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THE NELSON-SIEGEL-SVENSSON YIELDS.
PROBABILITY PROPERTIES AND ESTIMATION

Probabilty properties of the yield interest rates that are generated by model of Nelson — Siegel and Nelson — Siegel —
Svensson are considered. The paper is directly related to [1]. It is shown that the model of Nelson — Siegel does not
differ from the traditional two-factor model of affine yield, the volatility of which does not depend on the market state
variables. Accordingly, the model of Nelson — Siegel — Svensson — from a four-factor model. These models generate
the interest rates of yield to maturity and the forward yield with a normal distribution, for which the expectations and
covariance matrices are found. To estimate the values of the rates of yield to maturity in the current time it is offered a
recurrent procedure based on the use of the Kalman filter.
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The Nelson — Sigel (NS) yield models belong to the affine family of models. The affine models are the
factor models where some variables, for example a components of the state vector x, are considered as factors.
In affine models of the term structure of interest rates it is assumed that the yield to maturity y(t, x) on a zero
coupon bond with price P(, x) is defined by relation
~InP(t,x) _ x B(t)- A1)

T
where T — term to maturity and 4(t), B(t) are the functions of term structure. Usually as components of the

(T, x) =

state vector x some market indexes are taken and then functions of term structure A(t) and B(t) are determined
so to avoid an arbitrage opportunities. In their yield model C. Nelson and A. Sigel [2] do conversely: they set
vector B(t) and then determine vector x so to fit the yield y(t, x) to the market observations. Vector B(t) that set
by Nelson and Sigel is
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with parameter y > 0. A(t) = — t L(t) where L(t) is known as a /evel factor. Vector x has components S; and C;:
S; — a slope factor and C, — a curvature factor. Factors L, S and C are named too latent factors.

Thus in the NS yield models the yield curve y(t) = y(t | L, S, C) and the forward curve f{t) = f(t | L, S, C)
are determined by following relations
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S = L®) + S exp (= v7) + Gyt exp (= 77).
L. Svensson [3] offered to extend the NS model in order to increase the flexibility and improve the fit

models to empirical data. He introduced the additional latent factor but with parameter & # y, 8 > 0. Then vec-
tors B(t) and x will have four components:
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Note that in Svensson’s proposal G, = 0 (more exactly: G, is absent) and vectors B(t) and x have only
three components. However as it is shown [1] in this case the no-arbitrage conditions are not fulfilled. There-
fore we will assume that G, can be not zero.

So that in the Nelson — Sigel — Svensson (NSS) model the yield curve y(t) = y(t | L, S, C, G, H) and the
forward curve f(t) = fit | L, S, C, G, H) are determined by following relations
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f()=(tL(t))' + S, exp (—y1) + C, vt exp (— y1) + G, exp (-071) + H, Ot exp (—Or1).

1. Probability properties

It was shown [1] that the yield model is the no-arbitrage Nelson — Sigel (NS) model or the no-arbitrage
Nelson — Sigel — Svensson (NSS) model only when the vector of a state variables of financial market X(¢) = (X,
X, ..., X,)" follows to homogeneous for time Markov process generated by the stochastic differential equation
with linear function of drift p(x) over x, and the volatility matrix o(x) not depended on x.

Under these conditions this equation can be written down in a form

dX () =[-KX () + KOldt + W (¢), X(tp) = Xo, 4)
where K — (nxn)-matrix, 0 — n-vector, ¢ — (nxm)-matrix and W (¢) = {W (¢); t > t,} — m-dimensional Wiener
process with components, which are independent scalar Wiener processes. As well as any differential equation
(10) should be supplied by the entry condition fixing a vector X(¢) at some initial time ¢#,. It is possible to show
[4] that the equation (4) can be solved analytically in the following form

t t
X(1)=O(tg, 1) Xo + j 0\ (t,5)K0ds + j 0 (4, 5)0dW (s) |, (5)

ty ty
where 0O(¢y,7) — (nxn) fundamental matrix of solutions, satisfying to the initial condition ©(¢,,#,) =/ and to the

homogeneous matrix differential equation

d O(ty,t) =—KO(ty,t)dt, (6)
which can be considered as n the vector differential equations. Note that to solve this equation with respect
0O(¢y,t) in an explicit form also it is possible. As the equation (4) is the equation with constant coefficients the

fundamental matrix of solutions ©(zy,¢) will depend not on two arguments, but only from one: ©(¢,t) =
=0(t—t,). To stop receiving cumbersome expressions, we present the solution of equations (4)—(6) for NS

model, when 7 = m = 2. In this case matrix K is determined for NS model by the formula

