9321
Nx =50 m = 37203 It 9871 7808
Ny =250 e=10" Nfg 16668 15885

B Ta01. 3 n Ha puc. 2 — 5 npuBeeHbI pe3yIbTaThl pelICHUs 3a1a4M 3.
B Tabm. 4 u puc. 6 — 9 npuBeIeHBI pe3yNbTATHI PEIICHUS 3aga4n 4.




26 10.H. 3axapos, B.H. Kpymukos, A.H. Bepunnnn

I3

L J L L i L I l
4 5
Puc. 2. Kanan ¢ ycrynom, v = 0.008. i[\rz =0, ”‘r, =1, V‘r, =0, Z—u =0, v\r} =0;
X Ty °

h=0.01 (Nx = 550, Ny = 100)

Puc. 5. Kanan ¢ ycrymom, v = 0.002, 42 = 0.01
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Tabnuma 3

JIByMepHbIii KaHAJ ¢ yCTyHOM

v Nx, Ny Pa3mMepHOCTB/TOYHOCTH I/ITepauHH/ov6paLueHm1 MPCM MCrTa

K TIpaBoii yactu
Nx =30 m=14012 It 9000 8400
0.002 Ny =165 g=2610" Nfg 15304 16892
’ Nx =50 m=39102 It 10001 9600
Ny =275 g=3.510" Nfg 17690 19354
0.002 Nx =100 m= 1569524 It 10800 10400
) Ny =550 £=3.080-10" Nfg 19870 21110
0.003 Nx =100 m= 15695274 It 7800 7500
Ny =550 £=4.679-10 Nfg 15495 15300
0.005 Nx =100 m= 15695274 It 8500 8300
Ny =550 €=6.6958-10 Nfg 16437 16855
0.008 Nx =100 m = 156952 \ It 9600 9400
) Ny =550 €=7.4679-10" Nfg 17709 18957

Puc. 6. /IBymepHnas kaBepHa v = 0.1.

il =0, uly, =1, v, =0; Nx=Ny=50,/=0.02

| —
o8l
0.6 {1

0.4 I

A

0 02 04 06 08 1

Puc. 8. JIBymepHas xaBepHa, v = 0.001.
Nx=Ny=50,h=0.02

Puc. 7. [IBymepnas xaBepHa v = 0.01.
Nx=Ny=50,h=0

0 02 04 06 08 1

Puc. 9. IBymepHas xaBepHa, v = 0.001.
Nx =Ny=100,h=0.01
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Tabnuma 4

JIBymepHnas kaBepna v = (.001
Nx, Ny Pa3MepHOCTH/TOYHOCTH I/ITepaHHH/(?‘6paLH6HH5{ MPCM MCTa

K IIpaBoOX 4aCTu
m = 7403 It 14275 12252
Nx=Ny =50 e=10" Nfg 23566 24508
Nx=Ny= m =29803 It 35573 35384
100 e=10" Nfg 56372 70780

B 1ab61n. 5 n Ha puc. 10 — 12 nmpuBeneHsI pe3ynbTaThl pemIeHns 3aAa4u S ¢ Kodpdu-
nuenToM BszkocTu v = 0.01. Ha puc. 10 — 12 Nx = Ny =Nz =50, h = 0.02.

Tabauma 5
TpexmepHas kaBepHa, v = 0.01
Nx =Ny=Nz | PaaMepHOCTH/TOYHOCTD Hrep auym/ov6pameﬁm MPCM MCTa
K IIpaBOU 4acCTH
10 m=3518 It 455 413
g=10" Nfg 805 834
20 m = 29838 It 1500 1350
g=10" Nfg 2717 2744
30 m = 102958 It 3671 3267
g=10" Nfg 6726 7351
40 m = 246878 It 8887 8658
g=10" Nfg 16145 17457
50 m = 485598 It 19352 19052
g=10" Nfg 33920 38307
=
==
i
=
I
0
Y X
Puc. 10. TpéxmepHas KaBepHa. 11\1_2 =0, u\rl =1, v\rl = w\rl =0,

Pactexanue no nepegHei, paBoil U BepXHel CTEHKaM
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|

'

0.8 ' ;

!