Y =Y
K= 7
(0 Y J @
and the solution of the equation (6) has a form:

—v(t—t) _ —y(t—ty) y(t—ty)  _ _ y(t—t)
O—19)=| Y(t—ty)e 0 r—tg)=| € Y(t—tg)e '
0 67Y(1710) 0 eY(tho)

Therefore expression (5) takes the form

39



X (0= (Xl(t)} e TITX (1) + 1t~ 10) X2 t0)] |,
X5 (1) e*Y(’*’o)Xz (to)

1= VY0, — (=1 )e 0V
R el = 0) (®)
(1—e )0,

Here &(f) — a two-dimensional normally distributed random vector process with the components having

zero mean and covariance matrix
Q-t)=E[XO-EXODXO-EXODT=EEOEWD ']

Generally the matrix Q(¢ — fy) is calculated easy, but its elements [ (t — #)]x are quite cumbersome.
Therefore we present here only their analytical expressions for the simplified case where the off-diagonal ele-
ments of the volatility matrix o are zero (G, = 0,1 = 0, oy — matrix elements c).

1= g 211 o 2110)
[t — 1)1 =4—y(2<s121 +0%,) —sz(t —t0)(1+7(t —t9))o 3,
~2y(t—t,) =2y(t-ty)
l—e o) _2v(t—ty)e 0
[Q(t —to)]12 =[Qt ~1p)]2) = Z; 0) 63,5 ©
)
[Q(t—19)] = TR 627 -

Expression (8) is composed of three terms: the first defines the time-decreasing dependence on the initial
state X, the second approaches over time to a steady mean 0, and the third term is random process &(f) with
zero mean and tending eventually to its limiting form covariance matrix Q(¢ — fy). Limiting matrix (¢ — %))
when ¢ — t, — oo looks as follows:

Qo) = L(chlzl + 20122 +2011021 +206120, + c%l + 6%2 2611021 +201209, + 6%1 + G%zJ '
4y 2611651 +201362, + 031 + 63, 2031 +63,)

Note that from properties of matrixes Q (¢ — #,) follows that components of a vector of state X(¢) — the
correlated random processes. This correlation between vector components for some fixed time ¢. However, the
serial correlation of the state vectors for different time points ¢ and ¢ + s is important too.

Qtt+s)=E[XEO-EXO)Xt+s)—E[X({t+9)])"]=
=E[E(1)E(t+5)]=Cov(X(0), X (1+5)).

As well as in the previous case, we present this matrix only in the case a diagonal volatility matrix c. Be-
sides, we will put that #, = 0.

—ys

[Q(, 1+ )1 = —— (1= 2V )20 +(1+78)53,) — 2yte 2V (1+(t +5))05,) »

4y
—Ys

[Q(t: i+ S)]12 = ¢ (1 - 672Yt - zyte72w)6%2 s

4y
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[Qt,t+5)]p1 = 4y (A—e )1 +2ys)—2yte " ")o3,,
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[Qt,t+5)]pn =
2y
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In a stationary case, i.e. at ¢, — — oo, covariance matrix Cov (X(¢), X(¢ + s)) does not depend from ¢ and
looks like

-vs 2 2 2
Cov(X(1), X(t + 5)) = <— | 2O +(1+Y~2‘)022 °% |,
4y (1+ys)o5, 205,

Note that

2
Cov (X5 (£), X (t +5)) = %ﬂs .
Y
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Therefore the correlation function of components X (f) depends only on one parameter v, i.e.
CoV[ X5 (1), X5 (1 +5)]
Var{ X5 (1)]

So if this correlation function can be estimated, then it is possible to estimate and parameter 7.

— e*’YS .

Because processes X(¢) and £(¢) have normal distribution the knowledge of mathematical expectations
and covariance matrixes gives their comprehensive probabilistic description.