0.6 k1

=

0.2 K1

0.5

0
02 04 X

0.6
v 08 11

Puc. 11. TpéxmepHas kaBepHa. TeueHne BHyTpH 001acTu

Puc. 12. TpéxmepHast kaBepHa. Tpeku yacTuig
B 30HE 320JIOKHPOBAaHHOTO TCYCHHS

B pesynbrare NpoBEAEHHOrO BBIYMCIMTENBHOIO KCIEPHUMEHTAa BBIACHUIOCH, UTO
UCTIONIb3YEMbIe METO/bI ONTHMHU3AINH Ul PEIICHUS] Pa3HOCTHBIX 33/1a4, alllpOKCHMHU-
pytomux cuctemsl ypaBHeHHi HaBbe — CTOKca, yCHENIHO CIPaBHINCh C UX PEIICHUEM
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3a pazymHOe BpeMs. OTMeueHHBIE Pe3yJIbTaThl MO3BOJISAIOT PACHIMPUTH KPYI METOIOB
pelIeHNs] Pa3HOCTHBIX 3aad, alIPOKCUMUPYIOIUX CTALlMOHAPHYK) CUCTEMY ypaBHE-
Huii HaBbe — CToKca, 4T0 OCOOEHHO Ba)KHO B YCJIOBHSIX MHHUMM3ALMH CJIOXKHBIX MHO-
TO’KCTPEMAIIBHBIX (PYHKIMH, TJie 3a4acTyI0 IIPUXOIUTCS HCIOIB30BaTh HECKOJIBKO Me-
TOJIOB ONTHMH3ALUH ISl TOTO, YTOOBI OOOMTH CII0KHBIE 00JaCTH MUHUMH3ALIH.
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Zakharov Y.N., Krutikov V.N., Vershinin Y.N. OPTIMIZATION METHODS FOR SOLVING
SYSTEMS OF HYDRODYNAMICS NONLINEAR EQUATIONS

DOI 10.17223/19988621/37/2

There are two approaches to numerical solving steady state problems for the system of
Navier-Stokes equations describing the motion of a viscous homogeneous incompressible fluid.
One of them, that is most commonly used, is reduced to the solution of the non-stationary prob-
lem for the Navier-Stokes equations by an approximate method and obtaining steady solutions in
the limit. Another, less popular, method is to construct a system of nonlinear algebraic equations
(SNAE) using any approximation of the stationary problem solved; then, the resulting system is
solved by iterative methods.

Each approach has its advantages and disadvantages. The main advantages of the second ap-
proach to the solution of stationary problems are: (1) in the process of convergence of the iterative
process, the condition of noncompressibility is satisfied automatically; (2) one can use boundary
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conditions that are hard to implement in the usual way; (3) the method for solving stationary
problems does not depend on the method of replacing the system of equations by a SNAE. Disad-
vantages of this approach are related to the fact that the iterative solutions of the SNAE for its
convergence require restrictions on the nonlinear system operators and the initial approximation,
which significantly limits the possibility of using this method for solving stationary problems.

The partial approximation method for solving difference problems approximating various sta-
tionary problems for the Navier-Stokes equations, based on the minimization of the residual norm
minimization by specialized methods, was used earlier and proved to be effective. The possibility
of solving difference problems approximating the stationary Navier-Stokes equations, multi-step
iterative minimization possessing the properties of the CG method is investigated in this paper
using the method of conjugate gradients and multi-step relaxation subgradient method (MSRSM).

The abovementioned optimization techniques have significant differences in the implementa-
tion and requirements to the accuracy of the one-dimensional descent. The conjugate gradient
methods require a high precision search. The feature of relaxation subgradient methods, in par-
ticular, the MRSM, is the search of the direction of descent for the current gradient-coordinated
minimum in a neighborhood the size of which is determined by the step of minimization. This last
remark explains the effectiveness of methods of this class in the rough one-dimensional search.

Both the methods have successfully coped with the posed tasks within a reasonable time and
high accuracy, which is confirmed by comparing the obtained results with known ones. These re-
sults allow us to expand the range of difference methods for solving problems approximating the
stationary Navier—Stokes equations, which is particularly important under conditions of minimi-
zation of multiextremal functions, where it is often necessary to use several optimization methods.

Keywords: Navier-Stokes equations, optimization method, multistep method of minimization,
subgradient method, conjugate gradient method.
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