For NSS model # = m = 4 and in this case vector B(t) has the form (3) and matrix K is determined by the
formula

y -y 0 O
0

k=% v o0
0 0 & -6
0 0 0 &

The matrixes O —1ty) , Q(t—ty), Q (¢, t + s) will be four-dimensional too. The four-dimensional process

X(t) = (X, X5, X3, Xa)" will be normal and will have the similar properties as such process of NS model.
However the explicit expressions for this case will be considerable more bulky and here not cited.
It is shown [1] that in no-arbitrage affine models between the state variables of financial market X{(¢) and
latent factors of NS model {S,, C,} there are an accordance
4
= 01X (D) + 02 X () = (0, Cr=y Xo(0), L, =— 20
=Tt
So that the factor of level L, in the explicit form does not depend on current time, and depends only on
term to maturity and is not random. A vector ¢ = (¢; ,)" is defined by following general limiting property
T —
lim y(’[’ r) = lim M

0 0 T

(10)

:de):}/"

which is fulfiled uniformly over x. Therefore lim ——= A = L(0) =0, and B'(0) = ¢. r is the short-term (riskless)

=0 T
interest rate. From this and from the expression (1) it is follows that ¢ = B'(0) = (1 0), i.e. ¢; =1, ¢, = 0.

The slope and curvature factors {S,, C,} are accurately the state variables {.X; (¢), X5 (¢)}. Hence all proba-
bility properties of state variables {X; (¢), X2(¢)} are properties of latent factors {S, C,} also.

Thus for NS model the factor L(t) is determinate and vector of factors {S, C;} are the normally distribut-
ed two-dimensional random variable with the vector of mathematical expectation 6 = (0, 6,)" and the covari-
ance matrix (¢ — #y) with elements that are computed by formulae (9). From this it follows that yield rate y(t)
and the forward rate f{t) have mathematical expectations and variances

Ely(t, ©)]=L(r) + leTB(r), E[f(t,7)] = d[tL(7)] o7 d[B(1)] .
T dt dr

(T - To) 21

VAR[Y(T, 1)] = — B(®)" QT - T)B(x), VAR[F(T, )] = d['z(ﬂ]

d[B (T)]
dr
These expectations and variances can be computed in explicit form both for NS model and NSS model.
Only for NS model the vectors and the matrixes are two-dimensional and for NSS model these vectors and ma-
trixes are four-dimensional. Because of bulkiness these expressions here not cited.

2. Estimation

If to enter designations S, S;— 01, 5, = C, — 0, then representation (8) can be written down as well in

more compact kind:

St S +Y(t S)C —y(t-s) _ _—Y(t-s) 1 y(r-s) §s
el 7 fE s

N
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From representations (8) and (9) follows that if the pair {S,, C,} is known for s < ¢ then the least squares
estimator of pair {5, C,} is expression

‘§t s ()] Loyt=9)1Ss T 1—e 7 - vt - S)ei(hv)y O . (11)
ét 0 1 Cs 0 1—e (Y 0,

This estimate is unbiased, and the error covariance matrix is X(z — s) = E[{(t, 5) (¢, 5)"].
According to equalities (2) the yield yns (7, #) at the point time ¢ is determined by expression

_, T P 4
yK0=LA0+Sf c +a(le —ew}z
YT

YT
S,
=L(1) + (bi(1) ba(1)) % (Ct ] =L (1) + B(1) g(1). (12)
t
_e I YT
Here it is designated b(t) = B _1-e , by(7) = By _l-e —e ", and also considered that the
T YT T YT

factor L(t), as mentioned previously, is independent on current time ¢. Functions b,(t), b2(t) form a row vector
b(t) = (by(1), b3(7)), depending only on the T and does not depend on ¢. Other vector, a vector-column of factors
g(t) = (S, C)", depends only from ¢ and does not depend from t.

Let quotes zero-coupon bonds are produced for » maturity terms t;, i = 1, 2..., n, for business dates ¢,
t=1, 2..., N. Assume also that the quotes y, (1;) may contain some random errors g;. Then the structure of the
sample can be described by the following relations

v)=L(@)+b(t)g®+eni=1,2..,nt=1,2..,N. (13)

Let's form by means these equalities a n-vector Y, from the quotations received in date ¢. Its structure will
be represented by means of n-vector £, (nx2)-matrix B composed from vectors-row b(t;) of functions of term
structure and a n-vector of errors &,.

_e Tt _,TT
l-e ™ lI-e ™ _e*V'Cl L(Tl)
1T 1T L(t
B=| .. . , L= (2),V5Ek@ﬁ.
1 _ e*’Y‘C” 1 _ e*’Y‘C” ~ e—’y‘c”
TTn Y L)
So that
Y=C+Bg(H)+¢,t=1,2...,N. (14)

From the resulting equation it is possible to estimate a vector g(f) of factors as follows. We multiply
equation (14) by the matrix ®'. In this case a multiplier at g (f) becomes square (2x2)-matrix @' ®, non-singular
at n > 3. Then we find an inverse matrix (8" ®) ' and multiply on it at the left the modified equality (14) then
the structure of a vector of factors g(#) is easily found in form

g(t)=(8"8) '8 (Y,- £)- (B'B) 'B'e,.

If random errors g, are independent for various indexes i and ¢, the vector of errors g, has a diagonal co-
variance matrix Var [g,] = Diag [c§i| i=1, 2..., n] and a zero mathematical expectation. Therefore the least
squares (LS) estimate of a vector of factors

gO=(8'® '8 (Y, - L) (15)
is unbiased and has a covariance matrix
(B'®) 'B'Y,Var [g] V' B(B'3B) .

If &;, — normally distributed vector then this estimate will be also maximum likelihood (ML) estimate. Note

1-e"*
YT
(10), for determination L(t) need the only function A(t) with the opposite sign. Equality for function 4(t) actually

l-e

YT
B b2 (T) =
YT

that matrix @ is known, as its rows are b (t) with elements b, (t) = —e ", As follows from

is not the equation [1] when functions B, (t) and B, (1) are known and determined by expressions (1). If to take the
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elementary case when a volatility matrix ¢ in the equation (9) is constant and diagonal, matrix K is set in the form
of (7), and risk market prices A — constants then the derivative of function 4 (t) will be such [1]

G N5 773 W S SP bl A

dt dt
_o 1T
+ ('Ye 2— Gz?\.z)(l ¢ —‘Ceyt] -
Y
2 2

2 T 2 T
_6_1(1 e ]_2(_1 € _Tevr]. (16)

2 Y 2 Y

Thus, matrix @ in the ratio (15) for an estimation of a vector of factors g(¢) can be specified analytically,

however integration of expression (16) leads to bulky expression.
Note that in representation (12) L, (t) = L(t) on the one hand does not depend on ¢, and on other — is de-
termined analytically. Therefore this representation can be rewritten as

WO-L@=5"" ¢ (1_”1 —ew] = (> (1), by () x (SJ
T 4 C,

Let %,(t) =y,(t) — L (1). Then the vector equation of observations (14) will be transformed to a form
Y,=B g(t)+e, t=1,2..,N. (17)

The relations obtained allow us to construct the optimal mean-squares procedure of estimation the varia-
bles {S;, C;}, i.e. sequentially over time to estimate the yield curves in the form (12). This can be done by using
a Kalman filter. Suppose that the yield to maturity (13) is listed over regular intervals A, so that at each time
point £ = kA, k=0, 1, 2..., is declared » returns {y, (1), i=1, 2..., n}.

Without stopping on the details of the output of the Kalman filter [5], we present the structure that
adapted to our problem.

F =eYA(1 YAJ.
0 1

Let
Then the estimate (11) can be written down in a form

(S’] =F(€’A] + (I—F)[i],
C, C,_a C

where I — the identity matrix, and a minus in the top index means that the estimation is determined under the
information which are available till the previous moment ¢ — A inclusive. A covariance matrix P,~ of this esti-
mation satisfies to a relation

P =FP_,F" +%.

Here availability of a minus in the top index P,” means the same, as in previous, and absence of such in-
dex in P,_ , means that the covariance matrix was determined under the information which are available till the
moment, specified in the bottom index inclusive. X — a covariance matrix E [§ (t, t = A) £ (¢, t— A)'].

Suppose further that the vector equation of observations has the form (17)

Let's enter into matrix consideration

K, =P, 8" (BP, 8" +V) ', P,=(I—-K,B) P,".

Matrix K, determines the optimum compromise of contributions in an estimation of variables {S,, C;}: by
observation Y, arrived at the time point ¢ and by estimates of these variables under the information, which are
available till the time point # — A inclusive. The covariance matrix P, is necessary for realization of the follow-
ing iteration of algorithm at the point of time ¢ + A. Note that as matrixes F, X, H, V, £ do not change with time
and assumed to be known prior to the beginning of procedure of estimation, then sequence of matrixes P,”, X ,,
P, can be calculated in advance prior to the beginning of recurrent procedure of estimation. The final estimate
of variables {S,, C,} at time ¢ is calculated by the formula
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=K,(Y,— L)+ - K,B) F[S:’AJ+(I—F)(§H .
Cia C
This formula allows recurrently during the receiving of observations Y, compute the best mean-square
estimate of factors {S, C,}. Unfortunately, for realization of such procedure it is necessary to know all model
parameters, i.e. ¥, 01, 0, Ay, Ay, {0y}, or to implement procedure of their estimation, which is a separate
problem. An initial vector of estimations of factors {S;, Cy} can be obtained using (15) on the initial

observation Yj:

(é‘;} = (8"'®) 'B" (Y, L).

Conclusion

The description of the Nelson — Siegel (NS) yield models and the Nelson — Siegel — Svensson (NSS)
yield models as a traditional multi-dimensional affine yield models is presented. NS model it turns out the two-
factor model, in the case of NSS model — the four-factor. This description differs from the representations of F.
Diebold and G. Rudebusch [6] so that the dimension of the models is reduced by one, which simplifies the
calculations. It was found that the Nelson — Siegel latent variables coincide with the state variables of the
traditional models. The explicit representation of the probability distribution and the first two moments of these
«latent variables» are obtained. It is computed the expectations and covariance matrices of interest rates of the
yield to maturity and forward rates. It is formulated the procedure of latent variables recursion estimation based
on the Kalman filter.
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Meogeoes I'ennaouii A. (benopycckuii rocyapcTBeHHBIN yHIBEpcUTeT, Pecyonka bemapycs)

JoxonHoctn Hesibcona — Cureinst — CBeHccoHa. BeposiTHOCTHBIE CBOICTBA U OLleHMBaHHe.

KiioueBble ciioBa: BpeMeHHas! CTPYKTypa; KpHBas NOXOAHOCTH; adHUHHBIE MOzenu; Mopaens noxoxHoctd Hemscona — Curemst —
Caenccona; ¢puistp Kanmana.

DOI: 10.17223/19988605/33/5

PaccMoTpeHBI BEpOSATHOCTHBIE CBOMCTBA IIPOLICHTHOH CTaBKU JOXOIHOCTH, HopoxkaaeMoi moaesiMu Henbcona — Curens (NS)
n Henscona — Curenst — Cenccona (NSS). Onmmcanne moneneit noxonnocreit Henbcona — Curens u Henscona — Curenst — CBeHCCcOHA
MIPEICTABICHO KAK M3JIOXKEHHE TPAJUIOHHBIX MHOIOMEpHBIX adduHHBIX Mozeneil noxoxHoctu. [lokasano, uro moxmens Hemscona —
Curens NMpakTHYeCKH HE OTJIMYAETCS OT TPAAMIMOHHONW IBYX(axkTopHOH Mopmenu adGUHHOW JOXOTHOCTH C BOJATWIIBHOCTBIO, HE
3aBUCAIICH OT MEPEMEHHBIX COCTOSHHS PBIHKA, COOTBETCTBCHHO, Mozaenb Henbcona — Curenst — CBEeHCCOHA — OT 4eTHIpeX(aKTOPHOI
Takoii Mozenu. Takoe OmMcaHWE OTJIMYAeTCA OT W3BECTHBIX mpencraBicHuit @. /Iubomma u . PageOyma Tem, 9TO pa3sMepHOCTH
MIPE/ICTAaBICHHBIX B CTaThE MOJCICH YMEHBIIACTCS Ha SAUHUILY, YTO MPUBOAUT K YIIPOIICHHUIO BBIYUCICHUN. BEISCHEHO, 4TO CKpBITHIE
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TICPEMCHHBIC Henscona — Curenss MOTHOCTBIO COoBIaar0T C NCPEMCHHBIMH COCTOSHUA TpaﬂHHHOHHOﬁ MOJCIIN. Otn MOICIN
TIOPOXKOAT MPOLECHTHBIC CTAaBKU JOXOOHOCTH OO IIOralllCHUA U (I)OpBapﬂHOﬁ JOXOTHOCTH C HOPMAJIBHBIM PACOPCACICHUCM, UIA
KOTOpOro HaWJICHBl MAaTeMaTHYeCKUE OXUIAHUS U KOBapualMOHHBIC MaTpUIbl B SIBHOM BHJIC. Z[Hf[ OLICHUBAaHUA 3HAYCHUI CTaBOK

JIOXOIHOCTH JI0 MOTAIICHUs B TEKYIIEM BpEeMEHH c(hOpMYIMpoOBaHa pEeKyppeHTHAs MPOIeypa, OCHOBAHHAS HA MPUMEHEHHUU (QIUTBTPa
Kanmamna.
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